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1 Introduction

In exploring the space of string compactifications it is practical to consider a boundary of
the moduli space where volume moduli have become very large, and supergravity is the
correct low-energy theory governing the light modes. However, many interesting string
vacua, that populate the interior of the moduli space, cannot be analyzed in this way.
In particular, this restriction precludes the study of truly stringy geometries, where the
large symmetry group of string theory is expected to modify the notion of Riemannian
geometry. Examples of such compactifications are constructed by modifying the familiar
semi-flat SYZ fibrations of Calabi-Yau manifolds [1], allowing the torus fiber to undergo
monodromies in the full U-duality group. The resulting spaces are usually referred to as
T-folds [2-4] (when the monodromies are restricted to the T-duality group) or U-folds [5-7].

In order to determine if such spaces are good string backgrounds one needs to have
control on the corrections to the supergravity approximation and to have a microscopic
description of the defects where the semi-flat approximation breaks down. These are non-
geometric defects that induce a monodromy in the duality group [8, 9]. A way to deal with
the first problem is to use string dualities in order relate the T-duality group with the group
of large diffeomorphisms of a manifold that is part of a known string compactification, in
the spirit of F-theory [10]. This can be done, for example, for T-folds in the heterotic
strings [11-13]. The duality map can then be used to compute the low energy dynamics
on the T-duality defects [14, 15].



So far, the only known examples of such non-geometric fibrations are six-dimensional
and involve a stringy modification of 72 fibered K3 surfaces, with the exception of asym-
metric orbifold points in the moduli space of T° fibered T-folds [4].

In this note we consider an explicit globally well defined example of a T-fold that
admits a T fibration, by realizing a subset of the T-duality group O(3,3;7Z) as the group
of large diffeomorphisms of a 7. We use known families of 7% fibered Calabi- Yau manifolds
to construct a family of such T-folds. In the geometric picture, the local defects are simply
Taub-NUT spaces, and get dualized to non-geometric defects that are T-dual to NS5 branes.
Such T-duality cannot be extended globally because of topological twists in the global
fibration. We also use the above mentioned map to construct a geometric description of
the non-geometric 72 fibrations of [2]. In order to get to such a geometric model one
needs to add an extra circle, which is related by duality to the M-theory circle [4]. We
will also argue that the local physics on non-geometric defects cannot be fully captured by
such geometric constructions, and involve stringy physics related to the sector of strings
winding cycles in the fiber.

While we will restrict to the case of a two-dimensional base, we have in mind extensions
of these models to the interesting case of T fibrations over a three-dimensional base. In
appendix B we briefly discuss an attempt in this direction.

2 Monodromy and duality group

A useful way to construct candidate non-geometric string compactifications is to use an
adiabatic fibration of a CFT on a torus 7% over a base B. Any two theories related by
a T-duality transformation of the fiber in G; = O(d, d;Z) are gauge equivalent (see for
example [16] for a review on T-duality), and hence it should be possible to allow for large
gauge transformations in G4. Generically these involve a non-trivial action on the fiber
volume, and so the total space is a non-geometric T-fold. The notion of a T-fold is not
rigorous in general, but we will give a precise construction in special cases, restricting
ourselves to 7% bundles. Following [9], we will define T-folds with base manifold a circle
and then extend this definition to spheres with n punctures.

2.1 Mapping tori for G3

The simplest examples of T-folds X with T° fibers can be constructed by modifying the
mapping torus for the mapping class group SL(3,7Z). Let us consider a T° fibration over
the closed interval [0, 1] and making an identification as follows:
T3 % [0,1
X = <01 (2.1)
(x,0) ~ (¢(x),1)

We refer to ¢ € SL(3;Z) as the monodromy of the fibration. It acts on H;(T3;Z) in
the obvious way. Depending on the conjugacy class of the monodromy, the total space

X can acquire the structure of a nil- or a sol-manifold (see for example [17]). We pick a
Riemannian metric on the total space with line element

ds® = db? + Gup(0)dz®dz®, a,b=1,2,3. (2.2)



One readily shows that the (smooth) metric satisfies
¢TG(0)o = G(1), (2.3)

where we further restrict ourselves to monodromies ¢ € SL(3;Z)Nexp (s[(3;R)). One then
choses a smooth family of metrics G(#) on the T3 fibers as follows:

G(0) = exp (flog ¢) - G(0) = [exp (0log ¢)]” G(0) [exp (0log ¢)] . (2.4)

We define a T-fold by generalizing this construction to monodromies in the T-duality group
Gz = 0O(3,3;7Z). In order to make sense of the definition of X we specify a metric G and
a two-form B-field on the total space by defining them on each Tg’ fiber over the interval.
i.e. we obtain a family of metrics and two-forms on the fibers G(0), B(0), 6 € [0,1]. We
restrict ¢ € O(3,3;Z) Nexp (0(3,3;R)) and we define the T-duality action in terms of the
background matrix E(0) = G(0) + B(6):

E(0) = exp (0log ¢) - B(0) = 2(((96))5((00)&;((?) , (2.5)
where
exp (flog ¢) = <)Z(((Z)) ;;5%) . (2.6)

Note that the image of the exponential map exp : 0(3,3;R) — O(3,3;R) is contained in
the subgroup SO(3,3;R)". Recall that SO(3,3;7Z) is generated by the following type of
transformations:

e Large diffecomorphisms. These are elements of the form

<(Rol)T g) ., ReCL(3:7). (2.7)

These act on E by conjugation.

e B-shifts and § transformations. B-shifts are of the form

E; © .
0 =-0 2.8
(B2). o o

and are just gauge transformations for the B-field, B;; — B;j + ©;;. -transformations
on the other hand are transpositions of shifts

(ES O) , wl = —w, (2.9)
w Eg

and they mix the metric and B-field.

e Factorized dualities. These are of the form

Esz — By Ey
2.10
( Ey; Es— E) (2.10)

where Ej; is an elementary matrix, i.e. it has entries (Ey)g = 0ix 0.



Note that for shifts and geometric monodromies one obtains a well-defined Riemannian
manifold X over S! with an H flux. We will refer to X’ as geometric if the monodromy ¢ is
comprised of shifts and diffeomorphisms. Otherwise we call X non-geometric. We will not
consider factorized duality as possible monodromies. For T2 fibered T-folds, these were
recently found to have an important role in heterotic theory [13].

2.2 Examples

We give few simple examples to illustrate the above construction. Some of the monodromies
that we consider will appear as local models for the global examples we detail in the next
section. Let us consider first the case of ¢ € SL(3;7Z). Note that conjugation of ¢ by another
element 1) can be compensated for by a basis transformation of Hy(T?;7). This is induced
by a diffeomorphism ¥, with ¥, = %, so the geometry of X is only determined by the
conjugacy class of ¢. Unfortunately, unlike the case of SL(2; Z), no explicit characterization
of the conjugacy classes is known for SL(n;Z), n > 3. Nonetheless, we can see that elements
of a parabolic conjugacy class give rise to spaces X which are nil-manifolds, i.e. quotient
of a nilpotent Lie group by a cocompact lattice. The simplest example arises from the
embedding of three-dimensional nil-manifolds and their duals. For instance, the following

matrices are all conjugate in SL(3;Z):

110 111 101
Mi=|010|, Ma=|010|, Ms=|011]. (2.11)
001 001 001

The total space X with ¢ = M; is equipped with the metric
ds® = df* + da® + dz* + (dy + 6dx)? (2.12)

where (x,7, 2) are coordinates on the T° fiber. We have that X = S x M3, where M3 is
obtained as a compact quotient of the Heisenberg group. The mapping tori for the other
elements have metrics

Xy, o ds? = dO? + dx? + (dy + 0dx)* + (dz + 0dx)?, (2.13)
Xy, o ds? = d6? + dy? + (dz + Odx + Ody)* .

An example of a infinite order element in a distinct conjugacy class is

110
My=[011]. (2.14)
001

The total space X is a Nily-manifold, whose Lie algebra is determined by the following
non-trivial commutators g = {[tg, t2] = t, — t./2, [ty,ty] = t.} . The induced metric is

1 2
ds? = dO? + dx® + (dy + 0dx)* + 5(92 — O)dx + Ody + dz| . (2.15)



One can similarly analyze finite order elements, as well as diffeomorphisms which involve
an exponential action on some of the torus cycles.

One can use the above method to construct examples of non-geometric spaces X. In
this case we rather consider 6 as a coordinate on the unit interval. Gluing the two ends of
the resulting “mapping cylinder” only makes sense if one uses a large gauge transformation
in the string duality group. The simplest example can be found by using an element of
0(3,3;Z) which is a S-transformation. These are elements of the T-duality group of the
form (2.9). In d = 2 the only non-trivial element is w = iaoy and it corresponds to a

monodromy for the complexified Kihler modulus p = B+ ivol of the T? sending p — apil'
In d = 3 we can parametrize the general monodromy as
0 ¢ —b
Es 0
M, = ( 8 ) L w=[-c0 a|. (2.16)
—W Eg
b —a 0
This induces a line element and a B-field
dx? + dy? + dz? dr+bd dz)? 62
ds? = dg? 4 Ty T az (ade +bdy + cdz) (2.17)

L+ (a@®+02+c2)0%2 1+ (a®>+b02+c2)62 7
—cdzx ANdy+bxANdz—adyNdz
B 1+ (a? + b2 + 2) 02

Although we lack a proper description of this kind of non-geometric spaces X, in this case
we can obtain a geometric description by realizing the ¢ monodromy as an element of
SL(4; Z) exploiting the accidental isomorphism SL(4; R) 2 Spin(3, 3; R), that we construct
explicitly in appendix A. Restricting the double cover ¥ : SL(4;R) — SO(3,3;R)" to
SL(4;Z) we obtain the preimage of M,,:

1000

0100
(M, = SL(4: 7). 2.18
Y (My) 0010 |C (4:7) (2.18)

abcel

We see that we have a geometric description in terms of a higher dimensional geometric
space ) which is a mapping torus for the diffeomorphism ¢~ (M,,). The latter is a parabolic
element of SL(4, Z) and in fact ) is a five-dimensional nil-manifold. In the following section
we will use this map to construct families of pairs (Vi n, Xmn) of T-folds X and their
geometrical counterparts ).

3 Abelian fibrations and T-folds

We have seen that by realizing a class of nil- and sol-manifolds as mapping tori of a toroidal
compactifications, we can obtain non-geometric modifications of such manifolds by allowing
the monodromy of these mapping tori to be in the T-duality group. In this section we will
use the restriction of the double cover Spin(3,3; R) = SL(4; R) — SO(3,3; R)™ to SL(4; Z)
in order to describe a larger class of T-folds. These are determined by monodromy data



that is equivalent to a 7% fibration whose total space is a Calabi-Yau three-fold. As a
byproduct of this construction we will be able to realize global models in type II string
theory that contain the T-fects of [9].

3.1 The manifolds Y n»

We will describe a family of Calabi-Yau three-folds Y, , that admit a T* fibration. These
are described by a collection of SL(4;Z) monodromies that specifies a particular set of
degenerations of the fiber. Such a description has been detailed in [18], where the mani-
folds YV, n were constructed as the M-theory lift of type IIA orientifold backgrounds with
fluxes. By interpreting the mapping class group of the T* fiber as the T-duality group of
a T3 compactification, we will use the family of manifolds Y, to construct a semi-flat
approximation of T-folds &, , that are T3 fibrations with T-duality monodromies. We
will discuss the validity of such an adiabatic argument in later sections.

Let us consider a family of spaces ), obtained as T* fibrations over a punc-
tured sphere:

Tt Vinn

(3.1)

(DIPl \ {p17 cee 7pM}7

where M = 24 — 4mn > 0. The T* fibers degenerate to singular fibers over every point p;,
and locally around each p;, Vi, is a Lefschetz pencil with T* fibers. The monodromies of
each pencil are given explicitly by the following matrices in SL(4; Z):

1100 210 m
A 0100 ’ B, — —100—-m 7 (3.2)
0010 n nlmn
0001 0 00 1
2100 21 —m 0
B, — —1000 7 B — —10 m O ’
0010 00 1 O
0 001 n n—mnl
21 —-m m 0 1 0—-m
B, — —-10 m —-m 7 C, = -1 2 0-m ’
n nl—mn mn n —nlmn
nn —mn mn+1l 0 0 0 1
0 100 0O 1 m 0
Cy = -1200 7 Cs = -1 2 m 0 ,
0010 0 O 1 0
0 001 n —n-—-mnl



0 1 m -m
Cy = -1 2 m —-m
n —nl—mn mn

n —n —mn mn+1

Note that we use the inverse matrices of those given in [18]. These monodromies provide
a factorization of the identity:

Al6=4mnB,CB,CyB3C3B,Cy = 1. (3.3)

As pointed out in [18] all monodromies are conjugate in SL(4;7Z) to A, which implies that
the singular fiber is homeomorphic to 72 x Iy, where I; denotes the fishtail singularity in
the Kodaira classification of degenerations of elliptic fibrations. We list the explicit change
of basis that brings B4 and Cy to this form:

—11m -—-m
—-100 O
A=5;Cc = L(4;Z A
Sc CaSc, Sc n 01 0 € SL(4;7), (3.4)
n 00 1
1 1m-m
—-100 O
S5 B4Sp, Sp n 01 0 € SL(4 Z)
n 00 1

There is no global change of basis that transforms all monodromies into A simultaneously,
so that while the local structure of the fibration is K3 x T2, this structure is not preserved
globally. This twisting is parametrized by the integers (m,n). We point out that the real
local geometry is that of a K3 x T2, but in general the complex structure does not need
to respect this factorization.

If m = n = 0, we have instead the global factorization Yy o = K3 x T?2. In fact, in this
case we find B; = B; = B, C; = C; = C, and there are a total of 24 degenerations. The
monodromies are just the embedding in SL(4;7Z) of the standard A, B, C monodromies
(see section 4)

AS(BC)* = (A'BC)L. (3.5)
Here the A*BC cluster represents the components of a Iy type Kodaira singularity. A
physical interpretation is that type IIA theory on Xy is dual to the T%/Zs type 11B
orientifold (see for example [19] for a detailed discussion).

3.2 The T-folds &},
We now apply the map from SL(4;Z) to SO(3,3;7Z), reviewed in appendix A, in order to

obtain a collection of monodromies in SO(3, 3;Z), which factorize the identity. This pro-
vides a global model for a T-fold over CIP!, with 7% fibers. The explicit monodromies are:

100000
1

A—W= (3.6)

S oo
S oo+ O
SO~ OO
O == OO
OO oo

0
0
0
0
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Clearly, all these monodromies are conjugate to W, as they are in the image of the con-
jugacy class of A under a homomorphism. We now give a brief interpretation of the
degenerations associated with these monodromies. We first notice that the identity

WA ¥ 1 Xy Yo X3 Y3 X, Y, = 1, (3.7)

is satisfied, and hence the charges of all individual defects cancel globally. Secondly, the
SO(3, 3;Z) monodromies come in pairs (X;,Y;), which are subject to the same interpre-
tation. Having this list at our disposal it is immediate that the pair (X»,Y2) in (3.6) are
diffeomorphisms. A calculation shows that both X; and Y are a product of a diffeomor-
phism and a shift, for instance

100 0 mnm 01-n 000
010—-—mn 0 m —12-n 0 00
X, = 001 —m —m O 001 000 (3.8)
000 1 0 0 000 210
000 O 1 0 000 —-100
000 O 0 1 000 nnil

Similarly (X3,Y3) are compositions of a S-transformation and a diffeomorphism, e.g.

0O 1 00O O 1 0 0000
-1 2 000 0 0 1 0000
X5 = m —-m1 0 0 0 0 0 1000 (3.9)
0 0 02 1-m 0 mn n 100
0 0 0-10 m —-mn 0 —n010
0 0 00O 1 -n n 0001

The interpretation for (X4,Yy) is slightly more involved. From a factorization of the
corresponding SL(4, Z) monodromies we can write C4 as a product of a diffeomorphism, a
B-shift, and S-transformations, and similarly for Xjy:

100 0 mn m 21-n0 00
010—-—mn 0 —m —10n 0 0O
Y, =T 001 —m m 0 001 0 00O T (3.10)
000 1 0 0 000 O 10 ’
000 O 1 0 000 -1 220
000 O 0 1 000 n —ml
0O 1 0000 1 0 0000
-1 2 000 0 0 1 0000
X, = 71 m —m1 0 0 0 0 0 1000 7 (3.11)
0O 0 02 1-m 0 mn n 100 ’
0O 0 0-10 m —-mn 0 —n010
0O 0 00O0 1 -n n 0 001



where

1 00000 1000-10
010000 0101 0 O
T 001000 . 0010 0 O (3.12)
010100 0001 0 O
-100010 0000 1 O
0 00001 0000 0 1

We thus see that while locally all the monodromies are related to a geometric transfor-
mation via an O(3,3,7) rotation, this is not true globally, and some of the monodromies
act as J-shifts that mix volume and B-field, as in (2.17). Hence, the collection (3.6) speci-
fies a global model of a T-fold with T2 fibers. In the following, we will illustrate in some
details the particular case m =n = 1.

3.3 AX1,1 and hyperelliptic fibrations

In this section we study in some detail the space Vi1 and the corresponding T-fold X7 ;.
The manifold ) ; is defined from the collection of monodromies (3.2) with m =n = 1.
There are a total of 20 defects. As pointed out in [18], this manifold has an equivalent
description in terms of the Jacobian of a genus-two fibration, which provides a different way
of geometrizing the T-fold X} ;. A very similar construction appears for T?-fibered T-folds
of heterotic theory when a single Wilson line has non-trivial monodromies on the base. In
this situation one geometrizes the T-duality group O(2,3,7Z) as the mapping class group
of a genus-2 surface ¥5. The Jacobian of ¥4 is then related to a physical compactification
of F-theory through an adiabatic fibration of heterotic/F-theory duality [12, 14]. One can
then use the general classification of degenerations of genus-2 fibrations [20] to collide the
20 defects of )11, obtaining T-duality defects in X7 ; that are not T-dual to geometric
ones, as in [14].

We now briefly outline this construction. To each Riemann surface ¥, of genus g, one
can associate its Jacobian, which is defined to be

Jac(Xg) := Pico(%y), (3.13)

i.e. the subgroup of degree zero divisors. This group can be endowed with the topology of
a torus 729 and in particular to each genus two surface Yo, one can canonically associate
a Jacobian T*.! The procedure to construct V1,1 is as follows. Start with a fibration

PP S

(3.14)

CP'\ A,
where A is a finite set of points over which the fibers are singular with one shrinking
cycle, i.e. nodal curves. The total space is still smooth. Now replace each o with its

In fact one also has to specify a two-form w called polarization, which will not be important for us in
the following.

~10 -



Figure 1. The Humphries generators for X,.

Jacobian. The construction of the singular Jacobians requires special care, but is feasible
(for a detailed construction for the nodal genus two curve see [21]; see also the excellent
lecture notes [22]). Its topology will be I x 72. One can realize S as a branched cover
of CP! x CP!, which entails choosing a section of f € O(6) x O(2). Here one of the
factors CIP! is the original base, the other is (branch) covered by ¥ in the usual manner.
Indeed this manifold S is one of the so-called Horikawa surfaces (see for example [23]). In
order to calculate the number of singular fibers we now exploit two formulae for the Euler
characteristic of the total space. One is an analog of the Riemann-Hurwitz formula for
(complex) surfaces

X(S) = 2x(CP! x CPY) — (B), (3.15)
where B = {f = 0}. As f has bi-degree (6,2) we conclude x(B) = 5. This yields
X(S)=2-4+8=16. (3.16)

The other formula can be derived by choosing a suitable subdivision of the fibration (in
Euclidean topology):

X(S) = X(CPHYX(Z2) + nging (X(52) = X(2)) (3.17)
Here 3 is a singular genus 2 surface with one shrinking cycle. Now (3.17) reduces to
16 = x(S) =2 (—2) + Nsing(—1 — (=2)) = —4 + Nging. (3.18)

This gives the number of singular fibers of the X5 fibration as nging = 20, in agreement with
the number of T-fects of Y 1. This also agrees with the analysis of [12, 14]. As already
mentioned, from the construction of the singular Jacobians one shows that singular fibers
are of type I; x T2, as we expect from the fact that all the monodromies that define Vi1 are
conjugate to the matrix A in (3.2). In fact, one can see that the list of monodromies (3.2)
for m = n = 1 defines a set of vanishing cycles for a genus-2 surface by noticing that in
that case, all the matrices are elements of Sp(4,Z), namely

A'nA =n, BiyB,=7n, CC;=n, (3.19)

- 11 -



with

: (3.20)

and they are all conjugate to A in Sp(4,Z). Note that Sp(4,Z) = Aut(H(X2;Z)) and
from the surjective map

O . MCG(Ss) — Sp(4,7) (3.21)

we see that each monodromy represents an element of the mapping class group MCG(%,),
which is in fact a Dehn twist around a vanishing cycle of ¥o. In this case, by a theorem
of Humphries (see for example [24]), there is a minimum set of vanishing cycles such that
their induced Dehn twists generate all the mapping class group. For a genus-2 surface these
are shown in figure 1. Picking the basis (p, q,t, s), we see that the corresponding Sp(4,Z)

elements are

1100 1000 1 10-1

P_A_ 0100 ’ Q- -1100 7 R 0100 C(322)
0010 0010 0-111
0001 0001 00
10 0 0 1000
1 1

S = 0100 ) T = 0100 (3.23)

0010 0011
00-11 0001

A global model with trivial monodromy is obtained in this case from the known relation

H>=1, (3.24)

where H is an hyperelliptic involution, namely a 7 rotation of Y5 around the horizontal

axis in figure 1. This is represented by the product
H =TSRQPPQRST. (3.25)

The relation with the A, B;, C; monodromies arises from the appropriate braid relations
and Hurwitz moves (see for example [9] for a review)

B, =T.QP(T.Q', C,=T,Q'P(T,Q )", (3.26)
where
00-1 1010 101-1
1 0100 0100
' lo-11 2T B o010 YT lo-11 0 (3.27)
000 0-101 0-10 1

- 12 —



4 SL(2;Z), x SL(2;7Z), defects

The map between the T-duality group on a 72 and the mapping class group of a T# can be
used to construct a geometric model for the class of non-geometric backgrounds introduced
in [2]. Such model is in fact obtained by lifting to M-theory the U-dual of the semi-flat limit
of the latter solutions. The solutions of [2] are obtained by fibering the complex and Kéhler
moduli (7, p) of a two-torus over a P! base. If p is fixed one recovers a semi-flat description
of a K3 surface [25], while if also p varies one obtains a non-geometric modification of the
Calabi-Yau manifold. The metric of the non-trivial space-time directions is

ds® = e?1ypodzdz + &\dac + 7dy|? (4.1)
72

where 7 = 11 + im0, p = p1 + ip2 and @ are functions of z. At the generic smooth point
in the moduli space, a K3 surface is described by a torus fibration with 24 singular points
of type I;. Locally these degenerations are described by compactified Taub-NUT spaces.
In order to obtain a T-fold X we need to replace 12 Iy degenerations with non-geometric
defects determined by a monodromy in p. This corresponds to the factorizations

A%(B.C;)*=1, A5B,C,)*=1 (4.2)

11 2 1 01
A:<01>’ B:<—10>’ C:<—12> (43)

and the subscript refers to the two factors SL(2; Z), x SL(2;7Z),. It is slightly more useful
to use two generators of SL(2;Z): U = (A~1)T, V = A, that corresponds to Dehn twists
around the (0,1) and (1,0) cycles of the torus, respectively. The identity then simply

where

factorises as (UV)® = 1. In order to switch to the ABC notation one uses the rules:
UVU =VUV and UV" = VT, with T,.2T, = BC. For example we have

(UV)S = (VUV)* = VETT5T3T; = A%(BC)”. (4.4)

While the A, monodromy should be associated with a NS5 brane [26], the U or B, C
monodromies involve a non-trivial action on the fiber volume, and this corresponds to a
T-duality defect. The object with monodromy U, is sometimes referred to as a 53 or Q
brane [8, 27, 28].

If we further compactify this setup on a spectator circle, we can apply the map between
0(3,3;7Z) and SL(4;Z) to construct a geometric dual model that involves a geometric T4
fibration, in analogy with the examples discussed in the previous section. By setting
a=>b=0in (A.13), (A.15) we see that we obtain a global factorization

T2 x T? y

(DIPl \ {ph s 7pM}a
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where the collections of 7 and p monodromies map to the data that specifies the fibration
of the two T2 factors and M = 12 + 12 = 24. We see that the four type of elementary
degenerations, corresponding to the type I; singularities, NS5 and non-geometric branes
are mapped to the following SL(4,Z) elements:

V0 U0 10 10
vV, .U, .V .U : 4.

As in the fibrations constructed in section 3, locally each degeneration is of type Iy x T2,
so the 5-branes are lifted to a Taub-NUT space. The global structure is however different.
In the former case for (m,n) = (0,0) one of the T? factors was trivially fibered and the
total space was simply )V = K3 x T?2.

Note that so far we considered T-folds whose geometric description is a smooth man-
ifold . We could consider singular points in the moduli space obtained by coalescing Iy
degenerations in ). This corresponds to coalesce some of the 7 and p degenerations. If we
only collide 7 or p degenerations separately, the local description of the degeneration will
be that of an ADE singularity in an appropriate duality frame. In particular, according to
the Kodaira table, we can obtain all finite order elements in SL(2,Z):

I1: UV, I1I : UVU, IV : (UV)2, I;: (UV)?,  (47)
IV* . (UV)!, I : (Uv)iu, IT* : (UV)?,

as well as the parabolic elements Ij, : V¥, I : (UV)3V*. More interesting examples can
be obtained by colliding a 7 and a p degeneration, similar to the examples in [9, 14]. For
example, one can consider a defect of type [III,II1] defined as

1L 111 : U,V,U,U,V,U,. (4.9)

In Y, this corresponds to coalesce 6 I; mutually non-local singularities. This is superficially
similar to the heterotic model studied in [14, 15], where a form of duality was found that,
for example, relates a defect of type [III,III] with a geometric defect of type If. It would
be interesting to see if a similar result applies to the present models.

4.1 Quantum corrected metrics

Both in the example considered in this and the previous sections, all the local monodromies
around the duality defects are conjugate to a simple Dehn twist around one of the homology
cycle of the torus, and in fact all the degenerations in the geometric spaces ) are of type
I; x T?. 1; is the simplest type of degeneration in the Kodaira list and corresponds to
pinching a cycle of the torus. This induces a monodromy that is a Dehn twist around the
vanishing cycle. In a geometric space with no flux, a monodromy factorization such as (3.3)
corresponds to a list of vanishing cycles for each degenerations. The situation is different
for the spaces X where the B-field is non-trivial. The fact that all the monodromies are
conjugate to a Dehn twist just means that we can apply Busher rules in the semi-flat
approximation to exchange the B-field for a non-trivial twist in the metric. However, it is
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less clear how to extend such T-duality beyond the semi-flat approximation. What in the
geometric description was a simple exchange of a vanishing cycle, is now a T-duality in the
full string theory, relating the I; singularity with a 5-brane. In order to describe the local
setting, we can neglect the extra circle of the 7% and just consider a T2 fibration on a disk
encircling the defect. We can take the monodromy of the torus to be, as in (4.3)

11
v (). o

which acts as 7 — 7 + 1 on the complex structure of the torus. The semi-flat local
metric is simply a foliation of the bundle (2.12) and it is given by (4.1) with p = 0 and
T = ﬁ log(p/z). The exact metric can be found by compactifying a Taub-NUT space on
the (0, 1) cycle of the torus, and identifying the shrinking (1, 0) cycle with the special circle.
This results in the Ooguri-Vafa metric [29]

1
ds® = H(dr* 4+ r2d6* + dz?) + ﬁ(dy + w)? (4.11)
with .
H = o log(p/r) + ;e’mKo (In|r) , (4.12)

where we set the radii to 1 and Ky is the modified Bessel function of the second kind. The
non-perturbative corrections in (4.12) localizes the shrinking cycle along the orthogonal
one and breaks one of the U(1)? isometries of the semi-flat metric. On the other hand, the
action of the monodromy V on the Kahler modulus, i.e. p — p+ 1 represents a defect that
should be identified with a NS5 brane [26, 30]. The exact metric clearly breaks both the
U(1)? isometries of the semi-flat solution. In fact after Poisson resummation the harmonic
function can be written as

1 1 . )
H = Py log(p/r) + by Z Ko()\r)e_’k”_’kyy, (4.13)
ka,ky €Z\{0}

with A = /k2 + k; Hence, by realizing p monodromies as geometric I; singularities, we
are missing part of the modes that fully describe the exact metrics beyond the semi-flat
approximation. Similarly, one can consider the non-geometric monodromies which are
transformations in the duality group. For the T2 example, this is just a monodromy U,.
Lacking a worldsheet description of such object we do not know what is the exact form
of the corrected non-geometric solution. One can give the following argument, which is
essentially a semi-flat version of [31].2 The monodromy V, results in the non-conservation
of momentum along the fiber directions. This is compensated by an inflow of current
where there is a change in the kinetic terms of the zero modes for translations along the
fiber directions (x — = + o,y — y + o). Note that V, does not act on the lattice
of windings for strings on the torus. On the other hand, the duality to a non-geometric

2See [32-34] for related discussions.
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monodromy U, results in a trivial action on the lattice of momenta, but it leads to non-
conservation of the winding numbers (w;, w,). The effective dynamics should then involve
couplings between the winding modes and “dyonic” degrees of freedom whose kinetic term
is increased as the winding charge decreases by encircling the defect. This would result in
an expression for string winding fields that involves Fourier modes similar to (4.13), with
the dyonic modes identified with the dual of the zero modes (o , ay). This structure is not
visible in supergravity in the non-geometric duality frame, and it is presumably accessed by
correlation functions in the winding sector. We expect this argument to give a qualitatively
correct picture in a regime where the Bessel function in (4.13) is well approximated by
exponential decaying terms. Close to the origin, at least for a stack of defects, one should
recover the 5-branes linear dilaton throat.

It is interesting to note that a similar situation arises in the F-theory models of [11,
14, 15] that are dual to non-geometric background of the heterotic theory. In that case, if
one describes defects with monodromy in 7 and p by two elliptic fibrations

=t L@ gr(2), v =2t L)+ gp(2). (1.14)

with z a complex coordinate in the neighborhood of the degeneration, there exists a map
to a dual K3 fibered Calabi-Yau threefold descending from an adiabatic fibration of 8
dimensional heterotic/F-theory duality on a common base:

ADAN(2) 52T

v = b = ) (et + ST S or(2)gp(a) +uT, (415)

where A = 4f3 + 2742 is the discriminant of the Weierstra8 equations, and u is a complex
coordinate on a P! base. Local models of I;, singularities, NS5 branes and non-geometric U,
defects are all dualized to the same local geometric model since the map (4.15) is symmetric
in 7 and p, as expected from T-duality. The discussion above implies a particular form of
corrections to the adiabatic approximation. It would be interesting to check this for NS5
branes, keeping track of their position on the fiber through the duality.
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A The map from SL(4) to SO(3,3)*
We construct the homomorphism of Lie groups

SL(4;R) — SO(3,3; R)" (A1)
which is a double cover, implying SL(4; R) = Spin(3, 3; R). We first pick a basis

R* = (e1,...,e4) (A.2)
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which induces a basis of A2R* given by

{e23, —e13, €12, €14, €24, €34}, (A.3)
where e;; = e; A e;. We define the scalar product on A2R? by

(x,y)er A\ ... Nex =T Ny, (A.4)

for z,y € A2R*. Now let A € SL(4;R) act on R* by left multiplication. We view elements
of R* as column vectors. Then there is an induced action of SL(4; R) on A2R* given by

A-(ej Nej) = (Ae;) A (Aej). (A.5)
Because of the well-known identity
(Aep) A (Aea) A (Aes) A (Aey) = Det(A)eg A...Neg=e1 A...Aey, (A.6)
this action leaves the scalar product on A2R? invariant. We therefore expand

A-ej = Z Bij riex, (A7)
¥

and obtain a 6 x 6 matrix B, which acts on A’2R* by left multiplication where we view
elements of A2R* as column vectors with respect to the basis above. By construction this
matrix leaves the scalar product invariant. But explicitly we calculate

(e14,e23) =1 (e, —e13) =1 (ess,e12) =1, (A.8)

with all other combinations of basis vectors having vanishing scalar product. In matrix
form the scalar product is given by

000{100
000{010
000{001
100|000
010{000
001{000

1”:

As mentioned above by construction
BTnB =1, (A.10)

thus B € SO(3,3; R). Now one checks explicitly that

(%T) € SL(LR), (A1)

with R € SL(3;R) is mapped to the diffeomorphism

<(R;1)T ;) €0(3,3:R). (A.12)
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The element

(A.13)
maps to
1w (A.14)
oj1)’ '
with
0 ¢ —b
w=|—-—c0 a |, (A.15)
b —a 0
which is a gauge transformation for the B-field. Similarly,
(A.16)

is mapped to a S-transformation

(;i%i). (A.17)

The extension of our results to the case of a three dimensional base, e.g. S% are challenging

B SYZ fibrations

since in this case both local and global aspects are much less understood, even for the
geometric case of SYZ fibrations. Some non-geometric generalizations corresponding to
asymmetric orbifold points have been considered in [4]. A possibility is that the local
structure around the discriminant locus of a T° fibrations is modified to account for non-
geometric monodromies. Remember that the quintic viewed as the total space of a T3
fibration has discriminant locus a trivalent graph I' embedded in S? (see for instance [36]
for a review). The monodromy around the edges of I' is in the same conjugacy class of the
matrices in (2.11) and the monodromies around a vertex have the following representatives
(see figure 2):

e Positive vertex

101 100 10-1
Tvy=|010|, Toy=|011], Ty =T T7}'=|01-1]|, (B
001 001 00 1

e Negative vertex

101 110 1-1-1
Ti_=(010]|, Tho=|010]|, T3-=T,'T;'=101 0 |. (B2
001 001 00 1
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Figure 2. Monodromies around a vertex.

Since all the monodromies are conjugate to the ones in (2.11), it might be possible to
extend the conjugacy class in the duality group, and use the more general monodromies in
0(3,3,7Z) of section (3.2). As a first step in this direction, one would like to understand the
analogous of the semi-flat metric (4.1) for T3. We will adapt an approach that was used
in [6] to study non-perturbative defects with monodromies in the U-duality group SL(3,7Z).
Identifying the duality group with the group of large diffeomorphisms of a T this leads to
the study of T2 fibered CY three-folds. One start with the following semi-flat ansatz

ds? = 21da? + e*%2dal + 2P dal + Gijdy'dy’, G =VTV (B.3)

with V' given by

1 a b
0e @ e ¢ |. (B.4)

0 0 e ™17

All the scalars (B.3) are functions of the R? base coordinates z;. We indicate by y; the
coordinates on the T°. The prescription of [6] is to pick a complex structure by pairing base
and fiber coordinates as follows. We use the differential forms dz* = e®idx’ + iéijijdyk,
explicitly:

dz' = e dzy + ie%(2a1+0‘2)(dy1 +adys + bdys),

dz? = e®dxy + ieé(*aﬁ”)(dyg + cdys), (B.5)

dz3 = e®dxs + ie_%(m“a?)(dyg) ,

and we write

J=eVida' Ndy', Q=idzt Nd2? N dZP. (B.6)
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We then see that requiring d2 = dJ = 0 is equivalent to the following system of 15 PDEs
for the metric moduli:

da = e =220, () — ¢3), Doa = 2e™1=91H929, by
83a = 0,
o1b= —2€_a1_a2+¢1_¢383¢1 + cohra, Oob = chha,
O3b = 267a17a2*¢1+¢>381¢3 ,
(916 = 0, 820 — —26_a2+¢2_¢383d)2 s
agc = 26_a2_¢2+¢382¢3 , (B'7)
1 1
0201 = —§52(20é1 + ), 0301 = —533(2041 + o),
1 1
0192 = 331(*041 + ), 3¢9 = 583(01 —as),
1 1
01903 = 331(—041 —2a3), O3 = —332(041 + 200) .

By setting for instance b = ¢ = 0 we can describe the embedding of a 72 with complex
structure 7 = a + ie~*!, and this should be relevant for the monodromy (2.11). In this
limit the fields do not depend on z3, and ¢3 is a constant. If we take ¢1 = ¢o we then get,
fixing an integration constant:

gf)l = qbg = g = —041/2, 81a = —626_0‘1 5 aga = 816_a1 5 (BS)

the last two equations giving the Cauchy-Riemann equation for 7 = a+ie~%! with complex
coordinate z = x1 + ixa. The metric (B.3) takes the form

ds® = dad + dy3 + e *'dzdz + Gydy'dy’ , 0,5 =1,2, (B.9)

with

o [ 1 a
G =eM (a 201 4 a2> . (B.10)

This is the semi-flat metric (4.1), with p = 0, where the conformal factor ¢ has been set
to zero. This reproduces the leading order Ooguri-Vafa metric (4.11) for which

T:%log (g) . e =1. (B.11)
The monodromy is 7 — 7 + 1, corresponding to action of the matrix V in (4.10) on
7. However, we cannot embed a solution for the general conjugacy class of V, which is
parametrized by integers (p,q), since in general this requires a non-zero ¢. By including
the p modulus, one encounter the same situation. The semi-flat approximation of the NS5
brane has p = i/(27)log(u/z) and e® = 1. The solution for the non-geometric defect with
monodromy U is given instead by

b= 274,
log (£)

So while we can obtain the correct metric on the fiber, some more work is needed to

, €’ =iolog <H> . (B.12)

z

write fully non-geometric solutions using this approach. We defer a detailed analysis to
future work.

—90 —



Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] A. Strominger, S.-T. Yau and E. Zaslow, Mirror symmetry is T duality, Nucl. Phys. B 479
(1996) 243 [hep-th/9606040] INSPIRE].

[2] S. Hellerman, J. McGreevy and B. Williams, Geometric constructions of nongeometric string
theories, JHEP 01 (2004) 024 [hep-th/0208174] [INSPIRE].

[3] C.M. Hull, A geometry for non-geometric string backgrounds, JHEP 10 (2005) 065
[hep-th/0406102] [INSPIRE].

[4] D. Vegh and J. McGreevy, Semi-flatland, JHEP 10 (2008) 068 [arXiv:0808.1569] [INSPIRE].

[5] A. Kumar and C. Vafa, U manifolds, Phys. Lett. B 396 (1997) 85 [hep-th/9611007]
[INSPIRE].

[6] J.T. Liu and R. Minasian, U-branes and T? fibrations, Nucl. Phys. B 510 (1998) 538
[hep-th/9707125] [INSPIRE].

[7] L. Martucci, J.F. Morales and D. Ricci Pacifici, Branes, U-folds and hyperelliptic fibrations,
JHEP 01 (2013) 145 [arXiv:1207.6120] [INSPIRE].

[8] J. de Boer and M. Shigemori, Ezotic branes in string theory, Phys. Rept. 532 (2013) 65
[arXiv:1209.6056] [INSPIRE].

[9] D. Liist, S. Massai and V. Vall Camell, The monodromy of T-folds and T-fects, JHEP 09
(2016) 127 [arXiv:1508.01193] [INSPIRE].

[10] C. Vafa, Evidence for F-theory, Nucl. Phys. B 469 (1996) 403 [hep-th/9602022] [INSPIRE].

[11] J. McOrist, D.R. Morrison and S. Sethi, Geometries, non-geometries and flures, Adv. Theor.
Math. Phys. 14 (2010) 1515 [arXiv:1004.5447] INSPIRE].

[12] A. Malmendier and D.R. Morrison, K3 surfaces, modular forms and non-geometric heterotic
compactifications, Lett. Math. Phys. 105 (2015) 1085 [arXiv:1406.4873] [INSPIRE].

[13] 1. Garcia-Etxebarria, D. Liist, S. Massai and C. Mayrhofer, Ubiquity of non-geometry in
heterotic compactifications, JHEP 03 (2017) 046 [arXiv:1611.10291] INSPIRE].

[14] A. Font et al., Heterotic T-fects, 6D SCFTs and F-theory, JHEP 08 (2016) 175
[arXiv:1603.09361] [INSPIRE].

[15] A. Font and C. Mayrhofer, Non-geometric vacua of the Spin(32)/Zs heterotic string and little
string theories, JHEP 11 (2017) 064 [arXiv:1708.05428] [INSPIRE].

[16] A. Giveon, M. Porrati and E. Rabinovici, Target space duality in string theory, Phys. Rept.
244 (1994) 77 [hep-th/9401139] [INSPIRE].

[17] C. Bock, On low-dimensional solvmanifolds, arXiv:0903.2926.

[18] R. Donagi, P. Gao and M.B. Schulz, Abelian fibrations, string junctions and fluz/geometry
duality, JHEP 04 (2009) 119 [arXiv:0810.5195] [INSPIRE].

[19] M.B. Schulz, Calabi-Yau duals of torus orientifolds, JHEP 05 (2006) 023 [hep-th/0412270]
[INSPIRE].

- 21 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0550-3213(96)00434-8
https://doi.org/10.1016/0550-3213(96)00434-8
https://arxiv.org/abs/hep-th/9606040
https://inspirehep.net/search?p=find+EPRINT+hep-th/9606040
https://doi.org/10.1088/1126-6708/2004/01/024
https://arxiv.org/abs/hep-th/0208174
https://inspirehep.net/search?p=find+EPRINT+hep-th/0208174
https://doi.org/10.1088/1126-6708/2005/10/065
https://arxiv.org/abs/hep-th/0406102
https://inspirehep.net/search?p=find+EPRINT+hep-th/0406102
https://doi.org/10.1088/1126-6708/2008/10/068
https://arxiv.org/abs/0808.1569
https://inspirehep.net/search?p=find+EPRINT+arXiv:0808.1569
https://doi.org/10.1016/S0370-2693(97)00108-1
https://arxiv.org/abs/hep-th/9611007
https://inspirehep.net/search?p=find+EPRINT+hep-th/9611007
https://doi.org/10.1016/S0550-3213(97)00732-3
https://arxiv.org/abs/hep-th/9707125
https://inspirehep.net/search?p=find+EPRINT+hep-th/9707125
https://doi.org/10.1007/JHEP01(2013)145
https://arxiv.org/abs/1207.6120
https://inspirehep.net/search?p=find+EPRINT+arXiv:1207.6120
https://doi.org/10.1016/j.physrep.2013.07.003
https://arxiv.org/abs/1209.6056
https://inspirehep.net/search?p=find+EPRINT+arXiv:1209.6056
https://doi.org/10.1007/JHEP09(2016)127
https://doi.org/10.1007/JHEP09(2016)127
https://arxiv.org/abs/1508.01193
https://inspirehep.net/search?p=find+EPRINT+arXiv:1508.01193
https://doi.org/10.1016/0550-3213(96)00172-1
https://arxiv.org/abs/hep-th/9602022
https://inspirehep.net/search?p=find+EPRINT+hep-th/9602022
https://doi.org/10.4310/ATMP.2010.v14.n5.a4
https://doi.org/10.4310/ATMP.2010.v14.n5.a4
https://arxiv.org/abs/1004.5447
https://inspirehep.net/search?p=find+EPRINT+arXiv:1004.5447
https://doi.org/10.1007/s11005-015-0773-y
https://arxiv.org/abs/1406.4873
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.4873
https://doi.org/10.1007/JHEP03(2017)046
https://arxiv.org/abs/1611.10291
https://inspirehep.net/search?p=find+EPRINT+arXiv:1611.10291
https://doi.org/10.1007/JHEP08(2016)175
https://arxiv.org/abs/1603.09361
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.09361
https://doi.org/10.1007/JHEP11(2017)064
https://arxiv.org/abs/1708.05428
https://inspirehep.net/search?p=find+EPRINT+arXiv:1708.05428
https://doi.org/10.1016/0370-1573(94)90070-1
https://doi.org/10.1016/0370-1573(94)90070-1
https://arxiv.org/abs/hep-th/9401139
https://inspirehep.net/search?p=find+EPRINT+hep-th/9401139
https://arxiv.org/abs/0903.2926
https://doi.org/10.1088/1126-6708/2009/04/119
https://arxiv.org/abs/0810.5195
https://inspirehep.net/search?p=find+EPRINT+arXiv:0810.5195
https://doi.org/10.1088/1126-6708/2006/05/023
https://arxiv.org/abs/hep-th/0412270
https://inspirehep.net/search?p=find+EPRINT+hep-th/0412270

[20]

[21]

[27]

[28]

[29]

[30]

[31]

[32]

Y. Namikawa and K. Ueno, The complete classification of fibres in pencils of curves of genus
two, Manuscripta Math. 9 (1973) 143.

A.B. Altman and S.L. Kleiman, The presentation functor and the compactified Jacobian, in
The Grothendieck Festschrift, P. Cartier et al. eds., Birkhduser Boston, Boston, U.S.A.
(2007).

J. Kass, Notes on compactified Jacobian, lecture notes (2008).

R. Gompf and A. Stipsicz, 4-manifolds and Kirby Calculus, Graduate studies in
mathematics. American Mathematical Society, U.S.A. (1999).

B. Farb and D. Margalit, A primer on mapping class groups, Princeton University Press,
Princeton U.S.A. (2011).

B.R. Greene, A.D. Shapere, C. Vafa and S.-T. Yau, Stringy cosmic strings and noncompact
Calabi- Yau manifolds, Nucl. Phys. B 337 (1990) 1 [INSPIRE].

H. Ooguri and C. Vafa, Two-dimensional black hole and singularities of CY manifolds, Nucl.
Phys. B 463 (1996) 55 [hep-th/9511164] [INSPIRE].

N.A. Obers and B. Pioline, U duality and M-theory, Phys. Rept. 318 (1999) 113
[hep-th/9809039] [iNSPIRE].

F. Hassler and D. Liist, Non-commutative/non-associative ITA (IIB) Q- and R-branes and
their intersections, JHEP 07 (2013) 048 [arXiv:1303.1413] [INSPIRE].

H. Ooguri and C. Vafa, Summing up D instantons, Phys. Rev. Lett. 77 (1996) 3296
[hep-th/9608079] [INSPIRE].

K. Becker and S. Sethi, Torsional heterotic geometries, Nucl. Phys. B 820 (2009) 1
[arXiv:0903.3769] [iNSPIRE].

R. Gregory, J.A. Harvey and G.W. Moore, Unwinding strings and t duality of Kaluza-Klein
and h monopoles, Adv. Theor. Math. Phys. 1 (1997) 283 [hep-th/9708086] [INSPIRE].

J.A. Harvey and S. Jensen, Worldsheet instanton corrections to the Kaluza-Klein monopole,
JHEP 10 (2005) 028 [hep-th/0507204] [nSPIRE].

T. Kimura and S. Sasaki, Worldsheet instanton corrections to 53-brane geometry, JHEP 08
(2013) 126 [arXiv:1305.4439] [INSPIRE].

D. Liist, E. Plauschinn and V. Vall Camell, Unwinding strings in semi-flatland, JHEP 07
(2017) 027 [arXiv:1706.00835] [INSPIRE].

A. Giveon and D. Kutasov, Little string theory in a double scaling limit, JHEP 10 (1999)
034 [hep-th/9909110] [INSPIRE].

D.R. Morrison, On the structure of supersymmetric T° fibrations, arXiv:1002.4921
[INSPIRE].

—99 _


http://dx.doi.org/10.1007/BF01297652
http://dx.doi.org/10.1007/978-0-8176-4574-8_2
http://people.math.sc.edu/kassj/Lecture Notes on Compactified Jacobians.pdf
https://doi.org/10.1016/0550-3213(90)90248-C
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B337,1%22
https://doi.org/10.1016/0550-3213(96)00008-9
https://doi.org/10.1016/0550-3213(96)00008-9
https://arxiv.org/abs/hep-th/9511164
https://inspirehep.net/search?p=find+EPRINT+hep-th/9511164
https://doi.org/10.1016/S0370-1573(99)00004-6
https://arxiv.org/abs/hep-th/9809039
https://inspirehep.net/search?p=find+EPRINT+hep-th/9809039
https://doi.org/10.1007/JHEP07(2013)048
https://arxiv.org/abs/1303.1413
https://inspirehep.net/search?p=find+EPRINT+arXiv:1303.1413
https://doi.org/10.1103/PhysRevLett.77.3296
https://arxiv.org/abs/hep-th/9608079
https://inspirehep.net/search?p=find+EPRINT+hep-th/9608079
https://doi.org/10.1016/j.nuclphysb.2009.05.002
https://arxiv.org/abs/0903.3769
https://inspirehep.net/search?p=find+EPRINT+arXiv:0903.3769
https://doi.org/10.4310/ATMP.1997.v1.n2.a6
https://arxiv.org/abs/hep-th/9708086
https://inspirehep.net/search?p=find+EPRINT+hep-th/9708086
https://doi.org/10.1088/1126-6708/2005/10/028
https://arxiv.org/abs/hep-th/0507204
https://inspirehep.net/search?p=find+EPRINT+hep-th/0507204
https://doi.org/10.1007/JHEP08(2013)126
https://doi.org/10.1007/JHEP08(2013)126
https://arxiv.org/abs/1305.4439
https://inspirehep.net/search?p=find+EPRINT+arXiv:1305.4439
https://doi.org/10.1007/JHEP07(2017)027
https://doi.org/10.1007/JHEP07(2017)027
https://arxiv.org/abs/1706.00835
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.00835
https://doi.org/10.1088/1126-6708/1999/10/034
https://doi.org/10.1088/1126-6708/1999/10/034
https://arxiv.org/abs/hep-th/9909110
https://inspirehep.net/search?p=find+EPRINT+hep-th/9909110
https://arxiv.org/abs/1002.4921
https://inspirehep.net/search?p=find+EPRINT+arXiv:1002.4921

	Introduction
	Monodromy and duality group
	Mapping tori for G(3)
	Examples

	Abelian fibrations and T-folds
	The manifolds Y(m,n)
	The T-folds X(m,n)
	X(1,1) and hyperelliptic fibrations

	SL(2;Z)(tau) x SL(2;Z)(rho) defects
	Quantum corrected metrics

	The map from SL(4) to SO(3,3)**(+)
	SYZ fibrations

