Adv. Appl. Clifford Algebras (2018) 28:4

(© 2018 Springer International Publishing AG,
part of Springer Nature

0188-7009/010001-12

published online February 1, 2018
https://doi.org/10.1007 /s00006-018-0835-1

Advances in
Applied Clifford Algebras

@ CrossMark

On Polynomial General Helices in
n-Dimensional Euclidean Space R”

Biilent Altunkaya® and Levent Kula

Communicated by Wolfgang Sprossig

Abstract. In this work, we study the so-called polynomial general helices
in an arbitrary dimensional FEuclidean space. First, we give a method
to construct helices from polynomial curves in n-dimensional Euclidean
space R™, and another method to construct polynomial general helices in
R" from polynomial general helices in R"*! or R**2. Then, we proceed
with a method to construct rational helices from polynomial general
helices.
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1. Introduction

Helical structures is a significant workframe in the study of differential ge-
ometry. They have been studied to a great extent for a long time and are
being studied even today. We can observe these structures in nature, in ar-
chitecture, in simulation of kinematic motion, or in the design of highways
and mechanic tools, etc [2,4,6,15].

A general helix is defined by the property that its tangent vector field
makes a constant angle with a fixed direction which is called the axis of
the general helix in Euclidean 3-space. This well-known result was stated by
Lancret in 1802 [10] and first proved by de Saint Venant in 1845. A necessary
and sufficient condition for a curve « to be a general helix is to have the
ratio of its curvature to torsion constant. If both curvature and torsion are
non-zero constants, then the curve is called a circular helix [10,14].

Harmonic curvature functions were defined earlier by Ozdamar and
Hacisalihoglu in [11]. The authors generalized helices from R3 to R™ and
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then gave a characterization. Recently, many studies have been published on
general helices [3,8,12].

In [5], the authors studied Pythagorean-hodograph (PH) curves in R?
which are also polynomial general helices. Also in [13] authors studied
Pythagorean-hodograph (PH) curves in R® and R°.

The notion of a general helix in R3 can be generalized to higher dimen-
sions in many ways. In [12], the same definition is proposed but in R™. In [§]
the definition is more restrictive: the fixed direction makes a constant angle
with all vectors of the Frenet frame. It is easy to check that this definition
only works in odd dimensions. Moreover, in the same paper, it is proven that
this definition is equivalent to the fact that the ratios %, Z—Z, el Z::z, z::f ,
where curvatures k; are constants. This statement is related with the Lancret
theorem for general helices in R3.

This paper is organized in the following fashion. We begin in Sect. 2 by
recalling some preliminary results about general helices. In Sect. 3, we give a
method to construct general helices from polynomial curves in n-dimensional
FEuclidean space R™, and another method to construct polynomial general
helices in R™ from polynomial general helices in R”*! or R**2. Finally in

Sect. 4, we show how to build rational helices from polynomial general helices.

2. Preliminaries

Let @ : I C R — R™ be an arbitrary curve in the Euclidean n-space R™.
Recall that the curve « is said to be of unit speed (or parameterized by
arclength function s) if (¢/(t),a/(t)) = 1, where (,-) is the standard scalar
product of R™ given by

<X7 Y> = iny%
=1

for each X = (z1,22,...,2n), Y = (y1,Y2,---,yn) € R™ In particular, the
norm of a vector X € R™ is given by || X||? = (X, X). Let {V1,Va,...,V,,}
be the moving Frenet frame along a space curve a, where V; (1 =1,2,...,n)
denote 7th Frenet vector field. Then the Frenet formulas are given by

V{(t) = v(t)k1(t)Va(t)
‘/i (t) = V(t)(fki—l(t)‘/i—l(t) + kl(t)‘/l-‘rl(t)): i = 27 3a s, 1 (21)
Vo) = —v(t)kn_1 () Vi1 (t)s

where v(t) = ||o/(¢)|| and k; (i = 1,2,...,n — 1) denote the ith curvature
function of the curve [3,9]. We call « a regular curve of order m (where
m < n), if and only if for any t € I,

{o/ (1), (1),...,a™ ()}
is a linearly independent subset of R".

In this paper, we assume that Frenet frame of the curve are given by
Gram—Schmidt method [7]. If the curve lies in a hyperplane of R™, then it is
said that « is a (n — 1)-flat curve [12]. It is well known that « is (n — 1)-flat
curve in R™ if and only if k,_1(¢) =0 [12].
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Proposition 2.1. A curve o : I C R — R"™ is a general helix if and only
if the function det(a’ (t),a (t),...,a™TV(t)) is identically zero, where a(®)
represents the ith derivative of a with respect to t). Equivalently, « is general
heliz if and only if ar is a n-flat curve, where ap : I C R — S™ is tangent
indicatriz of the curve [11].

Definition 2.1. Let « be a curve in R™. Harmonic curvatures of the curve o
are defined by

H:ICR—-R,i=0,1,2...,n-2,
0, i=0

H=<¢ & j=1

kfﬂ [1H] | +kHi 2], i=203,...,n—2
[11].
Theorem 2.1. Let o be a general helix in n-dimensional Fuclidean space R™.
Let {V1,Va,..., Vi, }, {H1,Ha, ..., H,_2} be denote the Frenet frame and the
higher ordered harmonic curvatures of the curve, respectively. Then, the fol-
lowing equation holds

(Vigo, X) = H{(V1,X), 1<i<n-—1, (2.2)
where X is the axis of the heliz o [3].

Corollary 2.1. If X is the axis of the helix «, then we can write
X=MV1+XVo+ -+ AV,
From the Theorem 2.1, we get
A= (Vi X)=H;j»(V1,X), 1<j<n
where (V1, X) = cos = constant.
By the definition of the harmonic curvature, we obtain
X =cosO(Vh + HiVs+ -+ H,_2oV,).
Also,
D=Vi+HVs+---+H, 5V,
is a axis of the heliz o [3].
Definition 2.2. A curve o: I C R — R"™ with a(t) = (a1 (¢), aa(t), ..., an(t))

is called a polynomial curve in R™ if ;(¢), 1 < ¢ < m is a polynomial function
whose coefficients are real numbers.

In the following theorem, Camci et al. [3] gave the explicit characteriza-
tion for a non-degenerate curve to be a general helix by using the harmonic
curvatures of the curve:

Theorem 2.2. Let a be a non-degenerate curve in n-dimensional Euclidean
space R™. Let {V1,Va,...,V,}, {H1,Ha, ..., H,_2} denote the Frenet frame
and harmonic curvatures of the curve, respectively. Then, « is a general helix
if and only if H,/hg + vk, 1H,_3=0.
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3. Polynomial General Helices

As we know for Euclidean space R3, there are characterizations and a lot of
examples about helices. For Euclidean spaces R", n > 4 there is only one
example when n = 5 [1]. Especially, there is no example when n is even.
In this section, we examine polynomial general helices in R™ depending on
whether n is even or odd.

3.1. Polynomial General Helices in R™ When n is Even

Consider the curve a given by,

az 9 a3 .3 An—1 pn—1 On . pn1 | Ontl pi1
t) = (at, 22, B3 . t t Antl ynt1)
a(t) (‘“’2 I IS b i | )

So,

det(a/(t), o (t),...,a™(t)) = 112!3!- - (n — 2)!n! (ﬁ ai> ani1t.

i=1
. 1 —1 . .

Therefore; if a,41 [[, a; # 0, then « is a regular polynomial curve of order

n.

Theorem 3.1. Let

a33a43 5
tz(t—t2 t t t)
alt) = (mt, 5,513 +5
be a curve in R* with 1 < j <3, b; € RT and

ayp = bl,ag = 2blbg,a§ = 2b163,a4 = bg,a5 = b3

then « is a polynomial general heliz which makes a constant angle

1
6 = arccos (>
1Dl

D

1Dl

with the fized direction

where
D =(1,0,0,1).

Proof. By making calculations, we have

Vi) = by V2b1by t V/2b1 b3 t* by t* 4 by t*
B\ by T botZ £ bgt%” by £ bot2 +bstd’ by + bot? + batd by + bot? + byt

12 1/2b1by (by + 4bs £2)b3>/?

kS(t) = f2<t)
 Vhi(be + 405 2)
="
Halt) = V20303 (by — 3bg t4)?

f®) ’
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where

= \/2b%b2b3 + 18bob3 8 + by (b3 + 12b3bs t2 + 36b2b32t* + 6403 16).
Then,
H, + vksHy = 0.
From Theorem 2.2, « is a polynomial general helix. By using Corollary 2.1

we have

D =(1,0,0,1).

(i00) -3

This completes the proof. O

Therefore

Example 3.1. If we take by = 1,0y = b3 = 2 in Theorem 3.1 then we have,

2 . 2 2 .
H= (223283 +2¢°).
s = (5030 20)

The curve [ is a polynomial general helix whose tangent vector field
Va(t) = 1 2t 2t2 2(t% + t4)
T 22 42t 1422 2t 1422 4244 1422 4244 )
makes a constant angle § = arccos( \/5) with the fixed direction
1 1
—,0,0, — | .
(05)

In the following theorem, we obtain a polynomial general helix in RS.
Since, it can be done similarly to Theorem 3.1, we omit the proof.

Theorem 3.2. Let
a a a a a
alt) = ( o 5152 33 £, 44 #, 55 9, 56 t5+77t7)
be a curve in RS with 1 < j < 4, b; € RT and
ap = bl,a2 = lebg,a3 = b% + 2b1b3,
a3 = 2b1by + 2bgbs, a2 = 2boby,
ag = bz, a7 = by

then « is a polynomial general helix which makes a constant angle

1
6 = arccos ()
| D

D
1]

D= <1ob2001>

Now, we give a new theorem for n > 8.

with the fized direction

where



4 Page 6 of 12 B. Altunkaya and L. Kula Adv. Appl. Clifford Algebras

Theorem 3.3. Let n > 8 be an even number, 1 < j < ”+2 , b € Rt b"TH =

bois =+ =by_o =0,
2
al—bl, a2—2b1b2, CL 1—21)71 2bn+2 an—b , an+1:bn+2,
2

k

n—4
ahjp1 = bipy + Qijb%fjHa ISk ——,
Jj=1
2 : n—2
az = szijlfjJrl, 2<1< >

j=1

Then, the curve

aft) = (alt D22 By Inmlyn1 O g1y Gedl t”“)

2 3 "n—1 "n—1 n—+1

is a polynomial general helix which makes a constant angle

1
0,, = arccos ( >
[ Dnl

with the fized direction

D,
1Dl
where,
n—2
2 b%
Z €2m—1 + —€n
1 a2m—1 (79)
and
{615627 .. ~76n}
is the standard orthonormal basis in R™.
Proof. We can write,
o (1)
Vi(t) = w45
[ ()]
1 _
= Ha ol (al,ag toast?, ... an t" 2 + a7l+1t”)
1
- <b1,a2t,a3t2,...,bﬂ "2 L hoin t")
lla” (@)l ’ 2

If we make the necessary calculations, we will have

7L+2 2
o’ ()]|? = Z b;t?0= 1
If we take
n—2
2 b bn
D, = o1+ —Zen
a2m—1 n
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we have
(Vi(t),Dy) = 1.
Therefore
<V (t) Dn_ > cos(6,)
1 ) = n).
[ Dn|
This completes the proof of the theorem. O

We can give the following corollary as the result of Theorem 3.3.

Corollary 3.1. In Theorem 3.3, Z’fbn;»2 vanishes, then the polynomial general

heliz is included in the (n — 1)-dimensional hyperplane of R™, so we can
consider it to be a heliz in (n — 1)-dimensional Euclidean space, where n — 1
is an odd number.

3.2. Polynomial General Helices in R™ When n is Odd

Consider the curve a denoted by,

alt) = (alt 7# 33 t3,...,%t"). (3.1)

So,
det(a/(t),a” (t),...,a™(t)) = 112!. .. (n — 1)! ﬁa
i=1

Therefore, if [} a; # 0 then « is a regular polynomial curve of order n.
Theorem 3.4. Let

(lg 3 aq 4 a5 5
t :( t, —tz 3, — 4, t)
oty = (at, 5 8,5 4, %

be a curve in R® with 1 < j <3, b; € Rt
a; = b1,a2 = 2b1b2,a3 = b% + 2b1b3,ai = 2bobs, a5 = b3

then « is a polynomial general heliz which makes a constant angle

1
6 = arccos ()
| D

D
1Dl

D= (10b20>

Proof. The proof of the above theorem is similar to the proof of the theo-
rem 3.1. g

with the fized direction

where

Example 3.2. If we take by = by = b3 = 1 in Theorem 3.4, then we have

y(t) = (L?t V3 t3 \ft“ 5t5>
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The curve 7 is a polynomial general helix whose tangent vector field

Vl(t):< 1 NGT V312 V213 1 )

T2+t T+ 2t T+ 2+t T+ 2 447 1+ 42 + ¢

makes a constant angle 6 = arccos(/3/7) with the fixed direction

(frogeefz)

Now, we give a new theorem for n > 7.

Theorem 3.5. Let n > 7 be an odd number, 1 < j < h b; eRT, 1<j<
’I’L+1 b GR b%:b%ﬁz"‘:bn—lj(L

a1 = b1,a§ = 2b1b2,an = bn;rl,

k

n—3

sy = b +1+225 bok—j+2,1 <k < 5
J=1
9 : n—1
Ao = 2ijbgl,j+1,2 < l < B
j=1
Then, the curve
alt) = (ayt, 22,223, dn )

2 3
is a polynomial general helix which makes a constant angle

1
0,, = arccos ( )
| Dyl

with the fized direction

D,
Dl
where,
ntl
2
b
Dn = il €am—1
m—1 2m—1
and
{e1,ea,...,en}

is the standard orthonormal basis in R™.

Proof. The proof of the above theorem is similar to the proof of the Theo-
rem 3.3. O

With the help of the Theorem 3.5, one can easily obtain the following
important result.

Corollary 3.2. In Theorem 3.5, if b% vanishes, then the polynomial general

helixz is included in the (n — 2)-dimensional hyperplane of R™, so we can
consider it to be a helix in (n — 2)-dimensional Fuclidean space, where n — 2
is an odd number.
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2

2

FIGURE 1. Polynomial general helix 3(t) = (t, %2 t2, 1 13)

lies on the saddle z = Lzy

4. Constructing Rational Helices from Polynomial General
Helices

We can use polynomial general helices to construct rational curves which are
general helices. Now, we will give a method of this.

4.1. Constructing Rational Helix in R* from a Polynomial General Helix in
R'?'
Let by,b0 € R+,

ﬂl (t) - blta
By (1) = \/22152 2
B (t) = %2153

Then, 3 (t) = (31 (t), B2 (t), B33 (t)) is a polynomial general helix in R? which
makes angle § = w/4 with the axis u = (%, 0, %) [5].

Now, we want to find a rational curve y in R* which makes angle § = /4
with the axis v = (0, %, 0, %) In order to do this; first, we have to write

v by using the curve § (see Fig. 1).

Let v (t) = (71 (t), 72 () ,73 () ,74 (t)) be a curve in R* denoted by
71 (t) =a (t) )
Y2 (t) =a(t) B (t)
73 (t) = a(t) B2 (t)
Y4 (t) = a(t) Bs (t)



4 Page 10 of 12 B. Altunkaya and L. Kula Adv. Appl. Clifford Algebras

where a (t) is a real valued function. Therefore, we have the differential equa-
tion

1
(Vi(t),v) 7
If we solve this equation, we find
o c
W) = =5t

where ¢ € R — {0}. Then, we have

C 2171192 2b2 3
t)= ——— | 1,b1t e, =1t ).
10 = =g (L0t

2 "3

4.2. Constructing Rational Helix in R® from a Polynomial General Helix in
R4

Let by, be,b3 € R+,

B (t) = bat,

52 (t) - 2211)2 t27

53 (t) 2glb3 t37
_ba 3 b3 o5

Ba(t) = 3 t° + 5 t°.

From Theorem 2.2, 8 (t) = (01 (t), B2 (t), 83 (t), B4 (t)) is a polynomial gen-
eral helix in R* which makes angle 6 = /4 with the axis u = (\[ 0,0, f)

Now, we want to find a rational curve vy in R which makes angle § = /4
with the axis v = (O ,0,0, f) In order to do this, first we have to write
~ by using the curve 6.

Let v(t) = (71 (t),72 (t) ,v3 (t) , 74 (t) , 75 (t)) be a curve in R denoted
by

7 () =a(l),

Y2 (t) = a(t) B (t),
Y3 (t) = a(t)B2(t),
Ya(t) =a(t)Bs(1),

v (t) = a(t) B (1),

where a (t) is a real valued function. Therefore; if we do the necessary calcu-
lations, we have

C
1) =
)= =57 15b1bg t4 + 16b; by £6
V2hibs \/lebg - b2 . by s
1,0 t, B4 3y

2 3 5

where ¢ € R — {0}.
We can find rational helices in upper dimensions similarly.
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