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TWO WEIGHT INEQUALITY FOR VECTOR-VALUED POSITIVE
DYADIC OPERATORS BY PARALLEL STOPPING CUBES

TIMO S. HANNINEN

ABSTRACT. We study the vector-valued positive dyadic operator
T\(fo)= ¥ Aq [, fdolq,
QeD Q

where the coefficients {\g : C' = D}gep are positive operators from a Banach
lattice C' to a Banach lattice D. We assume that the Banach lattices C' and
D* each have the Hardy—Littlewood property. An example of a Banach lattice
with the Hardy—Littlewood property is a Lebesgue space.

In the two-weight case, we prove that the L’é(o) - LqD (w) boundedness
of the operator T\ (-o) is characterized by the direct and the dual L™ testing
conditions:

QTx(1qfo)lLa (w) Hf“LE?(Q,a)a'(Q)l/p’
* 1 ’
”1QTA(1QQW)”L2’*(U) S 9l (@uyw(@) .

Here L. (o) and LY,(w) denote the Lebesgue-Bochner spaces associated with
exponents 1 < p < g < oo, and locally finite Borel measures o and w.
In the unweighted case, we show that the LY, (u) - L7, (1) boundedness of
the operator T’ (- ) is equivalent to the endpoint direct L™ testing condition:
MQTr (1 Fm Ly (5 172 @00 Q).

This condition is manifestly independent of the exponent p. By specializing
this to particular cases, we recover some earlier results in a unified way.
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NOTATION
E A Banach lattice (E, | |g,<).
B, The positive cone of a Banach lattice, E, :={ee E:e>0}.
E* The dual space of a Banach lattice, equipped with
the order: e* > 0 if and only if e*e >0 for all e € F,.
D A finite collection of dyadic cubes.
I A locally finite Borel measure.
dx The Lebesgue measure.
Q] The Lebesgue measure of a set Q.
(Ho The average (f)(, = ﬁQc)l Jo fdu
(Mo The average (f)q = (f)g"
LY (1) The Lebesgue—Bochner space,
equipped with the norm | f[ .z () = (f1f[5 dp)/P.
LY, The Lebesgue-Bochner space LY, := LY, (dx).
My The lattice maximal function: M*" f := supgep(f)1le;

- where the supremum is taken in the lattice order.
IM*| e (uy~rr () Shorthand for the uniform bound: supp|Mp | L2 (412 ()-

1. INTRODUCTION AND THE MAIN RESULTS

Let (C,|-]c, <) and (D,|-|p, <) be Banach lattices. We consider the vector-valued
positive dyadic operator T)\(-o) defined as follows: For every locally integrable
function f:R? - C, the function T\(fo): R? —» D is defined by

(1.1) To(fo)= 3 AQ/ fdolg,

QeD Q
where D is a finite collection of dyadic cubes on R?, ¢ is a locally finite Borel
measure, and {\q : C' - D}gep are positive operators.

Let L?.(0) and L} (w) denote the Lebesgue-Bochner spaces associated with the
exponents 1 < p < g < oo, locally finite Borel measures ¢ and w, and the Banach
lattices C' and D. We assume that C and D* each have the Hardy—Littlewood
property. We characterize the two-weight norm inequality

(1.2) ITx(fo)lze wy S 1]z (o)

by means of testing conditions. Furthermore, we characterize the unweighted norm
inequality

1T gy S 12z
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by means of an end-point testing condition. Among the corollaries of this char-
acterization is that the operator T\(-pu) : L%.(1) — L¥ () is bounded for some
p € (1,00) if and only if it is bounded for every p € (1, c0).

A Banach lattice (C,|-|¢,<) is a Banach space (C,|-|¢) equipped with a partial
order < that is compatible with the vector addition, the scalar multiplication, and
the norm of the Banach space, and such that each pair of vectors has the least upper
bound, or, in other words, the supremum. (The precise definition of a Banach lattice
is given in Section 21) A linear operator A : C' - D from a Banach lattice C' to
a Banach lattice D is positive if ¢ > 0 implies T'c > 0, for every ¢ € C. The dyadic
lattice Hardy-Littlewood maximal operator Mp : L?, — LY, is defined by

(1.3) Mpf :=sup(flola,
QeD

where the supremum is taken with respect to the order of the lattice.

Definition 1.1 (Dyadic Hardy-Littlewood property). A Banach lattice (E,||g,<)
has the dyadic Hardy-Littlewood property if for some p € (1, 00) there exists a finite
constant C)p g such that

(1.4) |Mpl e .12 < Cpr
for every finite collection D of dyadic cubes.

Remark. The estimate (I4) holds for some p € (1,00) if and only if it holds for
every p € (1,00), as proven by Garcia-Cuerva, Macfas, and Torrea in [4].

Example 1.2. a) The Lebesgue space L"(A, A, «) associated with an exponent
r € (1,00) and a o-finite measure space (4,4, «) is a Banach lattice that has the
dyadic Hardy-Littlewood property, which is a choice of words for saying that the
dyadic Fefferman—Stein vector-valued maximal inequality [3] holds:

|21 L Cp.r-

p p <
Lra) " Lray T

b) A Kéthe function space X with the Fatou property has the UMD property if and
only if both X and its function space dual X’ have the Hardy—Littlewood property,
as proven by Bourgain, and Rubio de Francia (see [I], and [19]).

The Hardy—Littlewood property is studied by Garcia-Cuerva, Macias, and Torrea
in [ and [5]. Among other things, they obtain various characterizations of the
property. In fact, they define the Hardy-Littlewood property by means of the
Hardy-Littlewood maximal operator with the supremum taken over centered balls,
whereas we define it with the supremum taken over dyadic cubes. In any case, for
the Lebesgue measure, these maximal functions are comparable, as explained in
Section [AT]

By duality, the norm inequality (LZ) for the operator T\(-o) : LY,(c) - L} (w)
is equivalent to the norm inequality

(15) I3 0l oy S 190,
for the adjoint operator T (-w) : L%* (w) > Lg*(a) defined by

Ti(gw) = ¥ N [ gdule.
QeD Q
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The localized versions Tk of the operator 7' and the localized version Ty, of its
adjoint T are defined by

(1.6) Tor(fo)= Y Ao f fdolg and  Tia(gw)= 3 AL f gdwlg.
QeD: Q QeD: Q
QSR QSR
The characterization of the norm inequality (2] is obtained by weakening it
and its dual (LH) by restricting the class of functions and by localizing the operator
T and its adjoint T* as in (L6). Thus, we obtain the direct and the dual L*° testing
condition:

(1.7a) IT(fo) ) S T sy (R)?,
(L.7b) T(90)l 1, oy < T )5, ey (B)

for every ReD, every f e LZ(R,0), and every g € L. (w, R).

Theorem 1.3 (Two-weight norm inequality is characterized by the direct and the
dual L* testing conditions). Let 1 <p<g<oo. Let o and w be locally finite Borel
measures. Let C and D be Banach lattices. Assume that C' and D* each have
the dyadic Hardy-Littlewood property. Let {\qg:C — D}qep be positive operators.
Let the operator Tx(-0) be defined as in (L)), and the localizations Tx r(-0) and

Ty r(-w) as in (LH). Then,

max{T, T} < |T(-0) |12 ()= 19 (w) Sap [M L2 12T+ HMHLgﬁLg*T*,

where the testing constants T and T are the least constants in the testing conditions
(C7a) and ([LTL). Here, | M| Lr . p» denotes the norm of the dyadic lattice Hardy-

Littlewood mazimal operator M : LY, — LY, defined in ([I3).

We note that, in the real-valued case (that is, C = D = R), the L™ testing
conditions (7)) can be rephrased as the Sawyer testing conditions:

(1.8) |Ta(1r0) Loy So(R)Y?,  and | TE(1Rw)| o (o) S w(R)YY.

Such testing conditions were used by Sawyer [20] to characterize the boundedness
of a large class of integral operators I(-o) : LP(0) — L9(w) with non-negative
kernels, in particular, fractional integrals and Poisson integrals. In the real-valued
case T(-0): LP(0) - LY(w), Theorem [[3 was first proven

e for p = ¢ = 2 by Nazarov, Treil, and Volberg [15] by the Bellman function
technique,

e and for 1 < p < g < oo by Lacey, Sawyer, and Uriarte-Tuero [I1] by tech-
niques that are similar to the ones used by Sawyer [20];

Alternative proofs were obtained

e by Treil [22] by splitting the summation over dyadic cubes in the dual
pairing by the condition ‘o(Q)({f)3)? > w(Q)((g)‘é)q/’,

e and by Hytonen [7] by splitting the summation by using parallel stopping
cubes. This technique originates from the work of Lacey, Sawyer, Shen, and
Uriarte-Tuero [10, Version 1] on the two-weight boundedness of the Hilbert
transform.
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For an exponent s € (1,00), and a collection {8} gep of non-negative real numbers,
consider the particular vector-valued case LP(o) — Lj, (D)(w), and the particular
class of operators Th,(-o) defined by

(19) T, (fo) = (B [, fdolo)qe.

(We note that this is the operator (L)) associated with the following coefficients:
For each Q € D, for every r € R, the sequence Ag gr € £°(D) is componentwise
defined by setting (Ag,or)r =0, rBqr for every R e D.) In this case, Theorem [[3]
was proven

e by Scurry [21I] by adapting Lacey, Sawyer, and Uriarte-Tuero’s [I1] proof
of the real-valued case T'(-0) : LP(0) — L%(w).

In this paper, the characterization by the L* testing conditions is extended to
Banach lattices with the Hardy—Littlewood property. Note that this generality also
has the advantage of being symmetric with respect to 7' and T, which simplifies
the notation.

We prove Theorem [[.3] by using parallel stopping cubes, similarly as in Hytonen’s
[7] proof of the real-valued case LP(0) - L9 (w) of the theorem. However, because of
the vector-valuedness, we need to choose the stopping cubes by a different stopping
condition: Let p be a locally finite Borel measure, and let (E,|-|g, <) be a Banach
lattice. For each dyadic cube F, its stopping children chz(F') are defined as the
maximal dyadic cubes F’ ¢ F' such that

(1.10) [sup (f)gle > 2(|lsup(f)51ole)k
QeD: QeD
Q2F’

where the supremum is taken with respect to the order of the lattice.

Note that, in the right-hand side of the stopping condition (II0), there appears
the dyadic lattice Hardy—Littlewood maximal function Mg f, which is defined by
Mg f= suerD( f )ng. To control the averages appearing in the stopping condition
(CI0), we assume that the operator M* : L2 (1) - L% () is bounded. However, we
want to obtain an estimate for the operator norm of the operator T'(-o) : Ly, () —
L%, (w) such that the estimate depends on the measures o and w only via the testing
contants. In particular, we do not want the estimate to depend on the measure o
via the operator norm of the auxiliary operator M7 : L¥.(¢) - L¥,(c). Thus, we
want to view the boundedness of M7 : LE (o) — L%,(o) as a consequence of the
geometry of the Banach lattice E itself, which we can do, thanks to the following
theorem:

Theorem 1.4 (Universal norm bound for the dyadic lattice Hardy-Littlewood
maximal operator, [I7] and [9]). Let 1 < p < oo. Assume that (E,|-|g,<) is a
Banach lattice. Then

M\ Loy Sp 1M | 22 e,
for all locally finite Borel measures L.

Remark. This theorem follows from either the technique [I7] or, as communicated
to the author by M. Kemppainen, the technique [9]. For reader’s convenience, the
proof is presented in Section
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Thus, it is the proof technique of stopping cubes, in particular, the stopping
condition (LI0), that leads us to consider the class of Banach lattices that have
the Hardy—Littlewood property. The author is unaware of whether the statement,
the characterization of the two-weight boundedness by the L testing conditions,
holds without assuming the Hardy—Littlewood property (see Question [G.2]).

Next, we characterize the L{,(0) - L,(w) boundedness of the operator Tx(-o)
in the case that the measures o and w satisfy the Ao, condition with respect to
each other. In particular, this includes the unweighted case ¢ = w = . By duality,
the norm inequality (2) is equivalent to the bilinear norm inequality

(L11) [ TG Ao s 1l lgla oy

Again, by restricting the class of functions and by localizing the operator, we obtain
the L* dual pairing testing condition:

(112) [ gTR(f0)dw < BIf iz (o |9l (o (B) PP (R)

for every R € D, every g € Ly, (w, R), and every f € L& (o, R). The A character-
istic [0] 4 (w) of a measure o with respect to a measure w is defined by

(1.13) [0]aww) = ;ggﬁ /Mﬁ(d)dua

where, for each R € D, the localized Hardy-Littlewood maximal operator M}y is
defined by M (o) = supgen: 53} Lo

Theorem 1.5 (Norm inequality for A weights is characterized by the L™ dual
pairing testing condition). In addition to the assumptions of Theorem [ 3, assume
that the measures o and w satisfy the Ao condition with respect to each other. Then

— — 1 1 ’
B < T30y -2 ) S g 13T e (10047 + (1)) B,

where the dual pairing testing constant B is the least constant in the dual pairing
testing condition (LIZ). Here, the A characteristics are defined as in (LI3),
and HMHLgﬁLg denotes the norm of the dyadic lattice Hardy—Littlewood maximal
function M : LY, — L7,.

We observe that the L* dual pairing testing condition (LI2) for Th(-p) :
L?.(p) - L', () is independent of p. Therefore:

Corollary 1.6. Assume that C' and D* each have the Hardy—Littlewood property.
Then, the operator Tx(-p) : LY, () — L (1) is bounded for some p € (1,00) if and
only if it is bounded for every p e (1,00).

More corollaries, among which is is an alternative proof for an embedding theo-
rem by Nazarov, Treil, and Volberg [I6l Theorem 3.1], are stated in Section

Next, we point out that the assumption that the Banach space has the Hardy—
Littlewood property can be replaced by assuming that the measure is doubling, or
by strenghtening the testing condition. In the unweighted case Tx(- ) @ L (1) —
L. (), this reads as:

Theorem 1.7 (L*° testing condition together with an additional assumption im-
plies the boundedness). Let p € (1,00). Let (E,|-|g,<) be a Banach lattice. Let p
be a locally finite Borel measure. Then, the operator T\(-p) : LY () — L% (w) is
bounded if any of the following conditions is satisfied:
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i) The operator Tx(-) satisfies the endpoint direct L™ testing condition:

(1.14) ITR(f) Ly < BIF L (ry(R)

for every R € D, and every f € LR (R, ), and, additionally, the Banach
lattice E has the Hardy-Littlewood property.

i) The operator T\(-) satisfies the endpoint direct L™ testing condition (14,
and, additionally, the measure p is doubling.

iii) The operator Tx(-) satisfies, for some t € (p,00), the endpoint direct L'
testing condition:

(1.15) ITR(F) Ly uy < Bell s o mym(R) !
for every Re D and every f € L' (R, p).

We remark that the L testing condition has been used to characterize L%, — L%,
boundedness in at least the following instances:

e Let (E,||g,<) be a Banach lattice. By using the theory of vector-valued
singular integrals, Garcfa-Cuerva, Macfas, and Torrea [4] proved that the
smooth lattice Hardy—Littlewood mazximal operator M% go LY > Lh s
bounded if and only if it satisfies the end-point direct L* testing condi-
tion (LI4)). An alternative proof for this is given in Section by using
stopping cubes.

e Let (E,|-|g) be a UMD space. By using stopping cubes, the author and
Hytoénen [6] proved that the operator-valued dyadic paraproduct 1Ty : LY, —
L". is bounded if and only if it satisfies the direct L testing condition

(L.7a).

We conclude the introduction by comparing the testing conditions. Observe
that the direct L™ testing condition (L7a)) or the dual L™ testing condition (L7H)
each imply, by Hoélder’s inequality, the L* dual pairing testing condition (LI2]).
Furthermore, the direct L! testing condition,

(1.16) 1 Tr(fo)lLe () < ‘ItHfHL"c(g7R)O'(R)1/p_1/t

for every R € D, and every f € Ltc(o7 R), implies, again by Holder’s inequality, the
direct L™ testing condition (L7al). Altogether, the testing constants satisfy the
comparision:

B<IT<T, < HT('U)HLP(U)—»L‘Z(UJ)-

The L* testing condition ([.7al) can be viewed as the limiting case (¢ = o0) of the L’
testing condition (II6). Furthermore, the L* dual pairing testing condition (I12)
is, by duality, equivalent to the end-point direct L= condition or the end-point dual
L% condition:

(117a) ITR(F0) 13 () S 1 | (oo (RY P (R)V
(117b) IT5(9) | 2. o) $ 1925, o (R) VPeo(R)

In particular, in the unweighted case T'(- ) : LY, (1) - L%, (1), these conditions can
be viewed as the limiting case of the L™ testing conditions (LT).
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2. PRELIMINARIES

2.1. Rudiments of Banach lattices. A lattice (C,<) is a set equipped with a
partial order relation < such that for every ¢,d € C there exists the least upper
bound ¢ v d and the greatest lower bound c A d.

Definition 2.1 (Banach lattice). A Banach lattice (C,|-|c, <) is both a real Banach
space (C,|-|¢) and a lattice (C, <) so that both structures are compatible:

i) ¢ <d implies c+e < d+e, for every ¢,d,e € C.
ii) 7 >0 and ¢> 0 implies r¢ > 0, for every r € R and ce C.
iii) |e|le =1l¢||c, and 0 < ¢ < d implies |c|¢ < |d|c, for every ¢,d € C. Here, the
positive part ¢, of a vector ¢ € C' is defined by c; := ¢ Vv 0, the negative part

c- by c_:=—cv0, and the absolute value |¢| by || := ¢V —c.

From the existence of the pairwise supremum (in other words, the least upper
bound), it follows that for every finite set there exists the supremum. This supre-
mum can be computed by taking pairwise suprema and using the recursive formula
sup{ca}nly = sup{ea} it ven.

From the definitions, it follows that ¢ = ¢, — ¢, and |¢| = ¢, + - for every c € C.
This splitting implies that, for every linear operator 1" : C' — D from a Banach
lattice C' to another D, the norm estimate |T¢|p $ |¢/c holds for all ¢ € C' if and
only if it holds for all ¢ € C such that ¢ > 0.

The Lebesgue-Bochner space L, (o) associated with a Banach lattice (C,|-|¢, <)
is again a Banach lattice. The order is defined by using the lattice order pointwise:
For f1, f2 € L{.(0), we impose that fi < fy if and only fi(z) < f2(x) for o-almost
every x € R%.

Dual of a Banach lattice. The dual C* of a Banach lattice C' is also a Banach
lattice, provided that it is equipped with the lattice order defined as follows: For
c¢*,d* e C*, we impose

(2.1) ¢* <d” if and only if ¢*c < d"c for every c e C with ¢ > 0.

In this paper, it is implicitly understood that the dual of a Banach lattice is
equipped with this lattice order. The supremum c¢* v d* of ¢*,d* € C'* is given by

(¢*vd*)(c)=sup{c*(d) +d*(c—d):0<d < c}.
Positive operator. An operator T : C — D from a Banach lattice C' to a Banach
lattice D is positive if ¢ > 0 implies T'c > 0, for every c € C. By the definition of

the lattice order of the dual (2.1J), the adjoint T : D* — C* of a positive operator
T:C — D is also a positive operator, which reads

(T*d*)e=d"(Tc) >0 for every d* € D* with d* >0 and ¢ € C with ¢ > 0.

For more on Banach lattices, see Lindenstrauss and Tzafriri’s book [I2, Chapter
1].

2.2. Stopping families and dyadic analysis.
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2.2.1. Terminology. Let S be a collection of dyadic cubes. Let u be a locally finite
Borel measure.

o S-children of S €S, denoted by chs(S), are defined by
chs(S) :={9" €S : S maximal with S" ¢ S}.
S-parent of @ € D, denoted by ws(Q), is defined by
7s(Q) :={S €S : S minimal with S 2 Q}.

Es(S) =S\ Usrecns(s) 5"
Let 0 < ¢ < 1. The collection S is (¢, u)-sparse if, for every S € S,

(2.2) 1(Es(8)) 2 cu(S).

By taking the complement, this is equivalent to the condition that, for every

SeS,
> u(S) < (1-)u(s).
57eS(S)

In the case that the constant ¢ is not explicitly specified, we use the con-
vention that ¢ = %
e Let C'> 1. The collection S is (C, u)-Carleson if, for every S € S,
>, m(8") <Cu(S).

S’eS:
S’'cS

In the case that the constant C' is not explicitly specified, we use the con-
vention that C' = 2.

e For each @ € D, let chs(Q) be a collection of pairwise disjoint dyadic
subcubes of ). We say that S is the family starting at o dyadic cube
So and defined by the children chs if S is defined recursively as follows:
So = {50}, Sk+1 = Uges, chs(S), and S := Uy Sk. (Once S is defined so,
then chg(S) = {S" €S : 5" maximal with S’ ¢ S}, for every S€S.)

2.2.2. Basic lemmas. The dyadic (real-valued) Hardy-Littlewood maximal operator
M* is defined by
M"h = sup(h)) 1o
QeD
Lemma 2.2 (Universal norm bound for the dyadic Hardy-Littlewood maximal
operator). Let 1 <p< oo. Let u be a locally finite Borel measure. Then

| M| Loy Loy <P
Lemma 2.3 (Dyadic Carleson embedding theorem). Let 1 < p < co. Let u be a
locally finite Borel measure. Let E be a Banach space. Suppose that S is a sparse
collection. Then
w\P 1/p ’
(X (1)) 1)) ™ <201 Fln gy
SeS
Lemma 2.4 (LP-variant of Pythagoras’ theorem, Lemma 2.7 in [6]). Let 1 < p < co.
Let p be a locally finite Borel measure. Let E be a Banach space. Assume that S is
a sparse collection of dyadic cubes. Assume that { fs}ses is a collection of E-valued

functions such that every fg is supported on S and constant on each S’ € chg()S).
Then

I3 Ssllgn <30( S5l 0)
SIL? S op Slre .
3es B ) g 7 B
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2.3. Equivalence of the A. condition and the Carleson condition. The
equivalence presented in this section is well-known. However, for reader’s conve-
nience, we represent a proof for it.

Lemma 2.5 (Equivalence of the A, condition and the Carleson condition). Let
o and w be locally finite Borel measures. Then the measure o satisfies the Ao
condition with respect to the measure w if and only if every w-Carleson collection
is also o-Carleson. Quantitatively,

[U]Am (w) ~ [U]Car(w)a

where
1
ag oo (W SUP /M O |Car(w) = sup sup ——=3 o G, ’
[ ]A (w) == Q\? [ ]Cd( ) GeD: GeG U(G) GZE:g ( )
G w-Carleson led=le:

Proof. First, we prove that [0]car(w) S [0]a. (w)- Let H be an w-Carleson collection.
Fix Hyp € H. Let G be the stopping family starting at Hy and defined by

o(G)  ,0(G)

chg(GQ) = {G" ¢ H: G’ ¢ G maximal with
W@ 2@

}-

Observe that the collection G is w-sparse because

Y @) < gl D o(G@)) < 5w(G).

G’échg(G) (G) G’échg(G)
Let Eg(G) := G~ Ugrechg () G'- Moreover, observe that ng(H) = G implies that H
satisfies the opposite of the stopping condition. Altogether,

e The sets Eg(G) are pairwise disjoint and satisfy w(G) < 2w(Eg(G)).
o 2 <99l whenever G eG and H € H are such that mg(H) = G.

w(H) = “w(@)
Now,
>, o(H)=% UEH; (H) < QZU(Z; S w(H) < 42 (G w(G)
HEH: GG e éeg () e & w
o(G
< 8G6g nggw(Eg(G)) < SfHO M (o) dw < 8[0] A w)yo (Ho).

Next, we prove that [o]a_(w) S [0]car(w). Fix Qo € D. Again, let G be the
stopping family starting at Qo and defined by

U
o(@) _ ,o(O)
w(G)  w(G)

chg(G) = {G' € D: G' € G maximal with }.
Then 1Eg(G)MQ (0’) < 2] (G)’
over, since G is w-sparse, it is w-Carleson:

Y ow(@)<2 Y w(Eg(G)) =2w( |J Eg(G")) <2w(G).

G'eG: G'eG: G'eG:
G'cG G'cG G'cG

and 1g, = Y geg 1 B4 (@) w-almost everywhere. More-
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Now

o(G
/QO M, (o) dw = fQ S gy Mg, () dw<2 Y %w(@(c))

0 GeG Geg
<2 Z U(G) < 2[U]Car(w)U(QO)-
GegG:
G<eQo

3. WEIGHTED CHARACTERIZATIONS

In this section, we prove Theorem and Theorem

3.1. Particular family of stopping cubes.

Lemma 3.1 (Properties of a particular stopping family). Let E be a Banach lattice.
Let 1 be a locally finite Borel measure. Let D be a finite collection of dyadic cubes.
Let f:R? — E, be a locally integrable, positive function.

For each dyadic cube F € D, the stopping children chz(F') of F' is defined as the
collection of all the maximal dyadic cubes F' € {F' € D : F' ¢ F'} that satisfy the
stopping condition

(3.1) | sup (f)gle > 2(lsup(f)g1ale)F-

QeD: QeD

Q2F’
Let F be the stopping family defined by the stopping children chz. For each F' € F,
define the auxiliary function

fr=sup (f)gle.
T (Q)=F

Then, the following conditions are satisfied:

a) The collection F is sparse.
b) Each auxiliary function fr satisfies the L™ estimate

(3.2) Ifrles <2(sup(f)lele)p-
QeD
¢) Each auxiliary function fp satisfies the replacement rule

/Qfdungdeu whenever m7(Q) = F.

Proof. First, we check that each auxiliary function satisfies the L* estimate. We
note that the condition 7x(Q) = F implies that @ satisfies the opposite of the
stopping condition. Now, fix o € Ugepir,(Q)-r Q- Let Q. be the minimal (which
exists since the collection D is finite) dyadic cube such that 7#(Q,) = F and @ > .
Since the cube @, satisfies the opposite of the stopping condition (B.I]), we have

[fr(z)le =] sup (flgle <|sup (f)5|e < 2(sup(f)§lale)k-
QeD: QeD: QeD
mF(Q)=F, Q2Qx

Q3x
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Next, we check that F is sparse. By the stopping condition (B1]),
p(F") u(F)

(Isup(f)glale)r 2 ——(lsup(fYglale)F 2 ——Isup (f)gle
QeD « r F/ECE(F) 1(F) " Qep @ r F/eg;(p) p(F) 86? @

5 u(E")

> 2([sup(f)Llelr): :
QeD @ FF’echy:(F) n(F)

Dividing out the factor (|supgep(f)glole)r vields ¥ precn, (ry W(F) < Tu(F).
Finally, we observe that the replacement follows from positivity:

/Qfdll:/QU)ngdungdeﬂ'
O

Remark. Instead of the stopping condition ([B.]), we could use the stopping condi-
tion

(3.3) | sup (NYolE 2 2 M | 1 (- pr (o {1/ 1E )
Fa2Q2F'’

which in the real-valued case (that is, E = R) coalesces with the Muckenhoupt—
Wheeden principal cubes stopping condition |(f)[% > 2(|f|). The stopping family
defined by the condition ([B.3) is sparse, because

Y y 1
echr

and the auxiliary function fr := sup,(g- wf )ng associated with the stopping
family satisfies the estimate

£llzg € 2000y o (1Y
because of a similar argument as in the proof of Lemma [3.11

3.2. Proof of the two weight characterization. In this subsection, we prove
Theorem [[.3]

Proof. We prove the norm estimate (L2) by using duality. Let f € L7,(o) be such

that f >0, and g € Lq’*(w) be such that g > 0. By writing out the definition of the
operator,

S::ng(fU)dw:Q;)ngdw)\Qfoda.

First, we define stopping families. Associated with f € L% (o), let F be the
stopping family defined by the stopping children

chp(F)={F eD: F' ¢ F maximal with [sup (f)3|c > 2(|sup(f))1qlc)F}
QeD: QeD

Q2F'

Similarly, let G be the stopping family associated with g € LY, (w).
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Next, we rearrange the summation by means of the stopping cubes. We use the
notation 7(Q) = (F, G) to indicate that m7£(Q) = F' and 7g(Q) = G. We have

i)

S=2 = % R DIDIEDND I EEDY

QeD  FeF,GeG QeD: FeF GeG: GeG FeF: QeD:
m(Q)=(F.G) Ger FeG n(Q)=(F,G)
ii)

(Y T x )X

FeF GeG: GeG FeF: QeD:
nr(G)=F 76 (F)=G  7(Q)=(F.G)

(3.4)

= Sger + Saar,
because of the following observations:

i) Under the condition 7(Q) = (F,G), we have F'n G # @. Hence, by dyadic
nestedness, either GS F or G2 F.

ii) Under the conditions 7(Q) = (F,G) and G ¢ F, we have Q < G ¢ F.
Hence F = 17(Q) € 7x(G) € nx(F) = F, which implies that 7#(G) = F.
Similarly, when 7(Q) = (F,G) and F ¢ G, we have ng(F) =G.

By symmetry, it suffices to consider the summation Sgcp in the inequality (3.4).
Under the condition 7g(Q) = (F,G), we can write

(3.5) /diw)\Q/Qfdaﬁnggdw)\Q/QdeU:/gg)\Q([Qdeo)lgdw,

where
ga= Y. (9&le+9lpyc),
G’EChg(G)
fF = sup (f)élQa
QeD:
T (Q)=F

which follows from the following observations:

e If G’ € chg(G) is such that G' n Q # @, then, by dyadic nestedness, either
G' ¢ Q or Q € G, the latter of which is excluded by the condition 7g(Q) =

G. Therefore
logrdw = f Ve dw,
f gla <g>G G

which implies that

ngdw: Q( > le+lpye))gdw

G'echg (@)
_ fQ (

e By positivity,

fodo:fQ(f)Zngdo—sz( sup <f>g21Q)d0.

QeD:
Tr(Q)=F

Combining (34) and B3 yields, by positivity,

SG;FSF;__/( >ooge)( Y AQfoFdﬂQ)dw.

GeG: QeD:
7 (G)=F QcF

(3.7)

(@& ler + 1pgc)g) dw =: f ga dw.
G'echg (@) Q
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By definition, Tw(fro) := ZQeD AQ fQ frdolg. We write Gp =Y, Geg: ga. By
QcF mF(G)=F

Hélder’s inequality, the direct L™ testing condition (L7al), and Holder’s 1nequahty

with the exponents p and ¢’ (which holds because, by assumption, 1—1) + ? >1), w

obtain

Saer < ), fGFTF fro)dw

FeF
<) HGFHL?J'* | TE(fro)| L w)
FeF

<3 Y Grlyy | frlzzo(F)Y?
FeF D*

s‘I(FZ HGFHqu » )) ( Z | el o (F ) "

Next, we estimate the second factor in the right-most side of the inequality (B.8).
We now invoke the properties of the stopping cubes that are stated in Lemma 3.1t
The auxiliary function fr satisfies the L™ estimate

|frlis < 2(M° flo)F,

and the collection F is o-sparse. Therefore, by the dyadic Carleson embedding
theorem (Lemma 2.3)), and by the universal bound for the dyadic lattice Hardy—
Littlewood maximal function (Theorem [[4]), we obtain

1/p _
59) (ZHfFu‘zgo(F)) <o S fleya(P) " < I3 s o
. FeF
<4p'|M7 | 1p ()~ 1 o) | F 2o S0 1V |2 | -

Finally, we estimate the first factor in the right-most side of the inequality (B.8).
Again, the collection G is w-sparse. Using the LP-variant of Pythagoras’ theorem
(Lemma [Z7)), and the rearrangement Y p.r Y. Geg: = Lgeg yields

F]:(G):F
(2] z 96l5y )) (Gzegngcn%*( ))
ﬂf(G)=F

The proof is completed by the estimate

’

1/q
q !
(Zloclfy ()" <3alslsy

which is checked as Lemma
O

Lemma 3.2. Let 1 <p < oo. Let u be a locally finite Borel measure. Let E be a
Banach space. Assume that S is a sparse collection of dyadic cubes. Let

fs= ) (fals + flegys)-

Sechs (S)
Then

(znfsnmm) <39/ £l 2,1

SeS
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Proof. Note that, for each S, the sets {S'} grccng(s) are pairwise disjoint, and the
sets {Es(S)}ses are pairwise disjoint. Therefore, by Holder’s inquality,

(sl )

SeS

1/p
(2 X WGl ) Y el
SeS S’echgs(S) SeS

(X (W) 1)) 1 .

S’eS

Using the dyadic Carleson embedding theorem (Lemma [23]) completes the proof.
O

3.3. Proof of the A., weights characterization. In this subsection, we prove
Theorem [LH

Proof. Following verbatim the beginning of the proof of Theorem [[3] (in particular,
the stopping families are defined similarly), we arrive at:

S::ng(fa)dw:QZe:Dngdw)\Qfoda
(3.10) SN YD YD M ng:a; /diw/\Q/Qfdo

FeF GeG: GeG  FeF:
7 (G)=F g (F)=G  7(Q)=(F,G)

= Sger + Saar.

By symmetry, it suffices to consider the first summation Sgcpr. Under the condition
m(Q) = (F,G), we obtain, by positivity, that

(3.11) ngdw/\Q/QdeS/Qggdw)\QfoFdU:/gg)\Q(foFdo)lgdw,

where ge = sup @ep: (9)9lq, and fr = sup qep: (f)51lq. Combining (B.10)
7g(Q)=G 7 (Q)=F
and (BI1)) yields, by positivity,

(3.12) Soer< ), ), ng(Q;:)‘Q[QdealQ)dw.

FeF Geg:
7 (G)=F QG

By definition, Y.qgep: Ag /Q frdolg = Tg(fro). By the dual pairing L™ testing
QG
condition (LI2)), and by Hoélder’s inequality with the exponents p and ¢’ (which
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holds because, by assumption, % + qi > 1) applied twice, we obtain

FeF GeG:
7'I'y:(G)=F
<B Y |frly Y o(@)Plgclis,w(@)V
FeF Geg:
F]:(G):F
1/p q 1/ql
<B Y frlez( X o@) (X lgslis «(@)
FeF GeG: GeG:
77 (G)=F 77 (G)=F
p 1/17 q/ 1/‘1’
<B( Tl X o@) (Z ¥ lealisw@)
FeF Geg: FeF GeG:
mr(G)=F mr(G)=F

Since G is w-sparse, it is w-Carleson, which follows from the observation

Y w(@)<2 ) w(Eg(G"))=2w( U Eg(G")) <2w(q).

G'eG: G'eG: G'eG:
G'cG G'cG G'cG

By assumption, o satisfies the A., condition with respect to w. By Lemma [2.5] the
w-Carleson collection G is also o-Carleson. Hence,

> 0(G)s[o]anwo(F).
GeG:
7'I'y:(G)=F

Moreover, Y per 2. Geg: = Lgeg- Altogether,

ﬂf(G)=F

Soer <881 ) ( S rlzo(P) " ( X laoll w(@)

The proof is completed by estimating each factor on the right-hand side of this
inequality as in (39). O

4. UNWEIGHTED CHARACTERIZATION UNDER ALTERNATIVE ASSUMPTIONS

In this section, we prove Theorem [[L71 First, we reduce the theorem to the
existence of an auxiliary collection F of dyadic cubes, and an auxiliary family
{fF}reF of functions (Lemma [L1]). Then, we construct these auxiliary quantities
by using stopping conditions.

4.1. Reduction to the existence of a stopping family.

Lemma 4.1 (Reduction of the characterization). Let F be a Banach lattice. Let
1<p<t<oo. Let f:R? - E, be a non-negative, locally integrable function.

Assume that there exists a collection F of dyadic cubes and a family {fp}per
of auxiliary functions that satisfy the following properties:

a) The family {fr}rer satisfies the replacement rule:

(4.1) fQ fdu< fQ frdu  whenever Q € D and F € F such that 7#(Q) = F.
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b) The family {fr}rer satisfies the norm estimate:
(42) 17y oy S (TFBYEpn(F) for every F e F.

Here, I : L% () - L% (p) is an auxiliary operator that is bounded with
HIHL%(#PL%(#) $ 1. For example, I can be the identity operator.
¢) We have the norm estimate:

(43) IS o [ fauloluy <4(T()le)e
ﬂfQ(g;=F ¢

d) The collection F is sparse.

Furthermore, assume that the operator T'(-u) : L%.(u) - L' (p) satisfies the end-
point L testing condition:

(4.4) 1Tr(f 1)l L1 (uy < B ”fHL}E(R,;L)/L(R)lil/t

for every Re D, and f e L (R, p).
Then, we have the norm estimate

1T oy Sp Bell fll 2,

Proof of Lemma[{.1] By the L? variant of Pythagoras’ theorem (Lemma [2.4]), and
by the replacement rule ([II), we obtain

Tl =1 S Mo [ Fdulaligg
QeD Q

1/p
S(T1 X o f Fdmally,)

FeF  QeD:
TF(Q)=F
(S1Y e [ramaliZe,l T e [ frdntalie)
FeF  QeD: @ B QeD: Q
TF(Q)=F TF(Q)=F

The first factor is estimated by the norm estimate (3)). For the second factor, from
the endpoint L' testing condition (@), and the norm estimate for the auxiliary
functions ([@2), it follows that

| 3 o [, frditoluy g < 1Te(emlzyo

T (Q)=F

< %t‘|fFHL}5(M)U(F)171/t SBe ) 1 fle)pu(F).
FeF

Altogether,

, /p
ITC )l 5o B ( FZf<|T<fu)|E>$1u<F>l/p (IIfI)‘}u(F)l/”)l .
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By Hoélder’s inequality, the dyadic Carleson embedding theorem (Lemma 23], and
the assumption that 1|1z ()12 () S 1, we obtain

o\ P 2\ /P
70 <3 S rmlernn)”) (£ s ) )

FeF FeF

’ 1/
SITUE oy (BT )™

’ 1/
SITENEE o (Bell Fleg )™

Dividing out the factor HT(fu)HlL/f;H) completes the proof. O
E

4.2. Table of stopping families. Note that we can use multiple stopping con-
ditions in order to use multiple auxiliary families of functions, while keeping the
estimate for each family of auxiliary functions and keeping the measure condition
(sparseness). This is based on the following observations. Let A and B be condi-
tions for cubes. (By a condition for cubes it is meant a condition such that of each
cube it can be said whether the cube satisfies the condition or not.)

e (Keeping the measure condition) If chz, (F') is the collection of all the
maximal F' € {F' e D: F' c F'} that satisfy the condition A, and chz, (F)
is the collection of all the maximal F’ € {F’ € D : F' ¢ F} that satisfy
the condition B, then the collection chz(F') of all the maximal F’ € {F' ¢
D : F’ c F} that satisfy the condition A or the condition B is the union
chz(F) =chg, (F)Uchg, (F). We have the measure condition:

> ou(F)< X wFEY+ Y wF).
Frechr(F) Frechz , (F) Frechz,, (F)

o (Keeping the estimate for each family of auxiliary functions) If @ € {Q ¢
D:Q c F} is such that @Q € F' for no F’ € chz, (F)Uchg, (F), then, by
maximality, @) satisfies neither the condition A nor the condition B.

Now, by the reduction (Lemma 1), Theorem [ follows from using the stopping
conditions of Table [ tailored for each assumption:

i) Assume the Hardy-Littlewood property: Use the stopping condition and
the auxiliary family A together with the stopping condition D. (That is,
the stopping children chz(F) of F is defined as the collection of all the
maximal dyadic cubes F' € {F" € Q : F' ¢ F'} that satisfy the stopping
condition A or the stopping condition D. The auxiliary collection F is the
collection defined by chz. The auxiliary family {fr}per is the family A.)

ii) Assume that the measure is doubling: Use the stopping condition and the
auxiliary family B together with the stopping condition D.

iii) Assume the L' testing condition: Use the stopping condition and the aux-
iliary family C together with the stopping condition D.
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TABLE 1. Let F be a Banach lattice, 1 a locally finite Borel mea-
sure, and f : R? » E, a positive, locally integrable function.
Let F € D. The stopping children chz(F) of F' determined by
a stopping condition is defined as the collection of all the max-
imal F' € {F" ¢ D : F' ¢ F} that satisfy the stopping condi-
tion. The family {Q € D : 7x(Q) = F} is the collection of all
Qe{QeD:Qc F} such that Q ¢ F' for no F' € chx(F). In
particular, 7#(Q) = F implies that @ does not satisfy the stopping
condition. The properties listed in the table are proven in Lemma

B.1, Lemma 2] and Lemma [£.3]

Stopping condition

[supgen: (f)g & > 4| M* flg) -

A Q21
Auxiliary function  fr:=sup gep: (f)5lae-
7 (Q)=F
Estimate Ifrlze g < HIM* fle)e-
Stopping condition [sup @ep: ,(f)g|E > 4HMHHL}E(M)—%};"(M)(U'E);
A’ F2Q2F
Auxiliary function  fr:=sup qep: (f)5la
mF(Q)=F
Estimate Ifrlze < 4”M‘L”L}g(u)ﬁLE“’(u)('f'E);
Stopping condition (| f|z)5 > 4(|f|e)pr-
B Auxiliary function  fp = Y rrecnp ()Y e le + flaey
. jalt
Estimate HJCFHLEo < 4( SUP prech £ (F) %)(mlﬂ)%
where F’ denotes the dyadic parent of F”.
Stopping condition (| f|z)5 > 4(|flz) -
C o1e . 1z
Auxiliary function  fr = ¥ precn o () [ fdur’;,) + e,
where F’ denotes the dyadic parent of F”.
Estimate feloe %o {1fleVen(F)Ye,
Stopping condition | gep: Ao fQ fdule > KT (fu)le)F-
D Q2F'

Auxiliary function

Estimate

fr=% g Ao [qfdule.
TF(Q)=F

I fE sy < HITA(f1)le)e.

In the cases A, B, and C, the auxiliary function fr satisfies the replacement rule:

fQ fdp< fQ fr du whenever m£(Q) = F.

The stopping children chz(F') determined by each stopping condition satiesfies the mea-
sure condition (sparseness):

> (E) < u(F).

Flech z(F)
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Lemma 4.2 (Particular stopping family). Let p be a locally finite Borel measure.
Let E be a Banach lattice. Let D be a finite collection of dyadic cubes. Let
f:R% > E be a non-negative, locally integrable function.

For each F € D, the stopping children ch(F) of F is defined as the collection of
all the maximal F’" € {F' ¢ D: F' c F'} that satisfy the stopping condition

(15) |2 A [, Fduls> 403 d [ Fdudale)e-
Q2F’

Recall that {Q € D : 7£(Q) = F'} denotes the collection of all Q € {QeD:Q c F}
such that @ ¢ F’ for no F’ € chx(F).

Then,
1
(46) > F) < qu(P),
Frechy (F)
and
(47) I Y e [ faualiz <4 Y e [ fdulglp)r.
QeD: Q QeD Q
TF(Q)=F

Proof. First, we check (£]). By the stopping condition (3],

p(F")
(13 2o [ Fanlgle)r> 1> A [ fdule
QZe:D Q F'ecgf:(F) n(F) Q;: Q

Q2F’

u(F) f
4 A dpl .
> FIeC%(F) W(F) (|QZE;) Q Qf plole)F
Dividing out the factor (|¥gep Ag fQ fdulole)r yields ¥ p p(E') < iu(F).

Finally, we check [1)). Fix = € Ugepir,(Q)-r- Let Qz € D be the minimal
dyadic cube (which exists because, by assumption, the collection D is finite) such
that 72(Q) = F and @ > z. Note that 7x(Q) = F implies that @ does not satisfy
thestopping condition ([LX]). Therefore,

S Ao [ Fdde@le<] Y Ao [ faul<a( Y Ao [ fdulgle)r.
QeD: Q QeD: Q QeD Q
mr(Q)=F Q2Q<

A collection D of dyadic cubes is a truncated dyadic system if

D={Q:QcQolQ)>2"(Qv)}

for some dyadic cube @y and some non-negative integer N. Let D, denote the
collection of all the minimal dyadic cubes in a collection D of dyadic cubes. Define
the finest averaging by
EL f= ) (Nile
QeDy

Lemma 4.3 (Properties of the Muckenhoupt—Wheeden principal cubes). Let E be
a Banach lattice. Let p be a locally finite Borel measure. Let D be a truncated
dyadic system. Let f:R? - E, be a locally integrable, non-negative function.
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For each dyadic cube F € D, the stopping children chz(F") of F' is defined as the
collection of all the maximal dyadic cubes F' € {F' ¢ D: F' ¢ F'} that satisfy the
stopping condition

(4.8) (1l > 201f1)-

Recall that {Q € D: 7x(Q) = F'} denotes the collection of all Q e {Q e D: Q¢ F'}
such that Q € F’ for no F’ € chz(F). Then,

a) The stopping children are sparse:

p(F).

DN | =

p(F') <
Frechr(F)

b) The terms of the auxiliary functions satisfy the norm estimates:

(4.9a) IS, flesrmlrs s{fle)p

Ho p(£7) ?
e [ A BT
(4.9¢) > ) fdw I, e (If])en(F)Y,

Frechy (F) (F )

where F” denotes the dyadic parent of F”.
¢) The auxiliary functions satisfy the replacement rules:

(4.10) /Q fdu< fQ frdp  whenever m7£(Q) = F,
for the auxiliary function

fr= Y (el + flp.m,

Frechy(F)

and for the auxiliary function

* Flesr)-
F’echf(F)
Proof. First, we check the inequality [@9al). By maximality, if Q ¢ F satisfies
(Ifle)g > 2(|f|E) , then @ ¢ F’ for some F’ € chz(F). By contraposition, if Q ¢ F
and there is no F' € ch(F') such that @ ¢ F”, then Q satisfies (|f|r)g < 2(|f|5)p-
Note that
Er(F)= U Q.

QeD,:QSF but
Qc F’' for no F' e chz(F)

Therefore,
[ED, flElE, () < > (Ifle)oLq < 2(fle)F-

QeD:QSF but
Q c F’ for no F' e chx(F)

Next, we check the inequality (£39L). On the one hand, (|f|g)% < Zg:g(|f|E)’;l,

and, on the other hand, by the stopping condition, (|f|E)’;, < 2(|f|g)}; combining
these estimates yields the inequality (4.91).
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Next, we note that the inequality [£39d) follows from Lemma [£4] together with
the stopping condition:

1/t 1/t
|2 s (s 1Y) ([ Mfledn)
Frechy(F) (F’) () Frechy(F) r Ups F7
<27\ {1 ) (F) .
Finally, we check the replacement rule ([II0). Assume that 7£(Q) = F. We

write
ffdu— > flefd/Hf L, () f dp.

Fechy(F)

Assume that Q and F' are such that ' n@Q # @. Then, by dyadic nestedness, either
F' ¢ Q or Q € F’, the latter of which is excluded by the condition 7£(Q) = F'
Therefore, F' ¢ @Q (and, hence, F’ € Q). Now,

f@le’d“:fF,fd“:fQU)?/lFfdu,

- i
S, tedu= [ ( [ )

and

O

Remark. We note that if the collection D is such that it contains cubes Q € D
shrinking to almost every point x € Ex(F"), then, by the Lebesgue differentiation
theorem,

|f|E1EF(F) = ]&EJE?QeD:Z(Q)zTN}f|E1Ef(F) < 2<|f|E>L}€“

The finest averaging operator IE%* appears in the lemma because we assume that
the collection D is finite (and, therefore, has no shrinking cubes).

This appearance is harmless when we are considering quantities that only take
into account the finest averaging: For example, |Ef,_f| 2 (uy <[ f[z2 (), and, when-
ever D is a truncated dyadic system,

Mpf=Mp(Ey f), and Tp(fu)=To((Ep fn).

Observe that, in the definition Tp(f1) = Xgep A@ [Q fdulg, we may assume that
D is a truncated dyadic system (by including some zero coefficients ¢, if necessary).

Lemma 4.4 (Lemma 3.3 in [I3], by Lépez-Séanchez, Martell, and Parcet). Let
1 <p<oo. Let u be a locally finite Borel measure. Let h be a non-negative real-
valued function. Let {R} be a collection of pairwise disjoint dyadic cubes. Then

I3 [ Lo % (s (10}) WL han)”

Ur R

5. COROLLARIES

In this section, we state some corollaries of the characterization of the bounded-
ness of the operator Tx(- ) : LY, () = LY, (p) by the dual pairing testing condition
([I2), or, equivalently, by the endpomt testing condition (I7al).

First, Theorem provides an alternative proof for the following well-known
John—Nirenberg-type inequality:
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Corollary 5.1 (John—Nirenberg-type inequality). Let p be a locally finite Borel
measure. Let {\g}qgep be non-negative real numbers. Then, for each 1 <p < oo, we
have

su Aol su AololLy

oup -y 35 Aatalln = st = 5 Aatalisg

Q<R SR
Proof. The equivalence follows from observing that the left-hand side of the in-
equality is the end-point direct L*° testing constant (LI7al) and the right-hand side
is the direct L*° testing constant (7a) for the operator T'(-p) : LP(u) - LP(p)
defined by T'(fu) = gep Ao(f)ole- 0

The next embedding theorem was proven by Nazarov, Treil, and Volberg [10]
by using the Bellman function method; an alternative proof for this theorem is
provided by Theorem

Corollary 5.2 (Embedding theorem, Theorem 3.1 in [16]). Let u be a locally finite
Borel measure. Let {8q} be non-negative real numbers. Let T'(-p) be defined by

T(fn)={(f)gle}qep, so that
TGl =( 2, Sa(Fy10)7) "

Then, the following assertions are equivalent:
i) T(-p): LP(p) > Ly, £, ,@)(“) is bounded for all 1 < p,s < co.
i) T(-p):LPo(u) - ESU(D ﬁ)( ) s bounded for some 1< pg, sg < 0.
iti) The direct testing constant
ITr(L) ] Lo

TP .= gy £30(D,)
s0 Reg 1(R)Y/po

is finite for some 1 < pg, s < co.
iv) The Carleson constant

1
€= sup e ) Q;D Bon(Q)
Q<R

is finite.
Quantitatively, we have:

Sps € Sso (F5)™ < |T(-

HT( )HLP(H)—>L )HL U(M)—>L

ey () oy ()

Proof. We observe that T = /¢ for every s € (1,00). First, we prove that iii)

implies iv) via the dual pairing testing. By Holder’s inequality, the direct testing
condition implies the dual pairing testing condition:

T d
B = sup “up |/ 9Tr(fp)dyl
ReD  feL™(R,p), HQHL";, (R,u) Hf”Lw(R,u)M(R)
geL™ (R.p), €70 (D.5)
0 (D,8)

Tr(1 »
< sup | TR ( RM)HLZSO(D 5 _ gro
" ReD p(R)Po
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Hence, by Theorem [[L5] we have HT('“)HL”(“)"L?%(D,B)(”) Sp.so
(1, 00), which in particular (for p = s¢) implies that

o0 =T <TGl pooquy-rs, ) Ss0 Tog

¢30(D,B) o’

L0 for every p €

Next, we prove that iv) implies i) via the dual pairing testing condition. Again,
by Holder’s inequality, for every s € (1,00), we have P, < T = ¢'/*. Hence, by
Theorem [LH |T'(- i) HLP(“)—’Lfsw,a)(“) Sp.s €5 for every p, s € (1,00). _

Finally, Theorem provides an extension of the dyadic Carleson embedding
theorem for the class of matrices whose all entries are non-negative:

Corollary 5.3 (L* version of the Carleson embedding theorem for matrices with
non-negative entries). Let u be a locally finite Borel measure. Let {\g}gep be such
that each \q : 0% — (? is a symmetric (infinite dimensional) matriz whose all entries
are non-negative. Then
ZQG'D((f)%)t)\Q<f)g ~ SUp _— ZQG'D:QQR((f)%)t)\Q<f)g
2 2
feL?, (p) HfHL?Q(M) ReD feL % (R,p) Hf”L;;(R#)N(R)

(5.1)

Proof. A well-known trick of depolarisation can be phrased as follows: Let (V, |- |v)
be a normed vector space, and let B(-, ) : VxV — R be a symmetric bilinear form.
Assume that B(v,v) § [v|# for allv e V. Then B(v,v") < |[v|v|[v'|v for allv,v" € V.
From this trick, it follows that

HEYH
(5.2) sup sup Yaepqer(()H)M0(9)0

ReD feL?3 (R,u),9¢L 3 (R,p) Hf“LZ;(R,,u) Hg”LZ(R,,U.)IUJ(R)

<RHSEI).

The left-hand side of the equation ([2.2)) is the dual pairing testing constant for the
dual norm inequality Ygep Ao ({(£)g) A (9)g S 112,40 191122, (- 0

6. QUESTIONS ABOUT THE BORDERLINE OF THE VECTOR-VALUED TESTING
CONDITIONS

The questions are posed in the unweighted case since the answers are unknown
even in this case. The first question is about weakening the type of the testing
condition in the characterization. The operator T'(-p) : L%, (n) — L% (1) satisfies
the constant function testing condition if

(6.1) | Tr(elrp) Loy < Slelpu(R)?

for every R € D, and every e € . This testing condition is weaker than the direct
L testing conditions (L) in that & < . Note that, in the real-valued case,
this testing condition and the L™ testing condition both coincide with the Sawyer
testing condition (L.g).

Question 6.1 (Borderline case: Can we use the testing condition (G1]) in Theorem
in place of the L* testing condition (I)?). In particular, contrasting with
Theorem [1.3, is it true that there exists a constant C such that

1X0ep Ao (flolellL: I(Zoeper Aole)al 12
02 02

sup < C'sup sup 73

FeL?, 1£1z, ReD acl? lale2| B
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for all {\g}qep such that each \g : 02 — (* is a symmetric matriz whose all entries
are non-negative? Or, contrasting with Theorem [L.3, is it true that there exists a
constant C' such that

¢
c A

20 D(f)g olfa < Csup

e, po |R|

ocrAalen
(6.2) | Xepger Aqlleeme

for all {\g}qep such that each \g : 02 — (* is a symmetric matriz whose all entries
are non-negative?

Remark. We note that Nazarov, Treil, and Volberg [I8] proved that the estimate
([62) fails for a different class of matrices: the class of positive-semi-definite matri-
ces. Recall that a symmetric matrix M is positive-semi-definite if Mz > 0 for all
column vectors x.

In our characterizations, the assumption that the Banach space has the Hardy—
Littlewood property can be replaced by assuming that the measure is doubling, or
by strenghtening the testing condition (see Theorem [[7]). The second question is
about omitting every additional assumption.

Question 6.2 (Borderline case: Can we omit every additional assumptions in
Theorem[IT?). Letpe (1,00). Let (E,|-|g,<) be a Banach lattice. Let i1 be a locally
finite Borel measure. Then, is is true that the operator Tx(-) : L. (n) — L%, () is
bounded if and only if it satisfies the direct L™ testing condition (LZal)?

APPENDIX A. ON THE DYADIC LATTICE HARDY—LITTLEWOOD MAXIMAL
OPERATOR

A.1. Dyadic and the centered lattice maximal function are comparable.
The dyadic Hardy-Littlewood maximal function Mp f is defined by

Mpf(z):= sup (f)q,
QeD:Q3x
where D is a collection of dyadic cubes, and the centered lattice Hardy-Littlewood
maximal function M is defined by

M f(z):= sup (f) Bz,

where J is a finite set of radii. For the Lebesgue measure, these maximal functions
are pointwise comparable in the lattice order: For each finite collection D of dyadic
cubes, there exists a finite set J of radii such that Mpf(z) < My, f(z) for every
x € RY. Conversely, for each finite set J of radii, there exist collections DG of
(shifted) dyadic cubes such that M;f(z) <Y, Mpf;f(x) for every x e R%.

This comparision follows from the following well-known observation: For each
dyadic cube @ € D, there exists a ball B such that @ € B and |Q| = |B|. Conversely,
for each ball B, there exists a dyadic cube @ in some shifted dyadic system D“ such
that B ¢ @ and |B| = |Q|. For a proof, see, for example, [8, Lemma 2.5]. Recall
that, for each a € {0, %}d, the shifted dyadic system D on R? is defined by

D= {277([0, D) + (-1)*a+ j) 1 ke Z,5 € 2.



26 TIMO S. HANNINEN

A.2. Universal norm bound. The universal bound for the lattice maximal op-
erator,

HM#HLT’E(Rd,,u)ﬁL%(]Rd,,u) Sp HMHLTE'(Rd)ﬁL%(Rd)a
follows from either of the following techniques:

e The boundedness of the dyadic real-valued maximal function is charac-
terized by means of the existence of a Bellman function, by Nazarov and
Treil [I7, Section 1]. This characterization works also for the dyadic lattice
maximal function.

e In the spirit of Burkolder’s [2] characterization of the boundedness of the
martingale transform, the boundedness of the martingale Rademacher max-
imal function is characterized by means of the existence of an auxiliary func-
tion with certain boundedness and concavity properties, by Kemppainen [9,
Section 7]. This characterization works also for the dyadic lattice maximal
function, once the Rademacher bound is replaced by the lattice supremum.
This together with an unpublished manuscript containing the proof was
communicated to the author by Kemppainen.

For reader’s convenience, we represent a proof for the universal bound. The uni-
versal bound follows from Proposition [A.1] and Proposition together with the
observation that

HMHL%(R)ﬁL%(R) < HM”L%(Rd)»L%(Rd)-
These propositions follow from Nazarov and Treil’s [I7, Section 1] Bellman function
technique.

Proposition A.1 (Boundedness implies the existence of a Bellman function, [17]).
Let (E,|-|,<) be a Banach lattice. Assume that there exists a constant B such that

|Mp| L ()~ L2 ) < B

for all finite collections D of dyadic intervals. Then, there exists a Bellman function
B(f,F,L): B, xR, x E, = R, that has the following properties:

i) (Boundedness from below) |L|% < B(f, F, L) whenever 0 < |f[}, < F, or f =0
and F =0.
ii) (Boundedness from above) B(f,F,L) $p BP(F +|L|%).
it) (Invariance) B(f,F,L) = B(f, F,sup{L, f}).
iv) (Concavity) For each L € E, the function (f,F) — B(f,F,L) is midpoint

concave.

Remark. Since every midpoint concave function that is locally bounded from below
is concave (for a proof, see, for example, [0 Section 7]), the function (f,F)
B(f,F,L) is in fact concave.

Proof from [IT]. For each I € D, the function B;(f,F,L) : E; xR, x B, — R, is
defined by

1
Bi(f.F.L) =suwp{ [lsup{  sup  (9),15, L}f} da
1| J1 JiJel
o227 N (1)
(A1) R . : :
c¢r R - E, is locally integrable and satisfies

(1)1 = f and (|¢z])r = F, N € N}.



TWO-WEIGHT INEQUALITY FOR VECTOR-VALUED POSITIVE DYADIC OPERATORS 27

By self-similarity of the dyadic intervals, the function B; does not depend on the
interval I and can be denoted by B. This Bellman function is introduced by Nazarov
and Treil [T, Section 1]. In the real-valued case (that is, £ = R), it is explicitly
computed by Melas [14, Theorem 1].

Next, we check the properties for the Bellman function B. The boundedness
from below holds because for each f € E, and F e R, such that 0 < |f|}, < F there
exists ¢ : R? - B, such that (¢); = f and (|¢[},) = F. The boundedness from above
follows from the assumed norm estimate. The invariance follows from observing
that, under the constraint (¢); = f, both the vector f and the vector L belong to
the set {{(¢)s17, L} Jujer, of which the lattice supremum is taken.

()22

Finally, we check Sch)e midpoint concavity. Let I_ and I, be the dyadic children of
I. Let ¢r_ be such that (¢; )7 = f- and (|¢7_|%) 1. = F-, and, similarly, ¢, be such
that (¢r,)r, = f+ and (|¢r,[%)r, = Fv. Now, the function ¢ := ¢;_ + ¢y, satisfies
f=Aon)r = 35U )r +(or)n) = 5(f-+ fu), and F = (lorf)r = 5({lor 3 +
(|61, 5)r,) = %(F_ + F.). We estimate

= [l s (o)1 D
2|I| JiJcl_

o(1)z27Ne(1)

f lsup{  sup (¢, )s1s, L[} da
2 |I+ I

JJ'el,
o727V 0(1,)
1
- [ Isunt sup (61)s L5, LY} da
|| J1 J,JJcl_ J'cl.
o227 N eIy, 7)227N e(1,)
1
< — f|sup{ sup (6r)s1s, L}E da
|I| Jr JJel,
é(J)Z2_(max{N‘N/}+1)é(I)
S B(f7 F7 L)’
from which the midpoint concavity follows by taking the suprema. O

Remark. An alternative Bellman function can be defined as follows. For each I € D,
the function By (f, F,A): B, xRy x {Ac E, : A finite} - R, is defined by

- 1
Bi(f,F,A):= sup{—/|sup(Au{(¢)J1J} JiJel )|%dx:
|| J1 07227 N (1)

(A.2) tr R? > E, is locally integrable and satisfies

(¢1)r = f and (|6r2)r = F, N eN}.

Again, by self-similarity of the dyadic intervals, the function B; does not depend
on the dyadic interval I. Hence, it can be denoted by B. The function B(f, F,A)
has the following properties:
") (Boundedness from below) |sup A|5 < B(f, F, L) whenever 0 < |f[2 < F, or
f=0and F=0.
ii") (Boundedness from above) B(f, F, A) 5, BP(F + |sup A[%,)
iii’) (Invariance) B(f,F,A) = B(f,F,Au{f})
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iv’) (Concavity) For each finite A ¢ E,, the function (f,F) — B(f,F,A) is
midpoint concave,

By considering the Rademacher bound R(A) in place of the lattice supremum
sup A, the Bellman function B(f, F, A) can be viewed as a variant of the auxiliary
function that was introduced by Kemppainen [9, Proposition 7.1] to characterize
the boundedness of the Rademacher maximal function Rgen(f)oleo.

We remark that, in the case of the lattice supremum, the function B(f,F, A)
defined in (A2)) reduces to the Bellman function B(f, F, L) defined in (AJ]) by using
the identity B(f,F,A) = B(f,F,sup A), whereas, in the case of the Rademacher
bound, there is no such a reduction. This is because the reduction is based on the
identity sup{Au B} = sup{sup A, sup B} for the lattice supremum, whereas there is
no analogous identity for the Rademacher bound.

Proposition A.2 (Existence of a Bellman function implies the boundedness, [I7]).
Let (E,|'|g,<) be a Banach lattice. Assume that B(f,F,A): E, xR, x {AC E, :
A finite} > R, is a function having the above-mentioned properties. Then

M5 e (R )~ L2 (R4, 0) Sp B

for all finite collections D of dyadic intervals and all locally finite Borel measures
I

Proof by a slight adaptation of [IT] in the spirit of [9]. Let u be alocally finite Borel
measure. Let @ be a dyadic cube and let Q' € chp(Q) be its dyadic children. Let
f:R% - E, be a locally integrable function. Note that

(Y - MOV gy ana (yn -y M)

- Pyl
Q'echp (Q) Q) Qrechn(Q) 1(Q) <|f|E>Q

Since every every mid-point concave function that is locally bounded from below
is in fact concave, the function (f, F) — B(f,F,A) is in fact concave. From the
properties of the Bellman function, it follows that

> @B (e (V) riragr)
Q’echp (Q)

(A3) G S @B (e (L)} mem)
Q'echp (Q)

) @B (I (V) o)
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Fix a dyadic cube Qo and a non-negative integer N. Iterating the inequality (A.3)
and using the properties of the Bellman function yields

J1 s (f)hlalde

R:RCQo,£(R)22"N0(Qo)

= ¥ @l sup (Hl
Q:Q<Qo, R:Qo2R2Q

6(Q)=2""2(Qo)

@ I @B ST o (Vi razno)

20Q)=2"N1(Qo)

= > 1(Q)BUSYS (1) L)} RQo2R2Q)
Q:Q<Qo, Q\WIE/Q RJSR:Qo2R2Q

€Q)=2"N"14(Qo)

<< u(Qo) BN, FI Y, A D)

(i)
S5 Bu(QuIfIRs, + ), lp <2 [ [flf
O

A.3. Endpoint L* testing condition. A collection D of dyadic cubes is a trun-
cated dyadic system if

D={Q:Q<Qu Q) >2(Qo)} = DY
for some dyadic cube @y and some positive integer N. For each R € D, the localized
dyadic lattice Hardy—Littlewood operator Mp g is defined by
Mp rf = sup(f)ole-
QeD:
Q<R

Theorem A.3 (Boundedness of the dyadic lattice maximal operator is character-
ized by the endpoint direct L* testing condition, [4]). Let 1 < p < oo. Let D be a
truncated dyadic system on R?. Then

”MDHLFE'ﬁLPE ;P-,d ma
where the endpoint L™ testing constant M is the least constant such that
(A.4) | Mp,rflLy < M| flrgmlRl
for every Re D, and every f € L% (R).

This theorem was proven Garcia-Cuerva, Macfas, and Torrea [4] by applying
the theory of vector-valued singular integrals to a smooth, linearized version of the
lattice maximal function. Here, we give an alternative proof by using stopping
cubes.

Alternative proof by stopping cubes. Let F be the stopping family defined by the
following stopping children: For each F € F, the children chz(F') are the maximal
dyadic cubes F’ ¢ F such that

(A.5) | sup  (f)ele > 4|Mpfle)r
QeD:Q2F’
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or

(A.6) (Ifle) e > 4| flE)F-

The stopping collection F is sparse because

1 1 1
SIFls X IFls Y IFIs(GrpIFl= 5l
Fr F' chosen by F' chosen by
the first condition the second condition
By arranging the dyadic cubes according to the stopping parents, using the LP
variant of Pythagoras’ theorem (Lemma [2Z4]), and pulling out the L% norm,
|Mpfle =[sup  sup (flolaler
FeF QeD:
T (Q)=F
<AY s (Nalel

FeF QeD:
mF(Q)=F

(%1 s Netelz,)”

FeF QeD
WF(Q) F

1/p

(X1 s (Nalolizl sw (Nolalsy)
FeF QeD QeD:
7".7-"(@) F Tr(Q)=F

From the stopping condition ([A5]), it follows (see Table[I]) that

I sup (Naolglrs <2(Mp fle)r.
Wf(Q);F
From the stopping condition [A.G]), it follows (again, see Table[d]) that

{fa =(fr)q whenever 7£(Q) = F,

where the auxiliary function fr is defined by fr = flp,.(r) + Xpreenm)(f)r1r
and satisfies

| frlee s 2% fle)r.
Therefore, from the testing condition (A4, Holder’s inequality together with the

identity (p—-1)p" = p, and the dyadic Carleson embedding theorem (Lemma 23)), it
follows that

1/p
(X1 swp (Holalizl sup (Faolaly)
FeF Q<D
72 (Q)=F Wf(Q)F

1/p
(X1 s (Naelelizl swp (rlolel)
FeF Q€D QeD:
TF}'(Q)F Tr(Q)=F

_ / /
s /e 2 (1 ) () (Ifle)en(m) )"

’ o p\ /P
st (( 5 i)y )" Zairteuce) )

FeF FeF
Sp M| N 21



TWO-WEIGHT INEQUALITY FOR VECTOR-VALUED POSITIVE DYADIC OPERATORS 31

Altogether,
— — 1 ’
|Mpflln Sp [MpfI Y (O F] )2,
E
from which the norm estimate follows, by dividing out the factor | Mp f Hl/ r.O

Ly

Question A.4 (Borderline: Can we omit the assumption that the measure is
doubling?). For each (in particular, for non-doubling) locally finite Borel measure
1, is the boundedness of the dyadic lattice mazimal operator My : LY (1) — L (1)
characterized by the endpoint direct L (u) testing condition?
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