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CERTAIN FRACTIONAL TYPE OPERATORS WITH HORMANDER
CONDITIONS

GONZALO H. IBANEZ-FIRNKORN AND MARIA SILVINA RIVEROS

ABSTRACT. In this paper we study fractional type operators with more than one kernel,
defined by

T f(2) = / Fy (2 — Avg)hs(z — Asy) . (@ — Amy) f(y)dy,

n

where, for 1 < i < m, each k; satisfies a fractional size condition and generalized fractional
Hormander condition, and A; are invertibles matrices. We obtain weighted Coifman type
estimates, strong and weak type inequalities and BMO estimates for this operator. We also
present some examples different from those in the literature.

1. INTRODUCTION

The classical integral operators, for example the Calderén-Zygmund operator or the frac-
tional integral I, have kernels with only one possible singularity. For the study of integral
operators with more that one singularity in the kernel, we write the kernel as product of
functions where each function has only one possible singularity.

In [18], Ricci and Sjogren obtain the LP(R, dz) boundedness, p > 1, for a family of maximal
operators on the three dimensional Heisenberg group. Some of these operators arise in the
study of the boundary behavior of Poisson integrals on the symmetric space SLR3/SO(3).
To get the principal result, they study the boundedness on L?(R) of the operator

Tof(a) = [ la=sl ™"l + 91" F)dy (1)
for 0 < a < 1. Later, in [12], Godoy and Urciuolo study a generalization of (1.1) for R".

More recently, in [19] the second author and Urciuolo analyze the following generalization
of these operators. Let 0 < a < n and m € N. For 1 <1i < m, let A; be matrices such that

A, is invertible and A; — A; is invertible for ¢ # j,1 <4, < m. (H)
For any f € L;* (R"), they define
Tomf(x) = . K(z,y)f(y)dy, (1.2)
where
K(z,y) = ki1(z — A1y)ka(z — A2y) ... km(z — Apy), (1.3)

and k; is a fractional rough kernel defined is the following way, let 1 < ¢; < oo such that
q% + e+ qu =n — a. Let ¥ the unit sphere in R”, Q; € L'(X) homogeneous of degree 0.
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Then they consider

Qi(x/|x
and proved the weighted Coifman type estimates, strong and weak type inequalities and
BMO estimates for this operator.
During the last years, several authors studied operators of the form (1.2) in different
contexts: weighted Lebesgue and Hardy spaces with constant and variable exponent, also
the endpoint estimates and boundedness in BMO and weighted BMO. See for example

9, 11, 13, 14, 20, 21, 22, 23, 24, 25, 26, 27].

These operators generalized classical operators as I, the fractional integral operator, and
rough fractional and singular operators. In the case of o = 0, Tp,,, behaves like a singular
integral operator in sense of LP boundedness. For o > 0, if 1 < p < n/a and % = % -
then T, ,, is bounded from L? into L9. It is well known that if 0 < p < 1 the operator I, is
bounded from HP into HY, for some ¢q. In several cases the operators consider in this paper
are not bounded from HP? into HY, but instead are bounded from H? into L9, 0 < p < 1

and some ¢ (see [23, 24]).

In this paper, we consider the operator T, ,, defined by (1.2) and (1.3) with the matrices A;
satisfying the condition (H). Let 0 < o; < n, 1 <14 < m such that ay+- -+, =n—a, and
assume that k; satisfies a fractional size condition and a generalized fractional Hormander
condition. The definition of spaces and objets involved in this paper are described in section
2.

Our first result is a pointwise estimate that relates the sharp delta maximal function of
Tomf, M(?(TOZ,m f), 0 < <1, with a generalized fractional maximal function of f. This
estimate is a fundamental key to obtain weighted inequalities for the operator T, ,,. These
inequalities are developed in section 3. These weighted inequalities are the Coifman type
estimates, the endpoint estimates and strong type estimates with A, , weights and bump
conditions.

In the section 4, we present new examples of this type of operators different than the ones
described above. In section 5 we present the weak type (1,1) estimate with respect to the
Lebesgue measure for Tj ,,. In section 6 we give the proofs of the results.

2. PRELIMINARIES

In this section we present some notions about Young function, Luxemburg average and
weights that will be fundamental throughout all this work.

Young Function and Luxemburg average. For more details of this topic see [16]
r [17]. A function ¥ : [0,00) — [0,00) is said to be a Young function if ¥ is continuous,
convex, no decreasing and satisfies ¥(0) = 0 and tlim U(t) = oo.
—00

The average of the Luxemburg norm of a function f induced by a Young function ¥ in
the ball B is defined by

| fllw,B ::inf{)\>0: |;|/B\IJ<|§|> §1},

) 1/r
Observe that if U(t) =", r > 1, [|flw.z = || fllrp = (ﬁ [ |f!’”> :
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Each Young function ¥ has an associated complementary Young function W satisfying
the generalized Holder inequality

1
& /B 1ol < 20 fllw.slglg 5

Remark 2.1. Observe that if you see the proof of this last inequality in [16], the ball B can
be replaced by any measurable set E such that |E| < cc.

If Uy, ..., U,,, ¢ are Young functions satisfying that for some to > 0, U (t) - U, 1(#)p () <
ct, for all t > tg, then

1f1--- fmgli B < ellfillwr, - [ fmllw,,Bl9lls.5- (2.1)
The function ¢ is called the complementary of the functions Wy, ..., ¥y,.
Given f € LL (R") and 0 < a < n, the fractional maximal operator associated to the

Young function W is defined as

Mo f(x) := sup|B|*/"| |
B>z

T,B-

Now we compile some examples of maximal operators related to certain Young functions.

If W(t) =t then M, w = M,, the classical fractional maximal operator.

U(t) =t" with 1 <7 < oco. In this case My w = My, where My, f = M(f’")l/r.
U(t) =exp(t) — 1. Then, My v = Mg exp-

If 3>0and 1 <r < oo, ¥(t) = t"log(e + t)? is a Young function then M, g =
Ma,LT(log L)8-

If « =0 and k € N, U(t) = tlog(e + t)* it can be proved that My ~ M1 where
MF+1is M iterated k + 1 times.

Remark 2.2. Observe that if U(t) = t" then a simple computation show that
Moy f = (Mar|fI")'"

Fractional size and fractional Hormander conditions. Now we present the frac-
tional size condition and a generalized fractional Hormander condition. For more details of
these objects see [2] or [10].

Let ¥ be a Young function and let 0 < a < n. Let us introduce some notation: |z| ~ s
means s < |z| < 2s we write || f|lw,jzj~s = 1/ X|2|~sllw,B(0,26)-

The function K, is said to satisfies the fractional size condition and we set K, € Sq, v, if
there exists a constant C > 0 such that

HKa H\If,\;v|~5 <Os*

When ¥(t) =t we write Sy w = So. Observe that if K, € S,, then there exists a constant
¢ > 0 such that

/ | Ko (x)|de < es®.
|z|~s

The function K|, satisfies the L®Y-Hoérmander condition and we set K € H, v, if there
exists cy > 1 and Cy > 0 such that for all x and R > cy|z|,
o0
D @R Kol — 7) = Ka()wy2mr < Cu.

m=1
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We say that K, € Ha o if K, satisfies the previous condition with || - || e |zj~2mp in place

of || - |w,jz|~2m R-
When ®(t) = t", 1 < r < oo, we recover the fractional L"-Hérmander condition and
simply write H, , instead of H, v.

Weights. We say that a function w is a weight if w is a non negative function in Lll0 (R™).
Let 0 <a <n,1<p,q< oo, we say that a weight w belong to the class 4, , if

[wla,, = S%prHq,B”wilup’yB < 0.

If 1 < p < o0, Ap denotes the classical Muckenhoupt class of weights. Note that w € A,
is equivalent to w? € A,. We recall that A = Up,>14,, and the statement w € Ay « is
equivalent to w™! € A;.

The fractional B, condition, which is denote by B was introduced by Cruz-Uribe and

Moen in [5: Let 0 < <n, 1 <p< n/a 1 —1_2a4nd ¢ be a Young function, we say

P n
¢ € By if

00 a/p
/ o dt
1 ¢

They proved, in Theorem 3.3 in [5], that if ¢ € By then M, 4 : LP(dx) — L?(dx) and

1/q
< H(t)V/P dt
|MagllLr—re < c (/1 ra— '

We will consider the following bump conditions: let 1 < ¢ < oo and ¥ be a Young
function, then a weight w € A, g if

[w]a,w = SgPHqu,QHw_lH\I/Q < o0.

Given a function f € L{ (R"), the sharp maximal function is defined by

Cm )

A locally integrable function f has bounded mean oscillation (f € BMO) if M# f € L>®
and the norm || f||Baro = [|M7 fls
Observe that the BM O norm is equivalent to

M#f ) = sup—

530 = 101 oo ~ supint o | 17(2) = ald.

There is also a weighted version of BM O, this is denoted by BM O(w), and it is described

by the seminorm
1
511 =suploxall ( [ |60~ e [ 1]az).

It is easy to check that

£l = M floc.
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3. MAIN RESULTS

In this section, we present the main results of this paper. We start with the pointwise
estimates of the sharp delta maximal function.

Theorem 3.1. Let 0 < a <n, m € N and let Ty, ,, be the integral operator defined by (1.2).
Forl <i<m, let ¥; be a Young function and let 0 < a; < n such that a1+ - -+, = n—a.
Let ki € Sp—a;,w, N Hy—o, w, and let the matrices A; satisfy the hypothesis (H).

If oo =0, suppose Ty m be of strong type (po,po) for some 1 < py < 0.

If ¢ is the complementary of the functions ¥q,..., ¥, then there exists C > 0 such that,
for0<d <1 and f € LPR") (f a bounded function with compact support)

MLy f1(0) = M ([T ) (@)% < S Moo (A0, (3.1)
=1

Remark 3.2. Observe that in Theorem 3.1 if & = 0 then m > 1. Indeed @« = 0 and m =1
imply a1 = m. So Ty is a singular integral operator and the size condition has no sense.
Nevertheless the result of the Theorem is still true, see [15].

For the weighted estimates we need an extra condition for the weights. There exists ¢ > 0

such that
w(A;x) < cw(x), (3.2)

aexr €R"and for all 1 <i¢ < m.
Theorem 3.3. Let 0 < a <n and m € N and let T, ,, be the integral operator defined by
(1.2). For1 <i<m, let U; be Young functions, 0 < o; < n such that oy +---+amy, =n—a.
Also suppose ki € Sp—_q, w, N\ Hy—q, v, and that matrices A; satisfy the hypothesis (H).
If oo =0, suppose Ty m be of strong type (po,po) for some 1 < py < 0.

Let 0 < p < o0. If ¢ is the complementary of the functions Wi,...,V,,, then there exists
C > 0 such that, for f € L°(R") and w € A,

[ s @pPunie <037 [ oot (33)

whenever the left-hand side is finite.
Futhermore, if w satisfies (3.2), then

/ Tomf(@)Pw(z)de < C | |Mygf(z)Pw(z)da.
R~ Rn

By (3.3), the Coifman type estimate, we can obtain weighted inequalities for Ti, ,,,. To
obtain these inequalities we need a relationship between Mg and M,. Caldarelli, Lerner and
Ombrosy in [3], and Di Plinio and Lerner in [7], proved the following

Lemma 3.4. [3, 7] Let ® be a Young function. For all x € R™ and r > 1,

1/r
Mg f(z) < <2 sup qD(j)) M, f(z) =: kp M, f(z).

t>0-1(1/2)
It follows, in analogous way, that,

My o f(x) < ckp My, f(z). (3.4)
First, we get a weighted BMO estimate for weights in the class A(2%, o).
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Theorem 3.5. Let Ty, ,, be as in Theorem 3.3. Suppose there exists v > 1 such that k, < co.
If w" € A(Z%,00) and satisfies (3.2), then there exists C > 0 such that for f € L°(R"™),

ar’
TSl < Cllfwll gnsa-

In [19] it is proved a result analogous to the weighted BMO estimate for T}, ,,, so we omit
the proof.

Theorem 3.6. Let Ty, ,, be as in Theorem 3.3. Let % = % — . Suppose there exists
1 <7 <p such that k, < oo. If w" € A(1, ") and satisfies (3.2) then there exists C' > 0
such that for f € LX(R"),

ge < / | f(x)|Twr(:c)dx> "

The strong type inequality follows from the boundedness of M, 4, Theorem 2.6 in [1].

supA(wi-ar {z € R™ : [Ty f(z)| > A})
A>0

Theorem 3.7. Let T, , be as in Theorem 3.3. Let 1 <r <p <n/a and % = % — % Let n

and ¢ be Young functions such that n~'(t)t» < @~ 1(t) for every t > 0. If cpH% € B_sn_
for every s > r(n —a)/(n—ar) and w" € A(%, 1),
| Tomfllawsy < CIf Nl e (wr)-

Observe that Theorems 3.5 and 3.6 depend on an auxiliary exponent r. These exponents
r give rise to a class of weights that is sufficient to prove a boundedness condition.

Taking a class of weights satisfying bump condition that does not depend on the exponent
r, we are able to prove another weighted strong inequality. Indeed, we first recall Theorem
5.37 in [6]:
Theorem 3.8. [6] Let 0 < a<n, 1 <p<n/a, let % = % — . Let ¢, B and C be Young
functions such that B~1(t)C~1(t) < c¢™(t), t > to > 0. If C € BY and w € Ayp, then
there exits ¢ > 0 such that for every f € LP(wP),

[Qtastyur < [1apee.
Now, from Theorem 3.8 we obtain

Theorem 3.9. Let T, ,, be as in Theorem 3.5. Let % = % — 2. Let ¢, B and C be Young
functions such that B1(t)C~1(t) < c¢ 1 (t), t > to > 0. If C € BY and w € Ayp, then
there exists ¢ > 0 such that for every f € LP(wP),

[ Tom f | La(way < |l fl o wr)-
4. EXAMPLES

Now we present some examples of this type of operator. For 1 < r < oo, let v’ be the
conjugate exponent of r.
Let Wy (t) =", Wy(t) = exp(t) — 1 and ¢(t) = " log(e + )" . Observe that
1 1 1 1/ tr
U ()W, () (t) = t/"1 t)———— =1t
TR (007 () = 1 logle +)
then ¢ is the complementary function of Wy, Ws.
For 5; > 0, ¢ = 1,2, we define

1
ki(t + 4) = \IJi_l <t(1 — 10g(t))1+:3i> X(O,l)(t)'
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By Theorem 5 in [15], we have k; € Hy,. For the size condition, observe that

- 1 1 1
\I’i k‘l t))dt = dt = — .
[ = [ = <o
If s > 1, then ];iXs<\a:|§23 =0. Ifs<1,

- - 1 2s ~ 1 1 1 1
||kZH\I/Z,|z\~S = Hk:iX5<|x|§2s||\Ili,B(0,25) <1+ 43/3 \Ijl(kl(t))dt <1+ ZS (&) = ; <1 + 4/31) .
Then, we get /~€Z € Sy,.

Let 0 < o, o, g < 1 such that oy +ag =1 — «a. By Proposition 4.1 in [2], we know that
if k;(t) = t17%k;(t) then k; € Hi—q, v, N S1—a;,w,;. We define the operator,

Tf(x) = / k(e — Av)ka(z — Agy) f(y)dy, (4.1)

where k; are defined as above and A7, A are invertibles matrices such that A; — As is invert-
ible. This operator satisfies the hypothesis of the Theorem 3.3 and we have the following
Theorem 4.1. Let 0 < aw < 1. Let T be the operator defined by (4.1). Then,

(a) For alll < g < oo and w € An,

2
/R T f(x)w(x)de < CY /]R My, 1 10g 1 £ (@) w(As) da.
(b) Let 1 <p<1/a and % = %D —a. Ifw satisfies (3.2) and w" € Axp 4 then

/ ITf ()| (w)dz < C | |f(a)Pu? (@)da.
R" R

(¢) Kpyp1 < 0o and if w" ! e A(m,oo) and satisfies (3.2) then

T f ke < Cllfwll L1/a(da)-

(d) Let s = % Ifw'+ e A1, 7)) and satisfies (3.2) then

1 / /! 1/(r/+1)
supA(w’{z € R" : |T'f(z)| > A\})s <C (/ |f ()] " 'H(:c)d:v) .
A>0

Remark 4.2. Observe that to prove (b), we can use Theorem 2.3 in [1]. This result asserts
that My, r10g 2+ is bounded from LP(wP) into L9(w?) if and only if w" € Ap .

5. AUXILIARIES RESULTS

In this section, we obtain an auxiliary lemma and the weak type (1,1) estimate for the
case o = 0 with respect to the Lebesgue measure. These results are used in the proof of the
main results.

Lemma 5.1. Let Ty, be as in Theorem 3.53. Let "% < q < oo and v € Ay for some s > 1.
If f € LE(R™) then Tomf € Li(v).

Remark 5.2. Let 1 < p < oo and % =
w? € Ag with s = L(n — «).

Let ¥ be a Young function and w € A, g. If t9 < c¥(t) then w? € A,. On the other
hand, if #' < c¥(t) then w € A, ,.

%_ @ Ifw" € A(E, 1) for some 1 < r < oo, then
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Theorem 5.3. Under the hypothesis of Theorem 3.1 for a = 0, Ty is weak type (1,1)
respect to the Lebesgue measure, in other words

o € B [Tomf@)] > MY < § [ 111,

for all f € LY(R™).
6. PROOFS OF THE RESULTS

6.1. Proofs of main results. In the proof of Theorem 3.1, we follow the idea of Theorem
2.2 in [19].

Proof of Theorem 3.1. Les us consider the case m = 2. The general follows in an analogous
way.

Let f € L°(R") and 0 < § < 1. Let z € R" and let B = B(cp, R) be a ball that contains
x, centered at cp with radius R. We write B = B(cp,2R) and for 1 <i < 2, set B; = Az-_lB.
Let fi = fxyz2 g, and o= — fi.

Suppose that a := T, (f2)(cg) < 0o. Then,

<|;/B’Taf(y) _G"de)l/é g (@/B‘Taf(y) _a\‘sdy) 1/6
=C (|;| /| rTa<f1><y>|6dy> v

. 1/5
e (rm [ Tt - Ta(fa)(CB)5dy>
= C(I+11). (6.1)

First, we consider the case 0 < o < n. For I, using Jensen inequality we have,

I< ‘;, /B ITl(f2) (4)]dy
1
< T /B /B o KA @)y

2
<3 “19, /B 1A /B K (y, 2)|dyd-. (6.2)

Let us estimate the first summand, i.e. z € By. The case z € By is analogous.
Now,

/ K (y,2)ldy < / K (y, 2)ldy + / K (y, 2)\dy.
B {yeB:ly—A1z|<|ly—Azz|} {yeB:ly—Azz|<|ly—Ai12|}

(6.3)
For j € N, let consider the set

le ={yeB:|y— Aiz| <|y— Asz|,|y — A1z| ~2797IR}.

Observe that if y € B and z € By then |y — A;2| < 3R < 4R and so B C B(A;2,4R).
Then, by Holder’s inequality

Ky, 2)ldy < S /C K (.2)ldy

/{yEBi|y—A12S|ZJ—A22|} j=—2
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i (A12,277R)| K

Y, 2)|Xcrdy
B(A12,279R)| Jp(a,22-iR) ) “

oo

Z (A12, 277 R)[|[k1(- — A12)lw, jy—ayojmz-i-1 R IK2(- = A22) 0y [y 1 2f2—i-1 R-

Observe that of y € C; then |y — Aoz| > |y — A12| > 2971 R. Then, since ks € Sp—ay v,

k2 (- = A22)llwy y—arsimz-i-18 < 3 Ik2(- = A22)ll gy 1y Ageima—sti-tr

k>0

<D k() llwy ylmz-str1m
k>0

<> (27FR)T = (277 R) ", (6.4)
k>0

Inequality (6.4) and the fact that k1 € S,_q, w,, gives

|K(y,2)|dy < C > (27/R)" ™~ = CR".
j=—2

/{yeB:Iy—AlzISIy—A2Z}

In analogous way, we get

/ K (y, 2)ldy < OR" 65)
{yeB:|ly—A22|<|y—A1 2|}

Then, by (6.2) and (6.5), we have

2
1
I< ORO‘Z‘B’/B f(2)ldz < CR*D
i=1 g

/ F(2)ldz

i= l 'L|
2 2
<O Mof(A7'z) e Mo f(A; 'a).
i=1 i=1

For I1, by Jensen inequality

n<® / ITa(£2) () — Talf2)(c)|dy

s@ / /&UBQ K(y,2) — K(cp, 2)|| fa(2)|dzdy

|B’ /B P /Zl |K(y,2) — K(cp, 2)||f2(2)|dzdy,

where
Z' = (BiUBy) N{z:|cp — Ajz| <|ep — Apz|,m # 1,1 <7 < 2}.
For y € B and z € Z', let estimate
K (y,2) — K(cB, 2)| <[k1(y — A12) = ki(c — A12)|[k2(y — A22))|
+ |k1(CB - Alz)HkQ(y - Agz) — kQ(CB — A22)|. (66)
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For simplicity we control the first summand of (6.6), the other summand follows in ana-
logous way. For j € N, let

Dé- ={zeZ' :|eg — Aiz| ~ 2R},
Observe that D! C {z : |cp — Ajz| ~ 277 R} C A ' B(cp, 2112 R) =: By and Z! = Ujen DS
Using generalized Holder inequality we get

/Zl‘kl(y — A12) — ki(cg — A12)||ke(y — A22)||f(2)|dz
< Z/Dl |k1(y — A12) — ki(cp — A12)||k2(y — A22)| f(2)|d2

B
S [nykl(y - Aiz) = ha(en — A1) ety — A1) |2
j=1 1805l /By

8

<> 1Bulll(ka(y = Av) = kales = Ao lly, g, %200 = A2)xpt g, 5, 1 F2ll, 5,
7j=1

o
Z Bujlll(ka(y — Av) = ka(es — A))xpille, 5, k2 = A2 )xpi lw, 5, 1204 5,

If y € Band z € Z! then |cg — Aj2|/2 < |y — Aiz| < 2|cg — Ajz| and if 2 € Dé. then
2R < |y— Aiz| <27T2R. '
For the case [ = 1, observe that if z € Djl» then |cp — Agz| > |ep — A1z| > 2771 R. So we

decompose D]l = U (Djl-)k’g where
k>j

(D]l)]ﬁQ = {Z € l)]1 : |CB — AQZ| ~ 2j+1R}.

Note that (Djl-)kg C{z:|ep — Agz| ~ 2"1R}. As ko € Sp_ay.w,, then

1k2(y = A2 )xpilly, 5, , < > lka(y - A2)X(D1) 0w, B

>j
< D k2w gzt + 1R2() s opa2rsi 7
k>3
< cz:(2kR)_o‘2 =c(2?R)™*
k>j

Finally using k1 € Hy,—q, v, and since Aflx € Bljj we get

| iy = 412) = ke = Ar2)llraly — Av2)||fa2)|dz
Z
< e @R (ki (y — Av) — hales — Ao, o, 175
j=1

< Mo f(AT'2) Y (Z7R)™ 27| (ki(y — A1) — k(e — Av))xptllv, 5,
7j=1

< cMy o f(A7 ).
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The case [ = 2 follows the same argument with minimals changes. As kg € S;,—q, w,, We
get

ka(y = A2 )xp2lly, 5, < c(2R)792.

Then, as above

[ ity = 412) = k(e = Ar2)lkaly = 422210

< e Byl (ki(y — Ar:) = ki(cp — Av))xp2 v, 5,, 12|

50732,j
j=1

< Mo f(Ay'w) Y (2R (ka(y — Av) — kiles — A1)xpzlly, 5
j=1

< Mo f(Ay'2) Y (PR 20| (ki(y — Ar) — kiles — Ar)xpelly, 5
j=1
00 k '

< eMagf(Ay'2) Y [ D27 | @ R)™(ki(y — Av) = ka(en = Av)xor, , ll, 5t
k=1 \j=1

NE

< Mo f(Ay'z) ) (2"R)™|[(ki(y — Ar) — ki(ep — Ar)X (D1 ey e

i

1
< CMa,gof(Agliv)a

where the last inequality holds since k1 € Hy—q, v, -
So,

2 2
> [ il = A12) — kaep = Av2)loly — 4s2)]|£(2)ld= < €3 Moo f (A7 1),
= =1

and
2
IT<c) Mo, f(A ).
=1

For the case o = 0, proceed as in (6.1). The estimate for I follows, since Tp 2 is of weak-
type (1,1) with respect to the Lebesgue measure (see Lemma 5.3). Using Kolmogorov’s
inequality (see Lemma 5.16 in [8]), we get

c = C 2 -
1< [ nwla - > m /B ldy < €3S MIAT @),

The term I is analogous to the case 0 < a < n, and so the theorem follows in this
case. ]

Proof of Theorem 3.3. By the extrapolation result Theorem 1.1 in [4], estimate (3.3) holds
for all 0 < p < o0 and all w € Ay if, and only if, it holds for some 0 < py < oo and
all w € Ax. Therefore, we will show that (3.3) is true for pg, which is taken such that
nn;a < po < 0.

Let w € Ay, then there exists » > 1 such that w € A,. Let 0 < < 1 such that
L <r <po/d, thus w € A, /5. Then, by Lemma (5.1), we have ||To,m f| £row) < o0, and

||(Ta,mf)5HLp0/6(w) < 0.
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Applying Fefferman-Stein inequality (see Lemma 7.10 in [8], p. 144) and Theorem 3.1 we
get,

[ Tt @i < [ g PP o001
< [ V(T (o) uta)da
< OZ / v (A7) P d
Hence, for all w € Aw, (3.3) holds for po, that is
[ Bt @ity < oi [ s o), ©.)

Thus, as mentioned, using the extrapolation results obtained in [4], (3.3) holds for all
0<p<ooand w € Ay
If w satisfies (3.2), we have

/]R T (@) Pw(z)dz < CZ / (Mo (A7 ) Pw(x)de = c; /R (Mo f(2))Pw(Aiz)de
< CZ / M, o f(2))Pw(z)dz.

6.2. Proof of weighted inequalities.

Proof of Theorem 3.6. Let t > 1 such that % = %f% = "2, by Theorem 3.3 and inequality
(3.4) we have

1 1
t t

(w'{z € R" : |Tomf(z)] > A}t < C(w'{z € R": ZMa@f(A;lx) > cyA})

C(w'{r € R": Em:Mamf(Ai_lx) > cw)\})%

i=1

< C(w'{z € R" Y Mo, |fI" (A7) > X' })7,

i=1
where the last inequality holds by Remark 2.2.
Since w satisfies (3.2), we have

supA(w'{z € R" : [Tamf(z)| > A})T < CsupA(w'{z € R : Mo, |f|"(z) > A"}t
A>0 A>0

<C (/ IfIT(m)w’“(:odw) w’

where the last inequality follows since w” € A; _n_ and M,, is of weak type (1, ") in

other words of weak type (1,¢/r). O
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Proof of Theorem 3.7. Since k, < oo and w” € Ap 25 by Lemma 5.1 we have that if f €
LX(R™) then Ty f € LY (w?). Now, from Theorem 3.3 and Theorem 2.6 in [1], we obtain

(/Rn \Ta,mf(x)’qwq(ﬂc)%)l/q <C (/}Rn \Ma,¢f(m)|qwq(:c)da:> v <C (/n !f(m)]pwp(a;)dx> 1/p_

O

6.3. Proof of the Auxiliaries results.
Proof of Lemma 5.1. Let M = 1rgan<x2||Aj||OO. Suppose suppf C B(0,R). If |z| > 2M R and
<<

y € suppf, then for 1 <4 <2 ‘Aiy‘SMR<%and

]

3
Ol < Jol ~ RM < Jo ~ Aw| < lal +] Asy] < 2lal.
Analogous to the proof of Theorem 3.1,

T () = | / i — Avy)ka(z — Asy) f(y)dy|

< / ki(x — Ary)ka(z — A2y) f(y)dyl
y€B(0,R):|z—Azy|<|z—A1y|

+ | ki(z — Ary)ka(z — A2y) f(y)dyl.
yEB(0,R):|z—A1y|<|z— A2y

We only estimate the first summand the other is analogous. Let
Z={y € B(0,R) : |z — Ary| < 4|z|} C B(0,R).
By Hoélder’s inequality

‘ / k(e — Avy)ka(x — Asy) f(y)dy
y€B(0,R):|z—A2y|<|z— A1y

Z
S (e — Av)ho( — Any)ldy
’ ’ yEB(0,R):|z—Azy|<|z—A1y]
< HfHL"o’Z’”]ﬁ(m — Ay )X{ \m\<‘$ Ary|<3 ‘$|}H‘II17ZHI€2( A2.>X{y:%§|z—A2y\<%|z\}”‘IIQ’Z
< el fllpee| 2717
< el fllze<|B(O, R)|||*"
< clz|*™
Hence, if |z| > 2M R, then |T f(z)| < c|z|*™™.

On the other hand, if |z| < 2M R, |z — A;y| < ||+ |Aiy| < 3M R. Then, we proceed just as
above to get |T'f(z)] < cR*™™ and for 1 < s < o0,

/ |Tf(x)|°de < C.
B(0,2MR)

The rest of the proof follows the same steps as the proof of Lemma 3.2 in [19]: if v € Aj
for some s > 1, we get

/|Tf(a:)|qv(:c)dx <C.
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Proof of Theorem 5.3. We consider T = Tj 5.

Let f be a function in the Schwartz space and A > 0. By the Calderén-Zygmund decompo-
sition for f at the height A, we get Q1 = U;Q;, where Q); are disjoint dyadic cubes in R".
Then there exist g and h = >, h; functions such that f =g+ h, [|g[lp, < cn)\l/pOIHin/pO,
supp(h;j) C Q; and [ hj = 0. Thus,

{z e R" : [Tf(z)] > A} < [{z € R" : [Tg(x)| > A/2} + [{z € R™ : [Th(z)| > A/2}]

=I+11I.
For I, using that T is of weak type (po,po), we obtain
n c
T= o € R :To(w) > M2 < exlalfy < el = 5 [ 171

For I1, let Q;; the cube with center A;c; and 1(Q;,;) = 4M1(Q;), where M = lrgaé]]AiHm,
_1_

II = |{z € R" : [Th(z)| > \/2}|
<o e J@Qj1UQ)2) : ITh(x)| > \/2} + {z & J(Qj1 U Qj2) : [Th(z)| > A/2}
J J

<J@jau@Qj2) + {z ¢ [ J@Qj1U@Q)2) : ITh(x)| > A/2}.
j

J

For the first term, we have

|U QJJUQJ, )| < Z‘Q]1’+|Q%

ZZQJ = 2(4M) rUQJ

_22 AMI(Q;))"

c
< — .
<< / 1]
For the second term
- ~ 2c
o ¢ U@ v @) s mh@l >3 <5 [ Th(@)lds
j (U;(Q4,1VQ;,2))°
2c
< AZ/ K@) - Kl dy ds
; U,(Q;,1VQ;,2))¢ JQ;
T2 [, o K(wy) - K(a.c;)|dzdy,
Q] 1UQJ 2)
If we have
/~ i |K(z,y) — K(z,cj)|dx < C, (6.8)
(Qg 1UQJ 2)
then

o ¢ (J(@ia0 Qo) ITh()] > A2} < § Z / Ddy < Sl
J

Hence, T is of weak-type (1,1).
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Now, let us prove (6.8). Observe that Bj; = B(A'cj, 2M1(Q;)) C Qji, then

/~  K(ny) - Kl e |dx<2 K () — K c)ld,
(Q]IUQJZ)

where
7l = (BjaUBj2) N{z: |z — Ayl < |z — Ay, r#1,1 <r <2}
Let estimate
K (z,y) — K(z,¢;)| <|ki1(x — Ary) — k1(x — Aicj)||ka(z — Agy)|
+ |]€1(ZE — Ale)Hk'Q(ZL' — Agy) — kQ(SL’ — Agcj)|.

15

(6.9)

We only study the first summand, the second one follows in analogous way. For ¢t € N,

Di={zxecZ": |z — Aicj| ~21Q,)}.

Observe that D} C {z : |z — Ajc;| ~ 21(Q;)} C B(Ajc;, 2711(Qy)) =: Bl. Using generalized

Holder inequality we get

/ (= Ay — k(e — Ave)ka(e — Agy)|de
(QJIUQJQ)

<ZZ/ ki(2 — Avy) — ki(z — Ave))|[ka(z — Agy)|da

=1 t=1

Bl
SZZ| |/ Xpilk(z = Ary) = ki(z = Avgj)|[ka (2 — Agy)|dz

l
=1 t=1 ’B

2

<Cy Z |Billlk1 (- = Avy) = ki (- = Aiep))xpilly, gllk2(- = Asy)xpilly, 5i-

1=1 t=1
For [ =1, since kg € Sp—q,,w, and using inequality (6.4), we have

ko (- = A2y)xpy lw, 5 < (2" MIU(Q;)) ™
Then,

Z\Bﬂllklc —Ay) = k(- = Aiey))xpr lw, g k2(- = A2y)xpi lly, 52
Z 2'MUQ))" 2 k1 (- = Ary) = ki (- — Arej))xpillw,

< CZ 2'MUQ )M k1 (- = Ary) = ki(- = Arey))xpil, 51
t=1

<G,

where the last inequality holds by k1 € Hy—q,,v,-
If | =2, since ko € S;—a,,w,, We obtain

lk2(- = A2y)xp2llg, g2 < c(2"MUQ;)) ™
Then, proceeding as inequality (6.4), we get

Y 1Bk — Ary) = ki (- = Are)xpz g, pellk2( = A2y)xpzlla, a2

(6.10)
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<O (2"MIUQ)) ™ k(- — Ary) — k(- — Arey)xpzlly, e
t=1
<C.

Hence,

/ ke — Aw) — k(e — Avey)|lka(x — Agy)lda
(Q4,1UQ;,2)¢

2 oo

<C> S Bk (- — Ary) — Fa (- — Arei))xpilly, gellk2(- = A29)xpill g, 5t
=1 t=1

<C.

Then, we prove (6.8). O

1]
2]

3]
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