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1. INTRODUCTION

The analysis of solutions of nonlocal problems in PDE has received new impulse
after the remarkable results obtained by Caffarelli and Silvestre [5]. For a proba-
bilistic view of these problems see [8], [4]. For the nonlinear see [7]. Recently
in [1],[2],[3], a dyadic version of the fractional derivative was introduced and an
associated diffusion was solved.

The classical diffusion process, described by the heat equation % = Au, where
A denotes the space Laplacian, has as a fundamental solution the Weierstrass ker-
nel Wi(x) = (4m)‘d/2e‘|"‘2/4’, which is the central limit distribution, for n — oo, of
! "1 Xj, where the X;’s are identically distributed independent random vari-
ables with finite variance ¢ and vanishing mean value. For our later analysis it is
convenient to write the convergence in distribution of n=1/2 Zj‘:] X; to W; in terms of
the common distribution of the random variables X, j € N. For the sake of simplicity
let us assume that this distribution is given by the density g in R?. In other words,

Y({X;jeB)) = fB g(x)dx where B is a Borel set in RY. Hence since the random variables
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X; are independent the distribution of S, = Z?Zl X is given by the convolution g" of g
n-times. Precisely, with g" = gx---*g n-times, we have that 2({S, € B}) = fBg”(x)dx.
On the other hand, Z({n""* ¥, X; € B) = P({S, € VnB)) = fB(g”)W(x)dx, with
(") yu the mollification of g" by vn in R?. Precisely, (") z(x) = n~%?g"(+/nx). These
observations allows to read the Central Limit Theorem (CLT) as a vague or Schwartz
weak convergence of (g") z(x) to Wi(x) when n — co. For every f continuous and com-
pactly supported in R?, we have that fRd(g”) (D f(x) — J]‘Rd Wi(x)f(x)dx as n — oo.
Since we shall be working in a non-translation invariant setting, to get the complete
analogy we still rewrite the CLT as the weak convergence of the sequence of Markov
kernel K’i/ﬁ(x, y) = (g") yz(x—y) to the Markov Weierstrasss kernel W (x—y). The kernel

K’i/ﬁ(x, y) = f--'le,,l g ya(x = x1)g yu(x1 — x2) - - - & yu(Xn—1 — y)dx1dxz - - - dxy—y corresponds
to the kernel of the n-th iteration of the operator T 5 f(x) = fRd g yi(x=y)f(y)dy. The
difference in the rhythms of the upper index n of the iteration and the lower index
y/n of mollification is related to the property of finite variance of g. In the problems
considered here the Markov kernels involved have heavy tails and the central equi-
libria takes place for different proportions between iteration and mollification. There
are many books where the classical CLT and some of its extensions are masterly
exposed. Let us refer to [6] as one of them.

In this paper we shall be concerned with diffusions of fractional type associated
with dyadic differentiation in the space. The basic setting for our diffusions is R* =
{x e R: x>0} In [2] it is proved that the function u(x,?) defined for x € R* and
t> 0, given by

ue )= > e MO (g, by h(),
hest
with 7 the standard Haar system in L*(R*), I(h) the support of h and (ug,h) =
fR+ uo(x)h(x)dx, solves the problem

%:Dsu, xeRM > 0;
u(x,0) = up(x), xe€R*,
with
, g(x) — g
1.1 Dg(x) = =—-d
(1.1 8(x) fyew (k)1 y

for 0 < s < 1 and 8(x,y) the dyadic distance in R* (see Section 2 for definitions). The
main point in the prove of the above statement is provided by the spectral analysis
for D* in terms of Haar functions. In fact, D*h = [I(h)|"* h. When 0 < s < 1, since h is
a Lipschitz function with respect to 8, the integral in (1.1) defining D*h is absolutely
convergent. For the case s = 1 this integral is generally not convergent, nevertheless



the operator D' is still well defined on the Sobolev type space of those function
in L*(R*) such that the Haar coefficients (f,h) satisfy the summability condition

2
She % < o0. For those functions f the first order nonlocal derivative is given by

D'f =Y ew %h Moreover, with uy € L*(R*), the function

u(x.t) = fR KOsy D)y,

with
(1.2) KGoysn= ) e h(on(y),
he s
solves
P) %:Dlu, xeR"t>0;
u(x,0) = up(x), x€R*.

For each 7 > 0 the function of x € R*, u(x,?) is in the dyadic Sobolev space of those
function f in L2(R*) with Yep U2 [(f,)? < oo (see [1]). Also its D' space
derivative belongs to L>(R*).

The kernel K(-,-;1) for fixed 7 > 0 is not a convolution kernel. Nevertheless it can
be regarded as a Markov transition kernel which, as we shall prove, depends only on
o(x,y).

In this note we prove that the Markov kernel family K(-,-;?) is the central limit of
adequate simultaneous iteration and mollification of elementary dyadic stable Markov
kernels. We shall precisely define stability later, but heuristically it means that the
kernel behaves at infinity like a power law of the dyadic distance. The main result is
contained in Theorem 17 in Section 7. The basic tool for the proof of our results is
the Fourier Haar analysis induced on R* by the orthonormal basis of Haar wavelets.

The paper is organized as follow. In Section 2 we introduce the basic facts from
dyadic analysis on R*, in particular the Haar system as an orthonormal basis for
L*(R*) and as an unconditional basis for L?(R*), 1 < p < . Section 3 is devoted to
introduce the Markov type dyadic kernels. The spectral analysis of the integral oper-
ators generated by Markov type dyadic kernels is considered in Section 4. Section 5
is devoted to introduce the concept of stability and to prove that the kernel in (1.2)
is 1-stable with parameter %t. The iteration and mollification operators and their
relation with stability are studied in Section 6. Finally in Section 7 we state and
prove our main result: spectral and LP(R*) (1 < p < c0) convergence to the solution

of (P).
2. SOME BASIC DYADIC ANALYSIS

Let R* denote the set of nonnegative real numbers. A dyadic interval is a subset
of R* that can be written as I = I,ﬁ = [k27/, (k + 1)27/) for some integer j and some



nonnegative integer k. The family D of all dyadic intervals can be organized by levels
of resolution as follows; D = U_,-EzZ)j, where D/ = {I,f k=0,1,2,.. }

Let us next introduce a metric in R* naturally induced by the dyadic intervals.
The dyadic distance induced on R* by D and the Lebesgue measure is defined by
o(x,y) = inf{|l|: 1 € D,x € I,y € I} where |E| denotes the one dimensional Lebesgue
measure of E. It is easy to check that § is a distance (ultra-metric) on R*. Since
x—yl=inf{|{J|: xe J,ye J,J =[a,b),0 < a < b < oo}, we have |x — y| < d(x,y) for every
x and y in R*. Notice also that &(x,y) is usually strictly larger than |x — y|. Take for
instance x, = 1 —1/n and y = 1. Hence 6(x,,y) = 2 while |x, —y| = 1/n.

Set Bs(x,r) = {y € R* : 6(x,y) < r} to denote the 6-ball centered a x with positive
radius r. Then Bs(x,r) is the largest dyadic interval containing x with Lebesgue
measure less than r. For r > 0, let j € Z be such that 2/ < r < 2/*!. Then, for
x €R*, Bs(x,r) = I with xe [ € D, 2/ = |I| < r < 2/*'. So that 5 < |Bs(x,r)| < r.
This normality property of (R*, ) equipped with Lebesgue measure shows that the
6-Hausdorff dimension of intervals in R* is one. In particular for fixed x € R* the
functions of y € R* defined by §*(x,y) and |x — y|* have the same local and global
integrability properties for @ € R.

Lemma 1.

(a) The level sets L(1) = {(x,y) : 8(x,y) = A} are empty if A is not an integer power of two.
On the other hand L(27) = Ujeqi(I; x I,) U (I, X I}) with I; and I,, the left and right halves
of I € D/. Hence, 6(x,y) = 3, jez 2x101)(X, ).

(b) Forx € R* and r > 0 we have,

b-i) £l < £ enyon 07Ny < c(@)r'™ for @ > ~1 with e(@) = 27/(1 -
2—(l+a))—l’.

b-ii) fBﬁ(x,r) 0%(x,y)dy = +oo fora < —1;

b-iii) E@)r'** < [ 8Ty < e for @ < 1 with &a) = 27(1 -
21+oz)—1’.

b-iv) f{y: SCeyyzr] 0%(x,y)dy = +oo fora > —1.
Proof of (a). Let j € Z fixed. Then 6(x,y) = 2/ if and only if x and y belong to the same

I € D/, but they do not belong to the same half of /. In other words, (x,y) € I; X I, or
(x,y) el x1I,.



Proof of (b). Fix x € R*. Take 0 < a < b < co. Then, from (a),

f 6“(x,y)dy = f 6% (x, y)dy
{yeBs(x,b)\Bs(x,a)} {y:a<d(x,y)<b}

= > f 2%9dy
{y:6(x.y)=2/}

{j€Z:a<2i<b}

_ 1 H(1+a)j

{j€Z:a<2/<b}

1
= ES(a; a,b).

When a > —1, then S (@;a,b) — +oo for b — oo, for every a. Thus proves (iv). When a <
—1 then S (a;a,b) — +oo for a — 0, for every b. For a > —1, we have with 2/0 < r < 2/0*!
that

1 1 11 .
o4 dy = — i . b) = — 2(1+(1)] — 2(1+D’)j0
fBé(mé (x, y)dy 3 a%S(a, a,b) 3 Z ST

J<jo(r)
= c(@)20+0,

Hence

Cfil)rlﬂr < f 6%(x,y)dy < c(a)”Ha-
21+a yEBs(x,r)

For @ < —1 we have, with 20 < r < 2/0+1 that

1 1 11 :
§(x, )y = = lim S(a;r,b) = § 2t myj = - ——— 2+
fé(w)zr (x.y)dy = 5 lim S(a:r.b) = 7 @™i=5

1- 21+a/
JZJjo(r)

— 5(0)2(1+(l)j0

so that

6‘(0’) l+a f g ~ 1+a
—r "> 0% (x,y)dy = ¢(a)r™“.
2l+e [yoCey)=r}

O

1
7§+

e =1, (5(% + % - &, % + % + &) = 2. Neither is § positively homogeneous. In fact, neither

The distance J is not translation invariant. In fact, while for small positive &, (5(% -&

is ¢ positively homogeneous of degree one in the sense that 6(Ax, Ay) = A6(x,y) for every
A > 0 and every x, y € R*. In fact, for example 6(%, 1) = 2 and 6(3%,3) = 6(%,3) = 2.
Nevertheless the next statement contains a useful property of dyadic homogeneity.

Lemma 2. Let j € Z be given. Then, for x and y in R*, §(2/x,2/y) = 2/6(x, y).



Proof. Notice first that since x = y is equivalent to 2/x = 2/y, we may assume x # y. Since
for x and y in I € D we certainly have that 2/x and 2’y belong to 2/1, and the measure of 2/1
is 2/ times the measure of /, in order to prove the dyadic homogeneity of &, we only have to
observe that the multiplication by 2/ as an operation on D preserves the order provided by
inclusion. In particular x and y belong to / but x and y do not belong to the same half /; or I,
of 1, if and only if 2/x and 2/y belong to 2/1 but 2/x and 2’y do not belong to the same half
of 2/1. m]

As in the classical case of the Central Limit Theorem, Fourier Analysis will play an impor-
tant role in our further development. The basic difference is that in our context the trigono-
metric expansions are substituted by the most elementary wavelet analysis, the associated to
the Haar system. Let us introduce the basic notation. Set hg(x) = x10,1/2)(X) = x11/2,1)(*) and,
forjeZandk=0,1,2,3,..; hi(x) = 21/2h8(2fx - k).

V2 —
1
0 1 3 2
2
-1
-2 -

FiGure 1. h) and h}

Notice that hi has L?>-norm equal to one for every j and k. Moreover, h,’( is supported in
I = I,{ € D/. Write Z to denote the sequence of all those Haar wavelets. For h € JZ we
shall use the notation /(%) to denote the interval / in D for which supph = I. Also j(h) is
the only resolution level j € Z such that I(h) € D/,



The basic analytic fact of the system .7 is given by its basic character. In fact, 57 is
an orthonormal basis for L2(R*). In particular, for every f € L*(R*) we have that in the
L?-sense f = Y,cv {f> hy h, where, as usual, for real valued f, (f,h) = fnv F()h(x)dx.

One of the most significant analytic properties of wavelets is its ability to characterize
function spaces. For our purposes it will be useful to have in mind the characterization of all
LP(R*) spaces for 1 < p < co.

Theorem 3 (Wojtaszczyk [9]). Forl < p < co and some constants C and C, we have

1/2
2.1 Cillfll, < (Z Kf B A x i

he

<GlIfl,

P
3. MARKOV DYADIC KERNELS DEFINED IN R*

A real function K defined in R* x R* is said to be a symmetric Markov kernel if K is
nonnegative, K(x,y) = K(y,x) for every x € R" and y € R* and fR+ K(x,y)dy = 1 for
every x € R*. We are interested in kernels K as above such that K(x,y) depends only on
the dyadic distance 8(x, y) between the points x and y in R*. The next lemma contains three
ways of writing such kernels K. The first is just a restatement of the dependence of ¢ and the
other two shall be used frequently in our further analysis. The Lemma also includes relation
between the coefficients and their basic properties.

Lemma 4. Let K be areal function defined on R* xR*. Assume that K is nonnegative and
depends only on ¢, i.e., 6(x,y) = 6(x’,y") implies K(x,y) = K(x',y"), with fR+ K(xp,y)dy =1
for some xq € R*. Then, with the notation introduced in Lemma 1 (a) for the level sets of &,
we have

(D) K =3Yizkixroy, kj 20, Xjez kj2/"1 = 1 and K is a symmetric Markov kernel.

(2) The sequence @ = (a; = 27/(k_; — k_j41) : I € Z) belongs to I'(Z), ez @; = 1 and the
function ¢(s) = Yjcz api(s) with ¢i(s) = 2’)((0!2-z](s), provides a representation of K in
the sense that ¢(5(x,y)) = K(x,y). Moreover, Av lo(s)|ds < oo and jl‘v e(s)ds = 1.

(3) The function ¢(s) can also be written as ¢(s) = 3. jez A j(@j+1(5) — ¢;(5)).

(4) The coefficients k = (kj:jeZ)in(l),a = (a;: je€Z)in (2) and A = (Aj:j€Z)in
(3) are related by the formulae
(4.2) a; = S
(4.b) kj = Z;’Zj 27
(4c) Nj=2pj@
(4d) aj=Ai_1 —A;
(4e) Aj = %(—k_jz-f +Yie k12’)
(4.0) kj=-27A_; + iz jel 27A ;. ~ B

(5) Some relevant properties of the sequences k, @ and A are the following.



(5.2) @ € 1'(Z);

(5.b) X< ;2! > 0 for every j € Z;

(5.¢) |lay| <2 foreveryl e Z;

(5.d) limj_ Aj=1;

(5.e) limj 100 Aj =0;

(5.0 Yicjor A2' = A2/ forevery j € Z;

(5.2) sup;A; =1;

(5.h) inf; A; > -1;

(5.i) ifk is decreasing then also A is decreasing.

Proof of (1). Since K depends only on 0, then the level sets for ¢ are level sets for K. Hence
K is constant, say k; > 0, in L(2) for each j € Z. Notice that the section of L(2/) at
any x € R* has measure 2/~!, no matter what is x. In fact, L(2/)|x ={yeR":(x,y) €
LN} = {y € R* : 6(x,y) = 2/} = I, where I € D is the brother of the dyadic interval J
of level j — 1 such that x € J. Hence |L(2j)|x| = 2/-1, With the above considerations, since
j;v K(xg,y)dy = 1, we see that

1 :f K(xo,y)dy = ijf XL (Xo, y)dy
R* R*

JEZ
-,

= > k2!

JEZ JEZ
= > k|L@h| | = f K(x,y)dy.
JEZ R

Then K is a Markov kernel and that the series 3’ ez k ;72771 converges to 1. The symmetry of
K is clear.

Proof of (2). Since || < 27 k_; + 27k_y41, the fact that @ belongs to [ 1(Z) follow from the
fact that 3’ jez k 72/ = 2 proved (1). On the other hand,

Za, = Zk_,zfl - Zk_,HZ’l =2-1=1.

leZ leZ leZ



Let us now check that ¢(6(x, y)) = K(x,y). Since 6(x,y) is a integer power of two and k; — 0
as j — oo, we have

GO0 )) = ) argpi(8(x,¥)

IeZ

> 2021805, y)

IeZ

> 27— k)2
I[<log, ()(xL,y)

Z (kj —kjr1)

Jjzlog, 6(x.y)
= kiog, s(xy) = K(x, ).

Now, the absolute integrability of ¢ and the value of its integral follow from the formulae
9(5) = Tjez argi(s) since @ € [N(Z), Yz @ = 1 and [, @i(s)ds = 1.

Proof of (3). Fix a positive s and proceed to sum by parts the series defining ¢(s) =
2iez api(s). Set Aj = 3y ;. Since @) = Aj-y — Ay, we have that

() = D (At = Adei(s) = Y Aagi(9) = D Apil(s) = D A (s) = @u(s)),

leZ IeZ leZ leZ

as desired. Notice, by the way, that ¢;,1(s) — ¢;(s) can be written in terms of Haar functions
L
as @141(5) — @i(s) = 22 ki (s).
Proof of (4). 1t follows from the definitions of @ and A.

Proof of (5). Notice first that (5.a) was proved in (2). The nonnegativity of K and (4.b)
show (5.b). Property (5.d) and (5.e) of the sequence A follow from (4.c) and the fact that
>iez ap = 1 proved in (2). Inequality (5.f) follows from the positivity of K and (4.f).

We will prove (5.g). From (5.d) and (5.e) we have that A € [*(Z). In fact, there exist Ji1 <
JoinZsuchthat A; <2for j < jiand Aj > —1for j > j,. Since the set {A,Aj1,...,A}}
is finite, we get the boundedness of A. On the other hand, since from (5.d) limj,_o A; = 1
we have that sup; A; > 1. Assume that sup; A; > 1. Then there exists jo € Z such that
Aj, > 1. Hence, again from (5.d) and (5.e) we must have that for j < j;, A; < Aj; and
for j > ja, Aj < 1 < Aj, for some integers j3 < js. So that there exists js € Z such that
Ajs > Ajforevery j€Zand Aj > 1. Now

2= Y A2 > Y A2

I<js—1 I<js—1

which contradicts (5.f) with j = js.



For prove (5.h) assume that inf; A; < —1. Choose jo € Z such that A, < —1. Then from
CRY

Ajg+1 < 2=(o+1) Z A12Z — ZAIZI—(]‘OH) — %

I<jo I<jo

)1
Ajy+ D AR < 5 + ).

1<jo

In the last inequality we used (5.g). Let us prove, inductively, that Aj,,, < %(A jo + 1) for
every m € N. Assume that the above inequality holds for 1 < m < mg and let us prove it for
mgy + 1.

Njostmos1) < Z 2l~UotmorD A,

I<jo+mp+1

Jo+myg ) )

=7l Z 2N+ Z 2’—10/\,]
=jo I<jo
mo

=201 Z 211\j0+1 +Aj, + Z 21_101\1]
=1 I<jo
mgy

< oo~ Z 2NN, + D)+ A, + Z 21-10]
I=1 I<jo

=271 @™ - D(Aj, + D +Aj, + 1)
1
= E(A o+ D).
Property (5.c) for the sequence @ follows from (4.d), (5.g) and (5.h). Item (5.i) follows
from (4.a) and (4.d). |

In the sequel we shall write 2" to denote the set of all nonnegative kernels defined on
R* x R* that depends only on § and for some xy € R, A@ K(xo,y)dy = 1.
Let us finish this section by proving a lemma that shall be used later.

Lemma5. LetA = (A j i J € Z) be a decreasing sequence of real numbers satisfying (5.d)
and (5.e). Then there exists a unique K € ¢ such that the sequence that (3) of Lemma 4
associates to K is the given A.

Proof. Define K(x,y) = ¥ jez(Aj-1 — Ajp;(6(x,y)). Since A is decreasing the coefficients
in the above series are all nonnegative. On the other hand, from (5.d) and (5.e) we have that
2 jez(Aj-1 = Aj) = 1. Hence, for every x € R* we have

[ Ky = Y -a) [ ety = Y an-Ap =1
yeR* yeR*

Jjez € Jjez

So that K € 7. O

10



4. THE SPECTRAL ANALYSIS OF THE OPERATORS INDUCED BY KERNELS IN .~

For K € % and f continuous with bounded support in R* the integral given by
ﬁv K(x,y)f(y)dy is well defined and finite for each x € R*. Actually each K € %
determines an operator which is well defined and bounded on each L?(R*) for 1 < p < oo.

Lemma 6. Let K € J# be given. Then for f € LP(R") the integral fR+ K(x,y)f(y)dy is
absolutely convergent for almost every x € R*. Moreover,

Tt = [ KoMy
R+
defines a bounded (non-expansive) operator on each LP(R*), 1 < p < oo. Precisely, ||T f|| » <
AN, for f € LP(RT).

Proof. Notice first that the function K(x, y) f(y) = ¢(d(x,y))f(y) is measurable as a function
defined on R* X R*, for every measurable f defined on R*. The case p = oo follows directly
from the facts that K is a Markov kernel and that K(x,y) |[f(y)| < K(x,y)||f|lc. For p =1
using Tonelli’s theorem we get

f ( f K(x,y>|f(y>|dy)dx= f If(y)l( f K(x,y)dX)dy=||f|I1-
xeR* yeR* yeR* XxeR*

Hence fR+ K(x,y)f(y)dy is absolutely convergent for almost every x and ||Tf|l, < |Ifll;-
Assume that 1 < p < oo and take f € LP(R*). Then

p 1 1 P
ITf(x)I”S( f K(x,y) If(y)ldy) =( f K(x,y)7 K(x,y)PIf(y)ldy)
R+ R+

P
<( [ kewar]" ([ kamwor o)

- [ Kwyisowa

Hence IIT A1) = L ITfGP dx < [ . ([ KOu2Ax) FOIP dy = I1£1. O

The spectral analysis of the operators 7' defined by kernels in £ is given in the next
result.

Theorem 7. Let K € % and let T be the operator in L>(R*) defined by T f(x) =
j;v K(x,y)f(y)dy. Then the Haar functions are eigenfunctions for T and the eigenvalues

are given by the sequence A introduced in Lemma 4. Precisely, for each h € A
Th= Aj(h)h = /l(h)]’l,

where j(h) is the level of the support of h, i.e. supph € D/P,

11



Proof. Since the sequence (; : [ € Z) belongs to £!'(Z) and we can interchange orders of
integration and summation in order to compute 7h. In fact,

Th(x) = f . P(6(x, YI(y)dy = f . [Z azsoz(d(x,y))]h(v)dy
ye + ye +

leZ
= (2’ f h(y)dy).
{y:6(xy)<27)

leZ

Let us prove that
wnl) =2 f h)y = xiis sy (D).
{y:6(x,y)<27Y)

If x ¢ I(h), since {y : 6(x,y) < 2!} is the only dyadic interval I containing x of length 2!
only two situations are possible, I N I(h) = 0 or I > I(h), in both cases the integral vanish
and ¥(x,1) = 0 = xy<—jmy(Dh(x). Take now x € I(h). Assume first that x € [;(h) (the left
half of I(h)). So that y(x,[) = 27! f,; h(y)dy = 0if I < j(h), since I} > I(h). When [ > j(h)
we have that & = [I(h)|""/* on I', hence y(1, x) = 27/ [I()|™"* |I¥| = lI(W)|™"* = h(x). Ina
similar way, for x € I.(h), we get y(l, x) = — |[I(h)|""/* = h(x). O

Notice that the eigenvalue A(h) tends to zero when the resolution j(h) tends to infinity.
Moreover this convergence is monotonic when all the a; are nonnegative. Notice also that the
eigenvalues depend only on the resolution level of A, but not on the position k of its support.
Sometimes we shall write 4;, j € Z, instead of A(h) when j is the scale of the support of .
With the above result, and using the fact that the Haar system 7 is an orthonormal basis
for L*(R*), we see that, the action of T on L2(R*) can be regarded as a multiplier operator
on the scales.

Lemma 8. Let K and T as in Theorem 7. The diagram

L*(RY) (@)
T l M
L*(RY) (@)

commutes, where H(f) = ((f,h) : h € 7€) and M(ay, : h € ) = (A(W)ay, : h € ). In
particular, [T fI3 = Yper 220 (f, B

The characterization of the space L?(R*) (1 < p < o), Theorem 3 above, provides a
similar result for the whole scale of Lebesgue spaces, 1 < p < co with the only caveat that
when p # 2 the norms are only equivalent. The next statement contains this observation.
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Theorem 9. With K and T as before and 1 < p < oo we have that

1
(3 Ay k. mP I i)

he A

ITf1l, =

P
with constants which do not depend on f.

Corollary 10. For every K € ¢ and (A(h) : h € 5¢) as in Theorem 7 we have the
representation

K(x,y)= Y AWh(IAE).

he st

Proof. For f = Y,cp {f,h) h with (f, h) # 0 only for finitely many Haar functions s € 2,
we have that

f K@)fOMy =Tf() = ) (f.h)Th(x)

R hest

= Z ( f (Y)h(J’)d)’) AMh(x)
yeR*

he
= f ( Z /l(h)h(Y)h(X)\J JFdy.
YER* \pew

Since the space of such functions f is dense in L*(R*) we have that K (x, y) = 2 AWh(X)h(y).
O

5. STABILITY OF MARKOV KERNELS

In the case of the classical CLT the key properties of the distribution of the indepen-
dent random variables X; are contained in the Gaussian central limit itself. Precisely,
(2127141 s the distribution limit of n~1/2 Y1 Xj when X; are independent and are
equi-distributed with variance # and mean zero. Our “gaussian” is the Markov kernel K;(x,y)
defined in R* X R* by applying Lemma 5 to the sequence A; = e, J € Z for fixed . We
may also use the Haar representation of K;(x,y) given by Corollary 10 in § 4. In this way
we can write this family of kernels as K;(x,y) = Y e e”zj(mh(x)h(y). As we shall see, after
obtaining estimates for the behavior of K for large d(x,y), this kernel has heavy tails. In
particular, the analogous of the variance given by - K,(x,y)8%(x,y)dy is not finite. This
kernel looks more as a dyadic version of Cauchy type distributions than of Gauss type distri-
butions. Which is an agreement with the fact that K, solves a fractional differential equation
and the natural processes are of Lvy type instead of Wiener Brownian. As a consequence,
the classic moment conditions have to be substituted by stability type behavior at infinity.

13



Lemma 11. Set forr > 0

_1 @it _
wm—r{sze e ]

21

Then y is well defined on R* with values in R*. And
) 2
ry(r) — 3 as r— oo,

Proof. Since @07 is bounded above we see that Y(r) is finite for every r > 0. On the
other hand since ¥(r) = % 2l 27/[e"®D™ —¢7"'] and terms in brackets are positive we see
that (r) > 0 for every r > 0. Let us check the behavior of y at infinity

~1

2@ — e 2

2 _ J(1=2"")= =

rw(r)_E — —>§ 291-27) =3,
Jj=1 j>1

i

Lemma 12. Lett > 0 be given. Set Ai.” = ¢, jeZ. LetK(x,y) be the kernel that
Lemma 5 associated to A®. Then K; € 2 and since K,(x,y) = %w(@), with  as in
Lemma 11, we have

5.1) S K () > 2 1

for 6(x,y) — +oo.

Proof. Since A;’il < Ay), for every j € Z, limj_,_o Ai.t) = 1 and lim;_, ;o A;') = 0 we
can use Lemma 5 in order to obtain the kernel K,(x,y). Now from Corollary 10 we have
that K;(x,y) = Ypew e”zjh(x)h(y). Let us check following the lines of [1], that K(x,y) =
%t//(@), with ¢ as in Lemma 11. In fact, since K,(x,y) = Spen e "7 h(x)h(y), then
a Haar function & € J# contributes to the sum when x and y both belong to I(h). The
smallest of such intervals, say Iy = I(h?) is precisely the dyadic interval that determines
8(x,y). Precisely |Io] = 6(x,y). Let AV and I, = I(h‘V) be the wavelet and its dyadic
support corresponding to one level less of resolution than that I itself. In more familiar
terms, Iy is one of two son of /;. In general, for each resolution level less than that of I
we find one and only one I; = I(h?) with [y c I, € ... c I; ¢ ... and |I]] = 27|I]. We
have to observe that except for I, where x and y must belong to different halves Iy, or Iy,
of Iy, because of the minimality of I for all the other /;, x and y must belong to the same
half [;; or I;, of I; because they are all dyadic intervals. These properties also show that
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RORO®y) = — |l = =67 (x,y) and, for i > 1, A (X)AD(y) = 27 |Io|”" = (2%6(x,y)™".
Hence

t

Ki(x,y) e X s 2
X,y) =— + e oy
' S(xy) 4 5(x,y)
L_y-i _t
-1 ZZ"'e‘mz — ¢ 3
o(x,y) i>1
1 fo(x,y)
- t¢( t )
So that 5
1 [6(x,y) o(x,y) o(x,y)
5(x, ¥ Ki(x,y) = 6(x,y)2;w( e R N e
which from the result of Lemma 11 tends to % when 6(x, y) — +co. O

Notice that from Lemma 1-b.iv) and the behavior at infinity of K;(x,y) provided in the
previous result, we have

f Ki(x, )% (x,y)dy = +c0
R+

for every x € R*. Moreover, fm Ki(x,y)0(x,y)dy = +oo. The adequate substitute for the
property of finiteness of moments is provided by the stability involved in property (5.1)
in Lemma 12. Since this property is going to be crucial in our main result we introduce
formally the concept of stability. We say that a kernel K in % is 1-stable with parameter
o> 0if
S(x,y)’K(x,y) > o

for 6(x,y) — co. In the above limit, since the dimension of R* with the metric § equals one,
we think 6% as §'*!, one for the dimension and the other for the order of stability.

Since for K € J# we have K(x,y) = ¢(6(x, y)), the property of 1-stability can be written
as a condition for the behavior at infinity of profile ¢. In particular, with the notation of
Lemma 4, the stability is equivalent to 4/k; — o as j — oo.

6. ITERATION AND MOLLIFICATION IN %~

As we have already observed in the introduction, the two basic operations on the identi-
cally distributed independent random variables X; in order to obtain the means that converge
in distribution to the Central Limit, translate into iterated convolution and mollification. In
this section, we shall be concerned with two operations, iteration and mollification on JZ°
and on the subfamily %! of 1-stable kernels in 7.

In the sequel, given a kernel K in ¢, A, @ and k are the sequences defined on Lemma 4
associated to K. When a family of kernels in . is described by an index associated to K,
say K;, the corresponding sequences are denoted by A’, @' and k'.
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Lemma 13. (a) For K| and K, € ¥, the kernel

&WW=MMKMLw=f K, DKoz, y)dz

z€R*
is well defined; K5 € ¢ with

3 _ 132 2151 1.2
a; = s + @) + ;)

for every j € Z;
(b) (K ,*)and (¥, *) are semigroups;
(©) X} = A4 forevery j € Z.

Proof of (a). Let Ki(x,y) = ¢'(6(x,y)), i = 1,2; with ¢'(s) = Yz @i9j(5), Tjez @’ = 1,
Z‘/‘EZ

containing x and y. Then |I*| = 6(x,y) and x and y belong to different halves of I*. From the

ozj.‘ < oo. Then, for x # y both in R*. Set I* to denote the smallest dyadic interval

above properties of the sequences @', i = 1,2; we can interchange the orders of summation
and integration in order to obtain

&mw=f Ki(x, 9Kz y)dz
z€R*

=ZZM%ﬁ mwmmmmwﬂ
ZER*

JEZ IeZ
- ol 1.2 |7 1
= > 2al Y 2] ‘Ik(x) n Ik(y)‘
jez lez
where I,{(X) is the only dyadic interval in D/ such that x € I,{(X). Notice that the intersection
of I/ and I'  is empty when j and / are both larger than the level j* of I*. On the other

k(x) k(y)
hand, when j or [/ is smaller than or equal to j*, the intersection is the smallest one. Say, if

] 1 7
Loy Ny = Ly

j<jandl> j,
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With the above considerations we are now in position to compute K3(x,y) in terms of the
sequences @ and A’ as follows, with ¢(j*) = {(j,[) € Z> : j > j* and [ > j*},

_ j+l 1 2 |1] 1
K3(X,Y)—Z Z 2 |Ik(x)mlk0’)
(i)ez?

_ J+ 12 J 1
=2, 2, Y 'Iku)mk(y)‘

Z2\c(j)

- Z Vaj Z 2] [l + Z 2o Z Yaj |I/{<x>| " Z 2aj2aq |fi|

i<y I>j I<j* >l I<j*
_ o192 1251 112
—ZZ aj/lj+22czl/ll + 2'a a;

i< <j <
_ 142 2,1 1 21hJj
—Z[aj/lj+aj/lj+ajaj]2

J<J*

= 3 [oh 22 + 22! + ala?] @6 ).
JEZ

In other words, K3(x,y) = ¢*(6(x,y)) with ¢*(s) = ¥ ez a;t,oj(S) and a/; = a;/lz + a/f/l} +
a}a?. Since, as it is easy to check by Tonelli’s theorem &v K3(x,y)dy = 1, we have that
K5 € K.

Proof of (b). We only have to show that if K; and K, are 1-stable kernels in ", then
K3 = K, = K, is also 1-stable. As we observed at the end of Section 5 for K; (i = 1,2) we
have 4fk§. — 0; when j — +oco. We have to prove that 4f'k3 — 0| + 0 when j — +00. By
Lemma 4, item (4.b), we can write

1.3 _ AJ -i 3
4i =41 )" 27,

i>j

=4/ Z 27! 2% + a2 + ot d? )
i>j

=4 Z(z—"aii)/ﬁi + 4 Z(z—"aiim‘_i +4) Z 27! o,
i>) i>) i>)

=1(j) + 11(j) + I1I(j).

We claim that I(j) — o, 1I1(j) — 03 and I1I(j) — 0 when j — +oco. Let us prove that
I(j) = oy, ] = +oo. Since

()= <[4 D 27l (2, - 1)

i>j

+ |47k} — o

from the fact that K; € .#"' with parameter o; and because of (5.d) in Lemma 4 we have
that I(j) — o as j — oo. The fact 11(j) — o, follows the same pattern. Let us finally
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estimate /11(j). Notice that from (4.a) en Lemma 4 we have

G <43 27 ol [|?;

i>)

<o 5[]

i>j >
. K = K
=4/ =i |t Al+1 ][ % )
[ s
<24/ sup kl-1 {Z |azl|]
i>j =7
I>j

where, since k; — 0 when j — oo, i(j) > jis the necessarily attained supremum of the k;’s
fori > j. So that 4jki1(j) = 4j‘i(j)4i(j)k}(j) is bounded above because K|, € .#"'. On the other
hand, since @* € ['(Z) the tail 3,5 ; |a%l| tends to zero as j — oo.

Proof of (c). Since each K;, i = 1,2, can be regarded as the kernel of the operator 7; f(x) =

fy e Ki(x, ) f(y)dy, Kj is the kernel of the composition of T and 75, we have that
Tsh = (Ty o T))h = To(T1h) = To(A (W)h) = AL (h)T2h = A (W) A>(h)h.

So A" and A? depend only on the scale j of &, so does 2* = 2122, O

Corollary 14. Let K € ¢! with parameter o, then for n positive integer the kernel K"
obtained as the composition of K n-times, i.e.,

K(”)(x,y)=f---f KCoy) - KOt )y - dyny
®y-

belongs to # "' with parameter no- and eigenvalues ﬂ;") = (4;)", j € Z, with A; the eigenval-
ues of K.

Trying to keep the analogy with the classical CLT, the mollification operator, that we have
to define, is expected to preserve % ! producing a contraction of the parameter o~ in order to
counteract the dilation provided by the iteration procedure.

The first caveat that we have in our search for dilations is that, even when R* is closed un-
der (positive) dilations, the dyadic system is not. This means that usually K(cx, cy) does not
even belong to . when K € J# and ¢ > 0. Nevertheless, Lemma 2 in § 2 gives the answer.
If K(x,y) = ¢(6(x,y)) then K;(x,y) = 2/K(2/x,27y) = 2/K(6(2/x,27y)) = 2/9(2/5(x, y)) for
every j € Z. Hence K; depends only on ¢. In the next lemma we summarize the elementary
properties of this mollification operator.
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Lemma 15. Let K € ¢! with parameter o be given. Then K;(x,y) = 2/K(2/x,27y)
belongs to # " with parameter 2~/c-. Moreover, denoting with ¢, & = (o] : i € Z) and
A= (/l{ : i € Z) the corresponding functions and sequences for each K; we have that;

@ ¢V(s) =2/p(2/5), j€Z, s > 0;
(b) a‘li =, J€EZ,1€Z;
© A=, jeZle

Proof. From the considerations above, it is clear that K; € JZ". Now, for j € Z fixed,
8(x, )’ Kj(x,y) = 6(x,)*2/K(27x,27y) = 2776(27x, 27y’ K(2/ x, 27y)
which tends to 27/o- when 6(x, y) — oco. Property (a) is clear. Property (b) follows from (a);

¢(s) = 2/g(215) =2 )" aupu(2s) = ) ugrej(5) = ) e pu(s).

leZ leZ leZ
Hence a{ = @;_;. Finally (c) follows from (b) and (4.c) in Lemma 4. ]

Corollary 14 and Lemma 15 show that for K € .#! with parameter o if we iterate K,
2i-times (i a positive integer) to obtain K@ and then we mollify this kernel by a scale 2/, the
new kernel M’ belongs to %! with parameter o. Notice also that iteration and mollification
commute, so that M’ can be also seen as the 2-th iteration of the 2 mollification of K. Let
us gather in the next statement the basic properties of M’ that shall be used later, and follows
from Corollary 14 and Lemma 15.

Lemma 16. Let K € ¢! with parameter o and let i be a positive integer. Then, the
kernel M' € ¢! with parameter o~ and A= /151,5-

7. THE MAIN RESULT

We are in position to state and prove the main result of this paper. In order to avoid a
notational overload in the next statement, we shall use the notation introduced in the above
sections.

Theorem 17. Let K be in ¢! with parameter 3t > 0. Then
(a) the eigenvalues of M’ converge to the eigenvalues of the kernel in (1.2) when i — +oo,
precisely
ﬂii_i — e, wheni— oo;
(b) for1 < p < oo and uy € LP(R*), the functions v;(x) = fw Mi(x, y)up(y)dy converge in
the LP(R*) sense to the solution u(x, t) of the problem

ot

P) u — ply, xeRMt>0;
u(x,0) = up(x), x€R*.

for the precise value of t for which the initial kernel K is 1-stable with parameter %t.
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Proof of (a). Since K € .#! with parameter %t > 0, which means that k,4" — %t as m
tends to infinity we have both that k,,2" — 0 when m — oo and that ¥, k2! < 1 for
every positive integer m. Since, on the other hand Y, k,2/~! = 1, we have for j € Z fixed

and 7 a large nonnegative integer that

k. .20
0< Zkﬂ’*‘—%u.

I<i—j

Hence, from Lemma 15 and Lemma 4, the j-th scale eigenvalues of the operator induced by

the kernel M’ ar given by

- 0i
| o
/1371. = E (Z k,21 - ki_j2 j]:|

I<i—j

[ 92
207
_ S
= > k2 ki 2}

LI<i—j

_ ki7‘4i—j 2]
=11 —(Z k121_1 + 175]:'

Izi-j

- .40
2J
=|1-vyi )=\ ,
7 7(1,1)2,}

with y(i, j) = 277 i k2 + 527 Notice that

. & TR 7Y L
Y, j) =27 ) 27 dgdh) + = 22" ki )+ 5

I>i-j m=0

which tends to # > 0 when i — co. With these remarks we can write

o Y
2’ v(i, )27 | @Y
A = [1 T

which tends to ¢~ when i tends to infinity.
Proof of (b). The function v;(x) — u(x, ) can be seen as the difference of two operators 7

and T!, acting on the initial condition,

vi(x) = Tiug(x) = f M (x, y)uo(y)dy

yeR*
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and

u(x,t) = T  up(x) = f K(x,y; Duo(y)dy.
yeR*
Since the eigenvalues of T;—T, are given by /lf( h)_l.—e"zf(h), for each h € 5, from Theorem 9
in Section 4 we have

2 1/2
Ko B2 |1<h)|")a(h><~))

Vi = uC, Dll, @+ < Ci
L,(R*)

2 —12/®
( > e
he st

From (5.g) and (5.h) in Lemma 4 we have that the sequence A
On the other hand, since ”(Zhe e Wuto, WP L) X,(h)(q)”zHL .
P

we can take the limit for i — +oo inside the L”-norm and the series in order to get that

%h)_[ is uniformly bounded.

< Colluollppgey < o0,

[lvi — u(-, t)||LP(R+) — 0 when i — +oo0. |

The function I'(x,y;#) = K(x,y;1), in (1.2), for > 0 and I'(x,y;#) = O for ¢ < 0 gives,
at least formally a fundamental solution of % - D)l,l" . In other words, ‘;—f - Dyll" = 0y, the
Dirac unit mass at (x,0) € R* x R.

REFERENCES

[1] M. Actis, H. Aimar: Dyadic nonlocal diffusions in metric measure spaces. Fract. Calc. Appl. Anal. 18 (2015),
no. 3, 762-788. Zbl 1320.43003, MR 3351499

[2] M. Actis, H. Aimar: Pointwise convergence to the initial data for nonlocal dyadic diffusions. Czechoslovak
Math. J. 66(141) (2016), no. 1, 193-204. Zbl 06587883, MR 3483232

[3] H. Aimar, B. Bongioanni, 1. Gomez: On dyadic nonlocal Schrodinger equations with Besov initial data, J.
Math. Anal. Appl. 407 (2013), no. 1, 23-34. Zbl 1306.35106, MR 3063102

[4] C. Bucur, E. Valdinoci: Nonlocal diffusion and applications. Lecture Notes of the Unione Matematica Ital-
iana, vol. 20, Springer, [Cham]; Unione Matematica Italiana, Bologna, 2016. Zbl 06559661, MR 3469920

[5] L. Caffarelli, L. Silvestre: An extension problem related to the fractional Laplacian. Comm. Partial Differen-
tial Equations 32 (2007), no. 7-9, 1245-1260. Zbl 1143.26002, MR 2354493 (2009k:35096)

[6] K. L. Chung: A course in probability theory. Third ed., Academic Press, Inc., San Diego, CA, 2001. Zbl
0980.60001, MR 1796326

[7] S. Dipierro, M. Medina, E. Valdinoci: Fractional elliptic problems with critical growth in the whole of R".
Appunti. Scuola Normale Superiore di Pisa (Nuova Serie) [Lecture Notes. Scuola Normale Superiore di Pisa
(New Series)], vol. 15, Edizioni della Normale, Pisa, 2017. Zbl 06684812, MR 3617721

[8] E. Valdinoci: From the long jump random walk to the fractional Laplacian. Bol. Soc. Esp. Mat. Apl. SESMA
(2009), no. 49, 33—44. Zbl 1242.60047, MR 2584076

[9] P. Wojtaszczyk: A mathematical introduction to wavelets. London Mathematical Society Student Texts,
vol. 37, Cambridge University Press, Cambridge, 1997. Zbl 0865.42026, MR 1436437

Authors’ addresses: Hugo Aimar, Instituto de Matematica Aplicada del Litoral, UNL, CONICET,
FIQ, Santa Fe, Argentina, e-mail: haimar@santafe-conicet.gov.ar;

Ivana Gomez, Instituto de Matemadtica Aplicada del Litoral, UNL, CONICET, Santa Fe, Argentina,
e-mail: ivanagomez@santafe-conicet.gov.ar;

Federico Morana, Instituto de Matematica Aplicada del Litoral, UNL, CONICET, Santa Fe, Ar-

gentina, e-mail: fmorana@santafe-conicet.gov.ar.

21



