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Quaternionic Hyperbolic Function Theory

Sirkka-Liisa Eriksson and Heikki Orelma

Abstract. We are studying hyperbolic function theory in the skew-field
of quaternions. This theory is connected to k-hyperbolic harmonic func-
tions that are harmonic with respect to the hyperbolic Riemannian met-
ric

dz? + dz3 + dz3 + dx?

&
T3

2
dSk =

in the upper half space Ri = {(z0, 21,22, 23) € R* : 23 > 0}. In the
case k = 2, the metric is the hyperbolic metric of the Poincaré upper
half-space. Hempfling and Leutwiler started to study this case and no-
ticed that the quaternionic power function z™ (m € Z), is a conjugate
gradient of a 2-hyperbolic harmonic function. They researched polyno-
mial solutions. We find fundamental k-hyperbolic harmonic functions
depending only on the hyperbolic distance and z3. Using these func-
tions we are able to verify a Cauchy type integral formula. Earlier these
results have been verified for quaternionic functions depending only on
reduced variables (zo, 1, z2). Our functions are depending on four vari-
ables.

Mathematics Subject Classification (2010). Primary 30A05; Secondary
30A45.

Keywords. a-hypermonogenic, a-hyperbolic harmonic, Laplace-Beltrami
operator, monogenic function, Clifford algebra, hyperbolic metric, hy-
perbolic Laplace operator, quaternions.

1. Introduction

We study hyperbolic function theory in the skew- field of quaternions, denoted
by H. This theory was initiated by Thomas Hempfling and Heinz Leutwiler in
[15]. They studied quaternion valued twice continuous differentiable functions
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f (z) defined in the full space R* satisfying the following modified Cauchy-
Riemann system

= ail'() 8.’[1 81'2 8953 -
fo _ Of; o
oz, O forall 1 =1,2,3,
ofi _ 0f;

for all 4,57 =1,2,3.

8xj o 8951

In [17] Leutwiler noticed that the power function 2™, where m € Z, calculated
using quaternions, is a conjugate gradient of a hyperbolic harmonic function
h which satisfies the equation

oh
Agh = 22Ah — 203— =
2 X3 $3ax3 0

where as usual

0*h  0*h  0*h  O%h

Oz 0z 0x%  Ox%’

The operator Ay is the hyperbolic Laplace-Beltrami operator with respect to
the Poincaré hyperbolic metric

Ah =

dad + da? + da3 + daj
= P )

Leutwiler and the first author in [7] studied the total Clifford algebra
valued functions, called hypermonogenic functions. Their Cauchy-type for-
mula was proved in [6] and the key ideas are the relations between k and
—k-hypermonogenic functions, introduced in [3]. An introduction to the the-
ory is given in [18] and in more recent paper [8].

In this paper, we verify the Cauchy type theorems for quaternionic
valued fuctions called k-hyperregular. Our Cauchy type theorems are not
directly following from the theory of quaternionic valued hypermonogenic
functions, which are depending only on three variables. Our functions are
depending on four variables and k is an arbitrary real coefficient. However,
it is possible to deduce some results from the theory of paravector valued k-
hypermonogenic funcions (see [9]) which domain of the definition is an open
subset of R* and the values are in the Clifford algebra Cfy 3. These meth-
ods are rather complicated in case of quaternions and we prefer the direct
methods.

ds?

2. Preliminaries

The space of quaternions H is four dimensional associative division algebra
over reals with an identity 1 and generated by the elements 1, e, es and e3
satisfying the relations

€3 = €1€2
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and

€i€j + €j€; = _251'3'1;
where d;; is the usual Kronecker delta. The elements a1 and o may be iden-
tified.

We denote the coefficients of the components of a quaternion x with
respect to the base {1,eq,e1,ea} by g, 21,22 and x3, that is

T =xg+ x1€1 + T2€2 + T3€3

where xg, 21,22 and x5 are real numbers. The spaces R* and H may be
identified as vector spaces.
We denote the upper half space by

Hy ={z|z €R,i=0,1,2,3 and z3 > 0}
and the lower half space by
H. ={z|2;€Ri=0,1,2,3 and 23 < 0}.

The hyperbolic distance dj,(z,a) between the points x and a in H may be
computed from the formula dj(x, a) = arcosh A(x,a), where

(w0 — ag)” + (21 — a1)” + (w3 — as)” + 2} + a}
256‘3&3
_lz—alf* + [l& — a*|?

4x3a3

Mz, a) =

2 2
Cle—al? | Je—e)?

2.’1?3&3 2.’133@3

a* = ag + aje1 + ases — aszes and the distance

||37 - a|| = \/(370 - ao)2 + (3?1 - a1)2 + (132 - a2)2 + (963 - a3)2

is the usual Euclidean distance (see the proof for example in [18]). Similarly,
we may compute the hyperbolic distance between the points  and a in H_.
Notice that if both  and a belong to Hy or in H_ then

dp (xz,a) =dyp, (z%,a").

We recall the following simple calculation rules

|z — a||® = 22305 (A\(z,a) — 1), (2.1)
|z — a*||* = 22303 (/\( a)+1), (2.2)
|z —al® _ Aa,a) - 2 (dn(z,a)
||:U—a*H2 Az, a) + anh ( 2 ) . 23)

We remind that hyperbolic balls are also Euclidean balls with a shifted
center given by the next result.
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Proposition 2.1. The hyperbolic ball By, (a,ry) with the hyperbolic center a in
H. and the radius ry is the same as the Fuclidean ball with the Euclidean
center

¢q (Th) = ao + are; + azes + az coshryes
and the Euclidean radius re = agsinh r,,. Conversely, if b = (bg, b1, be, b3) is
a point in Hy and r. < bz then the Fuclidean ball B, (b,r.) is the same as
the hyperbolic ball with the hyperbolic radius

rp, = artanh (n)
b3
and the hyperbolic center

b
a = (b07b1ub27 5 ) .
coshry,

Corollary 2.2. The hyperbolic metric in Hy (resp. in H_ ) is equivalent with
the Euclidean metric in Hy (resp. in H_ ), that is they generate the same
topology.

We may extend the hyperbolic topology to the whole space. Indeed, if
U C H and the set UN{z € H | 3 = 0} is non-empty then we call the set U
open if it is open with respect to usual Euclidean topology. The inner product

(z,y) in H is defined by
3
i=0

similarly as in the Euclidean space R*.
The elements
T = X9+ x1€1 + T20€9
are called reduced quaternions if xg, z1and xo are real numbers. The set of
reduced quaternions is identified with R3.
We recall that the prime involution in H is the mapping x — x’ defined
by
2 =x0— 2161 — Taes + T3€3.
Similarly, the reversion in H is the mapping x — x* defined by
¥ =xz9+x1€1 + T2 — T3€3.
The conjugation in H is the mapping # — Z defined by & = (z/)" = (z*)’,
that is
T = X9 — T1€1 — Toey — T3€3.
These involutions satisfy the following product rules

(zy) =2y,
(zy)" =y 2z~
and
TYy=y=x

for all x,y € H.
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The prime involution may be characterized also as
/
Treg = €3l

for all quaternions .
The real part of a quaternion x is defined by

Re x = x¢

and the vector part by

Vec © = x1e1 + x2e9 + x3€3.
We recall the product rule
zy=—(z,y)+xxy
if Re £ = Re y = 0, where x is the usual cross product in R3.
We define the mappings S : H — R? and T : H — R by
Sa = ag + are1 + azes

and
Ta = ag

for a = ag + a1e1 + ases 4+ azez € H. Using the reversion, we compute the
formulas

Sa = % (a+a"), (2.4)
Ta = —%(a—a*)eg. (2.5)

We recall the identities
ab + ba = 2aRe b+ 2bRe a — 2 (a,b) (2.6)
and
% (abc + cba) = (b,c)a — [a,b, ] (2.7

valid for all quaternions a,b and ¢ . The term [a, b, ¢] is called a triple product
and is defined by

[a,b,c] = (a,c)b— {a,b)c.
If a,b and ¢ are quaternions with Re a« = Re b = Re ¢ = 0, then (cf. [14])

[a,b,c] =a x (bxc).
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3. Hyperregular functions

We use the following hyperbolic modifications H ,lc and Hj of the Cauchy-
Riemann operators

HLS (2) = Dif (@) + k22 Hif 0) =i () - h22,
HIZf(x):Drf(l')—‘rki%, F;f(x):ﬁrf(x)_k%”

where the parameter k£ € R and the generalized Cauchy-Riemann operators
are defined by

3

Dif=Y el Diy- Ze%z

Drfzz%ei, D, f= Zaf*

We also abbreviate D, f by Df and H} by Hy.

Definition 3.1. Let Q@ C H be open. A function f : Q@ — H is called k-
hyperregular, if f € C* (Q) and

Hyf (x) = H f (x) =
for any x € Q\{z3 = 0}.

We may simply compute the components of the operators H ,lc and Hj,
as follows.

Lemma 3.2. Let Q C H be open. If a function f : Q — H is differentiable
then the coordinate functions of H,i and Hj, are given by

Lp\ _ Ofe _ Of _ Ofs _ Of £ -
(Hif)o = g52 = o — 32 — 3 TR (Hjf)o = (Hi.f) >
Lp\ _ 0fo o Ofr _ Ofs | Of _0fo , Ofr ., Ofs _ OF:
(HLf), = 92> + 55t — 552 + ga2s (Hif)y = gor + oo T 352 — o0
Lp\ _ 0fo o Of2 , Ofi _ Of _ 0fo | Ofs _ 0fr . OFf
(ka)Q_TxZ_’_@wz—i_ax;_Tz? (Hzf)2_8w2+8wz_8a:;+aaj

(Hllcf):;: 8f0_|_5f3 of1 +0f2 (H]:f);g: 8fo_|_3f$ +%_%

Oxs dxg Oxo oz’ Oxs oxg Oxo oz’
where (-); denotes the real coefficient of the element e; for each j =0,1,2,3.

We obtain immediately the following result.

Proposition 3.3. Let Q C H be open and a function f : Q — H continuously
differentiable. A function f is k—hyperregular in 2 if and only if

of of of Of: fs _ ;
Gib — gt — g — S 4 kL2 =0, if 23 #0,

Oxo
gi‘Z: 8}‘1 forall i=1,2,3,
: 6]
587]:;: f forallz]fl,2,3

Our operators are connected to the hyperbolic metric via the hyperbolic
Laplace operator as follows.
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Proposition 3.4. Let f: Q2 — H be twice continuously differentiable. Then

I pap_ KB Of kfs K (Ofi Of
HiHyf =Af x5 023 + z3 €+ x3 \Oxra Oz
LE(Oh 0B\ K (0h o5
I3 8;103 8x1 ! I3 8;103 8%2
—1
=HH} f
and
NN A
HiHf =Af x33x3+ 3 +x3 <8x1 Ox4

zs3

k (0fi
*(axg

=H H]f.

Proof. We just compute

le;lﬁf =D/ Dif —k

D k
xfs n f3es

2

LORY, k(0 of
8%1 ! I3 (93:3

dfs
6$2

T3
o o If: 9
_ Af _ kaT{?) + 37:}261 + Ti‘;ez + 37263 n kf32€3
I3 Z3
and
— — Ofo . 0fi Ofz  Ofs
H = (D = —— 4 == - == 4 ==,
( kf)?, ( lf)3 Ors Oxy Ox1 + Oxo
Hence we obtain
— k 6f ]ffg k 8f1 af2
HH f=Af_ 29 s % (9 92
k kf f T3 8%3 + SC% est I3 (81‘2 8:1:1
k (0fi Ofs k (0fs Ofs
+ X3 <8$3 81‘1 €1+ X3 81‘3 81‘2 e2:
Similarly, we compute
__ — D, kfse
D.H.f=D,D.f —k ngg n J;gg 3
dfs 9fs Ofs Ofs
iy + € + a € + € Q-
— Af _ k d.’,to dxl 1 0332 2 01‘3 3 + kf3263
T3 €3
and
=T — dfo  0fi | 0fs  Ofs
H = D’l‘ = —— - —=
( kf)?, ( f)3 O0rs Oxrg Ox1 Oxg
Hence we have

—r k 0
HyHyf =Af - ;38753

k [0
PE (22
z3 \ O3

kfses

2
L3

8%1

Je

k (0f
*(a

kE (0fs
+<a_a

or,)
8302

Ofs
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Moreover, we easily deduce that FZH}Cf = H,lcﬁicf and F;H,:f = H,:F;f
O

We immediately obtain two corollaries.

Corollary 3.5. If f : Q — H is twice continuously differentiable and k # 0

then
-5 =T k 8f kfgeg
HH f=HH.f=Af -~
wHi f wHif f x38x3+ e

if and only if 5 8f7 6f’ forall i,57=1,2,3.

Corollary 3.6. If f : Q — R is real valued and twice continuously differentiable
then

—1
x];HIchkf = szHkaf Ay f,

where the operator

is the Laplace-Beltrami operator (see [19]) with respect to the Riemannian
metric
dxd + dx? + dz3 + dz?

k
T3

2 _
dsk—

(3.1)

Differentiating the first equation of Proposition 3.3 with respect to z;
and applying the rest of the equations of Proposition 3.3 we obtain the fol-
lowing result.

Proposition 3.7. Let Q2 C H be open and a function f : Q — H twice contin-
wously differentiable. If f is k-hyperreqular then

—
eSHUH, f = e H{H f = Apf + a5 2k fses = 0.
The previous results motivate the following definition.

Definition 3.8. Let Q C H be open. A twice continuously differentiable func-
tion f: Q) — His called k-hyperbolic, if

k Of | kfses

Y- 2

=0.
r3 013 x5

There exists a characterization of k-hyperregular functions in terms of
k—hyperbolic functions.

Theorem 3.9. Let Q C H be open. A twice continuously differentiable hy-
perbolic harmonic function f : Q — H is k-hyperregular if and only if the
functions f and xf + fx are k-hyperbolic and H,if =Hjf.
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Proof. In order to abbreviate notations, we denote g = xf + fx. Using the
standard formulas A (xf) = 2Af + 2D;f and A (fz) = (Af)x + 2D, f we
obtain by virtue of Proposition 3.7, that

0 — _
T3Ag — kmga% + kgses :xgacH,iHﬁcf + 2 (H,iH;f) x+222HLf + 202HL f
3
—dkasfs — kg (e f'+ fes) + 2k (zofs +x3f0) €3
— 2k f3 (zoes — x3)
+ 202HLf + 222 H f.
If f is k-hyperregular then
— 0
x%H}CHiﬁf = 23Af — kxg—f + kfses =0
(933‘3
and H} f = H} f = 0 which implies that g is k—hyperbolic. Conversely, if g
and f are k-hyperbolic and H! f = H} f then
Hyf + Hf =0.
Hence f is k-hyperregular. ([

Real valued k-hyperbolic functions are especially important, since they
produce k-hyperregular functions.

Theorem 3.10. Let €2 be an open subset of H. If h is real valued k-hyperbolic
on ) then the function f = Dh is k-hyperreqular on Q. Conversely, if f is
k-hyperregular on ), there exists locally a real valued k-hyperbolic function h
satisfying f = Dh.

Proof. Let h be real k- hyperbolic on © and denote f = Dh. Applying Propo-
sition 3.6 we obtain

_ k oh -
== an— 2O o gt~
T3 8.133

Hence f is k-hyperregular. The converse statement is verified similarly as in
[7]. O
We use the following transformation property proved in [5].

Lemma 3.11. Let Q be an open set contained in Hy or in H_. A function f :
k

2
Q — R is k-hyperbolic harmonic if and only if the function g (x) = 3% f ()
satisfies the equation

AxSg + i (9 —(k+ 1)2) Sg = 0. (3.2)
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4. Cauchy type integral formulas

We first recall the quaternionic version of the Stokes theorem verified for
example in [14] as follows. If § is an open subset of H, K a 3-chain satisfying
K Cc Qand f,g € C! (2, H), then

/ gvfdo = / (Dygf + gDif) dm (4.1)
OK K

where v = vy + v1e1 + vaes + v3es is the outer normal, do the surface element
and dm is the usual Lebesgue volume element in R* identified with H as a
vector space.

The T-part and S-part play a strong role in our operator Hy. We have
therefore two versions of the Stokes theorem. The first version deals with
T-parts and the second one with S-parts.

Theorem 4.1. Let Q2 be an open subset of H\ {x3 = 0} and K a 3-chain sat-
isfying K C Q. If f,g € Ct (Q,H), then

/ gvfdo = / ((Hrkg) FgHLf L ((g2)SF - ng3>) dm
oK K T3

and therefore

T(/aKgido*) :/KT((Hikg)f+gH,if)dm

where v = vy +v1e1 +vaea +v3e3 is the outer normal, do the surface element
and dm is the usual Lebesque volume element in R*.

Proof. Since Dyg = H”; g+k2 and D, f = H,if—kg—z we deduce using (4.1)
that

/M (gdof) = /K ((Hikg) f+gHLf+ xﬁg ((g3) f — gf3)> dm

- k
= /K ((H-kg) f+gHf+ o ((g3) Sf — ng3)) dm,
completing the proof. O
We may also prove

Theorem 4.2. Let 2 be an open subset of H*\ {z3 = 0} and K a 3-chain
satisfying K C Q. If f,g € C (Q,H), then

k
| trado— | ((H;;f) g+ FH. g+ - ((g3) Sf - ngg)) dm
OK K Zs3
and therefore

T( fl/ng’) :/ T((H,Zf)g—i—le,kg) dm,
0K K

where v = vy +v1e1 +vaeq +vges is the outer normal, do the surface element
and dm is the usual Lebesque volume element in R*.
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Proof. Since D;g = Hl_kg—i—kg—z and D, f = H,:f—ki—z we deduce using (4.1)
that " "

/ (gvf) do = / <(H’"f) g PH g+ 2 (fgs - fzg)) dm
oK K T3

, k
= /K <(H N f+gHL9+ o, (99)S1 = ng3)) dm,
completing the proof. O

Combining previous results we conclude the following results.

Theorem 4.3. Let §2 be an open subset of R*\ {z3 = 0} and K a 3-chain
satisfying K C Q. If f,g € Ct (Q,H), then

/ T (gvf + frg)do / T (H" gf + gHLF + Hfg + fH' 1g) dm,
OK K

where v = vy +v1e1 +vae9 +v3e3 is the outer normal, do the surface element
and dm is the usual Lebesque volume element in R*.

Theorem 4.4. Let Q be an open subset of R*\ {z3 =0} and K a 3-chain
satisfying K C Q. If f,g € C' (Q,H), then

do dm
/ S(guf + frg) % = / S (Hygf +gHLf + Hfg + fHLg) 2
0K X3 K T3

where v = vy +v1e1 +vaeq +v3es is the outer normal, do the surface element
and dm is the usual Lebesque volume element in R*.

Proof. Applying (4.1), we deduce
do e dm
/ gvf— = /K (Drgf +gDif — k2 Sf) -

I3 T3

Since Hjg = D,g + %3 and H}f = Dig + ks we infer

x3

d d
/ gyfZ:/K(H]:gf+gH]l€f_k93f+gf3+gesf> dm.

I3 T3

Using the formula gesf = gesSf — gfs, we obtain
do - gsf +gesSf\ dm
[ vt = [ (Hiar+ ottty - kL0950 B

K

0K T3 T3 x5
k93f3€3 + SgesSf\ dm
X3 SL'k '

— [ (mtar + ottis -
K
If we compute the coordinates of Sge3S f, we have
d d
/8Kgyf?z :/K (H,:gf—&—gH,if _pofotoifi + 92/ +93f363> 7717:

3 3 T3

_ / kglf2 —gaf1 + (g2f0 — gof2) e1 + (gof1 — g1.fo) €2
. e

dm
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If we interchange the roles of f and g, we infer

fl/gdg /(kag-i-fH;ig—k90f0+glf1;glf1+g3f363>dT

T3

/ f192 Jag1 + (f290 — fog2) e1 + (fogr — f190) e2 dm

k1
L3

0K

Hence

do , dm
| s+ vg) ST = [ (tpor + gttis + g + fHig)
oK T3 K T3
gofo +gif1 +g1f1 +g3fz dm
~ %kes am

K

I3 £B§

and therefore

™ (s dm
| Stavt+ fua) 5T = [ 5 (s + otks + 1o+ FHLg) T
r3 3

O

The hyperbolic Laplace operator of functions depending on A is com-
puted in [5] as follows.

Lemma 4.5. Let x and y be poins in the upper half space. If f is twice con-
tinuously differentiable depending only on A = X (z,y), then
o*f of
A A2 —1) =5 44—~
nf (@)= (= 1) 55 5%
We recall the definition of the associated Legendre function of the second
kind

& 2 1 2v+3 1
QLN =C (A —1)2 A et zFl(V+g+ ,“+;+ ; V; ;>\2)

where

VAT (v + 4 1)
2T (04 3)

and the hypergeometric function is defined by

2F1 (a,b;c;x) = Z Mﬁ,

m=0

C=-

converging in the usual sense at least for x satisfying |z| < 1. Associated
Legendre functions satisfies the differential equation (see [20])

(A2 — D (X)) + 20/ (\) — (V (v+1)-— T ﬁ )\2) u(A) =0. (4.2)

We are looking for solutions of the equation

Apf(A)+~vf(A) =0
in the form

F)==-1)%(\).
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We just compute that
200 (2 + 2
(A =1)g" (N +{@a+4)Ag (\) + (4042 + 60+ + W) g(A) =0.

In order to compute the solutions using Legendre functions, we compare this
equation with (4.2) and first we set 4o + 4 = 2 and therefore w = —%. Then
we have the equation

(A2 =1)g" (\) +2Ag' (\) + (2 + - 1_1A2) g\ =0
and again comparing with (4.2), we obtain equations
v(v+1)=2-7,
o _ (n— 1)2
YR
Hence p = 41 and v = @. Setting —y = i ((k + 1)2 — 9), we obtain
L, _ Akt —1
2
Consequently, we found a solution (A? — 1) ~3 Qliir-1 (). Note that Q1,11 (A)
is well defined since A > 1 and % > —1. 2 2

Denote v = % Applying [20, S.2.9-4.] and the definition of QL (\),
we obtain

L v+1 J§ (A+cosa) sin® T ada
Qu ()‘) = - Qv+l

(2 ~ 1)
VAL 2NV LR (5, 45 25 )

B 27T (v 4 3) (A2 —1)

We recall that the volume measure of the Riemannian metric ds; de-

fined in (3.1) is
dmy = ys 2k dm
where dm is the usual Lebesgue measure. Its surface element is defined by
_3k
do(yy = y3 > do. The outer normal in 9By, (z, Ry) is denoted by n. and the
k

outer normal derivative is defined by (,?T“k =y3 (‘387? .
We prove that the function

(S =
T3 3 Ys § Qy (COSh dh (l’, y))
ws sinhdp, (x,y)

Fk(xay)zi

is the fundamental k-hyperbolic harmonic function at the point  (symmet-
rically y), that is —AxF) = 0, in the distributional sense with respect to the
volume measure of the Riemannian metric dsj, and w3 = 272 is the Euclidean
surface area of the unit ball in H. We also remind that the fundamental k-
harmonic function is unique up to the k-hyperbolic harmonic function.

We first verify the following crucial result.
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o Clkt1]-1
Lemma 4.6. Let x be a point in the upper half space and denote v = —5—.
The function

v+1 [7 . a9y
gk (dp (z,y)) = W/@ (coshdy, (z,y) + cosa) ™" sin® T ada

. \/EF (y + 2) AT 2F1 (%’ VTH’ 21/;3; cosh? ;h(w,y))
)
is positive and continuous for any y € Hy and
gk (O) =1.

Proof. Applying properties of hypergeometric functions (see for example [2])
and the Gamma function, we infer that

L (v vl s N T Dps g
22 2 ) T r(eE3)r(y?) T Jalw+2)
Hence g, (0) = 1. O

Next we prove that Fy (x,y) is integrable in the hyperbolic ball By, (a, Ry,)
with respect to the Riemannian volume measure dmy.

Lemma 4.7. The function Fy, (x,y) is integrable in the hyperbolic ball By, (x, Ry, )with
respect to the volume measure dmy, in the hyperbolic ball By, (x, Rp,) and

[3k+2|

/ Fy (dp (y,2)) dmy (y) < 2= Me' 2 x3 " sinh? Ry,
B (z,Rn)

where M = max, cp-py (gr (y, 7)) > 1.

Proof. Using Proposition 2.1 we infer that the hyperbolic ball By, (z, Ry,) is
an Euclidean ball with the Euclidean center ¢, (R) = zo + x1€1 + x2e2 +
o cosh Ry, and the Euclidean radius R, = x3sinh Rj,. Hence we deduce

9k (dh (x,y)) _ 9k (dh (x,y))
x3 sinh?dy, (y,z) ||y — ¢z (Rn) ||

and in By, (z, Ry)
2r3e Br = g4 (cosh R, —sinh Ry,) < y3 < 23 (cosh Ry, +sinh Ry,) = 2z3etth

for all y € By, (x, Rp,). Since gy, (dp, (x,y)) is a continuous function, it attains
its maximum in the closure of the ball By, (z, Rp,). Since

o dm (y)

2 2

x5 “sinh™ " dy, (y,z) dm (y) = / —_
/Bh(z,Rh) 3 Bu(ca(Rp),ws sinh Ry) 1Y — ¢z (Rn) ||

x3 sinh Ry,
/ . / dsdr
0 3Bh(02(rh)»1)

w33 sinh? Ry,
2
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we conclude

3k+4 |3k+2]

/ Fy (y,x)dmy (y) <272 Me 2 3" sinh® Ry,.
Bh(l’ Rh)

We also need the result

Lemma 4.8. Let Q C Hy be open and By, (x, Rp,) C Q. Let u be a continuous
real valued function in Q. Then

lim 76Fk (z,9)

doy) (y) = —u ().
R;,—0 9B, (x,Ry) 871 ()

Proof. Applying Proposition 2.1 we obtain that the outer normal at y €
th (I, Rh) is

(yo —20,Y1 — T1,Y2 — T2,Y3 — T3 costh)
x3 sinh Ry,

ne = (ng,n1,n2,n3) =

In order to abbreviate the notations, we denote briefly r, = dj (y,x). We
compute the outer normal derivative by

OF}, (x, EOFy (z 5
K (7, y) —y2 k(7. 9) = y3 (ne, grad Fy, (x,y))

onk One
gk (Th) 3
k—1 u sinh? ~ sinh® 7y, 8Th
=y3 x3° F) n; e
Th i—0 Yi

k—2 k=2
+Ty32 n3Fy. (x,y) .

Since 7, = arcos A (y,x) we deduce

Orp _ Qarccos A (y,r)  y; —x; — w3 (coshry, — 1) d;3
oy; y; N ysx3 sinhry,
and therefore the identity
Yoy

o Y3

holds. Hence we compute further

OF ’ k-2 %52 o k—2
i (2,y) _Y3 T3 g1 (Tn) + y§72n3Fk (z,y)

onk w3 sinh? 7"h orp, 2ws3
k—2
Y3 Tmg o gk (1) cosh rh

w3 sinh?® Th
Since By, (x, Rp) = B (¢ (Rp) , x3sin Ry,) for

¢z (Rp) = xg + x1€1 + Taes + a2 cosh Ry,
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we infer that

0
/ sinh Rhyg—QTQk (Rh) dO’(k) =0.
9B (,Ry) h

o 13 o
Rr—0 w3y sinh” Ry,

Similarly, we compute that

k—6
(k—2)z5° / he2
m ——— —x3cosh R (Rp) doy = 0.
Ryp—0 23 sinh® Ry, th(m,Rh)yg (ws ° n) gk (Bn) dow)

Finally, manipulating the last integral, we obtain
Ryp)cosh R k=2
lim _ 9k \Ith) COST Tth ( h) 3 h / y§72m3 2
Rp,—0 wsz sinh” Ry, &Bn (2, Rn)
k4

T 2 cosh Ry gy, (Rh) / y_#d(f
rp—0 (.U3.’I,'g sinh3 Rh OB (z,Rp) 3

dO’(k)

completing the proof. O

Theorem 4.9. Let Q C Hy be open and By (a,p) a hyperbolic ball with a
center a and the hyperbolic radius p satisfying By, (a,p) C Q. If u is a twice
continuously differentiable functions in Q and x € By (a, p) then

ou OFy (y,x
ww= [ (R G - uw) R Y i )

- / A () Fi (y, ) dmyc (9),
Bh(a,P)

ok % u _ .5 ou
where dmy, = y3 ““dz, do) = yn * do and the outer normal 5% = y3 B

Proof. Denote By, (a, p) = B and pick a hyperbolic ball such that By, (x, Ry) C
B. Denote R = B\Bjy, (z, Ry,). Since F} is k-hyperbolic harmonic in R, we
may apply the Green’s formula

ov ou
/R(uAkv —vAgu) dmy = /8R (“ank - U8nk> do (i

of the Laplace-Beltrami operator
k 0
Ap=ab ([ A—- ——
k $3 < X3 6.273)

with respect to the Riemannian metric ds? (see [1]) and obtain

— ﬁ _ aFk (ya Z‘)
/RFk (y, ) Agudy, _/33 (Fk (y, ) I do ()

Ou  OF(y,x)
; Fi(y,2) 5 —u——F 53— )do)-
/53;L(x,R;L)( ( ) onk onk ) (k)
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_2k4+2 k—2
2 242 gk (dp (2,y)) are bounded we obtain
M

sinh? R OB (x,Ry)

9
Since 5% and y3

ou
[Fx (y, %) 2 |dow (y) <

and therefore

do = M sinh Ry,

ou
I F (g, 2) 22 |d —0.
A th(a:,Rh)l k (Y, ) 6nk| o) (v)

Moreover, since Fy, (z,y) is integrable and u is bounded on B we infer

/ Agu (y) Fi (y, ) dmy, = lim Fy (y,x) Agu dmy.
Bn(a,p)

Rh —0 Rh

Then applying the previous result we conclude the result. (I

Using the standard methods, we deduce that

6(@) =~ [ 800 B (y.2) dm
for all ¢ € C§° (H.). Hence we have reached our main result.

Theorem 4.10. Let x and y be poins in the upper half space and denote v =

%. The fundamental k—hyperbolz’c harmonic function is
k—
257 y5® QLA (x, v))
Fk: (l’, y) =-—3 3 %
2V+1w3 ( ]_)
(v 1)ay? 3 7 Jo (A (2,y) + cosa) " sin® T avda
2"*%03 ()\ (x, y)® — 1)

k—2 k 2

2 -1 vV v |14
VL (v +2) 237 y3 7 AD2F1(§712+37,\%)
2+l (v + 3) (A w,9)* — 1)
Corollary 4.11. Let x and y be points in the upper half-space H,.. Then
Flc (m,y) = x§+1y§+1ka72 (I,y) .

The previous result follows also from the correspondence principle of
Weinstein (see [21]).

Lemma 4.12. If we denote

- kof
K (f)=A T s 015
then

Ky (f) = 25 K g (2570f)

A kind of fundamental k-hyperbolic harmonic function has also been
computed by GowriSankaram and Singman in [13] using more technical de-
ductions. In order to compare the results, we first verify the following lemma.
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Lemma 4.13. Let A > 1 and v > —1. Denoting v+ 1 = (3, then
/ (A —cosa) P sin?ta da = 2°Q%(N)
0
and therefore

v

(/\2 - 1)7% Qo(\) = _62_5/ (A= cos Oz)_ﬁ_1 sin?*' o da
0
= A/ (||x —y|* + 223y3 (1 — cos a))7ﬁ71 sin28-1 o da.
0

where A = =285 1y5tt

Proof. Appying [20, S.2.9-4.] and using complex numbers in computations,
we obtain

Qu(\) = eTQY (=) = !PT~ () / (=X + cosa) P sin? " a da
0

=2 / (A —cosa)Psin? o da
0

Recalling the known formula

1 2 1 d o
A) =N =1)" —Q, (A
QL) = (2~ 1)F Qoo
we obtain the first equality. The second one follows from it when we substitute
\ = lz—yl+22sys 0
2x3Y3 :

Theorem 4.14. Let x and y be poins in the upper half space and denote v =

%, The fundamental k;-hyperbolz’c harmonic function is
(l/ + 1 — COS a —v—2 Sin2y+1 o do
wsFy (z,y) = fo —_—
T
= B/ (H{E - y”2 + 2x3Y3 (1 _ cos a))—l/—2 Sin2u+1 o d
0
where

k—2
B=29 (V + 1) 2 +1/+2y3 +1/+2

Moreover, if k < —1 then
— " 2 g —k—1
wsFy (z,y) = —k/ (llz — y|I> 4+ 223y3 (1 — cosr)) * sin a da,
0

and if k > —1 then

w3Fy (v, y) LR
5 3

= |z —yl|* + 2z3y3 (1 —cosa)) * sin  « da.
k+2 3 /0 ( )

We may compute the following special cases.
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1. Let £k =0. Then
1 1 1
F = —
O(x,y) 2w3x3Y3 ()\— 1 )\—|—1>

1( 1 1 >
ws \llz =yl |lz—y*[?

/ (coshdy, (z,y) — cos o) % sin ada
0

2. Let kK = —2. Then

1
F72($7y): 2

2
2w3 Y3

! 1 1

 2wszdy? ()\—1 a )\-‘rl)
1

w3x3ys (A2 —1)

o 1 1
2wy <|~T—y2 - |ff—y*|2>
_ 4
=~ wifle —yl?lle — ]2

3. Let k = 2, then

2wy Ly (,y) :/ (coshdy, (z,y) — cos ) > sin® ada
0

= {—2*1 (coshdy, (z,y) — cos o) ? sin? a} .

+ / (coshdy, (z,y) — cos o) ™% sin v cos ada
0

=— {(cosh dp, (z,y) — cosa) " cos a] i
0

- / (coshdy, (z,y) — cosa) ™" sin ada
0

1 1
—ﬁ+m—(10g()\+l)—10g()\—l))
2 g (A1) +log (A— 1)

X _1 og og .

Comparing this function with the kernel function computed in [12], we
obtain

1 2)\2 1
—/ %ds: —/ (5_3 — 92571 —l—s) ds

la—==]| la—z]|
Tz—a*T Tz—a

- a*|?
~ 2)la—z|?

Applying the properties (2.1) and (2.2), we infer that
_1/1 (1732)2 A _log()\+1)+log()\—1)

— 1 — zl?
4 210g Ja=al _1la—a

e —a*| 2z —a>

i R R m il v | D 2

*

[z—a
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In order to compute the kernel function for k-hyperregular functions,
we need the following lemma (see [12]).

Lemma 4.15. Ifa € R} and ¢, (dy, (7,a)) = ap+aiei+aser+as cosh dj, (z,a) es
then
x — ¢q (dp, (z,a))

z303 '

Theorem 4.16. Denote 74, = djp (2,y), t = “5=, v = 5 and define as
earlier

v+1 [T .oy
gk (dp (z,y)) = W/o (coshdy, (x,y) + cos )~ sin® T ada.
The k-hyperregular kernel is the function

j p—
=r(z,y)wy (2,y)p(z,y)
=r(z, y)p (z,y) vk (z,y)
k=2 k4
where r(z,y) = 257 y3 % |
xr— Py
Y3

wy, (z,y) = —tesgr (rp) + sinhrpgy, (7)) — (t + 2) gk (74) coshry,

z—P

v (,y) = —t——Zeggy (r) + sinhragh (ra) — (£ + 2) g (r) cosh 7y,

and

(z = ey ()"
z3llz — ¢y (ra) [

p(z,y) =
is 2-hyperregular with respect to x.

Proof. The function Fy, (x,y) is k-hyperbolic and therefore the function hy =

=T . . * . k=2
D" Fy (z,y) is k-hyperregular outside y and y*. Denoting ¢ = *5= and
A (x,y) = coshry, we compute as follows
2hy (z,y) tesg (rn) sinhrpg’ (rp) — 29 (rp) coshry, \ —z
B2 OEE T T sinh?r - sinh®r D
T37 Yy 3 h h
Applying [12] we obtain
D'y = T — Cz./ (rn)
x3ys sinhry,
and
23D 1y, x — ¢y (rp) (x — ¢y (7“h))_1

yisinh®r, o —cy (ra) [I* o —cy (ra) |2
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Since

z—cy(rn) (x—cy(rn)”" 1
w3ys  llw—cy (rn) [ zsyslle —cy (ra)
1

x3y3 sinh? 7y,

1>

Hence we obtain

hi (z,y) (x—cy (rn) "
i Y e T
where
x— Py . ,
wg (x,y) = —tesgy (rp) " +sinh rpg;, (1) — (£ + 2) gi () coshry,.
Similarly we prove the other equation. (]

Using the similar deductions as in [4] we may prove the formula for S
and T-parts.

Theorem 4.17. Let Q and be an open subsets of Hy (or H _ ). Assume that K
is an open subset of Q and K C § is a compact set with the smooth boundary
whose outer unit normal field is denoted by v. If f is k—hyperregular in )
and a € K |, then

1 do
Sf(a) =3 S (hi (y,a) v+ frhy (y,a)) —
OK Y3
1 do 1 do
—5 [ sa -5 [ s @
2 Jox Y3 2 Jox Y3
Proof. Let a € K. Denote R = K\By, (a,7p,) and
do
A= S (hi (y,a)vf (y) + f (y) vhe (y,a)) —-
0K Y3
Then we obtain
do
0= [ S(h(y,a)vf(y)+fy)vh(y,a) —
OR Ys3
do
—A- [ S(a) ) )+ )y ) e (wa) O
BBh(a,rh) y3
By virtue of Proposition 2.1, we deduce that
Y — Cq (Th)
vy) = —— -
1y — ca () ||
Hence we obtain
k—4
as2 do
A= —lim 3 / S (wg (y,a) f+ for (y,a)) ——
rn 2wslla —co (rr) 113 JoB, (a,rm) (wx (v, @) by a)) y;T

=—f(a).
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The last formula follows from (2.7) and the definition of the triple product.
O

Similarly we may verify the result for the T-part. The main difference
is that we use the surface measure do, not y; *do.

Theorem 4.18. Let Q be an open subsets of Hy (or H _). Assume that K is
an open subset of Q and K C Q is a compact set with the smooth boundary
whose outer unit normal field at y is denoted by v. If f is k—hyperregular in
Qanda € K |

k

Tf(a) = —%‘”’/MT(JL,c (y,a) vf + fv h_y (y,a)) do

_ %’5 (/M Tlh_x (v, ) 7, fldo — /BK Th_s (y, ) (7, f) do) .

5. Conclusion

Our main results produce integral formulas for the 7- and S-parts of k-
hyperregular functions. An interesting problem is to research integral op-
erators produced by these formulas. However, these results requires much
computations and therefore they are left to the consequent publications.

Acknowledgement. The second author wishes to thank YTK for finan-
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