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Homotopy groups of homotopy fixed point spectra
associated to E,

ETHAN S DEVINATZ

We compute the mod(p) homotopy groups of the continuous homotopy fixed point
spectrum E ;’HZ for p > 2, where E, is the Landweber exact spectrum whose coeffi-
cient ring is the ring of functions on the Lubin—Tate moduli space of lifts of the height
n Honda formal group law over [Fp», and H, is the subgroup W[F;n x Gal(Fpn /Fp)
of the extended Morava stabilizer group G,. We examine some consequences of this
related to Brown—Comenetz duality and to finiteness properties of homotopy groups
of K(n).—local spectra. We also indicate a plan for computing 7. (E ,},' Hn V(n-2)),
where V(n—2) is an E,,—local Toda complex.

55Q10, 55T25

Introduction

Let E, denote the Landweber exact spectrum with coefficient ring
Ene=WHFpn[uy, ... up_Jlu,u™"],

where W, denotes the ring of Witt vectors with coefficients in the field F,» of p"
elements, and whose BP,—algebra structure map r: BPx — Ejx is given by

i .
ujul~P i<n

—ph .
r(vi)y=1¢ ul=? i=n
0 i>n

where v; € BP; is the i Hazewinkel generator. In particular, each u; has degree 0
and u has degree —2. E, is a commutative ring spectrum, and Morava theory tells
us that the group of ring automorphisms of E} is isomorphic to the profinite group
G, = S, xGal, where S, denotes the group of (not necessarily strict) isomorphisms
of the height » Honda formal group law over [,», and Gal is the Galois group of
Fpn/Fp. A priori, G, acts on Ej, only in the stable category, but Hopkins and Miller
(later improved by Goerss and Hopkins) proved that this can be made an honest action
in an appropriate point set category of spectra (see Goerss and Hopkins [9] and Rezk
[14]). “Continuous homotopy fixed point spectra” may also be constructed [7]: if G is
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132 Ethan S Devinatz

a closed subgroup of G, the continuous homotopy G fixed point spectrum will be
denoted by E ,’{G; if G is finite, this spectrum agrees with the ordinary homotopy fixed
point spectrum. Moreover, E ,},Z Gn~ I Km)S 0, the K(n)«-localization of S°, E ,ll’G
has the expected functorial properties, and there is a strongly convergent “continuous
homotopy fixed point spectral sequence”

HX(G,E;X) = (EO)*X

for any spectrum X . (H} (G, E;; X) denotes the continuous cohomology of G with
coefficients in the profinite G-module E,; X .)

The hope of this paper is to make some headway towards the computation of 74 E ,},’G,
for G a closed subgroup of G, . At first sight, this program seems impossible: the
formulas for the action of (most elements of) G, on E,. are extremely complicated
(see Devinatz and Hopkins [6]), making the computation of H} (G, E,«) apparently
inaccessible. However,

Hc*(Gn, N) = EXtIT/IapC(G,En*)(En*’ N),

where (Ep«, Map,.(G, E,x)) is the complete Hopf algebroid defined using the action
of G on E,4 (see for example Devinatz [5]). Since Map,.(G, Ep+) is a quotient of

Map,(Gn, Enx) = Enx ® pp, BP« BP ® pp, Enx = E)\ Ep,

one may try to use the Hopf algebroid structure maps in BPy BP together with several
Bockstein spectral sequences to go from, for example, H} (G, Epx/In) to HY (G, Eps).
As usual, I, is the maximal ideal (p,uq,...,uy—1) in Epx.

Let H, = W[F;n x Gal C G, where W[F;n is the subgroup of S, consisting of the
diagonal matrices (see Section 1), and let M (p) denote the mod(p) Moore spectrum.
We compute 4 (E ;’ N ( p)) for all primes p > 2 (Theorem 3.8). Of course,
mxLg)M(p) is known (Shimomura [15; 16]) for p > 2, so it is unclear if our
computation yields any new homotopy information. Our computation is, however,
much simpler and already indicates the necessity of *“ p—adic suspensions” in the Gross—
Hopkins work on Brown—Comenetz duality (Remark 3.9). Moreover, we believe that
computations such as (E ,}1' Hn A V(n—Z))—recall that the Toda complex V(n—2) ex-
ists E,«—locally whenever p is sufficiently large compared to n—should be accessible
to more skilled calculators.

Even when a complete calculation of 74 E#C is unattainable, partial information can
lead to interesting consequences. For example, it is a long-standing conjecture that
x L g (m)S 0 is a module of finite type over the p—adic integers Zp . (This conjecture
is known to be true for » = 1, and, if p > 3, for » = 2 Shimomura and Wang
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Homotopy groups of homotopy fixed point spectra associated to E,, 133

[17], Shimomura and Yabe [18]. The reader may also find Hovey and Strickland [12,
Theorem 15.1] interesting, where it is shown that 7w, L K(Z)SO is not of finite type—at
least when p > 5—if the grading is taken to be over the Picard group of invertible
spectra in the K(2)—local category.) By a thick subcategory argument—see Devinatz
[3] for a discussion of this in the Ejsx—local category—if w4« L g ()X is of finite type
for some X in the Ey«—local category, then m«x L gy Y is of finite type for any finite
Y such that
{m=<n:K@m)Y #0} C{m <n: K@m)X #0}.

This in turn only requires that we prove that 7w« (E ,}1’6 A X) is of finite type for some
closed subgroup G of G, for which there exists a chain

G=Ky<K;<:---<K; =Gy

of closed subgroups. Indeed, assume inductively that 7« (E ,’11 Kinx ) is of finite type.
Then, since K;+1/K; is a p—adic analytic profinite group (see Dixon, du Sautoy,
Mann and Segal [8, Theorem 9.6]), we have that H(K;y1/Ki. 7« (E,};K" AY)) is
also of finite type. (This follows from the fact that any p-—adic analytic profinite group
is of type p — FP in the language of Symonds and Weigel [20].) But, in an earlier
paper [4], we constructed a strongly convergent spectral sequence

H (Kis1/Kiow(ES A X)) = (B A X)

c

and showed that its E term has a horizontal vanishing line. This implies that the
group s (E ,},l Kivr \ x ) is of finite type and hence, by induction, so is wx Lg ()X =
e (ERCm A X).

These considerations are unfortunately not applicable to G = H,,, since the normalizer
of H, in G, is H,, and, moreover, the group (Eél H2 N M ( p)) is not even of finite
type. Yet it is, in some sense, “almost” of finite type (see Section 4), although the
significance of this property is not clear.

The author was partially supported by a grant from the NSF.

1 H!(H,, E,./I,) and its Hopf algebroid description

Recall that the group S, may be described in several ways. If I';, denotes the height
n Honda formal group law over [ ,», then S, consists of all formal power series of
the form Z};”O bixP" with each b; € F pn and b; # 0. The ring of endomorphisms
of I, may also be described as the ring obtained by adjoining an indeterminate
S —which corresponds to the endomorphism f(x) = x?—to W ,» along with the
relations S = p and Sw = w’ S, where o: WF,» — WF,n denotes the Frobenius
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134 Ethan S Devinatz

automorphism. The automorphism erg o bix? " corresponds to the element Z;’;& a; S’
with
ai =) e(biymi) P,
k>0
where e(b) is the multiplicative representative of b in WF ,n. The subgroup W[F;,, of
Sy, is then the group of automorphisms with a; = 0 for all 7 > 0. In terms of matrices,

Sy is the subgroup of GL, (W ,n) consisting of matrices of the form

ao padn—1  pdp—2 - pai
afay paily - pag
: : : pag:(lnim
_ag:(lnfl) ag:(znfl) ag:;nfl) gf(nfl) i

and W[F;n is the subgroup of diagonal matrices in S,.

Now let S? be the p—Sylow subgroup of S, consisting of strict automorphisms of
I'x. There is a split extension

Sy = Sy — Fyu:

the map S, — F7, is given by Z;’;& a;S" + @y, and the splitting sends a € F pn to
e(a) € WF*, C S,. This map also gives us a splitting of the short exact sequence

0— WESy — WEyy — Fyn —0,

and hence an isomorphism W[F;n — W[Fopn X [FIX,,, . Since the order of [F;n is prime to
p, it follows that

HE (W, N) > HE(WEFS,, N) o
whenever N is a discrete ZI,HW[F;n]]—module. Now suppose, in addition, that NV is a
WT pn—module and H,—module in such a way that the W[F;n action is W'F pn —linear
and that o(cn) = c%o(n) for all c € WF,n and n € N . It then follows from Devinatz
[1, Lemma 5.4] that H'(Gal, HX(WE,, N)) =0 forall i >0, and hence

H} (Hy, N)—> HX(WF5, N)%,

Now Sy acts on Eys/In = Fpnlu, u~!] via F pn—algebra homomorphisms, and the
action on u is given by

(1-1) (flga,-si)(u) — T,
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Homotopy groups of homotopy fixed point spectra associated to E,, 135

where, once again, @ is the mod(p) reduction of a¢. From this it follows that

HY (W, Fpnlu,u™"]) = F pnlvn, v, 1@ 0 HE (WEFu, Fpn).

p n

Moreover, since Gal acts trivially on vy,

HY (Hy, Fpnlu, u™]) = F plvg, v, 1@ HF(WEFS,, Fpn)2.

Pﬂ b}

It is also easy to compute F ¥ (W[Fp,, ,Fpn)Cal. Let g; € Hom (W
by

pn Fpr) be defined

(1-2) g(1+ X ep’) =l =i,
jz1
0<i <n—1. Since the Galois automorphisms id, o, ...,c" ! are linearly independent

over [ pn, so are the g;’s. Now, and for the rest of this section, assume that p > 2.
Then
7%~ WEpn —> WY,
J

via the map sending x € Wl,n to exp(px) =1 + Z]>1 plxl x € W[an, so that

H*(W[Fpn, [ pn) is the exterior algebra over F» on n generators in H (W[Fpn, Fpn).
This implies that these generators may be taken to be gg, g1,...,2n—1. Each g; is
Galois invariant, so

(1-3) HY (Hy, Fpn[u,u™") = Fplo, v, ' 1® E(0, €15+ - » Gn—1)-

Next consider the complete Hopf algebroid (En*, Mapc(W[Fpn, En*)) = (Enx, 2n).
We explicitly identify X,/1,%, as a quotient of E,\ E,/I,E,\ E, and give cobar
representatives for

H1 O(W[Fpn, Fpnlu, u_l])_ExtE /IS (Fpnlu,u 1],[F,,n[u,u_l]).

First recall that the maps nz,ng: Enx — Map,.(Gn. Enx) are given by ng(x)(s) = x,
nr(x)(s) = s~ 'x. Since WIF° pn C G acts trivially on WEFpn C Epy, it follows that
'7R|W[F . nL‘W[F inX,, so that X, is a Hopf algebra over W p» and is a quotient
of

W pn ®z, Map, (S, Ens)% = WFpn @27, (ES? ® pp, BP«BP ® pp, ES2
= WFpn ®z, (Eg") s ESY,

where E ,?al is the Landweber exact spectrum with coefficient ring

Zpluy, ... up—1][u, u ']
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136 Ethan S Devinatz

Now let u = ng(u) and w = 5z () in (ES¥)2 ESY. By (1-1), we have that u = w
in £,/1,%,. Moreover, the image of #; € BP,BP in (ES¥) ES3 —also denoted
tj —satisfies
5 (D0 b ) =t bg Ny mod I(EG) B

i=0
(see Devinatz [1, Proposition 2.11]), and thus
(1-4) Sn/InZn = Fpnlu, ™ Nltn, 125, - 1/ T,
with )

n n__ n n__ jn_

Jn=F" —vl" 4y 18 —vF 112,1,...,51; —v?" ).

Finally, let g = v, 1, € ¥,,. These considerations imply that gp € Xy/InXy, isa
cobar representative for g; € H I(W[an, Fpn).

2 The Bockstein spectral sequence

Fix a prime p and integer n > 2, and let N be a complete (E,,>k Map,.(Hp, E,,*))—
comodule. Write

H*N = H}(Hy. N) = HX (WFS, N) 79 = Extly (Eps, N)Tr 9,

"

The Bockstein spectral sequence we will use is defined by the exact couple

(2_1) H*(En*/(p’ul""’un—Z)) H*(En*/(P’ul,---’un—Z))

\/

H*(Enx/1In).

Truncated, this spectral sequence is isomorphic to the spectral sequence of the unrolled
exact couple

\/\/\zl

H*(Ens/In) H*(Ens/In) H*(Enx/1In)

Since H**(Ep«/(p,ut, ..., up—2, uﬁ_l)) is finite in each bidegree, this spectral se-
quence converges strongly to

H*(En*/(p9 .. 9un—2)) = lgnH*(En*/(pvulv .. 'vun—2vu}]l._1))'

Jj
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Homotopy groups of homotopy fixed point spectra associated to E,, 137

3 Computation of .. (E """ A M(p))

In this section, we specialize the above spectral sequence to the case n =2, p > 2.
Write ¥, = X, /p¥,,and let g = vz_ltz € X, as in Section 1.

We will need the following congruences for our calculation of the differentials in the
Bockstein spectral sequence.

Lemma 3.1 v

1_p2 pz
t;, =ty modv

p+1s
5 T 2.

Proof Begin with the formula (see Ravenel [13, Theorem A2.2.5])
> Ftingop? =) Pl
i,j=0 i,j=0
in BP,BP/pBPy«BP, where F is the universal p-typical formal group law on BPj.
Up through power series degree p* we then have
2 2
(3-2) vi+rvit +pvl b +p v+ EnR(2) +F RV +F nR(V2)P
2 2
=V +F vltf’ +F vltzp +F v1t3p +FUy+F vzllp +F vztip
in E},E>/pE}E>. But nr(v2) = vy + i) — vle in BP*BP/pBP_*BP, and
therefore, since #1 € v{X,, nr(v2) = v, mod foEz. t3 is also in v{ X, ; hence,
mod vf“fz, (3-2) reduces to
WPt 4 vP = v P p?
>l TFV, lz—Ullz +Fl)2l2 .

The desired result follows immediately from this equation. |

Lemma 3.3 7, =v,g? — vf’“v‘l pt2, 1

2p43S
N 44 modv1p+ 3.

Proof From Ravenel [13, Corollary 4.3.21],

2 2 1+ 2 2 1+
nr(v3) = v3tvatl +vitd —vl =l vl TP ol TP Fvwy (o, it -l )

in BP«BP/pBP«BP, where wi(x,y,z)= %[xp + y? 4+ zP —(x+ y+2z)P]. Hence

_ p p 2.p—1.p p+1. p—1 2p+3s
(34 0=vity, —vytp—vjv, tp +vy v; fp modv; X,

and thus
tH = vz_pvltzp modvarzEz.
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138 Ethan S Devinatz

Plug this relation for #; back into the last two terms of (3—4) to get

2 1 2 2p+3%
v§711=v1tp f+ 2p+p tp +vp+ vzltf mod v} rt ).
By the previous lemma,
21—
vf+2v2 petp IZ; = vf+2v§ 2t2 mod v2p+322.
We then get the desired result. |

The next propositions will allow us to compute the Bockstein differentials on vé‘

HO(F 2 [u, u™").

S

Proposition 3.5 In > 2/ v3p 33 2,

nr(vy) —vy =
—1, 14p,, p> 2. 2014 1+
sus[vr v P (g?” = g) + vy 20 TP (g — g) + 7L 2l P (g2 - g2,

Proof Compute in Ez/v er3232:

nr(v3) —v3 = v3[(v; 'R (v2))’ — 1]
:vg[(l+v2_1vltp—v2_1vpt1)s—1]
:svi[vz_l(vltp pt1)+ = v2 (vltlp—vf’tl)z]
—svz[vzlvfﬂg p? vzlvfﬂg +v2_2v12(p+1)(g—gp)
+s21 -2 2(p+1)(g _gp)Z]

by the previous lemma. |

Proposition 3.6 Suppose that p [s, that k > 0, and let

b(sp¥) =spF—pF—pFt -1
k
Then there exists zg,x € Ep« such that zy,x = v,”" mod I, and such that
b(sp* +pF e+ D (p+1
dZspk = UR(Zspk) e = CUZ(SP ) (P p )(p )( p g)

. = k k—1_... 2 N=
in Ez/vgp P D) (p+ )Ez,forsomeceF;.
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Homotopy groups of homotopy fixed point spectra associated to E,, 139

Proof Proceed by induction on k. If k = 0, let zg = v3. Then by the preceding
proposition,

— 1
s lvp-f-

2 J—
77R(Zs) —Zsg =8V, 1 (gP — gp) mod Uf(lH_l)Ez.

2 ey .
But g?” = g mod vf’ D> 2, so we get the desired result.

Suppose now that zg,x—1 has been chosen. Then

b(sp*=1) (p¥+pF 14 p)(p+1 2
d(zspk_l)p=cvf (sp )vgp D p)(p )(gp —g?)

k k—1_4... 2 —
(modv&p +p* 7 +tp +2P)(p+1)22)‘

(s—1)pk—pk=1—mp+1
2

Next consider dv . Since the exponent of v, is equal to 1 mod(p),

we have

b(sp’)+2 b(sp™)+1 1 2 b(sp’) 2(1 3p+3<s
d(vz(SP )+ )=v2(SP )+ v1+P(gP _gp)+v2(517 )vl( +P)(g_gp) modv1p+ 3.
Then take

k k—1 k k—1
- P _ (PP T =D (p+]), (s—1) p*—p* T ——p+1
Zgpk = (Zgpr—1)" — vy v, . |

Corollary 3.7 Suppose that p fs and k > 0. Up to multiplication by a unit in

spk _ (s—1) pk—pk—l—.—p—1
d(pk+plc—l+...+1)(p+1)l)2 = v2 (gp _g)

in the Bockstein spectral sequence (2—1). In particular, vé (g? — g) is a boundary for
allt € 7.

Now, since gpi may be regarded as an element of Hc1 (Hy, Fpn), and the inclusion

Fpn —> (En)o/(p.u1,... . up—2)
induces a map
H}(Hp,Fpn) — H*(Ens/(p1.ui, ... Uup—2)),
it follows that g? "isa permanent cycle in the Bockstein spectral sequence. Moreover,
H*(Fpalu,u™']) =Fplvp. v, '1® E(g + g2 g — g7).
Using the preceding corollary, it’s easy to read off the remaining differentials, yielding

our main result.
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140 Ethan S Devinatz

Theorem 3.8 If p >3

Fplvi{1} i=0
H (F 2 [ur][u.u™']) = Fplvil{g} x [1rez %{Ct} i=1
[iez %{th} i=2

as [ p[vi]-modules, where { = g + g?, ¢, reduces to vg(g —gP)e Hl([sz[u, u=1)),
and

p+1 t#—1 mod(p)
n=y @ +p 7+ DD t=G-Dp'—pT == p—1,
s#0 mod(p)

By sparseness,

s (EX™2 A M(p)) ~ H (F o [urJ[u.u™").

Remark 3.9 Let 7, denote the Brown-Comenetz dual of L,S?, the E,«—localization
of S°. I, is characterized by

moF (X, Iy) =[X, In]o = Hom(mo Ly X, Q/Zp))

for any spectrum X . In [10] (see also Strickland [19]), Gross and Hopkins establish a
remarkable relationship between Brown—Comenetz and Spanier—Whitehead duality:
they prove that if p is sufficiently large compared to n > 2, and if X isa K(n—1)4—
acyclic finite complex with pEns«X = 0 and with vy self-map £2P" ?"-Dx — x|
then

(3-10) F(X,I,) ~X*L,DX,
where « is any integer with
a=2p"N(p"—1/p—1)+n*~n mod2p" (p"-1)).

(As usual, DX denotes the Spanier—Whitehead dual of X'.) There is, however, no
integer o for which (3—10) is satisfied for all X . This contrasts with the situation when
n = 1: here we have I >~ EZLI(SI(,’) (f p > 2), where Sg denotes S° completed at
p.and thus F(X, 1)~ £2L; DX whenever X is a rationally acyclic finite spectrum.

Historically, it was Shimomura’s calculation [15] of 7w« L, M which shattered the
hope that I, might also be an integral suspension of L, (S 1(,)). Our calculation of

7w« (E ;’HZ A M (p)) yields this result as well; a sketch of the proof follows.
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Homotopy groups of homotopy fixed point spectra associated to E,, 141

Suppose there existed an integer ¢ with
(3-11) F(M(p,v%), I) ~ ¢ L, DM (p, v¥)
for a cofinal set of &, where M (p, vi‘ ) denotes a finite spectrum with
BPM(p.vf) = BP«/(p.v}).
In addition, we may assume that
DM (p, v]f) ~ 372D =2 1, v]f).

Let
EauM(p,v*)™ = Hom(E2 M(p, v%), @/Z( ),

and recall that
SHEpM(p,v5) ™) ~ Eau F(M(p,v%), 1)

as modules over E,, and G;. (See Strickland [19, Proposition 17] or Devinatz [2]
for p > 5; note, however, that we are using Strickland’s equivalent definition of
Ep«M(p,vk)™ ) Then (3-11) implies that

EpM(p,v6)~ a2 5¢72K=D=6 g M (p, o),

and, by the theory of Poincaré pro—p groups (cf. Devinatz and Hopkins [6, Sections 5,
6]), there is a map

H>6T2k=D=c () M (p, %)) - Q/7(,)
such that
H'(E2 M (p. ) ® H* 1 (Ez M (p.v})) = H*(E2 M (p.v})) = Q/Z()

is a perfect pairing. Hence there must exist a dj, € H26+2(=D—c(E, M(p, v’l‘)), for
each k, such that v’l‘_ldk # 0. But the computation of H? (Fp2fur][u, u~1]) together
with the exact sequence

k
1))
H*(F po [ur [, ™) —> H*(Fpo[ur ). u™"]) = HA(E2 M (p.v5)) — 0
shows that this is impossible.
4 Some remarks on finiteness

In this section, we work in the E,4«—local stable category, so that by a finite spectrum,
we mean an object of the thick subcategory generated by L,S°.

Let G be a closed subgroup of G,, n > 1.
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142 Ethan S Devinatz

Proposition 4.1 Let Y be a K(n—1)4—acyclic finite spectrum. Then w4« (E ,I;G AY)
is of finite type (as a graded abelian group).

Proof The proof is just as we argued in the Introduction: use the strongly convergent
spectral sequence

H**(G, EpeY) = 1(E'O A Y)

whose E term has a horizontal vanishing line. Since E,+Y is of finite type, so is
H!*(G, Ey+Y). The horizontal vanishing line then implies that 4 (E ,’jG AY) is also
of finite type. a

Now suppose # > 2 and X is a K(n—2)4—acyclic finite spectrum with v,_; self-map
v. Let X(vk) denote the cofiber of v¥: T4V X — X, and let X(v*°) denote the
cofiber of X — v~1 X, so that

X(v*®) = holim Tk’ x (v%).
—k

There are also canonical maps X(w*) - X(vk~1) and X — holim_; X(v¥). We
will need the following well-known result (cf. Hovey [11, Section 2]).

Lemma 4.2 If Z is any (E,«—local) spectrum, the map

Z A X — holim Z A X(v¥)
<~k

is the K(n)y—localization of Z A X .

Proposition 4.3 v‘ln*(E,ll’G A X) is countable if and only if 74 (E,},’G A X) is of
finite type.

Proof Proposition 4.1 implies that 7 (EQG A X (v®°)) is countable, and therefore
v, (E,},’G A X)) is countable if and only if 7, (E,’,’G A X)) is countable. But

ENG A X ~ holim E"G A X(0F);
<«

it therefore again follows from Proposition 4.1 that ; (E ,}Z’G A X)) is profinite and is
thus countable if and only if it’s finite. a

Remark 4.4 The chromatic splitting conjecture (see Hovey [11]) actually identifies
VU ER AX) = v L X as Ly X VET L, X.
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Homotopy groups of homotopy fixed point spectra associated to E,, 143

Although . (E ;’ N4 (p)) is not of finite type, this proposition suggests to us the
sense in which it is “almost” of finite type. The details follow.

We will consider graded modules over the graded ring [F,[v], where v has positive
even (unless p = 2) degree, satisfying the following two conditions:

(i) M is complete in the sense that M = lim M/ viM .
<1

(i) M/vM is an [F), vector space of finite type.

Proposition 4.5 Let X and v be as above and suppose that p: X — X is trivial.
Then n*(E,’jG A X) is an [ p[v]-module satisfying conditions (i) and (ii).

Proof Since
i (ERC A X)
vhm (ERG A X)

we have the requisite finiteness. Moreover, it follows from the commutative diagram

s n*(E,}:G A X(vk)),

7w (EJS A X) —=— lim 7 (ERC A X (vF))

|

. E"GAX)
llmjuk(n—
< vE . (ERG A X)

that 7 (E ﬁG A X) is complete. |
Torii [21, Proposition 4.10] shows that such a module M may be written as
(4-6) M ~ = F ] x [T ="4F 0]/ (v'%).
o B
If M is of finite type, then the n,’s are bounded below and
vIM A~ 1—[ SMeF ] = @ e v, 071,
o o
In general, the torsion submodule 7" of M is a submodule of [[g Z™6F p[v]/ (vi8); its
closure 7T is equal to ]_[ﬂ 3ms [Fp[v]/(viﬁ). Let us say that M is essentially of finite

rank if there are only a finite number of « in the decomposition (4-6); that is, if and
only if M/T is a finitely generated [ ,[v]-module.
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Our main theorem shows that 7, (E ;ZH

Ethan S Devinatz

2

A M (p)) is essentially of finite rank for p > 2.

We do not know, however, whether this property is generic; that is, whether, given
G, n«(E ,’,’G A X) is essentially of finite rank for all X satisfying the hypotheses of
Proposition 4.5 if it is for one such X with K(n—1)«X #0.
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