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Abstract

This thesis is concerned with the design and analysis of particle-based algorithms for two problems: (i) the
nonlinear filtering problem; (ii) and the problem of sampling from a target distribution. The contributions
for these two problems appear in Part I and Part II of the thesis.

For the nonlinear filtering problem, the focus is on the feedback particle filter (FPF) algorithm. In the
FPF algorithm, the empirical distribution of the particles is used to approximate the posterior distribution
of the nonlinear filter. The particle update is implemented using a feedback control law that is designed
such that the distribution of the particles, in the mean-field limit (N = o0), is exactly equal to the posterior
distribution. In Part I of this thesis, three separate problems related to the FPF methodology and algorithm
are addressed.

The first problem, addressed in Chapter 2 of the thesis, is concerned with gain function approximation
in the FPF algorithm. The exact gain function is the solution of a Poisson equation involving a probability-
weighted Laplacian. The numerical problem is to approximate this solution using only particles sampled
from the probability distribution. A diffusion map-based algorithm is presented for this problem. The
algorithm is based on a reformulation of the Poisson equation as a fixed-point equation that involves the dif-
fusion semigroup corresponding to the weighted Laplacian. The fixed-point problem is approximated with
a finite-dimensional problem in two steps: In the first step, the semigroup is approximated with a Markov
operator referred to as diffusion map. In the second step, the diffusion map is approximated empirically,
using particles, as a Markov matrix. A procedure for carrying out error analysis of the approximation is
introduced and certain asymptotic estimates for bias and variance error are derived. Some comparative nu-
merical experiments are performed for a problem with non-Gaussian distribution. The algorithm is applied
and illustrated for a numerical filtering example.

As part of the error analysis, some new results about the diffusion map approximation are obtained.
These include (i) new error estimates between the diffusion map and the exact semigroup, based on the
Feynman-Kac representation of the semigroup; (ii) a spectral gap for the diffusion map, based on the Foster-
Lyapunov function method from the theory of stability of Markov processes; (ii) and error estimates for the
empirical approximation of the diffusion map.

The second problem, addressed in Chapter 3 of the thesis, is motivated by the so-called uniqueness
issue of FPF control law. The control law in FPF is designed such that the distribution of the particles, in the
mean-field limit, is exactly equal to the posterior distribution. However, it has been noted in the literature

that the FPF control law is not unique. The objective of this research is to describe a systematic approach
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to obtain a unique control law for FPE. In Chapter 3, the optimality criteria from optimal transportation
theory is used to identify a unique control law for FPF, in the linear Gaussian setting. Two approaches
are outlined. The first approach is based on a time-stepping optimization procedure. We consider a time
discretization of the problem, construct a discrete-time stochastic process by composition of sequence of
optimal transport maps between the posterior distributions of two consecutive time instants, and then take
the limit as the time step-size goes to zero. We obtain explicit formula for the resulting control law in the
linear Gaussian setting. The control law is deterministic and requires the covariance matrix of the resulting
stochastic process to be invertible. We present an alternative approach, which allows for singular covariance
matrices. The resulting control law has additional stochastic terms, which vanish when the covariance
matrix is non-singular. The second construction is important for finite-N implementation of the algorithm,
where the empirical covariance matrix might be singular.

The third problem, addressed in Chapter 4, is concerned with the convergence and the error analysis
for FPF algorithm. It is known that in the mean-field limit, the distribution of the particles is equal to
the posterior distribution. However little is known about the convergence of the finite-N algorithm to the
mean-field limit. We consider the linear Gaussian setting, and study two types of FPF algorithm: The
deterministic linear FPF and the stochastic linear FPF. The important question in the linear Gaussian setting
is about convergence of the empirical mean and covariance of the particles to the exact mean and covariance
given by the Kalman filter. We derive equations for the evolution of empirical mean and covariance for
the finite-N system for both algorithms. Remarkably, for the deterministic linear FPF, the equations for the
mean and variance are identical to the Kalman filter. This allows strong conclusions on convergence and
error properties under the assumption that the linear system is controllable and observable. It is shown that
the error converges to zero even with finite number of particles. For the stochastic linear FPF, the equations
for the empirical mean and covariance involve additional stochastic terms. Error estimates are obtained for
the empirical mean and covariance under the stronger assumption that the linear system is stable and fully
observable. We also presents propagation of chaos error analysis for both algorithms.

The Part II of the thesis is concerned with the sampling problem, where the objective is to sample from
a unnormalized target probability distribution. The problem is formulated as an optimization problem on
the space of probability distributions, where the objective is to minimize the relative entropy with respect
to the target distribution. The gradient flow with respect to the Riemannian metric induced by the Wasser-
stein distance, is known to lead to Markov Chain Monte-Carlo (MCMC) algorithms based on the Langevin
equation. The main contribution is to present a methodology and numerical algorithms for constructing
accelerated gradient flows on the space of probability distributions. In particular, the recent variational
formulation of accelerated methods in [Wibisono et al., 2016] is extended from vector valued variables to
probability distributions. The variational problem is modeled as a mean-field optimal control problem. The
maximum principle of optimal control theory is used to derive Hamilton’s equations for the optimal gradient
flow. A quantitative estimate on the asymptotic convergence rate is provided based on a Lyapunov func-
tion construction, when the objective functional is displacement convex. Two numerical approximations are
presented to implement the Hamilton’s equations as a system of N interacting particles. The algorithm is

numerically illustrated and compared with the MCMC and Hamiltonian MCMC algorithms.
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Part I

Nonlinear filtering



Chapter 1

Introduction

The Part I of this thesis concerns a class of particle-based algorithms to approximate the solution of the
nonlinear filtering problem. Although, in this thesis, we consider the filtering problem in continuous-time
setting, we briefly discuss the filtering problem in discrete-time setting below. The purpose is to describe the
relevant particle-based algorithms, and to motivate the questions we seek to answer in this thesis by making
analogy to their discrete-time counterparts.

For the filtering problem in discrete-time setting, the main task that a particle-based algorithm performs
is to convert a sample of N particles {X/}Y | from the filter distribution 7 at time # to a sample of N
particles {X,ﬁ 41 }f’: | from the filter distribution 7 at time 71, without having access to the explicit form
of the distributions. The filtering distributions satisfy the recursion ;. 1(x) = ym(x)lx(x) where [ (x) is
the known likelihood function, and 7 is the normalization constant. The normalization constant is assumed
to be unknown, and it is difficult to compute it in practice. In general, the recursion formula also involves
the effect due to system dynamics, which is ignored here, as it is not challenging to numerically implement
it, and it is not necessary for the purpose of this discussion. The particle-based algorithms are designed to
carry out this task, in an online fashion, whenever they receive a new measurement.

The task of converting samples from the filter distribution 7, to 7, can be viewed as the problem of
finding a coupling ¥(-,-) between the distributions 7, and 74 [Moral, 2004, Cheng and Reich, 2013]. A
coupling can be expressed according to y(x,x") = Ti(x|x')m(x") where Ti(+|-) is the transition kernel. The
transition kernel satisfies the identities 7y (x) = [ Ti(x]x") m (x")dx and [ Ti(x|x")dx = 1. Once the coupling
is at hand, new samples are simply generated using the transition kernel, i.e. X/ o Ti(-|X}). Given this
viewpoint, the particle-based algorithms simulate the following stochastic update law for the system of
particles:

Xip1 ~ Te(-|X0) (1.1)

There are infinitely many ways to couple two distributions. The simplest one is an independent coupling
where T;(x[x") = m;41 (x). However, the explicit form 71 is unknown. Sequential importance resampling
(SIR) particle filters [Gordon et al., 1993, Doucet, 2009] numerically implement the independent coupling as
follows: First, a weighted distribution of the particles is formed according to Zﬁvzl w,ﬁxkf where the weights

L(Xp)

Y (X))
mation of the true filter distribution 7, ;. This step is called importance sampling. Then, N particles are

i and 9, is the Dirac distribution located at x. The weighted distribution forms an approxi-

independently sampled from the weighted distribution, i.e X,ﬁ ar Zﬁvzl w;0 i by sampling from a multino-

mial distribution with parameter vector (N, {w;}Y_,). This step is called resampling.
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The transition kernel in an independent coupling is completely stochastic. This has motivated applica-
tion of other forms of couplings that are more deterministic and are optimal with respect certain optimality
criteria [Del Moral, 2004, Bain and Crisan, 2009]. An important example is to use optimal transportation
theory to find an optimal coupling [Reich, 2011, Cheng and Reich, 2013, EI Moselhy and Marzouk, 2012,
Kim et al., 2013]. In the optimal transportation-based approach, one searches for deterministic transition
kernels of the form 7 (x|x') = ;_va(v) Where the function @ should be chosen such that T (-|-) satisfies
the consistency condition 7 (x) = [ Tj(x|x") . (x")dx’ . The resulting equation that & should satisfy is the
Monge-Ampere pde [Evans, 1997, Villani, 2003]. A numerical approximation of this approach, based on
the empirical distribution of particles, led to the development of ensemble transform particle filters [Cheng
and Reich, 2013]. Another related approach is based on the coupling obtained from the Schrodinger bridge
problem between m; and ;. [Reich, 2018].

Based on the coupling of distributions viewpoint, there are three relevant and important questions that
one would like to answer for any particle-based algorithm. The first question is about numerical approxi-
mation of the coupling. An exact coupling is impossible to compute, because the filter distributions 7; and
T+ are not known. Only N independent samples from m; and the likelihood function /() is available.
So one can only hope for approximation of an exact coupling, with an approximation error that converges
to zero as the number of samples increase. The second question is about the optimality measures that one
should consider to obtain a coupling, among all the couplings that satisfy the consistency condition. And the
third problem is about error analysis of the algorithm. The objective of the error analysis is to obtain bounds
on the error, that is introduced because of the approximate coupling, and to study how the error propagates
with time.

In this thesis, we consider the filtering problem in the continuous-time setting. In contrast to discrete-
time setting, the filter distribution 7, continuously evolves with time, as a continuous stream of measure-
ments arrives. The objective of particle-based algorithms, in the continuous-time setting, is to continuously
update N particles {Xti}f.\’: 1» such that they are distributed according to m;. The feedback particle filter
(FPF) algorithm [Yang et al., 2013, 2016] carries out this task, by updating the particles according to the
(Stratonovich) stochastic differential equation:

. . h(X!)+h
dx! = Kt(X;)o(dZ,_@

dr) (1.2)
where the vector-field K, (-) is referred to as gain function, Z is the observation process, A(-) is the observa-
tion function, and /; is the expectation of 4 with respect to the filter distribution (detailed description of the
terms appear in Sec. 1.2). The gain function is assumed to be of gradient form K;(x) = V¢(x), where the
function ¢ is the solution to a probability-weighted Poisson equation éV -(p/V@) = r.h.s, where p; is the
probability density function of particles in the mean-field limit N = oco. In numerical implementation, the
density p; is not known, and the gain function should be approximated in terms of N particles.

A fascinating fact about FPF algorithm is that under certain approximation of the gain function, known
as constant gain approximation, the FPF algorithm is similar to a classical algorithm called ensemble
Kalman filter (EnKF) [Evensen, 1994, Reich, 2011, Yang et al., 2016]. EnKF is a popular choice in



high-dimensional application in geophysical sciences, because of its scalability with the problem dimen-
sion [Evensen, 1994, Reich, 2011]. However, EnKF does not provide a consistent approximation of the
filter distribution for nonlinear systems and non-Gaussian distributions. FPF provides the generalization of
EnKEF for nonlinear problems, essentially by construction a better approximation of the gain function.

In this thesis, we seek to answer three important questions regarding the FPF algorithm, that are anal-
ogous to the three questions discussed above in discrete-time setting. The first question is about numerical
approximations of the solution of the Poisson equation, when the probability density is not known, and only
finite number of samples are given. This question is analogous to the question of finding a coupling based
on finite number of samples in (1.1). Specially, the form of the Poisson equation is suggestive of the fact
that it is analogous to the Monge-Ampére pde. The second question is about understanding the optimality
properties of the FPF control law, and its relation to the optimal transport couplings discussed above. And
the third question is about the error analysis of the FPF algorithm with finite number of particles. In particu-
lar, how does the error, introduced from numerical approximation of the Poisson equation, propagates with
time.

A summary of contributions of Part I of this thesis is presented in Sec. 1.3, after introducing the filtering
problem in Sec. 1.1, and the FPF algorithm in Sec. 1.2. The part II of the thesis, is presented in a self-
contained manner in Chapter 5.

1.1 Stochastic filtering problem

Nonlinear filtering is a principled approach to extract useful information about the state of a dynamical
system from noisy sensor measurements. It has wide range of engineering applications. For example, the
problem of finding the state of the robot—its position, velocity, and orientation—based on the available
data from sensors—camera, accelerator, and gyroscope—can be solved with a filtering approach [Monte-
merlo et al., 2002]. Other applications of the filtering include target tracking [Bar-Shalom et al., 2004],
weather prediction [Chen and Majda, 2018], meteorological sciences [Reich and Cotter, 2015], GPS posi-
tioning [Gustafsson et al., 2002], and computer vision [Isard and Blake, 1998].

A mathematical formulation of the filtering problem consists of two stochastic processes: (i) A hidden
Markov process that is used to model the state of a dynamical system; (ii) The observation process that
is used to model the sensor information available from the dynamical system. The filtering problem is to
compute the probability distribution of the hidden state, given the history of observations.

In this thesis, we consider the filtering problem in the setting of continuous-time dynamics and continuous-
time observation. In this setting, the state and the observation process are denoted as {X;; + > 0} and
{Z;; t > 0} respectively. These processes are modelled by the following Itd stochastic differential equations
(sde):

State process:  dX; = a(X;)dt + op(X;)dB;, Xo ~ Tinit (1.3a)
Observation process: dZ, = h(X,;)dr +dW,, (1.3b)



where X; € R? is the (hidden) state at time ¢, Z, € R” is the observation process at time ¢, and B;, W; are
mutually independent standard Wiener processes taking values in R? and R”, respectively. The mappings
a(-) :R? — RY, h(-) : RY — RP, and op(-) : RY — R?*? are known continuously differentiable functions,
and 7y, is the prior probability distribution.

The objective in the filtering problem is to compute the conditional distribution of the state X;, given the
history of observations (filtration) % := 0 (Z, : 0 < s <t). Let

m(-) :=P(X €-|2Z)

denote the conditional probability distribution, also referred is posterior distribution. 7; is an optimal filter,
in the sense that, for any integrable function f, m;(f) := [ fdm, provides the the best mean-squared error
estimate of f(X;), among all Z;-measurable random variables.

The evolution of the posterior distribution 7, is given by the Kushner-Stratonovich equation [Xiong,
2008, Ch. 5]. In the special and important linear Gaussian setting, the equation admits a finite-dimensional

closed-form solution given by the Kalman-Bucy filter. This solution is described next.

1.1.1 Linear Gaussian setting and Kalman-Bucy filter

The filtering problem (1.3a)-(1.3b) is linear Gaussian if a(-), and k(+) are linear functions, op(+) is a constant
function, and 7, is a Gaussian distribution. Under these assumptions, sdes (1.3a)-(1.3b) take the following

form

dX; = AX; +0pdB;, Xo ~ N (Minit, Zinit) (1.4a)
dZ; = HX;dt + dW; (1.4b)

where A, H, 6p are matrices of appropriate dimensions.
In the linear-Gaussian setting, (X;,Z;) is a Gaussian process. Therefore, the conditional distribution of
X; is Gaussian, denoted as .4 (m,,%;), where m, and ¥, are conditional mean and covariance, respectively.
Their evolution is described by the Kalman-Bucy filter [Kalman and Bucy, 1961]:
dmt = Am, + K; (dZt — Hmtdt), Ny = Mynit (15a)

%Zt =Ricc(X;), Zo = Zinit (1.5b)
where K, := X,H " is referred to as Kalman gain, and the Riccati function
Ricc(Z) :=AX+¥A" +¥p - YH'HY (1.6)
with X3 := 00p .

The Kalman filter is one of the most widely used algorithm in engineering. Although the filter describes

the posterior only in linear Gaussian settings, it is often used as an approximate algorithm even in more



general settings, e.g., by defining the matrices A and H according to the Jacobians of the mappings a and /.
The resulting algorithm is referred to as the extended Kalman filter (EKF).

Application of the Kalman filter and its extensions is limited because of the following two reasons:

1. Nonlinearities in the dynamics and in the observation models lead to a non-Gaussian multi-modal
posterior probability distributions. For such cases, Kalman and extended Kalman filters are known to
perform poorly [Gordon et al., 2004, Budhiraja et al., 2007].

2. Kalman filter becomes computationally expensive when the state-space dimension d is large. The
reason is that the computational cost scales as O(d?), as it needs to store and propagate the d x d

covariance matrix.

This has motivated development of the Monte-Carlo methods to approximate the filter, in nonlinear and

high-dimensional setting. One such approach is the particle filter briefly reviewed next.

1.1.2 Importance sampling-based particle filter

Importance sampling-based particle filter is an example of a sequential Monte-Carlo algorithm to approxi-
mate the filter [Gordon et al., 1993, Doucet, 2009]. It is comprised of N particles denoted as {X/,..., X"},
where X/ € RY denotes the state of the i-th particle at time ¢, and N importance weights {wﬁ}f\’: 1» Where
wi > 0 is the weight corresponding to i-th particle. For the nonlinear filtering problem (1.3a)-(1.3b), the

evolution of the particles and the weights is given by:

dX! = a(X!)dt +dB!, X}~ Tt

dM! = M'h(X))dz,, M =1

. M

wi= Nitj
X j=1 M;

where M! € R are referred to as the unnormalized importance weights. Particle filters approximate the

posterior distribution via the weighted empirical distribution of particles

N
m(f) =~ Y wif(X)) (1.7)
i=1

Thus, the particle filters implement the effect of conditioning (due the observations) by assigning impor-
tance weights. The issue with this approach is that, after a few time steps, there are only a few particles with
significant weights, while most particle have nearly zero weights. This issue is referred to as the particle
degeneracy [Ristic et al., 2004, Doucet, 2009]. To mitigate this issue, a resampling procedure is performed,
where N independent particles are resampled from the weighted empirical distribution X/ ~ Zl};l w,-SX;-.
Theoretically, it is shown that the empirical approximation (1.7) becomes exact in the limit as N — oo with
error rate O(N -V 2) [Del Moral and Guionnet, 2001, Cappé et al., 2009]. However, both empirically and the-

oretically, it was discovered that particle filters perform poorly in high dimensional problems. To maintain



the same amount of error, a particle filter is known to require a number of particles that scales exponentially
with the dimension. This issue is referred to as the curse of dimensionality [Bengtsson et al., 2008, Beskos
et al., 2014, Rebeschini and Van Handel, 2015].

In the next section, we describe a class of controlled interacting particle-based algorithms that do not

involve importance sampling.

1.2 Feedback particle filter algorithm

Feedback particle filter (FPF) is a class of control interacting particle-based algorithms that are designed to
approximate the solution to the nonlinear filtering prorblem [Yang et al., 2013, 2016]. Its construction is

based on the following two steps:

Step 1: Construct a stochastic process, denoted by X, € R¢, whose distribution is equal to 7;, the poste-

rior distribution of X;;

Step 2: Simulate N stochastic processes, denoted by {X;/ }l |» to empirically approximate the distribu-
tion of X;.

te N
m() 2 e 12 R LY K

1:1

exactness condition
The process X; is referred to as mean-field process and the N processes {X/}Y , are referred to as

particles. We first present the mean-field process of FPF, and then discuss the particle-based simulation.

The mean-field process, for the filtering problem (1.3a)-(1.3b), evolves according to the sde given by

h(X,) +hy
2

feedback control law

FPF: dXt = G(X[)dt + dB[ + Kl (Xl) o (dZ[ — dt), X() ~ Tlnit (18)
—_— ——

propagation

where B, is a standard Wiener processes independent of Xy and /; := E[h(X;)|Z;]. The o indicates that the
sde is expressed in its Stratonovich form. The gain function K, (x) := V¢, (x) where ¢; is the solution of the

Poisson equation:

Poisson equation:  — V- (p(x)Vey(x)) = —(h(x)—h) VYxeR? (1.9)

1
pi(x)
where V and V- denote the gradient and the divergence operators, respectively, and p, denotes the density
of the distribution of X;.

It is known that the mean-field process is exact, i.e the conditional probability distribution of X; is equal
to the posterior distribution of the nonlinear filtering problem [Yang et al., 2016].
The particles {X/}Y | evolve according to:

dX = a(x")dt +dB + K™ (X1 o (dZ, — ), X3 (1.10)



fori=1,...N, where {B!}!Y | are mutually independent Wiener processes, h =+ YN h(X}), and K( )

is the output of an algorithm that is used to approximates the solution to the Poisson equatlon (1.9):
Gain function approximation: K,( ) = Algorithm({X/}Y ;1) (1.11)

The notation is suggestive of the fact that algorithm is adapted to the ensemble {Xti}i-\; | and the function h;
the density p;(x) is not known in an explicit manner. Development and analysis of numerical algorithms for
gain function approximation is one of the main topics of this thesis.

The salient feature of the FPF, compared to the conventional particle filters, is that it replaces the im-
portance sampling and resampling step with a feedback control law. Because of this difference, FPF does
not suffer from the particle degeneracy issue. Also in various numerical evaluations and comparisons, it has
been observed that FPF exhibits smaller simulation variance [Berntorp, 2015, Tilton et al., 2013, Yang et al.,
2013, Stano et al., 2014] and better scaling properties with the problem dimension compared to particle fil-
ters [Surace et al., 2017, Yang et al., 2016].

In the special linear Gaussian setting, the FPF algorithm simplifies to a particular form of the Ensemble
Kalman filter (EnKF) algorithm. This is described next.

1.2.1 Ensemble Kalman filter as special case of FPF

Consider the linear Gaussian setting, where h(x) = Hx and X; has a Gaussian distribution with mean m, and
variance X;. Then the solution of the Poisson equation (1.9) is known in an explicit form [Yang et al., 2016,

Sec. DJ. The resulting gain function is constant and equal to the Kalman gain:
K@x)=5HT VxeR? (1.12)

Therefore, the mean-field process (1.8) for the linear Gaussian problem is given by:

HX, + Hmy,

dX, = AX,dt +dB, + £,H " (dZ, — 5

dt), X()Nﬂ?init (1.13)

Given the explicit form of the gain function (1.12), the empirical approximation of the gain is simply
K

= Z,(N)H T where Z,(N) is the empirical covariance of the particles. Therefore, the evolution of the
particles becomes:

HX! +Hm™)

dx’ = AXidt +dBi + K™V (dz, — 5 —dn), X " e (1.14)

fori=1....,N, where m,(N) is the empirical mean of the particles. The empirical quantities are computed
as follows:

Xl _m[(N))T

[V]z

_ 1 ixl Z(N .
— AT 1 t .
N =



The linear Gaussian FPF (1.14) is identical to the square-root form of the ensemble Kalman filter [Berge-
mann and Reich, 2012, Eq. 3.3].

Ensemble Kalman filter (EnKF) was first introduced in [Evensen, 1994, Whitaker and Hamill, 2002],
in discrete time setting, and later developed in Reich [2011], in continuous-time setting. It is extensively
applied in geophysical sciences as an alternative to extended Kalman filter. In these applications, the state
dimension is typically very high. The main advantage of the EnKF, compared to the EKF, is that the
computational cost of the EnKF scales as O(Nd) whereas the computational cost of the EKF scales as
0(d?).

1.3 Contributions of this thesis and outline

Part I of the thesis, is concerned with the analysis of the FPF algorithm. The contribution are divided into

the following three topics:

1.3.1 Gain function approximation

The mathematical problem is to numerically approximate the solution of the Poisson’s equation (1.9) intro-

duced in Sec. 1.2 and also repeated below:

A =h—h (1.15)

where the weighted Laplacian A, ¢ (x) := ﬁv “(p(x)V(x)); p(x) is assumed to be an everywhere positive
probability density on R?; /(x) is a real-valued function defined on R? and /1 := [ h(x)p (x)dx. The function
¢ is referred to as the solution. Its gradient is referred to as the gain function and denoted as K(x) := V@ (x).

The numerical approximation problem is as follows: Given N samples {X'}Y |, drawn i.i.d. from p,
approximate the gains K(X') = V¢ (X"). The density p is not known in an explicit form.

We make the following assumptions:

(i) The probability density p is of the form p (x) = e~"*) where the function V (x) = Fx—m) = (x—
m) +w(x) for some m € R?, £ = 0, and w € Cj(RY);

(ii) The function A(-) is differentiable such that [ (| (x)[*+||VA(x)||3)p (x)dx < oo, where || - ||2 denotes
the Euclidean norm.

In Chapter 2, we developed a novel diffusion map-based algorithm is designed for the numerical gain

function approximation problem. Derivation of the algorithm involves the following steps:

Step 1: The Poisson equation (1.9) is formulated as a fixed-point equation

¢=B¢+/(:Ps(h—fz)ds (1.16)



for some ¢ > 0 where P, = ¢/®

is the diffusion semigroup associated with the weighted Laplacian
Ap. We show in Prop. 2.2 that the solution of the fixed-point equation (1.16) is also a solution of

the Poisson equation (1.15), and vice versa.

Step 2: The diffusion map approximation, introduced in [Coifman and Lafon, 2006], is used to approx-

imate the semigroup F,. The diffusion map is a Markov operator defined as follows:

fpe () d
[ & (x,y)i(gr* IR

T.f(x):= (1.17)

[ &i(x,y) %dy

)12
where g;(x,y) = exp(— ‘x;} | ) is the Gaussian kernel, and g, * p is the convolution of Gaussian

kernel with the probability distribution p. The fixed point problem (1.16) is approximated in

terms of 7; according to

¢8=T£”¢8+Xn‘,eTg"(h—fzs) (1.18)
k=1

where € = %, n is a suitably chosen arge number, and he = [ hpedx, where pg is the invariant
density for the Markov operator T;. The invariant density is a probability density function such
that [ T; f(x)pe(x)dx = [ f(x)pe(x)dx for all bounded functions f.

Step 3: The Markov operator 7; is approximated empirically, in terms of particles, according to

vazlgt(x,X")¢

lZN: (X1 X7
T,(N)f(x) _ S X N &) llg( ) (1.19)
= X, X)) ————
=18 F I & (XX
Using T,(N), the fixed point problem (1.18) is approximated according to
ol = (1ol + Y et (- i) (120)
i=1

where fl‘(gN) =/ hp,gN)dx, and péN) is the invariant density for the Markov operator TE(N). We show

in Prop. 2.5 that the fixed-point equation (1.20) is finite dimensional, and present a numerical

procedure, in Table 2.1, to solve it.
We carry out an analysis of the proposed algorithm. We describe the results below:

(i) We study the approximation of the diffusion semigroup F; with the Markov operator 7;. Existing
results depend on Taylor series expansions of the definition (1.17) around ¢ = 0, that hold when
the underlying space is bounded, and the second derivative of the function f is bounded. We

present a new approximation results that holds in unbounded setting, under weaker conditions on

10



f. We show in Prop. 2.3 that for all functions f such that f,Vf € L*(p):

] Vi
T2 =B flli2p) < €= =(Uf lago) IV Lsp))

where c is a constant independent of f, ¢, and n. Here || || (o) = (| fppdx)ll’ denotes the LP-norm
with respect to density p. The analysis is based on a Feynman-Kac representation of the diffusion
semigroup which, to the best of our knowledge, has not been exploited before for analysis of

diffusion map approximation.

(i) We study the contraction property of the Markov operator 7. The contraction property is im-
portant to ensure existence of the solution to the approximatned fixed-point problem (1.18), and
obtain non-asymptotic error bounds for ¢ — ¢. We use the stochastic Lyapunov function method
from stability theory of Markov chains to show in Prop. 2.6 that the Markov operator 7" admits a
spectral gap of the following form '

ITE 2 <14, Vn>n

for some positive constant A € (0, 1), and a number ny € N. Here || - ||, denotes the operator norm
with respect to L?(p) norm. Consequently, in Thm. 2.1, we obtain an error bound between the

solution to the exact fixed point problem (1.16) and the approximated problem (1.18):
[9e — @l 12(p) < O(€)

(iii) Finally, we study the empirical approximation of the integral operator 7;. We show in Prop. 2.4
that for any function f and 6 € (0, 1),

log(%)
Ntd

1LY f =T f 112 ) = O )

with probability larger than 1 — & . We show, in Thm. 2.2, the asymptotic convergence of the

solution q)éN) — ¢ almost surely, over any compact subset of RY.

1.3.2 Optimal transport linear FPF

The objective is to develop a systematic procedure to construct a mean-field process (1.8) such that its

distribution is equal to the posterior distribution, i.e
X, ~m, Vt>0, (1.21)

This is motivated by the so-called uniqueness issue in particle-based algorithms: In particular, for the
linear Gaussian filtering problem, the mean-field process described for the square-root of the EnKF algo-

rithm (1.13) is not the only mean-field process that satisfies the exactness condition (1.21). In fact, one can

11



construct a family of sdes, where the marginal X; ~ 7;. The construction is described in Chapter 3.

The uniqueness issue can be explained using concepts from the optimal transportation theory. The
exactness condition (1.21) is a constraint on the marginal distribution of X, at each time # > 0. The constraint
does not specify the joint distribution at two time instants. There are infinitely many ways to couple two
marginal distribution. As a result, there are infinitely many stochastic process that satisfy the exactness
condition. Optimal transportation theory provides a way to uniquely couple two distributions [ Villani, 2003].
We use this idea to identify a unique mean-field process X;, for the linear Gaussian filtering problem. The
resulting filter is referred to as the optimal transport linear FPF.

We present two approaches to construct the optimal transport linear FPF. The first approach is based on

a time-stepping optimization procedure, which appears in Sec. 3.3. The resulting mean-field process is:

HX, +Hm,

3 dr) + (extra term) (1.22)

dX, =AX,dr + %ZBE;I (X, —m, )dt — %R, (dz, —
where the extra terms is deterministic and does not effect the marginal distribution. It serves to make the
dynamics symmetric, in the sense that is made clear in Sec. 3.3, and optimal in the optimal transportation
sense. Note that the stochastic term cgdB; in (1.13) is replaced with the deterministic term %Zgi,’ ! (X, —
i, )dt. This makes the evolution of X, completely deterministic.

The optimal transport linear FPF, obtained from the time-stepping procedure, requires the covariance
matrix ¥, to be invertible. We present an alternative approach, which allows for singular covariance matrices.
The second approach is presented in Sec. 3.4. The resulting mean-field process is

_ _ 1 _ _ 1 - HX, + Hrm
dX, =AX,dr + 3 (op +e)u, (X, —m;)dt + e,dB; — 3 K/ (dz, — %dt) + (extra terms) (1.23)

where u, = Proj(op;Range(L,)) is the projection of op into the range of the matrix £, e; = op — L, u, is the
error in projection, and the extra terms serve the same purpose as in (1.22). In the case where ¥, is invertible,
the optimal transport sde (1.23) simplifies to (1.22). The development of the sde for the singular covariance

matrix case is important for the finite-N implementation, when N < d and the empirical covariance matrix

is necessarily singular.

1.3.3 Error analysis of the linear FPF

The objective of this research is to analyze the finite-N system FPF algorithm (1.14), in the linear Gaussian
setting. We consider two class of linear FPF algorithms, deterministic linear FPF and stochastic linear FPF.

The deterministic linear FPF algorithm is the finite-N particle approximation of (1.22). We assume that
the linear system (1.4a)-(1.4b) is controllable and observable, and the number of particles N > d. We obtain

the following results:

(V)

1. We show in Sec. 4.3 that the evolution of the empirical mean m, ' and the empirical covariance Z,(N)

is exactly equal to the Kalman-Bucy filter.

2. We show in Prop. 4.1 that the empirical mean and empirical covariance converges almost surely to

12



the exact mean and covariance: for any finite N > d, 349 > 0 such that:
lime*||m™ —m [, =0 as, 1lime?|Z™) % |r=0 as
t—ro0 t—roo

forall A € (0,A¢), where || - ||2 denotes the Euclidean norm, and || - || denotes the Frobenius norm.
3. We also obtain non-asymptotic mean-squared error estimates in Prop. 4.1 such that for any ¢ > 0:

o Tr(Xo) + [[Zoll7

E[||mz(N) —my|)3] < (const.)e N

(N) 2 _ane|ZollF
E[sz _ZzHF] < (const.)e T
for all A € (0,A) where the constant depends on spectral properties of the system and does not scale

with the dimension d. tr(-) denotes the trace operation.

4. Finally, we carry out a propagation of chaos error analysis to conclude the convergence of the em-
pirical distribution to the mean-field distribution in Prop. 4.3: In particular, we show that for any

Lipschitz function f:
2

N
E || X Ao~ ELr ()12 | <
i=1

(const)

v (1.24)

The stochastic linear FPF algorithm is the finite-N particle approximation of (1.14). We make strong

assumptions that the system is stable and fully observable. We show the following results:

1. We show in Sec. 4.3 that the evolution of the empirical mean and the empirical covariance is similar

to the Kalman-Bucy filter, with additional stochastic terms that scale as O(N -1 ).

2. We obtain non-asymptotic mean-squared error estimates in Prop. 4.2 such that for any r > 0 and

NeN:
N (const)
Bz o} < =5
(const)
Ellm" —mil) < ==

where the constants are uniformly bounded in time.

3. Also, we carry out propagation of chaos error analysis and obtain a result in Prop. 4.4 similar to (1.24).

1.3.4 Outline of the Part I of the thesis

The contributions for the gain function approximation problem is presented in Chapter 2. The optimal
transport formulation of FPF is presented in Chapter 3. The error analysis of the linear FPF algorithms is

presented in Chapter 4.
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Chapter 2

Gain function approximation™

2.1 Introduction

This chapter is concerned with the numerical solutions of the Poisson equation (1.9) that arises in the FPF
algorithm. Given an everywhere positive probability density function p and a real-valued function 4, the
(weighted) Poisson equation is given by

—App=h—h 2.1)
where the weighted Laplacian A, ¢ (x) := ﬁV~ (p(x)Vo(x)); and h := [h(x)p(x)dx. The function ¢, if
one exists, is referred to as the solution. In the context of the filtering problem, the probability density p
represents the density of the posterior distribution of the filter and the function 4 represents the observation
model (see Sec. 1.2). The gradient of the solution to the Poisson equation is the gain function used in the
FPF algorithm and denoted as K(x) := V¢ (x).

The numerical approximation problem is as follows: Given N samples {X Loooxh XN }, drawn
i.i.d. from p, approximate the gains {K!,... K/ ... KV}, where K' := K(X?) = V¢(X"). The density p is
not known in an explicit form.

Development and error analysis of gain function approximation algorithms is the subject of this chapter.
Before describing the general case, it is useful to review the linear Gaussian case where the solution to the
Poisson equation is explicitly known.

Linear Gaussian setting: Suppose 4(x) = Hx and p is a Gaussian density with mean m and variance X.
Then the solution of the Poisson equation is known in an explicit form [Yang et al., 2016, Sec. D]. The

solution is ¢ (x) = KT (x —m), where

K=XH" VxeR? (2.2)
equal to the Kalman gain. Therefore, the gain function is constant, equal to the Kalman gain. Given the
explicit form of the gain function (2.2), the empirical approximation of the gain is simply Kt(N) =xMgT

where ™) is the empirical covariance of the particles.
One extension of the Kalman gain is the so called constant gain approximation formula whereby the
gain K; is approximated by its expected value (which represents the best least-squared approximation of the

gain by a constant). Remarkably, the expected value admits a closed-form expression which is then readily

*The preliminary results concerning the contributions of this chapter appears in [Taghvaei and Mehta, 2016b, Taghvaei et al.,
2017].
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approximated empirically using the particles (see Remark 2.2):

1 i i
~y ) X/ (2.3)

i=1

Const. gain approx: E[K(X)] = /Rd(h( Y—h)xp

The constant gain approximation formula has been used in nonlinear extensions of the EnKF algorithm [de Wiljes
etal., 2016]. The connection to the Poisson equation provides a justification for this formula. The formula is
attractive because it provides a consistent (as the number of particles N — o) approximation of the Kalman

gain in the linear Gaussian setting.

Design and analysis of the gain function approximation algorithm in the general case is a challenging
problem because of two reasons: (i) Apart from the Gaussian case, there are no known closed-form solutions
of (2.1); (ii) The density p(x) is not explicitly known. One only has samples {X" } ', i.i.d drawn from p.
The assumption is justified because in the limit of large N, the particles are approximately i.i.d (by the

propagation of chaos); cf., [Sznitman, 1991].

2.1.1 Related work

Apart from its direct relevance to numerical approximation of the FPF, there are three topics of current
research interest that are relevant to the subject of this chapter: (i) ensemble Kalman filter; (ii) particle flow
algorithms for nonlinear filtering; and (iii) optimal transport. Specifically, the algorithms for gain function
approximation described in this paper are also directly applicable to these other topics. These relationships
are briefly discussed next:

Ensemble Kalman filter: The EnKF algorithm was first developed in the discrete-time setting [Evensen,
1994]. In the continuous-time setting, two formulations of the EnKF have been developed: EnKF with
perturbed observation, and the more recent square root EnKF [Bergemann and Reich, 2012, Reich and
Cotter, 2015]. As has already been noted in Sec. 1.2, the square root EnKF is in fact identical to the FPF
algorithm in the linear Gaussian setting [Bergemann and Reich, 2012, Taghvaei et al., 2018].

The EnKF algorithm provides a consistent approximation in the linear Gaussian setting. Compared
to the Kalman filter, the main utility of EnKF is that it does not require propagation of the covariance
matrix. This reduces the computational complexity from O(d?) for the Kalman filter to O(Nd). This is
clearly advantageous in high dimensional problems when N << d. This property has made EnKF popular
in applications such as weather prediction in high dimensional settings [Kalnay, 2002, Oliver et al., 2008].
The disadvantage of the EnKF algorithm, of course, is that it does not provide a consistent approximation
for nonlinear problems.

FPF represents a the generalization of the EnKF to the nonlinear non-Gaussian setting [Taghvaei et al.,
2018]: With the constant gain approximation, the algorithms are identical. Given this parallel, the problem
of improving the EnKF algorithm in more general nonlinear non-Gaussian settings is directly related to
the problem of better approximating the gain function in the FPF. In an application software based on
EnKeF, it is a relatively simple matter to replace the constant gain formula for the gain by more sophisticated

approximations described in this paper. Certain empirical evaluations on the performance of FPF in high-
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dimensional settings are reported in [Surace et al., 2017, Stano et al., 2014, Stano, 2013, Berntorp, 2015].
Error analysis and stability of EnKF is an active area of research; see [Le Gland et al., 2009, Kwiatkowski

and Mandel, 2015, Del Moral and Tugaut, 2016] for linear models and [de Wiljes et al., 2016, Del Moral

etal., 2017, Kelly et al., 2014] for nonlinear models. The error analysis for the gain function approximation

in this chapter is a step towards error analysis of the FPF along these lines.

Particle flow algorithms: The following first-order (and hence an under determined) form of the Poisson

equation appears in most types of particle flow algorithms:
V- (p(x)K(x)) = (rhs)

where the righthand-side (rhs) is given and K(x) defines a vector field that must be obtained to implement
the particle flow. The pde appears in the first interacting particle representation of the continuous-time
filtering in [Crisan and Xiong, 2007, 2010] and the discrete-time filtering in [Daum et al., 2010]. Stochastic
extensions of these have also recently appeared in [Daum et al., 2017] where approximate solutions are
also described based on Gaussian assumption on the density. The algorithm described here represent an
approximation of a particular gradient form solution of the first-order pde.

Optimal transport: The mean-field sde (1.8) represents a transport that maps the prior distribution at time
0 to the posterior distribution at an (arbitrary) future time ¢ > 0. Synthesis of optimal transport maps for
implementing the Bayes formula appears in [Reich, 2011, Cheng and Reich, 2013, El Moselhy and Marzouk,
2012, Taghvaei and Mehta, 2016a, Heng et al., 2015, Chen et al., 2016, Kim et al., 2013, Ma and Coleman,
2011]. The relationship with the Poisson equation is through the ensemble transform filter which relies on
a linear programming construction to approximate the optimal transport map [Cheng and Reich, 2013]. As
discussed in [Taghvaei et al., 2018, Sec. 5.5], the solution of the Poisson equation yields an infinitesimal
optimal transport map from the “prior” p,(x) to an un-normalized “posterior” p;(x)exp(—th(x)). Another

closely related approach is optimal transportation is through the Gibbs flow [Heng et al., 2015].

Directly related to the FPF, the Galerkin method for the numerical solution of the Poisson equation
appeared in original papers [Yang et al., 2013, 2016]. The Galerkin algorithm represents the ‘direct” pde
approach to construct a numerical approximation. The constant gain approximation is a particular example
of a Galerkin solution. In general, the main problem with the Galerkin approximation is that it requires a
selection of basis functions. This becomes intractable in high dimensions. To mitigate this issue, a proper
orthogonal decomposition (POD)-based procedure to select basis functions is introduced in [Berntorp and
Grover, 2016] and a continuation scheme for approximation appears in [Matsuura et al., 2016]. Certain
probabilistic approaches based on dynamic programming appear in [Radhakrishnan et al., 2014].

The diffusion map-based algorithm proposed and analyzed here is inspired by the spectral clustering lit-
erature [Belkin, 2003, Von Luxburg, 2007]. The particular form of the kernel proposed here was introduced
in [Coifman and Lafon, 2006]. Convergence analysis for this operator appears in [Hein et al., 2005, Singer,
2006, Coifman and Lafon, 2006, Giné et al., 2006, Hein et al., 2007, Von Luxburg et al., 2008, Belkin and
Niyogi, 2007].
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2.2 Mathematical preliminaries

Notation: For vectors x,y € R?, the dot product is denoted as x -y and the Euclidean norm is denoted
as ||x|[2 := v/x-x. LP(p) is used to denote the space of measurable functions f : RY — R such that
J1f(x)|Pp(x)dx < eo. The LP(p) norm of f € LP(p) is denoted by || f|[zr(p) := (/ ]f(x)|”p(x)dx)%. The
inner product on L*(p) is defined by (f,g),, := [ f(x)g(x)p(x)dx. The space H'(p) is the space func-
tions f € L?>(p) whose derivative (defined in the weak sense) is in L?>(p). For a differentiable function f,
IVAlro) == (f HVf(x)Hf’p(x)dx)é. For an integrable function f, f := [ f(x)p(x)dx denotes the mean.
L(p):={fel?p)|f=0}and H)(p) :={f € H'(p) | f = 0} denote the co-dimension 1 subspace of
functions whose mean is zero. L denotes the space of bounded functions on R¢ with associated norm
denoted as || - ||z=. The space of smooth and bounded functions on R is denoted as C;’(R?). The Borel
o-algebra on RY is denoted by Z(R?). The variance of the random variable X is denoted as Var(X). The
indicator function, for a measurable set A € B(RY), is denoted as 14)(+) such that 1j4)(x) = 1 if x € A and
1y(x) =0ifxZA

Assumptions: The following assumptions are made throughout the paper:

(i) Assumption Al: The probability density p is of the form p(x) = e~V where the function
V(x) = 3(x—m) =71 (x—m) +w(x) for some m € RY, £ - 0, and w € C7(RY);

(ii) Assumption A2: The function A(-) is differentiable and , Vi € L*(p).

Remark 2.1. Assumption Al implies that the distribution p is Gaussian with a bounded perturbation. It is
commonly used in the theory of functional inequalities to obtain log-Sobolev and Poincaré inequalities with
constants that does not depend on dimension Villani [2003]. In this paper, it is used to prove approximation
result (see Prop. 2.3) and spectral gap (see Prop. 2.6) for the diffusion map. The assumption is restrictive,
as it is not satisfied for a mixture of Gaussians. Proving the results in this paper with a weaker assumption
such as p = pg *w, the convolution of a Gaussian density pg and a density w with a compact support, is the

subject of continuing work.

2.2.1 Spectral gap and weak formulation

Under Assumption (A1), the weighted Laplacian A, has a discrete spectrum with an ordered sequence of
eigenvalues 0 = 49 < A4; <A, < ... and associated eigenfunctions {e,} that form a complete orthonormal
basis of L*(p) [Bakry et al., 2013, Cor. 4.10.9]. The trivial eigenfunction ep(x) = 1, and for f € L3(p), the

spectral representation yields:

—Apf = ; Ao {€ms f)em (2.4)

The positivity of the smallest non-trivial eigenvalue (4; > 0) is referred to as the Poincaré inequality (or

the spectral gap condition) [Bakry et al., 2008]. The inequality is equivalently expressed as
A 1
[ r=froaxs o [ 19fpax  vreH(p)
R4 Al R4
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where f = [ fpdx.
The Poincaré inequality is important to show that the Poisson equation is well-posed and a unique

solution exists. The solution to the Poisson equation is defined using the weak formulation.
A function ¢ € H} (p) is said to be a weak solution of (2.1) if

/V¢ -V (x) / (p(x)dx Yy eH'(p) (2.5)

Equation (2.5) is referred to as the weak-form of the Poisson’s equation. The weak-form is expressed
succinctly as (V¢,Vy) = (h—h, y) where (-,-) is the inner-product in L?(p ). The existence and uniqueness

of the solution to the weak-form of the Poisson equation is stated in the following Proposition.

Proposition 2.1. [Laugesen et al., 2015, Thm. 2.2.] Suppose p satisfies Assumption (Al) and h satisfies
Assumption (A2). Then there exists a unique function ¢ € H(} (p) that satisfies the weak-form of the Poisson
equation (2.5). The solution satisfies the bound:

JIvowIB peoe< - 4ty

Remark 2.2 (Constant gain approximation). The weak formulation has led to the Galerkin algorithm pre-

3‘)

p(x)dx

sented in the original FPF papers [Yang et al., 2016]. A special case of the Galerkin solution is the constant
gain approximation formula (2.3). The formula is obtained from the weak formulation (2.5). Choose the

test functions to be coordinate functions: W, (x) = x, form=1,2,...,d. Then,

%9 (p(ope = ()~ uplolds, for m=1.....

concluding the formula (2.3).

2.2.2 Semigroup formulation

Let {P; },>0 be the semigroup associated with the weighted Laplacian A,. The semigroup allows for a prob-
abilistic interpretation which is described next. Consider the following reversible Markov process {S;};>0
evolving in R?:

ds, = —VV(S,)dr + v2dB;

where V (x) := —log(p(x)) and {B; };>¢ is a standard Weiner process in R?. Then
Fif (x) = E[f(S:)IS0 = ]

It is straightforward to verify that P, : L?(p) — L?(p) is symmetric, i.e., (P, f,g) = (f, Pg) forall f,g € L*(p)

and p(x) = eV s its invariant density. The semigroup also admits a kernel representation:

Z emaf em / kt xy )dy

m=1
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ey (X)em(y)-

The spectral gap implies that || 72,y = e < 1. Hence, P, is a strict contraction on L3(p). For the

where k; (x,y) := Yo _qe”

special case of Gaussian density p = .4#"(m,X), the eigenfunctions are given by the Hermite polynomials.
This leads to an explicit formula for the kernel k; (x, y) in the Gaussian case, as described in Appendix. 2.6.1.

Consider the heat equation

O — gt (=), u(0.0)= £

Its solution is given in terms of the semigroup as follows:

u(t,x) = P.f(x) + /OIP,s(h—fz)(x)ds

Letting f(x) = ¢ (x) where ¢ solves the Poisson equation (2.1) yields the following fixed-point equation for
r=Eg&:

8 ~
(exact fixed-point equation) ¢ = P + / Py(h—h)ds (2.6)
0

Equation (2.6) is referred to as the semigroup form of the Poisson equation (2.1).
The following Proposition shows that the weak form (2.5) and the semigroup form (2.6) are equivalent.

The proof appears in the Appendix. 2.6.2.

Proposition 2.2. Suppose p satisfies Assumption (Al) and h satisfies Assumption (A2). Then the unique
solution ¢ € H& (p) to the weak form (2.5) is also the unique solution to the fixed-point equation (2.6).

The semigroup formulation has led to the diffusion map-based algorithm which is the main focus of this

chapter.

2.3 Diffusion map-based Algorithm

The diffusion map-based algorithm is based on a numerical approximation of the fixed-point equation (2.6).

The main technique is to approximate the semigroup P in the following three steps:

1. Diffusion map approximation: A family of Markov operators {7 }.~¢ are defined as follows:

Tof () i= —= [ kel ) [P )y @)

ng(x)

where ng(x) := [ke(x,y)p(y)dy is the normalization factor,

X — g&‘(xay)
el VI 8e(x,2)p(2)dz/[ ge (3, 2)p(2)dz
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and g¢(x,y) :=exp(— ) is the Gaussian kernel in R. For small positive values of €, the Markov
operator T is referred to as the diffusion map approximation of the exact semigroup P, [Coifman and
Lafon, 2006, Hein et al., 2005]. The precise statement of this approximation is contained in Prop. 2.3.
For the special case of Gaussian density, an explicit formula for the diffusion map appears in the Ap-

pendix. 2.6.1.

2. Empirical approximation: The operator T is approximated empirically by {TS(N)} ¢>0.NeN defined

as follows: N
V) f(x Z (x, X7) £(X7) 2.8)
where n‘(qN) (x) := YN, ke(x,X?) is the normalization factor and
) () ge(x,y)

\/):j 1 8e(x, XV) \/):j 18e(3,X7)

Recall that X' ' pfori=1,...,N. So, by law of large numbers (LLN), T f represents an empirical
approximation of the diffusion map 7. The precise statement of the empirical approximation is

contained in Prop. 2.4.

3. Approximation as Markov matrix: An N x N Markov matrix T is defined with (i, j)-th element

given by

Ty = kM (xi x7) 2.9)

Finite-dimensional fixed-point equation: Using the three steps above, the original infinite-dimensional
fixed-point equation (2.6) is approximated as a finite dimensional fixed-point equation

& =To+¢e(h—n(h)) (2.10)

where h := (h(X"),...,h(X")) is a N x 1 column vector, and 7(h) = YN, mh(X") where the probability

™ (x7)
e (x0)
j=
to define an approximation to the solution of the Poisson equation as follows:

vector T; = is the unique stationary distribution of the Markov matrix T. The solution ¢ is used

1 :
0 () = i — Lk (0 XT) 0, + £(h(x) — (k) @.11)

The approximation for the gain function is as follows:

N
Y kN (x,X7) (0 + h)) (2.12)
j=1

Upon evaluating the gradient in closed-form, the following linear formula results for the gain function
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evaluated at particle locations:

N
K' =K (X = ) six (2.13)
Jj=1
where
1 N
Sij = ETU(U - Z Tikre), rj:=®;+¢eh; (2.14)
k=1

The details of the calculation leading to the linear formula appear in the Appendix. 2.6.3.

Remark 2.3 (Numerical procedure). The fixed-point problem (2.10) is proposed to be solved in an iterative

manner. The vector ® is initialized at ®9 = (0,...,0) € RN and it is updated according to
S,y =T, +e(h—m(h)).

forn=0,1,...,L. The procedure is guaranteed to converge as L — oo, with a geometric convergence rate,
because T is a strict contraction on L(z)(n) (see Prop. 2.5-(ii)). In a filtering application, the procedure is
initialized with the vector value ® that is obtained from the previous filter iteration. The proposed iterative
procedure, to solve the fixed-point equation (2.10), is proffered to other numerical procedures because (i)
it is numerically more efficient than solving a system of N linear equations; (ii) and it allows to use the
solution obtained from the last filter iteration, as the initial value for the current filter iteration. The overall

algorithm is tabulated in Algorithm 2. 1.

Algorithm 2.1 diffusion map based algorithm for gain function approximation

tnput: (XY (H(X)}2,. Oy . L
Output: {K'}Y,

1: Calculate g;; := exp(—|X’ —X/|?/4¢) fori,j=1to N

. Calculate k;; := #\/{Tgﬂ fori,j=1toN

2
3: Calculate d; =} jk;jfori=1to N
4: Calculate T;; := %"/ fori,j=1toN
5: Calculate m; = ﬁ fori=1toN
6: Calculate h = YN | m;h(X")

7: Initialize ® = Ppey

8: fort=1to L do
& =YY, Tj®;+eh—h)fori=1toN

10: end for

11: Calculate r; = ®;+¢€h;fori=1to N

12: Calculate Sij = ﬁTij(}’j _Zszl Tikrk) fori,j=1toN
13: Calculate K; =} ;s;;X/ fori=1to N

Remark 2.4. The computational complexity of the diffusion map based algorithm is O(N?) because of the

need to assemble the N X N matrix T. The computational complexity may be reduced using the sparsity
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structure of the matrix T and sub-sampling techniques. Compared to the Galerkin algorithm with compu-
tational complexity of O(Nd?), the diffusion-map algorithm is advantageous in high-dimensional problems

where d >> N.

2.3.1 Approximation results

The notation G¢(f)(x) := [ ge(x,y)f(y)dy is used to denote the heat semigroup with a Gaussian kernel
8e(x,y), and

_ 1. Ge(p) _ 1
Ue = 2log( o2 ), U:= 3 log(p) (2.15a)
W == élog(eUeGs(e*Us)), W= |VU> - AU (2.15b)

The proof of the following proposition appears in Appendix. 2.6.5.

Proposition 2.3. Consider the family of Markov operators {T¢ }¢~0 defined according to (2.7). Let n € N,
t € (0,10) with ty < oo, and € = % Then,

(1) The semigroup P; and the operator T;' admit the following representations:

T f(x) = eUs(X)E[e*E):Z;rIJ We(Brie) ¢ =Ue(Bre) £ (B3 )] 2.17)

for all x € R? where BF is the Brownian motion with initial condition B = x.

(1) In the asymptotic limit as € — O:

Ue(x) = U (x) +26W (x) + €AV (x) + €2tV (x) (2.182)
We(x) = W (x) + erl® (x) (2.18b)

where |re (x)|, [r (x)] = O(|x ) and |Vrt" (x)| = O(|]) as |x| = o.

(iii) For all functions f such that f,Vf € L*(p):

‘
(T2 =B fllzp) < (conSt')\n/(Hf”L“(p) IVl ) (2.19)

where the constant only depends on ty and p.
The proof of the following proposition appears in Appendix. 2.6.8.

Proposition 2.4. Consider the diffusion map kernel {T; }¢~0, and its empirical approximation {TS(N) Fes0NeN-
Then for any bounded continuous function f € Cp(R%):
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(i) (Almost sure convergence) For all x € RY

lim Tg(N) fx)=Tf(x) as

N—oo

(ii) (Convergence rate) For any 6 € (0, 1), in the asymptotic limit as N — oo,

log(%)
Ned

J 10 = Tef (0 Pp )y = O(= )

with probability higher than 1 — 8.

Remark 2.5 (Related work). The key idea in the proof of the Prop. 2.3 is the Feynman-Kac representation
of the semigroup (2.16). To the best of our knowledge, this representation has not been used before in
the analysis of the diffusion map approximation. Most of the existing results concerning the convergence
of the diffusion map are based on a Taylor series expansion that would lead to a convergence of the form
limg_ 0 M = Ap f(x) for each x € RY [Hein et al., 2005, Coifman and Lafon, 2006, Giné et al., 2006].
Convergence results of the form lim,,_,o. ||T!' f — P f |2 = 0 appear in [ Coifman and Lafon, 2006, Ting et al.,
2011], based on functional analytic argu;’nents. The Taylor series type arguments typically require the

distribution to be supported on a compact manifold which is not assumed here.

2.4 Convergence and error analysis

The analysis of the diffusion map algorithm involves the consideration of the following four fixed point

problems:
8 ~
(exact) O =P +/ P;(h—h)ds (2.20)
0
(diffusion map approx.) O =T +€(h— fzg) (2.21)
(empirical approx.) (I)S(N) = TS(N) ¢éN) +e(h—m(h)) (2.22)
(finite-dim.) ®=Td+e(h—mx(h)) (2.23)

where e := [ h(x)pe(x)dx and pe(x) := % is the density of the invariant probability distribution
associated with the Markov operator 7.
In practice, the finite-dimensional problem (2.23) is solved. The existence and uniqueness of the solution

for this problem is the subject of the following proposition whose proof appears in Appendix. 2.6.4.

Proposition 2.5. Consider the finite-dimensional fixed point equation (2.23).

Then almost surely
(1) T is a reversible Markov matrix with a unique stationary distribution

(N) i
n X
T .= & 7 ( )

N M (xd)

(2.24)
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fori=1,... N.

(ii) T is a strict contraction on L%(ﬂ:) = {veRN; Y. mv; = 0}. Hence the fixed point equation (2.23)
has a unique solution ® € L}(7).

(iii) The (empirical approx.) fixed point equation (2.22) has a unique solution given by (see (2.11))

n”) (x) J; ke " (x, X7)®; + £(h(x) — 7 (h))

N
0" (x) =
Based on the results in Prop. 2.2 and Prop. 2.5, the exact solution ¢ and the numerical solution q)g(N) are
both well-defined. The remaining task is to show the convergence of ¢§N) —@asN —occand € — 0. We

break the convergence analysis into two parts, bias and variance:

Ntoo 0
) N e
(variance) (bias)

Before describing the general result, it is useful to first introduce an example that helps illustrate the

bias-variance trade-off in this problem.

2.4.1 Example - the scalar case
In the scalar case (where d = 1), the Poisson equation is:

L4y = ne b
S0 P g () = ()

Integrating twice yields the solution explicitly

x
Kexact (x) = %(x) = —p(lx) L _p(2)(h(z) = h)dz (2.25)

For the choice of p as the sum of two Gaussians .4 (—1,62) and .4 (+1,62) with 6> = 0.2 and h(x) =
x, the solution obtained using (2.25) is depicted in Fig. 2.1 (a). Also depicted is the approximate solution
obtained using the diffusion map algorithm with N = 200. As € — oo the approximate gain converges to the
constant gain approximation. As € becomes smaller, the approximation becomes more accurate. However,
for very small values of € the approximation is poor due to the variance error.

The bias-variance trade-off while varying the the parameter ¢ is depicted in Fig. 2.1 (b). The L? error is
computed as a Monte-Carlo average:

| LA i , ,
error = - 3+ 3 KT (X') = Kevaer (X) (2.26)
m=1 i=1

Fig. 2.1 (b) depicts the error obtained from averaging over M = 1000 simulations as a function of the

parameter €. It is observed that for a fixed number of particles N, there is an optimal value of € that
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Figure 2.1: Simulation results for the diffusion-map algorithm for the scalar bimodal example: (a) Approximate gain
function for different choices of € compared to the exact gain function (solid line). The shaded area in the
background is the bimodal probability density function p. The dashed line is the constant gain approximation
solution; (b) Gain function approximation error of the diffusion-map algorithm as a function of the parameter €. All
the results are with N = 200 particles.

minimizes the error.

The vector counterpart of this example appears in Sec. 2.5.1.

2.4.2 Bias
The analysis of bias has two parts:

1. To show that the (diffusion map) fixed-point equation (2.21) admits a unique solution ¢, for all posi-

tive choices of €;
2. To show that ¢ — ¢ as € | 0.

For n € N, iterate the fixed-point equation (2.21) n times to obtain:
n—1
0 =T¢0c+ Y €Ty (h—he) 2.27)
We let € = % for some ¢ > 0 and study the solution of this fixed-point equation as n — oo. Note that the solu-
tion to the iterated fixed-point equation (2.27) is identical to the solution to the fixed-point equation (2.21).
The fixed-point equation (2.27) is the (discrete) Poisson equation that appears in the theory of Markov
chain simulation [Glynn and Meyn, 1996, Meyn and Tweedie, 2009] and stochastic control [Meyn, 2008,
Ch. 9]. Theory presented in these references illustrates how bounds on the solution are obtained under a
Foster-Lyapunov drift condition. A similar strategy is adopted here.
In the following proposition, an existence-uniqueness result is described for the fixed-point equation (2.27).
The technical step in the proof involves a Foster-Lyapunov condition known as DV(3) [Kontoyiannis et al.,

2005]. The proof appears in Appendix. 2.6.6.
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Proposition 2.6. Consider the family of Markov operators {T }¢~o defined in (2.7). Let n € N, t € (0,1p),

and € = ﬁ with ty < o. Then there exists positive constants a, b, R, 8, a probability measure v, and a

number ny € N such that for all n > ny:

log(e YT/ es) < —atU, + bt (2.28a)
T/ (x) > 8V(A) Vx| <R, VA€ BRY) (2.28b)
Consequently,

(1) The chain with transition kernel T;' is geometrically ergodic with invariant density

1 (x)P (%)

= Tre(p (0 229

Pe(x) :
(i1) T} is reversible with respect to the density pe It admits a spectral gap as a linear operator

T3 L% (pe) — L3(pe) that is uniform with respect to €. The spectral gap is denoted as M.

(i) There exists a solution to (2.27) with the bound

thl 20,
el 22(pp) < 1

The proof of the following main result appears in Appendix. 2.6.7.

Theorem 2.1. Suppose the assumptions (Al)-(A2) hold for the density p and the function h, and ¢ denotes
the exact solution of (2.20). Consider the approximation of this problem defined by the (diffusion map)
fixed-point equation (2.21). For the approximate problem:

1. Existence-Uniqueness: For each fixed € > 0, there exists a unique solution Q.

2. Convergence: In the asymptotic limit as € — 0

196 = 9ll2(pe) = O(E) (2.30)

2.4.3 Variance

The analysis of the variance concerns the (empirical) fixed-point equation (2.22) whose solution is denoted
as q)éN). The parameter € is assumed to be positive and fixed and N is assumed to be finite but large.

The existence-uniqueness of (bg(N) has already been shown as part of Prop. 2.5. The convergence has
only been shown only for the case where the density has a compact support.
Assumption A3: The distribution p has compact support given by Q C R¢.

Theorem 2.2. Suppose the assumptions (A2)-(A3) hold for the density p and the function h, and @ de-
notes the solution of the (kernel) fixed-point equation (2.21) for a fixed positive parameter €. Consider the
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approximation of this problem defined by the (empirical) fixed-point equation (2.22). For the approximate

problem:
1. Existence-Uniqueness: For each finite N, there exists (almost surely) a unique solution (])éN).

2. Convergence: The approximate solution q)éN) converges to the kernel solution ¢

lim 10 — Bl =0, as (2.31)
—>00

Remark 2.6. (related work) The proof of the convergence ¢8(N) — ¢ is based on similar results in the
numerical analysis of integral equations on a grid [Anselone, 1971, Atkinson, 1976, Baker, 1977]. A related

approach is used in [Von Luxburg et al., 2008] to show the consistency of spectral clustering.

2.4.4 Relationship to the constant gain approximation

Although the convergence and error analysis pertains to the € | 0 limit, an important property of the diffusion
map approximation is that the numerical procedure yields a unique solution for arbitrary values of € (see
Prop. 2.5). In fact, more can be said: one recovers the constant gain approximation formula in the &€ — oo
limit.

Before stating the result, it is useful to recall the three formulae for the gain:

(i) Exact formula: K = V¢ is defined using the exact solution ¢;

(i) Kernel formula: K is defined using the solution ¢ to the (diffusion-map) approximation fixed-
point equation:

1
Ke) =V | s [ Rl 0:) + eh)pe(r)y e
€
(iii) Empirical formula: KéN) is the empirical version of the kernel formula. It was defined in (2.12)

using the solution ¢ of the finite-dimensional fixed-point problem.

The proof of the following Proposition appears in the Appendix. 2.6.10.
Proposition 2.7. Consider the fixed-point problems (2.21) and (2.22) in the limit as € — oo.

(1) The kernel formula of the gain is given by
lim Ke = [ ((x) ~ h)p(x)dx

(i1) For any finite N, the empirical formula of the gain is given by

1 N
lim K = —
£—voo N



This result serves to highlight the connection between the FPF and the EnKF: With the diffusion map
approximation of the gain, the FPF approaches EnKF in the limit of large €. The parameter € can then be
regarded as the tuning parameter to “improve” the gain. Of course, for any finite value of N, this can only

be done up to a point — where variance becomes dominant (see Fig. 2.1).

2.5 Numerics

2.5.1 Example - the vector case

A vector generalization of the scalar example in Sec. 2.4.1 is obtained by considering the following form of

the probability density function in d-dimensions:

d
p(x) = pp(x1) Hpg(xn), for x=(x1,x,...,x4) € R?
n=2

where pp is the bimodal distribution %,/V(—l, o?)+ %,/VH—I, 0?) introduced in Sec. 2.4.1 , and pg is the
Gaussian distribution .#'(0,62). Also suppose the function A(x) = x;. The simple example is illustrative
of realistic application scenarios where the density has non-Gaussian features along certain (not necessarily
apriori known) low-dimensional subspace. The directions orthogonal to this subspace are modelled here as
Gaussian noise.

For this problem, the exact gain function is easily obtained as

Kexact(-x) - (Kexact(X1)70, e 70)

where the function Kex,et(x1) is given by the formula (2.25) in Sec. 2.4.1. The exact solution is used to
compute error properties as dimension increases.

The diffusion map algorithm (Table 2.1) is simulated to approximate the gain function for this problem.
For each particle X = (X!,...,X}), the first coordinate X! "%’ 3N (—=1,02) 4+ 1.4/ (+1,0?) and other the
coordinates X/ td N(0,6%) forn=2,...,d.

Fig. 2.2 depicts the Monte-Carlo error (2.26) computed from running M = 100 simulations. A summary

of these results is as follows:

1. Fig. 2.2-(a) depicts the M.C. error as a function of the parameters € and d for a fixed number of
particles N = 1000. Also depicted is the error with the constant gain approximation. The constant

gain error serves here as baseline.

For large values of &, the error asymptotes to the error for the constant-gain approximation. This is

because (see Prop. 2.7) the kernel gain approaches the constant gain as € — oo.

The other aspect to note is the bias-variance trade-off first illustrated in Fig. 2.1 for the scalar case. As
the dimension increases, the error due to the variance becomes dominant at relatively larger values of

€.
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2. Fig. 2.2-(b) depicts the bias-variance trade-off as a function of number of particles N for the fixed
d = 1. It is not a surprise that the error gets better, for all choices of &, as the number of particles
increase. However, the optimal value of € — at which the error is the smallest — is relatively insensitive

to changes in N.

3. Fig. 2.2-(c) depicts the error as function of N for different values of €. The dimension d =1 is fixed.
The error goes down as O(;) and asymptotes to the O(€) bias. The O(;) is a LLN type estimate and

O(¢€) bias error is consistent with the conclusion of the Thm. 2.1.

4. Fig. 2.2-(d) depicts the run time comparison between the diffusion-map algorithm and the constant
gain algorithm. The scaling for the diffusion-map algorithm is O(N?) which is significantly more

expensive than the O(N) scaling of the constant gain approximation.

Remark 2.7 (Selection of €). The numerical results, in 2.2, suggest that there is an optimal value of €

that minimizes the error. However, in practice, computing the optimal value of € for different problems is

4med*
log(N)

median value of all pairwise distances {|| X" — X/| }i2; [Chaudhuri et al., 2017]. The justification is that,

difficult. Instead, in the literature involving kernel methods, it is proposed to set € = where med is the
with such a choice, the N x N matrix whose i, j-th entry is g¢(X',X/) is relatively away from the identity

matrix.

2.5.2 Filtering example

Consider the following filtering problem:

dXt = 0) Xo ~ Po
dZ, = h(X,)dt + 6, dW,

where X; € R, Z, € R, oy > 0, and {W,} is standard Brownian motion, independent of X;. The prior
distribution py is Gaussian .#"(0, 1) and the observation function /(x) = |x|. For the static filtering problem,

the posterior distribution is explicitly given by:

p;(x) = (const.)po(x) exp <lezv(h(x)Z, - ;hz(x)t))

For comparative purposes, the FPF algorithm with the diffusion-map gain approximation and the con-
stant gain approximation are implemented. With the latter approximation, the FPF is an EnKF algorithm.
The simulation parameters are as follows: The measurement noise &,, = 0.1. The simulation is carried out
for T = 500 time-steps with step-size Ar = 0.001. Both the algorithms use N = 200 particles with identical
initialization. For the diffusion-map approximation, the kernel bandwidth € = 0.1.

The numerical results are depicted in Fig. 2.3. The distribution of the particles along with the exact

posterior distribution are depicted in Fig. 2.3-(a). It is observed that the FPF algorithm with the diffusion
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Figure 2.2: Simulation results for the diffusion-map algorithm for the vector bimodal example: (a) Gain function
approximation error as a function of € for d € {1,2,5,10}. (b) Error as a function of € for N € {100,200, 500, 1000}.
() Error as a function of N for € € {0.1,0.2,0.5,1.0}; (d) Comparison of the run-time

map approximation provides a more accurate approximation of the posterior distribution. In contrast, the
constant-gain approximation fails to reproduce the bimodal nature of the posterior distribution.

A quantitative estimate of the performance is provided in terms of a mean squared error (m.s.e.). in
estimating the conditional expectation of the function y(x) = x1 lv<0]- A Monte Carlo estimate of the m.s.e.

is depicted in Fig. 2.3-(b) with M = 100 runs. At time ¢, it is calculated according to

i=1

S (S e [ yiton)
m's'e"—MmZ1<N.ZW(t — [ v(x)p;(x )

At time r = 0, the empirical distribution of the particles is an accurate approximation of the prior dis-
tribution, because the particles are sampled i.i.d. from the prior distribution. Therefore, the m.s.e att =0
is small. As time progress, the difference between the empirical distribution and the exact posterior be-
comes larger because the filter update is not exact. As the time-step Az is small, the main source of the
m.s.e. error is due to the error in the gain function approximation. Therefore, the diffusion map FPF with
its more accurate approximation of the gain yields better m.s.e., compared to the EnKF using the constant

gain approximation.
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Figure 2.3: Simulation results for the FPF algorithm for the filtering example: (a) The distribution of the particles
obtained using the diffusion-map approximation and the constant gain approximation as compared to the exact
distribution (dashed line); (b) Plot of the mean squared error in estimating the conditional expectation of the function
v (x) =x1pq).
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2.6 Proof of the main results

2.6.1 Exact semigroup and and its diffusion map approximation for the Gaussian case

In this section, we provide explicit formulae for the exact semigroup F; and its diffusion map approximation
T, for the special case when the density p is a Gaussian .4 (m,X). For the Gaussian case, the semigroup is
the Ornstein-Uhlenbeck semigroup [Bakry et al., 2013, Sec. 2.7.1] an its spectral representation is obtained
in terms of the Hermite polynomials. For notational ease, after an appropriate change of coordinates, we

assume m = 0 and £ = diag(c?,...,02) where 62 > 67 > ... > 62 > 0 are ordered eigenvalues of X.

Definition 2.1. The Hermite polynomials are recursively defined as

Fin1 (x) = xhy(x) = B (x), - o (x) =1,
where the prime ' denotes the derivative.

Proposition 2.8. Suppose the density p is Gaussian A (0,X) with the variance ¥ = diag(o%,...,03) and
0l >03>...>02>0. Then

(1) The exact semigroup P, and the diffusion map T; admit the following integral representations:

: 1 yj —e_tq;zlez
2 P = d (2.33)
/dJI_I 27[6 (1 72101_2))1/2 p( 26}(1_82tcj2))f(y) y
[yj = (1= 8)x,?
/RdH 4me(1—8)))1/2 exp( 4e(1-5)) )f (y)dy (2.34)
2+4e
where §j := € c“gci-lwforf 1.4

(i1) The operators P, and T each have a unique invariant Gaussian density given by A (0,X) and

N (0,%¢), respectively, where ¥ = diag(c? ,Géd) with Gs 28; g forj=1,...,d.

gl

(iii) The eigenvalues and the associated eigenfunctions are as follows:

d d .
Spect th j P: A= % =I1%. (=
pectrum of the semigroup P, " JI;[1€ 7, en(x) ]I;[l n;( Gj)
d _ X
Spectrum of the diffusion map Ty : A, = H(l —0;)", en(x)= H ﬁnj(aj)
=1 =1 :
forn=(ny,...,ng) € Z%.
(iv) The operator norm ||F||12(p) = e ° and el 2(pp) = 1 — 01
Proof. (1) The explicit formula (2.33) for the exact semigroup is given in [Bakry et al., 2013, Sec.

2.7]. The explicit formula (2.34) is obtained by evaluating the definition (2.7) for the Gaussian
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case. Consider first the simpler scalar case. Let pg(x —m;62) denote the probability density

function for the Gaussian distribution .4 (m, 62). Then by the convolution property

/Rd 8e(x,7)pc(y:0,6%)dy = pg(x;0,0° +2¢)

Hence
1 / PG (y:0,06%)
ne(x) = 8e X,y
e(x) \/pG(X;O,62+28> ¢ \/pc(y;0,62+2£)
_ P
1 2n(0? +2¢) 1 b e 2 d
= 3 e & ———dy
Vare V2no? ¢ o1z g_4(6%7+2£)
2 A2 a2 2
_ 1 (o +2 €) m/ b g 2 S-fq
Vare Vo
2 H)Cz )C2
— 1 (G +2 )64(0'2+2£)+@_E 21a
Varne Vo?
1 1 1
wheref et o2 T 2er2e)

Now, using the definition (2.7),

1 pG(y70 Y )
T / X, d
1 1 (62+2) 427/ J\—w\ w? 32
(0-42¢) 2a ge2  4e d

1 b—gx\z

= - 2a d
Writing 5> = 1 — & where 6 = 8% gives the following succinct formula for the scalar
case:
()= A f)ay
T. / 45(1 5)
o Vare(l—4 4

The extension to the vector case is straightforward. By Assumption, the covariance matrix is
diagonal. Hence, one can write the Gaussian density as a product of Gaussian marginals. Also,
the Gaussian kernel g (x,y) can be expressed as a product of Gaussian kernels for the coordinates.

Therefore, the kernel for the vector case is obtained as a product of kernels for the coordinates.

(i) The invariant probability density and the spectrum are obtained by comparison of the for-

mula (2.34) for the approximate kernel to the formula (2.33) for the exact kernel. Indeed, define
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the parameters 7; and o ; as follows:

1— 6]' = e_rjcf‘s

26(1—8;) = 62,(1— e 2%

€,j

for j=1,...,d. Then one can express

d
. =[] ULy
=1

where A, is the one-dimensional weighted Laplacian for the j—th coordinate x;, and g; is a

Gaussian .47 (0, Gé j). Hence, the formulae for the invariant probability density and the spectrum

follow from explicit results known for ¢"% from [Bakry et al., 2013]:

(iii) The operator norm ||7¢|| 13(p,) 18 given by the maximum non-trivial eigenvalue of 7 which is
equal to 1 —min;(9;).
O
2.6.2 Proof of Prop. 2.2

Based on the use of the spectral representation (2.4), the weak solution of the Poisson equation is readily

seen to be

=
=) o {emMen (2.35)
m=1"m

This solution (2.35) also satisfies the fixed-point equation (2.6) because

t R 12
Po+ [ Ph-ijis= ¥ e Plendlent [ X e e Hends
0 0 m=1

m=1
had e_tlm had 1 _e_t)l«m
— Z )y <€m,h>€m+ Z T<€m,h>€m = ¢
m=1 m m=1 m

The uniqueness of the solution to the fixed-point equation (2.6) follows from the contraction mapping prin-

ciple because ||B\|L(2)(p) —eth 1.

34



2.6.3 Derivation of the linear form of the gain (2.13)

By a direct calculation,

kéN)(x Xj) B X!_x g )( X, ) ;V:IX;gxkéN)(x’Xl) k,(gN)(x,Xj)
kY Xty sze (x,X1) Lk (e X kY (X1

which evaluated at x = X' yields

o [k enx)
i} Z]Jy:1ke(xyxj) —

Using the definitions (2.12) for K&, and (2.14) for r and s,

1 ) N
~% (XJTU - ZXIT”T"’)
X

=1

2.6.4 Proof of Prop. 2.5

1. T is a Markov matrix because T;; = (,V%(X_kgv) (X', X7) > 0a.s. and
ne

N N (N) (yri
=IO Y= ) (xi)

The stationary distribution is 7 because
N . N . .
ZN 1oy (x) kVxLX))
e oy (N) ok (N) (i
i=1 i=1 Yy e (X6) g " (X7)

el kMo xdy A xd)
Mok e e (xk

=T
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2.6.5

Proof.

All entries of the Markov matrix are positive. Hence the Markov chain is irreducible and aperiodic.

Therefore, the stationary distribution is unique. It is reversible because

o) kG kXX
T U N (N) Xk () Xi TN (N) Xk
Yioine (XK) ng (X7) v e (XK)

e (x7) KN (xd xi)

e ™k (xi)

=7 Tji

Denote & := min;; T;;. Then 6 > 0 a.s. Therefore, ]|T||L%(7r) <1- NT‘S < 1, and is thus a contraction
on L%(n’) [Stroock, 2013, Ch. 5]). It follows, from the contraction mapping principle, that the fixed

point equation (2.10) has a unique solution.

Evaluating the definition (2.11) at x = X’ concludes ¢8(N) (X') = &, because,

0™ (x7) = (N)l(x,.) ilkéN) (X', x7)®, +e(h(X') — n(h))
ng j=

N
= Z Tij¢j+£(hi—7f(h)) = q),'
=1

Therefore ¢éN) solves the fixed-point equation (2.22), because

Y x) oM (x7)

-
=

S
™
—~
=
~—
T

I
=
1=
kO
2
w
<
\:
&
~

ng <x>

2.11
CLD 9 (x)

~.
Il
_

|
[¢)
—
Il
—~
=
~—
|
a
—~
=
~—
SN—

Proof of the Prop. 2.3

(i) LetU = —%log(p) and W = |VU|?> — AU as defined in (2.15a) (2.15b). To obtain the
representation (2.16) for the semigroup F;, consider the unitary transformation [Bakry et al., 2013,
Sec. 1.15.7]:

e VA,V =A-W (2.36)

Therefore, for any function f € Cp(RY),

eV B el (f) =AW (f) = Ele BV B p(BY,)]
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where the stochastic representation (second equality) follows from the Feynman-Kac formula; Bf

is a Brownian motion initialized at x. Setting f(x) = e V™ g(x),

Pg(x) = VWA W) (U g) (x) = VWE[e Jo W (B3)ds o~ UB3) g (Y )]
which is the representation (2.16).

Next, the representation (2.17) is obtained. Using the definitions, (2.7) of T; and (2.15a) (2.15b)
of Ug and W,

er‘E X
Tef(x) = w = G (e f) ()

= Ve =W E[o~Ue(B2) £(BS )]

where the final equality follows from using the stochastic representation of the heat semigroup

G¢. The representation (2.17) is obtained by iterating this formula n times.

(i) Without loss of generality, upon a change of coordinates, assume m =0 and X = diag(Gf, RV Gj)

in Assumption Al. Using the definitions

1 1
Ue(x) = U(x) — 5 log(p(x)) + 5 log(Ge(p) () (2.37)
Now, log(p(x)) = log(p,(x;X)) +w(x). So, the main calculation is to approximate log(G¢(p)).
Using the definition

Gelp)(x) = [ gelxy)psyi)e "y

d e — ¥ Bl
e Lt " a e T op

d
w (4me)?? [0, (2mo2) 2"

xn 2 o —(1—=8)x;
—3 L0 2(!;,%‘#5) e i %
= / e "0)dy
[T (27 (07 +2€)) /2 Jre [T (4me(1 - 6,)) 1/
= po(x:2+2eN)GY) () (1 - §)x)
where &, = ﬁ, 0 =diag(dy,...,0,) and fo) is the semigroup associated with the pde %G,((S) f=

G (w((1 - 8)V2f)).
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The Taylor expansion of Gga) (e™"), about € = 0, is expressed as
8) ¢ —w
G (e (x) = e +eT(ll- 8)Vie ™)(x)

+ / / 8,)2(1— 8,261 9202¢) (x)dsdt
m,n= l

€2re(x)

where 92 := 52’21.
Using the property that G\ nf ,GO £, HG ( )|z= < || f||z= and the assumption (A1) that

w € Cy(RY), we conclude that . € Ci(R?). Therefore,

log(Gep(x)) =log(py(x:E +2eI))—
(w—log(1+etr((I—8)e"V2e™) +&%"re))| (I-8)x

wi (x)
(1)

The asymptotic expansion of wg ’, as € — 0, is obtained as
(1) _ _ Ty—1 e WA LW 2
we’ (x) =w(x) —2ex X7 Vw(x) —ee"Ae " (x) + 0(€7)

where the remainder term has at most linear growth as |x| — 0.

Substituting the asymptotic expression for log(Ggp(x)) in (2.37),

Uelx) = U(x) — 3 108(pg(5:2) + 3w(x) + 3 log(pg (2 + 2¢1)) — 2wi”) (2
—U®)+ ngZ*l (Z+2¢el) " lx— gTr(z*)
e S V() + §(||Vw(x)|| ~ 22 Aw(x)) + O(e?)

= U+ 212 o+ V() [ — S (TH(EZ!) + Aw() +0(e%)

2eW (x)+5AV (x)
where the remainder O(€?) error term has at most quadratic growth as ||x||, — c. This concludes
the proof of approximation (2.18a).

Based on this above calculation, the following estimate for an upper bound of the function U is

obtained (it is used in the proof of Prop. 2.6):

| -
Uk (x) SZXTZ 1J€+€(IIE 3+ IVwliZ= + AV [1=) + 2 (Culx]) + C2)

CzGlz
8

< %o 2|| x|+t (||VWHL"°+HAVHL°° ) (2.38)
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where recall 612 = Amin(X).
Next, the approximation (2.18b) is derived. Using the definition
EWe (x) = Ue (x) +1og(Gee Y% (x))
By repeating the steps, just used to approximate log(G¢(p)), it is shown
1og(Ge (e Ue)) = log(pg(x:25(1 + 8) ' +2e1)) — wP (x)
where

W2 (2) = wx) — () — ST V() — e V)3 - Aw(x) +O(e)

Therefore,
EWe (x) = —1og(pg (x;22(1 4 8) 1)) 4 log(pg (x;22(1 + 8) ™" +2¢1))
) — @)~ W (2) + 0(e?)
- 24—ng(1+ ST 22+ &) +2el) x— gTr(z*)
xSV + 5 (ITw )R - 5Aw() +0(e)

—e (%Hzflxww(x)ug - %(Tr(ffl) +Aw(x))) +0(e?)

W (x)

where the error term has at most quadratic growth as |x| — co. This concludes the proof of the

approximation (2.18b).

Based on this above calculation, the following estimate for a lower bound of the function W; is

obtained (it is used in the proof of Prop. 2.6):

1. 1 -

We(x) = |1 1x+VW(x)||%—§(Tr(Z N4 Aw(x)) +erd (x)
> s 3= L vz T+ lAwl) — (@il 34 C
f8H x[|3 2(H w|Ze +Tr(Z71) + || Aw]| =) — €(C1 ||x]3 + C2)

> alx|5—B (2.39)

where o0 = @, B =3(IVw|7 +Tr(Z71) + [|Aw]| 1= + 57212) and € < W (where recall 07 =
Amax ().

(iii) Let B denote the semigroup for the weighted Laplacian A, with the density g(x) = e~ el

We break the error into two parts:

HTenf_PtfHLz(p) < HTsnf_ﬁtfHLz(p) + Hptf_PtfHLz(p)
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The bounds for the two terms on the right-hand side are derived in the following two steps:

Step 1. Using the stochastic representation (2.16)-(2.17),
(T2 = B f () = " WE [ VB3 £(BY,) |

where §; := ¢ €TicoWeBiig,) _ o= JoW(B)ds, By the Cauchy-Schwartz inequality

D=

(T2 = B) £(x)] < %0 E[|£(B,)Pe 2V P)] 1 E[|G ]

Next we obtain a bound for &. Upon using the inequality |e = — ™| < e~ ™in(x)

1G] <e € o) —W(B3.) )ds — Z eW (B5e) (2.40)

where C = ¢t min(min, s W (x), min g« We (x)). Now, C is finite because, as |x| — oo, W(x) — oo
(Assumption A1) and We(x) — oo (by (2.18b)).

The expectation of the first term on the right-hand side of (2.40) is bounded as follows:

1
27 2
1

n—1
< ) €E[|We(Blye) — W (B )]

n—1
];)E(We(B)z‘ks)—W( 2ke))

< Zf E[(C1[lx+ Bl +C2))

n—1 1
S €*(2C1||x]3 4+ 2C1 E[|B3e '] + C)
=0
et [2C||x[3 +6Cit + C]

where the second inequality follows from the bound |W, (x) — W (x)| = €] ) (x)| < &(Cy|x|3+C2)
for some constants Cy,C; (see (2.18b)).

The expectation of the second term in (2.40) is bounded as follows:

ds—ZgW ) [/ VW (BS ds] 1AW =)

1

t 2
EI:/ ‘C3HX+BSH2+C4‘2dSi| +IC5)

< 12 (Cs x|} + Cst +Cy) + €Cst

where the Taylor expansion of W (x) is used to obtain the first inequality, and for the second
inequality, Assumption (A1) is used to bound |[VW (x)| < [|[Z7"|||x| + |[|Vw||z= = C3|x| +C4 and
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AW [z < [IZ7 |+ | Aw]| = = Cs.

Putting together the two expectation bounds ,
(72, = P ()] < " WELf (B )e 20 2)]z Cer (|l + 1)
where C is a constant that only depends on #9. Upon taking the L?(p) norm

|’T£n_ﬁlf”l%2(p)

<cet [ [ POpd—y21) (I3 + 1260200 p )y
1 X r(l)
<ce [ [ Pipela—yi2e) (i + eV iavires

<Ce [ LN+ 122+ 10 p(y)dy

. 1/2 1/2
< Ce?t |:/(HXH§—|— 12t2+ 1)2688W(x)+0(8 :| [/f4 :|

< C82t||f||i4(p)

“p(y)dydx

Step 2. Because P, and P are semigroups with generators A, and A, respectively, we have the
identity: Pf —B.f = [5 P—s(Ap — A,) Py fds. Upon taking the L?(p) norm of both sides, using the

triangle inequality, because P, is contraction on L*(p),

~ t ~
RS = flip) < [ 18 = AP s
Now,

180 = AP f 172 4/| (VU (x) = VUe(x)) - V(B f) (x)]*p (x)dx
1/2

4P () /2 4
<a| [Iv0w - vuw 2 Tpwa] | [1vAswae]
1/2
< 482 |:/‘C1||x||2—|—C2|4€_2U(x)+2U€(x)p(x)dx:| ||Vf||1244(q)
< C£2‘|Vf|’i4(p)

where the identity Ay f — A,f = 2VU - Vf —2VU, - Vf is used in the first step, the Cauchy-
Schwartz inequality in the second step, and the bounds |VUg(x) — VU (x)||2 < &(C1|jx|2 + C2)
and [|VPf||1s(y) < IIVfl13(q) in the third step.

Combining the two sets of bounds in steps 1 and 2, one obtains (2.19).
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2.6.6 Proof of the Prop. 2.6

Proof. (1) The Lyapunov condition (2.28a), known as DV(3) of [Kontoyiannis et al., 2005], is the necessary
and sufficient condition for geometric ergodicity (and in fact the stronger Ug-uniform ergodicity) [Meyn and
Tweedie, 2009, Thm. 15.0.1]. The distribution p; is invariant because Vf € Cj, (]Rd ),

ne(x)p (x)
[ Terepeac= | / ke Oy SR
1
)

" [ne@)p(2) d//kﬂy dxf(y)p(y)dy
 Jne Z)lp )dz /f ey >dy:/f(X)Pe(X)dx

(i1) The invariant density p; is reversible because Vf, g € Cp, (]Rd)

/ T/ ) //g x )p(y)fngg))g((;) dydx
] ne(Z)IP Ydz / Teg(y)ne(y) f(v)p (y)dy

The spectral gap follows from Lyapunov condition (2.282) and the fact that the chain is reversible [Roberts
and Rosenthal, 1997, Thm 2.1]. The spectral gap is denoted as A.
(iii) The solution ¢, satisfies the bound:

IS o €T (h—he)ll2oy  €nllbllzpy  tlll2(p)
=T 22 pe) T =T ey T A

191l 2(00) <

It remains to verify the Lyapunov condition (2.28a): Using (2.17)

e—UeTgneUs (x) = E[e—s)jz;(l) Ws(B)zcks)] < E[e*SZZ;é(a\\BikenH%*ﬁ)]

where the second inequality follows from using the lower bound W (x) > a/|x|*> — B derived in (2.39).

We now claim that
E[e—ezkm;ol(O‘HB;ksH%_ﬁ)] — e_ameH%""Bm (241)

form=1,...,n where {e,}" _, and {B,,}7 _, are defined using the recursions:

o ag 4+ —2om o = oe
1 pr— —— 1 pr—
et 1 +4eay,’

B = B+ e — 3 log(1-+4e0n). By = Be
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Assuming for now that the claim is true
log(e U Tze" (x)) < log(E[e™ “Ti=o(@Pue,13-)]) = — gy, |13 + B,

An upper-bound for f8, and a lower-bound for @, are obtained as follows:

1. For the sequence {f,}

n
m=1’

Bui1 < Bn+Be, = Bu<Pi+(n—1)pe=pt

2. For the sequence {a, }

n
m=1>
Omi1 < Op+og, = o, <oy+(n—1)ae=ot

Therefore,
o

oy > —2 e
mil = 1+4f:oct+

It then follows

Upon using the two bounds
log(e Ve T} e% (x)) < —ate 4 ||x|3+ Bt < —atUs (x) + bt

2
where the second inequality follows from using the upper bound U (x) < 817 |l x[|3 + %C derived in (2.38).
1

The following estimates are obtained for constants
2
a=8ctae %0, b= B +Coioe *0

It remains to prove the claim (2.41). The constants ¢; and ; for m = 1 are easily verified by direct

evaluation and for m > 1,

Ele € T0(@lBy 3-B)] — E[o-ealvl+Bep—aulBacli+u

_ o eall3— % Inl+eB+Bu L log(1-+4ea)

The minorization inequality (2.28b) is obtained next. For |x| < R:

T (x) = Ve E[o~ETing We(Bike) o~V (B3) (35 4] ]

&My <k Ue (%)

P([By € AJN[ sup [|By|2 <10]) = 6v(A)

- emaxHX\\zém10(Us(x)+tWe (x)) 5€[0,21
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where

v(A) = P({B3 € A}|{ sup |Bs[l2 <10})
s€[0,21]
MiNxi<rec(0,1) Ue (%) %

0= emaX\x\gRJrlO‘se(OJ)(Us(x)+tws(x)) (1 —2e " )

50

because P( sup ||Bs|l2 > 10) <e™ 2 <en. O
5€[0,21]

2.6.7 Proof of the Thm. 2.1
Proof. (i) The existence of the solution is proved in Prop. 2.6.

(i) We break the error into two parts:

10 — Oll22(p,) < 96 — Bll2(p0) + 110 — O ll12(p0)

where ¢ is the solution to the fixed point equation ¢ = P.¢ + £(h — lAa) with the exact semigroup

P;. The bounds for the two terms on the right-hand side are derived in the following two steps:

Step 1. Iterating the formula ¢ = P:¢ + £(h — h) for n = |1] times yields,
¢=Pio+Y ePi(h—h)
k=0

and subtracting this from (2.27) gives

~ ~

O — ¢ =T (¢ — @)+ (T P"¢+Ze — PYYR4-t(h—he)

This forms a (discrete) Poisson equation whose solution exists and is bounded according to Prop. 2.6:

- ne " o n—1 A A
19 = 0ll2(p0) = - <||(Ts — PO lr2(p) + | Y (T — PEYR 2o, + 1€l — hre]
k=0

. (2.42)

Cns g
< <||(T” PO 20 +HZ€ (T2 = PE)hl () +nelh— hs\>

where we used || - [|;2(p,) < Cl| - [|12(p) in the second step. This is true because pe (x) = e Ve Ge(e Vo) (x) =
p(x)e3W ) —eAV(X)+0(e") < Cp(x) using the formula (2.18a).
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It remains to bound the three terms inside the bracket in (2.42):

IT7 ¢ — Puedllr2(p) < Cev/ne([|9 (o) + VO3 (p))

1Y e — Pl o) < Colne) Ve (Il o) + [Vl
k=0

< /\h o (x)|e W )—€AV (x)+0(e?) _ 1dx < eC|lh 2y
by using the error estimates Prop. 2.3-(iii). Therefore,

19 = @ll22(pe) < ECUIAllLs (o) + [V AllLs (o) + 1Bl 5(0) + IVl 30

Step 2. Both ¢ and ¢ are solutions with the exact semigroup Pe. Using the spectral representa-
tion (2.4),

() 1 ()
z:: )T (h,em)em, Z 1% e)L,,, (h,em)em
Therefore,

- hind 1 1
16 =012 =€ X (e = g7, el < €20l

and thus [|¢ — 9| 2(p,) < ClI® — 9l 12(p) < ECIIRIZ .

Combining the estimates from steps 1 and 2,

19 — @1 22(p0) < EC(I1-l (o) + VRl 130y + 9|3y + VDl ())

2.6.8 Proof of the Prop. 2.4

Proof. Denote 1j = (

(8e*p)(X/)

YN (X 1) and express:

k(o) f0)p )y + & + ¢
ne(0) +6" +5"
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where

N N
amzﬁzmwx&mwwfmmwvwm,ﬁw %Zk@WV@Wn
J=1 j=1
W _ 1 j 5 1y j
& —NZkg(x,X ) — E[ke (x,X7)] NZ’ (x,X7)

~
Il
—

(i) To prove the part-(i) of the Prop. 2.4, the strategy is to show that as N — oo the stochastic terms
él(N) , éz(N), ¢ I(N), CZ(N) converge to zero almost surely. We do this in two steps below, EI(N), 62(N) in
step 1, and CI(N) , CZ(N) in step 2.

Step 1: Convergence of él(N) and cS](N) follows from direct application of the strong law of large
numbers (SLLN). The SLLN applies because the summand for & I(N) and §2<N) are independent and

identically distributed (i.i.d) and moreover have finite variance:

2 X
Var (ke (x,X) f(X)) < EdC/z (’(‘gi ‘LL;’))Z((X)) (2.43)
Var (ke (x, X)) < P00 (2.44)

€d/2 (gexp)*(x)

where we used g2(x,y) < Cs_d/zgg/z (x,y).

Step 2: In order to show the almost sure convergence of § I(N) and ¢ I(N) to zero, we first show that

in the limit as N — oo,

log(§)

—— Vi=1,...,N 2.45
NSd/qu(X') ! ( )

Ini| <C

with probability larger than 1 — 0 for any arbitrary choice of § € (0,1). Assuming for now that

the claim is true, it then follows

) _  [Clog(s /(X))
& < Nsd/2 < Zkg X7 (0 (2.46)

with probability larger than 1 — 8. The term inside the bracket converges almost surely to its limit
Elke (x,X) —r—=— OOl ], by SLLN, because

V8exp(X)
EGMx)vaﬂ)gcvmmw

gexp(X) )~ (8e%p)¥2(x)

The proof that CI(N) 2% 0 is completed by an application of the Borel-Cantelli lemma. Indeed,
choose a sequence {0y }5y_, given by oy = ﬁ Then Yy, P(CI(N) > ey) < Yy_; On < oo where

Clog(N3)

EN = Ned/2

. Because gy — 0, then CI(N) 22 0. The proof of CZ(N) 23 0 is identical.
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It remains to prove the claim (2.45). It follows from the Bernstein inequality. We have for any

a>0:
(gg*p)(Xj)
P(nl Z a) - <\/131 ;v:lg&‘(vaXl) Z 1+a>

(gs*p)(Xj)
=" (;,z?’_lgg(xj’xl) - 1+a>

o[ (gexp) (X)) — XY ge(X).X") _ a
_P( (82 % p)(X) - 1+a>

The random variables g (X', X/) are i.i.d, bounded by (47178)_%, and the variance

E [lee (' X)PX) < ot (e ) ()

Therefore by Bernstein inequality,

(8e/2#p)(X/)log(5)
Ini| < C\/N(87t8)d/2(gg *p)(;j)z

with probability higher than 1 — 8. The result is obtained by union bound for i = 1,...,N and

8e/2%P
S22 | < o

(i1) Collecting the estimates (2.43)-(2.44)-(2.46) and application of the Bernstein inequality yields:

| A

w,_[ClIIos(H)p() P
© 'S\/Nedﬂ( o 8 Nedﬂg*p K
N
Yo
o

i [zt p2()
4 ’S\/Ned/%ge*m o e Nsd/zg*p%x

with probability larger than 1 —448. Therefore one obtains the bound:

W Clog(§)p (x)
T f(x) = Tef (x)] < \/Ngd/Z( ;) 2(x)n2(x)

with probability larger than 1 —448. Upon squaring and integrating both sides with respect to p (x)

proves the rate:

Clog(§ 12
-1l <[ St ([ o D)

1/2
Clog(5) /efZS\VV(x)|2+%£|VV(x)\2dx / < Clog(§)
Ngd/2 - Ned
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2.6.9 Proof of the Thm. 2.2

In the proof of Thm. 2.2, the function space of interest is C(2), the Banach space of continuous functions
on (a compact set) Q C R? equipped with the || - ||z~ norm. The space Co(Q) := {f € C(Q) | [ fpe = 0}.

7N

Consider 7 and as linear operators from C(Q) to C(Q2).

Part-(i) has already been proved as part of the Prop. 2.5. The proof of part (ii) relies on the verification

of the following three conditions:

(i) The family of operators {TS(N) }v_; is collectively compact, as linear operators on C(Q).

(ii) For any function f € C(Q),

lim |TY f — Tof|| - =0, as. (2.47)
N—yo0

(iii) The operator (I —T¢)~! is a bounded operator on Cy(Q).

Once these three conditions have been verified, the convergence result (2.31) follows from a standard
result in the approximation theory of the numerical solutions of integral equations [Hutson et al., 2005, Thm.
7.6.6].

The proof of the three conditions is as follows:

(i) The collective compactness holds if the set S = {T‘S(N)f; VfeC(Q),|flle < 1,N € N} is rel-
atively compact. Relative compactness follows from an application of the Arzela-Ascoli theo-
rem. In order to apply Arzela-Ascoli theorem, we need to show that S is uniformly bounded and

equicontinuous. The two conditions hold because

N k(N) X!
(unif. boundedness) |T£(N) F <A Lw%)(x,.) <1
i=1 kS (val)
L /
(equicontinuous) ]TS(N) flx)— Ts(N) ) < g|x—x’ ]ezL*sP‘_x‘ (2.48)

forall x,x’ € Q and f such that || f||z~ < 1. The detailed calculation to obtain the second inequality
appears at the end of the proof.

(ii) Fix a function f € C(Q). From Prop. 2.4-(i), we know that Tg(N) f(x) converges to T, f(x) almost
surely pointwise for all x € Q. Because Q is compact and {TS(N) f} is equicontinuous, pointwise

convergence implies uniform convergence (2.47).

(iii) From parts (i) and (ii) above, it can be concluded that T; is a compact operator. Therefore, using
the Fredholm alternative theorem, in order to show (I — T;)~! is bounded, it is enough to show
that / — T is injective. The injectivity property is shown by contradiction. Suppose there exists a
function f € Cy() such that f — T f = 0. Let xo € Q be a point that achieves the maximum of the
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function f. Such a point exists because f is continuous and  is compact. Evaluating f — T f =0

at x = xo yields
0= f(xo) — Te f( /kg X0,y — f(y))dy

Because kg (xo,y) > 0 and f(y) < f(xo), this implies f(y) = f(xo) for all y € Q. Therefore, the
function f is a constant. But the only constant function in Cp(Q) is zero. Hence I — T is injective

and its inverse (I — T¢)~! is bounded.

It remains to prove the equicontinuity inequality (2.48) which is done next:

T ) 7 | < | Bk CXDAXD) B KD (XX

ik (. x7) Ve (e, x)
N . ke (¥ X!
k) (e, X 1= A
< 2Hf”L°° N X
l:lké'( )
ke (', X'
<2 max \1—M| ||x tzengx 2

i=1,...N ke (x,X7)
where the last inequality is obtained as follows

ke (X', X7)

gg(x’,Xi) ) (42X *“ 29 | L |lx—x'||2
ke(x’Xi) -

:1— - :1— 2e
== exy == ||x X [lae2

where L = max, ycq ||x — y||2 is the diameter of Q.

2.6.10 Proof of Prop. 2.7

1. Consider first the finite-N case. In the asymptotic limit as £ — oo, we have (27€)%/?g¢(x,y) = 1+
O(1). Therefore,

K ge(x,y) _1+0(1)
\/ M 8e(x, X)) \/ Z _18:(»X7) €
1N ™)

k —1+O( )
1:1
and N
J )
™ f(x) = v Lo 1ki/§/))CX )f(X) Z FxX0) ot 1

ne ()

It is also easy to see, e.g., by using a Neumann series solution, that in the asymptotic limit as € — oo,
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the solution of the fixed-point equation (2.23) is given by

1 N
¢:s(h—ﬁl;hl)+0(l)

Therefore,

1 N
(yLh)+o

=1

1 N
Sij = 5g Vij(rj = k;lTikrk) =—

r=®+4+¢eh=2eh—¢
m—iﬁmwo@>
N /= €
and using the gain approximation formula (2.13),
| N

N ) 1 N ) 1

Jj=1 j=1
. The calculations for the kernel formula are entirely analogous. In the asymptotic limit as € — oo,

/f dx+0()
Pe(x) = €(h(x) —h)+0(1)

and, using 6 (x) = x to denote the coordinate function and - to denote function multiplication, the gain

approximation formula (2.32) evaluates to

Kg(x)zﬁ[Tg(G-¢g+8(h—fz))—Tg(9)Tg(¢g+£h h))]
—ETE( %M h)—%me) (¢£+h h)+0(%)
~ 1

=Te(8-h—h) = Te(8) Te(h—h) + O()
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Chapter 3

Optimal Transport FPF~

3.1 Introduction

Consider the filtering problem (1.3a)-(1.3b) introduced in Sec. 1.1, and the FPF algorithm introduced in
Sec. 1.2. This chapter is concerned with the design of the mean-field process (1.8) in the FPF algorithm.

Consider a general representation for the mean-field process {Xz}zzo in terms of a sde:
dX, = u (X})dt +K; (Xt)de +Vt(Xz)dBt> Xo ~ Tinit 3.D

where {Z,} is the observation process, {B,} is standard Brownian motion, and u(-), K,(-), and v,(-) are the
control terms. The control terms should be measurable with respect to the filtration Z; := o({Z;; s € [0,¢]}).
The control problem is to choose u (), K;(-), and v;(-) such that X is distributed according to posterior
distribution 73, i.e.,

X~m V>0 (3.2)

where ; denotes the conditional probability distribution of X;. When the condition (3.2) is true, the filter is
said to be exact.

There are infinitely many choices of control law that all lead to exact filters. This is not surprising: The
condition (3.2) specifies only the marginal distribution of the stochastic process {X },>¢ at each times 7 > 0.
This is not enough to uniquely identify a stochastic process, e.g the joint distributions at two time instants
is not known. The non-uniqueness issue can be also understood through the lens of optimal transportation
theory: interpret the sde (3.1) as transporting the initial distribution 7y at time ¢ = O (prior) to the conditional
distribution 7; at time ¢ (posterior). Clearly, there are infinitely many maps that transport one distribution
into another.

The mean-field process in the FPF algorithm (1.8), is a specific choice so that the filter is exact for
the general nonlinear non-Gaussian problem. In the special linear Gaussian case, there are two established
forms of mean-field process that are exact. The first one is the mean-field limit of the EnKF with perturbed
observation [Reich, 2011, Del Moral and Tugaut, 2016]. The second one is the square-root form of EnKF
introduced in Sec. 1.2.1.

The goal of this chapter thus is to highlight and address the issue of uniqueness in design of mean-field

process. Although the issue is relevant more generally, the focus of this chapter is on the linear Gaussian

*The preliminary results concerning the contributions of this chapter appears in [Taghvaei and Mehta, 2016a].
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problem.

Notation: The space of positive symmetric definite matrices of size d x d is denoted by Sﬁ Lo N (mE)isa
Gaussian probability distribution with mean m and covariance £ € ¢, . For a vector m, ||m||, denotes the
Euclidean norm. For a square matrix ¥, ||Z||r denotes the Frobenius norm, ||Z||, is the spectral norm, £ is

the matrix-transpose, Tr(X) is the matrix-trace, and Ker(X) denotes the null-space.

3.1.1 Related work

The technical approach based on optimal transportation has its roots in the optimal transportation the-
ory [Evans, 1997, Villani, 2003]. These methods have been widely applied for uncertainty propagation.
This includes synthesis of optimal transport maps for implementing the Bayes rules as a special case [Re-
ich, 2011, Cheng and Reich, 2013, El Moselhy and Marzouk, 2012, Heng et al., 2015]. Also, related to the
optimal transportation, is the Schrodinger bridge problem which is proposed for implementing the Bayes
rule [Reich, 2018].

3.2 The Non-uniqueness Issue

Consider the linear Gaussian filtering problem:

dX; = AX,dt+ opdB;, Xp~ JV(minitvzinit) (3.3a)
dz, = HX;dt 4+ dW; (3.3b)

where X, € R? is the state at time 7, Z, € R” is the observation process, B;, W; are mutually independent
Wiener processes taking values in R? and R?, respectively, and A, H, op are matrices of appropriate dimen-
sion. Without loss of generality, it is assumed that the covariance matrices of B, and W, are identity matrices.
The initial condition Xj is assumed to have a Gaussian distribution .4 (i, Zinit) With Zipie > 0. The filter-
ing problem is to compute the posterior distribution () := P(X; € -|27), where 2] = 6(Z,; 0 <5 <1).
The following is assumed throughout the remainder of this chapter:
Assumption (A1): The system (A, H) is detectable and (A, 0p) is stabilizable.
In this linear Gaussian case, the posterior distribution 7, is Gaussian .4 (m,,Y%,), whose mean m, and

variance X, evolve according to the Kalman-Bucy filter [Kalman and Bucy, 1961]:

dmt = Am,dt + K; (dZt — Hmtdt), Ny = Mynit (343)

d
&zt =Ricc(X%,) := AL +5A +Z3—XH HY,, Xy=Zini (3.4b)

where K, := X,H " is the Kalman gain and Xp := GBGBT .
The linear FPF [ Yang et al., 2016] (and also the square-root form of the EnKF [Reich, 2011]) is described
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by the Mckean-Vlasov sde:

HX, +Hm,

dXt == AXtdt + GBdB; + Rt (dZt - 2

dt), (3.5)
where K; := £,H" is the Kalman gain, B, is a standard Wiener process, i, := E[X;|Z]], £, := E[(X; —
;) (X; —m;) " | 2] are the mean-field terms, and Xo ~ .4 (mini(, Zinit ). According to the following Theorem,
the mean-field process X; is exact, i.e the distribution of X; is equal to the posterior distribution. The proof

appears in the Appendix 3.5.1.

Theorem 3.1. (Exactness of linear FPF) Consider the linear Gaussian filtering problem (3.3a)-(3.3b) and
the linear FPF (3.5). If Xo ~ Tz, then

Xi~m, V>0 (3.6)

The proof of exactness involves showing that the conditional mean and covariance of X; evolve ac-
cording to the Kalman filter equations for mean and covariance. Formally, upon taking the mean of the
sde (3.5), the evolution of the conditional mean 7, is easily seen to be the same as the Kalman filter equa-
tion (3.4a). For the covariance, define the error process & = X; — ;. Then, the equation for & is obtained

by subtracting (3.5) from (3.4a). This gives,
1_ _
d& = (A— EE,HTH)Q +dB,

The equation for the variance of & is now given by the Lyapunov equation,

d . 1. . 1. i}
o == EZIHTH)ZI +5,A— EZ,HTH)T + X5 = Rice(E))

which is identical to (3.4b). The arguments of the exactness proof suggests a general procedure to construct

an exact X; process. In particular, express X; as a sum of two terms:
X =m +&
Let 71, evolve according to the Kalman filter equation (3.4a). The evolution of & is defined by the sde
d§ = G,&dt + o0,dB;
where G; and o; are solutions to the matrix equation
GE +5G! + 0,06, =Ricc(L,) (3.7)

By construction, the equation for the variance is given by the Riccati equation (3.4b). In general, there are
infinitely many solutions for (3.7). Below, we describe three solutions that lead to three established form of
EnKF and linear FPF:
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(i) EnKF with perturbed observation:
G,=A-LH'H, o= [)ZHT cB]
(i) Stochastic linear FPF:
lo 7
Gt:AiEZtH H7 GIZGB

(iii) Deterministic linear FPF:

1. 1-
G =A— 5Z,HTHJr 52,—‘23, 6, =0
Moreover, from a solution G;, one can construct a family of solutions G, + £, 'Q,, where Q, is any skew-
symmetric matrix. In Sec. 3.3, we describe how to uniquely identify a solution, using optimal transportation

theory.

3.2.1 Finite-N implementation

In a numerical implementation of the linear FPF algorithm (3.5), one simulates N stochastic processes
(particles) {X/: 1 <i < N}, where X/ is the state of the i"-particle at time ¢. The evolution of X/ is obtained
upon empirically approximating the mean-field terms. The finite-N filter for the linear FPF (3.5) is an

interacting particle system:
HX! +Hm")

dX = AX!dt + opdB! + KN (dz, — .

dt) (3.8)

where K™ := =™ HT; {BI}V | are independent copies of B;; X; ' A (mg, %) fori=1,2,...,N; and the

empirical approximations of the two mean-field terms are as follows:

mt(N) = N ZX;’
;:1 N (3.9)
2V = g o m ™) X = m™)T

3.3 Optimal Transport FPF

3.3.1 Background on Optimal transportation

Let uy and py be two given probability measures on R with finite second moments. The Monge optimal
transportation problem is to minimize
min E[(T(X) —X)3 (3.10)
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over all measurable maps T : R? — R? such that

If it exists, the minimizer T is called the optimal transport map between Ly and py. The optimal cost is
referred to as L>-Wasserstein distance between iy and py.

The explicit form of the optimal transport map is known when the marginal distributions are Gaussians.
The explicit form of the optimal transport map is given in the following Theorem. This explicit form of

optimal transport map is used in our proposed time-stepping procedure in Sec. 3.3.2.

Theorem 3.2. (Optimal map between Gaussians [Givens et al., 1984, Prop. 7]) Consider the optimization
problem (3.10), with constraint (3.11). Suppose lx and Wy are Gaussian distributions, A (mx,Xx) and
N (my,Xy), with Xx,Xy = 0. Then the optimal transport map between Lx and Ly is given by

T(x) =my +F(x —my) (3.12)
11 I
where F =X (X;XxX; ) 2%},

3.3.2 The Time stepping optimization procedure

The following time stepping optimization procedure is proposed to obtain the optimal transport FPF:

1. Divide the time interval [0, 7] into n € N equal time steps with the time instants 7p =0 < #; < ... <
th,=T.

2. Initialize a discrete time random process {X;, }}_, according to the initial distribution (prior) of X,

Xl‘() ~ T

3. For each time step [tx, 1], evolve the process th according to
X, =Ti(X,), for k=0,...,n—1 (3.13)
where the map 7j is the optimal transport map between two probability measures m, and 7, .
4. Take the limit as n — oo to obtain the continuous-time process X; and the sde:

dXt == ut(Xt)dt —|— Kl‘ (Xt)dzt (3.14)

The procedure leads to the control laws u; and K, that depend upon 7;. Since 7; is unknown, one simply
replaces it with () := P(X; € -|2;) — as the two are identical by construction. The resulted sde (3.14)
is referred to as the optimal transport FPF. Explicit formula for the optimal transport FPF in the linear

Gaussian case is the subject of the following. The proof appears in Appendix 3.5.2.

55



P NN TN
SN\ /1 """" VAURUAL
to i t2 th1 12

Figure 3.1: The time stepping optimization procedure.

Proposition 3.1. Consider the linear Gaussian filtering problem (3.3a)-(3.3b). Assume X »~ 0 and Assump-
tion Al holds. Then the optimal transport FPF is given by

dX; =Am,dt + K, (dZ, — Hmdt) + G,(X; — m,)dt (3.15)

where K, := L, HT, in, = E[X,|2]), £ = E[(X; — ;) (X, — ;) 7| 2], Xo ~ N (mo,X0), and G; is the (unique)

symmetric matrix that solves the matrix equation
Gtit +21Gt :Ricc(it) (316)
The filter is exact. That is, the conditional distribution of X; is Gaussian N (m,,it) with m, = m, and

i[ — Zt'

Remark 3.1. The unique symmetric solution to the matrix equation (3.16) is given by:
G, = / e_Si’Ricc()_:t)e_Si’ ds
0

For the purpose of comparison to the original form of the FPF algorithm, the solution can be expressed as:

1. 1. B}
G =A— 5Z,HTH + 5232;1 +Q5 !

where €, is the (unique) skew-symmetric matrix that solves the matrix equation
QL+, =(A" —A)+ L(EH"H-H"HE,) + 1(ZpE5, — £,2p) (3.17)
Using this form of the solution, the optimal transport sde (3.15) is expressed as

HX, +Hm,

_ _ 1_ - _ _ _ _
dX, =AX,dr + 5232;1 (X, — iy )dt — K, (dZ; — dr) + Q. E (X, — my )dt (3.18)

Compared to the original (linear Gaussian) FPF (3.5), the optimal transport FPF (3.18) has two differ-

€nces:

(i) The stochastic term dB; is replaced with the deterministic term %Zgit_ ! (X, — m,)dt. Given a

Gaussian prior, the two terms yield the same posterior. However, in a finite-N implementation,
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the difference becomes significant. The stochastic term serves to introduce an additional variance

error of order O(\im)

(i) The sde (3.18) has an extra term involving the skew-symmetric matrix ;. The extra term does
not effect the posterior distribution. This term is viewed as a correction term that serves to make
the dynamics symmetric and hence optimal in the optimal transportation sense. It is noted that for
the scalar (d = 1) case, the skew-symmetric term is zero. Therefore, in the scalar case, the update

formula in the original FPF (3.5) is optimal. In the vector case, it is optimal iff Q, = 0.

Remark 3.2 (Finite-N implementation). A finite-N implementation of the optimal transport linear FPF (3.15)
requires empirical approximation of the mean-field terms i, and ¥,. However, with the empirical approxi-
mation, the assumption Z(()M > 0 may not be satisfied. In particular, when N < d, the empirical covariance
matrix is of rank N < d, hence singular. If the covariance matrix is singular, the optimal transport FPF
can not be implemented, because a solution to the Lyapunov equation (3.16) may not exist. In contrast, the
stochastic linear FPF (3.5) does not have any terms involving £~ and can be approximated for any choice

of N. In Sec. 3.4, we propose an alternative approach that allows for singular covariance matrix.

3.4 The singular covariance case

The derivation of the optimal transport linear FPF (3.15) crucially relies on the assumption that ¥q > 0

which in turn implies that, in the time-stepping procedure, Z_l,(ZV ) 0 for k = 0,1,...,n—1. In the proof

of Prop. 3.1, the assumption is used to derive the optimal transport map 7 (see (3.12)). In general, when the
covariance of Gaussian random variables X;, or X;,,, is singular, the optimal transport map 7; may not exist.
In the singular case, the relaxed form of the optimal transportation problem, first introduced by Kantorovich,

is used to search for optimal (stochastic) couplings instead of (deterministic) transport maps [ Villani, 2003].
min Eqy y)q[|X — Y (3.19)

where 7 is a joint distribution on R? x R?, with marginals equal to tiy and py.

Example 3.1. Consider Gaussian random variable X and Y with distributions, A (mx,Xx) and N (my,Zy),

0 5 1 0 5 10
m:m:7 pry y =
X o o e "o 1

where € > 0 is small. If € > 0, the optimal transportation map exists, and is given by

1 0
-
0 %

respectively. Suppose

X

If € =0, then there is no transport map that satisfies the constraints of the optimal transportation problem.
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However, a (stochastic) coupling that minimizes the Kantorovich problem (3.19) exists, given by

Y =X+

0
B
1

where B ~ A (0,1) is independent of X.

In order to do consider the singular covariance case, the time-stepping procedure should be modified
to consider a sequence of optimal stochastic couplings, instead of deterministic optimal transport maps.
However, carrying out the time-stepping construction with stochastic maps become complicated due to lack
of a unique and explicit form of the stochastic couplings. Instead, we begin with a suitable general form of

the sde for the mean-field process
dXt == GI(XI - n_/lt)dt +dvt "‘ thBt (320)

and then choose G, v, and o; such that the stochastic map X; — X, o, = X; + ftﬂrm Gy (Xs —g)ds+ (Vipar —
Vi) + f,HAt 0,dB; is optimal, in the optimal transportation sense, in the asymptotic limit as At — 0. In Ap-
pendix 3.5.3, we show that dv; = Am,dr + K, (dZ;, — Hm,)dt, and o; and G; are the solutions to the following
optimization problem:

Optimization problem: Define the sets

D5 :={(0,G) e R4 xR, GL+2G" + 00" =Rice(L)}
Ds|o :={G e R, GZ+2G" + 00" =Ricc(T)}

The pair (6*,G*) € Px is optimal if

Tr(6*(c*)")= min Tr(co'), Tr(G'E,G*)= min Tr(GLG") (3.21)
(G7G)€@E GE@E‘G*

The justification for the optimization problem appears in Appendix 3.5.3 where the following proposi-

tion concerning its solution is also proved.

Proposition 3.2. Consider the optimization problem (3.21). Let

u, = argmin ||Z,u — op|| = Proj(op; Range(%,))
ueRdde

Then, o; = 0 — X,u, and the unique symmetric matrix G that solves the Lyapunov equation

G+ %G = Rice(E,) -0, (c7)" (3.22)
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minimize the optimization problem (3.21). The resulting optimal transport linear FPF is
dX; = Am; + K, (dZ, — Hm,dt) + G, (X, — m,)dt + o, dB; (3.23)
Remark 3.3. The solution to the Lyapunov equation (3.22) can be expressed as

1. 1 _
Gi=A—3LHH' +5(0p+0)u + QP + QM (P, Pe) ! (3.24)
where Q) is an arbitrary d X d matrix, QW isqa skew-symmetric d x d matrix, Pg is the projection into
range of £, and Py is projection into the kernel of £,. The matrices Q©) and Q) are chosen such that the

matrix G; symmetric. Using this form of solution, the optimal transport linear FPF (3.23) is as follows

¢ —AX,dr 1\ ; _ HX, + Hir
dX; =AX,dr + 5 (0B + Gt*)”tT (X; —my)dr + 6, dB, + K, (dZ, — Mdl‘)
2 2 (3.25)
+ Q9P + 0 (PeE, Pr) ) (X, — iy )dr

It is noted that in the formula (3.25) reduces to the formula (3.18) when the covariance matrix is non-
singular;, because u, = Prroj(op;Range(%,)) = op, 6, =0, Px = 0 and Pg = I. In particular, the stochastic
term ©;dB; is zero when og € Range(it). The role of the stochastic term o, dB; is to account for the the

effect of the process noise ogdB; that can not be captured with the linear term G, (X} —my)dt.

3.4.1 Finite-N implementation

In a numerical implementation of the optimal transport linear FPF algorithm (3.23), one simulates N par-
ticles by empirically approximating the mean-field terms. The evolution of the particles is given by the

sde

dx’ =Am™dr + K™ (dz, — HmNV ) + GV (X1 —m™)dt + 6,dBi,  Xi ~ N (mo,Z0) (3.26)

where K,(N) = Z,(N)H T, {Bi}Y | are independent copies of B;, 6; = Op — u;, u; = arg min,, ”ZI(N)M — ol

G,(N) is the unique symmetric matrix solution to the Lyapunov equation

MM s MG™ = Rice(zM) - 6,0,

and m,(N) and Z,(N) are empirical mean and covariance defined in (3.9). Note that the stochastic term is zero

when op € Range(Zt(N)), which is true when op € span{X/!,... . X"}.
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3.5 Proof of the main results

3.5.1 Proof of Theorem 3.1

Proof. First, we show that the conditional mean and covariance of X, evolve according to Kalman filtering

equations. Express the sde (3.5) in integral form,

 HX, + Hii
% = Xo+/ o,dB, +/ J; ™ ds)

Upon taking the conditional expectation of both sides
t
— E[Xo| %] + E[/ 0,dB,| %)
HX +H m
[ Rtz - T ) 2]

t e —
=E[Xo\%]+/o E[Rs\%]dzs—/o IR, T g1

t —_
— g+ / K,(dZ, — Himyds)
0

where we used the fact that X; is adapted to the filteration Z; to obtain the second line (see [Xiong, 2008,
Lemma 5.4]). As a result, the sde for the conditional mean is

dm, = Am,dt + K, (dZ; — Hin,dt) (3.27)
Define the error & according to & := X; — m,. The equation for & is obtained by simply subtracting (3.27)

from (3.5). This gives, )
S,HTH

d§ = (A— )& + opdB;

By application of the It6 rule

A(6ET) =(A— S5 H H)EE i+ opdB g

_ 1 _ - _
+EET(AT - 5HTHE,)dz + & (0pdB,) " +Xpdr

which concludes the sde for the conditional covariance £, = E[§&,"| 2] following the same procedure as
for the conditional mean, d
&i{ = Ai[ + itAT + ZB - i[HTHit

which is identical to the Ricatti equation (3.4b). Hence ¥, = X, for all t > 0 because ¥y = Xy. This also
implies K, = K;, which further implies that the sde for conditional mean (3.27) is identical to the Kalman
filter equation (3.4a). Therefore, /i, = m, for all + > 0 because mg = my.

Given X; = ¥, and 7, = m,, the mean-field terms in the McKean-Vlasov sde (3.5) can be treated as

exogenous processes. Therefore, the McKean-Vlasov sde (3.5) simplifies to a Ornstein-Uhlenbeck sde.
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Because the distribution of the initial condition X, is Gaussian, the distribution of X; is also Gaussian given
by A4 (m;,X;) which is equal to the posterior distribution given by Kalman filter and concludes the proof.

O
3.5.2 Proof of Proposition 3.1

The key step in the proof is the following Lemma,

Lemma 3.1. Consider the ode (3.4b). Let ¥, be the solution fort € [0,T|. Then the following relationship
holds ,

1 1 1 1
Zt2+At (Zt2+AtZth2+At)i%Zzz+At =1+ GtAt + O(At2)7 (3-28)
where G, is the solution to the matrix equation,
G +X,G, =AY, —i—Z,AT —I—I—Z,HTHZ,, (3.29)

and the second order term is uniformly bounded for all t € [0, T).
Proof. The solution X, is positive and bounded since the system is observable [Ocone and Pardoux, 1996].
Fix t € [0,T], and define

11

11 [
F(s) =27 (X D X0 ) 22

s

The relationship (3.28) is obtained by considering the Taylor series of F(s) at s = 0,
F(At) =1+ F(0)At + %F(r)mz,
for some 7 € [0,At], and showing that ' (0) = G,. This is verified by considering,
F(s)ZF(s) = Xys.
On evaluating the derivative with respect to s at s =0,
F(O)L, +X,F(0) =A%, + S AT +1-Y,H HY,.

Since the solution to the Lyapunov equation (3.29) is unique, F(0) = G;. Also the second order derivative

is uniformly bounded for all ¢ € [0, T], by the observability assumption. O

Proof. (Prop. 3.1) The proof of exactness is similar to the proof of Theorem 3.1 and is omitted. In order
to obtain the optimal transport sde, the time stepping procedure is used. The key step in the procedure
is to obtain the optimal transport map 7;. The optimal map is between two Gaussians, .4 (m;,,X; ) and

N (my, Xy, ). By Theorem 3.2-(ii), the optimal map is,

th+l =My +Fk()_(tk - mtk)v
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1

)"2%7 . Using Lemma 3.1,

Tit1°

TR i
where i, =X (X7, L, X,

Ti+1
thﬂ = ﬁltk+l + (ka - mlk) + Gk(th - mtk)At + O(Atz)'
To obtain the sde, take a sum over k =0,1,...,n—1,

n—1
Xt,, = Xzo +Xt,, —my, + Z [Gk(th —my, ) At + O(Atz)} .
k=0

In the limit as Ar — 0, )
X, =X, +my, — X, + / Gs(X; — my)ds.
0

where the uniform boundedness of the second order term is used. The associated sde is,
dX[ = dm[ + Gt (Xt — m[)dt,

where dm; is given by (3.4a). Finally one obtains (3.15) by replacing m, and ¥; with m, and ¥, respectively,

which are identical by exactness. O

3.5.3 Justification for the optimization problem (3.21) and proof of Prop. 3.2

The stochastic map X; — X; a; is equal to
_ _ t+At _ t+At
Reow =Xt [ G(R—m)ds+ (s —v)+ [ 0B
t !
= Xl‘ +Ath(Xt - n_’ll) + VitAr — Vi +V AIGI‘C + 0(At>

where  ~ .4°(0,1). In order for the stochastic map to be optimal, it should satisfy the marginal constant
Xiiar ~ N (Miynr, Zoiar) if Xe ~ A (my, %), and minimize the cost E[|X;; a; — X;|?]. The marginal constraint
is satisfied if

My 4 Ve aAr — Ve = My pr

(I+AMG)E (I +MG,) +Ato,0," +0(At) = X ar

The first constraint implies dv, = dm, = Am,dr + K,(dZ, — Hm,dt). Dividing the second constraint by A and
taking the limit as Ar — 0 concludes

G:Z + %G + 0,0, =Ricc(%,) (3.30)
The optimal transportation cost is

E[lXiiar — X %] = |myiar — my|* + At Tr(0,0," ) +(A1)> Tr (G2, G ) +-0(Ar?)
N—_—— N———’
fi(or) £(Gy)
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Taking the limit as Ar — 0 implies that one should minimize fi(o;) first, and then f>(G;), under the con-
straint (3.30). This justifies the optimization problem (3.21).

In order to prove Proposition 3.2, decompose o = o;" + X,u,, where u, = argmin, ||Z,u — op||>. As a
result, o, € Ker(X,). Express G, = A — %Z,H TH+ (o7 + %Ztu,)ur + G, where G, is the new optimization

variable. With the new variable, the constraint of the optimization problem becomes
66 +GL +%,G =06/ ()"

Multiply both sides from left and right by the projection operator Pk, into the kernel of X, to obtain

Pxoo ' Px =0/ (c")"

where we used PxY, =0 and Pxo;" = o;". Then, itis clear that the minimizer of Tr(O'GT) under the constraint

Pxoo ' Py =0, (c})" is equal to 6 = o;". The new constraint, with ¢ = 6, is

GX, +%,G" =Ricc(%,) — o/ (o))

and the optimization problem is to minimize Tr(GX,G ). Using the spectral representation £, = Y% _ | A, uu,)
where u,, are orthogonal eigenvectors, and A, > 0 are eigenvalues, the constraint and optimization problem

18

d
minimize Y AnGunGom

m,n=1

subjectto  A,Gun + AnGrm = R, for mon=1,....,d

where G, = u,} Gu,, and R = Ricc(X;) — 6;(o;"). The solution to the optimization problem is G, = AR’JZ’;I .

Therefore, the matrix G} is symmetric, and unique symmetric solution to the Lyapunov equation (3.22).
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Chapter 4

Finite-N system error analysis”

4.1 Introduction

This chapter is concerned with error analysis and long-term stability analysis of the FPF algorithm. In the
mean-field (N = o0) limit, the FPF is known to be exact, i.e, the conditional probability distribution of the
particles is equal to the posterior distribution. However, little is known about the convergence of the finite-N
system to the mean-field limit. The objective of this chapter is to address some of these questions in the
linear Gaussian setting.

In the linear Gaussian setting, the FPF algorithm is similar to the ensemble Kalman filter algorithm
(see Sec. 1.2.1). Ensemble Kalman filter (EnKF) was first introduced in [Evensen, 1994], in discrete time
setting, as an alternative to the extended Kalman filter (EKF) for applications in geophysical sciences. In
these applications, the state dimension is typically very high. The main advantage of the EnKF, compared
to the EKEF, is that the computational cost of the EnKF scales linearly with the state dimension whereas the
computational cost of the EKF scales as the dimension squared.

Since its introduction, the EnKF has evolved into different formulations. The most two well-known for-
mulations are (i) EnKF based on perturbed observation [Evensen, 2003] and (ii) the square root EnKF [Whitaker
and Hamill, 2002]. For a review of the different discrete time formulations of the EnKF see [Reich and Cot-
ter, 2015, Ch. 6-7] [Law et al., 2015, Ch. 4]. The two aforementioned discrete time formulations of the
EnKF algorithm have been extended to the continuous time setting [Bergemann and Reich, 2012]. The con-
tinuous time formulation of the EnKF is usually referred to as the ensemble Kalman-Bucy filter (EnKBF).
For a recent review of the EnKBF algorithm and its connection to the FPF algorithm see [Taghvaei et al.,
2018]. The EnKBF algorithm and the linear FPF have the following three established formulations:

(i) EnKBF with perturbed observation [Bergemann and Reich, 2012] [Del Moral and Tugaut, 2016];

(i1) Stochastic linear FPF [Yang et al., 2016, Eq. (26)] which is same as the square root EnNKBF [Berge-
mann and Reich, 2012];

(iii) Deterministic linear FPF [Taghvaei and Mehta, 2016a, Eq. (15)] [de Wiljes et al., 2016];

In this chapter, the stochastic linear FPF and the deterministic linear FPF are studied. Both the formulations

are exact in the following sense: In the mean-field limit the distribution of the particles equals the posterior

*The preliminary results concerning the contributions of this chapter appears in [Taghvaei and Mehta, 2018a,b].
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distribution of the filter. The main difference between the two formulations is that the process noise term in
the stochastic FPF is replaced with a deterministic term in the deterministic FPF.

The goal of this chapter is to characterize the error properties of the FPF in the limit when the number of
particles N is large but finite. The error metrics of interest include the mean-squared error between the finite-
N estimates (empirical mean and the empirical covariance) and their mean-field limits (conditional mean
and covariance). Additionally, it is of interest to investigate the convergence of the empirical distribution of

the interacting particle system to the conditional distribution obtained in the mean-field limit.

4.1.1 Literature review on error analysis of EnKF

Theoretical error and convergence analysis of the EnKF algorithm is an active area of research. In the
discrete time setting, it is shown that the ensemble distribution converges to the mean-field limit with the
convergence rate O(ﬁ) for any finite time [Le Gland et al., 2009] [Mandel et al., 2011]. The asymptotic
(in time) stability analysis is more difficult. It is shown that if the system dynamics is stable and admits a
Lyapunov function, and the observation model satisfies the "observable energy criterion” (which holds under
full state observation), then the system is ergodic and it is stable with respect to initial conditions [Tong et al.,
2016]. The well-posedness of the EnKF and its accuracy using the variance inflation technique is studied
in [Kelly et al., 2014]. Related finite-time results on the convergence of the discrete-time square root EnKF
appear in [Kwiatkowski and Mandel, 2015]. The analysis in [Kwiatkowski and Mandel, 2015] is simpler as
the model is deterministic and the update formula exactly equals the Kalman filter update formula.

The analysis for EnKBF and linear FPF is more recent. For EnKBF with perturbed observation, under
certain assumptions (stable and fully observable), it has been shown that the empirical distribution of the
ensemble converges to the mean-field distribution uniformly for all time with the rate O(ﬁ) [Del Moral
and Tugaut, 2016]. This result has been extended to the nonlinear setting for the case with Langevin type

dynamics with a strongly convex potential and full linear observation [Del Moral et al., 2017].

4.1.2 Notation

For a vector m, ||m||, denotes the Euclidean norm. For a square matrix X, | X||r denotes the Frobenius norm,
|Z ||, is the spectral norm, £ " is the matrix-transpose, tr(X) is the matrix-trace, and cond(X) = ||Z|2||[Z~" ||
is the condition number. The space of symmetric positive definite matrices is denoted by Si . A (mX)
denotes a Gaussian probability distribution with mean m and covariance X € Sj’_ . There are three types of
stochastic process considered in this chapter: (i) X; denotes the state of the (hidden) signal at time ¢; (ii)
X! denotes the state of the i particle in a population of N particles; and (iii) X, denotes the state of the
McKean-Vlasov model obtained in the mean-field limit (VN = o). The mean and the covariance for these
are denoted as follows: (i) (m,,X;) is the conditional mean and the conditional covariance pair for X;; (ii)
(m,(m,Z,(N)) is the empirical mean and the empirical covariance for the ensemble {X,i }f\’: 15 and (iii) (M, Xp)

is the conditional mean and the conditional covariance for the mean-field process X;.
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4.2 Problem formulation

We consider the linear Gaussian filtering problem (1.4a)-(1.4b), where the solution is given by the Kalman-
Bucy filter (1.52)-(1.5b). We consider two types of linear FPF algorithms: The deterministic linear FPF, and
the stochastic linear FPF. The two algorithms are described next.

4.2.1 Deterministic linear FPF

The mean-field process X; evolves according to:
dX, = Am,dr + K, (dZ, — Hingdr) + VRice(E,) (X, — my)dr,  Xo ~ A (minie, Zinit) 4.1)

where K, = £,H " is the Kalman gain, /i, = E[X;|2/] is the mean, and £, = E[(X; — m, ) (X, — ;) '| 2] is the
covariance, and . .
VRicc(Q) :=A — 5QHTH + E)SBQ—I +0Q07! 4.2)

for any Q € S‘i 4 where Q is any skew symmetric d x d matrix. The optimal transport FPF formula (3.15)
is obtained by using a particular choice of the skew-symmetric matrix €, as specified in Prop. 3.1. The
more general case is considered here because the error analysis results are more generally applicable to the
model (4.3). This filter is referred to as the deterministic linear FPF.

The evolution of the particles X/ is given by the sde:

dx’ =Am™dr + K™ (dz, — Hm™ ) + VRice M) (X — m™)dt, XL~ N (minie, Einit) (4.3)
where K,(N) = Z,(N)H T and empirical approximations of mean and variance are

M _ 1§y
m = Z X/,
i B . (4.4)
Z:t(N) = Z (Xti - mt(N) ) (Xti - mt(N) )T
N—-1=
4.2.2 Stochastic linear FPF
The mean-field process is given by the sde
_ _ _ HX, + Hm -
A%, = AK,dr + pdB, + K, (7, — 2 G) Ry ~o N (i, Eini) 4.5)

where K, = £,H " is the Kalman gain, i, = E[X;|Z]] is the mean, and £, = E[(X; — m, ) (X, — ;) "| 2] is the

covariance.
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The evolution of the particles is given by

dX! = AX!ds + opdBl + K™ (dz, - %dt) 4.6)
where KI(N) = Z,(N)H T {B;}f’: | are independent copies of B;; and the empirical approximations of the two

mean-field terms are given by (4.4).

Remark 4.1 (Comparison of the deterministic and the stochastic FPF). In the deterministic FPF, there is
no explicit Wiener process for the process noise. For example, with the choice of Q; = 0, the deterministic
linear FPF (4.1) has the same terms as the stochastic linear FPF (4.5), except that the process noise term
ogdB, in (4.5) is replaced by %Zgifl()_(, —my)dt in (4.1). With any Gaussian prior, the term serves to

simulate the effect of the process noise.

The sde (4.1) and (4.5) represents the mean-field limit of the interacting particle system (4.3) and (4.6)
respectively. These models are referred to as McKean-Vlasov SDEs [McKean, 1966] and their analysis is
referred to as propagation of chaos [Sznitman, 1991].

The convergence and error analysis relies closely on the classical results on stability of the Kalman filter,

which appears in Appendix 4.6.2.

4.3 Evolution equations for mean and covariance

Consider the finite-N filters — Eq. (4.6) for the stochastic FPF and Eq. (4.3) for the deterministic FPF. The

empirical mean and covariance are defined in Eq. (4.4). The error is defined as
&l ::X,i—mt(N) for i=1,2,...,N

Deterministic linear FPF: For the finite-N filter (4.3), the evolution equations for the mean, covariance,

and error are as follows:

dm™ = Am™dr + K™ (dz, — Hm™ dr) (4.72)
az™) (N) | «(N) , T T N yTyy®)
—— =AY+ %A +ogoy — %, VH T HE, (4.70)
déi ; N\ i
o = VRice(z")g

The calculations leading to the derivation of these equations appear in the Appendix 4.6.1.

Stochastic linear FPF: For the finite-N filter (4.6), the evolution equations for the mean, covariance, and
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error are as follows:

O, ~
dm™ = am™ar + kK™ (dz, — HmM dr) + —\/% dB, (4.82)
am,
d=™ = (As™ L sMAT L v s M ETEE ™) g 4 =L (4.8b)
VN
i L v i i OB .=
dgt = (A - Eth )H)gt dr + O-Bde - ﬁde (48C)

where B, := ﬁ):?’:l B! is a standard Wiener process and dM; = YL YN (&idBi" 6 + opdBi&l ) is a
matrix-valued martingale with E[dM,dM,"] = ( %)Z(EI(N)ZB + EBZ,(N) + 2Tr(ZB)Zt(N))dt. The details of
derivation of these equations appear in Appendix 4.6.1.

Even though the fluctuations scale as O(N -3 ), the analysis is challenging as has been noted in literature
(see the remark after Theorem 3.1 in [Del Moral and Tugaut, 2016]). Error analysis of the ensemble Kalman
filter with noise terms appears in [Del Moral and Tugaut, 2016, Bishop et al., 2017, Bishop and Del Moral,
2018] under the additional assumption that the matrix H' H is positive definite which is equivalent to the
observation matrix H be full-rank. Analysis of the deterministic FPF closely follows the stability theory for

Kalman filter. Related analysis appears in the recent work [de Wiljes et al., 2016].

4.4 Error Analysis

4.4.1 Deterministic linear FPF

The following is assumed throughout the rest of this Section:
Assumption A1: The system (A, H) is detectable and (A, op) is stabilizable.

Assumption A2: Assume N > d and the initial empirical covariance matrix Z(()N) esd,.

The main result for the finite-N deterministic linear FPF is as follows with the proof given in Ap-
pendix 4.6.3.

Proposition 4.1. Consider the Kalman filter (3.42a)-(3.4b) initialized with the prior N (Miyir, Xinis) and the
finite-N deterministic FPF (4.3) initialized with Xé tLd N (Minity Zinir) for i = 1,2, ... N. Under Assumption
(Al)-(A2), the following characterizes the convergence and error properties of the empirical mean and

covariance (mt(N),Z,(N) ) obtained from the finite-N filter to the mean and covariance (m;,X,) obtained from

the Kalman filter:
(i) Convergence: For any finite N, as t — oo:

lim elt”mt(N) —my|p=0 as
1—o0

lim e |5 %, r =0 as
[—yo
forall L € (0,2).
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(i) Mean-squared error: For anyt >0, as N — oo:

o Tr(Zo) + [[Zoll7

Eflm™ —m,||3] < (const.)e !

(4.9a)

(N) v 2 —41;%
E[IIZ; Y |7] < (const.)e N (4.9b)

for all & € (0,Ay) where Ay is defined in Theorem 4.1. The constant depends on A, ||£o — X ||2,
and ||H 7.

Remark 4.2. Asymptotically (as t — oo) the empirical mean and variance of the finite-N filter becomes
exact. This is because of the stability of the Kalman filter whereby the filter forgets the initial condition. In

fact, the i.i.d assumption on the initial condition Xé is not necessary to obtain this conclusion.

Remark 4.3. (Scaling with dimension) If the parameters of the linear Gaussian filtering problem (1.4a)-
s, and Ay do not

change, then the constant in the error bounds (4.9a)-(4.9b) do not change. The only term that scales with

(1.4b) scale with the dimension in a way that the spectral norms ||Zol2, [|Zl2, [|H

the dimension is ||Zo||% and Tr(Xo). For example, if one assumes Lo = Olyxa, then |Lo||% = dog and
Tr(Xo) =d Gg. Therefore, the error estimates scale linearly with d.

Remark 4.4. The error estimates (4.92)-(4.9b) holds for any skew-symmetric choice of € in (4.3). There-
fore, the optimal choice of Q, does not effect the error estimates for mean and variance. In Sec. 4.5, we

study the error for estimating expectation of an arbitrary function f, where the choice of L can be effective.

4.4.2 Stochastic linear FPF

Assumption A3: The matrix A is stable, i.e ((A) := lmax(AJFZAT) < 0. And the matrix H' H = I identity
matrix.
The main result regarding the convergence of the empirical mean and empirical covariance is the fol-

lowing Proposition. The proof appears in the Appendix 4.6.5.

Proposition 4.2. Consider the mean-field system (3.5), and the finite-N system (4.6) under Assumption
(A3).

(i) Foranyt >0, and as N — oo:

3||Zo]|2 .
ez 3] < A0lE o= Cor (4.10)

2
where ¢yqr = m(Tr(Z%) + 3 Tr(Alg) + T;LE(Z)) +2Tr(E)Tr(Xy)), and Amay is an upper-bound

on the solution to the exact Riccati equation (see Lemma 4.1).

(i1) Foranyt > 0 and as N — oo:

E(lm™ —m,|),] < g H(A)r . Cmean @11



3% 2 var \ 1 1
where the constant ¢pean = ( I gﬂ‘(j)c )2+ (Tr(EB ) )z.

2u(A)

4.5 Propagation of chaos

At the initial time ¢ = 0, the particles {Xé }f\; | are sampled i.i.d. from the prior distribution. In any finite-N
implementation of the filter, the i.i.d. property is destroyed for # > O because of the interactions: For the

(N)

linear FPFs (4.6) and (4.3), the interaction terms are a function of the empirical mean m, ’ and the empirical
covariance Zt(N). Since these terms depend upon all the particles, the i particle in the population is coupled
to/interacts with (the randomness of) all other particles. Even though the particles are no longer i.i.d for
any finite choice of N, one (formally) expects the particles to become approximately i.i.d (in a sense that
needs to be made precise) for large N. Intuitively, this is because as N — oo, m,(N) — my and Z,(N) — X;. And
for the limiting mean-field model, the particles are i.i.d for # > O provided they are i.i.d. at the initial time
t = 0. The phenomenon is referred to as the propagation of chaos whereby the chaos (i.i.d property of the
population) propagates through time.

The mathematical definitions are as follows: Denote E :=R¢ x [0,0). Let ty be the probability measure
on EV associated with the process (X',...,X"). Let fi be the probability measure on E associated with the

mean-field solution X. Then py is said to be fi-chaotic if
T Uy weal [L(k) as N — oo

where T Ly is the k-marginal distribution, i¥) is the k-fold product, and the convergence is in the weak

sense. A somewhat easier formulation of this condition appears in [Sznitman, 1991, Proposition 2.2] as

N 2

lim E %Zf(X")—E[f(X)] =0 (4.12)

N=ee i=1

for all bounded functionals f: E — R.

Remark 4.5. Some difficulties in carrying out the propagation of chaos analysis for the FPF are as follows:
(i) The drift term in the evolution equation for the covariance is not Lipschitz; For the stochastic FPF (4.6),
the noise terms (the martingale M;) depend upon the state. In our analysis, we circumvent some of these
difficulties by limiting to the linear Gaussian setting, and using our analysis of the empirical mean and
empirical covariance from Sec. 4.2. Even in this special case, we show the convergence for the marginal

distribution only for fixed time t > 0. That is, we show

. R I
lim E Ni:ZIﬂX;)—E[f(XI)] =0 (4.13)

N—roo

or a oundade unctions . — IX.
for all bounded functions f : R? - R
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4.5.1 Deterministic linear FPF

Derivation of error estimates involve construction of N independent copies of the mean-field equation (4.1)
corresponding to the deterministic FPF (4.3). Consistent with our convention to denote mean-field variables
with a bar, the stochastic processes are denoted as {X/ : 1 <i < N} where X/ denotes the state of the i*"

particle at time ¢. The particle evolves according to the mean-field equation (4.1) as
dX! = Am,dt + K, (dZ, — Him,dt) + G,(X] — i, )dt (4.14)

where the initial condition Xé = Xé — the initial condition of the i particle in the finite-N FPF (4.3). The
mean-field process X! is thus coupled to X! through the initial condition. The following Proposition char-
acterizes the error between X, and X/ (the estimate is essential for the propagation of chaos analysis). The

proof appears in the Appendix 4.6.4.

Proposition 4.3. Consider the stochastic processes X; and X! whose evolution is defined according to the
deterministic FPF (4.3) and its mean-field model (4.14), respectively. The initial condition Xé Hid N (mp, %)
fori=1,2,...,N Then under Assumptions (Al)-(A2):

12 < (const.)

B[, X3 < <O

(4.15)
The estimate (4.15) is used to prove the following important result that the empirical distribution of

the particles in the linear FPF converges weakly to the true posterior distribution. Its proof appears in the
Appendix 4.6.4.

Corollary 4.1. Consider the linear filtering problem (1.42)-(1.4b) and the finite-N deterministic FPF (4.3).
The initial condition Xé Ay (mg,Xo) fori=1,2,... N and the dimension d = 1. Under Assumptions (Al)
and (A2), for any Lipschitz function f : R? — R, in the asymptotic limit as N — oo

21/2
lN

; (const.)
E ||y Lroh-evolz) | <=8

4.5.2 Stochastic linear FPF

In this subsection, we carry out the propagation of chaos error analysis for the stochastic linear FPF (4.6).

Introduce N independent copies of the mean-field process (4.5) denoted by {X/; i =1,...,N} such that

i o . HX!+ Him i i
dX = AX!dt + dBl + K, (dZ, — #dm X=X (4.16)
fori=1,...,N. Note that X/ and X/ are coupled through the same initial condition and the same process

noise dB!. The result regarding the convergence of the empirical distribution is the following Proposition.

The proof appears in Appendix 4.6.6.
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Proposition 4.4. Consider the mean-field system (4.5), the finite-N system (4.6), and the stochastic pro-
cesses Xti defined in (4.16) under Assumption (A3).

(1) Particles: For anyt > 0 and as N — oo:

P 1.
E[IX; —X/||2] < (C(\)Z%) (4.17)
fori=1,....N
(i) For any Lipschitz function f:
N (const)
FX) < (4.18)
ML JI]] o

4.6 Proof of the main results

4.6.1 Derivation of evolution equations in Sec. 4.3

(A) Finite-N stochastic FPF: Consider Eq. (4.6) for the i" particle. Summing up over the index i =1,...,N

and dividing by N, Eq. (4.8a) for the mean is obtained. To obtain (4.8b), first define &' := X/ — mt(N).

Therefore,

N .
dél = (A — 7K VH)Eldt + opdBi — Z opdB]
j:l

and

aaaB:m H)EE dt + EiEl m_*w> HY dr

1
o0y dr + &/ (dB — — Z dB/)"
]

N
+

i iNgil
+ GB(de - N Z dB'tl)gt
j=1

Summing over i = 1,...,N and dividing by (N — 1) gives

1 1
=™ = (4 - 5 KMe)zMdr + 54 — 5 KM H) T dr
T 1 YT |- ieiT
+opogdt+——Y &/dB] o5 +—— ) opdB/&/
N-13 N-13
which is Eq. (4.8b) for the covariance.
(B) Finite-N deterministic FPF: Eq. (4.3) is obtained as before by summing up Eq. (4.3) for the i particle

fromi=1,...,N. The equation for the empirical mean is simply obtained by summing up the equations (4.3)
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fori=1,...,N. To obtain the equation for the empirical covariance, first define &/ := X/ — m,(N). Therefore,

déi = G Eids and
T N)winiT T (N T
&g =6MgE arge 6 a
Summing over i = 1,...,N and dividing by (N — 1) gives

s
dr

.
=G'sM 1M

which is Eq. (4.7b) for the covariance.

It is noted that G,(N) is well-defined because Z(()N) and thus ZI(N) is invertible because of Assumption (A2).

4.6.2 Background on the Stability of the Kalman filter

Theorem 4.1 (Lemma 2.2 and Theorem 2.3 in [Ocone and Pardoux, 1996]). Consider the Kalman fil-
ter (3.4a)-(3.4b) with initial condition (my,Xo). Then, under Assumption (Al):

(1) There exists a solution ¥, > 0 to the algebraic Riccati equation (ARE)
AL +20A" + 030y —ZoH HZ =0 (4.19)
such that A — X H " H is Hurwitz. Let

0 < A = min{—Real A : A is an eigenvalue of A — ZOOHTH} (4.20)

(i1) The error covariance ¥, — Y. exponentially fast for any initial condition ¥y (not necessarily

the prior): for all A € (0,Ay), there exists a constant ¢, such that

lim ||Z; — Zeo||r < e =0
t—roo
(iii) Starting from two initial conditions (mo, o) and (riig,%o), the means converge in the following
senses:

At

tlimE[||mt—ﬁ1,H2] < (const.) e — 0
—»00

lim ||m; — iy ||e* = 0 as.
t—oo
forall L € (0,2).

Throughout this paper, the notation X.. is used to denote the positive definite solution of the ARE (4.19)
and Ay is used to denote the spectral bound as defined in (4.20).
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Lemma 4.1 (Theorem 2.2 in [Bishop and Del Moral, 2017]). Consider the Riccati equation (3.4b) under
Assumption (I). Assume the initial matrix Xy € Si  is positive symmetric definite (p.s.d). Then, there exists

matrices Ayin, Apax € Si 1 such that the solution ¥; satisfies

Amin j Zt j Amax

4.6.3 Proof of the Prop. 4.1

Since the equations for the empirical mean (4.7a) and the empirical covariance (4.7b) are identical to the
Kalman filter (3.4a)-(3.4b), the a.s. convergence of mean and variance follows from the filter stability theory

(see Theorem 4.1). We present the proof for the mean-squared estimates in the following steps:

F- From Theorem 4.1

1. First, we form an estimate for the spectral norm of the transition matrix e’
we know that all eigenvalues of F., have negative real parts smaller than —Ay. Consider the Jordan

decomposition J = T~'F,.T. In this case, we have the estimate

£k
el < Tl T7 2 ( max — e ™, V>0 @.21)
0<k<n k!
where n the maximum multiplicity of eigenvalues of F... As a result, for all A < Ay, there exists a
constant ¢y := ||T||2[| 77! ||2sup,»e~ P04 <max0§k§n ;;,) such that
€]l < e (4.22)

2. Next, we show contraction properties of the transition matrix &; ; corresponding to the linear system
%Cbm =F® , &5 =1where F; =A— Y,H'"H. Forx, = P, ;x; we have

d
&Xt = F,x, = me, =+ (Zm — Z[)HTHXt

Therefore .
x, = e'f=x, + / e(lff)F‘”(Zm - ZT)HTHdeT
S

Upon taking the norm and using the triangle inequality
t
[ 12 SCAe‘MHster/ cre” TIMZe — S|l H T H||2|xe|2d7
N

Using the Gronwall inequality

A HTH|| [} [|Er—Zw|2dT

el < e 2!

concluding
At — / HTH 't _
H¢t~,5H2 < Cile (t S)e%H ll2 f5 [[Ze —Ze|2d7
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Then, using the exponential convergence ||Z; — X |2 < cpe”?* from Lemma 4.1, we get

Al T 3 |IZg—Zeollp
@ ]2 < e M) lIH HI= ===

which we express as || ®; |2 < c¢je~*~*) by redefining the constant c; . Similarly, the spectral bound

(N) (N)

HCID,(ﬁ) |2 < ;e *=%) holds when one replaces X, with X/, because X, also evolves according to

the Riccati equation and converges exponentially to X,.

(N)

3. In this step, we prove the estimate for the error X, ' — X,. From the Ricatti equation,

d

5(2}” —2)=A-SHE)EN —2)+ ™V —£)a -z NVHHT)T

The solution satisfies
£ — 5, = @, o2V — o) (@)

where ®; o and dDI(Ig) are the state transition matrices that were defined in step 2. Then,

N v, r M N
=N 2 r < D7 D7 [2]1Z8Y — ol

<Be M|z — o

where we applied the upper-bound on the spectral norm of the transition matrix from step 2. Upon

squaring and taking the expectation of both sides

E[EN — 23] < cfe M E[I{") — Zo|3]
i*mﬂn«<)zwn

N
174ltE Tr(( Zéoéo —Zo )]

:cjefﬂf%E[Tr((&ééé o))

< efe-wEllSIS
g2l

4. Finally, we prove the estimate for the mean. Subtracting the equation (3.4a) for Kalman mean from

the equation (4.7a) for empirical mean yields:

dm™ — dm, =(A -V HTHY(m™ —m,)de + (™) —£,)HHdl,
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where dI; = dZ; — Hm,dt is the innovation process. The solution satisfies the equation:
m™ —m, =™ (m o)+ / o (2™ —x ) HTHdl,
The mean-squared norm of the first term is bounded by:
Elllf" (my" —mo) 3] < ;e Elllmg" —mol3]

Tr(X
cie’”” r(Xo)
N

IN

where we used the fact that the innovation process d/; is a Brownian motion [Xiong, 2008, Lemma

5.6]. The mean-squared norm of the first term is bounded by:

2

t
H/ oW (=M _ 5 )H dI,
0

t T
] :/ E[Tr <q>§f§)(2§’v)—ZS)HTH(ZﬁN)—EsFP@ ﬂds
A ,

! N) (N
< [ el - ) 11

<R [ Ge g HEzf — sl

2

3||%oll7: e~
N 2\

=5 |IH|I3
The bounds on the first term and second term add together to conclude

N _
El[lm, —m™ 3] <e M =2 N

4.6.4 Proofs of the Prop. 4.3 and Cor. 4.1

Proof. Use the decomposition
Xzi = mt(N) + ézi> Xti =m + gti

to express the error as
o N —
E[l1%; — %7132 < ™ — i3]/ + E[ & - E]|3)"/2

(N)

The error m; ' —my, is already obtained in Proposition 4.1 as (4.9a). The key step is to analyze the error
gi — &I By definition,

dé/ = VRice(ZM)Eidr,  dEl = VRice(X,)Eldr

Let ‘P,(g‘) be the state transition matrix corresponding to the linear system

S0~ VoY, W =1
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. Ny . = = R
Therefore, & = ‘Pt(%’ ) Ehand & = ‘Pt(%)é(’). We bound the error &' — &/ in the following steps:

1) First, we bound the spectral norm of the transition matrix ‘P,(i“’) = elI=9)VRice(Z=) - Consider the linear

system:

%)’t =V RICC(ZOQ)Tyt

and the Lyapunov function V(y) =y Z..y. Then,

d
V0 =0, = ¥ Zey =y Zeoys
Am
o e B
Amin (Zeo)
as a result
|| elf—s)VRiee(X, H2<c Vi>s>0

where ¢ = )Ll:-“gm)) Therefore ||‘P,s Il = ||elt=9)VRiee@a) 1, < ¢,

2) Next, we bound the spectral norm of the transition matrix ‘P,(’S ). Consider the linear system

d
— Xy = RiCC(Zt)x,

dr
Ricc(Zo)x, + (VRice(Z,) — VRice(Ew))x,
which satisfies
zo )Xo +/ ‘Pts VRice(Zy) — VRice(Z..) )xds
and the bound,

t
[lxill2 < CHXOHHC/O IVRice(Zs) — VRice(Ze )[[2 % 2ds

where we used ||‘P,(ES“) |l2 < ¢ from step 1. By application of Gronwall inequality

||xt H2 < CHxOHZech' [[VRice(E;)—VRice(Zoo) [ 2ds

Next, use
. . 1 _ _ 1
| VRice(Z;) — VRice(Zoo) |2 < HfZB(Z oy h- E(Z, —X.)H ' H|»
< L Eallo =2 ol o~ 2 H2+*HHTHH2HZz Zeo|l2

A
(=Bl 1Z< 2| Aginll2 + 1 H T Hl[2)eze ™

min

l\)\'—l\)
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where we used ||Z; — Xo.||2 < cpe 2 from Theorem 4.1 and ||, !|| < ||A_! ||» from Lemma 4.1, to conclude

min

5 UZsl20Z2 2l A 2 +IH THI2) —

min

[[x:[]2 < cl|xo0l[2¢% c/[|xo|

concluding H‘PEZ{) | < forallt >s>0.
3) Finally, we aim to bound the error & — éti. By definition,

dg/ — d& =/Rice(z") (& — &)dr + (VRice(Z,) - VRice(z))&dr

Therefore

gl & Z\Pz(,o[ —|—/ ‘P (VRice(Zy) — \/RiCC(ZgN)))ésids

Taking the norm ,

1&/ = &/ll2 SC'Hié—EéIIzH'/OZH(vRiCC(E) VRice(Z{)|2|€]lds

(V)
where we used the bound ||‘P,(ZS’ )|| < ¢ from step (3). Upon taking the mean-squared norm of both sides

and using the triangle inequality and Cauchy-Schwartz inequality,
X . X _. t
E[l1& - &2 < CEllIg - &3] +C’/O E[JI(vRice(z,) — v/Rice(Z(™)) 3] '/2E]|| €[]/ 2ds
Using the identity &} — &} = mo — m(()N), the bound

1
IVRice(5™) — VRice (Sl < ~(1Zslal1% 1 IE™ ™ o+ 1B H )Y %2

l\)\'—‘l\)

T _oy,; (const.)
(I1Z8]l2l|Apin 12 + [1H T H 2)e IW
and the identity E[||&i||3] = Tr(X,) yields
A t) [T . (const.)
ENlg _ & 21/2<w/e 245 gg < CODSL)
e &> < = [lehas < =0
concluding the result. 0
Proof of the Corollary 4.1. Using the triangle inequality,
)7 1/2 )7 1/2
N N i 1y
Z Xt)|°@q <E NZf(Xt)_NZf( t)
i=1 i=1 i=1




The second term is given by
)7 1/2
_ Var(f(X:)|2)

~ 2 S(X) —Elf(X%)] 2] N

because X/ are i.i.d with distribution equal to the conditional distribution. It only remains to bound the first

term:
)7 1/2
e (| y o -ty | | <Ly (lro - s
N i=1 ' N i=1 t N i=1 ' t
(const i DXL X ‘ ] (const)
i=1 VN

where we used triangle inequality in the first step, the Lipschitz property of f in the second step, and the
estimate (4.15) in the last step. L]

4.6.5 Proof of the Proposition 4.2

Proof. (i) Recall the evolutions for ¥; in (3.4b) and the evolution for Z,(N) in (4.8b) stated below under the
Assumption that H'H = I:

dr, = (AL, + A" +25—22)dr
dm,
=™ = (AT 4 TMAT 4325 — (=M 2)ar + \/—7\;

First, we obtain a bound for E[Tr(E,(N))]

Bz = EfTr((A+AT 5z + Te(2)

< —2u(A)E[TEM)] + Tr(Ss)
Therefore
TI'(ZB)
2u(A)
N)

ETr(z)] < e A E ()] +

Next, we bound the error Zt(N)

—

— ;. Subtracting the two equations for X, "’ and X, yields,

5, 4+
2

5, + 5
2

dM,

(N) (N) _ _
(X L)de + (% )(A N

dz™M-x)=(@A- ) dt + ——
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Define R, = HZ —%|% = Tr(():t(N) —X,)?) the squared of the Forbenious norm of the error. By It6 rule
dR, =2Tr(A+AT — %, — "™ —5,)2) + \/INTr((th +amHEN — )
+ I\%(Tr(Zt(N)ZB) +Te(EM)Te(Zg) )de
Then upon taking the expectation

SRS 4R + = (B[ zy)] + ETr () Tr(2s)

dr
2 (AR 21(52) + (5, 2p) + Tr(ER BT (R

< —4R(AR + 5 (R +

Concluding the estimate:

(TI‘(ZZ) + ;T <A2 TI'(ZB)Z

_ _1
o)+ Ay 26 T BT )

(i1) Recall the evolutions for m; in (3.4a) and the evolution for mt in (4.8a) stated below under the As-
sumption that H ' H = I

dm, = Am,dr +X,H "dI,

()

1
dm™ = am™Mdt + sV HTdn — 2™ (™) — m,)dt + ——odB,

VN

where the innovation process df; = dZ, — Hm,dt. Subtracting the two equations yields

1 -
y— GBdBt

d(m,(N) —m)=(A— Zt(N))(m,(N) —my)dt + (ZI(N) — ZI)HTdIt + /i

The solution satisfies

m®™ — my = & (m +/ oM (=) 3,1 di, +f/d>,soBdB

where <I>t( v) is the state transmon matrix for the linear system =(A— Z( ))x,. The state transition matrix

satisfies the bound ||d> H < e HA)=9) almost surely. Hence,

t 1 t 5
Ellm™ —my|| < e *AE|m") — mo|| +E]( /0 o (zV —ZS)HTdIS)z]l/Z—FﬁE[( /O o) 55dB,)?)' 2

t 1/2 1 t
< e HAE|m™ — | + < / “2A) =) ] =) ):,||%}ds> +— < / e—Z#<A><f-S>Tr(ZB)ds>
0 0

VN

1/2 1/2
_ 3”20”2 +Cvar TI'(ZB)
< o HANE (N) F
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where cvr = gty (Tr(S3) + STr(AZ, ) + S22 + 2T (S5) E[Tr(5()]).

4.6.6 Proof of the Proposition 4.4
(i) Define Eti = X/ — m,. The evolution for E,i is
_. 1 .. S,
dg/ = (A— 52 +opdB], &) =X~
Subtract this from (4.8c) yields:

i Ei 1 i E 1 gi 1 2 i Ei
g =& = (A= 3m)(E - Egar— 5 (= —2)E - opdBy, &= & =mo—m”

The solution satisfies the implicit integral equation

- N 1t = 1 4 -
R R R L T

where ‘P,(IZ) is the state transition matrix corresponding to the linear system %xt =(A- %ZSN))XZ

which satisfies the bound ||‘P H < e *A)=5) Upon taking the norm and expectation:

i Ei - | ﬂ Zi
Bl — &) < e e ol 5 [ OB P s+
< o T | GIEOIR + ) TrAma)t [ Tr(Zg)
=W 2u(A)VN (AN

Combining this result with the estimate (4.11) and the inequality
E[IX — X!\ < Ellm™ — || +E[|1& - &
X = X{11] < Ellm,™ —me|[] + E[l|& = &/1]

concludes the estimate (4.17).

(i1) Note that

1 N ) _ 1 N ) _ 1 N _ _
5 Y A0 — ELF(R) 120 =5 Y (A — £ + 3 L F(R) — ELF(R)1 21
i=1 i=1 i=1
Taking the norm and using the triangle inequality yields
N 1L var()
Xt NEAL Li Xl X/ |||+
LS 2| < 3 LS X+

where we used f is Lipschitz, and X! are i.i.d. Using the result of part (i) concludes the proof.
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Part 11

Sampling
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Chapter 5

Accelerated Flow for Probability Distributions”

5.1 Introduction

Optimization on the space of probability distributions is important to a number of machine learning models
including variational inference [Blei et al., 2017], generative models [Goodfellow et al., 2014, Arjovsky
et al., 2017], and policy optimization in reinforcement learning [Sutton et al., 2000]. A number of recent
studies have considered solution approaches to these problems based upon a construction of gradient flow
on the space of probability distributions [Liu and Wang, 2016, Richemond and Maginnis, 2017, Zhang
et al., 2018, Frogner and Poggio, 2018, Chizat and Bach, 2018, Chen et al., 2018, Liu et al., 2018]. Such
constructions are useful for convergence analysis as well as development of numerical algorithms.

In this chapter, we propose a methodology and numerical algorithms that achieve accelerated gradient
flows on the space of probability distributions. The proposed numerical algorithms are related to yet distinct
from the accelerated stochastic gradient descent [Jain et al., 2017] and Hamiltonian Markov chain Monte-
Carlo (MCMC) algorithms [Neal et al., 2011, Cheng et al., 2017]. The proposed methodology extends the
variational formulation of [Wibisono et al., 2016] from vector valued variables to probability distributions.
The original formulation of [Wibisono et al., 2016] was used to derive and analyze the convergence proper-
ties of a large class of accelerated optimization algorithms, most significant of which is the continuous-time
limit of the Nesterov’s algorithm [Su et al., 2014]. The limit is referred to as the Nesterov’s ordinary differ-
ential equation.

The extension proposed in our work is based upon a generalization of the formula for the Lagrangian
in [Wibisono et al., 2016]: (i) the kinetic energy term is replaced with the expected value of kinetic energy;
(ii) the potential energy term is replaced with a suitably defined functional on the space of probability
distributions. The variational problem is to obtain a trajectory in the space of probability distributions that
minimizes the action integral of the Lagrangian.

The variational problem is modeled as a mean-field optimal problem [Bensoussan et al., 2013, Carmona
and Delarue, 2017]. The maximum principle of the optimal control theory is used to derive the Hamilton’s
equations which represent the first order optimality conditions. The Hamilton’s equations provide a gener-
alization of the Nesterov’s ODE to the space of probability distributions. A Lyapunov function is proposed
for the convergence analysis of the solution of the Hamilton’s equations. In this way, quantitative estimates

on convergence rate are obtained for the case when the objective functional is displacement convex [Mc-

*The content of this chapter is based on [Taghvaei and Mehta, 2019].
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Cann, 1997]. Table 5.1 provides a summary of the relationship between the original variational formulation
in [Wibisono et al., 2016] and the extension proposed in this chapter.

We also consider the important special case when the objective functional is the relative entropy func-
tional D(p|p..) defined with respect to a target probability distribution p.. In this case, the accelerated gra-
dient flow is shown to be related to the continuous limit of the Hamiltonian Monte-Carlo algorithm [Cheng
et al., 2017] (Remark 5.2). The Hamilton’s equations are finite-dimensional for the special case when the
initial and the target probability distributions are both Gaussian. In this case, the mean evolves according to
the Nesterov’s ODE. For the general case, the Lyapunov function-based convergence analysis applies when
the target distribution is log-concave.

As a final contribution, the proposed methodology is used to obtain a numerical algorithm. The algo-
rithm is an interacting particle system that empirically approximates the distribution with a finite but large
number of N particles. The difficult part of this construction is the approximation of the interaction term
between particles. For this purpose, two types of approximations are described: (i) Gaussian approximation
which is asymptotically (as N — o) exact in Gaussian settings; and (ii) Diffusion map approximation which

is computationally more demanding but asymptotically exact for a general class of distributions.

5.1.1 Related work

Construction of accelerated flows for probability distribution was proposed in [Liu et al., 2018] based on the
generalization of the Nesterov’s method to Riemannian manifolds [Liu et al., 2017]. The procedure involves
approximating the exponential map and parallel transport map for probability distributions in the Wasser-
stein space. Our construction of accelerated flow is different from [Liu et al., 2018] in several respects: 1)
we describe a variational formulation and make connection to mean-field control theory; ii) our variational
construction yields a continuous-time algorithm providing a straightforward comparison to HMCMC; iii)
we carry out convergence analysis based upon a Lyapunov function method; iv) and analysis in Gaussian
setting shows we recover the Nesterov ode.

Another class of related work are the interacting particle-based numerical algorithms designed to sample
from a target distribution. An example is the Stein variational gradient descent (SVGD) algorithm [Liu and
Wang, 2016, Liu, 2017] based on the Riemannian construction of the gradient flow. Another example is the
particle optimization method [Chen et al., 2018], whose update is obtained from a solution to an optimization
problem based on the variational formulation of the Langevin dynamics. Interacting particle systems have
also been shown to be useful for numerically solving the nonlinear filtering problem [Del Moral et al., 1998,
Reich, 2011, Yang et al., 2016, Zhang et al., 2019].

Notation: The gradient and divergence operators are denoted as V and V- respectively. With multiple
variables, V. denotes the gradient with respect to the variable z. Therefore, the divergence of the vector
field U is V-U(x) = Y¢_, V. U,(x). The space of absolutely continuous probability measures on R¢ with
finite second moments is denoted by P, 2(R?). For a measure ft € P,.»(R?) and a measurable map
T : R?Y — RY, the push-forward of u by T is denoted by T#u. The second-order Wasserstein distance
between any two measures [,V € P, »(R?) is denoted as W (i, v). The Wasserstein gradient and the
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Vector Probability distribution
State-space R4 PH(RY)
Objective function f(x) F(p) :=D(p|p=)
Lagrangian et (Lle=%ul?> — P f(x)) | e*FNE [%|e‘°"U|2—eﬁ’ log(%)]
Lyapunov funct, ey =3 IR e — T3 (X))
+ef (f(x) - (%)) +eP (F(pr) —F(p))
Convergence rate flx)—f(®) < 0(eP) F(p;)—F(p.) <0(e )

Table 5.1: Summary of the variational formulations for vectors and probability distributions.

Gateaux derivative of a functional F is denoted as V,F(p) and g—g(p) respectively (see Appendix 5.5.2 for
definition). The probability distribution of a random variable Z is denoted as Law(Z).

5.2 Review of the variational formulation of [Wibisono et al., 2016]

The basic problem is to minimize a C' smooth convex function f on R“. The standard form of the gradient
descent algorithm for this problem is an ODE:
dX;

o = V), 120 (5.1)

Accelerated forms of this algorithm are obtained based on a variational formulation due to [Wibisono
et al., 2016]. The formulation is briefly reviewed here using an optimal control formalism. The Lagrangian
L:R* xRYxRY = R is defined as

L(t,x,u) := %" < %]e*“’u|2 — Pk ) (5.2)

. otential ener,
kinetic energy P &y

where 1 > 0 is the time, x € R? is the state, u € R is the velocity or control input, and the time-varying
parameters oy, 3, satisfy the following scaling conditions: o4 = logp —logt, B, = plogt +1logC, and
Y% = plogt where p > 2 and C > 0 are constants.
The variational problem is _
Miniumize J(u) = /0 L(t,X;,u,)dt
5.3
Subject to % =u, Xo=x0 >

where u, is the control input chosen to minimize the objective function J(u). over all control laws {u; },~¢
in RY.
The Hamiltonian function is
H(t,x,y,u) =y -u—L(t,x,u) (5.4)
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where y € R is dual variable and y - u denotes the dot product between vectors y and u.
According to the Pontryagin’s Maximum Principle, the optimal control u; = arg max, H(t,X;,Y;,v) =

e%~%Y,. The resulting Hamilton’s equations are

dX,
O — PV X Y = %1, Xy =g (5.5
dy;
o VH( X, i) = e P IVS(X), (5.5b)

The system (5.5) is an example of accelerated gradient descent algorithm. Specifically, if the parame-
ters o4, 3, Y are defined using p = 2, one obtains the continuous-time limit of the Nesterov’s accelerated
algorithm. It is referred to as the Nesterov’s ODE in this chapter.

For this system, a Lyapunov function is as follows:

V) = 3 ety =i+ b (1) - 1) 5.6

where X € argmin, f(x). It is shown in [Wibisono et al., 2016] that upon differentiating along the solution

trajectory, SV (¢,X;,Y;) < 0. This yields the convergence rate:

fX)—f®) <o), vi>0 (5.7)

5.3 Variational formulation for probability distributions

5.3.1 Motivation and background

Let F: Py (R?) — R be a functional on the space of probability distributions. Consider the problem of

minimizing F(p). The (Wasserstein) gradient flow with respect to F(p) is a curve p, such that

PP () = V- () VpF(p) () 58)

where (the vector field) V,F(p) : R? — R is the Wasserstein gradient of F.

An important example is the relative entropy functional where F(p) = D(p|pw) := [galog( ;l (8) )p (x)dx

where Po € Pycn (R) is referred to as the target distribution. The gradient of relative entropy is given by
VoF(p)(x) = Viog(£5%) (Ch. 8.3 in [Villani, 2003]). The gradient flow

%P1 () =~V () VIog(po(09)) + 401 (1) 69

is the Fokker-Planck equation [Jordan et al., 1998]. The gradient flow achieves the density transport from
an initial probability distribution py to the target (here, also equilibrium) probability distribution p..; and
underlies the construction and the analysis of Markov chain Monte-Carlo (MCMC) algorithms. The simplest
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MCMC algorithm is the Langevin stochastic differential equation (SDE):
dX; = —Vf(X,)dt +V2dB,, Xo~ po

where B, is the standard Brownian motion in R¥.

The main problem of this chapter is to construct an accelerated form of the gradient flow (5.8). The
proposed solution is based upon a variational formulation. As tabulated in Table 5.1, the solution repre-
sents a generalization of [Wibisono et al., 2016] from its original deterministic finite-dimensional to now
probabilistic infinite-dimensional settings.

The variational problem can be expressed in two equivalent forms: (i) The probabilistic form and (ii)
The partial differential equation (PDE)

5.3.2 Probabilistic form of the variational problem
Consider the stochastic process {X; },;>0 that takes values in R4 and evolves according to:

dX;
—=U;, Xg~
ar t 0~ Po
where the control input {U, },> also takes values in R4, and Po € (@an(Rd ) is the probability distribution of
the initial condition Xp. It is noted that the randomness here comes only from the random initial condition.
Suppose the objective functional is of the form F(p) = [ F(p,x)p(x)dx. The Lagrangian L : R* x R? x

Pc2(RY) x RY — R is defined as

L(t,x,p,u) :=e*"" ( l\efo"u|2 — P F(p,x) ) (5.10)
2 —_——

. otential ener;
kinetic energy P &y

This formula is a natural generalization of the Lagrangian (5.2) and the parameters oy, 3,y are defined

exactly the same as in the finite-dimensional case. The stochastic optimal control problem is:

Minimize J(u)=E [/w L(t,X,,pt,Ut)dt]
0 (5.11)

dx,
Subject to ditt =U;, Xo~ po

where p, = Law(X;) € L@aqz(Rd) is the probability density function of the random variable X;.
The Hamiltonian function H : Rt x R? x L@aqz(Rd ) x R? x RY — R for this problem is given by (see
Sec. 6.2.3 in [Carmona and Delarue, 2017]):

H(t,x,p,y,u) :=u-y—L(t,x,p,u) (5.12)

where y € R is the dual variable.

Remark 5.1. The variational problem (5.11) is an example of a mean-field (McKean-Vlasov) optimal con-
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trol problem. This is because the Lagrangian depends also upon the law of the stochastic process; cf., Ch.
6 in [Carmona and Delarue, 2017].

5.3.3 PDE formulation of the variational problem

An equivalent pde formulation is obtained by considering the stochastic optimal control problem (5.11) as a
deterministic optimal control problem on the space of the probability distributions. Specifically, the process
{p: }1>0 is a deterministic process that takes values in @aqz(Rd ) and evolves according to the continuity
equation

0
% =V (pu)

where u, : R? — R is now a time-varying vector field. The Lagrangian £ : Rt x P, »(R?) x L*(R?;R?) —
R is defined as: |
L(t,p,u) =% {/d §|efo"u(x)|2p (x)dx— P F(p) (5.13)
R

The optimal control problem is:
Minimize / L(t,ps,u;)dt
0

P (5.14)
Subject to % +V-(pu) =0
The Hamiltonian function 57 : RT x Z,.2(R?Y) x €' (R%R) x L2(RY;RY) — Ris
jf(tup’¢vu) = <V¢7M>L2(p)_$(tap7u) (5.15)

where ¢ € € (R?;R) is the dual variable and the inner-product (V¢ u) 2(p) := Jra VO (x) - u(x)p (x)dx

5.3.4 Main result

Theorem 5.1. Consider the variational problem (5.11)-(5.14).

(i) For the probabilistic form (5.11) of the variational problem, the optimal control U} = e% 1Y,

where the optimal trajectory {(X;,Y;) };>0 evolves according to the Hamilton’s odes:

dX,
o =UT =T Xo~py (5.162)
dy;
dtt _ _eoc,+ﬁt+nvp|:(pt)(xt)’ Yo = Vo(Xo) (5.16b)

where @ is a convex function, and p, = Law(X;).

(ii) For the pde form (5.14) of the variational problem, the optimal control is u; = e*~ %V (x),
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where the optimal trajectory {(p;, ¢;) }+>0 evolves according to the Hamilton’s pdes:

aapt ==V (p ¥ "V¢), (5.17a)
t ——

2
aa‘ff =—e% ¥ Wi’f — %Ry F(p) (5.17b)

(iii) The solutions of the two forms are equivalent in the following sense:

Law(X;) =p;, Ur=u/(X:), Y, =Vei(X,)

(iv) Suppose additionally that the functional F is displacement convex and pe is its minimizer.
Define

1
V() :EE[|X,—|—e*V’Y,—Tp,°°(X,)]2] (5.18)

+eP (F(p) = F(p=)

where the map Tp,™ R? — R? is the optimal transport map from p; to Pe. Assume the dimension

d = 1. Consequently, the following rate of convergence is obtained along the optimal trajectory

F(p) — F(p=) < O(e ™), vi>0

Proof sketch. The Hamilton’s equations are derived using the standard mean-field optimal control the-
ory [Carmona and Delarue, 2017]. The Lyapunov function argument is based upon the variational inequality
characterization of a displacement convex function (see Eq. 10.1.7 in [Ambrosio et al., 2008]). The detailed
proof appears in the Appendix 5.5.1. We expect that the assumption that d = 1 is not necessary. This is the
subject of the continuing work. d

5.3.5 Relative entropy as the functional

In the remainder of this chapter, we assume that the functional F(p) = D(p|p-) is the relative entropy where

Pos € Pac (R9) is a given target probability distribution. In this case the Hamilton’s equations are given by

dX,
dy;
dtz _ _ea,+l3,+%(vf(xt) + Vlog(p: (X)), (5.19b)

with Yy = V@ (Xo), where p; = Law(X;) and f = —log(p..). Moreover, if f is convex (or equivalently pe. is
log-concave), then F is displacement convex with the unique minimizer at p.. and the convergence estimate
is given by D(p;|p..) < O(e™P).

Remark 5.2. The Hamilton’s equations (5.19) with the relative entropy functional is related to the under-

damped Langevin equation [Cheng et al., 2017]. A basic form of the under-damped (or second order)
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Langevin equation is

dX[ =V dr

(5.20)
dv, = —yv,dr — V£(X,)dr +V/2dB,

where {B, },;>0 is the standard Brownian motion.
Consider next, the the accelerated flow (5.19). Denote v, := e%~"Y,. Then, with an appropriate choice

of scaling parameters (e.g. &, =0, B, =0and = —yt ):

dXt =V dt

(5.21)
dv; = —yvdt — Vf(X;)dt — V,log(p,(X;))

The scaling parameters are chosen here for the sake of comparison and do not satisfy the ideal scaling
conditions of [Wibisono et al., 2016].

The sdes (5.20) and (5.21) are similar except that the stochastic term \/2dB; in (5.20) is replaced with
a deterministic term —V log(p,(X;)) in (5.21). Because of this difference, the resulting distributions are
different.

5.3.6 Quadratic Gaussian case

Suppose the initial distribution py and the target distribution p., are both Gaussian, denoted as .4 (mg, %)
and ./ (x,0Q), respectively. This is equivalent to the objective function f(x) being quadratic of the form
f(x) =4 (x—x)TQ ! (x—%). Therefore, this problem is referred to as the quadratic Gaussian case. The fol-
lowing Proposition shows that the mean of the stochastic process (X;,Y;) evolves according to the Nesterov
ODE (5.5):

Proposition 5.1. (Quadratic Gaussian case) Consider the variational problem (5.11) for the quadratic

Gaussian case. Then

(i) The stochastic process (X,;,Y;) is a Gaussian process. The Hamilton’s equations are given by:

dX; -y

dt e 2]

dy,

(Ttt _ _eoc,+l3r+%(Q*1(X,—)?) —Zfl(Xz—mt))

where m; and X, are the mean and the covariance of X;.
(ii) Upon taking the expectation of both sides, and denoting n, := E[Y;]

dmy; _ dn,
— =%y

a A U (Ut

Vf(m,)
which is identical to Nesterov ODE (5.5).

Proof sketch. Fix p;. Consider the resulting pair (X;,Y;) from (5.19) and let p, = Law(X; ). The proof follows
from showing that a Gaussian p; is a fixed-point of the map p; — p;. O
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5.4 Numerical algorithm

The proposed numerical algorithm is based upon an interacting particle implementation of the Hamilton’s

equation (5.19). Consider a system of N particles {(X/,Y;") fV: | that evolve according to:

dx; “wyi yi

CTt’:eo" 1Y, X~ po
diz_ea,+ﬁl+%(vf(xg)+ II(N)(X,i) )
dr i

interaction term

with Y} = V@y(X}). The interaction term I,(N) is an empirical approximation of the Vlog(p;) term in (5.19).
We propose two types of empirical approximations as follows:

1. Gaussian approximation: Suppose the density is approximated as a Gaussian .4 (m;,X;). In this

case, Vlog(p;(x)) = —X; ! (x—my). This motivates the following empirical approximation of the interaction
term:
N Nyl N
M@ =M r—m™) (5.23)
where m,(N) :=N~'Y¥ X/ is the empirical mean and Z,(N) = XN (X - m,(N))(X,i - m,(N))T is the em-

pirical covariance.

Even though the approximation is asymptotically (as N — o0) exact only under the Gaussian assumption,
it may be used in a more general settings, particularly when the density p; is unimodal. The situation is
analogous to the (Bayesian) filtering problem, where an ensemble Kalman filter is used as an approximate
solution for non-Gaussian distributions [Evensen, 2003].

2. Diffusion map approximation: This is based upon the diffusion map approximation of the weighted
Laplacian operator [Coifman and Lafon, 2006, Hein et al., 2007]. For a C? function f, the weighted Lapla-
cian is defined as A, f 1= %V -(pVf). Denote e(x) = x as the coordinate function on R¢. It is a straightfor-
ward calculation to show that Vlog(p) = Ape. This allows one to use the diffusion map approximation of

the weighted Laplacian to approximate the interaction term as follows:

o 1 Z]]y:l ke (Xti ’ th) (th - Xti)

(N) (yri
oM 1™ (x) A
P e Y ke (XX

(5.24)

ge (%)
VI ge(3X)

exp(—|x —y|>/(4€)). The parameter ¢ is referred to as the kernel bandwidth. The approximation is asymp-

where the kernel k¢ (x,y) = is constructed empirically in terms of the Gaussian kernel g¢ (x,y) =

totically exact as € | 0 and N 1 co. The approximation error is of order O(¢) + O(W) where the first term
is referred to as the bias error and the second term is referred to as the variance error [Hein et al., 2007]. The
variance error is the dominant term in the error for small values of €, whereas the bias error is the dominant
term for large values of € (see Figure 5.2(d)).

The resulting interacting particle algorithm is tabulated in Table 5.1. The symplectic method proposed
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Algorithm 5.1 Interacting particle implementation of the accelerated gradient flow
Input: pg, ¢, N, 19, At, p, C, K
Output: {X,é}fvzlf =0
Initialize {X} , "X po, ¥i = Vo (X})
Compute 1" (X) with (5.23) or (5.24)
fork=0to K—1do
oy =t Tat
v =¥ = et (Vi) + 1Y (D)
Xiy =Xi+ Vi
K+l
Compute 1)) (X!, |) with (5.23)or (5.24)

Vi = Ykl% - ECptkf:% (VX)L (X)) A

1
tky1 = tk-&-% + iAt
end for

in [Betancourt et al., 2018] is used to carry out the numerical integration. The algorithm is applied to two

examples as described in the following sections.

Remark 5.3. For the case where there is only one particle ( N = 1), the interaction term is zero and the
system (5.22) reduces to the Nesterov ODE (5.5).

Remark 5.4. (Comparison with density estimation) The diffusion map approximation algorithm is con-
ceptually different from an explicit density estimation-based approach. A basic density estimation is to
approximate p(x) ~ %Zf/:l ge(x,X!) where g¢(x,y) is the Gaussian kernel. Using such an approximation,

the interaction term is approximated as

o 127:1 ge (X, X! ) (X/ — X))
e 207 ge(X,X})

(DE) 11 (x]) (525)
Despite the apparent similarity of the two formulae, (5.24) for diffusion map approximation and (5.25) for
density estimation, the nature of the two approximations is different. The difference arises because the kernel
ke(x,y) in (5.24) is data-dependent whereas the kernel in (5.25) is not. While both approximations are exact
in the asymptotic limit as N T oo and € | 0, they exhibit different convergence rates. Numerical experiments
presented in Figure 5.2(a)-(d) show that the diffusion map approximation has a much smaller variance for

intermediate values of N. Theoretical understanding of the difference is the subject of continuing work.

5.4.1 Gaussian Example

Consider the Gaussian example as described in Sec. 5.3.6. The simulation results for the scalar (d = 1)
case with initial distribution py = .4#7(2,4) and target distribution .4 (%, Q) where ¥ = —5.0 and Q = 0.25
is depicted in Figure 5.1-(a)-(b). For this simulation, the numerical parameters are as follows: N = 100,
o(x) =0.5(x—2), 50 =1, At =0.1, p =2,C = 0.625, and K = 400. The result numerically verifies the
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Figure 5.1: Simulation result for the Gaussian case (Example 5.4.1): (a) The time traces of the particles; (b) The
KL-divergence as a function of time. Simulation result for the non-Gaussian case (Example 5.4.2): (c) The time
traces of the particles; (d) The KL-divergence as a function of time.

O(e P = 0(}2) convergence rate derived in Theorem 5.1 for the case where the target distribution is Gaus-

sian.

5.4.2 Non-Gaussian example

This example involves a non-Gaussian target distribution p.. = %JV (—m,0?)+ %/V (m,6?) which is a mix-
ture of two one-dimensional Gaussians with m = 2.0 and 6> = 0.8. The simulation results are depicted in
Figure 5.1-(c)-(d). The numerical parameters are same as in the Example 5.4.1. The interaction term is
approximated using the diffusion map approximation with € = 0.01. The numerical result depicted in Fig-
ure 5.1-(c) show that the diffusion map algorithm converges to the mixture of Gaussian target distribution.
The result depicted in Figure 5.1-(d) suggests that the convergence rate O(e*ﬁf) also appears to hold for this

non-log-concave target distribution. Theoretical justification of this is subject of continuing work.

5.4.3 Comparison with MCMC and HMCMC

This section contains numerical experiment comparing the performance of the accelerated algorithm 5.1
using the diffusion map (DM) approximation (5.24) and the density estimation (DE)-based approximation
(5.25) with the Markov chain Monte-Carlo (MCMC) algorithm studied in [Durmus and Moulines, 2016]
and the Hamiltonian MCMC algorithm studied in [Cheng et al., 2017].
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Figure 5.2: Simulation-based comparison of the performance of the accelerated algorithm 5.1 using the diffusion
map (DM) approximation (5.24), the density estimation (DE)-based approximation (5.25) with the MCMC and
HMCMC algorithms: (a) the mean-squared error (m.s.e) (5.26) as a function of the number of samples N; (b) the
m.s.e as a function of the number of iterations; (c) the average computational time per iteration as a function of the
number of samples; (d) m.s.e comparison between the diffusion map and the density estimation-based approaches as
a function of the kernel bandwidth €.

We consider the problem setting of the mixture of Gaussians as in example 5.4.2. All algorithms are
simulated with a fixed step-size of Ar = 0.1 for K = 1000 iterations. The performance is measured by
computing the mean-squared error in estimating the expectation of the function y(x) = x1,>0 denoted as
¥ := [ y(x)po(x)dx. The mean-square error at the k-th iteration is computed by averaging the error over
M =100 runs:

2
1 u 1 al im ~
m.s.e; = Mmzzll N ,; V(X)) -y (5.26)

The numerical results are depicted in Figure 5.2. Figure 5.2(a) depicts the m.s.e as a function of N.
It is observed that the accelerated algorithm 5.1 with the diffusion map approximation admits an order of
magnitude better m.s.e for the same number of particles. It is also observed that the m.s.e decreases rapidly
for intermediate values of N before saturating for large values of N, where the bias term dominates (see
discussion following Eq. 5.24).

Figure 5.2(b) depicts the m.s.e as a function of the number of iterations for a fixed number of particles
N = 100. It is observed that the accelerated algorithm 5.1 displays the quickest convergence amongst the
algorithms tested.
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Figure 5.2(c) depicts the average computational time per iteration as a function of the number of samples
N. The computational time of the diffusion map approximation scales as O(N?) because it involves comput-
ing a N x N matrix [ke (X', X/ )]{V j=1» While the computational cost of the MCMC and HMCMC algorithms
scale as O(N). The computational complexity may be improved by (i) exploiting the sparsity structure of the
N x N matrix ; (i1) sub-sampling the particles in computing the empirical averages; (iii) adaptively updating
the N x N matrix according to a certain error criteria.

Finally, we provide comparison between diffusion map approximation (5.25) and the density-based
approximation (5.25): Figure 5.2(d) depicts the m.s.e for these two approximations as a function of the
kernel-bandwidth ¢ for a fixed number of particles N = 100. For very large and for very small values of ¢,
where bias and variance dominates the error, respectively, the two algorithms have similar m.s.e. However,

for intermediate values of €, the diffusion map approximation has smaller variance, and thus lower m.s.e.

5.5 Supplementary information
5.5.1 Proof of Thm. 5.1
Proof. (i) The Hamiltonian function defined in (5.12) is equal to
1 3
H(Expoyo) = y-u— el %S uf? + %0 F (p,x)

after inserting the formula for the Lagrangian. According to the maximum principle in probabilis-
tic form for (mean-field) optimal control problems (see [Carmona and Delarue, 2017, Sec. 6.2.3]),

the optimal control law U;* = arg min, H(¢, X;, p;,Y;,v) = €%~ "Y; and the Hamilton’s equations are

dX,

= - +VyH(taXtapt>Yt>Ut*) = Ut* = eat_%Yt

dt

dy; * £ % V. [7*

ditl = _VxH([7Xt7pl7Yl7U[ ) - E[VpH(t7Xt7Pf7Yl‘7Ut )(Xt>]

where X;,Y;,U;* are independent copies of X;,Y;,U;*. The derivatives

VeH(t,x,0,3,u) = e PH1V F(p, x)
VPH(t7x7p7y> u) = ea’+ﬁ’+%VPF(p7x)

It follows that

dr,

P — et Pt (VeF(pe, X)) + E[VpF(Pth)(Xt)]) = _eoﬁﬁtva F(p)(X:)

where we used the definition F(p) = [ F(x,p)p(x)dx and the identity [Carmona and Delarue,
2017, Sec. 5.2.2 Example 3]

V,F(p)(x) = vxﬁ(p,x)+/vpﬁ(p,x)(x)p(x)df
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(i) The Hamiltonian function defined in (5.15) is equal to

1
(0,000 = [ [9000-ula) = 5 “ut)| pla)ar+ 475 (p)
after inserting the formula for the Lagrangian. According to the maximum principle for pde for-
mulation of mean-field optimal control problems (see [Carmona and Delarue, 2017, Sec. 6.2.4])

the optimal control vector field is u; = argmin, .77 (¢, p;, ¢;,v) = €%~ "V ¢, and the Hamilton’s

equations are:

87;:+W(I7pt7¢t7ut):_V.(ptvuf)
8(]), __&%0 _ _ y,fa,l *(2 Ocr+%+l3taF
I %(tupl‘)¢l7u1)_ (Vo -u"—e §|u,| Te %(pt))

inserting the formula u] = ¢%~"V¢, concludes the result.

(iii) Consider the (p;, ;) defined from (5.17). The distribution p; is identified with a stochastic
process X; such that % =% %V ¢,(X,) and Law(X,) = p;. Then define ¥; = V¢, (X,). Taking the

time derivative shows that

A T
dr dthbt(Xt) =Voo(X) dr v ot (%)
. - - JF .
=" V2, (X) V(X)) — e* V2 (X)) Vi (X,) — ea’w’ﬂV%(Pt)(Xt)
JF _
= —ea’+ﬁ'+%V%(Pt)(Xt)
= —e“ PNV, F () (X,)

with the initial condition ¥y = V(X ), where we used the identity ng—; (p) =V,F(p) [Carmona
and Delarue, 2017, Prop. 5.48]. Therefore the equations for X, and ¥, are identical. Hence one

can identify (X;,Y;) with (X;,7;).

(iv) The energy functional

V(1) = S [1X +e 18— T (%)) + & (F(p) — F(p.)

second term

first term

Then the derivative of the first term is
E[(X,+ 7, — T8 (X)) - (¢% 1Y, — e 1Y, — %V, F(p)(X,) + & (T4~ (X,))

where & (T3 (X)) == %Tpf" (Xy). Using the scaling condition J; = % the derivative of the first
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term simplifies to
E (X +e 1Y — T3 (X)) - (= PV F(p) (X)) + & (T3 (X))
We claim that when the dimension d = 1, the expectation
E[(X, +e 'Y, — T3~ (X,)) - E(T3~ (X,))] =0 (5.27)

We present the proof for the claim at the end. Assuming that the claim is true, the derivative of

the first term simplifies to
E| (X + 7Y, — T (X)) - (—e“ PV, F(p)) (X)) |
The derivative of the second term is

& (second term) = P (F(py) — F(p.) +¢F SF(py)
= %P (F(p) — F(pa)) + P E[VpF (o) (X )e Y]

where we used the scaling condition f; = % and the chain-rule for the Wasserstein gradient [Am-
brosio et al., 2008, Ch. 10, E. Chain rule]. Adding the derivative of the first and second term
yields:

dv

E(t) =% th (F(p) —F(p) —E[(X; = T4~ (X1)) - VoF (p1)(X0)])

which is negative by variational inequality characterization of the displacement convex function
F(p) [Ambrosio et al., 2008, Eq. 10.1.7].

We now present the proof of the claim (5.27) under the assumption that d = 1. According to
Brenier theorem [Villani, 2003], there exists a convex function y; such that 7" (x) = Vy;(x) and
T (x) = Vy;(x) where y;" is the convex conjugate of ;. Because p.. is the push-forward of p
under the map Vy;, we have

Elg(Vy(X:))] /g X)Peo (X

for all measurable functions g. Upon taking the derivative with respect to time,

d
SERV0) = 5 [ s(pa(dx=

Hence by application of the dominated convergence theorem (DCT) and interchanging the expec-

tation and the derivative,

d

E
[dt

g(Vwi (X)) = E[Ve(Vyi (X)) - S (Vi (X)) =0 (5.28)
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Letting g(x) = y*(x) —e ¥ [*_V@,(Vy*(z))dz — 1[x|* where ¢, is defined in part-(ii) of the the-

orem 5.1 concludes

(X, —e "V (X)) =V (X)) - (Vi (X:)))]

0=E[Ve(Vw (X)) -5 (Vi(X))))] = E[Xi
=E[Xi —e 7Y = Vi (X1)) - E (Vi (X1)))]

where we used ¥; = V¢, (X;) from part-(iii) of Theorem 5.1. This concludes the proof of the claim.
Note that the application of DCT in (5.28) follows from smoothness of g(x) and assuming 7, (x)
is differentiable with respect to time. Showing T,f“ (x) is differentiable with respect to time is
technical out of the scope of this work.

O

5.5.2 Wasserstein gradient and Gateaux derivative

This section contains definitions of the Wasserstein gradient and Gateaux derivative [Ambrosio et al., 2008,
Carmona and Delarue, 2017].
Let F: Py (R4) — R be a (smooth) functional on the space of probability distributions.

Gateaux derivative: The Gateaux derivative of F at p € P, » (Rd ) is a real-valued function on R4 denoted

as g—g(p) :R? — R. It is defined as a function that satisfies the identity

GFe)| = [, ST (o))

t=0

for all path p; in P, »(R?) such that % =~V (pu) with pg = p € Pyea(RY).
Wasserstein gradient: The Wasserstein gradient of F at p is a vector-field on R¢ denoted as VoF(p) :
R? — R?. Tt is defined as a vector-field that satisfies the identity

d
aF(Pt)

— [ VaF(p)W) 4 pl)
=0 R

for all path p; in QZaC,Z(Rd) such that aa—‘;‘ =—V-(pu) withpy=p € ,@acg(Rd).
The two definitions imply the following relationship [Carmona and Delarue, 2017, Prop. 5.48]:

Vﬁmm:wgmm

Example: Let F(p) = [log( ;i (Z;)) )P (x)dx be the relative entropy functional. Consider a path p; in Z,. »(R?)
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such that % = —V - (piu) with pg = p € Pyc2(R?). Then

SF(p) = [10a(P10)PPryq . [ Pri,

where the divergence theorem is used in the last step. The definitions of the Gateaux derivative and Wasser-

stein gradient imply

I ) — o P
5p PI0) =log(. )
VPF(p)(X) = Vxlog(;w((xx)))
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