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Abstract. In this paper we study the asymptotic behavior of the sequence
of solutions for a family of torsional creep-type problems, involving inhomoge-

neous and anisotropic differential operators, on a bounded domain, subject to

the homogenous Dirichlet boundary condition. We find out that the sequence
of solutions converges uniformly on the domain to a certain distance function

defined in accordance with the anisotropy of the problem. In addition, we

identify the limit problem via viscosity solutions theory.

1. Introduction

Let L, M and N be three positive integers such that L + M = N . For each
ξ ∈ RN we write ξ = (x, y) ∈ RL × RM with x = (x1, ..., xL) ∈ RL and y =
(y1, ..., yM ) ∈ RM . Moreover, we denote by | · |L, | · |M and | · |N , the Euclidean
norms in RL, RM and RN , respectively. Furthermore, for ξ1 = (x, y) ∈ RN and
ξ2 = (x̃, ỹ) ∈ RN with x, x̃ ∈ RL and y, ỹ ∈ RM we define the ”anisotropic
Euclidean norm” on RN as

]ξ1 − ξ2[1:= |x− x̃|L + |y − ỹ|M .

On the other hand, for a sufficiently smooth function u defined on an open subset
of RN we will use the following notations

∇xu :=

(
∂u

∂x1
, ...,

∂u

∂xL

)
, ∇yu :=

(
∂u

∂y1
, ...,

∂u

∂yM

)
, ∇u := (∇xu,∇yu) .

For each integer n ≥ 1, we consider the mappings φn, ψn : R → R which are
assumed to be odd, increasing homeomorphisms of class C1 satisfying

N − 1 < φ−n − 1 ≤ tφ
′

n(t)

φn(t)
≤ φ+

n − 1 <∞, ∀ t ≥ 0 (1.1)

N − 1 < ψ−n − 1 ≤ tψ
′

n(t)

ψn(t)
≤ ψ+

n − 1 <∞, ∀ t ≥ 0 (1.2)

for some constants φ−n , ψ−n , φ+
n , ψ+

n with N < φ−n ≤ φ+
n <∞ and N < ψ−n ≤ ψ+

n <
∞,

φ−n →∞ and ψ−n →∞ as n→∞, (1.3)

and such that there exists a real constant β > 1 for which

φ+
n ≤ βφ−n and ψ+

n ≤ βψ−n , ∀ n ≥ 1 . (1.4)
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Let Ω ⊂ RN be a bounded domain with smooth boundary, ∂Ω, and let f ∈
C(Ω) be a positive function. The purpose of this work is to study the asymptotic
behaviour of the solutions for the family of problems{

−divx

(
φn(|∇xu|L)
φn(1)|∇xu|L∇xu

)
− divy

(
ψn(|∇yu|M )
ψn(1)|∇yu|M∇yu

)
= f, in Ω,

u = 0, on ∂Ω,
(1.5)

as n→∞.

Several research directions are assembled behind the study of the present work.
The initial motivation comes from the analysis of torsional creep problems. Ac-
cording to [4] the torsional creep represents the permanent plastic deformation of
a material subject to a torsional moment for an extended period of time and at
sufficiently high temperature. Moreover, in [4, Part IV] it is also pointed out the
fact that torsional creep problems are related to inhomogeneous problems of the
type {

−div(|∇u|p−2
N ∇u) = 1 in Ω,

u = 0 on ∂Ω.
(1.6)

It is common knowledge that for all real numbers p ∈ (1,∞) problem (1.6) possesses
a unique solution, say up. As explained in [23], several facts on elastic-plastic torsion
theory suggested that necessarily up → dist(·, ∂Ω) in some sense, where dist(·, ∂Ω)
stands for the distance function to the boundary of Ω with respect to the Euclidean
norm | · |N , i.e. dist(x, ∂Ω) := infy∈∂Ω |x − y|N , for each x ∈ Ω. One of the first
results supporting this conjecture is included in [26], where it is shown that

lim
p→∞

∫
Ω

up(x)dx→
∫

Ω

dist(x, ∂Ω)dx.

This result was improved independently in [23] and [4] where it was established the
uniform convergence of up to dist(·, ∂Ω) in Ω. If in [23] the uniform convergence
was obtained with the use of variational arguments and maximum principles, in
[4] the authors used an approach based on the analysis of the viscosity solutions
of the limiting problem of the family of equations (1.6), as p → ∞. In order to
explain the ideas used in [4] we recall the famous Lipschitz Extension Problem, that
is, given a Lipschitz function g : ∂Ω → R, with its best Lipschitz constant Lg,
find its Absolutely Minimizing Lipschitz Extension (or AMLE), i.e. the (unique)
best Lipschitz extension, in the sense that the Lipschitz constant is the same, Lg,
and it remains stable for subdomains (see [2]). The problem of finding the AMLE
can be connected with the study of the limit problem, as p → ∞, of the family
of equations div(|∇u|p−2

N ∇u) = 0 in Ω subject to u = g on ∂Ω. This idea gave
rise to a notable field of research, where the limit problem is identified and the
existence of solutions for the limit problem is investigated, thanks to a relaxed
concept of solution: solutions in viscosity sense, see Section 6 for further details on
this topic. In this context, we recall that the limit problem corresponding to (1.6),
as p → ∞, reads as min{1 − |∇u|N ,−∆∞u} = 0 in Ω and u = 0 on ∂Ω, which
has a unique (viscosity) solution that is precisely dist(·, ∂Ω) (see, e.g. [18, 20]).
Here ∆∞u := 〈D2u∇u,∇u〉N stands for the Infinity Laplacian, provided that D2u
denotes the Hessian matrix of u and 〈·, ·〉N is the scalar product on RN .
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The above results can be relaxed in the sense that we can consider more general
differential operators in the left-hand side of equations (1.6). For example, in [29]

the authors replaced the p-Laplacian from (1.6), i.e. div(|∇u|p−2
N ∇u), by its inho-

mogeneous variable exponent version, the p(·)-Laplacian, i.e. div(|∇u|p(x)−2
N ∇u),

where p : Ω → (1,∞) is a continuous function. To be more specific, it was proved
that if pn(·) is a sequence of continuous functions over Ω which diverges to infinity
uniformly in Ω, as n → ∞, then the sequence of (unique) solutions, un, of the
family of equations{

−div(|∇u|pn(x)−2
N ∇u) = 1, in Ω,

u = 0, on ∂Ω,
(1.7)

converges uniformly to dist(·, ∂Ω) in Ω, as n→∞. Another generalization of (1.6)
is undertaken in [6], where the authors studied the asymptotic behavior of the
sequence of (unique) solutions, un, for the family of problems −div

(
φn(|∇u|N )

φn(1)|∇u|N
∇u
)

= 1, in Ω,

u = 0, on ∂Ω,
(1.8)

with φn satisfying (1.1), (1.3) and (1.4). It was established again that un converges
uniformly to dist(·, ∂Ω) in Ω, as n → ∞. Note that, problems (1.7) and (1.8)
represent generalizations of (1.6) since if we consider the particular cases when
pn(x) = n and φn(t) = |t|n−2t, respectively, we recover (1.6) with p = n. On
the other hand, we also point out the fact that problem (1.8) can be regarded
as an isotropic version of problem (1.5), proposed for investigation in this paper.
However, as it can be easily observed, we can not apply the results obtained from
the study of problems (1.8) to the study of problems (1.5) since the differential
operator involved in (1.5) is of anisotropic type. As we will show immediately
this new situation will give rise some changes in the conclusion of the investigation
considered here compared with the conclusion of the isotropic case.

We recall that the analysis of asymptotic behavior of solutions for different fam-
ilies of anisotropic differential operators was largely considered in the literature,
see for instance [3, 14, 16, 27, 29, 28]. In particular, for each positive integer n,
consider the family of equations{

−divx(|∇xun|pn−2
L ∇xun)− divy(|∇yun|qn−2

M ∇yun) = 1, in Ω,
un = 0, on ∂Ω,

(1.9)

where pn and qn are two sequences of real numbers diverging to infinity, as n→∞.
For each integer n we denote by un the unique solution of (1.9). It was proved in [14]
and [16, Section 6] (see also [27] for a variable exponent version of the problem)
that un converges uniformly in Ω, as n → ∞, to a distance function that takes
into account the anisotropy of the problem, see Section 3. Indeed it is the unique
solution of the limit problem, identified to be precisely max{|∇xu|L, |∇yu|M} = 1
in Ω subjected to u = 0 on ∂Ω. Since problem (1.9) represents a particular case of
problem (1.5), obtained when φn = |t|pn−2t and ψn = |t|qn−2t, our intuition is that
we can expect to prove similar results in the case of problem (1.5).
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The goal of the present paper is to complement all the former works highlighted
above by analyzing problem (1.5), which, due to its anisotropic nature, could repre-
sent a torsion that twists the material depending on the direction of the variables.

The paper is organized as follows: in Section 2 we present the function space
setting where problem (1.5) is analyzed; in Section 3 the definition and properties
of a weak solution for problem (1.5) are recalled and the main result of this paper is
emphasized; Section 4 is devoted to the study of a Γ-convergence result for certain
functionals which are related with the problem considered here; subsequently, this
Γ-convergence result is used in Section 5 in order to prove the main result of the
paper; Section 6 presents an alternative proof of the main result based on the
identification of the limit equation, as n→∞ in (1.5), which is understood in the
viscosity sense.

2. Function space setting

Due to the inhomogeneous nature of the problem (1.5), the classical Lebesgue and
Sobolev spaces are not the appropriate functional spaces in which to seek solutions
for our problem. Instead, one needs to work in the more general framework of
Orlicz and Orlicz-Sobolev spaces. With φn and ψn as above, define

Φn(t) :=

∫ t

0

φn(s) ds and Ψn(t) :=

∫ t

0

ψn(s) ds, ∀ t > 0 .

Note that hypotheses (1.1) and (1.2) ensure that

φ−n ≤
tφn(t)

Φn(t)
≤ φ+

n and ψ−n ≤
tψn(t)

Ψn(t)
≤ ψ+

n , ∀ t ≥ 0, (2.10)

as it is shown in [24, Lemma 1.1] (see also, [25, Lemma 2.1]). The Orlicz spaces
LΦn(Ω) and LΨn(Ω) are defined by

LΦn(Ω) :=

{
u : Ω→ R; u is measurable and

∫
Ω

Φn(|u(ξ)|) dξ <∞
}
,

and

LΨn(Ω) :=

{
u : Ω→ R; u is measurable and

∫
Ω

Ψn(|u(ξ)|) dξ <∞
}
.

Endowed with the Luxemburg norms, given by

‖u‖Φn := inf

{
µ > 0 :

∫
Ω

Φn

(
u(ξ)

µ

)
dξ ≤ 1

}
, (2.11)

and

‖u‖Ψn := inf

{
µ > 0 :

∫
Ω

Ψn

(
u(ξ)

µ

)
dξ ≤ 1

}
, (2.12)

LΦn(Ω) and LΨn(Ω) are Banach spaces. The Orlicz-Sobolev space W 1,Φn,Ψn
0 (Ω) is

defined as the closure of C∞0 (Ω) with respect to the norm ‖u‖ := ‖|∇xu|L‖Φn +

‖|∇yu|M‖Ψn .Under our assumptions (1.1) and (1.2), LΦn(Ω), LΨn(Ω) andW 1,Φn,Ψn
0 (Ω)

are reflexive Banach spaces. For more details about Orlicz and Orlicz-Sobolev
spaces we refer to the book by Adams [1], and to the papers by Clément et al. [9],
Lieberman [24] and Mart́ınez & Wolanski [25].
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3. Main results

We say that u ∈W 1,Φn,Ψn
0 (Ω) is a weak solution of problem (1.5) if∫

Ω

φn(|∇xu|L)

φn(1)|∇xu|L
∇xu∇xv dξ +

∫
Ω

ψn(|∇yu|M )

ψn(1)|∇yu|M
∇yu∇yv dξ =

∫
Ω

fv dξ ,

for all v ∈W 1,Φn,Ψn
0 (Ω).

It is standard that for each positive integer n ∈ N, the unique weak solution

un ∈W 1,Φn,Ψn
0 (Ω) of problem (1.5) is a minimizer of the Euler-Lagrange functional

associated to problem (1.5), namely, Jn : W 1,Φn,Ψn
0 (Ω)→ R given by

Jn(v) :=

∫
Ω

Φn(|∇xv(ξ)|L)

φn(1)
dξ +

∫
Ω

Ψn(|∇yv(ξ)|M )

ψn(1)
dξ −

∫
Ω

f(ξ)v(ξ) dξ . (3.13)

In particular, since Jn(v) ≥ Jn(|v|) for all v ∈ W 1,Φn,Ψn
0 (Ω) and un is a minimizer

of Jn, it is clear that un(ξ) ≥ 0 for a.e. ξ ∈ Ω. Moreover, it follows by standard

arguments that Jn ∈ C1(W 1,Φn,Ψn
0 (Ω);R) and 〈J ′n(un), un〉 = 0, i.e.∫

Ω

φn(|∇xun|L)

φn(1)
|∇xun|L dξ +

∫
Ω

ψn(|∇yun|M )

ψn(1)
|∇yun|M dξ

−
∫

Ω

fun dξ = 0 .
(3.14)

Let us introduce the ”anisotropic distance function” to the boundary of Ω with
respect to the norm ] · [1 as δ1 : Ω→ [0,∞), determined by

δ1(ξ) = inf
η∈∂Ω

]ξ − η[1, ∀ ξ ∈ Ω .

Our aim is to see that, indeed, this anisotropic distance will be the limit of our
solutions un as n→∞. This is the core of the following theorem.

Theorem 3.1. Assume that f ∈ C(Ω) is positive and the hypotheses (1.1), (1.2),

(1.3), and (1.4) hold. Then the sequence {un} ⊂W 1,Φn,Ψn
0 (Ω) of weak solutions of

problem (1.5) converges uniformly in Ω to δ1.

4. A Γ-convergence result

We dedicate this section of our paper to analyze the Γ-convergence of certain
functionals which are strongly related with the problem under consideration.

Let us first recall the definition of the concept of Γ-convergence (introduced in
[12], [13]) in metric spaces. The reader is referred to [11] and [7] for a comprehensive
introduction to the topic.

Definition 4.1. Let X be a metric space. A sequence {Fn} of functionals Fn :
X → R := R ∪ {+∞} is said to Γ(X)-converge to F : X → R, and we write
Γ(X)− lim

n→∞
Fn = F , if the following hold:

(i): for every u ∈ X and {un} ⊂ X such that un → u in X, we have

F (u) ≤ lim inf
n→∞

Fn(un) ;

(ii): for every u ∈ X there exists a recovery sequence {un} ⊂ X such that
un → u in X and

F (u) ≥ lim sup
n→∞

Fn(un) .
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For each integer n ≥ 1 consider the functional In : L1(Ω)→ [0,∞] defined by

In(u) =


∫

Ω

Φn(|∇xu|L)

φn(1)
dξ +

∫
Ω

Ψn(|∇yu|M )

ψn(1)
dξ, if u ∈W 1,Φn,Ψn

0 (Ω),

+∞, otherwise .

Next theorem reveals which is the Γ-limit for the sequence {In}. Its proof follows
the ideas from [5, Theorem 3.2] but we present it in detail for the convenience of
the reader.

Theorem 4.1. Define I∞ : L1(Ω)→ [0,∞] by

I∞(u) =

{
0, if u ∈ X and max{‖ |∇xu|L ‖L∞(Ω), ‖ |∇yu|M ‖L∞(Ω)} ≤ 1,
+∞, otherwise .

where X = W 1,∞(Ω) ∩
(
∩q≥1W

1,q
0 (Ω)

)
. Then Γ(L1(Ω))− lim

n→∞
In = I∞.

A simple consequence of Theorem 4.1 which will be useful in establishing the
conclusion of Theorem 3.1 is the following.

Corollary 4.2. For each integer n ≥ 1 consider the functional Jn : L1(Ω) → R
defined by

Jn(u) =

{
Jn(u), if u ∈W 1,Φn,Ψn

0 (Ω),
+∞, otherwise .

Define J∞ : L1(Ω)→ R by

J∞(u) =

 −
∫

Ω

fu dξ, if u ∈ X and max{‖ |∇xu|L ‖L∞(Ω), ‖ |∇yu|M ‖L∞(Ω)} ≤ 1,

+∞, otherwise .

where X = W 1,∞(Ω) ∩
(
∩q>1W

1,q
0 (Ω)

)
.Then Γ(L1(Ω))− lim

n→∞
Jn = J∞.

Proof of Theorem 4.1. We start by verifying the existence of a recovery se-
quence. If I∞(u) =∞, the inequality clearly holds for any sequence un → u strongly
in L1(Ω). On the other hand, if I∞(u) < +∞ we must have I∞(u) = 0 and, as a re-

sult, u ∈ X = W 1,∞(Ω)∩
(
∩q≥1W

1,q
0 (Ω)

)
and max{‖ |∇xu|L ‖L∞(Ω), ‖ |∇yu|M ‖L∞(Ω)} ≤

1. For each n ∈ N, let un := u, and note that un ∈W 1,Φn,Ψn
0 (Ω) and

lim sup
n→∞

In(un) = lim sup
n→∞

(∫
Ω

Φn(|∇xu(ξ)|L)

φn(1)
dξ +

∫
Ω

Ψn(|∇yu(ξ)|M )

ψn(1)
dξ

)
≤ lim sup

n→∞

(
|Ω|Φn(1)

φn(1)
+
|Ω|Ψn(1)

ψn(1)

)
≤ lim sup

n→∞

(
|Ω|
φ−n

+
|Ω|
ψ−n

)
= 0 = I∞(u),

where we have taken into account (1.3) and (2.10). This implies that the constant
sequence {un} = {u} is a recovery sequence for the Γ-limit.

To prove liminf-inequality from the definition of the Γ-convergence, we may

assume, without loss of generality, that un ∈W 1,Φn,Ψn
0 (Ω) and

lim inf
n→∞

In(un) = lim
n→∞

In(un) <∞ . (4.15)
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Recall that Φn(t) dominates tφ
−
n near infinity for each n ≥ 1, thus LΦn(Ω) ⊂

Lφ
−
n (Ω) and hence, |∇xun|L ∈ Lφ

−
n (Ω) (see [1, Lemma 8.12(b)]). Similarly, |∇yun|M ∈

Lψ
−
n (Ω), for each n ≥ 1.
Let ξ0 ∈ Ω be a Lebesgue point for ∇u ∈ L1(Ω;RN ), namely

lim
r→0+

1

|Br(ξ0)|

∫
Br(ξ0)

|∇u(η)−∇u(ξ0)|N dη = 0 .

Since |∇u(η)−∇u(ξ0)|2N = |∇xu(η)−∇xu(ξ0)|2L+ |∇yu(η)−∇yu(ξ0)|2M we deduce
that

1

|Br(ξ0)|

∫
Br(ξ0)

|∇xu(η)−∇xu(ξ0)|L dη ≤
1

|Br(ξ0)|

∫
Br(ξ0)

|∇u(η)−∇u(ξ0)|N dη ,

and

1

|Br(ξ0)|

∫
Br(ξ0)

|∇yu(η)−∇yu(ξ0)|M dη ≤ 1

|Br(ξ0)|

∫
Br(ξ0)

|∇u(η)−∇u(ξ0)|N dη .

Consequently,

lim
r→0+

1

|Br(ξ0)|

∫
Br(ξ0)

|∇xu(η)−∇xu(ξ0)|L dη = 0 ,

and

lim
r→0+

1

|Br(ξ0)|

∫
Br(ξ0)

|∇yu(η)−∇yu(ξ0)|M dη = 0 ,

which shows that ξ0 is a Lebesgue point for ∇xu ∈ L1(Ω;RL) and also for ∇yu ∈
L1(Ω;RM ). For any ball Br(ξ0) ⊂ Ω, and n ≥ 1 sufficiently large it holds, in view
of Hölder’s inequality, that∫

Br(ξ0)
|∇xun(η)|dη ≤ ‖ |∇xun|L ‖Lφ−n ‖χBr(ξ0)‖L(φ

−
n )
′

= ‖ |∇xun|L ‖Lφ−n |Br(ξ0)|
φ−n−1

φ
−
n ,

(4.16)

where (φ−n )
′

:=
φ−n
φ−n−1

.

Further, invoking [15, Lemma A.2] we have for all n ≥ 1, ρ > 0 and t > 0 that

Φn(t)

{
ρφ

+
n if ρ ∈ (0, 1]

ρφ
−
n if ρ ∈ (1,∞)

≤ Φn(ρt) ≤ Φn(t)

{
ρφ
−
n if ρ ∈ (0, 1]

ρφ
+
n if ρ ∈ (1,∞) ,

(4.17)

and

Ψn(t)

{
ρψ

+
n if ρ ∈ (0, 1]

ρψ
−
n if ρ ∈ (1,∞)

≤ Ψn(ρt) ≤ Ψn(t)

{
ρψ
−
n if ρ ∈ (0, 1]

ρψ
+
n if ρ ∈ (1,∞) .

(4.18)

Consider the sets

Ω+
n = {ξ ∈ Ω; |∇xun(ξ)|L ≥ 1} and Ω−n = {ξ ∈ Ω; |∇xun(ξ)|L < 1}.
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Having in mind (1.4), (2.10) and (4.17), we can estimate∫
Ω

|∇xun(ξ)|φ
−
n

L dξ =

∫
Ω−n

|∇xun(x)|φ
−
n

L dξ +

∫
Ω+
n

|∇xun(ξ)|φ
−
n

L dξ

≤ |Ω|+
∫

Ω+
n

|∇xun(ξ)|φ
−
n

L dξ

≤ |Ω|+ φn(1)

Φn(1)

∫
Ω

Φn(|∇xun(x)|L)

φn(1)
dξ

≤ |Ω|+ φ+
n In(un) ≤ |Ω|+ βφ−n In(un) .

Thus,

‖ |∇xun|L ‖Lφ−n ≤ [|Ω|+ βφ−n In(un)]1/φ
−
n , (4.19)

which combined with (4.16) gives∫
Br(ξ0)

|∇xun(η)|dη ≤ [|Ω|+ βφ−n In(un)]1/φ
−
n |Br(ξ0)|

φ−n−1

φ
−
n . (4.20)

Now we use (1.3) and (4.15) to infer that

lim sup
n→∞

∫
Br(ξ0)

|∇xun(η)|Ldη ≤ |Br(ξ0)| . (4.21)

and analogously,

lim sup
n→∞

∫
Br(ξ0)

|∇yun(η)|Mdη ≤ |Br(ξ0)| . (4.22)

Let q ≥ 1 be an arbitrary real number. By (1.3), q < φ−n for sufficiently large n ≥ 1.
Applying Hölder’s inequality we have∫

Ω

|∇xun(ξ)|qL dξ ≤
(∫

Ω

|∇xun(ξ)|φ
−
n

L dξ

) q

φ
−
n |Ω|

φ−n−q

φ
−
n

≤
(
|Ω|+

∫
Ω

Φn(|∇xun(ξ)|L)

Φn(1)
dξ

) q

φ
−
n |Ω|

φ−n−q

φ
−
n

≤ (|Ω|+ βφ−n In(un))
q

φ
−
n |Ω|

φ−n−q

φ
−
n .

Similarly, we obtain∫
Ω

|∇yun(ξ)|qM dξ ≤ (|Ω|+ βψ−n In(un))
q

ψ
−
n |Ω|

ψ−n −q

ψ
−
n .

In particular this shows that the sequence {∇un} is bounded in Lq(Ω;RN ) for any
q ≥ 1. The convergence un → u in L1(Ω) guarantees that {un} is bounded in

W 1,q
0 (Ω), and as a result we may extract a subsequence (not relabelled) such that

un ⇀ u weakly in W 1,q
0 (Ω). In particular, we find that u ∈ ∩q≥1W

1,q
0 (Ω). On the

other hand, well-known lower semicontinuity results (see, e.g. [8, p. 61]) now give∫
Br(ξ0)

|∇xu(η)|Ldη ≤ lim inf
n→∞

∫
Br(ξ0)

|∇xun(η)|Ldη,

and ∫
Br(ξ0)

|∇yu(η)|Mdη ≤ lim inf
n→∞

∫
Br(ξ0)

|∇yun(η)|Mdη.



INHOMOGENEOUS TORSIONAL CREEP PROBLEMS 9

Plugging (4.21) and (4.22) in the above inequalities implies that

1

|Br(ξ0)|

∫
Br(ξ0)

|∇xu(η)|Ldη ≤ 1 and
1

|Br(ξ0)|

∫
Br(ξ0)

|∇yu(η)|Mdη ≤ 1.

Observe that almost every ξ0 ∈ Ω is a Lebesgue point for ∇u, and as shown above,
a Lebesgue point for each ∇xu and ∇yu as well. If we pass to the limit r → 0+

in the above inequalities it yields |∇xu(ξ0)|L ≤ 1 and |∇yu(ξ0)|M ≤ 1 for a.e.
ξ0 ∈ Ω, or equivalently, max{‖ |∇xu|L ‖L∞(Ω), ‖ |∇yu|M ‖L∞(Ω)} ≤ 1. Next, since

u ∈ ∩q>1W
1,q
0 (Ω) we deduce that∫

Ω

|∇u|q dx ≥ λ1(q)

∫
Ω

|u|q dx, ∀ q > 1 ,

where λ1(q) stands for the first eigenvalue of the q-Laplacian. In view of [21, Lemma
1.5] we know that limq→∞[λ1(q)]1/q = ‖δ‖−1

L∞(Ω), where here δ is the distance

function to the boundary of Ω with respect to the euclidian norm in RN . Thus, the
above relations and the fact that |∇u|2N = |∇xu|2L + |∇yu|2M now imply that

√
2 > ‖ |∇u|N ‖L∞(Ω) ≥ Λ∞‖u‖L∞(Ω) ,

and, thus, we deduce u ∈ W 1,∞(Ω) and, consequently, u ∈ X . It follows then that
I∞(u) = 0, which implies that liminf-inequality from the definition of Γ-convergence
holds. This completes the proof of Theorem 4.1.

Finally, we conclude this section recalling the following well-known result which
will be extremely helpful in obtaining Theorem 3.1. It can be found in [19, Corollary
6.1.1].

Proposition 4.1. Let X be a topological space satisfying the first axiom of count-
ability, and assume that the sequence {Fn} of functionals Fn : X → R, Γ −
converges to F : X → R. Let zn be a minimizer for Fn. If zn → z in X,
then z is a minimizer of F , and

F (z) = lim inf
n→∞

Fn(zn) .

5. Proof of Theorem 3.1

To accomplish the proof of our main result, we need first to establish the following
proposition, which in the isotropic case and considering the p-Laplacian operator
was obtained by Payne & Philippin in [26].

Proposition 5.1. Assume that the hypotheses (1.1), (1.2), (1.3), and (1.4) hold,

and for each integer n ≥ 1 let un ∈W 1,Φn,Ψn
0 (Ω) be the weak solution of the problem

(1.5). Then

lim
n→∞

∫
Ω

f(ξ)un(ξ) dξ =

∫
Ω

f(ξ)δ1(ξ) dξ .

The proof of Proposition 5.1 will require two auxiliary results, stated in Lemma 5.1
and Lemma 5.2 below.

Lemma 5.1. The sequence

{∫
Ω

f(ξ)un(ξ) dξ

}
is bounded.
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Proof. For every integer n ≥ 1 define

mn := min{φ−n , ψ−n } .

Then Hölder’s inequality gives∫
Ω

fun dξ ≤ ‖f‖L∞
∫

Ω

un dξ ≤ ‖f‖L∞
(∫

Ω

umnn dξ

)1/mn

|Ω|(mn−1)/mn .

From the above inequalities it is clear that it is enough to show that the sequence{∫
Ω

un(ξ) dξ

}
is bounded.

Denoting by λ1(mn) the first eigenvalue of the p-Laplacian with p = mn, given
by

λ1(mn) := inf
v∈C∞0 (Ω)\{0}

∫
Ω

|∇v|mnN dξ∫
Ω

|v|mn dξ
,

we deduce that

(∫
Ω

un dξ

)mn
≤ |Ω|mn−1

∫
Ω

|∇un|mnN dξ

λ1(mn)
. (5.23)

In view of (4.17) and (4.18) we find

Φn(t) ≥ Φn(1)tφ
−
n and Ψn(t) ≥ Ψn(1)tψ

−
n ∀ t > 1 ,

and hence

tφ
−
n ≤ 1 +

Φn(t)

Φn(1)
and tψ

−
n ≤ 1 +

Ψn(t)

Ψn(1)
∀ t > 0 .

In particular, taking t as |∇xun(ξ)|L and |∇yun(ξ)|M these inequalities read as

|∇xun(ξ)|φ
−
n

L ≤ 1 +
Φn(|∇xun(ξ)|L)

Φn(1)

|∇yun(ξ)|ψ
−
n

M ≤ 1 +
Ψn(|∇yun(ξ)|M )

Ψn(1)
,

(5.24)

for all ξ ∈ Ω and for all integers n ≥ 1.
On the other hand, elementary estimates and (5.24) yield

|∇un(ξ)|mnN = (|∇xun(ξ)|2L + |∇yun(ξ)|2M )mn/2

≤ 2(mn−2)/2(|∇xun(ξ)|mnL + |∇yun(ξ)|mnM )

≤ 2(mn−2)/2(1 + |∇xun(ξ)|φ
−
n

L + |∇yun(ξ)|ψ
−
n

M )

≤ 2(mn−2)/2

(
3 +

Φn(|∇xun(ξ)|L)

Φn(1)
+

Ψn(|∇yun(ξ)|M )

Ψn(1)

)
.
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Using the above pieces of information and taking into account relations (2.10) and
(3.14) we infer(∫

Ω

un dξ

)mn
≤ |Ω|

mn−1

λ1(mn)
2(mn−2)/2

[
3|Ω|+

∫
Ω

Φn(|∇xun(ξ)|L)

Φn(1)
dξ +

∫
Ω

Ψn(|∇yun(ξ)|M )

Ψn(1)
dξ

]
≤ |Ω|

mn−1

λ1(mn)
2(mn−2)/2

[
3|Ω|+ φn(1)

Φn(1)φ−n

∫
Ω

φn(|∇xun(ξ)|L)|∇xun(ξ)|L
φn(1)

dξ

+
ψn(1)

Ψn(1)ψ−n

∫
Ω

Ψn(|∇yun(ξ)|M )|∇yun(ξ)|M
ψn(1)

dξ

]
≤ |Ω|

mn−1

λ1(mn)
2(mn−2)/2

[
3|Ω|+ φ+

n

φ−n

∫
Ω

φn(|∇xun(ξ)|L)|∇xun(ξ)|L
φn(1)

dξ

+
ψ+
n

ψ−n

∫
Ω

Ψn(|∇yun(ξ)|M )|∇yun(ξ)|M
ψn(1)

dξ

]
≤ |Ω|

mn−1

λ1(mn)
2(mn−2)/2

[
3|Ω|+ β

∫
Ω

fun dξ

]
,

and in consequence,(∫
Ω

un dξ

)mn
≤ |Ω|

mn−1

λ1(mn)
2(mn−2)/2

[
3|Ω|+ β‖f‖L∞

∫
Ω

un dξ

]
. (5.25)

The conclusion of the lemma now follows by contradiction. Indeed, if we assume

that the sequence

{∫
Ω

un(ξ) dξ

}
is unbounded, then there exists a subsequence,

not relabelled, such that lim
n→∞

∫
Ω

un(ξ) dξ = +∞. Hence, for n ≥ 1 sufficiently

large, we have 3|Ω| ≤
∫

Ω

un(ξ) dξ. Dividing both sides of (5.25) by

∫
Ω

un(ξ) dξ we

find

(∫
Ω

un dξ

)mn−1

≤ |Ω|mn−1

λ1(mn)
2(mn−2)/2

 3|Ω|∫
Ω

un dξ

+ β‖f‖L∞


≤ (1 + β‖f‖L∞)2(mn−2)/2 |Ω|mn−1

λ1(mn)
,

or, equivalently,

∫
Ω

un(ξ) dξ ≤ (1 + β‖f‖L∞)1/(mn−1) |Ω|2(mn−2)/[2(mn−1)]

{[λ1(mn)]1/mn}mn/(mn−1)
.

On the other hand, by [21, Lemma 1.5] we know that limn→∞[λ1(mn)]1/mn =
‖δ‖−1

L∞(Ω), where here δ is the distance function to the boundary of Ω with respect

to the euclidian norm in RN , which implies that the right-hand side in the last

inequality above is bounded. This contradicts the fact that lim
n→∞

∫
Ω

un(ξ) dξ =∞.

2
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Lemma 5.2. There exists u∞ ∈ X = W 1,∞(Ω) ∩
(
∩q≥1W

1,q
0 (Ω)

)
with

max{‖ |∇xu∞|L ‖L∞(Ω), ‖ |∇yu∞|M ‖L∞(Ω)} ≤ 1 ,

and a subsequence of {un} (not relabeled) such that un → u∞ uniformly in Ω.

Proof. Let q ≥ N be an arbitrary real number. By (1.3), q < φ−n and q < ψ−n for
sufficiently large integers n ≥ 1. Using Hölder’s inequality, (5.24), recalling the fact

that 〈J ′n(un), un〉 = 0, and taking into account (1.4) and (2.10), we deduce that∫
Ω

|∇xun(ξ)|qL dξ ≤
[∫

Ω

|∇xun(ξ)|φ
−
n

L dξ

] q

φ
−
n |Ω|

φ−n−q

φ
−
n

≤
[
|Ω|+

∫
Ω

Φn(|∇xun(ξ)|L)

Φn(1)
dξ

] q

φ
−
n |Ω|

φ−n−q

φ
−
n

≤
[
|Ω|+ φn(1)

Φn(1)φ−n

∫
Ω

φn(|∇xun(ξ)|L)|∇xun(ξ)|L
φn(1)

dξ

] q

φ
−
n |Ω|

φ−n−q

φ
−
n

≤
[
|Ω|+ φ+

n

φ−n

∫
Ω

f(ξ)un(ξ) dξ

] q

φ
−
n |Ω|

φ−n−q

φ
−
n

≤
[
|Ω|+ β

∫
Ω

f(ξ)un(ξ) dξ

] q

φ
−
n |Ω|

φ−n−q

φ
−
n .

Similarly, we can obtain∫
Ω

|∇yun(ξ)|qM dξ ≤
[
|Ω|+ β

∫
Ω

f(ξ)un(ξ) dξ

] q

ψ
−
n |Ω|

ψ−n −q

ψ
−
n .

By Lemma 5.1, there exists a positive constant M such that

∫
Ω

f(ξ)un(ξ) dξ ≤M
for all integers n ≥ 1 sufficiently large. Thus, for all such n ≥ 1 we must have

‖ |∇xun|L ‖Lq(Ω) ≤ (|Ω|+ βM)1/φ−n |Ω|(φ
−
n−q)/(qφ

−
n ) , (5.26)

and

‖ |∇yun|M ‖Lq(Ω) ≤ (|Ω|+ βM)1/ψ−n |Ω|(ψ
−
n−q)/(qψ

−
n ) . (5.27)

This assures that the sequence {∇un} is bounded in Lq(Ω;RN ) for any q ≥ N .

Hence, there exists a subsequence {uni} of {un} and u∞ ∈ W 1,q
0 (Ω), such that

uni ⇀ u∞ weakly in W 1,q
0 (Ω) and uni → u∞ strongly in Lq(Ω). However, since q ≥

N was arbitrary, the compactness of the embedding of W 1,q
0 (Ω) into C0,α(Ω) (0 <

α < 1) for q > N (one can choose, e.g., α = 1 − N/q), allows us to conclude
that indeed uni → u∞ uniformly in Ω. Finally, Proposition 4.1 (with X = L1(Ω),
Fn = Jn, F∞ = J∞, zn = un) and Corollary 4.2 ensure that u∞ is a minimizer for
J∞ which, in particular, means that u∞ ∈ X and

max{‖ |∇xu∞|L ‖L∞(Ω), ‖ |∇yu∞|M ‖L∞(Ω)} ≤ 1.

Lemma 5.2 is proved. 2

Proof of Proposition 5.1. Fix an arbitrary subsequence of {un}, still de-
noted by {un}. Similar arguments as those used in the proof of Lemma 5.2 can be
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considered to show that this subsequence contains, in its turn, a subsequence, say
{unk}, which converges uniformly in Ω to a certain limit u∞ ∈ X with

max{‖ |∇xu∞|L ‖L∞(Ω), ‖ |∇yu∞|M ‖L∞(Ω)} ≤ 1.

In order to get the conclusion of Proposition 5.1 it is enough to establish that
limk→∞

∫
Ω
funk dξ =

∫
Ω
fδ1 dξ. In other words, we will show that the limit of all

possible subsequences of {
∫

Ω
fun dξ} is

∫
Ω
fδ1 dξ and in accordance, the limit of

the full sequence should also be
∫

Ω
fδ1 dξ.

In the sequel, for simplicity, we will write un instead of unk .

Since δ1 ∈ X ⊂W 1,Φn,Ψn
0 (Ω), max{‖ |∇xδ1|L‖L∞ , ‖ |∇yδ1|M‖L∞} = 1 (see, e.g.

[3, p.37, Section 3]) and un is a minimizer of Jn in W 1,Φn,Ψn
0 (Ω), for each integer

n ≥ 1 it holds that

Jn(un) ≤ Jn(δ1) =

∫
Ω

Φn(|∇xδ1|L)

φn(1)
dξ +

∫
Ω

Ψn(|∇yδ1|M )

ψn(1)
dξ −

∫
Ω

fδ1 dξ ,

or, ∫
Ω

fδ1 dξ ≤ |Ω|Φn(1)

φn(1)
+
|Ω|Ψn(1)

ψn(1)
+

∫
Ω

fun dξ

≤ |Ω|
φ−n

+
|Ω|
ψ−n

+

∫
Ω

fun dξ, ∀ n ≥ 1 .

Consequently, we find∫
Ω

fδ1 dξ ≤ lim
n→∞

∫
Ω

fun dξ =

∫
Ω

fu∞ dξ . (5.28)

Next, we observe that for each ξ = (x, y) ∈ Ω and η = (a, b) ∈ ∂Ω such that
]ξ − η[1= δ1(ξ), we have

u∞(ξ) = u∞(ξ)− u∞(η)
≤ |x− a|L‖ |∇xu∞|L‖L∞ + |y − b|M‖ |∇yu∞|M‖L∞
≤ δ1(ξ) .

(5.29)

Multiplying by f and integrating over Ω we get

lim
n→∞

∫
Ω

fun dξ =

∫
Ω

fu∞ dξ ≤
∫

Ω

fδ1 dξ .

Recalling (5.28), we deduce that lim
n→∞

∫
Ω

fun dξ =

∫
Ω

fδ1 dξ, which concludes the

proof of Proposition 5.1.

We are now ready to give the proof of Theorem 3.1.

Proof of Theorem 3.1. As in Proposition 5.1 we fix an arbitrary subsequence
of the solutions {un} (not relabeled). Again as in Lemma 5.2 we can admit that
{un} converges uniformly to a certain limit u∞ ∈ X with

max{‖ |∇xu∞|L ‖L∞(Ω), ‖ |∇yu∞|M ‖L∞(Ω)} ≤ 1.

Hence, it just remains to see that u∞ = δ1. Notice that, since {un} is arbitrary, this
means that δ1 is indeed the limit of the full sequence {un}. Recall that by (5.29)
we have u∞(ξ) ≤ δ1(ξ), for each ξ ∈ Ω. Further, since un(ξ) ≥ 0 for a.e. ξ ∈ Ω and
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for every integer n ≥ 1, we deduce that u∞(ξ) ≥ 0 for a.e. ξ ∈ Ω. Finally, applying
Proposition 5.1 and taking into account the fact that un → u∞ uniformly in Ω, we
find that ∫

Ω

fδ1 dξ = lim
n→∞

∫
Ω

fun dξ =

∫
Ω

fu∞ dξ .

Recalling the continuity of f , δ1 and u∞, the last equalities yield u∞ = δ. The
proof of Theorem 3.1 is complete.

6. Theorem 3.1 revisited under the point of view of viscosity
solutions

We devote this section to show our main result under a completely different
perspective: the identification of the limit equation as n → ∞ in (1.5), which has
to be understood in viscosity sense, see Definitions 6.1, 6.2 and 6.3 below. As
we will see the anisotropic distance also fulfils the limit equation, and then the
identification u∞ = δ1 is a consequence of the uniqueness of solutions.

Furthermore, these arguments lead as well that the limit u∞ maximizes the
functional F (v) =

∫
Ω
fv among certain set of functions. With this result and the

positivity of f , the fact that u∞ = δ1 follows straightforward.
Let us write in detail these ideas. We start by specifying the notion of solutions

we are considering along this section. We refer to [10] for the definition and main
properties of viscosity solutions to problems of the type{

Hn(un,∇un, D2un) = 0, in Ω,
un = 0 on ∂Ω,

(6.30)

where D2un stands for the Hessian matrix of un.

Definition 6.1. An upper semicontinuous function u defined in Ω is a viscosity
subsolution of (6.30) if, u|∂Ω ≤ 0 and, whenever x0 ∈ Ω and ψ ∈ C2(Ω) are such
that u(x0) = ψ(x0) and u(x) < ψ(x), if x 6= x0, then

Hn(un,∇un, D2un) ≤ 0.

Definition 6.2. A lower semicontinuous function u defined in Ω is a viscosity
supersolution of (6.30) if, u|∂Ω ≥ 0 and, whenever x0 ∈ Ω and φ ∈ C2(Ω) are such
that u(x0) = φ(x0) and u(x) > φ(x), if x 6= x0, then

Hn(un,∇un, D2un) ≥ 0.

Definition 6.3. A continuos function that is both supersolution and subsolution to
(6.30) is a viscosity solution to (6.30).

Note that in both of the above definitions the strict inequality can be relaxed,
since the second condition is required just in a neigbourhood of x0. We refer to
[10] for further details about general theory of viscosity solutions, and [4, 20, 22]
for viscosity solutions related to the ∞−Laplacian and the p−Laplacian operators.
Regarding viscosity solutions to anisotropic operators we refer for instance to [3,
14, 16, 27, 28]. More recently, in [6] the authors determine the limit equation
corresponding to the isotropic case of (1.5), which turns out to be the same limit as
in [4, 29]. In view of this, it would be reasonable to think that the limit equation
in our case coincide with the limit found in [14], and this is indeed what occurs, see
Proposition 6.1 below.
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If we admit that the solutions un to (1.5) are smooth enough so that we can take
derivatives in the PDE, our problem could be rewritten as follows

− φn(|∇xun|L)

φn(1)|∇xun|L
∆xun −

|∇xun|Lφ′n(|∇xun|L)− φn(|∇xun|L)

φn(1)|∇xun|3L
∆∞,xun

− ψn(|∇yun|M )

ψn(1)|∇yun|M
∆yun −

|∇yun|Mψ′n(|∇yun|M )− ψn(|∇yun|M )

ψn(1)|∇yun|3M
∆∞,yun = f.

Here ∆xv = divx(∇xv), ∆yv = divy(∇yv), ∆∞,xv = ∇xvD2
xv(∇xv)t and ∆∞,yv =

∇yvD2
yv(∇yv)t are the Laplacian and the infinity Laplacian in x variables and in

y variables, respectively.
Let z ∈ RN and

w1 = (z1, ..., zL), and w2 = (zL+1, ..., zN ),

stand for the first L components and for the last M components of z. Also for
S ∈ SN we will call

S1 = (sij)1≤i,j≤L

the first L× L minor of the matrix S and

S2 = (sij)L+1≤i,j≤N

the last M ×M minor of S.
According to the notation adopted in (6.30) if we let

Hn(w, S) := − φn(|w1|L)

φn(1)|w1|L
trace(S1)− |w1|Lφ′n(|w1|L)− φn(|w1|L)

φn(1)|w1|3L
〈S1w1, w1〉

− ψn(|w2|M )

ψn(1)|w2|M
trace(S2)− |w2|Mψ′n(|w2|M )− ψn(|w2|M )

ψn(1)|w2|3M
〈S2w2, w2〉 ,

then we can write

Hn(∇un, D2(un)) = f . (6.31)

It is standard to show that if un is a continuous weak solution to (1.5) then it is a
viscosity solution to (6.31), see for example Lemma 1.8 in [21].

Notice that with the only use of the equation (1.5) all of the results stated in
Lemma 5.2 can be obtained, since in (5.26) and (5.27) we can pass to the limit as
φ−n and ψ−n go to ∞, and then as q →∞ to prove that

max{‖ |∇xu∞|L ‖L∞(Ω), ‖ |∇yu∞|M ‖L∞(Ω)} ≤ 1,

being u∞ the uniform limit in Ω of some subsequence of {un}. Furthermore, for n
sufficiently large, un are continuous weak solutions to (1.5), hence viscosity solutions
to (6.30). In order to identify the limit equation for such u∞, we need to show
certain properties satisfied by this limit summarized in the next lemma. These
results are inspired from some ideas presented in [14], but we include the details of
proof for convenience of the reader.

Lemma 6.1. Let u∞ be the limit obtained in Lemma 5.2. Then, u∞ maximizes
the functional

F (v) :=

∫
Ω

fv dξ, (6.32)

in the set

K =
{
v ∈ X : max{‖ |∇xu|L ‖L∞(Ω), ‖ |∇yu|M ‖L∞(Ω)} ≤ 1

}
,
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where X = W 1,∞(Ω) ∩
(
∩q≥1W

1,q
0 (Ω)

)
, namely,

F (u∞) = max
v∈K

F (v).

Furthermore, u∞ also maximizes (6.32) if F is integrated in any subdomain of Ω.
Finally, if D ⊂ Ω is a convex set, then for every ξ ∈ D, we can express u∞ as

u∞(ξ) = inf
θ∈A(ξ)

{u∞(θ)+]ξ − θ[1},

where A(ξ) = {θ ∈ ∂D such that δ1(ξ, ∂D) := infη∈∂D]ξ, η[1=]ξ, θ[1}.

Remark 6.1. Note that the property of u∞ given by Lemma 6.1, namely F (u∞) =
maxv∈K F (v), can be related with the Γ-convergence results from Section 4.

Proof. Observe that un are minimizers of the Euler-Lagrange functional given by
(3.13). In particular, for any v ∈ K

−
∫

Ω

fundξ ≤ Jn(un) ≤ |Ω|Φn(1)

φn(1)
+
|Ω|Ψn(1)

ψn(1)
−
∫

Ω

fv dξ ≤ |Ω|
φ−n

+
|Ω|
ψ−n

+

∫
Ω

fv dξ.

If we pass to the limit as n → ∞ in the previous chain of inequalities, using (1.3)
and the convergence un → u∞ uniformly in Ω, we get∫

Ω

fu∞dξ ≥
∫

Ω

fvdξ, for any v ∈ K.

Let us now define the set

K̃ =
{
v ∈W 1,∞(D) : max{‖ |∇xv|L ‖L∞(D), ‖ |∇yv|M ‖L∞(D)} ≤ 1, v|∂D = u∞|∂D

}
,

with D ⊆ Ω being an open and smooth subset. Since u∞|D ∈ K̃, it follows that

max
v∈K̃

∫
D

fvdξ ≥
∫
D

fu∞dξ.

By contradiction, suppose that there exists v∗ ∈ K̃ such that
∫
D
fv∗dξ >

∫
D
fu∞dξ.

Then we can construct u∗ ∈ K as follows

u∗ =

{
v∗ in D
u∞ in Ω \D.

Clearly
∫

Ω
fu∗ dξ >

∫
Ω
fu∞ dξ, which contradicts the previous assertion. Actually,

the above arguments show that∫
D

fu∞ dξ = max
v∈K̃

∫
D

fv dξ , (6.33)

provided that D ⊆ Ω is an open and smooth subset.
Finally, assume that D ⊂ Ω is a convex subset. Let ξ ∈ D be fixed. Since

u∞ ∈ K we have u∞(ξ) ≤ u∞(θ)+]ξ − θ[1, for every θ ∈ ∂D such that δ1(ξ, ∂D) is
attained, i.e, for every θ ∈ A(ξ). In particular, we have

u∞(ξ) ≤ inf
η∈A(ξ)

{u∞(η)+]ξ − η[1} . (6.34)

We construct v ∈ K̃ as follows

v(ξ) = inf
η∈A(ξ)

{u∞(η)+]ξ − η[1} .

Note that v is a continuous function over D which satisfies

max{‖ |∇xv|L ‖L∞(D), ‖ |∇yv|M ‖L∞(D)} ≤ 1 ,
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and v|∂D ≡ u∞. Then, by (6.33) we have∫
D

fv dξ ≤
∫
D

fu∞ dξ . (6.35)

On the other hand, (6.34) yields that u∞ ≤ v in D. Integrating this inequality over
D and taking into account relation (6.35) we deduce that∫

D

fv dξ =

∫
D

fu∞ dξ .

Combining this equality with that fact that v and u∞ are continuous functions
satisfying u∞ ≤ v in D we deduce that u∞ = v in D. The proof of Lemma 6.1 is
now complete. 2

We are ready now to identify the limit equation for u∞.

Theorem 6.1. Let u∞ be the limit obtained in Lemma 5.2. Then u∞ is the unique
viscosity solution of the following equation{

max{|∇xu∞|L, |∇yu∞|M} = 1 in Ω,
u∞ = 0 on ∂Ω .

(6.36)

Proof. The uniqueness of the viscosity solutions for equation (6.36) is a simple
consequence of [17, Theorem 1]. Thus, it remains to show that u∞ is a solution
of (6.36). In order to do that we first observe that u∞ = 0 on ∂Ω, since un = 0
on ∂Ω for each positive integer n. Next, we will show that u∞ is both a viscosity
supersolution and a viscosity subsolution of the above quoted equation.

Let us consider a point ξ0 ∈ Ω. To prove that u∞ is a viscosity supersolution,
let ϕ be a function in C2(Ω) such that u∞(ξ0) = ϕ(ξ0) and u∞ − ϕ has a local
minimum at ξ0. Since un → u∞ uniformly, there exists a sequence ξn → ξ0 such
that un − ϕ has a local minimum at ξn, for any positive integer n.

Recall that un are viscosity solutions to (6.31) and in particular

− φn(|∇xϕ(ξn)|L)

φn(1)|∇xϕ(ξn)|L
∆xϕ(ξn)− ψn(|∇yϕ(ξn)|M )

ψn(1)|∇yϕ(ξn)|M
∆yϕ(ξn)

−|∇xϕ(ξn)|Lφ′n(|∇xϕ(ξn)|L)− φn(|∇xϕ(ξn)|L)

φn(1)|∇xϕ(ξn)|3L
∆∞,xϕ(ξn)

−|∇yϕ(ξn)|Mψ′n(|∇yϕ(ξn)|M )− ψn(|∇yϕ(ξn)|M )

ψn(1)|∇yϕ(ξn)|3M
∆∞,yϕ(ξn)〉 ≥ f(ξn).

(6.37)
Note that the estimates from [25, Lemma 2.1]

min{sφ−n , sφ+
n }φn(t) ≤ φn(st) ≤ max{sφ−n , sφ+

n }φn(t),

min{sψ−n , sψ+
n }ψn(t) ≤ ψn(st) ≤ max{sψ−n , sψ+

n }ψn(t),

(6.38)

for all t, s ≥ 0 together with (1.3) ensure that the functions bn, b̃n : [0,∞) → R
defined by bn(t) :=

tφ′n(t)−φn(t)
t3 and reciprocally b̃n(t) :=

tψ′n(t)−ψn(t)
t3 if t > 0,

bn(0) := 0 and b̃n(0) := 0 are continuous. In addition, the functions an, ãn :

[0,∞) → R given by an(t) := φn(t)
t and ãn(t) := ψn(t)

t if t > 0, an(0) := 0 and

ãn(0) := 0 are of class C1 on (0,∞).
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Assume by contradiction that

max{|∇xϕ(ξ0)|L, |∇yϕ(ξ0)|M} < 1 .

It follows that for some n sufficiently large we have

max{|∇xϕ(ξn)|L, |∇yϕ(ξn)|M} < 1.

Estimates in (6.38) also imply that

φn(|∇xϕ(ξn)|L)

φn(1)|∇xϕ(ξn)|L
|∆xϕ(ξn)| ≤ |∇xϕ(ξn)|φ

−
n−1
L |∆xϕ(ξn)|,

which in addition, if we have in mind that ∆xϕ(ξn) → ∆xϕ(ξ0), |∇xϕ(ξn)|L →
|∇xϕ(ξ0)|L < 1 (hence for some ε0 > 0 we have |∇xϕ(ξn)|L ≤ 1 − ε0 if n large
enough) and (1.3), indicates that the first term in (6.37) tends to zero. In a similar
way,

lim
n→∞

ψn(|∇yϕ(ξn)|L)

ψn(1)|∇yϕ(ξn)|L
∆yϕ(ξn) = 0.

Regarding the next term in (6.37) we note that

|∇xϕ(ξn)|Lφ′n(|∇xϕ(ξn)|L)− φn(|∇xϕ(ξn)|L)

φn(1)|∇xϕ(ξn)|3L

=
φn(|∇xϕ(ξn)|L)

φn(1)|∇xϕ(ξn)|3L

[
|∇xϕ(ξn)|Lφ′n(|∇xϕ(ξn)|L)

φn(|∇xϕ(ξn)|L)
− 1

]

≤ φn(|∇xϕ(ξn)|L)

φn(1)

φ+
n − 2

|∇xϕ(ξn)|3L
≤
|∇xϕ(ξn)|φ

−
n

L φn(1)

φn(1)

φ+
n − 2

|∇xϕ(ξn)|3L

=

(
(φ+
n − 2)

1

φ
−
n−3 |∇xϕ(ξn)|L

)φ−n−3

,

where we have used (1.1). Now observe that

lim
n→∞

(φ+
n − 2)

1

φ
−
n−3 |∇xϕ(ξn)|L = |∇xϕ(ξ0)|L < 1,

thus there exists ε0 > 0 such that

(φ+
n − 2)

1

φ
−
n−3 |∇xϕ(ξn)|L ≤ 1− ε0, for n sufficiently large.

Therefore,

lim inf
n→∞

|∇xϕ(ξn)|Lφ′n(|∇xϕ(ξn)|L)− φn(|∇xϕ(ξn)|L)

φn(1)|∇xϕ(ξn)|3L
≤ lim
n→∞

(1− ε0)φ
−
n−3 = 0,

and similarly

lim inf
n→∞

|∇yϕ(ξn)|Mψ′n(|∇yϕ(ξn)|M )− ψn(|∇yϕ(ξn)|M )

ψn(1)|∇yϕ(ξn)|3M
≤ lim
n→∞

(1− ε0)ψ
−
n−3 = 0.

Clearly, ∆∞,xϕ(ξn) → ∆∞,xϕ(ξ0) and ∆∞,yϕ(ξn) → ∆∞,yϕ(ξ0). This shows that
eventually the whole left hand side in (6.37) tends to zero, while the right hand
side remains positive. We have reached the desired contradiction which shows that

max{|∇xϕ(ξ0)|L, |∇yϕ(ξ0)|M} ≥ 1 .
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Next, we show that u∞ is a viscosity subsolution. Fix ξ0 ∈ Ω and let ϕ ∈ C2(Ω)
be such that u∞(ξ0) = ϕ(ξ0) and u∞−ϕ has a local maximum at ξ0. Let ε > 0 be
sufficiently small such that the set

Dε := {ξ ∈ Ω : ]ξ − ξ0[1< ε} ,

satisfies Dε ⊂ Ω. It is also clear that Dε is an open and convex subset of Ω for
each ε > 0 small enough. Let now ηL ∈ RL be such that |ηL|L = 1. Define
η := (ηL, 0M ) ∈ RN , where 0M stands for the null vector in RM . It is clear that
for each ε > 0 small enough we have

](ξ0 ± εη)− ξ0[1=]± εη[1= ε|ηL|L = ε ,

which implies that ξ0± εη ∈ ∂Dε and ](ξ0± εη)− ξ0[1= ε = δ1(ξ0, ∂Dε) (and, thus,
ξ0 ± εη ∈ A(ξ0)) for each ε > 0 small enough and for each η constructed as above.
By Lemma 6.1 and the fact that ϕ is a test function such that u∞(ξ0) = ϕ(ξ0) and
u∞ ≤ ϕ in Dε for each ε > 0 small enough we deduce that

ϕ(ξ0) = u∞(ξ0) = inf
θ∈A(ξ0)

{u∞(θ)+]ξ0 − θ[1} ≤ u∞(ξ0 − εη) + ε ≤ ϕ(ξ0 − εη) + ε .

Rearranging the previous expression, we get

ϕ(ξ0)− ϕ(ξ0 − εη)

ε
≤ 1.

Passing to the limit as ε→ 0 we deduce that

〈∇ϕ(ξ0), η〉N ≤ 1 ,

or, equivalently

〈∇xϕ(ξ0), ηL〉L ≤ 1 , ∀ ηL ∈ RL with |ηL|L = 1 ,

where we have denoted by 〈·, ·〉N and 〈·, ·〉L the scalar products on RN and RL,
respectively. Recalling the well-known fact that for each x ∈ RL it holds true that

|x|L = sup
|ηL|L=1

〈x, ηL〉L ,

the above relation assures that

|∇xϕ(ξ0)|L ≤ 1 .

Similar arguments can be used in order to show that

|∇yϕ(ξ0)|M ≤ 1 .

Consequently we get

max{|∇xϕ(ξ0)|L, |∇yϕ(ξ0)|M} ≤ 1 .

The proof of Theorem 6.1 is now complete.
2
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