-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Open Access LMU

PUBLISHED FOR SISSA BY @ SPRINGER

I

RECEIVED: October 25, 2017
ACCEPTED: January 1, 2018
PUBLISHED: January 11, 2018

Locally non-geometric fluxes and missing momenta in
M-theory

Dieter Liist,”® Emanuel Malek® and Marc Syvari®
@ Arnold Sommerfeld Center for Theoretical Physics, Department fiir Physik,
Ludwig-Mazximilians- Universitdat Munchen, Theresienstrafie 87, 80333 Miinchen, Germany
b Maa-Planck-Institut fiir Physik, Werner-Heisenberg-Institut,
Féhringer Ring 6, 80805 Minchen, Germany
E-mail: dieter.luest@lmu.de, e.malek@lmu.de,

marc.syvaeri@physik.uni-muenchen.de

ABSTRACT: We use exceptional field theory to describe locally non-geometric spaces of
M-theory of more than three dimensions. For these spaces, we find a new set of locally
non-geometric fluxes which lie in the R-R sector in the weak-coupling limit and can typi-
cally be characterised by mixed symmetry tensors. These spaces thus provide new examples
of non-geometric backgrounds which go beyond the NS-NS sector of string theory. Starting
from twisted tori we construct duality chains that lead to these new non-geometric back-
grounds and we show that, just as in the four-dimensional case, there are missing momenta
associated to the mixed symmetry tensors.

KEYWORDS: Flux compactifications, M-Theory, Non-Commutative Geometry, String Du-
ality

ARrRX1v EPRINT: 1710.05919

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. https://doi.org/10.1007/JHEP01(2018)050


https://core.ac.uk/display/242631233?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:dieter.luest@lmu.de
mailto:e.malek@lmu.de
mailto:marc.syvaeri@physik.uni-muenchen.de
https://arxiv.org/abs/1710.05919
https://doi.org/10.1007/JHEP01(2018)050

Contents

1 Introduction

2 Review of string theory T3 duality chain

3 Locally non-geometric fluxes in M-theory

3.1
3.2

3.3

3.4

3.5

Relevant features of Eyq) EFT

Four-dimensional locally non-geometric backgrounds
3.2.1 Other non-geometric fluxes

Five-dimensional locally non-geometric backgrounds
3.3.1 Other non-geometric fluxes

Six-dimensional locally non-geometric backgrounds
3.4.1 Other non-geometric fluxes

Seven-dimensional locally non-geometric backgrounds

3.5.1 Other non-geometric fluxes

4 Duality chains and missing momenta

4.1

4.2

4.3
4.4
4.5
4.6

Geometric flux

4.1.1 Nilmanifold

4.1.2 Non-unimodular geometric flux
Wrapping states

4.2.1 Wrapping states of N3

4.2.2  Wrapping states of N3

4.2.3 Wrapping states of N3

4.2.4  Wrapping states of N3

4.2.5 Wrapping states of N3

Review of four-dimensional duality chain
Five-dimensional duality chain
Six-dimensional duality chain
Seven-dimensional duality chain

4.6.1 Duality chain for R¥; and R’
4.6.2 Duality chain for RY* and R

5 Conclusions

A Details of decomposition of Eq44) EFT to SL(d) x R

A1 SO(5,5) EFT
A.2 Eg) EFT
A.3 Ep) EFT

12
13
14
15
16
18
20

20
20
21
22
23
23
23
24
25
25
25
27
28
29
29
30

32

34
34
35
37



B U-duality rules 38
B.1 U-duality along three directions 39
B.2 U-duality along six directions 40

1 Introduction

One of the characteristic features of string theory is the existence of dualities. For example,
because strings can wind around non-trivial cycles, circles of radius R and of radius o/ /R
are equivalent in string theory, leading to the concept of T-duality. These dualities also
suggest that the string target space can be a non-geometric background which is patched
together with dualities [1-6]. A subclass of such spaces, called globally non-geometric, still
admit a local description in terms of a metric, NS-NS 2-form and possibly R-R fluxes.
However, because of the duality patching these fields are not well-defined over the entire
background. More generally, we can consider a locally non-geometric background which
does not even admit a local description in terms of a metric, NS-NS 2-form and R-R
fluxes [7]. Non-geometric compactifications could have interesting phenomenological con-
sequences, for example in moduli stabilisation [4].

Neither class of non-geometric spaces are manifolds and therefore our usual notions of
spacetime break down. For example, it was shown in [8-13] that globally non-geometric
backgrounds are non-commutative, while locally non-geometric spaces also exhibit non-
associativity. The simplest kind of locally non-geometric spaces are characterised by a
fully antisymmetric spacetime tensor R*, called the R-flux, [7] and which gives rise to a
closed string phase space algebra [8-10, 14, 15]

[ac’, xj] = ?R T [ac , pj] =1ihd;, [pi, pj] =0. (1.1)
The Jacobiator amongst coordinates does not vanish
o] =3 () [ ] ) o) =,

so that the coordinate space becomes non-commutative. This algebra was also be defor-
mation quantised in [14, 16] using a membrane model.

Recently, four-dimensional non-geometric backgrounds of M-theory were studied
in [17-20], particularly focussing on local non-geometry. The lift of the string theory
R-flux RY* to a four-dimensional M-theory background was constructed in [17], using the
duality manifest formulation of exceptional field theory [21]. The four-dimensional M-
theory R-flux is given by a mixed symmetry tensor R%Hm with RJkm — Rulikim] and
R[i,jklm] —0.

In [18], a toy model of a locally non-geometric M-theory background was considered
which is U-dual to a Heisenberg Nilmanifold, or “twisted torus”. The homology of this
twisted torus implies that M2-branes cannot wrap a certain 2-cycle. By U-duality this im-
plies that there is a missing momentum mode in the locally non-geometric background [18].



As a result the phase space of M2-branes in this four-dimensional locally non-geometric
M-theory background is seven- instead of eight-dimensional. In [18] it was conjectured
that in more complicated four-dimensional locally non-geometric backgrounds, the missing

momenta are given by
RibIkm . — 0, (1.3)

If we reduce to ITA string theory, the R“*™ flux reduces to the usual R¥* flux of
string theory [7]. On the other hand, the missing momentum mode is in that case along
the M-theory circle and therefore (1.3) implies that there are no DO-branes in a string
R-flux background. As argued in [22] there should be no D0-branes in an R-flux back-
ground because after applying three T-dualities these D0-branes become D3-branes wrap-
ping a 3-cycle with non-trivial H-flux. However, such a configuration is forbidden by the
Freed-Witten anomaly condition. Furthermore, the absence of D0-branes, and hence point
particles, is natural in a non-associative spacetime where one has a “minimal volume” [16].

This fact that there is a missing momentum mode was crucial in the conjecture of [18]
that the phase space of M2-branes in a locally non-geometric M-theory background is
governed by the non-associative algebra of the imaginary octonions, which was subsequently
quantised in [19]. The reduction to type ITA string theory can then be understood as a
contraction of the algebra of imaginary octonions which yields (1.2).

In this paper we will further study locally non-geometric backgrounds in M-theory, by
using exceptional field theory to find the R-fluxes in higher dimensions,! and study the
relationship between the existence of these fluxes and missing momentum modes. Follow-
ing [23] and [17] these can be constructed as spacetime tensors involving dual derivatives,
which can be thought of as Fourier dual to wrapping modes of branes, of the trivector Q%"
or six-vector Q7*m" appearing in the globally well-defined non-geometric parameterisation
of the string background. We find a variety of new locally non-geometric R-fluxes, most
of which have mixed symmetry. For example, in seven dimensions (the case of Er(7)) these
are given by

Ri,jklm _ 4ai[ijlm] _ 6z[j6klm]inpqapqein ,

g . 1 e 1 e
R”k = 8lez]l _ Eeklmnpqrawglmnpqr _ %fklmnpqrglmnaw QPar

+ 4eg[i3j]ezk + 45]56;]']3[6;[ , )
14
R = 9;,00% —4ed 9l — 8ei'dl el

AT YL ik A l
R= fijklmnpazﬂj P — 26ijklmanw amaQmr

3 5. . . g 1
Rzykl _ éa[zg]kl} + aququkl + ZQ[@]k@qul}pq7

N | —

where 9%, 0;; = %eijklmnpﬁklm”p and 0' = %ejklmnpqamkmnm are improved dual derivatives
in seven dimensions which we define in detail in (3.65).

Throughout this paper we will be referring to the dimension of the non-geometric background, not that
of the external space.



We then construct toy models for these locally non-geometric backgrounds by succes-
sively applying U-dualities to N3 x T™ or Ny x T™ where N3 is the Heisenberg Nilmanifold
and N> is a two-dimensional non-compact space which has non-unimodular geometric flux
and has not been considered in the literature before. Using these duality chains we can
deduce from the topology of the initial background that for each mixed symmetry R-flux
tensor there are missing momentum modes satisfying

Ri,jklm pi = 0’

Ry~ 2RI ) pi =0,
( o (1.5)
R’ bi = 0 )
R p, =0,
providing a nice higher-dimensional generalisation of the conjecture of [18]. In the case of
non-vanishing seven-dimensional singlet flux we find that all momenta vanish, i.e.

Rpl' =0. (1.6)

Just as in [18], the conditions RbIKmy — 0, R9*lp; = 0 and Rp; = 0 can equivalently be
understood as coming from the Freed-Witten anomaly in IIB.

An interesting aspect of this work is that we are using exceptional field theory to
describe parallelisable spaces which are not topologically tori and therefore have different
homology groups. Often the extra coordinates of EFT are assumed to be related to wrap-
ping modes of branes but this would imply that in the cases considered here the EFT should
have fewer coordinates. However, we would argue that there should instead be a different
interpretation of the extra coordinates not related to wrapping modes. For example, in
double field theory they can be understood as the zero modes of the independent left- and
right-movers of the string, as was also argued in DFT on group manifolds [24], and we
would hope that there can be a similar interpretation for the EFT coordinates. Indeed, the
results obtained here seem consistent with such an interpretation. For example, as men-
tioned previously, in the four-dimensional case the missing momentum mode can also be
understood via the Freed-Witten anomaly [18, 22]. Furthermore, its ITA limit is consistent
with the fact that there should be no point particles in a non-associative spacetime [16].

This paper is organised as follows. In section 2 we set the scene by reviewing the proto-
typical example of a locally non-geometric space in string theory by dualising a three-torus
with H-flux. Then we use exceptional field theory to construct locally non-geometric fluxes
of M-theory backgrounds in higher dimensions in 3. Finally, in section 4 we dualise appro-
priate geometric backgrounds to construct examples of new locally non-geometric spaces
which are characterised by the novel R-fluxes. We use the topology of the initial geometric
space to deduce which momenta vanish in the locally non-geometric spaces. Finally, we
conclude in section 5 with a discussion about the implications for non-associativity and
open questions.

2 Review of string theory T3 duality chain

We begin with a brief recap of the chain of dualities that generates a locally non-geometric
string background starting with a 7% with H-flux [3, 7].



T3 with H-flux: consider a T2 with H-flux, His3 = N. We can write the metric and
B-field as

ds?® = (dxl)2 + (da:2)2 + (d:v3)2 ,

2.1
Blg :NCES. ( )

Nilmanifold: if we perform a T-duality along the z! direction we obtain a twisted torus,
with metric

ds* = (dz' — Nac3d:c2)2 + (dx2)2 + (dac3)2 , (2.2)
and no B-field. We say this space has geometric flux, because it is parallelisable with
well-defined 1-forms

el = dx! — Na3da! ,
e? = dz?, (2.3)
e = da® ,

and the “geometric flux” is given by

de’ = T;jej Aek (2.4)

hence T'93 = N. We see that the coordinates are identified as
(:cl,xz,azg) ~ (a:1 + 1,3:2,333) ~ (a:l,xQ + 1,3;3) ~ (a:l + Nz2 2%, 23 + 1) , (2.5)

and as we discuss in more detail in 4.1.1, this does not have the topology of a 7.

This change in topology can be understood as follows [25, 26]. The T with H-flux can
be viewed as a trivial circle bundle over T2. It is useful to define the two-form obtained by
integrating the 3-form field strength over the S' fibre, parameterised by the z!' coordinate,

H= [ H= Ndz® N dx® € H? (T?) . (2.6)
S

After T-duality, we obtain another S'-bundle over T2, where the 1st Chern class of the

new 72 bundle is given by the H, while the new H-flux is the old 1st Chern class. Because

we initially had the trivial circle bundle T3, we do not obtain a H-flux, but the initial

H-flux leads to a non-trivial S'-bundle with 1st Chern class ¢; = H € H? (Tz). This is

the Heisenberg Nilmanifold.

Globally non-geometric space: the way we have written the Nilmanifold, the metric

is only independent of z' and z2. A duality along z! returns us to the 72 with H-flux,

2

and so to continue we must T-dualise along z°. However, 0y is not a well-defined vector

field on the nilmanifold and therefore z:2

is not the coordinate along a well-defined circle in
the nilmanifold. Thus the T-dual is a globally non-geometric space. This can also be seen

directly from the Buscher rules which give the following metric and B-field,

o _ (da') + (do?)”

2
s° = + (dz?)",
14 N2 (23)? (d")
(2.7)
Nz3
Bys=—7——,
14 N2 (23)
neither of which are well-defined as 23 — 23 + 1.



Nonetheless, there is a different, “non-geometric”, parameterisation of the background
in terms of open-string variables

gi=s (-8 -+ B,
1

i=5 (6B B )

(2.8)

In generalised geometry [27] and double field theory [28-30] these new variables correspond
to a different parameterisation of the generalised vielbein, which encodes the metric, and
which is related to the usual one by a local O(d) x O(d) rotation.

For the space (2.7), the metric and bivector 5 are then given by

ds” = (da")” + (da?)” + (da?)*, B2 = Na?, (2.9)

with cis2 the line element of §. This generalised vielbein in this parameterisation is globally
well-defined, while the local O(d) x O(d) rotation relating (2.9) and (2.7) is not. As a result,
it is the “non-geometric parameterisation” in terms of § and 3 which correctly describes the
global structure of this non-geometric space. This background is classified by its “Q-flux”
which is a spacetime tensor [23, 31] and is in this case given by

Qi =09,8% ..., (2.10)

with the terms denotes by ... necessary for covariance but which vanish in this case. For
the space (2.9) its only non-zero components are

Q3 =N. (2.11)

In the following we will simplify the notation by dropping the hat on the metric of the
non-geometric parameterisation § — g.

Locally non-geometric space: the only other duality we can consider is along the
x> direction, which is not an isometry due to 82 = Nz3 and therefore the Buscher rules
cannot be used. However, one should still be able to make sense of T-duality in this case [6].
We know that the entire spectrum of string excitations of T-dual circles are equivalent.
We can now consider a coherent state of string momentum excitations on top of a circle
background, which would deform the metric and B-field of the circle so that it is no longer
the standard round metric, and the isometry is lost. Under T-duality, this configuration
becomes a coherent state of string winding excitations on top of the dual circle background.

This coherent state of string winding excitations is captured in the doubled geometry
as a background depending on the dual coordinates, as has for example been argued in [6].
This is exactly what happens after applying a T-duality without isometries in doubled
models [5, 32] such as double field theory [28], where extra coordinates are introduced
which are dual to winding modes. Then a T-duality along 2? exchanges the coordinate
with its T-dual coordinate z3 +— #;, and without isometry the T-dual background will
depend on the dual coordinates 1, and is called locally non-geometric.



Applying the T-duality along the 2 coordinate of the Q-flux background we obtain

alAs2 = (d;v2)2 + (da:2)2 + (dl‘3)2 ,

2.12
B2 = Nis. (212)

The local non-geometry is measured by a spacetime tensor known as the R-flux [23, 29],
which is given by
Rk = 39l gikl (2.13)

with &' = & 4+ £%9;. For (2.12) one finds
R =N. (2.14)

We see that T-duality just shifts the value of N, given by the initial H-flux to the
geometric and non-geometric fluxes. This is often summarised by the diagram

Higs -5 Togt 25 Q4! 13 RI23 (2.15)
where T}, with i = 1,...,3, denotes a T-duality along z*. The “non-geometric fluxes” can

also arise when applying a duality along a timelike direction, where, at least formally, the
same structures Q;/* and RY* can appear [33, 34].

In this paper we will be interested in generalising this chain to M-theory to generate
and study examples of new locally non-geometric backgrounds which we discuss next in
section 3. We then generalise the above duality chain in section 4.

3 Locally non-geometric fluxes in M-theory

We now wish to find local expressions for the locally non-geometric fluxes which appear
more than four dimensions. Here we follow [17, 23, 30], and use a “non-geometric param-
eterisation” of the exceptional generalised vielbein in terms of a metric and trivector [33]
and the higher-dimensional generalisation. This parameterisation is in turn globally well-
defined on the non-geometric background and allows us to find local expressions, known as
the R-flux, characterising the locally non-geometric backgrounds. As shown in [23], these
fluxes are spacetime tensors under diffeomorphisms, and we will use this criterion to find
their local expressions. We note that for the NS-NS sector of type II string theory, the
non-geometric fluxes can also be understood using Lie algebroids as in [35-37].

Recently, the non-geometric parameterisation of the exceptional generalised vielbein
was used in [38] to derive parts of higher-dimensional globally non-geometric Q-fluxes,
which in [38] were called S-fluxes, under certain simplifying assumptions. Here we will
complete these expressions for the Q-fluxes of [38] so that they are spacetime tensors.

We begin with a brief review of the essential features of exceptional field theory [21]
in subsection 3.1 followed by a review of the four-dimensional case [17] in subsection 3.2
to explain our methodology. We then generalise the treatment to larger dimensions in
subsections 3.3-3.5.



D| Euq H, Ry
7| SL(5) USp(4) 10
6 | Spin(5,5) | USp(4) x USp(4) | 16
5| Ego USp(8) 27
4| By SU(8) 56

Table 1. Split real forms of the exceptional groups, their maximal compact subgroups (ignoring
discrete factors) and their R; representation.

3.1 Relevant features of E4q) EFT

In this paper we will follow [17] and use exceptional field theory (EFT) [21, 39-45] to
describe higher-dimensional locally non-geometric backgrounds in M-theory. We begin by
reviewing the essential features of EFT, which provides a U-duality manifest reformulation
of compactifications of M-theory to D dimensions. The continuous version of U-dualities
acting on a d = 11— D-dimensional toroidal compactification form the split real forms of the
exceptional groups, which we have listed together with their maximal compact subgroups
H,; in table 1.

In EFT and the related exceptional generalised geometry [46-48], the bosonic
(fermionic) degrees of freedom of 11-dimensional supergravity at each point are combined
into representations of Eg4) (Hg). For example, the fully internal bosonic degrees of free-
dom (metric g;;, 3-form Cjjj, and 6-form Cjjgimy) are combined into the generalised metric
M which parameterises the coset space

Eq(a)
M e H, (3.1)
Therefore, it can be written in terms of generalised vielbeine EM M, which are Ey gy group
elements, as

Mun = EM BN 6w (3.2)

where M, N =1,...,dim R; label the R; representation of Eg) listed in table 1. The Hy
subgroup of Ey4) acts as local transformations on the “flat indices” M, N and preserves
the inner product d; 5.

Similarly, the generators of the local symmetries, vector fields (for diffeomorphisms),
2-forms and 5-forms (for gauge transformations) also combine into the R; representation.
Furthermore, all bosonic degrees of freedom with 1 leg on the external space also transform
in the R; representation, while those with n > 1 legs on the external legs transform under
other representations, typically called R, [43, 49-51], which also appear in the tensor
hierarchy of maximal gauged supergravities [52-55].

In exceptional generalised geometry these fields are sections of generalised tangent
bundles Ry ~ TM ® A*T*M ® APT*M @ ... where M is the usual physical spacetime.
The exceptional groups are then the structure group of these vector bundles [47]. However,
having a fixed physical background M breaks U-duality covariance. Instead, EFT makes
use of “extended spaces” M with coordinates XM transforming in the dual of the R;



representation. On a torus these coordinates are Fourier dual to momentum and possible
wrapping modes of branes, and therefore transform under U-dualities. The local symme-
tries (diffeomorphisms and gauge transformations) are realised as a local Eg4) action on
the fields generated by the generalised Lie derivative [39, 41, 47, 48], for example acting on
a vector field in the R; representation, V € I' (Rq), as

LAV = ANoNVY = VN ONAM + YTV 9pAC (3.3)

Here AM € T'(Ry), consisting of vector field, 2-form and 5-form, is the generator of the
“generalised diffeomorphism”, 9y = 9/0X™ and Y]%P is an invariant tensor of Eqg) [41].
We give explicit expressions for these invariants in appendix A. In what follows, we will read
off the transformation properties of spacetime fields from the generalised Lie derivative.
For the algebra of generalised diffeomorphisms to close we impose the “section
condition”
Y%NaM ®R0dy =0, (3.4)

when the derivatives act on any pair of fields or as double derivatives of any field. This can
be solved by the dependence of all fields on d coordinates, corresponding to the physical
internal spacetime. An alternative solution restrict the dependence to d — 1 coordinates,
corresponding to an internal spacetime of IIB string theory [44, 56].

The generalised metric M € Ed(d)/ Hg can be parameterised by “geometric” fields g;;,
Cijk> Cijkimn or by “non-geometric ones” g, Qik - Qidklmn — The latter is called a non-
geometric parameterisation because it is this parameterisation that is globally well-defined
on a non-geometric background, just like for g;; and B4 [27, 29, 30] in the non-geometric
torus example discussed in section 2. The generalised Lie derivative determines the way
these different fields transform under spacetime diffeomorphisms and gauge transforma-
tions.

Finally, let us mention that if we consider a truncation of EFT on a generalised paral-
lelisable background [57-61], so that the generalised vector fields E;M are globally well-
defined, then this reduction will yield a D-dimensional maximal gauged SUGRA with
embedding tensor ) )

Oun’ =EmLEe Ex™, (3.5)

which is the torsion of the Weitzenbock connection [17, 58, 62]. One can check that an
embedding tensor obtained this way automatically satisfies the linear constraint of maximal
gauged SUGRAs which determine in what representations of Ey4 it can lie.

3.2 Four-dimensional locally non-geometric backgrounds

Four-dimensional compactifications are described by the SL(5) exceptional field theory,
where R; = 10, or antisymmetric representation, of SL(5). Therefore the SL(5) EFT has
10 “extended coordinates” X = (X"B, Xij) = (:ci, %eijklicij), where a = 1,...,5, i =
1,...,4and X =X [@¥] " Here the 2% are the usual spacetime coordinates on the physical
internal space while Z;; are the additional “wrapping coordinates”. The generalised metric
parameterises the coset space

(3.6)



and thus can be represented by a 5 x 5 matrix of unit determinant. We will here use this
representation, rather than the 10 x 10 one.
We begin with the SL(5) generalised vielbein in its non-geometric parameterisation

. |e|—2/5€ii 0
E°, = A , (3.7)
%‘€|3/5€z’jkl9]kl |€|3/5

where €51 is the four-dimensional Levi-Civita symbol such that €234 = 1. This differs
from the parameterisation given in [17, 33] by a conformal transformation so that the gen-
eralised vielbein here has unit determinant. The determinant factors |e| are required so
that egi transforms as a vielbein under spacetime diffeomorphisms. On a generic back-
ground, a local SO(5) transformation can be used to turn this into an upper-triangular
matrix, corresponding to a “geometric parameterisation” in terms of a metric g;; and a
local 3-form Cjj,. However, on a non-geometric background, the corresponding SO(5)
transformation fails to be well-defined and hence also the “geometric parameterisation”
gij» Ciji fail to be well-defined. In this paper, we will restrict ourselves to examples where
the background is generalised parallelisable, meaning that the inverse generalised vielbein
defines a set of globally well-defined generalised vector fields. On such backgrounds, it will
be straightforward to see which parameterisation is globally well-defined.

We now act with the generalised Lie derivatives on the generalised vielbein (3.7),
Ly E®,, to find the transformation law for Q7% under spacetime diffeomorphisms. To do
this, we take

Vab — (sz‘S7 Vij) — (517 0) 7 (3.8)
so that only the spacetime diffeomorphism generator is non-zero. This way we find
5£Qijk — ¢lg, ik _ 30llidg,ekl _ 3lisgh]

= Légijjk — 30l k] (3.9)

where L¢ denotes the action of the usual spacetime Lie derivative on a tensor. The metric
N H <
gij = €'i€;; 1s a spacetime tensor as usual

0egij = Legij = E°0gij + QQk(iaj)fk . (3.10)

Following the philosophy first introduced in [23] to describe the NS-NS sector of type
IT string theory, one can construct various spacetime tensors out of g;; and Q% but the
one that measures the local non-geometric must involve dual derivatives of the trivector
Qk. To construct this, it is worthwhile to first introduce an improved dual derivative D'
such that when it acts on a scalar field one obtains a spacetime tensor, i.e.

509 = Led ¢, (3.11)
up to the section condition

D @07 +0Y ®0; =0;0" =0, (3.12)

~10 -



where ® represents the action of the derivatives on two different fields. Using (3.9) one
finds that

& = 99 4 Qkg), . (3.13)

This can alternatively be defined as
a1 R —
M = 5\e|_4/5eg’ejje”klEEaEl-bﬁab. (3.14)

Using these ingredients it is easy to construct a spacetime tensor involving a single
dual derivative 0% of Q¥ The only possibility is given by [17]

The existence of this flux can also be seen from the embedding tensor of maximal gauged
supergravities, which encodes all possible gaugings of those theories, and transforms in the
15 ¢ 40 & 10 representations of SL(5) [63]. Decomposing this under SL(4) x Rt C SL(5)
one finds the following representations

15— 100 ® 43P 1 g,
40 — 20_3 P 105 D 65 B 47, (3.16)
E—)Z_g@ﬁg.

Loosely speaking, the higher the R charge, the “more non-geometric” the origin of the
flux [64]. This statement can be made very precise as follows. From the decomposition of
the 10 of SL(5) we see that the derivatives transform as

0; € ng , (‘3“ € 69. (3.17)
We can also decompose the adjoint representation of SL(5) under SL(4) x R to find
24 — 150 P 15 ®4_5D1g. (3.18)

However, the adjoint representation of the exceptional group corresponds to the fields
appearing in the generalised vielbein. This allows us to identify

egi € 1599 1y, Cijr €45, Ok ¢ 45 . (3.19)

Now we clearly see that the 47 representation of the 40 of SL(5) clearly corresponds to the
locally non-geometric flux (3.15):
RbIkIm ¢ 4. (3.20)

This can also be checked by an explicit calculation of the embedding tensor in terms of the
generalised vielbein, see for example [17]. Furthermore, since the embedding tensor encodes
all the fluxes, and it has only one flux, the 47, of the correct R* charge to be locally non-
geometric, we can be sure to have found all R-fluxes. Finally, when appropriately reducing
on a circle, this R-flux reduces to the string theory R-flux in the NS-NS sector [17, 18].
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3.2.1 Other non-geometric fluxes

As shown in [17] we can also construct other fluxes from dual derivatives of g;; or spacetime
derivatives of QY*. To do so, we introduce the following connections for both types of
derivatives

" = e;7 0’y ,

. - (3.21)
Fukl _ 6{182]6116 )
Under spacetime diffeomorphisms, these transform as
0cTi% = Lely® + 9;0;¢%
§Lij §Lij (] (3.22)

5§fijkl = Lgfijkl + (‘9”(%51 .

Fijk is the Weitzenbock connection whose torsion is useful in classifying parallelisable
backgrounds. Using these objects we can construct the following spacetime tensors in
four-dimensions, which will correspond to non-geometric fluxes. These can be made well-
defined on generalised parallelisable backgrounds since they appear in components of the
embedding tensor.

Q-flux: this is also called the “globally non-geometric flux” and is defined as
QM = 9, M 4 3TUR I (3.23)

In particular, 9;€7* is not a spacetime tensor by itself but requires the ['Uk1 term in order
to transform covariantly. This flux transforms as

Q" € 6, ®10,, (3.24)

of SL(4) x R™ and corresponds to those representations in (3.16).

r-flux: the trace-part of '/, is also a spacetime tensor as a result of the SL(5) section
condition:
Tl =Tk, (3.25)

This tensor can be split into a symmetric and an antisymmetric part and thus belongs to
the representations
79 € 65 @ 10,. (3.26)

Examples of compactifications with these fluxes turned on are given in [61].

Comparing with (3.16) we see that we have described all possible fluxes except for
the 1_g, 20_3 and 2 -4_3. These would correspond respectively to the four-form flux of
M-theory Giji = 40;Cjiy) € 1-s, the trace and traceless parts of the geometric flux

Tijk = 26;k6[i€zj] S 1_3 D %_3 R (3.27)

and a spacetime derivative of the determinant of the seven-dimensional metric, 0;A, [17].
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3.3 Five-dimensional locally non-geometric backgrounds

Our conventions for the SO(5,5) EFT, especially the generalised Lie derivative are sum-
marised in appendix A.1. We start with the SO(5,5) generalised vielbein in the non-
geometric parameterisation, given by

le| =1/ 4es 0 0
EgM = |~ L/AQizi \e|_1/4e§£§ 0 , (3.28)

Qik1k29k3k4]€5 Qk‘lkzkg ‘€|3/4

1 - 1 _
_ﬁ‘€| 1/46k1k2k3k4k5 _6’6‘ 1/4€i1i2k17€2k3

where

e = eﬁiej]j . (3.29)

The factors of |e| are dictated by the generalised Lie derivative, given that e;* transforms
as a spacetime vielbein, and similarly for the coefficients —11—2 and —%. This differs from
the parameterisation given in [38] by the factors of |e|. However, these are necessary for
the generalised vielbein to be a SO(5,5) group element (in the spinor representation).
From the generalised Lie derivative generated by a generalised vector of the form
VM = (§i, 0, 0) given in (A.7), we find that the trivector transforms just as in the four-

dimensional case (3.9) under spacetime diffeomorphisms:

— Lk — 3pliich (3:30)

As before, we wish to construct a spacetime tensor from dual derivatives, now including
9% and 97kIm = kM= of the trivector. To this end, we first introduce the improved

dual derivatives
oY = |€|1/4622633E2] MaM

) ) (3.31)
97 = |€|1/4EZM8M
z 1 ijk olm 1 ijkOlmn
= le|o® — éeijklmQ o — EEjkzan Qo
which satisfy
00U = Ledg,  6:0°0 = Led* ¢ = £19,0%¢, (3.32)

i.e. the improved dual derivatives of a scalar are spacetime tensors. This again makes use
of the section condition

;0% +0"®0; =007 =0,
1 . 1 , (3.33)
RO+ ®0;+ §eijklmaﬂ’f ® O™ = 0,07 + Zeijklmaﬂkalm =0,

with ® denoting the action of the derivatives on two different fields.
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Using these derivatives it is a straightforward, if lengthy, computation to construct
a spacetime tensor from dual derivatives of the trivector Q¥*. This leads to the unique
combination

Rbdkim _ 4 4ilikim] _ 2eg[j€klm}inézefn. (3.34)

We see that the locally non-geometric flux in the five-dimensional compactification con-
tains a new term compared to four dimensions (3.15) involving the new dual derivative,
associated with wrapping coordinates of Mb5-branes. Furthermore, unlike in four dimen-
sions, R™k™ contains a totally antisymmetric part, which we can view as a new locally
non-geometric R-flux,

Rk = 5 Rligkim] — ool kil _ gciikimgz|e| (3.35)

Once again, we can also check this against the embedding tensor of six-dimensional
maximal gauged SUGRAs. This takes values in the 169144 of SO(5, 5) which decomposes
under SL(5) x RT € SO(5,5) as

16 — 10, 5 _3® 15,

144 — 15, ©45 3024505 7 © 40, B 10, ©5 3. (3.36)
From the branching of the 16 we see also that the derivatives transform as
0; €5_3, 9 €10, 9 ey, (3.37)
while the adjoint decomposes as
45 — 240 10_4 ® 104 P 1, (3.38)

which allows us to identify that trivector as Q%% € 104.

Putting all this together we see that the 245 € 144 corresponds to the mixed sym-
metry R-flux RbKm — Rl and the 15 € 16 to the new totally antisymmetric R-flux
Rk These are the only two fluxes with the right Rt charge to be locally non-geometric.
However, while the mixed symmetry R*/*™ reduces to the NS-NS R-flux when considering
an appropriate reduction on a circle, the new R-flux RY¥™ does not. It will necessarily
involve the R-R sector of string theory.

3.3.1 Other non-geometric fluxes
The other non-geometric fluxes are still exactly the same as in four dimensions, sec-
tion 3.2.1. These are

Q" €10, 40,, 77 €10, %151, (3.39)

with Q7% as in (3.23) and 7%/ as in (3.25). The remaining fluxes 5_7, 2-5_3 and 45_3
correspond to the four-form flux Gijr = 49;Cjyy, the derivative of the determinant of the
external six-dimensional metric, 9;A, and the trace and traceless parts of the geometric
flux Tijk, respectively.
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3.4 Six-dimensional locally non-geometric backgrounds

We have summarised our conventions for the Egg) EFT in appendix A.2. Following these
conventions, the Eg ) generalised vielbein in the non-geometric parameterisation is given by

le|~1/3¢; 0 0
M _ 1/3(yi1izi 1/3 2122
EM |€| / Q ‘e| / 2112 0 9

1/3 515223;4251' 111213 ’L4Z 1 1/3 [1112 Z32415 1/3 gIEQESEAJS

Vel (2 + Qi) 19| -1/3efiqiviin] jo| 18l iz
(3.40)

where

6i1i2i3i4i5 6 216 i€ "i3€ iy € Tig (3.41)

and QUFMn i5 the non-geometric dual of the usual 6-form flux of 11-dimensional super-
gravity. As previously, the factors of determinants and numerical coefficients come by
requiring compatibility with the generalised Lie derivative and that e;’ transforms as a
spacetime vielbein. If we act with the generalised Lie derivative using a generator of the
form VM = (5’ 0, 0) corresponding to a spacetime diffeomorphism as in (A.15), we find
that QY% and QY*™" transform as

= LeQk — 39l
; (3.42)
5£Qijklmn _ gpapﬂijklmn _ 6Qp[ijklm8p€n} + ga[z]klmgn] o 6Q[ijkalm£n}
_ LgQijklmn + ga[zﬂclmgn} o 6Q[z]kalmé—n] 7

under spacetime diffeomorphisms.
Once again, we introduce improved dual derivatives

99 = |6’1/3€gi65iEgj Moy = 09 + Qiikg,,
Hiakim _ 7\/5 |€|1/3€Zi€jjekkel_lemmE{jl_cl_m MaM (3.43)
— gidklm _ 9pqlidkgim] _ 1 (Qijklmn i Q[ijkﬂlm]n> O,
where

- 1 ..
o = | 8, alﬂ,—alﬂ’dm>, 3.44
¥ ( - (3.44)

so that 9% ¢ and D klm g are spacetime tensors, where ¢ is a scalar. This works up to the
section condition

0 ®07 + 07 ®09; = 0,07 =0,
o @ oM+ — (a ® §iikim 4 gidkim g g ) = glisghtl _ éamaij’flm —0,  (3.45)
az[] ® 8klmnp} - a[klmnp ® 8]]1 _ ai[jaklmnp] — 07

where ® denotes the action of the derivatives on two different fields.
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Using the improved dual derivatives, we find the same R-flux as in five dimensions
Rikim _ 4 4ili kim] _ 2eg[jéklm]in€fn , (3.46)

which as in five dimensions can be decomposed into a totally antisymmetric part R7*m
and a mixed symmetry one, as well as a new R-flux involving Q¥*™?  given by

1 . | o 1 o
RY = Eeklmnpqaklmnpgq” + ieklmnpqaw lemnpq + %eklmnpqgklmaw OnPa (347)

Again, we can check that we have found all of the R-fluxes by comparison with the Eg )
embedding tensor, which transforms under the 27 © 351 of Eg(g). We decompose Egg) —
SL(6) x RT and find that the embedding tensor branches as

27 — 15 EBEQ @6_2;

__ . _ 3.48
351 — 21y D84, D84_5 D 1059 @ 154D 159 D 15_4 D 62 D 6_», ( )

and the adjoint as
78 — 350020202021, B 1oP1 4. (3.49)

From this we identify QY% € 205 and Q™" ¢ 1, while the branching of the 27 in (3.48)
shows that the derivatives transform as

6¢ S 6_2 s 6’7 € 15, 6”’““” (S 62 . (3.50)

We can now construct locally non-geometric fluxes by acting with either of the dual deriva-
tives on Q7* or QUkM”  Thus, the locally non-geometric fluxes must have Rt charge +2,
+4 or +6. From the embedding tensor we see that there are therefore only three locally
non-geometric fluxes 65 C 27 and 845 C 351 and 154 C 351 which correspond exactly to

Ri’jklm S 62 D 8742 s Rij €15,4. (3.51)

The final 65 C 351 in the embedding tensor corresponds to a globally non-geometric
Q-flux [38]:
. . ‘ 3 ..
Qijklmnp _ ainklmnp + 2Q[jklalanp} - 5Iw[jklmnip] 7 (352)
where we define T klm”ip] below in subsection 3.4.1. This confirms that we have constructed
all possible locally non-geometric fluxes in six dimensions.

3.4.1 Other non-geometric fluxes
There are other spacetime tensors that can be constructed in the non-geometric parame-
terisation, i.e. in terms of the fields g;;, Qk and QWKM7 - These include the geometric flux

T;* = 2¢" e’ (3.53)

the derivative of the determinant of the external metric 0;A, as well as other non-geometric

fluxes involving either spacetime derivatives of Q%% and QYk™" or dual derivatives of

the vielbein.
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We begin by introducing the connection-like objects

it = e aie’;,
[, = eglé’jezk , (3.54)

Fz]klmnp — ezpazjklmezn )

Fijk is the Weitzenbock connection which is natural on parallelisable backgrounds. These
will appear inside the embedding tensor in combinations that are well-defined on generalised
parallelisable spaces. Under spacetime diffeomorphisms the above objects transform as

5£Fijk = LgFijk + aﬁjﬁk ,
5Tl = LDyt + 9ol (3.55)
5§fwijklmnp _ L{f\ijklmnp + éijklmané-p )

Q-fluxes: using these, we once again find the Q-flux associated to Q¥*, as in four and
five dimensions,

Q7 = 007 4 3TUM Y, (3.56)
as well as a new Q-flux associated to QUkimn,

Qijklmnp _ 8inklmnp + QQ[jklaianp} - %f\[jklmnip] ) (357)

The first two terms of this @Q-flux were also constructed in [38], where the combination was
called S7¥mnP However [38] assumed the simplifying assumptions that 0% = 9“klm = (
so that the I'W,! and I'Wkm P terms of the Q-flux were not captured.

T-flux: the only other non-geometric flux that we can construct is
Tl =Tk, (3.58)

which is unchanged from the four-dimensional case (3.25).

These tensors transform in the following representations of SL(6) x R*
QM e 1502105, QMM €6y, T € 15,® 21y, (3.59)

while the geometric flux and derivative of the determinant of the external metric trans-
form as

T;"c6 9,084 5, O9AC6 . (3.60)

The only remaining unaccounted flux in (3.48) is given by the four-form field strength
Gijr = 48[i0jkl] € 15_4 which vanishes in the non-geometric parameterisation. This

shows that we have identified all the non-geometric fluxes.
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3.5 Seven-dimensional locally non-geometric backgrounds

Appendix A.3 summarises our conventions for the Ez) EFT. To write down the Er(
generalised vielbein in non-geometric parameterisation, it is worthwhile to introduce

Vijki = €ijktmnp2™""
k kil
Wii" = Vijim Q™™ (3.61)
Imnpqgk

k
Xij = 6ijln’mqu

In terms of these objects, the non-geometrically parameterised E7(7) generalised vielbein is
given by

le|=1/2¢; 0 0 0

o |€|71/QQ§1§21' |e‘71/26232 0 0

By = Aol =12 (X i e i A -1/27r - 1/2 Jivia 0
24‘6| ( 1122 + 117«2) 12|€‘ 11022102 |6| ei]i?

el 2 gk (Wi = 3,000 ) el V2 (Wi = XigiT) - Blel /2000 o] 2l
(3.62)

From the action of the generalised Lie derivative on the above generalised viel-
bein (3.62), with a generalised vector field VM = (§i, 0, 0, 0) corresponding to a spacetime

diffeomorphism as in (A.29), we find the following transformation laws

e VIk = LUk — 39ligk)

1 (3.63)
g g g .
5£kalmn _ LSQz]klmn _ TO&Z]klmnpapng . 69[2] o mgn] ’
under spacetime diffeomorphisms. Here we have defined
y o e (3.64)

Lé_Qz’jklmn _ gpainjklmn _ 6Qp[ijklmap£n] )

Before constructing the locally non-geometric fluxes, we first introduce the improved
dual derivatives

07 = |e|'ejie; BTM Oy = 07 + Qg
8@' =-2 |€|1/2€gi€5ngjM8M

1 1
= le|ds; — ¢ €ijktmnp YO — 13 Cidklmnp (lem"pq - Q’“lmQ”P‘I) g »
(3.65)

3i _ |e\1/2egiEzM8M
| . 1 o ' '
= ’6‘81 _ 1|€|Ql]l€8jk + Eejklmnpq <ijlemn _ Q]klmnz) P4

+ mejklmnqupqr (Q]lezmn . SQ]klmrn) 8T 7
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where

Oy = <ai, Y, —%aij, a@') , (3.66)

and 0;; = eijklmnpﬁklm”p , while 9 = %ejklmnpqajklmnm. The improved dual derivative

1
of a scalar ?Cield ¢ is a spacetime tensor, i.e.
06070 = L0, 6e0ij6 = LDy, 6:0'0 = Led'9, (3.67)
up to the section condition
0; 07 + 07 ©0; = 0,07 =0,
9" ® 0+ 0 @07 =099 =0,
9,0 =8;0" =0,
0 @ ;5 = 0;;00 =0, (3.68)
00+ @0 L0y © P 0= 00 — L =0,
Ojij © Oy — %eijklmnp (0™ @O + 0P @ 0™") = 00w — geijklmnp(?m”(?p =0,
iy @ Oy + 01 © Djiy + < exjpimap@™ @ 0" = 00 + < isptmnpd™"" = 0,

6

where again ® denotes the derivatives acting on two different fields.
Using the improved dual derivatives we find the following locally non-geometric fluxes.

Riviktm _ 4 8ilikim] _ eg[j (klmlinpg 3pq ¢,
RV, = 9y Q! — %eklmnmré’j Qlmnpar _ %eklmnmrﬁlmnézj Qpar
+ 4eg[i({§j]e{k + 455623']31651 , (3.60)
R' = éijijk — 45i\e| — 8egiéjezj )
R = €;jkimnp0 QIFMP 26, QURGTQINP

. 5 ar . 1A . 1 n
RUKL — ga[’(l]k’” + 5apquqwkrl + ZQW@MQ”M 7

where the first line corresponds to the R-flux as already seen in five-dimensional com-
pactifications, the second and third line represent modifications of the R-flux that first
arose in six-dimensional compactifications and the final two locally non-geometric fluxes
R and RY* are new and only arise in compactifications of seven or more dimensions. In
fact, because seven-dimensional compactifications can depend on a Kaluza-Klein monopole
winding number y;, there is a dual derivative d° in the 7 of SL(7). This means that the
new locally non-geometric fluxes mirror the usual G4 and G7 fluxes of supergravity.

We can also show that these are the only locally non-geometric fluxes by comparison
with the embedding tensor of four-dimensional maximal gauged SUGRAs, which takes
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values in the 56 © 912 of E;(7y. Decomposing Er;) — SL(7) x R*, we find

56 —)7_6 @21 - @ﬁQ & Tg,
912 — 1 14935 100 140_46 B 776 ®©224 5PH21 oP28 o (370)
® 28y D215 B 2245 D T B 1406 © 3519 P 114

From the decomposition of the 56 we also see that the derivatives transform as
€T, 09€2ly, 0;€21y,, 0 €Ts. (3.71)
The decomposition of the adjoint representation of E;(7) shows that
Ok ¢ 35,,  Qiklmn o 7o (3.72)
We see that the locally non-geometric fluxes correspond to

Rk 2T, @ 224, RY), € 76 ® 1405, R' €T,

g _ 3.73
szkl € 3519, Rely. ( )

3.5.1 Other non-geometric fluxes

The other non-geometric fluxes are exactly as in the six-dimensional case, explained in
section 3.4.1. These transform in the representations

QM e21 ,0224 5, QM 2T, ®28,, W €21 ,®28 5, (3.74)
and the geometric flux transforms in
T;" €7 6 ©140_. (3.75)

We also have 9; A € 7_g, the derivative of the determinant of the external metric. The re-
maining fluxes in (3.70) correspond to the four-form and seven-form flux Gji = 49;Cjpy) €
35_10 and Gijrimnp = 70Cikimnp] — 35CijkGmnp) € 1-14. Thus, we have found all the

non-geometric fluxes.

4 Duality chains and missing momenta

4.1 Geometric flux

We will now construct examples of new locally non-geometric backgrounds by acting with
U-dualities on parallelisable spaces with “geometric flux”. For simplicity, we will refer
to these geometric spaces as “twisted tori” even though some examples are non-compact.
In [18], it was shown that a particular example, the direct product of the Heisenberg
Nilmanifold with a circle, does not allow for certain membrane wrapping states. After
applying U-dualities, some of these states would have become momentum modes in the
locally non-geometric background, which as a result must be missing. To understand how
this generalises to locally non-geometric background with the new R-fluxes considered here,
we begin with a detailed look at two kinds of spaces with geometric flux that will be the
starting point of our duality chains.
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4.1.1 Nilmanifold
The first is the Heisenberg Nilmanifold, N3, which be defined as the coset space [3]

Gn(R)
= 4'1
where G (R) and Gy (Z) are the matrix groups
lec —% a
Gy (F) = 01 b a,bycelF 3. (4.2)
00 1

and F = R or F = Z, respectively.? For fixed N, Gx(R) is isomorphic to the continu-
ous Heisenberg group, which is topologically R3. G y(Z) are different discrete subgroups
of Gy(R), with G1(Z) corresponding to the discrete Heisenberg group. If we introduce
coordinates z', 2% and 23 on this coset space by taking

1 .%'3 1.1
Gny(R) = 01 22 o2t 2P eR (4.3)
00 1

then the quotient leads to the identifications
(:Ul, z2, 933) ~ (a:l +1, 22, x?’) ~ (:cl, 22, 2%+ 1) ~ (:Cl — Nz3, 22 + 1, xs) . (4.4)
Key for us is that on N3 we can introduce three well-defined 1-forms given by
el = da! + Na2?da?
e? = dz?, (4.5)
e = dz.

Clearly, N3 is a parallelisable space. The 1-forms satisfy

de! = Ne2 A e, de? = de® =0, (4.6)
so that the “geometric flux”, which is defined as
de’ = ijjej A e , (4.7)
is given by
To3l = N. (4.8)

In the upcoming duality chains, we will be considering spaces that are direct product
of tori with N3, which we label as
NP =N3xT™. (4.9)
We will use (a;4, el a:m+3) as the usual coordinates on the T™. We will also consider a
metric on N§" constructed from the well-defined 1-forms on N3 given in equation (4.5),

ds® = (dazl + N$2d$3)2 + (d:c2)2 + (d$3)2 + (daz4)2 + ...+ (dxm+3)2 . (4.10)

2The terminology “Nilmanifold” refers to the fact that the Lie algebra of Gx(R) is nilpotent.
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4.1.2 Non-unimodular geometric flux

The second space with geometric flux that we will consider is a two-dimensional manifold,
N>, with globally well-defined 1-forms

el = da' + Na'da?, e = da?. (4.11)

These satisfy

del = Nel A e? , de’? =0, (4.12)
so that N2 has non-unimodular geometric flux (4.7)
Ti2' = N. (4.13)
Note that the second deRham cohomology class of this space vanishes
H3p (N2) =0. (4.14)

This implies that N5 cannot be compact. If it were, then its second homology class would
necessarily be Hy (Ns,Z) = Z, since N3 is clearly orientable. However, this would also
imply H? (N2,R) = R which is in contradiction with (4.14).

An example of such a space is given by the solvmanifold

_ Sn(R)
==,

S2 (4.15)

where Sy (R) is the matrix group

2 J(1+N)2? .1
e’ e x
Sn(R) = { ( 0 (N )

The discrete subgroup A is defined as

1o

so that the right-quotient of Sy (R) by A leads to the identifications

(ml, xQ) € ]R2} . (4.16)

beZ}, (4.17)

(xl,xQ) ~ (:Ul + e_Nxz,x2> . (4.18)

We see that Sy is an infinitely-long cylinder S' x R where the radius of the cylinder
increases along the length of the cylinder. It is worthwhile to mention that because So
is non-compact, we cannot differentiate topologically between non-zero values of N. The
distinction between them only arises once we introduce a length scale on z!, e.g. through
a metric.

In the following, we will consider the spaces N3 = Ny x T™, and we will use
(:c?’, . ,xm+2) as the usual coordinates on T"". The metric on these spaces will be given by

ds?® = (da:1 + Nﬂ:lde)Q + (dx2)2 + (dx3)2 +...F (d$m+2)2 . (4.19)
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4.2 Wrapping states

We need to compute the second and fifth homology groups of these spaces and, in the
seven-dimensional case, identify the S'’s in order to understand what possible M2, M5,
and KK monopole wrapping modes are allowed. This will tell us what momenta are missing
in the dual locally non-geometric background.

4.2.1 Wrapping states of N
For N3 we use the fact that

- _ 1 - - _ _ - _
e? Ned = Ndel, d(el /\64) =Ne2ned et (4.20)

to deduce that the second de Rham cohomology is
Hp(N])=ReROROR. (4.21)

However, to identify possible membrane wrapping modes, we need to compute the integer
homology groups. From (4.21) we see that

H N, Z)=Z0LDLDL® Ly, ® T, (4.22)

with k1 and ko integers determining the rank of the torsion subgroups generated by the
(x2$3) and (x1x4) cycles. However, because the N3 submanifold is closed and oriented,
Hj (N3) cannot have torsion and therefore M2-branes cannot wrap the two-cycle (x2:):3).
Hence w? = 0. As discussed in [18], this missing wrapping mode can also be understood
from the Freed-Witten anomaly in the IIB background obtained by dualising along !
and z%. Thus N provides a geometric realisation of the Freed-Witten anomaly of the T3
with H-flux.

4.2.2 Wrapping states of ./\/g‘

In section 4.5 we will consider a duality chain based on the six-dimensional manifold j\/}?
Thus, we need to understand its possible membrane and five-brane wrapping modes. We
begin by computing the de Rham cohomology. Using that

de! = Ne2 A e?, (4.23)
we find that the following are not 2- and 4-forms are not closed
d(ei/\ezl) :d<€i/\€5) :d(ei/\eé) #0,

oL T (4.24)

d(el/\e4/\65Ae6> =Ne2 A net Ae® neb £0.

The last equation implies that the five-form 2 Ae3 Aet Aed A e is exact and therefore
trivial in de Rham cohomology.

The above relations in particular imply that the two-cycles (:1:2333) and (x2m3:c4x5x6)

are either homologically trivial or generate torsion subgroups of Hy(N3) C Hay (N3)
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and Hpy (./\fg’), respectively. However, because both N3 and N33 are closed and oriented,
Hy (N3,Z) and Hs (NP?,Z) cannot have torsion subgroups. Therefore there are no mem-
brane or five-brane wrapping modes associated with the (x2x3) and (x2x3az4x5:c6) cycles,
and w?? = w?345 = (. Just as in /\/'317 these missing wrapping modes can equivalently be
understood as being due to the Freed-Witten anomaly of the IIB background obtained by

dualising along z!' and .

4.2.3 Wrapping states of Ngf

We now consider the seven-dimensional manifold N3 = A3 xT#, which we will dualise in 4.6
to obtain the new locally non-geometric fluxes in seven dimensions. Using the notation
of (4.5) and letting

et = dat , e’ = da® , b = dxb , el =da. (4.25)
we find

_ _ 1 _

2,3 1

e“Ne’ = —de

N )
d <el A eﬂ> #0,
STy o (4.26)
NS NP Nel NeP = Nd(el/\e“/\e”/\ep) ,
d(ei/\el/\eg/\eé/\J) :Neé/\63/\64/\65Aeé/\f,’77

where p,v,p = 4,...,7. Thus, the two-forms and five-forms appearing above are trivial

in de Rham cohomology. The associated cycles must then vanish in the integer homology
of ./\/}j1 or generate torsion subgroups. Using the fact that N3 and ./\/§l are compact, closed
and orientable, we deduce that the two-cycles (w2x3) and all the five-cycles listed cannot
generate torsion and therefore must vanish in the homology. This means that the following
M2- and M5-brane wrapping modes must vanish

W2 — 23456 _ ,23457 _ 23567 _, 23467 _ | 14567 _ () (4.27)

Again, these can equivalently be understood as due to the Freed-Witten anomaly in the
IIB background obtained by dualising along 2! and z”.

Because N3 is seven-dimensional, we also need to consider Kaluza-Klein monopole
wrapping modes. Given that Ng‘ is orientable, there exists a Kaluza-Klein monopole wrap-
ping mode for each St on V3. For us, it will be important to note that the Nilmanifold A3
only has one well-defined S! which corresponds to the fibre of the principal U(1)-bundle
7Ny — T2,

To see that the S'’s on the base do not define well-defined S'’s on N3, note that the
fibre bundle can be defined symmetrically between the two S'’s on N3. This can be seen
by making the coordinate redefinition ! — u = 2! + Nz22% on the fibre. Then the
identifications become

1 1
(u, z2, :r3) ~ (u +1, 22, x?’) ~ <u+ §N$3, 22, 2%+ 1) ~ (u - §N:):3, 2?41, x3> .
(4.28)
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This symmetry means that if one of the two S'’s of the T2 is well-defined on N3 then
both must be well-defined. However, this is impossible since otherwise there would be
an inclusion map ¢ : T2 — N3 which in fact defines a global section of 7 : N3 — T2
But since this is a non-trivial principal bundle, a global section cannot exist and therefore
neither of the S'’s of the base T? is well-defined on N3. This implies that the Kaluza-
Klein monopoles cannot wrap the z2? or 23 cycles. Denoting the Kaluza-Klein monopole
wrapping modes by w}{ x Where x' is the local coordinate on the S' associated with the
monopole, we find w%{K = wi’(K =0.

We can also see that w%( K= w:;’( x = 0 from dualities. Consider applying a U-duality

1

along the three directions z!, 22, 2% of Nj. This maps N3 to itself while exchanging the

M5-brane and Kaluza-Klein monopole wrapping modes

w2307 5 w2 (4.29)

23567 — () which by duality also requires w%( x = 0. One can make an

We have seen that w
analogous argument, or appeal to the symmetry of this Nilmanifold, to show that w?( k=0

as well.

4.2.4 Wrapping states of N23

We will construct a five-dimensional locally non-geometric background by dualising NG.

To find missing momenta, we want to know what wrapping states are forbidden on N.
Because A5 is non-compact, with 22 the non-compact coordinate, it is clear that we

cannot have any wrapping states involving the 22 direction. Therefore we find in particular

12 _ ,,12345

that the membrane and 5-brane wrapping modes w = 0 must vanish.

4.2.5 Wrapping states of ./\/25

We will dualise A in section 4.6.1 to obtain seven-dimensional locally non-geometric back-
grounds. Because of these dualities certain missing wrapping modes of A will become
missing momenta. Once again, we note that A5 is non-compact with z? the non-compact
coordinate. Therefore, there are no states wrapping the 22 direction, in particular

w'? = w7 = wi . =0, (4.30)

where pu,v,p=3,...,7 and w% i denotes a Kaluza-Klein monopole wrapping mode along
the ! direction.

4.3 Review of four-dimensional duality chain

We begin by reviewing the duality chain in four dimensions which leads to the simplest
example of a locally non-geometric background of M-theory [17]. We begin with the twisted
torus N3 = N3 x S! with metric

ds® = (dz' + Na?da®)? + (da?)” + (da®)? + (da*)? (4.31)

whose “geometric flux” is given by
To3l = N. (4.32)
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To take an M-theory background to another M-theory background, we need to per-
form a duality along three directions. To see this, consider the case where the M-theory
background consists of a circle fibration over a ITA background. In this case if we take the
duality to act along the M-theory circle, as well as two directions of the IIA background,
we find a double T-duality relating two different ITA string theory backgrounds.

Applying a duality along the 22, 23 and z* directions of N3 takes ¥? — F34 since

is not an isometry. It also transforms the metric and 3-form to

ds = (1+ Niga)'/? (da')” + (1 + Nag)) >/ [ (a?)” + (o) + (do?)?] |

~ 4.33)
N3 2 3 4 (
= —————dz" Ndx" Ndz™ .
T4+ N2y o 00

However, the metric and 3-form are ill-defined as one transverses the dual circle X34 —

Ca)

Z34 + 1, where one would have to patch with a U-duality, just as for the type II non-
geometry (2.7) and (2.12). Furthermore, just like in that case, a SO(5) rotation (which is
also not globally well-defined), can be used to change to the non-geometric parameterisa-
tion. The new fields are given by [33]

gi= V)P [(1+ V) gy - ViV

iy 1 (4.34)
Q’L]k‘ — (1 + V2) gzlgjmgknclmn ’
where Vi = 3!\1/§€ij lejkl and 4,7,k =1,...,4 indices are raised and lowered with g;;. Using
these formulate we find
ds® = (da")? + (d2?)? + (do®)* + (da*)” (4.35)

9124 = —NZ34.

We can also obtain this result by applying the transformation rules (B.9) and (B.10)
discussed in appendix B. The background (4.35) has non-vanishing R-flux

RMIBA — 423 — N (4.36)
We summarise this by writing
T231 Uz34 R4,1234 (437)

where Ussy denotes the U-duality along 22, 2% and z*.
In section 4.2.2 we showed that N?)l does not admit a M2-brane wrapping the (1'21‘3)-

cycle, i.e. w?3 = 0. As discussed in [18], this leads to a missing momentum in the locally

non-geometric background since the U-duality along x2, 23, z? exchanges

w? — py. (4.38)
Therefore, we find py = 0 and in [18] it was argued that this can be written covariantly as
RbIkmy, — 0 (4.39)

In the following we will show how this generalises to larger compactifications with new
R-fluxes. We will see that each R-flux of mixed symmetry leads to a missing momen-
tum mode.
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4.4 Five-dimensional duality chain

In section 3.3 we saw that in five-dimensional compactifications, we can have a totally
antisymmetric R-flux
Rk — 9ppliakiml _ giikim §z|¢| (4.40)

We want to consider a duality chain that leads to a locally non-geometric background with
this new R-flux so that it is not a trivial embedding of the four-dimensional case of [17, 18].
To this end we begin with the parallelisable but non-unimodular space N3 with metric

ds* = (do' + Na'de?)" 4 (da?)” + (do)” + (da')” + (d®)", (441)

and geometric flux
T2 =N. (4.42)

Performing a duality along z2, 23 and %, and using the U-duality rules (B.9)
and (B.10), we find that

ely — QB = Ng!, (4.43)

This is a globally non-geometric, or “Q-flux”, background and we must dualise again, along

the directions ', 22, 2% to obtain a locally non-geometric background. We find from (B.9)

and (B.10) that this just takes ! — Z95 while leaving gij and Q9% unchanged, so that

the background is given by
ds® = (da")? + (d2?)? + (d2®)” + (da*)” + (da®)? |

4.44
OB = N7y . (4.44)

This cannot be obtained in the 7% example of section 4.3 because it requires two dualities
with only one common direction. This background has non-vanishing R-fluxes

R21345 _ _ Ny
R5,1234 - N. (445)
Note that this implies that R¥7km = 5R[:ikm] qoes not vanish, since
RZ15 — 9N (4.46)
We summary this duality chain by
lel Us3zs Q1134 Ui2s R23145 _ _ p51234 (4‘47)
As we have shown in 4.2.4, the space N is missing the wrapping modes w'? = w!?315 =
0. After the dualities along x2, 23, 2* and then z!, 22, 25, we find from (B.13) that
w'? — ps, wi? 5 py (4.48)

so that the missing wrapping modes become two missing momenta in the locally non-
geometric background. Therefore the conjectured relation of [18]

RbIkm . — 0 (4.49)

holds even in this case.
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4.5 Six-dimensional duality chain

We saw that in Eg(g) there is a new kind of R-flux with mixed symmetry given by equa-
tion (3.47)

Rij,klmnpq _ 6é[klmanq]ij + 1Oéiijlmnpq + 2OQ[klmé|Z]|anq] ) (450)

We will now construct a duality chain which leads to this kind of locally non-geometric
background starting with the twisted torus N3, with metric

ds? = (do' + Na%da®)" + (d2?)” + (da®)” + (da*)” + (d2®)" + (da®)”,  (4.51)

and geometric flux Th3' = N.
Because we are considering a six-dimensional compactification, we can either act with

U-dualities along three coordinates or all six coordinates. For us it is sufficient to dualise

only along three coordinates. We begin with a duality along the three coordinates x2, x>

and z* to obtain the locally non-geometric R-flux as in section 4.3:

ds® = (dz')” + (da?)” + (do®)” + (da")” + (da®) + (da®)" | (4.52)
9124 — —N.f34 . .

However, we can now act with a U-duality along !, 2% and 2% which according to (B.10)
takes
T34 — T13456 , (4.53)

so that, according to (B.9), the trivector becomes
Q12 = —NZy3456 . (4.54)
This is a locally non-geometric background carrying the new R-flux
R14:123456 _ (12345006114 _ p7 (4.55)
We can summarise this duality chain by
T231 % RA1234 M R14,123456 (4.56)

As we showed in section 4.2.2, the twisted torus N3 is missing the following M2-brane
and Mb5-brane winding numbers

w? =0, wB =0, (4.57)

After U-duality along 22, 22, %, followed by U-duality along z', 2° and 2% we find

from (B.13) that the missing winding numbers transform into
w? — py, w5 5 py | (4.58)
and hence we have two missing momenta ps and p;. This matches

Riktmnpay, (4.59)

providing a natural generalisation of the conjecture of [18].
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4.6 Seven-dimensional duality chain

Here we will construct two duality chains that lead to the new locally non-geometric back-
grounds in seven dimensions, for which some of the new R-fluxes

RY; = §;,Q0F - %ejklmnmém“mnm - %ejklmnpqmlméijmpq
—28'e| — 10eff'§jegj ,
R = 9;,09F — 4623‘(6)1‘6%], - SGgiéje%j , (4.60)
R = €ijmnp0 QFMP — 2¢ ;510 QIEOT QP
RiM _ Pliyik 4 %épquqijkl n %Q[ijképqgl]pq’
are non-zero.

4.6.1 Duality chain for R¥ j and R
To obtain RY; # 0 or R’ # 0 we start with A3, whose metric can be taken to be

ds® = (alar:1 + N:L'ldl‘2)2 + (daz2)2 + (dm3)2 + ...+ (de7)2 . (4.61)

and which has non-unimodular geometric flux T2 = N. As in section 4.4 we dualise

along 2, 23, 2* first and then along z!, 22 and 2® to obtain the locally non-geometric
background
ds® = (da")? + (dz®)” + (d2®)” + ... 4 (da7)? 6)
9134 = Ni‘25 . .
This space has R>'23 = —R?1345 — N and is missing the corresponding momentum modes

RiIkmy, — 0 (4.63)

We now perform a further duality along 22, 2% and 27 which yields the locally non-
geometric space

ds” = (da')” + (d®)" + (da®)" + ...+ (daT)”

Q123467 — Nz, (4.64)

From (4.60) we see that this space has R¥j; with the only non-vanishing components
given by
R¥®5=N. (4.65)

This is therefore a new kind of locally non-geometric space, not accessible in six dimensions.
Under the above dualities, we also find from (B.13) that the wrapping modes

w12 — D5, w%(K —r P2, (466)
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become momenta. As discussed in section 4.2.5, the topology of ./\/25 implies that both

w'? = w? ;- = 0. Therefore in the locally non-geometric space (4.64) we have

Rp; =0. (4.67)

However, this could be modified when R' # 0 since it could be a linear combination
R, = R, + aR[iéﬁ, for some «, that satisfies

Rip; =0. (4.68)
To check this we act on (4.64) with another duality along z!, 23 and x* and obtain

ds® = (da")? + (dz®)” + (d2®)” + ... 4 (da7)?

(267 (4.69)

= NZ12345 -

From (4.60) we see that this has non-vanishing R’ and R%”}; with non-zero components
R’=N, R¥*s=R>,=N. (4.70)

Therefore we have extended the duality chain of 4.4 as

Ua: U- Use U
T]_Ql 234 Q2234 125 R5,1234 — _R2,1345 267 R255 134 R2 — R266 — R277 . (471)

We see from (B.13) that under these dualities the following wrapping modes of N3
become momenta:

w12567

2 12
wKK—>p27 w — D5, — D1,

(4.72)

w12467 w12367

— P3, — P4

However, the topology of N25 implies that these wrapping modes must vanish and as a result
p1 = p2 = p3 = pg = p5 = 0 in the locally non-geometric background (4.69). Therefore,
the momenta satisfy

(RZ’J’ - 2R[i5£) pi=0. (4.73)

4.6.2 Duality chain for R¥* and R
We begin with the space N3 = N3 x T* with geometric flux

Tos' =N, (4.74)

and whose wrapping modes were discussed in section 4.2.3. Performing a U-duality along
the six directions 22, 23, x*, 25 2%, 27 we see from (B.15) and (B.16) that we obtain
the space

57 = (d')? + (%) + (@) + (@) (@) (@) + (@)

9124567 (4'75)

= NZ34567 -
This space has non-vanishing locally non-geometric flux

R¥67T = N (4.76)
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The duality also exchanges the following M5-wrapping modes for momenta

w23567 w23467 w23457 ,w23456

— D4, — s, — D6 , — 7, (4.77)

according to (B.17). In section 4.2.3 we saw that none of these M5-wrapping states are al-
lowed on ./\/?fl and therefore the momenta py4, ps, pg, p7 are missing in the R-flux background.
This corresponds exactly to

Riklp, =0, (4.78)

Since RY* is really a mixed symmetry tensor R¥FLmnparst with
ijkl 1 ijkl,mnpqrst
R = ﬁemnpqrstR ; (479)

we see that this confirms our expectations that there are missing momenta for each mixed
symmetry R-flux.

Note also that, according to (B.17), the missing M2-brane and KK-monopole wrapping
modes become

w? — w3, wh g — w?, wh g — w2, (4.80)

so that this non-geometric background has w?? = w!'® = w'? = 0.
We can now act with another U-duality along the z!, 22 and 2? directions to turn
R*%7 — R. In particular, we find that this does not change the non-geometric metric or

Qikmnp byt simply changes the dual coordinate 34567 — &3, see appendix B.2. We find

ds? = (dz")? + (d22)” + (da®)” + (da*)? + (d2°)° + (da®)” + (daT)?

Q124567 — _ Nz, | (4.81)
This space has
R=N. (4.82)
The entire duality chain is summarised by
T231 Ua3as67 R1567 Ui23 R123456T (4.83)
Equation (B.13) also shows that the U-duality takes
’U)23 — D1, ’11)13 — P2, 'LU12 — P3, (484)

while not acting on p4, ps, ps and py. From the previous results we see that all these
momentum modes are now missing. We conclude that

Rpi B 0, (4.85)

so that there are no momentum modes in these locally non-geometric backgrounds
with R # 0.
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5 Conclusions

In this paper we studied locally non-geometric spaces of higher dimensions in M-theory and
found a variety of new R-fluxes characterising these. Our results can be nicely summarised
in seven dimensions where non-geometric backgrounds are parameterised by a trivector
Q9* and six-vector QUKM™ transforming as

e Uk = LUk — 39l gk

ijklmn ijklmn 1 i7klmnp q [ijk alm ¢n] (51)
5£Q = LgQ — Toﬁ aqu — GQ 8 g y
under spacetime diffeomorphisms, where
¢ §0 13 (5.2)

LEQijklmn _ gpainjklmn _ GQP[ijklmapgn] ,

denotes the covariant transformation under the Lie derivative. As a result, the locally
non-geometric R-fluxes are given by the following spacetime tensors

Rz,jklm — 482[] Qk:lm] - 6’%[] Eklm]mpqapqezn 7

1

éij lenpqr -
36

. A 1
szk — gleUl . 56klmnpqr Eklmnpqrﬂlmnaz] Qpar
+ 4€g[iéj]€zk =+ 45][5657'](9[6;1 ,
) ] (5.3)
R = 0;3,09%F —4edle’; — 8e; Ve,

N kA !
R= eijklmnpaZQJ i — 2€ijklman” o )

» o . g 1
Rzgkl _ ga[zQ]kl} 8 ngkl + ZQ[l]kaqu”pq

l\D\H

If we consider a reduction to IIA string theory, only R%Jkm

reduces to the usual string
R-flux [7]. The other R-fluxes in general involve either dual coordinates involving D-brane
wrapping modes or non-geometric fields associated to the R-R sector.

We showed that examples of new locally non-geometric backgrounds, for which
these new R-fluxes are non-vanishing, can be obtained by dualising product spaces of

nil/solvmanifolds with tori. These can be summarised by

U U: U
Ty 234 LENYoR 234 D25, p5,1234 _  p2,1345 U267 R255 134, p2 _ R266 _ R277,
Tyy! U234, pi1234 Uiso, pid_ (5.4)

Tos 1 U234567 R4567 Uiz, Ui2s R1234567

The topology of the initial geometric background meant that certain brane wrapping states
were not allowed. After duality this implies that some momenta were missing in the locally
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non-geometric background, satisfying (in seven dimensions)

(R~ 2R16]) ) ps =
ko (5.5)
R p; =0,
Rp; =0,

generalising the observation in [18]. Note that in general dimensions R’ and R¥*! become
mixed symmetry tensors RWFmnPd and RikLmnparst yegpectively. Therefore each mixed
symmetry R-flux tensor led to missing momenta according to (5.5) with the exception of
the seven-dimensional singlet flux R for which all momenta vanish.
The fact there is a missing momentum mode in four-dimensional locally non-geometric
M-theory backgrounds
RiIkimy, — 0, (5.6)

means that the phase space of M2-branes is seven-dimensional. This played an important
role in the conjecture of [18] that the phase space algebra of M2-branes in such spaces
is isomorphic to the non-associative algebra of imaginary octonions. Furthermore, in-
clude the missing momentum mode leads to an eight-dimensional phase space governed
by a 3-algebra [19] with Spin(8) structure. Implementing the constraint (5.6) reduces this
3-algebra to the non-associative M-theory R-flux algebra isomorphic to the imaginary oc-
tonions. Similarly, the conditions (5.5) have implications for the possible non-associative
algebras governing the higher-dimensional locally non-geometric backgrounds. We leave
the exploration of this issue for further work.

One can also use this formalism to obtain new locally non-geometric fluxes in IIB
string theory, using the IIB solution of the EFT section condition [44, 45, 56]. This would
extend the analysis of [65] to include also locally non-geometric fluxes. For example, in [17]
it was shown that already in three-dimensional IIB compactifications one has in addition
to the usual R7* flux, a mixed symmetry flux R*/* with RI>7% = 0. It is straightforward
to dualise the Nilmanifold N3 in a way to obtain a locally non-geometric background with
RY13 £ 0. The homology of N3 then shows that

RvFp, =0, (5.7)

analogous to (5.5). We leave an investigation of other IIB R-fluxes, associated missing
momenta and non-associative algebras to future work.

Another interesting question is whether the relations identifying the missing mo-
menta (5.5) can be derived directly using a notion of (co-)homology in exceptional field
theory. For example, one would expect that the cohomology of an appropriate lift of the
usual cochain complex of differential forms to appropriate tensors in exceptional field the-
ory would be able to capture (5.5) since it would know of the topology of the twisted tori
that are dual to the locally non-geometric backgrounds. Furthermore, as we mentioned
in the introduction, the lack of momenta can also in some cases be related to the Freed-
Witten anomaly of a dual IIB background. Therefore, this exceptional cohomology would
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also provide a simple geometric notion within exceptional field theory of these anomaly
cancellation conditions.

As has already been argued in [43, 49-51, 66—69], the tensor hierarchy of exceptional
field theory defines a chain complex and its tensors can be thought of as the exceptional
generalisation of differential forms. To capture the missing momenta, it seems likely that
one should consider generalised vector fields V', since these contain two-forms, five-forms,
etc., which are “closed” but not exact. Exactness is easy to define using the tensor hierarchy,
so that an exact generalised vector field satisfies V' = dy for x € ' (R2), where Ry is an
appropriate vector bundle from the tensor hierarchy. However, the chain complex of the
tensor hierarchy usually is taken to end at precisely the generalised vector fields because
there is no non-trivial nilpotent derivative that one can define on generalised vector fields
without requiring more structure. It is also worth emphasising that our results regarding
missing momenta should also hold for backgrounds which are not generalised parallelisable.
For example, a non-trivial U(1)-fibration would then generalise the spaces with geometric
flux. In the total space, the 1st Chern class is trivial and hence the homology is reduced,
just like we found for the twisted torus. The dual locally non-geometric space will thus
similarly have missing momenta. We leave these interesting problems for future work.

Finally, another interesting question would be to understand what branes source the
new R-fluxes (5.3), generalising the known NS-NS “R-brane” [70, 71]. To answer this
one could consider dualising a Kaluza-Klein monopole, which is a 1/2-BPS analogue of
the Heisenberg Nilmanifold, in a similar way to the duality chains considered here. An
efficient description of the duality chain may come by using the half-maximal structures
in EFT [67-69]. Related to this, it would be interesting to try and find honest locally
non-geometric M-theory backgrounds. For example, one may want to consider dualities of
the N = 2 background given in [3].
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A Details of decomposition of Eqq) EFT to SL(d) x R

A.1 SO(5,5) EFT

The generalised Lie derivative acting on the generalised vielbein Ey;M is given by [41, 48]

ﬁvEMM = VNONEMM + (]P)adj)M NPQEMNapVQ

1 MP
= VYONEy" — Ex onVY + 5 (7)) (1)wg EyNopVe (A.1)
1

where M, N =1,...,16 labels the spinor and I = 1,..., 10 the fundamental representation
of SO(5,5), (IP’adj)M ~FT g is the projector of the tensor product 16 ® 16 onto the adjoint.
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Here (77)™" are SO(5,5) y-matrices, satisfying

(V(I)MP () np = 118N - (A.2)

where 777 is the SO(5,5) invariant metric. The final term with coefficient of —% in (A.1)
ensures that

EMyLyEg™ = Ly|E| =0, (A.3)

so that we can, and will, take E;;™ to have unit determinant. The section condition is
()" O @ Oy = (v)™™N Do =0, (A.4)

where we take the derivatives to act on two different fields or on the same field as a double
derivative.

Decomposing SO(5,5) — SL(5) x R, vectors in the 16 and 10 of SO(5,5) decompose
as follows

viI= ViV, Vi), Vi= (VL) (A.5)

In the SL(5) x R basis, the y-matrices have the following non-zero components.

g ii . . 1
(M ()Y =200, (0 =V26 (W)jham = 5 ikim
(A.6)
. kl _ o5kl i oz _ i iNJkim L ikim
(’YI)MN : (’Yi)j = 251‘]' ) (’Y )j = \@5]'7 (’Y ) = EEJ .

Note that the y-matrices are symmetric in the spinor indices, ie. (v))MY = (y)VM.
From (A.6), one obtains the section condition as given in (3.33). Furthermore, using (A.6)
and (A.1) one finds that the generalised Lie derivative corresponding to a spacetime dif-
feomorphisms VM = (fi, 0, 0) acts on the vielbein as

LBy =0,y — By 0u&' — 2By 3, 0"'€" + Eyg .07 — { By 0;¢7
1 1
['EEMU = ﬁkakEM ij 2EMk[iaj}§k + §€ijklmE1\7f zaklf - ZE]V[ijakgk ) (A7)
: 3
LeEy, =E0,Eg, + ZE]\—Makg’“ .

From this one can easily recover the transformation law for Q¥* given in equation (3.30).

A.2 Ege) EFT
The Eg(g) generalised Lie derivative of the generalised vielbein F ™M s given by [41, 44, 48]
LyEy™ = VNONEgM + (Bag) N7 VN 0P Ey?

1
= VN(‘)NEMM — EMNé?NVM + 10dMNPdpQREMQ@NVR — gEMMﬁNVN ,
(A.8)
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where M, N = 1,...,27 label the fundamental representation of Eg), dyvp and dMNFP

are the symmetric cubic Eg() invariant tensors, (Padj)M el @ is the projector onto the

adjoint. The cubic invariants are normalised as
dMPdy pg = 53 (A.9)
and the section condition is given by
dMNPoN @ 0p = dMNPonop = 0. (A.10)

The final term with coefficient —% in the second line of (A.8) ensures that

EMyLyEgM = Ly|E| =0, (A.11)

so that we can, and will, take F/ MM to have unit determinant.
Decomposing Eg) — SL(6) x SL(2) — SL(6) x R*, we have that a vector in the
fundamental of Eg(g) becomes

VM = (V' Vij, Vijkim) » (A.12)
while we take the coordinate derivatives to be

- 1 ..
o = | 85, a”,aw’flm>. A.13
u ( NG (A.13)

The only non-zero components of cubic invariants are given by

. 1
dMNP : dzjklmnpq 10\[ k]lmnpqa dij klmn — meijklmv

dijklmnpq 1 5[] k]lmnpq dij klmn _ 1

d : —_—
MNP 106" W

(A.14)

ijklmn

Using this decomposition, one obtains the section condition as given in (3.45). Using (A.14)
and (A.8), one finds that the generalised Lie derivative corresponding to a spacetime dif-
feomorphism VM = ({7’ 0, 0) acts on the generalised vielbein as

EgEMi _ gjajEM EMJa 51 6 o a[ijljzjsj%js]

— 3By ;00! — gE —lagﬂ ,

LeEyy; = 0By + 2E 1 1,0 1" + Eyp i1,0;€F (A.15)
— V30Ey 1m0 — gEMijakfk ;
1

_ J
EfEM i1i2i3i4i5 € a EMi1i2i3i4i5 + 5EM][21121314 ’L5]§ 3 Mi1i2i3i4i58.7€ °
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A.3 E7(7) EFT
Finally, the E7(7) generalised Lie derivative of the generalised vielbein E i is given by
LyEg™ = VNoONE M — 12 (Pag)" NF QBN 0pV ¥
=VNONEu™M — EyNonVM — 12 (t)M" (t%) yo Ex N 0pVE (A.16)
1 1
+ §QMPQNQEMN8PVQ — 5EMMaNVN,

where M, N = 1,...,56 label the fundamental and «,8 = 1,...,133 label the adjoint
representations of Eq(7).
(Paap)™ 70 = (ta)™ ¥ (%) @

Yo L cmep MP 1 Smp

(A.17)

is the projector of the tensor product 56 ® 56 onto the adjoint, with (ta)MN the generators
of E7(7y in the fundamental representations. M, N, ... indices are raised and lowered with
the symplectic invariant Qpn of Sp(56) D Eg(7) according to a north-west south-east

convention, i.e.

vM = oMNyy o Vi =VNQun, (A.18)

with
OMPQnp = 0¥, (A.19)

while the E;(7) adjoint indices a, 3 are raised/lowered with the Killing metric
Kap = (ta)™ N (t8)" 0 - (A.20)
The section condition is given by [41, 45]
(ta)"™ 00 ® Oy = (ta)"N OO =0,  QMNoy @y =0. (A.21)
Under the decomposition E7 7y — SL(8), we have
56 — 28 @ 28, (A.22)
so that a vector VM can be written as
vM = (V! V), (A.23)

where I,.J = 1,...,8 labels the fundamental of SL(8) and VI’ = VU and Viy = Vit

transform in the 28 and 28 of SL(8). We can further decompose SL(8) — SL(7) x R
so that

VIJ _ <V17 Vl] — ;Eijklmnpvklmnp> ,

: (A.24)

V[J - (‘/’La ‘/Z]) )
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and the coordinate derivatives become

Oy = (ai, o, f%aij, a@‘) . (A.25)

Similarly, the adjoint representation of E7(7y decomposes under SL(8) as

133 — 63 @ 70. (A.26)

In the SL(8) basis, the only non-zero components of the generators (o), are

1 1 MN
J MN J sMN JsMN J
(tr) g, = BV 87\/3515“ =—(t7) kL,
(A.27)
(trikr) = LeIJKLMNPQ (tryer)MNPQ = L(5MNPQ
MNPQ 24\/§ ) \/i IJKL
The only non-zero components of the symplectic invariant Qs are given by

Ok =65 = —Qr" (A.28)

Using this decomposition, the section condition reduces to that given in (3.68). Fur-
thermore, if we act with the generalised Lie derivative (A.16) corresponding to a spacetime
diffeomorphism VM = (V"8 = %fi, 0, 0, O) on the generalised vielbein we find

LeBy' =E0;Ey' — By 0¢" — 3By, 07" — DBy 08" — By 06"

1 1 mn
ety = fkakEMU +2Ey k[jailfk - §EJ\71 [jai]kfk - ZfijklmanMklg &P
1
— 3Py’ (A.29)

g g .3 g 1 g
LeEy = P By — 2B o6 — S E Lokl 5EA—/Jakfg’f ,

. 1 .
ﬁﬁEMz’ = §J8jEMi +EMj8i£J + §E1\7[zaj£j

B U-duality rules

In the following we will be acting with U-dualities on twisted tori and backgrounds
with non-geometric trivector Q%% or even six-vector QUF™” to generate new locally non-
geometric backgrounds in M-theory. The U-dualities must be taken along three or six
directions in order to map M-theory backgrounds into one another. Before considering ex-
plicit examples, let us introduce an efficient procedure for finding the U-dual backgrounds.
We will use the fact that our backgrounds are parallelisable without 4-form or 7-form flux
(although these can easily be included), and act with appropriate Eg(q) matrices represent-
ing the U-dualities on the generalised vielbein.
For a U-duality along three directions define the totally antisymmetric combinations

w,;jk = wijk = :|:1, (Bl)
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which only have non-vanishing components along the three directions being dualised. For

2 .3 123

example, for a U-duality along x!, 2, 2> we would have w'?? = w93 = 1. Similarly, for a

U-duality along six directions, define the totally antisymmetric combinations
Wijklmn = | > (B2)

whose only non-vanishing components are along the six directions being dualised. The
Ej(q) matrices realising the U-duality along three directions are given by [33]

U=FEqEcEq, (B.3)

where Fq and E¢ to be the generalised vielbein with non-zero trivector €2 and three-form

QUF = —wiF O = wig (B.4)

Similarly, we take the U-duality along six directions to be realised by the Eg(4) matrix

U=FEqEcEq, (B.5)

where now Eq and E¢ to be the generalised vielbein with non-zero six-vector and six-form

Qiklmn — _ijkimn Cijklmn = Wijklmn - (B.6)

Using this we find the following transformation rules, which we will give for seven-
dimensional spaces. This straightforwardly also contains all lower-dimensional cases.

B.1 U-duality along three directions

Consider a parallelisable background such as the ./\/}fc and ./\/'2’“ spaces in sections 4.2.1-4.2.5
with metric

ds? = R? (61)2 + R2 (65)2 b+ R (67)2 , (B.7)

where ¢! = e';dz’ are globally well-defined 1-forms.
In this paper we are considering geometric backgrounds that have triangular vielbeine

ezj = (ﬁj + sz , eij = 5% — Nij . (B.8)

Acting with three dualities on such a space yields a background with trivector and 3-form
given by
Q/ijk — 3N[zl_w]k’}l ,
N'; — ik = —3Nwir, (B.9)
N/gj — Ngj + %N[imwkl]fnwjkl _ %Nm[jwkl}mwgkl )

The new coordinates are given by

1
14 k
ot = jw T ik

~/ k klm

Lij = Wijkd + gw Lijkim »

: (B.10)

5 — A 1 npa, 5
Lijhim = WlijkTim] T 5 W €ijkimnpTq

. 1
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In this paper we take R; = 1. However, for completeness’ sake we will give the radii
transform laws here too. If we label by u,v = 1,...,3 as the directions along which the
duality is taken and «, 8 = 5,...,6 as the directions along which it is not, then the new

radii are
R, — R\, = R, (R, Ry R3)™%/3 Re — R, = Ry (Ry Ry R3)Y/ . (B.11)

We see that if the trivector and 3-form in (B.9) vanish then the twisted torus is left un-
changed by the duality, up to the transformations of the coordinates (B.10) and radii (B.11).

Acting with another duality along three directions on a trivector background (with flat
metric) can yield a six-vector or a 3-form

Q/ijklmn QOQ[ijk wimnl ’

Quk { (B.12)

z{jk = (éwlmnglmn) Wijk
where again if both of these vanish the trivector is left unchanged, up to the coordinate
transformation (B.10) and transformation of radii (B.11).

Momenta and wrapping modes are also exchanged according to the following rules

1 :
/ k
b; = *2Wijkw] 3

. . 1 .
rij _  jijk - ijklm
w WP+ 3 WhimW . (B.13)
rijklm [ijk, Im] 1 igklmnp, q ‘
w =w W + 5 Wnpa€ w,
. 1 ..

"o ijk . Ilmnpq
—Ww € w
512 ijklmnpq ’

which are completely analogous to (B.10).

B.2 U-duality along six directions
If we act with a U-duality on a twisted torus with triangular vielbein

er = (ﬁj + sz , eii = 5% - Nij , (B.14)
along six directions we find

1ijkl _ i jkl p
Qidklmn 6N[zﬁwj mn]p’

) ! _ D
NYj — ijk — _6Np[iwjklmn]pa (B.15)
1 i 6 i kl q 6 q ikl
Ny = Nty + NV, — & N ikimnplqe™ ™

with new coordinates

. 1 .. B
IL‘/Z — = wzgklmnxjklmn ’
ol
j‘, _ l wklmnpqel £l 7
1] T 1 mn q
S SR (B.16)
~/ . n
Lijklm — Wijklmn®
1 .
~/ kl ~
€Ty, = g wijklmnfj mnpqmpq .
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Similarly, the momenta and windings are exchanged as

p{[ % szklmnw]klmn s
w/’Lj — l w 6zyklmnp,wq
51 klmnpq ) (Bl?)
w/i]klm wijklmnpn ,
1o 1 ijklmn _ pq
w = aw Egklmnpqw

If we label by u,v = 1,...,6 as the directions along which the duality is taken, then the

new radii are

Ry — R, = Ry (R1 Rs Ry Ry Rs Rg)™\/3 |

P s (B.18)
7 — Ry = Ry (Ri1 Ry R3 Ry Rs Rg)™'* .

If the 6-vector and 6-form in (B.15) vanish, then only the coordinates of the twisted
torus transform. Furthermore, acting with a duality along six directions of a trivector
background would in general generate a 3-form

y 1

ik = gwijklmnglmn- (B.19)

Where this vanishes, the transformation only acts on the coordinates according to (B.16),

leaving Q¥* unchanged otherwise.

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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