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Abstract
This paper proposes a novel Lasso-based approach to handle unobserved parameter hetero-
geneity and cross-section dependence in nonstationary panel models. In particular, a penalized
principal component (PPC) method is developed to estimate group-specific long-run relationships
and unobserved common factors and jointly to identify the unknown group membership. The PPC
estimators are shown to be consistent under weakly dependent innovation processes. But they suf-
fer an asymptotically non-negligible bias from correlations between the nonstationary regressors
and unobserved stationary common factors and/or the equation errors. To remedy these short-
comings we provide three bias-correction procedures under which the estimators are re-centered
about zero as both dimensions (N and T) of the panel tend to infinity. We establish a mixed
normal limit theory for the estimators of the group-specific long-run coefficients, which permits
inference using standard test statistics. Simulations suggest the good finite sample performance
of the proposed method. An empirical application applies the methodology to study international
R&D spillovers and the results offer a convincing explanation for the growth convergence puzzle
through the heterogeneous impact of R&D spillovers.
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1 Introduction

Nonstationary panel models have been extensively used in empirical analyses. Their asymptotic
properties are well explored in classical settings when assumptions of common coefficients and inde-
pendence across individuals are in place. Although these assumptions offer efficient estimation and
simplify asymptotic theory, they are often hard to meet in real-world economic problems. On the one
hand, researchers often face the issue of unobserved parameter heterogeneity in empirical models; see
the study of the “convergence clubs” (e.g., Durlauf and Johnson (1995), Quah (1997), Phillips and
Sul (2009)), the relation between income and democracy (e.g., Acemoglu et al. (2008) and Lu and
Su (2017)), and the “resource curse” (e.g., Van der Ploeg (2011)). On the other hand, globalization
and international spillovers give rise to a new challenge — the presence of cross-section dependence.
In general, ignoring these two features may lead to biased or even inconsistent estimators in nonsta-
tionary panels, which can seriously distort the reliability of classical methods. The goal of this paper
is to study efficient estimation and inference in nonstationary panel data models by allowing for the
presence of both unobserved parameter heterogeneity and cross-section dependence.

Specifically, we consider a nonstationary panel data model with latent group structures and
unobserved common factors. First, we assume that the long-run cointegration relationships are
heterogeneous across different groups and homogeneous within a group. The latent grouped patterns
offer flexible parameter settings by allowing for different slope coefficients across groups and remain
parsimonious and efficient by pooling the cross-section observations within a group in the estimation
procedure. Moreover, there is often economic intuition for considering grouped patterns in long-
run relationships. For example, long-run equilibria in the growth regressions typically share some
common features within a subsample such as developing or developed countries but reveal distinct
patterns across subsamples. Second, we employ factor structures to model cross-section dependence.
In our nonstationary panel model we consider both unobserved stationary and nonstationary common
factors. For example, both oil price shocks and global technology innovations affect GDP levels in
all countries in the world. Similarly, both stock market shocks and macro-economic news affect
security prices. But it is hard to decide whether these shock processes are stationary or not. In
general, our framework allows us to fit more complex features to the data in empirical applications
and offers flexibility so that the methods encourage the data to reveal latent features that may not
be immediately apparent.

We take advantage of a growing literature on the Classifier-Lasso (C-Lasso) techniques and
models with interactive fixed effects (IFEs); see, e.g., Bai (2009), Su, Shi, and Phillips (2016a, SSP
hereafter), Qian and Su (2016), Moon and Weidner (2017), Su and Ju (2018), among others. We



propose a penalized principal component (PPC) method, which can be regarded as an iterative
procedure between penalized regression and principal component analysis (PCA). In the first step,
we introduce the unobserved nonstationary common factors into the PPC-based objective function
and iteratively solve a least squares problem and an eigen-decomposition problem to obtain the C-
Lasso estimators of the group-specific long-run coefficients and the nonstationary factors and factor
loadings. We can do this simply because the presence of unobserved stationary common factors
will not affect the consistency of the long-run coefficient estimators, while neglecting the unobserved
nonstationary factors would lead to inconsistency of such estimators due to the induced spurious
regression. Note that the individual’s group membership is also estimated in this stage. In the
second step, we can explore the first-stage residuals to estimate the unobserved stationary factors
and factor loadings. In the third step, we introduce three bias-correction procedures to obtain the
bias-corrected estimators of the group-specific coefficients.

Our theoretical results are concerned with developing a limit theory for our Lasso-type estima-
tors. The presence of unobserved common factors complicates our asymptotic analysis in several
ways. First, we establish the preliminary rates of convergence for the estimators of the group-specific
long-run coefficients and the unobserved nonstationary common factors. To show classification consis-
tency, we also prove several uniform convergence results with the involvement of unobserved common
factors. Given these uniform results, we show that all individuals are classified into the correct group
with probability approaching one (w.p.a.l). In addition, our group-specific estimators enjoy the
oracle property in the latent group literature, which essentially says that the three bias-corrected
estimators are asymptotically equivalent to the corresponding infeasible ones that are obtained with
the knowledge of exact individual’s group identity.

Since we allow for both contemporaneous and serial correlation in the errors, nonstationary regres-
sors, and unobserved common factors, we have the usual endogeneity bias in nonstationary panels,
which originates in two primary sources. The first bias is commonly noted in nonstationary panels due
to the weak dependence between the errors and nonstationary regressors (e.g., Phillips and Moon
(1999)). As expected, the unobserved nonstationary common factors enter into the bias formula.
The second bias arises from the presence of unobserved stationary common factors that can be cor-
related with the nonstationary regressors. We show that stationary common factors complicate the
asymptotic biases and covariance structures but do not affect consistency of the long-run coefficient
estimators. Based on the bias formula we can employ the Phillips and Hansen (1990) fully-modified
OLS (FM-OLS) procedure to achieve bias correction. In addition, we explore a continuous-updating
mechanism to obtain continuously updated Lasso (Cup-Lasso) estimators of the group-specific pa-

rameters, in which procedure we update the estimators of the individual’s group membership, and



the unobserved nonstationary and stationary common factor components. With these modifications
our estimators are centered on zero and achieve the v/NT consistency rate that usually applies in
homogeneous nonstationary panel models. Lastly, we establish mixed normal limit theory for the
bias-corrected group-specific long-run estimators, which validates the use of t, Wald, and F statistics
for inference.

In the above analyses we assume the numbers of groups and common factors are known. For
practical work we propose three information criteria to determine the number of groups, the total
number of common factors, and the number of nonstationary common factors. These information
criteria are shown to select the correct numbers of groups and common factors w.p.a.l.

We illustrate the use of our methods by studying potentially heterogeneous behavior in the
international R&D spillover model using a sample of OECD countries for the period 1971-2004. As
in earlier work by Coe and Helpman (1995) we regress total factor productivity (TFP) on domestic
R&D capital stock and foreign R&D capital stock. Coe and Helpman assume all countries obey a
common linear specification and ignore the presence of common shocks across countries. In seeking
greater flexibility, our methods allow the parameters to vary across countries but with certain latent
group structures and model the common shocks through the use of [FEs. Our latent group structural
model is consistent with the fact that cross-country productivities may exhibit multiple long-run
steady states. As a result, our methods reveal different spillover patterns than those discovered in Coe
and Helpman (1995). Specifically, our empirical analysis yields two key findings. First, we confirm
positive technology spillovers in the pooled sample by allowing for the presence of common shocks.
This finding implies overall convergence behavior in technology growth through direct R&D spillovers
when controlling for the unobserved global technology trend. Second, the group-specific estimates
identify heterogeneous spillover patterns across countries and indicate the existence of two types of
R&D spillovers — positive technology spillovers and negative market rivalry effects in the country-
level data. This corroborates the findings of Bloom et al. (2013) who also found two types of R&D
spillovers. Based on the empirically determined group patterns, we classify the OECD countries into
three groups designated as Convergence, Divergence, and Balance. The major sources of technology
change in the Convergence group come from positive technology diffusion and, as a result, the catch-
up effects through technology diffusion favor the growth convergence hypothesis. Conversely, when
market rivalry effects dominate technology spillovers, we observe overall negative R&D spillovers. For
these countries, technology growth relies on domestic innovations and exhibits divergence behavior.
Our findings therefore explain the growth convergence puzzle through heterogeneous behavior in
R&D spillovers.

A major contribution of this paper is to offer a practical approach that accommodates both un-



observed heterogeneity and cross-section dependence in nonstationary panels. We provide consistent
and efficient estimators of group-specific long-run relationships even when individual group member-
ship is unknown. The penalization method borrows from the C-Lasso formulation in SSP, but is
modified here by using the principal component method to simultaneously account for cross-section
dependence. There are various papers that account for unobserved heterogeneity in large dimensional
panel models by clustering and grouping; see, e.g., Bonhomme and Manresa (2015) on grouped fixed
effects, Qian and Su (2016) on structural changes, and Ando and Bai (2016) on grouped factor
models. But almost all the literature focuses on stationary panel data models. Recently, Huang et
al. (2018) have considered latent group patterns in cointegrated panels but they do not allow for
cross-section dependence.

Our theoretical results also contribute to two strands of the literature on cointegrated panels and
factor models. First, it is noted that the average and common long-run estimators permit normal
asymptotic distributions, whereas the heterogeneous and time-series long-run estimators have non-
standard limit theory; see, e.g., Phillips and Moon (1999), Kao and Chiang (2001), and Pedroni
(2004). In this context, we maintain the simplicity of asymptotic normality under grouped parameter
heterogeneity. Second, there is a growing literature using factor models to capture cross-section
dependence under the large N and large T settings; see, Bai and Ng (2002, 2004), Phillips and
Sul (2003), Pesaran (2006), Bai (2009), and Moon and Weider (2017). Compared with existing
work, our approach accommodates both stationary and nonstationary common factors and provides
corresponding limit theory for inference. Our asymptotic theory therefore applies to more general
forms of nonstationary panel data models with internally grouped but unknown patterns of behavior
and to models of this type with both stationary and nonstationary common factors.

The rest of the paper is structured as follows. Section 2 introduces a nonstationary panel
model with latent group structures and cross-section dependence and proposes a penalized prin-
cipal component method for estimation. Section 3 explains the main assumptions and establishes
the asymptotic properties of the three Lasso-type estimators. Section 4 reports Monte Carlo sim-
ulation results. Section 5 applies the methodology to study heterogeneous cross country behavior
in R&D spillovers. Section 6 concludes. The proofs of the main results are given in Appendix
A. Further technical details can be found in the additional online supplement that is available at
http://www.mysmu.edu/faculty/ljsu/Publications/HPS19 suppl.pdf.

NOTATION. We write integrals such as fol W (s)ds more simply as [ W and define Q72 to be
any matrix such that Q = (Q/2)(QY2). BM(Q) denotes Brownian motion with covariance matrix
Q. For any m x n real matrix A, we write its Frobenius norm, spectral norm and transpose as [|A]|,

| Al|sp, and A’, respectively. When A is symmetric, we use fi,,(A) and i, (A) to denote its largest



and smallest eigenvalues, respectively. Let P4 = A(A’A)"'A’ and My = I — P4, where A’A is of
full rank, and I is an identity matrix. Let 0,x1 denote a p x 1 vector of zeros, I a b x b identity
matrix, and 1{-} an indicator function. Let M denote a generic positive constant whose values can
vary in different locations. We use “p.d.” and “p.s.d.” to abbreviate “positive definite” and “positive
semidefinite,” respectively. The operator 2, denotes convergence in probability, = weak convergence,
a.s. almost surely, and the floor function |x| to denote the largest integer less than or equal to x.

Unless indicated otherwise, we use (IV,T) — oo to signify that N and T pass to infinity jointly.

2 Model and Estimation

This section introduces a nonstationary panel model with latent group structures and unobserved
common factors. A penalized principal component method is then proposed to estimate the parame-

ters of the model and the group structure.

2.1 A nonstationary panel with latent grouping and cross-section dependence

Suppose that (y;;, x;1) are generated as follows

0/
Yit = Bi it + €t
coom e (2.1)
Tit = Tig—1 + Eit,

where y;; is a scalar, x;; is a p X 1 vector of nonstationary regressors of order one (I(1) process) for
all 4, g;; is assumed to have zero mean and finite long-run variance, and the ﬂ? are p X 1 vectors of
parameters that denote long-run cointegration relationships. We assume that the error terms e;; are

cross-sectionally dependent due to the presence of some unobserved common factors, specified as
eir = A f{ + wit = AV, + A9 foy + wit, (2.2)

where f7 is an 7 x 1 vector of unobserved common factors that contains an 1 x 1 vector of nonstation-
ary factors fY, of order one (I(1) process) and an r9 X 1 vector of stationary factors f9, (I(0) process),
A = (A, M) is an 7 x 1 vector of factor loadings, and wu;; is the idiosyncratic component of e
with zero mean and finite long-run variance. For simplicity, we assume that u;; is cross-sectionally
independent so that the cross-section dependence among the e;; only arises from the common fac-
tors f2, and E(eiteji) = B\ 9 fo )\?) # 0 in general. In addition, following the group formulation

in SSP, we assume that the cointegrating vectors 37 are heterogeneous across different groups and



homogeneous within a group:
ad ifi e GY
gl =9 S (2.3)
049( ifs € G(}(

where 049 # of for any j # k, Uszng = {1,2,...,N}, and GgﬂGg = o for any j # k. Let
Nj, = #Gj denote the cardinality of the set Gg. For the moment in this section, we assume that the
number of groups, K, is known and fixed, but each individual’s group membership is unknown. In
Section 3.6, we propose an information criterion to determine the number of groups.

If f; contains only stationary common factors, we may still obtain consistent but typically biased
estimators of the long-run relationships involving ; by the penalized least squares (PLS) method
proposed by Huang et al. (2018) without considering the cross-section dependence issue. The bias
may arise from the contemporaneous and serial correlations between the innovation processes of
the nonstationary regressors x;; and the unobserved stationary factors. In contrast, if f; contains
nonstationary factors, the PLS method does not in general yield consistent estimators of 3, due to
the presence of spurious regression effects. This complication calls for new estimation methodology.

To proceed, let

a = (011,...,04[(), ﬁ = (ﬁl, ...,ﬁN), A = (/\1,...,)\]\[)/, Al = ()\11, ...,)\lN)/,
(fi,- fr), and F; = (F1, ..., Fyr) where | = 1, 2.

The true values of a, B, A, A;, F, and Fj are denoted a®, 3°, A?, A?, FO and FZO, respectively.
We also use af, 82, \) = (AY, A%, and f2 = (f%, f%)' to denote the true values of ag,3;, \i =
(M4, A5;)s and fr = (f1,, f4)'- Interest focuses primarily on establishing each individual’s group
identity and on consistent estimation of the group-specific long-run relationships «j in the presence

of both unobserved stationary and nonstationary common factors.

2.2 Penalized principal component estimation

In this subsection we propose an iterative PPC-based procedure to jointly estimate the long-run
cointegrating coefficients 3; and unobserved common factors f, and to identify the group structure
of these long-run relationships.

Combining (2.1)-(2.2) yields

Yir = BYxi + N P 4wy = BV wi + NG+ Ao+ war, (2.4)



or in vector form:

yi = 230 + FOX) oy = 2,80 + FOND, + FONS. 4wy, (2.5)

where y; = (yi1, ..., yir)" and z;, F?, FY and u; are similarly defined.

Ideally, one might attempt to estimate both the stationary and nonstationary common compo-
nents along with the parameters of interest, 5,. But due to the fact that the stationary factors and
nonstationary factors behave differently and require different normalization rules, it is difficult to
study the asymptotic properties of the resulting joint estimators. Nevertheless, as mentioned above,
one can still obtain consistent estimates of 3, by taking into account the nonstationary factor compo-
nent and ignoring the stationary factor component. This motivates the following sequential approach
to estimate the unknown parameters in the model. We first estimate the nonstationary factor com-
ponent along with 3; and then estimate the stationary factor component from the resultant residuals.

The stepwise procedure is as follows.
Step 1. We estimate (3, F1, A1) by minimizing the following least squares (LS) objective function:
N
SSR(B, Fi, M) = > (i — iy — Fid) (yi — 243 — Fin) (2.6)

=1

under the constraints that F1F1 = I,, and A{A; is diagonal. It is well known that the LS

estimator (B;, 1) is the solution to the following set of nonlinear equations:

_ —1
Bi = (OCQMFI 961) i Mz i, (2.7)
. 1 X _ .
FVINT = |55 > (Wi — xi3i) (i — i)' | F1, (2.8)
NT —

where Mz = I — %Flﬁ_{, %F{Fl = I,,, and ‘717NT is a diagonal matrix consisting of the
r1 largest eigenvalues of the matrix inside the square brackets in (2.8), arranged in decreasing
order. The LS estimator of A; = (A11,..., A1)’ is given by Ay = (A11, ..., \in)’ where 5\,11 =
%(yz‘ —x;3;) Fy. Tt is easy to verify that %A’lf\l =T 2F’[NT2 Ziv 1 (i — 23 3;) (yi — xi3;) F1] =
T2F|F\VinT = ViNT.

Step 2. Using the initial estimates of BZ and F as starting values, we employ the methodology of SSP

minimizing the following PPC criterion function to obtain estimates of (3, a, F}) :

N K
Nr (B, e, F1) = Qur(B, F1) + % SOTT 18— el (2.9)

=1 k=1



where Qn7(8, F1) = 5= Zfil (yi — z:i3;) Mp, (y; — x:B;), and A = A\(N,T) is a tuning pa-
rameter. Minimizing the PPC criterion function in (2.9) produces the C-Lasso estimators
(Bi, dk,Fl) of (ﬁz, AL, Fl) where Fl B (fn, ceeey flT)l. Note that

~ A~

N

R 1 .

FViNr = NTZ § (i — ziBi)(yi — =:3;)" | F1, (2.10)
i=1

where %F{ﬁ’l = I, and Vi nr is a diagonal matrix consisting of the 71 largest eigenvalues
of the matrix inside the square brackets in (2.10), arranged in decreasing order. The PPC
estimator of A; = (A11,..., A1)’ is given by A = (5\11, ...,5\11\;)’ where 5\,11 = %(yZ — :EZBz)/Fl

Define the resulting estimated groups

Gr={ie{l,2,.,N}:B,=éy} fork=1,..,K. (2.11)

Step 3. Given the estimates Bi, ag, and Fy, we obtain the estimator of the stationary factor Fs by Fy,

which solves the following eigen-decomposition problem:

K
FyVo Nt = ~NT ; EG: (yi — ziu, — Fida) (yi — zin, — Fi )| Fo, (2.12)
=lieGy

where & F}Fy = I, and Vo yr is a diagonal matrix consisting of the ry largest eigenvalues of
T2 2 )

the matrix inside the square brackets in (2.12), arranged in decreasing order.

Let B = (Bl, - BN) and & = (&, ..., k). We will study the asymptotic properties of Bi, &y, and
FY in Section 3.2 and the classification consistency of the group structure in Section 3.3. Noting that

& has an asymptotic bias, we will propose various methods to correct its bias in Section 3.4.



3 Asymptotic Theory

3.1 Main assumptions

We introduce the main assumptions used to study the asymptotic properties of our estimators B, a,

and Fy. Let Qize(F1) = 72, Mp,7i, Q1(F1) = diag(Q1,00(F1), .., QNza(F1)), and

1 / 1 / 1 !
W:clMFl:rlan Wl‘lMFlfUzau Wl'lMFlfﬂNalN
1 / 1 / 1 !
WCCQMFlﬂflaal WJJQMFlfUzam WﬂngFlfﬂN@N
Q2(F1) = , . , . ;
1 / 1 / 1 !
vty Mrziant  ymryMpzeane - yEryMpTNany

where F} satisfies %F{Fl = I,,. Note that Q(F}) is an Np x Np matrix. Let C = o (A%, F?), the

sigma algebra generated by the common factors and factor loadings. Let M denote a generic constant

0r ¢Or

that may vary across places. Let wir = (uit, €hy, Afi4s for, ). Let ;=522

e oo B(wijwjy), the long-run

covariance matrix of w;;. We also define the contemporaneous variance matrix ¥; = E(w;ow),) and
the one-sided long-run covariance matrix A; = Z?’io E(wiong) =T;+%; of {w;}. Conformably with

ws, §2; and A; can be partitioned as follows

Qi Q2 N3i Quay A A1 Az Aay
Qo1 oz oz og, 21; Doz Aoz Aoy,
Qz:F;—FFZ—FEZ: ’ ’ ’ ’ and A; = ’ ’ ’ ’
Q315 Q325 Q33 Qs Az Asz; Azz Aszy
Qa1 Qa2 Uz Qua Agii Do Agz Ay

Let S1, S2, 53, and Sy denote, respectively, the 1 X (1+p+7r),px (1+p+7),r1 x (1 +p+7), and
ro X (1 4+ p+ ) selection matrices for which Syw = wg, Sowiy = €41, Sswi = Af?t, and Sqw; = fgt.
Let So3 = (55,55), a (p+71) X (1 + p+r) selection matrix.

We make the following assumptions on {wj:} and {\;}.
Assumption 3.1 (i) For each i, {wi,t > 1} is a linear process: wix = ¢;(L)vie = 3 220 &40it—j,
where vy = (U%,U%’,U{l/, vtfy)’ is a (1+p+ry+r2) x 1 random vector that is i.i.d. over t with zero
mean and variance matriz Iiypiy; supys; maxi<i<n E(|lvg][?47€) < M, where ¢ > 4 and € is an
arbitrarily small positive constant; v}, v5, UZ ', and v{* are mutually independent; and (v, v5))" are
independent across 1.

(ii) Sup N> maxi<i<n g ijqbin < oo for some k > 2, and S238S5 has full rank uniformly
in .

(7) (ui, i) are independent across i conditional on C.

10



() ) is independent of vj; for all i,j,and t.

Following Phillips and Solo (1992; PS), we assume that {w,t > 1} is a linear process in As-

sumption 3.1(i). For later reference, we partition the matrix operator ¢;(L) conformably with wj; as

follows:
ML) (L) L) 6L GIM(L) GE(L) GY(L) 0
()= | B D) 6D 6 o"(L) (L) ML) & (L)
! ¢f1U(L) d)fla(L) d)flfl(L) ¢f1f2(L) 0 0 d)flfl(L) d)flfz(L)
¢f2u(L) qbf?E(L) ¢fzf1(L) ¢f2f2(L) 0 0 ¢fzf1(L) ¢f2f2(L)
(3.1)

Since nonstationary and stationary common factors do not depend on i, we have ¢/1%(L) = ¢/1¢(L) =
$'?(L) = ¢/2¢(L) = 0. Moreover, we assume that qb?f ?(L) = 0. This assumption indicates that there
exists no serial correlation or contemporaneous correlation between the regression error u; and the
unobserved stationary common factors fgt, and it ensures the consistency of our initial estimators.
The moment condition in Assumption 3.1(i) is needed to ensure the validity of the functional central
limit theorem for the weakly dependent linear process {w;}. We apply the Beveridge and Nelson
(1981, BN, PS) decomposition

wit = ¢;(1)vi + Wit—1 — Wit,

where @ = 322 &Sijm’t, ;j and g~bij =Y o is1 is- Assumption 3.1(ii) imposes a uniform summability
condition on the coefficient matrix ¢;; that ensures 3 72 ||g~sz||k < oo by Lemma 2.1 in PS (1992).
This condition further implies that w;; behaves like a stationary process with a finite kth moment.
The second part of Assumption 3.1(ii) rules out potential cointegration relationships among the
variables in (f,, f¥)’. Assumption 3.1(iii) allows (u;,e;) to be cross-sectionally dependent but
they become independent across i given C. Assumption 3.1(iv) ensures that the factor loadings are
independent of the generalization of the error processes over t and across i. Assumption 3.1 validates

the following multivariate invariance principle for partial sums of w;;
1 [T
ﬁ Zw“ = Bi(-) = BM;(;) as T' — oo for all 4,
t=1

where B; = (By;, By, B, B)) is a (1 + p + r; + r2) x 1 vector Brownian motion with covariance
matrix €);.

Assumption 3.2 (i) As N — oo, £AYA% B ¥\ > 0. supys; maxi<i<n B|\)||29 < M for some

g >4 and AYAY = Op (N1/2).
(ii) Bl|AfL]29T < M and B f5]|?97¢ < M for some € > 0, ¢ > 4 and for all t. As T — oo,

11



%Zle iV LA | BsBY and %Zthl 1O 2 sy > 0, where Bs is an ri-vector of Brownian
motions with a long-run covariance matrix 3z > 0.

(iii) Let vy (s,t) = % Zf\il E(upuis) and &g = + Zfil[uituis — E(uituis)]. Then supysq suprsg
maxy<s <7 N?E|¢,[* < M and supys supps; T 23:1 Zle lya (s, t)]|? < M.

(iv) There exists a constant py, > 0 such that P (minj<;<n infp ppi (Q1(F1) — Q2(F1)) > ¢Pmin)

=1—0o(N~1), where the inf is taken with respect to Fy such that 25 F{Fy = I,.

Assumption 3.2(i)-(iii) imposes the standard moment conditions in the factor literature; see, e.g.,
Bai and Ng (2002, 2004). The last condition in Assumption 3.2(i) indicates that the stationary
factor loadings and the nonstationary factor loadings can only be weakly correlated, which will
greatly facilitate the derivation. Assumption 3.2(iii) imposes conditions on the error process {u;},
which are adapted from Bai (2003) and allow for weak forms of cross-section and serial dependence in
error processes. Assumption 3.2(iv) assumes Q1(F1) — Q2(F1) is positive definite in the limit across
7 when F} satisfies the restriction %F{Fl = I,,. This assumption is the identification condition for
B;, which is related to ASSUMPTION A in Bai (2009, p.1241). Since Fj is to be estimated, the

identification condition for /3, is imposed on the set of F} satisfying the restriction %F{Fl =1,.

Assumption 3.3 (i) For each k =1, ..., Ko, N;/N — 11, € (0,1) as N — oco.

(1) ming<pj<K Hozg — 049” > ¢, for some fixed c,, > 0.

(iii) As (N,T) — oo, N/T? — ¢1 € [0,00) and T/N? — ¢z € [0, 00).

(iv) Let dp = loglog T. As (N, T) — 0o, Adr — 0, \TN~"4d2/ (log T)'** — o0, and d3N/4T—
x (logT)* — 0.

Assumptions 3.3(i)-(ii) were used in SSP. Assumption 3.3(i) implies that each group has an
asymptotically non-negligible number of individuals as N — oo and Assumption 3.3(ii) requires the
separability of group-specific parameters. Similar conditions are assumed in the panel literature with
latent group patterns, e.g., Bonhomme and Manresa (2015), Ando and Bai (2016), Su et al. (2017),
and Su and Ju (2018). Assumptions 3.3(iii)-(iv) impose conditions to control the relative rates at
which N and T pass to infinity. They require that N pass to infinity at a rate faster than 77/2
but slower than 72. The involvement of the factor dr is due to the law of iterated logarithm. One

can verify that the permissible range of values for A that satisfy Assumption 3.3(iv) is A oc T~ for

a€ (0,9;—1).

3.2 Preliminary rates of convergence

2

Let b; = BZ — B?, ONT = min(\/N,T), Cnt = min(\/ﬁ,ﬁ), U%VT = %Zf;l bi , and Hy =

(FAY A?)(%FP’ Fl)ij\lfT The following theorem establishes consistency of 3; and F.
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Theorem 3.1 Suppose that Assumptions 3.1-3.2 hold. Then
() % S (B 00) ety (B, — 89) = op(1),
(i1) || Pp, = Pro|| = or(1).
(iii) 3 iy 118 = BY11* = op(1),
(iv) 7||Fy — FHu|| = Op(nyr) + J=0p(Cyr).

Theorem 3.1(i) establishes the weighted mean-square consistency of {{3;}. Theorem 3.1(ii) shows
that the spaces spanned by the columns of Fyand F 0 are asymptotically the same. Given the weighted
mean-square consistency and Assumption 3.2(iv), we can further establish the non-weighted mean-
square consistency of ; in Theorem 3.1(iii). As expected, Theorem 3.1(iv) indicates that the true
factor FY can only be identified up to a nonsingular rotation matrix H;. Compared with Bai and Ng
(2004) and Bai et al. (2009), our results allow for heterogeneous slope coefficients and unobserved
stationary and nonstationary common factors.

The following theorem establishes the rate of convergence for the individual and group-specific

estimators, as well as for the estimated factors up to rotation.

Theorem 3.2 Suppose that Assumptions 3.1-3.2 hold. Then

(i) & Zily 1B; = B71° = Op(drT?),

(ii) B; — B2 = Op(df/*T ™" + X) fori=1,2,.., N,

(iii) (&1, -y i) — (Y, ..., @) = Op(dpT™ 1) for some suitable permutation (&, ..., & (k) of
(&, ..., ),

(iv) T~ Fy — FOH,||> = Op(N~' + d2T1).

Theorem 3.2(i)-(ii) establish the mean-square and point-wise convergence of the slope coefficients
B;. The usual super consistency of nonstationary estimators Bz is preserved if A = O(T~!) despite
the fact that we ignore unobserved stationary common factors and allow for correlation between u;;
and (a:it, f%). Theorem 3.2(iii) indicates that the group-specific parameters, a?, - a(}(, can be con-
sistently estimated. Theorem 3.2(iv) updates the convergence rate of the unobserved nonstationary
factors in Theorem 3.1(iv). For notational simplicity, hereafter we simply write &y for Q) as the

consistent estimator of 042.

3.3 Classification consistency

We now study classification consistency. Define

EAkNTﬂ‘ = {’L € Gk”L € Gg} and FkNT,z' = {Z Q G2|Z € Gk},
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where ¢ = 1,...,N and k£ = 1,...K. Let Ewnt = UieékEk?NTi and Fynp = UieékaNTi' The events
Erxnt and Fpyr mimic type I and type Il errors in statistical tests. Following SSP, we say that a
classification method is individual consistent if P(Ek ~NTi) — 0 as (N,T) — oo for each i € Gg and
k=1,..,K, and P(Fiy7;) — 0 as (N,T) — oo for each i € GY and k = 1,..., K. It is uniformly
consistent if P(UE (Exnt) — 0 and P(UE Fynt) — 0 as (N, T) — oo.

The following theorem establishes uniform classification consistency.

Theorem 3.3 Suppose that Assumptions 3.1-3.8 hold. Then
(i) PO Egnr) < 32 P(Ervr) — 0 as (N, T) — oo,
(ii) P(UE Frnr) < SOR0 P(Fynt) — 0 as (N, T) — oo.

Theorem 3.3 implies uniform classification consistency — all individuals within a certain group,
say Gg, can be simultaneously and correctly classified into the same group (denoted Gk) w.p.a.l.
Conversely, all individuals that are classified into the same group, say Gk, simultaneously belong to
the same group (G?) w.p.a.l. Let Nj, = #Gy. One can easily show that P(G), = GY%) — 1 so that
P(N, = Ny) — 1.

Note that Theorem 3.3 is an asymptotic result and it does not ensure that all individuals can be
classified into one of the estimated groups when T is not large or A is not sufficiently big if we stick to
the classification rule in (2.11). In practice, we classify i € Gy, if Bz = G, for some k=1, ..., K, and
i€ Gy for some | = 1,..., K if ||3; — &|| = min{||3; — aul|, ..., ||B3; — éx||} and S0, 1{3; = ax} = 0.
Since Theorem 3.3 ensures Y1, P(3; = &) — 1 as (N, T) — oo uniformly in 4, we can ignore such
a modification in large samples in subsequent theoretical analyses and restrict our attention to the

classification rule in (2.11) to avoid confusion.

3.4 Oracle properties and post-Lasso and Cup-Lasso estimators

We examine the oracle properties of the three Lasso-type estimators. To proceed, we add some

notation. For k =1, ..., K, we define

N
UkNT—\/_TeZGOxMFO (uZ+F2)\ g u]—i-Fg)\ agj | »

N
Bint1 = ZBk,iNT,l = ﬁ Z (Z Z 1{t =5} —s,1{s < t}) ACIRR

i=1 i€GY \i=1 s=1
N
1 ' 0
Bint2 = ZBk,z‘NT,z = UNT > Ee(zi) MpoFy N ZAQJC%] ;
i=1 i€GY

14



Vivr = < 3 S°l0 IS0 (e (Vi) — L4t = b~ s < 8] Dy} 1)

eG’O t=1 s=1
1 N
+— Ec 1€ G a; EC M rou;
T B e al) - X a .
7 jGG
1
S i — Ee ()] Mpo FONY.,
+\/MT 'z:o [LE C (J: )] FO42 724
ieGy,
where a;; = A?g(%A?’AO) )\1], Mg = ?t’(Flo’Flo)*lf{)S, s = 1{t = s} — 55, VI = (V% 050), Ve =
i1 (L) oim (L) ¢y (L)
Yl v Be() = B(l0), ¢f(L) = | L =1 | , 8" = (1,015p), and
¢;' (L) ;" (L) ¢ (L)

e __ 7 1 ! . 1 / . _
5S¢ = (Opx1,1p). Let Qint —dl&g(w ZieG? :L‘iMF{).’L'z,...,—NKTQ Zz’eG‘}( wiMFPfBz) and QonT =
QantT11 0 QaNTiK

_ 1 / _
, where QonT 11 = NONT? ZieG% ZjeG? l'iMF{)CUjaij fork,l=1,.., K.

QanT, K1 - QaNT KK
Let
Q1,1 — Q211 Q212 ... —Q2,1K
Ont = QinT — Qont and Qo = —62:2,21 2 _ Q222 ' _Q:MK ;
—Q2,Kx1 —Q2x2 ... Q1x — Q2KK

where Q1 = lmy oo 57 Yo Ee (f E@B;J Qe = Iy oo vy Yiey 2jeqy Gise (f BaiBy, ) ’
. -1

and By = Bo; — [ BaiBy ([ BsBy) ' Bs.

Vints -+ Vien)' and Byt = Bint,1 + Brnr,2. The following theorem reports the Bahadur-type

representation and asymptotic distribution of vec(é& — a?).

Theorem 3.4 Suppose that assumptions 3.1-3.3 hold. Let &y, be obtained by solving (2.9). Then
(i) VNTvec(é — o) = VDN QuipUnt + 0p(1) = VDN Qyp (Var + Byr) + 0p(1),
(ii) VNTvec(é& — a®) — /Dy Qny Byt = MN(0, DoQyQ0Qp") as (N, T) —
where Dy i :dmg(Nﬂl, N—ff{) ® I, Dy :dz'ag(Tl
Var(Vyr|C) .

“ TK) ® I, Qo = lim(n 7)o QNT7 and QN =

Theorem 3.4 indicates that V7 and Byt are associated with the asymptotic variance and bias
of the &j. The decomposition Byyr = Bipnt,1 + BinT2 indicates two sources of the bias. The

first bias term Bjyr7, results from the contemporaneous correlation between (zj, fi¢) and u; and
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the serial correlation among the innovation processes {wj}. Apparently, the presence of unobserved
nonstationary factors ff)t complicates the formula for Bjy7 1 through the term s¢,. The second bias
term By 2 is due to the presence of the unobserved stationary factors fgt. In the special case where
neither f{)t nor fgt is present in the model, we have Bynyr = Bipnt1 = \/;N—k ZieGg Agi4. This is
the usual asymptotic bias term for panel cointegration regression that is associated with the effects
of the one-sided long-run covariance (c.f., Phillips (1995) and Phillips and Moon (1999)). The ith
element of V7 is independent across ¢ conditional on C and E¢ (Vr) = 0. This makes it possible
for us to derive a version of the conditional central limit theorem for V7 and establish the limiting
mixed normal (MN) distribution of our estimators & in Theorem 3.4(ii).

As we show in the proof of Theorem 3.4, the asymptotic bias term Byr is Op(v/Nj), which
implies the T-consistency of the C-Lasso estimators éj. To obtain the v/ NT-rate of convergence, we

need to remove the asymptotic bias by constructing consistent estimates of Byr.

3.4.1 Bias correction, fully modified and continuous updating procedures

Three types of bias-corrected estimators are considered: the bias-corrected post-Lasso estimator dbéck,
the fully-modified post-Lasso estimator dfém, and the fully-modified continuously updated post-Lasso
k
(Cup-Lasso) estimator dg”p , whose definitions are given below.
k

Following Phillips and Hansen (1990) and Phillips (1995), we first construct consistent time series

estimators of the long-run covariance matrix €2; and the one-sided long-run covariance matrix A; by

T-1 . T-1 .

A I\ . A J\+n /s

Q= | E w (j) I'i(j), and A; = E w (j) L (),
j=—T+1 7=0

where w(-) is a kernel function, J is a bandwidth parameter, and T;(j) = %th:lj Wi 405, with
Wit = (e, Axly, A f{t, fét), . We partition €; and A; conformably with €;. For example, Ajlyz- denotes
a submatrix of A; given by SinSl’ for 5,0 =1,...,4.

We make the following assumption on the kernel function and bandwidth.

Assumption 3.4 (i) The kernel function w(:): R — [=1,1] is a twice continuously differen-
tiable symmetric function such that [* w(z)?dz < oo, w(0) = 1, w(z) = 0 for |z| > 1, and
limp,_y w(z)/(1 = [z[)? = ¢ > 0 for some q € (0, 00).

(ii) As (N,T) — oo, N/J?? — 0 and J/T — 0.

We modify the variable y;; with the following transformation to correct for endogeneity:

0 = yir — le,iQQQ{iAfUit- (3.2)
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This would lead to the modified equation §;; = BYxy + A% f0, + A\ f9, + 4, where 4} = wy —
QlQ,iQQ_QIZ'AfL'it- Define
Aty = Bizi = 01205 A0. (3.3)

Note that (3.2) and (3.3) help to correct for endogeneity and for serial correlation, respectively. Let
0" = (03, - Gyp) and Ay = Af .
We can obtain the bias-corrected post-Lasso estimator a , the fully modified post-Lasso esti-

o fm

mator & & , and the continuous updated estimators of ] and F2 by iteratively solving (3.5) to (3.7),

such that

vec <alg> = vec (&) — \/_T\/DN KQnr (BNT 1+ Bnr 2) (3.4)

&l = | Y aiMp > wiMp g = TN (Biypy + Bivrz) o (35)
en 1€Gy

. 1 K .

EVint = | 5 Do @i- mi&éT)(@i - xz‘dg:)/ Fr, (3.6)
L k=1;e@y,

R X X

FQ‘/Q’NT = ﬁ Z Z (ﬁl — T f — Fl)\lz)( Yi — T f — Fl)\lz), FQ, (37)
L k=1;eqG,

where Byry = (BiNTlV" B.,KNTZ)/ for | = 1, 2, Benry = ﬁZZEGk (ZtT:1 >t Jths> A,
k

» _ 1 _ 1 At

Bent2 = VT Zzeak (Zt 125 1%ts> A241/\217 BkNTl = VNr Z'LEGk <Zt 123 1%ts> 21,00

e = 1{t = s} — sas, sas = [L(F{F) " s = flif1s/T? Mai = Aoy — % 300 Aajty, and dyy =
5\/11-(%11’11&1)*15\”. Here the definitions of Fl, VinT, Fg, and V5 ny7 are similar to those defined

above.
We obtain the fully modified Cup-Lasso estimators &2“9 by iteratively solving (2.9), and (3.5) to
k
(3.7), where we also update the group structure estimates {Gy}. Note that Fy, Vi n7, Fa, Vo N7, and

the factor loading estimates {5\11‘, 5\21} are also updated continuously in the procedure to obtain dgfp )
k
~ fm fm ~ fm A CUP _ (ACUP aeup
Let & = = (& & ,...,aéK) and & (aé s Oy ). We establish the limiting distribution of

the bias- corrected post-Lasso estimators a , the fully modified post-Lasso estimators aé and the

Cup-Lasso estimators &7 in the following theorem.

G
Theorem 3.5 Suppose that assumptions 3.1-8.4 hold. Let é%f be obtained by iteratively solving
(3.4), (3.6)-(3.7); let ézfém be obtained by iteratively solving (3.5)-(5.7); and let 642”’ be obtained by
iteratively solving (2.9) and (3.5)-(3.7). Then as (N,T) — oo,

(i) VNTvec(& — a®) = MN(0, DoQy' Q5 ™),
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(ii) \/NTvec(agm —a®%) = MN(0, DoQy 0 Qyh),
(iti)VNTvee(&g” — a®) = MN(0, DoQy '3 Qp ),
where Qar =limy 700 QJJ\?T, Q]'\F,T = VCLT(V];['_T’C) , and VJT is defined in the proof of Theorem 3.5.

Theorem 3.5 indicates that all three types of estimators achieve the v/ NT-rate of convergence
and have a mixed normal limit distribution. Asymptotic ¢-tests and Wald tests may be constructed
as usual, provided that one can obtain suitable estimates of QQy, Qy7, and QET. We can estimate
Qo by Qo = Qin7 — Qant where Q7 and Qa7 are analogously defined as Q1n7 and Qonr with
Ng, Gg, Flo, and A? replaced by Nk, Gk, Fl, and f&l, respectively. We can also show that Q7 and

QX,T can be consistently estimated by

D N T T N
NK ] A% Ak S /!
NT = NT?2 § : E : E :XZtX'Ls Ujptis — E B’L'NTBiNTy
i=1 t=1 s=1 =1
D N T T
NK rart et +/
Wr = NT? >0 D XXt Z By Bir,
i=1 t=1 s=1

where X;; = (X’l ity ,X’K i) X/;w-t is the ¢tth row ofX;m, X;” My, 1‘11{Z S Gk} N Z]EG aij Mg, x;,
Dy =diag(£F, - o) ® L, Bint = (BY inps s Bicint)s Brint = Brint + Brint2, Brinti =
m (thl St %ts> Ao 1{i € ék} Brinta = ﬁ (ZtT:l St %s) A24,i§\2i1{i € G},
Uy = Yit — @ﬁm,xlt )\hflt for i € Gka NT = <B1 ;NT7 B}?z‘NT)/ B/jz’NT = Blj,z‘NT,l + Ek,iNTQv
B,j,iNTJ = ﬁ (thl St Qts) 217141{z € Gy}, and @7 = g — &ﬁm Tit — 5\/11‘]?115 for i € G. See
the proof of Lemma A.11(ix) in the Online Supplement. Given these estimates, it is standard to

conduct inference on elements of a.

3.5 Estimating the number of unobserved factors

Our analysis has so far assumed that the numbers of nonstationary and stationary factors, r1 and rq,
are known. We now introduce two information criteria to determine the number of unobserved factors
before the PPC estimation procedure. Let 71 denote a generic number of nonstationary factors. and
r a generic total number of nonstationary and stationary factors. We use r{ and r° to denote their
true values and assume that r% is bounded above by a finite integer rmax.

Bai et al. (2009) find that it is not necessary to distinguish I(0) and I(1) factors when one tries to
determine the total number of factors based on the first-differenced model. After first differencing,
(2.4) takes the form:

Ayir = BY Axiy + NAFY + Augy, t =2,...,T, (3.8)

0

where, e.g., Ay;t = yit — yit—1. Since the true dimension r” is unknown, we start with a model with
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r unobservable common factors. We write the factors as f; and factor loadings as A}, where the
superscript 7 denotes the dimension of the underlying factors or factor loadings. Let G" = AF" =
(G5, ..., GI) where G} = A f]. We consider the following minimization problem:

T
A A 1 -
{GT, AT} = arg /guélr NT Z(Ayit - ﬁ;Afﬂit - A?G;)?»

=1 t=2

st. G"G"/T = I, and A" A" is diagonal,

where G" = (G, ..., Gh), A" = (AL, ..., A\x), and the 3; are obtained from the model with 71 = rmax
nonstationary factors. It is easy to show that the Bl are T-consistent, which suffices for our purpose.
It is well known that given G”, we can solve A" = ]\T(@r) from the least squares regression as a
function of G”. Then we can define V;(r, G") = 7 Zi\; 1 Zfzz(Ayit - B;A:nit - 5\:/@7? )2. Following

Bai and Ng (2002) we consider the information criterion
ICy(r) = log Vi(r,G") +7g1 (N, T), (3.9)

where ¢1(N,T') is a penalty function. Let 7# = arg minp<,<y,.. /C1(r). We add the next assumption.
Assumption 3.5 As (N,T) — 00, g1(N,T) — 0 and C%1.91(N,T) — oo, where Cyr = min(v'N,VT).

Assumption 3.5 is common in the literature. It requires that g1 (N, T') pass to zero at a certain
rate so that both over- and under-fitted models can be eliminated asymptotically.

The following theorem demonstrates that we can apply IC1(r) to estimate r0 consistently.

Theorem 3.6 If Assumptions 3.1-3.3 and 3.5 hold, then P(7 =1°) — 1 as (N,T) — oo.

Theorem 3.6 shows that the total number of factors r°

can be determined consistently by mini-
mizing IC(r).

As discussed in Section 3.4, ignoring the unobserved stationary factors will not affect the consis-
tency of the long-run estimators but it does generate a bias term that is asymptotically non-negligible.
For this reason, it is important to distinguish between nonstationary and stationary factors. For-
tunately, it is possible to estimate the number of unobserved nonstationary factors, ¥, consistently
based on the level data. Once we obtain a consistent estimate of r{, we can also obtain a consistent
estimator of the number of unobserved stationary factors, 75, based on Theorem 3.6.

Let F|* be a matrix of T' x r; nonstationary factors and A} be an ry x 1 vector of nonstation-

ary factor loadings. Given the preliminary T'-consistent estimators Bl based on r,,x nonstationary
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factors, we consider the following minimization problem:

~
r1/ £r1\2
(yit — Bizir — A lt) )

M’ﬂ

N
{F{l,f\”}—arg min TZ

A Fl i=1 1

o+
Il

st. F{VF'/T? = I,, and A"A™ is diagonal.

Given Fi* = (fi1, ..., fI+.)!, we can solve for A"t = (Al1, - Aly) as a function of £7 by least squares
regression. We suppress the dependence of A™ on 7' and define Va(ry, FI*) = 7 Zf\il S (yie —

B;xit — 5\:1, flrtl)Q Then we consider the information criterion:
ICy(r1) = log Va(r1, F{*) + r1ga(N, T), (3.10)

where go(N,T) is a penalty function. Let 7y = argming<,, <p,.. [C2(r1). We add the following

condition.
Assumption 3.6 As (N,T) — oo, g2(N, T)loglog( ) 0 and g2(N,T) — oo.

Apparently, the conditions on go(N,T) differ from the conventional conditions for the penalty
function used in information criteria in the stationary framework (e.g., g1(NV,7") in Assumption 3.5).
In particular, we now require that g2(N,T') diverge to infinity rather than converge to zero. The
intuition for this requirement is that the mean squared residual, Va(ry, F{ 1), does not have a finite
probability limit when the number of nonstationary common factors is under-specified. We can show
that %Vg(m, F 1) converges in probability to a positive constant when 0 < 1 < 7“?. By contrast,
we have Va(ry, FJ*) — Vg(?”?,ﬁ'f?) = Op(1) when r1 > 79.

The following theorem shows that use of ICy(r1) determines r{ consistently.

Theorem 3.7 If Assumptions 3.1-8.3 and 3.6 hold, then P(f1 = 1) — 1 as (N,T) — oo.

In the simulations and applications, we simply follow Bai and Ng (2002) and Bai (2004) and set

N+T
g1 (N, T) = T In (C]QVT) and go(N,T) = argi(N,T),
where ar = m. We first estimate the total number of unobserved factors by 7 based on the

first-differenced model, and next estimate the number of unobserved nonstationary factors by 71

based on the level model. A consistent estimator of 7“3 is then given by 79 = 7 — 71.
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3.6 Determination of the number of groups

We propose a BIC-type information criterion to determine the number of groups, K. We assume
that the true number of groups, Kjp, is bounded from above by a finite integer Kpax.

By minimizing the criterion function in (2.9), we obtain estimates /3;(K, \), dz(K, \), Ani(K,\),
and flt(K \) of 89, ak, , and fY, in which notation the dependence of the estimates Bi’@k75\1i7
and fi; on (K, \) exphclt Let Gi(K,\) = {i € {1,2,....,N} : B,(K,\) = (K, \)} for k=1,..., K,

and G(K,\) = {G1(K, ), ..., G (K, \)}. Let dg‘p(K » denote the Cup-Lasso estimate of 2. Define

K T
1 - . 2
- ﬁz Z [yzt—a KN Tit — A (KGN fre(K, M)
k=1ieG, (KN t=1

Following SSP and Lu and Su (2016), we consider the following information criterion:
1C3(K, )) = log Va(K) + pK gs(N, T), (3.11)

where g3(N,T) is a penalty function. Let K(\) = arg min<g<g,,.. [C3(K, \).

Let ) = (Gkp, ..., Gk i) be any K-partition of the set of individual index {1,2,..., N}. De-
fine U = 57 > D icCrn S it — é‘gﬁlkx%t — Mi(65) f14(GU)]2, where {@CUP A (615)),
f1:(G¢ )} is analogously defined as {acul’( KA Ai(K, N, fi(K, \)} with {G(K, \)} being replaced
by {Gx}. Let o =plim(y 7)o W Zi:l Zieag Zle[yit — ol — M ). Define

(NT)~'/2 when there is no unobserved common factor,
UNT = 5]7\#[ when there are only unobserved nonstationary common factors, )

C;,lT when there are unobserved nonstationary and stationary common factors.

and note that vy7 indicates the effect of estimating the nonstationary panel on the use of IC5(K, \)
under three different scenarios.

We add the following assumption.

Assumption 3.7 (i) As (N,T) — oo, minj<g <k, inf G0 egy &E(K) Log2s o3.
(ii) As (N,T) — oo, g3(N,T) — 0 and g3(N,T)/v31 — 0.

Assumption 3.7(i) requires that all under-fitted models yield asymptotic mean square errors larger
than O’%, which is delivered by the true model. Assumption 3.7(ii) imposes typical conditions on the
penalty function gs(N,T'), requiring that it cannot shrink to zero too fast or too slowly.

The following theorem justifies the validity of using IC3 to determine the number of groups.

21



Theorem 3.8 Suppose that Assumption 3.1-3.4 and 3.7 hold. Then P(K(\) = Ko) — 1 as (N,T) —

oQ.

Theorem 3.8 indicates that as long as A satisfies Assumption 3.3(iv) and g3(N,T') satisfies As-
sumption 3.7(ii), we have infi<g<g,.... k2K, [C3(K, ) > IC3(Ko, \) as (N,T) — oo. Consequently,
the minimizer of IC3(K, \) with respect to K equals Ky w.p.a.l for a variety of choices of A. In
practice, we can further choose A over a finite grid of values to minimize IC3(K ()), \). The next

section provides details.

4 Monte Carlo Simulations

The simulations reported in this section are designed to evaluate the finite sample performance of
the C-Lasso selection, the bias-corrected post-Lasso, the fully-modified post-Lasso regression, and
the Cup-Lasso estimators, as well as the performance of the information criteria for determining the

numbers of groups and common factors.

4.1 Data generating processes

We consider four data generating processes (DGPs) with stationary and/or nonstationary unobserved
common factors. The observations in each of these DGPs are drawn from three groups with Ny : No :
N3 =0.3:0.4:0.3. There are four combinations of sample sizes, with N = 50,100 and 7" = 40, 80.

In all cases, the number of replications is 500.

DGP1 (Contemporaneous correlation among the errors, nonstationary regressors, and unobserved

stationary common factors). The observations (y;;, x},) are generated from the model

Yit = Bixit + caXy; far + uit
R i " (4.1)

Tit = Tit—1 + Eit

where x; = (214, 22:) is a 2 x 1 vector of nonstationary regressors, and for is a 2 X 1 vec-

tor of stationary common factors. The idiosyncratic errors wir = (uj, €y, f3) = O/2v;,, where
05 02 02 0 0

02 1 02 02 02
QY2 = o2 02 1 02 02|, v = (W,0f), vif ~ iid N(0,I3) for i = 1,..,N, and
0 0 0 1 02

0 0 0 02 1
1){2 ~ iid. N(0,I3). The factor loadings \g; are i.i.d. N((0.1,0.1)',I3) for ¢ = 1,...,N. We set
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c2 = 0.5 to control the relative contribution of the unobserved common factors. The long-run slope
coefficients [3; exhibit the group structure in (2.3) for K = 3 and the true values for the group-specific

parameters are

0.4 1 1.6
(a?,ag,ag) = ) )
1.6 1 0.4

DGP2 (Weak dependence among the errors, nonstationary regressors, and unobserved nonstationary

common factors). The observations (yi, zl;, f1;) are generated from the model

Yit = Biwir + N fie + wir
Tit = Tit—1 + Eit ) (4.2)

fie = fip—1 + vy

where x; = (214, 22i¢)" is a 2 x 1 vector of nonstationary regressors, and f1; is a 2 X 1 vector of

nonstationary common factors. The idiosyncratic errors w;; = (us, €}, Af],) are generated from a
05 02 02 0 O

02 1 02 02 02
: el NTOO _ :-350)1/2 1/2 _

linear process: w;j; = ijo qﬁwvz’t_J, where qﬁw =] QY4 and Q=102 02 1 02 02],
0O 0 O 1 0.2

0O 0 0 02 1
vie = (vl Ufll)’, vif ~iid. N(0,I3) fori =1,..., N, and v{' ~iid. N(0,I2). The factor loadings of

nonstationary common factors are i.i.d. Ay; ~ N((0.1,0.1)', I3) for i = 1,..., N. The true coefficients

of B, are the same as in DGP1.

DGP3 (Weak dependence among the errors, nonstationary regressors, and unobserved mixed com-

mon factors). The observations (y;t, ¥}, f1;, f9;) are generated from the following model

it = Bizi + c1 (N f1e) + ca(No; far) + wi
Tit = Tijt—1 + €4t ) (4.3)

fuu= fit—1+ v

where z;s = (2141, T2i¢)" is a 2x 1 vector of nonstationary regressors, fi4 is a 2x1 vector of nonstationary
common factors, and fs; contains one stationary common factor. The idiosyncratic errors w; =

(uits €34, Afiys f3,)" are generated from the linear process wir = » 22 ¢;;vit—j, where ¢;; = 3802,
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05 02 02 0 0 O
02 1 02 02 02 02

02 02 1 02 02 02
QL2 = Lo = (W oV oY vt ~iid. N(0,I3) for i = 1,..., N,
0 0 0 1 02 02
0 0 0 02 1 02

0 0 0 02 02 1
and (U{l/,vth/)’ ~ iid. N(0,I3). Let ¢; = 1 and cg = 0.5. The factor loadings \; = (A\};, \b;)" are
iid. A; ~ N((0.1,0.1,0.1)', I3). The true coefficients of 3; are the same as in DGP1.

DGP4 (Weak dependence among the errors, nonstationary regressors, and unobserved mixed com-

mon factors). The settings of DGP4 are the same as those of DGP3, except that there is weak correla-

1 0 2/VN
tion among the factor loadings with \; ~ i.i.d. N((0.1,0.1,0.1)", Q3), where Qg = 0 1 2/VN |.

2/VN 2/V/N 1

4.2 Estimate the number of unobserved factors

We assess the performance of two information criteria proposed in Section 3.5 before determining
the number of groups and running the PPC-based estimation procedure. We choose the BIC-type
penalty function gi(N,T) = & log(min(N, T)) to determine the total number (r) of unobserved
factors and go(N,T) = m 91(N,T) to determine the number (r;) of unobserved nonstationary
factors. Note that 70 = 2, 2, 3, and 3 for DGPs 1-4, respectively, and r{ = 0, 2, 2, and 2 for DGPs
1-4, respectively.

Table 1 displays the probability that a particular factor number from 0 to 5 is selected according
to the information criteria proposed for the differenced and level data based on 500 replications. For
the differenced data, the probabilities for selecting the total number of unobserved factors are higher
than 99% in all DGPs when N = 50 and reach the unity when N increases to 100 in all cases under
investigation. For the level data, the precision for selecting the number of nonstationary factors is
not as good as that for selecting the total number of factors based on the differenced data, especially
when N = 100 and T = 40 for DGP1 and when N = 50 and T" = 80 for DGPs 2-4. But when N
and T increase, the probabilities of selecting the true number of nonstationary factors approach 99%

in all DGPs. In general, the simulation results show that the information criteria for the differenced

data and level data work fairly well in finite samples.
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Table 1: Frequency for selecting r = 1,2, ..., 5 total factors and r; = 0, 1, ..., 4 nonstationary factors

Differenced Data Level Data
N T r=1 r=2 r=3 r=4 r=5 rn=0 rmn=1 rn=2 rmn=3 rn=4
DGP1 50 40 0 1 0 0 0 0.992  0.008 0 0 0
50 80 0 1 0 0 0 1 0 0 0 0
100 40 0 1 0 0 0 0.950  0.050 0 0 0
100 80 0 1 0 0 0 0.998  0.002 0 0 0
DGP2 50 40 0 1 0 0 0 0 0.010  0.990 0 0
50 80 0 1 0 0 0 0.026  0.006  0.968 0 0
100 40 0 1 0 0 0 0 0 1 0 0
100 80 0 1 0 0 0 0.006 0 0.994 0 0
DGP3 50 40 0 0 1 0 0 0.006  0.068 0.922  0.004 0
50 80 0 0 0.994 0.006 0 0.038  0.062  0.900 0 0
100 40 0 0 1 0 0 0 0.004 0.934 0.062 0
100 80 0 0 1 0 0 0.002 0.006 0.990 0.002 0
DGP4 50 40 0 0 1 0 0 0.006 0.058 0.932 0.004 0
50 80 0 0 0.996 0.004 0 0.034 0.056  0.910 0 0
100 40 0 0 1 0 0 0 0.002 0.960 0.038 0
100 80 0 0 1 0 0 0.002 0.006 0.990 0.002 0

4.3 Determination of the number of groups

The results above show that the information criteria (/C1(r) and ICs(r1)) in Section 3.5 are use-
ful in determining the number of nonstationary and stationary factors. We emphasize that these
information criteria do not require knowledge of the latent group structure or even the number of
groups.

Next, we focus on the performance of the information criterion (IC3(K,\)) for determining the
number of groups by assuming that the number of unobserved factors is known. We follow SSP and
set g3(N,T) = % log(min(N,T))/ min(N,T) and A = exT—3/* with ¢y = 0.05, 0.1, 0.2, 0.4. Note that
93(N, T) satisfies the two restrictions in Assumption 3.7. Due to space limitations, we only report
the outcomes for ¢y = 0.1 based on 500 replications for each DGP in Table 2 as the other choices of
¢y produce similar results. Recall that the true number of groups is 3 in all DGPs. Table 2 displays
the probability that a particular group number from 1 to 6 is selected according to IC'5. The true
number of groups is 3. The probabilities are higher than 98% in all cases and tend to the unity when
T increases to 80. This indicates good finite sample performance of the criterion I'C3 in determining

the number of groups.
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Table 2: Frequency for selecting K = 1,2, ...,6 groups

N T 1 2 3 4 ) 6
DGP1 50 40 0 O 0.992 0.008 0 0
50 &80 0 O 1 0 0 0
100 40 0 0 0.996 0.004 0 0
100 80 0 O 1 0 0 0
DGP2 50 40 0 0 0.996 0.002 0.002 0
50 80 0 0 0.996 0.002 0.002 0
100 40 0 0 0.996 0.004 0 0
100 80 0 O 1 0 0 0
DGP3 50 40 0 O 0.986 0.014 0 0
50 80 0 0 0.992 0.008 0 0
100 40 0 0 0.996 0.004 0 0
100 80 0 O 1 0 0 0
DGP4 50 40 0 0 0.990 0.010 0 0
50 80 0 0 0.992 0.008 0 0
100 40 0 0 0.996 0.004 0 0
100 80 0 O 1 0 0 0

4.4 Classification and point estimation

We now examine the performance of classification and estimation when we have a priori knowledge
of the numbers of groups and unobserved common factors. Tables 3 and 4 report classification and
point estimation results from 500 replications for each DGP. As above, we set A = ¢y7 /% with
cx = 0.05,0.1,0.2,0.4 to check the sensitivity of classification and estimation performance. Due to
space constraints, we only report results for ¢y = 0.1 and 0.2 in Tables 3-4 and for oy, = (o , agyk)'
we only report results for the estimation of the first coefficient o  in each DGP.

Columns 4 and 8 in Tables 3-4 report the percentage of correct classification over the IV cross sec-
tional units, calculated as % Z,ﬁ’l e 1{p? = oV}, averaged over the 500 replications. Columns
5 to 7 and 9 to 11 summarize estimation performance in terms of root-mean-squared error (RMSE),
bias (Bias), and 95% coverage probability (% coverage). For simplicity, we define the weighted aver-
age RMSE as % Zi{:l NRMSE(é 1) with & being the estimate of o ;. We define the weighted
average bias and 95% coverage probability analogously. The estimates of the long-run covariance
matrix are obtained by using the Fejér kernel with bandwidth J = 10. Findings based on other
kernels (the quadratic spectral kernel and Parzen kernel) and other choices of J are similar and are
not reported. For comparison, we report estimation and inference results based on the estimates of
the C-Lasso, bias-corrected post-Lasso, fully-modified post-Lasso and Cup-Lasso methods defined in

Section 3.4. For comparison we also report estimation and inference results for the oracle estimates
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that are obtained by utilizing the true group structures {Gg}.

We summarize the general pattern of the findings on classification and estimation reported in Ta-
bles 3-4. First, the results with different c)’s are similar, indicating some robustness in our algorithm
to the choice of the tuning parameter A. Second, for the classification results, the correct classification
percentage approaches 100% when T increases. In particular and as expected, the correct classifica-
tion percentages for the Cup-Lasso estimates are higher than those of the C-Lasso and post-Lasso
estimates in all cases. This outcome suggests that iteration helps in finite samples to achieve better
classification. Third, regarding parameter estimation Tables 3-4 show that the fully-modified proce-
dure works slightly better than the direct bias-correction procedure. Therefore, we only provide the
results for the Cup-Lasso estimates based on the fully-modified method. For DGP1, the endogene-
ity bias issue is not very serious in the C-Lasso estimate since we only introduce contemporaneous
correlation among the errors, nonstationary regressors, and stationary common factors. The two
post-Lasso and the Cup-Lasso estimates are found to perform as well as oracle estimation in terms
of the reported RMSE, bias and coverage probability. For DGPs 2-4, the performance of the C-Lasso
estimate is poorer due to the presence of unobserved nonstationary common factors. In addition, the
Cup-Lasso estimates generally outperformed the two post-Lasso estimates due to the updated group
classification results. In general, the finite sample performance of the Cup-Lasso estimators is close
to that of the oracle estimates, which corroborates the oracle efficiency of the Cup-Lasso estimates.
Accordingly, we recommend for practical implementation the use of Cup-Lasso estimates for both

estimation and inference.

5 An Empirical Application to the Growth Convergence Puzzle

A longstanding leading question in the economic growth literature is whether national economies
exhibit convergence across countries over time. A benchmark model in the literature is the interna-
tional R&D spillover model proposed by Coe and Helpman (1995) who empirically identified positive
technology spillover effects. Since technological progress is a primary source of economic growth,
positive R&D spillovers are regarded as a force of convergence that activates through the channel
of technology catch-up. Notwithstanding the strength and relevance of this argument, two potential
problems have been identified in the Coe and Helpman study. First, the study fails to distinguish
two distinct types of spillover effect: positive technology spillovers and negative market rivalry effects
(Bloom et al., 2013). Second, the research does not account for unobserved common patterns across
countries, such as financial crisis shocks and technological progress. These two issues may lead to

biased or even inconsistent estimates for the parameters of interest — see, e.g., Griffith and Reenen
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Table 3: Classification and point estimation of a; for DGP1 and DGP2

CA 0.1 0.2
N T % Correct RMSE Bias % Coverage % Correct RMSE Bias %Coverage
classification classification

DGP1

50 40 C-Lasso 99.98 0.0098 0.0054 83.42 99.97 0.0092 0.0051 83.72
50 40 post-LaSSObc 99.98 0.0081 0.0004 91.12 99.97 0.0080 0.0004 91.12
50 40 post-Lasso/™ 99.98 0.0080 0.0005 91.00 99.97 0.0079 0.0005 91.00
50 40 Cup-Lasso 99.98 0.0080 0.0005 91.00 99.97 0.0079 0.0005 91.00
50 40 Oracle - 0.0079 0.0005 91.00 - 0.0079 0.0005 91.00
50 80 C-Lasso 100.00 0.0048 0.0026 84.12 100.00 0.0046 0.0025 84.22
50 80 post-Lasso®® 100.00 0.0039 0.0001 91.32 100.00 0.0039 0.0001 91.32
50 80 post-LaSSOfm 100.00 0.0038 0.0002 92.04 100.00 0.0038 0.0002 92.04
50 80 Cup-Lasso 100.00 0.0038 0.0002 92.04 100.00 0.0038 0.0002 92.04
50 80 Oracle - 0.0038 0.0002 92.04 - 0.0038 0.0002 92.04
100 40 C-Lasso 99.97 0.0075 0.0050 79.48 99.97 0.0071 0.0047 81.90
100 40 post-Lasso®® 99.97 0.0056 0.0002 92.30 99.97 0.0055 0.0002 92.36
100 40 post-Lasso!™ 99.97 0.0055 0.0003 92.60 99.97 0.0055 0.0003 92.72
100 40 Cup-Lasso 99.97 0.0055 0.0003 92.60 99.97 0.0055 0.0003 92.72
100 40 Oracle - 0.0054 0.0002 92.60 - 0.0054 0.0002 92.60
100 80 C-Lasso 100.00 0.0037 0.0024 80.04 100.00 0.0036 0.0023 80.90
100 80 post-Lasso®® 100.00 0.0028 0.0000 92.24 100.00 0.0028 0.0000 92.24
100 80 post-Lasso!™ 100.00 0.0027 0.0001 92.60 100.00 0.0027 0.0001 92.60
100 80 Cup-Lasso 100.00 0.0027 0.0001 92.60 100.00 0.0027 0.0001 92.60
100 80 Oracle - 0.0027 0.0001 92.60 - 0.0027 0.0001 92.60
DGP2

50 40 C-Lasso 98.42 0.0420 0.0155 65.36 98.26 0.0443 0.0143 65.88
50 40 post-Lasso®® 98.42 0.0305 0.0028 91.62 98.26 0.0311 0.0029 91.74
50 40 post-LaSSOfm 98.42 0.0305 0.0028 92.20 98.26 0.0311 0.0030 92.14
50 40 Cup-Lasso 100.00 0.0112 0.0021 90.28 99.98 0.0112 0.0021 90.28
50 40 Oracle - 0.0110 0.0021 90.28 - 0.0110 0.0021 90.28
50 80 C-Lasso 99.34 0.0283 0.0072 60.60 99.31 0.0285 0.0073 60.44
50 80 post-Lasso®® 99.34 0.0188 0.0009 91.34 99.31 0.0173 0.0014 91.74
50 80 post-Lasso/™ 99.34 0.0188 0.0014 91.28 99.31 0.0172 0.0018 91.62
50 80 Cup-Lasso 100.00 0.0050 0.0009 90.44 100.00 0.0050 0.0009 90.44
50 80 Oracle - 0.0050 0.0009 90.44 - 0.0050 0.0009 90.44
100 40 C-Lasso 98.66 0.0281 0.0135 52.88 98.49 0.0300 0.0125 54.64
100 40 post-Lasso®® 98.66 0.0225 0.0027 89.72 98.49 0.0222 0.0033 89.86
100 40 post-Lasso!™ 98.66 0.0226 0.0027 90.10 98.49 0.0223 0.0034 90.26
100 40 Cup-Lasso 100.00 0.0073 0.0025 89.78 99.98 0.0073 0.0025 89.78
100 40 Oracle - 0.0073 0.0025 89.78 - 0.0073 0.0025 89.78
100 80 C-Lasso 99.41 0.0184 0.0069 49.68 99.38 0.0194 0.0064 48.78
100 80 post-Lasso®® 99.41 0.0188 0.0009 92.72 99.38 0.0190 0.0009 92.84
100 80 post-Lasso!™ 99.41 0.0188 0.0014 93.08 99.38 0.0190 0.0013 93.20
100 80 Cup-Lasso 100.00 0.0035 0.0010 93.12 100.00 0.0035 0.0010 93.12
100 80 Oracle - 0.0035 0.0010 93.12 - 0.0035 0.0010 93.12
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Table 4: Classification and point estimation of a; for DGP3 and DGP4

CA 0.1 0.2
N T % Correct RMSE Bias % Coverage % Correct RMSE Bias %Coverage
classification classification

DGP3

50 40 C-Lasso 97.93 0.0500 0.0148 72.98 97.73 0.0543 0.0141 71.40
50 40 post-LaSSObc 97.93 0.0379 0.0009 91.20 97.73 0.0405 0.0014 90.86
50 40 post-Lasso/™ 97.93 0.0380 0.0012 91.30 97.73 0.0405 0.0017 90.86
50 40 Cup-Lasso 99.96 0.0141 0.0011 90.00 99.91 0.0140 0.0012 89.84
50 40 Oracle - 0.0139 0.0011 89.98 - 0.0139 0.0011 89.98
50 80 C-Lasso 99.07 0.0446 0.0080 67.44 99.07 0.0451 0.0075 66.46
50 80 post-Lasso®® 99.07 0.0300 0.0003 92.04 99.07 0.0300 0.0002 92.10
50 80 post-LaSSOfm 99.07 0.0299 0.0007 92.16 99.07 0.0299 0.0007 92.22
50 80 Cup-Lasso 100.00 0.0066 0.0005 91.46 100.00 0.0066 0.0005 91.46
50 80 Oracle - 0.0066 0.0005 91.46 - 0.0066 0.0005 91.46
100 40 C-Lasso 98.33 0.0320 0.0150 62.52 98.18 0.0352 0.0140 62.44
100 40 post-Lasso®® 98.33 0.0286 0.0024 91.56 98.18 0.0286 0.0024 91.78
100 40 post-Lasso!™ 98.33 0.0287 0.0026 90.88 98.18 0.0286 0.0026 90.96
100 40 Cup-Lasso 99.96 0.0096 0.0020 91.98 99.93 0.0097 0.0020 91.86
100 40 Oracle - 0.0095 0.0020 91.90 - 0.0095 0.0020 91.90
100 80 C-Lasso 99.38 0.0201 0.0074 56.96 99.34 0.0218 0.0070 57.54
100 80 post-Lasso®® 99.38 0.0165 0.0002 93.40 99.34 0.0169 0.0001 93.40
100 80 post-Lasso!™ 99.38 0.0164 0.0007 93.34 99.34 0.0169 0.0006 93.44
100 80 Cup-Lasso 100.00 0.0046 0.0004 93.82 100.00 0.0046 0.0004 93.82
100 80 Oracle - 0.0046 0.0004 93.82 - 0.0046 0.0004 93.82
DGP4

50 40 C-Lasso 98.22 0.0479 0.0145 70.70 98.07 0.0511 0.0133 71.44
50 40 post-Lasso®® 98.22 0.0337 0.0022 91.64 98.07 0.0335 0.0020 91.48
50 40 post-LaSSOfm 98.22 0.0338 0.0024 91.44 98.07 0.0335 0.0022 91.18
50 40 Cup-Lasso 99.97 0.0137 0.0015 89.98 99.93 0.0137 0.0015 90.10
50 40 Oracle - 0.0136 0.0015 89.96 - 0.0136 0.0015 89.96
50 80 C-Lasso 99.10 0.0454 0.0089 67.04 99.09 0.0451 0.0082 65.94
50 80 post-Lasso®® 99.10 0.0310 0.0008 91.52 99.09 0.0313 0.0007 91.40
50 80 post-Lasso/™ 99.10 0.0310 0.0012 91.14 99.09 0.0313 0.0012 91.02
50 80 Cup-Lasso 100.00 0.0065 0.0007 90.58 100.00 0.0065 0.0007 90.58
50 80 Oracle - 0.0065 0.0007 90.58 - 0.0065 0.0007 90.58
100 40 C-Lasso 98.44 0.0319 0.0140 62.60 98.28 0.0355 0.0130 62.82
100 40 post-Lasso®® 98.44 0.0277 0.0024 91.16 98.28 0.0282 0.0021 90.92
100 40 post-Lasso!™ 98.44 0.0279 0.0026 90.94 98.28 0.0283 0.0023 90.72
100 40 Cup-Lasso 99.97 0.0095 0.0021 91.12 99.94 0.0096 0.0021 91.22
100 40 Oracle - 0.0095 0.0021 91.12 - 0.0095 0.0021 91.12
100 80 C-Lasso 99.45 0.0198 0.0073 56.66 99.43 0.0216 0.0070 56.32
100 80 post-Lasso®® 99.45 0.0167 0.0007 92.62 99.43 0.0165 0.0006 92.66
100 80 post-Lasso!™ 99.45 0.0167 0.0011 92.70 99.43 0.0165 0.0011 92.88
100 80 Cup-Lasso 100.00 0.0047 0.0006 93.00 100.00 0.0047 0.0006 93.00
100 80 Oracle - 0.0047 0.0006 93.00 - 0.0047 0.0006 93.00
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(2004), Coe et al. (2009), and Ertur and Musolesi (2017).

In this section we apply our model and methodology to reinvestigate this issue by allowing for
heterogeneous convergence behavior through the channel of technology diffusion and unobserved
common patterns across countries. In particular, we impose latent group structures on the long-run
relationships between technological change, domestic R&D stock, foreign R&D stock, and human
capital, at the same time capturing any common patterns of behavior via the use of unobserved
factors. Interestingly, we find two directions of R&D spillover — positive technology spillovers and
negative market rivalry effects, which help to explain the economic convergence puzzle through the

channel of technology growth.

5.1 International R&D spillover model

We introduce two linear specifications for the international R&D spillover model. Following the
standard growth literature, we define TFP as the Solow residual, which is often regarded as a measure
of technology change. That is, log(T'F'P) = log(Y)—60log(K)—(1—0)log(L), where Y is final output,
L is labor force, K is capital stock, and 6 is the share of capital in GDP. In the first place, domestic
R&D investment is a major source of technology change that stimulates innovation. Second, trade
in intermediate goods enables a country to gain access to inputs available throughout the rest of
the world. In this respect, foreign R&D stocks from a country’s trading partners affect TFP by
directly enhancing the transfer of R&D. Coe and Helpman (1995) empirically identify two sources of

technology growth — innovation and catch-up effects — by running the following regression:
log(Fi) = p; + B%1og(s%) + 7 log(sgl) + wit,

where ¢ is the country index, t is the year index, p,; are the unobserved individual fixed effects,
F is total factor productivity, s% is real domestic R&D capital stock, and s/ is real foreign R&D
capital stock. We follow their specification on the international R&D spillover model and introduce

unobserved common patterns to obtain
N\ d d f f ! .
log(Fit) = B log(si) + B; log(sy,) + Aife + wit, (5.1)

where f; denotes the unobserved technology trends or global financial shocks, and the fixed effects p,
are absorbed into the factor structure. We shall assume that the slope vector §; = ( ?, ﬁlf )’ exhibits
the latent group structures studied in this paper. This specification is important because the latent
group structures on B{ allow us to study the two types of spillover effects discussed above — positive

technology spillovers and negative market rivalry effects, respectively.
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In addition, we consider the following specification

log(Fir) = B log(sh) + 8 log(sh)) + B2 log(hit) + Nofs + . (5.2)

where hj; denotes human capital for country ¢ in year t. Human capital accounts for innovation
outside the R&D sector and other aspects of human capital not captured by formal R&D. Engelbrecht
(1997) finds that human capital affects TFP directly as a factor of production and as a channel for
international technology diffusion associated with catch-up effects across countries. As above, we

allow the slope vector 3; = ( Zd, ﬁ{ , ﬁ?)' to exhibit latent group structures.

5.2 Data

We use the same dataset used by Coe et al. (2009, CHH2009 hereafter). The dataset is similar to
that used in Coe and Helpman (1995) and is expanded to include two more countries and annual
observations. It contains observations for log(Fj), log(s%), log(szft), and log(hi) for 24 OECD coun-
tries from 1971-2004. The bilateral import-weighted R&D variable S/~ from trading partners is
a measure of foreign R&D stock. Human capital is measured by years of schooling. We refer the
readers directly to CHH2009 for details on the definitions and constructions of these variables, and

summary statistics of the data.

5.3 Empirical results

We first determine the number of unobserved factors and the number of groups as was done in the
simulation exercises. Then we report the results for the estimation of the group structures and

group-specific parameters.

5.3.1 Estimation of the number of factors

Before running the PPC-based estimation procedure, we employ the information criteria 1C7 and
IC5 in Section 3.5 to estimate the number of unobserved factors. Following the simulation design,
we set g1(N,T) = &£ log(min(N, T)) and go(N,T) = ng(]\f T). Based on the results for
the differenced and level data, we obtain the estimates 7 = 1 and 71 = 1. That is, we find a single
nonstationary common factor and zero stationary common factors in the data. We fix r; = 1 and

ro = 0 in the ensuing empirical analysis.
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Table 5: Information criterion for the determination of the number of groups

Model (5.1) Model (5.2)

K/ey 0.1 0.2 0.4 0.6 0.8 0.1 0.2 0.4 0.6 0.8

K=1 -4.830 -4.807 -4.790 -4.776 -4.773 -4.680 -4.668 -4.671 -4.671 -4.669
K=2 -6.387 -5.545 -5.366 -5.234 -5.210 -4.671 -4.6556 -4.430 -4.430 -4.429
K=3 -6.259 -6.235 -6.229 -6.206 -6.213 -4.871 -5.058 -4.869 -4.835 -4.218
K=4 -6.072 -6.099 -6.090 -6.177 -6.116 -4.865 -4.759 -4.783 -4.572 -4.784
K=5 -5.957 -5974 -5.896 -5.951 -5.861 -4.528 -4.631 -4.526 -4.720 -4.137
K=6 -5.785 -5.706 -5.757 -5.814 -5.807 -4.255 -4.398 -4.261 -4.158 -3.701

5.3.2 Determination of the number of groups

As in the simulations, we set g3(N,T') = %log(min(N, T))/ min(N, T) and A = cxT~3/*. We use the
following tuning parameter settings: ¢y = 0.1, 0.2, 0.4, 0.6, 0.8. Table 5 reports the information
criterion IC3 as a function of the number of groups under these tuning parameters. Following the
majority rule, we find that the information criterion suggests three groups for both model (5.1) and
model (5.2). Note that IC5 achieves the minimal values for both model specifications when ¢y = 0.2.

Therefore, we set K = 3 and ¢, = 0.2 in subsequent analyses.

5.3.3 Estimation results

For both model specifications, we employ the pooled fully modified OLS (FM-OLS) estimates un-
der the homogeneity assumption and the Cup-Lasso estimates with one unobserved nonstationary
common factor. Note that we also allow for one unobserved nonstationary factor to obtain the FM-
OLS estimates. Table 6 reports the main results for these two estimates along with the fixed effects
estimates of CHH2009.

In model (5.1), we have two explanatory variables (log(s?) and log(s/)). We summarize some of
the more interesting findings from Table 6. First, a comparison between the estimates in CHH2009
and those obtained by pooled FM-OLS suggests that the estimate of the coefficient of log(s?) in
CHH2009 is qualitatively similar to our pooled FM-OLS estimate, whereas the estimate of the coeffi-
cient of log(s?) decreases substantially after introducing one unobserved nonstationary factor in the
model. This seems to suggest that direct spillover effects are partially offset by unobserved global
technology patterns. Noting that our asymptotic variance estimation allows for both serial corre-
lation and heteroskedasticity and appears more conservative than that of CHH2009, this difference
explains why the standard errors (s.e.’s) of our estimates are much larger than those in CHH2009.
Second, once we allow for latent group structures among the slope coefficients, our PPC estimation

helps to identify quite different behavior in the estimates of the effects of both domestic R&D stock
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Table 6: PPC estimation results

Model (5.1)
Slope coeflicients Pooled Pooled Group 1 Group 2 Group 3
CHH2009 FM-OLS Cup-Lasso Cup-Lasso  Cup-Lasso
log(s%) 0.095%** 0.099%** 0.289%** 0.1017%** 0.058%*
(0.005) (0.027) (0.046) (0.023) (0.028)
log(s/) 0.213%%* 0.121%%* -0.147%%* 0.120 0.086
(0.014) (0.044) (0.057) (0.099) (0.068)
Model (5.2)
Slope coefficients Pooled Pooled Group 1 Group 2 Group 3
CHH2009 FM-OLS Cup-Lasso Cup-Lasso Cup-Lasso
log(s?) 0.098*** 0.054** 0.464*** 0.055%** -0.104%**
(0.016) (0.023) (0.064) (0.021) (0.027)
log(s/) 0.035%** 0.121%* -0.413%* 0.022 0.219%**
(0.011) (0.048) (0.138) (0.061) (0.063)
log(h) 0.725*** 0.615%*** 1.405%* 0.550%** 0.567***
(0.087) (0.138) (0.564) (0.158) (0.130)

Note: Standard errors are in parentheses. ***, ** and * denote significance at the 1%, 5%,
and 10% levels, respectively.

and foreign R&D stock: for Group 1, we observe the largest effect of domestic R&D stock, but the
estimate on foreign R&D is negative; for Groups 2 and 3, the coefficient estimates on both domestic
and foreign R&D stocks are positive. In addition, both estimates on Group 2 are larger than those
for Group 3, but the estimates of the coefficient of foreign R&D stocks in Groups 2 and 3 are not
statistically significant even at the 10% level.

The above findings from our PPC estimate have some interesting implications. First, the negative
estimate on foreign R&D in Group 1 indicates that negative market rivalry effects dominate the
technology spillovers for countries inside Group 1. Therefore, technology change in those countries
relies mainly on innovations from domestic R&D stock. Moreover, this result implies that countries
in Group 1 do not favor convergence through the technological change channel. We call this the
“Divergence” group. Second, technology change for countries in Group 2 comes from balanced sources
— the innovation effects from domestic R&D stock and the catch-up effects from technology spillovers,
and interestingly, the magnitudes of those estimates are similar. From this perspective, countries in
Group 2 favor the growth convergence hypothesis. We refer to this group as the “Balance” group.
Last, the technology change in Group 3 is mainly determined by foreign R&D stock and we refer to
Group 3 as the “Convergence” group, which also favors the growth convergence hypothesis.

In model (5.2), we introduce an additional regressor — human capital, which is regarded as another
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Table 7: Group classification results

Model (5.1)
Group 1 “Divergence” (N; =T)
Austria Denmark France Germany New Zealand
Norway United States
Group 2 “Balance” (N2 =7)
Canada Ireland Israel South Korea Netherlands
Portugal United Kingdom
Group 3 “Convergence” (N3 = 10)

Australia Belgium Finland  Greece Iceland
Italy Japan Spain Sweden Switzerland
Model (5.2)

Group 1 “Divergence ” (N1 = 2)
Ireland United States
Group 2 “Balance-Human capital 7 (Ny = 16)
Austria Belgium Denmark Finland Iceland
Israel Ttaly Japan South Korea Netherlands
New Zealand Norway Portugal Spain Sweden

Switzerland

Group 3 “Convergence” (N3 = 6)
Australia Canada France Germany Greece
United Kingdom

source of technology change. Our results from the pooled FM-OLS estimates confirm that human
capital is one of the main sources of productivity growth and there exist direct technology spillovers in
the full sample. When using our PPC estimation methods, we find similar heterogeneous behavior for
model (5.2) as that for model (5.1). We can still classify countries into three groups and define them
as groups of Divergence, Balance-Human capital, and Convergence, respectively. For the Divergence
group (Group 1), technology growth relies on innovations and human capital and countries in Group 1
suffer from strong negative market rivalry effects. For Group 2, referred to as Balance-Human capital,
the estimates of the effect of foreign R&D are not significant at the 10% level, and technology growth
still benefits from the innovations and indirect catch-up effects from human capital. For Group 3,
referred to as Convergence, countries benefit directly from the dominating technology spillovers. In

general, the divergence behavior is more statistically significant than the convergence behavior.

5.3.4 Classification results

Table 7 reports the group classification results. We summarize several interesting findings. First,
based on the results for model (5.1), there are typically two types of countries in the Divergence

group — “Leaders”and “Losers”. Countries like France, Germany, the United States are already at
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the global technology frontiers, and they own 61.1% of global R&D stock. By contrast, the remaining
countries in Group 1 account for only 1.5% of global R&D stock. Second, most OECD countries
are classified into Groups 2 and 3 when model (5.2) is used. We also notice that four of the seven
countries in the G7 are classified in the convergence group, viz., Canada, France, Germany and
United Kingdom. These findings confirm those in Keller (2004) who finds that the major sources of
technical change leading to productivity growth in OECD countries are not domestic but come from
aboard through the channel of international technology diffusion.

In summary, we re-estimate Coe and Helpman’s model by using the pooled FM-OLS and the
PPC-based method with one unobserved global nonstationary factor. The pooled FM-OLS esti-
mates confirm the international R&D spillovers after allowing for an unobserved global factor. In
addition, our Cup-Lasso estimates show heterogeneous behavior in innovations and catch-up effects.
To the best of our knowledge, this finding is the first to empirically identify two types of technol-
ogy spillovers at the country level. Further, these results build an empirical connection between
the “Club convergence” theory (Quah (1996, 1997)) and the conditional convergence model (Barro
and Sala-i-Martin (1997)). Consequently, economic growth patterns do vary across countries— some

exhibit convergence while others do not.

6 Conclusion

The primary theoretical contribution of this paper is to develop a novel approach that handles un-
observed parameter heterogeneity and cross-section dependence in nonstationary panel models with
latent cointegrating structures. We assume that cross-section dependence is captured by unobserved
common factors which may be stationary and nonstationary. In general, penalized least squares es-
timators are inconsistent due to variable omission and the induced spurious regression problem from
the presence of unobserved nonstationary factors. We propose an iterative procedure based on the
penalized principal component method, which provides consistent and efficient estimators for long-
run cointegration relationships under cross-section dependence. Lasso-type estimators are shown to
have a mixed normal asymptotic distribution after bias correction. This property facilitates the use
of the conventional testing using t, Wald, and F statistics for inference. The use of these methods
in the empirical application provides new results that help to explain the growth convergence puzzle

through the heterogeneous behavior of R&D spillover effects.
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This Appendix provides proofs of Theorems 3.1-3.8 in the paper. These results rely on subsidiary
technical lemmas whose proofs are provided in the Additional Online Supplement (Appendix B).

A Proof of the Main Results in Section 3

To proceed, we define some notation:

() Let 11 — (FAVAY) (FFVE) Vihy and Ha = (5AAD) (F9E) Uiy,

(1}) Let b = (b1, o bN)Aand b =vec(b), where b; = 3; — 89 for i = 1,..., N. Let b= (l;l,...,i)N)
and b =vec(b), where b; = (3, — 7.

N 3 K |la

(iii) Let n?VT = % D i1 11:]12, Q%\/T = % > ket |0k — a%‘
min(v/N,T), and ¢y = NY4T 1 (log T)'*¢ for some € > 0.

(iv) Let Qige = 722 Mp, iy Qiza (F1) = 7 2iMpxi, and QY ) = Qi va(FY).

(v) Without loss of generality, we set x;0 = 0 throughout the proof of the main results and
supplementary Appendix.

? Cnr = min(v/'N,VT), nyr =

To prove Theorem 3.1, we make use of the following four lemmas.

Lemma A.1 Suppose that Assumption 8.1 hold. Then for each i =1,...,N,
(Z) %JJQMF10$¢ = fégléél,
(ii) %x;MFlouZ = f (Bgi — W;Bg) dBy; + (Agl’i — W;Agl,i),
where By; = By — [ BoiBY ([ BsBy) ™ Bs and 7 = ([ BsBS) ™" [ BsBb;.

Lemma A.2 Suppose that Assumptions 3.1-3.2 hold. Let W; = (ZL‘Z‘,Flo) and dr = loglogT, as in
Assumption 3. Then for any fized small constant ¢ € (0,1/2),

(1) i SupP_ o0 Hinax <F1T2W{Wi> < (14 ¢)prax -5,

(1) iminfr_ o0 fmin (%W{Wi) > CPmin @-S-,

(#43) im supp_, o fmax (#%MFP:E,) < (14 ¢)ppax a-S-

(iv) iminfp_, o0 fin (%x;MFlon) > Pmin/2 @.5..
Lemma A.3 Suppose that Assumptions 3.1-8.2 hold. Then

i) %5 C= Op(dT),

(i) % S | "= 0p(@BT )

(iii) Hﬁ > e i Mpoujais|| = Op(drT ™),

(iv) & £, | = Op(dr),
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where uf = u; + F9A9;.
Lemma A.4 Suppose that Assumptions 3.1-8.2 hold. Then

(i) SUpp, SUPN-1|bjl2<M Hﬁ Zl VOl Myt || = op(ds?),
(i6) supp, || e S0 ALF Myt || = op(dr?).
(ifi) supp, || 5 iy wf Pruf || = op(dg®),
where the sup is taken with respect to Fy such that FlFl = I, and u] is defined in Lemma A.3.

Proof of Theorem 3.1. (i) Let Q; n7(8;, F1) = ﬁ(yi—:mﬁl)/MFl(yz x;3;) and Qf]’\?‘T(ﬁi, a, Fy) =
Qint(Bis F1) + ATiey 18 — awll. Then QN7 (8,0, F1) = £ 3%, QF0r(Bi, o, F1). Noting that

Yi — Tiff; = —wib; + FP)\%- + uy, we have
1
Qint(Bi F1) — Qint(BY, FY) = T2 (b/x/MFlfL'zb + NV FY Mp, FON); — 2V, Mg, FOAY,)
+ 7 ( A EY Mt — 20! Myl — u (Pp, — PFP)U;) . (A

where u} = u; + F9N);. Let S;nr(B;, F1) = 75 (Vai Mpaib + A FY Mp, FPAY; — 265 My FPAY).
Then we have

QnT(B, F1) — Qnr(8°, FY)
N

N

1 1

=N > Sint(Bi, i) + NT2 > (QA?QFP/MHU — 2bjx My uj — )’ (PR, — PF{?)“?)
i=1 i=1

N
= S (B 1)+ op(d7?), (4.2)
=1

where the last three terms on the right side of (A.2) are op(d;?®) uniformly in {b } and Fj such that

Fjl,Fl = I, and & SN [|b;]|> < M by Lemma A.4(i)-(iii) and the fact that 5 S i Prouj =
op(d;?). Then we have
N WK
]I\(fvl])“\(/a:daFl) ]I\(fv’_la\(/a Ot Fl = ZQNTI BmFI QNTz( +NZHHB1—66]{;H
=1 1=1 k=1
>Sn1(B, F1) + op(dz?). (A.3)

where Snr(8, F1) = & ZZ 1 Si.nT(B;, F1). Then by (A.2) and (A.3) and the fact that QﬁT)‘(ﬂ &, Fy)—
Qﬁ%(ﬁoa O,FP) < 0, we have

N
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Similarly, by (A.2), (A.3) and Lemma A.4(i)-(iii), we have

al N K
A
KA K\ )
N7 (B, &, 1) = Quin(B°,a°, F1) = ;QNTz Bi F1) — Qnrai(B N;li[luﬁi_o‘k”
| N
> 377 (B M it — My FONY] +op(d®). (A5)
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N

This, in conjunction with the fact that Qﬁ’;)(,@, &, Fy) — Qﬁ’;)(,@o, al, Fl) < 0, implies that

N
1 . o ~
> [b;x;Mplxibi — 2Bl My FONY| < op(di?). (A.6)
i=1

Combining (A.4) and (A.6) yields that op(d}.) = s 1oy MY My PN, =tr[(FFY Mg FY)(FAYAD))]
Ztr(%Flo/MFlFlo),umin(%A(f/A(f). It follows that tr(ZxFYM; 1F1) = 0p(d}3) as i (FAYAY) is
bounded away from zero in probability by Assumption 3.2(i). As in Bai (2009, p.1265), this implies
that
FYMp FY  FYRD VP FFY
7 12 T2 T2

— op(d7?), (A7)
and Flo’ Fy s asymptotically invertible by the fact that 1 — FYFY is asymptotically invertible from
Assumptlon 3.2(ii). (A.7) implies that = F1PF{)F1 - ITl = OP(dT3), which further implies that

2 R .
HPFl — Ppo|| = 2tr (Irl — %F{PF{)F}) = op(d;*). By the Cauchy-Schwarz inequality and (A.6),
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This result, in conjunction with (A.7), implies that SN e M, a:zb = op(d;?). So we have

i=1Y%T;
shown parts (i) and (ii) in the theorem.
(iii) By the results in parts (i) and (ii) and Lemma A.2(i) and (iv), we have
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where the second inequality follows from the fact that minj<;<n ftin (%x;M FPﬂfi) > % Pmin > 0 a.s.

12
by Lemma A.2(iv), and maxi<;<n H?J

< maxi<;<nN dT:U’max (%) = Op(dT) by Lemma AQ(I)
Then we have % S b2 = op(d;?) = op(1).

(iv) We want to establish the consistency of the estimated factor space Fl, which extends the
results of Bai and Ng (2004) and Bai (2009). Our model allows for heterogeneous slope coefficients

and unobserved stationary common factors. We estimate F} from equation (2.10) in Section 2.2 as
follows

NT2 Z — i) (yi — wif;)' = P\VinT. (A.9)

Combining (A.9) and the fact that y; — 2;8; = —zsb; + FOX + u; = —a;b; + FOX), + FON), + g, we
have
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It is easy to show that H; = Op(l) and is asymptotically nonsingular Then FyH{! — FY 0 _
Iy + oo+ Iy) (2 FYF) (S AYA) ! and 4 HFlH ! FOH < L(IL) + . + [ull) H FO ) H

< |[(FAYAD) 7L . It remains to analyze ||| for [ = 1,2, ..., 11. For I, we have that by the result in
(iii),
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\}Vhere we use the fact that % = Op(1) and + Zfil [A?]|2 = Op (1) by Assumption 3.2(i). For
3>
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where + Zf;l Hu} = Op(1) by Assumption 3.1(i). Similarly, for I; and I5,
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where u = (u1,...,uy)’ and we have used the fact that HAO’uH2 = Op(1) by Assumption 3.2(iii).
Analogously, we can show that || I7| = Op(T~Y2N~1/2), For Ig,
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also Lemma 1(i) in Bai and Ng (2002)) and that E(||¢,,]|*) < N~2M under Assumption 3.2(iii). Then

+ || Is|| = Op(N~—Y2T=1 4+ T=3/2). For Iy and I19, we have
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where &\/%8 = Op(1) by Assumption 3.2(i). Analogously, we have #||I11]| = Op((NT)~/2). In sum,
we have shown that + HF1H1_1 - F{JH = Op(Vdrnyr) + ﬁOP(CX,IT). Then (iv) follows. B



To prove Theorem 3.2 we need the following two lemmas.

Lemma A.5 Suppose that Assumptions 3.1-8.2 hold. Then
(i) 2FY (Fy — F)Hy) = Op(T\/drnyy + i)
(ii) 7 F{(Fy — FPHy) = Op(TV/Adrnyr + 657),
(iii) | Pp, — Ppoll* = Op(Vdrnyr + T~ 165),
(iv) %u}” <F1Hf1 - F10> = Op(\/Tdrnyr + 6 5) for each j =1,..., N.

Lemma A.6 Suppose that Assumptions 3.1-3.2 hold. Let Rh = a:’(PFo Ppui, Roi = AT, M, FO)\lZ

NT2 ZJ 1 Z]\4 a:]a”b + NT2 Zj L aigriM g, W, R3i = NT2 Zj 1 Qi T (PFo — Pﬁl)uﬂ’ and Ry =

ﬁxiMFfui N7 Zj:l aijx;Mpou;. Then

(i) Ry = Op(sinT) for each i =1,..,N, and N"' SN | Ru|* = Op(2nr),

(ii) Rai = Op(sant) for each i =1,...,N, and N~ SN ||Ry||* = Op(Znp),

(iii) Ry; = Op(sanT) for each i =1,..,N, and N~ | ||Rai||> = Op(s2y7),

(iv) Ry = Op(T™Y) for each i=1,..,N, and N=* "N || Ryi||* = Op(T~2),
where ¢iyp = T—1/2 Vit + dT?ﬁVT + T_IC'R,%, sont = T drmyr + dTU%\IT + T_15]*V1T, and
csny =T~ 1/2d1/4 1/2 +T 15—1/2.

Proof of Theorem 3.2. (i) Based on the sub-differential calculus, a necessary condition for Bi, ag,
and F; to minimize the objective function (2.9) is, for each i = 1,..., N, that 0,1 belongs to the

sub-differential of Q}\\}g(ﬁ, a, F1) with respect to 3, (resp. ay) evaluated at {31}7 {&x} and Fy. That
is, foreach ¢ =1,...,N and k =1, ..., K, we have

K K
2 - R - N
Opx1 = —ﬁngpl (i —ziB) + A ey T 18— aull, (A.10)
PSR Sy
where é;; = Dty if |8; —aj|| # 0 and ||&;] < 1if ||8; — &;|| = 0. Noting that y; = x;8? +

1Bi—a; ||
FyH7IN, + s + (FO — B H; Y)Y, (A.10) implies that

1 A\ Ko K X
Qi,m i TQ:BZMFl i TQ ;M Fl )‘ ) Zéij H 185 — éull, (A.11)
J=1 I=1l#j
which can be rewritten as
1 N
Qi,xzbi = _W Z .’L’éMﬁl.’L’jaijbj + R;, (A.12)
=1

where R; = Ri;+Ro;— R3;+Ra;— Rs;, R1;, Ro;, R3; and Ry; are defined in the statement of Lemma A.6,
and Rs; = 3 Y1) 6 TS, 14, 18; — dull. By Lemma A.6(i)-(iv), we have that 3" % SN | | Ry? =
Op(T 1Yy p+d2n AT 2C 2+ T 25 4T 2) = Op(T ' di *nyp+d2ni+T-2). In addition,
we can show that + SN IRsil? = Op (A\?). It follows that + SN IR? = Op(Tfld;ﬂnNT +
Ay + T2+ 2%).



Let Q1 :diag(Ql,m, - QNm) and Qs as an Np x Np matrix with typical blocks ﬁx;Mplxjaij,
such that

1 /
NT2 $1M 1611 NT2 :ElM T2a12 - gt Mpryan
N RS S
Q2 _ T2 xQM 1021 Wnglegagg NT? xQMleNaQN
NTQxNM T1aN1 NT2$NM To2a N2 NTQxNM INAONN

Let R = (R}, ..., R))". Then (A.12) implies that (Q1 — Q2)b = R. Tt follows that
A A A A A ~ 2
IRIP = tx(8(Q1 = Q2) (@1 = Q2)b) = 1Bl [pin (@1 — Q2]

By Assumption 3.2(v), we have that p,;,(Q1 — Q2) > puin/2 > 0 w.p.a.l. Then %HBHQ <
Zoin SN |IRi[? = Op(T—1d3/? By + T2+ A2) = Op (drT~2+22). C 1
AN 2ui=1 [R:||* = Op( T NnT + APy + + A7) = P( T + ) onsequently,
N i .
% Zi:l ”szQ =Op (dTT 2 + )\2). )
Next, we want to strengthen the last result to the stronger version: + SN 1IBi1? = Op(drT—2).

Let B = B° + drT~'v, where v = (vy,...,uy) is a p X N matrix. Let v =vec(v). We want to show
that for any given €* > 0, there exists a large constant L = L(e*) such that for sufficiently large N
and T we have

P{ ) ZNIDHf 2 LQ?\\}?(IB + d’;/2T_1’Uad>Fl) > Q?\;?(ﬂoaaoaﬁ’l)} >1- 6*7
N 2ui=1 IVil|"=

regardless of the property of F1 and &. This 1mp11es that w.p.a.l there is a local minimum ,6 =
(B1, ..., By) such that ]{,Zl 1Bi][? = Op(drT—2). Note that

|: ( 1/2 &7F1) - ?\}IIS(/BOa a07 Fl)
d? & le/2 2 o o 2
/ / /! !/ *
Z T Z T2 QEiMFlQ:Z"UZ' — TUixiMﬁl (Fl — F]-Hl))\li — TUZ:EZMﬁ‘luZ
1=1
N
d 1
— WT Z —5 Vi M g wiv;
i=1
2dl/Z N N
_ ]\T7 ; (3T Ry + xMFluZ +NTj2a”xM z;b; NTZa,]xM u;

= DinT — 2DanT,s

where Ry; = %SE;ME FON — = Zjvzl :U;Mplxjaijl;j + Zjvzl ajjx;Mﬁl u; as de{ined in Lemma
A.6. By Assumption 3.2(v) and Lemma A.5(iii), Dinr = %U’le > dppin (Q1)N ! |v|?
drppinN " [0]% /2 w.p.a.l. Note that [Dony| < dp{d S0, [oill?}/2 0L, (Danra)'/?, where



2 N |5 N N
Dont1 = dZ_N Dim1 | R2il%, Dont2 = dTNT2 Z 2yl Mplusza Dants = dTN—13T2 >im1 Zj:l llaijz;
and Don7a = dTTlg,TQZf\il Zjvzl llaijxi Mg 1“JH2' By Lemmas A.6(i)-(ii) and A.5(iii), Daonr1 =

2
2 _ 2 N
g_TOP(Tiszn%VT + d%?ﬁ\[T + T725N2T) = Op(l), and DQNT’Q < (]%TLN Zfil ‘ %.’L‘;(MFI — MF{))UZ

2
= Z0p(T Y drn3p + d3pkp + T-2CR%) + =0p (1) = op(1). Next,

2 N 1.,/ *
TN izl HT%MF{’UZ‘

xM x]b H

T’ 10/0_2 1 2 o2 1S oz | LSl |
<5 o (FMM)] Qs g 0 s DI (e 2 D1 7 2
O

= T00 (1) 0p (1) 0p(NY)0p (1) Op (drT2 + X2) = op (1.

where we use the fact that max;<j<ny Fsz |z;]|> = Op (1) by Lemma A.2(i), maxi<j<n H)\(l)sz =

op (N/4) by Assumption 3.2(i) and the Markov inequality, and 5 Zf\il H)‘(l)iH2 |z5]|* = Op (1) by
<112

the Markov inequality and % Z;VZI Hbj H =Op (drT2> + /\2) . Similarly, we have by Lemma A.5(iii),

2
Mg uJH
=1 ]_
1 AVAY 2 2
s@[umm(ﬁvl)] o 2 S P {0 = g s}

1 .
= -0r (N’leT(\/dTnNT ok + 1) = op(1).

It follows that |Donr| = dp N —1/2 |lv|lop (1). Then Djnp dominates Doyp for sufficiently large L.
That is, T? [Q?"\;g(ﬁ—k d;/QT_lfv, o, Fy)— Q?‘\;g(ﬁo, o, Fy)] > 0 for sufficiently large L. Consequently,
the result in (i) follows.

(ii) We study the probability bound for each term on the right side of (A.11). For the first term,
we have by Lemma A.6(i)

L,
*

1 *

=O0p(T™")+Op(T 1/2\/ drnyr + drfy + T~ 1CNT) Op(drT™). (A.13)

<

For the second term, we can readily apply Lemmas A.6(ii), A.5(iii) and A.3(iii), and Theorem 3.2(i)

My, bj|?,



to obtain

1
HszM FYAY;

N N
1 A 1
< ||Rai|| + NT? E 1 J};Mpll‘jbjaij + NT? E 1 x;Mplujaij
J= J=

=0p(T™ " drnyr + drr + T 10 y) + Op(nyr) + Op(drT™1) = Op(drT™Y).
(A.14)

The third term is Op (\). By Lemma A.5(iii), Mmin(%x;Mﬁ’lxi) = Nmin(%ngfoi) + op(1).
Noting that (%J:;MF{)xi)_l is the principal p x p submatrix of (= W/W;)~!, ﬂmin(%x;MF{)fEi) >
umin(%ﬂfg W;), and the last object is bounded away from zero w.p.a.1. It follows that bi =0 p(drT—+
) fori=1,2,..,N.

(iii) Let Pyr(8, @) = % iy [Tiey 18— owll and éinvr(a) = Ty 18: — el + sy 18; — cuell %
||,B?—aK||+...+H£(:2 189 —ag||. By SSP, we have that as (N, T) — oo, szl HBZ — gl — szl Hﬂ? — akH‘

< éint(o )||B —BY, where énr(a) < Crnr(e)(14+2]|3;—B2)]) and Crenr () = maxi<j<y max;<s<p<i—1

| - crs||BY — | K718 = maxy < maxi<s<p<io—1 [Lheq Chslla? — agl|F717¢ = O(1) with cxs be-
ing ﬁmte integers. It follows that as (N,T) — oo

|Pn7(B, @) = Pnr(B° @)| < Crnr(a Z 16ill + 2Ck N7 (@ Z 16:]|?

=1
) N 1/2

chma){Nanin?} +O0p(drT~2) = Op(df*T ™). (A.15)
i=1

-

By (A.15) and the fact that Py7(8°,a®) = 0 and that Py7 (B, &) — Pyr(3,a’) < 0. we have

-

0>

“U

vt (B, &) — Pyr(B, ) = Pyp(8°, &) — Pyp(8°,a°) + Op(dy/*T™Y)

K
T 1187 — awll + Op (a1
1 k=

ZIH
M=

bt

[y

I
z|z
::1x

K K
Ny . Nk . 1/2,
s~ ofll + 2 TT low — ol + -+ T o — okl + Op(chf*T7). (A16)
k=1 k=1

e
Il

1

By Assumption 3.3(i), Ny/N — 7 € (0,1) for each k = 1,...K. So (A.16) implies that Hle |l —
|| = Op(dy> T for I = 1,..K. Tt follows that (&), -, &) — (0, ..., a%) = Op(di*T1).

(iv) By Theorem 3.1(iv) and Theorem 3.2(i), we have %HFl FYHy||? = Op(TdTnNT + COy3)
= Op(dQTT_l + N_l). [ |

To prove Theorem 3.3 we use the following two lemmas.

Lemma A.7 Suppose that Assumptions 3.1-3.8 hold. Then for any ¢ > 0,
(i) P (maxi<ien || fefui]| > cvnr) = o(N 7,

) =o(N71).

(ii) P (maxlSiSN HﬁleFlou;‘“




Lemma A.8 Suppose that Assumptions 8.1-8.8 hold. Then for any ¢ > 0,
(i) P (maxi<ian | Rull > eldzmyr +T2d205k) (g + T/2(10g T)%)) = o(N1),

(ﬂ)P(“mmsgNHR%H><ﬂ¥2 ONQQNT):OUV%%
(m) P (maxlgiSN ||R3z|| > Cd;ﬂ/2N(1/2q)§3NT> = O(Nfl),
(i) P (maxi<i<n ||[Raill > ¢(dr + NO2D)gyr) = o( N7,

v) P > ¢ (NA2Dy) 0 4+ Alog T)/2) ) = o(N1) for any € > 0,
NT
2
(vi) P <% SN il > cd%w?VT> =o(N7Y) for any € > 0,
(vii) P ( M FON (drnyp + T~2dY/ 20%)) — o(ND).

Proof of Theorem 3.3. (i) Fix k € {1,..., K}. By the consistency of &; and j3;, we have 3; — &y >

o —af #£0for all i € GY and | # k. Now, suppose that 18; — éu| # 0 for some i € GY. Then the
first order condition (with respect to ;) for the minimization of the objective function (2.8) implies
that

2
=xiMp FPA); +

2 2
—:U;MF{)uf + = T

T T

2 / /\éki ~ ~ R ~ .

+ ﬁxiMplzijLiHB - ”Ip T(B; — ég) + TA Z éij H 18, — aul
i Qg

J=Lij#k  I=11#)

Opx1 =— x;(Mplo - Mg Jui — 21‘ Mg i (6, — ad)

T
= —/lu + AQi — Ai’n’ + 12141' + A5z‘ + Aﬁia say,

where é;; are defined in the proof of Theorem 3.2(i), ¢x; = H{il,l#k 1B; — éull & A= H{ily#k o —

af|| > 0 for i € GY by Assumption 3.3(ii). Let Uyr = NYCDy . + A(log T)/2. Let ¢ denote a
generic constant that may vary across lines. By Lemma A.8(v)-(vi), we have

1
P (max ) =o(N"')and P (—
i€GY P

This, in conjunction with the proof of Theorem 3.2(i)-(iii), implies that

B; — BY B; — BY

’ > cd%@%,:p) =o(N7H. (A.17)

P(|léy — o > cdry Nt :o(N_1 , and P(max |é; — ¢ ch 2) =o(N7H. A.18
k i€G? F
k

By (A.17)-(A.18) and the fact that max;e o %x;MFl z; < cdrpmax a-S., P (maxieG% Ay > cd%TwNT>
= o(N~1!) and P (maxieGg Agi| > c)\T\I/NT> = o(N7'). By Lemmas A.7(ii) and A.8(i), (vii), we
have P <maxiegg | Ay || > T NT) = o(N-1), P (maxz-eGo | As|| > eNV24(Tdpnpg + TY2dY 2CNT))
= o(N"1), and P (maxicqg ||zl > o(Tdrnyy + T4 *CRh) (ng + T-H2(log T)) ) = o(N7Y).
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For As;, we have

1B — éu
> 2Qi w2 T|B; — én)|® + TAéki||B; — anll > cTARB; — el

(Bi — &) Asi = (B; — au)’ (%fp;MFl Ak =1, ) T(B; — du)

Combining the above results yields P(Ex y7) = 1 — o( N~ 1), where

EpNT = {max HAQzH <c <TdT77NT + T1/2d1/2 ) <¢NT + T 1/2(1ogT) ) }
i€GY

N {ma}O{HAgiH < eNY2U(Tdpn g +T1/2d;/201§%r)} N {mag |eki — cg‘ < 02/2}
(IS€4 1€GY,

i€eGY

N {max HA@ < cd%TwNT} N {max HA& < c/\T\IINT} .
€GO

Then conditional on Zjn7, we have that uniformly in i € G9,
‘(51 — &) (Ag; + Ag; + Ay + As; + Agy)

> |(B; — e As

> {CT)\cg —c <N1/2q <Td;/2 T+ Tl/le/QC ) + Tdzy Ny + /\T‘I’NT>} 13; — |

- ‘(/Bz — ) (Ags + Aszi + Agi + Agi)

>cTAY|B; — sl /2,

where the last inequality follows by the fact that Nl/QQ(Td1/217 +T1/2dl/2C’ )+ T A2 N+ TV N
= o(T\) for sufficiently large (N,T') by Assumption 3. 3(1V) It follows that

P(Epnt;) = P(i ¢ Gpli € GY) = P(Ay; = Ag; + Az + Ay + As; + Agi)
< P (1(B; = aw)'Aul = |(3; — aw) Asi = (B; — @) (A + Asi + A + Agr) )
< P(||Au| = cTA /4, Zknt) +o(N7YH =0 as (N, T) — oo
where the last inequality follows because T'A >> Tbpt yp by Assumption 3.3(iv). Consequently, we
can conclude that w.p.a.1, 3; — & must be in a position where ||3; — || is not differentiable with
respect to 3; for any i € G9. That is, P(||3; — @l =0i € GY) =1—0o(N~1!) as (N,T) — oo

For uniform consistency, we have that P(Ui(:lEkNT) < Zle P(EkNT) < Zi{:l ZieGg P(EAkNT,i) <

Nmaxi<i<y P(| Al > cTAc}/4) + o(1) — 0 as (N,T) — 0o.This completes the proof of (i). Then
the proof of (ii) directly follows SSP and is therefore omitted. W

To prove Theorem 3.4, we use the following two lemmas.

Lemma A.9 Suppose that Assumptions 3.1-8.3 hold. Then for any k=1,..., K,

11



o1 0 1 1 «N 1 1 N
W N, T2 ZzeGk wiMp, FO)‘ = N 12 DicCy N 2oj=1%; M xjawba N, T2 DicCh, N 2j=1 aij i M, uj
NkT2 ZzeGk N Z] 1 aljx M FO)‘2J + OP( _I/QT_ )7
(”) N T2 ZZEGk Z; M =, T2 Ziego :EI'MFIOZL'i + OP(l),
(i) ﬁzleékxmﬁ ( uf - LYV, ja”) = Ugnr + 0p(1),
(i) Nsz ZzeGk N Ljec, TiMp i = Nsz Zz’eGg ¥ ZjeG? ziMpozjai; + op(1).
Lemma A.10 Suppose that Assumptions 3.1-3.8 hold. Then
. d
(i) @nr = Qo.
(ii) Uxnt = Vint + Bint +op(1) for k=1,..., K,
(iii) VN1 LY (0,9Q0) conditional on C where Qp = limy 700 QN7
Proof of Theorem 3.4. (i) To study of the oracle property of the C-Lasso estimator, we invoke

the sub-differential calculus. A necessary and sufficient condition for {3;} and {4} to minimize the
objective function in (2.9) is that for each ¢ = 1,..., N (resp. k = 1,..., K), the null vector Opx1

belongs to the sub-differential of Q?‘Véﬂ{ (8, a, F1) with respect to 3; (resp. ay,) evaluated at {3;} and
{ar}. That is, for each i = 1,..., N and k =1, ..., K, we have

9 )\ K K
— / ~ —_— fo — A
0p><1 - _NT2 mZM ( xl/B N §: _l1 lI;AJ ||BZ Oél”, (A]‘g)

Opx1 = Zem H 13; — aull, (A.20)

N 1=1,l#k

where é;; = HB s H if |3; — a;ll # 0 and ||é&;] < 1if ||3; — @]l = 0. First, we observe that

||B — &gl = 0 for any @ € Gy, by the definition of Gy, implying that Bl —a —»a)—al £0
for any i € Gy and I 7& k by Assumption 3.3(ii). It follows that ||éy|| < 1 for any i € Gy and
€ij = Bimdy G, =& w.p.a.l for any i € Gj, and j # k. This further implies that w.p.a.l

18; —oc]H = Taw—a; ||

D icy Zj:l,j;ék €ij Hl:l,l;ﬁj 18; = &yl = > il Zj 1,5k ||32 ZJH 15, 125 16 — éul| = Opx1, and

K

N
Opxlzzéik H 18; — éul

i=1  1=1,l#k

K K K K
= e I] law—al+d ew [T 1Bi-al+ > D e [[ llay—al

il =Ltk icGy  I=1l#k j=Li#kic,  1=Ll#k
K Ko
= Z Cik H & — aul + Z Cik H 18; — aul|. (A.21)
il =Ltk icGy  I=Ll#k

Then by (A.19)—(A.21) we have

K
. A ) 5
Nm Y @ Mg (y xiak)%—NE:eik I 13 — dull = 0psa. (A.22)

ZEGk iEGO I=1,l#k
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Noting that 1{i € G}.} = 1{i € GO} + 1{i € G} \ G} — 1{i € GO\ Gy} and y; = ;0 + FOAY, + u?
when i € GY, we have

NT2Z FlyZ_NT2Zx i)+ NTQZx A FIAL NT?Z“T BY

ZEGk ZEGk ZEGk ’LEGk
1 0 / 0
Nsz Z i M x,ozk TN N, T2 Z x“ﬁ Ny T2 Z $iMF1$iO‘k
ZEGO lGGk\GO lGG%\Gk
N T2 Z i M Ff)\% N T2 Z i M, (ui + FIN,). (A.23)
aen ieGy,

Combining (A.22) and (A.23) yields

NTQZxM zi(Gg — al) NTQZ Ff)\?i NT2ZJ:M (ui + FSA9;)
’LGGk ZGGk ZEGk
+ C'lk: — Cgk + C’gk, (A.24)

where Clk = ﬁ Zieék\Gg x;Mﬁl.’L’Zﬁ?, CQk = ﬁ ZieG%\G’k $;Mﬁl$ia2, and égk = ﬁ Zieéo éik
X HIKU#; |8; — é@|. By Theorem 3.3 and Lemmas S1.11-S1.12 in Su et al. (2016b), we have

(N1/2Tuclkyy > €) < P(Finr) — 0, P(N1/2THC’2ku > €) < P(Epnr) — 0, and P(NY2T|Cyp|| >
€) < S, ZzeGO P(i € Goli € GY) < S ZZGGO P(Ents) = o(1). Tt follows that ||Cp — Coy, +

C’3k|| = op(N~1/27-1). By Lemma A.9(i), we have as \/_Z{V -0

NkTQ Z F_{)/\(l)i =N T2 Z Z:p :vjaw ;i — NkTQ Z Zawx M, LU

i€Gy, ieGy, J=1 ieCy, j=1
NkTQ Z Z%x M, F2 A9; + op(N N7V, (A.25)
ZEGk Jj=1

In addition,

NkT2 Z Za: MFlmja” i NkT2 Z Z Z ;M. %aw v — az) +op(NV217Y)

en J 1 en l 1 jeq,
(A.26)

by Theorem 3.3. Let Q1n7 :diag(ﬁ Zieél xi M, Tiy s ﬁ ZieéK x;Mﬁlxi> and Qanr is a
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Kp x Kp matrix with typical blocks ﬁkT Zieék Zjeél aijx;Mﬁl x;j such that

1 o N e 1 _ N . o A e

NN T2 ZieGl ZjeGl aijr;Mp x5, . T ZieGl ZjeGK aijri M,

1 o N e 1 R R o A e

Oany — NNoTZ ZiGGz ZjeGl aijr;Mp x5, . a7 ZiEGQ ZjeGK aijx; My, xj,
1 N s aist Ma s .. 1 N N o A e

NN<T? D etk Zjeal aijr; Mg, xj, NN<T? D etk ZjeGK aijr; Mg, x;

Combining (A.24)—(A.26), we have \/NTvec(d—aO) = (QlNT —QQNT)_l\/DNKUNT+OP(1)’ where
the kth element of Unp is

N

A 1 1

UgNT = JNT ZG: wiMp, | (ui + FRA3) - N ;az‘j (uj + F5AY))
1eGy -

and Dy :diag(Nll, ey N—]\;)(X)Ip. By Lemma A.9(ii)-(iv), we have that QlNT—QQNT = Qnr+op(l),
UNT = Unr +0p(1), where Unr and Q7 are defined in Theorem 3.4. Then we have \/NTvec(d —

a®) = Qv DNrUnr+op(1). By Lemma A.10(ii), we have Uynt—Bent,1 —Bent2 = Vinr+op (1),
where Vin7 and ByyT = BinT,1 + BinT2 are defined in Theorem 3.4. Thus,

VNTvec(@ — a®) = Qyb/Dnk (Var + Bar) + op(1), (A.27)

where Vnr = (V] N1y o Vieyr) and Byt = (Biyps - Brenr)'
(ii) By Lemma A.10 (i) and (iii), we have

QNT i Qo and VNT i> N(O, Qo) conditional C. (A.28)

Combining (A.27)—(A.28) yields vV NTvec(é& — a®) — /DnrQnyBNT <, MN(0, DoQy Q")
To prove Theorem 3.5 we use the following lemma.

Lemma A.11 Suppose that Assumptions 3.1-8.3 hold. Then, as (N,T) — oo,
(i) JllFiha; — FPAY | = Op(VarTnnr) + Op(Cyy),
(i) <=\ s — F9Ha | = Op(Ci})
(ii1) \/;N—k Yiec, (hai — Hy 'A%;) = op(1),
(iv) —= HF25\2@‘ — F9X3i|| = Op(Cyy),
(v) \/LN_,Q dic, (Ag1i — Ag1;) = op(1),
(vi) SR S0 S0 (s — 545) 1{s < £} = op(1),
(vii) ﬁ Ziegg(Am,ij\m — Ao hy;) = op(1),
(viii) ﬁ Diea? PIFARD Sy [ﬁtsl {5 <t} Aoaidas — 351 {5 <t} Aogide;| = op(1),
(ir) Qnr = Qnr + op(1) and QJJ\?T = Q}r +op(1),
where 5\81- = )\gi — % Z;V:l )\gjaij.
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Proof of Theorem 3.5. (i) We first consider the bias-corrected post-Lasso estimators vec(&%). By

G
construction and Theorem 3.4, we have

\/NTvec(d%? —aY)
= \/NTvec(d%? — &) + VNTvec(é — o)

= /DNrQnyVNT + V/DNK [valT (Bnr1+ ByT2) — Qnip(Byra + Byra)| +op(1).

It suffices to show that \/NTvec(dbéc —af = \/DNKQ;V%FVNT + op(1) by showing that (il) QlNT -
Qont = Qnr + 0p(1), (i2) By = Byt +op(1), and (i3) Byrz = Byt + op(1). (i1) holds by
Lemma A.9 (ii) and (iv). For (i2), it suffices to show that Byy71—Brnr1 = op (1) fork =1,..., K. By
Theorem 3.3 and using arguments like those in the proof of Lemma A.9(ii), we can readily show that
Bynr, = Benratop(1), where Binti = 5= Yieqo D21i— 7307 Diec St Yoy sl {s <t} Agy .
It follows that

T T
N 1 " 1 N
BinT1 — Brnt1 = N Z (Ag1i — Ao1y) — JNT ZZ 1{s <t} [%tsAﬂ,i — #5801, | +op(1)
i€GY i€GY t=1 s=1
_ (A1 — Aoy i) — 1 3 1 {s <t} L (A21,; — Aoy )
N T TN,
cco =1 s=1 cco
T T
N, . 1
_ ka: D Gas—sas)1{s <t} A > Agri | +op(1)
t=1 s=1 e

EBkNT,l (1) + BkNT,l (2) -+ BkNT,l (3) + Op(l).

We can prove BkNT,l = Bint1+op(1) by showing that Bynr1 (1) = op (1) for [ = 1,2, 3. Noting that

3L Sl s <) < AN S | ful| [ A]] = 0r (1) and g Sicep Aors = 0p (1),
these results would follow by Lemma A.11(v)-(vi). To show (i3), we first observe that

N

1 0 0 1 0

Binra =r=r % B (ai[C) Mpp Fy | Xoi = ]Zl A2jaij
] k =

_ 1 _
:m Z E (.’I};’C) FQO/\gZ — W Z E (.’L‘;’C) PFIOF20/\21 = BkNT,Ql — Bk:NT,227

i€GY i€GY

where Ag; = A3 — & S0, jaij. Let ¢ 12 = (¢21(L), P P(L)), 6712 = (657 (L), 65 (1)) =
(6511 (L), ¢°72 (L)), and vf** = (uf"',v{"'). Note that e; = w§, = ¢5" (L) vii+5° (L) v5+65 (L) o] +
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¢°I2 (L ) ?. By the BN decomposition and the independence of {v}°} and {vﬁlf >}, we have

fSt =S w; = ¢f2f1(L)UI{1 + ¢f2f2 (L)’UZZ _ gbfz,flfz (L),Uglfé

:¢f2,f1f2(1)vf1f2 + SyWi—1 — S47I)it7

t
Ec (zit) =E¢ (Sg Z wzm) = Z (qﬁ‘z?fl (L) vf,% + ¢§f2 (L) vfj) — ¢z—:,f1f2 (L) V;ﬁfz

m=1

:¢Z§,flf2 (1) ‘/tflf2 + SyE¢ (Wi — Wit) -

where V12 = (v vy = (Zin L vy, S 111{,%/) wj and W are defined in Assumption 3.1.

Let Binror = 74 doica? 52 2r0 aioo Bir iS4 Ag;- Tt follows that

BkNT 21 — BZNT 21

\/M Z Z¢ 7f1f2 Vflfz f1f2/¢f2,f1fz( 21 Z SZZZ@ l+7“¢zl‘5’4)\21

ieG? tl ego r=0 [=0

Z Z¢8,f1f2 Vf1f2 f1f2/ )¢f2,f1f2(1)/5\gi

eGO tl

Z Sa {T Z (EC Wit41) Z i 1119; z) Siha; — T Z¢z l+1¢zls4)‘2z

eGO
1 ~ 0 1 d 0
T ; (EC (iig) vf ¥ P11 12 (1) — ¢i,0¢i<1),szll) Aoi + 7 ;EC (i) vf T 2112 (1) Xy,
T
—lEC Z’w't W, S/XO- + iEC (w‘l)ﬁ)‘ S/XO-
T et ? TP 4724 T 7 10424

50
= ZQZT+ ZSQ{R{%1+R1T2+R 3+R1T4+R 5+R1T6}Sﬁll)‘2i7

where we use the fact that ¢;’ f1f2( 1) /22 (1) = = 52¢;(1) ¢ ¢; (1)’ S} by construction and that

YorZo Yoo Piagedis = 6 (1) 0 (1) = 20 diriadiy + Giodi(l . Following the proof of Lemma
A.7 in Huang et al. (2018), we can show that\/— Zz‘eGg SgRiTlS4;\gi =op(l) for I =1,2,...,6 and
ﬁ ZzeGO E(Q{T) = 0. It follows that BkNT21 = BzNT,Ql + Op(l) = ﬁ ZiEGg A24,i5\(2)z‘ + Op(l).

1 1 T T
Analogously, we have Bynr122 = BkNT’22+0p (1), where B} ng 99 = N ZieGg T Dot Dosey as1{s <
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<0
t} xS2 320> 0% ¢i,l+r¢;,lszll)‘2i' Let Bynro = Binro1 — Benrze- Then

Binra == S S (U=t s s <) 830D 60, LA

i€GY "~ t=1 s=1 r=0 1=0
1 T t 0o o0
_ = ef1 4 faf1 6fz faf2
T2 Y (e 4ol ) = T %
t=1 s=1 r=0 (=0 eGO
T t
1 _ 1 0
= Z ts ™ — A24,’L>\27,
T t=1 s=1 N i€GY

By Theorem 3.3 and using arguments as used in the proof of Lemma A.9(ii), we can readily show
that Bynt2 = Bpnr2 + op(1), where Bipnt2 = \/;N_k ZieG% % 23;1 Zizl ﬁtSAM,i;\Qi. Thus we can
prove that BNT’Q = Bnr12+ 0op(1) by showing BkNT,g = BZNT,2 +op(1) for k=1,..., K. Note that

B * A 3 50 N ~ 2
Bint2—Binra = ﬁ D icco (B24,iA2i— Aoqidy;) —ﬁ D ieq? S S 1 s <t} PasBosidai—
%ts(A)M,i;\gi] = op(1l) —op(1l) = op(1) by Lemma A.11(vii)-(viii). Consequently, BkNT,2 — Bint2 =
op(1).

In sum, we have \/NTvec(&%f —a®) = VDN Qi Vit + op(1).

(ii) For the fully-modified post-Lasso estimators ozé , we first consider the asymptotic distribution

for the infeasible version of the fully modified post-Lasso estimator aG Noting that y = xiag +
FONY, + F9XS, + uf, by (A.24) and (A.25) and Theorem 3.3, we have

0 0
NkT2Z:ﬂM xlaGk—ak) NkT2Z$M (u + FAY;) + NT2ZJ:M FRNY,
1€Gy, ZEGO ZEGk

1 _ _
_ WBZNTJ — mBkNTQ =+ OP(N 1/2T 1), (A29)

Combining (A.26), (A.29) and Lemma A.9(i) yields

NkT2 Z Mg, i osz —af) NkTQ Z Z:L‘M :L‘jaw

ZGGk ZEGk Jj=1
1 N
NT2 ZmMFo uf—NZujaij NT2 ZQ:MFoF2 A9, Z)Qjaw
k 7,€GO Jj=1 i€GY
1
B — —BkNT,Q—Q—OP(Nfl/QT* )

- /NkT ENT,1 /NkT

By (A.26) and Lemma A.10 (i)-(iii), we have vV NTvec(&5" —a®) = (Qin1 —Qant) 'VDNr (Uit +
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UJJ\?T) _B]J\FIT,l — Byr2] + 0p(1) = VDN Qi Varr + op(1), where

N
1
+ + +
Upnr = \/_T E xMFo u; _NE aiju; |
i=1

i€G?

N
f 1 0
Uplnr = \/]TkT > iMpo | F5 — ~ > ayFy |,

=1

zGGO

1 el ue,+/ ! Qu/
Vikra = ng: STl D" {7 (Vi) — (L4 =) = sl {s < 1) T 0115

t=1 s=1

VI:]_VTZ \/—Z Z|C) {Z = G Z %T g\c MFP“??
=1

]EGO

Vint3 = —F/—= [z; — Be (z:)] Mpo FAY;,
N ZG 1

and U, ,:r Nt =U, ,2‘ Nt U, ,f?NT and VJVT = V,JVT’l + V,;]r\,:,ﬂ72 +VinT 3 are the kth block-elements of UR?T
and Vyp, respectively. We have a new error process wjt = (uj, Axl,, Afl,, fo, )" whose partial sum

satisfies the multivariate invariance principle:ﬁ 27[5 wi = B = BM(Q]"). Following the proof of

Lemma A.10(iii) (see also Theorem 9 in Phillips and Moon, 1999), we can show that V. 4N 0,Q8)
conditional on C where Qg = limy 700 QET and QE —Var(V T|C) Then we have

VNTvec(&l™ — a®) 5 MN(0, DoQg'f QyY).

~ fm .

,..fm

Next, we show that &, is asymptotically equivalent to &ém by showing that v/N T( ay’) =

op(1). Note that
\/NT(aém_&ém) =V Dnk [(QINT - Q2NT)_1([A]J¢T + BKTT,I + BNTQ) - Q;VlT (U;T + B]J\FIT,I + BNT,2>} :

Then it suffices to show (iil) QlNT — QQNT = Qnr + op(1), (ii2) E;Tl = B]J{,Tl + op(1),(ii3)

UJJ\?T = UJJ\?T + op(1), and (ii4) BNT’Q = Bn12 + op(1). (iil) and (ii4) have been established in the
proof of part (i) of the theorem. For (ii2), we can apply arguments analogous to those used in the

proof of Lemma A.11(v) to establish that E¢ Hﬁ >icé, Qi — )| = Op(% + %) =op (1). Since
~ 2
= Npmi — Qm,iS2, i Ay g, this implies that Hﬁ Yica, (Ba; — A3, )

AJr

Img —

= op (1). The latter
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further implies that E;T 1 = B, +op(1). For (ii3) we can apply Theorem 3 to show that

T+ +
Uent = Uknt

_7ru+ rru+ rTu+ u+
=Upnt = Upnr + Upnr — Ugnr

N N
1 1 1
i oot - / R + _ = e
m:r 2 #M | 0 =y 2ot | = iy 2 WM, - 2 e | +or()

ZEGk Jj=1 ieék J=1
ZxM - ‘)_;Zix/‘MA (ﬂ*—u*)azj—i—oP(l)
\/]TkT iea B Ui VN,NT o j—l R\ j
0 j=

1 e
T V/NiT Zoxgmi (leﬂzzli - 912,192211) - \/MT Z 2} Py, Az (Quzﬁm 912192%)
=el

N
1 - A A —
~ VNiNT 2 2 wiMp A (9127],9223 - 9127j9221j> aij + op(1)

ieGy j=1

=UU; +UUy + UUs + op(1),

where U4, = \/—T ZzeGg ;Mg ( %Zj\le aiju;r> and U, — Uiy = op(1) by Lemma
A.9(iii). Following the proof of Lemma A.11(v), we can show that UU; = op(1) for | =1, 2, 3. Then
(ii3) follows. This completes the proof of (ii).

(iii) The proof is analogous to that of (ii) and is omitted. W

To prove Theorems 3.6-3.7 we use the following two lemmas.

Lemma A.12 Suppose that Assumptz’ons 8.1-3.3 and 3.5 hold. Then

(i) For any 1 <r <79 Vi(r,G") — Vi(r,GOH") = Op(C;[%F),

(i) For each r with 0 < r < 19, there exist a positive number ¢, such that pliminf y 7y [V1(r, GH")
~V1(r°, G = ¢,

. A 200 —

(iii) For any fized v, with r° <7 < rmax, VA(7, QT) — V1(7:O,GT ) = Op(Cy2),
where Vi (r,GYH") is defined analogously to Vi (r, G") with G" replaced by G°H", H" = (N~1AYA?)
x(T7*GYG"), and G° = AFP,
Lemma A.13 Suppose that Assumptions 3.1-3.5 and 3.6 hold. Then

(i) For any 1 <7y <79, Va(ry, F]Y) — Va(ry, FYHY) = Op(VT),
; (i% For any 1 < r < r¥, plim inf n 7)00 dr T [Va(ry, FPHY) — Va(ry, FY)] = dy, for some
>

(iii) For any 1) <1y < rmax, Va(ry, 1) = Va(r{, f11) = Op(1),
where Vg(rl,FOH”) is defined analogously to Vg(rl,Fl ) with Flr1 replaced by FYH{', and H{' =
( 1A01A0) ( 2FO'FT1).
Proof of Theorem 3.6. Noting that 1Cy(r) — IC,(r%) = Vi(r,G") = Vi (10, G™") — (r° — )1 (N, T),
it suffices to show that P (Vl(r, G = Vi(r0,G"") < (r® = r)g1 (N, T)) — 0 as (N,T) — oo when
r # r9. We consider the under- and over-fitted models, respectively. When 0 < r < 7°, we make the
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following decomposition:

‘/1(Ta GT) - W(TO> GTO) :[W(Ta GT) - V(Ta GOHT)] + [Vi(?“, GOHT) - W(T07 GOHTO)]
+ V(% GPH) — Vi(r0, G = DV +DVig+ DVys.

DVi; = Op(Cyh) for I = 1,3 by Lemma A.12(i). Noting that Vi(r?,GOH™) = Vi(r°,GY),
pliminf(n 7)o DVi2 = ¢ when 7 < r¥ by Lemma A.12(ii). It follows that P(ICy(r) < ICy(r?)) —
0 as g1(N,T) — 0 as (N,T) — oo under Assumption 3.5.

Now, we consider the case where 0 < r < riyay. Note that C3p[Vi(r, G7) — Vi (10, G =0p(1)
and C%1(r — 1) g1 (N, T) > C%,91(N,T) — oo by Lemma A.12(iii) and Assumption 3.5, we have
P(ICy(r) < IC1(r%) = P(Vi(r,G") = Vi(r,G™") < (r® — r)g1(N,T)) — 0 as (N, T) — co. B

Proof of Theorem 3.7. Noting that ICs(71)— IC’g(rl) Va(ry, FI)=Va(rd, FY )—(r?—rl)gg(N, T),
it suffices to show that P <V2(r1,ﬁ’{1) - Vg(rl,F{l) (r) —r1)g2(N, T)) — 0 as (N,T) — oo when

r # 79, First, when r1 < r{, we consider the decomposition

N ~ r T‘O
Va(ry, 7YY — Va(rd, EIY) = [Va(ry, BTY) — Va(ry, FOHD)] + [Va(ry, FOHTY) — Va(r, FOH)]
T ”‘T‘O
+ [V(T?»FPHf) —V(r), F{')] = DVa1 + DVas + DVas.

By Lemma A.13, DV 1 = Op(T"/?), DVa 3 is of exact probability order Op(T/loglog T), and DVa 3 =
Op (1). It follows that

A~ A~ 0
P(ICy(r1) < 1C3(rD)) = P (Valrs, F*) = Va(rf, F{T) < (1 = r)ga(N, 7)) — 0

as g2(N,T) (loglogT') /T — 0 under Assumption 3.5.

Next, for 71 > 79, we have V(ry, F{*) — V(r), F f?) = Op(1) for r; > r{ by Lemma A.13(iii),
and (r; — 79)ga(N,T) — oo by Assumption 3.5. This implies that P(ICy(r1) — ICo(r?) < 0) =

P(Va(ry, ') = Va(rf, Fyt) < (1) — r1)ga(N.T)) — 0 as N, T — co. W
To prove Theorem 3.8 we use the following lemma.

Lemma A.14 Suppose that Assumptions 3.1-3.3 and 3.7 hold. Then maxi,<K<Kpax ]&é(K N

AG(K /\)| Op(l/?\,T), where &QG(K’A) = ﬁ Eszl Eieék(K,A) Zle[yit—@gf(/K,)\)l'it—j\li(Ka A),flt(Ka N2
and vyt 18 defined in Section 3.6.

Proof of Theorem 3.8. First, we show that
1C3(Ko, A) = ln[V?)(Ko)] + pKogs(N,T)

T
ln_z > > [%t G (K i — Mi(Ko, \) fre(Ko, A) i +0(1) & ().

k=1ieGy(Ko,N) =1
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We consider the cases of under- and over-fitted models separately. When 1 < K < K, for G&) =
(GK,la ceey GK,K) we have

K T
1 . " . 2
V3(K) =NT Z Z {yit - @ék(/K)\)-Tit — A (K, N fie(K, /\)}
k=1ieGy (Ko, =1
>  min inf ii i[ v — ™ 2y — A(GEY f (G(K))}2
= 1<K <Ko () eg(K) NT ‘ Yit Gr k it 1z 1t

= min inf &QG(K) .
1<K <Ko GK) eg(K)

By Assumption 3.6 and Slutsky’s Lemma, we can demonstrate

: N . 2 P 2 2y
| Juin IC3(K,\) > | Juin G(fglefGK In(6¢u)) + pKgs(N,T) = In(g”) > In(0p)

It follows that P(min1§K<K0 IC3(K, /\) > ICg(KQ, )\)) — 1.

When Ky < K < Kpax, we can show that NT[&Z*(K,A) — 6%‘(1@,/\)] = Op(1) when there is no
unobserved common factor and no endogeneity in ;;, 637 [6}2@( K " &QG ( Koyk)] = Op(1) when there
are only unobserved nonstationary common factors and C%; [&QG (KN~ &é (Ko, )\)] = Op(1) when there

are both nonstationary and stationary common factors. Then by Lemma 14,

P in IC3(K,\) > IC3(Kop, A
(i, 163(85.0) > 13 (o )

=P (KIE% Ve In (&é(K’ » /&émo, A)) +vp503(N, T)(K — Ko) > 0)

~ . —2 (A2 ~2 ~2 -2
=0 (éﬁ%ﬂ i (T ~ i) ooy +VRr(N T = Ko) > O)

—1 as (N,T)— o0

where KT = {K : Ko < K < Kpax}. B
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