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Isomorphisms of non noetherian down-up
algebras
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Abstract

We solve the isomorphism problem for non noetherian down-up algebras
A(w,0,7) by lifting isomorphisms between some of their non commutative
quotients. The quotients we consider are either quantum polynomial algebras
in two variables for v = 0 or quantum versions of the Weyl algebra A; for non
zero 7. In particular we obtain that no other down-up algebra is isomorphic to
the monomial algebra A(0, 0, 0). We prove in the second part of the article that
this is the only monomial algebra within the family of down-up algebras. Our
method uses homological invariants that determine the shape of the possible
quivers and we apply the abelianization functor to complete the proof.
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1 Introduction

Let k be a fixed field of characteristic 0. Given parameters (o, 3,7) € k3, the as-
sociated down-up algebra A(a, 3,7), first defined in [2], is the quotient of the free
associative algebra k(d, u) by the ideal generated by the relations

d*u — (adud + Bud?® + ~d),
du® — (audu + Bud + yu).

There are several well-known examples of down-up algebras such as A(2,—1,0),
isomorphic to the enveloping algebra of the Heisenberg-Lie algebra of dimension
3, and, for v # 0, A(2, —1, ~), isomorphic to the enveloping algebra of s[(2, k).

A down-up algebra has a PBW basis given by

{u'(du)?dF i, 5,k > 0}.

Note that A(«, 8, ) can be regarded as a Z-graded algebra where the degrees of u
and d are respectively 1 and —1. The field k is the trivial module over A(a, 5,7),
with d and u acting as 0.

E. Kirkman, I. Musson and D. Passman proved in [7] that A(«, 8,7) is noethe-
rian if and only it is a domain, if and only if 8 # 0.

The isomorphism problem for down-up algebras was posed in [2] where the
authors considered algebras A(«, (3, v) of four different types and proved, by study-
ing one dimensional modules, that algebras of different types are not isomorphic.
They considered the following types,
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(@ y=0a+p=1, () 7y#0,a+8=1,
(b) v=0,a+B8#1, (d) y#0,a+B#1.

As a consequence, we can restrict the question of whether two down-up alge-
bras are isomorphic to each of the four types. In [3] the authors solved the isomor-
phism problem for noetherian down-up algebras of types (a), (b) and (c) for every
algebraically closed field k, and also for noetherian algebras of type (d) when in
addition char(k) = 0. More precisely, they proved the following result.

Theorem ([3]]). Let A = A(w, 8,7v) and A’ = A(d/, B, ") be noetherian down-up alge-
bras. Then A is isomorphic to A’ if and only if

1. v = Ny for some A € k*, and
2. eithero/ =, B = Bora’ = —aBf™, 8 =571

Their solution focuses mainly on the possible commutative quotients of down-
up algebras. In contrast with this, there are very well studied non commutative
algebras that appear as quotients of non noetherian down-up algebras, for exam-
ple, when a € k*, the quantum plane k, [z, y] and the quantum Weyl algebra A},

kalz,y] = Kk(z,y)/ (yx — azy), AL =Kz, y)/ (yx — azy —1).

In this article we describe isomorphisms amongst non noetherian down-up al-
gebras by using these quotients. Our main result is the following.

Theorem 1.1. Let k be an algebraically closed field and let o, o, ~,~' € k. The algebras
A, 0,v) and A(d/,0,~") are isomorphic if and only if

1. v = X\, for some X € k*, and
2. d =a.

We obtain in particular that no other down-up algebra is isomorphic to 4(0, 0, 0).
In Section[3lwe prove

Theorem 1.2. The algebra A(«, 3,7y) is monomial if and only if (o, 8,v) = (0,0, 0).

So, the only monomial algebra in the family of down-up algebras is the evi-
dent one. Our starting point is the fact that noetherian down-up algebras cannot
be monomial since they are a domain of global dimension 3 [7]. The situation
can be related to 3-dimensional Sklyanin algebras. In both cases, an algebra A is
noetherian if and only if it is a domain. For Sklyanin algebras, these conditions are
equivalent to A being monomial [9]. This is not the case for down-up algebras.

Our proof uses homological invariants that determine the possible shapes of
the quiver. We think that these methods may be useful for other families of alge-
bras.

2 Isomorphisms of non noetherian down-up algebras

The purpose of this section is to prove Theorem[L.]l Let k be an algebraically closed
field. Note that the condition v = Ay’ for A € k* is equivalent to the condition of
v and «' being both zero or both non zero. We already know from [2] that if v # 0,
then A(a, 0,7) is isomorphic to A(e,0,1). This is done by rescaling d by ~d. Also,
observe that A(«, 0,0) is not isomorphic to A(a/,0,1) for all o,/ € k, since they
belong to different types. Gathering all this information, we deduce that Theorem
[LTlis equivalent to the following two propositions:



Proposition 2.1. Let o, &’ € k. The algebras A(«,0,0) and A(d/,0,0) are isomorphic if
and only if o = o/.

Proposition 2.2. Let o, &’ € k. The algebras A(«,0,1) and A(d/,0,1) are isomorphic if
and only if o = o/

We will thus prove both of them in order to obtain our result.

Lemma 2.3. Let o € k*, v € kand let A = A(e,0,7) be a down-up algebra. Denote
w = du — aud — . The algebra A/(w) is isomorphic to key[z,y] if v = 0 and it is
isomorphic to AL, if v # 0. Moreover, in case v = 0 or v = 1, the isomorphism maps the
class of d to y and the class of u to x.

Proof. The algebra A(a,0,7) is the quotient of the free algebra generated by the
variables d and u subject to the relations d*u— adud—~d = 0 and du* — audu—~yu =
0. Denote by (2 the element du—aud—y in the free algebra. The projection of Q2 onto
A(e,0,7) is w. The defining relations of A are dQ = 0 and Qu = 0. Therefore, the
algebra A/(w) is isomorphic to the algebra freely generated by letters d, u subject
to the relation 2 = 0. If ¥ = 0, then this is exactly the definition of k, [z, y]. If ¥ # 0,
then w = v~ }((yd)u — au(yd) — 1), and so A/{w) is the quantum Weyl algebra
generated by x and y, with y = vd and = = w. O

In [8] the authors describe all isomorphisms and automorphisms for quantum
Weyl algebras Al for a € k* not a root of unity. In [10] this result is generalized to
the family of quantum generalized Weyl algebras, including the quantum plane and
the quantum Weyl algebra for all values of o € k*. We recall some of their results
in the cases relevant to us.

Theorem 2.4 ([8],[10]). Let a, o’ € k\ {0, 1}.

i) The algebras ko [z, y] and ko [z, y] are isomorphic if and only if o' € {«, a1}. More-
ovet, if p : kqlx,y] = ky-1]x,y] is an isomorphism and o # —1, then there exist
A, p € k* such that o(z) = Ay and p(y) = px.

it) The algebras A}, and AL, are isomorphic if and only if o/ € {a,a™ '}, If a # —1,
then every isomorphism n : AL, — Al _, is of the form n(z) = Xy and n(y) =
A "tata, for some X\ € k*.

Proof of Proposition[21]l Let o and o’ be elements of k and suppose there exists an
isomorphism of k-algebras ¢ : A(«,0,0) — A(c/,0,0). Denote A := A(«,0,0),
A= A(d/,0,0) and let d’ and «’ be the usual generators of A’.

Suppose o, ¢’ € k\ {0,1}and @ # . Letw := du— aud and v’ := d'v' —a'u'd’.
By Lemmal[2.3] we can identify A/{(w) with k. [z, y], where the canonical projection
7 A — kqlz,y] sends d to y and v to x, and similarly for A’/ (w’) and ky [z, y]; here
we denote by 7’ the canonical projection. Define 1); = 7’ o . The equalities dw = 0
and wu = 0 hold in A4, so

Y1(d)h1(w) = 0 = Yy (W) (u).

The algebra k. [z, y] is a non commutative domain generated by 1 (d) and 1 (u).
Thus, ¢1(d) and 1 (u) are not zero and from the above equations we deduce
¥1(w) = 0. This implies that there exists an algebra map ; : ka[z,y] — ka[2,y]
such that ¢»; = v, o 7. In the other direction we obtain that 1), := 7 0 ¢! factors
as 1Py = 1y o 7', Since 1, 0 by o ' = 7’ and 1, 0 Y, o T = 7, we deduce ¥, is an



isomorphism. The situation is illustrated by the following commutative diagram,

A— 2% N

Ika [:Ea y] -~ [k(l’ [:Ea y]
by

By Theorem 24l and our assumption that o # o/, we obtain o/ = a~!. Theorem
[2.4]also says that there exist A, u € k™ and z1, 22 € (w’) such that p(u) = A\’ + =
and ¢(d) = pu' + z3. Note that A’ is graded considering the generators d’ and v’
in degree 1. Since deg(w’) = 2, it follows that z; and 2z are either 0 or sums of
homogeneous elements of degree at least 2 with respect to this grading. On the
other hand d?u — adud is 0, and so

0 = @(d)*p(u) — ap(d)p(u)e(d).

In particular the degree 3 component of the right hand side of this equality, that is
(u')?d" — au'd'u’, must be 0. But the set {(v/)(d'u') (d')" : i,4,1 € Ny} is a k-basis
of A’, and this is a contradiction.

In case o = 0, an argument similar to the above one shows that there is an
epimorphism ¢ : A — kau[z,y]. As a consequence the elements (d) and ¥ (u)
generate kq[z,y]. If o # 0, then the algebra k. [z,y] is a domain and it is not
commutative, thus it cannot be generated by one element. From the equality 0 =
d*u we obtain that 0 = ¢(d?u) = ¥(d)?(u), implying ¢ (d) = 0 or ¢(u) = 0. This
is a contradiction and so o/ = 0.

If @« = 1, then A belongs to type (a) and so does A’. This implies o/ = 1,
concluding the proof of the proposition. O

Now we turn our attention to Proposition Let A = A(,0,1) for a € k.
Recall that w := du — aud — 1. Using Lemma 2.2 in [11], the set {u‘w’d’ : i,,1 > 0}
is a k-basis of A.

Lemma 2.5. The set {u'w’d' : i,1 > 0and j > 1} is a k-linear basis of the two sided ideal
(w), and, for each n € N, the set {u'w’d' : i,1 > 0and j > n} is a k-linear basis of (w)".

Proof. Every element of the form u‘w’/d' with j > 1 belongs to (w), so it only
remains to prove that (w) is contained in the k-vector space with basis the set
{uiwid :i,l > 0andj > 1}. Given z € (w), write z = D Nijau'wld with
i,j,0 > 0and \; j; € k. By Lemma 2.3/ we can identify A/(w) with A!, and the
canonical projection 7 : A — Al sends u to z and d to y. The set {z'y! : 4,1 > 0} is
a basis of A.. From the equalities il Nioux'y!l = m(z) = 0, we deduce A\; 0; = 0
foralli,l > 0.

Taking into account the description we now have of (w), we see that the ele-
ments of (w)? are linear combinations of monomials of type u’w/d'u? w’’ d", with
J,j" > 1. Similarly, the elements of (w)™ are linear combinations of n-fold products
of the same type. Therefore, to prove the second claim, it is sufficient to show that
for every r,s > 0 there exist \; € k such that wd"v’w = >,., Aiw'. Indeed, there
exist \; j; € ksuch that -

d'u® = E )\iﬂjyluiwjdl.

i,5,1>0
So o _
wd"ufw = Z i jawu'wd'w = Z Ao j.ow’ 2.
i,5,1>0 J20
The last equality follows from dw = 0 and wu = 0. O



Corollary 2.6. The set {[u‘wd!] : i,1 > 0}, where [p] denotes the class of an element p in
(w)/{w)?, is a k-linear basis of the A-bimodule (w)/(w)?. Moreover, in case o # 1, the
following equalities hold

l

) -1 .
[ulwd'u] = a [ulwd 1],
a—1

, o1
[duiwd] = a—l[ul_lwdl],
o —

where the terms on the right are considered to be zero for | = 0 or i = 0.

Proof. The first claim is a direct consequence of Lemma To prove the first
formula, we fix ¢ > 0 and proceed by induction on [, the case I = 0 being trivial
from the equalities wu = 0 = dw. On the other hand, since w? = w(du — aud — 1) =
wdu — w, we obtain that wdu = w? + w. Similarly duw = w? 4+ w. Therefore,
[uwdu] = [u‘w]. Now, for [ > 2

[lwd'u] = [u'wd "2 (adud + d)] = afu'wd " ud] + [u'wd 1]

The second formula can be proved analogously. O

Proof of Proposition[2.2] Let o,/ € k. Denote A := A(«,0,1), A" := A(«/,0,1). Let
d’, u' be the generators of A’. Suppose there exists an isomorphism of k-algebras
p:A— A Recall thatw = du — aud — l and w’ = d'v’ — /v/d’ — 1.

If o« = 1, then A belongs to type (a), and so does A’, hence o’ = 1. Now suppose
a = 0and o # 0. By Lemma [2.3the algebra A’/(w’) is isomorphic to A!, and, if
7" denotes the canonical projection, then 7'(v') = z and 7'(d’) = y. Let ¢y = 7’ o .
Since dw = wu = 0, we have ¥(d)¥(w) = ¥(w)¥(u) = 0. Note that 1)(d) and ¥ (u)
generate A!,, and therefore they cannot belong to k; in particular they cannot be
zero. We deduce 0 = ¢ (w) = 9(d)y(u) — 1. The algebra A}, has a filtration whose
associated graded algebra Gr(A.,) is ko [z, y]. The equality ¢ (d)1(u) = 1 implies
that Gr(A!,) is not a domain, which is a contradiction since o/ # 0.

Suppose a, o’ € k\ {0,1} and o # /. By the same arguments as in the proof
of Proposition 2] the map ¢ := 7’ o ¢ : A — Al, induces an isomorphism of
k-algebras ¢ : AL — AL,. Theorem 24implies o/ = a or o/ = a~!. Since we are
assuming o # o/, we deduce o/ = a~!'. Again, by Theorem 2.4 we obtain that
there exist A € k* and z1, 22 € (w) such that

e Nd) = -X"tau + 2z,
o () = M + 2.

By rescaling the variables d, u, we may assume A = 1. The equality (d')%u’ —
a~ldw/'d — d = 0 implies

0=¢ 1 d) e (W) —a o (d)e (W) 1 (d) — ¢ (d)
220 — quzid — azyud

= a?u’d — audu + ou + o*u
+udzy — auzou + z1du — z1 + 2

= —ouw + a(au?zy — uz1d) + (udz; — auzeu) + 21w + 2 € (W),



where z denotes the sum of all terms in which at least two factors z; or 29 are
involved. Note that z;w and z belong to (w)?. Taking classes modulo (w)?,

afuw] + a[uzi1d] — afu®z)) = [udz] — afuzeu).

Write now 21 = 2, 150 51 Aigau'w/d and 2o = 37, 15 5 pjiu‘wld. Using the
formulas of Corollary[2.6lwe obtain

afuw+ Y a(hipiu T wd ) — a1 [uPwd']) =
150
= Z i1 [ulwd'] — Z api1 i wd ).

. a—1 )
i>1,1>0 i>0,1>1

By Corollary 2.6} the set {[u‘wd'] : i, > 0} is a k-linear basis of (w)/(w)?. For
m > 0, define Ay, := Apt1,1,m — Qftm,1,m+1. Looking at the coefficient correspond-
ing to the term [um“wdm] in the last equation for each m > 0, we deduce

o = AQ7
m+1 _ 1
al,—1 = aiAm, form > 1.
a—1
The fact that Ag = o # 0 implies, by an inductive argument, that A, # 0 for all
m € N. As a consequence, either \,,11.1,m 7# 0 for infinitely many values of m € N,
Of fim,1,m+1 7 O for infinitely many values of m € N. This is a contradiction that
comes from the assumption o # «'. O

3 Monomial down-up algebras

An algebra is monomial if it is isomorphic to an algebra of the form kQ/I, where
Q is a quiver with a finite number of vertices and [ is a two-sided ideal in kQ
generated by paths of length at least 2. The algebra A(0,0,0) is monomial and no
other down-up algebra is isomorphic to it. However, other monomial down-up
algebras may exist. In this section we prove Theorem[I.2] Before doing it we prove
a series of preparatory lemmas.

We will make use of the abelianization functor defined on k-algebras as

Ars AP = A/ J4,

where J4 is the two sided ideal in A generated by the set {zy — yz : z,y € A}. The
canonical projection 74 : A — A" is a natural transformation from the identity to
the abelianization functor.

In order to state the next lemma we need some previous definitions. Given a
quiver  with a finite number of vertices and e, e’ € @, define eQq¢e’ := {a €
Q1 : t(a) = e,s(a) = €'}, where t and s are the usual target and source maps.
Also, denote by B, the k-algebra k[X,, : a € eQ1¢]. That is, B, is the polynomial
algebra in variables indexed by the elements of the set eQqe. In case eQ1e = 0 we
set B, = k. If I is a two-sided ideal in k() generated by paths of length at least 2,
define /. to be the ideal in B, generated by the set

LJ{X%~~~XOZ1 ta e ar €1 a; € eQrel.

n>2



Lemma 3.1. Let Q be a quiver with a finite number of vertices and I a two-sided ideal in
kQ generated by paths of length at least 2. There is an isomorphism of k-algebras

”<Q abN Be
(7) =T

e€Qo ¢

Proof. The classes € in kQ" of the vertices e in Qg are a complete set of central
orthogonal idempotents and g(kQ??)e is isomorphic to (ekQe)?®, and thus isomor-
phic to B.. As a consequence, there is an isomorphism 6 : kQ** — @ 0, Be such
that (r(a)) = X, for all « € ekQe and e € Qo. Let g be the map [ o 1. The
commutativity of the diagram

T a 0
IkQ [kQ b @eer Be

I
kQ/I — (kQ/I)*

implies that g is surjective and that its kernel is (§ o 7)(I + Jxg) = (o m)(I) =
@eeqyle, and the lemma follows.
(]

The following lemma is a well known result for finite dimensional algebras
replacing Tor by Ext. Here we give the proof for completeness.

Lemma 3.2. Let B = kQ/I be a monomial algebra. For each e € Q¢ denote by T, the
simple B-module corresponding to e. If e, e’ € Qo, then #eQ e’ = dimy Tor?(T,,T.).
Moreover, if Q) has only one vertex e, then the dimension of Tor{3 (T., Te) is

sup{dimy, Tor? (Ty,Ty) : T, T are one dimensional B-modules}.

Proof. Lete, e’ € Qo. The first terms of the minimal projective bimodule resolution
of B are
- > BRrpk@Q1® B —+B®gB—B—0,

where F = kQq.
Applying the functor T.® g ( — )® g T’ to this resolution we obtain the following
complex
o= T, @ keQre @ Tor — To @ Tor — 0,

whose homology is isomorphic to Tor?(7.,T.). The minimality of the resolu-
tion implies that every arrow in the above complex is zero. As a consequence,
Tor{9 (Te, Ter) =2 T, @k ke@Qre’ @i Ter =2 ek@q€’, from where we deduce that the
dimension of Tor? (T, Ter) is #eQqe'. As for the second assertion, the same argu-
ment shows that if 77, T, are one dimensional B-modules, then the homology of
the complex

-~~—)T1®D<H<Q1®H<T2—)T1®D<T2*>O,

is isomorphic to Tor? (Th,Tz). It follows that dimy Tor? (Th,T2) < dimg(k@Qq) =
#Q, = dimy, Tor? (Te,T.), where e is the only vertex of Q. O

Lemma 3.3. Let A = A(«,0,~) and let Ty, T, be one dimensional A-modules.
(i) If y # 0 and a = 1, then dimy, Tor{ (T}, Ty) = 0.
(ii) Ify # 0 and o # 1, then dimy, Tor{ (Ty, Ty) < 1.



(iii) Ify = 0, then dimy Torf(Tl, T5) < 2and dimy, Torf([k, k) = 2. Moreover, if a # 1
and Ty # k, then dimy, Tor{ (T, Ty) = 1.

Proof. Let Ty, T be one dimensional A-modules with bases {v1} and {v2}, respec-
tively. Let 51, 52, M1, o € k be such thatd - v; = d;v; and u - v; = Hi; fori = 1,2.
From the equalities d*u — adud — yd = 0 = du® — audu — yu we deduce
0 ((1 = a)dips —v) =0,
wi((1 = a)dsp; —v) =0,

for i = 1, 2. Consider the following resolution of A as A-bimodule [4]

(3.1)

0 A Qo AL A  Ror AR Aoy Var AL Ao A — 0,

where V, R and () are the subspaces of the free algebra k(d, u) spanned, respec-
tively, by the sets {d, u}, {d?u, du®} and {d?u*}. The differentials are
d(level)=vl—-1Qv, forallvelV,
b(leduel)=10dodu+dRdou+d @u®l
—a(l®dud+dRud+du®d® 1)
- Bleued+u®dld+ud®d® 1)
—7®d®1,

d(1@di*®1)=10du’+dou@ut+du®@u®1
—al@u@du+u®dutud@u 1)
—Bleouudt+uued+u’®de1)
-7 u®l,

and

ds(lodu’®1)=dodi’*®1+B®du*®d

3.2
—1oduu—PFud?u®l. (3:2)

Applying the functor T ® 4 ( — ) ® 4 T to this resolution of A we obtain the fol-
lowing complex of k-vector spaces whose homology is isomorphic to Torg' (71, Tb),
f2

f1 fo

0 K 2 2 K 0,
where
fo=(62—061 p2—p1) and
= ((1a)51u1 + 02 (11 — apz) =y pn (1 — apa) )
d2(02 — adr) (1 — a)bapz + p1(d2 — ady) —
The claims of the lemma follow from these formulas and Equation (3.T)). O

We now turn to the proof of Theorem[I.2] Suppose («, 8,7) # (0,0, 0). Denote
as usual A(a, 5,7) by A. Let B = k@Q/I be a monomial algebra and suppose there
exists an isomorphism of k-algebras ¢ : A — B. Since every down-up algebra has
global dimension 3 [6], we deduce that I # 0 and so B is not a domain, thus we
get 5 =0.

Suppose v = 0. In this case o # 0 since we are assuming («, 3,v) # (0,0,0).
Note that



A = K[d, u]/{(1 — @)d?u, (1 — a)du?),

in particular it is connected and so is B**. By Lemma [31] the quiver @ has only
one vertex e. Moreover, by Lemmas[3.2land 3.3 we deduce

2 = dimy (Te, Te) = #Qq,

thus, @ has exactly two arrows a and b. By Lemma[2.3]the quantum plane k. [z, y]
is a quotient of A and so there exists an epimorphism ¢ : B — kq [z, y]. Since a # 0,
the quantum plane k, [z, y] is a domain. Given a non zero path p in I, ¢(p) = 0,
implying that either ¢(a) or ¢(b) is zero. As a consequence, the quantum plane is
generated as algebra by one variable, which is a contradiction.

Now suppose v # 0. If a = 1, then Tor{'(T1,T») = 0 for every pair of one
dimensional A-modules T, 75, from Lemma[3.3] Since A = B, this is also true for
B and one dimensional B-modules. By Lemma the quiver @ has no arrows.
This is impossible, and so a # 1. The same lemmas imply in this case that there is
at most one arrow between each pair of vertices in (). In particular, there is at most
one element in eQ; e for every vertex e.

Define V = {e € Qo : #eQ1e = 1} and for every e € V, denote a. the unique
element in eQ)e. Since A4, and thus B, is of global dimension 3, Bardzell’s resolu-
tion [1]] of B is of finite length. So a.™ ¢ I for all n € N. This implies B, = k[X]
and I. =0foralle € V,and B. = kforall e ¢ V. By Lemma[3.1]

B* = (P ko @ KX].

e¢V ecV

In particular, its group of units is contained in the finite dimensional vector space
k#Q0. On the other hand, the fact that the ideals (d, u) and ((1 —«a)du—+)) in k[d, u]
are coprime implies

k[d, u]
(1= a)du—n)
The group of units of this algebra is contained in no finite dimensional space. Since
B3 is isomorphic to 42", this is a contradiction and we conclude the proof of The-

orem[1.2]

AP = ko
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