View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Helsingin yliopiston digitaalinen arkisto

A comparison of Euclidean and Heisenberg Hausdorff
measures

Pertti Mattila and Laura Venieri

November 27, 2017

Abstract

We prove some geometric properties of sets in the first Heisenberg group whose Heisen-
berg Hausdorff dimension is the minimal or maximal possible in relation to their Euclidean
one and the corresponding Hausdorff measures are positive and finite. In the first case
we show that these sets must be in a sense horizontal and in the second case vertical. We
show the sharpness of our results with some examples.

1 Introduction

Let H3, denote the Euclidean Hausdorff measure in the first Heisenberg group H! and let
‘H$; denote the Hausdorff measure with respect to some homogeneous metric. Let dimp and
dimp denote the corresponding Hausdorff dimensions. Generally, for a set A C H', dimg A
and dimg A can be different. For example, every line has Euclidean Hausdorff dimension 1
but there are lines that have Hausdorff dimension 2 with respect to any homogeneous metric,
such as the vertical axis (corresponding to the t-axis when H! is identified with R and points
have coordinates (z,y,t), as we will see in Section 2). On the other hand, any so-called
horizontal line has dimyg equal to 1. Horizontal lines, which are lines through the origin in
the xy-plane or left translations of them with respect to the group operation, and horizontal
planes (defined in (3)) play a special role in the Heisenberg group, as we will see also in our
results.

Balogh, Rickly and Serra Cassano in [BRSC| compared dimg and dimg for general sets,
proving what follows. For 0 < s < 3 let

B—(s) = max{s,2s — 2}, B4+ (s) = min{2s, s + 1}.

Then for any A C H',

Moreover, they also showed the sharpness of some of these inequalities, which was then com-
pleted by Balogh and Tyson in [BT]: for any 0 < s < 3 they constructed compact subsets
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Fy and F of H' such that H$,(F)) and ’Hg_(s) (F1) are positive and finite and H%(F,) and
’Hg*(s) (Fy) are positive and finite. The example F, for 0 < s < 2, is in a sense horizontal and
F5 is in a sense vertical. In this paper we show that this must be so. We prove in Theorem
2 that for any set A C H! and 0 < s < 2 (recall that then 8_(s) = s), if both H(A)
and H3;(A) are positive and finite, then in some arbitrarily small neighbourhoods around its
typical points p, most of A lies close to the horizontal plane through p. We shall construct
an example (see Example 5) to show that this need not hold for all small neighbourhoods
and another example (see Example 7) to show that this does not hold when s > 2 and both
H3,(A) and H3: %(A) are positive and finite. Note that S_(s) = 2s — 2 when 2 < s < 3.
Corresponding to the second case we show in Theorems 3 and 4 that if both H3,(A) and
7{%(5) (A) are positive and finite, then in some arbitrarily small neighbourhoods around its
typical points p, a large part of A lies off the horizontal plane through p.

In [BTW]| Balogh, Tyson and Warhurst solved the dimension comparison problem in
general Carnot groups, but here we restrict to the first Heisenberg group.

2 Preliminaries

In a metric space X for 0 < s < oo the s-dimensional Hausdorff measure of A C X is
defined by
H(4) = lim H5(A),
0—0

where

Hs5(A mf{z diam(B;)® : A C U B;,diam(B;) < d}.

=1

The Hausdorff dimension of A is
dim A = inf{s : H*(A) = 0}.

Let B(p,r) be the closed ball with centre p € X and radius r. We have the basic upper
density theorem for Hausdorff measures, see, e,g., [F], 2.10.19.

Theorem 1. Let A C X be H® measurable with H*(A) < co. Then for H* almost all p € A,

25 < limsup H (AN B(p,r)) <1
r—0 (2T)S

and for H® almost all p € X \ A,

lim H5(AN B(p,r))

r—0 (2’!“)5 =0

It is easy to construct examples, in Euclidean and many other metric spaces, where the
lower density lim inf,_,o AHBPT) is 0 for all p € X, see, for example, [M], 4.12.
Let H! be the first Helsenberg group. It can be identified as R® with the non-Abelian
group operation
pp = (@+ay+y t+t + 202"y - 2y)),



for p = (z,y,t),p = (2/, ¢/, '), and with the metric

du(p,p') = (& = &) + (= y))? + (t = + 20"y — 2y')?) .

In addition to dg we shall also use the Euclidean metric, which we denote by dg. Then for
0 < R < oo there exists a constant cg > 0 such that for every p,p’ € Bg(0, R),

1
L0 p) <du(p,p') < crdp(p,p')/?. (1)

The closed ball B(p, r) is denoted by By (p, ) when the metric is d and by Bg(p, ) when the
metric is dg. The s-dimensional Hausdorff measures and dimensions with respect to dy and
dg are denoted by Hf;, H%,dimy and dimg. In place of dy we could use any homogeneous
metric on H!, that is, any left invariant metric d satisfying d((dz, oy, 6°t), (6x', 8y, 5%t')) =
dd((z,y,t), («',y/,¢)). By 5.1.5 in [BLU]|, these metrics are locally bi-Lipschitz equivalent.
Recall the definitions of f_(s) and S4(s) from the introduction. Then by Proposition 3.1
in [BTW], for any positive number R there exists a constant Cr such that for A C Bg(0, R)
and for 0 < s < 3,
My (4)/Cr < Hip(4) < Crrir ) (A). ©)

Let V(p) denote the horizontal plane passing through p = (zg,yo,to) € H!. This is the
set of points ¢ = (x,y,t) such that

t—to— 2(xyo — yzo) = 0. (3)

The Euclidean distance of a point ¢ = (z,y,t) to the plane V(p) is

|t —to — 2(zyo — yxo)| (4)
V14 4(xg +42)

We let A(5) denote the closed § neighbourhood of A € H' in the Euclidean metric.
Observe that By (p,r) looks like V(p)(r?) N Bg(p,r), more precisely, for p as above with
2+t <R*and 0<r <1,

de(q,V(p)) =

Wm(%$M%>M%@9c&MMCWMﬁﬂ%m@m (5)

where cp is the constant in (1).
The restriction of a measure u to a set A C X is denoted by pl_ A; ulL A(B) = u(AN B).

3 The theorems

Theorem 2. Let 0 < s <2 and let A C H' be such that H3;(A) < oo. Then for 13, almost
every p € A there exists 0 < e < 1 such that

fining (AN Be(p,r) \ V(p)(r'*+))

r—0 s

=0.




Proof. By the Borel regularity of Hausdorff measures we may assume that A is a Borel set.
Changing € a bit it suffices to prove for H%, almost every p € A that

poing AN Be(.1) \ V(p)(7r'+)

r—0 s

~0. (6)

Writing Ag = AN Bg(0, R), we have A = Uy _; Ar and we could run the argument for any
R such that H};(Agr) > 0. Hence we may assume that for some positive number R,

A C Bg(0,R).

First, let us see that we can reduce to the case when there is a positive number C such that
1
o te(B) = Hy(B) < CHE(B) (7)
for every B C A. The left-hand side inequality holds because of (1). We can decompose A as
A=CUD,
where

H5,(C) =0 and HL(B) =0 Hy(B)=0 VBC D. (8)

This can be done as follows. Let pgp = H3L A and pg = Hj; L A. Since pp << ppg, we have
that for every Borel set B C H',

B

where D(ug, i, z) is the Radon-Nikodym derivative of pup with respect to pg. Thus if we
let
C={zxeA:D(ug,pu,x) =0}, D={xeA:D(ug,pm,z) > 0},

then C' and D satisty (8). Moreover, we can write

<

> 1
D=|JDj, where H3y(B)>-Hy(B) VBCD,
Jj=1

by taking
1
Dj={x e D:D(ug, pu,z) > 5}

Thus (7) holds for every D; in place of A. If we can prove (6) under the assumption (7), and
so for every Dj, it follows that (6) holds for A by the the second part of the upper density
theorem 1. More precisely, H3, almost every p € A belongs to some D; and for H3, almost

every p € D; we have
Hyp((A\ Dj) N B(p,7))

% @) =0
SO
s 1+e€ s . 1+e€
it PN B\ V) o M0, 0 Bl ) \ V(1)
r— rs r— rs



Hence we can assume (7).

Let € > 0. Supposing that (6) is false, we will reach a contradiction at the end of the
proof if € is small enough depending only on s, R and the constant C' appearing in (7). By
Theorem 1 there exist ¢ >0, 0 <79 < 1 and A" C A, H5,(A’) > 0, such that

Hy(AN Bg(p,r)) < 3°r° (9)
and
HE(AN Bg(p,r) \ V(p)(7r'+9)) > er® (10)
for every p € A’ and 0 < r < rp. Let 0 < r < ro/5 and p € A’ be such that r? << 7€ and
1
H5%(By(p,r)n A') > 67—[‘;{(BH(p, r)yn A" > dr? (11)

with ¢ = 1/(2C) (we can find these by Theorem 1). Let k € N be such that r? < (1o
and r2 > 9" whence k > log 2/(21log(1 + €)). By the 5r covering theorem, see, e.g.,
Theorem 2.1 in [M], for j =1,...,k we can find p;; € A’ N By (p,r) such that
A'NBy(p,r) = A N Bu(p,r) N Be(pj:, 5r' "), (12)
i=1

where the balls Bg(pj;, r(HE)j), i=1,...,m;, are disjoint. Since by (11), (12) and (9),

dr® < Hy(Bu(p,r)NA)
m;

<> Hu(A' N Bu(p,r) N Be(pji, sril+a’))

=1
< mj355srs(1+e)j7
we obtain _
m] 2 617“5(1_(1+€)]), (13)

with ¢; = ¢//15° depending only on s and C.
In what follows we shall show that the sets

m; ‘ ‘
U BE(pJ,l7 T(1+6)]) \ V(pj,i)(7r(1+5)3+l)> .] = 17 ERE} k) (14)
=1

are disjoint. Let j € {1,...,k—1} and let BE(ij,r(He)j) and Bg(pn g, 719", j+1 <n <k,
i€ {1,...,m;},l € {1,...,my}, be such that Bp(p;;, v ) N Bg(pny,r0+)") # 0. We
want to show that

(B (04, M)\ V(p;0) (7r0+9 ) 1 B (py, r0H9") = 0. (15)

Let us denote b= (i‘?g?{)? Dji = (xiyyiati)a Pnil = (:L‘laylvtl)' Since pj,iapn,l S BH(pv T), we
have

(2 —2:)2 + (1§ —9))? + (T —t; + 2(wif — yi®))> < 7, (16)



and
(Z—2)?+ (@ — )2+ (f—t; + 2(x§ — yiT))? <1t (17)
Moreover, ) .
dg(pji,pny) < 7O 4 p0F9" < 0p(1+e) (18)

We now want to show that dg(png, V(pji)) < 6r0+9” ™ Indeed by (4), (16), (17) and (18)

we have
it —ti — 2(my; — yivi)|
1+4(y? + 22)
<|ti — ti = 2(x1yi — yiws)|
<t =t =2(@my — yi)| + 2@ — :1y) + 2(xiy — yiT)
+2(zys — )| + [E =t + 2(2y — vi®)|
<2 + 2| (a1 — 23)(yi — 9) — (1 — yi) (@i — 7)|
=21 4 2((z1 — @i,y — 1), (Yi — U, w1 — T))]
<2r? + Ap(+e) . < 6r2,

dg(Pni, V(0ji)) =

where (-, -) denotes the scalar product and we used Cauchy-Schwarz inequality. Since r? <
r(1+6% < (1467 e have dE(pni, V(pji)) < 6r(1+9” ™ Thus

Bp(png, P € V(pja) (7r+e™h),

which implies (15). Hence the sets in (14) are disjoint. .
We have H3,(ANBE(pj4, r(lﬁ)J)\V(pj’i)(7r(1+5)ﬁ1)) > ¢r*(17¢ by (10) hence using (13)
and the fact that Bg(pj,, r(4”y € Bg(p, 3r) we get

k. my

Hy (AN Bp(p,31) > > > (AN Bp(pys, )\ V(py) (7rH97™)
j*l =1

> ch ps(1+e) > ccq Zr —(14e)) ps(1+e)?

= cclk‘r > ccq log 2/(210g(1 +e€))r®

When € is small enough, the last term is greater than 7°r®. This yields a contradiction with
Theorem 1. O

Remark. The above proof shows that if A C Bg(0, R) satisfies (7), then we can choose €
depending only on s, R and C.

Theorem 3. Let s > 1 and A C H' be such that H5,(A) < oo. Then for 7—[“}?1 almost every
p € A there exists § > 0 such that

o s PEA N BE(. ) \V(p)(0r) 1
0" (2r): 2

(19)



Proof. We may assume that A is a Borel set and A C Bg(0, R) for some R > 0. We can
again, using Theorem 1, reduce the proof to the case where there exists a constant C' > 0
such that for every B C A we have

B

SHE(B) < it (B) < CH(B) (20)

Indeed, this follows from a similar reasoning as was used to prove the right-hand side inequality
in (7) since H3 ' << H3, holds always by (2) (when s > 1, B4 (s) = s + 1).
By Theorem 1 for H3, almost all p € A there exists 0 < 7, < 1 such that for every
O<r<m
Hp(AN Bgp(p,r)) < 3°r° (21)

and
H?I(A N By (p,r)) < 35Hpsth (22)
For j =1,2,..., let
Aj={peA:277 <r, <277t}
Then H3(A\ U2 A;) = 0.
Let p € A; and H3;(A4;) > 0 for some [ and let

1
< )
25+235+2C'\/1 + 4R2

where C' is as in (20). Hence, as in the previous proof, 6 depends only on s, R and C. For
every 0 < r < 2717 < 4, we want to show that there exist py,...,px, k = (6/7)V1+ 4R2,
such that

0<4d (23)

k

Be(p,r) NV (p)(6r) € | Bulpi,2r). (24)
=1

Let p = (z,7,1). By (3) the horizontal plane V (p) is the set of points (z,y,t) € H' such that
t—t—2(xy—yz) =0.

Let L(p) be the vertical line passing through p, that is L(p) = {(z,y,t) : t € R}. If ¢ =
(z,9,t) € L(p) and dg(q,V(p)) < dr then |t —t| < orv1+ 4R2. Indeed, by (4) we have

|t =t —2(zy — yz)|
1+4(z2 + 3?)
|t — 1| |t — 1|
>

VI+4E2+5%) ~ V1+4R?

Cover the interval [t — orv/1 + 4R2 t + drv/1 + 4R?| with intervals [t;, t;11],4 = 1,..., k, with

ti+1 — ti = 7“2 and
k<3(5/r)V1+4R2. (26)

or > dp(q,V(p)) = (25)

Let
pi = (Z,9,t) € L(p).



If u € L(p) N V(p)(6r) then there exists i such that dg(u,p;) < 72 by (25). To see that (24)
holds, let ¢ = (z,y,t) € Bg(p,r) NV (p)(dr) and let ¢’ be the point of intersection between
the plane passing through ¢ parallel to V(p) and the line L(p). This means that

q/: (J_T,g,t,) and t,_t_2((j_$)g_(g_y)f) 207
hence
Since ¢ € L(p) NV (p)(or), there exists j € {1,...,k} such that
dp(d',p;) = It +2(yz — 2) — tj| <o (27)

Let us now see that ¢ € By(pj,2r), that is dg(q,pj) < 2r. Indeed,

di(a,p)* = ((z = 2)* + (y = 9)*)* + (t = t; +2(2y — §))* (28)
Since q € Bg(p,r), we have

(z—2)*+(y—5)° <r?,
and by (27) the second term in (28) is < r4. It follows that dy (g, pj) < 2r, which proves (24).
Hence by (24), (20), (22), (26) and (23) we have that for every 0 < r < 27,

%%'(AOBE(]?,T‘) AmBH p272’r))

||M?r

k
< CZHf,jl(A N By (pi, 2r))
i=1
< C]{J3S+128+1’I“5+1

< 03720510 T 4Rt < %TS.
r
Thus for H3, almost every p € A there exists 6 > 0 such that

. Hp(AN Be(p,r)NV(p)(dr)) 1
e oy < gorr

which proves (19) by Theorem 1. O

Remark. 1t is easy to give examples where the lower limit of the expression in (19), and in
(29) in Theorem 4, is 0 everywhere. For example, this is so for any set of lower density zero,
recall the comment after Theorem 1. On the other hand, for many sets the lower limit can be
positive, for example, for classical Cantor sets C in the vertical axis for which 0 < H%(C) < oo
and 0 < H%(C) < oo for some 0 < s < 1

Theorem 4. Let 0 < s < 1 and A C H! be such that H5(A) < oo. Then for H% almost
every p € A there exists 6 > 0 such that

oo HB(AD Boo,1) \ V() (61)
im sup
r—0 (27,)3

> 0. (29)



We do not know if one can replace 0 with a positive constant as in the previous theorem,
our proof would give only a constant depending on the point p.

Proof. We may assume that A is a Borel set and A C Bg(0, R) for some R > 0. Since
H3 << M3, always holds (here B4 (s) = 2s because s < 1), we can assume, as in the proof of
Theorem 3, that there exists C' > 0 such that

SH(B) < W3 (B) < CH(B) (30)

for every B C A.

Suppose that (29) does not hold. Let Ag C A be a Borel set such that H3,(Ag) > 0 and
that (29) fails for p € Ay for every 6 > 0. Fix § > 0 and € > 0, to be chosen sufficiently
small at the end of the proof. Then there exist a Borel set A’ C Ay and rg > 0 such that
H3(AY) > H3(Ap)/2 and for every p € A’ and for every 0 < r < ry,

HE(AN Be(p,r) \ V(p)(0r)) < er’. (31)

Let 0 < n < min{rg,0}. Let ¢ = 3°. Then by Theorem 1 for H%, almost all p € A’ there is
< n such that

3] "ﬁﬂm

< Hu(A'N Bg(p,m)) < crp. (32)
Applying Vitali’s covering theorem (see Theorem 2.8 in [M]) to the family of balls
{Bg(p,rp) : p € A’ such that r, satisfying (32) exists},

we find a subfamily of disjoint balls, { Bg(pi, i)}, such that

Hg <A, \ U BE(I%W)) =0. (33)

i=1

Hence we have by (32)

Hy(A) = (A N UBE pl,rz)>

:i (A" N B(p;, i) > Zr. (34)

Since p; € Bg(0, R), we have by (1) th
diamp (Bg(pi, 1)) < crdiampg(Bg(pi, i)Y < cr/21.
Let ' = cgr+y/2n. Then we have

i (A) <ZH (A" 0 Bp(pi, 1))
<ZH /(4 0\ Bi(pi, i) NV (pi) (874) (35)

+ ZH (A"N Bg(pi, i) \ V(pi)(673)).



Moreover, we have
7—[%}9777/ (A" N Bg(ps, ) NV (pi)(6r4)) < diamp (Bg(ps, ) NV (pi)(674))%
< (2(cg + 1)V/0r)* = C"(6r3)°. (36)
To see this, let ¢,¢' € Bg(pi,ri) NV (pi)(dr;) and let q,§ € Bg(pi, i) NV (p;) be such that
dp(q,q) < or; and dr(q¢’,q) < dr;. Then
di(e,q) < du(q,q) +du(q.4) + du(q, ).

We have dH(q,(j) < cRdE(q, (‘7)1/2 < CR((STz‘)l/Za dH(q/aq/) < CRdE(q,aq/)l/Q < CR(5ri)1/2 by
(1) and
(0 q) < du(q,pi) + du(pi, @) = de(q,pi) + de(pi, @) < 2ri,
where we used the fact that dg(u,p;) = de(u,p;) if w € V(p;). Since r; < n < 9, it follows
that r; < (67;)'/2, hence
dr(q,q') < 2cr(67:)'7? + 2r; < 2(cr + 1)(673)'/?,
which proves (36). On the other hand, by (30) and (31) we have
M (A0 Bp(pi,ri) \ V(pi)(0r:)) < CHp(A' N Be(pi,ri) \ V(pi)(0r:)) < Cer,

thus also

H%?JI'(A, N BE(pZ‘, 7"1') \ V(pz)(én)) < Cer;. (37)
Hence we have by (35), (36), (37) and (34)

HE o (A) < (C"6° + Ce) > rf
=1
< c(C"6° + Ce)HE(A)
< 2¢(C"5% + Ce)yHi(Ao).

whence letting 7 and 1’ tend to 0,
0 < HE(Ag) < 2HZ(A") < 2¢(C"8% 4+ Ce) M5 (Ap).

Since § and € are allowed to depend on Ag and they can be chosen arbitrarily small, we have
a contradiction which completes the proof. O

4 Examples

We show the sharpness of Theorem 2 with three examples. Example 5 shows that
we cannot replace liminf by limsup, Example 6 shows that we cannot replace the r!*te-
neighbourhood by Mr2-neighbourhood for any positive number M, in particular we cannot
replace it with the Heisenberg ball By (p,r). We shall construct these two examples only for
s = 1, but very likely similar examples can be given for any 0 < s < 2. Example 7 shows
that when s > 2 then in arbitrarily small neighbourhoods around a point p the set cannot
lie too close to the horizontal plane through p, in the sense that we cannot obtain the same
conclusion as in Theorem 2.

10



Example 5. There exists a compact set F C H' such that for some positive constant C,
HYL(F) >0 and HY(A) < CHL(A) < oo for ACF, and forp € F,

oy B 0 BE () \ V() (/3))

r—0 2r

> . (38)

|

Example 6. For any M,1 < M < oo, there exists a compact set F C H' such that for some
positive constant C, Hy(F) > 0 and H5(A) < CHL(A) < 0o for ACF, and forp € F,

1 2
ping MEE O B0 \ V(M) | 1
r—0 2r 16

(39)

Both examples will follow from the same construction which we now describe. In both
cases F will be a subset of the vertical plane V = {(z,y,t) : y = 0}, whose points will now
be written as (z,t). The metric dy restricted to this plane is given by

4 2\1/4
dy((z1,t1), (w2, t2)) = (21 — 22)* + (f1 — 12)%) .
For p = (z,t) € V, the horizontal plane V(p) intersects V' along the line {(u,?) : u € R}.

For p,q € V we have dg(p,q) < du(p,q) if dg(p,q) < 1/2. Thus

HL(B) < HY(B) for BC V.

Let n be an integer, n > 1, and A a positive number, 0 < A\ < 1/2. For a rectangle
R = [a,b] x [e,d] C V such that \(b —a) < d — ¢ we let R(R,n,\) be the collection of the
following 2n subrectangles:

b—a +2,b—a+b—
a 1
on 2n 2n
b—a b—a b—a
21+ 1 21+ 1
ot @i+ 1) Lt @it 2y

la + 2i Y x e, e+ A —a)],

) [d= A0 - a),d),

fori=0,...,n— 1.
Let (ng) be a sequence of integers, ny > 1, and (\;) a sequence of positive numbers,
A < 1/2. We define for k > 1,

Ro = R([0,1]%,1,1/2),
Re= |J RE® M),
ReERK_1
and -
F= ﬂ U R.
k=0 RERy

Then F C V is compact and the projection of F' on the x-axis is [0, 1]. Thus both HL(F)
and H}I(F ) are at least 1. Using the natural coverings with the rectangles of Ry, one easily
checks that HL(F) and H};(F) are also finite provided A\, goes to 0 sufficiently fast. More
precisely, let hi be the length of the horizontal sides of the rectangles of Ry and let vy be the

11



length of their vertical sides. Then the Euclidean diameter of each R € Ry, is (h} + v?)!/?
and the Heisenberg diameter is (h} +v?)'/4. If vy /hy tends to zero as k — oo, then

HL(FNR) = hy for R € Ry, (40)
in particular, H},(F) = 1. If moreover, vy < Ch? for all large enough k, then
HE(A) < (14 C?HY4L(A) for AC F. (41)

These conditions on hy and vy will be satisfied in both examples below; in Example 5
v = hz and in Example 6 v = 34M hz for large k.

k—1_ _
" and A = 232" Aga consequence, the rectangles
_ok _ok+1
in Ry have horizontal sides of length hy = 2 *" and the vertical sides of length 2 " For

R € Ry, the horizontal sides of each rectangle R’ of Ry inside R thus has the same length
as the vertical sides of R (see Figure 1). This implies that for p € R’ and rp = 4hgyq,
Bg(p,r:) \ V(p)(rk/8) contains another rectangle R” of Ry1. Hence

For Example 5 we choose n; = 2’

HY(F 0 Be(p,ri) \V(p)(ri/8)) _ HB(FORY) 1

27 - 8hi41 -8’

from which, recalling also (41), the asserted properties follow.

| I
2R R e
[
hk+1:2-2k+1
k
hk:2-2

Figure 1: A rectangle R € Ry and a rectangle R’ € Ry inside R in Example 5

For Example 6 we choose ny = 1 and we let A\ = 1/2, when 34M4~k > 27k that is,
2F < 34M, and A, = 34M27%! for all larger k. As a consequence, for large enough k,
the rectangles in Ry have horizontal sides of length h; = 27% and vertical sides of length
34MA4~%. For R € Ry, we have two rectangles R; and Ry of Ry41 inside R, one along
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the lower side of R and one along the upper. The distance between these rectangles is
34M4™F — 2. 34M47F1 = 17M47F (see Figure 2).

Let 0 < r < 1 and let k be such that 2% < r < 227F We assume that r is small enough so
that 28 > 68M. Let R, Ry and Rs be as above and p € Ry. Then M7r? < M42—F < 17M4_k,
whence R; lies outside V(p)(Mr2). On the other hand, as 2' 7% < r, R; lies inside Bg(p,r).
This implies that Bg(p, )\ V (p)(M1?) contains Ry, from which the asserted properties follow
as in the case of Example 5.

34M4*T | R,

17M4 R
|
J

hk+1:2-k-1

hk:2 k

Figure 2: A rectangle R € Ry, and the rectangles Ry, Ry € Ry41 inside R in Example 6

The next example shows that the conclusion of Theorem 2 fails when 2 < s < 3.

Example 7. For any 2 < s < 3 there exist constants cg, 05 > 0 and a set Fy C H' such that
H3,(Fs) > 0, H32(Fs) < 0o and for 13, almost every p € Fy,
s(FsNB Vip)(d
liminf HE( S E(pa T)\ (p)( Sr)) > . (42)

r—0 rs

This example is taken from Theorem 4.1 in [BT] (see also [S]), where it is used to show
the sharpness of some of the dimension inequalities. We will consider the Heisenberg square
Qp and a certain Cantor set above each point of Q. The Heisenberg square is the invariant
set of the affine iterated function system F, Fy, F3, Fy, that is Qg = U;*:le (Qm). The maps
F;:H' — H', i = 1,2, 3,4, are similarities with respect to dy with contraction ratio 1/2 and
they are horizontal lifts of f;, j = 1,2,3,4, which are maps in the plane. This means that
7o Fj = fjom, where m : R® — R? is the projection 7(z,y,t) = (z,y). These maps have
the form fj(z,y) = 3((z,y) + v;), where v; = (0,0), v2 = (1,0), v3 = (0,1) and vy = (1,1).
Then we have 7(Qg) = Q = [0,1]?, where Q is the invariant set of the iterated function
system f1, fo, f3, f1. See [BHT] and [BT] for more details. We will use the symbolic dynamics
notation: for m > 1 and w = wyws ... wy, € Wy, ={1,2,3,4}"™ we let Fyy = Fy, 0---0 Fy, .
Then Qp = Uyew,, Fuw(Qm) for every m.

Given 2 < s < 3, let d = s —2 and let Cy be a standard symmetric Cantor set in the t-axis
such that 0 < HL(Cy) < co. Then 0 < HX(Cy) < co. Moreover, Cy is d-Ahlfors regular,
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which implies that for 0 < r < 1 and (0,0,t") € Cy,
HE{(0.0.0) € Ca cor < Jt = #] < 7} > car (13)

for some constants ¢y and ¢4. The set Cy is the invariant set associated to two maps G1, Go,
which are 27Y24_Lipschitz with respect to dp. Let

Fs = {(x,y,t +t/> : (-f,y,t) € QH7 (0,0,t,) S Cd}
It is shown in Theorem 4.1 in [BT| that
H5(Fs) >0 and HE ?(Fy) < 0.

Let p = (Z,y,t + 1) € Fs and let 0 < r < min{1/20,¢0/6}. Let m be the integer such
that 272 diamy (Qy) < r < 27" diamy (Qp), then

272 diampg (Qp) < min{1/20, co/6}.
Let n be the smallest integer such that n > 2dm. For w € {1,2,3,4}" and v € {1,2}", let
F ={(z,y.t +1) : (z,9,t) € Fu(Qn),(0,0,t') € Gy(Ca)} C Fi.

Then
diamp (F'*) < 272 diampg (Qp) < r-.

Indeed, if diampy (F'*) = dy((z,y,t + 1), (Z,7,t +t')), then we have, as shown in the proof
of Theorem 4.1 in [BT],

diamp (F{")* = ((z = 2)* + (y — 9)*)° + (t + ' =t — ' + 2(Fy — §z))?
<2(((x =2+ (y = 9)°)* + (t — T+ 2(Fy — §a))* + (' = T)?)
2

(2—4m dlamH(QH)4 + 2—2n/d) < 2—4m+2 dlamH(QH)4

Let w and v be such that p € F™, so we have F'* C Fy N By(p,r). Let now ¢ =
(z,y,t+t') € F? be such that |z — Z|> + |y — §|*> < r?/400. Then g € By(p,r) and we have

[t+t —t—t| <|[t+t —t -1 +2(zy — yz)| + 2|2y — ¥
<du(p,q)*+2z(y —y) + (2 — 2)y|
r 4r r

4r
<4< — 4 =—. 44
STt S0 0 1 (44)

Let
Cl = {(0,0,t"Y € Cy:cor < [t — 1| < 2} (45)

We want to show that the set
Ly ={(z,y,t +1"): (0,0,t") € C3}
is contained in

D, =FsnN BE(p7T) N {($7yat) : ’iL’ - j|2 + ’y - g|2 < 7"2/400} \ V(p)(cor/ﬁ)-
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Let ¢" = (z,y,t +t") € L,. Then ¢" € F; since (z,y,t) € Qg and (0,0,t”) € Cy. Moreover,
by (44) and (45) we have

bt —T—F| <ttt —T—F|+ " -t <40 =C
i+ <l N FL
thus
\q”—p!2=!w—f!2+!y—y!2+!t+t”—f—f’\2<i+i<r2.
=200 " 4

This implies that ¢” € Bg(p,r). It remains to show that dg(¢”,V(p)) > cor/6. Using (4),
(45) and the facts that 72 + 3% < 2 and dy(p,q) < 7 < ¢p/6, we have

Tt =t =t = 2(xy — y2)|
1+4(72 + %)
[t —t| [t+t' —t—t —2(xy — yT)|

= V14 4(22 + 92) V1+4(22 + 42)

> |t —t"|/3 — du(q,p)* > cor/3 — 1% > cor /6.

dg (q//7 V<p))

Hence we have
L, C D, C FsNBg(p,r)\ V(p)(cor/6). (46)

In particular, for every point (z,y,t) € Fy,(Qp) such that |z — z|> + |y — 9|*> < r2/400 there
are points (z,y,t+t") € D,. Thus

m(Fs N Be(p,r) \ V(p)(cor/6)) D 7(Dy)
D m(Fu(Qm)) N {(2,y) ¢ o — 2> + |y — gI* < r*/400}
= fu(@) N{(z,y) : |z — 2> + |y — g < r*/400},

which implies
HE(m(Dr)) > HE(fu(Q) N {(2,y) : & — 2> + |y — g[* < r?/400}) > er? (47)

for some constant ¢. Then by (46), (43), (47) and Theorem 7.7 in [M] we have for some
constant ¢ > 0,

Hp(Fs N Be(p,r) \ V(p)(cor/6)) = Hy(Dr)
2 C’/ HE{(0,0,tg +1") 1 g = (2q,yq,tg +1") € Dy })AHE (4, yq)
w(Dr)
> [ WO )
w(Dr)
> degrHE (n(D,)) > deqger®t = cor®,

which implies (42).
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