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Abstract. We present a systematic study of galaxy bias in the presence of primordial non-
Gaussianity in General Relativity (GR) at second order in perturbation theory. The non-
linearity of the Poisson equation in GR and primordial non-Gaussianity are consistently
included. We show that the inclusion of non-local primordial non-Gaussianity in addition
to local non-Gaussianity is important to show the absence of the modulation of small scale
clustering by the long-wavelength mode in the single field slow-roll inflation. We study
the bispectrum of the relativistic galaxy density in several gauges and identify the effect of
primordial non-Gaussianity and GR corrections.
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1 Introduction

Our current understanding of the initial conditions of the Universe is mainly based on the
measurements of temperature anisotropies of the Cosmic Microwave Background Radiation
(CMBR) [1, 2]. The CMBR analysis shows that the initial density field is almost Gaussian,
however, there is still a large uncertainty in its determination of the amplitude of primor-
dial non-Gaussianity [3]. Future Large Scale Structure (LSS) surveys such as EUCLID [4],
LSST [5] and SKA [6, 7], as well as cross-correlations between these surveys, promise to
tighten the constraint on the amplitude of primordial non-Gaussianity to less than 1% [8, 9].

The primordial local non-Gaussianity modulates the formation of galaxies and induces
a scale dependence in the galaxy bias on near horizon scales [10–12]. The scale dependence
provides a novel way to constrain primordial non-Gaussianity using LSS. Probing primordial
non-Gaussianity with LSS requires an accurate modelling of the formation and evolution of
tracers of LSS within General Relativity (GR) [13–15].

On very large scales, the effective field theory approach provides a framework to study
the large scale evolution of tracers of the underlying dark matter density field [12, 16, 17].
Within this framework for a vanishing pressure and anisotropic stress tensor, the primordial
non-Gaussianity generated by the standard single-field slow-roll inflation model [18] does not
leave any observable imprint on galaxy clustering [19–21]. This implies that any detection of
primordial non-Gaussianity in the squeezed limit will rule out single field slow-roll inflation
model.

The study of the effect of non-Gaussian initial conditions on galaxy bias in GR has so
far been limited to linear order [22–25], and an extension to second order is limited to the
Newtonian approximation of gravity [12, 17]. In Ref. [26] (Paper I), we identified GR correc-
tions to the relativistic galaxy density with the Gaussian initial condition. In current paper,
we include primordial non-Gaussianity and study the bispectrum of the relativistic galaxy
density in several gauges to highlight the difference between primordial non-Gaussianity and
GR corrections.
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We treat galaxies as biased tracers of the total mass distribution, which is dominated
by dark matter [27]. In GR, this implies that the initial galaxy bias must be specified in a
gauge where both dark matter and galaxies are comoving, i.e Comoving-Synchronous gauge
(C-gauge) [28]. The C-gauge defines a unique Lagrangian frame in GR [29, 30]. The C-gauge
dark matter density we adopt here follows [31, 32] but differs from the definition of comoving
gauge given in [33, 34], which allows a non-vanishing shift vector.

Another key ingredient in formulating galaxy bias in GR is the equivalence principle;
the effect of perturbations with wavelengths greater than the galaxy formation scale, Rg, is
simply to rescale small scale coordinates and it has no effect on the local dynamics [19, 26, 63].
Therefore, we define appropriate local coordinates where the long wavelength part of the
initial curvature perturbation is absorbed as a part of the local coordinates 1. Finally, we
adopt the effective theory formalism to decompose the dark matter density into long and
short wavelength modes and smooth over the short modes to describe the evolution of the
long-wavelength mode while hiding our ignorance of small scale physics such as the tidal
effects in the bias parameters.

This paper is organised as follows. In section 2, we introduce the Poisson equation in
global coordinates in GR and show that the short wavelength mode of the matter density
is modulated by the long-wavelength mode in local coordinates only with primordial non-
Gaussianity beyond the standard single-field slow-roll inflation. In section 3, we derive the
galaxy bias model with a non-Gaussian initial condition in C-gauge and then show how to
transform it to Eulerian frames in section (4). We study the bispectrum of the relativistic
galaxy density in section 6 and conclude in section 7.

Notations: We consider a universe which consists of dark matter and the cosmological
constant only, i.e we ignore the effects of radiation and anisotropic stress tensor. The pertur-
bation theory expansion of any quantity X is normalized as follows: X = X̄ +X(1) +X(2)/2
where X̄ denotes the FLRW background component. We decompose each perturbed quantity

at order n into two parts X(n) = X
(n)
N + X

(n)
GR, where X

(n)
N denotes the Newtonian approx-

imation of X(n), while X
(n)
GR denotes the general relativistic corrections. The world-lines in

C-gauge are labelled by the comoving coordinates q. We adopt the following values for the
cosmological parameters [1, 2]: Hubble parameter, h = 0.678, baryon density parameter,
Ωb = 0.0485, dark matter density parameter, Ωcdm = 0.2595, spectral index, ns = 0.9608,
and the amplitude of the primordial perturbation, As = 2.198× 109.

2 Modulation of short mode of the matter density in General Relativity

The initial conditions for the cosmological perturbation are set in terms of the gauge-invariant
curvature perturbation, ζini, on uniform density hypersurfaces. ζini is generated during in-
flation but remains constant (frozen) once it exits the horizon in a single field slow-roll
inflation [35, 36]. This allows the initial conditions for matter-energy density to be fixed
deep in the matter-dominated era in terms of ζini. In the local non-Gaussianity model, the
initial curvature perturbation up to second order in perturbation theory is given by [37]

ζini = ζ(1)

ini +
1

2
ζ(2)

ini = ζ(1)

ini +
5

3
fNL(ζ(1)

ini )
2 + · · · , (2.1)

1The details on how to construct local coordinates are given in [26] and it agrees with the Conformal Fermi
Coordinates (CFC) introduced in [63]
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where ζ(1)

ini denotes the linear part of the initial curvature perturbation, which is Gaussian.
fNL denotes the amplitude of local primordial non-Gaussianity. In general, there is also a
non-local term that contributes to ζ(2)

ini which becomes important for the matter density via
the Poisson equation. Including the non-local part of ζini, we find [18, 38]

ζini = ζ(1)

ini +
1

2
ζ(2)

ini = ζ(1)

ini +
5

3
fNL(ζ(1)

ini )
2 +

5

3
f̃NL∂

−2 (∂iζini∂iζini)+ · · · (2.2)

Similarly, f̃NL denotes the amplitude of the non-local contribution to ζini. In the single field
slow-roll model, f̃NL may be determined precisely in terms of the slow-roll parameters [18, 38].
It is instructive to express ζini in terms of the initial gravitational potential Φini

Φini = ϕ(1)

ini + fNL

(
(ϕ(1)

ini)
2 − 〈ϕ2

ini〉
)

(2.3)

+f̃NL

[
∂−2

(
∂iϕ

(1)

ini∂
iϕ(1)

ini

)
− 〈∂−2

(
∂iϕ

(1)

ini∂
iϕ(1)

ini

)
〉
]

+ · · ·

where ζ(1)

ini = −5ϕ(1)

ini/3 and ϕini is the Gaussian limit of the initial gravitational potential.
Implementing the initial conditions and including the non-linear contributions from the per-
turbation of three-dimensional Ricci curvature [39, 40] leads to a Poisson equation for the
matter density field in a ΛCDM universe

∇2Φ(η, q) =
3

2
ΩmH2δmN(η, q) (2.4)

+

∝ δGR,C︷ ︸︸ ︷
10

3

{
−
[

1

4
+

3

5

(
fNL +

1

2
f̃NL

)]
∂iϕ(η, q)∂iϕini(q) +

(
1− 3

5
fNL

)
ϕini(q)∇2ϕ(η, q)

}
,

where H ≡ H(η) is the conformal Hubble parameter, Ωm ≡ Ωm(η) is the matter-energy
density parameter and ϕini(q) is the initial time-independent potential. In the Gaussian
limit of the Newtonian approximation, δGR,C → 0; the Poisson equation becomes a linear
equation at all orders in perturbation theory [41]. However, in GR, even in the Gaussian limit
(fNL = f̃NL = 0), the Poisson equation is non-linear beyond the linear order in perturbation
theory [42]. The GR non-linear correction is denoted as δGR,C. We make the following
definitions to simplify the expressions; ϕ(q) ≡ ϕ(η, q), and δm(q) ≡ δm(η, q). In the limit
f̃NL → 0, we recover the results presented in [32, 42]. The non-local primordial non-Gaussian
term modifies the amplitude of ∂iϕ(q)∂iϕini(q) contribution in the Poisson equation.

With respect to the length scale of galaxy formation, Rg, we split the Poisson equation
(2.4) into short and long wavelength modes, the short wavelength mode component becomes

∇2Φs(q) =
3

2
ΩmH2δNs(q) (2.5)

+
10

3

(
1− 3

5
fNL

)
ϕinil(q)∇2ϕs(q)− 20

3

[
1

4
+

3

5

(
fNL +

1

2
f̃NL

)]
∂iϕs(q)∂iϕinil(q) ,

where we have neglected ϕinis(q)∇2ϕl(q), ∂iϕs(q)∂iϕinis(q) and ϕinis(q)∇2ϕs(q) since they
are sub-dominant and we focus on the coupling between the short and long modes. In this
limit, it is clear that the short wavelength mode of the matter density is modulated by the
long mode coming from two physical origins: primordial non-Gaussianity and non-linearity
in GR. The latter contribution remains even in the limit fNL → 0 and f̃NL → 0.
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We showed in Paper I that the contribution due to the non-linearity of GR to the matter
density field can be removed by a large gauge transformation. This gauge transformation is re-
lated to the non-linearly realised symmetries, which give rise to the consistency relations [43].
Similarly, the contribution of fNLϕinil(q)∇2ϕs(q) to the short mode of matter density can
be removed using the dilatation part of the large gauge transformation in the single field
slow-roll inflation model [20]. It is still an open question as to whether all the long/short
mode coupling given in equation (2.5) can be removed by the residual gauge transformation
in the single field slow-roll inflation. We shall explore this in detail by studying also the
contribution from the gradient term in the presence of non-local primordial non-Gaussianity.

The action for the curvature perturbation in the single field slow-roll inflation is invariant
under the following transformation [44]

η̃ = η , (2.6)

q̃i = qi(1− 5

3
ϕini
0 )− 5

3
qiqj∂jϕ

ini
0 +

5

6
qiq

i∂iϕini
0 , (2.7)

where ϕini
0 is the leading order term in the gradient expansion of ϕini(q) evaluated at the

peak of the dark matter density field [45];

ϕini(q) = ϕini(0) + (∂iϕini)0q
i +

1

2
(∂i∂jϕini)0q

iqj +O(q)3 . (2.8)

Here we have defined ϕini
0 ≡ ϕini(0), ∂iϕ

ini
0 ≡ (∂iϕini) (0) and ∂i∂jϕ

ini
0 ≡ (∂i∂jϕini) (0). The

coordinate transformation given in equation (2.7) is consistent with Conformal Fermi Coordi-
nate (CFC) construction given in [19, 21]. For more information on the explicit comparison
between CFC construction and equations (2.7) & (2.6), see Appendix B of Paper I. The
second term in equation (2.7) corresponds to the Dilatation (denoted as D) while the last
two terms correspond to the special conformal transformation (denoted as K). Under these
transformations, the short mode of the matter density field transforms in Fourier space as

δDδs(k) =
5

3
ϕini
0

[
3 + kj∂kj

]
δs(k) , (2.9)

δKδs(k) = i
5

3
∂jϕini

0

[
6∂kj + 2ki∂ki∂kj − kj∂2k

]
δs(k) . (2.10)

Further simplification of these expressions shows that δs(q) transforms as2

δs(q̃) = δs(q) +
5

3

(
2 +

dlog(k3ϕsk)

dlogk

)
ϕini
0 δs (q) +

5

3

(
1− 1

2
Y
)
∂j∇−2δs(q)∂jϕ

ini
0 .(2.11)

The second term on the right-hand side corresponds to the response of the short mode density
to the dilatation, while the last term results from the special conformal transformation. The
term Y is given by

Y =
d2 log(k3ϕsk)

d(log k)2
+

[
d log(k3ϕsk)

d log k

]2
+
d log(k3ϕsk)

d log k
, (2.12)

and it vanishes in the scale invariant limit [26]. The non-linear terms in equation (2.11) are
generated purely from the coordinate transformation given in equation (2.7).

2For details on the simplification, see Paper I ([26])
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We shall now compare equation (2.11) to equation (2.5). Evaluating equation (2.5) at
the peak of the matter density, the non-linear part of the matter density contrast becomes

1

2
δ(2)GR,C(sl)(q) =

10

3

(
1− 3

5
fNL

)
δs(q)ϕini

0 +
20

3

[(
1− d log(k3ϕsk)

d log k

)(
1− 3

5
fNL

)
−
[

1

4
+

3

5

(
fNL +

1

2
f̃NL

)]]
∂iϕ

ini
0 ∂i∇−2δs(q) , (2.13)

where we have made use of the Taylor expansion given in equation (2.8)

δm(q)ϕinil(q) ≈ δs(q)ϕini
0 + ∂iϕ

ini
0 ∂i∇−2δs(q)

[
1− d log(k3ϕsk)

d log k

]
. (2.14)

We now show that (2.13) agrees with (2.11) in the single field slow-roll inflation. At the
leading order in slow-roll parameters, the primordial non-Gaussian parameters are given by
[18, 44]

fNL = −5

6

d log(k3ϕk)

d log k
=

5

12
(1− ns)� 1, f̃NL = −3fNL/2, (2.15)

where ns is the spectrum tilt of the power specturm of the initial curvature perturbation. At
the leading order in slow-roll parameters, Y is given by

Y =
d log(k3ϕsk)

d log k
. (2.16)

Then it is straightforward to show that (2.13) agrees with (2.11). This means that in the
single field slow-roll inflation, the second order GR contribution is solely generated by the
coordinate transformation. This shows also that the GR contribution can be removed by the
coordinate transformation and it does not contribute to the formation of galaxies on small
scales. On the other hand, in multi-field models, the primordial non-Gaussian contributions
fNL and f̃NL cannot be removed by the local coordinate transformation and they will affect
the galaxy bias.

3 Galaxy density in Lagrangian frame with relativistic corrections

We consider the limit where the galaxy number density obeys a conservation equation3 [17,
26], in this limit, the galaxy density contrast at τ is given in terms of the galaxy density
contrast at a formation time according to

1 + δg(q) =
[
1 + δLg (q)

]
(1 + δm(q)) , (3.1)

where δLg (q) = δg(τini, q) denotes the initial galaxy density contrast or the Lagrangian density.

The question left to be answered is how to specify δLg in terms of the primordial curvature
perturbation or the primordial gravitational potential ϕini. We have shown in section 2 that
the effect of the homogeneous potential ϕini

0 and constant gradient ∂iϕ
ini
0 can be removed

by coordinate re-definition in the single field slow-roll inflation model. This implies that δLg
can only be expressed as a functional of terms with more than one spatial derivative of ϕini;

3For more discussion of the conservation of the galaxy number in GR context, see Paper I
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δLg ∼ F [∂i∂jϕ
ini
0 , ∂i∂j∂kϕ

ini
0 + · · · ] in the single field slow-roll inflation. At the leading order,

we construct observables from the irreducible decomposition of ∂i∂jϕ
ini
0 ;

∂i∂jϕ
ini
0 =

1

3
∇2ϕini

0 δKij + s0ij , (3.2)

where s0ij = Dijϕ
ini
0 with Dij = ∂i∂j−δKij∇2/3 is the initial tidal tensor (i.e the electric part of

the Weyl tensor [46]) and ∇2ϕini
0 is related to the initial matter density via the Poisson equa-

tion. Therefore, δLg can only be specified as a functional of δinim and s2ini = s0ijs
0ij(both indices

of s0ij must be contracted because of the symmetry of the FLRW background [47]) [26]:

δLg (q̃) ∝ F [
(
δinim (q̃), s2ini(q̃)

)
] (3.3)

However, if the inflationary model deviates from the standard single field slow-roll model, a
non-vanishing coupling between long and short wavelength modes is induced in the matter
density field. In this case, we may include the dependence on ϕini when we specify δLg (q̃)

δLg (q̃) ∝ F [
([
δs(q̃) + δ(1)l (q̃)

]
, [ϕini,s(q̃) + ϕini,l(q̃)] ,

[
s2s(q̃) + s2l (q̃)

])
] . (3.4)

We have decompose each contribution into long and short wavelength modes. We can now
perform a series expansion in the long mode

δLgl(q̃) = bL10δ
(1)

l (q̃) + bL01ϕini,l(q̃) (3.5)

+
1

2

[
2bL11δ

(1)

l (q̃)ϕini,l(q̃) + bL20
(
δ(1)l (q̃)

)2
+ bL02(ϕini,l(q̃))2 + bLs s

2
l (q̃)

]
,

According to the effective field theory approach, the contribution of the short mode is hidden
in the Lagrangian bias parameters. These bias parameters are coarse-grained representations
of the physics of the short modes responsible for galaxy formation. We have adopted the
two-index notation introduced in [48] for the Lagrangian bias parameters:

bLij ≡
(
Dini

D

)i [∂i+jF [〈(δs, ϕini,s, s
2
s)〉Rg

)]
∂δil∂ϕ

j
ini,l

] ∣∣∣∣
δl=ϕini,l=0

, (3.6)

bLs ≡
(
Dini

D

)2
[
∂F
[
〈
(
δs, ϕini,s, s

2
s)〉Rg

)]
∂(s2l )

] ∣∣∣∣
s2l =0

. (3.7)

The indices i and j correspond to the number of derivatives. Dini and D are the growth factor
at the initial and at a later time, respectively. We did not use the two-index notation for
the tidal bias since it appears only at second order. Substituting equation (3.5) in equation
(3.1) in local coordinates gives

δgCl(q̃) =
[
1 + bL10

]
δ(1)l (q̃) + bL01ϕini,l(q̃)

+
1

2

[
δ(2)mN,Cl(q̃) + δ(2)mGR,Cl(q̃) +

[
bL20 + 2bL10

] (
δ(1)l (q̃)

)2
+2
[
bL01 + bL11

]
δ(1)l (q̃)ϕini,l(q̃) + bL02 (ϕini,l(q̃))2 + bLs2s

2
l (q̃)

]
, (3.8)
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where we have substituted for δLg in equation (3.1) using equation (3.5). Here δ(2)mGR,Cl is the
long-wavelength part of the GR correction to the matter density in C-gauge;

δ(2)mGR,Cl(q̃) =
20

3

(
1− 3

5
fNL

)
δ(1)l (q̃)ϕini,l(q̃) (3.9)

−20

3

[
1

4
+

3

5

(
fNL +

1

2
f̃NL

)]
∂i∇−2δ(1)l (q̃)∂iϕini,l(q̃) .

We can obtain the galaxy density in global coordinates by performing a coordinate trans-
formation of equation (3.8): δgCl(q) = δgCl(q̃) − ∂jδgCl (q)

(
q̃j − qj

)
. Applying the same

coordinate re-mapping to the matter density δl(q̃) and requiring that equation (3.8) holds
order by order, i.e ∂jδgCl =

[
1 + bL10(τ)

]
(∂iδ

(1)

l ) + bL01(τ)∂iϕini,l, we obtain

δgC(q) =
[
1 + bL10

] [
δ(1)m (q) +

1

2
δ(2)mN,C(q)

]
+ bL01ϕini(q) (3.10)

+
1

2

{[
bL20 +

2

3
bL10

(
1− F

D2

)]
(δ(1)m (q))2 + bL02(ϕini(q))2

+δ(2)mGR,C(q̃) + 2
[
bL01 + bL11

]
δ(1)m (q)ϕini(q) +

[
bLs − bL10

(
1− F

D2

)]
s2(q)

}
,

where we omitted the subscript l since all the terms are given by the long mode and set
δ(1)l (q) = δ(1)m (q), which agrees exactly with the Newtonian expression at linear order. To
obtain equation (3.10) in the present form, we made use of the second order perturbation
theory expression for δ(2)mN,C(q)

δ(2)mN,C(q) =
2

3

(
2 +

F

D2

)
(δ(1)m (q))2 +

(
1− F

D2

)
s2(q) (3.11)

so that δ(2)mN,C(q) has the same form as its linear order counterpart. F is the second-order
growth factor, which obeys the second order differential equation

F ′′ +HF ′ − 3

2
H2ΩmF =

3

2
H2ΩmD

2 . (3.12)

In the Einstein de-Sitter limit, it is related to the growth factor as F = 3D2/7.

4 Galaxy density in Eulerian frame with relativistic corrections

In GR, perturbations change under a general coordinate transformation

xµ → xµ + Zµ , with Zµ = (T, Li). (4.1)

Here T stands for a temporal gauge transformation and Li corresponds to a spatial gauge
transformation. We decompose Li = ∂iL + βi, where ∂iβ

i = 0. We consider two different
gauge choices which correspond to the Eulerian frame; the Total matter gauge (T-gauge) and
the Poisson gauge (P-gauge). The gauge transformation of the matter-energy density field
from C-gauge to these gauges up to second order in perturbation theory is given by [32, 49].
In the case of T-gauge, the scalar part of the gauge transformation at first order is given by
[32]

L(1)(x) =
2

3

ϕ(x)

H2Ωm
= ∇−2δ(1)m (x) , T = 0 . (4.2)
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At the second order, the galaxy density and the primordial gravitational potential in C-gauge
transform to the corresponding expression in T-gauge as [50]

δ(1)gC(x) = δ(1)gT(q) + ∂j∇−2δ(1)m (x)∂jδ
(1)

gC(x) , (4.3)

ϕini(x) = ϕini(q) + ∂j∇−2δ(1)m (x)∂jϕini(x) . (4.4)

We can now rewrite the galaxy density in a more compact form by introducing the Eulerian
bias parameters

δgT(x) = b10

[
δ(1)m (x) +

1

2
δ(2)mN,T(x)

]
+ b01ϕini(x) +

1

2
b02
[
ϕini(x)

]2
(4.5)

+
1

2

[
b20
[
δ(1)m (x)

]2
+ bs2s

2(x) + b11δ
(1)
m (x)ϕini(x) + bn2∂j∇−2δ(1)m (x)∂jϕini(x)

]
,

where δ(2)mN,T is the Newtonian approximation of the matter density contrast in T-gauge

δ(2)mN,T(x) = 2∂j∇−2δ(1)m (x)∂jδ
(1)
m (x) +

2

3

(
2 +

F

D2

)
(δ(1)m (x))2 +

(
1− F

D2

)
s2(x) , (4.6)

and {b10 , b01, b20, b11, b02, bs2 , bn2} are Eulerian bias parameters defined as a function of the
Lagrangian bias parameters:

b10 = 1 + bL10 , (4.7)

b20 = bL20 +
2

3
(b10 − 1)

(
1 +

F

D2

)
, (4.8)

bs2 = bLs2 − (b10 − 1)

(
1 +

F

D2

)
, (4.9)

b01 = bL01 , (4.10)

b11 = 2
[
bL11 + bL01

]
+

20

3

(
1− 3

5
fNL

)
, (4.11)

b02 = bL02 , (4.12)

bn2 = −2bL01 −
20

3

[
1

4
+

3

5

(
fNL +

1

2
f̃NL

)]
. (4.13)

Equations (4.8) and (4.9) reduce to well-known expressions for the non-linear bias and tidal
parameters in the Einstein de Sitter limit by setting F = 3D2/7. We obtain the Newtonian
result in the Eulerian frame by replacing equation (4.11) and equation (4.13) by [51, 52]

bN11 = 2
(
bL11 + bL01

)
− 4fNL , (4.14)

bNn2 = −2bL01 − 4

(
fNL +

1

2
f̃NL

)
. (4.15)
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In the Gaussian limit, this set of bias parameters vanishes {b01, b11, b02} → 0 and we are left
with

b10 = 1 + bL10 , (4.16)

b20 =
8

21
(b10 − 1) + bL20 , (4.17)

bs2 = bLs2 −
4

7
(b10 − 1) , (4.18)

b11 =
20

3
, (4.19)

bn2 = −5

3
. (4.20)

These results agree with [26]. For the single field slow-roll inflation models all the bias
parameters that depend on the short mode component of ϕini vanish and the galaxy density
becomes

δgT(x) = b10

[
δ(1)m (x) +

1

2
δ(2)mN,T(x)

]
+

1

2

[
b20
[
δ(1)m (x)

]2
+ bs2s

2(x) (4.21)

+
20

3

(
1− 3

5
fNL

)
δ(1)m (x)ϕini(x)− 20

3

[
1

4
+

3

5

(
fNL +

1

2
f̃NL

)]
∂j∇−2δ(1)m (x)∂jϕini(x)

]
,

where the last line still carries information about the primordial non-Gaussianity and non-
linearity of GR. This correction arises due to distortions of the volume element determined
by the matter-energy density as the tracer evolve from the formation time to when it is
opbserved [26]. There is no modulation of small scale physics by the long mode and the bias
parameters are not affected by primordial non-Gaussianity nor non-linearity of GR in the
single field slow-roll inflation model. In the case of unbiased tracers with b10 = 1, b20 = bs2 =
0, this expression agrees with the dark matter density in T-gauge as expected.

Next, we consider the galaxy density in the Poisson gauge (P-gauge). The gauge trans-
formation from C-gauge to P-gauge for the galaxy density at linear order is given by [53, 54]

δ(1)gP(x) = b10δ
(1)

mNT(x) + b01ϕin(x) + 3Hv(1)(x) , (4.22)

where v(1) is the velocity potential. We neglect the contribution from the evolution bias since
we assumed the galaxy number conservation. At the second order, the galaxy density in
P-gauge is given by

δ(2)gP(x) = b10δ
(2)

mNT(x) + b02
[
ϕin(x)

]2
+ b20

[
δ(1)m (x)

]2
+ bs2s

2(x) + b11δ
(1)
m (x)ϕin(x) (4.23)

+bn2∂j∇−2δ(1)m (x)∂jϕin(x) + 3Hv(2)(x)− 3
[
H′ − 4H2

] [
v(1)(x)

]2 − 6Hv(1)(x)Φ(1)(x)

+2v(1)(x)

(
3H
(
b10δ

(1)
m (x) + b01ϕin(x)

)
− b′10δ(1)m (x)− b′01ϕin(x) + b10fHδ(1)m (x)

)
,

where Φ is the Bardeen potential in P-gauge and we made use of the second order expression
for the galaxy density given in [53, 54] and implemented the galaxy bias model given in
equation (4.5). Note that we made use of the linear order Euler equation to substitute for v′,

v(1)′(x) = −Hv(1)(x)− Φ(1)(x), (4.24)

and use equation (4.22) to obtain δ(1)gT

′
(x) =

[
b′10 + b10fH

]
δ(1)m (x) + b′01ϕin(x) and we intro-

duced the growth rate defined as D′ = DfH.
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5 Linear and non-linear scale dependent bias

We show how the scale dependent bias emerges at first and second order in perturbation
theory with primordial non-Gaussianity. First, we expand the galaxy density in Fourier
space;

δ(1)gX(k) =

∫
d 3k1
(2π)3

K(1)

X (k1)δ
(1)
m (k1)(2π)3δD(k1 − k) , (5.1)

δ(2)gX(k3) =

∫
d3k1
(2π)3

∫
d3k2K(2)

X (k1,k2,k3) δ
(1)
m (k1)δ

(1)
m (k2)δ

D(k1 + k2 − k3) (5.2)

−〈δgX〉δD(k3) ,

where X = P, T stands for a different gauge and K(1)

X is a gauge dependent kernel. The specific
form of KX is obtained by expanding the galaxy density in Fourier space. In equation (5.2),
we subtracted off the ensemble average of δ(2)gP to ensure that 〈δgP〉 = 0 [55]. For the galaxy
density in T-gauge, the kernel is obtained by expanding equation (4.5) in Fourier space

K(1)

T (k) = b(1)T (k) , (5.3)

K(2)

T (k1,k2,k3) = b(2)T (k1,k2) + b10F2N(k1,k2) + bs2S2(k1,k2) + bn2N2(k1,k2) . (5.4)

where b(1)T (k) is a scale dependent linear bias parameter. It is a linear combination of b10δ
(1)
m (x)

and b01ϕin(x) obtained from the first line of equation (4.5)

b(1)T (k) ≡ b10 +
b01

α(z, k)
. (5.5)

Assuming a simple halo bias model from where galaxy bias parameters may easily be calcu-
lated [56], equation (5.5) reduces to the well-known linear scale dependent bias parameter
with b01 ∝ 2fNL (b10 − 1) [11, 57]. Following [51], we express ϕini(x) in terms of the evolved
matter density

ϕini(k) =
δm(z, k)

α(z, k)
, (5.6)

where we introduced an auxiliary function

α(z, k) ≡ −2

3

k2T (k)

ΩmH2

g

gini
= −10

9

k2T (k)

ΩmH2

(
1 +

2

3

f

Ωm

)−1
. (5.7)

Using ag = D, aΩmH2 = Ωm0H2
0 and g(0)/gini ∼ 1.3, we recover exactly the relation

given in [51]. Note that our ϕin is related to the the Bardeen potential Φin according to
Φin = −ϕin [11, 32, 51]. From equation (2.3), it implies that our fNL has an opposite sign
compared with the fNL defined with respect to Φin. Similarly, we obtain the scale dependent
non-linear bias parameter

b(2)T (k1,k2) ≡ b20 +
b11
2

(
α(z, k1) + α(z, k2)

α(z, k2)α(z, k1)

)
+

b02
α(z, k1)α(z, k2)

. (5.8)

This is a combination of the following terms b20[δm(x)]2, b11δm(x)ϕin(x) and b02[ϕin(x)]2 .
F2N(k1,k2) and S2(k1,k2) are the usual second order Newtonian matter density and tidal
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tensor kernels

F2N (k1,k2) =
10

7
+

(
k1
k2

+
k2
k1

)
k1 · k2

k1k2
+

4

7

(k1 · k2)
2

k21k
2
2

, (5.9)

S2(k1,k2) =
(k1 · k2)

2

(k1k2)
2 −

1

3
, (5.10)

where we have made an Einstein de Sitter assumption in F2N . Furthermore, N2 is given by

N2(k1,k2) =
1

2

[
k1 · k2

k21α(z, k2)
+

k1 · k2

k22α(z, k1)

]
, (5.11)

This term represents the effect of volume distortions due to a displacement of the galaxy
position in the Eulerian frame. In the Newtonian limit, only the value of two bias parameters
change

b(2)T (k1,k2) → b(2)N (k1,k2) = b20 +
bN11
2

(
α(z, k1) + α(z, k2)

α(z, k2)α(z, k1)

)
+

b02
α(z, k1)α(z, k2)

, (5.12)

bTn2 → bNn2 , (5.13)

where bN11 and bNn2 are given in equation (4.14) and (4.15), respectively. In Poisson gauge, the
kernels are obtained from equations (4.22) and (4.23)

K(1)

P (k) = K(1)

T (k) + 3f
H2

k2
, (5.14)

K(2)

P (k1,k2,k3) = K(2)

T (k1,k2,k3) + 3f
H2

k23
G2(k1,k2,k3) , (5.15)

where v(1)(k) = Hfδ(1)m (k)/k2 and, at second order, we introduced G2, which is the Fourier
space kernel for a collection of the peculiar velocity and its correlation with the galaxy density
and gravitational potential

G2(k1,k2,k3) = G2N(k1,k2,k3) +G2GR(k1,k2,k3) +G2Qk1,k2,k3) . (5.16)

Here G2N and G2GR are the Newtonian and the GR correction to the Newtonian kernels of the
intrinsic peculiar velocity contribution at second order, respectively and G2Q is a collection
of terms quadratic in first order terms

G2N(k1,k2,k3) =
6

7
+

(
k1
k2

+
k2
k1

)
k1 · k2

k1k2
+

8

7

(k1 · k2)
2

k21k
2
2

, (5.17)

G2GR(k1,k2,k3) =
3

2
ΩmH2

[
k23
k21k

2
2

[
−3 +

6

5
fNL

(
1 +

2

3

f

Ωm

)]
(5.18)

+
6

5
f̃NL

(
1 +

2

3

f

Ωm

)
k1 · k2

k21k
2
2

+
2

k23
E2(k1,k2)

]
,

G2Q(k1,k2,k3) =
2k23
k21k

2
2

[
Y2(k1, k2) +

3

2
ΩmH2

[
f

Ωm

(
1 +

1

2
Ωm

)
+ 1

]]
. (5.19)

– 11 –



Here we used H′ = H2 (1− 3Ωm/2), which is valid for a cosmological constant and matter
dominated universe, and introduced the following definitions for clarity

E2(k1,k2) = 3 + 2
k1 · k2

k1k2

(
k1
k2

+
k2
k1

)
+

(k1 · k2)
2

k21k
2
2

, (5.20)

Y2(k1, k2) =
1

2

(
b(1)T (k2)k

2
1 + b(1)T (k1)k

2
2

)
+

(1 + z)

6

(
db(1)T (k2)

dz
k21 +

db(1)T (k1)

dz
k22

)
(5.21)

+
1

6
b10f

(
k21 + k22

)
,

Note that in P-gauge, in addition to the presence of fNL in the scale dependent linear and
nonlinear bias parameters, i.e b(2)T and b(1)T , the effect of the primordial non-Gaussianity is
also contained in G2GR and Y2. This is coming from the temporal component of the gauge
transformation vector, in P-gauge, it corresponds to the peculiar velocity potential.

6 Bispectrum

6.1 Galaxy bias from halo model

There are 6 unknown Lagrangian bias parameters to be determined from observations or
simulations. We can reduce the number of unknown Lagrangian bias parameters to 3 by
invoking a halo model, i.e we assume that galaxies are resident in collapsed haloes of a
certain mass range dM . The number density of haloes of mass M is given by [45]

n(M) = νfν(ν)
ρ̄m
M2

d ln ν

d lnM
, ν =

(
δc
σnG

)2

, (6.1)

where ρ̄m is the background matter density, νfν(ν) is the multiplicity function [45], ν denotes
the peak height, and σnG is the variance in the matter density field smoothed on a Lagrangian
mass scale M . For simplicity, we neglect the non-Gaussian correction to the variance in the
matter density field σG ≈ σnG [50, 51]. Assuming a Sheth-Tormen (ST) model for νfν(ν)
[58], it is straight forward to obtain the following Lagrangian halo bias parameters [51]:
bLh10 ∝ ∂n/(n∂δl) and bLh20 ∝ ∂2n/(n∂δ2l ). The corresponding galaxy bias parameters are
obtained by averaging over the halo bias parameters [59]

bLij =

∫M+

M−
bLhij(M)〈Ng|M〉n(M)dM∫M+

M−
〈Ng|M〉n(M)dM

, (6.2)

where bLhij denotes the halo bias parameters, 〈Ng|M〉 denotes the number of galaxies contained
within a single dark matter halo of mass M , M− and M+ are the lower and upper mass
limits of haloes that can host a particular type of galaxy. To calculate 〈Ng|M〉, we consider
a Euclid-type H-α galaxy survey and follow the modelling described in [59] which is based
on the analysis given in [56]. Using equations (4.7) and (4.8) we find that the best fit
‘fundamental bias parameters’ are given by

b10 (z) = 0.9 + 0.4z , (6.3)

b20 (z) = −0.704172− 0.207993z + 0.183023z2 − 0.00771288z3 . (6.4)
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We neglect the initial tidal bias parameter and in this limit b2s is easily obtained from equation
(6.3) b2s = −4(b10 − 1)/7. Similarly, other bias parameters can easily be expressed in terms
of equations (6.3) and (6.4);

b01 = 2fNLδc (b10 − 1) , (6.5)

b02 = 4f2NLδc

[
δcb20 − 2

(
4

21
δc + 1

)
(b10 − 1)

]
, (6.6)

bL11 + bL01 = 2fNL

[
δcb20 +

(
13

21
δc − 1

)
(b10 − 1)

]
, (6.7)

where we followed the steps outlined in [50, 51]. Note that these set of bias parameters vanish
in the limit fNL → 0.

6.2 Galaxy bispectrum

General covariance requires that the descriptions of any observable quantity to be inde-
pendent of coordinate systems. In cosmological perturbation theory, there is an additional
requirement of gauge invariance associated with the mapping between the background space-
time and the physical spacetime. To construct observables such as the galaxy number count
at non-linear order, one has to choose a coordinate system appropriate for an observer (i.e.
past-lightcone) and compute the observables accordingly [60]. In this paper, we will not dis-
cuss the observed galaxy bispectrum. Rather we compute the galaxy bispectrum BgX of the
relativistic galaxy density on the hypersurface of a constant time in a given gauge including
the GR corrections and compare it to the Newtonian approximation. This is a gauge depen-
dent quantity but it plays the central role when computing the observed galaxy bispectrum.
The galaxy bispectrum in X gauge is given by

BgX(k1,k2,k3) = K(1)

X (k1)K(1)

X (k2)K(2)

X (k1, k2, k3)Pm(k1)Pm(k2) + 2 perms. , (6.8)

where Pm(k) ∼ 〈δ(1)m (k)δ(1)m (k′)〉 is the matter power spectrum, 2 perms. denotes two cyclic
permutations and KX is the Fourier space kernel for the galaxy density perturbations given in
section 5. For short wavelength modes that enter the horizon in the radiation dominated era,
the analytic solutions for the second order perturbation cannot be used. For these modes, we
need to use a numerical code such as a second order Einstein-Boltzmann code SONG 4 or an
improved analytic solution [61]. This is particularly important for the squeezed configuration
while the equilateral configuration is less affected by the radiation effects.

We show in figure 1 the squeezed shape of the galaxy bispectrum in P-gauge and T-
gauge. We compare the bispectrum in these two relativistic gauges to the galaxy bispectrum
in the Newtonian limit. In the Gaussian limit, the bispectrum is negative except int the
Newtonian limit at small k. This feature was first noticed in the Newtonian treatment of the
halo bispectrum in [62]. This is due to the contribution of the non-linear bias parameter b20;
tracers with the negative b20 leads to negative galaxy bispectrum. In the Newtonian limit, the
bispectrum goes through zero at small k and becomes positive when the tidal bias contribution
is important. This feature is absent in the GR bispectrum in both gauges, because GR
corrections induce an effective bias parameter b11 = 20/3 (see equation(4.19)), which makes
b(2)T more negative. The contribution from bn2 = −5/3 vanishes in the squeezed limit for an
equal time correlation. The bispectrum in P-gauge contains additional GR corrections from

4https://github.com/coccoinomane/song

– 13 –



Figure 1. The left panel shows the galaxy bispectrum in P-gauge, T-gauge and the Newtonian limit
in Gaussian limit. Similarly in the right panel, we show the galaxy bispectrum for a non-Gaussian
initial conditions with the fNL = 2.0 and f̃NL = 0.0. For both panels we fixed k2 = 0.0001[hMpc−1]
and vary k1 = k3 = k. Note that our result is valid only for k < keq ∼ 0.01 due to the fact that we
ignore radiation effects.

the temporal gauge transformation. For a non-Gaussian initial condition (the right panel of
figure 1), the bispectrum in T-gauge and the Newtonian are similar once the primordial non-
Gaussian contribution dominates over the GR correction. Again the bispectrum in P-gauge
is significantly different due to additional GR and primordial non-Gaussian corrections in the
temporal gauge transformation.

In figure 2, we show the galaxy bispectrum in equilateral configurations. For the equi-
lateral shape in the Gaussian initial limit, the bispectrum in the Newtonian approximation
is positive and decreases as k → 0. However, the bispectrum in both relativistic gauges
deviates strongly from the Newtonian prediction for k < keq. This is due to the GR effects
in the galaxy density, which modify both b11 and bn2 bias parameters as discussed above.
In particular, b11 = 20/3 causes that the galaxy bispectrum to become negative at small
k since α(z, k) ∝ −k2. In P-gauge, it changes sign again due to the positive contribution
from the temporal gauge transformation terms. The Newtonian approximation of the galaxy
bispectrum also becomes negative with fNL 6= 0 because bN11 = −4fNL (b10 − 1) is negative
for b10 > 1. The difference between the bispectrum in relativistic gauges and the Newto-
nian limit is small once the primordial non-Gaussianity effect becomes dominant over GR
corrections for fNL ≥ 2.

7 Conclusion

We studied the galaxy bias in the presence of primordial non-Gaussianity in GR at second
order in perturbation theory. Earlier studies at second order focused on the Newtonian
approximation [12, 17, 51, 52] and an extension to GR was limited to the Gaussian limit [26].
We used the local coordinates introduced in [26], which are equivalent to the conformal Fermi
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Figure 2. The left and right panels show the galaxy bispectrum in P-gauge, T-gauge and the Newto-
nian limit for the equilateral shape for the Gaussian and non-Gaussian initial conditions, respectively.
Again we set f̃NL = 0.0.

coordinates developed in [63, 64]. The exact map between the conformal Fermi coordinates
and the local coordinates used here was given in [26].

We introduced a parametrisation of the initial curvature perturbation that includes local
and non-local primordial non-Gaussianity contributions and used it to derive the full GR
expression for the matter density and the peculiar velocity at second order in perturbation
theory. We showed that the non-linear corrections to the Poisson equation in GR can be
removed by local coordinate transformations in the single field slow-roll inflation model. In
local coordinates, there is no modulation of small-scale clustering by the long-wavelength
model. On the other hand, in multi-field inflation models, the primordial non-Gaussianity
introduces the modulation of small scale clustering by the long mode.

We then derived the local Lagrangian galaxy bias model in GR at the second order
in perturbation theory in various gauges for a generic non-Gaussian initial condition. We
found that the non-linearity of GR and primordial non-Gaussianity affect the galaxy density
on large scales from distortions of the volume element by the long-wavelength mode. Also,
primordial non-Gaussianity affects galaxy bias due to the modulation of small scale clustering
by the long mode. In both squeezed and equilateral configuration, the galaxy bispectrum in
the Poisson and total matter gauges differ substantially from the Newtonian approximation
on ultra-large scales. The galaxy bias model that we derived in this paper is an essential
building block for calculating the observed bispectrum of the galaxy number count and/or
the HI brightness temperature [54, 60, 65–70].
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