© 2019 by Kalliopi Paolina Koutsaki. All rights reserved.



DISTRIBUTION OF SEQUENCES RELATED TO L-FUNCTIONS

BY

KALLIOPI PAOLINA KOUTSAKI

DISSERTATION

Submitted in partial fulfillment of the requirements
for the degree of Doctor of Philosophy in Mathematics
in the Graduate College of the
University of Illinois at Urbana-Champaign, 2019

Urbana, Illinois

Doctoral Committee:

Professor Bruce Berndt, Chair

Professor Alexandru Zaharescu, Director of Research
Professor A.J. Hildebrand

Dr. Siegfred Baluyot



Abstract

This thesis consists of three projects.

The first project focuses on the distribution of zeros of linear combinations of derivatives of L-
functions. We consider a collection of such combinations and prove asymptotic formulas for the
supremum of the real parts of their zeros. Moreover, an investigation of an inverse-type question

related to the case of the Riemann zeta function is included.

In the second part of this thesis, we expand the class of Dirichlet series whose monotonicity
properties are known. In particular, we describe a large class of Dirichlet series that are not
logarithmically completely monotonic. Using similar techniques, an equivalent formulation of

the Riemann Hypothesis for the Ramanujan-tau L-function is provided.

The last project is related to walks to infinity. Our main object is the subset P of the complex plane
that includes all the primes of all rings of integers of all imaginary quadratic fields. One would
want to know if it is possible to walk to infinity stepping only on points in P and such that the
sequence of lengths of steps used in the process is bounded. However, the problem is surprisingly
connected to some famous and notoriously difficult unsolved problems. We study more general
walks on the set P, where the length of the steps is not forced to be bounded throughout the

walk.
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Chapter 1

Linear combinations of C and its
derivatives and vertical distribution of
their zeros

1.1 Introduction

The distribution of zeros of the Riemann zeta-function and that of its derivatives appear to be
closely related. One of the most well-known results around this observation was proved by
Speiser [Spe35] who showed that the Riemann Hypothesis (RH) is equivalent to C’(s) having
no zeros in 0 < Res < % Assuming RH, Levinson and Montgomery [LM74a] established that for
k > 1, C%)(s) has at most a finite number of complex zeros for Res < %, and it was proved by
Yildirim [Y1100] that under RH, C”(s) and C””(s) have no zeros in the strip 0 < Res < % Spira
[Spi65a], [Spi70] studied the zero-free regions of the derivatives of C(s). In [Spi65a], he showed
that if k > 3, then {(¥)(s) = 0 for Res > Zk + 2. In [Spi70] Spira proved that there is a half-plane
free of complex zeros on the left as well, that is, there exists a number a; such that C (k)(s) has
only real zeros for Res < a;. Verma and Kaur[VK82] revised Spira’s first result showing that if
k > 3 then {%)(s) has no zeros for Res > (1.13588...)k + 2. There are also some new develop-
ments about the location of the zeros of the derivatives of ((s) by Binder, Farr, Pauli, Saidak (see

[FP13] and [BPS10]).

Another direction of study is finding asymptotic formulas for the number of zeros up to a certain
height T. Let N(T) and Ny(T) denote respectively, the number of zeros of {(s) and {%)(s) with
imaginary part between 0 and T. The first estimate of N(T) goes back to Riemann. He stated in

1859 that
T T

T
N(T) = —log%—§+(’)(logT),



which was proved by von-Mangoldt in 1905. Spira [Spi6é5a] made a strong conjecture about
Ni(T). The formula he suggested is a relation between N(T) and Ni(T) without any error

terms:
Tlog?2

+1.
27

N(T) = Ni(T) +

Berndt [Ber70] attacked this problem and obtained a relationship between N(T) and Ny (T) that

includes an error term:
Tlog?2
27

N(T)=Ni(T)+ +O(log T).

In this chapter, we will study the distribution of zeros of a combination of the Riemann zeta-
function and its derivatives. We denote F(s) = ¢l (s) + c;C’(s) + - - + ¢, L0 (s) with ¢g, ¢y, ..., ¢y
real, cg # 0 and ¢, # 0. Here s = 0 + it as usual and since we are interested in the zeros of this
function, we take cy = 1 without loss of generality. We let Ng(T) be the number of zeros of the
function F such that 0 < # < T. The main result of this chapter is an asymptotic formula for
Ng(T), given by the following theorem.

Theorem 1.1. For any function F defined as above we have

L

Ne(T) = e

T\ T
og(g)—ﬂ+op(logT).

1.2 Zero Free Regions

We examine the function F(s) = C(s) + ¢;C(s) + - - + ¢ C¥)(s) with ¢, # 0. For ¢ > 1, the m-th

derivative of the Riemann zeta-function is given by

(59 1 m
(s = (1)) B,
n=2



hence for such o, F(s) can be written as

(o]

E(s)=1 +Zl—cllogn+c210g2n+---+(—1)kcklogkn.

ns
n=2

From the general theory of Dirichlet series it follows that F(s) has a right half plane free of zeros,

specifically there exists a number S such that F(s) # 0 for o > fr. In the next proposition we

exhibit a rough value of such Sg.

Proposition 1.2 (Right zero-free regions). Let ¢ = jlzléiifklcj'l, wherecg = 1. Ifo > fp =k +2+

log(c(k+1))

F .
g2 then F(s) =0

Proof. We rewrite F(s) as

F(s)=1

25 ns

n=3
log(c(k+1))

, then
log 2

Since long <1foranyj,ando>k+2+

kD 1
= 20 < 2k+2"

‘1—c1 log2+---+(—1)kcklogk2
25

On the other hand, log/ 7 > 1 for n > 3, so

1-cilog2+--+(=1)fclogk2 o 1-¢1 o+ (=1)kc logk
L 1-clog + -4+ (=1)*cx log +Z cilogn+---+(-1)c;log "

il—cllogn+---+(—1)kcklogkn < = (k+1)clogkn
ns - ne
n=3 n=3
= nk = 1 > 1
s(k+1)cZn—:(k+1)cZna_ks(k+1)c 2 g
n=3 n=3
1
- (k+l)c(o-_k_1)2o—k—1 < 20-k-1
log (2c(k + 1))

where in the last step the inequality 0 > k+ 1 + )
08

(1.1)

(1.2)

(1.3)

is used. Finally, taking (1.1), (1.2)



and (1.3) together we see that

B 1—cllog2+---+ck(—1)klogk2 = 1—cllogn+~~~+(—1)kcklogkn
IE(s)| = |1+ > + Z —
n=3
‘1 —cilog2+---+ (—1)kcklogk2 = 1—cylogn+---+(=1)kc logh n
0y
23 ns
n=3
1 1
>1—2k+2—5>0,
which proves the proposition. [

In the next proposition we show that there is a left half plane where the function F(s) has no
non-real zeros under the condition that c;’s are real.

Proposition 1.3 (Left “zero-free" regions). If all the coefficients c; in the definition of F(s) are
real, then there exists a number ap so that F(s) has only real zeros for 0 < a, and has exactly one
real zero in each open interval of the form (—1 —2n,1 — 2n) for each positive integer n satisfying
1-2n<ag.

Remark. Note that the proposition does not provide any information about the sign of ap. It will

be assumed to be negative in what follows.

Proof. We start with the asymmetric functional equation for ((s),
C(1-s)=2(2m)*cos ?F(S)C(S).

Differentiating this equality m times using Leibniz’s rule we find

(~1)"C™ (1 =5) = 202m)° ) TSR (5), (14)
=0
where
Rji(s) = Pjp(s)cos ? + Qjm(s)sin ?, (1.5)



m

Pin($) =) ajml™ (), Pam(s) = C(s), (16)
n=0
k
Q]m Zb]mnc r Qmm(s) =0, (1-7)
n=0

for some constants a;,,,, and b;,,,,[Spi65a].

For each summand in the combination (1 —s)+¢; (1 —5s)+---+ ¢, ¢ 0 (1 —s) we apply (1.4) and

collect the terms involving the same derivatives of I to arrive at the following representation for

F(1-5):
k k m
Fl=s)= ) eul™(1=5)= ) cn(-1)"2270)° ) T(s)Rjn(s)
m=0 m=0 7=0

[ k-1 m k

=202 | ) _eml=1)" ) _TO()R(s) + (=10 ) TD($)R;(s)
| m=0 j=0 j=0
r k-1 m

= 2(2m)°" Zcm(—l)mr(])(s)R]m(s)
m=0 j=0

k-1
+cp(=1)% ) TUN($)R;x(s) + cx(-1) 1“(k)(S)Rkk(S)l
j=0

k-1 1] k-1

=2(2m)” Cin(=1)"TY($)R )y (5) + c(=1)* TV (s)R e (s)
=0 [m=j

2(27) (1) TV (s)C (5)cos =
Therefore,
k
F(1-s)=2(2n)"* Zrm(s)ﬁjk(s), (1.8)
i=0



where

k-1
R]-k(s) = ck(—l)kRjk(s) + ) cm(=1)"Rjp(s), for j <k -1, (1.9)
m=j
Reas) = ci(~1)*C(s) cos =
We next write
(~1)FE(1 —s)(270)*/2¢k = f(s) + g(5), (1.10)

where

Next, we apply Rouché’s theorem to the square with vertices 2n+1, 2n+ 2 +1 to deduce that the
function f(s) + g(s) has exactly the same number of zeros as f (s) inside that square. We need to
show that |f (s)| > |g(s)| on the boundary and the proof of that is almost identical to the one done
by Spira in [Spi70]. From [Spi65a] we have

n=0

j—1
T')(s) =T(s) [logj s+ ZEnj(s)log” 5], (1.11)

where each E,;(s) is O(1/s), so we can write

k—

—_

f(s)=C(s)cos ?F(s) logki1 (s) [logs +

i -1k
and by introducing R}‘.m(s) = WKW(S), we have




After applying the triangle inequality we see that we will have |f(s)| > |g(s)| on the boundary

provided
k-1 k— * ] 1 E )
logs|> ) |Ex(s)log™ " Fs| + R + (1.12)
; Zo’ C logk =g = logk~ 1 -
Using (1.9) we can write
D * ( ) + = 1C_m m+k ]m(s)
ik cos ( 715/2 e ck cos (1s/2)
ns] e TS
= [ij(s) +Qjk(s)tan 7] + ﬁ(—l)mk [ij(S) + Qjm(s)tan —
m=j
% N* U]
= P]k(s) + ij(s)tan >
where
- e
P +Zc_m m+kP ( )
m:] k
and
3 k-1 c
Qjk(s) = Qj(s) + ﬁ(—l)"”ijm(S)-
m=j

From (1.6) and (1.7) it follows that Isj*k(s) and Q;k(s) are linear combinations of (s), C’(s) ...,

CK)(s), so their absolute values are bounded for large 0. The same holds for R’;.k(s) since tan —

is also bounded on the sides of the square. Lastly, Z p(s)n™* is also bounded and we get
that the right side of (1.12) is bounded, whereas on the 1eft side we have |logs| > log|s| which
is unbounded. Moreover, (1.11) implies that for o sufficiently large, T/)(s) # 0, hence f(s) has a
single zero in the square due to cos(7ts/2). Rouché’s theorem then implies that f(s) + g(s) (by
(1.10), also F(1 —s)) has exactly one zero inside the square. Since the coefficients c; are all real,
then the zeros of F(s) occur in conjugate pairs, thus the unique zero must lie on the real axis and

the proof is complete. [



1.3 Preliminary results on the zeros of F(s)

In this section, we first obtain an infinite product representation for the function F(s), which
will in turn lead to an expression for F’(s)/F(s). In order to do this, we define the function
G(s) = (s—1)**1F(s) which is an entire function and, in fact, of order 1 [Dav00]. Therefore, there

are constants Ar and Bf, depending only on the function F, such that
s\ s
G(s) = s™eArtsBr (1 - —)eP
s

for all s € C, where m > 0 is the order of s = 0 as a zero of G and the product is over all the

non-zero zeros of G. All the zeros of G are exactly the zeros of F and
F(s) = LeAF”BF ]_[ 1-2)eb (1.13)
(S _ 1)k+1 ) 1Y

forseC,s=1.

From the theory of entire functions of order 1 we know that ) |o|™' 7" < co for any 7 > 0, and in

p
particular ) |p|™ < co.
p
Logarithmic differentiation of (1.13) yields
F'(s) m k+1 1 1
_m_ B — 41, 1.14
Fs) s s-1° P+Z(s—p+p) .

validforse C,s 20,52 1,5 % p.

On the other hand, the absolute convergence of the above sum allows us to rewrite this as

F’(s)_m k+1 1 1 1 1 1 1
F(s)_ p s—1+BP+Z(s—p+p)+ Z (s—p+p+s—5+5 ,




while the absolute convergence of each of the series

y>0
p=p+iy
and
Z (1 1)
__+__
y>0 PP
p=p+iy
give us
F'(s) m k+1 = ( 1 1) ( 1 1 )
_m_ +Bp+ ) |—+=]+ ) [—+— (1.15)
F(s) s s-1 Lm\sme P < \s—p s-p
p=p+iy

is a constant independent of s.

Lemma 1.4. Forsy = p*+1iT, where f* > ar and T > 2, we have

)

preal

1 1
+—|=0¢(logT).
So—p p‘ r(logT)

Proof. It is enough to prove the above estimate for the sum restricted over the zeros p < ar, since

for ap < p < B, each summand is bounded by

1 1
-+ . ’
2 min{lp|: ap <p < Br, F(p) =0}

and the number of such p is finite.



Now, write

s

p<ap

|50|
=5 +S,,
So—p p' Z|p||so—p| bree

p<ap

where S; and S, are the sums restricted over the zeros p < —2T and —2T < p < a, respectively.

The result follows immediately from the following estimates:

Isol Iso] 1
S = — — << T — << T =0
! Z lollso—pl * Z F Z 2ot Z 2~ O

2
p<—2T p<—2T lpl p<—2T lp n>2T
and
S, < Z i<< Z l—O(logT)
2 F_ o] <F o = UF :
2
[

Now combining (1.15) and Lemma 1.4 and using the fact that F’/F is bounded at s = g*+iT, say

by C, we get

1 1 Fl(s) m k+1 ~ ( 1 1)
Re + —|¢=Re -—+ —Bp— + —
Z (SO—P SO—P) F(s)) sp so—1 ' Z so—p P

preal

ool
+_
So—pP P

m+k+1 =
SC+T+|BPI+Z

preal

=Of(logT).

Also,
1 1 1
Z Re{ + _} > Z Re{ },
750 So—=P So—p b TI<1 So—p
p=p+iy p=p+iy
since
Re{ 1_}:Re{%— R N 0,
So—p |50—P| |50—P|

10



and then

1
Z Re{so_p} = Op(log T). (1.16)

ly-TI<1
p=p+iy

The following proposition is the first result on the number of zeros of F.

Proposition 1.5. Let T > 2. The number of zerosp = f+iy of F(s) withT -1 <y <T+1is
Or(logT).

Proof. For p with |y —T|<1andsy="+iT, B*> Br, we have
Iso—pl=|p"+iT —Rep—iy|

<|F’1+Repl+|T -y

<|B*[+max{|agl||Bel} + 1,

and
1 Re{sy—p -
Re L - Relso=pl, PP ~=: Cy(F).
So=P  lso—pl (181 + max {|agl, [Bel} + 1)
Hence,
1 .
Yy Re{ }z Y R 2 CiF)-#{p=priy:ye[T-1LT+1]),
S B S A W 3
p=p+iy p=p+iy
and the result follows from (1.16). ]

Before the next section and the proof of the main theorem we will need one more lemma.

Lemma 1.6. Ifs = 0 +iT, then for large T (not coinciding with the ordinate of a zero) and ap <

o<PBrp+1,
F'(s) 3 1
F(S) = | _ET ST'FOF(lOg T)
y-TI<1
p=p+iy

11



Proof. By Lemma 1.4 and (1.14) applied at s and fr + 1 +iT we get

F'(s) 1 1
F(s) = OpllogT)+ ;0 (S—p_/)’p+1+iT—p '
p=p+iy

For the terms with |y — T| > 1, we have

1 _ 1 '_ /31:4-1—0' /31:4-1-0(1:
s—p Pr+1+iT-p |<s—p></sp+1+iT—p>|‘ ly - TJ

and the sum of these is Op(log T). For if we write

then we get

fr+l-a = | 1
Z TVTIFF,;W Z 1

ly— T]*>1 m§|y—T|z<m+l

<r i{%OF(log(T +m+ 1))},

m=1
where Proposition 1.5 was used. The last sum above is Op(log T).

As for the terms with |y — T| < 1 we have |+ 1+ iT — p| > 1 and the number of these is

Or(logT). O]

Now we are ready to proceed to the proof of Theorem 1.1.

12



1.4 Proof of Theorem 1.1

Recall that s = ¢ + it with o and t both real and N(T) is the number of zeros of the function F

withO0<t<T.

Proof. From Section 1.2 we know that F(s) has no zeros with ¢ > fr > 1, and no non-real zeros
for 0 < ap. Choose ¢r > 0 so that F(s) has no non-real zeros for 0 < t < ¢ and suppose that T

does not coincide with the ordinate of a zero of F(s). Let R be the rectangle with vertices

ap+i€F,/J)F+1+i€F,ﬁF+l+iT,(XF+iT.

iT

AN

iEF

R4

ar Bp+1 O

By the argument principle, the number of zeros of F inside the rectangle is given by

1 F'(s)
NF(T) = %J‘ P(S) ds

R

1
:§{11+12+I3+14},

where Iy, I, I3 and I4 are respectively the imaginary parts of the integrals of F’/F over the line

segments

Ly ={o+iep, ap <o < Pp+1},

Lzz{ﬂp-i-l-i-it,é'FStST},

13



Ly={-o+ap+Pp+1+iT,ap <o <pp+1},and

Ly={ap+i(-t+¢ep+T), ep <t<T}.

Firstly, I; = Op(1), since it is independent of T.

Secondly,

([ F'(s)

J F(s)
Ly

ds

E 1 d
=Im ! %[ogF(s)] s
Ly

14iT
= [argF(s)]Z:l:gF.

Note that for s = fp + 1 + it

Re{l + (F(s)— 1)} > 1 —|Re {F(s) - 1}|

>1—|E(s)-1]
>1 1 ! 0
= _§_2k+2 ’

where the last inequality uses (1.2) and (1.3). Hence, the argument of F(s) is less than 7, and so
12 = Op(l)

Next, to estimate I3 we use Lemma 1.6. Thus,

I3 = JIm{F'(S)/F(s)} ds

L;

14



:f Y Im{L}m(logT) ds
7 [=Ti<1 5P

p=B+iy

- Z Im Jids +O(logT),
ly-TI<1 i TP
p=p+iy ’

1

and since — = %(log(s —p)), by Proposition 1.5,

.
L= ) larg(s—p)lglir p +OllogT)
ly-T|<1
p=p+iy

< Z 7 +0(log T) = Op(log T).
ly-TI<1
p=p+iy

Lastly, for estimating I, we use (1.8) where s is replaced with 1 —s, to get

k
1 ~
F(s) = —(2m)° ZR]-k(l —s)TU(1 ),
7=0
and rewrite this as
k-1 5 ; 5
s Rix(1-5)TUN(1-5) Ry(1—s)TH(1 -
F(s):(Zn)ST(l—s)e_T ]k(,ms ) ( S)+ kk( inss) ( S)
=0 e 2 r(]. —5) e 2 r(]. —S)
Equation (1.11) gives
rU)(1-s)

Next, we write
F(s) = (2m)°e "2 T(1 —5) {Ry (s) + Ry(s))

15

(1.17)



Ry (s)
where
Ryp(1 -
( )—logk( ) kk(_ﬂS)
e 2
= lng(l _S)Ck(_l)kC(l _mf)snl(%)
e 2
and

k— 1 ~ _
K(1=3s)T 1—5)+Ok(Rkk(1—5)108k 1(1—5))'

_ims -
—o Te 2 e 2 1

~.

Forall 1 <j,m <k, by (1.5)

ims| S s
|ij(1 —s)e 2 T[T/Z‘p]m(l —s)sm? +Qjm(1 —s)cos 7'

On the other hand,

s e —e 5 eims — 1
‘sin— _ ' nT/2 <o T/2)
2 2i 2
and similarly we get |cos §| < ¢™1/2 Now, since the line of integration is away from s = 1,

Piyy(1 =) and Qj, (1 —s) are bounded for each fixed 1 < j, m < k. Combining this with (1.9) we
finally get that, as T — oo,
IHS/ZR ( ) OF( )

and consequently,

Ry(s) = Op(log" (1 - 5)).

16



We assume that af is sufficiently negative, so that

Ry(s)
Ry (s)

<1,

R;(s)

1(s)
ck(—l)ksin(%) . .
along L4. Moreover, ——————2= approaches a nonzero complex number as t increases, while
e 2

when s belongs to L4. Hence the change of the argument of 1 + is less than 7 as s travels

C(1 - s) remains bounded and so the change of argument on Ly is also Of(1).

Finally, by (1.17)

[log F(s)]SFieF

0[F+iT

~ ; 1 . Rz(s) 0(F+i£F
= |log(2m)" — Sims +1logT'(1—s)+logR;(s)+1og|1+ A

1
= —iTlog2m + Op(1) - EHTJrOF(l)

ap+i€1:

+ [—(s _ %)log(l —s)=(1-5) +0F(1)] + Op(log(logh(T))),

Ctp+iT

where in the last step we used Stirling’s formula for logI'(1 —s), and the logarithm in R, (s) gives

the error term. Now,

o 1L . | . l-«a
(ap+1T—§)log(1 —ap—iT) = (ap—§+zT)log(—lT(1 -7 F))

1 T
_ (ap +iT - E)mg(—iT) +Op(1) = iTlog T + -+ Op(log T),
and putting all the estimates together we reach

I4=T(logT —log2m—1)+ Of(logT).

17



Hence, the main contribution in the number of zeros comes from I, and we have

1
Np(T) = — ZImI]- = 5T (logT ~log2m ~1)+ Op(logT)

This completes the proof of the theorem.
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Chapter 2

Linear combinations of C and its
derivatives and horizontal distribution of
their zeros

2.1 Introduction

In this chapter, we consider the number f; which is defined as the supremum of the real parts of

p € Gi, where Gy is the set of all zeros of all combinations
F(s) = C(s)+c;C(s) + -+ ¢, CF)(s) (2.1)

satisfying |c1|,|c;|,. .., [ck| < 1. The next theorem provides a sharp asymptotic formula for fy.
Theorem 2.1. With By defined as above, we have, as k — oo,

_loglog15

Bi = og 15 k+ C +Op(n%). (2.2)

Here 11 is a fixed positive number less than 1 and C is an absolute constant.

We prove this result throughout Sections 2.2 and 2.3 and also provide the exact values of the

constants C and 7.

In Section 2.4, we investigate an inverse-type problem. Given a real number > 1, it is easy to
show that there exists a linear combination of the form (2.1) which vanishes at . However, can
the degree of the largest derivative involved be small? In other words, if we define k() to be
the minimum integer k for which there exist real constants cy,..., ¢ of absolute value at most 1,
with ¢ # 0, such that C(B) + ¢, T’(B) + -+ + cxC¥)(B) = 0, how does k(p) relate to f?

This is the content of the following theorem.
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Theorem 2.2. 1. For all real p > 1, with the exception of a set E of finite Lebesgue measure,

and with k(p) defined as above,

where

_ loglog15-log(log15-1) _ loglog15
C= log15 and L= log15 -

2. For almost all integers j > 1,

with C and L as in part (1).

For example, one can show that k(1,000,000) = 2,178,301,which means that any linear com-
bination, with coefficients satisfying the usual restrictions, that vanishes at g = 1,000,000 will

involve a derivative of order at least 2,178,301.

Extensive numerical evidence, as well as (2) of Theorem 2.2, lead to the following conjecture.

Conjecture 2.3. For all but finitely many integers j, (*) holds.

2.2 fyand §;

In Chapter 1, we studied functions of the form F(s) = {(s) + ¢, C(s)--- + cxC%)(s), where the
non-negative integer k, as well as the real coefficients ¢y, c,, ..., ¢, were fixed. In the following
sections, we investigate a family of such functions. To that end, we associate each vector ¢ =
(¢1,C3,...,¢x) in RX with the function FAs) = C(s) + c;C’(s) + -+ + ¢, C%)(s) and define F to be
the family of functions consisting of all Fzwith ¢’€ R and ||¢]|,, < 1. Moreover, we define Gy to
be the set of all complex numbers p for which there exists a function Fz € 7 such that Fx{(p) =
0. Our main goal is to prove an asymptotic formula for the number f; := sup{Rep: p € G¢}.
However, it is difficult to establish such an asymptotic directly from the definition of . For this

reason, we introduce the auxiliary number [)’Z, whose relation to gy will be clear by the end of

20



this section.

Lemma 2.4. Let F[(s) be the function in J that corresponds to the vector
C=(1,-1,...,(-1)%Y), that is Fj(s) = T(s) + C'(s) = C"(s) + - + (=1)*1C®(s). Fork > 2, Fi(s)
has exactly one real zero [)’Z with 1 < ﬁ; < oo, and in fact,

loglog15

log 15 k<py<k+2.

Remark. The alternating signs in the definition of F,(s) start from the second term.

Proof. Using the Dirichlet series of C and its derivatives we write

. =1 —logn—logZn—---—logkn
Fis)=1+) —8 gns & (2.3)
n=2

for s with Res > 1.
For k > 2, F] restricted to 1 <'s < co is increasing, so that if it has a zero in that range it must be

unique. The existence follows from the observation that lim F[(s) = —co and SliI;Ln Fi(s)=1.
s—1t —100

selR selR
Now, to obtain the more precise bounds for /3;: as stated in the lemma we make use of the fact

that F7(B;) = 0, that is

—_— 2 e k
122 1+logn+log”n+---+log n

- (2.4)
n=2 nﬁk
The lower bound follows easily, since by (2.3)
1 i—l +logn +log’n+---+loghn S ~1+log15+1log?15+---+1log"15 S logk15
= nP 15F 15%
and so
loglog15
. D 2.5
P> log15 @3)
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To get an upper bound, we use the inequalities 1+ x + x> +--- + x* < (1 + x)¥ and 1 + logx < x

both valid for x > 1 and k > 1. If f; —k < 1 then ; < k + 1 and the claim holds. Otherwise,

Br —k >1 and we have

o

— 2 LAY k
122 1+logn+log“n+---+log" n

B
n=2 nrk

00 2 k
SZ{l—i—logn+log 11+ +log" n

n=2 nﬁk
© k

< Z(l +10§n)
n=2 nﬁk

< — =C(Br—k) -1
Zzﬁ (B~ k)

2

This shows that C(8; — k) > % = C(2), which leads to f8; <k + 2 and the end of the proof. ]

Remark. In fact, we can get a better upper bound for f; as follows. Since C(B;) > 2, then f; <

k+C~1(2) (where T~ means the inverse of the zeta function on the real line), so that Br <k+1.73.

Now, we show the relation between fj and f3;.

Lemma 2.5. With f; and B, as before,

. 1
Pr — B :O(m)
ask — co.

Proof. We assume that i # 8, otherwise there is nothing to prove. By definition of gy, for all
€ > 0 there exists a function F € %, and an element p of Gy so that f(p) =0and fx—€ <Rep < fy.

Suppose that €= (¢y,...,¢) is the vector that corresponds to E.

Then,
. i_l + ¢ logn+---+ (=1)F*1 ¢ logk n < i1+logn+-~+logkn’
n=2 e n=2 nier

since [|cllo, < 1. Let 6 = Rep — f;. Without loss of generality, we can assume that € < f — f; so
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that 6 > 0. The above inequalities together with (2.4) become

i—l+logn+log2*n+---+logkn _1< il‘”og”‘g“;"'logk”,
n=2 nﬁk n=2 n +ﬁk
which gives
ilogn+log2nj---+logkn(1_%)Si#(H%).
= nPr n = nPk n

The left hand side is greater than 1 — % by (2.4), while the right hand side is less than

o 1 1 (1 1 2Ry 3
2 — <2 =+ — d =2 —+ < —,
where the last inequality holds if k is sufficiently large, by Lemma 2.4.
Hence,
20 7 b
and we get the following inequality for 0,
3
—log (1 - sz) 1 3 1
o< < — < ==
log2 2Pk log2 = 2h3
Finally,
Bx—Br =Pr—Rep+Rep—-p; <e+0<e+ =
for any positive €, and since
B> loglogISk S E,
log15 3

we have

B — By :O(%)-
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2.3 Asymptotic formula for g;
Recall that according to the definition of ﬁz,

i —_— 2 .o k
I_Z 1+logn+log”n+---+log " _o.

- (2.6)
n=2 nﬁk
We define
Lol look logh*! x—1 -7
~1+logx+---+log"x  Tlogx-1
Hy(x) = 5 - & X _ _losx — (2.7)
xFk xPk
and (2.6) becomes ZHk(n) =1.
n=2
Lemma 2.6. As k — oo we have
Y Hi(m) =00, (2.8)
n>2
n=15

where
loglog16 loglog15

n =2 leglo logl5 = (,99995258...

Proof. Using (2.7) we write

logk+1

logn—1 -2 log“*tn—1
) Hilrn) = Z—ﬁ* <) logn
n>2 =2 nk i3 (logn —1)nf
n=15 n=15 n#15
log logk n
<) logn RS2
=5 (logn—1)n"* = nk
n#l5 n¢15
1
=2 Z loglogn - <2 Z k loglog15 loglog16\’
n>2 n logn n>2 n ( log15 - log16 )
n#l5 n#l5

where in the last step we used the lower bound (2.5) for 8; and the fact that, for n = 15,

loglogn < loglog16
logn = logl6
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This means that

dx

Z 2

Hk(n) < k( loglog15 loglog16
n>2 2 log15

n#15

2

log16

)+2J:o

2

loglog15 loglog16

log15

log16 )

2

- k(loglog15_10g10g16
2

log15

loglog16 loglog15

< (2 log16

and the lemma is proven.

log16

log15

) + k(loglog15_10g10g16
2

log15

k
) <k,

log16

e

Proposition 2.7. The following asymptotic formula for ;. holds:

where

Pr =

loglog15
log15

k+C +O(17k),

co loglog 15 —log(log15—1)
a log15

is a constant and 1] is as in the previous lemma.

Proof. Recall that we have

(o]

loglog15

loglog16

log15

1= ZHk(n) = H(15)+ Z Hy(n).

n=2

So (2.8) gives us Hi(15) =1 +O(17k), that is

which implies

logh*! 15-1 _9
log15-1

155

logh*115

n>2

n=l5

=1+0(n"),

=1

15%(log15—1)

25
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Taking logarithm of both sides we get
Bilog15 +log(log15-1)— (k +1)loglog 15 = O(15),

which implies

loglog15, loglogl15—log(log15-1
- _loglogls,  loglog og(log )+O(’7k),
log15 log15
and the proposition is proven. O]

We finally combine Proposition 2.7 and Lemma 2.5 to get the statement of Theorem 2.1.

2.4 Inverse-type problem
Fort>1, let
F(t) =C(t)+ (1) + -+ (1)),

and recall that 8/ is its unique zero. Notice that F/(t) is increasing as a function of ¢. Moreover,

the sequence {f; }re is increasing and as k — oo, we have

Bi = yr+0(nb),

where Y, = L-k + C, with the constants C and L as in the statement of Theorem 2.2 and

loglog16 loglog15

n =2 leglo logl5 = (,99995258...

Furthermore, we assume that for large enough k, say k > ko,

187 — x| < 1000 - 1. (2.9)
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In order to proceed to the proof of Theorem 2.2, we first prove some preliminary results.

Proposition 2.8. For § > 1, we have k() < m if and only if p < ;.

Proof. First, assume that k() = | < m. By definition, there exist constants cy,...,c; of absolute

value at most 1, with ¢; # 0, such that

Therefore,

) )
F(B)=0=C(B)+ ) ac?(B)=C(p)+ ) (~1)7'c(p) = F;(B),
i=1 1

and since F; is increasing, we get

To prove the converse direction, assume that f < f3;,. More specifically, there exists an integer
I < m, such that B/ | < B < B;. Let gg(0) := F_,(B) + 0(-1)1¢D(B). Notice that gp(0) is a

continuous function of 6 and that
gp(0)=F_1(B) = F)_;(B_1) =0,

gg(1) =F1(B) < F{(;) =0,

so we must have gﬁ(Q ) =0, for some O € [0, 1]. In other words, there exists a linear combination

whose higher derivative is at most of order [ that vanishes at 5. Hence, k(f) < < m. O]

The following is an immediate corollary to the above proposition that makes clear the fact that
k(p) is a step function.

Corollary 2.9. For > 1, we have k(f) = m if and only if ;| < p < B},
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Let us now prove our main theorem.

Proof of Theorem 2.2. (1) The set E := {t > 1 : k(t) # [%-‘} is measurable, since it consists
of points for which two step functions attain different values. We will prove that E has finite

Lebesgue measure, by showing that

y[ JEn (/3;;1,/3;;]] < co.

k>ko

Let a = min{yy, B} and Ay = max{y, B;}. Given g € (B;_,, By ], for k > ko, exactly one of the
following is true:
Case 1: If B € (Ag_1, ax), then ;1 < B < ¥k, which implies k-1 < % < k. This gives k(f) =k =

[%] and so f does not belong to E.

Case 2: If € (/5,’:_1, Ak—l], then the interval is not empty, so f;_; < 8 < y_;. Moreover, 8 > y_

and we get k — 2 < % <k —1.In this case, f € E, since k() =k = {¥]+1.

Case 3: This case is similar to the previous one with the only difference being that for § € (ak, ﬁ;]

we have k() =k = [g-‘ -1.

In conclusion,

U EN(Br_1 Bl = U (ﬁz_wk-l] V (“kfﬁZ]'

k>k0 k>k0

and therefore,

ﬂ[U Eﬂ(ﬁ}ipﬁil]=#[U (Bicrr k1] U (a7

k>k0 k>k0

= ) (M =Biy + B~ )

k>k0
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< ) (ier =By |+ 1B = )

k>k0

< Z 2000 7% = O(1),
k>k0

where the bound (2.9) is used in the last inequality.

(2) We first show that the number L = 101%) lglgsl 2 is irrational. Suppose to the contrary that 101%) 1;;551 >
loglog15
is rational, which would imply that 15 81> is a non-zero algebraic number. By the Lindemann-

loglog15
Weierstrass Theorem (see for example [Bak75, Thm 1.4]), it would follow that e!® P _ 15

is transcendental, which leaves us with a contradiction. Now, by a theorem of Weyl [KN74,

k-C }°°
k=1

positive integers k will fall outside the exceptional set E. [

Thm 2.4], the sequence { is uniformly distributed modulo 1. Consequently, almost all

Observe that large enough integers in the exceptional set should be “exponentially close” to one
of the f;’s. Finding approximate values of these numbers is numerically expensive for large
k because of the high order derivatives of C. Therefore to show that a certain integer is non-
exceptional we check it being outside the 100017k-neighborhoods of the y4’s. We numerically
calculated these neighborhoods for the first 1,000,000 values of k and it turns out that all in-
tegers larger than 100,000 fall outside these intervals. In fact, only one integer after 30,000,
namely k = 32,810 is in the mentioned neighborhood. Currently we do not know if this is an

exceptional number, because our bound (2.9) is not the best possible.
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Chapter 3

Linear combinations of L-functions and
their derivatives

3.1 Introduction

Theorem 2.1 can be extended to a larger class of Dirichlet series. Consider the complex linear

combinations
Fig(s) = G(s)+c1G'(s) + -+ GH(s),  erlo.olerl <11, (3.1)

where G(s) = )_ a,, n”* is absolutely convergent for Re s > 1, and for any fixed € > 0, its Dirichlet

coefficients satisfy a; = 1 and a,, <. n° for all integers n.

Stating the more general theorem requires the following definition.

Definition 3.1. The relevant number to the Dirichlet series G(s) = Z a,n—*, denoted simply by

loglogn

Tog . Moreover,

, is defined to be the unique integer n with a,, # 0, that maximizes the quantity —2—o—

log log 7

denote by n* the integer n with a,, # 0, that maximizes the quantity forn=n".

Remark. Note that n=2 will never be relevant as 10;‘;1;%2 <0anda,+0 for some n # 2.

The proof of the following result is similar in spirit to that of Theorem 2.1 and is provided in the
next section.

Theorem 3.2. Define

Br.c =sup{Rep >1: Fy g(p) = 0 for some Fy  as in (3.1)}.
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Then, as k — oo,

loglogn* - logla,-| +loglogn* —log(logn™ —1)

k
logn* logn* +Oclrg), (32)

Br,c =

o0
where n* is the relevant number to the Dirichlet series G(s) = ) a,n"°, and 1 is a positive number
n=1

less than 1 that depends only on G.

Referring to Table 3.1 in Section 3.3, one can immediately see that, in the case of the Riemann-
zeta function, n* = 15 and the asymptotic formula (3.2) becomes in fact (2.2). However, there are
Dirichlet series whose fifteenth coefficient is zero and then the asymptotic formula for i ; looks

slightly different.

In Section 3.3, we restrict our attention to those Dirichlet series associated to a Dirichlet character
X. The multiplicative properties of Dirichlet characters prevent some integers from being relevant

at all.

The following theorem describes the set of all relevant numbers to Dirichlet L-functions.
Theorem 3.3. The set of relevant numbers to Dirichlet L-functions consists of all primes p > 11

and the composite integers 15, 16, 21, 25, 27 and 49.

The remainder of the section is devoted to computing the frequency of each relevant num-

ber.

3.2 Proof of Theorem 3.2

The proof of Theorem 3.2 is similar in spirit to that of Theorem 2.1.

Ay

|

First, we choose the coefficients cj= (—1)j -1 , for 1 <j <k, and write

Fiaols)=1- ZHn(s), (3.3)
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where

7.1 k+1 ~1
H,(s) = Hypgls) = (-1 + 2 og n—logn

ns |la,

logn -1

Our goal is to show that the function F} ~(s) has a zero ; ~ which is exponentially close to
the number B ¢ and satisfies the desired asymptotic formula. To this end, we do the following

things:
1. Show that the sum of the terms in (3.3) that correspond to n # n” is exponentially small.
2. Prove that a zero 8 - exists and that its real part satisfies the asymptotic (3.2).

3. Bound the difference between B ; and Re B .

3.2.1 Exponentially small tail

Let

loglogn* N log|a,| +loglog n* —log(logn*—1)

s =k

log n* log n*

For Res > s* — R, where R can be anything that satisfies R = O(1), as k — o,

= = |a, @y log" ' n—logn
|H”(S)|:Z ns _1+|a logn—1
n=3 n=3 n g
n#n* n#n*
oo k+1
- Z a,| (1+log n—logn
- Res logn—1
n=3 n 8
nzn*
o0 ne k
<<6 E ns*——Rlog n
n=3
n#n*
i 1
- " loglogn
= ns —R—e—k logn
n#n"
- 1
< Z, logl loglogn® \ logla,|
oglogn* loglogn ogla,*
n=3 nk( logn* ™~ logu® )+ logr’:" -R
n
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loglogn < loglog n*

where we used the fact that T < -
ogn logn

loglog n*—log(logn —1)
logn*

For large enough k, we have

* #
k(loglogn _loglogn )+ .2

1 rs 1k loglogn* loglogn*
logn* logn* 2

log n* log n* log n*

and so

00 0o 1
H
Zl n(s)l <<G P 7]( loglog n* loglogn
11:3’E X 2 log n* log n¥
n#n
2
T k loglogn*  loglogn* 1 (loglog*ﬂ* _loglogn )
3 IOg o log e 2 2 logn log n¥
k
1
7( loglogn* log n* loglog n )
2 2\ logn* log n

Similarly, for n = 2, and large k,

k
1
|Hy(s) < /\G[m] ,

27 log n*

where the constant A depends only on the function G.

In conclusion,

. k
() 1
NIRSS
Z n G 1 [ loglogn® loglog il
n=2 22\ logn* logn®
n=n"

for all s with Res > s* — R.
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3.2.2 Existence of 3, -

We apply Rouché’s theorem with the second holomorphic function being 1 — H,«(s). It is easy to

check that the equation H,:(s) = 1 has a complex zero s, with

of 1 \f
sl < = =:7.
5o Sl_Z(logn*) ’

The region we are working with is a disk centered at s* with radius R that will be determined

later.

It follows from (3.4) and (3.5) that for |s —s*| <R,

Fi (&)= (1=Hy(s)| < ) [Hy(s)
n=2

n#n*

k
1
<<G l( loglogn® loglog n# ) )
2 2\ logn* log n#

On the other hand, for s on the boundary of the disk D(s*, R),

|1 _Hn*(s)l = |1 _Hn*(SO =50 +5)| = |1 _nso—sl
so —s|logn* S (R—r)logn*

— |1 _ e(so—s)logn*l > |

2 - 2
Therefore, it is enough to choose R so that
k
1 R-r)logn*
< (R=nlogn’,
L(M_M) 2
2 2\ logn* log n

or just,

k
1
R= CG [ loglog n* _loglogn# ) ] ’

1
2 2 ( log n* log n#
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With this choice of R, we conclude that F} -(s) has a zero §; . that satisfies

Bt —s*1 = OG(nE),

and in particular

loglogn* N logla,:| +loglog n* —log(logn* —1)

RepB; ~ =
ePrc =k log n* log n*

3.2.3 i and Re 8] - are exponentially close

By definition of f ¢, for all € > 0 there exists a function

—~ X _14+é&logn+ -+ (=11 logk n
Fk,G(S):Z 1108 (-1) k108

nP
n=2

and a p € C so that l?k,(;(p) = 0 and B c — € <Rep < By . Suppose that ¢ = (¢},

+Og(115).

(3.6)

..., Cy) is the

vector that corresponds to F. Moreover, let 6 = Rep — [)’Z G Without loss of generality, we can

assume that € <y ¢ — B ; so that 6 > 0. Then,

1=1 —fk,G(p)s anizlp (1 +logn+---+logkn)
2

|an*|

= (e (1 +logn* +--- +log" n*)+OG(17é)
o age log"* 1 n* -1 P
~ (n*)Rep logn* -1 +Oclic)
|a *l *
<2 e log" '+ Ol
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since Rep > f; - =s"+ (9(;(172).

On the other hand,

_ * k |an*| * k * k
1= |H”*(/3k,G)| +OG(T]G) > (n*)R—eﬁZ’G(lOgn + - +10g n — 1) +OG(1/’G)
> _awl —log* n* + Og(nk).
(n*)Re/gk,G G

We put together the above inequalities

|an*|

mlogk n"+0g(nE) <1<2 e log" n* + O (11E),
and get )
ot (1735 =0a08
Now, since )
iZg’f = e — (0 0g(1)
we have

1
55 2 1+06(16),

and we get that 6 = OG(qé).

3.3 Relevant numbers

In this section, we work with the Dirichlet L-function

L(s,x)= i)((n)’ Res>1,

ns
n=1

associated to a Dirichlet character y modulo 4.
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For a vector = (1, Cy,...,¢x) € C* with ||c]|< 1, define
Ey(s) = L(s, x) +c1L'(s, ) + -+ L®s, x). (3.7)

For each fixed Dirichlet character x, denote by f , the supremum of real parts of all zeros of
all combinations as in (3.7). Theorem 3.2 gives the asymptotic formula for i , when k is large
enough, where the relevant number n* is determined by the unique integer n with x(n) = 0,

which maximizes lofgo l;fn In other words, the relevant number is the first number 7 in Table 3.1

below, for which x(n) = 0.

loglogn loglogn loglogn loglogn
n logn n logn n logn n logn
15| 0.367877... | 21 | 0.365687... | 28 | 0.361213... | 45 | 0.351161...
16 | 0.367808... | 22 | 0.36509... : 46 | 0.350649...

14 | 0.367715... | 11 | 0.364733... | 32 | 0.358632... | :
17 | 0.367573... | 23 | 0.364468... | 9 | 0.358268... | 65 | 0.342318...
13 | 0.367235... | 24 | 0.363829... | 33 | 0.358004... | 7 | 0.342117...

18 | 0.367214... | 25 | 0.363180... | : 66 | 0.341942...
19 | 0.366765... | 26 | 0.362526... | 43 | 0.352212... | 67 | 0.341571...

12 | 0.366306... | 10 | 0.362216... | 8 | 0.352065...
20 | 0.366251... | 27 | 0.361869... | 44 | 0.351682...

loglogn

Table 3.1: List of values of I
ogn

in decreasing order.

We begin by proving Theorem 3.3.

Proof of Theorem 3.3. First observe that the relevant number to an L-function depends only on the
modulus of the corresponding character. We separately check which multiples of small primes
can be relevant. One can immediately notice that the only even relevant number is 16. Indeed, if a
number 2m is relevant to some character x, then x(2m) = 0 implying x(2) # 0, hence x(16) = 0.
However, 16 appears earlier in Table 3.1 than any other even number, so 16 must be the relevant
number to x. The existence of characters whose relevant number is 16 is clear when one takes a

character of modulus g with (g,2) =1 and (g,15) # 1. Next, any odd multiple of 3 being relevant
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means x(3) = 0, hence x(27) # 0. Since any odd multiple of 3 other than 15 and 21 appear
in Table 3.1 later than 27, the only possible relevant numbers divisible by 3 are 15,21 and 27.
Again, all three can appear as relevant numbers if one chooses the modulus g appropriately: 15
is relevant to any character modulo g with (g,15) = 1; 21 is relevant to those characters modulo
q with (¢,21) = 1 and m|q where m = 2,5,13,17,19; 27 is relevant to those with (g,3) = 1 and
m|q, where m = 2,5,7,11,13,17,19,23. The reader can similarly verify that the only relevant
numbers that are a multiple of 5 are 25 and 15, those that are a multiple of 7 are 21 and 49, and

all the primes p > 11. O]

To understand how often an integer n appears as a relevant number to some Dirichlet L-function
we introduce the following notation. First, write R(x) := R(q) for the relevant number corre-

sponding to the character y modulo g. Next, we define

L 1 Y ¢

q<x x (mod q) q<x
R(x)=n R(x)=n
h(r,x) = = : (3.8)
r X 1 Yo
q<x X (mod q) q<x

and set h(n) := lim h(n,x). The number h(n) represents the probability of n being relevant.

X—00

In the limit, as x — oo, the denominator has the asymptotic formula (see for instance [HW54],

Theorem 330, p. 268)

Z(f)(q) = %xz +O(xlogx). (3.9)

q<x
The following two lemmas will provide us with an asymptotic formula for the numerator.

Lemma 3.4. For any fixed square-free integer D, and any x > 2,

2
q<x T plD
(g.D)=1 p prime

Z ¢(q):ix2 I_[ I%+OD(xlogx).
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Proof. Using the fact that ¢(q) =¢q ) @ and changing the order of summation as necessary,

dlg
we find that

g=<x g< dlg
(g.D)=1 (9.D)=1
_ p(d)
1<d<x q<x
dlg
(g,.D)=1
p(d) .
TZ@ Zﬂ( )
1<d<x g=x 4|D
dla dlq
= p(d)
= u(d) Z a Z
iiD 1<d<x q=x

Moreover, it is easy to see that

q<x
dlg, dlq

Therefore, using (3.11) in (3.10), we have

x2 . u(d) 1
; ¢<q>—72y<d>1; el 2 g
(D)1 P - b T
x? ~ (d)-(d,d
:?ZM( ) Z a d)2 7 +Op (xlogx)
d|D 1<d<x '
x? (d) (d)-(d,d) 1
:?Zﬂj Zﬂ ¥ +0O XZ'ZZE +Op (xlog x)
d|D a1 d|D d2x

= Cp - x>+ Op(xlogx),
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where

Let

and suppose that the square-free integers D and d have the prime factorizations D = p; ---py -

q1---qandd = py---pg-1ry -1, where py,..., Pr, 415,491, 11, - ., 13 are all distinct primes. Then,

Apa = Z p(ab)-(d,ab)

ab
alpy-pk
blg1-q;
_ Y
b
alpy-pk
blg1-q;

= ) ua) ) @

alpy-px blg1-q;

It is clear that Ap ; = 0 when p;---px > 1, or in other words, when (D, d) > 1. On the other
hand, if (D, d) = 1, then

A= pb) _¢lq1---q1) _ ¢(D)
D= - qeqq D
blgy--q;
and so
o _9(D) 15 p(d)
b= "D 24 42
d>1
_¢(D) 1
o 10
ptD
p prime
1 ¢(D) 1\
20(2) D L_D[ (1 17)
p prime
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p prime

The next lemma follows from the previous one by induction.

Lemma 3.5. For any square-free integers d and D, with (D,d) = 1, and any x > 2,

Z g nz ]_[ P+l ]_[ q_l_—1+ODd xlog x). (3.12)

q<x pID
(g,.D)=1 p prime r przme
dlg

Proof. We proceed by induction on the number of prime divisors of d. For d = 1 the formula
reduces to Lemma 3.4. Assume that the inductive hypothesis is true when d has m prime divisors.

In that case,

Yo oe@=) ¢@- ) ¢@

qsx q<x q<x
(¢.D)=1 (g,.D)=1 (g.D)=1
V1“'Vm+1|q Tl"'rm"] (q'rm+1):1
rl"'rmlq
l_[ +1 ]_[ i+l
p|D p 1
p prime
3 T i 1
——2x2Lj_1 ]_[ il l_[ 1 +Op,4(xlogx)
r ri
TC m+1 P|D p i=1 1
p prime
l_[ ]_[ e Vo 4(xlogx)
p+1 rl+1 Tme1 +1 D,
prlme
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m+1

3 5 p 1
=— +0 1 ,
— H p+1 l,_[ri+1 p.d(xlog )
pID i=1
p prime
and the proof is complete. [

We now have all the necessary tools to prove the following theorem, which gives the frequency
for each relevant number.

Theorem 3.6. For all primesp > 53,

The values of h(n) for the other relevant numbers n are given in Table 3.2 below.

Proof. Let d,, be the product of all the primes less than p. One can easily check that for primes
p > 53, the condition R(x) = p is equivalent to (p,q) = 1 and d,|q, where q is the modulus of x.

By Lemma 3.5,

3 1
)@= ) d@= "0 [ ] o Onglxlogx)

q<x q<x r prime
R(x)=p dplq r<p
(p.9)=1

Taking the limit as x — oo in (3.8) we get the desired result for p > 53.
To find h(n) for the remaining relevant numbers, one should apply (3.12) with appropriate D and

d. For example, 15 is the relevant number to a character modulo g if and only if (¢, 15) = 1, so we
3 5 5
3.12) with D = 15. Taking the limit in (3.8 t h(15) = —— - —— = —. Similarly, 13
use (3.12) wi aking the limit in (3.8) we get h(15) 3.1 551" g Similarly,

is relevant to any character modulo g with (9,13) =1, and (¢,15) # 1,(9,2) # 1 and (¢9,17) = 1.

42



In this case, D =13 and d = 2-15-17 and the numerator of (3.8) becomes

Y o= ) ¢@= Y ¢@- ) @
g=x g<x

< q<x q<x <
R(X):l3 (‘%13):1’ (qu3):1 (%1335)21
2:15-17|q 2-17|q 2:17|g

3,31 1 3 ,13 351 1

= — —_ . — — PR —_— e — e — e — . JE— Ol
2512318 051316 3 18 TOlosx)
3 2

= —X -
2% 2016

+O(xlogx),

13

and therefore h(13) = 016"

The verification of the remainder of Table 3.2 is straightforward, and so we skip the computations.

]
n h(n) n h(n) n h(n)
187 1 37
11 11612160 21 138240 37 3812504371200
13 13 23 391 41 41
2016 278691840 160125183590400
15 2 25 | L |43 43
8 20901888 7045508077977600
16 1 27 | e | 47 27
4 278691840 338184387742924800
17 VA 20 | 22— | 49 1
H%% 3135%%3200 386496443134771200
19 40320 31 100329062400

Table 3.2: List of values of h(n) for relevant n < 53.

Remark. It can be checked that the sum of values of h(n) from the table along with the sum of h(p)
forp > 53 is indeed 1.
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Chapter 4

Monotonicity properties of
L-functions

4.1 Introduction

A number of interesting results on the horizontal monotonicity of various Dirichlet series, for in-
stance, for the Riemann zeta function and related L-functions, have been known, some of which
can be attributed to Spira [Spi65b], Saidak and Zvengrowski [SZ03], Matiyasevich, Saidak and
Zvengrowski [MSZ14], Zhang [Zha14], and the references therein. Concerning horizontal mono-
tonicity along the real line, Alzer [AB02] proved the monotonicity properties of a function re-

C(s)

is that of being completely monotonic and logarithmically completely monotonic. A function

1/(s—a)
lated to the Riemann zeta function given by (1 - —) . A finer property than monotonicity

f :(0,00) — R is said to be completely monotonic (CM for short) if it has derivatives of all or-
ders and satisfies (—1)”f(")(x) >0 forall x>0,n=0,1,2,.... The notion of a logarithmically
completely monotonic function was first used by Attanassov and Tsoukrovski [AT88] in their
investigation of properties of completely monotonic functions. A function f : (0, c0) — (0, c0) is

logarithmically completely monotonic (LCM for short), if (log f (x))(k ) exists for k > 1 and
(=1)"[log f(x)]¥) > 0,

for all x > 0 and k > 1. Attanassov and Tsoukrovski also showed that the class of LCM functions
are contained in the class of CM functions. Considerable work has been done by various authors

in providing new classes of CM and LCM functions and proving properties of these functions, see

for example [QGCO06], [Che07], [QG09], [CE15], and the references therein. Most of the classes
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of functions studied above involve Euler’s gamma function, digamma, polygamma or certain
combinations of gamma function. When it comes to other classes of functions, a good example
is the Riemann zeta function, whose LCM property follows by simply looking at the Dirichlet
series of its logarithmic derivative. For the Dirichlet L-functions, it was proved in [DRZ14] that
the Dirichlet L-functions associated to real primitive characters are not LCM. One is naturally
interested in examining LCM properties for other Dirichlet series not restricted to Dirichlet L-
functions or C(s). The purpose here is to expand the class of Dirichlet series whose LCM property
is known. We describe a large class of Dirichlet series that are not LCM, including the Dirichlet
L-functions, the derivatives of the Riemann zeta function, and the Ramanujan-tau L-function

among others. This class is defined as follows:

Let A be the class of those real Dirichlet series G(s) = )_ a,/n°, which satisfy the following four
n=1
properties:
1. G(s) has finite abscissa of convergence o,,.

2. G(o)> 0 for o > a,.

3. G(s) has a meromorphic continuation to the whole complex plane with finitely many
poles By, B2,..., B of orders py, py, ..., piyy, respectively, and the function (s — fq)F1... (s —

Bm)FmG(s) is entire of order 1.

4. If we define £ = {real zeros} U {poles} and y = max{Rez: z € £}, then G(s) has a complex

zero p with Rep > p.

We have the following theorem whose proof is the content of Section 4.2.

Theorem 4.1. For any real Dirichlet series G(s) = )_ a,/n’ in the class A, there exists a real A
n=1
such that G(s) is not logarithmically completely monotonic in any subinterval of [, o0).

Section 4.3 is devoted to examples of functions in A with two notable examples being C’(s) and

the L-function associated to the Ramanujan-tau function.

In the same spirit of studying signs of derivatives of logarithms of Dirichlet series, we are tempted
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to know, for a fixed k, the sign changes of the kth derivative of the logarithm of a Dirichlet series
at any two distinct points. In Section 4.4, we investigate this question for the Ramanujan-tau
L-function and the answer to which yields another formulation of the Riemann Hypothesis for

this L-function. The Ramanujan-tau function 7(#) is defined as the coefficient of x" in the power

series expansion of the product x H (1- x")24. That is,
n=1
ZT(n)x” =x| |(1-x")%
n=1 n=1

Mordell proved that 7 is a multiplicative function and that

t(p"™) =t(p)r(p) -p" ' (p")

s

where p is a prime and r a positive integer. We consider the Dirichlet series associated to T

L=y W,

ns
n=1

which is absolutely convergent for o = Re(s) > 13/2, but we will instead work with the normal-

ized or shifted L-function given by

w=y

n=1

for 0 > 1. L(s) is entire and satisfies a functional equation given by

(27{)_5T(s ; %)L(s) _ (271)5_11’(§ —s)L(l _s),

from which one finds that the trivial zeros of L(s) are at the poles of T (s + % ), i.e. the halfintegers
—-m—11/2, m > 0. All the non-trivial zeros lie in the critical strip 0 < ¢ < 1 and the Riemann

Hypothesis for L(s) asserts that they lie on the critical line 0 = 1/2. For any k > 1, denote by
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FK)(s) the k-th derivative of log(L(s)). Define a function
G:[1/2,00) = B, (4.1)

where the set B consists of functions f : N — {-1,0, 1} with the equivalence relation f ~ g, if
f(n) = g(n) for all n large enough. For every s € [1/2, ), G(s) € B where G(s) : N — {-1,0, 1}
defined by G(s)(k) := sgn(F ¥)(s)). Using this function, we have the following formulation of the
Riemann hypothesis for L(s).

Theorem 4.2. Let py = % + 1Y be the non-trivial non-real zero of L(s) with the least imaginary

part yo. Then the Riemann Hypothesis is true for L(s) if and only if G is injective in the interval

4.2 Proof of Theorem 5.1

We begin this section by introducing some notation necessary to prove an auxiliary result. Unless
otherwise mentioned, here and in what follows s will denote a real variable. For s > p, denote by

[(s), the distance between s and the set of zeros of G, that is,
I(s) := min(js - p| : G(p) = 0},

and also define

A=inflc>p:s>c=|s—pul > 1(s)}.

Let pg = Bo + iy be a zero of G(s) such that o = min{Imp : G(p) = 0, Rep > p}. For s >

2
%(pt+[)’0+ [2;%”), we have

(s—p)% > (s = Bo) + 70> = (1(5))°,
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and therefore A < %( U+ po+ %) Moreover, notice that for s > A the minimum [(s) must be
attained at a zero p of G to the right of the line Res = p.

Lemma 4.3. Assume that the Dirichlet series G(s) = E a,/n’, where the coefficients a,, are real, is
in A. Then for any fixed t > max{JA, o,}, where A is ans_clzbove and o, is the abscissa of convergence

of G(s), there exist an € > 0, a unique zero pq ; of G with Re(py ;) > p, and a zero p, ; such that for

all s € (t,t + €), we have

ls = prel <ls=pasl <ls—pl,
forall zerosp # p14,01¢-

Proof. Fix t > max{J, 0,}, and let p; ; be the zero of G with maximum real part among those zeros
for which the minimum [(¢) is attained. Take any s* > t and denote by R(f,s") the closed region
that lies inside the circle centered at s* with radius [s* — p; 4|, outside the circle centered at t with
radius /(#), and above the real line (see shaded region in Figure 4.1). The perpendicular bisector
of the line segment joining p; ; and any other zero p in R(¢,s*), crosses the x-axis between t and
s*. The collection of all such points of intersection with the x-axis is a finite set, and therefore
there exists a 91 > 0 for which the interval (¢, + 0;) is free of such crossings. We claim that for
any s € (t,t + 01), the minimum distance from s to a zero of G is attained uniquely at p; ;. On
the contrary, suppose that there is an s in the above-mentioned interval and a zero p; of G such
that [s — ps| < |s — py ¢|. It follows that p; is in R(t,s*) and that the perpendicular bisector of the
line segment joining p; and p; ; divides the plane into two half-planes leaving s and p; on one
side, and t and p; ; on the other. In other words, the perpendicular bisector crosses the real axis

between s and f, contradicting the fact that the interval (¢, + ;) doesn’t include such points.

Next, we consider p, ; to be the zero of G with maximum real part among those zeros for which
the minimum [(t) := min{|t — pl: G(p) =0, p # p1,} is attained. Repeating the above argument

where we replace [(t) by I(t) and p; ; by p, s, produces a 9, > 0 with the following property: for

any s € (t,t+0;), the minimum distance from s to a zero of G other than p ; is attained uniquely

at p2,t-
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Figure 4.1: Region R(t,s") for typical ¢.

Taking € = min{dy, 9,} completes the proof. O

By Hadamard’s theory of integral functions, the entire function of order one, g(s) = (s—f1)"1 -+ (s—

Bm)mG(s), can be written as

) = 5! elAstB) ]_[(1——)6" (4.2)

p

where A and B are constants, [ > 0 is possibly the order of s = 0 as a zero and the product is over

the nonzero roots of G(s). Taking the logarithmic derivative of (4.2) gives

ey GG LN H RN
P(s)_G(s)_A+ +Zs—ﬁ1 Z(S_p+p). (4.3)

Differentiating the above expression an additional k — 1 times, yields the following representa-

tion
m

(k) —(_1\k-1/1 _ L_ Hi :
F¥(s) = (-1)"(k 1)!(Sk th(s—ﬁi)k+;(5_(7)k]'

1=

We now proceed to the proof of Theorem 5.1 where the above representation is used to prove
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infinitely many sign changes of F¥)(s).

Proof of Theorem 5.1. Suppose I is a fixed subinterval of [A, c0) and let ¢ be an interior point of I.

If €, p1+ and p,; are as in Lemma 4.3, then for any s € [a,b] CI N (t,t + €), we have

B e, 1 1 1

P#P1P]
Ifwelets—pp, = r,€'%, then the above becomes
1YY k=1) k
Fik(g) = £ ]E ) (ZCOS(kGS) +z(5) -
Ts S
m ’ k . k
- — - . 44
Lol & (5]}
P#P1,0P1t

It is not hard to see that

m k
rS
l;”i(s—/ji)

k m
< [Zw]-Lk
i=1

m t

N

sZIyzl‘s_ﬁi
=1

and
k

e

where L:= sup sup ss_ff;ft <land M := sup |#| < 1. Note that when s = 0 is not a zero
1<i<m se[a,b] ' s€fa,b]
of g(s), we have I = 0, and the last estimate becomes redundant.

S

:l_|s—Pi
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Moreover,

k k
I C IR N
s— s—
P P P P
P#P1,t:P1,t P#P1,t:P1t
k-2
_ 2 1 |s—pis
- |S - pl,tl 2
5 ls=pl*l s-p
P#PLEP1Le
k-2
2|5 Pt 1 k=2
B Ll 1 L
S—P2t 5 lc—pl
P#P1,001t
where K := sup % <1 and the constant C, , ; depends only on 4, b and G.

s€[a,b]

The above estimates turn (4.4) into

k—
Flhg) = EY jk_wwzamm99+c%hdqh) (4.5)
Ts

with § = 1,4, == max{K,L,M} < 1.

For s € [a, b] we have that 6, is between 6, and 0}, and since for all large enough k, |kO, —k6,| is
at least 27, cos(k6;) attains all the values in the interval [-1, 1]. Also, for large k, the error term
in (4.5) is negligible. Therefore, for all large k, F(X)(s) changes sign in [a, b] implying that G(s) is

not LCM in these intervals. OJ

4.3 Examples of functions in class A

Let s = o +it. Recall,

By analytic continuation, C’(s) can be extended to the whole complex plane with an exception

of a pole of order two at s = 1. Moreover from [LM74b], for n > 2, there is exactly one trivial
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zero of C’(s) in the interval (—2n,—2n + 2) and there are no other zeros for Re(s) < 0. Some of
the non-trivial zeros of {’(s) have been computed numerically, see Figure 1 in [DnFF"10], and
one finds the existence of imaginary zeros of C’(s) with real part strictly greater than 1. All these
properties together imply that C’(s) is in A. This critical implication combined with Theorem 5.1
also presents us with an important and first example of an arithmetic function whose associated

Dirichlet series is CM, but not LCM.

The Dirichlet L-functions satisfy the first three conditions to belong to .A. Moreover, it is proved
in [CS02] that there exist infinitely many (at least 20% in a suitable sense) of all primitive quadratic
Dirichlet characters whose Dirichlet L-functions do not vanish on the line segment [0,1]. And
since these have infinitely many zeros on the critical line o = 1/2, it follows that these functions

also satisfy condition (4) of the definition of the class .A.

In the context of more general L-functions, in practice, if a concrete L-function is given, one can
first check whether or not this L-function has any real zeros (or poles, if it is the case) in the critical
strip. If it does not, then the given L-function will satisfy condition (4), since all L-functions have
infinitely many nontrivial zeros inside their critical strip. This is for example the case with the
L-function associated to the Ramanujan tau function. Conjecturally, all self-dual modular form
L-functions which do not vanish at the central point should similarly satisfy property (4). On
GRH, if an L-function has a zero at the central point, then it is not in .A. But if it has no zero at
the central point, then it is (at least on GRH) in .A. Recently, the notion of super-positivity has
been introduced into the theory of L-functions by Yun and Zhang [YZ17]. An automorphic self
dual L-function has the super-positivity property if all derivatives of the completed L-function at
the central point s = 1/2 are nonnegative and all derivatives at a real point s > 1/2 are positive.
Goldfeld and Huang [GH16], [GH18] have shown that at least 12% of L-functions associated to
Hecke basis cusp forms of weight 2 and large prime level g have the super-positivity property.
They also proved that at least 49% of such L-functions have no real zeros for Res > 0, except

possibly at s = 1/2. As a consequence of their results, for each of these more than 49% of such L-
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functions, whether condition (4) holds true or fails is completely determined by the value at s = 1
and by the Riemann Hypothesis being true or false for that particular L-function. To be precise,
if the L-function in question vanishes at s = 1/2 then the L-function satisfies (4) if and only if
RH fails for the given L-function; if the L-function does not vanish at s = 1/2, then condition (4)

is satisfied regardless of whether or not RH holds for that L-function.

4.4 Monotonicity of Ramanujan tau L-function

In the case of the L-function associated to the Ramanujan tau function L(s), one can explicitly find
an interval in which L(s) is not logarithmically completely monotonic. Such an interval can be
obtained since the location of the zeros of L(s) is well-known ([Spi73]). Although we know that
L(s) is not LCM in certain intervals, it is not known if L(s) is CM or not and we pose this question
to the interested reader. The non-trivial zero with the smallest imaginary part lies on the critical
line 0 = % and has imaginary part y( =~ 9.222. From the discussion at the beginning of Section
4.2, and since p = —=, we conclude that L(s) is not logarithmically completely monotonic in

2
(A, 00), where A, = )1/—" - %

We first state and prove a coloring lemma which will help us prove Theorem 5.2.

Lemma 4.4 (Coloring Lemma). Let «, 8,0 be real numbers such that 0 < o < i, 0<p< zlp

0 <6 <min{, g % a, i -B} < Lz Color the real line with three colors such that for any x € R,
x is green if {x} € [0, %l— )N (% 0, 1),xisyellowif{x}€[1—6,i+6)ﬂ[1—6,1+5], and finally
x isred if {x} € (i 6 —0). If the sets

{k € N : ka is green and k3 is red} and {k € IN : ka is red and k3 is green}

are finite then o = f5.

Proof. This scheme of coloring yields the following relations between the colors of pairs of real
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numbers.
1. There are no integers m € Z such that both ma, (m + 1)a are yellow.
2. If n € Z is such that na is green then at least one of (n+ 1)a or (n— 1)« is green.
3. If n € Z is such that na is red then at least one of (n+ 1)a or (n—1)a is red.

4. If n € Z is such that na is yellow then either (n+1)a isred and (n—1)a is green or (n+1)a

is green and (n — 1)« is red.
The above statements remain valid if we replace a by p.

Let k* be an integer that is strictly larger than any element of the two finite sets provided in the
statement of the lemma. For any k > k*, if ka is green then kp is either green or yellow, and if ka
is red then kp is either red or yellow. Now, fix m > k*, such that ma is green. Since my > k",
the color of mf is either green or yellow. If mf is green, then set kg := m. If myp is yellow,
then by statement (4) above, one of (my—1)B and (m( + 1) is green and the other is red, and
for simplicity, let us assume that (11 + 1) is green and (1 — 1) is red. Meanwhile, since mya
is green, statement (2) implies that at least one of (my + 1)a or (mg— 1)a is green. However,
mo—1>k* and (mg—1)p is red, so (my — 1)a cannot be green. Therefore (1 + 1)« is green,

and in this case, we set ky := my + 1.

By a similar argument, if (my —1)p is green, one can deduce that (17— 1)« is also green and we

set ko := mg— 1. In any case, kj denotes an integer for which both kga and kyp are green.

Denote by I, the green interval that contains kga, and by ], the green interval that contains
kop. These intervals will each be of the form (r - }1 +0,7+ i - 6) for some r € Z. Next, de-

note the green intervals following I by I;,1,...,1,,..., and the green intervals following ], by

]1)]2;---,],”,....

Claim 4.5. For any integer j > 0, there exists an integer K; > kg such that K;a € I; and K;B € J;.

Proof of Claim. We prove this by induction on j. For j = 0, we take K, = k(. Assume the state-
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ment holds for j =, i.e. there exists an integer K; > kg, such that K;a € I; and K;f8 € J;. Let m,
be the smallest integer m for which (K; + m)a € ;1 and (K; + m + 1)a € I},1. The existence of
such an integer follows from the observation that the interval I}, has length at least 2a. On the
other hand, neither (K; + m)p, nor (K; + m + 1) are red, because K; + m > ky. Moreover, they
cannot both be yellow, since (K; +m + 1) — (K; + m)p = p and 20 < < %1 +0< % — 20, and
the intervals colored with yellow have length 26 and are at distance at least % — 20 from each
other. We choose K;, 1 = K; +m, if (K; + m)p is green, otherwise we take K;,; = K+ m + 1. This

completes the proof of the claim.

Therefore, for any j > 0,

.1 .1
KjaeI]-:(r1+]—1+5,r1+]+1+6),

and

.1 A T
K]-/%elj:(r]+]—1+6,r]+]+z+b).

Hence, for j large enough, K;a = j +O(1) and K; 8 = j + O(1). This implies that % = é + O(%),

and ? = % +O(%). Taking j — oo, yields a = B. O]

Let us first prove the necessary implication in Theorem 5.2. Assume L(s) satisfies the Riemann

Hypothesis. We show that the function G from (4.1), is injective in the interval (c, co).

In order to show this, we show that for any ¢ < s; < s,, there are infinitely many integers k such

that sgn(f(k)(sl)) # sgn(}"(k)(SZ)). We now prove part (1) of Theorem 5.2.

Proof of Part (1) of Theorem 5.2. Under the Riemann hypothesis for L(s), for all s > A, the mini-
mum [(s) is attained at the non-trivial zero py = % +1yp. Fix 51,5, > A, with s, > s51. Following

the proof of Theorem 5.1, for all s € [sq,s,], we have

(-1 (k-1)!

7= o
— 0

(2 cos(kB,) + Osl,SZ,L(Wk))’
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with# = sup

‘1) < 1, where p; is the second zero of L(s) on the critical line.
s€[s1,5,]

5P
5=p
If O,, and O, are the arguments of s; — pg and s, — p, respectively, then 0 < 6,, < 0, < 7.

% p =22 and 0 < 5 < p/2 = min{a/2, /2,1 — a/4,1 — p/4). This choice of a, B

2’

Let a =
and 9 satisfies the requirements of the Coloring Lemma, except that a # 8. Therefore, there are
infinitely many integers k such that ka = ke— is greenand kf = ke— is red (or there are infinitely
many integers k for which ka is red and kg is green, but one can similarly reach the same results).
This implies that infinitely many { } lie in (O, 411 6) ( +9,1 ) and infinitely many {ke } lie
in the interval ( +9, 3 6). Therefore, we get infinitely many k € IN for which sgn(cos(k6y,)) #
sgn(cos(k0,)), and sgn(FK(sy)) = sgn(cos(kB;, )) and sgn(FK(sy)) = sgn(cos(k0,)). O

Next we prove part (2) of Theorem 5.2. We show that if the Riemann hypothesis for L(s) fails

then G is not injective in the interval [c, c0).

Proof of Part (2) of Theorem 5.2. Assume for the moment that there is only one zero p; of L(s)
lying above y = y, and to the right of the critical line. Denote by s, and sy, the points of in-
tersection of the x-axis with the lines perpendicular to the line segment joining py and p; that
pass through p( and py, respectively. Note that s; > sy > A, and if we let sy — py = roe'? and

-p1 = r1e'9, then I(sg) = ro and I(s;) = ry. By Lemma 4.3, we can find an € > 0, such that
for all s € (sg, s + €), the minimum distance I(s) is attained at pg, and for all s € (s1,s; + €), the
minimum distance [(s) is attained at p;. Using the fact that the sequence {#n+/m} with m any fixed

positive integer greater than 1, is dense, one can find integers a and g, such that

i<oz+/3\/ﬁ<min(

arg(so+€—pg) arg(s; +€—py)
27 '

27 ’ 27

Therefore, there exist s” € (sg, 5o+ €) and s” € (sy,s; + €) for which s’ —pg = I(s")ei2m(a+pVm) and

s” —po = 1(s”)ei2mla+pym) Following the proof of Theorem 5.1, we have

FW(s) = (—1)k‘1(k—1)![ 2 kcos(2nk(a+/5ﬁ))+5(s')],

I(s”)
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and

FR(s7) = (1) k- 1)!

” 2 g cos(2mk(a + pym)) + S(s”) |,
S//

where |S(s”)], |S(s”)| < C - j*, with the constants C and ] depending only on s’, s” and L.

Using arguments similar to those in [DRZ14], one can show that there exists a positive constant

Cq,p- such that for k large enough and any integer r, [4k(a + p/m) + r| > Ci’ﬁ . Now for [ such

that either [4k(a + f\m) + 1+ 41| <1 or |4k(a + By/m)—1 + 41| < 1, we can write,

|cos(2mk(a + b\m))| = |sin(27ck(a + b\m)) + 70/2))
- |sin(%(4k(a +bym) =1+ 41))]

> |4k(a+bVm) +1 + 41|

for all large k. This implies that for distinct points s’ and s”, F ¥)(s”’) and F¥)(s”') have the same

sign for all large enough k and so G is not injective on [, 00).

Recall that so far we worked with the assumption that p; is the only zero to the right of the
critical line. If there are more such zeros, we choose p; to be the one with the smallest imaginary
part among the zeros with the property that the line joining py and p; has slope smaller than or

equal to that of the line joining p( and any other p to the right of the critical line. [
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Chapter 5

Walks to infinity

5.1 Introduction

In his well known book on unsolved problems in number theory ([Guy04]), Richard Guy mentions
the following problem: is it possible to walk to infinity stepping only on Gaussian primes and
taking steps of bounded length? The problem proved to be exceedingly difficult, and very little
is known at present. Taking the difficulty of this problem into account, it may be worth studying
the following related question, which in theory should be easier. Suppose that besides Gaussian
primes we collect in a subset P of the complex plane all the primes of all rings of integers of all
imaginary quadratic fields. Then ask a similar question to the one above: is it possible to walk to

infinity stepping only on points in P by taking steps of bounded lentgh?

This problem has both an algebraic flavor and an analytic flavor. In connection with the algebraic
aspect, one knows that there are only nine imaginary quadratic number fields with class number
1. For all the other imaginary quadratic number fields the corresponding ring of integers is not
factorial. One has unique factorization in prime ideals, not in prime elements of the ring of
integers. Therefore, by choosing a prime in such a ring, we mean choosing a prime ideal. But
then such an ideal will not correspond to a point in the complex plane, unless the ideal is a
principal ideal. In that case, the ideal will be generated by an element in the ring of integers, and
that element will then be an acceptable element of P. Thus, in order to create a walk stepping
only on points from P, one needs at each step to find a suitable imaginary quadratic number

field, and in its ring of integers find a suitable prime ideal which is principal, and generated by
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an element that lies in a prescribed neighborhood where one intends to step in.

In connection with the analytic aspect, the problem is surprisingly connected to some famous and
notoriously difficult unsolved problems. The connection is as follows. On one hand, the norm
of a prime ideal in a quadratic number field is either a prime number or the square of a prime
number. The squares of primes form a sequence that is much more sparse than the sequence
of primes. Therefore, if one is to succeed to construct a walk on P with the desired properties,
one would very likely need to use the sequence of primes rather than squares of primes. On
the other hand, the norm of a prime ideal which in addition is principal can also be obtained
by computing the norm of its generator. Since this generator belongs to an imaginary quadratic
number field, its norm also equals the square of the distance from this generator to the origin. In
conclusion, each element of P lies on a circle around the origin at distance a prime number or the
square root of a prime number. Now, if there are large gaps between two consecutive such circles,
then of course there is no way to jump from points in P which belong to one of these circles to
points in P which belong to the second circle. Thus, if the sequence of gaps between consecutive
circles is unbounded, then the above problem will have a negative answer. This, however is not
what one expects. In fact, a well known conjecture in number theory states that between any
two consecutive squares of integer numbers there exists at least one prime number. This is not
known in general, not even assuming the powerful Riemann Hypothesis. If we do assume this
conjecture about squares and primes, then, taking square roots, we deduce that between any two
consecutive positive integer numbers there exists at least one square root of a prime. In other
words, at least one of the above circles of radius square root of a prime passes between those two
consecutive integers. In this scenario the distance between any two consecutive circles is less
than 2. This means that one can jump from one circle to the next by using steps of length less
than 2, but it does not mean that one can use a step of length less than 2 to jump from a point
on the first circle which belongs to P to a point on the second circle which also belongs to P.
Here we remark that there are only finitely many points in P which belong to a given circle. This

follows from the fact that for each imaginary quadratic number field, an integral basis involves
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square root of the discriminant, and if the discriminant is large enough the ring of integers will

not produce any new points in 7 on the given circle.

One direction would be to study the distribution of those points from 7P which belong to the same
circle, the goal being to estimate the size of the arcs which join such points along the given circle,
and see if the arcs are small enough to allow jumping from one point in P to the next point in P
along the circle. A second part of this project would be to study more general walks on the same
set P as above, where the length of the steps is not forced to be bounded throughout the walk.
In this more general context, a natural choice would be to consider walks where the length of
the steps is allowed to increase logarithmically as a function of the distance to the origin. The
choice of a logarithmic increase is reasonable for at least two different reasons. One reason is that
in such scenario the problem cannot be solved by only using walks along the real axis, in other
words by only using walks on prime numbers, in view of the occasional larger than logarithmic
gaps between consecutive primes. Therefore, for walks using steps of logarithmic size, walks on
rational primes are not sufficient and one needs to make use of intrinsic properties of primes in
rings of algebraic integers of imaginary quadratic number fields. A second reason for choosing
steps of logarithmic size is that in this context one does not need to assume the conjecture on
the existence of prime numbers between consecutive squares. Instead, in order to control the
distance between consecutive circles of radii square root of primes one may assume the Riemann
Hypothesis, a hypothesis which is frequently assumed by researchers in analytic number theory.
Under the same hypothesis, an additional part of the project would be to establish whether there
exist walks as above which also have the property that the trajectory passes through almost all

the points in the given set P.
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5.2 Main results

5.2.1 Existence of a path to infinity

Let C denote the collection of all imaginary quadratic number fields, that is
C= {Q[@] :d>0andd squarefree}, and let O represent the ring of integers of the imaginary
quadratic number field K. Define the set of “stepping stones” as P = {a : a € Ok for some K €
C and (a) is prime}. Note that if @ = a + bV—-d € P, then |a| must be a prime or the square root

of a prime, and that a and b will be integers of half-integers, depending on d.

In the following theorems, condition 1 says that the z,’s form a walk in our set P of primes
in quadratic imaginary number fields, condition 2 means that these are “walks to infinity”, and
conditions 3 and 3’ show that there are such walks for which the length |z, — z,,| of the steps is
not too large in terms of |z,,|.

Theorem 5.1. There exists a sequence (z,,),eN Of complex numbers satisfying the following prop-

erties:
1. z, €P foralln e N,
2. |z,| = o0 as n — oo, and

3. |Zps1 — 2ul < |2,4|V?° for all n large enough.

Proof. Let z,, = \/—p,,, where p,, is the n-th prime number in Z. For each fixed n, the ideal (z,,)
is prime in the ring of integers of Q[+/=p,, |. We use the unconditional upper bound on the n-th

prime gap obtained in [BHP01] and valid for large , to get

Pt < P+ P20 < (VD)2 + 24Pnp 20 < (WP + pL/A0)%

The third property follows immediately since for such n

1/40 1/20
Zn+1 _Zn| =VPu+1 —VPn <Pn/ = |Zn| / .
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O]

The next theorem provides a path with steps of logarithmic size, but is conditional on the Riemann
Hypothesis.
Theorem 5.2. Assume the Riemann Hypothesis. Then there exists a sequence (z,,),eNn of complex

numbers satisfying the following properties:
1. z, €P foralln €N,
2. |z,| = o0 as n — oo, and
3 |zpe1 — 2zl < %—gloglznl for all n large enough.

Proof. Using the same sequence of z,, as in Theorem 5.1, and a conditional upper bound on the

gaps between primes [CMS], we get

22 11
pn+1 < pn + g\/P—nlOan < (\/p_n+ glogpn)z’
and so,

11 22
Zut1 = Znl < VPne1 = VPu < 2—510an = 2—510glzn|-

O

Remark. If one walks along the real axis, that is, if one walks on prime numbers, one can simply
take z,, = p,,, the n-th prime number. But then using known bounds on gaps between consecutive
primes p,.1 — pp = O((p,)*>%>) due to Baker, Harman and Pintz ([BHP01]), one obtains a much

worse result than in the statement of Theorem 5.1.

5.2.2 Ideals with prime norm

Theorem 5.1 provides a way to move from one circle with radius the square root of a prime p

to the circle with radius the square root of the next prime with steps of size that do not exceed
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1740 We now focus on elements in P that lie on a single such circle.

p

For a fixed prime p and any integer 0 < a < 4/p, one can always find b and squarefree d > 0, such
that p —a® = b?d or |a+ bV—d|? = p. In that case, the ideal generated by a in Q[V-d] is prime

and therefore a € P.
Let @ =a+bV-d and @’ = a+1+b’V—d’ be two elements of P such that |a| = [a’| = \/p.

The square of the gap between « and &’ is given by

|a—wF:1+@vE—WVEf:1+(Jp_ﬂ_vg_m+1yf:

since p = a2+b2%d = (a+1)%+(b’)2d’ which gives bVd = \[p —aZ and b’Vd’ = \[p — (a+ 1)2.

The following inequality

2a+1 ) 2a+1 2a+1
+1)2
2\p - 2p-a? \/P ’ \/P @ \/p a2 ++p-(a+1)? \/p a?

leads to

(2a+1)?
4(p —a?)

(2a+1)?

1+ (p_az).

<la-a’’<1+

Ifa<(l-€)yp thena? <(1-¢€)’p,sop—a’>(1-(1-¢€)?)p=(2e—€?)p.

This gives the bound

2a+1)? 942 9(1 —e)? 9/ 1
a—aP <1+ 2 2) <1+ —— snﬂ:u—( —1)
(p—a?) (2e —€2)p 2e —¢€? 2\2e—¢?
Choosing € = p~1/40 gives

la —a’|> < p/40,
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This means that on the circle with radius \Dp: all elements z = a + bV—d that belong to P can be

accessed with a step of size p'/40, except possibly those with (1 — p_1/40)\/[_7 <a<+/p.

5.2.3 A path that covers almost all elements of P

Let P, = PN D(0;x), where D(0; x) is the disk centered at the origin with radius x, and let E,(s)

denote the set of those elements in P, that cannot be accessed using steps of size s.

We will show that we can cover almost all elements of P with walks of step size |2|1/29, in the
sense that
E, (|Z|1/20)

lim ———=0
X—00 X

For each prime p < x, the set P, contains all z=a+ bV-d, with a,b € Z and 0 < a < p that lie

on a circle of radius a prime or the square root of a prime, and so

PA> ) p+ ) VP

p=x p<x?

p prime p prime
> ) b ) Wb

x/2<p<x x2/4<p<x?

p prime p prime
> > (m(x) ~ m(x/2)) + = (m(x?) - m(x2/4)) > i (5.1)
) 2 logx’ '

For an upper bound on the number of elements of E,, we count all the elements with integer
x-coordinate that lie on a circle of radius a prime number, as well as those points discussed in the

previous subsection, and we have
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When we combine (5.1) and (5.2) we get that

1/20
}L%%L) -0
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