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COMPLETENESS OF THE BETHE ANSATZ FOR AN OPEN ¢-BOSON SYSTEM
WITH INTEGRABLE BOUNDARY INTERACTIONS

J.F. VAN DIEJEN, E. EMSIZ, AND L.N. ZURRIAN

ABSTRACT. We employ a discrete integral-reflection representation of the double affine Hecke algebra of type
CVC at the critical level q = 1, to endow the open finite g-boson system with integrable boundary interac-
tions at the lattice ends. It is shown that the Bethe Ansatz entails a complete basis of eigenfunctions for the
commuting quantum integrals in terms of Macdonald’s three-parameter hyperoctahedral Hall-Littlewood
polynomials.

1. INTRODUCTION

The g-boson system is an elementary quantum field model built of g-deformed oscillators (cf.
e.g. [KS]) placed on a finite periodic lattice Z,, = Z/mZ. It belongs to a privileged class of one-
dimensional particle-conserving quantum field theories for which the n-particle Hamiltonian boils down to
a (possibly discrete) quantum integrable Schrodinger operator, cf. e.g. [Kl [Thl DGl KBI, [CTl [La] (and
references therein) for some more examples of such integrable quantum field models. Indeed, in [Ko] it was
observed that the g-boson Hamiltonian acts in the n-particle sector of the Fock space as a discrete difference
operator that arose in as an integrable lattice discretization of the Schrodinger operator for the Lieb-
Liniger delta Bose gas on the circle [LIL Mt [Dol [KBI]. In both situations, the n-particle Bethe Ansatz
eigenfunctions had been identified independently as Hall-Littlewood polynomials [Ts| [D2] [Ko]. Besides the
model on the periodic lattice Z,,, analogous versions of the ¢g-boson system were considered on the infinite
lattice Z [DE2] (cf. also [R]), on the semi-infinite lattice N [DE3| [WZ, [DP], and on the open (i.e. aperiodic)
finite lattice [LW]

N,, :={0,1,2,...,m} (m > 0). (1.1)
Meanwhile, it has become clear that the g-boson system admits a rich variety of generalizations that surfaced
naturally e.g. in the context of integrable stochastic particle processes [SW], [OP [Pol [BCPST], [BCPS2] [T
and in the framework of discrete harmonic analysis on Weyl chambers and Weyl alcoves [D1], [DET].

The purpose of the present work is to diagonalize an open ¢-boson system on N,, endowed with
integrable two-parameter boundary interactions at each of the two endpoints 0 and m. Our model is governed
by a (unital associative) g-boson field algebra that is deformed at the boundary sites. Specifically, the
underlying g-boson field algebra is determined by generators 3;, 3/ and ™, ¢ N (I € N,,) that are ultralocal
(i.e. commuting for distinct sites) while satisfying the relations

Bia™ = qq™ B, "B =afrd™ ¢V N =1,
BB = (1 —c—61g™)(1 — ¢4 0pm_1g™) [Ny + 1], (1.2a)
BiB —aBi B = (1= c-aig*™)(1 = 461",
where g € (—1,1) \ {0} and ¢_,cq € (—1,1),
1 — gk
l—gq
and ¢; refers to the Kronecker delta (i.e. 6, = 1if I =0 and ¢; = 0 otherwise). The parameters c_ and cy.,

which deform the g-boson field algebra at the sites [ = 0 and | = m, are complemented by two more coupling
parameters g_, g+ € R regulating the interactions at these endpoints via the Hamiltonian

H:=g_ [NO]q + 9+[Nm]q + Z Bl*+1ﬁl + B/ Biy1- (1.3)
0<l<m

For ¢ = ¢y = 0 the integrability of H (1.3)) was shown in [LW], [DE5] by means of Sklyanin’s quantum
inverse scattering formalism for open systems with reflecting boundaries [Sk]. Moreover, for the semi-infinite

kN,

"N = (¢M)F, NI+ kg == (leNy,, keZ), (1.2b)
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g-boson system on the nonnegative integer lattice (i.e. m = +00), the integrability of the Hamiltonian in
question was inferred for general (one-sided) boundary parameters g_ and c¢_ [DE3, [WZ]. In each of these
cases, the Bethe Ansatz eigenfunctions derived in [DE3|, WZ] [DE5| turn out to be given by hyperoctahedral
Hall-Littlewood polynomials as introduced by Macdonald [M1l, [M3| [NR] [Pa].

Below the results for the finite open ¢-boson system will be generalized to the situation of boundary
interactions governed by the full four-parameter family of c¢_,c4,g—,g+. Rather than to employ quantum
inverse scattering as in [LW], [DE5], we recur instead to a representation of Cherednik’s double affine Hecke
algebra [C], [M4] of type CVC [N| [Sa] at the critical level g = 1. The representation in question is given
explicitly in terms of discrete integral-reflection operators. It differs fundamentally from a previous q — 1
degenerate double affine Hecke algebra representation [Gi] in that here no prior rescaling of the parameters
and coordinate functions in terms of q is performed. The particular Hecke-algebraic approach suiting our
needs has its origin in the spectral analysis of Gaudin’s generalized Lieb-Liniger delta Bose gas models
associated with the (affine) Weyl groups [G1] [G2] [Gul [HOL [EOST] [EOS2] by means of integral-reflection
operators that were first introduced by Gutkin and Sutherland [GS|]. The center of the double affine Hecke
algebra provides us with the quantum integrals for H (1.3]), which are subsequently diagonalized in terms of
Macdonald’s three-parameter hyperoctahedral Hall-Littlewood polynomials via a Bethe Ansatz. From the
perspective of double affine Hecke algebras, this entails an extension of the construction in [DEI] enabling
to incorporate the important five-parameter master family of type CVC. In this picture, our parameters g,
c_ and g_ are associated with Hecke algebra generators corresponding to the walls of the Weyl chamber
and parametrize the hyperoctahedral Hall-Littlewood polynomials, while the parameters ¢y and gy are
associated with the Hecke algebra generator corresponding to the affine wall of the Weyl alcove and enter
the wave function only through the positions of the Bethe roots.

The presentation is structured along the following lines. In Section [2| the Hamiltonian H (|1.3)) is imple-
mented as a self-adjoint operator in the g-boson Fock space and its explicit action in the n-particle subspace
is determined. Section [3| formulates our main result: the diagonalization of the corresponding n-particle
Hamiltonian by means of a complete basis of Bethe Ansatz eigenfunctions given by hyperoctahedral Hall-
Littlewood polynomials evaluated at the Bethe roots. The bulk of the paper is devoted to the proof of this
result within the framework of the double affine Hecke algebra of type CVC at the critical level q = 1.
First, the defining properties of this double affine Hecke algebra are detailed in Section 4} Then, in Section
a concrete representation in terms of discrete integral-reflection operators is derived by duality from the
polynomial representation. In Section [0] the discrete integral-reflection operators are used to construct a
Gutkin-Sutherland type propagation operator [GS|] that intertwines between the free boson wave functions
and our interacting g-boson wave functions, respectively. By computing the image of the free Laplacian on
Z™ with respect to the action of this propagation operator, we arrive in Section [7] at a quantum integrable
deformation of the free Laplacian associated with the double affine Hecke algebra. The n-particle Hamilton-
ian for g-bosons with open-end boundary interactions is retrieved from this deformed Laplacian in Section
upon symmetrization with respect to the action of the underlying affine hyperoctahedral group. The prop-
agation operator is then employed once more in Section [J] to show that the Bethe Ansatz eigenfunctions of
our ¢g-boson Hamiltonian are given by Macdonald’s hyperoctahedral Hall-Littlewood polynomials. Finally,
the higher commuting quantum integrals stemming from (the center of) the double affine Hecke algebra at
critical level permit to separate the eigenvalue spectrum. This rules out linear dependencies between the
eigenfunctions and reduces the proof of the completeness of the Bethe Ansatz to a straightforward count of
the Bethe roots, which are obtained as the minima of a family of strictly convex Morse functions using the
classic toolset developed by Yang and Yang [YY], (G2, [KBI].

Backup material for some technical subtleties involving our approach is supplied in three appendices at
the end. Specifically, in Appendix [A] we briefly confirm that the Poincaré-Birkhoff-Witt property and the
basic representation of the double affine Hecke algebra of type CVC' [N, [Sa, [M3] persist at the critical level
q =1, cf. also Ref. [Q] for a corresponding verification in the case of the type A double affine Hecke algebra
and Ref. [Ge] for the verification covering most other types apart from CVC. (More precisely, the latter
work deals with those types for which the index of the root lattice inside the weight lattice is not equal to 1.)
In Appendix [B| we verify certain intertwining relations satisfied by the fundamental propagation operator
from Section [6} these relations lie at the basis of the computation that yields the explicit formula for the
deformed Laplacian in Section [7] Finally, in Appendix [C|] we recall Macdonald’s product formula for the
generalized Poincaré series with distinct parameters from [M2], in the special case of a stabilizer subgroup of
the affine hyperoctahedral group. This product formula is used in Section [§]to retrieve the open-end g-boson
Hamiltonian from the double affine Hecke algebra.

Note. Our notation distinguishes between the parameter ¢ stemming from the g-boson algebra and the
parameter ¢ associated with the double affine Hecke algebra. Throughout the presentation the value of
latter parameter is assumed to be fixed at the critical level ¢ = 1 (unless explicitly indicated otherwise).
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2. n-PARTICLE HAMILTONIAN

Let us define the Fock space

F =P Anm: Anm) (2.1a)

n>0
consisiting of all series F' = ano fn with f,, € 12(Ap s, Ay such that
(Fv F)m = Z(f"’ fn)n,m < 0. (2.1b)
n>0
Here {2 (Apms Ap ) stands for the (n-particle) Hilbert space of functions f : A, ,, — C on
N ={A=A1,. ., ) EZ" M > >N > - > A\, >0}, (2.2)

equipped with the following inner product

(fvg)n,m = Z f()‘)mAn,m(A) (2.3a)

AEAp

associated with the weight function

1
Ann ) = o o i Do o eVl (2.3b)

and subject to the additional convention that Ag ,, := {0} and Ag m,(0) := 1 (so I*(Ag,m,Ao.m) = C). The
orthogonality measure A,, ,,,(A) (2.3b]) factorizes in terms of g-factorials

Kl = gl — 1]+ 2[1], with [k]y = ~—2

of the (particle) multiplicities
my(A) = {k € Ny | A = A} (I € Np),
and is moreover perturbed at the end-points by g¢-shifted factorials of the form
(cx; @)k = (1= cx)(I = cxq) - (1 = cxqg™ ),

where it is assumed that empty products are equal to 1 (so [0]! = (cx;¢)o = 1).
We introduce the following actions of the g-boson field generators §;, 3 and ¢*NM (1 € N,)on f €
P(Anmy Dnm) C Fon:

(Bf)N) = F(BA) (2.4a)
for A€ Ap_1m ifn>0and g f :=0if n =0,
BrNA) = (2.4b)
[m;(\)](1 — e8¢ (1 — 405 1g™ D) F(BA)  if my(N) >0
0 otherwise
for A € Apj1,m, and
(@M =gV () (24¢)

for X € Ay, . Here BfA € Apy1m and BiA € A1, denote the partitions obtained from A € A, ., by
inserting or deleting a part of size [, respectively (Where in the latter case it is assumed that m;(A) > 0).

It is readily verified that the operators in Egs. 2.4¢)) satisfy the ultralocal g-boson algebra relations
in Egs. (1.2a)), -) Hence, we end up with a representatlon of the g-boson algebra on the dense domain
Dy C Fn 1‘ of termmatmg series ' = Zn>0 fn with fn, € *(Aym, Apn ). In this representation,
the parts of A = )\1, e ) € Ay, are interpreted as the posmons of n partlcles—q bosons—on N,,,. The
operators f3; : (An’m,A nm ) — 12(An,1’m,An’m) and S : P(Mpmy Anm) = P(Ag1m, Dnm) anmhllate
and create a ¢g-boson at the site [ € N,,, respectively, while ¢’ counts the number of g-bosons at this site
as a power of ¢q. The representation in question is unitary (i.e. it preserves the underlying #-structure):

(6lf7 g)n,m = (fa Bl*g)nJrl,m (f S lQ(An+1,m; An+1,m)a g S 12(An,m; An,m))a
(qiNl fv g)n,m = (fa qing)n;m (f7 ge lQ(An,m; An,m))7
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whereas it is also immediate from the definitions that the ¢-boson annihilation- and creation operators, as
well as the g-deformed number operator, at the site [ € N,;, are bounded on F,,:

(14 Je_[0)(1 + |ey|6m—1)

(ﬁlfaﬁlf)n—l,m < 1_q (faf)n,m>
(B 180 v < HEE LB g

(qu f, quf)n,m < (fa f)n,ma

for any f € I>(Ap.m,Anm). The upshot is the Hamiltonian H (1.3)) constitutes a bounded self-adjoint on
Fom that preserves the n-particle subspace (?(Ay, m, Aym). From the actions of the g-boson generators in
Eqgs. (2.4a)—(2.4c), one readily deduces the following explicit action of H in 1?(Apm, Ay m) (cf. [DE3, Prp.
3.1] and [DES, Prp. 6.3]).

Proposition 2.1 (n-Particle Hamiltonian). For any f € I>(Ay m,Apm) and X € Ay, one has that

(H )N =(g-[mo(N)]g + g4 (W], ) SO (2.5)
+ Y (=g my, (Vg f (A +e5)
1<j<n
Ae;€Mn m
+ Y (L= e8I my, (W]of (A = ¢y),
1<j<n
A—(ijeAn,m
where ey, ..., e, denote the unit vectors of the standard basis in Z™.

Remark 2.2. The actions of g-boson generators f;, 87 and ¢™ in Egs. (2.4a)-(2.4d) and (thus) that of
the n-particle Hamiltonian in Proposition [2.1| are polynomial in g. For ¢ — 0 the n-particle Hamiltonian
degenerates to a self-adjoint Laplacian of the form

(HF)O) = (9-6x, +9:8mn ) FO)+
> (=)™ fA+e)+ Y (T=cidmn) " f(A —¢))

1<j<n 1<j<n
Ate; €M ,m A—e;€An m
in 2(Apmy, Anm) With Ay (M) = (1 — e )% (1 — ¢4 ) %=1, This discrete Laplacian models n strongly
correlated bosons on the finite open lattice N,, with boundary interactions at the end-points controlled
by the parameters g+ and cy. A corresponding system of strongly correlated bosons on the finite periodic
lattice Z,,—commonly referred to as the Phase Model—was studied in detail in Refs. [BIK| Bl [KoS].

3. MAIN RESULT: DIAGONALIZATION

Since the dimension |
dim (12(Ap s Ap ) = % (3.1)
of the n-particle subspace is finite, the existence of an orthogonal eigenbasis diagonalizing the n-particle
Hamiltonian in Proposition [2.1]is immediate from the self-adjointness. Here we provide an ezplicit eigenbasis
for the operator in question in terms of Macdonald’s hyperoctahedral Hall-Littlewood polynomials (associated
with the root system BC,,) [M3, §10]:

P\(&qia,a) == (3.2a)
Z 0(61501 Y 6“60’71,; q,a, d) eXp(i61£a1 Ar+ 4 ienéan )\n)
O'ESn
ec{1,—1}"
with & = (&,...,&,) and X € A,, 5, The summation is meant over all permutations o = ((,11 o U’;) of the
symmetric group S,, and all sign configurations € = (e1,...,€,) € {1,—1}", and the expansion coefficients

are given explicitly by
(1 —ae™%)(1 — ae™%)

1<j<n
_ ge—4(&—¢&k) _ ge—4(&+Ek)
< I (1 qeﬂ'(s»f&k) ) (1 qeﬁ(&-ﬁw ) '
1<j<h<n 1—e & 1 —e &

For p e Ay, (2.2) and
q7a+aa—ad+ad— € (_Ll)v (33)
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let v, : Ap,m — C denote the hyperoctahedral Hall-Littlewood function of the form
Yu(A) = Px(§,;q;a—,a-) (A€ Aum), (3.4)

where £, € R" represents the unique global minimum of the semibounded strictly convex Morse function
V, : R" = R given by

&+ &5 —&k
V(&) = Z </0 vq(u)du+/0 vq(u)du> + (3.5a)

1<j<k<n

3
5 <msfzw<pj+uj)sj+ / (va_<u>+va_<u>+va+<u>+va+<u>)du>,
1<j<n
with pj:=n+1—-j (j=1,...,n) and
3 _ _ o
va(§) ::/ (1-a®) du - “Og(laef) (-l<a<). (3.5b)
0

1 —2acos(u) + a? e —a

Theorem 3.1 (Diagonalization). For parameter values belonging to the domain in Eq. (3.3), the hyperoc-
tahedral Hall-Littlewood functions v, i € Ay, are n-particle eigenfunctions of the g-boson Hamiltonian H

3):

Hypy, = E(€,)b, with E€):=2 Y cos(§), (3.6a)
1<j<n
provided
cr =a+ar and gL =a+ + a+. (3.6b)

Moreover, for nonvanishing parameter values q,a4,a—,a4,a—_ belonging to the domain in question these
eigenfunctions are complete in the sense that they constitute a basis for I>(Ap.m, An.m)-

This theorem will arise below as a consequence of a much stronger statement in which all commuting
quantum integrals for our open-end g-boson model are diagonalized simultaneously. By invoking the explicit
action of H (|1.3) in the n-particle subspace given by Proposition we can reformulate the eigenvalue
equation in Theorem as an affine Pieri rule for the hyperoctahedral Hall-Littlewood polynomials.

Corollary 3.2 (Affine Pieri Rule). For parameters belonging to the domain in Eq. (3.3), Macdonald’s
hyperoctahedral Hall-Littlewood polynomials Py(&;q;a—,a_) with X\ € Ay, satisfy the following affine Pieri
formula

Pr(&ga—,a) Y (€9 4e7) = (3.7)

((a-+a)mo(N)]g + (as +a)mn(N]g ) Pr(& g0, )

+ Y (T—asa—6x,q™N Yy, (MNgPre, (&g a—,a-)
1<j<n
Ae; €M m
+ Y (L= apagdmon, g™ N my, (N Pre, (&g a—,a-)
1<j<n
A—e; €A m
at § = 5#; W E Anm.

For a_ = a4 = 0, Corollary[3.2]reproduces an affine Pieri rule found in [DE5|, Sec. 11.4]. The conventional
(nonaffine) Pieri rule for Macdonald’s hyperoctahedral Hall-Littlewood polynomials [DE3l App. A], which
is valid without quantization restrictions on the values of the polynomial spectral variable & € R", is of the
form in Eq. with m — 400 (so the dependence on a,, a4 drops out).

Remark 3.3. It is expected that the hyperoctahedral Hall-Littlewood functions v, p € Ay, in fact con-
stitute an orthogonal eigenbasis for H in [? (Apms Ay ) for all parameter values in the domain .
When a_ =ay =0 (so g— = a—_, gy = a4 and ¢ = ¢4 = 0), this orthogonality was recently confirmed in
IDE5L Sec. 11.4].

Remark 3.4. The normalization of the hyperoctahedral Hall-Littlewood polynomials Py (&;q;a,a) (3.2al),
(3-21) is such that the coefficient of the leading monomial e**181 - FiAnén is given by (a@; ¢)m, () [Lien, Mmi(N)]g!.
In particular, for A = 0" = (0,...,0) € Ay, 1, we have that Pyn(&;¢;a,a) = (ad; q)n [n]g! # 0.
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Remark 3.5. Since V,,(€) (3.54), (3.5b) is smooth and V,(§) — +oo for £& — oo, the existence of a global
minimum is guaranteed. The uniqueness of this minimum follows by convexity. Indeed, the Hessian

k= 0g; 05, Viu(€) (3.8)
_ {2m+v&(5j) o (&) g, (&) + 5, (§) + X, (v (&5 + &) +vg(6 — &) ifk=3
vg (&5 + &k) —vg(& — &k) ifh#7j

is positive definite:

N wmHip= Yy (2m+vfl_(§j)+vé_(€j)+Ufz+(€j)+vé+(5j)>$?

1<j,k<n 1<j<n
Y (vl + e+ )+l - 6y - w)?)
1<j<k<n
z2m 3 o
1<j<n
1—a?

since v/ () = Tacos@raz > 0 fora € (—1,1). From the equation V¢V, (§) = 0 for the corresponding

critical point §,,:

2m&; + va_ (&) + va_ (&) + vay (&) + va, () (3.9)
+ D (vl + &) —valn —€)) = 27(s + 1)
1<k<n
k#j
(j=1,...,n), one readily deduces that at & =&, (1 € Apn )
( J .7) < é-j < (pJ 'u.]) (3103.)
m—+ K_ m+ Ky
(for 1 < j <), and also (by subtracting the kth equation from the jth equation)
W(pj—pk+ﬂj_ﬂk)<€._§ <7T(Pj—Pk+Hj_Mk) (3.10b)
m+ k_ 7§75k m+ kg '
(for 1 < j <k <n), where
(n—1)(1-q%
_— 3.10
S () (3109

1 1—a 1—a” 1—a? 1-—

9 z T Tz T z T ANz )

AN e (e R R R P R (R P
Here one exploits that v,(§) is odd and that (1+| |2) < vl (§) < ﬁ Moreover, since v, (£ + 27) =
v,(€) + 27, it also follows from Eq. . ) that & < 7 at the critical point. The upshot is that for any
p € Ay, the unique global minimum §, of V, (&) (3.54), (3.5b) is assumed inside the open fundamental
alcove

A={(&,8,....&) ER" [7>& >8> > &, >0} (3.11)

Remark 3.6. For u € A,, ,,, and parameters in the domain , the dependence of the eigenfunction 1,
on a4, a+ and q is real-analytic. Indeed, the critical equation is real-analytic in this parameter domain
and so is the critical point £, (by the implicit function theorem, because the Jacobian of the critical equation
equals the positive definite Hessian of V,(€) and is thus invertible). Since Px(&;q;a,a) (3.24),
constitutes a (trigonometric) polynomial in the spectral variable € with coefficients that depend polynomially
on the parameters ¢, a and @, this real-analyticity carries automatically over to the eigenfunction 1.

Remark 3.7. At ¢ = 0 the eigenfunctions in Theorem [3.1] satisfy the eigenvalue equation for the phase model
with open-end boundary interactions governed by the discrete Laplacian in Remark (with g+ = ax + a4,
¢+ = atxax and ag,ax € (—1,1)). When ax = a1+ = 0 the boundary conditions of the Laplacian at
the walls A; = 0, \; = Ay and A\, = m (1 < j < k < n) become of Dirichlet type. The eigenfunction

¥, (3.4) specializes in this situation to a symplectic Schur function evaluated at § p = ;(f:j:)l (where

p:=1(p1,p2,---,pn) = (n,n—1,...,2/1)). The analog of the latter phase model on the periodic lattice Z,,
was diagonalized by means of the algebraic Bethe Ansatz in terms of (standard) Schur functions [Bl [KoS].
In our case, the familiar determinantal structure of the Schur functions turns out to persist at ¢ = 0 for
general boundary parameters ax,a+ € (—1,1):

det[pn—jix, (& a, a)]1<jk<n
eii e~ — eibr — e~ilk)’

P\(&0;a,a) = (3.12a)

H1<]<k<n(
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where
o (1= ae” ) (1 — ae™%) ite (1 — ae®)(1 — ae’) _ite
pe(§a,a) = (7 et + T e, (3.12b)

Indeed, when pulling out the overall Vandermonde denominator as in Eq. from the ¢ = 0 specializa-
tion of Py(&;q;a,a) , , one ends up with an alternating sum that coincides manifestly with the
expansion of the determinant in the numerator. The corresponding ¢ = 0 parameter specialization of the
affine Pieri formula for the polynomials in question becomes

PA&0r0-,0-) 3 (€ +e7) = (8:13)

1<j<n

((a, + df)(s)\n + (a+ + &+)5m7)\1)P)\(£; 07 a77d7)
+ ) (I—a—a—dy) 7 Prie, (€00, 0)

1<j<n
)\+€j eAn,m
+ Z (1 - a+d+5m_>\j)5j—1p)\_ej (E;O;a—7d—)
1<j<n
A—e;€An m
(at & =&, p € Apm). It is not at all clear from Theorem whether the eigenfunctions v, u € Apm
actually remain complete in 2(Ay, m, Anm) at ¢ = 0, beyond the much weaker and straightforward com-
pleteness for generic values of the boundary parameters ax,a+ € (—1,1). (For generic boundary parameters
the completeness is a priori guaranteed—both at ¢ = 0 and for generic ¢ € (—1,1)—by the analyticity in
Remark in combination with the elementary fact that in the Dirichlet situation of vanishing parameters
q, a4, ax the corresponding symplectic Schur functions form an orthogonal basis for I2(A,, ), cf. e.g. [DE4,
Remark 3.7] with R = R of type C,.)

4. DOUBLE AFFINE HECKE ALGEBRA OF TYPE CVC AT CRITICAL LEVEL

In this section we describe the affine hyperoctahedral group and its associated double affine Hecke algebra
[CL INL [Sal [M4] at critical level.

4.1. Affine hyperoctahedral group. The affine hyperoctahedral group W is a Coxeter group (of type C’n)

presented by generators s, ..., s, subject to the relations [H]
s3=1 (j=0,...,n),
$j8j+185j41 = Sj418;55418; (j=0o0r j=n—1), (4.1)
$jSj4+155 = Sj4+155554+1, (]: 1,...,TL—2), '
5j8K = S5kKSj (l7 =k > 1).

A reduced expression for w € W is a decomposition in terms of these generators of the form

W= 8j; """ Sj, (jl,...7je6{0,...,7’l}) (42)
such that ¢ (> 0) is minimal. The number generators ¢ comprising a reduced expression is referred to as the
length £(w) of the group element (so ¢(w) = 0 iff w = 1).

Given a nonvanishing scale parameter ¢ € R* := R\ {0}, we consider a faithful action of W on R™ that

is characterized by simple reflections mapping x = (z1,...,2,) € R™ onto
s0(Z1, .y &pn) = (2c — x1,Ta, ..., Ty),
Sj(&?l, e ,.’L‘n> = (.’L‘h e ,$j71,$j+175(3j,.’)3‘j+2, R ,Q?n) (j = 1, e, — 1)7
S (X1, oy Zn) = (1,0, Tp1, —Tn)s (4.3)

respectively. Below we will always assume that c is integral:
ceZ" :=7Z\{0}
(unless explicitly stated otherwise).
4.2. Double affine Hecke algebra. Let 79,...,7, and 79, ..., 7, be parameters in C* := C\ {0} such that
7; =75 =7 for 0 < j < n. Throughout the paper it will be assumed that none of the five parameters m, 7o,

T, Tn, Tn equals a root of unity. We consider the following q — 1 degeneration of the double affine Hecke
algebra of type CYC,, [Nl [Sal.
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Definition 4.1. The double affine Hecke algebra H of type CYC,, at critical level is the unital associative
algebra over C with invertible generators Ty, . .., T, and commuting invertible generators Xy, ..., X,, subject
to the quadratic relations
T,-T;'=7—7"  (j=0,...,n), (4.4a)
the braid relations
LT T = T T;Tia T (j=0orj=n—1),
TjTj+1Tj = Tj+11}'Tj+1 (] = ]., ceey— 2), (44b)
1Ty = Tp:T; (I7 =kl > 1),
and the cross relations
ToX: — X't =257t — 7o,
T X' = X, T, =7, — 7,

TiXj1 = X,;T; ! G=1,....,n—1),

T;Xe=XeT;  (j—kl>1orj=n=k+1).

(4.4c)

For A = (A1,...,A,) € Z™ and for a reduced expression w = s;, - - - s;, let

X)\ — X1A1 "'Xﬁ,,\” and Tw = CZT]-l T

Je
(which does not depend on the choice of the reduced expression by virtue of the braid relations).

Proposition 4.2 (Poincaré-Birkhoff-Witt Property). The elements X*T,, (or alternatively T, X*), with
AeZ” and w e W, form a basis for H over C.

For most types other than CVC a corresponding Poincaré-Birkhoff-Witt property was proven in [Ol
Secs. 3 and 5] and [Gée, Sec. 2.1.2]. For type CVC with q not equal to a root of unity, a proof of the
Poincaré-Birkhoff-Witt property can be found in [Sal Sec. 3]. For completeness, we provide a proof of
Proposition in Appendix [A] so as to include our setting of the double affine Hecke algebra of type CVC
at the critical level q = 1.

It follows in particular from the above proposition that the commutative subalgebra of H generated by
X fl, ey X;L—Ll is isomorphic to the algebra C[X] of Laurent polynomials in X1, ..., X,,. Because the integral
lattice Z™ C R™ is stable for the action of the affine hyperoctahedral group W in Eq. (as ¢ is assumed
to be integral), we can lift the action to C[X] via w(X?) := X** (w € W). This allows to introduce the
corresponding Demazure-Lusztig operators:

T; =758, + bj(X)(1 — s5) (j=0,...,n), (4.5a)
where
-1 N A1
T -7 +(fo—7T5 ) X1
bo(X) =
0( ) 1 _X% ’
-1
T—T
bj(X)= ——F— (G=1,...,n-1), (4.5b)
’ 1- X' X0
T — T+ (Fn — 77 DX
bn(X) = 5
1_Xn

Since X* — X%* is divisible by the denominator of b;(X), these Demazure-Lusztig operators To,..., Ty
[{5a)—(45D) are well-defined as linear operators acting on C[X] (upon interpreting b;(X)(X* — X%?) in
terms of the corresponding terminating geometric series, cf. Eq. (5.7) below).

Proposition 4.3 (Polynomial Representation). The assignment T; — T; (7 = 0,...,n), X; — X; (j =
1,...,n) extends (uniquely) to a representation of H on C[X].

In Appendix [A] Proposition [£:3]is proven by tweaking a q — 1 degeneration of the polynomial represen-
tation of the double affine Hecke algebra of type CVC going back to Noumi and Sahi [N, [Sa].

Remark 4.4. Tt follows from Proposition[£.2that H can be equivalently characterized as the unital associative
algebra over C spanned by the elements X*T,, (or alternatively T, X*) subject to the relations

Tws. if )= 1

71, = 4 T, s =) + 1, o
Tys; + (15 —7; )Tw if L(ws;) = L(w) — 1,

XAXH = xMH (4.6b)

Ty XA — XM = by(X)(XA = X0, (4.60
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for all w e W, j € {0,...,n}, and A\, u € Z"™. Here sg refers to the derivative of the simple reflection s;
(ie. so(@1,.- s @n) = (=21, 22,...,2,) and 8} = s; for j = 1,...,n). The subalgebra H C H generated by
To, ..., T, and spanned by the basis Ty,, w € W amounts to Lusztig’s three-parameter (viz. 79, 7 and 7,,)
affine Hecke algebra of type C,, [Lu].

5. LATTICE INTEGRAL-REFLECTION OPERATORS

In this section a representation of H in terms of lattice integral-reflection operators is derived. These oper-
ators are discrete analogs—in the spirit of [DE1]—of corresponding integral-reflection operators originating
from the Gutkin-Sutherland approach towards the solution of the spectral problem for Gaudin’s general-
ized Lieb-Liniger models associated with the (affine) Weyl groups [GI, [GS| [Gul, [HOL [EOST] [EOS2]. Here
we arrive at the pertinent lattice integral-reflection operators of CVC type by duality from the polynomial
representation in Proposition

5.1. Integral-reflection representation of H. Let C(Z™) be the space of lattice functions f : Z™ — C.
The affine hyperoctahedral group acts on these functions via

(wfYN) == f(w™X)  (weW, feC(Z"), \eZ") (5.1)

(where—recall—c is assumed to be a nonzero integer). Upon rewriting the action of the simple reflections
in R™ as

sjz =x — aj(z)a; (j=0,...,n), (5.2a)
with
—€1 lfj = 07
aj=qe—eip1 ifj=1,...,n—-1, (5.2b)
én ifj=n
(where e, ..., e, denotes the standard basis of unit vectors in R™), and

2(c—mz) ifj=0,
aj(x) =\Tj —Tj+1 lf]: 1,...7’[1—1, (52C)

2z, if j =mn,
we are in the position to define corresponding discrete integral-reflection operators I; : C(Z™) — C(Z™) of
the form
I; = 1j5; + Jj (j=0,...,n). (5.3a)

Here J; : C(Z™) — C(Z") denotes a discrete weighted integral operator that integrates the lattice function
f € C(Z™) over lattice points on the line segment between A and s;A = X — a;(N)a;:

—S 9N (k) FA = kay) i aj(A)

>0,
;)N =40 if a;(\) = 0, (5.3b)
ST (R FO + ko) if aj (M) <0,

where
-1 . .
e £k is
wpk) =470 7T R (5.3¢)
T —T; if k£ is odd.

For any p € Z™, let us denote by t,, : C(Z™) — C(Z™) the translation operator of the form
)N =f(A=p)  (feC@Z"), xeZ"). (5.4)
The following proposition asserts that the integral-reflection operators Iy, ..., I, in combination with the
unit-translation operators t,,...,t., give rise to a representation of the type CVC double affine Hecke

algebra at critical level on C(Z").

Proposition 5.1 (Integral-Reflection Representation). The assignment T; — I; (5 = 0,...,n), X; — 1.,
(G =1,...,n) extends (uniquely) to a representation of H on C(Z").
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5.2. Proof of Proposition Let us consider the following nondegenerate bilinear pairing (-, ) : C(Z™) x
CX]—C:

(f,p(X)) == (p(X)f)(0) (f €C(Z"), p(X) € C[X]), (5.5)
where the action of p(X) = >, exX? (cx € C) on C(Z") is determined by the following action of the basis
elements: X*f :=tyf (A € Z"). So, we have in particular that (f, X*) = (trf)(0) = f(=\).

To prove the proposition it suffices to verify that for any f € C(Z"™) and X € Z™:

(te, £, X)) = (f, X;X*) (j=1,...,n), (5.6a)
(IVf, XN = (£T79XY (G=0,...,n), (5.6b)

where the superscripts indicate that opposite values for ¢ have to be chosen in the difference-reflection
representation and the polynomial representation. (Notice in this connection that the actions of s; and thus
that of I; and Tj only depend on ¢ for j = 0.) By acting on an arbitrary basis element X* with both sides of
the quadratic relations, the braid relations and the cross relations for Té_c), Tv,...,T, and X1,..., X,, one
readily verifies the corresponding relations for Iéc), I,...,I, and t,,...,t., upon pairing with f € C(Z")
and using Eqgs. (5.64)), . Here it is exploited that the pairing (-,-) (5.5) is nondegenerate.

While Eq. (b.6a)) is an immediate consequence of the above definitions, Eq. follows similarly from
the explicit actions of I; 7 and Tj 7 upon invoking the geometric series expansion

ST () XAk if ag()) > 0,
b (X)(X* = X5 =<0 if a;(\) =0, (5.7)
3 () XAHRif g ()) <0,

for 7=0,...,n.

6. LATTICE PROPAGATION OPERATOR

One of the principal tools to construct the Bethe-Ansatz eigenfunctions for the open ¢g-boson Hamiltonian
H is provided by a propagation operator stemming from the integral-reflection representation of H.
For the graded affine Hecke algebra and its double affine counterpart at critical level such propagation
operators were employed in [GS| [Gul [HO|] and [EOSI] [EOS2], respectively, to construct the Bethe-Ansatz
wave functions for Gaudin’s generalized Lieb-Liniger delta Bose gas models associated with the (affine) Weyl
groups [G1l [G2]. The propagation operator relevant for our present purposes turns out to be the CVC-type
analog of a lattice propagation operator introduced in [DET].

6.1. Propagation operator. From now on we set

c=m with m>0.] (6.1)

A fundamental domain for the action of W in Z™ C R™ (cf. Eq. (4.3)) is then given by the fundamental
alcove Ay, (2.2). For A € Z™, let wy € W denote the (unique) shortest group element such that
Ay i=waA € Ay . (6.2)

Moreover, for w € W let I, : C(Z") — C(Z™) and 7,, € C* be the respective images of T, € H C H with
respect to the lattice integral-reflection representation in Proposition [5.1] and the trivial representation of H
onto C determined by the assignment T; — 75, j =0, ...,n (cf. Remark .

The propagation operator J : C(Z™) — C(Z™) is now defined by the following linear action on f € C(Z"):

(THO) =75 Ty HA) (A eZn). (6.3)
Clearly this propagation operator acts trivially on lattice functions supported inside the fundamental alcove:

(TF)A) = f(A) for X € Ay .

Proposition 6.1 (Bijectivity). The propagation operator J (6.3) is bijective (i.e. it constitutes a linear
automorphism of C(Z")).

6.2. Proof of Proposition [6.1} To A € Z" C R" we attach the following convex polytope:

[A] := Conv{v™'A\y | v < wy} C R, (6.4)
where Conv refers to the convex hull and the comparison of the group elements is meant with respect to
the Bruhat partial order on W, i.e. v < w iff a reduced expression for v can be obtained from a reduced

expression for w by deleting simple reflections [H|. These polytopes (which degenerate to a point if £(wy) =0
and to a line segment if £(wy) = 1) give rise to the following inclusion partial order < on Z":

Yu, N€Z™: p=3AS [u] CA. (6.5)
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Lemma 6.2 (Triangularity). The propagation operator J (6.3) is triangular with respect to the inclusion
partial order (6.9), viz.

Viecz), ez (THN= Y. Dauflw), (6.6)

HEZ™, p=A

for certain expansion coefficients Jy , € C with Jy \ = 7'7;3 (#0).

Proof. The proof proceeds by induction with respect to the length of wy. For £(wy) =0 (i.e. A € Ay, ), our
polytope [A] degenerates to the single point A and the stated triangularity becomes trivial: (7 f)(A) = f(N)
(as noticed above just after Eq. ) For ¢(wy) > 0 let us pick j € {0,...,n} such that wys; < wy, i.e.
wx = w285 with £(wy) = £(ws;2) + 1 (s0 ws,;x < wy and s;A < A). One then has that

(THO) =t (Lon NO) = 757750 (T, L) ((550))
Ot S TonTNWE Y L),

HEZ™, p=sjA HEZ™, p=A

where step (i) hinges on the induction hypothesis and in step (ii) it was used that—while (I, f)(p) involves
evaluations of f at lattice points on the line segment joining 4 and s;u—both the polytopes [s;A] and s;[s;\]
are contained in the polytope [A]. Finally, upon invoking the explicit action of the lattice integral-reflection
operator I; 7 and comparing the leading coefficients on both sides of the equality of step (ii), it

is readily seen that Jy ) = T-72Jsj)\’sj)\, whence Jy \ = 7'1;3 (again by induction). O

J

The triangularity in Lemma implies that for a given g € C(Z"™), the value of f € C(Z"™) at any point
A € Z"™ can be uniquely solved from the linear equation (J f)(A) = g(A) by performing induction with respect
to the inclusion order (6.5). Hence, the lattice propagation operator J : C(Z™) — C(Z"™) is bijective.

7. DEFORMED LAPLACIAN IN C(Z™)

In this section the (invertible) propagation operator J (6.3]) is employed to construct an integrable Lapla-
cian in C(Z™) associated with H.

7.1. Integrability. The hyperoctahedral group Wy C W arises as the finite subgroup of W generated by
$1,.-+,8n. In the explicit representation of Eq. , this subgroup acts on the coordinates of x € R™ as
the group of signed permutations. The action of w € W decomposes in turn as w = vt, = t,,v with v € Wy
and p € 2mZ" (cf. Eq. (6.1)), where ¢,z := z + p. The derivative w’ € Wy ignores the affine translation:
w' = (vt,) = v (cf. Remark .

It is evident from the cross relations in Eq. that the Wy-invariant subalgebra C[X]"o := {p €
C[X] | wp = p, Yw € Wy} belongs to the center Z(H) := {z € H | zh = hz, Yh € H} of the double affine
Hecke algebra at critical level:

C[xX|"e c Z(H). (7.1)

The elementary symmetric functions

Ef(Xy,.. . Xp) = > J[G+XN (r=1...,n), (7.2)
Jc{1,...n} jE€J
|J|=r

provide a system of algebraically independent generators for C[X]"°. (Here |J| refers to the number of
elements of J C {1,...,n}.) By conjugating the images of these elementary symmetric functions in the
integral-reflection representation of Proposition with respect to the propagation operator J (6.3)), we
arrive at commuting operators L1, ..., L, representing a quantum integrable system in C(Z"):

L..=JE®J "t (r=1,...,n), (7.3a)

where

En(t) := Ep(te,,... te,) = > t. (7.3b)

nEWo(e1+--+er)

7.2. Laplacian associated with H. The simplest of the above quantum integrals Ly = JE;(t)J !
with E1(t) = >0, (te; +1—¢;) stems from the first elementary symmetric function Ey(X,...,X5) =
Di<jen (X + X5 ). The following proposition reveals that the operator in question acts in C(Z") as a
deformed Laplacian.
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Proposition 7.1 (Deformed Laplacian). The ezplicit action of L := Ly (7.3a)), (7.3a) on C(Z™) is of the
form

EHN = 3 (R JO+e) +72 (L FA =) (7.42)

1<js<n
+ (d)\+,€j + d/\+,f€j)f()\))
(f € C(Z™), N € Z"), with

20 Dr(7g — 75 1) if Aj=m and v = e;,
dyy = 721 (7, — 7Y if A\j =0 and v = —e;, (7.4b)
0 otherwise.

Proof. Given an arbitrary lattice function f : Z" — C, let g := J 1 f € C(Z"). One has that for any \ € Z™:
Eq. (63) _
(LA = (TE(D)g)(N) = 7 Ty Er(£)g)(A+)

D B ()1 )0) L7 S (L) (wa(A + 1)

veWpe;
(i)
Y (R FOF ) dan f ).
veWpes
Here we relied (i) on Eq. (7.3b]) and the elementary property that wA+Wop = w(A+Wou) for any A, p € Z"
and w € W, and (ii) on the affine intertwining relation in Eq. (B.1) of Appendix a

8. QUANTUM INTEGRABILITY OF THE OPEN ¢g-BOSON SYSTEM

By pushing the integral-reflection representation restricted to H C H through the propagation operator
J , we arrive at a difference-reflection representation of the affine Hecke algebra of type C, on c(z™)
(cf. Remark . This difference-reflection representation is subsequently used to retrieve a system of n
commuting quantum integrals for the n-particle g-boson Hamiltonian in Proposition [2.1] as the W-invariant
reduction of the commuting quantum integrals for the deformed Laplacian L , .

8.1. Difference-reflection representation of #. For j € {0,...,n}, let Tj : C(Z") — C(Z") be the
difference-reflection operator of the form
~ n(a; (A
(TN =75 ) + 7 (1(350) = F V) (8.1)
(fec(z™), Aez"), where sgn(z) :=1if x > 0 and sgn(x) := —1 if z < 0.

Proposition 8.1 (Intertwining Relations). The (invertible) propagation operator J (6.3) intertwines between
the integral-reflection operators and the difference-reflection operators:

JL=T,7 (j=0,...,n). (8.2)
Proof. From the definitions it is seen that for any j € {0,...n}, f € C(Z") and X € Z™:

TLHO) Lo T L)

(i) {Twl(fwxsjf)(h) if a;(\) >0
Tk ((Boss; DO + (1 = 77 ) T I(A4)) i () < 0
:TjT;j(Iw)\f)()‘-‘r)
+ O (0L L, ) = 7l (L HYO))
G700,

where we used (i) Eq. (6.3)), (ii) Eq. (4.6a)) and the relation £(wys;) = £(wx)+sgn(a;(N)), and (iii) Eqgs. (6.3)),
(8.1) and the observation that
Tty v IO = 72 (L Y.
(Il

It is immediate from the intertwining relations in Eq. (and the invertibility of J guaranteed by
Proposition that the difference-reflection operators TO, . ,Tn inherit the quadratic relations and the
braid relations for the affine Hecke algebra generators from the corresponding relations satisfied by the
integral-reflection operators Iy, ..., I, (cf. Proposition .
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Corollary 8.2 (Difference-Reflection Representation). The assignment T; — Tj (7 =0,...,n) extends
(uniquely) to a representation of H on C(Z™).

8.2. W-Invariant reduction. The W-invariant subspace
czmW = {fec@")|sif=f j=0,...,n} (8.3a)
BB (r @y | Tif=mif, j=0,....n) (8.3b)

consists of the lattice functions f : C(Z™) — C that are permutation-invariant, even, and periodic with
period 2m in the coordinates Aq,..., A\, of the variable A € Z™. This subspace turns out to be stable with

respect to the action of L, (7.3a), (7.3b).

Proposition 8.3. The commuting quantum integrals L1, . .., L, (7.3a]), (7.3b) map the W -invariant subspace
C(Z™W into itself.

Proof. For any f € C(Z™)" and r € {1,...,n}, one has that
4L, s B g gp, 00 15 E2 grpwg
Eq. (7-1) 1, Eq. B3 1 . Ea. (830)
"D gm0 1 ED 7070 P B L
for j =0,...,n, whence L, f € C(Z")W. O

8.3. Quantum integrals for the g¢-boson Hamiltonian. Let II : C(Z")" — C(A, ) be the linear
isomorphism of the form

IHAN) = fF) (feC@Z)W, X e Aym), (8.4a)
with the inverse map given by
I = f(A)  (f € C(Anm), AEZT). (8.4D)

This explicit isomorphism between C(Z™)" and C(A,,,,) allows us to interpret the W-invariant reductions
of the operators L, ..., L, in Proposition as commuting operators Hy, ..., H, on C(A,, ), where

H.:=TL. 11" (r=1,...,n). (8.5)
For r = 1 the action of H, in C(A, ) can be made explicit using Proposition
Proposition 8.4 (¢-Boson Hamiltonian). The explicit action of H := Hy (8.5) on f € C(Ay,m) is given by

(Hf)A) =u(N)f(A) + Z Vi (A f(A + €ej) (A€ Apm), (8.6a)
1<j<n,ec{l,-1}
Aee; €EApm
where
v;(A) = [my, (N)] 2 (1 + 0y, 72720 =Dy (1 45,y 7@ r2mm (=1 (8.6b)
and
u(N) i= Tn (P — 7 D mo(N)] 72 + 70(Fo — 75 5 [ (N)] 2. (8.6¢)

The details of the computation leading to this explicit formula for the restriction of the action of L
(from Proposition to C(An,m) are provided in Subsection (below). It involves a special instance of
Macdonald’s product formula for the generalized Poincaré series with distinct parameters [M2]—pertaining
to a stabilizer subgroup of W-——that is recalled in Appendix [C]

If the inner product structure of the Hilbert space is ignored (so I*(An,m,Anm) = C(Ap,m)), then the
actions of the Hamiltonians in Propositions and formally coincide upon identifying the g-boson
parameters ¢, a4+ and a4 with the parameters stemming from the double affine Hecke algebra as follows:

2 N N A1 N N A1
q=7T° a4y =ToTo, G4 =—ToT, , Q- =TpTp, G_ =—ToT7, (8.7)

(and ¢y = aydy, g+ = ax + a4). The subsequent overall conclusion concerning the integrability of the
g-boson Hamiltonian is now immediate.

Theorem 8.5 (Quantum Integrals). For parameters of the form in Eq. , the operators Hy, ..., H,
(8.5) provide n commuting quantum integrals for the n-particle open q-boson Hamiltonian H (= Hy).

At this point it is not yet necessary to impose any additional reality conditions on the parameters: our
Hecke-algebraic construction holds for any 7q, 7o, 7, 7, 7n € C* not equal to a root of unity.
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8.4. Proof of Proposition From the explicit action of L in Proposition [7.1} it is readily seen that the
action of H =TILI~! on f € C(Ay,m) is of the form

HHK) =N+ Y WA +v) (A€ A,

veWpey
AvEA L m
with
N2 S b= Y dag+ Y da,
vEWpey 1<j<n 1<j<n
)\j:O )\j:m
n ) My, (A) )
=Ta(Fa =7 >, PO (i -t Y U
j=n—mo(A)+1 j=1
= Tn(%n - 7:71_1)[7”0()‘)]72 + 7-0(7A-0 - %(;1)[m7n(A)]72
and
(ii) 2 Wi (7—27 7—37 Tg)
vwN= > = > = o (8.8)
neWoper ! HEW N (A+v) (W>‘ N W/\+V)(T » Tns TO)
(A+n)=A+v

where W, C W refers to the stabilizer subgroup {w € W | wA = A} and

2 2 _2y._ 2
Wi(r%, 15, 75) == g T
weWw
WA=\

2 .2 2\ .__ 2
(WA N Wi (12,75, 75) = E TS
weW
wA=\ and
w(A+v)=A+v

Here we used that for any A € Ay (i) (A ej)r # X and (ii) wate, € Wy. Invoking of Macdonald’s

explicit product formula (C.4]) for the generalized Poincaré series Wy (72,72, 78) (= WA("*’”)(TQ,T%,T&)) of
the stabilizer subgroup Wy (= W;\n’m)) with A € A,, ,,, entails that

Ve; (N) = [, (V]2 (14 6, 7?7071 = 0(3)
if A\ +e; € Ay and
Ve, (A) = [mx,(N)]2(1+ 5m,,\j7372(mm(>‘)_1)) =v;(A)

if \—e; € Ay, m. More specifically, these compact expressions for v, (\) with v = e; and v = —e; have their
origin in the following observation: if both A\, A +v € A, ,,, (for such a v € Wyey), then the decomposition
of Wy N Wy, as a direct product of finite hyperoctahedral groups and permutation groups differs from the
corresponding decomposition of Wy (= Win’m)) in Eq. by at most a single factor. In view of Eq.
, the expression in Eq. thus simplifies as the quotient of the Poincaré series corresponding to
these distinct factors in the numerator and the denominator (as the Poincaré series stemming from all other
factors in the decomposition appear common in the numerator and the denominator and therefore cancel):

S 2 Sin 2
Iy 00 Dy 0T if A; < m
\) = Sy (0-1(72) \) = Sy (n-1(72) J ’
Uej( ) - W(7mo(>\))(_r2 2) . v,e].( ) - W<7mm(k>)(72 2)
: Tul - if )\ =0, - i

Wo(mo()\)—l)(TQ’TT%) Wénun(A)—l)(TQ)Tg)

Upon evaluating the surviving Poincaré series with the aid of Eqs . (C.2a)), (C.2b)), this gives rise to the
compact expressions for vie, (M) displayed above.

9. COMPLETENESS OF THE BETHE ANSATZ ASSOCIATED WITH H

In this section the commuting quantum integrals Hy, ..., H, for the n-particle open g-boson system
are simultaneously diagonalized in C(A,, ,,,) by means of a basis of Bethe Ansatz eigenfunctions that consists
of hyperoctahedral Hall-Littlewood polynomials. Throughout this section it will be assumed that the q-boson
parameters q, a+, a+ and the double affine Hecke algebra parameters T, T4, 7+ are related through Eq.
and that none of these parameters lies on the unit circle.
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9.1. Affine hyperoctahedral Hall-Littlewood functions. For a wave vector € = (£1,...,&,) € R, let
e’® € C(Z™) denote the associated plane wave function of the form

e ()\) 1= gMfittidnta (AeZm™).
The affine hyperoctahedral Hall-Littlewood function ®¢ € C(Z™) with spectral parameter £ is now defined as
Qg := JPe where ¢ := ( Z Twlw)eig. (9.1)

weWy
Notice that ¢¢ arises from the integral-reflection action of the element 1; := ZwEWo TwTw on the plane wave

e’¢. This element is identified as the normalized idempotent corresponding to the trivial representation of
the Hecke algebra of the hyperoctahedral group Wy:

1}10:Tj10 (]ZI,,TL) (92)
By summing all contributions stemming from the idempotent, one arrives at an explicit formula for ¢¢.

Proposition 9.1 (Plane Waves Decomposition). For

EERy,, ={§eR"[§,& £ gL, for 1 <j#k<n}, (9.3)
the function ¢¢ (9.1) decomposes into the following linear combination plane waves:
bg = Z C(w€)e™s, (9.4a)
weWy

where
1 — qeii(gjfgk) ]_ — qefi(§j+£k)

cg) = I | : _
— ei(&— i+
1<j<k<n 1 — e #&—&k) 1 — e—i(&+Ek)

" H (1—a,e_i51)(1—&,e_i5j).

1 — e—2i&;

(9.4b)

1<j<n

This explicit plane waves expansion for ¢g¢ amounts to a well-known formula in the affine Hecke
algebra H going back to Macdonald, see e.g. [M1], Sec. 4], [NR, Thm. 2.9] and [Pa, Thm. 6.9]. To keep our
presentation self-contained, a short elementary verification based on the integral-reflection representation is
provided below in Subsection

9.2. W-invariance. The affine hyperoctahedral Hall-Littlewood function is automatically invariant with

respect to the finite group action of Wy because for j =1,...,n:
- N Eq. (B2) Eq. (@-2)
Tybe =TT = TLige = Jrjde =1, (9.5)

so 5;®¢ = ®¢. In order for it to be also periodic with respect to the action of the translations provided by
the affine part of W, the spectral parameter & must additionally satisfy an algebraic system of Bethe-type
equations.

Proposition 9.2 (Bethe Equations). For € € ng the affine hyperoctahedral Hall-Littlewood function
e (9.1) belongs to the W-invariant subspace C(Z™)W (8.3a)), (8.3D), provided the spectral parameter &
satisfies the following algebraic system of Bethe type equations

sime, _ (1= a5 9)(1 = a,¢9) (1 - a_c'9)(1 ~a_c')
B = e Y (e —a (0.6)
(e’ —ag)(e® i —ay) (% —a_)(e’ —a_)
_ qet(&5—Ek) _ qet(&i+Ek)
o H (1 —ge )(1 —ge )
e"(gj &r) — q)(el("g]‘f’gk) — q)

for j=1,...,n
1<k<n
k#]

To prove this proposition it suffices to check that the Bethe equations are equivalent to the condition that
Toq)g = 19D¢ (cf. Egs. and (9.5)). The details of this verification are relegated to Subsection at
the end.

As a direct consequence of the trivial action of the propagation operator J on functions supported on
the fundamental domain A, ,, (2.2)—together with the plane waves decomposition of ¢¢ in Proposition
and the conditioned W-invariance of ®¢ in Proposition[9.2}—one deduces that the affine hyperoctahedral Hall-
Littlewood function can be written explicitly in terms of hyperoctahedral Hall-Littlewood polynomials
, when the spectral parameter satisfies the Bethe equations in Eq. .

Corollary 9.3 (Bethe Wave Function). For € € RYey (9.3) satisfying the Bethe equations , one has that
Pe(N) =Py, (& ¢ a-a-)  (AeZ), (9.7)
where P\(&;q,a,a) is given by Egs. (3.2a)), (3.2b).
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9.3. Diagonalization. In this subsection we will restrict our parameters further to the domain

q, 04+, a’:I: € (71, 1) \ {0}7 (983“)
or equivalently (cf. Eq. (8.7))
0<|mo|l <|fol <1, O0<|m|<|fWl <1l and 0<|r|<1, (9.8b)

where 7 and the pairs 19, 79 and 7,, 7, are each either real or purely imaginary.

Let us recall that £, u € An m denotes the unique global minimum of the semibounded strictly convex
Morse function V,,(§) (3 7 . We will first check that this minimum provides a solutlon to the Bethe
equations in Propositlon The crux is that the critical equation V¢V, (§) = 0 in Eq. (3.9) coincides with
the Bethe equations up to exponentiation.

Proposition 9.4 (Bethe Vectors). The minima §,,, i € Ay m provide (mJ,r”,)' (distinct) solutions for the

Bethe equations (9.6) belonging to the open fundamental alcove A - ) (and thus in particular to R,
©9-3))-

Proof. If we multiply Eq. (3.9) by the imaginary unit and exponentiate both sides (using Eq. (3.5b])), then
it becomes clear that for any p € A, ,, the critical point £, provides a solution to the Bethe equations .
As detailed at the end of Remark the critical points in question belong to the open fundamental alcove

A (CR},,). Moreover, it is also manifest from Eq. ( (3-9) that £, F&, it pn# i O
By combining Corollaryn 9.3|and Proposition W it follows that for any v € Ay, ,, the value of ¥, := ¥,
at A € A, p, is given explicitly by PA(E,N q,a_, @ -
Vu(N) = D¢, (A) = Pa(§q,a—.a-) (Y, A € Ay ). (9.9)

We are now in the position to formulate the main result of this paper.

Theorem 9.5 (Completeness of the Bethe Ansatz Eigenfunctions). For parameters in the domain (9.8al),
(9.8b)), the hyperoctahedral Hall-Littlewood functions v, = H®¢,, p € Anm constitute a basis for C(Anm)

that diagonalizes the commuting q-boson quantum integrals Hy, ..., H, (8.5) simultaneously:
Hypy = Er(§,) 00 (WeAym,r=1,...,n). (9.10)

Here E,.(&) := E (€1, ..., e%n) refers to the elementary symmetric function in Eq. (7.2) with X; replaced
by e (j=1,...,n).
Proof. Let us first emphasize that Eq. implies that for any 1 € A, , the function 1, # 0 as an element

of C(Ap,m) (cf. Remark . Moreover, by acting with H, (8.5) on 1, = II®¢ it is readily confirmed that
we are dealing with an eigenfunction:

Hopy =TL 0, L TTE, (t)ge, © TE(€,)0e, = Er(€,) 00,

where we have used (i) Eqs. (7.3a), (0.1), (ii) Eq. ( and Proposition and (iii) the fact that
E.(€,) is a scalar and can therefore be pulled out from the left. Since the elementary symmetric func-

tions Eq(§), ..., E, (&) separate the points of A (3.11), we see that for any p, it € Ay m:
. Prp.
ntn "B, 26, = B.(€,) £ E(€)

(i)

for some r € {1,...,n}. This nondegeneracy ensures that the (”T:LT:!)! eigenfunctions #,, ¢ € A, », must be

linearly independent, so they indeed provide a basis for C(Ay, ). (]

By specializing to the simplest quantum integral for + = 1, Theorem gives rise to Theorem From
the explicit formula for the operator at issue in this particular case (cf. Propositions E and |8 -D it is
manifest that we may analytically continue the corresponding eigenvalue equation in Egs. ‘ED, (13.6b)) to
the slightly larger parameter domain in Eq. @ cf. Remark E

9.4. Proof of Proposition [9.1] It is seen from the explicit action in Egs. (5.3a)-(5.3d) that for any
EeRy, (93) andj=1,... n

Tjlje' =D;(s;€)e’ +cj(s;€)e™ ¢, 0.11)
=b;(—£)e’ +c;(—€)e'sE,

where

bj(€) =77 — c;(€) = ¢;(—€) — 1,
liqe*i(§j*§j+1)
P i ey
€ &) = (1—a,eji5"J)(1—d,e’i5”) T
Ty if j = n.

ifji=1,...,n—1,
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Hence ¢¢ (9.1) decomposes in this situation as a linear combination of plane waves of the form

de= Y Cu(€)e™* (9.12)

weWy

for certain unique coefficients Cy(§) € C. Here we use that for § € R, the plane waves et w e Wy
are linearly independent in C(Z"™), because the corresponding wave vectors w€, w € Wy are distinct modulo
2mZ" (as the stabilizer of § € R, for the action of W in Eq. with ¢ = 7 is trivial).

Let us first compute the coefficient C,, (&) for w = wq, where wq refers to the longest element of Wy (so
wo€ = —&). To this end we define

Tj = 8jSj41° " Sn—15nSn—1"""S;j+15; for ] = 1,...,77, (913&)

(sorj(&1,-- - €n) = (&, -, &-1, =&, €41, - - -, &), which permits to decompose wy in terms of the following
reduced expression:

Wo =T1T2 Ty (9.13b)

(of length n?). From Eq. (9.11) it is immediate that for any reduced expression w = s;,---s;, € Wy the
action of 7,1, on €% is of the form

I,e' = ( H Cin (85, -+ -sjzssjlé'))eiw£ + lo., (9.13¢)
1<k<t

where lLo. stands for a linear combinations of plane waves e*’¢ with v < w in the Bruhat partial order on
Wo (cf. Subsection [6.2)). With the aid of Egs. (9.13al), (9.13c]), one computes that

i& _
7'TJ.ITJ.eg =

et + l.o.

(1 —a_e%)(1—a_e) H 1 — qel&=8k) 1 — get(&iter)

1 — o2i&; 1 — eil&—€k) 1 — ei(&+Er)
j<k<n

Hence, we deduce that the leading coefficient (with respect to the Bruhat order) in the plane waves expansion
(19.12)) is given explicitly by Ci, (&) = C(wo€) = C(—€) with C(-) as in Eq. (9.4b]).

To compute the remaining coefficients C,,(§) for w # wy, we note that Ijpe = ¢ for j = 1,...,n
(because of Eq. (9.2))). It thus follows—by Eq. (9.11)) and the linear independence of the plane waves—that
for £ € R,

Cs;w(€)cj(wg) = Cy(€)cj(—wg) forall w e Wy, j€{1,...,n}.
Moreover, it is readily seen that C'(w&) also satisfies this same recurrence relation, since we deduce from the
explicit product formula in Eq - ) that for £ € RY,:

C(s;€)ci(§) = C(€)c; (=€) forall je{l,...,n}

The upshot is that Cy, (&) = C(w€) for all w € Wy and any £ € Rreg (by downward induction with respect
to the Bruhat order starting from the initial condition C.,, (&) = C(wo€) while using that ¢;(€) # 0).

9.5. Proof of Proposition The affine Hall-Littlewood function belongs to C(Z™)" provided Tb@g =
To®Pe (cf. Egs. and 1-) or equivalently Ipge = Tod¢ (cf. Proposmlonﬂ Since for any £ € Ry,
. the actlon of IO - on e is determined by

T0loe™ = bo(—§)e’® + co(—&)soe’®,

. . . !
where speé = e2mé1ei508 and

bO(E) — Tg — Co(ﬁ) — CO(—g) _ 1,
CO({) _ (1 - a+ei£1)(1 _ &+6i€1)

1 — e2i& ’
we see from the plane waves decomposition in Egs. (9.4al), (9.4b)) that in this situation
Tologe = Z bo(—w8)C (w€)e™*
weWy

—+ Z C()(U)E)C(Sgwg)e*%m(wg)leiws.
weWy

If we compare this expression with the corresponding plane waves decomposition of 7¢¢¢—while recalling
b

the linear independence of the plane waves e™¢, w € W, for £ € R, (cf. Subsection —then it follows
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n

that the W-invariance of the affine Hall-Littlewood polynomial is guaranteed for § € Ry, provided

e _ Clshuwe)  co(wd)  Olshue) co(we)
C(wg) 75 —bo(—w§)  C(w§) co(—wk)
C(w€) (e —ay)(eor —ay)
By substituting the explicit product formula for C(-) from Eq. (9.4b) and canceling the common factors in
the numerator and denominator, we see that

Clst) __(—ac)(1—a-c®) pp (1-gel9)(1—ge@4)

Cle) (@8 —a)(d@ —a) (@68 — g)(el@+&) —q)

(9.14)

1<j<n

which confirms that Eq. (9.14) amounts to the Bethe equations stated in Eq. .

APPENDIX A. THE BASIC REPRESENTATION AND POINCARE-BIRKHOFF-WITT PROPERTY AT CRITICAL
LEVEL

In this appendix Propositions [f.2]and [{.3] are proven. To this end we adapt corresponding results of Noumi
IN] and Sahi [Sa] to the critical level q=1, with the aid of techniques from [O} Sec. 3], [EOS2], Sec. 4.3], [Gel,
Ch. 2.1] and [M4, Ch. 4.3].

Let A denote the quotient field of the algebra C[X,Y] of Laurent polynomials in the independent inde-
terminates X1,..., X, and Y7,...,Y,. Our action of Wy on C[X] is lifted to A via the field homomorphism
determined by the assignment

w(XAYH) = XWAYWH (for w € Wy and \, u € Z"),

where (recall) X* = X - XM and Y# = Y/ - .- Y'». We write f* for the result of the action of w € Wy
on f € A.

Definition A.1. The skew-group algebra (or smash product) AxWy is the associative unital complex algebra
characterized by the following three properties:

(i) Ax Wy contains A and the group algebra C[Wy] as subalgebras,
(ii) the multiplication map defines an isomorphism of C-vector spaces

A ®¢c C[Wy] — A x W,
(iii) and we have the cross relations
(fv)(gw) = fg'vw, (Yf,g € A and Vv, w € Wy).

We write Ax * W for the subalgebra of A x Wy determined by the smash product of C[IWy] and the
subfield Ax C A generated by C[X] C C[X,Y].

Since W = Wy x (2¢Z)" C Wy x Z" (cf. Subsection [7.1]), it is clear from the definitions that we can
identity the group algebra C[W] as a subalgebra of A x Wj via an injective homomorphism determined by
the assignment t\v — Y0 (A € Z", v € Wy). In particular: sg = taee, sj — Y2°s), cf. Remark With
this identification, the Demazure-Lusztig operators Tj f will now be interpreted as elements of
A * W().

Let TJ’ be given by T} (A5a)—([4.5D) with s; replaced by s%. (So Tj’ = T; unless j = 0.) The following
lemma provides a representation of H that can be regarded as a ¢ — 1 degeneration of the well-known
polynomial representation of the CVC double affine Hecke algebra due to Noumi [N] (at the level of the
affine Hecke algebra) and Sahi [Sa] (at the level of the double affine Hecke algebra), cf. also [St].

Lemma A.2 (Noumi-Sahi Representation at q=1). The assignment T; Tj’ (G =0,...,n), X; = X,
(G =1,...,n) extends (uniquely) to an algebra homomorphism H — Ax * C[Wp].

Proof. This follows from [Sal, Thm. 3.1] in the limit q — 1. O

We now modify the representation of Lemma by replacing T} with Ty (cf. [EOS2, Thm. 4.11]).

Proposition A.3 (Basic Representation at q=1). The assignment Tj + T; (j = 0,...,n), X; — X
(G =1,...,n) uniquely extends to an algebra homomorphism H — A x Wy.

Proof. To verify the statement, we have to check that the Demazure-Lusztig operators Ty, ..., T, (4.5a)—
(4.5b)) satisfy the corresponding relations of the form in Eqs. (4.4a)), (4.4b)) and (4.4c|). For all relations that
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do not involve Tp, the asserted equalities are immediate from Lemma So it suffices to consider only the
remaining relations that do involve Tj:

Ty —T071 =79 — T(;l,
Ty To Ty = T TV TV T,
T()Tj = j}To, 1<j3<n, (Al)
ToX, — Tyt Xt =7t — 7o,
T()Xj = XjT(), 1<j<n.
Given a fixed k € {1,...,n}, let us pick a p € Z™ such that ag(u) = ar(p) = 0. Then
Ty =Y "ToY" and T =Y HT,Y"

By conjugating a relation in Eq. (A.1l) with Y ~=#, the element Ty gets replaced by Té and the element 7,
is left unchanged. The upshot is that the relations in Eq. (A.1)) follow from those with T} replaced by T§,
which hold in turn by Lemma ]

Let us denote the image of T,,, w € W in the basic representation by T.,. The following proposition
reveals that the basic representation in Proposition is faithful.

Proposition A.4 (Poincaré-Birkhoff-Witt Property). The elements X*T,, (or alternatively T, X" ), with
wEZ" and w € W, are linearly independent in A x Wy over C.

Proof. We mimic Macdonald’s proof in [M4, (4.3.11)] of a corresponding statement for q # 1. Only the
case of the elements X#T,, will be considered here, as the proof for the elements T, X" is similar. Since

Tj = b](X) + Cj(X)Sj Wlth

(1 — 75X ") (14757, 1 X )

¢i(X) =7 = b;j(X) =7,

J 1— X72aj
(=0,...,n), we have that for any reduced expression w = s;, ---s;, € W
Tw = Z fvw(X)U7 (Az)
v<w

where < refers to the Bruhat partial order on W (cf. Subsection [6.2), and the coefficients f,.,(X) belong to
Ax with

fuw(X) = ¢, (X) -+ ¢5,(X) # 0.

The linear dependence of the elements X*7),, would imply the existence of a nonempty finite subset
V C W such that

> gu(X)Ty =0

weV
for certain coefficients g,,(X) € C[X] \ {0}. Combined with Eq. (A.2) this implies that
> guX) fow(X)v =0. (A.3)
wEVg}EW

Since the elements Y w with A € Z" and w € W, are (by definition) linearly independent in the algebra
A x Wy when considered as a vector space over the field Ay, it follows from Eq. (A.3]) that for any v € W
that is dominated in the Bruhat order by some element(s) of V:

ho(X) = gu(X) fuuw(X) = 0.
weV

Upon picking v to be a maximal element of V' it is seen that in this situation h,(X) = g,(X) fuu(X) = 0,
which contradicts the assumption that g,(X) # 0 (because fy,,(X) # 0). O

Proposition [£.2] is immediate from Propositions and Proposition follows from Proposition
upon identifying the X and Y indeterminates: Y; = Xj;, j = 1,...,n. With this identification the basic
representation passes over into the polynomial representation (which is no longer faithful).
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APPENDIX B. AFFINE INTERTWINING RELATIONS

In this appendix it is shown that for any
fel@), NeZ" andve{xe;|j=1,...,n}

one has that
T Ty 9) (wr (A +v)) = 75 F+v) +dy win f(N), (B.1)

Wy (A+v)
where g := J~1f and d , is given by Eq. . This affine intertwining relation lies at the basis of the
proof for Proposition
To infer Eq. , let us first provide a reduced expression for the group element wyi, with A € A,
and v € {£e; | j=1,...,n} such that A\+v & A, ..

Lemma B.1 (Reduced Expressions for wx+c,). For any A € Apm (2.2) and j € {1,...,n}, one has that

— {smm()\)_l 4818081 Sj—1 z:f Aj=m, (B.2)
’ S (N 4-4ma, 1 (V+1 78281 i Aj = Ajo1 <m,
and
Wr—e; = {Snmo(/\)ﬂ oL Z:f A =0, (B.2b)
Sm"n()\)+...+m)\j()\) c 84185 Zf /\j = /\j+1 >0,

with all stated expressions being reduced.

Proof. It is immediate that the stated expressions map the corresponding vector A+ v into A,, ,,,. Moreover,
since wy, = ws;, 55 with £(w,,) = £(ws,,)+1 for any p € Z™ and j € {0,...,n} such that a;(u) <0, it follows
by induction on the length of wy;, that the expressions in question are indeed reduced. O

The above reduced expressions reveal in particular that for any A € A, ,, and v € {£e; | j =1,...,n}
one has that wyy, € W), and therefore (A + v); # A

Lemma B.2 (Affine Intertwining Relations). For any f € C(Z™), A € Apym and v € {xe; | j=1,...,n}:
Tusew Tws o, A+ V) 4) = FA+v) —dru f(N)

Proof. The proof of the lemma is by induction on ¢(wy4, ), starting from the trivial situation that A + v €
Ay m- When ¢(wx4,) > 0, we employ the reduced expression of Lemma to write w4, = Wxts!v5j with
U wrgy) = ﬂ(w,\JrS;_l,) + 1. Invoking of the induction hypothesis then yields that

Twspw Twap I(A+1)4) = TijHsQV(IstQVij)(()\ + s;u)_,_)
= 7L )N+ s5v) — midx s (L £)(N)
(where it was used that s;(A+v) = A+s%vso (A+sjv) 4 = (A+v);). We are now in either of the following

two situations:

(i) 1<j<n—1and a;(A\+v)=—1,
(ii) j=0o0rj=nand a;(A\+v) = -2.

Since for any f € C(Z"), p € Z™ and j € {0,...,n} such that 0 < a;(p) < 2:

77 f (1) if a;(p) =0
(L) (k) = § fle—aj) if a;(p) =1
flp=205) = (35 =77 ) fp —a;) ifaj(p) =2

(by Egs. (5.3a)-(5.3c)), it is seen that 7;(I; f)(A + sjv) = f(A+v) and (I;f)(\) = 7;f()) in Case (i), while
(L) A+ siv) = f(A+v) = 7(75 — 771)]”()\) in Case (ii). The lemma now follows because in Case (i)

T]'Qd)\’S;V = d),,, while in Case (ii) 7;(7; — ?fl) =dy, and dA,s;u = 0. &

We are now in the position to verify Eq. (B.1)). Since (A +v); = wai (A +v) = Wy, (A42)wWa (X + V), one
has that

FO+v) = (TN +v) =150, Tu, ) (A +v)4)

= Tl;ik(x-w)w)\ (Iwwk()\+y)w)\g)(()\ + V)-i-)'
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Moreover, because wx (A +v) = Ay +w\v it follows that wy,, x4,y € W, (in view of the observation just
after Lemma [B.1)), whence £(w.,, (x41)Wx) = £(Wy, (x+1)) + £(wx). We may thus rewrite the above equality
in a form equivalent to Eq. (B.1):

FO+ ) =70l et T, i T (A + ) 4)
=72 T (Lo @) @A+ ) = g (T 9) A1)

=72 ey (T Tun ) AN+ ) = g S V)
where we used Lemma with f, A and v being replaced by I,,, g, A+ and w)v, respectively.

APPENDIX C. HYPEROCTAHEDRAL POINCARE SERIES WITH DISTINCT PARAMETERS

In this appendix Macdonald’s product formula for the generalized Poincaré series with distinct parameters
from [M2] is recalled for the special instance of a stabilizer subgroup of the affine hyperoctahedral group.
For this purpose the rank n of our (affine) hyperoctahedral group is made explicit here by attaching it as a
superscript (n).

The two-parameter generalized Poincaré series W™ (72,72) of the (finite) hyperoctahedral group W™ c
W™ is defined as [M2]:

Wy = Y 2 (C.1)
wEWén)
Macdonald’s celebrated product formula states that

W (72, 72) = Sp(72) (=725 7%) s (C.2a)
where S,,(72) denotes the Poincaré series of the symmetric group S,, C Wén) generated by s1,...,8,-1

(which acts in the representation of Eq. (4.3) by permuting the coordinates of x = (z1,...,2y)):
Su(m?) =" 7= > 7 = [n]a[n — 12 - [z = [n] 2], (C.2b)

wE Sy, weSy,

For any A € A, ,,, the stabilizer subgroup W;n’m) = {w € W | w\ = A} decomposes as a direct
product of finite hyperoctahedral groups and symmetric groups:
W/s"’m) o Wém"(’\)) X Sy X o X S (a) X Wo(mm()‘)). (C.3)

m)

More specifically, these factors arise as the subgroups of W)(\n generated by the following simple reflections

mo(A)) ~
W(j(| 0( )) s <Sm1()\)+-~+mm(k)+17 ey Sn>,
sz()\) = <sz+1(/\)+'--+mm()\)+17 cr Sml()‘)+"‘+mm()‘)71> (l =L....m-— 1)’
Wo(mm(’\)) 2 (505 -+ Smp(A)—1)-
It thus follows that
W}(\n,m) (,7_27 ,7_027 7_3) = Z 7—3) (04)
wGW)(\"’m)

= W3 (72, 72) Sy 00 (72) -+ S 0 (P W (72, 73
= (72 me) (705 ) mny [ (V)]

0<i<m
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