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SOME NONLOCAL OPTIMAL DESIGN PROBLEMS
JULIAN FERNANDEZ BONDER AND JUAN F. SPEDALETTI

ABSTRACT. In this paper we study two optimal design problems associated to
fractional Sobolev spaces W*P(2). Then we find a relationship between these
two problems and finally we investigate the convergence when s 1 1.

1. INTRODUCTION

Let 2 C R™ be an open, connected and bounded set. For 0 < s < 1 and
1 < p < oo we consider the fractional Sobolev space W*P(§2) defined as follows

(1.1) WeP(Q) = {u € LP(Q): w € LP(Q x Q)}

endowed with the natural norm

Ju(z) = u@l? o\
1.2 s,p P .
(1.2) ullws»@) = (/ Jul dx—’—//Q><Q |x_y|n+5p dr dy

The term

(1.3) [l?y ey = [0, //QQ e |n<+s3gpd$dy’

is called the Gagliardo seminorm of u. We refer the interested reader to [8] for a
throughout introduction to these spaces.

The purpose of this paper is to analyze some optimization problems related to
the best Poincaré constant in these spaces. First, we consider the following problem:
given a measurable set A C Q, we define the optimal Poincaré constant \;(A) as
the number

Gl

ol

N

(1.4) As(A) = inf{ veWP(Q), v=0a.e. in A} .

This constant is the largest possible one in Poincaré’s inequality

P
/ [vfPdx < = // Er)l dx dy
axQ |3«"— y|rep

for every function v € W*P((2) that vanishes on the set A.

Also, this constant can be seen as the first eigenvalue of a fractional p—laplace
type equation. See next section.
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The first problem that we want to address is to minimize this constant A\s(A)
with respect to the set A in the class of measurable sets of fixed measure. That is,
we take a € (0, 1) and define the class

o = {A C Q: A measurable and |A| = «|Q|}.
So our optimization problem reads, find an optimal set Ag € A, such that
(1.5) As(As) = As(a) :=inf{\;(A): A€ A,}.

This problem is called the Hard Obstacle Problem since the optimal set A can be
seen as the obstacle where the solution is forced to vanish.

In the case s = 1, that is when the classical Sobolev spaces are consider, some
related problems were studied in [11, 12]. In those papers it was shown that there
exists an optimal configuration, and some properties of optimal configurations and
of their associated extremals were obtained. We refer to the interested reader to
the above mentioned papers.

Related to this optimization problem, is the following variant that some times
is referred to as the Soft Obstacle Problem. That is, given a nonnegative potential
function ¢ € L>°(€2) and a constant o > 0, we look for the best optimal constant
in the following Poincaré-type inequality

QxQ - e /Q
Pde < = P ]
)\/ |v|P dx //X |x y|N o drdy +o [ |v|P ¢dx

That is
1
5 +a v
(1.6) Ao, ) == mf{2” i vl vewsmz)},
P
where

ol = / [of? g.

These problems are related by the fact that the term o||v||,,¢ can be seen as a
penalization term and if one takes ¢ = x4, then (heuristically),

As(o,xa) = As(A)  as 0 — 0.

So the next point of the paper is to make this fact rigorous. In fact, if we denote
the class of admissible potentials by

By :={pec L™(Q):0<¢ <1, [|¢h =alQf},
then y 4 € B, for every A € A,. So, we consider the optimization problem
(1.7) Ag(o,a) :=inf{A;(0,0): ¢ € By}
and look for an optimal potential ¢, such that
As(o, ¢5) = A (0, ).

For this problem we show the existence of this optimal potential and, moreover, we
prove that ¢, = xa, for some A, € A,. Finally, we show that

As(o,0) = Ag(a) and xa, — xa, in LY(Q) as o — oo,

where A; € A, is an optimal configuration for Ag(a). See [9] for related results in
a local problem.
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To finish the paper, we analyze the connection between the hard obstacle prob-
lem (1.5) and its classical counterpart, when s = 1. Therefore, we analyze the
asymptotic behavior as s T 1 for (1.5) and based on some Gamma-convergence re-
sults due to A. Ponce in [14] we are able to prove the convergence of the nonlocal
model to the local one.

Organization of the paper. After this introduction, the rest of the paper is
organized as follows.

We begin in Section 2 with a rather large section where all the preliminaries
on fractional Sobolev spaces and on the fractional p—laplacian are collected. This
section contains almost no new material and an expert on the field can safely skip
it an move directly to the next sections. We choose to include it because some of
the results (specially subsection 2.1) are scattered in the literature and we weren’t
able to find a precise reference for those.

Section 3 contains the main results of the paper. Namely the study of the Hard
and Soft Obstacle Problems (1.5) and (1.7) respectively and the connection between
them.

Finally, in Section 4, we analyze the asymptotic behavior of the Hard Obstacle
Problem when s 1 1.

2. PRELIMINARIES

In this section, we review some definitions on fractional Sobolev spaces and on
the p—fractional Laplace operator. We believe that most of this results are known
to experts and constitute part of the “folklore” on the subject but since we were
not able to find a precise reference for these, we have chosen to include proofs of
most of the facts that are needed.

2.1. The regional (p, s)—laplacian. We begin with the definition of the fractional
p—laplacian that we use in this paper. This operator is some times denoted as the
regional fractional p—laplacian.

For any smooth and bounded function u (C?(Q2) N L>°(Q) is enough), we define
the regional (p, s)—laplacian as

(—A, ) u(z) = p-V./ﬂ lu(z) — u(y)|P*2(u(;v) —u(y)) dy

o ER
’ i u(z) —u(y) P~ (u(x) — u(y))
= lim p—— dy,
el0 Jo\B. (z) |z — y|"Tsp

for any z € Q.

Let us first see that this operator is well defined.

Lemma 2.1. Let 0 < s <1 < p < 00 be fizred and let Q C R™ be open. Then the
operator (—A, q)*u(x) is well defined for u € C%(Q) N L>(Q).

Proof. Let g9 > 0 be such that B, (z) CC . Now, as v € L*>(Q) we have that

_ p—1
[ o,
O\B.y(x) T —y|"TeP
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Now, for 0 < € < g9, we have

[ ju(e) — u) P2(ua) —u(w))
e<|z—y|<eo

o =y

Y

g CCES A TEETCET P
e<|z|<eo

|Z|n+sp

L[ oo =),
e<|z|<eo

|Z|n+sp

To simplify the notation, let us denote ¢, (¢) = |[t[P~2t. Therefore this last quantity
equals

(2.2) 1/ Op(u(x) — u(w + 2)) — dp(u(z) —u(z —2)) |
e<|z|<eo

2 Rz

z

Now, we also define
e(t) = gp((u(z) —u(z — 2) + t(u(z + 2) — 2u(z) + u(z — 2))).
So (2.2) can be written as

1 1) — 1 !
2 e<|z|<eo |Z| P 2 e<|z|<ep JO

and performing the computations, this equals

1 o p—2 712
e L[ [MCDD) D D
2 e<|z|<eo YO

|z|n+sp

where D u(x) = u(z + 2) — u(z) and D?u(z) = u(x + 2) — 2u(z) + u(z — 2) =
D u(x) + D_,u(zx).
From this last expression, we observe that
|(t — 1)D_ u(z) + tDu(x)|P~? < O|2[P72,
where C' depends on the Lipschitz constant of w and on p, and
|D2u(a)] < )22,
where C’ depends on the C?—norm of .

Putting all of these together we find out that there exists a constant C' depending
only on the C?—norm of v and on p such that (2.3) is bounded by

C’/ | 2] HP=9) g
e<|z|<eo

and since this last term converges as ¢ | 0, the lemma follows. ([

Lemma 2.1 tells us that the regional (s,p)—laplacian is well defined for regu-
lar functions. Unfortunately, this is not enough. We need to know how acts on
measurable functions. We perform this task in the next lemma.

Lemma 2.2. Let 0 < s <1 < p < oo be fized and let Q C R™ be open. For every
u € W*P(Q), the regional (s,p)~laplacian given by (2.1) defines a distribution
D' (). Moreover,
s 1 ulr) —u P*Q»uz_u d)x_qs
(=Ap0) u,¢>:§//2 ( u(z) — u(y)|P~*(u(z) — u(y))((z) (y))dxd%
QxQ

o=y
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for every ¢ € C°(Q).

Proof. Given u € W*P(Q), for any € > 0 we define T.u as

_ u(z) — u(y)[P~*(u(x) — u(y))
T.u(z) = /Q\B . dy.

o =y

We claim that T.u € Lp/(Q). In fact, by Holder’s inequality,

_ p—1
L) < [ MO0,
O\B.(z) |T—y|"teP
1

_ P o 1
([ e ) i
Q\B:(z) |'T _y|n P le—y|>e |:E - y|n P

Let us denote

=

C=Cn,s,p) = —n
Sp

then it is easy to see that

1
L gy—ce.
/|a:—y2€ |IE - y‘nJrsp

So, we easily conclude that
D

IT-ully 0 < Ce™ U]

Therefore, T.u induces a distribution as

— p—2 _
o= [ Tupdo= [ [ 1) w0y,
Q Q JO\B.(z |z — y|"Tep
It is easy to check, by using Fubini’s Theorem, that one also has

Iu ) — u(y)]P > (u(z) — uly))
(Tou, ¢) = / /Q - P(y) dydz,

|z —y[rtep
and so
—u(y) [P (u(@) — uly))(¢(z) — ¢(y))
(T, 01 = /Q /Q\B (@) |z — y[mtsp dyda-

Since the integrand is in L'(92 x ), using the Dominated Convergence Theorem,
one concludes that

(=Ap0)u, ¢) = 1im<TaU7 b)
// u(y) [P~ (u(x) — u(y))(o(x) — o(y)) dudy
QxQ '

o — o

This finishes the proof. O

Remark 2.3. From the proof of Lemma 2.2 one observe that the regional (p, s)—laplacian
is a bounded operator between W*P(£2) and its dual [W*P(Q)]'.

With all of these preliminaries, we establish the definition of weak solution for
the regional (p, s)—laplacian.
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Definition 2.4. Let 0 < s <1 < p < 0o be fixed and let 2 C R™ be open. Given
f € LP () (or more generally, f € [W*P(Q)]'), we say that u € WP(Q) is a weak
solution of

(2.4) (—Ap)’u=f inQQ,
if the equality holds in the distributional sense. That is, if

1 u(z) — u(@)[P~*(u(@) — u(y)) (v(z) — v(y)
(2.5) 5 //QXQ

|Z‘ _ y‘n—&-sp

)d:cdy:/fvdx,
Q

for every v € W*P(Q).

Remark 2.5. This problem is analog to the homogeneous Neumann problem in the
classical local setting.

In the study of the hard obstacle problem, we need to look for solutions of a mixed
boundary value problem. We need a definition for solutions of such problems.

Definition 2.6. Let 0 < s < 1 < p < oo be fixed and let @ C R™ be open. Let
A C Q be measurable and let f € L' (Q) (or more generally, f € [W5?P(Q)]'). We
define

WiP(Q) :={ve W*P(Q): v =0 a.e. in A}.
Then, we say that u € W3*(Q2) is a weak solution of the mixed boundary value
problem

(2.6) {(—Amsu —f inQ\A

u=0 in A,
if (2.5) holds for every v € W3 ().

In what follows we need a version of the strong minimum principle for solutions
of (2.6). Following ideas in [6] we can provide the following lemma needed in order
to prove our version of the strong minimum principle.

Lemma 2.7 (Logarithmic lemma). Let 0 < s < 1 < p < oo be fized and let @ C R™
be an open set. Let A C Q be closed. Assume that f € LP (Q) is nonnegative
and that uw € WYP(Q) is a nonnegative weak solution of (2.6) in the sense of
Definition 2.6. If Br(xg) CC Q\ A, then the following estimate holds: for any
B, (x0) C Brya(xo) and every § >0,

e ] ()

where C = C(n,p,s) > 0.

P 1
|z — y[ntsp

drdy < Cr™" =P,

Proof. Let § > 0 be a real parameter and let ¢ € C§°(Bs,.2) for r > 0 be such that
0<¢<1,0=1in B, and |V¢| < cr " in By, /2 C Br/a.
Now we use the weak formulation (2.5) with the function
n=(u+08)""e".

Observe that the test function 7 is well defined since the function v > 0 in the
support of the function ¢, and that n = 0 on A.
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So, we get
u(y) P2 (u(z) — u(y))(n(x) —nly))
(2.8) 0</f77dx_ //gm |z — y[ntep ey
—Il + 12 + 137
where
1 [u(z) = u(y)[P~*(u(z) — u(y)) )P oy .
= //BB & — gl (@) + 61 (uty)—oy1) Y

_ |u(z W)P~2 u(z) — uly) 2P do
273 /Q\BZT/ |x— I”+SP u(z) + 0)P- 1 $(@)" du dy,

)~ u)P? (uly) ~u(e))
/Bzr /z\BQT \a:— gt (u(y) +6)P— T9(y)? dx dy.

I3

Now following the ideas in the proof of [6, Lemma 1.3] there exists a positive

constant C' = C(p) such that
w(z) + 9 >
log (
(y) +

L]
B?’V'XB2T'
This inequalities together with (2.8) give us (2.7). d

1 _
e dedy + O,

Ig—i—[ggCr" P,

Using the above lemma we can enunciate the following version of the strong
minimum principle for the operator (—A, o)*.

Theorem 2.8 (Strong minimum principle). Let 0 < s < 1 < p < oo be fized and
let @ C R™ be an open set. Let A C Q be closed. Assume that f € LV (Q) is
nonnegative and that w € WP(Q) is a nonnegative weak solution of (2.6) in the
sense of Definition 2.6. Then, either u =0 in Q or u > 0 almost everywhere in €.

Proof. See the proof in the Theorem A.1 in [4]. O

Remark 2.9. Although it will not be needed in this paper, observe that the conclu-
sions of Lemma 2.7 and Theorem 2.8 still hold for solutions of (2.4) in the sense
of Definition 2.4. The proof of these facts are completely analogous to that of
Theorem 2.8.

2.2. The hard obstacle problem. In this subsection we fix a measurable set
A C Q and prove the existence of an extremal for the constant As(A). Moreover,
we show that this extremal is an eigenfunction of the regional (p, s)—laplacian in
the sense of Definition 2.6.

Let us begin by showing that the constant As(A) is well defined and strictly
positive.

Proposition 2.10. Let Q C R™ be a bounded, open set and let A C ) be a mea-
surable set with positive measure. Then there exists a constant 8 > 0 depending on

n, s, p, diam(Q) and |A| such that As(A) > 0.



8 J. FERNANDEZ BONDER AND J.F. SPEDALETTI

Proof. The proof is rather simple. In fact, given u € WP (Q) we have

Ml iy > [ o ([ e )
dxdy > u(x ————dy | dz.
“p // |x—y|n+sp @I\ |, =y

So the proof will be completed is we can find a lower bound for the term

1
=

So if we denote by ¢(A4;Q) = sup{|z —y|: x € Q, y € A}, we obtain
1
——dy > ¢(A; Q)" (P 4]
e 2 A

Therefore, we get A;(A) > 1c(A;Q)~(Hsp)|4].
Observe that ¢(4;2) < diam(Q2), so we can take § = % diam(Q)~"**P)|A|. O

Let us now see that there exists an extremal for the constant A;(A). That is a
function w € W3i*(€Q) such that
1 1
slv slu
As(A) = inf 2| ]Spp = 2Lk,
vewi @ ollp flullp
This fact is a trivial consequence of the fact that the embedding W*P(Q) C LP()
is compact (see [8, Theorem 7.1]).

Theorem 2.11. Let Q2 C R™ be a bounded domain with Lipschitz boundary. Then,
giwven A C Q measurable with positive measure, there exists u € WyP(Q) extremal
for As(A). Moreover, the extremal can be taken to be normalized in LP(Q), i.e.
[ullp, = 1.

Remark 2.12. The Lipschitz regularity on 0f2 is needed in order for the compactness
of the embedding W*?(Q2) C LP(Q) to hold. See [8, Theorem 7.1]. In fact, what
is needed is that  be a bounded extension domain. That is the existence of a
bounded extension operator E: W*P(Q) — W#P(R"). Lipschitz boundary imply
that Q is a bounded extension domain. See [8, Theorem 5.4].

Proof. The proof is immediate. We include some details for completeness.
Let {up}nen C€ WP () be a normalized minimizing sequence for Ag(A). That
is

1
Jtnllp =1 for every n € N and A (A) = lim —[u,]?,,.

Therefore, {uy, }nen is a bounded sequence in WP () and so since W*P(Q) is a
reflexive Banach space and from the compactness of the embedding into LP(£2) there
exists a subsequence, that we still denote by {u, }nen and a function u € W*P(Q)
such that

(2.9) U, — u weakly in W*P(Q)
(2.10) U, — u strongly in LP(€2).

It is easy to see that u = 0 a.e. in A (for instance, taking a further subsequence,
n — u a.e. in Q, or observe that W3*(Q) is weakly closed since is strongly closed
and convex), so u € W37 (Q).
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By (2.10), it follows that ||ul|, = 1 and by (2.9) and the weak lower semiconti-
nuity of the Gagliardo seminorm,

1[ £, < liminf ~ ! [un]g,p = As(A).

2 n— 00

As(4) <
The proof is complete. O

Let us now see that an extremal of \;(A4) is an eigenfunction of the regional
(p, s)—laplacian with eigenvalue \;(A). That is, if u € W3 () is an extremal for
As(A), then

(2.11) { i—:Angu = A(A)u2u g 27\ A
in the sense of Definition 2.6.
This is the content of the next result.
Theorem 2.13. Let 0 < s <1 and 1 <p < oo be fivred. Let Q C R™ be a bounded

open set and let A C Q be measurable with positive measure. If u € W3P(Q) is an
extremal for X\s;(A), then u is a solution to (2.11) in the sense of Definition 2.6.

Proof. Let u € W3i*(Q2) be a normalized extremal for \;(A4), and let v € W% (Q)
be an arbitrary function. Define

o (u+ t0)(z) = (u+ to(y)?
2.12 J(t u + tv]? // dx dy.
( ) ( ) 2[ axQ ‘m_y|n+sp
and
(2.13) k(t) = [|u + tv[|5 :/ |u + tv]? dx.
Q
Then, is easy to see that
p—2 — _
// W~ (0lo) — ) (@) = 00))
(2.14) Q><Q |z — y|ntsp
A, a)u,v)
and
(2.15) K'(0) = p/ |ulP~?uw de.
Q
Moreover since u € W3?(2) is a normalized extremal for A(A), we get
) 1
(2.16) 50) = Llulg, = M(4) and K(0) = [ull = 1
So, if we define
3(t)
t) = 22
6(t) = 315

we get that
(0)k(0) — K(0)§(0)
0= (o) = L .
[R(0)]?
Now using (2.14), (2.15) and (2.16) in the above equality we obtain the desired
result. g
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2.3. The soft obstacle problem. In this subsection we fix a nonnegative function
¢ € L>(f) and a constant o > 0 and prove the existence of an extremal for the
constant As(o, ¢). Finally, we show that an extremal of A(o, ¢) is an eigenfunction
of the regional (p, s)—laplacian in the sense of Definition 2.4.

As in the previous subsection, we begin by showing that the constant A;(o, ¢)
is positive. We prove this fact using the compactness of the embedding W*P(Q2) C
LP(Q) so we require 92 to be Lipschitz continuous (cf. Theorem 2.11).

Theorem 2.14. Let 0 < s <1 and 1 < p < oo be fized. Let Q@ C R™ be a bounded
open set with Lipschitz boundary. Let 0 # ¢ € L>(Q) be nonnegative and let o > 0.
Then, there exists a constant k > 0 such that A\s(o, @) > K.

Proof. The proof will follows if we show the existence of a constant C' > 0 such
that

lo(z) — vy /
. Pdx < P .
(2.17) /\v| dx C( //QXQ |x—y|”+5p daedy + o Q\v\ ¢dz. ),

for any v € W*P(Q).

Assume that (2.17) is false. Then, there exists a sequence {vp }neny C W*P(2)
such that

(218) an,“p = la

(2.19) [Un]sp — 0,

(2.20) / |vn [P dx — 0.
Q

Now, arguing as in the proof of Theorem 2.11, there exists a subsequence (that
we still denote by {vp nen) and a function v € W*P(Q) such that

v, — v weakly in WP (Q)
v, — v strongly in LP(9Q).

Now, since W#P(2) is a uniformly convex Banach space, from (2.19) is easy to
see that |lvn|lwsr) = |v]lwsr) and so v, — v strongly in W*P?(Q2). Therefore
lvll, =1 and [v],, = 0 and so v is constant (in fact, v = |Q|7%)

But then, since |v,|P — |v|P strongly in L(£) is follows that
1
0 :/ [v|Pé dx = —/ ¢ dx,
) 9] Jo

The theorem is proved. O

a contradiction.

With the same reasoning as in Theorem 2.11 it can be shown the existence of an
extremal for \s(o, ¢). We state the theorem for future reference an leave the proof
to the interested reader.

Theorem 2.15. Let 0 < s <1 and 1 <p < oo be fivred. Let QO C R™ be a bounded
open set with Lipschitz boundary. Let 0 # ¢ € L>=(Q) be nonnegative and let o > 0.
Then, there exists an extremal u € WP(Q) for As(o, ¢).
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Finally, we show that an extremal for A\s(o, ¢) is an eigenfunction of the regional
(p, s)—laplacian in the sense of Definition 2.4. This is the content of the next
theorem.

Theorem 2.16. Let 0 < s <1 and 1 <p < oo be fizred. Let Q C R™ be a bounded
open set. Let 0 # ¢ € L*°(Q) be nonnegative and let o > 0. If u € WP(Q) is an
extremal for \s(o, ), then u is a solution to

(2.21) (=4, 0)u+ odlulPu = (o, d)|ulP2u in Q,

in the sense of Definition 2.4.

Proof. We suppose that u € W*P(Q) is a normalized extremal for As(o,¢). If
v € W*P(Q), we define the function

Jj(t) + al(t)
k(t)

where j and k are defined in (2.12) and (2.13) respectively, and

J(t) =

l(t):||u+tv||§’¢:/ lu + to[P 6 da.
Q
Then
(2.22) l’(()):/p\u|p72uv¢dx.
Q

Now using that k(0) = 1, A\s(o, ¢) = j(0) + ol(0), the expressions (2.14), (2.15) and
(2.22) we obtain
(4(0) + al'(0))k(0) — (4(0) + ol(0))%'(0)

k2(0)

=p((—Ap.0)’u,v) + 0/ p|u|p*2uv¢> dx — X (o, ¢)p/ |u|p*2uv dx,
Q Q

0=J(0) =

as we wanted to prove. O

3. OPTIMAL DESIGN PROBLEMS

In this section we study the optimal design problems related to the hard and the
soft obstacle problems. We devote one subsection to each of these problems and
finally we analyze the connection between these two optimal design problems.

Since the compactness of the inclusion W*P(Q2) C LP(§2) will be used throughout
the section, we will always assume that 0 C R™ is a bounded open set with Lipschitz
boundary unless otherwise stated.

3.1. Optimization for the hard obstacle problem. We begin this section show-
ing that an extremal for A\;(A4) has constant sign.

Lemma 3.1. Let 0 < s < 1 < p < 00 be fixed. Let Q C R™ be a bounded open set
and let A C Q be measurable with positive measure. Then, if u € Wé’p(Q) is an
extremal for As(A), it has constant sign, i.e. either u > 0 a.e. in Q oru <0 a.e.

in Q.
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Proof. The lemma is a consequence of the elementary inequality

=la—0b] ifab>0
[la] — o] .
<la—b] ifab<0

In fact, let us denote Uy = {u > 0} and U_ = {u < 0} and assume that
|Ux| > 0. Then

iz, = [ [ B,

_ |n+5p

9 |9C

P — p
/ / + | dxdy+// 7|u(x) uiy)| dx dy
Uy |90— |” 5P (@xO\(UsxU_) |7 =y teP
[ [ M, ) = I
U, |$—Z/|” P @xQ\(UsxU_) T —y["teP

— P — p

[ B, IR T
v, Jul eyt @xQ\(UsxU_) |7 —y["teP

|[u(z)] — Ju(y)[|”
dzx d
// |$_ |7L+Sp Yy

= [lullf,

Therefore, u is not an extremal for A;(A) which is a contradiction and the lemma
is proved. (I

Before beginning with the proof of the existence of an optimal configuration we
need a characterization of the constant A,(«) given in (1.5).

Lemma 3.2. Let o be a number in (0,1). Then
sz,

(3.1) Ag(a) = inf >
ez o

cu e WHP(Q), {fu=0}NQ| > aQ|} .

Proof. We define

z . %[u]

Ag(a) :=inf [, cu e WHP(Q),{u=0}NQ| > a|Q] ;.
Let A C Q be an arbitrary subset such that |A] = o|Q|. If u € W3P(Q) is a
nonnegative extremal for \;(A4), then

Ay(@) < Ms(A).

Taking infimum in A in the above inequality we obtain
(3.2) Ag(a) < Ag(a).
On thg other hand let {v, }nen be a normalized minimizing sequence for the con-
stant Ag(a), i.e. v, € WP(Q), |lvn|| L) = 1,

1
SlalZ, {oa =000l >0.

Now for each n > 1, we take A,, C {v, = 0} N such that |A,| = a|Q].
Thus

Ay(a) = nle

1
As(@) S As(4n) € SloalZ,, VneEN.
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Taking the limit as n — co we obtain
(3.3) As(a) < Ay(a).
In this way (3.2) and (3.3) proves the lemma. O

Now we prove the existence of an optimal configuration for the problem (1.5).
Theorem 3.3. Let a be an arbitrary number in (0,1). Then there exist:
(1) A set A CQ, such that |A] = a|Q| and
As(a) = As(A).
(2) A function u € W*P(Q) with |{u =0} N Q| > «|Q|, such that
l[u]p

As(a =_2 8P
HUHLP(Q)

Proof. Clearly (1) follows immediately from (2). It suffices to take any set A C
{u =0} N such that |[A| = a|Q).

Therefore, we only need to prove (2). Let {v,}nen be a normalized minimizing
sequence for the constant Ag(a), i.e for each n € N.

0a €WQ), ol =1 [{on =0} N9 > al,
and

As(a) = lim %[vn]g)p.

In this way the sequence {v,}nen is a bounded sequence in the space W*P(Q).
Therefore by the reflexivity of the space WP (1) and the compactness of the im-

mersion W*P(Q) C LP(Q) (see [8]) there exists a function v € W*P(QQ) and a
subsequence, that we still denote by {v, }nen, such that

(3.4) v, — u weakly in W*P(Q)
(3.5) vp, — u strongly in LP(Q)
(3.6) Up — uw a.e. in Q.

By (3.5) we can conclude that

1= nhﬁrr;o [vnllLe (@) = [lullLr (-

And by (3.6) and the upper semicontinuity of the measure of level sets, we obtain
that

{u=0}NnQ| > le {v, =0} NQ| > a|Q.

In this way the function v is an admissible function for the constant As(a), then

1 p
(3.7) As(a) < 5[,

Now using (3.4) and the lower semicontinuity of the seminorm [- |5, we get
[u]s,p < hnrgioréf[vn]g,p = 2A4(a).

The above inequality and (3.7) tell us that the function u satisfies (2). O
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Theorem 3.3 is not completely satisfactory. What one actually wants is that
the optimal set A coincides with the set where the extremal vanishes. Than is
Hu =0} N Q| = | for any extremal u € WP (Q).

This fact will follows from the strong minimum principle for the regional (p, s)—la-
placian proved in Theorem 2.8.

Theorem 3.4. If u € W5P(Q) is an extremal for As(a), then
{u=0}NQl=a|Q.

Proof. We just have to prove that [{v = 0} N Q| < «|f2|. We assume for the rest
of the proof that the extremal u is normalized, so [|ul/zr(o) = 1 and that u is
nonnegative in €.

Suppose by contradiction that [{u = 0} N Q| > «|Q, then by the regularity of
the measure there exists a closed set A C {u =0} N Q such that
Hu =0} N > |4 > o]
Using the characterization of the constant As(a) we get

(38) Asla) = g[ul2, < A(4) < S[ul2, = As(a).

where we have used the fact that w is admissible in the characterization of Ag(A).

Then w is an extremal for As(A) and therefore is a nonnegative solution for the
problem

(3.9) {(_A?Q)u = AufP?u, 2\ A

u =0, A,
in the sense of Definition 2.6.
Using Theorem 2.8 we conclude that v > 0 a.e. in 2\ A, but this is a contradiction
since |({u=0}NQ)\ 4] > 0.
This completes the proof of the theorem. O

3.2. Optimization for the soft obstacle problem. The problem that we con-
sider now is to minimize the constant A\s(o, @) on the class of bounded potencial
functions ¢, i.e.

B={6eL™(Q):0< <1},
This problem is trivial since in this case the infimum is given by ¢ = 0. So in order
to have a nontrivial problem we consider, for 0 < « < 1, the functions ¢ € A with
prescribed L'—mnorm. So the problem to consider is

(3.10) Ag(o, ) = inf{As(0,0): ¢ € By},

where
B, = B: dr = | ;.
{(;3 S /qu x = qf }

Throughout this section, given ¢ € B, and ¢ > 0, we use de notation

1
Loal) = 5012, + 7 [ ol da,

for every v € W*P(Q).
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For this problem, a potential function ¢ € B, that realizes the infimum (3.10)
is called an optimal potential and if u is an eigenfunction for As(c, ¢) with ¢ an
optimal potential, the pair (u, ¢) is called an optimal pair for this problem.

We show the existence of an optimal potential for the problem (3.10) and, more-
over, we show that every optimal potential is a characteristic function.

The following theorem gives us the existence of an optimal configuration.
Theorem 3.5. Let 0 < s<1<p<oo,0>0and0<a<1 be fited. Let Q2 C R"”

be a bounded open set with Lipschitz boundary. Then there exists an optimal pair
(u, ) € W=P(Q) x B,. Moreover one can take ¢ = xp, with

{u<s} CDcC{u<s}.

Proof. Let {¢}ren be a minimizing sequence in B, for As(o, a) i.e.

As (Ua O[) = kllg)lo AS (Ua ¢k)

The sequence {¢g }ren is a bounded sequence in L (), then using the fact that
L'(Q) is a separable Banach space and L°°(2) is a dual space (see [5, Corollary
II1.26]), there exists ¢ € L () and a subsequence (that still we call {¢y }ren) such
that

(3.11) bp = ¢ in L®(Q).
Observe that (3.11) implies that ¢ € B,.

Now let {ug}reny € W5P(Q) be the corresponding sequence of normalized eigen-
functions for the constants As(o, ¢x). That is As(0, ¢x) = Is ¢, .0 (k).

Since [ux]?, < 2[4, 0(ux) and |lugll, = 1, then the extremals {uy}ren are
uniformly bounded in W*?(Q). By the reflexivity of the space WP (Q) (see [1,
p. 205]) and the compactness of the embedding W#?(2) C LP(Q) there exists a
subsequence (that we still call u;) and a function v € W*P(Q) such that

(3.12) up — u weakly in W*P(Q)
(3.13) ug — w strongly in LP(9)
(3.14) ur — u a.e. in

Using (3.13) we get
1= lim ukllr @) = lullLr @)

then u is an admissible function in the definition of the constant A\s(o, ¢), in con-
sequence

(3.15) As(0,0) < L5 4,0 (u)

Now using (3.13), it follows that |ug|P — |u[P strongly in L(Q2) and therefore, by
(3.11) we obtain

/|Uk|p¢kd$—>/\u|p¢dx as k — oo.
Q Q

Finally, by the semicontinuity of the Gagliardo seminorm -], we get

(3.16) Is ¢0(u) < likm inf Iy ¢, o(ug)
— o0
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Using first (3.16) and then (3.15), we obtain
Is ¢.0(u) < likm inf I ¢, o(ur) = As(o, ) < As(0,¢) < I g0 ().
— 00

Then As(o, ) = As(0, ¢) = I 4 »(u). This shown that (u, @) € WP(Q) x B, is an
optimal pair.

Finally using a version of the Bathtub principle (see [13, p. 28]) we conclude that

the problem
inf{/ |ulPpdz: ¢ € Ba}
Q

has a solution of the form ¢ = xp with {u < s} C D C {u < s} forsome s € R. O

3.3. Connection between soft and hard problems. In this subsection we make
rigorous the fact that the soft obstacle problem is a penalized version of the hard
obstacle problem and that the soft obstacle problem converges to the hard obstacle
one when the penalization term goes to +oco.

In fact, what we prove here is that A;(o, ) = Ag(a) when o — 00, establishing
a connection between the optimal problems (1.5) and (1.7).

Theorem 3.6. Let 0 < s <1 <p<ooandlet0 < a <1 be fired. Let Q CR"
be a bounded open set with Lipschitz boundary and let As(c) and As(o, «) be the
constants defined in (1.5) and (1.7) respectively. Then
011_>H010 As(o,a) = Ag(a).
Moreover, if we denote by (ugs, xXp,) € WP(Q)x B, an optimal pair for As(o, o),
then the family {(uy, XD, )}o>0 is precompact in the strong topology of WP (Q) in
the first variable and the weak* topology of L>°(2) in the second variable.

Finally, any accumulation point of the family has the form (u,xp) where D €
Ao, {u=0}NQ =D and u is an extremal for As(c).

Proof. Given 0 < o < 1, let (u, A) be an optimal configuration for the constant
As(). Than is u € W3P(Q), ||lull, =1, |A| = a|Q] and As(a) = S[u]?

5p°
Hence, we have that, for every o > 0,

As(o,a) < Ao, xa) < Lsyao(u) = g[u]g,p = As(@).

Since trivialy Ag(o, ) is nondecreasing with o, it follows that there exists A, such
that

(3.17) As(o,0) T AL < As(a).

Now let {0} };en C R be a sequence such that o; 1 co and take (u;, ¢;) to be an
optimal pair for As(oj, ). Then, for every j € N,

1
5[’&]‘}3,1) < Is7¢j7(7j (UJ) = AS(O'jaO‘) < As(a)'

Since [Ju;|, = 1 for every j € N, using the reflexivity of the space W*?(Q), the
compactness of the embedding W*P?(Q) C LP(2) and the fact that L>°(Q) is a dual
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space there exist a pair (u,¢) € W#P(Q) x B and a subsequence (that we still call
(uj, ¢;)) such that

(3.18) u; — u weakly in W*?(Q)
(3.19) u; — u strongly in LP(Q)
(3.20) b; = ¢ x—weakly in L>(Q).

Using (3.19) we get 1 = lim; o [|u;]/zr () = |lullLr (), and by (3.20) we obtain
that ¢ € B,. Also using (3.19) and (3.20)

(3.21) /Q|uj|p¢j dm—>/9|u\p¢dﬂc, as j — oo.
Taking into account (3.17), we get

0< 0, [l de < T, (1) = Ms(ey0) < M),
from where we obtain

As(a)

J

0< [ oy do <
Q
and so
/ luj|P@jdrz — 0, asj— oco.
Q

This and (3.21) produce

(3.22) / |u|P¢ dx = 0,
Q
from where we conclude that
(3.23) |ulPp =0 a.e. in Q

Now, (3.23) implies that u is admisible in the characterization of A,(«). In fact,
if we denote by D = {¢ > 0} N, then

(3.24) |D|2/Dqﬁd:v:/Qqﬁdac:am\7

and by (3.23), v = 0 a.e. in D asso [{u =0} NQ| > |D| > «|Q| as we wanted to
show.

By (3.17), (3.22) and the semicontinuity of the Gagliardo seminorm [-]s ,,
As(a) > Ay = lim Ay(oj, @)
J—00

= lim I.g.0(1))

... 1
=liminf 5[l

5P —

Zé[u]p > A(a).

Observe that the above computation shows that « is an extremal for Ag(a).
Moreover, since {u =0} NQ D D and «|Q| < |D| < |[{u =0} N Q| = «|f?|, where
we have used Theorem 3.4 in the last equality, we deduced that D = {u = 0} N Q.
Moreover, from (3.24) we easily deduce that ¢ = xp.
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It remains to see that in fact u; — u strongly in W*?(Q). But from the above
computations is easy to check that

jli{go[uj]?p = [ulsp,
therefore, by (3.19),
li Hweriq) = 50 ()
Jgglo ||UJ||W () [/l (Q)

Since W*P(Q) is a uniformly convex Banach space, it follows that u; — u strongly
in W#P(Q).
This finishes the proof of the theorem. ([

4. ASYMPTOTIC BEHAVIOR FOR A;(a) WITH s 11

In this section we consider 2 C R™ a bounded open set with Lipschitz boundary,
A C Q measurable with positive measure and define the functions I, I: LP(Q2) — R
by

(y)P . .
(41) L(u) = //QXQ v — |n+sp dedy ifue WsP(Q)NE,

otherwise

VulPdr ifue WhP(Q)NE,
(4.2) I(u) = [Vulrdz it (@)

400 otherwise,
where E, = {v € LP(Q): [{v =0} N Q| > «|Q, ||v|l, = 1}
In this way is satisfied that

13 A= 300

and we define the constant

1
4.4 Ala) = inf =I(v).
(4.4) (@)= _inf 31(v)
The idea is to analyze the asymptotic behavior of the constants A by showing that,
properly rescaled, they converge to the constant A when s 1 1. By (4.3) and (4.4)
this is equivalent to analyze the asymptotic behavior of the infimums. To do it this
the right tool that we need to use is the concept of I'—convergence (see [3, 7]).

Definition 4.1. (I'-convergence) Let (X, d) be a metric space, and for every j € N,
let F}, F': X — R. We say that the functions F; I'—converges to the function F' if
for every z € X the following conditions are valid.

(1) (liminf inequality) For every sequence {z;};en € X such that z; — z, it
holds
F(z) < liminf F;(z;).

Jj—oo
(2) (limsup inequality) There exists a sequence {y;}jen € X with y; — x such
that
limsup Fj(y;) < F(x).

j—o0
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The function F is called the I'—limit of the sequence {Fj};en, and this is denoted
by
I'—lim F; = F.

‘]*)OO

The following theorem, whose proof is elementary (see [3]), will be most helpful
in the sequel. We remark that this is not the most general result that can be
obtained, neverthelessit will suffices for our purposes. For a comprehensive analysis
of I'—convergence, we refer to the book of G. Dal Maso [7].

Theorem 4.2 (Convergence of minima). Let (X,d) be a complete metric space,
let Fj, F: X — R be functions such that I'=lim;_,. F; = F' and suppose that there
exist {x;}jen € X such that

Assume that the sequence {x;};en is precompact in X. Then
igl{fFj — Ir%nF if j — oo.

Moreover, if xg € X is an accumulation point of the sequence {z;};en, then xq is
a minimum for F.

The idea is now to use Theorem 4.2 to obtain our convergence result. First we
show the I'—convergence of the functionals which is a simple derivation from [14,
Theorem 8§].

Theorem 4.3. Let I, I: LP(Q) — R be the functions defined in (4.1) and (4.2)
respectively. Then

F—lim (1 - $)I; = K(n,p)1,

s—1
r(a)reH)

here K ( 1 PdHnr—! = - .
where K(n,p) =fg,-1 le1- 0P dH" (o) = N e

_ Before starting with the proof let us make the following observation. Let Jg,J: LP(2) —
R be defined as

5 //ﬂ ) |:c— |n+s)p| dedy if uc W*r(Q)
. X

otherwise

and

VulPde if ue WHp(Q
(4.6) J(u) = /Q| ufde ifu @
+00 otherwise

respectively. Then, in [14, Theorem 8], it is proved that I'—lim,_;(1 — s)Js =
K(n,p)J.

Observe that this result does not imply directly Theorem 4.3, since our functions
I, and [ are restrictions of J; and J respectively and restrictions of I'—converging
functions do not necessarily I'—converge. See [7, Proposition 6.14].

However, in our case we can still recover Theorem 4.3 from [14, Theorem 8] as a
consequence of this general result.
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Lemma 4.4. Let F;,F: X — R be functions such that I—limj o Fj = F. Let
Y C X be closed and define the restricted functions F;, F: X — R by

Fi(a) = {Fj(CE) ifr €Y, and F(:c){F(x) ifx ey,

+oo otherwise, 400 otherwise.
If, moreover F;(y) — F(y) for everyy € Y, then
[—lim Fj = F.

j—o0

Proof. We first prove the liminf inequality. Indeed let z € X and z; — = in X, we
must prove that

(4.7) F(z) < hjrg inf Fj(x;).

We can assume that liminf; . Fj(z;) < 400, otherwise there is nothing to prove.

Then, we can assume that z; € Y for every j € N, and so

Fy(z;) = Fj(x;).
Now using the I'—convergence of the functions F; we get

F(z) < liminf Fj(x;) = liminf Fj(z;)
Jj—o0 Jj—o0

Since Y is closed, we conclude that z € Y and so F(z) = F(z). In this way (4.7)
is proved.

Finally, we prove the lim sup inequality i.e. for each x € X we must prove that
exist a sequence {z;}; € X such that ; — = in X and

(4.8) limsup Fj(z;) < F(x).

j—o0
We take the constant sequence z; = . If 2 ¢ Y then Fj(z;) = F(z) = oo and the

above inequality is trivial. We suppose that € Y, in this case Fj (xj) = Fj(x) and
F(z) = F(x), then by the pointwise convergence hypothesis we get that

lim Fj(z) = F(z),
Jj—o0
in particular (4.8) is valid. O
With this lemma, the proof of Theorem 4.3 is trivial
Proof of Theorem 4.3. Let {s;}; be an arbitrary sequence in (0,1) with s; — 1
when j — co. We will apply Lema 4.4 with
F;=(1-s5)Js;,, F=K(n,p)J, X=L(Q) and Y =LP(Q)NE,.
Then,
ﬁ’j = (1 —s5)1s,, F= K(n,p)I.
In order to apply Lemma 4.4 we need prove that
(4.9) Fj(v) —» F(v), YvelLP(Q)NE,
and that the space Y = LP(Q) N E, is closed in LP(2).
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Now (4.9) is proved in [2, Corollary 2]. On the other hand let {u;}jen € Y be
such that u; — v in LP?(Q) as j — co. This implies that

[{u=0}| > limsup [{u; = 0}| > al9,
Jj—oo
by the semicontinuity of the measure.

The proof is now complete. (I

In this way the convergence of the eigenvalues is a direct consequence of Theo-
rems 4.2 and 4.3. The main result of this section now reads.

Theorem 4.5. Let 0 < a < 1 be fized and let the constants As(o) and A(a) be
defined by (4.3) and (4.4) respectively. Then

(1-=9)As(a) = K(n,p)A(a) as st1.

Moreover, if us € WP (Q) N E, is an extremal for As(«), then for every sequence
s; — 1, {us, }jen is precompact in LP(Q2) and every accumulation point of the
sequence is an extremal for A(«).

Proof. Theorem 4.3, gives the I'—convergece of the functionals Iy to I. In order
to apply Theorem 4.2 it remains to check that a sequence of minimizers for I, is
precompact in LP(£2). But this is proved in [2, Corollary 7]. O

4.1. Convergence of optimal sets. An interesting consequence of the above
theorem is that the sequence of extremals u, associated to the constants Ag(«)

verify that (1 — s)[us]? , is uniformly bounded. Then by the compactness result

2, Corollary 7], there exists a function u € W!P(2) and a sequence u,,; such that
us; — u strongly in LP(Q). This fact allows us conclude the convergence of the
optimal sets A,; = {us; = 0} to an optimal set A associated to the constant A(a).

We first need the follow result that was obtained in [10].

Lemma 4.6 ([10], Lemma 3.1). Let (X,X,v) be a measure space of finite measure
and let { fn}nen, f be v—measureble nonnegative functions such that f, — f a.e.

Let p1 a nonnegative measure absolutely continuous with respect to v. Then if
limy, 00 p({fr = 0}) = pn({f = 0}), it follows that

Jim p({fn = 0}A{f = 0}) = 0.
Another property that we need is the fact that any extremal v € WP(Q) N E,,

for A(a) has the property that [{u = 0}] = «|Q|. This follows in a completely
analogous way as in [12]. We state the result for future reference.

Lemma 4.7. Let u € W1P(Q) N E,, be an extremal for A(a)). Then
{u =0} = 9.

Proof. See the proof of Theorem 1.2 in [12]. O

Now using the above lemmas we can prove the convergence of optimal sets.
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Theorem 4.8. Let A, C Q be an optimal set for As(«). Then, there exists a
sequence s; — 1 and a set A C Q such that

XA, — XA strongly in Ll(Q).
Moreover, the set A is optimal for A(«) in the sense that there exists an extremal

u € WHP(Q)N E, such that {u =0} = A.

Proof. Let us € W*P(Q)N E, be an extremal for As(a). Then, by Theorem 3.4 we
have

{us =0} N Q| =alQ.
and by Theorem 4.5, there exists a sequence s; — 1 and a function u € WP (Q)NE,,
such that us;, — u strongly in LP(2) and v is an extremal for A(a).

By Lemma 4.6 and Lemma 4.7 we obtain

(4.10) Jim [{u., = 0}A{u =0} = 0.

So if we called A := {us; = 0} and A = {u = 0} from (4.10) we obtain
XA., XA strongly in L'(Q).
The proof is complete. O
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