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Abstract

In this paper we discus fractional order for fuzzy non-linear integral equation. The fractional integral is consider
in the sense Riemann-liouville and establish the exists solution of nonlinear fuzzy fractional integral equation.
Finally, Numeical eanpkes are given to illustrate the results.
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1. Introduction

Theory of integral equations is an important part of pure and applied mathematics which plays a prominent role
in many disciplines including engineering, physics, economics and biology. One of the significant branches of
theory of integral equations is fractional integral equations that in recent years, has received considerable
attention not only in mathematical research but also in other applied sciences. In fact, Fractional integral
equations are the development of integral equations to real order. These type of integral equations can be applied
to many real-world field such as polymer physics, viscoelastic materials, viscous damping and seismic analysis
see [2,3,4].
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On the other hand, when one intends to analyze a real world phenomenon, it is also necessary to deal with
uncertain factors. In this situation, the theory of fuzzy sets may be one of the best non-statistical or non-

probabilistic approach, which leads us to investigate theory fuzzy fractional integral equations.

Recently, the topic of existence and uniqueness for the solutions to linear and nonlinear fuzzy fractional
differential equations has been further investigated and discussed by many researchers in various aspects. For
example, in [5] the existence and uniqueness of solutions of Riemann- Liouville fuzzy fractional differential
equations has been proved by Arshad and in [9] the existence and uniqueness of solutions as well the
approximate solutions to fuzzy fractional differential equations under the Liouville-Caputo H-differentiability
has been studied by Salahshour and and his colleagues Further- more, the existence and uniqueness of solutions
for fuzzy fractional differential equations under the Liouville-Caputo generalized Hukuhara differentiability has

been investigated by Allahviranloo and his colleagues in [2].

In this paper, we intend to propose a new metric on the space of fuzzy continuous functions and we study the
solutions to nonlinear fuzzy fractional integral equations under fractional generalized integration in the sense

of the Liouville-Riemann fractional integral .

This paper organized as follows: basic concepts as well as fractional calculus are given in Section 2. Definition
Fuzzy fractional 3, a new metric for the space of fuzzy continuous functions is introduce. 4. Fuzzy fractional
nonlinear integral equation,5. numerical examples are given to illustrate the application of the results. Finally.

Conclusion .

2. Preliminaries and Basic Definitions

introduces the concepts of fuzzy sets. The concept of fuzzy sets is a generalization of the crisp sets. Convex set,

a — cut operation, cardinality of fuzzy number are also introduced.

Definition(2.1),[1]:-

A fuzzy number is a fuzzy set which is a map ii: R — [a, b], that satisfies

(1) u is upper semi-continuous function,

(2) u(x) = 0 outside some interval [a,d]

(3) There are areal numbers b,csucha <b < c < dthatis

(i) u(x)isa monotonic increasing function on [a, b].

(if) u(x) is a monotonic decreasing function on [c, d].

(i) ux) =1 forallx € [b,c].



International Journal of Sciences: Basic and Applied Research (IJSBAR) (2017) Volume 36, No 6, pp 8-17

The set of all fuzzy numbers is denoted by E* and is a convex cone.

Definition(2.2),[1]:-

A fuzzy number @ in parametric form is a pair (u, w)of function u(a),u(a), 0 < a < 1, which satisfies the

following conditions:

(i) . u(a) isa bounded left continuous non-decreasing function over [0, 1].

(ii). u(a) is a bounded left continuous non- increasing function over [0, 1].

@ii). u(w) <u(a) 0<a<1.

Definition(2.3),[10]:-

The arbitrary fuzzy number @ = (u(a),u(a)) ,7 = (v(a),v(a)), 0 <a <1 and scalar k, the operations

defended as follows:

D . (u+ v)(0)= (u()+v (a)),(u + v)(a) = (u(a)+v(a)),
(i). (u = v)()= (u()-v (a),(u — v)(a) = (u(a)-v(a)),
Min (kg(a), kﬁ(a)), k>0

(iii) . ku=
Max (kg(oc), kﬁ(a)), k<0

Definition (2.4),[10]:-

The family of all fuzzy number E™, denotes all nonempty compact convex fuzzy subset of R™. Let I = [a, b] be

a compact interval :

E" ={p:R* > 1}
such that p satisfies the following
i) p is normal
ii) p is fuzzy convex,
iii) p is upper semi continuous, i.e, the a—level sets [p],are closed for each a€[0,1],

iv) [p]°=cl{xER™|p(x)>0} is compact.
where the o—level sets [p]” is defined by [p]*={x€R"|p(x)>a} for 0<a<1
and [p]° for 0=0. Then from (i)-(iv), it follows that [p]*€ E™for all

0<o0<1.
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Definition (2.5),[1]:-

Let R be the set of real number and P(R) all fuzzy subsets defined on R , defined the fuzzy number a € E* as

follows :
1- a is normal , that is there exists x € R such that ps(x) = 1
2- For every a € (0,1], a, = {x: u5(x) = o} is closed interval , denoted by

[a"wa™ ]
Using Zaheh’s notation d € F(R) is the fuzzy set on R defined by

a =Ugeo,1] 2a =Yae[o,1] afa” g a+(x]

Definition(2.6),[1,10]:-

For any arbitrary Fuzzy numbers @i, ¥ € E*
D(1, ¥) = max{supacio [u(@) = V()| SuPuefo] [T () = F(e0)| }

Denoted the distance between T and ¥, also (E?, D) is a complete metric space .

Theorem( 2.1),[8, 10]:-

(E1, D) is a metric space

Theorem(2.2),[1]:-

If 4,b,¢ € E* then D(a+&b+¢) =D(4b)

Proposition (2.1),[4]:-

Forany p,q,r,s € E™ and ¢ € R, then

(i) (E™ D) is a complete metric space.
(ii) D(op,9q) = |@|D(p, .

(iii) D(p + 1,9 + s) = D(p, 9).

(iv) D(p+q,r+s) <D(p,r) + D(q,s).

Definition (2.7),[10]:-

A function F: 1 - E™is called bounded if there exists a constant M > 0 such that D(F(x),0) <M forall x € L.
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Definition (2.8),[10]:-

A function F: I - E™ is said to be continuous if for arbitrary fixed x, € I and
e > 0 there exists § > 0 such that |x — xo| < & then D(F(x), F(x,)) < ¢

Definition (2.9),[9]:-

Let:1 — E™, the integral of Fover | which is levelwise continuous is denoted byfI F(x)dx OrfabF(x)dx , also

[, F(x)dx]“ = [, Fadx {J; f()dx|f:1 - R"is measurable function for F(x) for all0 < a < 1}
Definition(2.10) :- Let f: 1 — R™, the integral of f over I, denote [;f(t)dt is defined levelwise by
[;f®dt]* = [if,(©dt ={[,f®)dt| f: 1 » E™ is a masurable selection for f,}

For all @ € [0,1]

A mapping f:1 - E™ is strong measurable if, for all « € (0,1], the set valued mapping f,:I - p(R™) denoted
by f, = [f(©)]* if f:1 - E™ is continuous, then it is integrable

Proposition (2.2),[6]:-

Let F,G: 1 — E™ be a integrable functions and ¢ € R. Then :

(i) J[F+G) =[F+[G.
(i) [@F = [F
(iii) D(F, G) is integrable.

(iv) D(JF,[G) < [D(F,G)
Definition(2.11),[7] :- The Riemann-Liouville fractional integral of order « for a function f is denoted by

t(t—s)*t _ e
———f(s)ds , where a=0, we can write I*f(t)

I3, f(@) = fa (@

3. Fuzzy fractional nonlinear integral equation

The fuzzy fractional nonlinear integral equation with complexity fuzzy kernel functions which represented

completely as follows :

1) = () + ATk (x, [ F(s,u(s))ds) (3.1)
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where A >0, f(x) is a fuzzy function of x such that I=a <x <b, also k(x, fat ﬁ'(s,u(s))ds): IXx I x El - E1,
are analytic functions,F (s, u(s)):1x E* - EZ,

are fuzzy continuous functions. Consider the pairs f(x) = (f(x, a), f(x, a)) and

ti(t) = (u(x, ), ux a)),0<a<1andt,s€ [ab] then, the parametric form of Eq. (3.1)

as follow:

ux, o) = f(x, @) + AI*1 k(x, fatE (s,g(s, a)) ds, fat f(s, u(s, @))ds))
u(x, ) = f(x, o) + AT k(x, fat f(s,ﬂ(s, a))ds, f;E(s, u(s, a)))

Where

tk(x, J, F (s,u(s @) ds
(t—s5)t"%

122 ks [ F (s.u5.0) ds) = 1/1(a) |

t E(x,f; F(su(s,a))ds

1 k(x, [ F(s, s, @)ds ) = 1/[(@) f, =22 dt

where a, is function defined by integral and 0 < a; < 1

Now we will have the system of fuzzy nonlinear fractional intergral equation

t E(X'f; E(S'E(Sﬂ))d t E(x,f;?(s,ﬁ(s,a))ds

S
dt +1/[(ay) [, oyt

ulx, @) = f(x, 0 + 1/[(ay) J,

a (t-s)1-@1

_ - tf(x,f‘;f su(s,a))ds t&(x.f;ﬁ su(s,a))ds
u(x,a) = f(x,a) + 1/[(a;) fa#dt +1/[(a) [, %dt

Where

a € [0,1] and a, € [0,1)

4. Fuzzy successive approximation method

Consider the following fractional fuzzy nonlinear integral equation

t E(x,f;ﬁ(s,g(s,a))d t k(xfy F(su(s,a))ds

S
dt +1/[(ay) [, oyt

ulx, @) = f(x, 0 + 1/[(ay) J,

a (t—-s)t—e1
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tk(x, J, F (s,u(s, @) ds
(t—s) %

tk(x, fat f(s, u(s, a))ds

- sy dt

u(x, ) = f(x, ) + 1/[(ay) f

a

dt + 1/[(a1)f

Where
a €[0,1] and a; € [0,1) ,a<x,s<h.
The successive approximation method introduces the recurrence relation:

ek, E(Sru_n (S.a)>ds

t E(x,féf(s,ﬁ(s,a))ds
U1 G 0) = 16,00 + 1/[(ay) J o2 Hxlo FlsTn(e)ds

dt +1/[(ay) [, et

tk(x, fatﬂ(s,ﬂ(s, a)) ds ;

Tt ) = T + /(@) | e ‘f:(_sgi;a))ds e+ 1) | e
We can choose the zeroth — component either [_0,6], [ f(x, @), fx, )]
The exact solution %i(x, a)=[ u(x, a), u(x, a)]. -
where
lim 541 =ulx, a) and lim ugeq = ulx, a)_
n— n—o

5. Numerical Example

Consider the fuzzy fractional nonlinear integral equation

I
dt+ 1/[(a;) ftw

a (t—s)1—a1

u(x, @) = f(x, @) + 1/[(a1) ftw;ﬁ(s'—ﬂ(w)ds

a (t-s)t-a1

dt

T

(t—s)l-®

th(x, fat f(s,ﬁ(s, a))ds
(t—s)l—®

TG0 @) = 105,00 + 1/1(a) |

a

Where

21 21 11 31
f(x,a) = x(a + 1) — .4550376649x10a — .4550376649x10 — 1.051137006x10 — 4.095338984x100? +
31 31 1 1
2.730225989x70a — .4550376649x10 + 4.095338984(x — 1.)10x3a® + .4095338984(x — 1.)10x%a® —

1 1 1
2.7302259(x — 1)10x3a + 0.2252436442(x — 1.)1oxa? —.2730225989 (x — 1.)10x%a + .4550376649(x —
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1 1 1 1
1.)70x3 — .1501624295(x — 1.)ioxat + 0.04550376649(x — 1.)10x2 + 0.02502707157(x — 1.)iox

- 31 31 31 21
f(x,a) = x2(3a — 1) — 4.095338984x10 a? + 2.730225989xT0a — .4550376649x10 + .4550376649xT0a
21 11 1
— 0.45503769x10 — 1.051137006x10 — 0.02502707(x — 1.)T0«
1 1
—0.045503766(x — 1.)T0ax — 0.4550376649(x — 1.)10x2%«

1 1 1
+ 0.02502707157(x — 1.)T0 + 1.096640772(x — 1.)T0x + 0.4550376649(x — 1.)T0x?
t t 2
k(x, faﬁ(s,g(s, a)) ds = x— [ju(s,a)’ds

X * fotﬁ (s, a)%ds k(x, fat f(s, u(s, a))ds =

The exact solution are

u(x,a) = x(a +1)

ulx a) =x?Ba—1)

Wherea € [0,1]and 0 < a; < 1

By using successive method for solving our problem formulation , we get

EO(xt a) = £(x' (X)

Up(x, @) = f(x, @)

un(x,@) = f(x,@)

Uy (x, @) = f(x, @)
Where n=3
limy, e us(x, @) = u(x, )

lim,,_,, us(x, @) = u(x, a)
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Table 1: calculate the results between the exact solution and approximate solution and also calculate the

absolute error with differente value of o and different value of fraction order of a;. For lower and upper side

X Exact Approximate Absolute
solution solution error
u(x, a) u(x, a) u(x, a)
a=0.1 and a;=0.1
0 | 0.00 0.000 0.000
0.2 | 0.22 0.217 0.003
0.4 | 0.44 0.430 0.010
0.6 | 0.66 0.578 0.082
0.8 | 0.66 0.651 0.009
1.0] 11 1.098 0.002
[ I I R
0=0.6 and o 1=0.5
0 | 0.00 0.00 0.00
0.2 | 0.32 0.301 0.019
0.4 | 0.64 0.556 0.084
0.6 | 0.69 0.674 0.016
0.8 | 1.28 1.159 0.121
1116 1.585 0.015
X Exact Approximate Absolute
solution solution error
u(x a) u(x, a) u(x, a)
=0.1 and a;=0.1
0 0.00 0.000 0.000
0.2 | -0.028 -0.019 0.009
0.4 | -0.112 -0.107 0.005
0.6 | -0.252 -0.162 0.09
0.8 | -0.448 -0.449 0.001
1.0 | -0.7 -0.652 0.048

0=0.6 and o 1=0.5

0 0.00 0.00 0.00
0.2 | 0.032 0.030 0.02
0.4 |0.128 0.119 0.009
0.6 | 0.288 0.277 0.011
0.8 | 0.512 0.458 0.054
111038 0.781 0.019

6. Conclusion

In this paper, incorporation between volterra- Fredholm fuzzy fractional nonlinear integral equation is so
complicity equation we also solve our problem formula by using approximate method specially successive
approximate method . The accuracy of proposed illustrative by calculate the proposed absolute error, is clearly

when show the value for table (1)of the basic function increasing . the mention method is very useful and fast
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to get the converge result , and given accuracy can be obtained by chosen the value of

a and the fraction value a, .
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