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Using a constant pressure ab initio technique, we study the re-
sponse of ZrO2 to uniaxial stresses and find two different phase
transformations; the application of uniaxial stress along the
[010] and [100] directions yields a direct phase transformation
from the baddeleyite structure to the P21/m and Pnma struc-
tures, respectively. Conversely, we observe structural failure of
ZrO2 when it is compressed along the [001] axis.

I. Introduction

ZIRCONIA (ZrO2), an important ceramic, possesses very inter-
esting physical properties such as high melting temperature,

high refractive index, low thermal conductivity, hardness, and
corrosion barrier properties. It has a wide range of applications
such as durable thermal barrier coatings and optical coatings
absorbing harmful ultraviolet radiation, as well as an important
component in oxygen sensors, catalytic converters or in chem-
ically passivating surfaces.

Pure zirconia in the equilibrium state exists in three polymor-
phic forms: the monoclinic baddeleyite structure (P21/c) with
cations located in sevenfold coordination environments below
11701C, the tetragonal phase (space group P42/nmc) with dis-
torted eightfold coordination in the temperature range 11701–
23701C, and finally the cubic structure (space group Fm3m)
having perfect eightfold coordination of cations above 23701C.
The tetragonal and cubic phases of zirconia could be stabilized
by doping them with other oxides such as MgO and Y2O3. De-
pending on the dopant concentration, ZrO2 remains cubic or
tetragonal even at room temperature.

The high-pressure behavior of ZrO2 has been the subject of
many experimental and theoretical investigations. Yet, there are
still unknowns and controversies about its high-pressure
phases.1–13 The monoclinic baddeleyite structured (P21/c)
ZrO2 at ambient conditions exhibits rich polymorphism at
high pressures and temperatures. In two experimental studies,1,2

a pressure-induced phase transformation from the baddeleyite
structure (P21/c) to an orthorhombic phase with space group
Pbcm around 4 GPa was reported but this transformation was
not confirmed in later studies3–6 and instead a phase transition
into an orthorhombic state with space group Pbca was demon-
strated in those experiments. Several experiments proposed the
formation of another orthorhombic phase with space group
Pnma, isostructural to the ninefold coordinated cotunnite
(PbCl2) structure

7–9 at high pressure. On the other hand, Léger
et al.4 obtained the baddeleyite-orthorhombic-I (Pbca)-or-
thorhombic-II-orthorhombic-III phase transformation at
room temperature around 10, 25, and 42 GPa, respectively.

The symmetry of orthorhombic-II and orthorhombic-III has
not been identified yet to our knowledge. Arashi et al.10 ob-
served a phase transition at 13 GPa, but were not able to verify a
cotunnite structure. Additionally, the authors found a quench-
able tetragonal phase about 35 GPa (most likely space groups
were P4/m, P42/n, P4/mmm, or P4/mbm). In addition to these
structures, the tetragonal (MnF2) and hexagonal phases9,11 were
observed in experiments as well. Very recent high-pressure ex-
periment14 clearly demonstrated the existence of the cotunnite
phase in ZrO2, eliminating some doubts about the phase dia-
gram of in ZrO2. Therefore, the transition sequence in ZrO2 is
expected to be P21/c-Pbca-Pnma.

In order to better understand the pressure-induced phase
transition in ZrO2 and to explain the controversies observed ex-
periments, we studied its behaviors under pure hydrostatic pres-
sure using a constant pressure ab initio technique15 and found
two first-order phase transformations in ZrO2: the baddeleyite
structure first transformed into an orthorhombic structure
(Pbcm) and then a tetragonal structure (P4/nmm). Regrettably,
our finding does not agree with the P21/c-Pbca-Pnma trans-
formation mechanism. The origin of the disagreement is not
clear but we suspect that it is related to kinetic. Our simulations
were performed at 0 K (relaxation of structure under pressure)
while experiments were performed at room or high tempera-
tures. Consequently at low temperatures, ZrO2 might follow the
P21/c-Pbcm-P4/nmm transformations as predicted in the
simulations. Certainly, further experimental and theoretical
studies are need to clarify this issue.

In addition to hydrostatic pressure, studies of the structural
and mechanical responses of materials at finite strain are crucial
for our understanding of many areas such as phase transforma-
tion, theoretical strength, crack propagation, nanotechnology,
and the investigation of epitaxial thin film. However, the deter-
mination of stable crystalline structures under stresses has been
the subject of a long theoretical debate.16–20 Wang et al.19

pointed out the existence of a Gibbs free energy for systems un-
der hydrostatic pressure but a true thermodynamic potential
does not exist under anisotropic stress. In the past, nonhydro-
static conditions have been investigated for different reasons.20–26

In this work, we explore the response of ZrO2 to uniaxial
stresses to better understand its phase transformations. We find
an orthorhombic structure with space group Pnma (cotunnite)
and a monoclinic crystal having space group P21/m with the
application of uniaxial stress along [100] and [010] directions,
respectively while we observe structural failure when it is com-
pressed along the [001] direction. Our findings provide new per-
spectives on high-pressure phases of ZrO2.

II. Computational Method

The calculations were carried out using the SIESTA code.27 The
method is based on the density functional theory adopting a lo-
calized linear combination of atomic orbital basis sets for the
description of valence electrons and norm-conserving nonlocal
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pseudopotentials for atomic core. The pseudopotentials were
constructed using Troullier andMartins scheme.28 The exchange
correlation energy was calculated using the generalized gradient
approximation of Perdew, Burke, and Ernzerhof.29 The double-
s plus polarized orbitals were used. A real space grid was equi-
valent to a plane wave cut-off energy of 150 Ry. The simulation
cell with two unit cells of x, y, and z directions consists of 96
atoms with periodic boundary conditions. We used g-point sam-
pling for the Brillouin zone integration for the supercell simula-
tions. The system was first relaxed at zero stress, and then its
response to uniaxial compressive stresses is examined in three
different directions: [100], [010], and [001]. For each case of uni-
axial compressions, the stress is applied along one direction while
the other stress components are initially set to zero. For each
value of the applied stress, the structure was allowed to relax and
find its equilibrium volume and the corresponding energy by
optimizing its lattice vectors and atomic positions together until
the stress tolerance was o0.5 GPa and the maximum atomic
force was smaller than 0.01 eV/Å. For minimization of geome-
tries, a variable-cell shape conjugate-gradient method under a
constant stress was used. To ensure that the stress path was con-
tinuous, the starting position at each stress step was taken from
the relaxed coordinates of previous steps.

We applied the variable-cell shape conjugate-gradient method
to study pressure-induced phase transformations in various
materials and found that it is very successful in reproducing
experimentally observed high-pressure phases. However, the pre-
dicted transition pressures in our simulations are considerably
larger than the experimentally observed transition pressures be-
cause simulated systems have to cross a significant energy barrier
to transform from one phase to another.30 This trend is appro-
priate to the particular conditions of the simulations. The use of
periodic boundary conditions in the simulations eliminates sur-
faces and leads to an additional coupling of the ions in the sim-
ulation box. The lack of any defects in the simulated structure also
suppresses nucleation and growing, in a contrast to experiments.
These tend to favor a phase change, in which the whole system
undergoes the phase transformation as a collective movement of
all atoms. As a result, systems cross a significant energy barrier to
transform from one phase to another one. Additionally, the ab-
sence of thermal motion (relaxation of the structure at constant
pressure) in our simulations shifts the transitions to a higher pres-
sure. On the other hand, the thermodynamic theorem does not
take into account the possible existence of such an activation bar-
rier separating the two structural phases and the thermal motion
and hence usually yield reasonable transition pressures relative to
experiments. Therefore, as a next step, we use the thermodynamic
criterion of equal free energies to predict accurate critical stresses
for the phase transitions obtained using the variable-cell shape
conjugate-gradient method under uniaxial stresses.

The relative stability of different phases under hydrostatic
pressure can be determined by a simple comparison of their
static enthalpy

Hhydrostatic ¼ Etot þ PV (1)

where Etot is the energy, V is the volume, and P is the external
pressure. In order to calculate the enthalpy of ZrO2 phases, we
first studied their total energy as a function of volume and then
fitted the energy–volume data to the third-order Birch–Murnag-
han equation of state. From the energy–volume curves, we ob-
tained the pressure (P5�dEtot/dV) and the hydrostatic
enthalpy of the phases.

For the case of uniaxial compression, the enthalpy is

Huniaxial ¼ Etot þ Aijskxk (2)

where Etot is the energy, sk is the applied stress along the
k-direction, xk is the lattice parameter in the k-direction, Aij is
the cross-section area of the unit cell perpendicular to the stress
direction (note that ZrO2 has a monoclinic structure at ambient
conditions and hence b-angle should be taken account for Aij

calculations), and Aijskxk is the external work (see Sarasamak et
al.31 for more information). In order to calculate enthalpy under
uniaxial stresses, we studied the baddeleyite, P21/m, and Pnma
phases under uniaxial stresses using the variable cell simulation
technique. After the structures were relaxed at different uniaxial
stresses, Etot and the lattice vectors, a, b, c (hence Aij) were de-
termined in the output file. Again, to guarantee that the stress
path was continuous, the starting position at each stress step was
taken from the relaxed coordinates of previous steps.

For the enthalpy calculations, we considered the unit cell for
ZrO2 phases in order to reduce computational efforts. The Brill-
ouin zone integration was performed with automatically gener-
ated 6� 6� 6 k-point mesh for the phases following the
convention of Monkhorst and Pack.32

In order to determine the symmetry of the phases formed
under uniaxial compressions in the simulations, we used the
KPLOT program33 that provides detailed information about
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Fig. 1. The volume change as a function of uniaxial stress.

Table I. The atomic fractional coordinates and the equilibrium lattice parameters of the P21/m and Pnma phases

Structure a (Å) b (Å) c (Å) x y z

P21/c 5.1676 5.2445 5.3342 Zr: 0.224711 0.04478 0.790665
O: 0.430636 0.334425 0.656823
O: 0.050048 0.759832 0.520276

P21/m 5.4771 3.4895 3.8968 Zr: 0.269913 0.25 0.16598
O: 0.434687 0.25 0.73484
O: 0.918064 0.25 0.76926

Pnma 5.6476 3.1358 6.7218 Zr: 0.254596 0.25 0.61834
O: 0.14295 0.25 0.92571
O: 0.01687 0.25 0.33826

The monoclinic b angle is 104.25911 for P21/m. In order to compare P21/m with P21/c phase, the coordinates and lattice parameters of the P21/c phase is also presented in

the table.
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space group, cell parameters, and atomic position of a given
structure. For the symmetry analysis, we used 0.2 Å, 41, and
0.7 Å tolerances for bond lengths, bond angles, and interplanar
spacing, respectively.

III. Results

(1) Constant Stress Calculations

Figure 1 shows the variation of volume as a function of uniaxial
stresses. As seen from the figure, the phase transition under uni-
axial compression along [100] axis is accompanied by a volume
change and it is a first order nature. The volume change is about
10%. The structural analysis using the KPLOT program reveals
a phase transformation into the cotunnite phase at 20 GPa (see
Fig. 2). The lattice parameters of and the atomic position of this
phase at 20 GPa are given in Table I. In this phase, Zr atoms are

ninefold coordinated and hence owing to this phase transfor-
mation, each Zr atom forms two new bonds. The new bonds
form between Zr atoms and O atoms at distances of 3.88 and
4.47 Å in the baddeliyette structure, demonstrating that the
transformation is associated with the significant decrease of the
second neighbor distances. The bond lengths in the cotunnite
phase are not uniform and range from 2.21 to 2.503 Å. The
formation of the cotunnite phase under hydrostatic pressure via
the Pbca phase has been observed in several experiments.7–9

Here, we also predict that the formation of the cotunnite phase
under uniaxial compression along the [100] direction is achiev-
able as well.

The symmetry analysis indicates a phase change at 30 GPa
for the application of uniaxial stress along [010] direction, which
is also first-order nature. The volume change is about 3%. This
phase has still monoclinic structure with the monoclinic angle of
104.21 but its symmetry is P21/m (see Fig. 2). Its lattice constants
and atomic positions are presented in Table I. In this structure,
the coordination number does not change with respect to that in
the baddeleyite phase. The Zr–O separations are in the range of
2.05–2.36 Å. This phase is stable up to 90 GPa, the maximum
stress studied. As can be seen from Table I, the internal positions
of the P21/m phase, in particular, the y component are different
from those of baddeleyite phase.

The uniaxial loading along the [001] direction yields struc-
tural failure, which is identified from the formation of two-
dimensional layered structure with a dramatic volume drop

(a)

(b)

(c)

Fig. 2. (Color online) Crystal structures of ZrO2: baddeleyite (a) at zero-
pressure, P21/m (b) at 30 Gpa, and Pnma (c) at 20 GPa.
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Fig. 3. (Color online) Change in the simulation cell lengths (The simu-
lation cell with two unit cells of x, y, and z directions consists of
96 atoms). The simulation cell vectors A, B, and C are initially along
the [100], [010], and ½001�directions, respectively. The magnitude of these
vectors is plotted in the figure.
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at 50 GPa. During the failure, the structure is dramatically
expanded along [100] and [010] directions and some bonds are
broken.

The simulation cell lengths and angles as a function of the
applied uniaxial stresses are depicted in Figs. 3 and 4 and they
can provide substantial information about the phase transfor-
mation at the atomistic level. For all cases considered in this
study, the ZrO2 is compressed along the applied stress direction
while it is expanded along the other directions but the expansion
relative to compression is small and hence the volume decreases
under uniaxial stresses. As seen from the Fig. 4, during the

uniaxial loadings, the monoclinic angle changes gradually, indi-
cating that the structure undergoes shear deformations. In the
case of the [100] direction loading, the monoclinic angle becomes
about 901 owing to the phase transformation as seen in the
hydrostatic compression.15 On the other hand, the monoclinic
angle increases to about 1161 for the case of [010] uniaxial
compression. Consequently, in both phase transformations, the
shear deformation plays an important role but it cannot be
the main mechanism alone because ZrO2 under pure hydrostatic
compression also undergoes a shear deformation (the mono-
clinic angle becomes 901) and transforms into the orthorhombic
structure (Pbcm).15 Therefore, these phase transformations
are due to the coupling of shear deformations and the change
of lattice parameters.

(2) Energy–Volume and Enthalpy Calculations

In order to compare energetic of the phases formed under uni-
axial stresses with the other forms of ZrO2, we calculate their
energy–volume relations and plot some of them in Fig. 5 (see
Öztürk and Durandurdu15 for more details). Comparing the
baddeleyite and P21/m phases, we observe that the volume per
atom of the P21/m phase is slightly larger (about 1.4%) than
that of the baddeleyite phase. The energy difference between the
two phases is 22.3 meV/atom. This value is comparable with the
energy difference between baddeleyite and its high-pressure
phase Pbca (19 meV/atom), indicating that the energetics of
the P21/m is also favorable. However, when the common tan-
gent lines are considered between the energy–volume curve of
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the baddeleyite phase and that of the P21/m phase, a pressure-
induced phase transformation between these two phases under
hydrostatic pressure is impossible and hence the P21/m phase
has not been observed experimentally so far. On the other hand,
as can clearly be seen from Fig. 6, the energy curve of the bad-
deleyite and P21/m phases under uniaxial stress along the [010]
direction crosses around 11.72 Å3/atom. Therefore, one expects
to see a possible phase transformation between these phases. In
order to predict accurate critical stresses for the phase transfor-

mations observed in the present study, we calculate the enthalpy
of the phases using the Eqs. 1 and 2. The enthalpies are plotted
as a function of hydrostatic pressure in Fig. 7 and of uniaxial
stresses in Fig. 8. Accordingly, the hydrostatic enthalpy curves
of the baddeliyette and P21/m are parallel to each other and they
do not cross, meaning that the baddeliyette and P21/m phase
transition is thermodynamically impossible under hydrostatic
pressure, whereas the uniaxial enthalpy curve of the baddeliyette
phase crosses with that of the P21/m crystal around 8.3 GPa.
The baddeliyette to cotunnite phase transition under uniaxial
stress is predicted to occur near 10.0 GPa. Therefore, we expect
that these phase transformations occur around 8–10 GPa in
experiments.

IV. Conclusions

We have used a constant pressure ab initio technique to study
the behavior of ZrO2 under uniaxial stresses and predicted two
structural phase transformations. The uniaxial compression
along [100] produces a direct phase change to a ninefold coor-
dinated cotunnite phase. This phase transformation is due to the
decrease of the second neighbor distances. The uniaxial loading
along [010] axis results in a monoclinic state having P21/m sym-
metry. This phase is stable up to 90 GPa. On the other hand, we
observe structural failure of ZrO2 when it is compressed along
the [001] axis. The cotunnite phase is suggested as a candidate
for a useful superhard material. Therefore, its formation is par-
ticularly important. The P21/m phase might also offer new ap-
plications in technology.
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