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Abstract. In this paper, several new convex dominated functions are estab-

lished. Also, some new Hadamard type inequalities are obtained.
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Farkl tiirden yeni baskin konveks fonksiyonlar icin
Hermite-Hadamard tipli esitsizlikler

Ozet. Bu makalede, birkag yeni baskin fonksiyon sunulmusgtur. Ayrica, baz

yeni Hadamard tipli egitsizlikler elde edilmigtir.

Anahtar kelimeler. m-konveks baskin fonksiyon, Hermite-Hadamard esitsizligi,

(o, m)-konveks fonksiyon, r-konveks fonksiyon.

1 Introduction

The inequality

which holds for all convex functions f : [a,b] — R, is known in the literature as Hermite-
Hadamard inequality.

In [7], Toader defined m-convexity as follows:
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Two new convex dominated functions

Definition 1.1 The function f : [0,b] — R, b > 0, is said to be m—convex where m €
[0,1], if we have

fltz+m(1 = t)y) <tf(z)+m(l—1)f(y)

for all z,y € [0,b] and t € [0,1]. We say that f is m—concave if (—f) is m—convez.

In [3], Dragomir proved the following theorem.

Theorem 1.1 Let f : [0,00) = R be an m-convez function withm € (0,1] and 0 < a < b.
If f € Ly [a,b], then the following inequality hold:

f(”b) . bla/a”f(x)+2rnf(£)dx

2
r@eme (&) ryems (o)
2 2 m 2

IN

(1.2)

In [4,5], the authors connect together some disparate threads through a Hermite-
Hadamard motive. The first of these threads is the unifying concept of a g-convex dom-
inated function. Similarly, in [8], Kavurmaci et al. introduced the following class of

functions and then proved a theorem for this class of functions related to (1.2).

Definition 1.2 Let g : [0,b] — R be a given m-convex function on the interval [0,b]. The
real function f : [0,0] — R is called (g, m) —convex dominated on [0,b] if the following

condition is satisfied:

A (@)+m(1=Nf(y) = fQz+m(1 =Ny < Ag(x)+m(l—AN)g(y)

—gAz+m(l—=Ny)
for all z,y € [0,b], A € [0,1] and m € [0,1].

Theorem 1.2 Let g : [0,00) — R be an m-convex function with m € (0,1] and 0 < a < b.
Then, f :[0,00) = R is a (g, m)-convex dominated mapping. If f € Ly [a,b], then one

has the inequalities:

1 b f)+mf (L) a+b 1 b g(z)+mg (L) a+b
bfa/a 2 dx_f( 2 )Sba/a 2 dx_g(z)’
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and
b
Jr@ems (@) 1@ (B e e
2 g o tm 2 _b*a/a 2 "
| 9@ +mg () g(:’)*mg(z) L [fe@tmg ()
S 1 +m m N /g g m dx'
5 5 9 b—a /, 2

In [9], definition of («, m)-convexity was introduced by Mihegan as follows:

Definition 1.3 The function f : [0,b] — R, b > 0, is said to be (o, m) —convezx, where
(a,m) € [0,1]2, if we have

ftz +m(1 = t)y) <t*f(x) +m(l — ) f(y)
for all x,y € [0,b] and t € [0,1].

Denote by K2 (b) the class of all («, m)-convex functions on [0, b] for which f (0) < 0.
If we take (a,m) = {(0,0), (e, 0),(1,0),(1,m),(1,1), (e, 1)}, it can be easily seen that
(o, m)-convexity reduces to increasing: a-starshaped, starshaped, m-convex, convex and
a-convex, respectively.

In [14], Set et al. proved the following Hadamard-type inequalities for (a, m)-convex

functions.

Theorem 1.3 Let f : [0,00) — R be an (o, m)-convex function with (a,m) € (0,1%. If
0<a<b<ooandf€ LifabNL[2 i] , then the following inequality holds:

m’m

f(a;rb>sbla/:f(me(zz_l)f(mdx. (1.3)

Theorem 1.4 Let f : [0,00) — R be an (o, m)-convezx function with (a,m) € (0,1)*. If
0<a<b< oo and f € Ly [a,b], then the following inequality holds:

1 1| f(a)+f(®)+maf () +maf ()
b—a/af(x)deQ[ a+1

(1.4)

For the recent results based on the definition above, see papers [1,2,10,11,13].
In [12], the power mean M,.(z,y; \) of order r of positive numbers z,y is defined by

3=

(Az" +(1=N)y")", r#0,

My (z,y;\) =
oyt A, r=0.
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A positive function f is r-convex on [a, b

fOz 4+ (1 =Ny) < M(f (), f(y); ), (1.5)

if for all z,y € [a,b] and X € [0, 1].
The generalized logarithmic mean of order r of positive numbers x, y is defined by

Zr Lyl

r:—l?ﬁj"’ r#O,l,m#y,
ln;:%}ﬂy) T:0,$7éy,
Ly (z,y) = (1.6)
l,ylniizny’ r:—l,x#y,
x, T =y.

In [6], the following theorem was proved by Gill et al. for r—convex functions.

Theorem 1.5 Suppose that f is a positive r—convex function on |a,b], then

b
[t <L (@5 0). .

If f is a positive r-concave function, then the inequality is reversed.

In the following sections our main results are given: We establish several new convex

dominated functions and then we obtain new Hadamard-type inequalities.

2 (g — (a,m))-convex dominated functions

Definition 2.1 Let g : [0,b] = R, b > 0 be a given («, m)-convex function on the interval
[0,b]. The real function f :[0,b] — R is called (g — (ct, m))-convex dominated on [0,0] if

the following condition is satisfied:

A f (@) +m(1 = A")fly) = fFQAz+m (1 =XNy)| < Ag(z) +m(l —A%)g(y)

—gAz+m(1 =Ny (2.1)
for all z,y € [0,b], A € [0,1] and (o, m) € [0,1]*.
The next simple characterization of («, m)-convex dominated functions holds.
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Lemma 2.1 Let g:[0,b] — R be an (a, m)-convex function on the interval [0,b] and let

the function f :[0,b] — R. The following statements are equivalent:

(i) f is (g — (o, m))-convex dominated on [0,b] .

(ii) The mappings g — [ and g+ f are (o, m)-convex functions on [0,b].
(iit) There exist two (a, m)-conver mappings h, k defined on [0,b] such that

f=3%3(h-k) and g=3i(h+k) -

Proof. Condition (2.1) is equivalent to

gz +m (1L —Ny)—A%(x) —m(l - A")g(y)
< Af(@) +m(A = A f(y) — fAx+m(1—N)y)

< M) +m(1 = AY)g(y) —g(Az +m (1 - A)y)

for all x,y € I, A € [0,1] and (o, m) € [0, 1]2 . The two inequalities may be rearranged as

g+ /) Ae+mA-=Ny) < X (g+[) (@) +md-r")(g+f){y),
(=N Ax+mA-Ny) < X (g—[f)@)+md-r")(g—f){y)

which are equivalent to the (a, m)-convexity of g + f and g — f, respectively.

We define the mappings f,g as f = % (h—k) and g = % (h+ k). Then, if we sum and
subtract f, g, respectively, we have g+ f = h and g — f = k. By condition (i) of Lemma
2.1, the mappings g — f and g + f are (a, m)-convex on [0,b], so h,k are (a, m)-convex

mappings, too. m

Theorem 2.2 Let g : [0,00) — R be an (a, m)-convex function with (o, m) € [0,1]x (0, 1]
and 0 < a < b. Then, f : [0,00) = R is (g — (a,m))-convex dominated mapping.
Moreover, if f € Ly [a,b] N Ly [“ i] , then the inequality

m’m

e |
e I C O
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and if f € Ly [a,b] then the inequality

b
a F()+ms ()
fla)y+mf(— m m2 b fle)+mf(L
2 a+1(m> +ma at1 - ﬁ fa %dz
(2.3)
( ) (Cl) g(b)+m9<l)2)
gla)+mg| — " m b g(@)+mg(
S % a+1 = +ma a+1 - ﬁ fa #d.’l)

holds.

Proof. By Definition 2.1 with A = %, as the mapping f is (g — (@, m))-convex dominated

function, we have that

f(fﬂ)+m(22:—1)f(y) f<w+2my>‘ < g(w)+m(22:—1)g(y) g(:v+2my>

for all z,y € [0,00) and (o, m) € (0,1]*. If we choose z = ta+(1—t)b, y = (1 — t) o44b

and t € [0,1], then we get

1—t)a+ttb

f(ta+ (1—)b) +m (2% — 1) f (L=00tt a
i ( )_f< o)

g(ta+ (1= 1)) +m (27 —1)g (=2 (1)
iy |

<
= 50

Integrating over ¢ on [0, 1] we deduce that

Jo (bt (1= ) de+m (2 = 1) i f (4=92) an f(a—i—b)
o - 2

< f&g(ta+<l—t>b>dt+m<2a—1>folg(“‘2:+“’)dt_g(ﬁb)
< -

and so inequality (2.2) is proved.

Since f is a (g — (o, m))-convex dominated function, we have

(tf(x) +m(l —t*)f(y) = ftz+m(1 = t)y)| < t%g(z)+m(l—1t")g(y)
—g(tx + m(l —t)y)

232



M. Emin Ozdemir, Havva Kavurmaci-Onalan, Mevliit Tung

for all x,y > 0 which gives for x = a and y = % that

£ F (a) + m(l — ) f <:;> _f <ta+m(1 —t)b>’

m

< 199 (a) + m(l—t%)g (:1) _y (ta+m(1 —t)b> , (2.4)

m

and for x = -,y = # and then multiply with m

i (5 w001 (1) o 1+ 0-02)

< mtg (%) +m3(1—t)g (722) — myg <t:; +(1- t)b> (2.5)

m

for all ¢t € [0,1]. By properties of modulus, if we add the inequalities in (2.4) and (2.5),

we get

o [r et (2)] +m e [1 (£) s ()]

- {f (ta+m(1 _t);) +mf <t:1 e _t):;L)”

~Jo(tarma -0 ) g (12 a-0l)].

Thus, integrating over ¢ on [0, 1], we obtain inequality (2.3). The proof is completed. m

Remark 2.3 If we choose o = 1 in Theorem 2.2, we get two inequalities of Hermite-

Hadamard-type for functions that are (g, m)-conver dominated in Theorem 1.2.

Theorem 2.4 Let g : [0,00) — R be an (a, m)-convez function with (o, m) € [0,1] % (0, 1]
and 0 < a < b. Then, f : [0,00) = R is (g — (o,m)) —convex dominated mapping.
Moreover, if f € Ly [a,b], then the following inequality holds:

1 [ f(a)+ f () +maf (L) +maf (L) 1 b
[ 1_b—a/a f(x)dz

2 a+1
a mag (< mag (2 b
. ;lg<>+g<b>+ afgmw g<m>]bia/ag<x>dx. (2.6)
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Proof. Since f is a (g — (a,m))-convex dominated function, we have

t“f(a)+m(1—t°‘)f(vi> —f(ta+m(1—t):;)‘ < 1% (a) + m(1 — ) g<:1>
(ta—i—m 1—t :1)

and

a a a
« _ I _ . < o _ 4« —
£ F (b) + m(1 —t )f(m) f(tb+m(1 t)m>‘ < g (b) +m(1—t )g(m)
a
—g (tb+m(1—t)g>
for all ¢t € [0,1]. Adding the inequalities above, we get

t[f (@) + £ ()] +m(1 —t%) [f (%) *f <:1>}

-/ (tﬂ“rm(l —ﬂ:;) -f (tb+m(1 _t);)‘
s w2 3]

b
—g (ta +m(l— t)) —g (tb +m(l— t)g) .
m m
Integrating over ¢t € [0, 1] and then by dividing the resulting inequality with 2, we get the

desired result. The proof is completed. m

3 (g,r)-convex dominated functions

Definition 3.1 Let the positive function g : [a,b] — R be a given r-convex function on
[a,b]. The real function f : [a,b] — R is called (g,r)-convexr dominated on [a,b] if the

following condition is satisfied:
M (f (), f ()5 A) = f Ae+ (1= N y)l < Mi(g(2),9(y);A) —g Az + (1= A)y)
for all x,y € [a,b] and X € [0,1].

Theorem 3.1 Let the positive function g : [a,b] — R be an r-convex function on [a,b]
and 0 < a <b. Then, f:[a,b] = R is (g,r)-convex dominated mapping. Furthermore, if
f € Ly [a,b], then the following inequality holds:

b
e [ f@d
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forallz,y € I, A€ [0,1] and L, (f (a), f (b)) as in (1.6).
Proof. By Definition 3.1 with »r =0, f(a) # f (b), we have
[ (a) 17 0) = f(a+ (1=2)B)| < g* (@) g () =g (Aa+ (1= N)D).

Integrating the inequality above over A on [0, 1], we get

f(b)/o1 [;EZHACIA—/OIJC(AH(1—A)b)dA < g(b)/o1 [?EZ))]A‘“

By a simple calculation, we obtain

S0 - g =gl 1
In f(b) - lnf b—a/f = —b_a/(lg(a:)dm.

The inequality above can be written as

b b
[ r@di <Lg@.gw) - = [ g

b—a /,

Ly (f(a), f (b)) -

For r =0, f(a)= f(b), we have with the same development

[f(a) = f(Qa+ (1 =N)b)<g(a) —g(Aa+t (1-A)D).

This inequality can be written as

b
<L (g(a).g(b) — — /gmm.

b
L1 (@ 0) - [ fla)ds —

By Definition 3.1 with r # 0, —1, f (a) # f (b), we have

(AF (@) + (1= X 7 0)F — FOat A= 2| < g (@) +(1-Ng B)?
—g(Aa+(1—=X)b).

Integrating the inequality above over A on [0, 1], we have

r T (a) - ﬂ“
1 )/ —a/f

r g a) =gt ()
r+1 g (a)—g"(b)

1 b
_b—a/ g (z)dx.

<

The inequality above can be written as

b
L

1 b
Le(f (), ] () - <Lilg(a) g 0) - [ s(@)de
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For r # 0 and f (a) = f (b), similarly

1
T

(7 @)F =7 Da+ (1= X)) < (6" (@)F =g Qa+(1-2)D).

Then integrating the inequality above over A on [0, 1], we have

b
bia/ f(z)dx

Finally, let r = —1. For f (a) # f (b), we have again

Ly (f(a), f (b)) —

b
<Liig(a) g 0) - 7 [ s

(O @+ -0 ) F et -8 < (07 @+ 1N 1)
—g(Aa+(1—-X)b).

Integrating the inequality above over A on [0, 1], we have

(@ f () [T 4 g@g®) [T0
‘f(b)—f(a) LR —a/f = g(b)—g(a)/f(la) e
b
bia g (x)dx

The inequality above can be written as

1 b
b—a/ f(z)dx

The proof is completed. m

1 b
Loy (F(a), () <Loalgla)g®) - 5= [ 9@
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