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Conditions d’optimalité du premier et second ordre pour
des problémes de commande optimale d’équations intégrales
avec contraintes sur I’état

Résumé : On s’intéresse dans cet article a des problémes de commande optimale d’équations
intégrales, avec contraintes sur I’état initial-final ainsi que sur I’état & chaque instant. L’ordre
d’une contrainte sur I’état & chaque instant est défini dans le cadre d’une dynamique intégrale,
et on considére ici des contraintes d’ordre quelconque. On obtient des conditions d’optimalité
nécessaires du premier et second ordre, ainsi que des conditions suffisantes du second ordre.

Mots-clés : commande optimale, équations intégrales, contraintes sur 1’état, conditions
d’optimalité du second ordre



Optimal control of state constrained integral equations 3

1 Introduction

The dynamics in the optimal control problems we consider in this paper is given by an integral
equation. Such equations, sometimes called nonlinear Volterra integral equations, belong to
the family of equations with memory and thus are found in many models. Among the fields of
application of these equations are population dynamics in biology and growth theory in economy:
see [25] or its translation in [21] for one of the first use of integral equations in ecology in 1927
by Volterra, who contributed earlier to their theoretical study [24]; in 1976, Kamien and Muller
model the capital replacement problem by an optimal control problem with an integral state
equation [16]. First-order optimality conditions for such problems were known under the form
of a maximum principle since Vinokurov’s paper [22] in 1967, translated in 1969 [23] and whose
proof has been questionned by Neustadt and Warga [I8] in 1970. Maximum principles have then
been provided by Bakke [2], Carlson [9], or more recently de la Vega [12] for an optimal terminal
time control problem. First-order optimality conditions for control problems of the more general
family of equations with memory are obtained by Carlier and Tahraoui [§].

None of the previously cited articles consider what we will call 'running state constraints’.
That is what Bonnans and de la Vega did in [3], where they provide Pontryagin’s principle,
i.e. first-order optimality conditions. In this work we are particularly interested in second-
order necessary conditions, in presence of running state constraints. Such constraints drive to
optimization problems with inequality constraints in the infinite-dimensional space of continuous
functions. Thus second-order necessary conditions on a so-called critical cone will contain an
extra term, as it has been discovered in 1988 by Kawasaki [I7] and generalized in 1990 by
Cominetti [11], in an abstract setting. It is possible to compute this extra term in the case of
state constrained optimal control problems; this is what is done by Pales and Zeidan [19] or
Bonnans and Hermant [4] 6] in the framework of ODEs.

Our strategy here is different and follows [5], with the differences that we work with integral
equations and that we add initial-final state constraints which lead to nonunique Lagrange mul-
tipliers. The idea was already present in [I7] and is closely related to the concept of extended
polyhedricity [7]: the extra term mentioned above vanishes if we write second-order necessary
conditions on a subset of the critical cone, the so-called radial critical cone. This motivates to
introduce an auxiliary optimization problem, the reduced problem, for which under some assump-
tions the radial critical cone is dense in the critical cone. Optimality conditions for the reduced
problem are relevant for the original problem and the extra term now appears as the derivative
of a new constraint in the reduced problem. We will devote a lot of effort to the proof of the
density result and we will mention a flaw in [5] concerning this proof.

The paper is organized as follows. We set the optimal control problem, define Lagrange
multipliers and work on the notion of order of a running state constraint in our setting in
section The reduced problem is introduced in section Bl followed by first-order necessary
conditions and second-order necessary conditions on the radial critical cone. The main results
are presented in section @l After some specific assumptions, we state and prove the technical
lemma 23] which is then used to strengthen the first-order necessary conditions already obtained
and to get the density result that we need. With this density result, we obtain second-order
necessary conditions on the critical cone. Second-order suficient conditions are also given in this
section. Some of the technical aspects are postponed in the appendix.

Notations We denote by h; the value of a function h at time t if h depends only on ¢, and
by h;. its ith component if h is vector-valued. To avoid confusion we denote partial derivatives
of a function h of (¢t,z) by D;h and D,h. We identify the dual space of R™ with the space R™*
of n-dimensional horizontal vectors. Generally, we denote by X* the dual space of a topological
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4 J. Frédéric Bonnans € Constanza de la Vega & Xavier Dupuis

vector space X. We use |- | for both the Euclidean norm on finite-dimensional vector spaces and
for the cardinal of finite sets, || - ||s and || - ||4,s for the standard norms on the Lesbesgue spaces
L? and the Sobolev spaces W%*  respectively.

2 Optimal control of state constrained integral equations

2.1 Setting

We consider an optimal control problem with running and initial-final state constraints, of the
following type:

T

i ' flus, yo)dt+ $lyo, 2.1

( ) (u,ﬁlelﬁxy/o (Ut yt) ‘?5(% yT) ( )
t

subject to Yt = Yo +/ f(t,s,us,ys)ds, te€0,T], (2.2)
0

g(y:) <0, telo,T], 23)

o (yo,yr) = 0, (2.4)

(I)I(y07yT) < 0, (25)

where

U:=L=([0,T);R™), Y:=Wh>([0,T];R")

are the control space and the state space, respectively.

The data are £: R™ x R" - R, ¢: R» X R" - R, f: Rx RxR™ xR"” - R", g: R — R",
OF: R"xR" — R*#, &: R"xR™ — R and T > 0. We set 7 as the symbol for the first variable
of f. Observe that if D.f = 0, we recover an optimal control problem of a state constrained
ODE. We make the following assumption:

(A0) 4,0, f,g,®F @1 are of class C°° and f is Lipschitz.

We call trajectory a pair (u,y) € U x Y which satisfies the state equation ([22)). Under
assumption (A0) it can be shown by standard contraction arguments that for any (u,yg) €
U x R™, the state equation (Z2]) has a unique solution y in ), denoted by y[u, yo]. Moreover, the
map I': U x R™ — Y defined by T'(u, yo) := y[u, yo] is of class C*°.

2.2 Lagrange multipliers

The dual space of the space of vector-valued continuous functions C ([0, T]; R") is the space of
finite vector-valued Radon measures M ([0, T]; R™), under the pairing

(1, h) ::/ duthy = / i edpi .
[OﬁT] tiit Z t t

1<i<r 7 10,T]
We define BV ([0, T]; R™), the space of vector-valued functions of bounded variations, as follows:
let I be an open set which contains [0, T]; then

BV ([0,T];R™) := {h € L'(I;R™) : Dh € M (I;R™), supp(Dh) C [0,T]},

Inria



Optimal control of state constrained integral equations 5

where Dh is the distributional derivative of h; if h is of bounded variations, we denote it by dh.
For h € BV ([0,T];R"™), there exists ho_, hr, € R™ such that

h=ho_ a.. on(—00,0)NI,

h=hr, ae. on(T,+o00)NI. (2:6)

Conversely, we can identify any measure u € M ([0, T]; R"™*) with the derivative of a function of
bounded variations, denoted again by u, such that pur, = 0. This motivates the notation du for
any measure in the sequel, setting implicitly g7, = 0. See appendix [A 1] for more details.

Let
M:=M(0, T|;R™), P:=BV([0,T);R").

We define the Hamiltonian H: [P] x R x R™ x R™ — R by

T
t
and the end points Lagrangian ®: [R**] x R™ x R — R by

D[V (y1,y2) = d(y1,y2) + YO(y1,92) (2.8)

where s := sp + sy and ® := (®F, ®). We also denote K := {0}, x (R_)*", so that ([24)-(E3)
can be rewritten as ®(yo, yr) € K. Given a trajectory (u,y) and (dn, ¥) € M x R**, the adjoint
state p, whenever it exists, is defined as the solution in P of

{ —dp; = Dy HIp|(t, ue, ye)dt + dmg’ (1), (2.9)
(=po_,pr,) = D®[¥](y0, y1)- ’

Note that dnig’(y:) = > i, dni,cgi(y:). The adjoint state does not exist in general, but when it
does it is unique. More precisely, we have:

Lemma 1. There exists a unique solution in P of the adjoint state equation with final condition
only (i.e. without initial condition):

{ = D 0t 0 ) (210)
pr, = Dy, ®[¥](yo, yr)-

Proof. The contraction argument is given in appendix [A 1] O

We can now define Lagrange multipliers for optimal control problems in our setting:

Definition 2. (dn, ¥,p) € M x R** x P is a Lagrange multiplier associated with (@, y) if

p is the adjoint state associated with (@, g,dn, ¥), (2.11)

=0, 9@ <0 [ dnglm) =0, (212)
(0,77

¥ € Nk (2(50,91)) (2.13)

D, HIp|(t,us,g:) = 0 for a.a. t € [0,T]. (2.14)
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6 J. Frédéric Bonnans € Constanza de la Vega & Xavier Dupuis

2.3 Linearized state equation

For s € [1,00], let
Vs i= L*([0, T, R™),  Z,:= W"*([0,T];R").

Given a trajectory (u,y) and (v, z9) € Vs X R™, we consider the linearized state equation in Z;:

t
Zt = 20 +/ D(u;g)f(t; S, usays)(vsa Zé)ds (215)
0

It is easily shown that there exists a unique solution z € Z; of (ZI3), called the linearized state
associated with the trajectory (u,y) and the direction (v, zp), and denoted by z[v, zg] (keeping
in mind the nominal trajectory).

Lemma 3. There exists C > 0 and Cs > 0 for any s € [1,00] (depending on (u,y)) such that,
for all (v,z0) € Vo x R™ and all t € [0,T7],
t
oozl < € (Jzol + [ fulds). (2.16)
0
[12[v; 20} |1, < Cs (z0] + [[v]ls) - (2.17)
Proof. (2ZI6]) is an application of Gronwall’s lemma and (ZI7) is a consequence of ZI6). O

Observe that for s = oo, the linearized state equation arises naturally: let (u,yo) € U x R™,
y = [(u,y0) € Y. We consider the linearized state associated with the trajectory (u,y) and a
direction (v,29) € U x R™. Then

z[v, z0] = DI'(u, yo)(v, 20). (2.18)
Similarly we can define the second-order linearized state:
2%[v, 20] := D*T'(u, y0) (v, 20)*. (2.19)

Note that 2%[v, zg] is the unique solution in Y of
t
22 = / (Dyf(t, 8, Us, Ys )22 + D(2u7y)2f(t, S, Us, Ys ) (vs, 2[v, z0]5)2) ds. (2.20)
0

2.4 Running state constraints

The running state constraints g;, ¢ = 1,...,r, are considered along trajectories (u,y). They
produce functions of one variable, t — g;(y:), which belong a priori to W1°°([0,T]) and satisfy

d t
—q; =g S, ) D, f(t,s,us,ys)ds | . .
dtg (yt) g (yt) (f(t t,ut, Ye) /0 f(t S, Us, Y ) 5) (2 21)

There are two parts in this derivative:

>t gi(ye) f(t,t,ue, y¢), where u appears pointwisely.

>t gi(ye) fot D, f(t, s, us,ys)ds, where u appears in an integral.

Below we will distinguish these two behaviors and set @ as the symbol for the pointwise variable,
u for the integral variable (similarly for y). If there is no dependance on 4, one can differentiate
again (Z2I) w.r.t. ¢t. This motivates the definition of a notion of total derivative that always
“forget” the dependence on u. Let us do that formally.

Inria



Optimal control of state constrained integral equations 7

First we need a set which is stable by operations such as in (ZZI]), so that it will contain the
derivatives of any order. It is also of interest to know how the functions we consider depend on
(u,y) €U x Y. To answer this double issue, we define the following commutative ring:

t
S:=<¢h: h(t,a,g,u,y) :Zaa(t,a,g])H/ ba,(t, s, us,ys)ds p . (2.22)
[e% B 0

where (¢,0,7,u,y) € RxR™ X R" xU x Y, the aq, by g are real functions of class C°°, the sum
and the products are finite and an empty product is equal to 1. The following is straightforward:

Lemma 4. Let h € S, (u,y) € U x Y. There exists C > 0 such that, for a.a. t € [0,T] and for
all (0,2,v,2) ER™ X R" xU x Y,

t
’D(ﬁ,’g,u,y)h’(tautaytvuay)(vvzvvvz)‘ S C <|’D| + |2| +/ (|US| =+ |ZS|)dS> . (223)
0

Next we define the derivation D) : & — S as follows (recall that we set 7 as the symbol
for the first variable of f or b):

1. for h: (t,7,9) € R x R™ x R™  a(t, @, 7) € R,
(D) (t,0,5,u,9) := Diat, @,7)
+Dga(t,ﬁ,gj) ( U y / D- f usays) > :
2. for h: (t,u,y) ER XU X Y fot b(t, s, us, ys)ds € R,
t
( (1)h) (t U y;uvy) = b(tvtaﬂﬁg) +/ D b(t 5 u57ys)d8.
0

3. for any hy,ho € S,

(D(l)(hl n h2)) _ (D(1>h1) + (D(l)hQ) ;

(D<1>(h1h2)) - (D<1>h1) ha + hy (D<1>h2) .

It is clear that D(Mh € S for any h € S. The following formula, which is easily checked on
h=a(t,a,y) and h = fot b(t, s, us,ys)ds, will be used for any h € S:

(D(l)h’) (tv U, Yt, U, y) = Dth’(ta Ut, Yt, U, y) + D’gh’(ta Uty Yt, U, y)f(ta tv Ut, yt)
t
+D§h(tvut7ytau7y)/ DTf(t,s,uS,ys)dS. (224)
0
Let us now highlight two important properties of D). First, it is a notion of total derivative:

RR n® 7961



8 J. Frédéric Bonnans € Constanza de la Vega & Xavier Dupuis

Lemma 5. Let h € S be such that Dgh =0, (u,y) €U x Y be a trajectory and
it h(t, ue, Y, u,y). (2.25)

Then ¢ € WH([0,T]) and

49— (pw

Proof. We write h as in [222). If Dzh = 0, then for any ug € R™,

@(t) = h(t, uo, ye, u, y) (2.27)
t
= Zaa(t,uo,yt)H/ ba.g(t, s, us,ys)ds. (2.28)
a B 0
By @28), ¢ € W>([0,T]). And by @27),
dep .
E(t) = Dth(tau()ayta uay) + Dﬂh(taanyta uay)yt

= Dth(tautayta uay) + Dﬂh(t’ut’yta U,y)yt

since Dy Dth = DyDyh = 0 and Dz Djh = 0. Using the expression of 3; and [224), we recognize
Z25). O

Second, it satisfies a principle of commutation with the linearization:

Lemma 6. Let h, (u,y) be as in lemmald, (v, z9) € Vs XR™, z := z[v, 20] € Z4 for some s € [1, 0]
and

Y1t = Dy h(t we, ys, u,y) (26,0, 2). (2.29)
Then v € WH5((0,T]) and
dy
E(t) = D(ﬁ,g,u,y) [(D(l)h) (t; Uty Yt, U, y)i| (vta 2ty Uy Z) (230)

Proof. Using DD g 4,y)h = 0, we have
1/}(t> = D(’g,u,y)h’(ta uo, Yt, u, y)(zta v, Z)

t
:ZDﬂaa(ta“ant)ZtH/ by, 5ds
et B 0

t t
=+ Zaa(t,uovyﬁ/o D(u,y)ba,ﬁ(tvSvusvys>(vssz>dS H / baﬁ'ds'
a,p

pr#670
It implies that ¢ € W*([0,T]) and that

dy

dt (t) = D?,('g,u,y)h’(ta Ut, Ye, W, y)(zta v, Z)

+ D;(@u’y)h(ta Uty Yt, U, y) (yta (Zta v, Z)) + D’gh(ta Ut, Yt, U, y)zt

On the other hand, we differentiate DA w.r.t. (@, 7, u,y) using (Z24). Then with the expres-
sions of g; and Z;, we get the relation (230]). O

Inria



Optimal control of state constrained integral equations 9

Finally we define the order of a running state constraint g;. We denote ggj R D(l)gz(j )
(with g(o) := g;). Note that g; € S, so g(J) € S for all 7 > 0. Moreover, if we write gg

i 7

in (Z22)), the a, and b, g are combinations of derivatives of f and g;.

J) as

Definition 7. The order of the constraint g; is the greatest positive integer ¢; such that
Dag? =0 forall j=0 —1
ag;”’ =0 forall j=0,...,¢; — 1.

We have a result similar to Lemma 9 in [4], but now for integral dynamics. Let (u,y) € U x Y
be a trajectory, (v,z9) € Vs x R", and z := z[v, 20| € Z; for some s € [1, o).

Lemma 8. Let g; be of order at least q; € N*. Then

tegi(y) € W([0,T7),
t=gi(ye)ze € W([0,T7),

and
d’ () :
@gz(y”t =9; (taytauay)’ J= 1;---7%_1; (231)
= (a:)
ng(y”t =9; (ta Ut, Yt, U, y)) (232)
&, ) ;
@gz(y)zh :Dgz (t,yt,u,y)(zt,v,z), J = 17"'aqi717 (233)
d? -, (gi) (i)
@gz(y)zh = Dﬁgl (t;utaytvuay)vt +Dgz (t,ut,yt,u,y)(zt,v,Z), (234)

where we denote by D the differentiation w.r.t. (g,u,y).

Proof. Tt is straightforward with lemmas [Bl and 6 definition [[] and an induction on j. O

3 Weak results

3.1 A first abstract formulation

The optimal control problem (P) can be rewritten as an abstract optimization problem on (u, yo).
The most naive way to do that is the following equivalent formulation:

(P) (mygleii{lxm J(u,yo) (3.1)
subject to g(ylu, yo]) € C— ([0, T];R"), (3.2)
®(yo, y[u, yolr) € K, (3.3)
where .
Hw) = [ el ol e + 0.yl ol (34)

and ® = (®F &), K = {0}, x (R_)*". In order to write optimality conditions for this problem,
we first compute its Lagrangian

L(u,yo,dn, V) := J(u,yo) +/[ ]dntg(y[u,yo]t) + Y (yo, y[u, yo]r) (3.5)
0,7

RR n® 7961



10 J. Frédéric Bonnans € Constanza de la Vega & Xavier Dupuis

where (u, yg,dn, ¥) € U x R™ x M x R5* (see the beginning of section2Z2). A Lagrange multiplier
at (u,yp) in this setting is any (dn, ¥) such that

D(%yo)L(uv Yo, dna \IJ> = 07 (36)
(dn,¥) € Ne_(o,m)rmyxx (9(¥), ®(yo,yr)) - (3.7)

This definition has to be compared to definition

Lemma 9. We have that (dn, ¥) is a Lagrange multiplier of the abstract problem BI)-B3) at
(@, go) iff (dn, ¥, p) is a Lagrange multiplier of the optimal control problem 2I)-21) associated
with (@, ylu, gJo]), where p is the unique solution of (ZI0).

Proof. Using the Hamiltonian (27), the end points Lagrangian ([2.8) and the formula (AIQ) of
integration by parts for functions of bounded variations (see appendix [A]), we get

T
L(u, yo, dn, ¥) = / Hp) (¢, e, o)t + /[ (pa + dng(y)
0 0,7

+ po_yo — pr,y7r + @Y (Y0, Y1)

for any p € P and y = ylu,yo]. We fix (u,go,dn, V), we differentiate L w.r.t. (u,yo) at this
point, and we choose p as the unique solution of (ZI0). Then

T
D(uyyo)L(ﬂa Yo, dn, ¥)(v, z0) = /0 Dy HIp|(t, @y, g )vedt
+ (po_ + Dy, ®[¥](%0, Ur)) 20

for all (v, z9) € U x R™. It follows that (B8] is equivalent to (ZI11) and (ZI4). And it is obvious
that ([B7) is equivalent to (Z12)-(2I3). O

Second we need a qualification condition.

Definition 10. We say that (u,q) is qualified if

(1){ (’U,Zo) = D(I)E(goagT)(ZOaZ[UaZO]T) is onto,

UxR* — R
(ii) there exists (7,Zp) € U x R™ such that, with z = z[, Zo],

DOE gy, y7) (20, 21) = 0,
D®] (40, yr) (%0, 2r) <0, i€ {i: ®(ho,yr) =0},
g;(gt)2t<00n {t : gi(gt)ZO}, i=1,...,7

Remark 11. 1. This condition is equivalent to Robinson’s constraint qualification (intro-
duced in [20], Definition 2) for the abstract problem BI)-@3) at (u, go); see the discussion
that follows Definition 3.4 and Definition 3.5 in [I7] for a proof of the equivalence.

2. It is sometimes possible to give optimality conditions without qualification condition by
considering an auxiliary optimization problem (see e.g. the proof of Theorem 3.50 in [7]).
Nevertheless, observe that if (@, q) is feasible but not qualified because (i) does not hold,
then there exists a singular Langrange multiplier of the form (0, ®¥ 0). One can see that
second-order necessary conditions become pointless since —(0, ¥, 0) is a singular Lagrange
multiplier too.

Inria



Optimal control of state constrained integral equations 11

Finally we derive the following first-order necessary optimality conditions:

Theorem 12. Let (@, ) be a qualified local solution of (P). Then the set of associated Lagrange
multipliers is nonempty, convex, bounded and weakly * compact.

Proof. Since the abstract problem BI)-(B3) is qualified, we get the result for the set {(dn, ¥)}
of Lagrange multipliers in this setting (Theorem 4.1 in [26]). We conclude with lemma@land the
fact that

M xR — M x R** x P
(dn, ¥) — (dn, ¥, p)

is affine continuous (it is obvious from the proof of lemma [I]). O

We will prove a stronger result in section Ml relying on another abstract formulation, the
so-called reduced problem. The main motivation for the reduced problem, as mentioned in the
introduction, is actually to satisfy an extended polyhedricity condition (see Definition 3.52 in [7]),
in order to easily get second-order necessary conditions (see Remark 3.47 in the same reference).

3.2 The reduced problem

In the sequel we fix a feasible trajectory (@, ), i.e. which satisfies ([2.2))-(23), and denote by A
the set of associated Lagrange multipliers (definition 2). We need some definitions:

Definition 13. An arc is a maximal interval, relatively open in [0, 7], denoted by (71, 72), such
that the set of active running state constraints at time ¢ is constant for all ¢ € (71, 72). It includes
intervals of the form [0,7) or (7,T]. If 7 does not belong to any arc, we say that 7 is a junction
time.

Consider an arc (11,72). It is a boundary arc for the constraint g; if the latter is active on
(7‘1, T9); otherwise it is an interior arc for g;.

Consider an interior arc (11,72) for g;. If g;(72) = 0, then 75 is an entry point for g;; if
gi(11) = 0, then 71 is an exit point for g;. If 7 is an entry point and an exit point, then it is a
touch point for g;.

Consider a touch point 7 for g;. We say that 7 is reducible if g—;gi(g]t), defined in a weak
sense, is a function for ¢ close to 7, continuous at 7, and

2
%gi(ﬂt)h:r <0.
Remark 14. Let 7 be a touch point for g;. By lemma [} if g; is of order at least 2, then 7 is
reducible if ¢ — gz@(t, U, Yt, U, Y) is continuous at 7 and gZ@)(T, Ur,Yr, U, J) < 0. Note that the
continuity holds either if u is continuous at 7 or if g; is of order at least 3.

The interest of reducibility will appear with the next lemma. For 7 € [0,7] and € > 0 (to be
fixed), we define p,: W2°°([0,T]) — R by

pr(x) :=max{z, : t €[t —e,7+e|N[0,T]}. (3.8)

Lemma 15. Let g; not be of order 1 (i.e. Daggl) =0) and T be a reducible touch point for g;.

Then for € > 0 small enough, u, is C' in a neighbourhood of g;(y) € W2°°([0,T]) and twice
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12 J. Frédéric Bonnans € Constanza de la Vega & Xavier Dupuis

Fréchet differentiable at g;(y), with first and second derivatives at g;(§) given by

Dpr(9:(9))x = 2r, (3.9)

3

N
@gi(yt)h

D?pr(gi(9))(x)? =

for any x € W2°°([0,T)).

Proof. We apply Lemma 23 of [4] to g;(%), which belongs to W2°°(]0, T]) by lemma[Bland satisfies
the required hypotheses at 7 by definition of a reducible touch point. O

Remark 16. We can write (3.9) and BI0) for = = ¢}(7)z[v, 0] (since g; is not of order 1). By
lemma [ 3I0) becomes

AN 2

2 ~ 1=\ N2 (Dgzgl)(Tv gfr,ﬂ,ﬂ)(zr,v,z))
D (9:(9))(9:(9)2)" = — e

gi (T’ uTay'rvuvy)

(3.11)

where z = z[v, z0], (v, 20) € U x R™ and D is the differentiation w.r.t. (7, u,y). We will also use
@A) for = = g/ (y)(z[v, 20))? + g.(9)23[v, 20], 2°[v, 20] being defined by ZIT). It can indeed be
shown that it belongs to W2°°([0,T7).

In view of these results we distinguish running state constraints of order 1. Without loss of
generality, we suppose that

> g; is of order 1 fori=1,... 7,
> g; isnot of order 1 fori=ry +1,...,r,

where 0 < r; < r. We make now the following assumption:

(A1) There are finitely many junction times, and for ¢ = r; +1,...,r all touch points for g; are
reducible.
For i =1,...,r we consider the contact sets of the constraints

Z, :={t€[0,T] : gi(g:) = 0}. (3.12)

For i =r; 4+ 1,...,r we remove the touch points from the contact sets:
T; := the set of (reducible) touch points for g;, (3.13)
T, = {t € [0,7] : g:(5) = O}\ Ts. (3.14)

For:=1,...,r and € > 0 we denote

;= {t €[0,T] : dist(t,Z;) < e}. (3.15)

Assumption (A1) implies that Z7 has finitely many connected components for any ¢ > 0 (1 <
i <r) and that 7; is finite (1 <7 <ry). Let N := Zr1<i<r [T7]-

Inria



Optimal control of state constrained integral equations 13

Now we fix & > 0 small enough (so that lemma [[3 holds) and we define

G1(u, yo) = (gi (Y[w, yo)) 1z¢) i, Ky = HC— (Z7) , (3.16)
G, y0) = (e (95 (W, 901) ) e i Ky = (R)Y, (3.17)
Gs(u, yo) = @ (yo, ylu, yolr) , K3 := K. (3.18)

Recall that J has been defined by ([B.4]).

The reduced problem is the following abstract optimization problem:

G1(u,y0) € K1
(Pr) min  J(u,y0), subject to Ga(u,yo) € Ko
(o) SR Gs(u,y0) € K3

Remark 17. We had fixed (4,7) as a feasible trajectory; then (u,go) is feasible for (Pg).
Moreover, (@, g) is a local solution of (P) iff (@, o) is a local solution of (Pg), and the qualification
condition at (@,y) (definition [I0)) is equivalent to Robinson’s constraints qualification for (Pg)

at (4, 7o) (using lemma [TH]).

Thus it is of interest for us to write optimality conditions for (Pg).

3.3 Optimality conditions for the reduced problem
The Lagrangian of (Pg) is

L, yo,dp. . W) i= Juww) + 3 [ giluluolo)dois
7s

1<i<r

+ Z Virtbr (96 (y[u, y0])) + Y@ (yo, y[u, yolr) (3.19)

TET;
r1<i<r

where weld, yoeR", dpe€ HM (Z5), veRN* T ecR™.
i=1
As before, a measure on a closed interval is denoted by du and is identified with the derivative
of a function of bounded variations which is null on the right of the interval.
A Lagrange multiplier of (Pr) at (4, o) is any (dp, v, ¥) such that

D(u,yO)LR(@,g]o,dp, Va\I]) = 0; (320)

dp; >0, 91(@)|If <0, / gi(gt)dpi,t =0, +=1,...,mn (3.21)
e

Vire 20, pr (9i(9)) <0, vizp- (6i(9) =0, 7€T, i=ri+1,...,m (3.22)

U e Nk (®(50,91)) - (3.23)

We denote by Ag the set of Lagrange multipliers of (Pg) at (@,%o). The first-order necessary
conditions for (Pg) are the same as in theorem

Lemma 18. Let (4,7o) be a qualified local solution of (Pr). Then Ag is nonempty, convexr,
bounded and weakly * compact.
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Given (dp,v) € [[;_, M (Z5) x RN*, we define dn € M by

dp; onZ;, i=1,...,m7
dn = { > rer VirOr elsewhere, i=r1+1,...,m (3.24)

Conversely, given dn € M, we define (dp,v) € [[;_; M (Zf) x RN* by
dpl = d771|If 7::15"'7T7
{ vip=dp({r}) reT, i=r4l,...m (3:25)
In the sequel we use these definitions to identify (dp,r) and dn, and we denote
Mi,7] := dni({T}). (3.26)

Recall that A is the set of Lagrange multipliers associated with (@, ) (definition 2]). We have a
result similar to lemma

Lemma 19. We have that (dp,v, V) € A iff (dn, U, p) € A, with p the unique solution of (ZI0]).

Proof. With the identification between (dp, v) and dn given by [B:24)) and [B25), it is clear that

B21)-B22) are equivalent to (ZI2). Let these relations be satisfied by (dp, v, ¥) and (dn, ¥).
Then in particular

supp(dn;) = supp(dp;) C Z; i=1,...,71, (3.27)
supp(dn;) = supp(dp;) Usupp(3_vi0-) CLUT; i=r1+1,...,7 '

We claim that in this case (B20) is equivalent to ZI1) and (ZI4). Indeed, using H[p] defined
by @71, ®[¥] by [21), the integration by parts formula (ATI0) and (32T), we have

LR(U, Yo, dpa v, \Ij) = /[ | (H[p](tv Ut, yt)dt + dptyt) +Po_Yo — pr.yr
0,7

+ Z /I gi(ye)dms ¢ + Z i+ pr (9:(y)) + (9] (yo, yr) (3.28)

1<i<r T€T;
r1<i<r

for any p € P and y = y[u, yo]. Let us differentiate (say for i > r1)

[ awdn 3 e (00 (3.29)

T€T;
w.r.t. (u,yo) at (@,%o) in the direction (v, zg) and use [B3) and B27); we get

/I 9 @) zdnie + > i) Dpr (6:(9)) (95(9)2) =/ 9:(Fe) 2edni e

T€T: [0,7]

where z = z[v, 2p]. Let us now differentiate similarly the whole expression ([B28)) of Lp; we get

T
/ Dy Hpl(t, ts, gs )vedt + / (DyH[p] (t, tg, Ye)dt + dpy + dntg/(gt))zt
0 [0,77]

+ (po_ + Dy, ®[W](Jo,91)) 20 + ( — pry + Dy ®[¥] (40, yr)) 27 (3.30)
Fixing p as the unique solution of (ZI0) in B30) gives
T
D (u,yo) LR (%, Yo, dp, v, ¥)(v, z0) = / D Hp](t, s, gr)vedt
0

+ (po_ + Dy, ®[¥](Fo. i) 20-
It is now clear that ([3.20) is equivalent to (ZI1) and (ZI4). O

Inria



Optimal control of state constrained integral equations 15

For the second-order optimality conditions, we need to evaluate the Hessian of Li. For A\ =
(dn,U,p) € A, (v,20) €U x R™ and z = z[v, 20] € Y, we denote

(v, 20) / D, 2 HIp(t, e, §e) (v, 20)dt + D*®[W](go, gr) (20, 27)°

+ Z / gi (7e)( dmt

1<i<lr

+ > s [0/ @) (22) + D?pr (9:(9)) (95(9)2)°] - (3.31)
TEET

In view of BI1]) and [B21), we could also write

(v, 20) / D, 2 HP)(t, e, §e) (01, 2)*dt + D*®[W] (50, 1) (20, 27)°

~ 2
Dgz(l)(T g‘l’aaag)(’zT’U’z)
+/ dntgll(gt)(zt)2_ Z [771',7']( ) _ )
[0,7] T€T: 9; (T; uTayTauay)
r1<i<r
Lemma 20. Let (dp,v,¥) € Ar. Let A = (dn,V,p) € A be as in lemma[ID Then for all
(v,20) €U x R™,

(3.32)

D(Qu,yo)QLR(’aa 7;07 dp7 v, \IJ)(’U, ZO)2 = j[A] (Uv ZO)' (333)

Proof. We will use (828) and (329) from the previous proof. First we differentiate (3.29) twice
w.r.t. (u,yo) at (i, 7o) in the direction (v, 29). Denoting z = z[v, 29] and 2% = 2%[v, 29|, defined

by @D, we get
[ 6 @e0? + 6w am

+ > [ir) [Dpr (9:)) (6:(9)2)* + Dpr (9:(0)) (97 0)(2)* + 9i()2°)]
T€T;

=/¢@mm%m+/ gL (G0) 22
Z;

(0,7]

+ > i) [DPr (9:@) (90®)2)° + 97 (57) ()]

T€Ti

where we have used remark[I6, (3:9) and (B:27)). Second we differentiate L twice using (3.28) and
then we fix p as the unique solution of (ZI0). The result follows as in the proof of lemma[d O

Suppose that A # () and let A = (d7j, U, p) € A. We define the critical L? cone as the set Cs
of (v,z9) € Vo x R such that

9:(7)z <0 onZ, .
’ t=1,...,7 3.34
{ 9;{(y)z =0 on supp (di;) NL;, (3.34)

gi(yr)zr S Oa -

{ [ g r)ze =0, T ETHi=TIA LT (3:35)
D (90, yr)(20, 21) € Tk (®(Yo, 1)) , (3.36)
VD(go, y7)(20, 27) = 0, '
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where z = z[v, 29] € Z5. Then the critical cone for (Pg) (see Proposition 3.10 in [7]) is the set
Coo :=ConN (U XxR"),
and the cone of radial critical directions for (Pr) (see Definition 3.52 in [7]) is the set
CR = {(v,20) €0 : 37 >0: g;(§) +7g,(¥)z <0onZf, i=1,...,r},

where z = z[v, 9] € Y. These three cones do not depend on the choice of . In view of lemma 20}
the second-order necessary conditions for (Pr) can be written as follows:

Lemma 21. Let (i, %o) be a qualified local solution of (Pr). Then for any (v,z9) € CZ there
exists A € A such that
TN (v, z0) > 0. (3.37)

Proof. Corollary 5.1 in [I7]. O

4 Strong results

Recall that (@,7) is a feasible trajectory that has been fixed to define the reduced problem at
the beginning of section

4.1 Extra assumptions and consequences

We were so far under the assumptions (A0)-(A1). We make now some extra assumptions, which
will imply a partial qualification of the running state constraints, as well as the density of CZ
in a larger critical cone.

(A2) Each running state constraint g;, = 1,...,r is of finite order g;.

Notations Given a subset J C {1,...,7}, say J = {i1 < --- < i;}, we define Gf]q): R x R™ x
R" x U x Y — RIVI by

3t @, 7, u, )
GO (t,a,§,u,y) = : . (4.1)
3 (¢, @, 5, u, y)

For eg > 0 and ¢ € [0,77, let

o—f{l<i<r:tel™), (4.2)
M; = DaG\%, (t, 4, 50, 0, ) € R x R™, (4.3)
t

(A3) There exists €9,y > 0 such that, for all ¢t € [0,T],
|(M7)Te] > vlg] v e R (4.4)
(A4) The initial condition satisfies g(go) < 0 and the final time T is not an entry point (i.e.

there exists 7 < T such that the set I{ of active constraints at time ¢ is constant for
te (r,T)).

Inria



Optimal control of state constrained integral equations 17

Remark 22. 1. We do not assume that @ is continuous, as was done in [5].

2. Recall that € has been fixed to define the reduced problem. Without loss of generality
we suppose that g9 > &, &g < min{r : 7 junction times} and 2¢y < min{|7 — 7’| :
7,7’ distinct junction times}. We omit it in the notation M;°.

3. In some cases, we can treat the case where T is an entry point, say for the constraint g;:

> if 1 <i<ry (ie. if ¢ = 1), then what follows works similarly.
>if rp <i<r (ie. if ¢ > 1) and %gi(g]tﬂt:T > 0, then we can replace in the reduced
problem g;(ylu, yo])|jr—e.z) < 0 by the final constraint g;(y[u, yo}r) < 0.
4. By (A1), we can write
0, T)=JoU---UJ, (4.5)

where J; (I = 0,. .., x) are the maximal intervals in [0, 7] such that I;° is constant (say equal
to I;) for t € J;. We order Jy, ..., J, in [0, T]. Observe that for any ! > 1, J;_1NJ; = {7xe0}
with 7 a junction time.

For s € [1, 00|, we denote

WD (0,7]) = [[ W ((0,7]), W(ze) .= [[we(z), (4.6)
i=1 i=1
©1 p1lzz
and for o = [ : | e W@D=((0,T)), p|z: := e W (7e),
Pr (PT|Z$

Using lemma [§ we define, for s € [1,00] and 2o € R™,

As o2 Vo — WD2([0,T))
v— ¢ (§)z[v, z0]. (4.7)

We give now the statement of a lemma in two parts, which will be of great interest for us
(particularly in section E:33]). The proof is technical and can be skipped at a first reading. It is
given in the next section.

Lemma 23. a) Let s € [1,00] and zy € R™. Let b € W 9:5(Z¢). Then there exists v € Vs such
that

(As,20) |ze = b. (4.8)

b) Let zo € R™. Let (b,0) € W(D:2(T%) x Vy be such that
(As2,200) |z = b. (4.9)
Let b € W@(T2), k € N, be such that b* VT 5 Then there ezists v* € U, k € N,

such that v* L.2> v and
(Aoo,200") |ze = bF. (4.10)
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18 J. Frédéric Bonnans € Constanza de la Vega & Xavier Dupuis

4.2 A technical proof

In this section we prove lemma The proofs of a) and b) are very similar; in both cases we
proceed in k + 1 steps using the decomposition [3H) of [0,7]. At each step, we will use the
following two lemmas, proved in appendixes [A3] and [A.2] respectively.

The first one uses only (A1) and the definitions that follow.

Lemma 24. Let tg := 7+ eg where T is a junction time.
a) Let s € [1,00] and zy € R™. Let (b,v) € W(@-5(Z¢) x Vy be such that
(As.2ov) |z = b on [0,t0]. (4.11)
Then we can extend b to b € W(9-=([0,T)) in such a way that

b= A,.,v on [0,tg]. (4.12)

b) Let zo € R™. Let (b,v) € W(D:2(I%) x Vy be such that

(A2,2,7) |z = D. (4.13)
(a),2 2 _
Let (b, v%) € W@:(T2) x U, k € N, be such that (b",v*) 2L (5, %) and
(Aco,z0*) 7= = b* on [0, 10]. (4.14)

(q)y2(

Then we can extend b* to b* € W @:(0,T)), k € N, in such a way that b* w1, Ag 2,0

and :
VY = Ao 20" on [0, ). (4.15)

The second lemma relies on (A3).

Lemma 25. Let s € [1,00] and zg € R™. Let | be such that I; # 0. Fort € J;, we denote (recall
that D is the differentiation w.r.t. (§,u,y))

Mt = DﬁGgll]) (ta ﬁta gtvﬂvg> € R‘h' X Rm*’ (4 16)
Nt = ﬁG%Z)(tv’atvgtaﬁag) € R'I” X R™ U™ x y* '
a) Let (h,v) € L*(J; R x V. Then there exists o € Vs such that
v=wvonJogU---UJ_1, _ (4.17)
M;ds + Ny ([0, 20)t, 0, 2[0, 20]) = ht for a.a. t € J. ’
b) Let (h,0) € L*(J;; RN x Vg be such that
M + Ni (2[0, 20]¢, 0, 2[0, 20]) = ht for a.a. t € J. (4.18)

Let (h*,vF) € L=(J; R x U, k € N, be such that (h*,vF) L7, (h,©). Then there exists

o* eU, k € N, such that OF L—S> v and

~ko— ok
{U =v" on JyU---UJ_q, (4.19)

Moy + Ny (2[0%, z0le, 0%, 2[0%, 20]) = hY for a.a. t € J,.
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Optimal control of state constrained integral equations 19

Proof of lemmalZ3. In the sequel we omit zg in the notations.

a) Let b € W(9):5(Z%). We need to find v € V, such that

gi(@y)zv) =bion I, i=1,...,r. (4.20)
Since
v=1"on [0,t] = z[v] = z[v] on [0, 1],
let us construct v°, ..., v" € Vy such that, for all [,

oh =01 on J U---uJdp_q,
{ gz =bonZiNg, i=1,...,r

and v := v" will satisty (£20).

By (A4), Jo = [0,71 — o) where 71 is the first junction time and Z¢ N Jy = ) for all i. Then
we can choose v¥ := 0.

Suppose we have v°,... 0!~ for some [ > 1 and let us construct v'. Applying lemma a)
to (b,v!=1) with {to} = Ji_1 N Jj, we get b € W(@-s([0,T)). Since It N J; = 0 if i & I, it is now
enough to find v' such that

0

-1 .
{ V=0 on JO U U Jl*lv (421)

gi(§)=[v'] = by on Ji, i € L.

Suppose that v! = v!~t on JoU---UJ;_1. Then gi(7)z[v!] = b; on Ji_1, and it follows that

gi(@)z[v'] = bi on J; (4.22)
)
dlh' B dqi ~
%gg(y)z[vl] = %bi on Jj. (4.23)

And by lemma B [@23)) is equivalent to
Dag™ (¢, s, 5o, 0, 50} + Do (¢, 5o, 0, 9) (2], o' 210')) = B (1) (4.24)

for a.a. t € J,.
If I; = (), we choose v := v!~1. Otherwise, say [; = {i; < --- < ip} and define on J;

Z;('qil )

h=| 1 | eLJ;RI.
6(_%)

p

Then (£21)) is equivalent to

I 01 .
{ vt =v"1ton JyU---UJ_1, (4.25)

Ml + Ni(z[v'])s, 0!, 2[v!]) = hy for a.a. t € J;.
Applying lemma B3] a) to (h,v'~!), we get ¥ such that ([@25) holds; we choose v' := ©.

b) We follow a similar scheme to the one of the proof of a).

RR n® 7961



20 J. Frédéric Bonnans € Constanza de la Vega & Xavier Dupuis

Let (b,v) € W(9:2(Z%) x V, be such that
gi(y)z[o) =b;onI°, i=1,...,m

(0),2  _
Let b* € W(@:(Z%), k € N, be such that b* W b, Let us construct ok O ok e Y,

k € N, such that for all 1, vk ;L—+ % and
—00

okl = R =1 on Jo U U Jp g,
gi(§)z[v*l] = bk on IE N ), i € 1.

We will conclude the proof by defining v* := v%*, k € N.
We choose for v¥ the truncation of o, k € N (see definition Al in appendix [A.2).

Suppose we have v¥0, ... v®!=1 k € N, for some [ > 1 and let us construct v*!, k € N.

Applying lemma B4 b) to (b%,v™!=1) with {to} = J;_1 N J;, we get bF € W(@D->°([0,T]), k € N.
In particular,
~ (9),2 ~
B R (4.26)

where b := ¢/(7)z[o] € W@:2([0,T]). And it is now enough to find v*!, k € N, such that

L _
vPl 5 5 and
k—o0

{ vl =Rt on JyU - U Ji_q,

gi(G)z[v* = bF on J;, i € I,. (4.27)

If I; = 0, we choose v™! = v®!=1 | € N. Otherwise, say I, = {i; < -+ < i,} and define on J;

?)(-qil) (l;icl)(qll)

1

h = GLQ(Jl;RHL‘)’ hk — . ELOO(Jl;R|IL‘).

Bgzip) (Efp)(qi,))
We have
M, + Ni(2[0)¢, 0, 2[0]) = hy for a.a t € J,

and ([@27) is equivalent to

Rl _ o kel—1
{ v v on JyU---UJ_1, (4.28)

Mt + Ny(z[oF]y, vPt, z[vkl]) = h¥ for a.a. t € J).

2 _ 2
By ([&2Z0), h* L% 7, and by assumption, vF!—1 ;L——» v. Applying lemma 25 b) to (h*,v*11),
— 00

2
we get 9%, k € N, such that 9" L % and ([@2Z8) holds; we choose vF! = o%, k € N.
O

4.3 Necessary conditions

Recall that we are under the assumptions (A0)-(A4).
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4.3.1 Structure of the set of Lagrange multipliers

Recall that we denote by A the set of Lagrange multipliers associated with (@, ) (definition [2).
We consider the projection map

T MXR*xP —  RN* xRS
(@ w,p)  — (s, 0)
where 7 € T;,i =71+ 1,...,r. A consequence of lemma 23] a) is the following:
Lemma 26. 7|a is injective.

Proof. We will use the fact that one of the constraint, namely G1, has a surjective derivative.
For dp € [[;_, M (Zf), we define F, € (W(®:>°(Z%))" by

F,(p) := Z /zs @irdpis for all o € W@ (72,

1<i<r
Since by lemma B DG (@, 90)(v, z0) € W(9:>°(Z¢) for all (v,zy) € U x R", we have
<dpa DGl (’U/a gO)(Ua ZO)) = <FP’ DGl(aa go)(?), ZO))
= <(DG1 (’U’v gO))* Fpa (Ua ZO)> .
Then differentiating Ly, defined by BI9), w.r.t. (u,yo) we get

D (u,yo) Lr (4, Yo, dp, v, ¥)
= DJ(’EM QO) + DGl ('EL7 QO)*FP + DGQ(’EL’ go)*l/ + DGg(a, go)*\p (429)

Let (dn, ¥, p), (dn’, ¥’,p") € A and suppose that 7 ((dn, ¥,p)) = 7 ((dn’, ', p’)). By lemma [I9
let (dp,v),(dp’,v") be such that (dp,v, ¥),(dp’,', V") € Ar. Then (v,¥) = (v/, V'), and by
definition of Ag,

D(u’yU)LR(ﬂ’ 7;07 dp7 v, \IJ) - D(ufy())LR(’aa 7;07 dpla v, \II) = 0

Then by @29), DG (u, yo)* F, = DG (a,go)*Fp,. And it is a consequence of lemma 23] a) that
DG (u,7o)* is injective on (W(9-°(Z¢))". Then F, = F,, and by density of W(9->(Z¢) in
[1C (Z%), we get dp = dp’. Together with v = v/, it implies dn = dn’ and then (dn, ¥,p) =
(dn’, W', p"). O

As a corollary, we get a refinement of theorem

Theorem 27. Let (4,y) be a qualified local solution of (P). Then A is nonempty, convex, of
finite dimension and compact.

Proof. Let Ay := 7 (A). By theorem [[2] A is nonempty, convex, weakly * compact and A, is
nonempty, convex, of finite dimension and compact (7 is linear continuous and its values lie in
a finite-dimensional vector space). By lemma 26 7|y: A — A, is a bijection. We claim that its

inverse
m: Ar — A

((mir )z ¥) ¥ (dn, ¥, p)
is the restriction of a continuous affine map. Since A = m (A), the result follows. For the claim,
using the convexity of both A, and A, the linearity of m and its injectivity when restricted to A,
we get that m preserves convex combinations of elements from A,. Thus we can extend it to an
affine map on the affine subspace of RV* x R** spanned by A,. Since this subspace is of finite
dimension, the extension of m is continuous. O
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4.3.2 Second-order conditions on a large critical cone

Recall that for A € A, J[)A] has been defined on & x R™ by (B31)) or (B3.32).

Remark 28. 7 is quadratic w.r.t. (v, 2¢) and affine w.r.t. A. By lemmas[3 fland® J[\] can be
extended continuously to Vo x R™ for any A € A. We obtain the so-called Hessian of Lagrangian

J: Al xVa xR" — R (4.30)
which is jointly continuous w.r.t. A and (v, zp).

The critical L? cone Cy has been defined by [B.34)-([3.38). Let the strict critical L* cone be the
set

C5 ={(v,20) €Ca : gl(H)z=0o0nT; i=1,...,r},
where z = z[v, 20] € Z5.

Theorem 29. Let (@, 7) be a qualified local solution of (P). Then for any (v, z) € C3, there
exists A € A such that

TN (v, 20) > 0. (4.31)

The proof is based on the following density lemma, announced in the introduction and proved
in the next section:

Lemma 30. CZ N CY is dense in C5 for the L? x R™ norm.

Proof of theorem[29. Let (v, 29) € Cs. By lemmal[30 there exists a sequence (v*, z5) € CENCS,

k € N, such that

(vk, zg) — (v, 20).

By lemma 2] there exists a sequence \¥ € A, k € N, such that

TN, 25) > 0 (4.32)

By theorem 27, A is strongly compact; then there exists A € A such that, up to a subsequence,

A\
We conclude by passing to the limit in ([£32]), thanks to remark 28 O

4.3.3 A density result

In this section we prove lemma B0 using lemma 23] b). A result similar to lemma B0 is stated,
in the framework of ODEs, as Lemma 5 in [5], but the proof given there is wrong. Indeed, the
costates in the optimal control problems of steps a) and ¢) are actually not of bounded variations
and thus the solutions are not essentially bounded. It has to be highlighted that in lemma 23] b)
we get a sequence of essentially bounded v*.

Proof of lemma[30. We define one more cone:
CEF ={(v,20) € CENCS : 36 >0 : g{(y)z[v,20) =00n I, i=1,...,7},

and we show actually that CZ* is dense in Cf.
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To do so, we consider the following two normed vector spaces:

XL ={(v,20) eUxR" : 36> 0 : gi(y)z[v,z0] =0 onZ?, i= L...,r},
Xo :={(v,20) € Va xR" : gi(§)z[v,20] =0o0nZ;, i =1,...,r}.
Observe that CE+ and C5 are defined as the same polyhedral cone by ([B35)-([336)), respectively

in X£ and X5. In view of Lemma 1 in [13], it is then enough to show that X is dense in Xo.
We will need the following lemma, proved in appendix

Lemma 31. Let b; € W(4)2(Z%) be such that

(g;),2 —
Then there exists b) € W(4):>(7¢), § € (0,¢), such that b? LV(;—O: b; and
—

b =0 onZ?. (4.34)

Going back to the proof of lemma B0 let (v, zy) € X2 and b := (Az 5,0) |z:. We consider a
sequence 6 N\, 0 and for i = 1,... 7, b¥ := bf’“ € Wai):>o(7¢) given by lemma BT Applying
lemma Z3 b) to b*, we get v*, k € N. We have (v¥, %)) € XE and (v¥, %) — (v, ). The proof
is completed. O

4.4 Sufficient conditions

We still are under the assumptions (A0)-(A4).

Definition 32. A quadratic form @ over a Hilbert space X is a Legendre form if it is weakly
lower semi-continuous and if it satisfies the following property: if #¥ — 2 weakly in X and
Q(2%) — Q(x), then ¥ — x strongly in X.

Theorem 33. Suppose that for any (v, zo) € Ca, there exists X € A such that J[)\] is a Legendre
form and

TN (v,20) >0 if (v,20) #0. (4.35)

Then (@,g) is a local solution of (P) satisfying the following quadratic growth condition: there
exists B > 0 and o > 0 such that

T y0) 2 T8, 50) + 56 (u —all2 + lvo — o)? (1.36)
for any trajectory (u,y) feasible for (P) and such that ||u — || + |y0 — Ho| < .
Remark 34. Let A = (dn, ¥, p) € A. The strengthened Legendre-Clebsch condition
Ja >0 : D% Hp|(t,as,7:) > al,, for a.a. t € 0,7 (4.37)

is satisfied #ff J[)] is a Legendre form (it can be porved by combining Theorem 11.6 and
Theorem 3.3 in [15]).

Proof of theorem[33. (i) Let us assume that (£35) holds but that (£36]) does not. Then there
exists a sequence of feasible trajectories (u*,y*) such that

O o
(uk7y§) L—X> ( ayo)v (uk7y§> 7é (uvyo)a ) (438)
J(u*, ]5)SJ(@,QO)'FO(HUk—ﬂ||2+|y§—§0|) .

RR n® 7961



24 J. Frédéric Bonnans € Constanza de la Vega & Xavier Dupuis

Let o = [|u* — all2 + |y — 90| and (v*, 2§) = o' (u* — @, y§ — §o) € U x R™. There exists
(T,Z9) € Va2 x R™ such that, up to a subsequence,
(v, 28) — (7, Z0) weakly in Vo x R™.

(i1) We claim that (7, zg) € Cs.

Let zF = z[v* 2k] € Y and 7z := 2[v, %] € Z2. We derive from the compact embedding

Z5 C C([0,T]; R™) that, up to a subsequence,
2% = Zin C ([0, T];R™). (4.39)

Moreover, it is classical (see e.g. the proof of Lemma 20 in [4]) that

J(u*,y5) = J (@, Go) + ok DJI (@, §o) (v*, 25) + o(o,), (4.40)
9(y") = 9(9) + org'(§)z" + o(ow), (4.41)
®(y5, y1) = (50, 5r) + ok DP(Go, ¥r) (25, 27) + 0(ow)- (4.42)
It follows that

DJ(u,50)(v,20) <0, (4.43)

. , -
oo ot (141
D (5o, yr) (20, 2[0, Z0l7) € Tk (2(J0,91)) (4.45)

using [@3R) for [@43) and the fact that (@,7), (u*,y*) are feasible for @A) and @IT). By
lemma [0 given A = (d7, ¥, p) € A, we have

DI, g0, 70) + [ dig! (1) + TR0, 7)o, 1) = 0.
0,7]

Together with definition Bl and ([@43))- (@45, it implies that each of the three terms is null, i.e.

(’D, 20) € (5.

(i4i) Then by ([35) there exists A € A such that J[)\] is a Legendre form and

0 < J\(,2). (4.46)
In particular, J[\] is weakly lower semi continuous. Then
TN (v, 20) < limkinf TN, 28) < limsup T\ (v, 28). (4.47)
k
And we claim that B
limsup J [N\ (v, 28) < 0. (4.48)
k

Indeed, similarly to (Z40)-(@42), one can show that, A being a multiplier,
_ I 1 -
Lr(u® y&, N) — Lr(, §o,\) = iUzD?u,yo)zLR(U, o, \) (V" 25)? + o(a}). (4.49)
Since Lr(u*,yf, \) — Lr(a, 50, \) < J(uF,yf) — J(a, ), we derive from {@3T), @ZJ) and

lemma [20] that B
TN, 28) < o(1). (4.50)
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(iv) We derive from (£46), (@47) and ([@48) that
TN, 2§) — 0= TN(@, %).

By @37), (v,%) = 0, and by definition of a Legendre form, (v*,z§) — (9, %) strongly in
Vo x R™. We get a contradiction with the fact that |[v*||2 + |2§| = 1 for all k.
O

In view of theorems 29 and B3lit appears that under an extra assumption, of the type of strict
complementarity on the running state constraints, we can state no-gap second-order optimality
conditions. We denote by ri(A) the relative interior of A (see Definition 2.16 in [7]).

Corollary 35. Let (u,9) be a qualified feasible trajectory for (P). We assume that C5 = Cy and
that for any A € ri(A), the strengthened Legendre-Clebsch condition (E3T) holds. Then (@, ) is a
local solution of (P) satisfying the quadratic growth condition [30) iff for any (v, z0) € C2\ {0},
there exists A € A such that

TN (v, z0) > 0. (4.51)

Proof. Suppose (@51 holds for some A € A; then it holds for some A € ri (A) too and now J[A]
is a Legendre form. By theorem [33] there is locally quadratic growth.
Conversely, suppose [36]) holds for some 5 > 0 and let

1 _ _
Ja(u, yo0) := J(u, o) — 55 (lu = all2 + [yo — Jol)*
Then (@, o) is a local solution of the following optimization problem:

min  Jg(u,y0), subject to G;(u,yo) € K;, i =1,2,3.
(u,yo)EuXR"

This problem has the same Lagrange multipliers as the reduced problem (write that the respective
Lagrangian is stationary at (@, go)), the same critical cones and its Hessian of Lagrangian is

TsN (v, 20) = TN (v, 20) = B([v]l2 + |20])° -
Theorem [29] applied to this problem gives ([{X11]). O

Remark 36. A sufficient condition (not necessary a priori) to have C5 = Oy is the existence
of (d77, U, p) € A such that
supp(d7;) =Z;, i =1,...,7

A Appendix

A.1 Functions of bounded variations

The main reference here is [I], Section 3.2. Recall that with the definition of BV (][0, T]; R™)
given at the beginning of section 2 for h € BV ([0, T];R™*) there exist ho_,hr, € R™ such
that (2.6]) holds.

Lemma 37. Let h € BV ([0, T];R™). Let h!, h" be defined for all t € [0,T] by

hi :=ho_ +dh([0,1)), (A1)
Ry = ho_ + dh([0,t]). (A.2)
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Then they are both in the same equivalence class of h, h! is left continuous, h' is right continuous
and, for all t € [0,T],

hy = hr, —dh([t,T]), (A.3)
hy = hr, — dh((t,T]). (A.4)
Proof. Theorem 3.28 in [I]. O

The identification between measures and functions of bounded variations that we mention at
the beginning of section relies on the following;:

Lemma 38. The linear map
(¢, 1) —s (h: tHcfu([t,T])) (A.5)
is an isomorphism between R™ x M ([0, T];R™) and BV (]0,T]; R™), whose inverse is
B (hﬂ,dh). (A.6)

Proof. Theorem 3.30 in [I]. O
Let us now prove lemma, [Tk

Proof of lemma [ By ([A3), a solution in P of [ZI0) is any p € L' (0, T;R™) such that, for a.e.
t € 0,77,

bt = DyQ(I)[\I/](yo, yT) + /t DyH[p](svus; ys)ds + / dnsg/(ys)' (A7)

)

We define ©: L'(0, T;R™) — L*(0, T; R™) by

O(p)t 1= Dy, ®[¥](yo, yr) +/t Dy H{p|(s,us,ys)ds + /[t - dnsg' (ys) (A.8)

)

for a.e. t € [0,7], and we show that © has a unique fixed point. Let C' > 0 such that
1Dy flloos D5+ flloc < C along (u,y).

|®(p1)t - ®(p2)t| = |/t (DyH[pl](Svu57ys) - DyH[p2](Svu57ys))dS

T
SC/
t

—cf ' 2(5) = a0+ [ (o) = palo)a] s

T
()=o) + [ ) pgwnﬂ s

<ca+T) / [p1(s) — pa(s)|ds.

We consider the family of equivalent norms on L!(0,7; R™)

ol = (It = e X0ty (K > 0). (A.9)
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T T
10(p1) — O(a)ll1xc < C(1+T) / / e KT, (5) — pa(s)|dsdt

1) [T ) palo)l | [ as

0
C(1+T)

< — .
= K ||p1 szl,K

For K big enough O is a contraction on L*(0,T;R"™) for || - ||1,x; its unique fixed point is the
unique solution of (ZI0). O

Another useful result is the following integration by parts formula:

Lemma 39. Let h,k € BV ((0,T]). Then h' € L'(dk), k" € L'(dh) and
/ hldk + / k"dh = hy, kr, —ho_ko_. (A.10)
[0,77 [0,T7]

Proof. Let  := {0 <y <2 <T}. Since yo € L'(dh ® dk), we have by Fubini’s Theorem
(Theorem 7.27 in [I4]) and lemma B7 that h' € L'(dk), k" € L'(dh) and we can compute
dh ® dk(Q) in two different ways:

dh ® dk(Q2) = / / dh,dk,
(0,7] Jy,T]

N
[0,7]

= hr, (kr, —ko_) — / hi,dky,

[0,7]
dh ® dk(Q) = / / dk,dh,
[0,7] J[0,z]

= / kidhy — ko (hp, —ho ) .
[0.7]

A.2 The hidden use of assumption 3
We use (A3) to prove lemma 25 (and then lemma 23] and then ...) through the following:

Lemma 40. Recall that M; := Dﬁng)o(t)(t, Ty, Gr, 4, 7) € RIZCOI S R™* . Then for all t € [0,T],

M;MT is invertible and | (1\415MtT)_1 | <~72
Proof. For any z € R ®I
<MtMtT:L',:L'> = |MTz|* > 42|z

Then MM} x = 0 implies z = 0 and the invertibility follows.
1

Let y € ROl and 2 := (M, MT) " y.
yllz > (y, 2) = (MM @, ) = | M z” > 7|z
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For y # 0, we have a # 0; dividing the previous inequality by |z|, we get
-1
22| (M) y| < ol
The result follows. O

Before we prove lemma [25] we define the truncation of an integrable function:

Definition 41. Given any ¢ € L°(J) (s € [1,00) and J interval), we will call truncation of ¢
the sequence ¢* € L°°(J) defined for k € N and a.a. t € J by

. on if |p¢| <k,
o7 =

k ﬂ otherwise.
|t

Observe that ¢* —2— ¢.
k—oco

Proof of lemmal23. In the sequel we omit 2o in the notations.
(i) Let v € V. We claim that v satisfies

My + Ny (z[v]e, v, 2[v]) = hy for a.a. t € J) (A.11)

iff there exists w € L*(J;; R™) such that (v, w) satisfies

Maw, =0,
{ 1wy for a.a. t € J,. (A.12)

v = MJ (MMF) ™ (he — Ne(z[vls, v, 2[v])) + e,

Clearly, if (v,w) satisfies (AI2), then v satisfies (AI1)). Conversly, suppose that v satisfies
(AT11). With lemma B0 in mind, we define o € L*(J;; R%) and w € L*(J;;R™) by

o= (MMT)_1 Mo,
wi= (Ln = MT (MMT) " M) 0.

Then

{ Mw =1, on Jj. (A.13)

v=MTa+w,
We derive from (A1) and (AI3) that
MiMTa; + Ni (2[v]s, v, 2[v]) = hy for a.a. t € J).
Using again lemma [0 and (A13), we get (A12]).
(ii) Given (v, h,w) € V, x L*(J;; RItl) x L3(J;; R™), there exists a unique © € Vs such that

{17:1}OIlJoU-'-UJl_lUJH_lU"'UJm (A14)

o = ML (M,:MtT)_1 (ht — N¢(2[0)t, 0, 2[0])) + wy for a.a. t € Jj,

Indeed, one can define a mapping from V, to Vs, using the right-hand side of (AI4). Then it
can be shown, as in the proof of lemma [I] that this mapping is a contraction for a well-suited
norm, using lemmas [B] @l and B0l The existence and uniqueness follow. Moreover, a version of
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the contraction mapping theorem with parameter (see e.g. Théoréme 21-5 in [I0]) shows that ©
depends continuously on (v, h, w).

(iii) Let us prove a): let_(l_z,v) € L*(Jy; R x Y, and let w := 0. Let & € Vs be the unique
solution of (A4 for (v, h,w). Then v is a solution of (@XIT) by (i).

(iv) Let us prove b): let (h,v) € L*(Jy; Ry x Vs as in the statement and let w be given by (7).
Then v is the unique solution of (A14) for (v, h,w).
L*xL*

Let (hF,v*) € L®(J;; R x U, k € N, be such that (h*,vF) === (h,7) and let w* €
L (J;;R™), k € N, be the truncation of w. It is obvious from definition AI] that

Z\i,gwi€ =0 for a.a. t € J|.

Let ©% € U be the unique solution of (AI4) for (v¥, h* wk), k € N. Then by uniqueness and
continuity in (%),

o L 5. (A.15)

And % is a solution of ({@I9) by (i). O

A.3 Approximations in W%?

We will prove in this section lemmas 24] and BIl First we give the statement and the proof of a
general result:

Lemma 42. Let & € W%%([0,1]). For j =0,...,q — 1, we denote

;= #9)(0),
§ Pt 10

and we consider a?,ﬂf € Re, k € N, such that (af,ﬂf) — (dj,ﬁj). Then there exists z* €
q,2
W>=([0,1]), k € N, such that 2* Rl and, for j=0,...,q—1,

z® @) 0 :a’?,
{ Exk§<ﬂ‘>g1; :55?. (A.17)

Proof. Given u € L?([0,1]), we define z,, € W%2([0,1]) by

/ / / u(sq)dsqdsg—1---dsy, t € [0, 1].

Then 2\ = w and, for j =0,...,q— 1,
x’&j)(l) = = (aj, u)p2 = Vi
where a; € C([0,1]) is defined by

(1—t)ya-1=J
(g—1-7)! '

Indeed, a straightforward induction shows that

Si+1
2P (1 / / / u(sq)dsqdsg—1 - - - dsjt1.

a;(t) == € [0,1].
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Then integrations by parts give the expression of the a;. Note that the a; (j =0,...,¢— 1) are
linearly independent in L?([0,1]). Then

A: R —  L2([0,1])
)\0 q—l
: — Z )\jaj
Ag—1 3=0
is such that A*A is invertible (A* is here the adjoint operator). And
e (1) =7, 7=0,...,q—1 <= A'u=(70,...,7-1)". (A.18)

Going back to the lemma, let @ := £(9 € L?([0,1]). Observe that

gt aalt), te 0,1

and that A*i = (§o,...,9¢-1)7 where

qg—1

A 3 (&%) .

i ::@‘_Z(l,j)!’ j=0,...,q—1
l=j

Then we consider, for k € N, the truncation (definition E)) @* € L>°([0, 1]) of @, and

k
k._ pk @ o
V= j—zm,j—o,...,q—l, (A.19)
’y = (’Yéc) e a’y(];—l)Ta
uf = aF + A(A*A) 71 (’yk — A*ﬂk) ,
ak
k() = l—:tl +a,x(t), t€[0,1]. (A.20)

It is clear that u* € L>([0,1]) (by definition of A); then x¥ € W%°°([0,T]). Since A*u* = *
and in view of (AI8), (A1) and (A20), (AIT) is satisfied. Finally, % — 4; (j =0,...,¢—1);

then v* — A*@ and v* — 4.

O
We can also prove the following:

Lemma 43. Let & € W%2([0,1]) be such that 29 (0) = 0 for j =0,...,q— 1. Then there exists

x° € Wo([0,1]) for 6 > 0 such that 2° I;V—q’} % and
—

2° =0 on [0,0]. (A.21)

Proof. We consider u® € L>=([0,1]), § > 0, such that u’ = 0 on [0,4] and u’ (SL—0> 0 = @,
—

Then we define 2° := z,,5 (see the previous proof). O

Now the proof of lemma [B1] is straightforward.
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Proof of lemma[3D. We observe that b; = 0 on Z; implies that ng ) = 0 at the end points of Z; for
j=0,...,¢; — 1 (note that with the definition (BI4]), if one component of Z; is a singleton, then
¢i = 1). Then the conclusion follows with lemma 3] applied on each component of Zf \ Z;. O

Finally, we use lemma [42] to prove lemma

Proof of lemma[Z] In the sequel we omit z in the notations. We define a connection in W2
between 11 at t; and ¥y at t9 as any ¥ € W ([t1,t2]) such that

{ @ (1)

v (1),
P () (

j=0,...,q—1.
wQJ)(tQ)a

a) We define b; on [0,%o] by b; := g}(7)z[v], i =1,...,7. We need to explain how we define b,
on (to,T], using b; and connections, to have b; € W9%*([0,T]) and b; = b; on each component of
Z; N (to, T]. The construction is slightly different whether to € Z7 or not, i.e. whether i € I7 or
not. Note that by definition of €9 and of ¢y, I; is constant for ¢ in a neighbourhood of ty. We
now distinguish the 2 cases just mentioned:

1. i € If: We denote by [t1,ts] the connected component of Z7 such that to € (t1,t2). We
derive from ([@I2)) that b; = b; on [t1,t0]. Then we define b; := b; on (to, ta].
If Z7 has another component in (t2,7], we denote the first one by [t],#5]. Let ¢ be a
connection in W%:° between b; at to to b; at tj. We define b; := 1) on (t2,t}), b; := b; on
[t], 5], and so forth on (¢}, T).

If Z7 has no more component, we define b; on what is left as a connection in W% > between

b; and g.(y)z[v] at T.

2.4 ¢ If: If If has a component in [tg, 7], we denote the first one by [t;,?2]. Note that

t1 —tg > g — e > 0. We consider a connection in W%>°° between l;i at to and b; at t; and
we continue as in 1.

If Z¢ has no component in [tg,T], we do as in 1.

b) For all k € N, we apply a) to (b*,v*) and we get b*. We just need to explain how we can get,
for 1=1,...,r,

T W2 N
b s g()=[1].
—00

By construction we have

on [0,t], b = gi(§)=[v*] — gi(7)[0],
onZf, b =0bF — b= gi(7)z[v].

Then it is enough to show that every connection which appears when we apply a) to (b*,v*), for
example ¥ € W%:>([t1,t5]), can be chosen in such a way that

¢ — gi(§)z[0] on [ty,ta].

This is possible by lemma O
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