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Abstract

A generalized nonlinear non-autonomous model for the hematopoiesis (cell production) with
several delays and an oscillating circulation loss rate is studied. We prove a fixed point theorem in
abstract cones, from which different results on existence and uniqueness of positive almost periodic
solutions are deduced. Moreover, some criteria are given in order to guarantee that the obtained
positive almost periodic solution is globally exponentially stable.
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1 Introduction

Nonlinear delay differential equations have numerous applications to economics, physics, statistics, biology and
many other fields. An example of such applications is the autonomous delay differential equation proposed by
Mackey and Glass to study the regulation of hematopoiesis, namely

Aty = 2T, (1)

S l4an(t—T)
where m = 0 or 1 and n,~ and 7 are positive constants (for more details see [22,23]). Often, the environment
is not temporally constant; thus, it is intuitive to assume that this fact influences many biological dynamical
systems and suggests the need of considering time-dependent parameters (see e.g. [21,22,24]). The following
extension of (1) with several delays

) b, )

M
20 =2 O e )

where m > 0,n, A\ > 0, and b, rg, 7 are positive and continuous functions for £ = 1,2, ..., M, was studied for
example in [2,9,15,21,32-34].

*E-mail addresses: rbalde@dm.uba.ar (R. Balderrama), pamster@dm.uba.ar (P. Amster)


https://core.ac.uk/display/247981389?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

It is worthy to notice that there are four possible behaviours for the mapping g(x) := %, namely: strictly
increasing and bounded (n = m > 0), single-humped (n > m > 0), strictly decreasing (m = 0) and strictly
increasing and unbounded (0 < n < m). The latter case does not have biological relevance, although it is of
mathematical interest in order to obtain a complete picture.

Periodic effects for this type of population dynamics have been intensively analysed [1,2,4,6,19,26,27, 34].
In all these works time-dependent parameters and delays have a fixed period T, and sufficient conditions to
ensure the existence of positive T-periodic solutions have been obtained. However, assuming the same period
T for the parameters, delays and solutions may result, in some cases, somewhat artificial from the biological
point of view. From the mathematical point of view, the advantage of T-periodic assumptions is that standard
methods of the nonlinear analysis such as Mawhin’s continuation theorem, Schauder and Kranoselskii’s fixed
point theorems can be used (see e.g. [1,7,17,31]).

A more realistic way to avoid the periodicity conditions consists in considering almost periodic effects. This
is interesting for several reasons: on the one hand, these more general effects include periodicity and allow more
realistic assumptions: for example, time-dependent parameters with different periods. On the other hand, since
almost periodicity is more general, a central mathematical issue relies on the fact that the involved operators
are no longer compact. Due to this fact, the aforementioned methods cannot be extended in a direct way for
the almost periodic problem (see [25,28]) and other methods must be employed.

Based on these facts we establish a fixed point theorem in abstract cones without compactness conditions.
It is worthy to mention that the fixed point theorems formulated by Wang et al. in [29] and [30] are direct
consequences of our fixed point theorem, see Corollaries 3.2 and 3.3 below. The same can be said about the
theorem established by Ding et al. in [12], as we show in Corollary 3.4. Moreover, the fixed point presented
in [10] employs a stronger monotonicity assumption than our result and, in consequence, the existence proofs
in the present paper improve some previous ones (see e.g. [11]).

In [5,32-34] sufficient criteria were established for the existence of positive almost periodic solutions of
(2) with m = 0 (monotone decreasing nonlinearity). In [33], a fixed point theorem was employed to prove
the existence and uniqueness of almost periodic solutions under conditions that can be regarded as particular
applications of Theorem 2.1 and Theorem 2.4 case (a) below. In [34], using the contraction mapping principle,
the authors obtained sufficient criteria for existence in a bounded region under the assumption n > 0. However,
as pointed out in [33], Theorem 3.1 in [34] has a mistake, which invalidates the case n < 1. In [30], the authors
proved a fixed point theorem that allows to deduce the existence and uniqueness of positive almost periodic
solutions of (2) with M, m =1 and n > m (single-humped nonlinearity) in a bounded region.

More recently, using similar methods to those in [5], criteria for existence and uniqueness were established
in [20] when n > m for 0 < m < 1 (sum of single-humped functions when n > m, or monotone increasing and
bounded nonlinearity when n = m). This case was also considered in [9] by employing a fixed point theorem
in a cone. The results obtained for the several cases treated in [11] using the previously mentioned fixed point
theorem established by Ding et al. in [12] can be regarded as particular applications of Theorems 2.1-2.2 and
Theorem 2.4 below. However, when the nonlinearity is more general, Ding’s fixed point theorem cannot be
applied. Such are the cases of Theorems 2.3 and 2.5 below.

As pointed out in [3], equations with oscillating coefficients appear in linearizations of population dynamics
models with seasonal fluctuations, where during some seasons the death or harvesting rates may be greater than
the birth rate. Based on this fact, some results were considered in [18] for an oscillating loss rate coefficient b(t)
in (2) for m < n.

Besides existence, another relevant matter is to determine whether or not the obtained solutions are sta-
ble. In particular, exponential stability is specially important for two reasons: on the one hand, the rate of
convergence is quantified and, on the other hand, it is robust to perturbations.

For example, in [32] sufficient conditions for the global attractiveness of positive almost periodic solutions
of (2) with m = 0 were established as an answer to a question raised by Gyori and Ladas [15, p.322], although
global exponential stability was not discussed. In [11,33], Gronwall’s inequality was employed to establish global



exponential stability under restrictions on the delay. In [5,34], authors studied the stability for the case m =0
and in [20] for 0 < m < 1. Recently, using similar methods to those in [20], authors studied the case 0 < m <n
when b(t) is oscillatory. However, to the best of our knowledge, the global exponential stability has not been
sufficiently studied when m # 0, 1.

Motivated by the preceding discussion, we shall consider the following more general nonlinear non-autonomous
model with several delays

—b(t)z(b), (3)

2™ (t = T(t))
t

M
v (t) = ;)\krk(t)l + 2 (t — 73 (t))

where ri, 7 : R — [0,4+00) are almost periodic functions, Ay and njy are positive constants and 0 < my < 1.
We remark that the different choices of the exponents m; and nj, may lead to different behaviours of the terms
in the nonlinearity.

We shall introduce sufficient conditions to guarantee the existence and uniqueness of positive almost periodic
solutions of (3) with an almost periodic oscillating coefficient in the circulation loss rate b(t). To this end, we
prove a new fixed point theorem in abstract cones. In addition, for the particular case when inf;cg b(t) and
mj > n; for some j, we prove the global exponential stability of such solutions. It is worth noticing that our
criteria do not impose restrictions for the delay. By means of a Halanay-type inequality [16, Chapter 4], we
shall establish a simple global exponential stability lemma, which is quite different from the methods employed
in the previous works.

The paper is organized as follows. Sufficient criteria for the existence, uniqueness and global exponential
stability of such almost periodic solutions are presented in Section 2. In Section 3, we introduce some definitions,
lemmas and theorems that shall be employed in Section 4 to prove the main results. Finally, in Section 5 we
give examples to demonstrate the validity of our results obtained in Section 2 and we explain why results in
previous references cannot be applicable. Thus, we show that our results improve and generalize previously
known results.

Throughout the paper, it will be assumed that b(t) is an almost periodic function with

) 1 t+T
MIb) = t_lhmoo T/t b(s)ds > 0.

For a bounded continuous function f, the supremum and the infimum of f shall be denoted respectively f* and
f«, namely

fr=supf(),  fo=inf f(0).

teR teR

Moreover, we assume that

V= 1%1]1%)5‘/[ {iglg Tk(t)} >0 and (rj), >0 for some j. (4)

In addition, in our existence results we assume that there exist positive constants F* and F*, such that
Fie— L b(u)du <e L b(u)du < FSe™ N E(U)du, (5)
where b: R — (0, 400) is a bounded and continuous function with positive infimum.

Remark 1.1 It is worth noticing that, when infieg b(t) > 0, inequalities (5) are fulfilled with Fi=rs=1
and b(t) = b(t). Thus, the techniques employed in our existence results are applicable when the circulation rate
b(t) is persistent.



Due to the biological interpretation of the model, we shall consider as an admissible initial condition for
equation (3) only continuous positive functions, namely

z(to —t) = (), ¢ € C([0,v], (0, +00)). (6)

A solution of the initial value problem (3) satisfying (6) shall be denoted by z(t; to, ).

2 Main results

In this section, we state our results on existence, uniqueness and global exponential stability of positive almost
periodic solutions of (3).

Existence and uniqueness

The main part of our existence and uniqueness analysis shall be based on the study of the behaviour of the
term production.
For simplicity of notation, let us define the constants

1
V:=  min { <mk> " } ) (7)
k:ng>mp>0 ng — mg
1 1
ng
S = i 8

T := min{V, S}. 9)

and

Theorem 2.1 Assume that np < my for all k such that mg > 0 and ng < 1 for all k such that my = 0.
Furthermore, assume that one of the following conditions is fulfilled:

(@) 0<m; <1 for some j.
(b) mg =1 forallk and (H) : fjoo e~ i bwdu 224:1 Aieri(s)ds > 1.
Then (3) has exactly one almost periodic solution with positive infimum.

Theorem 2.2 Assume that np > my for all k such that my > 0 and ng < 1 for all k such that my = 0.
Moreover, suppose there exists i such that n; > m; > 0. Let

/ " I % Neri(s)ds < V. (10)
- k=1
Furthermore, assume that one of the following conditions is fulfilled:
(a) 0 <mj <1 for some j.
(b) mip =1 for all k and (H) : fjoo QL 224:1 Airi(s)ds > 1.

Then (3) has exactly one almost periodic solution with positive infimum.



Theorem 2.3 Assume that ny <1 for all k such that my = 0. Moreover, suppose there exist i and | such
that n; > m; > 0 and n; < my. Let

! — [P b(u)du v
1 (& fS b(u)d Z /\k?’k(S)W + Z )\kT’k(S) ds S V. (11)
o0 king<my {k:mp=0}U{k:ng>m; >0}

Furthermore, assume that one of the following conditions is fulfilled:
(a) 0 <mj; <1 for some j.
(b) mg =1 for all k and (H) : ffoo e~ J¢ blwdu S Aer(s)ds > 1.
Then (3) has at least one almost periodic solution with positive infimum.

Theorem 2.4 Assume that ni, > my, for all k such that my > 0. Moreover, supposse that ng > 1 for some
q such that mg = 0 and

" M
/ o= JL b(w)du > Meri(s)ds < T. (12)
- k=1
Then (3) has exactly one almost periodic solution with positive infimum.

Theorem 2.5 Assume that n; < m; for some i and ngy > 1 for some q such that mg = 0. Moreover,
supposse that

t : Tk

— [5 b(uw)du

/_Oo e J. Z e (5) T T Z Meri(s) | ds < T. (13)
kng<my {k:mp=0}U{k:ng>m; >0}

Then (3) has at least one positive almost periodic solution with positive infimum.

Remark 2.1 In view of Remark 1.1, we clearly have

t : M M )\kr*
/ eI b(“)d"Z)\krk(s)ds < F® Z P k< too

k=1 k=1 *

It follows that assumption (10) in Theorem 2.2 is satisfied under the following condition, which is easier to
verify:

M *
>k < o

b Fs
k=1

Similarly, condition (11) in Theorem 2.3 can be replaced by the stronger assumption
Ve 1 %
bu(1 + V1) {k:mp=0YU{k:ny>my >0} b F

and conditions (12) and (13) by

M

ATy T Tk 1 T
E uls < — and E D e — E Mer— < —,
R £ k: bu(1 + T7) s — . be — F®
= mEp<myg {k.mk—O}U{k.TLkka>0}

respectively. Also, condition (H) can be replaced by ZQ/I:1 A (T8 )« > b*.
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Remark 2.2 (Uniqueness of periodic solution) Sufficient criteria for the existence of positive T -
periodic solutions of (3) were established in [1] by using topological degree methods. It is worth mentioning
that the referred work deals only with existence and multiplicity, and conditions for uniqueness of solutions are
not given.

As remarked above, some properties of T-periodic functions do not hold for the more general case of almost
periodic functions and, consequently, the results on existence of positive T-periodic solutions in [1] cannot be
directly applied to (8). Despite of that, it is still possible to compare Theorem 3.2 in [1] with Theorems 2.1, 2.2
and 2.8 assuming that b, i, and 1 are positive T-periodic functions and myg > 0 for all k. The methods used
in the present paper provide also uniqueness of solutions, although more restrictive conditions are needed. For
example, the results in [1] do not impose conditions on the (positive) constants my, but the uniqueness result
requires that my < 1 for all k. Moreover, if my = 1 for all k, then the existence result [1, Thm. 3.2] assumes
that 224:1 ATk (t) > b(t), while the existence and uniqueness result provided by this paper employs the stronger
condition S Mp(rg)s > b*.

Global exponential stability

Let x(t;to,¢) be a solution of (3) with initial condition(6), and Z(¢) an almost periodic solution with positive
infimum of (3), and define

A= {k:np >mp(3+2V2)}.

Remark 2.3 As we will see in Section 3 Lemma 3.5, under appropriate conditions it is possible to find
positive constants n and t, such that

x(t;to, ) > n, for allt > t,.

Theorem 2.6 Let 0 < my <1, ng >0 forallk =1,...,M and m; > n; for some j. Let n and t,; be

positive constants such that Z(t), z(t;to, ) > n, for allt > t, ;.

Set

_ mg—1 (nk - mk)2 my—1
p(t) = E n /\krk(t)iéln + E n /\krk(t)mk,
keA k k¢ A

and suppose that
inf {b(t) —p(t)} > 0.

t2ty 5

Then x(t) is globally exponentially stable. i.c., there exist positive constants p, K,z and t,z such that
|z(t;t0, ) — Z(t)] < K%jefpt forallt >1t,z.

Remark 2.4 (Uniqueness) Theorem 2.3 and Theorem 2.5 only ensure the existence of at least one positive
almost periodic solutions of (3). However, under extra assumptions, the global exponential stability of such
solutions is ensured. Thus, we can conclude the existence of a unique almost periodic solution of (3) with
positive infimum (see Corollary 3.1 below.)

Remark 2.5 If we allow b(t) to oscillate, then global exponential stability can be obtained when my < ng
for all k. The proof is similar to that given by Jiang in [18] for and my = m,n, = n for all k and we omit it.
The method cannot be extended to the case my > ny for some k, which is left as an interesting open problem to
be studied.



3 Preliminaries

In this section, we provide preliminary results which will be used in the proofs of our main results. For the
reader’s convenience, we also include a formal definition of almost periodicity.

Definition 3.1 (Corduneanu [8]) Let X be a Banach space. A function f : R — X is called almost
periodic if for any € > 0 there exists a number l(e) > 0 such that any interval on R of length l(€) contains at
least one point & with the property that

I[f(t+&) = f)] <e for allt € R.

It is proved that the previous definition is equivalent to the following one due to Bochner, expressed in terms
of sequential convergence of families translates.

Definition 3.2 (Fink [13]) A f: R — C is almost periodic if from every sequence {a),} one can extract a
subsequence {ay} such that

lim f(t+ ap)
n—oo
exists uniformly on the real line.

Definition 3.3 Let X be a real Banach space. A nonempty closed set C' C X is called a cone if the
following conditions are fulfilled:

(@) C+CcCC (b) Cn—-C = {0} (¢) C is conve,

where 0 denotes the zero element of X.
Every cone C induces a partial order < in X given by

x <y if and only if y —x € C.

Ifx <y and x #y, we write x < y. A set {z € X/z < z <y} is called an order interval and shall be
denoted as [z,y]. The interior of C' shall be denoted by C°. A cone C satisfying C° # () is called a solid cone.
A cone C is called normal if there exists a constant N > 0 such that

0 <z <y implies that ||z|| < N||y||.
The smaller constant N satisfying the inequality is called the normal constant of C'.

The Banach space of almost periodic real functions defined on R, equipped with the usual uniform norm,
shall be denoted as AP(R). Also, we denote

P:={x e APR) : z(t) > 0,Vt € R},
the normal solid cone of nonnegative functions. It is readily verified that

P° ={xz € P:3e> 0such that z(t) > ¢, for all t € R}.

Lemma 3.1 Let f,g € AP(C). Suppose that lim;_,o f(t) =0, then f = 0.



Proof: Consider the sequence o), = n € N, by Definition 3.2, there exists an increasing subsequence {«,} such
that f(t + ay,) converges uniformly on the real line. Moreover, f(t + «,) converges uniformly to 0, the limit
given by the pointwise convergence.

Thus, defining f,,, (t) := f(t + o), we get

1 lloo® = || fanlloog = 0

as n — 4+o00. We conclude that f = 0. |

The following Corollary is a direct consequence of Lemma 3.1.

Corollary 3.1 Let f,g € AP(R). Let € > 0 and assume there exists to(e) > 0 such that |f(t) — g(t)| < €
for allt > ty. Then f =g for allt € R.

Definition 3.4 (Guo and Lakshmikantham [14]) Let (X, <) be an ordered Banach space and let E C X.
An operator ® : E x E — X is called a mixed monotone operator if ®(x,y) is nondecreasing in x and
nonincreasing in y. An element & € E is called a fixed point of ® if ®(z,7) = .

The following fixed point theorem shall play an important role in Section 4.
Theorem 3.1 Let P be a normal cone in a real Banach space X, and ® : P° x P° — P°. Assume that
(I) there exist ug,vg € P°, ug < vg, ug < ®(ug,vp) and vg > ®(vg, up);
(II) ® is a mized monotone operator on [ug,vo] X [ug, vo);

(III) there ezists a function ¢ : (0,1) — (0,400) such that ¢(y) > v for ally € (0,1), and for any x,y € [ug, vo]

O(yz,7"'y) > (7)®(z,y), for ally € (0,1).
Then ® has ezactly one fized point T in [ug, vo]. Moreover, for any initial xo,yo € [uo,vo|, the iterative sequences
In = (p(l'n_l, yn—l)u Yn = (I)(yn—l,$n—1)7 nec N) (14)

satisfy
2n = &l lgn — 71 = 0 (1 = +o00).

Proof: For n € N, define u,, := ®(up—1,v,—1) and v, := ®(vp_1,up—1). Since P is a mixed monotone operator,
by (I) we deduce

ug < up = ®(up, vo) < P(vg,up) = v1 < vo,

and inductively we obtain
w <up < ... <y, <...<v, < ... < <. (15)

Since P° is an open set and u, € P°, there exists a constant § > 0 such that u,, — Av,, € P° for any A € (0,0).
Thus, the constant A, := sup{A : u, > Av, } is well defined and positive. It is clear that

Up > ApUn (16)

and the inequality u, < v, implies A, < 1. Moreover, since unp4+1 > Uy > ApUn > ApUnii, it is seen that
Ant+1 = An. We claim that A := lim,,, 1o A, = 1. Indeed, if this is not true then A € (0,1) and there are two
cases:



Case 1. There exists 7 such that Az = A. Then A\, = \, u,, > v, for all n > 7 which, together with (II), (I1I)

Upy1 = P(Un,vn) > q)(xvmx_lun) > ¢(X)q>(vna Up) = QS(X)UnJrl-

and (15), yields
Thus Ayi1 > é(\) > A, which contradicts the fact that A\, 1 = \.
Case 2. )\, < A, for all n. Then
A~ A ——
Unt1 = P(up,vy) > P ()\nvn, A;lun) = ()\Un, )\—)\ 1un>
A o~
> T¢ (A) vn41.

An — An o~
> ¢ <A> o ()\vn,)\ un) > 56 (3) ®(vn, )
10} (X) Letting n — oo, we deduce that X\ > ¢ (X) > ), a contradiction.

Ao
A

Thus >\n+1 >

Hence A = 1 and from (15)-(16) it follows that, for any k,
0 < Uppp — Up < Up — Up < Uy — AU = (1= Ap)vp, < (1= Ap)vg

By the normality of P and (17),

|tuntr — unl| < N1 = A)||vo|]] = 0 as n — oo.
Thus, {un}nen is a Cauchy sequence. This implies that there exists & € [ug, vg] such that u, — Z. Similarly,

— Aon = (1= Ap)v, < (1= Ap)vo

0 < vy —up <y

Again, by the normality of P
[|vn — un|] < N1 = Ap)||vo|]| = 0 as n — oo,

}. Then,

Qi
gl

and consequently v,, — Z. Hence, since ® is a mixed monotone operator on [ug, vg], it follows that

Unp+1 = (I)(Unuvn) < (I)(i')j) < (I)(Unaun) = Un+1.

We conclude that & = ®(z, 7).
aw < ¥ < a 'w and a € (0,1]. Suppose that o € (0,1), then ¢(a) > «
= p(a)”'w,

Suppose now that w € [ug, vo| is another fixed point of ®. Let a:=sup{a € (0,1) : aw < & <
17 - 71 S,
) < O(—w,0w) < ¢(a) P(w,w)

=N

KA

(7,
w.

T =

%) > (W, ~) > ¢(a)®(w, ) = $(a)

\.HI

and
= <I)(
Thus, by the definition of @ we have ¢(«) < «, which is a contradiction. We conclude that o« = 1 and therefore

N

w=2x.

Finally, let be (xg,yo) any initial condition in [ug, vg] X [ug, vo] and (2, y,) the iterative sequences given by
(14). Since ® is a mixed monotone operator, we have
up = ®(up, vo) < x1 = P(w0,90) < P(vo,u0) = v1



and
ur = ®(up,v0) < y1 = P(yo, z0) < P(vo, ug) = v1,

and inductively we obtain x,,y, € [un,vy]. Thus, it is clear that

l|zn — Z|, ||lyn — Z|| — 0 as n — +o0.

The proof is complete. u

Remark 3.1 It is worth noticing that the function ¢ in the previous theorem is not necessarily continuous.

Corollary 3.2 Let P be a normal cone in a real Banach space X, and ® : P° — P°. Assume that
(I) there exist ug,vo € P°, ug < vg, up < ®(ug) and vg > ®(vy);

(II) ® is a nondecreasing operator on [ug, vo);

(III) there exists a function ¢ : (0,1) — (0,+00) such that ¢(y) >~ for all v € (0,1), and for any x € [ug, vo)

O(yz) = ¢(7)®(x), for ally € (0,1).

Then ® has exactly one fized point T in [ugp, vo).
Moreover, for any initial xo € [ug, vy, the iterative sequence

Ty = P(zp_1), n €N, (18)

satisfies
||zn — Z|| = 0 (n — +00).

Corollary 3.3 Let P be a normal cone in a real Banach space X, and ® : P° — P°. Assume that
(I) there exist ug,vg € P°, uy < vg, ug < ®(vg) and vy > P(ugp);
(II) ® is a nonincreasing operator on [ug, vol;
(III) there exists a function ¢ : (0,1) — (0,4+00) such that ¢p(y) > for all v € (0,1), and for any x € [ug, vo]
(v 'x) > o(y)®(x), for all v € (0,1).

Then ® has exactly one fized point T in [ugp, vo).
Moreover, for any initial xo € [ug, vo], the iterative sequence

Ty = P(zp_1), n €N, (19)

satisfies
||z — Z|| = 0 (n — +00).

10



Corollary 3.4 Let P be a normal cone in a real Banach space X, and ® : P° x P° — P° a mized monotone
operator. Assume that there exists a function ¢ : (0,1) x P° x P° — (0,+00) such that for each v € (0,1) and
x,y € P°, ¢(v,z,y) >, ¢(v,,y) is nondecreasing in P°, ¢(~,x,-) is nonincreasing in P° and

vz, v 'y) > ¢(v, 2, y)P(2,y).

Assume, in addition, there exists z € P° such that ®(z,z) > z. Then ® has a unique fized point & € P°.
Moreover, for any initial (zg,y0) € P° X P°, the iterative sequences

Tpn = <I>($nflaynfl)a Yn = <I>(yn717$nfl)a nec N,

satisfy
zn = @ll, [y — 31 =0 (0 — +oc).

Proof: In the first place, we shall prove the existence of a fixed point of ®. If z € P° is such that ®(z,z) = z,
then there is nothing to prove; otherwise, we can choose o € (0, 1) such that

1
P < —z.
(22) < =2

N
Since, ¢(a, 2, z) > «a, there exists Ny(a) > 0 such that for all N > Ny(«), (M) > é, that is,

a

oM (e, z,2) > oV

N N

Let ug = a2z, vp = a™ " z and for n € N define u,, := ®(up—1,v,—1) and v, := ®(vy_1,up—1). Thus,

®(ug,v0) = ®(aVz,aNz2) > ad(a™ Tz, a” NV V2) > o> 0Nz = g,

and

(o~ W=Dz oN=1z)
d(a,a Nz, alNz)
Do NNz oN-1)2)

< )

o (b(a? Z’ Z)

é(zvz) —N

_\=E) <

S ooz

®(vo, ug) = ®(a Nz, az) <

Z = 1.

In addition, ® is a mixed monotone operator on [ug, vg] X [ug, vo]. Moreover, for each v € (0,1) and z,y € [ug, vo],
we have

Y, 2, Y) (v, 7, y)
v, uo, v0) @ (7, z,y)
vz, a™N2)0(y, 2, y)

where ¢ : (0,1) — (0, 400) is defined by ¢(7) := ¢(v,a™z,a N z). Thus, by Theorem 3.1, ® has a unique fixed
point Z in [ug, vo).
Suppose that g € P° is a fixed point of ®. Since P° is an open set, there exists a constant 8 € (0, «) and
M € N, M > N such that
ip == pMz < < B Mz =y

11



Again, by Theorem 3.1 we can prove that ® has a unique fixed point on [ug, 0g]. Thus, the inclusion [ug, vo] C
[to, Do) implies that T = g.
The proof is complete.

|

Remark 3.2 It is worth noticing that Corollaries 3.2, 3.3 and 3.4 are the same results as those fized point
theorems established by Wang et al. in [30], [29] and by Ding et al. in [12] respectively. Hence, Theorem 3.1
generalizes their results.

Our stability result shall be based on the following result, which is a generalization of [35, Lemma 3] for the
case with time-dependent parameters. Moreover, we shall give explicit bounds for the convergence rate.

Lemma 3.2 Let x(t) be a continuous nonnegative function on t >ty — v satisfying the following inequality

Dtx(t) < —ki(H)x(t) + ka2 (H)T(t) fort >t (20)

where k1(t) and kz(t) are nonnegative, continuous and bounded functions and T(t) = sup;_,<s<; (). Suppose

o = tiiltf[;{kl(t) — kQ(t)} > 0.

Then there exists a positive constant p > 0 such that
z(t) < T(tg)e Pt
holds for all t > tg. Moreover, the decay rate p is such that

{ (k1(t) — ka(t))k1(2)

0 < inf
i€k U (2) — ka(t) + ka(f) ™

teR

} < p < k.
Proof: Define the function f by

f(t,p) = —ki(t) + ka2(t)e” + p.

For each fixed ¢, f is a strictly increasing function; in addition, f(¢,0) = —ki(t) + k2(t) < 0 and f(¢, k1(t)) =
ko(t)eF1 (v > 0. Thus, for each t there exists a unique p; € (0,k%) which satisfies f(t,p;) = 0. Moreover,
because f(t,-) is a convex function we deduce that

(k1(t) — ka(t)) k1 (2)

g ' 21
" k1(t) — ko(t) + ka(t)evkr(®) (21)
Now let
p:=inf{p; : t € R} (22)
and ~
y(t) == T(to)e P10, 1> 1o —w.
Let ¢ > 1 be an arbitrary constant, then
(t) < ey(t), to—v <t <tp.
We claim that
z(t) < cy(t) for t > to. (23)

12



Indeed, suppose that (23) does not hold, then there exists t; > ty for which

z(t) < ey(t) for tg—v<t<t; and x(t; +0) > cy(t;) for all 6 € (0,9).

According to (20) and (24), it follows that

D+£C(t1) < —kl(tl)l‘(tl) + kig(tl)f(tl)
< —ki(t1)ey(tr) + ka(ti)ey(ts — v)
= e[~k (tr) + ka(tr)e” |z (tg) e P11 —H0)
< e(=pE(to)e P17) = e (1),
then (24) contradicts (25). Hence (23) holds for any t > ty. By letting ¢ — 1 we obtain
z(t) < T(tg)e PEt0),
Finally, (21)-(22) yield

inf { (k1(t) — kao(t))k1(2)
teR ( ky(t) — ko(t) + kQ(t)evkl(t)

}<ﬁ<ki‘,

and the proof is complete.

The following Lemma gives us an integral formula for the almost periodic solutions of (3).

(24)

(25)

Lemma 3.3 Let z(t) := x(t;to, ) be a solution of the initial value problem given by(3) and (6). Then for

t1 > to

h 14 am (s — 71,(s))

t M me —
o(t) = a(tr)e” P2 [T NS () =) g for attt > 1,
k=1

Moreover, if x(t) is defined on the whole real line, then

z(t) = _Ooe 2 kTE(S T+ 2 (5 — 72(s)) s, fora .

Proof: From (3) we have:

/
((2)elio ™) = 2t eyelio " 4 ar)elio b )

M
_ I bw)du a"™k (t — 7i(t))
e’to EAkrk(t)l—i-xnk(t—Tk(t

)

k=1

and integrating from ¢; to ¢ we obtain

M
S b(u)du _ [ b(t)du ! S5 b(u)du z™ (s — 1k(s))
a(t)e'to z(tr)elto e ;W’“(S) 1+ 27 (s — 74(s))

and thus,

13



M m
ot) = ) o000y [ 3 gy ) T ) g
4 — 14 2 (s — 11(s))

In addition, if z(t) is defined on the whole real line, taking the limit on the right-hand side of the equality we
deduce that

t ¢ M ™k (s — T1(8
a(t) = / o= JL b(u)du Z ek (5) T xn(k(s _kT(k();)) ds,
% k=1

and the proof is now complete. |

Observe that Theorem 2.6 requires the existence of constants 7 and ¢, z such that (t), z(t;to,¢) > n. This
fact shall be guaranteed by the following Lemmas.
The following assumptions will be needed throughout the rest of the section:

M

D Aklri)s > b and inf b(t) > 0. (26)
(S

k=1

Remark 3.3 Let z(t) be a positive solution of (3). Then
2'(t) = =b(t)=(t),

t
and hence ig;; < €ft12 blt)dt for any t1 < to. In particular, this implies that

w(t — 7 (t)) < La(t), (27)

t
where L := max;cr eftw b(s)ds

Lemma 3.4 If x(t) := z(t;to, p) is a solution of the initial value problem given by (3) and (6), then x(t)
1s positive and bounded.

Proof: Suppose firstly there exists ¢ such that 2(#) = 0 and x(t) > 0 for all ¢ € [to,), then

M ~ ~
o ™k (t — T (t))
Jim @ (f) = I; Lo — (@)

—

a contradiction. Next, suppose that z(t) is unbounded, then there exists a sequence t; — 400 such that
limy, 400 2(t; —v) = +00. From Remark 3.3, it follows that x(t; —v) < La(t;) and x(t; —v) < La(t; — 7x(t5))
for k =1,...,k, which implies

x(t]’),x(t]’ — Tk(t]’)) — 400 as tj — +00. (28)

Due to (3) and (27) we get
s (1~ 74(4)
a(ty) (L+am(t; — 7i(t5)))

mE—1(y. _ t.
< Nere(t;) L € (t; — mk(t)))
st 1+ " (tj — Tk(tj)

Ak (t5) - b(tj)] z(t;)

7 b(tj)] ().
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Thus, from (28) we deduce the existence of a positive constant J such that 2/(¢;) < —J < 0 for all j large
enough. In addition,

tv
x(t;) = z(to) + / ’ 2’ (s)ds < z(to) — J(t; — to), for j large enough.
to

This yields
x(t;) = —o0 as j — 400,

a contradiction.

|
Remark 3.4 If (26) holds, then we may fix a positive constant n > 0 such that
amjfl b*
- > , forall o € (0, 29
T S ), o 9
for all j = 1,..., M. Furthermore, if np > mi > 0 for some k, then we can observe that the constant n

previously defined can be chosen in such a way that 0 < n <V with V defined in (7) and, consequently, we may
also fix 1 > n such that

mg "k

n n ) .
Z [ = Z T 7 o if nj >mj >0 for some j, (30)

k:ng>mg >0 k:ng>mg >0

and 1 = 400 otherwise.

Lemma 3.5 Let n; < m; for some j and let n and 7 be defined as in Remark 3.4. Suppose there exists a
positive constant W € (n, 7] such that

(LW )™=

sup Z A (t) + Z At (t) W

k:mkgnk k:mk>nk

—b(t) | W <O. (31)

Then there exists ﬂo > tog such that
z(t;to, @) < W for all t > t,.

Proof. In the first place, suppose that z(t;) < W for some t; > tg. We claim that z(t) < W for all ¢t > ¢;.
Indeed, otherwise there exists ¢ € (t1,+00) such that

x(t) =W and z(t) < W for all t € [t1,1),

which together with (27),(31) and from the fact that

u'mk
2&%{1+unk}§1’ for n, > my >0 (32)
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implies

(- T(t) 1 (F
o D70

M
0<a/(t)=> Merp(f)
k=1

< D @+ D Mr(®)a™ T (E - (D) — b(D)a()

k:mg<ng k:mg>ng

= > @+ DD Ner@LMEmW L b(T) | W

k:mg<ng k:mg>ny
<sup > M)+ | YD Nere(OLT TR p(t) | WD = (<0,
k:my<ny kimg>nyg

a contradiction.
Suppose that x(t9) > W, again in view of (27),(31) and (32) we have

2(to) < D Merklto) + | D Mer(to) L™ () — b(to) | @ (to)

k:m<nyp kmp>ng

< Z Akrk(to)-i- Z )\krk(t())Lmkfnkakinkil—b(to) x(to)

kg <ng kmg>ny
= <0.
Furthermore, by continuity, there exists 5 > tg such that
P'(t)<¢<0  forallte [ty,[)] (33)

Thus, 8 can be chosen in such a way that z(/3) = W, so there exists ¢; > /3 such that z(¢;) < W and the proof
follows.
[

Lemma 3.6 Under the assumptions of Lemma 3.5, there exists a positive constant t, > t, such that
x(t;to, ) >n forallt >t,.

Proof: The proof is analogous to those given in [20,33] (see [20, Lemma 2.2] and [33, Lemma 5]) and we omit

it. |
Lemma 3.7 Let m >0, n > 0 be constants. The function g n(u) = %U_)Qn)u satisfies:
(-m?
‘gm,n(u)’ < { In if n.>m(3 + 2v/2) (34)
m otherwise,

for allu >0

Proof: In the case of m > n, the function g, ,, is positive, nonincreasing and g, (0) = m. In the case m < n, it

is easy to verify that g,y is nonincreasing on [0, Zi”m”> and increasing on (Zfz, —i—oo). Moreover, gmn(:ﬁfz) =
- (";;n)z and lim,_, ;o g(u) = 0. Finally, is easy to see that % > m if and only if n > m(3 4 2v/2). This
analysis completes the proof. |
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4 Proofs of the main results

In this section, we shall give a detailed proof of some of the main results of Section 2. The remaining proofs
follow analogously and are consequently omitted.

Proof of Theorem 2.1: First we consider the case 0 < m; < 1 for some j. Let us verify that the assumptions of
Theorem 3.1 are satisfied. Let P C AP(R) be the cone of nonnegative functions defined in Section 3 and set
the operator

t t my —
B = [ eI | T A () S S s ! ds (35)

1+:c"k(s—77C Wl 1+y”k(s—7'k(s))

for all t € R.

It is clear that hy(y) := is a nondecreasing function. In addition, from the fact that n; < my, it is

T
readily seen that gi(z) := % is a nondecreasing function. Due to the monotonicity of these functions, the
nonlinear operator ® is mixed monotone in P° x P°. Moreover, by properties of almost periodic functions it
follows that ®(z,y) € AP(R). Moreover, ®(P° x P°) C P° . Indeed, for each (z,y) € P° x P° there exist

K1, k2 > 0 such that k1 < z(t),y(t) < ko for all t € R. Thus,

t t
— /. b(u)du
CNICEN SR I e (mgggmwnk) D k() o | ds

k:m>0 k:mg=0

Ak (7)s : W™ Me(r)e 1 ~
> MRS, A . ‘
o Z b* /ﬂg};gng 1+ whk T Z b* 1+ Klgk €>0

k:mg >0 k:my=0

Next, for K large enough we have

AT Kmk—l Ak

I TR O o S ()

k:m >0 b* + k:my=0 *
Let us fix the constant function vy := K > 1, where K satisfies (36). In addition, we choose a constant

€ (0, K) such that
Aj(rj)s €m7! .
r 1—1—6”121’ if0<m; <1 (37)
or such that A .

iTj)s € o —

1L R >1, ifm; =0. (38)

Define ug := € and, by virtue of (36) and (5) we obtain

t -
s, — ;b(u)du § : § :
@(Uo,Uo) S /OOF e f /\]J’k 1 T Knk + )\]J’k

kmk>0 k:my=0
< Y e KT Z ootk A’“T’f
B k:mpi>0 b 14 K™
< K =y,
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and from (37)-(38) it follows that

Aj(r5)e €™ :
D (ug,v9) > Jb*] * [T o > € 1= uy, if mj <1 (39)
and,
Aj(ri)s 1 .
D (up, vg) > 11K >e:=wug, ifm;=0. (40)

We conclude that ®(ug,vg) > ug.
In addition, for each v € (0,1) and x,y € [ug, vo], we obtain

t MmE (g — M (1 + ug*)
b )0 = [ 2 MO TR ) T

+ D Awri(s) . LEw" ) g
MRS Yy (s — 7i(s)) 1+ vy~ meul*
k:my=0
= ¢(7)®(z,y) (1),
where ¢ : (0,1) — (0,400) is the mapping defined by
Mk (1 Tk 1+ K"
¢(y) =min{ min 7+ ) , min oA L (41)
kmp>0 | 1+ yMkemr {kimy=0} | 1 4+~ K™k

Thus,

O(yz, v y)(t) = ¢(7)@(x,y)(t), for each v € (0,1) and x,y € [ug, vo].

Furthermore, it is easy to see that ¢(vy) > v for all v € (0,1). Hence, by Theorem 3.1, ® has a unique fixed
point T € [ug, vo]. Thus, by Lemma 3.3, the operator Z is the unique solution of (3) such that e < z(t) < K.

It remains to analyze the case my = 1 for all k. As before, we choose vg = K large enough satisfying (36).
By virtue of (H) there is a positive constant € € (0, K') small enough such that

t . M ¢
/ e Js bw)du § ATk (8) e > €. (42)
% k=1

Define, ug := € and consider the nondecreasing operator

t t M TS — TS
&)@)(t) - / e Jr ki Z Aer (s) 1+ :E(nk (s i(T])g)(S)) o ()
e k=1

and the function

)= in, {TE50 (44)

k=1,..M | 14 y"kenk

It is seen that ® and ¢ satisfy all assumptions of Corollary 3.2. Then ® has a unique fixed point Z € [wo, vo]
and, by Lemma 3.3 Z is the unique solution of (3) such that ¢ < Z(t) < K.

To conclude, observe that, in both cases, the constant function vy can be chosen arbitrarily large, as well
as ug can be chosen arbitrarily small. Thus, if z(¢) is another almost periodic solution with a positive infimum
of (3), then we may assume that ug < z(¢) < vo. Hence, Z = z and the proof is complete.
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Next we shall prove Theorem 2.2. Observe that the assumptions allow not only bounded monotone nonlinear
terms (ng = mg > 0 or my; = 0) but also nonlinear single-humped terms (n; > my > 0), which are neither
monotone increasing nor decreasing. Thus the fixed point Theorem 3.1 cannot be applied for an arbitrary large
interval as in the aforementioned cases.

Proof of Theorem 2.2: The proof is divided into 2 steps.
Step 1. Let x(t) an almost periodic solution of (3). In view of Lemma 3.3, (10) and (32), we have

t ¢ M Tk (s — T3(s
mﬁ)zi/ ffﬁﬁWMUE:A“%@)1+££%s—i&éﬁ
T k=1

t . M
< / e Js blw)du Z ATk (s)ds

k=1
<V, for all t € R.

Step 2. First, we consider the case 0 < m; < 1 for some j. Let vy := V and define ug := ¢, with € € (0, V) such

that
Aj(rg)e €1

T4 > 1, if0<m; <1 (45)
or such that A .

A N T P 1

b AV S if m; = 0. (46)

Let the operator ® : P° x P°x — P° be defined as in (35). Due to the monotonicity of the functions 11%
on (0,V) and ﬁ on (0,4+00), ® is a mixed monotone operator on [ug, vo] X [ug, vo].
Moreover, from (37),(38) and (10),(32) we get

D (up,v9) > up and P(vg,up) < vp.

Let the mapping ¢ : (0,1) — (0,400) be given by

. . (1 A+ €M) . 1+ Vne
e(y):=min{ min { ————= 3% min { ————— 5 5. (47)
k:my, >0 1+ y"kenk Emp=0 | 1 4+~ V"%

Then, it is not difficult to show that ¢(v) > v for each v € (0,1). In addition, it is readily verified that for
each v € (0,1) and =,y € [ug, vo]
©(yz, 7 1y)(t) = (1) 2(x, y)-

Hence, by Theorem 3.1, ® has a unique fixed point Z € [ug,vp]. Thus, by Lemma 3.3, Z is the unique
solution of (3) such that e < z(t) < V.

For the case my = 1 for all k, let ® be the operator defined in (43) and the function ¢ defined in (44).

Analogously to the preceding proofs, one can show that all the assumptions of Corollary 3.2 are fulfilled.
Then & has a unique fixed point & € [ug,vo] and, by Lemma 3.3 Z is the unique solution of (3) such that
e<i(t) <K.

To conclude, observe that, in both cases, the positive constant function ug can be chosen arbitrarily small.
Thus, if z(¢) € (0,V] is another almost periodic solution with a positive infimum of (3), then we may assume
that up < 2(t) < V. Hence, T = z.

Furthermore, by Step 1 all almost periodic solutions are uniformly bounded by the constant V. We conclude
that T is the unique almost periodic solution with positive infimum and the proof is complete.
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In the previous proof, the existence of a uniform bound for almost periodic solutions of (3) allowed us to
obtain the unique almost periodic solution with positive infimum of problem (3) in the presence of nonlinear
single-humped terms (n; > my > 0). Observe that the assumptions in Theorem 2.3 admit also unbounded
terms (ng < mg). Thus, uniform bounds cannot be obtained as before and the preceding argument cannot be
applied.

Proof of Theorem 2.3: First we consider the case 0 < m; < 1 for some j. Let ® : P°x P° — P° be the operator
defined in (35). Set vg =V, with V the constant defined in (7) and up = € < V defined as in (45)-(46). Then,
O (ug,v9) > up and, in view of (11), we obtain ®(vg,up) < wvg. Again, it is easy to verify that & is a mixed
monotone operator [ug, vo] X [ug, vg] and ®(P° x P°) C P°.

Setting the function ¢ defined as in (41), with similar arguments as used in the previous theorems it is
easy to see that all remaining assumptions of Theorem 3.1 are fullfilled. Hence, ® has a unique fixed point
Z € [up,vg]. Thus, by Lemma 3.3 Z(t) is the unique almost periodic solution of (3) such that e < Z(¢) < V.

In the case of my = 1 for all k, we consider the operator ® and the function ¢ defined in (35) and (44)
respectively. The remaining proof for this case is similar to that of Theorem 2.2 and we omit it.

To conclude, observe that, in both cases, the positive constant function ug can be chosen arbitrarily small.
Thus, if z(¢) € (0, V] is another almost periodic solution with a positive infimum of (3), then we may assume
that up < 2(t) < V. Hence, T = z.

|

The arguments in the proof of Theorem 2.4 are similar to those given in the proof of Theorem 2.2. However,

the assumption n, > 1 for some ¢ such that m, = 0 implies that condition ¢(y) > 7, with ¢ defined above, is
not fulfilled for all v € (0,1) and z,y € [ug, vo]. Thus, more restrictive assumptions are needed.

Proof of Theorem 2.4: The proof is divided into two steps.
Step 1. Let us define the functions h; as follows. If k is such that ny <1 and my = 0 then

1

hi(y) = W,

and if k is such that ng > 1 and my = 0, then we set

h’k (y) = L )
where T is the constant defined in (9).
Let us consider the following associated equation

xR (t — 1(t))
1+ an(t — 7 (t

) + Y Are(h(a(s — mi(s)) = b(8)x(1). (48)

k:my=0

Now, similarly to Theorem 2.2 Step 1, in view of (12) one can show that all positive almost periodic solutions
x(t) of equations (3) and (48) satisfy x(t) < T for all ¢ € R. Moreover, note that this statement implies that
equations (3) and (48) have the same positive almost periodic solutions.

Step 2. Set the constant functions vy = T" and uy = €, with € € (0,7) as in (45), if 0 < m; < 1, or such that

Aj(rj)e €t :
> 1 fm; =0. 4
b* (1+T"j) = 1, 11 m; 0 ( 9)
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Define operator © by

! t k(L — T
O(x,y)(t) = /_ e~ S Pdu 1N Nk (s) (£ = 7(t + ) Merw(s)hu(y(s — mi(s))) | ds. (50)

14 2m(t —
k:mp>0 + ( k:mp=0

It is readily seen that © is mixed monotone in [ug, vg] X [ug, vo] and O(P° x P°) C P°. In addition, in view of
(12), (45) and (49), we obtain ©(vg,up) < vy and O(ug, vg) > up.
Let the mapping 6 : (0,1) — (0,+00) be given by

. . 1+ ™1™
_ 1
0(v) mm{«p(v),{nk;{%:o}{ R }} (51)

where ¢(7) is defined as in (47).
By a direct computation it is readily verified that for each k such that ni > 1 and my = 0,

he(y"ly) LAy
he(y) = 14T

for all v € (0,1) and y € [ug, vo|, which together with (47) yields that,

O(vz,v 'y) > 0(7)O(x, ).

Similarly to Theorem 2.2 Step 1, one can conclude that © has a unique fixed point Z(t) € [ug,vo] and that
this is the unique almost periodic solution with positive infimum of equation (48) such that Z(¢) < T.

Furthermore, by Step 1, we conclude that Z(t) is the unique almost periodic solution with positive infimum
of equation (48). Thus, Z(¢) is the unique almost periodic solution with positive infimum of (3) and the proof
is complete. |

In order to prove Theorem 2.6 we employ Lemma 3.2. Moreover, we assume that there exist constants
n,toz > 0 such that Z(t), x(t;to, ) > n for all t > ¢, z. Such bound can be obtained under the conditions of
Lemma 3.5.

Proof of Theorem 2.6: Let Z(t) be a positive almost periodic solution of (3) and x(t) = x(¢;tg, ¢) the solution
of the initial value problem (3) and (6). Define y(t) := Z(t) — z(t) with t € [ty — v, +00), then we have

M ~
2t = 7 (2) o)
V= g TG T ) MO0 %2

Computing the upper right Dini derivative of |y(¢)| and from the mean-value theorem we obtain:

M (g — o
D) < 3 hersle) |l

N~ e s | sl

k=1 T4 ame(t —m(t) 14 a™(t — 1i(t))
M oLt — 7 (1)) [, + (muy, — mye) 07 (t — 75(2))] ]
= ;)\k’rk(t (1 an(t—Tk(t)))Q ‘1’(t-7’k(7§)) —:L‘(t—'rk(t))‘ —b(t)|y(t)|

<D MmO gy (07 (¢ = i (8))) |2 (E = (1)) = E(t = i (8))] = b(E)y(2)],
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where 0(t) lies between z(t) and Z(t). In view of Lemma 3.7 we obtain

D¥y(t)] < p)ly(®)] — b)ly(t)], for all t > t,,5

where [y(t)| := sup;_,<.<, {|y(s)[}-
Thus, by Lemma 3.2 there exists p > 0 such that

1Z(t) — z(t)] = lyt)| < |y(tm)|e—f)<t—w> = K,ze ", for all t > t,;

and the proof is complete. |

5 Examples

In this section, we give examples to demonstrate the results obtained in Section 2.

Example 5.1 Consider the following model of hematopoiesis with multiple time-varying delays:

, _l 1 cos wi(t_2ecost)

1 .
1 1 7 (t — 2€smt
+- <2 + - sin(ﬁt)]) (1 ) — (1.5 + 2 cos(400t))z(t).
4 2 14+ x2 (t_2esmt)
It is seen that,
1 1 d
m = 1 n = 5 an

L1 11 .
Mb] = lim /t b(s)ds = 1.5+ Tlgr;o T%[SID(ZIOO(t +T)) — sin(400t)] = 1.5.

Thus, (53) satisfies the assumptions of Theorem 2.2. Therefore, equation (53) has a unique positive almost
periodic solution with positive infimum.

However, ezistence and stability results in [18] cannot be applied. It is due to the fact that the following
assumption, employed in the mentioned work,

M
n' = ;gﬂg {—b(t) +F ;)\krk(t)} >0

1s not satisfied. Indeed,

b=15, Fi=e 10, A\ =\ = (r1)"=(re)*=2.5 and

1
47
nt < —1.5 4+ F1(A\2.5 + X\92.5) ~ —0.262.

Example 5.2 Consider the following model of hematopoiesis with both bounded and unbounded nonlinear
terms:

.I'% (t _ 2€cost)
1427 (t — 2ec05t)

() = % (2 + %| cos(\/ﬁt)\) (54)
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1 1 1
+- <2 + - sin(\/gt)o - — — 1.5x(¢).
2 2 14 22 (t — 2esint)
It is seen that,
==l =0 =l v=2 and Mp =15
m1—2, n1—4, mg—,n2—2,v—e an = 1.0.

Thus, (54) satisfies the assumptions of Theorem 2.1. Therefore, equation (54) has a unique positive almost
periodic solution with positive infimum.

Moreover, this solution is globally exponentially stable. Indeed, let n = 0.5 and M = 15, by Remark 3.4
1 = 4o00. Then

Me(rp)s =2>15=0", L=elo 15 =¢

NE

k=1
sup { \ara () + (A ()L™ W™ =M= _p(1)) W < Agrj + (Alri‘e%W’% - 1.5) W ~ —2.3555 < 0,
teR
mi—1 (l)%fl b*
inf >~ ~0.76822>0.75 = —5————
ac(Om L+aof = 4 4 (1)% Y i1 Me(Th) s
mo—1 1\—1 *
e s G o
aOa 1+ a5 = 1 4 (1y3 D k=1 Ak (Th )

2
inf {b(t) — anklx\krk(t)mk} >1.5— n*%Al(rl)*ml ~ 0.6161 > 0
teR 1

which imply that (54) satisfies the assumptions of Lemma 2.6. Thus, the unique almost periodic solution with
positive infimum is globally exponentially stable.

6 Conclusions and open problems

It is worth to notice that the authors in [5,9,18,20,30,33] only considered the hematopoiesis model for my, < ny.
Moreover, in these works, the term production is assumed to be the sum of functions with the same behaviour,
that is my = m and ng = n for all k. Thus, the results in [5,9, 18,20, 30,33] and references therein cannot be
applied to prove the existence and global exponential stability of the positive almost periodic solution of (3).

By applying a new fixed point theorem, this paper provides sufficient conditions for existence and uniqueness
of positive almost periodic solutions for a generalized hematopoiesis model. For the global exponential stability
we apply a Halanay-type inequality. We remark that this method is quite different from those employed by
other authors. The results are new and complement previously known results.

However, it is difficult to establish sufficient criteria ensuring global exponential stability of the positive
almost periodic solution of (3) when the loss rate b(t) is oscillatory and m; > n; for some j. In addition,
condition 0 < my, < 1 for all k£ has been adopted as fundamental for the existence and stability analysis of (3).
The approach used in this paper and in [5,9,18,20,30,33] cannot be applied to equation (3). We find that these
open problems might be of interest for scientists who plan to start future research in this field.
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