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Abstract

We carry out the complete classification of zero-order conservation laws of the classes
of one- and two-dimensional shallow-water equations with variable bottom topogra-
phy. We also find the complete equivalence group for the one-dimensional case, using
the direct method, and for the two-dimensional case, using the algebraic method.
Using conservation-law characteristics, we find all inequivalent cases of bottom to-
pographies (up to the equivalence group), which give different spaces of conservation
laws. Analogously, using additionally the method of furcate splitting, we solve the

classification problem for conservation laws for the two-dimensional case.
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Chapter 1
Introduction

Conservation laws play a distinguished role in mathematics and physics. They are
mathematical versions of the physical laws of conservation, which are principles that
state that certain physical properties (such as energy, linear momentum, angular mo-
mentum, mass and so on) do not change over time within a physical system. Conser-
vation laws have multiple applications in areas related to differential equations such
as geometrical numerical integration, integrability theory, linearization problems, etc.
They provide useful tools for the analysis of properties of the solutions of differential
equations and their physical investigations, see for example [32,33,40,48,50,54,56] and
references therein. Furthermore, one can use them for the construction of new exact
solutions. In addition, conservation laws can be used to prove global existence theo-
rems, e.g. in [31] conservation laws are used to prove uniqueness theorems for elastic
equilibria. Therefore, the computation and analysis of conservation laws differential

equations is an important problem in mathematical physics.

Symmetries. The Norwegian mathematician Sophus Lie (1842-1899) is known as
the founder of the theory of transformation groups, which is the foundation of the
modern theory of Lie groups. This theory comes from Felix Klein’s (1849-1925)
vision, that the geometry of space is determined by the group of its symmetries.
Therefore, the background of Lie theory is geometric. Roughly speaking, a symmetry
of a geometrical object is a transformation under the action of which the object does

not change. Symmetries are routinely used for classifying geometrical objects.

Since differential equations can be considered as geometrical objects, symmetries

map the equations to itself. Moreover, as an equivalent definition, one introduces point



transformations of the independent and dependent variables depending on continuous
parameters, that map solutions of a system of differential equations to solutions of
the same system. These transformations form a Lie symmetry group. The main tools
in the theory of Lie groups are the ”infinitesimal transformations”. This concept
necessitates the introduction of vector fields, which loosely speaking, give a tangent
vector at each point of the manifold. For each Lie group there are certain vector
fields, that form a vector space, the so-called Lie algebra, which is the infinitesimal

generator of a given Lie group.

It has to be noticed that finding general point symmetries typically requires one
to solve a system of nonlinear partial differential equations, which is often hard to
do. Hence, one introduces Lie symmetries for which the determining equations are
always linear and can be solved algorithmically, nowadays even with computer algebra
systems. Considering all of the above, the main advantage of Lie symmetries is that
they transform the invariance condition (with a nonlinear system of partial differential
equations) to infinitesimal counterparts of this condition (with a linear system of par-
tial differential equations). Moreover, one can consider generalized symmetries, whose
infinitesimal generators besides the independent and dependent variables, additionally
depend on the derivatives of the dependent variables. In this way, the corresponding
group transformations can be found by integrating an evolutionary system of partial
differential equations. The classical textbooks such as, for instance [41,42] and [29],
provide the theoretical background of the application of Lie theory to differential

equations.

Group classification. Most differential equations include arbitrary parameters (or
arbitrary parameter functions). These parameters are specified sometimes experi-
mentally and can often be estimated from data. For instance, if viscosity in the
Navier—Stokes equations is zero, then one gets the Fuler equations which have dif-
ferent symmetry properties. Thus, to study the symmetries of systems of differential
equations with arbitrary elements, one needs to investigate what happens as these pa-
rameters take on special values. Namely, for some values of these arbitrary elements
the associated system of equations can admit more symmetries than for the general
case. Let us specify that the (system of) differential equations with arbitrary elements
is called class of (systems of) differential equations. The group classification for a class
of systems of differential equations is the classification of Lie symmetry properties of

systems from this class, depending on the values of the arbitrary elements, see for



example [11,43]. Depending on the structure of arbitrary elements, group classifica-
tion can be a hard problem since it requires to solve a complicated overdetermined
system of partial differential equations. However, to simplify this problem one can use
equivalence transformations, which map each system from the class to another sys-
tem of the same class and which form the equivalence group, see for example [12,19].
Equivalence transformations give the opportunity to select the simplest representative
among similar systems. The group classification problem is based on the description
of all inequivalent (up to the equivalence group) values of arbitrary elements together

with the corresponding symmetry groups for each case.

Conservation laws. In the beginning of the 20th century Emmy Noether proved
in [38] (translated in [39]) that every conservation laws of particular systems of dif-
ferential equations is associated with a symmetry in the underlying physics (namely,
every symmetry of a Lagrangian induces a conservation law of the corresponding
Euler-Lagrange equations). Noether’s theorem requires a form of a variational struc-
ture of the considered system of equations. The extension to systems which do not
have a variational principle is provided in [4]. It says, that one can replace symmetries
by co-symmetries (adjoint symmetries), the invariance condition is replaced by the
adjoint invariance condition on co-symmetries, and thus, conservation laws can be

constructed in terms of co-symmetries.

An important part of studying conservation laws is the investigation of trivial con-
servation laws, which provide no new information on the behavior of solutions and
can be applied to any system of differential equations. Using the notion of trivial-
ity of conservation laws, one can consider specific functions, so-called characteristic
(also refereed to as multipliers), which uniquely characterize each non-trivial conser-
vation law for a given system of equations. The important notion is the order of
characteristic, which determines the order of the included derivatives. As soon as we
have a connection between conservation laws and their characteristics, we consider
the characteristic form of conservation laws instead of computing conservation laws

directly.

Classification problem on conservation laws. The classification problem on con-
servation laws is similar to the symmetry group classification of differential equations.
One can find, up to the equivalence group, certain systems of the class of equations

such as they admit more conservation laws than the most general system from the



class. For computing the conservation laws for these certain systems one can use
conservation-law characteristics, Noether’s theorem, some techniques from the direct
method, etc. (see [5,6,46,48]).

Shallow-water equations. In this thesis we consider the classes of one- and two-
dimensional shallow-water equations with variable bottom topography. The shallow-
water equations are derived from Euler’s equation under the assumption that the
vertical length scale is small in comparison with the horizontal one. The shallow-water
equations describe many important physical processes and models. For instance, in
ocean dynamics shallow-water equations can be a good model for the propagation of
tsunamis across the open ocean, away from shore. This model for tsunami propagation
is described in many papers, for instance in [20,26,55]. Moreover, the shallow-water
equations can be used for modeling flood propagation in urban flooding, floodplains,
dam-break computations etc. In these specific areas of the application of shallow-
water equations there are many useful results from “pure” mathematics which are
described, for example in [2,8,25,51,53,59].

Thesis goal. The main idea of this thesis is solving the classification problem of
zero-order conservation laws of the classes of one- and two-dimensional shallow-water
equations with variable bottom topography. The one-dimensional case is considered
in [1], where the classification problem for conservation laws was studied. In this
thesis we repeat and optimize the computations for the one-dimensional case. We
then also solve the conservation law classification problem for the two-dimensional
case. Namely, for the full classification of conservation laws of the class of shallow-
water equations, we need to compute the equivalence group of this class first. It allows
us to compute conservation laws only for the inequivalent cases, since all of the other

cases can be calculated directly by applying the equivalence transformations.

Thesis structure. The structure of this thesis as follows. In Chapter 2 we provide
the theoretical background on symmetry groups (Section 2.1) and conservation laws
(Section 2.3) of systems of differential equations as well as on equivalence groups of
classes of such systems (Section 2.2), following mostly the classical textbooks [27-29,
39,41, 42] and papers [9, 10, 14,18,22,30,32,50,57], as well as references therein. We
present the main definitions, theorems and provide some methods, which we will use

to compute the conservation laws in the next chapter.



Chapter 3 is devoted to the class of one-dimensional shallow-water equations with
variable bottom topography. In Section 3.1, we compute the equivalence group G~
of this class using the direct method. Then in Section 3.2, we classify zero-order
conservation laws of one-dimensional shallow-water equations up to G~-equivalence.
This specifies results of the paper [1|, where Lie symmetries and zero-order conser-
vation laws of the above equations were described without involving G~-equivalence.
Moreover, the initial objects to be classified in the thesis are conservation-law char-

acteristics whereas the authors of [1] directly classified conserved currents.

In Chapter 4 we extend the study to the class of two-dimensional shallow-water
equations with variable bottom topography. This chapter has a similar structure
as the previous one. We start with computing the equivalence group of the above
class (Section 4.1) by the algebraic method and use the obtained result to solve the
classification problem for zero-order conservation laws of systems from this class (Sec-
tion 4.2), using conservation-law characteristics and the method of furcate splitting,
which appeared first in [37,47] in the course of classifying Lie symmetries, see also [44].

In the thesis, this method is applied for the first time for classifying conservation laws.

In the last chapter we summarize the main results of this thesis and provide some

possible directions of further work.



Chapter 2
Theoretical background

We present the theory of symmetry groups and equivalence groups closely following the
classical textbooks such as [28,29,41,42,45] and the relevant works [11,12,19,43,47,49].
All computations and results of this thesis should be interpreted within the local

approach, cf. [42].

2.1 Symmetry groups

Here and in the following we consider the local group of transformations G acting on
an open subset M C X x U of the space of independent and dependent variables for
the system £: A’(z,u®) =0,i=1,...,1, where z = (1, ..., x,) are the independent
variables, u = (u!,...,u™) are the dependent variables and u® denotes the tuple of
derivatives of u up to order p, including u as the zeroth-order derivative. Let us start

with basic notions and definitions (see [42]).

Definition 1. A smooth function F' depending on z, v and a finite number of deriva-

tives of u is called a differential function of u. Denote this function as F' = Fu].

Definition 2. The j-th total derivative of a differential function F' = F[u] is
OF =~ Oug OF

D.F = — g

! 0z +le; dxj Ous’

where J = (ji,...,Jk), k > 0, is an unordered k-tuple of integers, with entries 1 <

g <n, k' =1,... k, indicating which derivatives are being taken.



Definition 3. A p-th prolongation of a smooth function v = f(x), f: X — U is a
function u® = pr® f(x) defined by the following formula

ug = 0y f*(x),
where J = (j1,...,Jk), k> 0and 1 < jp <n, k' =1,... k.

To define of prolongation of group actions, we start with the basic definition of jet

spaces.

Definition 4. The p-th order jet space of the space X X U is the space X x U@,
whose coordinates are the independent variables, the dependent variables and their

derivatives up to order p.

Thus, an induced local action of G on the p-th order jet space M® is called the
p-th prolongation of GG. Analogously to the prolongation of group transformations we

can define the prolongation of the corresponding vector fields. Let

& 0 “ 0
V_;gk(x,u)a—xk—i-;(éa(x,u)% (2.1)

be a vector field on M. Then let us define the parametrized maximal integral curve
exp(ev)x, which is passing through x € M and called the flow generated by v. It has
to be mentioned that the flow generated by v coincides with the local group action of
the Lie group on the manifold M (so-called one-parameter group of transformations),

and the vector field v is called the infinitesimal generator of the action.

Definition 5. The p-th prolongation of v is a vector field on the space M® such
that

d
pr(p)v|(r,u(19)) = d_ pr(p) [exp(ev)](m, u(p))
€le=0

for any (z,u®) e M®).

Suppose that for g € G the function g- f is defined in a neighborhood of the point

('%07'&0) = g : (ZC(],U())’



where ug = f(xo). Thus, one can determine the action of the prolonged group trans-

formation pr® g on the point (z, u(()p )) by the following expression

(p) (p) (p) )

pr=-g- ($U7u0 ) = (i'()?a()

where
i = pr'® (g - f)(0).

Below we present the basic notions of Lie theory.

Definition 6. A Lie algebra g is a vector space, closed under a bilinear map (so-
called Lie multiplication) [-,-]: g X g — g, with [v,v] = 0 and [u, [v, w]] + [w, [u, v]] +

[v, [w,u]] =0 for u,v,w € g.

Definition 7. An r-parameter Lie group is a group G which also carries the structure
of an r-dimensional smooth manifold in such a way that both the group operation
m: G X G — G, m(g,h) = g-h for all g;h € G, and the inversion i: G — G,

i(g) = g~! for all g € G, are smooth maps between manifolds.

Definition 8. A local group of transformations acting on M is given by a Lie group
GG, an open subset K, with e X M C K C G X M, which is the domain of definition
of the group action, and a smooth map ¥: K — M with the following properties,

(i) If (h,z) € K, (g, ¥(h,x)) € K and (g-h,x) € K, then ¥(g,¥(h,z)) = V(g-h,z).

(ii) (e, z) = x for all z € M.

(iii) If (h,z) € K, then (¢7', ¥(g,z)) € K and ¥(g~ !, ¥(g,2)) = .

Definition 9. A symmetry group of the system L is a local group of transformations
G acting on M with the property that whenever u = f(x) is a solution of £, and g - f
is defined for g € G, then u = g - f(x) is also a solution of this system.

Namely, a symmetry group of the system L is a local group of transformations G,

which transform solutions of the system to solutions of the same system.

Theorem 10. (see [42, Theorem 2.27, p. 100]) Suppose that for every (z,u®) € J C
M®) we have pr®Pg - (x,uP) € J for all g € G. Then G is a symmetry group of the
system L.



The following theorem comes directly from Theorem 10, see [42].

Theorem 11. (see [42, Theorem 2.31, p. 104]) If pr®v (A% (x,u?))) = 0, whenever
Al(z,u®) =0,i=1,...,1 for every infinitesimal generator v of the local group of

transformations G, then G is a symmetry group of the system L.

For using the infinitesimal criterion, one needs to find a formula for the prolonga-

tion of a vector field. Let us provide the general prolongation formula.

Theorem 12. (see [}2, Theorem 2.36, p. 110]) For the vector field v, its p-th pro-

longation is
®) - Ty @9
POy = v+ 30 Y o) 22
J

where

Qﬁi(fli, u(p)) = DJ <¢a - Zﬁ’%ﬁ%) + kau?;,kv (23)
k=1 k=1
with uf = Ou® [0z, and uf,, = OuG/Oxy.

Example 13. As an example of computations within the framework of the infinites-
imal approach, we find the Lie symmetry algebra of an equation equivalent to the

system of the Prandtl equations
L: u,+v,=0, Uyy = Ully + VUy,. (2.4)

The dependent variable v can be expressed in terms of v and its derivatives

Uy — Uly
v=-2H =

Uy

Then we can also differentiate this expression with respect to y and from the equations
(2.4) obtain

2
Ul Uy — Uy Uy — Uy, + Uy Uy = 0, (2.5)
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Let
0 0 0
A\ —f(az,y,u)%+n(x,y,u)a—y+¢(a:,y,u)% (26)

be the infinitesimal generator of a one-parameter Lie symmetry group of equation

(2.5). Then according to Theorems 11 and 12 we act with the third prolongation

0 0 0 0 0
Y T Ty vy
Ouy 9 Ou,, +¢ Oy +¢ Oy, +¢ Oy,

0 0 0 0
TTT TxY Tyy yyy
+¢ Oy +¢ Oy +¢ Oy +9

pr®v = v 4 ¢°

Olyyy

to the equation (2.5) and obtain

Uy Uy P — UyUy P + Uy @° — UUzy@” + Uyyy @ + vt ¢

— 2y @YY — uuy @™ + u, ¥ = 0,

whenever equation (2.5) holds, and ¢%, ¢¥, ¢¥¥, ¢™¥, $¥¥Y can be computed by the
formula (2.3). The terms with derivative u,,, are contained only in ¢¥¥¥, and after
collecting coefficients with this monomial by U?,nyy and uyug, we get —3&, = 0,
—3¢, = 0. Thus, we conclude that & = {(x). The coefficient of uyuzy gives us the
condition n = n(x,y). Continuing to split with respect to the remaining derivatives

we obtain

Nay = 0, Thyy = 0, =0, ¢,=0, Qby =0, ¢—u+ 2U77y = 0.

Thus the infinitesimal generator of the equation (2.5) has coefficient functions of the

form
§=2c1x+c, n=cy+ F(x)a ¢ = cu,

where ¢y, ¢y, c3 are arbitrary constants and F(z) is an arbitrary function. Hence, the
Lie symmetry algebra of the Prandtl equations (2.5) is spanned by four vector fields
0 0 0 0

vy x8x+y8y’ Vo V3 uau, V4 (a:)ay
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The complete point symmetry group (including both continuous and discrete sym-
metries) of a system of differential equations can be computed in different ways. The
direct method involves the main tools of solving of system of partial differential equa-
tions and can be very voluminous. At the same time, there is the algebraic method
to compute the complete point symmetry group of the system, see for example [12].
Start with the fact that each symmetry transformation 7 of a system of differential
equations generates an automorphism of the maximal Lie invariance algebra via push-
forwarding of vector fields in the space of variables of the system. Namely, we can fix
a basis vq,...,v, of this algebra and compute the structure constants cfj such that
i

-) of automorphism matrices by

[vi,vj] = ¢f;vi. One can obtain the general form (a}

solving the system with structure constants

cfi/j,afa;:/ = cfja?. (2.7)
As a next step we define a system of differential equations for components of a trans-
formation 7T by solving the equations T,v; = agvj, i = 1,...,n, where 7, is the
push-forward of vector fields induced by 7. By integrating this system we obtain the
final form of T, using the framework of the direct method. The found set of transfor-

mations constitute the complete point symmetry group of the system of equations.

2.2 Equivalence groups

We consider a system of differential equations Le: A¥(z,u®, 0@ (2, u®)) =0, i =
1,...,1, where O(z,u®) = (O (z,u®), ..., 0%z, u®)) and 6@ (x, u®) denote the
tuple of derivatives of © with respect to z and u® up to order ¢. Consider the system
of auxiliary differential equations S (x,u®, ©@)(z u®)) =0, ' = 1,...,I' and the
inequalities X% (z, u®, 0@ (z, u®)) #£ 0, i” = 1,...,1”, thus the arbitrary elements
© are constrained by the solution set, denoted by &, of both the auxiliary equations
S¥ = 0 and inequalities =% # 0.

Definition 14. [12, Definition 1, p. 4] The set {Lg|© € S} denoted by L|s is called

a class of differential equations defined by the parametrized form of systems Lg and

the set S of the arbitrary elements ©.

Definition 15. [12, Definition 2, p. 4] The equivalence group G~ = G~(L|s) of the
(z,

class L|s is the group of point transformations in the space of (x,u), ©) which are



12

projectable to the space of (x,u)) for any 0 < p’ < p, that are consistent with the
contact structure on the space of (z, u(p)), preserve the set S of arbitrary elements and
preserve the parametrized form of systems Lg. Elements of G™ are called equivalence

transformations.

If © does not depend on derivatives of the dependent variables, i.e. © = O(z,u),

then one can introduce the generalized equivalence group G, of the class Ls.

Definition 16. The Lie algebra g™ of vector fields in the space of (z,u), ©), which
for any 0 < p’ < p are projectable to the space of (z,u®) with the property that
their projections to the space of (z, u(p/)) are the p/-th order prolongations of their

projections to the space of (x,u), is called the equivalence algebra of the class L|s.

Analogously to the generalized equivalence group, one can define the generalized

equivalence algebra of the class L]s.

In the next chapters we consider two methods for the computation of equivalence
transformations of systems of differential equations: the direct method (Section 3.1)
and the algebraic one (Section 4.1). The direct method is exactly the application of
the definition of the equivalence group, and it usually requires the solution of nonlinear

systems of differential equations.

The algebraic method was proposed by Hydon in [27,29], see also [12] and [11].
Let us notice that the algebraic method of constructing a symmetry group, which is
described in Section 2.1, can be extended to the framework of equivalence transfor-

mations by the following theorem.

Theorem 17. (see [12, Theorem 1, p. 6]) Let L|s be a class of systems of differential
equations, G~ and g~ the equivalence group and the equivalence algebra of this class,
respectively. Any transformation T from G~ induces an automorphism of g~ via push-
forwarding of vector fields in the relevant space of independent variables, derivatives

of unknown functions and arbitrary elements of the class.

2.3 Conservation laws

In this section we provide the theory of conservation laws closely following [5, 6, 39,

42,46,50] and [58]. Here we consider the same system of differential equations as in
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Section 2.1. Let us start with some basic notions and definitions, which we will use

below.

Definition 18. The order of the differential function flu| is the highest order of
derivatives involved in f, which is denoted by ordf. If f does not depend on derivatives

of u, then ord f = —o0.

Definition 19. An n-tuple of differential functions P = (P'[u], ..., P"[u]) is called a

conserved current of the system L if
(Div P)|. =0, (2.8)

n

where Div is the total divergence, Div P = > D;P*, and D; is the operator of total
i=1

differentiation with respect to x;.

Definition 20. A conserved current P of the system L is called trivial
e of the first type if P vanishes on the solutions of L;
e of the second type if P is a null divergence, which means that DivP = 0

regardless of the system L.

A general trivial conserved current is a linear combination of trivial conserved currents

of the above two types.

Definition 21. Conserved currents P and P of the system £ are called equivalent if

P — P is a trivial conserved current.

Definition 22. The space of conservation laws of the system L is the quotient space
CL(L) = CC(L)/CCy(L). Its elements are called the conservation laws (CLs) of the
system L.

The order of conserved current P is the maximal order of derivative explicitly
appearing in P, the order of the conservation law is defined as minimum of the set
of orders of the corresponding conserved currents. Conserved currents of the system
L generate the linear space CC(L), the trivial conserved currents of this system span
its subspace CCy(L).

By Hadamard’s lemma the equality (2.8) holds if there exist differential functions
K%’ such that

!
DivP =Y Y K"D,A" (2.9)
=1 J
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The right-hand side of the equality (2.9) can be rewritten as
l ~
> ) DK A) = Dy(KY)A = =DivP 4+ Y N'A’,
=1 J i

applying repeated integration by parts, where P and P are equivalent conserved

currents.

Thus, the equality Div P = 0 vanishes on the solutions of this system if and only
if there exists an I-tuple of differential functions A = (A, ..., A!) such that

l
Div P =) A'A" (2.10)
=1

It has to be mentioned that this statement is only correct up to equivalent conserved

currents.

The equality (2.10) is called a characteristic form of the conservation law associ-

ated with the conserved current P.

Definition 23. If the equality (2.10) holds, then the [-tuple of differential functions
A= (A'u),. .., Au))

is called a characteristic of the conservation law, which is associated with the conserved

current P of the system L.

Analogously to the triviality of conserved currents, let us provide the definition of

trivial CL-characteristics.

Definition 24. A CL-characteristic A of the system L is called trivial if it vanishes
for all solutions of this system. Two CL-characteristics A and A of the system £ are

equivalent if A — A is a trivial CL-characteristic of £.

We denote the linear space of CL-characteristics of the system £ by Ch(L), the

trivial CL-characteristics of this system constitute its subspace Chg(L).

Definition 25. The space of CL-characteristics of the system L is the quotient space
Chq (L) = Ch(L)/Chy(L).
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Example 26. The system of the Prandtl equations (2.4),
L: uy+v,=0, Uyy = Ully + VUy,

can be represented in the extended Kovalevskaya form under assuming u,, and v, as
the leading derivatives. The space of reduced conservation-law characteristics of order
not greater than four for the system (2.4) with the above choice of leading derivatives
was presented in [36] without showing the details of computations. This space is in
fact spanned by two linearly independent zero-order conservation-law characteristics,
(1,0) and (u, —1). The corresponding conserved currents are (u,v) and (u?, uv — u,).
Indeed,

Div (u,v) = Dy(u) + Dy(v) =1+ (uy +vy) + 0 - (uy, — vu, —vuy) =0,
Div (u?, uv — u,) = D, (u*) + Dy (uv — u,)

=u- (uy +vy) — 1 (uy, —uu, —ou,) = 0.

In Example 29 below, we present the computation of the above zero-order conservation-

law characteristics.

In Sections 3.2 and 4.2 we use CL-characteristics to compute the conservation laws

by applying the Euler operator to the characteristic form of the conservation law.

Definition 27. A differential operator

E, =Y (-D) 0 (2.11)

J (e
. ous

is called the a-th Euler operator, where 1 <o <m, J = (j1,...,jk), 1 < jr < n and
k>0, (=D); = (=Dj,)---(=D;,), where Dj, is the total derivative with respect to

the variable z;, .

For the differential function f there is an [-tuple of differential functions F' such
that f = Div F' if and only if E,f = 0. After applying the Euler operator to the

characteristic form of the conservation law (2.10), one obtains

l
E, (Z AW) =0, a=1,....,m. (2.12)
=1
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An [-tuple A is a CL-characteristic of the system L if and only if the equality (2.12)
holds.

Definition 28. (see [42, Definition 5.24, p. 307]) Let F[u] = F(z,u®) € A" be an
r-tuple of differential functions. Here A" denotes the space of r-tuples of differential
functions. The Fréchet derivative of F' is the differential operator Dr: A? — A" such
that

Dr(Q) = d% Flu + Qu]
e=0
for any @ € A%

Let us note that the adjoint of the Fréchet derivative has entries

) DA |
(Dﬁ)ki:z}:(_D)J@_u?, k=1,....,m,i=1,...,1l

The left-hand side of the equality (2.12) gives
DA(L) + D;(A) = 0. (2.13)

The differential operators D} and D} are the adjoints of the Fréchet derivatives D, and
D.. The term D} (L) vanishes on solutions of £. Therefore, the necessary condition
for a CL-characteristic of the system L is

D:(A)|, =0. (2.14)

A tuple of differential functions satisfying (2.14) is called a co-symmetry of the sys-
tem L.

Example 29. Now we show how to obtain the conservation laws from Example 26.
Let A = A(z,y,u,v) and M = M(z,y,u,v) be the components of a zero-order
conservation-law characteristic of the system (2.4). The entries of the adjoint of
the Fréchet derivative of the left-hand side of the system (2.4) are

(D7) = —Ds, (DZ)i2 = Dz2/ +uD, +vDy — u,,
(D*L)Zl = _Dy> (D*g)22 = —Uy.
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Since A and M do not depend on nonzero-order derivatives of v and v, we can split,
after substituting expressions for principal derivatives in view of L, the condition
(2.14) for the corresponding characteristic with respect to parametric first- and second-

order derivatives and obtain the following system of equations
Ap=Ay=A, =0, My=M,=M,=M,=0, M+A,=0.

Thus, A = cju + ¢ and M = —¢y, where ¢, ¢y € R. Therefore, for the system (2.4),
the space of its CL-characteristics of order not greater than zero is two-dimensional
and spanned by the tuples (1,0) and (u, —1).

Conservation laws classification problem of classes of systems of differential equa-
tions is similar to group classification problem. Using equivalence transformations,
one can find, up to equivalence, such systems of the class that admit more conservation

laws than the most general system from the class.

The following result was provided first in [48], see also [13,17,50].

Theorem 30. Any point transformation T: & = T*(z,u), @ = T"(x,u) prolonged to
the jet space J®Y) transforms the equation DiF" = 0 to the equation DiF" = 0, where

the transformed conserved vector F = T (x,u® | F) is determined as follows

1

Fi(i',ﬂ(p)) — |D ~|
2T

(D, &) F(z, u®), (2.15)

n

where |D, 7| is the determinant of the matriz D,& = (Dy; )7,

One can use the characteristics to compute the general conservation laws of a
system of equations. However, during application of the necessary condition (2.14)
we cannot split it with respect to the arbitrary elements and their derivatives. Namely,
we need to solve the system of determining equations with parameters, considering
such values of the arbitrary elements, which have an influence on the solutions. This

will be illustrated for the shallow-water equations below.



Chapter 3

One-dimensional shallow-water

equations

In the next two sections we consider the class of one-dimensional shallow-water equa-
tions, assuming the bottom topography as the arbitrary element of the class. More

specifically, we define the class of systems of differential equations

ut+uux+hz :b;w
(3.1)
h; + uh, + u,h =0,

where
e u = u(t,x) is the horizontal fluid velocity averaged over the height of the fluid

column,
e h = h(t,x) is is the thickness of a fluid column, and

e b = b(x) is the bottom topography measured downward with respect to a fixed

reference level and considered as the arbitrary element of the class (3.1).
Figure 3.1 represents these values graphically.

We will refer to (3.1) as a class or a system, depending on the context. Below
we construct the equivalence group of the class (3.1) by the direct method and then
classify the zero-order conservation laws of this system using the method based on
conservation-law characteristics. Recall that Lie symmetries and zero-order conser-
vation laws of systems from the class (3.1) were studied recently by Aksenov and

Druzhkov in [1] without involving equivalence transformations.
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free surface

Figure 3.1: The shallow-water model

3.1 Equivalence group of class of one-dimensional

shallow-water equations

We compute the complete usual equivalence group of the class (3.1) by the direct

method. For easier calculation we set B = b,. Thus we fix two systems in the
class (3.1),
S: u+uu, +hy, =B, hy+uhg +u.h=0; (3.2)
S: G+ Gliz + hy = B, hi+ @h; + 4zh = 0. (3.2)

The general form of point transformations that map the system (3.2) to the system
(3.2') is

where J = |0(T, X,U, H)/O(t, z,u, h)| # 0. By the chain rule we represent the deriva-

tives of the new dependent variables in terms of the initial ones,

ﬂ{ - i ((DtU)DzX - (DmU)DtX) ) ﬂi{t = i ((DtT)Da:U - (DwT>DtU) )
K 0 (3.3)
h; = = (DH)D,X — (D, H)D, X)), he = = (D/T)DH — (D, T)DH),
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where K = (D, T)D, X — (D, T)D:X. We expand (3.2") on the solutions of the system
(3.2) substituting the expressions (3.3) and the expressions for u; and h; in view of
(3.2):
(b,U)D, X — (D,U)D,X + (D, T)D,(U?/2+ H) — (D,T)D,(U?/2 + H)
= B((D,T)D,X — (D,T)D¢X), (3.4)

(DJH)D,X — (D,H)DX + (D,T)D,(UH) — (D,T)D,(UH) = 0.
Given functions F' and G of variables (y, z), we abbreviate the notation of the Jacobian

oFG)  FG

det
(y, z) Y,z

and will use it to make formulas less cumbersome. Collecting the coefficients of the

expressions hu? — h2, u, and h, in the equations (3.4) we respectively obtain

UX TU)2+H -TX
) _"_ ) / + — B Y

u, h u, h u,h’ (3.52)
U, X U X U X
—u —h
t,u U, T h,x
T,U?/2+ H T,U?/2+ H T,U?/2+ H
+ —u —h
t,u U, T h,z
- (T, X T,X T, X
=B|—"+— —u—"——h- , (3.5b)
t,u U, T h,x
U X UX U X
— —u
t,h U, T h,x
T.,U?/2+H T, U?)2+H T,U%/2+ H
— —u
tvh u,xr h,f['
- (T X T, X T, X
:B ) _ Y _ ) .
(t,h u, T uh,:}:)’ (3.5¢)

U, X UX T,.U?/)2+H T, U*)2+H
— + ——B+ [2+ + /24 B
t, T U, T t, T U, T

- (T X T X
=B ( At B) : (3.5d)
t,x U, T
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and

HX T, UH
_"_ J—

wh wh 0, (3.6a)
H X H X HX T UH T,UH T,UH
— —u—— —h——— + U —u U —h U =0, (3.6b)
t,u U, T h,x t,u U, T h,x
HX HX H X H X
B — —u
t,h u, h U, T h,z
T.UH T,UH T,UH T,UH
) ) B— 7 _ Y — .
t,h u, h u, “ h,x 0 (3.6¢)
HX HX T.UH T,UH
— + ——B+ U + U B =0. (3.6d)
t,x U, T t,x U, T

We are looking for the usual equivalence group of the class (3.1), whose elements
generate admissible transformations within the class (3.1) for any source value for the
arbitrary element B. This is why it is possible to split such among equations (3.5)
and (3.6) with respect to B (resp. B) that do not contain B (resp. B). Note that the
splitting of equations just means the collecting of coefficients of arbitrary element and
its derivatives or coefficients of polynomials etc.. Therefore, collecting the coefficients
of B in the equations (3.5a), (3.5b) and (3.5¢), we obtain

T,X

——— =0 3.7
u, h ’ (3.7)
T,X T,X T X

— —u—— — h—— =0, (3.8)
t,u U, T h,x

X T X T.X

ih — wz _uh,x =0. (3.9)

From equation (3.7) we conclude that there exists a smooth function ® = ®(¢, z, u, h)
such that 7' = T'(t,z,®), X = X(t,z,P). Substituting these forms into equations

(3.8) and (3.9) we get the system, which can be considered as a system of linear

T.X TX
t, P o z,®’

algebraic equations with respect to

T X T X

o, —— + (ud, + h®,)—— =0,
t,® x,d (3.10)
T X T X '

t, P x, P
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Suppose that this system has a nonzero solution. Then its determinant equals

zero, i.e.,
2 2
h®; — ®;, =0,

which implies that A > 0 and ®, = ev/h®;,, where e = +1. Substituting this result in
the last equation, we solve that with respect to ®, ® = U(t, z,w) with w = u + 2evh
and U, # 0. Then the system (3.10) reduces to the single equation

T, X T, X T, X T, X

—— h)—/—— =0, ie, ——— —eVh)—/—— =0.

o TtV =0 de, St (W -V T
Splitting this equation with respect to h, we have ®, = &, = 0, which contradicts
the supposition.
X TX
t,®  z,®

T‘t Ta: T<I>
rank = 2.
Xy Xo X

T X
In other words, T'=T'(t,z), X = X (t,z) and t’— # 0. By equation (3.5d),
x

)

Therefore, = 0. Then T = X = 0 since

.1 (UX
B= <t’—+UuXxB+Tt(UU$+HI)—Tw(UUtJrHt)—Tx(UUquHu)B) .

, L

We can differentiate both the sides of this equation with respect to ¢, where the

operator J; has the form

-1
8,; = (ET’X) (M (ant _ Xtax)

h,u t,x h,u
(3.11)
U X H, X HU HU
+ <Hh + Uy, > 0, + (Xt +Xm—> 8h) .
x,t t,x T, U u,t

~ T, X
Since J;B = 0 and t’— # 0, collecting of the coefficient of B, in the resulting
x

equation leads to the e<7:1uation

X, (U.X, - T,(UU, + H,)) = 0.
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Suppose that X; # 0. Then considering the above equation jointly with an equa-
tion derived by splitting of (3.6d) with respect to B, we have the system, which can be

considered as a system of linear algebraic equations with respect to (7, X,) # (0,0),

(UU, + H)T, — U, X, =0, (3.12)
(UH), T, — H, X, = 0. (3.13)

This system has a nonzero solution, so its determinant equals zero, which gives —H2+
U2H = 0. Thus,

—H?>+U?H =0, ie, H,=+VHU,, (3.14)

H
U’h # 0, we have U, # 0 and H, # 0.
u

After substituting the expression (3.14) for H and U in view of (3.12) and factoring
out Uy, we get X, = T,(U ++/H). We differentiate this equation with respect to u
and obtain T,U, = 0. Since U, # 0, we conclude that T, = X, = 0, which leads to
the contradiction with the condition (7}, X,) # (0,0).

with the assumption H > 0. Recalling that

Therefore, X; = 0, and thus T, X, # 0. We consider the system of equations (3.6b)—
(3.6d) as a system of linear algebraic equations with respect to (73, T, X,). Since this
system has a nonzero solution, its determinant equals zero,

U H

Hn(h(UH)h —uw(UH),) =0,

or equivalently,
hUH), —u(UH), =0, (3.15)

H
in view of H # 0 (non-degeneracy) and U’—h # 0.
u

Y

The general solution of the equation (3.15) with respect to (U, H) is UH =

G(t,z,w), where w = uh and G is a smooth function of its arguments. Then U = G/H.

U H
The condition — - # 0 implies that G, # 0.
u?

After substituting these expressions in equation (3.6d) and collecting the coefhi-
cient of B we get H, X, — G, T, =0, so H = GT,/X, + F, where F' = F(t,z,h)
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is an arbitrary smooth function of its arguments. In view of equation (3.15), equa-
tion (3.6¢) is a differential consequence of equations (3.6b) and (3.6d). We multiply
equation (3.6d) by 2u and subtract the result from equation (3.6b), deriving

(uH, — hH,) X, + (UH), T, = 0.
After substituting the expression for UH and H we obtain
G, T, — X, F, =0. (3.16)

The differentiations of (3.16) with respect to w and h give, respectively, that G, =0
and Fj, = 0. Thus,

G =Gt a)w+Gtx), F=F(ta)h+F(t ),

where G' = G, # 0 and F' = G'T;/X, by equation (3.16). Now we are ready to
substitute all of these expressions into equation (3.5b) and split it with respect to w,

after excluding the common denominator. Then the coefficient of w? equals zero,

5
4Tx

xi ="

2(G")
where we denote K := T, /X,. Then T, = 0 and H = F'(¢t,z)h + F°(t,x). Thus, the

equation (3.5b) reduces to
— (G'F'wh +2G' F'w — G°F'h) X, + GH(G'w + GO)Th = 0,

which only implies that F* = G° = 0. Therefore, H = H'(t,z)h and U = U'(t, x)u,
where H' and U' are smooth functions of (¢,z) with H'U' # 0. Moreover, Ul =
X, /T;. Under the derived conditions, the equation (3.5¢) is equivalent to —U'X, +
H'T; = 0 and implies that H' = (X, /T;)?>. We consider the reduced equation (3.6d),

H X T,UH
+ =

t,x t,x 0, te, Hthzh+E(U1H1)xuh:0,

Then, H} = (U'H"'), = 0 and as consequence Ty; = X,, = 0. Therefore,

X X3
X=Xz+Xy, T=Tt+T, U=2ly, H=_Lh.
Tl Tl
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After substituting these expressions into equation (3.5d), we obtain B = X, B/T?.

This proves the following theorem.

Theorem 31. The usual equivalence group G~ of the class (3.2) consists of the trans-

formations
- ) X - X2 X
t:T1t+T0, $:X1$+X0, u:fu, h:T—lzh, B:7_1—12B7

where X1, Xo,T1 and Ty are arbitrary constants with Th X, # 0.

Remark 32. In the beginning of this section, we reparametrize the class (3.1) by
setting B = b,. The b-components of equivalence transformations are obviously of
the form

b= ;(—1;25 + B,
where BY is an arbitrary constant. The equivalence transformations associated with
the group parameter B, { =t, ¥ = z, @ = u, h=hb=b+ B are (trivial) gauge
equivalence transformations for the class (3.1) and constitute the gauge equivalence
group of this class since these and only these equivalence transformations act only on
the arbitrary element b and do not change each system of the class (3.1). See [35,49]
for related definitions. The gauge equivalence group is a normal subgroup of the

group G™.

Remark 33. The systems from the class (3.1) that are associated with the values of
the arbitrary element that are linear functions of z, b(z) = B'x + B, can be reduced

to the systems of the same class with b(z) = 0,

Uy + Uty + hy =0, hy +uhy +ugh =0, (3.17)
by the change of variables

t=t, FT=x—

which was presented in [24]. This change of variables helps to simplify the study
of symmetry properties and conservation laws of the one-dimensional shallow-water

equations with linear bottom topography, see [24].
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The system (3.17) can be linearized by the two-dimensional hodograph transfor-
mation, which exchanges the roles of dependent and independent variables. We set
y=u, z=h,p=t, q=x, where (y, z) are new independent variables, (p, q) are new
dependent variables, i.e., p(u, h) = t, q(u, h) = . We differentiate these expressions

with respect to t and x and get the following system of equations

pyur +pzhe =1, qyu + q:hy =0,
pyts + p:he =0, quus + ¢:hy = 1.
We assume K := p,q. — p.qy # 0. Then the solution of this system is

_ ¢

q 22
Ut_K’ - = T 7

he=—2 h, =2

K’ K
Thus, the system (3.17) reduces to the linear system
G- —yp- +py =0, —qy—2p-+yp, =0

in the new variables. We differentiate the first and the second equation with respect
y and z, respectively, and subtract the second result from the first one. This leads to

the differential consequence py, = zp.. + 2p., which can be mapped to the equation
Puuw = 53])53

by the point transformation s = 1/z. The last equation is the Tricomi equation, the

symmetry analysis of which can be found in [15,16].

3.2 Zero-order conservation laws

of one-dimensional shallow-water equations

Consider a system L of one-dimensional shallow-water equations from the class (3.1),

U + Uy +ha: = bxa
hy + uwhy, + uzh = 0.
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The entries of the adjoint of Fréchet derivative of the left hand-side of this system are

(Dz)1in = =Di —uDy,  (Dz)i2 = —hDy,
(D7)o1 = =D,,  (Df)2e = =Dy — uD,.

Each zero-order conservation law of the system L possesses a characteristic with com-
ponents A = A(t, z,u, h) and M = M(t, z,u, h). By applying the necessary condition
(2.14) to the characteristic (A, M) and replacing u; and hy by —uu, — h, + b, and

—(uh), respectively, we derive the equations

—ul, — Ay + Ay (hy — b)) + Apugh — h(M, + Myu, + Mph,) = 0,
—(Ay + Ayug + Aphy) — My — Myu + My (hy — b)) + Mpugh = 0.

We can then split these equations with respect to the derivatives u, and h, because

A and M do not depend on them, which respectively gives

Uy hAp — hM, =0,
hy: A,—hM;, =0,
1: Aju+Mh+A+AD, =0

and

Uy :  —A,+hM, =0,
hxi —Ah+Mu:0,
1: A, +uM, + M, + M,b, =0.

We rewrite this collection of equations as

R':= A, — hM,;, = 0, (3.18a)
R? == A, — M, =0, (3.18b)
R® == Ay + ul, + b A, + hM, =0, (3.18¢)
R*:=M; +uM, + b,M, + A, =0, (3.18d)

which represents the complete system of determining equations for characteristics of

zero-order conservation laws of systems from the class (3.1).
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First of all, we derive some short nontrivial differential consequences of the sys-

tem (3.18). In particular, we obtain the differential consequence
R} — hR;, — (R} +uR. +b,R.) + hR2 = A, = 0.
Taking it into account, we rewrite the system (3.18) in the form

Ax = O, Au = th, Ah = Mu, At = —h(Mw + beh), (319&)
R* := M, + uM, + b,M, = 0, (3.19b)

Excluding A by cross differentiation of equations (3.19a), we derive more equations

for the single function M that are not differential consequences of (3.19¢),
M;w = 0, Muz = 0, M;m -+ bx:th = 0, thh + Mh = Muu (3190)

Differentiating the second equation in (3.19¢) separately with respect to u and h and

combining the results with other equations in (3.19c¢) give the differential consequences

boaMpn = 0, beoMpy = 0, bya(Mj, — My,) = 0. (3.19d)

It is easy to find zero-order conservation-law characteristics that are common for
all systems from the class (3.1). Looking for such characteristics, we can split the
equations (3.18¢) and (3.18d), which in particular gives A, = M, = 0. In view of the
equations (3.18a) and (3.18b), we also have A;, = M;, = 0. Then the equations (3.18¢)
and (3.18d) can be further split with respect to u and h to

Ax:At:Mx:MtZO

Therefore, a zero-order conservation-law characteristic is common for all systems from
the class (3.1) if and only if its components are constants. The space of such charac-

teristics is two-dimensional and is spanned by the characteristics (A, M) = (1,0) and
(A, M) = (0,1).

Now we find families of zero-order conservation-law characteristics that are point-
wise parametrized by the arbitrary element b, i.e., the components of these character-
istics are of the form A = A(t, z,u,b(z)) and M = M(¢, z,u, b(z)). It is obvious that
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such characteristics include the above common ones. Since b is an arbitrary function
of = here, the substitution of such characteristics into the system (3.18) and its dif-
ferential consequences should not lead to equations in b. This is why after expanding

derivatives of A and M with respect to =z,

Ax = Ax + Abbm
M:p = Mm + Mbbxu M:rx = me + Zbebw + 1\v/[bbbg% + Mbbz:m

we can split the resulting equations with respect to b, and b,,. Thus, the equa-
tions (3.19b), (3.19¢) and (3.19d) respectively imply

Mt+qu:0, UMb+Mu:O,
Mhz = 1\v/[hb = 07 Mux = 1\V/Iub = 07 M:}:x = M:):b = Mbb = 1\V/Ib + 1\V/Ih = 07
Mhh - 07 Mhu = 07 Mh = Muu

Then we get (M, 4+ uM,), = M, = 0, and thus also M; = 0. The equations for A
follow from (3.19a), A, = Ay =0, A, = hM,,, Ay, = M, A, = 0. The general solution

of the derived system of determining equations for (A, M) is

2
A=ciuh+cy, M=¢ (% +h — b> + 3, (3.20)

where ¢1, ¢ and ¢3 are arbitrary constants. Therefore, any system from the class (3.1)

possesses the conservation-law characteristics

(1,0), (0,1), (m, “; +h— b)

with the corresponding value of the arbitrary element b. The associated conserved

currents are respectively

2 2h 3h
(u, % +h—b> . (h, uh), (“7 “7 +uh? —uhb) .

Let us classify possible extensions of the space of zero-order conservation laws for
the system £ depending on specific forms of b. The equations (3.19d) show that there

are two cases that should be considered separately, b,, # 0 and b,, = 0.



30

by 7 0. Then the equations (3.19d) imply My, = My, = My, — M, = 0 and hence

R} = My, = 0. Integrating the joint system of these equations with the equations
My, = 0, My, = 0 and M., + b,,M; = 0 from (3.19¢), we obtain a preliminary

expression for M,
ul
M= ¢ (? +h— b) + 12w+ p () + p0(t),

where ¢; is a constant and p°, u! and p? are sufficiently smooth functions of ¢t. The

substitution of this expression into (3.19b) leads to the equation
pru+ e+ g 4 ptu+ b, =0, (3.21)

which splits with respect to u into u? + p' = 0 and plz + pd + p?b, = 0. The
system (3.19a) reduces to A, = 0, A, = c1h, Ay, = cqu + p?, Ay = —p'h and thus

integrates to
A = cyuh + p2(t)h + co.

After differentiating the equation iz + p? + u2b, = 0 twice with respect to z, we get
that byu.pu? = 0.

If bype # 0, then p? = 0, and the equation (3.21) splits with respect to x and u
into ' = 0 and p? = 0. As a result, there is no extension of the space of zero-order

conservation laws in this case.

Therefore, b,,, = 0, i.e., b = %d2m2 + dix + dy for some constants ds, d; and dy.
Up to equivalence transformations of the class (3.1) (shifts of x and b and scalings),
we can set dy = dy = 0 and dy = +1. Then the equation (3.21) splits with respect to

x and u into the system
pp+pt =0, gy +dop? =0, p =0.

The general solution of this system is u° = ¢3 and

pr=cuet Feset, pl=—cpet ezt it dy =1,

U’ =cycost —cssint, pl =cysint +cycost if dy = —1.
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This leads to the following expressions for conservation-law characteristics:

A = ciuh + (cse’ + cse ™) h + e,

2
M = ¢; (% +h— b) + (cse’ + cse ™ u — (cae’ — cse ™) + c3

if dy =1 and
A = ciuh + (cqcost + cssint)h + ¢,

2
M=¢ (% +h— b) + (cqcost + cssint)u — (cq8int — ¢z cost)r + c3

if dy = —1. Therefore, in comparison with the general value of b, the system with
b= :E%J?Q admits two more linearly independent zero-order conservation-law charac-
teristics, which are associated with the constants ¢, and c5 in the above expressions.

The corresponding conserved currents are

2

2
(-0 ctutuw-om+ L) (o euuran )

if b(z) = 2%/2 and
h2
((u cost + xsint)h, u(ucost + xsint)h + ~ cos t) :
h2
((u sint — x cost)h, u(usint — x cost)h + 5 sin t)

if b(x) = —2?/2.

b, = 0. In other words, b = dyx + dy with constants d; and dy. Here the constant d
can be set to 0 by gauge equivalence transformation of shifts with respect to b, and

dy; € {0,1} mod G~. Then we produce the following system of equations

Ma:ac = 07 th = 07 Muac = 07 Mt + dlAh + UMac = 07

(3.22)
A, =0, A +h(dM,+M,)=0, Ap,=M,, A,=hM,.

The system (3.22) holds and has infinite-dimensional space of solutions, which means

that the space of zero-order characteristics and the space of zero-order conservation
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laws are infinite-dimensional. By Remark 33, we can set d; = 0 by a point transfor-

mation, and the system (3.22) reduces to

M:cx = 07 th = 07 Mux = 07 Mt + U'Mx = Oa
A, =0, A +BM, =0, A,=DM, A,=hM,

We can solve this system and obtain A = ¢1th + F(u,h), M = ¢1(tu — z) + G(u, h),
where ¢; is an arbitrary constant, I’ and G are smooth functions of (u, h) that satisfy

the system
F, =G, F,=hGy, (3.23)

whose differential consequence is G, — hGp, — G, = 0. Therefore, if b = dix, then

the components of the corresponding conserved currents are of the form

Q= c(tsh —xh + %dthh) +Q*,

(3.24)
P = c(ts’h + 3dit°hs + Lth® — xhs — ditah + 1dit*h) + ditQ" + P,

where ¢ is an arbitrary constant, s := u — dit and (Q', P') = (Q', P')(s,h) is an

arbitrary solution of the system

P! =sQ! + hQ;,
Py = Qg+ 5Q;.

Summing up, we prove the following theorem.

Theorem 34. Each system of the class (3.1) for a fixed choice of the function b

admits the three-dimensional space of zero-order conservation laws that is spanned by

Di(u) + D,y (u?/2+ h —b) =0, Dy(h)+ D,(uh) =0,

2, 3
D, (UT) +D, (“7 + uh? — uhb) =0,

which are the conservation laws of momentum, mass and enerqy, respectively.

All G~ -inequivalent extensions of the space of zero-order conservation laws in the

class (3.1) are exhausted by the following cases:
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b(z) = x2/2:

h2
Dy(e'(u — x)h) + D, (etu(u —x)h+ et?) =0,

h2
D;((ucost + zsint)h) + D, (u(u cost + xsint)h + 5 cost) 0,

h2
D;((usint — zcost)h) + D, (u(u sint — x cost)h + 5 sint> = 0;
b(x) = x:
Dy (tsh — xh + L2h) + D, (ts2h + 3t%sh + Lth? — wsh — teh + 1*°h) = 0,
Dy(Q") + D, (tQ" + P') =0,

where s == u —t and (Q', Pt) = (Q*, PY)(s,h) runs through the solution set of the

system
P{=sQ,+hQy, Py =Q,+ Qs
b(x) =0:
D, (tuh — a:h) + D, (tth + %th2 — xuh) =0,
Di(Q") + Do (P') =0,
where (Q', PY) = (Q, PY)(u, h) runs through the solution set of the system
Py =uQu+hQy Py =Qu+uQ)

Remark 35. The case b(z) = z is reduced to the case b(x) = 0 by the point transfor-
mation t =t, & =z — %tz, u=u-—t, h = h, which is an admissible transformation
in the class (3.1), see Remark 33.
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Remark 36. The systems from the class (3.1) with linear bottom topographies can
be linearized using a hodograph transformation, see Remark 33. Exact solutions of
system (3.23) were presented in [24]. The system (3.23) determines the range of zero-
order conservation laws and, additionally, the set of non-degenerate exact solutions
of the shallow-water equations (see [24]). All the degenerate solutions of the shallow-

water equations are found in [24].



Chapter 4

Two-dimensional shallow-water

equations

Let us consider the class of systems of two-dimensional shallow-water equations

U + Uy + VUy + By = by,
v + wv, + vuy + hy = by, (4.1)
hi + (uh), + (vh), =0,

where (u(t,z,y),v(t,z,y)) is the horizontal fluid velocity averaged over the height
of the fluid column, h = h(t,z,y) is is the thickness of a fluid column and b =
b(x,y) is the bottom topography measured downward with respect to a fixed reference
level and considered as the arbitrary element. We will refer to (4.1) as a class or a
system depending on the context. Systems of equations from the class (4.1) were also
intensively investigated within the framework of symmetry analysis of differential
equations, but not for arbitrary values of the bottom topography. Special attention

was paid for the flat bottom topography b(z,y) = 0 and for b quadratic in (z,y), i.e.,
b(z,y) = Az® + By?,

although it was explored in both resting and rotating reference frames, see e.g. [23,
34,52].
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4.1 Equivalence group of class

of two-dimensional shallow-water equations

We compute the complete equivalence group of the class of two-dimensional shallow-
water equations (4.1) by the algebraic method. This class is parametrized by the
arbitrary element b, which satisfies the following system of auxiliary equations

by=0, b,=0, b,=0, b,=0, b, =0, b, =0,

x Yy

bv =0, bv =0, bh =0, bhy =0,

meaning that b does not depend on w,wv,h and its derivatives. This is why we can
replace the observation the study of the class (4.1) by the consideration of the following

single system

Up + Uy + VUy + Ny = by,

Uy + vy + vvy + hy = by,
S: (4.2)
h: + (uh), + (vh), =0,

bt:O,

where b is assumed one more dependent variable.

The generalized equivalence group G~ of the class (4.1) coincides with the complete
point symmetry group G of the system S. Thus, we also have the similar relation
between the infinitesimal counterparts. In other words, the generalized equivalence
algebra g~ of the class (4.1) can be identified with the maximal Lie invariance algebra

g of the system S. Therefore, below we use the following strategy.

The maximal Lie invariance algebra g of the system S consists of the infinitesimal
generators of one-parameter Lie symmetry groups of the system (4.2), which are vector

fields in the space with coordinates (¢, z,y,u, v, h),
v =70, + £0; + 10y + ®O, + VO, + Z0), + 0, (4.3)

where the components 7, &, n, ¢, ¥, = and 2 of v are smooth functions of ¢, z, y, u,
v, h and b.
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The infinitesimal invariance criterion formulated in Theorem 11 requires that

r v (u; + ut, + vuy + hy — by) = 0,
(l)v(vt + wvy + vu, + hy — by) =0,
1Oy, + (uh), + (vh),) = O,
(l)v(bt)
whenever the system (4.2) holds. Here the first prolongation prYv of v is defined by

Theorem 12. Thus, the infinitesimal invariance criterion for the system (4.2) takes

the form

' + du, + Du + Vu, + PV + =27 — QF =0,

U+ v, + TPy + Yo, + Vo +Z¥ — QY = 0,

(4.4)

E' + Dh, + Eu+ VUhy, + =0 + Zu, + Dh + Zv, + WA = 0,

Q'=0,
which should be satisfied whenever the system (4.2) holds. We substitute the ex-
pressions for the derivatives u;, v, h; and b; in view of the system S into the condi-
tions (4.4) and then split them with respect to the derivatives wu,, vy, ha, uy,, vy, hy,
b, and b,, which gives the system of determining equations for the components of v.
Integrating this system, we get the exact forms for 7, &, n, ®, ¥, = and Q,

T=c+(cs—cr)t, {=cotesrtcey, 1=c3+csy— e,

S =cgv+cru, YV =—ceu+cv, Z==2ch, Q=c4+2cb,
where ¢y, ..., c; are arbitrary real constants. Therefore, we have that the maximal
Lie invariance algebra g of the system (4.2) is spanned by the vector fields

Vi = ata Vo = 8337 V3 = 8y7 Vy = 81)7

vs = t0, + 20, + y0,, V¢ = —u0, + v0, — x0y + YO,

vy = 200 + 2h0), + u0, + v, — to;.
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The non-zero commutation relation between the basis elements of the algebra g are

exhausted (up to anti-commutativity) by the following ones

Vi, vsl =vi, [vi,vi] = —vi, [vo,vs] = Vs, [va,vg] = —vs,

[V37V5] = V3, [V3>V6] = Vg, [V4>V7] = 2vy,

i.e., the only nonzero structure constants of g are, up to permutation of subscripts,
s =1,cl, = =1, =1, = -1, =1, 3, = 1, ¢j; = 2. We fix the basis
B = (vy,...,vy) of g and obtain the general form of automorphism matrices for g by
the formula (2.7). Hence, the automorphism group of g consists of the linear operators

on g whose matrices are, in the basis B, of the form

a;; 0 0 0 —ar 0 air
0 axp —cazx 0 25 Q26 0
0 a3z caxp 0 eagyg —cags O
A=10 0 0 aw O 0 aur|, (4.5)
0 0 0 0 1 0 0
0 O 0 0 0 € 0
00 0 0 0 0 1

where aij € ]R, 110922044 7é 0 and € = £1.

Elements of the complete point symmetry group G of the system S are point
transformations in the extended space with the coordinates (¢, x, y, u, v, h,b) and thus

are of general form
T: (1,2,5,4,9,h,b) = (T.X,Y,U,V, H,B)(t,z,y,u,v, h,b),
where the Jacobian |0(T, X,Y,U,V, H, B)/d(t,x,y,u,v, h,b)| of the right hand-side

does not vanish.

For each point transformation 7 € G, the push-forward 7, of vector fields in the

space with coordinates (¢, z,y,u, v, h,b) by T induces an automorphism of g, i.e.,

7

7;Vj = Z Q;5Vi, ] = ]_, ceey 7, (46)

=1
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where the matrix A = (a;;)];—; is of the form (4.5). Now we write down the equali-

ties (4.6) that correspond to the basis elements vy, ..., v4 of g,

Ttaf + Xtaj} + Ytag + Utaﬁ "‘ %8{; + Htaﬁ "‘ Btal; - auﬁg,
T:paf + X:Eaic + Y;pag + Ux&; + V;ra{; + Hwaﬁ + Bxﬁ,; = CLZQa{E + a3285,
T,0; + X, 0; + Y,0; + Uy05 + V,0; + H,0; + B,0; = —ea320; + €a220y,

Tba{ + Xbai + Ybag + Ubaﬂ + ‘/baf; + Hbaﬁ + Bbag = CL4481;.

Splitting these equalities component-wise, we derive that

e 1" does not depend on x, y and b, and T} = aqy;

e X does not depend on ¢ and b, and X, = ag, X, = —casy;
e Y does not depend on ¢ and b, and Y, = a3z, Y, = €a;

e 3 does not depend on ¢,z and y, and By, = ay4;

e U, V and H do not depend on ¢, z, y and b.

In view of these conditions, the equalities (4.6) corresponding to the basis ele-

ments vs, vg and vy of g respectively take the form

tT,0; + (X, + yX,) 0z + (Y, + yY,)0;

= —a178t~ —+ a2585c — 8@2(58@ + Tag + Xaf;; + Yag,

(—uT, +vT,)0; + (—uX, + vX, — X, + yX,)0;
+ (—uY, +vY, — 2Y, +yY,)0; + +(—uU, +vU,)0: + (—uV, +vV,)0;
+ (—uH, +vH,)0; + (—uB, + vB,)0;

= 960z + €a950; — e(—UD; + VO — X5 + Y 0z),
(2RT}, + uTy, + T, — tT})0; + (2h X}, + uX, + vX,)0; + (2hY), + uY, +vY,)0;
+ (20U, + uU, + vU,) 5 + (2hV;, + uVy, + vV,)05 + (2hH), + uH, + vH,)0h
+ (20By, + 2h By, + uB, + vB,)0;

= CL178{ + a47(91; + 2385 + 2H8,~l + U@g + Va{, — Tag
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Analogously splitting these equations component-wise, we find the exact form of
T, X and Y,

T'=ant+ar, X =anr—-capy—axs, Y =apt+cany — ca,
where ay; # 0, a3, + a2, # 0, and the determining equations for U, V, H and B,

U, —uU, =V, 20U, +ovU, +vU, = U,

vV, —uV, = —cU, 2nV, +uV,+0vV, =1V,

vH, —uH, =0, 2hH,+uH,+vH,=2H,

vB, —uB, =0, 2a4b+ 2hBy +uB, +vB, = 2B + ay7.

The last four equations integrate with respect to H and B to

h

_ 2 2

h Qy
2 2 7

where F' and G are arbitrary smooth functions of their arguments.

The above forms and equations for the components of equivalence transformations,
which have been derived within the algebraic method, are further used to continue
computations within the direct method and to get the precise, more strictly form of
equivalence transformation components. For this purpose, we compute the operators

05, 0z and 0y in terms of the old partial derivative operators

1 1 1
8; = a—llat, 8;5 = E(—&(lggat -+ Cbggay), 3@ = ?(—Eagzaz — aggay),

where K = e(a3, + a3,), to express all required transformed derivatives in terms of

the initial coordinates.

Then we substitute the obtained expressions into the system S written in the new

variables (£, %, 7,4, 0, h, b),

iy + Uiz + 0y + hs = bz,
¥ + bz + 005 + hy = by,
hi + (@h)z + (th); =0,
b; = 0.

%l

(4.7)
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Each solution of system (4.2) should identically satisfy the expanded equations in
(4.7). We substitute expressions for derivatives of u, v and h with respect to ¢ in view
of the system S into the expanded equations (4.7) and then collect the coefficients
of the first-order derivatives of u,v, h and b with respect to x and y in the resulting
equations. First of all, we expand the third equation of the system (4.7). Collecting
the coefficients of b,, u, and v, respectively gives

GRS

F' = F
h/ Y

azoUy, — aV, =0, axlU, + a3V, =0,

where F” denotes the derivative of F' with respect to its argument.

We combine these equations for U and V' with form for them constructed in the

course of applying the algebraic method. As a result, we get

1 1
U = — (axu — casv), V = — (agu + €agv) .
a1 a1
Further, expanding the fourth equation of the system (4.7) gives that G = 0, and thus

B = ayyb — a47/2. Additionally, expanding of the first equation leads to

2 2 2 2 2 2
ay taz h e H— Aoy + a32h and  au = A5y + A3y
€., = =£ _ o2 = =£ o2

F = ,
af,  u? +v? aty at
Summing up, we prove the following theorem.

Theorem 37. The generalized equivalence group G~ of the class (4.1) consists of
the point transformations in the space with the coordinates (t,z,y,u,v,h,b) whose

components are of the form

t

Tit+Ty, »=Xx—eY1y+Xo y=Yir+eXiy+ Yo,

. 1 . 1 5 1
u= Tl(Xlu —eVv), U= T (Yiu+eXw), h= W(Xf +Y7)h,

1 1

b

1
ﬁ(X12+}/12)b+BO7 €::|:1,
1

where Ty, Ty, X1, Xo, Y1, Yo and By are arbitrary constants with T1(X? + Y?) # 0.

Since the components 7', X, Y, U, V and H of elements of the generalized equiv-
alence group G~ do not depend on b, these elements are in fact usual equivalence

transformations, which implies the following corollary.
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Corollary 38. The generalized equivalence group G~ of the class (4.1) coincides with

the usual equivalence group of this class.

4.2 Zero-order conservation laws

of two-dimensional shallow-water equations

Consider the class £ of two-dimensional shallow-water equations

U + Uy + VUy + Py = by,
v + wv, + vuy + hy = by, (4.8)
hi + uhy + vhy, + h(u, +v,) = 0.

Let (A, M, K) be a CL-characteristic of order not greater than zero, whose components

depend on t, x, y, u, v and h. First of all, we write the expressions of the adjoint of
the Fréchet derivative for the system (4.8):

(DZ)H - _Dt - UDJJ - vDy — Uy, (D2)12 = Ug, (D2)13 - _hDazv
(Df)a1 = Uy, (DZ)22 = =Dy —uD, — vDy — ug, (DZ)2s = —hD,,
(D2)31 = —Dy, (D*z:)32 = —Dy, (DZ)33 = —Dy —uD, — UDy~
Thus, we are ready to apply the necessary condition (2.14) to the tuple (A, M, K),
which has to vanish on the solutions of the system (4.8). Since A, M, K do not depend

on the derivatives of u, v and h, we can split the derived equation with respect to the

first-order derivatives of u, v and h,

A,=0, M,=0, A,=M,, A,=K,, M,=K, (4.9)
Ay =Kph, A=Aph, M=M,h, (4.10)
Ay 4+ Agu+ Ayv + Ayb, + Koh =0, (4.11)
M; + Mu 4+ Myv + Myb, + Kyh = 0, (4.12)
K; + Kyu + Kyv + Kb, + Kby, + A, + M, = 0. (4.13)
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One can obtain from the equations (4.9) and (4.10) that

A =v(t,x,y)uh + A°(t,z,y)h,
M = v(t,x,y)vh + M°(t, 2, y)h, (4.14)

2 2
K=v(t,z,y) (u ;U

+ h) + At 2, y)u + MO(t, 2, y)v + KO(¢, 2, ),

Substituting the expressions (4.14) for A, M and K into the equations (4.11)—(4.13),

we can split the derived equations with respect to u,v and h, giving

vy =1y =0, (4.15)
v+ 2A) =0,A) = =M, A) =M, (4.16)
K+ A +vb, =0, K)+M)+vb, =0, K]+ A%, + M, =0. (4.17)

As differential consequences, we also get the following conditions on A® and MP:

0 _ A0 _ A0 _ A0 __
A =A%, =N, =A% =0,
0 _ 0 _ 0o _ 0 _
MY, = M2, = M2, =M = 0.

As a result, we obtain that

v =wu(t),
A’ = A(t)x + By + C(t),
M® = —Bz + A(t)y + D(t),

where A(t), C(t) and D(t) are smooth functions of ¢t and B is an arbitrary real con-
stant. The integration the first two equations of (4.17) with respect to K° gives

:1:2—1—3/2

K® = —u(t)b — A, — Cyx — Dy + K%(1),

where 1, = —2A in view of equation (4.16). The last equation of (4.17) implies the

only classifying equation,

(Ax + By + C)b, + (—Bx + Ay + D),

22+ 2 (4.18)

+ 2Ab — Att — Ctt.fl' — Dtty -+ K?O =0.
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To solve this classifying condition with respect to both the arbitrary element b
and the functions parametrizing CL-characteristics, we use the method of furcate
splitting. This method first appeared in the cause of solving the group classification
problem for classes of nonlinear Schrodinger equations and of nonlinear diffusion—
convection equations in [37,47], see also [44]. The method is based on the construction
of template-from equations for the corresponding arbitrary elements via fixing the
variables that are not involved in the arbitrary elements and then considering the
template-form equations instead of the initial classifying equations. Studying possible
cases of the number of independent template-form equations, we solve them with
respect to the arbitrary elements and simultaneously find unknown values in the

objects under consideration (symmetries, conservation laws, etc).

Here we can fix the various values of the variable ¢ in the classifying equation

(4.18). One derives the template form of equation for b,

(a2x + a1y + a3)b, + (—a1z + agy + a4)b,

y (4.19)
+ 2a5b + as(x” + y°) + agr + ayy + ag = 0,
where a1, ..., ag are constants.
Denote by k the number of linearly independent tuples (ay,...,as) among those

associated with template-form equations for b. For an arbitrary k the corresponding
template form (4.19) can be rewritten as

(a);2i - S = (a3 (2 + ) + aga + ajy + ap) Ly, (4.20)

where S = (xb, + yb, + 2b,yb, — xb,, b,,b,)T. Let us note that 0 < k < 4.

Case k = 0. The value £ = 0 corresponds to the general value of the arbitrary
element b for which the space of conservation laws the common conservation laws of
a system of the class (4.8) and to the families of conservation laws of this system
parametrized by arbitrary b. In other words, after substituting the corresponding CL-
characteristics into equation (4.18), we get an identity. That is, the equation (4.18)

can be split with respect to b and its derivatives. Thus,

A=B=C=D=0, K"=¢,
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moreover, it follows from above that v = ¢, € R. Therefore, K® = ¢; —cyb. Finally, we
get a linearly independent common conservation-law characteristics Wi and a family

of CL-characteristics W5 parametrized by b,

Wy =1(0,0,1),  Wy= (uh,vh, (u* +v*)/2+h —b). (4.21)

Case k = 1. If k = 1, then the following equation identically holds

(Axz + By + C)b, + (—Bx + Ay + D),
2+ y?

+ 2Ab — Att — Cttﬂj — Dtty + K?O
= \(t) ((agaz + a1y + az)by + (—a1x + asy + aq)b,
+ 2a9b + a5(x2 + y2) + agT + a7y + as),

where A is a nonvanishing smooth function of t. Comparing coefficients of the left-

and right-hand sides of this equation, we obtain

aiA(t) = B, aA(t) = A(t), asA(t) =C(t), asA(t) = D(t),

a5)\(t) = _Att/27 CLG)\(t) = _Ott; a7)\(t) = _Dtta Gg)\(t) = K?O
If a; # 0, then we can choose a; = 1, then A(t) = B € R, A(t) = a2B, C(t) = a3B,
D(t) = ayB, K®(t) = agBt + K" and a5 = ag = a7 = 0.

Here and in the following we will use the point equivalence transformations to
obtain b(x,y) in the simplest form. Moreover, for simplicity, we will use the same

notion for constants a;, even if they are changed.

For the case a; # 0, using equivalence transformations of shifts with respect to x

and y, we can rewrite equation (4.19) as
(a2x + y)by + (—2 + azy)b, + 2a2b + ag = 0.
If additionally as # 0, then

1 In /22 + 2
bz, y) = — T F (arctany + u) .

_+—
2a0  x2+ 1 T as
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This case admits only two conservation-law characteristics, which coincide with (4.21).
If as = 0, then

b(x,y) = agarctany/x + F(y/x? + y?).

If ap = 0, ag # 0, let us choose as = 1, then A(t) = A(t), B = 0, C(t) = asA(t),
D(t) = a4 A(t), K = agA(t), where A(t) satisfies the equation Ay + 2a5A = 0.

If as = 0, then A(t) = cit+co, KOt) = ag(c1t?/2+cot) + K% where ¢y, ¢y, KO €
R and ag = a; = 0. In this case we have the equation zb, + yb, 4+ 2b + ag = 0, and
b(z,y) = —as/2 + F(y/z) /=

If as < 0, then A(t) = ceV 2! 4 e V205t KO(t) = crevV—2lag/\/—2a;5 —
coe V25t qg [\ /—2a5 + KO where ¢, co, K’ € R and ag = 2azas, a7 = 2a4as.

If a5 > 0, then A(t) = ¢ cos/2ast + cosiny/2ast, K (t) = (c;sin/2ast —
ey cos v/ 2ast)ag/+/2a5 + K, where ¢, co, K € R and ag = 2asas, a7 = 2a4a5.

In the last two cases the equation (4.19) can be rewritten as b, +yb, +2b+as(2*+
)+ as—as(ad+a3) = 0 and b, y) = —as(5%+1?)/A—(as—as(3+a3))/2+ F(y/2)/2*.

If a7 = as = 0 and (as,a4) # (0,0), we can choose a3 = 1, ay = 0. Thus,
A=B=0,a5=0, A\(t) =C(t), D(t) = a,C(t) and Cy + agC = 0.

If ag = 0, then C'(t) = cit+ca, KOt) = (c1t?/2+cat)ag+K" where ¢y, ¢y, KO €
R and a5 = a; = 0. Hence, b(z,y) = —agz + °(y).

If ag < 0, then C(t) = c1eV 79" 4 eVt KO(t) = (creV %" — cye=Vt) .
ag/\/—ag + K where c1, ¢, K? € R and a; = ayas.

If ag > 0, then C(t) = c; cos /agt + casin/agt, K%(t) = ¢, sin\/agtag//ag —
¢y cos y/agtag [\/ag + K, where ¢, co, K?? € R and a; = asag. For the last two cases
b(z,y) = —asz®/2 — agx + 0°(y).

Finally, we obtain all G™-inequivalent forms of the arbitrary element b(z,y) for
the case k = 1 for which the corresponding systems from the class (4.8) admit spaces
of CL-characteristics of dimension greater than two. Below we list these values of b

jointly with specific linearly independent conservation-law characteristics Z;, i > 1.

o b(z,y) = arctany/x + F (/2% + y?):

Zy = (yh, —zh, yu — xv + ).
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b(z,y) = di(2* +y?) + F(y/z) /2, dy >0, dy =1/2mod G™:
7y = (—e*uh + e**xh, —e*vh + e*yh,

—e?((u? +v?)/2+ h —b) + e*(zu + yv) — 2e* (2 + y?)),
Zy = e Huh + e ?xh, e ?'vh + e ?yh,

e ((u? +v?)/2 + h —b) + e (zu + yv) + 272 (2% + y?)).

b(x,y) = di(2* + y?) + F(y/z)/2?, dy = 0:

Zy = (—t*uh+txh, —t>vh+tyh, —t*((u*+v?)/2+h—0)+t(zutyv)— (2> +3%)/2),
Zy = (=2tuh + xh, —2tvh + yh, —2t((u?* +v?)/2 + h — b) + zu + yv).

b(z,y) =di(z* +y*) + F(y/x)/x*, dy <0, dy =—1/2mod G™:
7y = (—uhsin 2t + xh cos 2t, —vhsin 2t + yh cos 2t,

—((u® 4+ v?)/2 + h — b) sin 2t + (zu + yv) cos 2t + 2(z* + y?) sin 2t),
Zy = (uh cos 2t + xhsin 2t, vh cos 2t + yhsin 2t,

((u? + v?)/2 4+ h — b) cos 2t + (zu + yv) sin 2t — 2(x? + y*) cos 2t).

b(z,y) = dyx* + dex + F(y), di >0, dy =1/2mod G~, dy =0 mod G™:
Zy = (e'h, 0, e'(u —x)), Zy=(eth, 0, e " (u+x)).

b(z,y) = dix?* + doxr + F(y), d; <0, dy = —1/2mod G~, dy = 0 mod G™:
Zy = (hcost, 0, ucost + xsint), Zy = (hsint, 0, usint — z cost).

b(z,y) = dix* + dox + F(y), di =0, dy =1 mod G™:

Zy = (th, 0, tu —x —t?/2), Zy=(h, 0, u—1t),

b(ff,y> = dlfL‘Z + dgl’ + F(y), dl = dg =0:
Zy = (th, 0, tu — x), Zy=(h, 0, u).

3 )ig=17

with rank P < 2. If rank P = 2, then without loss of generality, this matrix can be

considered as the identity matrix. Using shifts of x, y and b we can simplify the system
(4.20) to the form

xby, + yb, + 2b + ak(2* + y*) + agz + ary = 0,
(y + a3)b, + (== + ai)b, + a3(z® + y*) + agr + ajy + ag = 0,
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where for the simplicity we denote the new coefficients in the same way. Let us

consider the two corresponding vector fields

20y + Y0y — (20 + a})(xQ + y2) + aéx + a%y)@b,
(y + a3)0s + (== + a3)d, — (a3(2* + y*) + agz + a3y + a3)0y.

Since the commutator of these vector fields has to be equal zero, we get the following

conditions

T 2_ 2 _ 2 _ 1 _ 2 1 _ 2

We can find the conditions on a} and a2 by solving the equation

2Ab — Ay (2> +y*) /2 — Cyx — Dyy + K

+ (Az + By + C)b, + (—Bx + Ay + D),
2
=3 X (ag(xbx + yby + 2b) + i (yby — xb,) + alb, + alb,
=1
+ ak(z? + y*) + afw + aby + aé),

where A! and A\? are nonvanishing smooth functions of t. We can split this equation

with respect to all the powers of x and y and obtain

M) =A@1), XN@t)=B, C{Ht)=D{t)=0 K"=c
Ay +2aiA(t) = 0.

Thus, system (4.20) can be rewritten as
xb, +yb, + 2b+ al(z® +y*) =0, yb, —ab, = 0.

Changing the variables to polar coordinates (r, ¢) gives us the system
b, + 2b+ air® = 0, by = 0,

which leads to the result b(r,¢) = —air?/4 + c/r* ¢ € R and

C

% ceR.
$2+y2 ¢

b(z,y) = —as(z® +y*) +



If rank P = 1, then without loss of generality we can choose ai = 1,al = a

S
Q
W
Il

thus by the certain turn and shifts of z,y and b we can take (a3,a3) = (1,

aj = al = 0, and the system (4.20) has the following form

xby + yb, + 2b + al(z® + y*) + agz + ajy = 0,
by + ai(2® +y*) + agx + a3y + a3 = 0.

The commutator of the two corresponding vector fields has to be equal to the vector
fields of the second equation multiplied by an arbitrary function «(t¢). Thus, we get
a(t) = —1 which means, that the following conditions hold

2 _ 2 _ 1_ o2 1_ o2
a; =a;, =0, a5=2a5 az=3ag.

Thus, from the above system we obtain

1
azy

ba,y) = 5 (~ada? + 7)) —

C
—ajr+—, ceR
Y

Consider b(z,y) = dy(2*+y?) +dox +d3y+dsy 2, where dy, ds, d3 and dy are arbitrary
constants. If d; = 0, then this case coincides with the case k = 4, which is presented
below. If dy # 0, d; > 0,d; =1/2 mod G~, dy =0 mod G~, then we obtain two

conservation law characteristics (apart from the characteristics Wy and W5),
Z1 = (e'h,0, €' (u — 1)), Zy = (e""h,0,e " (u+ z)).

This case coincides with the case b(z,y) = 2? + F(y) (k = 1). If dy # 0, d; > 0,
dy =—1/2 mod G~,dy; =0 mod G~ then

Zy = (hcost,0,ucost + xsint), Zy = (hsint,0,usint — x cost),

that coincides with the case b(z,y) = —2? + F(y) (k = 1).

If rank P = 0, then we define the matrix P, = (az);jgi where rank P, = 2. Thus,

we can consider P; as the identity matrix and system (4.20) can be rewritten as

by + az(x® +y*) + agr + ary + ag = 0, (4.22)
b, + a(z* +vy?) + ajz + ady + a3 = 0. (4.23)
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Applying turns, which are equivalent transformations we set at = a2 = 0, moreover,

we obtain a} = a? = 0. Thus,
1
b(z,y) = —§(Qé$2 +ay?) —ajr — a2y +c, ceR

We can consider only the following cases:

o if al #0, a2 # 0, then b(z,y) = d12? + day?, (dy # d>),

e if af =0,a% # 0, then b(x,y) = d12? + doz,

o if al #0,a2 =0, then b(x,y) = dy2* + doy,

e if af = a? # 0, then b(x,y) has the same form as in the case k = 4, which is

presented below.

Since the equivalence group allows us to classify the parameter b, up to the equiv-
alence transformations, we have the following cases (Wi, Wy, Z;,i > 1 are the char-
acteristics, which span the space of characteristics; we do not repeat the general

characteristics W; and Wy, which are described above).

o b(z,y) =di(2? + v*) + da(z? +y*)7Y, dy >0, dy =1/2 mod G™:
Zy = (yh, —zh, yu — xv),
Zy = (—€e*uh + e**zh, —e*'vh + e*yh,
—e?((u? +v?)/2 4+ h — b) + e*(zu + yv) — 2e* (2% + y?)),
Z3 = (e ?uh + e ?xh, e ?'vh + e 2yh,
e 2 ((u? +v?)/2+ h —b) + e ?(zu + yv) + 2e 2 (2? + y?)).

o b(z,y) =di(z* +y?) + do(z* +9*)7!, dy <0, dg=—1/2 mod G™:
7y = (yh, —zh, yu — xv),
Zy = (—uhsin 2t + xh cos 2t, —vhsin 2t + yh cos 2t,
—((u? +v*)/2 + h — b) sin 2t + (zu + yv) cos 2t + 2(z* + y?) sin 2t),
Z3 = (uh cos 2t + xhsin 2t, vh cos 2t + yh sin 2t,
((u? +v?)/2 4+ h — b) cos 2t + (zu + yv) sin 2t — 2(x? + y?) cos 2t).

o b(x,y) = dy(2® +y?) + do(z®* + y*)7, dy =0:
Zl = (yha —CL’h, yu — Z‘U),

Zy = (—t*uh+txh, —t*vh+tyh, —t*((u*+0v?)/24+h—b)+t(zutyv)—(x*+y?)/2),
Zg = (—

2tuh + xh, —2tvh + yh, —2t((u* +v?)/2 4+ h — b) + zu + yov).

)
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(x,y):dlx +doy?, di £ dy, di >0,dy >0, s1:=+/2d1, s9:=+/2dy:
= (e**h, 0, e (u — 1)),
= (e7%1'h, 0, e 51 (u + s17)),
= (0, e°2'h, %' (v — s9v))),

Zy = (0, e *2'h, e "2 (v + s91)).

(a:,y = dlflf +d2y , dl 7£ dg, dl < 0, dg <0, s1:= \/—le, So 1=/ —2d2
cos s1t, 0, ucos syt + sjxsin sit),

)
= (hc
= (hsin sqt, 0, usin s;t — s12 cos sit),
= (0, hcos sat, v cos Sot + Soy sin sat),
(

Zy = (0, hsin sat, vsin sot — Soy cos 3275)

(m,y):dlx +doy?, di >0, dy <0, s1:=+/2dy, s9:=+/—2dy:
= (es*h, 0, e¥'(u — s11)),
= (e7**h, 0, e " (u + s12)),
= (0, hcos sat, v cos ot + Soy sin sat),

(0,

Zy = (0, hsin sot, vsin sot — S9y OS Sat).

b(z,y) = diz? + dyx, dy >0, dy =1/2mod G~, dy =0 mod G™:
Zy = (e'h, 0, e'(u —x)), Zy=(e"th, 0, e7'(u+x)),
Z3 = (0, th, tv —y), Z4s= (0, h, v).

b(z,y) = diz?® + dyx, dy <0, di =—1/2mod G~, dy =0 mod G™:
Zy = (hcost, 0, ucost + xsint), Zy = (hsint, 0, usint — z cost),
Z3 = (0, th, tv —y), Z4y= (0, h, v).

b(z,y) = dix* + dyy, dy >0, dy =1/2mod G~, dy =1 mod G™:
Zy = (e'h, 0, e'(u —x)), Zy=(eth, 0, e '(u+x)),
Zz = (0, th, tv —y —t?/2), Zy=(0, h, v —1t).

b(z,y) = diz® + dyy, dy <0, dy =—1/2mod G~, dy =1 mod G™:
Zy = (hcost, 0, ucost + xsint), Zy= (hsint, 0, usint — z cost),
Z3= (0, th, tv —y —t?/2), Z;=(0, h, v —1t).
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Case k = 3. This means that M := (a;);jj is of rank 3. Suppose that rank M; = 2

;);leg . Then up to linearly recombining equations of the

system (4.20), we can set (a})7,_;, = diag(1,1) and a} = a3 = 0. Let v', v? and

for the matrix M; := (a

v3 denote the vector fields respectively associated with the equations of the system
(4.20). Commuting the vector fields v? and v? gives us a vector field that is associated
with a template-form equation and does not linearly depend on v, v and v3, which

leads us exactly to the case k = 4.

Therefore, rank M; = 1, and recombining equations of the system (4.20), we reduce
the matrix M to the form

al al 0 0
0 0 1 0f- (4.24)

0 0 01

We can express the formulas for b, and b, from the second and third equations of the
system (4.20), since by, = by,, we get the conditions a? = a3 = 0, a? = a?, and the

arbitrary element b(x,y) has the form
1
b(z,y) = —§(a§x2 +ady?) — a2ry —azx —ajy +c¢, cER.

After substituting this equation into the first equation of the system (4.20), we get
1

al = a} = 0, which is exactly the case k = 2, rank P = 0.

Case k = 4. Then up to linearly recombining equations of the system (4.20), the
matrix (aé»)?’j:l can be considered as the 4 x 4 identity matrix. Thus, b, = Ny,
by, = Ny, yb, — xb, = N3, xb, + yb, +2b = N,, where Ni,..., N, are polynomials
of the form d;(z% + y?) + dyx + d3y + ds. Therefore, b(z,y) is a polynomial of the
same form. We have to consider the following G™-inequivalent forms of b: b(z,y) = 0,
b(z,y) = z and b(z,y) = di(2? + y?) with d; = £5 mod G~ if d; = dp =0, (d; =0,
(dy,d3) # (0,0)) and dy # 0, respectively. We substitute each of these forms of b
into the equation (4.18) and split the obtained equation with respect to z and y,
which leads to a system of ordinary differential equations for the functions A, B, C,
D and K. Integrating this system, we construct the following linearly independent

characteristics, which are additional to the characteristics W' and W?2.
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(x,y) di(2® +y?), dy >0, dy =1/2mod G™:
= (e'h, 0, e'(u —x)), Zy= (e7th, 0, e t(u+ 1)),
= (0, 'k, e'(v—y)), Zy=(0,e"h, e~ (v+y)),
= (yh, —xh, yu — zv),
= (—e*uh + e*zh, —e*vh + e*'yh,
(a4 0?)/2 4+ h— B) + e (au + o) — 26M(a? 4 4),
Z; = e 2uh + e ?zh, e *vh + e *'yh,
e 2 ((u? +v3) /24 h —b) + e 2 (xu + yv) + 22 (2 + y?)/2).

o (:Jc,y) di(z*+9y?), dy >0, dy =—1/2mod G™:
= (hcost, 0, ucost + xsint), Zy = (hsint, 0, usint — x cost),
= (0, hcost, vcost + ysint), Zy = (hsint, 0, vsint —ycost),
= (yh, —xh, yu — zv),
= (—uhsin 2t + xh cos 2t, —vh sin 2t + yh cos 2t,
—((u? 4+ v?)/2 + h — b) sin 2t + (zu + yv) cos 2t + 2(z* + y?) sin 2t),
Z7 = (uh cos 2t + xhsin 2t, vh cos 2t + yhsin 2t,
((u? +v?)/2 4+ h — b) cos 2t + (zu + yv) sin 2t — 2(x? + y?) cos 2t).

. (ﬂﬂ,y

0, h, v) Zy = (0, th, tv —y),

0, u—t), Zy=I(th,0, tu—z—1t?/2),

yh, —xh +t*h/2, yu — zv + t?v/2 — ty),

t2uh + tzh + t3h/2, —t?>vh + tyh,
—t2((u? +v?)/2+h—=b) +t(zu+yv) — (2® +y?) /2 + t3u/2 — 3t2x /2 — 11 /8),
Z7 = (—2tuh + xh + 3t>h/2, —2tvh + yh,

—2t((u® +v%) /2 + h = b) + 2u + yv + 3t>u/2 — 3tz — t3/2).

) =
= (0,
= (h,
= (yh
= (=

° (m,

<

) =

(—t?uh+tzh, —t*vh+tyh, —t*((u*+v?)/2+h—b)+t(zutyv)—(2*+y?)/2),
(—2tuh + xh, —2tvh + yh, =2t((u* +v*)/2 + h — b) + zu + yv),

= (yh, —zh, yu — zv),
(
= (0,

th, 0, tu — x), Zs=(h, 0, u),
0, th, tv —y), Z;=(0, h, v).

All the above proves the following theorem.
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Theorem 39. Each system of the class (4.8) admits two linearly independent zero-

order conservation laws with the conserved currents
CY = (h,uh,vh), C9 = (ah,Buh,vh).
Here and in what follows we denote

1
a= §(u2—|—v2) + h/2 —b,

g = (u +v%) +h—b,

¥ = zTUu + Y.

All G~ -inequivalent cases of extensions of the spaces of zero-order conservation

laws for systems from the class (4.8) are exhausted those presented in Table 4.1.

In Table 4.1 we present only linear independent conserved currents which extend

the space of conservation laws, notation for which is given below.

C, = (h(yu —zv+1t), uh(yu — zv +t) + Syh®, vh(yu — v +1t) — %wh2>,

Cy = ( — at’h +th — 3(2® + y*)h, —Btuh +ytuh + jteh® — 5(a® +y*)uh,

— B0l + ytoh + Ltyh? — L(a® + y2)vh>,

— 2ath + vh, —2Btuh + vyuh + th —2Btvh + yvh + 2yh2>

h(yu — zv), uh(yu — zv) + tyh*, vh(yu — av) — %xh2>,

h(tu — x), uh(tu — x) + $th*, h(tu—:z:)),

h(tv —y), uh(tv —y), vh(tv—y)—i—%thQ),

vk, uvh, hv’ +1h2)

2 2

= (
1= (1
= (1
5= (uh, w?h+ 502, woh)),
7=
=
o= (i

h(t — 3t%), uh(tu — x — 3t*) + 3th*, vh(tu — z — l152)),

Cio = <h(u —t), uh(u—1t)+ in* vh(u— t)),
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Table 4.1: G™-inequivalent extensions of space of zero-order CLs for systems of the

class (4.8)
i b(z,y) Ci
1 || b(x,y) = arctany/x + F(y/22 + ¢2) Gy
2 | blz,y) = Fly/x)/«? Ca, G
2a || b(x,y) = (z* +y°)/2+ F(y/z)/2? Cog, Co3
2b || b(z,y) = —(22 +4*)/2 + F(y/x) /2> Co, Cos
2.1 || b(z,y) = (2 +y*) ! Cy, C3,Cy
21a || b(z,y) = (z° +¢*)/2 + di(2® + y*) 7, Cy, Caz, Ca3
dy 0
2.1b || b(z,y) = — (2% +y?) /2 + dy (2 + y*) 7, Cy, Oy, Cos
dy 0
2.2 | b(x,y) =0 Cs, C3, Cy, Cs, Cg, Cr, Cy
2.2a || b(z,y) = (2% +9%) /2, s9 := Cy, C14, C1s5, Chg, Ch7, Co, Cog
2.2b || b(z,y) = — (22 +y?)/2, 89 := 1 Cy, Cig, Chg, Cop, Ca1, Coy, Cos
2.2¢ || b(z,y) == C7,Cs, Cg, Cho, Ch1, Ch2, Ch3
3| bz, y) = F(y) Cs, Co
3a || b(z,y) =z + F(y) Co, C1o
4 | bla,y) =2*/2+ F(y) Cia, Cis
4.1 || b(x,y) = 2%/2 + doy?, dy > 0, Cu, Ci5, Cre, Ci7
dy # 1/2, 89 1= /2ds
4.2 || b(z,y) = 2%/2 + dyy?, dy < 0, Cha, C15,Cis, Chg
Sy = v/ —2ds
4.3 || b(z,y) = 2%/2 C7,Cs,Ch4, Cis5
4.3a || b(z,y) = 2%/2 +y Cas, Ca7, C14, C15
5 | b(z,y) = —22/2 + F(y) Cao, Ca1
5.1 || b(z,y) = —22/2 + day?, dy < 0, Ci1s, Chg, Cog, Coy
dy # —=1/2, sy := /—2d,
5.2 || b(z,y) = —2%/2 C7,Cs, Cop, O
5.2a || b(z,y) = —2*/2+y Co, Car, Cop, U1
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Cn = <h(yu —rv—ty+ %tzv), uh(yu —xv —y + %tzv) + %th,
vh(yu — zv — ty + 3t°v) — 1ah® + %t2h2>,
Cha = ( — at’h+yth + Puh — (2" + 32 + L(2® + o*))h,
2 13,722 | 1,72 | 1,372
— Bt uh + ytuh + st°uh” + Stxh” + ;t°h
— (3t + 3Pz + (2 + y?))uh,
—Bt*vh + ytvh + StPuvh + Styh? — (3t* + 3%z + L(a® + yQ))vh>,
_ 342 1,3
Ciz = <—2ath—|—7h+ st"uh — 3txh — 5t°h,
—2Btuh + yuh + %xh2 + %tQh2 + %t2u2h — 3txuh — %t3uh,
—2Btvh 4+ yvh + Lyh® + 3t*uvh — 3tzvh — %t%h),

Cir = (e7'h(v + s2y), e "uh(v + s2y) + 5e7'h%, e~ vh(v + Say)>,

vh(v cos sot + Soy sin sot) + %h2 coS 52t> ,

Clig = (h(v sin sot — S9y oS Sot), wh(vsin sot — soy oS St ),
vh(vsin sot — Soy cos Sot) + %hQ sin 32t> ,

Cy = (h(u cost + xsint), uh(ucost + xsint) + 1h* cost,

vh(ucost + x sin t)),

Co = (h(u sint — x cost), uh(usint — xcost) + %hQ sint,

vh(usint — x cos t)),

Cog = ( —ae® +h(y = 22 +y7)), —pe* + e uh(y — 2(2* + 7))
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+1e*ah®, —Be* + e*'vh(y — 2(2* + %)) + %e%yfﬂ),
Cos = (ae™ + e Ry +2(a + 7)), B + e Muh(y +2(a* + 4)
+2eah?, Be 4+ e P oh(y +2(2* + y?)) + %e_2tyh2>,

Coy = < — asin 2t + yh cos 2t + 2(x* + y*)hsin 2t,
—Bsin 2t 4+ yuh cos 2t + 2(x* + y*)uh sin 2t + %th2% cos 2t,
—Bsin2t + yvhcos 2t + 2(2* + y*)vhsin 2t + Syh®3 cos 2t>,

Cos = <2a cos 2t + yhsin 2t — 2(2? 4 y*)h cos 2t,
B cos 2t + yuhsin 2t — 2(2® + y*)uh cos 2t + Sxh? sin 2¢,
cos 2t + yvhsin 2t — 2(z* + y®)vh cos 2t + Lyh? sin 2t
p g y 2Y :

Co = (h(tv —y — 3t%), uh(tv —y — 3t?), vh(tv —y — 3t°) + %th2>,

Cyr = <h(v —t), uh(v—1t), vh(v—1t)+ %h2>.

One can notice that within certain groups of classification cases the corresponding
spaces of zero-order conservation laws are of the same dimension and respective basis
conserved currents are of similar structure. It means that there may exist admissible
transformations within the class (4.8) that are not generated by elements of G~. !
Such transformations establish additional equivalences within the presented list of
G™-inequivalent systems from the class (4.8) with extended spaces of zero-order con-
servation laws. In other words, an admissible transformation maps a pair constituted
by a system from the class (4.8) and the corresponding space of zero-order conserva-

tion laws to a pair of the same kind.

Based on analysis of the forms of the above conserved currents, we make con-
jectures on additional equivalences among classification cases presented in Table 4.1
and on possible form of associated point transformations in the underlying space with

coordinates (t,z,y,u,v, h).

!The observation on similarity of spaces of conservation laws had been used in the literature for
finding similarity transformations between systems of differential equations. In particular, necessary
and sufficient conditions of existence of invertible mappings of a given nonlinear PDE to a linear one in
terms of CL-characteristics were derived in [7]. The technique for constructing point transformations
realizing such mappings was also proposed therein.
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The systems from the class (4.8) where arbitrary element b(x,y) is of the forms
2.2c¢ and 3a are transformed to systems of the same class associated with Cases 2.2

and 3, respectively, by the point transformation

The mapping of the systems induces mappings between the corresponding zero-order
conserved currents Cy, Co,C11,Ci2 and Ci3 to Cs, Cy, Cy, Cy and (5, respectively.
This follows from Theorem 30, see also an example of computation of such an induced

mapping below.

Analogously, Cases 5.2a and 4.3a are mapped to Cases 5.2 and 4.3, respectively,

by the point transformation

This transformation coincides with above one up to the permutation of (z,u) and
(y,v), which is an equivalent transformation of the class (4.8), see Theorem 37. The
induced map relates the conserved currents Csog and Ca7 to C7 to the conserved currents

Cs, respectively.

The similarity of Cases 2a, 2.1a and 2.2a with Cases 2, 2.1 and 2.2, respectively,

is established by the point transformation

T

i (4.25)
+1), v=c¢(v+y), h=e*h,
where the conserved currents Ciy4, Ci5, Cig, Ci7, Coo and Csz are mapped to the con-

served currents C5, Cg, C7, Cg, Cy and ('3, respectively.
Cases 2b, 2.1b and 2.2b are mapped to Cases 2, 2.1 and 2.2, respectively, by the
point transformation

t=tant, T=—, §=—",
cost cost (4.26)

% =wucost+xsint, ¥ =wvcost+ ysint, h = hcos?t.
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The generalization of this transformation that is also relevant for the rotating reference
frame was first found in [23, Theorem 1] for shallow-water equations in cylindrical co-
ordinates. The transformation (4.26) maps the conserved currents C1g, Chg, Cog, Co1, Cay

and Cys to the conserved currents C, Cg, C7, Cyg, Cy and Cj, respectively.

Example 40. Consider the mapping C14 to C5 by the point transformation (4.25).
Applying the formula (2.15), we have to prove the identity
e?t ey ely

~ 1
014 = —05 . 0 et 0 . (427)

€4t

0 0 €

Here the tilde over Cyy indicates that we use the new coordinates (£, Z, ¢, @, 7, iL) for

this conserved current. The right hand-side of (4.27) can be rewritten as follows

e th(u —x)
e 2 (zh(u — z) + uh(u — x) + $h?) | ;

e *(yh(u — ) + vh(u — z))

where (¢, z,y,u,v, h) should be replaced by (¢, %, 7, i, 7, iL) according to the transfor-

mation (4.25). As a result, we get exactly the conserved current Cy.

Unfortunately, we were not able to exhaustively describe the entire equivalence
groupoid of the class (4.8). In other words, we do not know all admissible transforma-
tions of this class, which would be needed for an accurate consideration of additional
equivalences among the G™-inequivalent classification cases that are presented in Ta-
ble 4.1. At the same time, the inequivalence of classification cases up to general point
equivalence may be proved using other tools for each fixed relevant pair of systems
from the class (4.8), although this may require cumbersome computations. Analyz-
ing the form of the listed conserved currents, we suppose that there are no other
additional equivalences among the above classification cases. This may be checked
using not only conservation laws but, for instance, Lie symmetries, which leads to the

following conjecture.
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Conjecture 41. A complete list of inequivalent (up to all admissible transformations)
extensions of spaces of zero-order conservation laws of systems from the class (4.8) is

exhausted by the cases given in Table 4.2.

Remark 42. It has to be noticed that some of the cases in Table 4.2 are the expansions
of other cases. Case 2.1 is the specific value of function F' from Case 2; Case 2.2
coincides with Case 2 for F' = 0. Cases 4.1, 4.2 and 4.3 are similarly the sub-cases of
Case 4 for specific values of F', the same as Case 5.1 and 5.2 are the sub-cases of Case

5 when F' is of quadratic or linear form.

Table 4.2: Inequivalent extensions of spaces of zero-order CLs for systems of the
class (4.8)

# b(z,y) C;

1 | b(x,y) = arctany/z + F(/22 + y?) 4

2 | bz, y) = Fly/z)/2* Cy, Cy

2.1 | b(z,y) = (2® + y?*) ! Ca, C3,CYy

22 | b(z,y) =0 C2,C3,Cy, C5,C, C7, Cs

3 || b(z,y) = F(y) Cs, Co

4 | blx,y) =2%/2+ F(y) Cha, C15

4.1 || b(x,y) = 22/2 + doy?, dy > 0, Ch4, C15, Cig, Ch7
dy # 1/2, 59 := /2dy

4.2 || b(z,y) = 2%/2 + doy?, dy < 0, Cha, Ci5, C1s, Chg
S 1= \/sz

4.3 || b(z,y) = 2%/2 Cr, Cg, Cy, Cy5

5 || b(z,y) = —2%/2+ F(y) Ca0, Coy

5.1 || b(z,y) = —2%/2 + day?, dy < 0, C1s, Clo, Cop, Coy
dy # —1/2, 89 :=+/=2dy

5.2 || b(z,y) = —2*/2 Cr, Cg, Cy, Coy




Chapter 5
Conclusion

In this thesis we have considered the classes of one- and two-dimensional shallow-water
equations (3.1) and (4.1) with variable bottom topography depending on the space
variables. First of all, in Sections 3.1 and 4.1 we have found the equivalence groups
for these classes, which are presented in Theorems 31 and 37, respectively. We have
used the direct method for computing the equivalence group in the one-dimensional
case. This method is based on the definition of the equivalence group, the relation
between equivalence and admissible transformations and the chain rule for prolonging
transformations to derivatives. Although this method leads to a cumbersome system
of nonlinear determining equations for components of equivalence transformations,
we were able to solve this system without involving algebraic techniques. Note that
we have thus constructed only the usual equivalence group. Since applying the direct
method in the two-dimensional case would require much more cumbersome calcula-
tions, we have used the algebraic method for this case, which is explained in Section
2.1 and is based on Theorem 17. The fact that the arbitrary element b depends
only on the space variables allowed us to replace the construction of the equivalence
group for the class (4.1) by finding the point symmetry group for the system (4.2). In
contrast to the one-dimensional case, in dimension two we have found the generalized

equivalence group and have showed that it coincides with the usual equivalence group.

Further, in Section 3.2 we have solved the problem of classification of zero-order

conservation laws for the class (3.1) of one-dimensional shallow-water equations using
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conservation-law characteristics. To separate cases of extensions of the space of zero-
order conservation laws, we integrate the corresponding system of determining equa-
tions for their characteristics depending on values of the arbitrary element b = b(x).
Since we have computed the equivalence group G~ of the class (3.1) in Section 3.1, we
have classified conservation laws of systems from the class (3.1) up to G™~-equivalence.
The result of the classification is summed up in Theorem 34. Moreover, we reduced
the classification list using admissible transformation of the class (3.1) for the case of

linear b.

For the class (4.1) of two-dimensional shallow-water equations, the problem of clas-
sification of zero-order conservation laws required involving conservation-law charac-
teristics. However, instead of the direct integration of the system of the determining
equations for them up to G™~-equivalence, we applied the more advanced method
of furcate splitting. The use of transformations from the corresponding equivalence
group G~, which is found in Section 4.1, is even more important for simplifying all
the computations than in the one-dimensional case. After listing G™-inequivalent ex-
tension cases in Theorem 39, we found additional equivalences between them due to
the fact that the class (4.1) is not normalized. In other words, there are admissible

transformations in this class that are not generated by equivalence transformations.

The results obtained in the thesis can be used practically, for instance, for testing
numerical schemes, the construction of new exact solutions and the numerical model-

ing of shallow-water motion with uneven bottom topography, see for example [3,21,24].

We have found only zero-order conservation laws of the shallow-water equations.
The problem is that even for order zero in the two-dimensional case we had to use
some modern and powerful techniques to classify all the conservation laws. In case of
higher-order conservation laws, the system of determining equations for conservation-
law characteristics, which is implied by the necessary condition for conservation-law
characteristics in terms of co-symmetries, should be hard to test for consistency. Since
the direct test of compatibility cannot be used efficiently, and the method of furcate
splitting might give too many cases to observe, these techniques will not be enough.
Thus, in a future work we are going to study higher-order conservation laws for the
same classes of equations, using conservation-law characteristics, some techniques

from the direct method, the method of furcate splitting and some algebraic methods.
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