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Abstract

In this thesis, we study several generalizations of Turdan type problems in graphs and hy-
pergraphs. In particular, we focus on graphs and hypergraphs without long cycles or long
paths, extending famous results of Erdés and Gallai. Results include bounds on the size
of such objects as well as stability theorems about the structure of extremal and “almost”

extremal objects.
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Chapter 1

Introduction

Extremal combinatorics studies the maximum size of a finite object that satisfies a given set
of constraints. In other words, what is a bound on the size of an object such that anything
larger must contain some “bad” property. Some typical questions in extremal combinatorics

are the following;:

1. What is the maximum size of a family of subsets in {1,...,n} such that that no two

subsets are disjoint?

2. How large is a largest subset of {1,...,n} that does not contain an increasing sequence

of k integers such that consecutive elements have the same difference?

3. How many people must one invite to a party such that there exists either k people

who either all know each other or all don’t know each other?

The first question is the subject of the Erdés-Ko-Rado Theorem [EKR61] for intersecting
families, an important result in extremal set theory. The second question is answered by
Szemerédi’s Theorem [SzeT5] for arithmetic progressions, for which Szemerédi proved his
famous Regularity Lemma [Sze78|. Notably, this question also attracted the attention of
mathematicians working in harmonic analysis, number theory, ergodic theory, and proba-
bility, although Szemerédi’s proof was purely combinatorial in nature. The last question is
the central question of Ramsey theory [Ram29], a well studied topic in combinatorics which

has its roots in model theory.

In this thesis, we study extremal problems in graphs and hypergraphs. A cornerstone of
extremal graph theory is the Turdn problem. Let F' be a fixed graph. We say a graph G is

F-free if it does not contain a subgraph isomorphic to G. Then we denote

ex(n, F') = max{e(G) : G is an n-vertex, F-free graph}.

The first result of this nature was Mantel’s theorem [Man07] which states that every graph

with more than n?/4 edges must contain a triangle (a copy of a K3). Furthermore, the



complete bipartite graph with partite sets of equal size has n?/4 and no triangles. Mantel’s
theorem was later generalized by Turan.

Theorem 1 (Turan [Turdl]). Forn > r > 3, the n-vertex K,-free graph with the mazimum

n2

number of edges is complete (r — 1)-partite. In particular, we have ex(n, K,) = (1—15)%.

We call ex(n, F) the Turdn number of F'. Thus any n-vertex graph with more than ex(n, F')
edges must contain a copy of F. We say that an n-vertex F-free graph G is extremal if it

is F-free and with exactly ex(n, F') edges.

In the case of Turdn’s theorem, the extremal K,-free graph is the complete, balanced (r—1)-

partite graph.

We will also consider the stability of the extremal examples. Roughly speaking, we study
the structure of n-vertex F-free graphs with “almost” ex(n, F') edges. Stability occurs if all
such graphs have structure “close to” that of one of the extremal examples. For instance,

we have the following stability version of Turan’s theorem.

Theorem 2 (Erdds-Simonovits [ES66]). For every € > 0, there exists a 6 > 0 and ng such
that for every n > ng, if G is an n-vertex, K,-free graph with at least (1 — T_% . 5)%2 edges,

then G has an induced subgraph on at least (1 — €)n vertices that is (r — 1)-partite.

In Chapter 2, we study nonhamiltonian graphs, i.e., n-vertex graphs containing no cycles
of length n. Conditions for forcing hamiltonicity is a classical topic of study. In particular,
hamiltonicity is a monotone property—that is, any graph that is obtained from a hamilto-
nian graph by adding more edges is also hamiltonian. In this manner, most nonhamiltonian
graphs have “few” edges. Our results extend a theorem of Erdés [Exrd62b], giving a charac-

)

terization of the nonhamiltonian graphs with “many” edges. Furthermore, for some fixed
subgraph T, we determine the nonhamiltonian graphs maximizing the number of copies
of T'. This notion of forbidding some subgraph F' and counting the maximum number of
copies of another graph 7' has recently been popularized by Alon and Shikhelman [AS16]

and a number of other papers.

In Chapters 3 and 4, we consider graphs without long cycles, i.e., graphs with bounded
circumference, beginning with the classical Erd6s—Gallai theorem. Again we have that con-
taining long cycles is a monotone property. We first prove a stability theorem for graphs
with bounded circumference, extending a result of [FKV16]. Our results give a complete
characterization of all such graphs. Next, we count the maximum number of cliques in
graphs without long cycles. In particular, we show that the graphs with bounded circum-
ference that maximize the number of edges also maximize the number of copies of K,’s for

any r > 3. These results imply analogous results for graphs without long paths.



After proving the cliques-counting result for graphs with bounded circumference, it was
thought that the result may have application in counting the maximum number of hyper-
edges in hypergraphs without long cycles. We explore this in Chapters 5-8, using a general
notion of cycles in hypergraphs due to Berge. The notion of a Berge cycle in a hypergraph
can also be generalized to other so-called Berge subgraphs in hypergraphs. This was first
introduced recently by Gerbner and Palmer [GP17]. For some graph F', we study the ex-
tremal hypergraphs which forbid copies of Berge F’s. In particular, we explore reductions

from extremal hypergraph problems to extremal graph problems.

In the final chapters, Chapters 6-8, we return to the study of hypergraphs with bounded
circumference, finding sharp bounds for the maximum number edges in r-uniform hyper-
graphs without Berge cycles of length &k or longer. In particular, these bounds depend on the
relationship between r and k. Chapter 6 is devoted to the case where r is small compared to
k, and Chapter 7 when r is large. Finally, in Chapter 8, we study 2-connected hypergraphs
with bounded circumference, obtaining an upper bound for the number of edges that is

significantly smaller than the case without conditions on connectivity.

1.1 Turan numbers for bipartite graphs

The Turdan numbers for graphs with chromatic number at least 3 are known, up to a small

error term.

Theorem 3 (Erdés—Stone-Simonovits [ES46, [ES66]). Let F' be any graph with chromatic
number x(F) > 3. Then e(G) < (1 — 25)(5) + o(n?).

The remaining interesting case, graphs with x(F') = 2 includes several classes of graphs such
as paths, (even) cycles, complete bipartite graphs, trees, etc. In particular, determining the

Turdn number of even cycles is a well studied open problem.
Problem 4. Determine ex(n,Ca).

An upper bound of O(n1+1/ k) was first proved by Erdés in an unpublished manuscript.
Lower bounds of matching order were proved for k = 2,3,5. However it is still open to
prove matching lower bounds for all other k.

In [EG59], Erdés and Gallai determined ex(n, Py), where Py is the path on k vertices.

Theorem 5 (Erdés and Gallai [EG59)). For k > 3, ex(n, Py) < 1(k — 2)n.
This result can be proved as a corollary of a stronger theorem.

Theorem 6 (Erdés and Gallai [EG59]). Let G be an n-vertex graph with more than 3(k —
1)(n — 1) edges, k > 3. Then G contains a cycle of length at least k.

3



To obtain the result for paths, suppose G is an n-vertex graph with no copy of Pr. Add
a new vertex v adjacent to all vertices in G, and let this new graph be G’. Then G’ is an
n + l-vertex graph with no cycle of length k + 1 or longer, and so e(G) + n = e(G’) < 2kn
edges.

Both results are sharp with the following extremal examples: for Theorem [6] when k — 2
divides n — 1, take any connected n-vertex graph whose blocks (maximal connected sub-
graphs with no cut vertices) are cliques of order k£ — 1. For Corollary [5, when k£ — 1 divides
n — 1, take the n-vertex graph whose connected components are cliques of order k£ — 1.
There have been several alternate proofs and sharpenings of the Erdés-Gallai theorem in-
cluding results by Woodall [Woo76], Lewin [Lew75|, Faudree and Schelp|FS75bl [FS75a],
and Kopylov [Kop77] — see [FS13] for further details.

The strongest version was that of Kopylov who improved the Erdos—Gallai bound for 2-
connected graphs. To state the theorem, we first introduce the family of extremal graphs.
Fix k>4, n >k, % > a > 1. Define the n-vertex graph H, j , as follows. The vertex
set of H,, j o is partitioned into three sets A, B, C such that |A| = a, |[B| =n — k+ a and
|C| = k — 2a and the edge set of H,, 1, , consists of all edges between A and B together with
all edges in AU C.

Note that when a > 2, H, . is 2-connected, has no cycle of length k£ or longer, and
e(Hnka) = (F3%) + (n =k + a)a.

Figure 1.1: Hi4113

Theorem 7 (Kopylov [Kop77]). Let n > k > 5 and let t = |51 |. If G is a 2-connected
n-vertex graph with
e(G) > max{e(Hy k2, e(Hy 1)},

then either G' has a cycle of length at least k, or G = H,, .2, or G = Hp, 1.



Figure 1.2: Hy, j, 2, Hy 4 (k = 2t + 1), Hy, 1, (kK = 2t 4 2); ovals denote complete subgraphs
of sizes k — 2, t, and t, respectively.

1.2 Main theorems

1.2.1 Results for nonhamiltonian graphs

In 1961, Ore [Ore61] determined the Turdn number of the hamiltonian cycle: ex(n,C,) =
(”51) + 1. The extremal example is a clique of order n — 1 and one vertex of degree 1. In
this example, we see that there cannot exist a hamiltonian cycle because each vertex in a
cycle must have degree at least 2.

In [Erd62b], Erdds showed that if G is an n-vertex, nonhamiltonian graph with minimum

degree at least d, then

e(G) < max{ <” ; d) + d?, <[(” +21)/21> +[(n—1)/2]?}.

Furthermore the graphs Hy, , ¢ and Hy, ;, | (,—1)/2) are nonhamiltonian with (n;d) +d? and
(T(n+21)/2W) + [(n — 1)/2]? edges respectively.
We show a stability version of Erd6s’ theorem. Let K ;L 4 be the graph composed of a K,,_g4

and a K411 sharing exactly one vertex.

Theorem 8 (Fiiredi, Kostochka, Luo [FKLIT7]). Let n > 3 and d < |“5*|. Suppose that

G is an n-vertex nonhamiltonian graph with minimum degree 6(G) > d such that

e(G) > max{ <” - ;l - 1) +(d+1)?, (“” +21)/21> + i —1)/2)2).

Then G is a subgraph of either Hy, n q or K], ;.

Next, we consider a recently popular generalization of the Turdan number (see [ASI6], for
instance). For graphs T, F', and G, let N(G,T') denote the number of copies of 7" in G, and
let ex(n, T, F) denote the maximum number of copies of a graph T in an n-vertex, F-free
graph.

We show that among all sufficiently large nonhamiltonian graphs with minimum degree at

least d, Hy, 4 not only maximizes the number of edges but also the number of any fixed



small subgraph.

Theorem 9 (Fiiredi, Kostochka, Luo [FKLI8b|). For every graph T with t := |V(T')| > 3,
any d € N, and any n > no(d,t) := 4dt+ 3d* +5t, if G is an n-vertex nonhamiltonian graph
with minimum degree 6(G) > d, then N(G,T) < N(Hpna,T).

Finally, we show one more “step” of stability, akin to Theorem [8| In this version, we find
stability not only in the number of edges but for the number of cliques of any size. Roughly
speaking, we give a characterization of all nonhamiltonian graphs with minimum degree at

least d and almost maximal number of copies of cliques.

Theorem 10 (Fiiredi, Kostochka, Luo [FKLI8D]). Let n >3 and 1 < d < |25%|. Suppose
that G is an n-vertex nonhamiltonian graph with minimum degree 6(G) > d such that there
exists k > 2 for which

N(G.Ky) > max{ <n - Z - 2) (dr2) (Z f i) (((n +k1)/21> ln-1)/2 (L(nk—li/2J> 3

Then G is a subgraph of one of 7 extremal graphs.
See Chapter 2 for the proofs of this Theorems [§] [ and

1.2.2  Results for graphs with bounded circumference

In Chapters 3 and 4, we prove two extensions of the Erdés—Gallai theorem. In particular,
we prove a stability version and a clique-counting version of Kopylov’s theorem.
Previously, Fiiredi, Kostochka, and Verstraéte [FKV16] proved a stability version of Kopy-
lov’s theorem for large graphs. They gave a characterization for all 2-connected graphs
without cycles of length k or longer and almost the maximum number of edges. Namely
they showed that every such graph must be contained as a subgraph in Hy, ;| (x—1)/2) Or
must contain a large star forest. Their result applied to graphs with at least n > 3k/2
vertices.

In [FKLVIS], we modified their original approach to extend the result for all n, with the
extra condition that dense graphs with bounded circumference may also be subgraphs of
H, 1 2.

Theorem 11 (Fiiredi, Kostochka, Luo, Verstraéte [FKLV1S|). Let t > 4 and k € {2t +
1,2t 4+ 2}, so that k > 9. If G is a 2-connected graph on n > k vertices and ¢(G) < k, then
either e(G) < max{e(Hp x¢—1),e(Hnk3)} or

(@) k=2t+1and GC Hypy or
(b) k=2t+2 and G— A is a star forest for some A C V(G) of size at most t.
(C) G Q Hn,k,2-



See Chapter 3 for the proof of Theorem [I1}

Next, we study a special case of the ex(n,T, F') where T'= K. As a generalization of the
Erdés—Gallai theorem, we show that the same graphs without cycles of length k£ or longer
that maximize the number of edges also maximize the number of cliques of any size.

Our main theorem which implies this is a generalization of Kopylov’s theorem for 2-

connected graphs.

Theorem 12 (Luo [Luolf]). Let n > k > 5 and let t = [55L]. If G is a 2-connected

n-vertex graph with circumference less than k, then
N(G, Ks) < maX{N(Hn,k,% Ks), N(Hn,k,ta Ks)}

This result implies the analogous result for non-2-connected graphs as well as graphs without
long paths.
See Chapter 4 for the proof of Theorem [12]

1.2.3 Results for hypergraphs with bounded circumference

In the final half of this thesis, we study hypergraphs without long Berge cycles. A Berge
cycle of length ¢ in a hypergraph is a set of ¢ vertices {v1,...,vs} and ¢ edges {e1, ..., e}
such that {v;,v;41} C e; with indices taken modulo ¢. Note that some other notions of
cycles in hypergraphs include so-called loose or tight cycles, both of which are special cases
of Berge cycles.

Similarly, a Berge path of length ¢ is a set of ¢ 4+ 1 vertices {vi,...,ve11} and ¢ edges
{e1,...,ep} such that {v;,v;41} Ce; for i < /.

In [GKL16], Gyéri, Katona, and Lemons proved an analogue of the Erdés—Gallai theorem for
paths in hypergraphs. They gave a bound for the maximum number of edges in an r-uniform
graph without a Berge path of length k. For r small compared to k, they showed that the
extremal hypergraphs were the natural hypergraph version of the extremal examples of
graphs without paths of length k& (i.e., components isomorphic to K ,(;)). The large r case
differed slightly—the extremal examples were hypergraphs where each component contained
r + 1 vertices and k — 1 edges.

We prove an analogous result for hypergraphs without Berge cycles of length k or longer.

Again, our results are broken up into the small r case and the large r case.

Theorem 13 (Fiiredi, Kostochka, Luo [FKLI8al). Let r > 3 and k > r+ 3, and suppose H
is an n-vertex r-graph with no Berge cycle of length k or longer. Then e(H) < %(k;l)
n—1

Furthermore, the bound 7= (k;l) is achieved whenever H is a hypergraph with each block

isomorphic to K ,@1



See Chapter 6 for a proof of Theorem [T3]

Theorem 14 (Kostochka, Luo [KL18]). Let k > 3 and r > k + 1, and suppose H is an
n-vertex r-graph with no Berge cycle of length k or longer. Then e(H) < (k_l)?qﬁ

Furthermore, the bound is achieved whenever H is a hypergraph with each block

(k=1 (n=1)
T

containing r + 1 vertices and k£ — 1 edges.

See Chapter 7 for a proof of Theorem

Finally, we consider the case of 2-connected hypergraphs. In the graph case, we get a

stronger upper bound for the number of edges in 2-connected graphs with bounded circum-

ference than in non-2-connected graphs. It turns out that the same phenomenon holds for

hypergraphs, with a significantly better bound.

For our notation, v is a cut vertex of a connected hypergraph if the hypergraph obtained by

removing v and shrinking all edges that contained v is disconnected. We say that a e is a cut

edge of a connected hypergraph if the hypergraph obtained by removing e is disconnected.

We say that a connected hypergraph is 2-connected if it contains neither a cut vertex nor a

cut edge.

Our result holds when the bound on the circumference is large compared to the uniformity

of the hypergraph, and when the number of vertices is sufficiently large.

Theorem 15 (Fiiredi, Kostochka, Luo [FKL19]). Let k > 4r > 12. There exists some ny
such that if n > ny, and H is an n-vertex 2-connected r-graph with no Berge cycle of length

k or longer, then

e(H) < (f(k: +T1)/21> o Rkﬂ)/ﬂ)(uk—n/%)

r—1

See Chapter 8 for a proof of Theorem



Chapter 2

Graphs without Hamiltonian cycles

As a special case of the bounded circumference problem, we first consider n-vertex graphs
without cycles of length n (i.e., nonhamiltonian graphs). In particular, we prove The-
orems [8, [0 and The results of this chapter are joint work with Zoltdn Fiiredi and
Alexandr Kostochka [FKL17, [FKL18b].

2.1 Introduction

Ore [Ore61] proved the following Turdn-type result:

Theorem 16 (Ore [Ore6l]). If G is a nonhamiltonian graph on n vertices, then e(G) <
n—1

("3 +1.

This bound is achieved only for the n-vertex graph obtained from the complete graph K, _1

by adding a vertex of degree 1. Erdés [Erd62b] refined the bound in terms of the minimum
degree of the graph:

Theorem 17 (Erdés [Exd62b]). Let n,d be integers with 1 < d < |25t |, and set h(n,
(n;d) +d>?. If G is a nonhamiltonian graph on n vertices with minimum degree 6(G)
then

d) =
> d,

—1
e(G) < max {h(n, d), h(n, V}J )} =:e(n,d).
This bound is sharp for all1 < d < L%J

To show the sharpness of the bound, for n,d € N with d < L%J, consider the graph H,, 4
obtained from a copy of K,,_4, say with vertex set A, by adding d vertices of degree d each
of which is adjacent to the same d vertices in A. An example of Hy; 3 is below.

By construction, H,, 4 has minimum degree d, is nonhamiltonian, and e(H,, 4) = ("gd) +d? =
h(n,d). Elementary calculation shows that h(n,d) > h(n,|%]) in the range 1 < d <

|25 ] if and only if d < (n+1)/6 and n is odd or d < (n+4)/6 and n is even. Hence there



\\.
Figure 2.1: Hy13

exists a dy := dp(n) such that

e(n,1) >e(n,2) >--- > e(n,do) =e(n,dp +1) =--- =e(n, V_lJ)a

where do(n) := [%EL] if n is odd, and do(n) := ("THW if n is even. Let H] , denote the
graph that is an edge-disjoint union of two complete graphs K,,_4; and Ky1 sharing one

vertex.

2.2 A stability theorem for dense nonhamiltonian graphs

We first present the a refinement of Theorem [17, The following is a refinement of the

statement of Theorem [l

Theorem 18. Letn > 3 and d < L%‘lj Suppose that G is an n-vertex nonhamiltonian

graph with minimum degree 6(G) > d such that

e(G) > e(n,d + 1) = max {h(n,d +1), hn, {” - 1J )} | (2.1)

(So we have d < do(n).) Then G is a subgraph of either Hyq or H), ;.

This is a stability result in the sense that for d < n/6, each 2-connected, nonhamilitonian
n-vertex graph with minimum degree at least d and “close” to h(n,d) edges is a subgraph
of the extremal graph H, 4. Note that h(n,d) — h(n,d+1) =n —3d — 2 is at least n/2 for
d < dy — 1. Note also that e(H], ;) > e(n,d + 1) only when d = O(y/n).

We will use the following well-known theorems of Pédsa.

Theorem 19 (Pésa [P62|). Let n > 3. If G is a nonhamiltonian n-vertex graph, then there
erists 1 < k < VLT_IJ such that G has a set of k vertices with degree at most k.

Theorem 20 (Pésa [P63]). Letn >3, 1< ¢ < n and let G be an n-vertex graph such that
d(u)+d(v) = n+L for every non-edge uv in G. Then for every linear forest F with { edges

contained in G, the graph G has a hamiltonian cycle containing all edges of F'.

10



2.3 Proof of Theorem [1§

Call a graph G saturated if G is nonhamiltonian but for each wv ¢ E(G), G + uv has a
hamiltonian cycle. Ore’s proof [Ore61] of Dirac’s Theorem [Dir52] yields that

for every n-vertex saturated graph G and for each uwv ¢ E(G), d(u) +d(v) <n—1. (2.2)

First we show two facts on saturated graphs with many edges.

Lemma 21. Let G be a saturated n-vertez graph with e(G) > h(n, |%51]). Then for some
1<k< L%J , V(G) contains a subset D of k vertices of degree at most k such that G — D

1s a complete graph.

Proof. Since G is nonhamiltonian, by Theorem there exists some 1 < k < L%‘lj such
that G has k vertices with degree at most k. Pick the maximum such k, and let D be the
set of the vertices with degree at most k. Since e(G) > h(n, L%‘lj), k< L%‘lj So, by the
maximality of k, |D| = k.

Suppose there exist z,y € V(G) — D such that zy ¢ F(G). Among all such pairs, choose z
and y with the maximum d(z). Since y ¢ D, d(y) > k. Let D' := V(G) — N(z) — {z} and
k' :=|D'|=n—-1-d(z). By (2.2),

d(z) <n—1—d(z) =k forall z€ D' (2.3)

So D’ is a set of k' vertices of degree at most k’. Since y € D', k¥ > d(y) > k. Thus
by the maximality of k, we get k' = n — 1 —d(z) > [252]|. Equivalently, d(z) < [251].
For all z € D' + {}, either z € D where d(z) < k < [252], or z € V(G) — D, and so
d(z) < d(z) < |25, It follows that e(G) < h(n, |%51]), a contradiction. O

Lemma 22. Under the conditions of Lemma if k = 0(G), then G = H, 5 or G =
H) 56

Proof. Set d := §(G), and let D be a set of d vertices with degree at most d. Let u € D.
Since §(G) > |D| = d, u has a neighbor w € V(G) — D. Consider any v € D — {u}. By
Lemma w is adjacent to all of V(G) — D — {w}. It also is adjacent to u, therefore its

degree is at least n — d. We obtain
d(w)+d(v) > (n—d)+d=n.

Then by (2.2)), w is adjacent to v, and hence w is adjacent to all vertices of D.
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Let W be the set of vertices in V(G) — D having a neighbor in D. We have obtained that
W # () and
Nu)N(V(G)—D) =W forallue D. (2.4)

Let G' = GIDUW]. If [W| =1, then G = H, ;. If [V(G')| = 2d, then by ([2-4), each vertex
u € D has the same d neighbors in V(G) — D. Because d(u) = d, D is an independent set.
Thus G = H, 4. Otherwise, d +2 < [V(G")| < 2d — 1, |D| > 2.

Fix a pair of vertices wy, ws € W. For any z,y € V(G'),

d(z) +d(y) >d+d>|V(G)|+1.

Therefore by Theorem G’ has a hamiltonian cycle C' that uses the edge wjwsy. Since
G" =G — (V(G') — {wy,ws}) is a complete graph, it contains a hamiltonian wi, wa-path

P. Then P U (C — wjws) is a hamiltonian cycle of G, a contradiction. t

Proof of Theorem [1I8§ Suppose that an n-vertex, nonhamiltonian graph G satisfies the
constraints of Theorem for some 1 <d < L"T_lj We may assume G is saturated, since
if a graph containing G is a subgraph of H,, 4 or HT’L 4 then G is as well.

By Lemma G hasaset Dof k < L"T_lj vertices with degree at most k such that G—D is a
complete graph. Therefore e(G) < (n;k) +k? = h(n, k). If k > d, then e(G) < max{h(n, d+
1), h(n, L”T_IJ)} = e(n,d + 1), a contradiction. Thus k < d. Furthermore, & > 6(G) > d,
and hence k = d. Also, since e(G) > h(n, |%51])), we have d + 1 < do(n) < (n + 8)/6.
Applying Lemma [22| completes the proof. O

2.4 Counting subgraphs in nonhamiltonian graphs

One of the main results of this section shows that when n is large enough with respect to d
and ¢, among then n-vertex nonhamiltonian graphs with minimum degree at least d, H,, 4
not only has the most edges but also contains the most copies of any t-vertex graph. This
is an instance of a generalization of the Turdn problem called subgraph density problem:
for n € N and graphs F' and H, let ex(n, F, H) denote the maximum possible number of
(unlabeled) copies of F' in an n-vertex H-free graph. When F' = K3, we have the usual
extremal number ex(n, F, H) = ex(n, H).

Some notable results on the function ex(n, F, H) for various combinations of F' and H were
obtained in [Erd62al [BGO8, [AS16] [Grz12, [HHK'13, [FO17]. In particular, Erdés [Erd62a]
determined ex(n, K5, K;), Bollobas and Gydri [BGOS] found the order of magnitude of
ex(n,C3,C5), Alon and Shikhelman [ASI6] presented a series of bounds on ex(n, F, H) for
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different classes of F' and H.

In this chapter, we study the maximum number of copies of F' in nonhamiltonian n-vertex
graphs, i.e. ex(n, F,C),). For two graphs G and F', let N(G, F') denote the number of labeled
copies of F' that are subgraphs of G, i.e., the number of injections ¢ : V(F) — V(G) such
that for each xy € E(F), ¢(z)¢p(y) € E(G). Since for every F and H, |Aut(F)| ex(n, F, H) is
the maximum of N (G, F') over the n-vertex graphs G not containing H, some of our results
are in the language of labeled copies of F' in G. For k € N, let Ni(G) denote the number of
unlabeled copies of Ki’s in G. Since |Aut(Ky)| = k!, we have Ni(G) = N(G, Kj)/k!.

2.5 Results for counting subgraphs

As an extension of Theorem [L7] we show that for each fixed graph F' and any d, if n is large
enough with respect to |V (F)| and d, then among all n-vertex nonhamiltonian graphs with
minimum degree at least d, H, 4 contains the maximum number of copies of F'.

The following is a refinement of the statement of Theorem [9]

Theorem 23. For every graph F with t := |V (F)| > 3, any d € N, and any n > no(d,t) :=
4dt + 3d? + 5t, if G is an n-vertex nonhamiltonian graph with minimum degree 5(G) > d,
then N(G,F) < N(H,4,F).

On the other hand, if F'is a star Kj;_1 and n < dt — d, then H, 4 does not maximize
N(G,F). At the end of Section we show that in this case, N(H, n-1)/2,F) >
N(Hp 4, F). So, the bound on ny(d,t) in Theorem [23| has the right order of magnitude
when d = O(t).

An immediate corollary of Theorem [23]is the following generalization of Theorem

Corollary 24. For every graph F with t :== |V (F)| > 3 and any n > ng(t) :== 9t + 3, if G
is an n-vertex nonhamiltonian graph, then N(G,F) < N(Hp.,F).

We consider the case that F' is a clique in more detail. For n, k € N, define on the interval
[1,[(n —1)/2]] the function

hio(n, z) = <”kx> +x(kf1). (2.5)

We use the convention that for a € R, b € N, (§) is the polynomial fax (a—1)x...x(a—b+1)
if a > b—1 and 0 otherwise.
By considering the second derivative, one can check that for any fixed k and n, hi(n,z)

as a function of = is convex on [1, |(n — 1)/2]], hence it attains its maximum at one of
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the endpoints, v = 1 or z = |(n — 1)/2|. When k = 2, ha(n,x) = h(n,x). We prove the
following generalization of Theorem

Theorem 25. Let n,d, k be integers with 1 < d < L”T_IJ and k > 2. If G is a non-
hamiltonian graph on n vertices with minimum degree 6(G) > d, then the number Ni(G) of

k-cliques in G satisfies

Nu(G) < max {hk(n, d), hu(n, V‘ - 1J )} .

Again, graphs H, 4 and H,, |(,—1)/2) are sharpness examples for the theorem.

Finally, we present a stability version of Theorem To state the result, we first define
the family of extremal graphs.

Fix d < [(n — 1)/2]. In addition to graphs H, 4 and K ; defined above, define H; ;:
V(H;I’d) = AU B, where A induces a complete graph on n —d—1 vertices, B is a set of d+1
vertices that induce exactly one edge, and there exists a set of vertices {aq,...,aq} C A
such that for all b € B, N(b) — B = {a1,...,aq}. Note that contracting the edge in H,, ,4[B]
yields H,,_1 4. These graphs are illustrated below.

(@

Figure 2.2: Graphs Hy,q (left), K,, 4 (center), and Hj, ; (right), where shaded background indicates a
complete graph.

We also have two more extremal graphs for the cases d = 2 or d = 3. Define the nonhamil-
tonian n-vertex graph Gj, , with minimum degree 2 as follows: V(G}, 5) = AU B where A
induces a clique or order n — 3, B = {b1, be, b3} is an independent set of order 3, and there
exists {aj,as,a3,z} C A such that N(b;) = {a;,z} for i € {1,2,3} (see the graph on the
left in Fig. 3).

The nonhamiltonian n-vertex graph Fj, 3 with minimum degree 3 has vertex set A U B,
where A induces a clique of order n — 4, B induces a perfect matching on 4 vertices, and
each of the vertices in B is adjacent to the same two vertices in A (see the graph on the
right in Fig. 3).

The following is a refinement of the statement of Theorem

14



o O

Figure 2.3: Graphs G}, 5 (left) and F, 3 (right).

Theorem 26. Letn >3 and1 <d < L J Suppose that G is an n-vertex nonhamiltonian
graph with minimum degree §(G) > d such that there exists k > 2 for which

Nu(G) >max{hk(n,d+2),hk(n, V’“;lJ)} (2.6)

Let Hn,d = {Hn,d7HTL,d+17Kn d’Kn d+10 7/17(1}'

(i) If d = 2, then G is a subgraph of G’n’2 or of a graph in Hpy2;

(i1) if d = 3, then G is a subgraph of F,, 3 or of a graph in Hy3;

(iii) if d=1 or4 <d < L"TAJ , then G is a subgraph of a graph in H,, 4.

The result is sharp because H,, 442 has hy(n,d+2) copies of K}, minimum degree d+2 > d,
is nonhamiltonian and is not contained in any graph in H, 4 U{G}, 5, Fn3}-

The outline for the rest of the chapter is as follows: in Section 6 we present some structural
results for graphs that are edge-maximal nonhamiltonian to be used in the proofs of the
main theorems, in Section 7 we prove Theorem in Section 8 we prove Theorem [25| and

give a cliques version of Theorem [I8] and in Section 9 we prove Theorem

2.6 Structural results for saturated nonhamiltonian graphs

We will use two structural results for saturated graphs.

Lemma 27. Let G be a saturated n-vertex graph with Ny(G) > hy(n,|252]) for some
k > 2. Then for some 1 <r < L"Tflj, V(G) contains a subset D of r vertices of degree at

most r such that G — D is a complete graph.

Proof. Since G is nonhamiltonian, by Theorem there exists some 1 < r < L"T_IJ such
that G has r vertices with degree at most r. Pick the maximum such r, and let D be the
set of the vertices with degree at most r. Since Ny(G) > hy(n, [252]), r < |%2]. So, by
the maximality of r, |D| = r.

Suppose there exist z,y € V(G) — D such that zy ¢ E(G). Among all such pairs, choose
x and y with the maximum d(z) and subject to this, the maximum d(y). Let D’ :=
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V(G) — N(z) — {z}. Consider any vertex z € D'. If z € D, then d(z) <r < d(y). If 2 ¢ D,
then d(z) < d(y) by the choice of y. So D' is a set of n — 1 — d(x) vertices of degree at most
d(y). By [2.2), |D'| > d(y). By the maximality of r, we have d(y) > [(n — 1)/2]. Since
d(z) > d(y), we get d(z) + d(y) > 2d(y) > n, contradicting (2.2). O

2.7 Maximizing the number of copies of a given graph and a proof of
Theorem 23]

In order to prove Theorem we first show that for any fixed graph F' and any d, if n is
large then of the two extremal graphs in Lemma H, 4 contains at least as many copies
of F as K] .

Lemma 28. For any d,t,n € N with n > 2dt + d +t and any graph F with t = |V (F)| we
have N(K! ,,F) < N(Hyq4, F).

n,d’

Proof. Fix F and t = |V(F)|. Let K], ; = AU B where A and B are cliques of order n —d
and d + 1 respectively and AN B = {v*}, the cut vertex of K;%d. Also, let D denote the
independent set of order d in H,, 4. We may assume d > 2, because H,, 1 = K;Ll. If x is an
isolated vertex of F' then for any n-vertex graph G we have N(G, F') = (n—t+1)N (G, F—xz).
So it is enough to prove the case 6(F) > 1, and we may also assume ¢ > 3.
Because both K;%d[A] and H,, 4 — D are cliques of order n —d, the number of embeddings of
Finto K], 4[A] is the same as the number of embeddings of I into Hy 4 — D. So it remains
to compare only the number of embeddings in ® := {¢: V(F) — V(K], ;) such that ¢(F)
intersects B — v*} to the number of embeddings in ¥ := {¢ : V(F) — V(H,, q) such that
Y (F) intersects D}.
Let C UC be a partition of the vertex set V(F), s := |C|. Define the following classes of ®
and ¥

— ©(C) = {p: V(F) = V(K] ;) such that ¢(C) intersects B —v*, ¢(C) C B, and

— Y(CO) :={y: V(F) = V(Hyq) such that (C) intersects D, (C) C (DU N(D)),
and ¢(C) CV — (DUN(D))}.
By these definitions, if C' # C’ then ®(C) N ®(C’) = 0, and ¥(C) N ¥(C') = 0. Also
Uszocv () ®(C) = @. We claim that for every C' # 0,
[(C)] < [W(O)]. (2.7)

Summing up the number of embeddings over all choices for C' will prove the lemma. If
®(C) = 0, then (2.7) obviously holds. So from now on, we consider the cases when ®(C) is
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not empty, implying 1 < s < d+ 1.

Case 1: There is an F-edge joining C and C. So there is a vertex v € C with Ng(v)NC # 0.
Then for every mapping ¢ € ®(C), the vertex v must be mapped to v* in K;%dv p(v) = v*.
So this vertex v is uniquely determined by C. Also, p(C)N (B —v*) # () implies s > 2. The
rest of C' can be mapped arbitrarily to B —v* and C can be mapped arbitrarily to A — v*.
We obtained that |®(C)| = (d)s—1(n —d — 1);—s.

To obtain a lower bound for |¥(C)|, we construct mappings » € ¥(C) as follows. Let
Y(v) = x € N(D) (there are d possibilities), then map some vertex of C' — v to a vertex
y € D (there are (s — 1)d possibilities). Since N + y forms a clique of order d + 1 we may
embed the rest of C' into N — v in (d — 1)s—2 ways and finish embedding of F' into H, 4
by arbitrarily placing the vertices of C' to V — (D U N(D)). We obtained that |¥(C)| >
d?(s —1)(d —1)s_2(n —2d);_s = d(s — 1)(d)s_1(n — 2d);_s.

Since s > 2 we have that

[T (C)] _ d(s—1)(d)s_1(n — 2d);_s n—2d+1—t+s\"*
"I’(C)‘Z (d)s—1(n —d—1)¢—s - d(2_1)( n—d—t+s >

d—l t—s
= d|ll—-——
< n—d—t—i—s)

d<1_(d—1)(t—s)>

n—d—t+s

(1 52)

> 1whenn>dt+d-+t.

v

v

Case 2: C and C are not connected in F. We may assume s > 2 since C is a union of
components with 6(F) > 1. In K] , there are at exactly (d + 1)s(n —d — 1);—s ways to
embed F into B so that only C is mapped into B and C goes to A — v*, i.e., |®(C)| =
(d+1Ds(n—d—1)_s.
To obtain a lower bound for |¥(C)|, we construct mappings ¢ € U(C) as follows. Select any
vertex v € C' and map it to some vertex in D (there are sd possibilities), then map C — v
into N (D) (there are (d)s—1 possibilities) and finish embedding of F" into H,, 4 by arbitrarily
placing the vertices of C'to V —(DUN (D)). We obtained that |¥(C)| > ds(d)s_1(n—2d);_s.
We have

WO o ds(d)s—1(n —2d)i—s _ _ds (1 _(@-1)t )

®(C) — (d+1)s(n—d—1);—s — d+1 n—d—t
2d ( . (d—1)t

= d+1\" n—d-t
> 1 whenn>2dt+d+t.

) because s > 2
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We are now ready to prove Theorem

Theorem For every graph F with t :== |V(F)| > 3, any d € N, and any n > ny(d,t) :=
4dt + 3d? + 5t, if G is an n-vertex nonhamiltonian graph with minimum degree 5(G) > d,
then N(G,F) < N(H, 4, F).

Proof. Let d > 1. Fix a graph F' with |V(F)| > 3 (if |V(F)| = 2, then either F' = Ky
or F = K3). The case where G has isolated vertices can be handled by induction on the

number of isolated vertices, hence we may assume each vertex has degree at least 1. Set
no = 4dt + 3d* + 5t. (2.8)

Fix a nonhamiltonian graph G with |V(G)| = n > ng and 6(G) > d such that N(G,F) >
N(Hy 4, F) > (n —d);. We may assume that G is saturated, as the number of copies of F

can only increase when we add edges to G.
Because n > 4dt + t by ([2.8]),

(n—d): n—d—t\"_ [ d\'
(n) n—t N n—t
> 1_i21_1:§'
n— 4 4

So, (n—d); > 3(n);.
By mapping edge zy of F' to an edge of G in two labeled ways, we get that N (G, F') satisfies

2(G)n — 2)u2 > N(G,F) 2 (n— )y > S ()
This yields the loose upper bound
()2 3(3) > i, Lin—1)2). (29)

By Pésa’s theorem (Theorem [19)), there exists some d < r < [(n — 1)/2] such that G
contains a set R of r vertices with degree at most r. Furthermore by , r < dy. So
by integrality, » < dp — 1 < (n + 3)/6. If r = d, then by Lemma either G = H,, 4 or
G = K;L,d. By Lemma and , G = H,, 4, a contradiction. So we have r > d + 1.

Let 7 denote the family of all nonempty independent sets in F'. For I € Z, let i = i(I) := |I|
and j = j(I) := |Np(I)|. Since F' has no isolated vertices, j(I) > 1 and so ¢ < ¢t—1 for each
I € T. Let ®(I) denote the set of embeddings ¢ : V(F) — V(G) such that ¢(I) C R and
I is a maximum independent subset of ¢~1(R N ¢(F)). Note that ¢(I) is not necessarily
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independent in G. We show that
[@(D)] < (r)ir(n —1)e—i-1. (2.10)

Indeed, there are (r); ways to choose ¢(I) C R. After that, since each vertex in R has
at most 7 neighbors in G, there are at most 7/ ways to embed Np(I) into G. By the
maximality of I, all vertices of F'— I — Ng(I) should be mapped to V(G) — R. There are at
most (n—7);—;—j to do it. Hence |®(I)| < ()77 (n—7)¢—;—j. Since 2r+t < 2(dg—1)+t < n,
this implies .

Since each ¢ : V(F) — V(G) with o(V(F)) N R # 0 belongs to ®(I) for some nonempty
I € 7, (2.10) implies

t—1
NG F)<(n—r)+ > @D <(h—r)+) C) (r)er(n —7)—i1. (2.11)
OATET i=1

Hence

N(G, F) < (n—r)+ Zf;% (f) (r)ir(n —r)i—i—1

N(Ha, F) ~ (n—d) -
< Pl s (o
- Do el
B

Given fixed n,d, t, we claim that the real function f(r) is convex for 0 < r < (n —t+2)/2.

Indeed, the first term g(r) := EZ:Z%: X 7::;;22_72: is a product of ¢ linear terms in each of
which 7 has a negative coefficient (note that the n —¢ 42 —r term cancels out with a factor
of n—r—t+2in (n —r);). Applying product rule, the first derivative ¢’ is a sum of ¢
products, each with ¢ — 1 linear terms. For r < (n — ¢ + 2)/2, each of these products is
negative, thus ¢'(r) < 0. Finally, applying product rule again, ¢’ is the sum of t(t — 1)
products. For r < (n — ¢+ 2)/2 each of the products is positive, thus ¢"(r) > 0.

Similarly, the second factor of the second term (as a real function of r, of the form r/(c—r))
is convex for r <n —t+ 2.

We conclude that in the interval [d + 1, (n + 3)/6] the function f(r) takes its maximum
either at one of the endpoints r =d+1 or r = (n + 3)/6. We claim that f(r) <1 at both
end points.

In case of r = d + 1 the first factor of the first term equals (n —d — t)/(n — d). To
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get an upper bound for the first factor of the second term one can use the inequality
[T(1 + ;) <1+ 2> x; which holds for any number of non-negative z;’s if 0 < > z; < 1.
Because dt/(n —d —t+1) <1 by (2.8), we obtain that

—d—t —t—2d 2dt d+1
fld+1) i i >>< +

1
n—d Xn—t—d+1+< +n—d—t+1 n—t—d+1

(ot (1 d+1 N d+1 N 2dt(d+1)
B n—d n—t—d+1 n—t—d+1 (n—t—d+1)?

_ 1 t n t o d+1 n t " 2d(d+1) o n—d
o n—d n—-d n—t—d+1 n—-d n—t—d+1 n—t—d+1

oty A+l At (b
- n—d n—t—d+1 n—-t—d+1 n—t—d+1

¢ 1 2 1
e (1= =—Z(1+ =
< g <030t )
t
< 1- 1-1/12 - 2/3 x 5/4
< 1- o a—1/12-2/3x 5
< 1

Here we used that n > 3d? + 2d +t and n > 4dt + 5t +d by (2.8), t > 3, and d > 1.
To bound f(r) for other values of r, let us use 1 +z < e* (true for all ). We get

f(r) < _ (r=a)t N r " dt
SO N T a1 T ner—tx2 P\ Sd—tr1 [

When r = (n+3)/6,t > 3, and n > 24d by , the first term is at most e~ 18/46 = 0.676....
Moreover, for n > 9¢ (therefore n > 27) we get that m
maximized, i.e., when ¢t = n/9. The whole term is at most (3n 4 9)/(13n 4 27) x e'/* <
5/21 x e'/* = 0.305..., so in this range, f((n +3)/6) < 1.

By the convexity of f(r), we have N(G, F) < N(H, 4, F). O

is maximized when ¢t is

When F' is a star, then it is easy to determine max N (G, F') for all n.

Claim 29. Suppose F' = Kj ;1 with t := |V(F)| > 3, and t < n and d are integers with
1 <d< |(n—-1)/2]. If G is an n-vertex nonhamiltonian graph with minimum degree
d(G) > d, then

N(G,F) <max {N(Hy g4, F),N(H, |(n-1)/2- F)} . (2.12)

and equality holds if and only if G € {and, Hy (n-1)/2 }

Proof. The number of copies of stars in a graph G depends only on the degree sequence

of the graph: if a vertex v of a graph G has degree d(v), then there are (d(v));—1 labeled
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copies of F' in G where v is the center vertex. We have

NG F) =Y (d(“) ) (2.13)

vev(@) N

Since G is nonhamiltonian, Pésa’s theorem yields an 7 < |(n—1)/2], and an r-set R C V(G)
such that dg(v) < r for all v € R. Take the minimum such r, then there exists a vertex
v € R with deg(v) = r. We may also suppose that G is edge-maximal nonhamiltonian, so
Ore’s condition holds. It implies that deg(w) < n—r —1 for all w ¢ N(v). Altogether
we obtain that G has r vertices of degree at most 7, at least n — 2r vertices (those in
V(G) — R — N(v)) of degree at most (n —r — 1). This implies that the right hand side

of (2.13) is at most
rx (r)i—1+n—=2r)x(n—r—1)1+rx(n—1)1 = NH,,, F).

(Here equality holds only if G = H,,,). Note that r € [d,|5(n — 1)]]. Since for given n
and t the function N(Hy ., F) is strictly convex in r, it takes its maximum at one of the

endpoints of the interval. O

Remark 30. As it was mentioned in Section 2.5, O(dt) is the right order for no(d,t) when
d=0(t).

To see this, fix d € N and let F' be the star on t > 3 vertices. If d < |(n — 1)/2],
t <mnandn < dt —d, then Hy|,_1)/2) contains more copies of F' than H, 4 does, the
maximum in is reached for r = | (n — 1)/2]. We present the calculation below only
for 2d + 7 < n < dt — d, the case 2d + 3 < n < 2d + 6 can be checked by hand by plugging

n into the first line of the formula below. We can proceed as follows.
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N(Hp | (n-1)/2), F) = N(Hpa, F) = (L(n =1)/2](n = 1)t—1 + [(n +1)/2]([(n - 1)/2J)t—1>
(d(n it (n—2d)(n—d — 1)1 + d(d)t,l)

(
(n—1)/2] d) n—1)1 — (n—2d)(n—d— 1)

= (Il
J<r[(n+1)/2W(L(n 1)/2])i-1 — d(d); 1
> (L =1)/2) = d) (n— s
((n— 2d)(1 — d/n)t~ 1)( 1)
> (n—1) (L(n ~1)/2] —d—(n— 2d)e—(dt—d)/”>
> (0= 1) ([(n—1)/2] —d— (n— 2d) e)
> 0,

2.8  Theorem [25] and a stability version of it

In general, it is difficult to calculate the exact value of N(H, 4, F) for a fixed graph F.
However, when F' = K}, we have N(H,, 4, K}) = hi(n,d)k!. Recall Theorem
Let n,d, k be integers with 1 < d < L”T_IJ and k > 2. If G is a nonhamiltonian graph on n

vertices with minimum degree §(G) > d, then

Nu(G) < max {hk(n, Q). he(n, {” " 1J )} .

Proof of Theorem[25. By Theorem [I9 because G is nonhamiltonian, there exists an r > d
such that G has r vertices of degree at most r. Denote this set of vertices by D. Then
Ni(G — D) < (".7), and every vertex in D is contained in at most (," ) copies of Kj.
Hence Ni(G) < hg(n,r). The theorem follows from the convexity of hy(n,x). O
Our older stability theorem (Theorem also translates into the the language of cliques,
giving a stability theorem for Theorem

Theorem 31. Letn > 3, and d < VT_IJ Suppose that G is an n-vertex nonhamiltonian

graph with minimum degree 6(G) > d and there exists a k > 2 such that

Nu(G) >max{hk(n,d+ 1), h(n, L”;J)} (2.14)

Then G is a subgraph of either Hy, q or K/ ,
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Proof. Take an edge-maximum counterexample G (so we may assume G is saturated). By
Lemma 27, G has a set D of r < |(n — 1)/2] vertices such that G — D is a complete graph.
If r > d+ 1, then Ni(G) < max {hg(n,d+1),hi(n,|%52])}. Thus r = d, and we may
apply Lemma O

2.9 Discussion and proof of Theorem

What happens when we consider n-vertex nonhamiltonian graphs with minimum degree at
least d and less than e(n,d + 1) but more than e(n,d + 2) edges?
Note that for d < dy(n) — 2,

e(n,d) —e(n,d+2)=2n—6d— 17,

which is greater than n. Theorem [26|answers the question above in a more general form—in
terms of k-cliques instead of edges. In other words, we classify all n-vertex nonhamiltonian
graphs with more than max {hk(n, d+2), hg(n, L”T_IJ )} copies of K.

As in Lemma such G can be a subgraph of H,, 4 or K;%d. Also, GG can be a subgraph of
H,, 441 or K;%dﬂ. Recall the graphs H,, 4, K;l’d, Hr’L7d, G}, 9, and [}, 3 defined earlier:

@0 0:6- 6

Figure 2.4: Graphs Hp a, K}, 4, Hy, 4: Gr 2, and Fy, 3.

Theorem Letn >3 andl1 <d < L"TAJ Suppose that G is an n-vertex nonhamiltonian
graph with minimum degree 6(G) > d such that exists a k > 2 for which

N(G) > max{hk(n,d+ 2)., hu(n, V‘ - 1J)} .

Let H'I’L,d = {Hn)d7 Hn7d+1’ K’I/'L,d7 K’:T,d+17 H’I/’L7d}'

(i) If d = 2, then G is a subgraph of G, or of a graph in H 2;

(i1) if d = 3, then G is a subgraph of Fy, 3 or of a graph in Hy3;

(iti) if d=1 or4 <d < L”T_IJ, then G is a subgraph of a graph in H, q.

Proof. Suppose G is a counterexample to Theorem with the most edges. Then G is
saturated. In particular, degree condition ([2.2) holds for G. So by Lemma there exists
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an d <r < |(n—1)/2] such that V(G) contains a subset D of r vertices of degree at most

r and G — D is a complete graph.

If r > d+2, then because hy,(n, z) is convex, Ni(G) < hy(n,r) < max {hy(n,d + 2), hi(n, | 252 ]) }.
Therefore either » = d or r = d + 1. In the case that r = d (and so r = §(G)), Lemma
implies that G C H,, 4. So we may assume that r = d + 1.

If §(G) > d+1, then we simply apply Theoremwith d+1in place of d and get G C H,, 441

or G C K7’L7d+1. So, from now on we may assume
5(G) = d. (2.15)

Now ([2.15)) implies that our theorem holds for d = 1, since each graph with minimum degree
exactly 1 is a subgraph of H,, 1. So, below 2 < d < L%J

Let N := N(D)— D C V(G) — D. The next claim will be used many times throughout the
proof.

Lemma 32. (a) If there exists a vertex v € D such that d(v) =d+1, then N(v)— D = N.
(b) If there exists a verter w € N such that u has at least 2 neighbors in D, then u is

adjacent to all vertices in D.

Proof. If v € D, d(v) = d+ 1 and some u € N is not adjacent to v, then d(v) + d(u) >
d+ 1+ (n—d—2)+1=n. A contradiction to (2.2]) proves (a).

Similarly, if u € N has at least 2 neighbors in D but is not adjacent to some v € D, then
d(v) + d(u) > d+ (n — d — 2) + 2 = n, again contradicting (2.2). O

Define S := {u € V(G) — D : uw € N(v) for all v € D}, s :=|S|, and S" :=V(G) — D — S.
By Lemma [32] (b), each vertex in S’ has at most one neighbor in D. So, for each v € D,

call the neighbors of v in S’ the private neighbors of v.

We claim that
D is not independent. (2.16)

Indeed, assume D is independent. If there exists a vertex v € D with d(v) = d + 1, then by
Lemma (32| (a), N(v) — D = N. So, because D is independent, G C H,, q11. Assume now
that every vertex v € D has degree d, and let D = {v1,...,v441}.

If s > d, then because each v; € D has degree d, s =d and N = §. Then G C H,, g41. If
s < d—2, then each vertex v; € D has at least two private neighbors in S’; call these private
neighbors x,, and y,,. The path x,v1yy, Ty,V2Yv, - - - Loy, Var1Yv,,, contains all vertices in
D and can be extended to a hamiltonian cycle of GG, a contradiction.

Finally, suppose s = d — 1. Then every vertex v; € D has exactly one private neighbor.

Therefore G = G;Ld where G;%d is composed of a clique A of order n — d — 1 and an
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independent set D = {v1,...,v4+1}, and there exists a set S C A of size d — 1 and distinct
vertices z1, ..., 2441 such that for 1 <i <d+1, N(v;) = S U z;. Graph G’n’d is illustrated
in Fig. 5.

Figure 2.5: G} ;.

For d = 2, we conclude that G C G;ﬂ, as claimed, and for d > 3, we get a contradiction

since G, ; is hamiltonian. This proves ([2.16).

Call a vertex v € D open if it has at least two private neighbors, half-open if it has exactly
one private neighbor, and closed if it has no private neighbors.

We say that paths Py, ..., P, partition D, if these paths are vertex-disjoint and V' (P;)U. ..U
V(P;) = D. The idea of the proof is as follows: because G — D is a complete graph, each
path with endpoints in G — D that covers all vertices of D can be extended to a hamiltonian
cycle of G. So such a path does not exist, which implies that too few paths cannot partition
D:

Lemma 33. If s > 2 then the minimum number of paths in G[D] partitioning D is at least

S.

Proof. Suppose D can be partitioned into ¢ < s — 1 paths Pj,..., P, in G[D]. Let S =
{z1,...,25}. Then P = z1P1zy...2/Pjzp41 is a path with endpoints in V(G) — D that
covers D. Because V(G) — D forms a clique, we can find a 21, zp41 - path P’ in G — D that
covers V(G)—D—{za,...,2¢}. Then PUP’ is a hamiltonian cycle of G, a contradiction. [

Sometimes, to get a contradiction with Lemma [33] we will use our information on vertex
degrees in G[D]:

Lemma 34. Let H be a graph on r vertices such that for every nonedge xy of H, d(x) +
d(y) > r —t for some t. Then V(H) can be partitioned into a set of at most t paths. In
other words, there exist t disjoint paths Py, ..., P, with V(H) = J'_, V(P,).
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Proof. Construct the graph H’ by adding a clique T of size ¢t to H so that every vertex of
T is adjacent to each vertex in V(H). For each nonedge z,y € H’,

dp/(z) +dp(y) > (r—t)+t+t=r+t=|V(H)|.

By Ore’s theorem, H' has a hamiltonian cycle C’. Then C’ — T is a set of at most ¢ paths
in H that cover all vertices of H. O

The next simple fact will be quite useful.

Lemma 35. If G[D] contains an open vertex, then all other vertices are closed.

Proof. Suppose G[D] has an open vertex v and another open or half-open vertex u. Let
v',v" be some private neighbors of v in S” and u’ be a neighbor of u in S’. By the maximality
of G, graph G + vu/ has a hamiltonian cycle. In other words, G has a hamiltonian path
V1Vg . ..Uy, where v1 = v and v, = u. Let V' = {v; : vv;31 € E(G)}. Since G has no
hamiltonian cycle, V' N N (u') = 0.

Since d(v) + d(u') = n — 1, we have V(G) = V' UN(u') + /. Suppose that v' = v; and
v =w;. Then v;_1,vj—1 € V', and v;_1,v;_1 ¢ N(«'). But among the neighbors of v; and

vj, only v is not adjacent to «’, a contradiction. O

Now we show that S is non-empty and not too large.

Lemma 36. s > 1.

Proof. Suppose S = (). If D has an open vertex v, then by Lemma all other vertices
are closed. In this case, v is the only vertex of D with neighbors outside of D, and hence
G C K;l 4> in which v is the cut vertex. Also if D has at most one half-open vertex v, then
similarly G C K7, .

So suppose that D contains no open vertices but has two half-open vertices u and v with
private neighbors z, and z, respectively. Then §(G[D]) > d — 1. By Pésa’s Theorem, if
d > 4, then G[D] has a hamiltonian v, u-path. This path together with any hamiltonian
Zu, Zy-path in the complete graph G — D and the edges uz, and vz, forms a hamiltonian
cycle in G, a contradiction.

If d = 3, then by Dirac’s Theorem, G[D] has a hamiltonian cycle, i.e. a 4-cycle, say C.
If we can choose our half-open v and u consecutive on C, then C' — uv is a hamiltonian
v,u-path in G[D], and we finish as in the previous paragraph. Otherwise, we may assume
that C' = vzuy, where x and y are closed. In this case, dgp)(z) = dgp)(y) = 3, thus
xzy € E(G). So we again have a hamiltonian v, u-path, namely vzyu, in G[D]. Finally, if
d =2, then |D| = 3, and G[D)] is either a 3-vertex path whose endpoints are half-open or a

3-cycle. In both cases, G[D] again has a hamiltonian path whose ends are half-open. O
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Lemma 37. s <d - 3.

Proof. Since by , d(G) = d, we have s < d. Suppose s € {d —2,d — 1,d}.

Case 1: All vertices in D have degree d.

Case 1.1: s =d. Then G C Hy, g41.

Case 1.2: s =d — 1. In this case, each vertex in graph G[D] has degree 0 or 1. By ,
G[D] induces a non-empty matching, possibly with some isolated vertices. Let m denote
the number of edges in G[D].

If m > 3, then the number of components in G[D] is less than s, contradicting Lemma
Suppose now m = 2, and the edges in the matching are z1y; and x2y2. Then d > 3. If
d =3, then D = {z1,x2,y1,y2} and G = F, 3 (see Fig 3 (right)). If d > 4, then G[D] has
an isolated vertex, say x3. This x3 has a private neighbor w € S’. Then |S + w| = d which
is more than the number of components of G[D] and we can construct a path from w to S
visiting all components of G[D].

Finally, suppose G[D] has exactly one edge, say x1y;. Recall that d > 2. Graph G[D] has
d — 1 isolated vertices, say xo,...,xq. Each of z; for 2 < ¢ < d has a private neighbor
w; in S, Let S = {z1,...,24-1}. If d = 2, then S = {21}, N(D) = {21,u2} and hence
G C Hj,. So in this case the theorem holds for G. If d > 3, then G contains a path
UITIZd-1Td—12d—2Ld—2 - - - Z2X1Y121T2ug from ug to ue that covers D.

Case 1.3: s =d — 2. Since s > 1, d > 3. Every vertex in G[D] has degree at most 2, i.e.,
G[D] is a union of paths, isolated vertices, and cycles. Each isolated vertex has at least 2
private neighbors in S’. Each endpoint of a path in G[D] has one private neighbor in S’.
Thus we can find disjoint paths from S’ to S’ that cover all isolated vertices and paths in
G[D] and all are disjoint from S. Hence if the number ¢ of cycles in G[D] is less than d — 2,
then we have a set of disjoint paths from V(G) — D to V(G) — D that cover D (and this
set can be extended to a hamiltonian cycle in G). Since each cycle has at least 3 vertices
and |[D| =d+1,if ¢ > d—2, then (d+1)/3 > d — 2, which is possible only when d < 4, i.e.
d = 3. Moreover, then G[D] = C3U K; and S = N is a single vertex. But then G C K, 3.

Case 2: There exists a vertex v* € D with d(v*) = d+1. By Lemma[32|(a), N = N(v*)—D,

and so GG has at most one open or half-open vertex. Furthermore,

if G has an open or half-open vertex, then it is v*, and by Lemma[33, there are no (2.17)
other vertices of degree d + 1.

Case 2.1: s = d. If v* is not closed, then it has a private neighbor x € S’, and the

neighborhood of each other vertex of D is exactly S. Furthermore, since d(v*) = d+1, v* has

no neighbors outside of D+{x}. This implies that D is independent, contradicting . If

v* is closed (i.e., N = 5), then G[D] has maximum degree 1. Therefore G[D] is a matching

with at least one edge (coming from v*) plus some isolated vertices. If this matching has
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at least 2 edges, then the number of components in G[D] is less than s, contradicting
Lemma If G[D] has exactly one edge, then G C HJ ;.

Case 2.2: s =d — 1. If v* is open, then dgp(v*) = 0 and by , each other vertex in
D has exactly one neighbor in D. In particular, d is even. Therefore G[D — v*| has d/2
components. When d > 3 and d is even, d/2 < s — 1 and we can find a path from S to S
that covers D — v*, and extend this path using two neighbors of v* in S’ to a path from
V(G) — D to V(G) — D covering D. Suppose d =2, D = {v*,z,y} and S = {z}. Then z is
a cut vertex separating {z,y} from the rest of G, and hence G C K;%,Q'

If v* is half-open, then by , each other vertex in D is closed and hence has exactly
one neighbor in D. Let x € S’ be the private neighbor of v*. Then G[D] is 1-regular and
therefore has exactly (d + 1)/2 components, in particular, d is odd. If d > 2 and is odd,
then (d+1)/2 <d—1=s, and so we can find a path from = to S that covers D.

Finally, if v* is closed, then by , every vertex of G[D] is closed and has degree 1 or 2,
and v* has degree 2 in G[D]. Then G[D] has at most |d/2] components, which is less than
s when d > 3. If d = 2, then s = 1 and the unique vertex z in S is a cut vertex separating
D from the rest of G. This means G C K], 5.

Case 2.3: s =d—2. Since s > 1, d > 3. If v* is open, then dG[D](U*) =1 and by , each
other vertex in D is closed and has exactly two neighbors in D. But this is not possible,
since the degree sum of the vertices in G[D] must be even. If v* is half-open with a neighbor
x € S, then G[D] is 2-regular. Thus G[D] is a union of cycles and has at most |(d +1)/3]
components. When d > 4, this is less than s, contradicting Lemma [33] If d = 3, then s =1
and the unique vertex z in S is a cut vertex separating D from the rest of G. This means
GCK,

If v* is closed, then dg(p)(v*) = 3 and 6(G[D]) > 2. So, for any vertices x,y in G[D],

deip)(®) + dapy(y) 24 > (d+1) = (d=2-1) = [V(G[D])| = (s = 1).

By Lemma if s > 2, then we can partition G[D] into s —1 paths P, ..., Ps_1. This would
contradict Lemma So suppose s = 1 and d = 3. Then as in the previous paragraph,
G C K;LA. O

Next we will show that we cannot have 2 < s < d — 3.

Lemma 38. s =1.

Proof. Suppose s =d—k where 3 <k <d—2.
Case 1: G[D] has an open vertex v. By Lemma every other vertex in D is closed. Let
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G' = G[D] —v. Then 6(G’) > k — 1 and |V(G’)| = d. In particular, for any =,y € D — v,
dor(z) +der(y) > 2%k —2>k+1=d—(d—k—1) = |V(G)] - (s — 1).

By Lemma we can find a path from S to S in G containing all of V(G’). Because v is
open, this path can be extended to a path from V(G) — D to V(G) — D including v, and
then extended to a hamiltonian cycle of G.

Case 2: D has no open vertices and 4 < k < d—2. Then §(G[D]) > k—1 and again for any
v,y € D, dgp)(z) +dgp)(y) > 2k —2. For k> 4,2k -2>k+2=(d+1) - (d—k—1) =
|D| — (s —1). Since k < d — 2, by Lemma G[D] can be partitioned into s — 1 paths,
contradicting Lemma

Case 3: D has no open vertices and s = d — 3 > 2. If there is at most one half-open
vertex, then for any nonadjacent vertices z,y € D, dgp)(z) + dgp)(y) > 2+3 =5 >
(d+1)—(d—3—1), and we are done as in Case 2.

So we may assume G has at least 2 half-open vertices. Let D’ be the set of half-open vertices
in D. If D' # D, let v* € D — D’. Define a subset D~ as follows: If |D’| > 3, then let
D~ = D', otherwise, let D~ = D' +v*. Let G’ be the graph obtained from G[D] by adding
a new vertex w adjacent to all vertices in D~. Then |[V(G')| = d+ 2 and §(G’) > 3. In
particular, for any z,y € V(G'),de(x)+de (y) > 6 > (d+2)—(d—3-1) = |[V(G")|—(s—1).
By Lemma V(G') can be partitioned into s — 1 disjoint paths Pj,..., Ps—1. We may
assume that w € P;. If w is an endpoint of P;, then D can also be partitioned into s — 1
disjoint paths P; — w, P, ..., Ps_1 in G[D], a contradiction to Lemma

Otherwise, let P, = x1,...,Ti—1, % Tijt1,.-.,2x Where x; = w. Since every vertex in
(D7) —v* is half-open and N¢/(w) = D™, we may assume that z;_; is half-open and thus
has a neighbor y € S’. Let S ={z21,...,24-3}. Then

YTij—1T3—2 ... T121Lj41 - - - .TkZQPQZg e Zd_4Pd_4Zd_3
is a path in G with endpoints in V(G) — D that covers D. O

Now we may finish the proof of Theorem By Lemmas s =1, say, S = {z}.
Furthermore, by Lemma
d>3+5=4. (2.18)

Case 1: D has an open vertex v. Then by Lemma [35] every other vertex of D is closed.
Since s = 1, each u € D — v has degree d — 1 in G[D]. If v has no neighbors in D, then
G[D] — v is a clique of order d, and G C K/, ;. Otherwise, since d > 4, by Dirac’s Theorem,

G[D] — v has a hamiltonian cycle, say C. Using C' and an edge from v to C, we obtain a
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hamiltonian path P in G[D] starting with v. Let v' € S’ be a neighbor of v. Then v'Pz; is
a path from S’ to S that covers D, a contradiction.

Case 2: D has a half-open vertex but no open vertices. It is enough to prove that
G[D] has a hamiltonian path P starting with a half-open vertex v, (2.19)

since such a P can be extended to a hamiltonian cycle in G through z; and the private
neighbor of v. If d > 5, then for any z,y € D,

Hence by Ore’s Theorem, G[D] has a hamiltonian cycle, and hence holds.

If d < 5 then by , d = 4. So G[D] has 5 vertices and minimum degree at least 2.
By Lemma we can find a hamiltonian path P of G[D], say vivavsvavs. If at least one
of v1,vs is half-open or vivs € E(G), then holds. Otherwise, each of vy, vs has 3
neighbors in D, which means N(v;) N D = N(vs) N D = {va,v3,v4}. But then G[D] has
hamiltonian cycle vivovsv4v3v1, and again holds.

Case 3: All vertices in D are closed. Then G C K’

n

theorem. O

441+ & contradiction. This proves the
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Chapter 3

A stability theorem for graphs with bounded circumference

3.1 Introduction

In this section, we prove Theorem [T} a stability result for graphs with no cycles of length
k or longer. This theorem is a strengthening of the Erdés—Gallai Theorem (Theorem @
and Kopylov’s theorem (Theorem . This is joint work with Zoltan Fiiredi, Alexandr
Kostochka, and Jacques Verstraéte [FKLV1S].

3.2 Stability results

Recall the definition of graphs H, 1 ,: let n > k and 1 <a < %k The vertex set of H,, 1,
is the union of three disjoint sets A, B, and C such that |A| = a, |B] = n —k + a and
|C| = k —2a, and the edge set of H,, ;, , consists of all edges between A and B together with
all edges in AU C (Fig. 1 shows Hy4,113). Let

k—a

h(n,k,a) == e(Hy ko) = ( 5

)+ ata—k+a)

Kopylov [Kop77] showed that the extremal 2-connected n-vertex graphs with no cycles of

Figure 3.1: H1471173.
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length at least k are G = H), 2 and G = H,, j;: the first has more edges for small n, and
the second has more edges for large n.

Fiiredi, Kostochka, and Verstraéte proved in [FKV16] a stability version of Theorems @]
and [7| for n-vertex 2-connected graphs with n > 3k/2, but the problem remained open for
n < 3k/2 when k > 9. The main result of [FKV16] was the following:

Theorem 39 (Fiiredi, Kostochka, Verstraéte [FKV16]). Let t > 2 and n > 3t and k €
{2t+1,2t+2}. Let G be a 2-connected n-vertex graph ¢(G) < k. Then e(G) < h(n,k,t—1)

unless

(@) k=2t+1,k#7, and G C Hy 1 or
(b) k=2t+2o0rk="7, and G — A is a star forest for some A C V(Q) of size at most t.

The paper [FKV16] also describes the 2-connected n-vertex graphs G with e(G) > h(n, k,t—
1) and ¢(G) < k < 8 for all n > k. In particular, for k < 8, each such graph satisfies either
(a) or (b) of Theorem [39]

Together with the cases for k < 8, this result gives a full description of the 2-connected
n-vertex graphs G with ¢(G) < k and ‘many’ edges for all k& and n.

The following is a refinement of the statement of Theorem

Theorem 40. Lett > 4 and k € {2t+1,2t+2}, so that k > 9. If G is a 2-connected graph
on n > k vertices and ¢(G) < k, then either e(G) < max{h(n,k,t —1),h(n,k,3)} or

(@) k=2t+1and GC Hypy or
(b) k=2t+2 and G — A is a star forest for some A C V(G) of size at most t.
(C) G - Hn,k,?-

Hyopi1t Hyo04 Hy o

Figure 3.2: Ovals denote complete subgraphs of order ¢, ¢, and k — 2.

Note that
n—t—3 ifk=2t+1,

h(n,k,t) —h(n,k,t —1) =
n—t—5 ifk=2t+2,

and
h(n,k,2) — h(n,k,3) =k —n— 3.
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We consider the case e(G) > h(n, k,t — 1) whenever n is large compared to k (and ¢), and
e(G) > h(n, k,3) whenever n is small. We state these exact bounds in Section 3.

Also, note that the case n < k is trivial and the case k < 8 was fully resolved in [FKV16].
We will reuse many slightly modified lemmas from [FKV16] in the proof of the main result.
As such, when introducing such lemmas, instead of repeating the proofs word-for-word, we
provide brief proof sketches and a reference to the corresponding full proof in [FKV16] for

the interested reader.

3.2.1 A more detailed form of the stability result

In order to prove Theorem we need a more detailed description of the graphs satisfying
(b) in the theorem that do not contain ‘long’ cycles. For this, we introduce four families of
graphs Gi, Ga, G, and Gy that (apart from G;) are identical to the families introduced in
[FKV16]. In the definitions below we use t = [(k —1)/2].

Let Gi(n, k) = {Hp k1, Hn i 2} Each G € Ga(n, k) is defined by a partition V(G) = AUBUC
and two vertices a1 € A, by € B such that

— |4l =1,

—  G[A] = Ky,

— (G[B] is the empty graph,

— G(A, B) is a complete bipartite graph, and
— N(c) ={ay,b1} for every c € C.

Every graph G € G3(n, k) is defined by a partition V(G) = AU B U J such that |[A]| = ¢,
G[A] = Ky, G(A, B) is a complete bipartite graph, and

— G]J] has more than one component,
— all components of G[J] are stars with at least two vertices each,
— there is a 2-element subset A’ of A such that N(J)N(AUB) = A/,

— for every component S of G[J] with at least 3 vertices, all leaves of S have degree 2 in

G and are adjacent to the same vertex a(S) in A'.

The class G4(n, k) is empty unless k = 10. Each graph H € G4(n, 10) has a 3-vertex set A
such that H[A] = K3 and H — A is a star forest such that if a component S of H — A has
more than two vertices then all its leaves have degree 2 in H and are adjacent to the same
vertex a(S) in A.

These classes are illustrated in Figure 3.

Now we define G(n, k) as follows:
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Figure 3.3: Examples of graphs in classes Ga(n, k), Gs(n, k), and G4(n, 10), respectively.

(1) if kis odd, then G(n,k) = Gi(n, k) = {Hp it Hnk2}s
(2) if k is even and k # 10, then G(n, k) = Gi(n, k) U Ga(n, k) U Gs(n, k);
(3) if k =10, then G(n, k) = Gi(n,10) U Ga(n, 10) U G3(n, 10) U G4(n, 10).

In these terms, we get the following refinement of Theorem

Theorem 41. (Main Stability Theorem) Let k > 9, n > k and t = [$(k—1)|. Let G

be an n-vertex 2-connected graph with no cycle of length at least k. Then either e(G) <
max{h(n,k,t —1),h(n,k,3)} or G is a subgraph of a graph in G(n, k).

Figure 3.4: The set {a, b} forms a separating set of the graph.

Since every graph in Ga(n, k) U G3(n, k) and many graphs in G4(n, k) have a separating set
of size 2 (see Figure 4), the theorem implies the following simpler statement for 3-connected

graphs:

Corollary 42. Let k € {2t + 1,2t + 2} where k > 9. If G is a 3-connected graph on n > k
vertices and ¢(G) < k, then either e(G) < max{h(n,k,t —1),h(n,k,3)} or
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(1) G C Hppy, or
(2) k=10 and G is a subgraph of some graph H € G4(n,10) such that each component of

H — A has at most 2 vertices.

3.3 The setup and ideas

3.3.1 Small dense subgraphs

First we define some more graph classes (also defined identically to [FKV16]). For a graph
F and a nonnegative integer s, we denote by X~%(F') the family of graphs obtained from F
by deleting at most s edges.
Let Fy = Fy(t) denote the complete bipartite graph K; ;1 with partite sets A and B where
|A] =t and |B| =t + 1. Let Fo = K t"3(F), i.e., the family of subgraphs of K;;1 with
at least ¢(t + 1) — ¢t + 3 edges.
Let Fy = Fi(t) denote the complete bipartite graph K; ;o with partite sets A and B where
|A] =t and |B| =t + 2. Let F; = K~"*4(F}), i.e., the family of subgraphs of Ko with
at least t(t +2) — t 4+ 4 edges.
Let F» denote the family of graphs obtained from a graph in X~**4(F}) by subdividing an
edge a1by with a new vertex cq, where a1 € A and by € B. Note that any member H € F>
has at least |A||B| — (¢t — 3) edges between A and B and the pair a;1b; is not an edge.
Let F3 = F3(t,t') denote the complete bipartite graph K, with partite sets A and B
where |A| =t and |B| = /. Take a graph from K~t4(F3), select two non-empty subsets
Ay, Ay C A with |A; U As| > 3 such that Ay N Ay = 0 if min{|A;],|A42|} = 1, add two
vertices ¢; and ¢, join them to each other and add the edges from ¢; to the elements of
A;, (i = 1,2). The class of obtained graphs is denoted by F(A, B, A1, As). The family F3
consists of these graphs when |A| = |B| =t, |A;1| = |A2] = 2 and A;N Ay = (. In particular,
F3(4) consists of exactly one graph, call it F3(4).
Graph Fj has vertex set AUB, where A = {a1, a2,a3} and B := {b1,be,...,bs} are disjoint.
Its edges are the edges of the complete bipartite graph K (A, B) and three extra edges b1 b2,
bsbs, and bsbg (see Figure 4 below). Define F as the (only) member of F(A, B, A1, As)
such that |A| = |B| =t =4, A1 = Ay, and |A;| = 3. Let Fy := {F}y, F};}, which is defined
only for ¢t = 4.
Define F(k) := { o, %f K %s odd,
FiU---UFy, if kiseven.
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Figure 3.5: Graphs F5(4), Fy, and F}.

3.3.2 Proof idea

In order to employ a stronger induction assumption, we will prove the following slightly
stronger version of Theorem [41] claiming that the graphs in question contain dense graphs
from F(k):

Theorem Lett >4, k€ {2t +1,2t+ 2}, and n > k. Let G be an n-vertex 2-connected
graph with no cycle of length at least k. Then either e(G) < max{h(n,k,t —1),h(n,k,3)}

or

(a) G - Hn,k,Qﬂ or

(b) G is contained in a graph in G(n, k) — {Hp 2}, and G contains a subgraph H € F(k),
where G(n, k) is as defined in Section 2.3.

The method of the proof is a variation of that of [FKV16] for larger n as well as Kopy-
lov’s disintegration method for n close to k. We take an n-vertex graph G satisfying the
hypothesis of Theorem [41], and iteratively contract edges in a certain way so that each
intermediate graph still satisfies the hypothesis. We consider the final graph of this process
G on m vertices and show that G, satisfies Theorem [41]. We will use two instrumental
lemmas from [FKV16].

Lemma 43 (Main lemma on contraction, Lemma 4.9 in [FKV16]). Let k£ > 9 and suppose
F and F' are 2-connected graphs such that F = F'/xy and ¢(F') < k. If F contains a
subgraph H € F(k), then F' also contains a subgraph H' € F(k).

This lemma shows that if G;,, contains a subgraph H € F(k), then the original graph G also
contains a subgraph in F (k). The second result concludes that the original graph G = G,
must satisfy (b) of Theorem [41]. For the full proof of the lemma, we refer the reader to
[FKV16]. Below we include a brief sketch of the proof.

Lemma 44 ([FKV16](Subsection 4.5)). Let k > 9, and let G be a 2-connected graph with
(@) < k and e(G) > h(n,k,t —1). If G contains a subgraph H € F(k), then G is a
subgraph of a graph in G(n, k) — {H, 2}

Sketch of proof. Consider a component of S of G — H. Because G is 2-connected, S has
at least two neighbors, say  and y in H. Let ¢ be the length of a longest (z,y)-path P
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such that all internal vertices in P are in .S. When k is odd, since H is “close” to Ky 41, it
contains a long path P’ from x to y. Thus if £ is too large, P’ U P yields a cycle of length k
or longer, a contradiction. Then one can show that ¢ = 2 (edges). That is, each path from
H to H that goes through S has only one internal vertex. Thus [V (S)| = 1 and moreover,
z and y both lie in the partite set of of H of size t. This shows that G C H,, 1. ;. The case
for k even is handled similarly (but with more subcases; in particular we have ¢ < 3). We
obtain that either G C H,, 1, or the components of G — H are star forests that connect to
H in the ways described in the classes G;(n, k), i € {2,3,4}, otherwise G would contain a
cycle of length k or longer. O
We will split the proof into the cases of small n and large n. The following observations

can be obtained by simple calculations (for ¢t > 4):

k h(n,k,3) > h(n,k,t — 1) h(n,k,2) > h(n,k,t — 1)
2t+1 | Ifand only if n < k+ (t—5)/2 | Ifand only if n <k +1¢/2 -1
2t+2 | If and only if n < k+ (t — 3)/2 If and only if n < k+t/2

In the case of large n we will contract an edge such that the new graph still has more than
h(n — 1,k,t — 1) edges. In order to apply induction, we also need the number of edges
to be greater than h(n — 1,k,3). To guarantee this, we pick the cutoffs for the two cases
n<k+(t—1)/2and n > k+ (t — 1)/2 (therefore n — 1 > k + (t — 3)/2).

3.4 Tools

3.4.1 Classical theorems

Theorem 45 (Erdés [Erd62b]). Let d > 1 and n > 2d be integers, and

gn,dzmax{<n;d> + d2, <Vg11> n {n;lf}

Then every n-vertex graph G with §(G) > d and e(G) > €y, 4 is hamiltonian. O

Theorem 46 (Chvatal [Chv72]). Let n > 3 and G be an n-vertex graph with vertex degrees
di <dy <...<dy,. If G is not hamiltonian, then there is some i < n/2 such that d; < i
and dp_; <n — 1. ]

Theorem 47 (Kopylov [Kop77]). If G is 2-connected and P is an x,y-path of { vertices,
then ¢(G) > min{¢,d(x, P) + d(y, P)}. O
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3.4.2 Claims on contractions
A helpful tool will be the following lemma from [FKV16] on contraction.

Lemma 48 (Lemma 3.2 in [FKV16]). Let n > 4 and let G be an n-vertex 2-connected
graph. For every v € V(G), there exists w € N(v) such that G/vw is 2-connected. O

For an edge zy in a graph H, let Ty (zy) denote the number of triangles containing xy.
Let T(H) = min{Ty(zy) : xy € E(H)}. When we contract an edge uv in a graph H,
the degree of every x € V(H) — u — v either does not change or decreases by 1. Also if
u * v is the vertex created upon contraction, then the degree of u x v in H/uv is at least
max{dg(u),dg(v)} — 1. Thus

A jun(w) = dp(w) — 1 for any w € V(H) and uv € E(H). Also dg/y,(u*v) > dg(u) — 1.
(3.1)

Similarly,
T(H/uv) > T(H) — 1 for every graph H and uv € E(H). (3.2)

We will use the following analog of Lemma 3.3 in [FKVlG]D

Lemma 49. Let h be a positive integer. Suppose a 2-connected graph G is obtained from a
2-connected graph G’ by contracting edge xy into x *y chosen using the following rules:
(i) one of x,y, say x is a vertex of the minimum degree in G';

(i1) Ter(xy) is the minimum among the edges xu incident with x such that G'/zu is 2-
connected. If G has at least h vertices of degree at most h, then either G' = Kj o or

(a) G’ also has a vertex of degree at most h, and

(b) G’ has at least h + 1 vertices of degree at most h + 1.

Proof. Note that in (i7), such edges exist by Lemma Since G is 2-connected, h > 2.
Below for a positive integer s and a graph H, by V<s(H) we denote the set of vertices
of degree at most s in H. Then by (3.1), each v € V<(G) — z * y is also in Vepy1(G').
Moreover, then by (i),

z € Vepi1 (G). (3.3)

Thus if z xy ¢ V<p(G), then (b) follows. But if z x y € V<,(G), then by (3.1]), also
y € Vapt1(G'). So, again (b) holds.
If V<p,—1(G) # 0, then (a) holds by (3.1). So, if (a) does not hold, then

each v € V<p,(G) — z % y has degree h + 1 in G’ and is adjacent to both z and y in G'.
(3.4)

!The difference between our analog and the original Lemma 3.3 in [FKV16] is small: the rules we are
following are slightly different, and we prove the additional property (b).
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Case 1: |[V<;,(G) — z xy| > h. Then by (3.3), de(z) = h + 1. This in turn yields
Nei(xz) = Vep(G) + y. Since G’ is 2-connected, each v € V<,(G) — x % y is not a cut
vertex. Furthermore, {x,v} is not a cut set. If it was, because y is a common neighbor of
all neighbors of z, all neighbors of 2 must be in the same component as y in G' —x —v. It
follows that

for every v € Vo, (G) — xz x y, G’ /Jvx is 2-connected. (3.5)

If wv ¢ E(G) for some u,v € V<j,(G), then by and (i), we would contract the edge zu
rather than zy. Thus G'[V<,(G) U {z,y}] = Kj42 and so either G’ = Kj49 or y is a cut
vertex in G’, as claimed.

Case 2: |V<,(G) —xxy| = h—1. Then x xy € V<p(G). This means dg/(z) = der(y) =
h+1 and Ng/[z] = Ne[y]. So by (3.4), there is z € V(G) such that Nes[z] = N[y =
Van(G) U {z,y,2z}. Again holds (for the same reason that Ng/[z] C Ngr[y]). Thus
similarly vu € E(G’) for every v € V<;,(G) — z * y and every u € V<;,(G) + z. Hence
G' V< (G)UH{z,y, 2}] = Kpio and either G’ = Kj, 19 or z is a cut vertex in G/, as claimed. O

3.4.3 A property of graphs in F(k)
A useful feature of graphs in F(k) is the following.

Lemma 50. Let k > 9 and n > k. Let F' be an n-vertex graph contained in Hy 1 with
e(F) > h(n,k,t —1). Then F contains a graph in F (k).

Proof. Assume the sets A, B,C' to be as in the definition of H,, ;;. We will use induction
on n.

Case 1: k=2t+1. If n = k, then F € K~""3(H}, 1.;) because h(k,k,t) —h(k,k,t—1)—1 =
t — 3. Thus, since Hy; 2O Fy(t), F' contains a subgraph in Fy. Suppose now the lemma
holds for all £ < n’ < n. If 6(F) > t, then each v € V(F) — A is adjacent to every u € A.
Hence F' contains K;,—¢. If 6(F) < t, then since A is dominating and n > 2t, there is
veV(F)—Awith dp(v) <t —1. Then F —v C H,,_; y+, and we are done by induction.
Case 2: k=2t +2. Let C' = {c1,c2}. If n =k then as in Case 1,

e(Hppt) —e(F) < h(k,k,t) — h(kk,t—1)—1=1t—4,

ie., F € K7 (Hg ). Since Fy(t) C Hg .y, F contains a subgraph in F;. Suppose now the
lemma holds for all k < n' < n. If §(F) < t, then there is v € V(F) — A with dp(v) <t—1.
Then I —v C Hy,_1 1, and we are done by induction.

Finally, suppose 6(F) > t. So, each v € B is adjacent to every u € A and each of ¢1, co has
at least t — 1 neighbors in A. Since |[BU{c1}| > n—t—1>1t+ 2, F contains a member
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of K~1(Fi(t)). Thus F contains a member of F; unless t = 4, n = 2t + 3 and c¢; has a
nonneighbor = € A. But then cico € E(F), and so F contains either F3(4) or F). O

3.5 Proof of Theorem @41f

Let n > k > 9 and suppose Theorem holds for all graphs with n/ vertices where
k <n' <n. Suppose further that

G is an n-vertex 2-connected graph with ¢(G) < k and e(G) > max{h(n,k,t — 1), h(n,k,3)}.
(3.6)

3.5.1 Contraction procedures

If n > k, we iteratively construct a sequence of graphs G,,,G,,—1,...G, where G,, = G and
[V(G;)| = j for all m < j < n. In [FKV16], the following Basic Procedure (BP) was
used:

At the beginning of each round, for some j : k£ < j < n, we have a j-vertex 2-connected
graph G with e(Gj) > h(j,k,t —1).

(R1) If j = k, then we stop.

(R2) If there is an edge uv with Tg, (uv) <t — 2 such that G;/uv is 2-connected,
choose one such edge so that
(i) TG, (uv) is minimum, and subject to this
(7i) wv is incident to a vertex of minimum possible degree.
Then obtain Gj_1 by contracting uv.

(R3) If (R2) does not hold, j > k +t — 1 and there is zy € E(G;) such that
Gj —x —y has at least 3 components and one of the components, say H; is
a K;_1, then let G441 = G; — V(Hy).

(R4) If neither (R2) nor (R3) occurs, then we stop.

Remark 5.1. By definition, (R3) applies only when j > k+t—1. As observed in [FKV16],
if j <3t — 2, then a j-vertex graph G; with a 2-vertex set {x,y} separating the graph into
at least 3 components cannot have Tg, (uv) >t —1 for every edge uv. It also was calculated
there that if 3t — 1 < j < 3t, then any j-vertex graph G’ with such 2-vertex set {z,y} and
Ter(uv) >t — 1 for every edge uv has at most h(j, k,t — 1) edges and so cannot be G;.

In this version, we use a quite similar Modified Basic Procedure (MBP): start with a
2-connected, n-vertex graph G = G,, with e(G) > h(n,k,t — 1) and ¢(G) < k. Then
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(MRO) if 6(Gj) > t, then apply the rules (R1)-(R4) of (BP) given above;

(MR1) if 6(Gj) <t—1and j =k, then stop;

(MR2) otherwise, pick a vertex v of smallest degree, contract an edge vu with the
minimum 7g; (vu) among the edges vu such that G;/vu is 2-connected, and
set Gj_1 = Gj/uv.

3.5.2  Proof of Theorem {1f for the case n < k+ (t —1)/2

Let G satisty (3.6). Apply to G the Modified Basic Procedure (MBP) starting from G,, = G.
Denote by G, the terminating graph of MBP. By Remark 1, (R3) was never applied, since
k+(t—1)/2 <k+t—1. Therefore

for each m < j <n, graph G is obtained from Gj11 by contracting an edge. (3.7)

Then G is 2-connected and ¢(G;) < ¢(G) < k for each m < j < n. By construction, after
each contraction, we lose at most ¢t — 1 edges. It follows that e(G,,) > h(m, k,t —1).
Suppose first that m > k. Then the same argument as in [FKVI6] gives us the following

structural result:

Lemma 51 (Proposition 4.2 in [FKV16]). Let m >k > 9 and n > k.
o Ifk # 10, then Gy, C Hyp gy

o If k=10, then Gy, € Hyjop or Gy 2 Fy.

Again we sketch the proof briefly and refer the reader to [FKV16] for the full proof.
Sketch of proof. If §(Gy,) <t — 1, then either Rule (R2) or Rule (MR2) applies to G,,, so
Procedure MBP does not stop, contradicting the definition of m. Thus 6(G,,) > t. Since
G, is 2-connected, ¢(Gp,) > 26(Gy) > 2t. So if k is even, ¢(G,,) € {2t,2t + 1}, and if k is
odd, ¢(G,,) = 2t. For simplicity in this sketch, we only consider the odd case.

Let C = vy, ..., vy be alongest cycle in G,,. Because we could not apply rule (R2), for each
edge v;viq1 in C, either v;v;y; is contained in at least ¢ — 1 triangles, or the set {v;, viy1}
is separating in G,,. In the latter case, we show that C can be extended to a longer cycle.
Thus the former holds. If v;v;412z is a triangle, then z € V(C), otherwise we get a longer
cycle by including z. Thus we have shown that the induced subgraph G[V(C)] has many
edges, and furthermore it can be shown that G[V(C)] is 3-connected. We then apply a
structural theorem for 3-connected graphs due to Enomoto [Eno84] (see, e.g. Theorem 2.7
in [FKV16]) that yields three possible cases for the structure of G[V(C)]. In the first case,
K+ K; C Gyu[V(C)] € Ky + K;. In this case, by considering the connected components
of Gy, — V(C) and the ways they connect to C, similarly to the proof of Lemma M, we
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obtain G,, € H,,;+ In the other two cases, we either obtain ¢(G) > k or ¢ < 2t, a

contradiction. O

Since Fy € F(k), if k = 10 and Gy, 2 Fy, then G, contains a subgraph in F (k). Otherwise,
by Lemmas [50| and again Gy, has a subgraph in F(k). Then by and Lemma
for every m < j < n, graph G, contains a subgraph H; € F(k). In particular, G = G,
contains such a subgraph. Thus by Lemma G satisfies Theorem .

So, below we assume

m = k. (3.8)

Since ¢(Gg) < k, Gj does not have a hamiltonian cycle. Let di < d < ... < dji be the
vertex degrees of GG. By Theorem there exists some 2 < ¢ < ¢ such that d; < ¢ and
di—; < k —i. Let r = r(Gg) be the smallest such i.

Let R be a set of r vertices of degree at most r in Gy. Then

k—
e(Gy) <12 +e(Gr —R) <1 + < 5 T).
For k = 2t+1, r?+ (k;") > h(n,k,t—1) only when r =t or r < (t+4)/3, and for k = 2t+2,
when r =t or r < (t+6)/3. If r = r(Gx) = t, then repeating the argument in [FKV16]
yields:

Lemma 52 (Lemma 4.4 in [FKV16]). If r(Gg) =t then Gy C Hp, j4.

Sketch of proof. Since ¢(Gy) < k, G is nonhamiltonian. Let G’ be the hamiltonian closure
of Gi. Then r(G’) exists, and furthermore, r(G’") > r(Gy). Thus r(G") = t. Our goal is to
show that G’ C Hy, 4. Let V(G') = {v1,..., v} and d} = der(v;) for i = 1,..., k. Rename
the vertices of G’ so that d} < ... < d},. By the definition of 7(G") =t, d} < ...d; < t.
Let A = {vg,vk—1,...,Vk—t+1}. If any vertex in A has too small degree, then we show
e(Gg) < h(k,k,t — 1), a contradiction. Since G’ is hamiltonian-closed, for each nonedge
zy ¢ E(G),

d(z)+d(y) <|V(G)-1=k~-1. (3.9)

Using this, we show that G'[A] = K;. Next, we consider the edges between G’ — A and
A. If there are many non-edges, then applying for each non-edge yields that e(G’) <
h(k,k,t—1), so we finally show that every vertex in A but at most one is adjacent to every
other vertex in G’. We focus here on the case that every vertex in A is adjacent to every
other vertex. Then the neighborhood of every vertex of degree at most ¢ is exactly A. If
k is odd, we show that also dj,; =t and so G’ = Hy,j;, since the vertices of G' — A must

form an independent set. The even case is proved similarly, but with more subcases. O
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By Lemmas and G C Hj, i+ and contains some subgraph in F (k). This finishes
the case r = t.

So we may assume that
if k=2t+1 then r < (t+4)/3, and if k = 2t + 2 then r < (t + 6)/3. (3.10)

Our next goal is to show that G contains a large “core”, i.e., a subgraph with large minimum
degree. For this, we recall the notion of disintegration used by Kopylov [Kop77].
Definition: For a natural number o and a graph G, the a-disintegration of a graph G
is the process of iteratively removing from G the vertices with degree at most o until the
resulting graph has minimum degree at least o + 1. This resulting subgraph H = H(G, o)
will be called the a-core of G.

It is well known that H (G, «) is unique and does not depend on the order of vertex deletion.
Claim 53. The t-core H(G,t) of G is nonempty.

Proof of Claim We may assume that for all m < j < n, graph G; was obtained from
Gj11 by contracting edge x;y;, where dg,,, (v;) < dg;,, (y;)- By Rule (MR2), dg,,, (z;) =
d(Gj+1), provided that 6(Gj41) <t — 1.
By definition, |V<,(Gf)| > r. So by Lemma [49| (applied several times), for each k+1 < j <
k 4+t —r, because each G; is not a complete graph (otherwise it would have a hamiltonian
cycle),

0G)<j—k+r—1and |V (Gj)| 22—k +r. (3.11)

To show that
0(Gj) <t—1forallk <j<mn, (3.12)

by (3.11) and (3.10), it is enough to observe that

t—1 t46 5t + 3
L6 Bt

) V< qi—Fk —-1< —k —1<
(Gj) < +7r <(n )+ < 3 G

<t.

We will apply a version of t-disintegration in which we first manually remove a sequence
of vertices and count the number of edges they cover. By and (MR2), dg, (zp—1) =
5(Gn) <n—k+r—1. Let v, :== x,—1. Then G — v, is a subgraph of G_1. If z,,_9 #
Tp_1* Yn—1 in Gn_1, then let v,_1 := x,,_9, otherwise let v,_1 := y,_1. In both cases,
dG—v, (Un—1) < n—k+r—2. We continue in this way until j = k: each time we delete
from the graph G — v, — ... —v;j41 the unique survived vertex v; that was in the preimage
of x;_1 when we obtained G;_; from G;. Graph G — v, — ... — vp41 has r > 2 vertices of
degree at most r. We additionally delete 2 such vertices vy and vi_1. Altogether, we have
lost at most (r+n—k—1)+ (r+n—%k—2)+ ...+ 7+ 2r edges in the deletions.

43



Finally, apply t-disintegration to the remaining graph on k — 2 € {2t — 1,2t} vertices.
Suppose that the resulting graph is empty.
Case 1: n =k. Then

o(G) <1t t2—1—1) + @

where 7+ edges are from v and v;_1, and after deleting vy and vi_1, every vertex deleted
removes at most ¢ edges, until we reach the final ¢ vertices which altogether span at most
(;) edges.

For k=2t + 1,

h(k, k,t—1)—e(G) > <2t 1 _2 (t= 1)>—|—(t—1)2— [r +r+t2t—1—1)+ <;>} = t+2-2r,

which is nonnegative for r < (¢t + 3)/3. Therefore e(G) < h(k,k,t — 1), a contradiction.
Similarly, if k£ = 2t 4 2,

e(G) <r+r+t2t—t)+ (;)

and

2%+2—(t—1)

h(k, k.t —1) —e(G) > < )

>+(t—1)2—[r+r+t(2t—t)+ <;>] =t+4-2r

which is nonnegative when r < (¢t +6)/3.
Case 2: k <n <k+ (t—1)/2. Then for k =2t +1,

G)<|[(r+n—k —1)+('r+n—k—2)—|—...+r]+2r+t(2t—1—t)+<;>
<[t-D+@E-D+...+ @t —1)] +h(kkt—1)

= (t— )( k) + h(k,k,t —1)

= h(n,k,t —1),

where the last inequality holds because r +n —k —1 <t — 1.
Similarly, for k = 2t + 2,

e(G) < [(r—i—n—k—1)+(r+n—k—2)+...+r]+2r+t(2t—t)+<;>
<(n—k)(t—1)+h(kkt—1)

= h(n,k,t —1).

This contradiction completes the proof of Claim O
For the rest of the proof of Theorem for n < k+ (t — 1)/2, we will follow the method
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of Kopylov in [Kop77] to show that G C H, ;2. Let G* be the k-closure of G. That is,
add edges to G until adding any additional edge creates a cycle of length at least k. In
particular, for any non-edge xy of G*, there is an (z, y)-path in G* with at least k—1 edges.
Because G has a nonempty t-core, and G* contains G as a subgraph, G* also has a nonempty
t-core (which contains the t-core of G). Let H = H(G*,t) denote the t-core of G*. We will
show that

H is a complete graph. (3.13)

Indeed, suppose does not hold. Choose a longest path P of G* whose terminal vertices
x € V(H) and y € V(H) are nonadjacent. By the maximality of P, every neighbor of z in
H is in P. The same holds for y. Hence dp(x)+dp(y) = du(x)+du(y) > 2(t+1) > k, and
also P has k — 1 edges. By Theorem ¢(G*) > k, a contradiction. This proves .
Let ¢ = |V(H)|. Because every vertex in H has degree at least t+1, £ > t+2. Furthermore,
if £ > k — 1, then G* has a clique K of size at least kK — 1. Because G* is 2-connected, we
can extend a (k — 1)-cycle of K to include at least one vertex in G* — H', giving us a cycle
of length at least k. It follows that

t4+2<0<k—2, (3.14)

and therefore k — ¢ < t. Apply (k — ¢)-disintegration to G*, and denote by H’ the resulting
graph. By construction, H C H'.

Case 1: There exists v € V(H') -V (H). Since v ¢ V(H), there exists a nonedge between a
vertex in H and a vertex in H'— H. Pick a longest path P with terminal vertices = € V(H')
and y € V(H). Then dp(z) + dp(y) > (k— ¢+ 1) + (¢ — 1) = k, and therefore ¢(G*) > k.
Case 2: H = H'. Then

e(GY) < @ F(n—0)(k—0) = h(n, k,k—0).

If 3< (k—¢) <t—1, then e(G) < max{h(n,k,3),h(n, k,t — 1)}, so by (3.14), k — ¢ = 2,
and H is the complete graph with k& — 2 vertices. Let D = V(G*) — V(H). If there is an
edge zy in G*[D], then because G* is 2-connected, there exist two vertex-disjoint paths, P;
and Py, from {z,y} to H such that P; and P» only intersect {z,y} U H at the beginning
and end of the paths. Let a and b be the terminal vertices of P; and P» respectively that
lie in H. Let P be any (a,b)-hamiltonian path of H. Then P, U P U P» + xy is a cycle of
length at least k in G*, a contradiction.

Therefore D is an independent set, and since G* is 2-connected, each vertex of D has degree
2. Suppose there exists u,v € D where N(u) # N(v). Let N(u) = {a,b}, N(v) = {¢c, d}
where it is possible that b = ¢. Then we can find a cycle C' of H that covers V(H) which
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contains edges ab and cd. Then C — ab — cd + ua + ub + ve 4+ vd is a cycle of length k in
G*. Thus for every v € D, N(v) = {a,b} for some a,b € H. Le., G* = Hy, 1,2, and thus
G C H, 2. This completes the proof of Theorem [41[ for the case n < k+ (¢t —1)/2. O

3.5.3  Proof of Theorem 1] for all n

We use induction on n with the base case n < k+ (t — 1)/2. Suppose n > k + t/2 and for
all k < n’ < n, Theorem holds. Let G be a 2-connected graph G with n vertices such
that

e(G) > max{h(n,k,t —1),h(n,k,3)} and ¢(G) < k. (3.15)

Apply one step of Procedure BP. If (R4) was applied (so neither (R2) nor (R3) applies to
G), then Gy, = G (with G, defined as in the previous case). By Lemmas and
the theorem holds.

Therefore we may assume that either (R2) or (R3) was applied. Let G~ be the resulting
graph. Then ¢(G™) < k, and G~ is 2-connected.

Claim 54.
e(G™) > max{h(|V (G|, k,t — 1), h([V(G7)|, k, 3)}. (3.16)

Proof. 1f (R2) was applied, i.e., G~ = G/uv for some edge uv, then
e(G7)>e(G)—(t—1)>h(n—1,k,t—1) > h(n—1,k,3),
so (3.16)) holds. Therefore we may assume that (R3) was applied to obtain G~. Then

n>k+t—1and e(G)—e(G™) = (thl)—l. So by (3.15)),

e(G) > hin, byt — 1) — (“; 1) 1. (3.17)

The right hand side of (3.17) equals h(n— (t —1),k,t — 1) +#2/2 — 5t/2 + 2 which is at least
h(n—(t—1),k,t — 1) for t > 4, proving the first part of (3.16]).
We now show that also e(G~) > h(n — (t — 1), k,3). Indeed, for k = 2t + 1,

e(G™) = hn— (t—1),k,3) > (“;2) (= 1)(n—t—2)— (“;1) +1

_ [<2t2_2> +3(n—(t—1)— (2t—2))} > when n > 3t.
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Similarly, for k = 2t + 2,

(G — h(n— (t—1),k,3) > <t;3) b= 1)(n—t—3)— (“;1) +1

_K%_l)+3(n_(t_1>_(2’5—1)>} > 0 when n > 3t + 1.

2
Thus if n > 3t 4 1, then (3.16|) is proved. But if n € {3t — 1,3t} then by Remark 5.1, no
graph to which (R3) applied may have more than h(n,k,t — 1) edges. O

By , we may apply induction to G~. So G~ satisfies either (a) G~ C Hy G- k,2s Or
(b) G is contained in a graph in G(n, k) — Hy (G| x,2 and contains a subgraph H € F(k).
Suppose first that G~ satisfies (b). If (R3) was applied to obtain G~ from G, then because
G~ contains a subgraph H € F(k) and G~ C G, G also contains H. If (R2) was applied,
then by Lemma G contains a subgraph H' € F(k). In either case, Lemma {44! implies
that G is a subgraph of a graph in G(n, k) — Hy, 1 2.

So we may assume that (a) holds, that is, G is a subgraph of Hy(g-) k2 Because
3(G7) < 2, 0(G) < 3, and so G has edges in at most 2 < ¢ — 2 triangles. Therefore
(R2) was applied to obtain G~, where G/uv = G~. Let D be an independent set of
vertices of G~ of size (n — 1) — (k — 2) with N(D) = {a, b} for some a,b € V(G™). Since
Ta-(za), Tg-(xb) < 1 for every z € D, we have that Tg(uv) < 2 with equality only if
T(G) = 2 where T(G) = mingyc g Ta(y)-

We want to show that T (uv) < 1. If not, suppose first that uxv € D C V(G™). Then
there exists © € D —u v, and x and u * v are not adjacent in G~. Therefore  was not in a
triangle with u and v in G, and hence Tz(za) = Tg- (za) < 1, so the edge za should have
been contracted instead. Otherwise if uxv ¢ D, at least one of {a, b}, say a, is not u xv. If
T(G) = 2, then for every z € D C V(G), T(za) = 2, therefore each such edge za was in a
triangle with wv in G. Then Tg(uwv) > |D|=(n—1)—(k—-2) > k+t/2—-1—-k+2> 3, a
contradiction.

Thus Tg(uwv) < 1and e(G) < 2+4e(G7) <2+h(n—1,k,2) = h(n,k,2). But forn > k+t/2,
we have h(n,k,t—1) > h(n, k,2), a contradiction. This completes the proof of Theorem

and therefore the proof of the main result. O
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Chapter 4

Counting cliques in graphs with bounded circumference

4.1 Introduction

In this chapter, we prove Theorem a generalization of Kopylov’s theorem (Theorem [7)
which counts the maximum number of cliques in a 2-connected graph without cycles of

length k or longer. This work can be found in [Luol§].

4.2 Clique counting results

Definition. Let fs(n, k,a) := (kga) +(n—k+a)(,?), where fo(n,k,a) = e(Hpka)-

By considering the second derivative, one can check that fs(n,k,a) is convex in a in the
domain [1,|(k — 1)/2]], thus it attains its maximum at one of the endpoints a = 1 or
a=1(k-1)/2].

We again consider a generalized Turdn-type problem. Recall that the function ex(n,T, H)
denotes the maximum number of (unlabeled) copies of T' in an H-free graph on n vertices.
When T = K>3, we have the usual extremal number ex(n,T, H) = ex(n, H).

Definition. For s > 2, let Ny(G) denote the number of unlabeled copies of K in G, e.g.,
Ny (G) = e(G).

The following is a refinement of the statement of Theorem

Theorem 55. Letn >k > 5 and let t = L%J If G is a 2-connected n-vertex graph with

circumference less than k, then
Ny(G) < max{fs(n,k,2), fs(n,k,t)}.

Again, this theorem is sharp with the same extremal examples H,, o2 and H,, j ;.

This theorem implies the cliques version of Theorem [6}

Corollary 56. Let n > k > 4. If G is an n-vertex graph with circumference less than k,
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then

n—1/k—1
Ny(G) < .
o(G) = k—2 < S >
Unlike the edges case, Theorem unfortunately does not easily imply ex(n, Ky, Py). How-
ever, a Kopylov-style argument very similar to the proof of Theorem [55| gives the result for

paths.

Theorem 57. Let n > k > 4 and let G be an n-vertex connected graph with no path on k
vertices. Let t = |(k —2)/2|. Then Ns(G) < max{fs(n,k—1,1), fs(n,k —1,t)}.

We have sharpness examples Hy, 1,1 and H,, ;_1 ;. Finally, using induction on the number

of components gives the following result:

Corollary 58. ex(n, K, P;) = ﬁ(kil).

s

And the same extremal examples as for Corollary [5 apply.
The proofs for Corollary Theorem and Theorem [58 are given in Section 4 of this
chapter. We first prove Theorem

4.3 Proof of Theorem (5

Let G be an edge-maximal counterexample. Then G is k-closed, i.e., adding any additional
edge to G creates a cycle of length at least k. In particular, for any nonadjacent vertices x
and y of GG, there exists a path of at least k — 1 edges between x and y. We will use the

following lemma:

Lemma 59 (Kopylov [Kop77]). Let G be a 2-connected n-vertex graph with a path P of m

edges with endpoints x and y. For v € V(G), let dp(v) = |N(v) N V(P)|. Then G contains
a cycle of length at least min{m + 1,dp(z) + dp(y)}.

Our first goal is to show that G contains a large “core”, i.e., a subgraph with large minimum
degree. For this, we use the notion of disintegration.
Recall the definition of a-disintegration.
Definition: For a natural number a and a graph G, the «a-disintegration of a graph G
is the process of iteratively removing from G the vertices with degree at most « until the
resulting graph has minimum degree at least aw + 1 or is empty. This resulting subgraph
H = H(G, a) will be called the (o + 1)-core of G. It is well known that H (G, «) is unique
and does not depend on the order of vertex deletion (for instance, see [PSW96]).
Let H(G,t) denote the (t+1)-core of G, i.e., the resulting graph of applying ¢-disintegration
to G. We claim that

H(G,t) is nonempty.
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Suppose H(G,t) is empty. In the disintegration process, every time a vertex of degree at
most t is removed, we delete at most (sfl) copies of K. For the last £ < t vertices, we

remove at most (ﬁj) copies of Ky with each deletion. Thus

@ = o)+ (2 (e ()
- (n—t)(sf1>+©
- (n—(t—l—l))<5i1 +<t48—1)
< [l k),

a contradiction.

Therefore H(G,t) is nonempty. Next we show that
H(G,t) is a complete graph.

If there exists a nonedge of H(G,t), then in G, there is a path of length at least £ — 1 edges
with these vertices as its endpoints. Among all nonadjacent pairs of vertices in H(G, 1),
choose z,y such that there is a longest path P in G with endpoints x and y. By maximality
of P, all neighbors of x in H(G,t) lie in P: if x has a neighbor 2/ € H(G,t) — P, then
either 2’y € E(G) and 2'P is a cycle of length at least k, or 2’y ¢ E(G) and so a'P
is a longer path. Similar for y. Hence, by Lemma G has a cycle of length at least
min{k, dp(z) + dp(y)} = min{k,2(t + 1)} = k, a contradiction.

Now let » = |V(H(G,t)|. Each vertex in H(G,t) has degree at least t + 1, so r > t + 2.
Also, if r > k — 1, as G is 2-connected and H(G,t) is a clique, we can extend a path on
r vertices of H(G,t) to a cycle of length at least r + 1 > k, a contradiction. Therefore
t+2 <r <k-—2. In particular, 2 < k —r < t. Apply (k — r)-disintegration to G, and let
H(G, k —r) be the resulting graph. Then H(G,t) C H(G,k —r).

If H(G,t) = H(G,k —r), then

NJ(G) < © +(n—r) <’:: ’1”> — fy(n ks — 1) < max{fy(n, k,2), fy(n, k, 1)}

by the convexity of fs. Therefore, H(G,t) is a proper subgraph of H(G,k — r), and there
must be a nonedge between a vertex in H(G,t) and a vertex in H(G,k — r). Among all
such pairs, choose z € H(G,t) and y € H(G,k — r) to have a longest path P between
them. As before, P contains at least k — 1 edges, and each neighbor of z in H(G,t) and
each neighbor of y in H(G,k — r) lie in P. Then G contains a cycle of length at least
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min{k, (r —1) + (k —r+ 1)} = k, a contradiction. O

4.4  Proofs for general graphs and graphs without long paths

Proof of C’omllary Define gs(n, k) = Z—:;(’tl) and t = Lk—glj One can check that when
n >k,
gs(n, k) > max{ fs(n, k,t), fs(n, k,2)}.

Fix a graph G on n vertices with circumference less than k. If G is disconnected, simply
apply induction to each component of G to obtain the desired result. Therefore we may
assume G is connected. We induct on the number of blocks of G. First suppose k > 5. If
G is a block, i.e., 2-connected, then either n < k — 1, and so N4(G) < (lv(f)') < gs(n, k),
or n >k, and so by Theorem [55, N,(G) < max{fs(n, k,t), fs(n, k,2)} < gs(n, k).
Otherwise, consider the block-cut tree of G—the tree whose vertices correspond to blocks of
G such that two vertices in the tree are adjacent if and only if the corresponding blocks in G
share a vertex. Let By be a block in G corresponding to a leaf-vertex in the block-cut tree
such that By and its complement are connected by the cut vertex v. Set By = G— B +{v}.
Apply the induction hypothesis to B; and Bs to obtain

NoG) = Ny(By)+ Nu(Ba) < ga(|Bal, k) + gs(n — |Bi] + 1, k)
B |Bi|—1(k—1 +(n—\Bl\+1)—1 k—1
- k—2 s k—2 s
= gs(n,k).

If £ = 4, then either GG is a forest or G has circumference 3. In the second case, each block
of G is either a triangle or an edge. Thus N,(G) < gs(n, k) in both cases. O

The proof of Theorem follows the same steps as the proof of Theorem As some
details here will be omitted to prevent repetition, it is advised that the reader first reads
the proof of Theorem

Proof of Theorem[57 Suppose for contradiction that Ng(G) > max{fs(n,k—1,1), fs(n,k—
1,t)} where t = | (k — 2)/2]. Let G be the graph obtained by adding a dominating vertex
vo adjacent to all of V(G). Then Gy is 2-connected, has n + 1 vertices, and contains no
cycle of length k + 1 or greater. Let G’ be the k + 1-closure of Gy (i.e., add edges to Gy
until any additional edge creates a cycle of length at least k£ + 1). Denote by N.(G’) the
number of K,’s in G’ that do not contain vg. Thus N.(G') > N.(Gy) = N4(G). Apply
(t + 1)-disintegration to G’, where if necessary, we delete vy last. Let H(G’,t+ 1) be the
resulting graph of the disintegration. If H(G’, ¢+ 1) is empty, then at the time of deletion
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each vertex has at most ¢ neighbors that are not vy. Hence

@)@ )+ (") < nk- v,
a contradiction.

The same argument as in the proof of Theorem [55| also shows that H(G’,t+1) is a complete
graph, otherwise there would be a cycle of length at least 2(t +2) > (k. — 1) + 2 in G'.
Note that vp must be contained in H(G',t + 1) as it is adjacent to all vertices in G'.
Set |[V(H(G',t+ 1)) = r where t +3 < r < k—1 (and so k —r > 1). In particular,
(k+1)—r <t+1. Apply (k+1—r)-disintegration to G'. If H(G',t+1) # H(G',k+1—r),
then again we can find a cycle of length at least (r — 1) + k+ 2 —r = k + 1. Otherwise,
suppose H(G',t+1) = H(G',k+ 1 —r). In H(G',t + 1), the number of s-cliques that do
not include vy is (Tgl), and in V(G) —V(H(G',k+1—r)), every vertex had at most k —r

neighbors that were not vy at the time of its deletion. We have

(:1) +(n+1r)<];:I)

= fs(n,k—1,k—r) <max{fs(n,k—1,1), fs(n,k — 1,¢)},

N(G&)

IN

a contradiction. O
Q _ n (k-1
Proof of Corollary Define hg(n, k) = ﬁ( ), and note that when n > k,

S

hs(n, k) > max{fs(n,k — 1,t), fs(n,k —1,1)}.

We induct on the number of components in G. First suppose k& > 4. If G is connected,
then either n < k — 1, in which case Ns(G) < (lV(SG)l) < hs(n, k), or n > k and N4(G) <
max{fs(n,k — 1,1), fs(n,k — 1,t)} < hg(n,k). Otherwise if G is not connected, let C; be
a component of G. Then Ni(G) = Ns(C1) + Ns(G — C1) < h(|Cy1|, k) + hs(n — |Cy1|, k) =
hs(n, k).

If £ = 3 (the cases k < 2 are not interesting), then the longest path in G has two vertices.
It follows that G is the union of a matching and isolated vertices. Therefore Ng(G) <
hs(n, k). O
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Chapter 5

Berge hypergraphs

5.1 Introduction

In this chapter, we consider a generalization of the Turan problem for hypergraphs.

An early notion of cycles and paths in hypergraphs is due to Berge.

Definition 60. A Berge cycle of length £ in a hypergraph is a set of £ distinct vertices
{v1,..., v} and ¢ distinct edges {ei,...,es} such that {vi,viy1} C e; with indices taken
modulo £.

A Berge path of length ¢ in a hypergraph in a hypergraph is a set of { + 1 vertices
{vi,...,v41} and ¢ hyperedges {eq,...,es} such that {vi,vit1} Ce; for alll <i<V{.

We wish to generalize this notion to other graphs.
Fix a graph F. We say an r-uniform hypergraph # is a Berge F' if there exists a bijective
mapping f : E(F) — E(H) such that for every zy € E(F), zy C f(zy).

We consider the following function:
ex,(n, F) := max{e(H) : H C <[n]>ij is Berge F-free}.
r

Note that when forbidding Berge copies of graphs, we are actually forbidding a family of
subhypergraphs, rather than a single subhypergraph.

The so-called Berge Turan number has recently become a popular area of research. In the
following sections, we demonstrate the relationship between extremal hypergraph problems
and generalizations of Turan problems for graphs. These lemmas will be helpful tools for

proving extremal results in hypergraphs.

5.2 Reduction to graphs

Let F be a fixed graph. Recall the following parameter for graphs:
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ex(n, K, F) := max{N(G, K,) : |V(G)| =n,G is F-free},

where N (G, K, ) is the number of copies of K, in G.
Gerbner and Palmer [GP17] proved upper and lower bounds for ex,(n, F') in terms of Turdn

numbers for graphs.

Theorem 61 (Gerbner and Palmer [GP17]). Fiz r > 2 and let F' be any graph. Then
ex(n, F) <ex,(n,F) <ex(n,K,, F)+ex(n, F).

In [FKL18al, Fiiredi, Kostochka, and I proved a strengthening of the result.

Definition 62. For a hypergraph H, a system of distinct representative pairs (SDRP)
of H is a set of distinct pairs A = {{zx1,y1},...,{xs,ys}} and a set of distinct hyperedges
A={f1,...fs} of H such that for all1 <i<'s

—A{=i, i} C fi, and

— {zi,yi} is not contained in any f € H — {f1,..., fs}

Let H be a hypergraph and p be an integer. The p-shadow, 0,H, is the collection of the
p-sets that lie in some edge of H. In particular, we will often consider the 2-shadow dH of

a r-uniform hypergraph H in which each edge of H yields a clique on r vertices.

Lemma 63. Let H be a hypergraph, let (A, A) be an SDRP of H of mazimum size. Let
B :=H\ A and let B = 028 be the 2-shadow of B. For a subset S C B, let Bg denote

the set of hyperedges that contain at least one edge of S. Then for all nonempty S C B,
S| < |Bs].

Proof. Suppose there exists a nonempty set S C B such that |S| > |Bg|. Choose a smallest
such S.

We claim that |S| = [Bg|. Indeed, if |S| > |Bg| then |S| > 2 because Bg # () by definition.
Take any edge e € S. The set S\ e is nonempty and [S \ ¢| = [S| — 1 > [Bs| > [Bg\c|, a
contradiction to the minimality of S.

Consider the case |S| = |Bg|. By the minimality of S, each subset S’ C S satisfies |S'| <
|Bs:|. Therefore by Hall’s theorem, one can find a bijective mapping of S to Bg, where
say the edge e; € S gets mapped to hyperedge f; in Bg for 1 < j < |S|. Then (AU
{ei,- - 58, AU{f1,- -+, fis|}) is a larger SDRP of H, a contradiction. O

Lemma 64. Let H be a hypergraph and let (A, A) be an SDRP of H of mazimum size. Let
B:=H\ A, B= 08B, and let G be the graph on V(H) with edge set AU B. If G contains

a copy of a graph F, then H contains a Berge F' on the same base vertex set.
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Proof. Let {vi,...,v,} and {e1,...,eq} be a set of vertices and a set of edges forming a
copy of F' in G such that the edges ey, ..., ey belong to B. By Lemma each subset S of
{e1,...,ep} satisfies |S| < [Bg|. So we may apply Hall’s Theorem to match each of these
e;’s to a hyperedge f; € B. The edges ¢; € A can be matched to distinct edges of A given
by the SDRP. Since AN B = () this yields a Berge F' in H on the same base vertex set. [J

We note that this Lemmawas proved independently by Gerbner, Methuku, and Palmer [GMP18].
We have |H| = |A| + |B|. Note that the number of r-edges in B is at most the number

of copies of K, in its 2-shadow. Therefore Lemma [64] gives a new proof for the result of
Gerbner and Palmer [GP17].

5.3 Forbidding Berge paths and long Berge cycles

Recently, several interesting results were obtained for Berge paths and cycles. Notably, the

results depend on the relationship between k and r.

Theorem 65 (Gyéri, Katona, and Lemons [GKL16]). Let H be an n-vertex r-graph with
no Berge path of length k. If r > k > 3, then e(H) < % If k >r+1 > 3, then
e(H) < £())-

r

Later, the remaining case k = r + 1 was resolved by Davoodi, Gyori, Methuku, and Tomp-
kins [DGMT18].

Furthermore, the bounds in Theorem [65| and in [DGMT18]| are sharp for each k and r for
infinitely many n.

Gy6ri, Methuku, Salia, Tompkins, and Vizer [GMS™ 18| proved an asymptotic version of
the Erd6s—Gallai theorem for Berge paths in connected hypergraphs whenever r is fixed and

n and k tend to infinity.

Theorem 66 (Gyéri, Methuku, Salia, Tompkins, and Vizer |GMS™18|). Let r be given.
Let Hy 1. be a largest r-uniform connected n-vertex hypergraph with no Berge path of length
k. Then

. . e(Hn,k) . 1
lim | lim = .
k—oo \n—oo kT"ln 2r=1(r —1)!
In the following chapters, we will present analogous results for hypergraphs without long
Berge cycles. The exact result for k& > r 4+ 3 was obtained in [FKLI8a]:

Theorem 67 (Firedi, Kostochka and Luo [FKL18a]). Let k > r + 3 > 6, and let H be an
k—l)

T

: -1
n-vertex r-graph with no Berge cycles of length k or longer. Then e(H) < h(

The case of k < r — 1 was resolved by Kostochka and Luo [KLI§].
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Theorem 68 (Kostochka and Luo [KL18|). Let k > 4,7 > k+ 1, and let H be an n-vertex
r-graph with no Berge cycles of length k or longer. Then e(H) < w

Later, Ergemlidze, Gy6ri, Methuku, Salia, Thompkins, and Zamora [EGMT™18| extended
the results to k € {r + 1,7+ 2}, and Gy6ri, Lemons, Salia, and Zamora [GLSZ1§| extended

the results to k = r.

Theorem 69 (Ergemlidze et al. [EGM™18|). If k > 4 and H is an n-vertex r-graph with
no Berge cycles of length k or longer, then k =r+1 and e(H) <n—1, or k=r+2 and
) < 5 ().

- T

Theorem 70 (Gyori et al. [GLSZ18]). If r > 3 and H is an n-vertex r-graph with no Berge
cycles of length v or longer, then e(H) < max{|"L|(r — 1),n —r + 1}.

Furthermore, stronger bounds for 2-connected hypergraphs were proved in [KL18] and [FKL19].
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Chapter 6

Hypergraphs with bounded circumference and small
uniformity

6.1 Introduction

In this chapter, we prove Theorem [I3] which provides an upper bound for the maximum
number of hyperedges in hypergraphs without long cycles, where the uniformity of the
hypergraphs is small. This can be viewed as a hypergraph version of the Erdos—Gallai
Theorem (Theorem [6). We will make use of Systems of Distinct Representatives (SDRPs)
which were introduced in the previous section. This is joint work with Zoltan Fiiredi and
Alexandr Kostochka.

6.2 Results for avoiding long Berge cycles
Our main result is an analogue of the Erd6s—Gallai theorem on cycles for r-graphs. The
following is a refinement of the statement of Theorem

Theorem 71. Let r > 3 and k > r + 3, and suppose H is an n-vertex r-graph with no
Berge cycle of length k or longer. Then e(H) < Zf_%(kzl) Moreover, equality is achieved if
and only if OoH is connected and for every block D of doH, D = Ky_1 and H|[D] = K,gr_)l

Note that a Berge cycle can only be contained in the vertices of a single block of the
2-shadow. Hence the aforementioned sharpness examples cannot contain Berge cycles of

length k& or longer.

Figure 6.1: An extremal example for Theorem
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For convenience, below we will use notation

(k) = ﬁ (’“ - 1). (6.1)

r
(So Ca(k)(n—1) = (k—1)(n—1)/2.) Theorem |71]yields the following implication for paths.

Corollary 72. Letr >3 andn > k+12>r+4. If H is a connected n-vertex r-graph with
no Berge path of length k, then e(H) < Cr(k)(n —1).

This gives a k 2 times stronger bound than Theorem . 4} for connected r-graphs for all r > 3
andn > k+1 Z r+4 and not only for sufficiently large k and n. In particular, Corollary [72]
implies the following slight sharpening of Theorem [34]for & > r+3 in which we also describe
the extremal hypergraphs.

Corollary 73. Letr > 3 andn > k > r+3. If H is an n-vertex r-graph with no Berge path

of length k, then e(H) < Z(f) with equality only if every component of H is the complete

r-graph Klir).

6.3 Kopylov’s Theorem and two inequalities

Recall again the definition of a-distintegration.

Definition: For a natural number o and a graph G, the «-disintegration of a graph G
is the process of iteratively removing from G the vertices with degree at most « until the
resulting graph has minimum degree at least a + 1 or is empty. This resulting subgraph
H(G,a) will be called the (a + 1)-core of G. It is well known (and easy) that H (G, a) is
unique and does not depend on the order of vertex deletion. If H(G, «) is the empty graph,
then we say H is a-disintegrable.

We use a consequence of Kopylov [Kop77] about the structure of graphs without long cycles.

We state it in the form that we need.

Theorem 74 (Kopylov [Kop77]). Let n >k > 5 and let t = |51 ]. Suppose that G is a
2-connected n-vertex graph with no cycle of length at least k. Suppose that it is saturated,
i.e., for every nonedge xy the graph G U {xy} has a cycle of length at least k. Then either
(741) the t-core H(G,t) is empty, i.e., G is t-disintegrable; or
.2 |H(G,t)| = s for somet+2 < s <k—2,itis a complete graph on s vertices, and
H(G,t) = H(G,k—s), i.e., the rest of the vertices can be removed by a (k—s)-disintegration.

Note that in the second case 2 < k — s < t.
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Lemma 75. Let k,r,t, s,a nonnegative integers, and suppose k > r+3 > 6,t = |(k—1)/2],
and 0 < a<s<t. Then

a+ (i:‘f) gki2<k;1> = O, (k).

This is the part of the proof where we use & > r + 3 because this inequality does not hold
for k = r+2 (then the right hand side is (r +1)/r while the left hand side could be as large

as [(r+1)/2]).

Proof. Keeping k,r,t,s fixed the left hand side is a convex function of a (defined on the
integers 0 < a < s). It takes its maximum either at a = s or a = 0. So the left hand side is
at most max{s, (,.*,)}. This is at most max{t, (Tfl)} We have eliminated the variables a
and s.

We claim that t < ﬁ(k;l) Indeed, keeping k,t fixed, the right hand side is minimized
when r = k — 3, and then it equals to (k — 1)/2. This is at least [(k —1)/2] = t.

Finally, we claim that (Tfl) < ﬁ(k;l) If t < r —1, then there is nothing to prove. For
t > r — 1 rearranging the inequality we get

k-1 k-3 k—r
r<—— X —— X oo X ——.
t t—1 t—r+2
Each fraction on the right hand side is at least 2. Since r < 2"~!, we are done. O

Lemma 76. Let w,r > 2, k > r+ 3 and let H be a w-vertex r-graph. Let Oo’H denote
the family of pairs of V(H) not contained in any member of H (i.e., the complement of the
2-shadow). Then

for2 <w<r+42,
M| + |9oH] < ar(w) =
forr+2 <w.

= E N g

Moreover, for 2 < w < k —1, |H| + |02H| = ay(w) if and only if w = k — 1 and either
w > 1+ 2 and H is complete, or w =1 + 2 and one of H or OoH is complete.
Also, if 2 <w <k — 1, we have a,(w) < (w — 1)(k;1)/(k —-2)=Cr(k)(w—1).

Proof. The case of w > r + 2 is a corollary of the classical Kruskal-Katona theorem, but
one can give a direct proof by a double counting. If d2H is empty, then |H| = (%) if and
only if H = (V(TH)). Otherwise, let H denote the r-subsets of V() that are not members of
H, H= (V(TH)) \ H. Each pair of 9yH is contained in (7::22) members of H and each e € H
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contains at most (72") edges of doH. We obtain

o (2 3) <)

Since (‘::22) > (.",) = (5), |[02H| < [H]| with equality only when w = r + 2. Furthermore,
if 0y’H and H are both nonempty, then for any zy € 0oH and uv € doH (with possibly
& = u), any r-tuple e containing {z, y} U{u, v} is in H but contributes strictly less than ()
edges to OoH, implying |02 | < |H|. This completes the proof of the case.

The case w < r+1 is easy, and the calculation showing a,(w) < Cy(k)(w — 1) with equality

only if w = k — 1 is standard. O

6.4 Proof of Theorem [71], the main upper bound

Proof. Let H be an r-uniform hypergraph on n vertices with no Berge cycle of length k£ or
longer (k > r+3 > 6). Let (A,.A) be an SDRP of H of maximum size. Let B := H \ A,
B = 8;B. By Lemma [64] the graph G with edge set AU B does not contain a cycle of length
k or longer.
Let Vi, Va,...,V, be the vertex sets of the standard (and unique) decomposition of G into
2-connected blocks of sizes ni,ns,...,n,. Then the graph A U B restricted to V;, denoted
by G, is either a 2-connected graph or a single edge (in the latter case n; = 2), each edge
from AU B is contained in a single G;, and _0_ (n; — 1) < (n —1).
This decomposition yields a decomposition of A = A; UAyU---UA, and B = B; U By U
---UB,y, A;UB; = E(G;). If an edge e € B; is contained in f € B, then f CV; (because f
induces a 2-connected graph K, in B), so the block-decomposition of G naturally extends
to B, Bi:={feB:fCV}and we have B= By U---UB,, and B; = B;.
We claim that for each i,

|Ai| + |Bi| < Cr(k)(ni — 1), (6.2)

and hence
p p
H =A]+ B = |Ai| + |Bi| <> Cp(k)(ni — 1) < Cr(k)(n — 1),
=1 =1

completing the proof.

To prove observe that the case n; < k — 1 immediately follows from Lemma From
now on, suppose that n; > k.

Consider the graph G; and, if necessary, add edges to it to make it a saturated graph with no
cycle of length % or longer. Let the resulting graph be G’. Kopylov’s Theorem (Theorem
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can be applied to G’. If G’ is t-disintegrable, then make (n; — k+2) disintegration steps and
let W be the remaining vertices of V; (|W| = k — 2). For the edges of A; and B; contained

in W we use Lemma [76] to see that
|A[W]| + |Bi[W]| < Cr(k)(IW] = 1).

In the t-disintegration steps, we iteratively remove vertices with degree at most ¢ until we
arrive to W. When we remove a vertex v with degree s <t from G’ a of its incident edges
are from A, and the remaining s — a incident edges eliminate at most (f:‘ll) hyperedges
from B; containing v. Therefore v contributes at most a + (3~¢) < Cy(k) (by Lemma )
to |B;| + | Ail.
It follows that

| Al + [Bi] < ( > Cr(k)) + G (R)(IW] = 1) = Cr(k)(ni = 1).

veG' —W

This completes this case.

Next consider the case (7412), W := V(H(G,t)), |W| = s < k — 2. We proceed as in the
previous case, making (n; — s) disintegration steps. Apply Lemma [76| for |A;[W]| + |B;[W]|
and Lemma [75]for the (k — s)-disintegration steps (where k —s < t) to get the desired upper
bound (with strict inequality). This completes the proof of .

The extremal systems. Suppose that e(H) = |A|+|B| = C,(k)(n—1). Then Y ?_,(n;—1) =
n—1 (so AU B is connected) and |4;| + |B;| = Cy(k)(n; — 1) for each 1 < ¢ < p. From the
previous proof and Lemma [76] we see that this holds if and only if for each i, n; = k — 1,
and either B; or A; is complete. In particular, this implies that each block of AU B is a
Kj._1. We will show that each GG; corresponds to a block in H that is K iii)1 with vertex set
Vi.

In the case that B; is complete for all 1 < i < p, we are done. Otherwise, if some A; is
complete (n; = k—1=r+2by Lemma then there are (kgl) = (::é) = (kzl) hyperedges
in A intersecting V; in at least two vertices. If all such hyperedges are contained in V;, again
we get H[V;| = Kg_)l So suppose there exists a f € A which is paired with an edge zy € A;
in the SDRP, but for some z ¢ V;, {z,y,2} C f. Then z belongs to another block G; of
AUB. In AU B, there exists a path from = to z covering V; U V; which avoids the edge
2y. Thus by Lemma there is a Berge path from x to z with at least 2(k — 1) — 1 base
vertices which avoids the hyperedge f (since edge zy was avoided). Adding f to this path
yields a Berge cycle of length 2(k — 1) — 1 > k, a contradiction. O

61



6.5 Corollaries for paths

In order to be self-contained, we present a short proof of a lemma by Gyéri, Katona, and
Lemons [GKL16].

Lemma 77 (Gyo6ri, Katona, and Lemons [GKL16]). Let H be a connected hypergraph with
no Berge path of length k. If there is a Berge cycle of length k on the vertices vy, ..., vk

then these vertices constitute a component of H.

Proof. Let V. ={vy,...,vx}, E ={ei1,...,ex} form the Berge cycle in H. If some edge, say
e1 contains a vertex vg outside of V', then we have a path with vertex set {vg,v1,..., v/} and
edge set E. Therefore each e; is contained in V. Suppose V' # V(#H). Since H is connected,
there exists an edge eg € H and a vertex v ¢ V such that for some v; € V, say i = k,

{vk,vk+1} C eg. Then {v1,..., vk, vkt1},{€1,...,€x-1,€0} is a Berge path of length k. [

Proof of Corollary[73 Suppose n > k + 1 and H is a connected n-vertex r-graph with
e(H) > Cy(k)(n —1). Then by Theorem ‘H has a Berge cycle of length ¢ > k. If
> k 4+ 1, then removing any edge from the cycle yields a Berge path of length at least k.
If £ = k, then by Lemma ‘H again has a Berge path of length k. O

Now Theorem [71] together with Corollary [72] directly imply Corollary

Proof of Corollary[73: Suppose k > r +3 > 6 and H is an r-graph. Let Hq,Ha, ..., Hs be
the connected components of # and |V (H;)| =n; fori=1,...,s.
If n; < k—1, then [H;| < (?) < %(k) If n; > k + 1, then by Corollary |Hi| <

T

Cr(k)(n; — 1) < % (¥). Finally, if n; = k, then [H;]| < (¥) = 2(¥), with equality only if

T

H;i =K ,iT). This proves the corollary. O
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Chapter 7

Hypergraphs with bounded circumference and large uniformity

7.1 Introduction

In this chapter we prove Theorem [I4] an analogue of the Erds—Gallai theorem for long
Berge cycles in hypergraphs with large uniformity. In particular, we get bounds for general
hypergraphs as well as 2-connected hypergraphs with some lower rank r. The methods we
use differ from those of the previous chapter. In much of this work, we focus instead on
proving results in the incidence bipartite graph of a hypergraph. This is joint work with
Alexandr Kostochka [KL18].

7.2 Notation and results

7.2.1 Hypergraph notation

The lower rank of a multi-hypergraph H is the size of a smallest edge of H.

In view of the structure of our proof, it is more convenient to consider hypergraphs with
lower rank at least r instead of r-uniform hypergraphs. It also yields formally stronger
statements of the results.

The incidence graph G(H) of a multi-hypergraph H = (V, E) is the bipartite graph with
parts V and E where v € V is adjacent to e € F iff in H vertex v belongs to edge e.
There are several versions of connectivity of hypergraphs. We will call a multi-hypergraph
H 2-connected if the incidence graph G(H) is 2-connected.

A hyperblock in a multi-hypergraph 7 is a maximal 2-connected sub-multi-hypergraph of
H.

Definition 78. For integers r,k with r > k+1, we call a multi-hypergraph with lower rank
at least v an (r + 1,k — 1)-block if it contains exactly r + 1 vertices and k — 1 hyperedges.

Definition 79. A multi-hypergraph H with lower rank at least r is an (r 4+ 1,k — 1)-block-
tree if
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Figure 7.1: An (r + 1,k — 1)-block tree. Each hyperblock contains r + 1 vertices and k — 1
hyperedges.

(i)  every hyperblock of H is an (r + 1,k — 1)-block,
(ii)  all cut-vertices of the incidence graph G(H) of H are in V.

An (r+1, k—1)-block cannot contain a Berge-cycle of length k or longer because it contains

fewer than k edges. Therefore an (r + 1,k — 1)-block-tree also cannot contain such a cycle.

7.2.2  Results for hypergraphs
The following is a refinement of the statement of Theorem

Theorem 80. Let k > 4,r > k41 and let H be an n-vertex multi-hypergraph such that H

has lower rank at least r, and each edge of H has multiplicity at most k — 2. If H has no
(k—1)(n—1)

Berge-cycles of length k or longer, then e(H) < , and equality holds if and only if

H is an (r+ 1,k — 1)-block-tree.

As a corollary of Theorem [80| we obtain a slight generalization of Theorem (65 [GKL16]

(their result is for uniform hypergraphs without repeated edges):

Corollary 81. Let r > k+ 1 > 3, and let H be an n-vertex multi-hypergraph such that H
has lower rank at least r, and each edge of H has multiplicity at most k — 2. If H has no
(k—1)n

Berge-paths of length k, then e(H) < ~——.

Theorem [80] also implies the following analogue of the Erdés—Gallai theorem for cycles in
r-uniform hypergraphs (without repeated edges).

Theorem 82 (Erdés—Gallai for hypergraphs). Let k > 4,7 > k+1, and let H be an n-vertex
r-graph with no Berge-cycles of length k or longer. Then e(H) < w Furthermore,
equality holds if and only if H is an (r + 1,k — 1)-block-tree.

There is a phase transition when r = k. Let H be an r-uniform hypergraph with vertex set

{vi,...,v,} and edge set {e1,...,en—rt1}, where ¢; = {v;} U {vn,vn—1,...,Un—rs2}. Then
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the longest Berge-cycle in ‘H has length 7 — 1, and m = n — (r — 1). Thus when r is fixed
andnislarge,e(%):n—r+1>wﬁ (r*l)rﬁ
In [GLSZ1§|, it was proved that this construction and the aforementioned (r + 1,k — 1)-

block-trees are optimal.

. But when n is small, is larger.

The key to our proof is a stronger version of Theorem for multi-hypergraphs that are

2-connected.

Theorem 83. Let k> 4,7 > k+ 1 and let H be an n-vertex multi-hypergraph such that H
is 2-connected, has lower rank at least r, and each edge of H has multiplicity at most k — 2.

If H contains no Berge-cycles of length k or longer, then

k

< 1
e(H) < max{k — 1, ST

(n—1)}.
A proof similar to that of Corollary [81| (see the last section) yields the following result for
paths in connected hypergraphs.

Corollary 84. Letr > k > 3, and let H be a connected n-vertex r-graph with no Berge-path

of length k. Then
k

"2r —k+ 4n}.
Remark 85. We do not know if the bound for e(H) in Theorem is sharp. But the

following multi-hypergraph construction shows that when k is much smaller than r, our

e(H) < max{k — 1

bound is asymptotically (when r tends to infinity) optimal: Let k > 3 be odd, t € N and
V(Hy) = {a,b} UVL U...UV; where |V;| = r —2 for each 1 < i < t, and the V;’s are
pairwise disjoint. The edge set of H; consists of k—gl copies of V;U{a,b} for each 1 < i <t.
Then each Berge-cycle in H; intersects at most two V;’s and hence contains at most k — 1

hyperedges. We also have

G(Ht) = t

7.2.3  Results for bipartite graphs

By definition, a multi-hypergraph H has a cycle of length & if and only if the incidence
graph G(H) has a cycle of length 2k. Also if H has lower rank r, then the degree of each
vertex in one of the parts of G(#H) is at least r. In view of this we have studied bipartite
graphs G = (X,Y; E) with circumference at most 2k — 2 in which the degrees of all vertices
in X are at least r. One of the main results (implying Theorem is:

Theorem 86. Letk > 4,r > k+1 and let G = (X,Y; E) be a bipartite graph with | X| =m
and |Y'| =n such that d(x) > r for every x € X. Also suppose G has no blocks isomorphic
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to Ky—1,. If ¢(G) < 2k, then m < #(n —1). Moreover, if m = 5=L(n — 1), then every

-
block of G is a subgraph of Kj_1 ,41 and every cut vertex is in Y .

The heart of the proof is the following stronger bound for 2-connected graphs.

Theorem 87. Let k> 4,71 > k+1 and let G = (X,Y; E) be a bipartite 2-connected graph
with | X| =m and |Y| = n such that m > k and d(x) > r for every x € X. If ¢(G) < 2k,
then m < ﬁ(n —1).

In order to use induction on the number of blocks, we will prove a more general statement:
We will allow some vertices in X to have degrees less than r and assign them a deficiency.
Let G = (X,Y; E) be a bipartite graph, and r be a positive integer. For a vertex x € X, the
deficiency of x is Dg(x) := max{0,r — dg(x)}. For a subset X* C X, define the deficiency
of X* as D(G,X*) := 3" . x- Dg(x).

In these terms our more general theorem is as follows.

Theorem 88 (Main Theorem). Let k > 4, r > k+1 and m,m*,n be positive integers with
n>k,m>m*>k—1andm > k. Let G = (X,Y; E) be a bipartite 2-connected graph with
parts X and Y, where |X| =m, |[Y| =n, and let X* C X with | X*| = m*. If ¢(G) < 2k,
then

k
*<7 _ * . .
m* < 2r—k:+2(n 1+ D(G,X™)) (7.1)

7.3 Proof outline

As we discussed in the previous section, our main theorem is on bipartite graphs with
circumference at most 2k — 2, based on a stronger result for 2-connected graphs.

In Section 4, we present a general theorem on the structure of 2-connected bipartite graphs
with no long cycles and the most edges. In particular, we show that for 3 <d < (k—1)/2,
each such graph that is neither d-degenerate nor “too dense” contains a substructure that
we call a “saturated crossing formation”. In Section 5, we state the Main Theorem for
2-connected bipartite graphs that will be used to prove the inductive statement for general
bipartite graphs. In Sections 5, 6, and 7 we show that if a graph is too sparse then it
satisfies the Main Theorem, but if it is too dense, then it contains a long cycle. So our
graphs must contain a path in saturated crossing formation, but we also prove that any
graph that contains such a path satisfies our Main Theorem, a contradiction. In Section 8,
we prove a bound on the size of X for general bipartite graphs, and in Section 9, we apply

this bound to finally prove Theorem [80| for hypergraphs.
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7.4 Structure of bipartite graphs without long cycles

Definition 89. Let P = vy, ..., v, be a path with endpoints v = v and y = v,. For vertices

v;,vj of P, let Plvi,vj] = v, vig1,...,v5 if i < J, and v;,vi—1,...,v; if i > j.

Definition 90. Vertices v;, vj in P are called crossing neighbors if i < j, v; € N(y),v; €
N(z), and for each i < € < j, vg ¢ N(x) UN(y). The edges xv;,yv; are called crossing
edges.

Definition 91. For a set S C V(P), define S;; = {vig1 v € S} and Sp == {vi—1 1 v; €

S}. When there is no ambiguity, we will simply write ST = Sjg and ST =5p.

Lemma 92. Let G be a 2-connected bipartite graph, and let P be an (x,y)-path. Then

either

(a) P contains no crossing neighbors and G has a cycle of length at least 2(dp(x)+dp(y)—
1), or

(b) x and y are in different partite sets of G and there exists a cycle of length at least
min{|V (P)|,2(dp(z) + dp(y) — 1)}

mn G, or

(¢c) x and y are in the same partite set and there exists a cycle of length at least
min{|V(P)| - 1,2(dp(z) + dp(y) — 2)}

in G. Furthermore in all cases, we obtain a cycle that covers Np(x) U Np(y).

Proof. Suppose first that P contains no crossing neighbors. Our proof is based off Bondy’s
theorem for general 2-connected graphs.

Let P = vy,...,vp, where v1 = x,v, = y. Let ty) = max{s : vy € N(z)} and v = min{s :
vs € N(y)}, thus tg < u. Iteratively construct paths Pj, Ps, ... as follows: given ¢,_1, find
Sp,ty such that s, < t,_1 < t, where ¢, is as large as possible, and P, is a path from v, to
vy, that is internally disjoint from P. It is always possible to find such a P, because G is
2-connected. We stop at step £ at the first instance where £ > u. Observe that for ry < ro,
paths P., and P,, must be disjoint: if they share a vertex, then we would have chosen P,
to end at vertex v,,, contradicting the maximality of r;. Also, s,4+1 > ¢,_1, otherwise we
would choose P, instead of P,.

Now let @ = min{r : v, € N(z),r > s1}, b = max{r : v, € N(y),r < ts}.
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Figure 7.2: A cycle in a path without crossing neighbors.

If 7 is odd, then we take the cycle
C1 = Plz,vs1] U P U Plog,vs,] UP3s U ... U Py, ,,vs,] U P U Ploty, y]U

Uyvy U Pluy, vy, JU P U...U Plug,, vg,] U Po U Plug,, vy, ] U vy, .

And if ¢ is even, we take the cycle
Cy := Plz,vs,] U Py UPlvy,, v, | UPsU...U Py, 4,05, ,]UPp—1 U Plog, ,,v,]U

Uvyy U Ply, v, ] U Py U ... U Plug,, v, ] U Py U Plog,, vy ] U vy .

Both cycles cover Np(z) U Np(y). If x and y are the same parity, since P contains no
crossing neighbors, |Np(z) N Np(y)| < 1. Therefore P contains at least dp(z) + dp(y) — 1
even vertices, which implies |V (C)| > 2(dp(z)+dp(y)—1) because G is bipartite. Otherwise,
if x and y are different parities, then the neighbors of  and the successors of neighbors of y
are disjoint, of the same parity, and are contained in C. Thus |V(C)| > 2(dp(x) + dp(y)),
as desired.

Now suppose G has crossing neighbors v; and v; with j < 4 and zv;,yv; € E(G). Let
C = Plz,v;]UvyU Ply,v;]Uvjz. If j =i+ 1, then C contains all vertices of P, as desired.
If j =i+ 2, then  and y must be the same parity, and C' omits only vertex v;+1. lLe.,
V(C) = [V(P)| - 1.

Consider first the case where x and y are different parities and each pair of crossing neighbors
has at least 2 vertices between them. For every neighbor v, of z in P—{v;} (note s is even),
the odd vertex vs_1 is in C' and is not a neighbor of y, otherwise vs_1 and vs would form
a pair of crossing neighbors. Also, each neighbor of y in P is in C. Thus C has at least
dp(x) — 1+ dp(y) odd vertices. That is, |C| > 2(dp(x) +dp(y) — 1).

Now suppose x and y are the same parity and that crossing neighbors have at least 3 vertices
between them. Let C be as before.

For any vertices vs € Np(x) — {v;} and vy € Np(y) — {vi}, vs—1 and vy are distinct and
of the same parity (in this case, odd). Thus C' contains at least dp(xz) — 1+ dp(y) — 1 odd
vertices. It follows that |C| > 2(dp(x) + dp(y) — 2), as desired. O
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Definition 93. Let G be a 2-connected bipartite graph, and let P be a path vy,...,v,. We
say that P is in crossing formation if there is a sequence of vertices viy, vy, ..., v;, such
that vi, vy are crossing neighbors if and only if {vi, vy} = {vi,, vi,, } for some 0 <€ < qg—1.
Definition 94. Let G be a 2-connected bipartite graph, and let P be an x,y-path v1,...,vp.

Say that P is in saturated crossing formation if
1. P is in crossing formation,

2. G[{vi,va, ..., v yU{viy, ..., vi, }] and G[{vi,, ..., vp}U{viy, ..., v;, }] are both complete
bipartite,

3. if P has more than one pair of crossing neighbors, then each pair has exactly 3 vertices

between them,

4. v has a neighbor v] outside of P such that N(v}) = N(v1), and v,—1 has a neighbor
vy, outside of P such that Np(v,) = Np(vp),

5. for every even h < iy—2 and every u € Ng(vp), Ng(u) C Np(v1), similarly, for every
even h > i, +2 and every w € Ng(vy), Ng(w) C Np(vp); in particular, for every odd
g <ip—1, Ng(vg) CV(P) and for every odd h > iy + 1, Ng(vy) C V(P).

P SN

Figure 7.3: A crossing formation, a saturated crossing formation

Definition 95. For a bipartite graph G = AUB, a € N, and subsets X* C A, Y* C B, the
a(X*, Y*)-disintegration of G is the process of first deleting the vertices of (A — X*) U
(B=Y™) from G, then iteratively removing the remaining vertices of degree at most a until
the resulting graph is either empty or has minimum degree at least o + 1. Let Go(X*,Y™)
denote the result of applying a(X*,Y™)-disintegration to G.

In the case where X* = A and Y* = B, in literature, Go(X™*,Y™) is commonly referred to
as the (a+ 1)-core of G, that is, the unique maximum subgraph of G with minimum degree

at least o + 1.
Note that if @ > (k—1)/2, then k — 1 — a < a, 80 Go(X*,Y*) C G_1-o(X*,Y™).

Definition 96. A bigraph G = (X, Y; E) is 2k-saturated if ¢(G) < 2k, but for each z € X
and y € Y with xy ¢ E(G), the graph G + xy has a cycle of length at least 2k.
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For example, if s <k — 1 then for any ¢, the complete bipartite graph K ; is 2k-saturated,
because it does not have z € X and y € Y with xy ¢ E(G)

Theorem 97. Fix k > 3 odd and let G be a 2-connected 2k-saturated bipartite graph. For
some (k—1)/2 < a < k—2, and (X*,Y™"), suppose there are x € V(Go(X*,Y™)) and
y € V(Gr—1-o(X*,Y™)) that are nonadjacent to each other. Let P = vy,...,v, be a path
with the following properties: (1) P is a longest path in G such that v1 € Go(X*,Y™) and
vp € Gr_1-o(X*,Y*), and (2) subject to the first condition, Y b_, dp(v;) is mazimized.

Then P is in a saturated crossing formation.

Proof. For simplicity, denote G, = Go(X*,Y™) and Gi_1_o = Gp_1-o(X*, V™).

Because G is saturated and zy ¢ E(G), G contains an (x,y)-path with at least 2k vertices.
Thus p > 2k. By the maximality of P, all neighbors of v; in G, and all neighbors of v, in
Gi_1_o are in P. Thus

dp(vi) > a+1and dp(vy) > k—1—a+1. (7.2)

By Lemma([92] G contains a cycle of length at least 2(dp(z) 4+ dp(y) —2) > 2((a+1) + (k —
1—a+1)—2) =2(k—1). But ¢(G) < 2k—2, so P satisfies neither (a) nor (b) in Lemma [92]
In particular, p is odd (so p > 2k + 1), and G has crossing neighbors. Let v;, v; be a pair
of crossing neighbors such that v; — v; is minimized. Examining the proof of Lemma
each pair of crossing neighbors in P has at least 3 vertices between them. Furthermore, we

obtain a cycle C = Plvy,v;] U vvp U Plup, v;] U vjur such that
L V(C)=V(P)—{vit1,.--,vj-1},
II. |[V(C)| =2(dp(z) +dp(y) — 2), and
III. each odd vertex in C belongs to Np(vi)~™ U Np(v,)t with Np(v1)™ N Np(v,)T = 0.

In particular, since C' misses only vertices between one pair of crossing neighbors, if C
contains more than one pair of crossing neighbors, then each pair only contains 3 vertices
between them, otherwise condition III. is violated. Thus Part 3 in the definition of saturated
crossing formation holds.
First we show that

v9 has a neighbor v} € G, outside of P. (7.3)

By Lemma v1 has exactly a + 1 neighbors in P. So by the maximality of P, each of
these neighbors must be in G. In particular, vo € V(G,), and so it has at least o + 1
neighbors in G, as well. Suppose that all of its neighbors in G, are in P.

If vy has a neighbor vy € N(vp)™, then Plvg, vi—1] U v—1vp, U Ploy, ve] U vwg is a cycle
of length at |V (P)] — 1 > 2k, a contradiction. So N(v2) N N(v,)T = 0. Hence by fact
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III, Ng,(v2) C Np(vi)~ UV(P —C). Since vj_1 € Ng,(v1)~ but vj_1 ¢ V(C), we have
INp(v1)” \ V(P — C)| < a. Thus v has a neighbor v, € V(P — C). Furthermore, because
vp & N(vp)T,i+3<h<j-—1.

Let vy be the first neighbor of v, that appears in P (so vy_y € N(v1) by III). Then the cycle

C" := vauy, U Plog, vg] U vgup U Pluy, v;] U vjvr Uviv—g U Plug_g, vo]

has at least |V (C)| + 2 vertices, a contradiction. This proves (|7.3)).

Consider the path P’ = v{vaUP[v2, vp]. By definition, |V (P’)| = |V (P)|. By the maximality
of P, each neighbor of v} in G, must also lie in P, and v} must have a + 1 such neighbors,
otherwise we would apply Lemma [92] to get a longer cycle in G.

Suppose v} is adjacent to vy, for some i +1 < h < j — 1. Then the cycle P'[v},v;] U vvp, U
P'[vp,vp] Uwvpvy is longer than C, a contradiction. Thus N(vj) N P € V(C). Then the

analog of fact III for P’ yields
Np(vi) = Np(v1). (7.4)

By a symmetric argument, we get the analog of ((7.3) and ([7.4]):

vp—1 has a neighbor v}, outside of P such that Np(v,) = Np(vp). (7.5)

This shows that Part 4 of the definition of saturated crossing formation holds.

Again, let vy be the first neighbor of v, in P. We claim that
for each even h > ¢, either viv, ¢ E(G) or vivpye ¢ E(G). (7.6)

Indeed, suppose h > ¢, viv, € E(G) and vivp4o € E(G). Then by (7.4)), vjv, € E(G) and
by the definition of ¢, vjv,_2 € E(G). Then the cycle

C" := vjvp U Plog, ve] U vpvy U Pluy, vpra] Uvpiovr Uvive_o U Plog_g, ve] U vt}

avoids only the vertices vy_1 and vy in P and includes v ¢ P. Thus [V(C")| > 2k, a
contradiction.

Similarly , if vy is the last neighbor of v; in P, then
for each even h < ¢, either vpv, ¢ E(G) or vyup_o ¢ E(G). (7.7)

Together, ((7.6) and ([7.7)) imply Part 1 of the definition of the saturated crossing formation
holds, i.e. there is a sequence of vertices vjy, vi,,,...,v;, with 49 =i and i; = j such that

vy, v are crossing neighbors if and only if {v,, v/} = {v;,,v;,,, } for some 0 < ¢ < g — 1.
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To see this, suppose there exists two pairs of crossing neighbors, {ve,, v, } and {va,, v, }
such that there are no other pairs of crossing neighbors between them, and b; < as. Then
az > by +2. Then by (7.6), vy, +0v1 ¢ E(G). If vy, v, ¢ E(G), then the vertex vy, 1 violates
fact III. Otherwise, if vy, v, € E(G), then because there are no crossing pairs between
{Vay, v, } and {vq,,vp, }, for each by < ¢ < ag, vevr ¢ E(G). By condition III, this means
each even vertex v, between vy, and v,, belong to N(vp), contradicting ([7.7).

Therefore we have proved that P is in crossing formation (Part 1 of the definition of satu-

rated crossing formation). Let vy, ..., v;, be the set of crossing neighbors. By fact III,

for each even s < ig, vivs € E(G), and for each even t > iy, vy € E(G). (7.8)

Next we will prove Part 5 in 3 steps. Our first step is to prove:

For each odd 1 < h < ig, N(vy) € Np(v1). In particular, N(v1) = Np(v1). (7.9)
Indeed, suppose for some odd 1 < h < ig, vertex vj, has a neighbor w ¢ {va, va, ..., vi;—2}U
{vig, ..., vi, }. Since G is 2-connected, G’ — vy, contains a path Q = wy, ..., w, from w = w;

to P —uvp, + v} (possibly, s = 1 if w € P) that is internally disjoint from P. If ws = v}, then
the path
P = Q_l U wup, U Pluy, vp] Uvivpgr U Plopyr, vp)

starts from v} € G, and is longer than P, a contradiction. Suppose now that w, = v.
Then v} ¢ V(Q). If g > i4, then the cycle

Ci =vwUQU P[Ug, 'Up] Uvpva|(g-1)/2) Y P[’UQL(g,]_)/QJ , Uh+1] U vp41v1 U P['Ul, 'Uh]
has at least 2k vertices, a contradiction. If i; < g <i;41 for some 1 < j < g, then the cycle
Ca = vpw U Q U Plug, vp] Uwvpvy; U Plupyt, vi;] Uvppivr U Plog, v

is longer than C, unless g = 7j4; and s = 1. But g = 4j41 and s = 1 means w = v;,,,
contradicting the fact that w ¢ Np(v1). So suppose 1 < g <ig. If |g —h| =1 then s > 2:
if s =1 then Q = w =144 € Np(v1), a contradiction. But if s > 2, then replacing edge vjv,
in P with @, we obtain a longer (v, vp)-path. Solet g —h| > 2. Since v ¢ V(Q), if g > h,
then the path

P = P[Ul, Uh—l] Uop_1, vi @) vivgt(g_l)/% @) P[“Q[(g—l)/Qj R Uh] Uvpw U QU P[Ug, vp]

has the same ends as P, but is longer than P, contradicting the choice of P. Similarly, if
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g < h, then the path
P, = PJuy, vQ[(gfl)/Qj] Uvg|(g-1)/2]> ’Ull U ’Ui’vh,1 U P[’Ug, vp—1] U Q Uwuvp U Plop, ’Up]

has the same ends as P, but is longer than P. This proves (7.9).

By the symmetry between v; and v}, the same proof implies
N(vy) = Np(v1). (7.10)
Now let h < ig be even.

For any g € {iop,...,p} \ {i0,..., 44}, there is no vy, vg-path internally disjoint from P.
(7.11)
Indeed, suppose such a path Q@ = wi,ws,...,ws exists with w1 = v, and w, = vy. If

ij < g <ij41 for some 1 < j < g, then the cycle
C3 = QU Plug, vp] Uwvpvy; U Plupga, vi;] Uvp vy U Plor, v
is longer than C unless s = 2 and g = 7;41 — 1. In this case, by , the cycle
Vpvg U Plug, vig] U vigvp U Plog, vg+1] Uvgr1v1 U Plog, vp—o] U vp—ov] U vjvi,—2 U Plup, vi,—2]
has at least 2k vertices, a contradiction. So, suppose g > i4. Then the cycle

Ci=QU P[’Ug, Up] Uvpvg|(g—1)/2 Y P[”QL(g—l)/?j , Upt2) U vpq001 U Plog, vp]

has more than 2k — 2 vertices, a contradiction. This proves ([7.11)).

To finish the proof of Part 5 by contradiction, suppose that for some even h < ig — 2,

vertex vy, has a neighbor u that has a neighbor w ¢ Np(vy). By (7.9), (7.10) and (7.11]),
u ¢ V(P)+v]. Since u is in the same partite set of G as vy, (7.11)) implies that w ¢ V(P).

Since G is 2-connected, G — u has a path @ connecting w with V(P) + v internally disjoint
from P + v}. Let Q@ = wy,...,ws, where w1 = w and either wy = v} or wy, = vy € V(P).

By (7.9) and (7.10), ws ¢ {v1,v3,...,viy—1,v}. So, in view of (7.11)), ws = vy € V(P),
where ¢ € {2,4,...,ig — 2} U {dg,...,iq}. If € € U{i1,... 104}, say £ = i; then the cycle

Cs = vpu Uuw U Q U Plu;;, vy Uvpvy, U Plug,_, vpya] Uvppovr U Plog, v

is longer than C'. The last possibility is that 1 < g < ig. Since G is 2-connected, we may
assume that g # h (indeed, if g = h, then G — v}, has a path from V(Q) —vg+u to V(P)+v]
which together with a part of @ can play the role of Q). For definiteness, suppose g > h (the
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case of g < h works the same way with the roles of v;, and v, switched). If h < g < h + 2,
then the path Plvi,v] U vpu Uuw U Q U Plug, vp) has the same ends as P, but is longer.
Let g > h + 3. Then the path

V12| (g-1)/2] UP[UQ L(g—1)/2]> V2 [(thl)/Q]]Uvg [(h+1)/2] Ull U’Ui’UQUP[UQ, vh]thuUquQUP[vg, Up]

has the same ends as P, but is longer, a contradiction. Similarly, we obtain the symmetric
part of Part 5.
Finally, we will show Part 2 of the definition of saturated crossing formation. Suppose
there exists some odd h < i9 — 1 such that for some s € {ip,...,i;} U{2,4,...,ip — 2},
vpvs € E(G). By Part 5, N(vy) € N(vi1) = N(v}). Also, vp_1v],vp11v] € E(G) (by
(7-8)), so we can replace vj, in P with v{ to obtain a new path such that > -7 ; dp(v;) <
b, dp(vi) — dp(vs) + dp(v]), a contradiction. Together with the symmetric argument
for the other side of P, we have shown that Part 2 of the definition of saturated crossing

formation holds. O

Let P be a path satisfying the conditions of Theorem [97 For simplicity, we denote
P=LUH U..UH,;UR

where L = Plv,v5,], and R = Plv,,vp|, V(H1) NV (L) = {vio }, V(Hy) NV (Hyp1) = {vi, }
forall 1 <t <q—1,and V(Hy) "R = {v;,}. Let H:=H U...UH,.

Lemma 98. Let P satisfy the conditions of Theorem @ Let I := {vig,...,v;,}, L° 1=
L—I1I,RP:=R—-1,H°:=H —1. Then I separates L°, R°, and H°. That is, L°, R°, and

H? are each in different connected components in G — 1.

Proof. Let Q = z1,22,...,2s be a shortest path that between vertices from two different
sets in {L°, R°, H°}. By minimality, @ only intersects P at z; and z;. Also, |[V(Q)| > 3 by
Part 5 of the definition of saturated crossing formation.

Without loss of generality, z; € L° (so z, € H°UR?). (Note that the case where @) goes from
R° to H? is symmetric to the case from L° to H°.) By Part 5, since odd vertices in P only
have neighbors in P, z; and zs must be even. Also by Part 5, N(22) C N(v;) C LU X. In
particular, z3 is in P, so we must have z3 = z,, but z5 € LUI, where (LUI)N(R°UH?®) =0,

a contradiction. O

Claim 99. Under the conditions of Theorem [97, for any 0 < s < ¢t < ¢, let Q be a
(vi,, vi, )-path that is internally disjoint from P. Then

1. if P has ezxactly one pair of crossing neighbors (so s = 0,t = 1), then |V(Q)| < k+ 1.
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2. if P has multiple pairs of crossing neighbors, then |V (Q)| < 6.

Proof. First suppose P has only one pair of crossing neighbors. Then v; has o+ 1 — 1
neighbors in L. That is, |[V(L)| > 2a > k— 1. If |V(Q)| > k+ 1, then the cycle P[vy, v;,] U
Q Uv;,vp has length at least k — 1+ k+1—1= 2k — 1, a contradiction.

Otherwise, if P has more than one pair of crossing neighbors, then each pair has 3 vertices
strictly between them in P. Suppose |V(Q)| > 6 (so there are at least 4 internal vertices).
If t = s+ 1, then replacing Plv;,,v;,,,] with @ gives a longer path with the same endpoints

as P. So we may assume s > t + 2. Then the cycle
Plvy,v;,] U QU Plug,, vyl Uvpvs,_, U Plug,_ v | U v, 01

has length at least |V (P)| + 2. O

Observe that because P is in crossing formation, |V (L), |V(R)| > 4 and ¢(G) =2(k—1) >
[V(L)|+ |[V(R)| = 8, thus k > 5.

7.5 The Main Lemma

Recall that the deficiency of a vertex * € X in a bipartite graph G = (X,Y; FE) is
D¢ (x) := max{0,r — dg(z)}. For a subset X* C X, the deficiency of X* as D(G, X™) :=

ZmEX* DG(‘T)
Our goal is to eventually to prove the Main Theorem, Theorem
The first big step is to prove the Main Lemma below that states roughly that graphs that

contain a path in saturated crossing formation satisfy Theorem

Lemma 100 (Main Lemma). Let k > 5 be odd, and let G = (X,Y; E) and X* C X be a
minimum (with respect to |X|) counterexample to Theorem . Fiz any X* C X and set
Y =Y* If|Y| >k and P is a path as in the hypothesis of Theorem@ then P is not in

saturated crossing formation.

7.5.1 Lemmas for induction

We first prove a series of lemmas. Often, we will use the following inductive argument:

Lemma 101. Let k > 4. Let G = (X,Y; E) and X* C X be a minimum (with respect to
|X|) counterezample to Theorem [88, Suppose |X| > k+1, |X*| > k, |Y| > k and there
exists a verter x € X* with d(z) < k — 2. Then G — x is not 2-connected.
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Proof. Suppose G — z is 2-connected. As dg(z) < k — 2, we have Dg(x) > r — k + 2.
Since | X — x| > k+1—1=Fk and |X* — x| > k — 1, by the choice of G as a minimum

counterexample, G — xz and X* — x satisfy

k(r —k+2)
X -1=|X"—z|< —— (n—14+D(G', X*— < —— (n—1+D(G, X*))————~.
X (X2l < g (=1 D(E, X ) < 5 s (1 DG X))~ =
Elementary calculation shows that %J“W(r —k+2) > 1 whenever r > k — 1. Thus
X< 14 DG, X))
n—
“2r—k+2 ’ ’
a contradiction.
O

Lemma 102. Let k > 4. Let G = (X,Y; E) and X* C X be a minimum (with respect
to |X|) counterezample to Theorem[88. Suppose |X| > k+1, |X*| > k, |Y| > k, and P
is a path in G with an endpoint x. Suppose also that x has no neighbors outside of P,
d(x) <k —2, and x € X*. Then there does not exist a vertex ' € V(G) — V(P) such that
N(z) C N(2').

Proof. Suppose such a vertex x’ exists. If G — z is not 2-connected, then it contains a
cut vertex v such that (G — x) — v contains at least two components, C; and C3, and v
is the only vertex in G — x with neighbors in both C; and C5. Then in G, x and v form
a cut set, and = and v are the only vertices in G with neighbors in both C; and Cy. As
N(x) € N(2'), v = 2. Let y1, and y2 be neighbors of x such that y; € Cq, and y, € Cs.
Because N(z) C V(P), y1,y2 € V(P) —x, but the path P[y;, yo] is a (y1, y2)-path in G that
avoids both z and 2/, a contradiction.

O

7.5.2 Paths in saturated crossing formation

Lemma 103. Let k > 5 be odd, and let G = (X,Y; E) and X* C X be a minimum (with
respect to | X|) counterezample to Theorem[88, Fix any X* and setY =Y*. If |Y| >k and
P =wv1,...,v, 15 a path as in the hypothesis of Theorem @ then the endpoints vi and v,
of P belong to the partite set Y of G.

Proof. Suppose v1,v, € X. By Lemma one of the endpoints of P, say vp,, must satisfy
dp(vp) < % Since vy € Go(X*) € X*, vp_1 € Gi_1-o(X*) € X* and vy and vy
have no common neighbors by Lemma we have |X*| > dg,(v2) + dg,_, . (vp—1) >
a+1+k—a=k+1. Also, by Part 4 of the definition of saturated crossing formation,
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there exists a vertex v, € V(G) — V(P) with Np(v,) = Np(vp). By Part 5 of the definition
of saturated crossing formation, N(v,) = Np(vp), so d(vp) < k— 2. But the existence of v,
contradicts Lemma [102] O

Suppose P = vy,...,v, is in saturated crossing position. Denote P = LU H; U... UH,UR

as before.

Lemma 104. Under the conditions of Theorem@ let F be a component of G—{viy, ..., vi,}
distinct from the components containing L and R. Then the %(X*QF, YNF)-disintegration
of F' is empty.

Proof. Set o/ = (k—1)/2 and denote Fy = G (X*NF,YNF) =Gp1_o(X*NE,YNF).
Because G is 2-connected, there are at least 2 neighbors of F' in P, and so these neighbors
must be contained in {vi,,...,v;,} by Lemma

If F,/ is complete bipartite, then each part has size at least o/ +1 = (k + 1)/2, so we may
find a path of length at least k + 1 from some v;_ to some v;, whose internal vertices are all
from F, violating Lemma

If Fi is not complete bipartite, then fix a longest path Pp = uy,...,u, with nonadjacent
endpoints in F,, such that Zf,:l dp, (u;) is maximized. Then by Theorem @ Pr must
be in saturated crossing formation. Again, u; has exactly o/ + 1 neighbors in F,/ in Pp.
Furthermore, by Lemma U, Uy €Y.

Denote Pp = L'UH U.. .UH,,UR' where HiNL" = {u;,}, foreach 0 < s < ¢'—1, H,NH, | =
uj,, and Hy, NR' = {u; }. There exists a cycle C" = Pplur, wjo] Uujouy U Pplugy, uj |Uuj w
which has length exactly 2(k — 1).

Case 1: at most 1 vertex from {vj,, ..., v;,} is contained in C’. Then because {vj,,...,v;,}
separates F' from G — F, C' never leaves F' U {v;,,...,v;,}. Choose two shortest disjoint
paths Py, P; from {v;,...,v;,} to V(C') (possibly Py or P; may be a single vertex). Such
paths exist because G is 2-connected. Furthermore, by choice of P; and P, the paths
each contain exactly one vertex from {vj,...,v;,} and one vertex from C’, and hence the
paths cannot leave F'U {vj,, ..., v;,}. Say Ps has endpoints v;, and uy € V(C') and P; has
endpoints v;, and uy € V(C’).

Because |V (C")| = 2(k — 1), one of the (ug,uy)-paths along C’ must have at least k — 1
edges, i.e., k vertices. Then because at least one of P, or P; has at least 2 vertices by the
case, we have that Ps U Ppluy,uy] U P, is a path of length at least k + 1 from v;, to v;,,
contradicting Lemma

Case 2: at least 2 vertices from {vj,, ..., v;,} are contained in C". Let Np = {vj,, ..., v;, } N
V(Pp). If any vertex v;, € N appears in L' or R’, then because v;, is even, we have that
v, € N(u1) UN(uy). Therefore either dp, (u1) > (k+1)/241 or dp,(uy) > (k+1)/241,

which would give us a longer cycle by Lemma a contradiction. Therefore we may assume
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that each vertex in N appears in Pp strictly between some crossing neighbors. We will
show that Pp has only one pair of crossing neighbors, in which case Np NV (C") = (), leading
to a contradiction.

Suppose not, then each pair of crossing neighbors have exactly 3 vertices strictly between
them in Pp. Because each v;, € N is even, v;, must appear as the middle vertex between a
pair of crossing neighbors, say u;, , and u;_,, and there cannot be any other vertices from
Npg in between these crossing neighbors. Furthermore, the predecessor and the successor
of v;, in Pr belong to K since they are odd neighbors of Uj,, OF Uy which are both in F'.
Thus P never leaves K U {vj,,...,v;,}.

Suppose there exists v;,,v;, € Nr such that v;, and v;, appear between consecutive pairs of
crossing neighbors in Pp. Say v;, € H., and v;, € H, ;. Then the cycle C" = Pp[uy, v;,] U
[v1, v2,v3] U Pplv,, up/| Uuyu; , Uu; ,ug omits only the successor of v;, and the predecessor
of v;, in Pr and includes three additional vertices, vy, v, v3 from P. Therefore |V (C”)| =
|V(Pg)| —2+ 3 > 2k, a contradiction. Otherwise, each v;_,v;, € Np appear in Pp between
nonconsecutive pairs of crossing neighbors of Pr. Pick v; ,v;, such that no other vertex
in Np lies between them in Pp. Then Pplv;,,v;,] is a path with at least 9 vertices that is

internally disjoint from P, contradicting Lemma It follows that F,s is empty. O

We are now ready to prove the Main Lemma.

Lemma Let k > 5 be odd, and let G = (X,Y; E) and X* C X be a minimum (with
respect to | X|) counterezample to Theorem|[88 Fix any X* C X and setY =Y*. If|Y| >k
and P is a path as in the hypothesis of Theorem [97, then P is not in saturated crossing

formation.

Proof. Let P = v1,...,v, be the path in saturated crossing formation. Let Cj and Cg
denote the connected components of G' — {v;,, ..., v;, } that contain L — {v;,} and R — {v;, }
respectively. By Lemma Cr, and Cp are distinct. Let D = Cp UCRr U {vj,...,v;, } and
set X' =X*ND,n =|YND|.

By Lemma v1,vp € Y, and hence each odd vertex in P also belongs to Y. We first
claim that there cannot be any X vertices in C'7, outside of P: suppose such vertices exist,
and pick a shortest path @ from X — L to P with endpoints x € X — L, v € L. If v is
odd, then Q = vz, but x is a neighbor of v outside of P, violating Part 5 of the definition
of saturated crossing formation. If v is even, then @) contains at least 3 vertices, and the
predecessor of v in @ is in X and has a neighbor outside of P, again violating Part 5.
Therefore X N Cy, C L. Similarly, X N Cr C R. It follows from Part 2 of the definition of
saturated crossing formations that X 0D C N(v1) U N(vp).

Observe that we must have X’ = N(v;) UN(vp): by definition of saturated crossing forma-
tion, all neighbors of v; and all neighbors of v, belong in G, U Gg_1- € X*ND = X'
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Furthermore, N(v1) U N(vp) contains all of the even vertices in L U RU {v;g, ..., v;,} and
therefore all of the X vertices in D. This proves that X’ = N(v1) U N (vp).

As vy and v, share at least two neighbors (the crossing neighbors), we have
| X'| = N(v1)) UN(vp)| < (a+ 1)+ (k—a)—2=k— 1.
Furthermore, because v2 and v,_1 share no neighbors,
n' + D(G,X") > dg(v2) + Dg(v2) + da(vp—1) + D (vp—1) > 2r.

Putting these together, we have

x| _ k-1
n—14+D(G,X") = 2r—1’

and therefore

|X'| < (n =1+ D(G,X")) <

I v /
or — 1 g — 1+ DG XY). (7.12)

Finally, for any component F' of G — {vj,,...v;,} distinct from C7, and Cg, we have that
the %(X* N F,Y N F)-disintegration of F' is empty by Lemma m Set np = |Y N F|.
Each time we delete a vertex in the disintegration process, we delete at most (k—1)/2 edges

until we reach the last k — 1 vertices where there are at most ((k — 1)/2)? edges. Thus

k-1 E—1\? k-1 k-1
o(F) < (nF+mF—<k—1>>+(> e e B2,
2 2 2 2
Ase(F)>r|X*NF|—-D(G,(X*NF)), we have
EL (np— 51+ D(G,X*NF) k
X*NF|< -2 2 i DG, X*NF)). (713
‘ N |— T—% <27"—k+2(nF+ (Ga N )) (7 )

Combining (|7.12)) and ((7.13)),

X = X'+ ) IX*nF
F#CL,Cr
k
< ————(-14D(G X))+ Y —————(nr+DG X" NF))
2 — k + 2 oo 2=k +2
< —(n-1+D(G,X*
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a contradiction. O

7.6 Large complete bipartite subgraphs in extremal graphs

We will need three more lemmas to be used later in the Proof of Theorem

Definition 105. For a set U of vertices in a graph G, we say o U,U-path is a path whose

ends are in U and all internal vertices are not in U.
We will use several times the following simple property of 2-connected graphs.

Property 1. Let G be a 2-connected graph, U C V(G) with |U| > 2, and zy be an edge in
E(G) such that {x,y} € U. Then there is a U,U-path P containing xy.

Lemma 106. Let m,n > k > 4 be positive integers. Let G = (X,Y; E) be a bipartite
2-connected graph with | X| =m, |Y| =n and ¢(G) < 2k. Suppose G contains a copy K of
K1 y—2 with parts A C X and B CY such that |A| =k — 1. Then

IN(Y - B)|=2 or |[N(Y -B)nA| <L (7.14)

Proof. Suppose that G = (X,Y; E) is a bipartite 2-connected graph with |X| = m > k,
|Y| =n >k and ¢(G) < 2k containing a copy K = (A, B; E1) of Kj_1 j—2 with |A] = k—1,
|B| =k —2,AC X and B C Y. Suppose further that (7.14) does not hold, i.e., that

INY —B)|>3 and |[N(Y—-B)nAl>2.
First, we remark that
each AU B, AU B-path in G contains at most one vertex in' Y — B. (7.15)

Indeed, if an AU B, AU B-path P contains two vertices in Y — B, then GJAU BUV (P)] has
a cycle C that contains BU V (P). This C has at least k vertices in Y, and hence |C| > 2k,
contradicting ¢(G) < 2k. This proves ([7.15]).

Case 1: There is y; € Y — B with |[N(y1) N A| > 2. Suppose N(y1) N A = {ai,...,aq}.
Case 1.1: V(G) — A— B — y; has an edge zy,. By Property [l] there is an (AU B, AU B)-
path P containing zy;. Let P = wjws ... wp, v = wj and y; = wj4q for some 2 < j <
h—2. By (715), y1 ¢ P and j = 2. In particular, w; € B. Let P’ = ajyjas. Then
G[AUBUV(P)U{y1}] has a cycle C containing BU P U P’ and hence at least k vertices
inY. So |C| > 2k, contradicting ¢(G) < 2k.
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Case 1.2: V(G) — A — B — y; is an independent set. Then any y2 € Y — A — y; has at
least two neighbors in A. So by the Case 1.1 for y, in place of y1, V(G) — A — B — y is an
independent set. Then V' (G)—A— B is an independent set. In particular, any x € X — A has
two neighbors in B. So, the graph G[AUBU{y1, y2, x}] has no cycle containing BU{y1,y2}
only if ¢ = 2 and N(y2) N A = {a1,a2}. Trying each y € Y — B —y; as y2, we conclude that
Uyey N(y) = {a1, a2}, so holds.

Case 2: |[N(y)NA| < 1forevery y € Y —B. Because |[N(Y —B)NA| > 2, there are distinct
ai,az € A adjacent to Y — B. Let a1y1,a2y2 € E(G) where y1,y2 € Y — B. By the case,
Yo # y1. By Property for j = 1,2 there is an (AU B, AUB)-path P; = w1 j, w2, ..., Wh, j
containing a;y;. Since a; € A, we may assume wi; = aj and we; = y;. By the case
wzj ¢ A, and so h; > 4. Furthermore, by , waj € B, and so hy = hy = 4. If
w32 = w3 1, then the path a1, y1,ws1,y2,a2 contradicts . So, paths P; and P» are
internally disjoint and have at most one common end. Thus GJAUBUV (P;) UV (P,)] has a
cycle C containing BUV (P;)UV (P,), which implies |C| > 2k, contradicting ¢(G) < 2k. O

Lemma 107. Let H be a bipartite graph with parts A and B, where |B| = g > 2. Suppose
H has no isolated vertices and for each b € B, d(b) > g. Then either (i) H = K44 or (ii)
there exist disjoint paths Q1,...,Qp such that for each 1 < i < £, Q; has both ends in A,
and BCV(Q1U...UQy).

Proof. We proceed by induction. If ¢ = 2 and H # Ky, then H contains either a Ps or
two disjoint copies of P3, both of which satisfy (ii). Now let ¢ > 2. Fix ab € E(G) such
that a € A,b € B. Set B’ = B—{b} and A’ = N(B’) — {a}. Then H' = H[B'U A'] satisfies
the conditions of the lemma for g — 1.
Suppose first that H' = K, 14-1. Then because each vertex V' € B’ has exactly g — 1
neighbors in H' and at least g neighbors in H, b/a € E(H) for each b’ € B’. If b has no
neighbors outside A’U{a}, then G = K, ,. Otherwise, if b has a neighbor o’ € A— A’ —{a},
we may take any path P with 2g vertices starting with a and covering A’ U B’ and append
the edge ba’ to P.
If H # Ky 141, then let Q7,...,Q; be the set of paths satisfying (ii) for H'. If b has
a neighbor o/ € A — {a} — Ui, V(Q}), then we take the set of paths Qf,...,Q},abd’.
Otherwise, all neighbors of b are in N(B’) + a. In particular, b has at least g — 1 neighbors
distinct from a. But each @ has fewer internal vertices in A than in B. Thus paths
1+ -+ Qy together have at most g — 2 internal vertices in A. Thus b has a neighbor o that

is an end of a path, say of @;. Then we append the path a’,b,a to Q. O

Lemma 108. Let G = (X,Y; E) and X* C X be a counterexample to Th,eorem with

minimum | X|. Then G cannot contain a complete bipartite subgraph G' = Ky with parts

81



ACX* and BCY such that
|Al=t >k and |B| = s with k/2 < s <k — 2. (7.16)

Proof. Suppose that such a K, exists. We may assume that s and ¢ are largest possible,
i.e. each x € X — A has a nonneighbor in B and each y € Y — B has a nonneighbor in A.
Consider a mixed (k — s,k — s — 1)(X*,Y)-disintegration of G: we first delete all vertices
from X — X* and then consecutively delete remaining vertices in X if their degrees in the
current graph are at most k — s and vertices in Y — B if their degrees in the current graph
are at most kK — s — 1ﬂ Let Gy be the resulting graph. If Gy = G’ = K, 4, then by ,

rm* — D(G, X*) <e(G) <st+(m"—t)(k—s)+(n—s)(k—s—1)

—(@2s—k)t+m*(k—s)+ (n—s)(k—s—1) (7.17)
< (25— k) + (k—s)m*+ (n—s)(k —s— 1)
—sm* + (n—s)(k—s—1),
and hence

oo (ko1 s)(nr—_ss) +D(G.XY) _ (k=1 S)in—_k:l—::sD(G7X*))

m

_ (k=1 (k/2)(n =1+ D(G,X*) _ (k=2)(n—1+D(G,X")

- r—(k/2) B 2r — k ’

but zli;—Zk < ﬁ, a contradiction. Thus, suppose Gy # G”, and the partite sets of G are
AUA and BUB'.

Since G is 2k-saturated and Gy is not complete bipartite, there exist paths with at least 2k
vertices both ends of which are in V(Gg) and at least one end in AU B. Among such paths
choose a path P = vy,...,v, with v1 € AU B so that

(P1) p is maximum possible,

(P2) modulo (P1), d¢(vp) is maximum, and

(P3) modulo (P1) and (P2), P has as many vertices from A as possible.

Our first observation is
v € A. (7.18)

Indeed, if v; € B, then by (P1), each a € A is in P and dp(vp) > k — s. Thus by ¢t > k and

'Note that we do not delete vertices in A even when s = k/2 and they have degree k/2 = k — s in the
current graph.
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s<k-2,
dp(vi) +dp(vp) > t+ (k—s) > k+2.

So by Lemma 1.2, ¢(G) > 2k, a contradiction.

By (7.18) and (P1),
BCV(P). (7.19)

Case 1: dp(vp) > k — s+ 1. Then Lemma 2.1 implies
dp(v1) = s,dp(vp) =k —s+1, pis odd, and P has crossing neighbors v;, and v;,. (7.20)

Let C' = Plv1,v;,] U v, vp U Plug,, vp] U vi,v1. By the choice of G, |C| < 2k — 2. Since
Np(v1)” N Np(vp)™ =0, [Np(v1)~| + |[Np(vp)T| > k + 1, and C does not contain only two
vertices from Np(v1)~ U Np(vp)™,

|C| =2k — 2 and each v; e CN(AUA’) is in Np(v1)~ U Np(vp)*. (7.21)

By (7.19) and (7.20)), Np(vi) = B. In particular, vy € B. If A C V(P), then by (7.16)) and
s < k — 2, for the path P’ = P — vy we have dp/(v2) +dpr(vp) > |[A—v|+ (k—s+1) >
(t—1)4+3 > k+ 2. In this case, by Lemma 1.2, ¢(G) > 2k, a contradiction. Thus, there

is a vertex a € A — V(P). So, if for some 3 < i < p — 2, vertices v;_; and v;4; are in B,

then the path P” obtained from P by replacing v; with a has the same length and ends as
P. Hence (P3) implies that

if for some 3 < i < p — 2, vertices v;_1 and v;;1 are in B, then v; € A. (7.22)

Case 1.1: v; has no neighbors outside of P. Thus Dg(v1) =r—s>r — (k—2). As vy
is contained in the K,; and has no neighbors outside of B, it is easy to see that G — vy
is 2-connected. Since |V(P)| > 2k (and therefore |V(P)| > 2k + 1 since |V(P)| is odd),
|X — v1| > k. Furthermore, since A C X*, | X*| > k and so |X* —v;| > k — 1. Applying
Lemma yields a contradiction.
Case 1.2: v; has a neighbor z € N(vi) —V(P). Let Q = wq, ..., w; be a path from z = w;
to P — vy in G —vy. Suppose wj = v. Let Q' = v12UQ. Since z ¢ V(P), j > 2. We claim
that

for h—4<g<h—1,v,¢ N(vp). (7.23)

Indeed, otherwise the cycle Plvi,vg] Uvgv, U Plup, vp] U Q" would have at least

%+1—(h—g—1)+(—1)>2%k+1-3+1=2k—1
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vertices. This contradicts the choice of G.

Similarly, we show
vp, & Plui 41, Viy)- (7.24)

Indeed, if i; + 1 < h < i3, then the cycle Plvi,v;,] U v, v, U Plug, vp] U Q" would have at
least |C| + 1 vertices, which means at least 2k vertices.
Also

{vh—2,v-1} N B = 0. Since v;, € Np(v1) = B, this yields h ¢ {ia + 1,32 +2}.  (7.25)

Indeed if h —2 < g < h—1 and vy € B, then the path Plvg, v1] U Q' U Plvp, v,] starts from
vg € B and is longer than P (because if g = h — 2 then by parity, j > 3).

Let a € {0,1} be such that h — 2 — « is odd. Then by (7.25), vp—2-a ¢ B~ = Np(v1)~,
by (7-23), vh—2—a & Np(vp)T, and by (7.24) and (7.25), vh_2—q & P[vi 11, vi,—1]. But this
contradicts .

Case 2: dp(vp) = k— s and p > 2k + 2. Then v, € B’ or k is even. Lemma together
with implies

dp(v1) = s and P has crossing neighbors v;, and v;,. (7.26)

As in Case 1, let C' = Plvy, v, U v, vp U Pluy, v3,] Uvs,v1. By the choice of G, |C] < 2k — 2.
By (7.19) and the definition of C', B C V(C) and only one vertex in Np(v,)" is not in C.
So since BN Np(v,)t =0 and |B| + |[Np(v,)t| = s+ (k — s) =k,

|C| =2k — 2 and each v; € CNY is in BU Np(v,)™. (7.27)

By (7.19) and (7.27), Np(v1) = B. In particular, v € B. Repeating the proof of ([7.22)),
we derive that it holds also in our case.

Again, as in Case 1.1, if v; has no neighbors outside of P, we obtain m* < ﬁ(n -1+
D(G, X*)). So we may assume there exists z € N(v1)—V(P) and a path Q" = vy, wy, ..., w;
from vy through wy = 2z to P — vy internally disjoint from P. Suppose w; = vp. Then
repeating the proofs word by word, we derive that , and hold in our case,
as well.

Let 8 € {0, 1} be such that h—1—f3 is even. Then by (7.25)), v,_1_g ¢ B, by (7.23), v,_1_p ¢
Np(vp)T, and by (7.24) and (7.25), vi—1-p ¢ P[vi,+1, vi,—1]- But this contradicts (7.27).

Case 3: dp(vp) =k — s and p = 2k. We claim that

A" =0and dg,(b') = k — s for each b' € B'. (7.28)
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Indeed, if there is @’ € A’, then a’ has a nonneighbor b € B and since G is saturated, it
contains an (a,b)-path P’ with at least 2k vertices. Choose P’ to satisfy (P1), (P2), and
(P3). By the case, P’ has exactly 2k vertices, and A C V(P’) otherwise we could extend
P’. But then |V (P’)| > 2|A| + 1 > 2k, a contradiction. Similarly, if there is ¥’ € B’ with
dg,(b') > k — s+ 1, then b has a nonneighbor a € A, but any (a,b’)-path P’ with at least
2k vertices contradicts the choice of P in our case. This proves .

If |[B| <'s, then by (7.28)), instead of we have
rm* — DG, X*)<st+(m*—t)(k—s)+(n—s)(k—s—1)+s
=2s—kt+m " (k—s)+nk—s—1)—s(k—s—2),
which is maximized when t = m*. Because k — s — 2 > 0, this yields
rm* < (2s—k)+(k—s)m*+nlk—s—1)+ D(G,z*) =sm*+n(k—s—1)+ D(G, X"),

and hence as before,

(k—s—l)n—l—D(G,X*)< k

*
<
o= r—s T 2r—k+2

(n—14 D(G,X™)),

a contradiction. So suppose |B'| > s+ 1.

Recall that da(v) = k — s for each v € B’. By Lemma [107] either (i) there exists a set
Ay C A with |Ay| = k—s such that N4(v) = A; for each v € B, or (ii) there exists B” C B’
with |B”| = k — s such that there exists a set of disjoint paths from A to A that covers B”.
If (ii) holds, then because G[AU B| is complete bipartite, we can extend the set of paths to
a cycle containing B U B”. This cycle must have at least 2k vertices, a contradiction.
Therefore we may assume that for each (k— s)-subset B” of B’, we have B"U(ANN(B")) =
Kj_sk—s. Fix any (k — s)-subset B” C B'. Let Go = G{AU B U B"]. Since G is the union
of Kg; and Kj_g—s with the intersection Aj, it has the following property: for each
a*€ A— Ay, a1 € A—a*and b€ BUB”,

G2 has an (a*, ap)-path with 2k — 1 vertices and an (a*,b)-path with 2k — 2 vertices.

(7.29)
Let a* € A— A;. Since a* ¢ Aj, Ng,(a*) = B. If also Ng(a*) = B, i.e., a* has no neighbors
outside of P, then again as in Case 1.1, we obtain | X*| < %M(n— 1+ D(G, X™)). So we
may assume a* has a neighbor, say y € Y, outside of BU B’. Let Q = a*,y,w1,...,w; be
a path internally disjoint from A U B U B’ such that wy € AU B U B’. Such a path exists
because G is 2-connected. Note that if w, € BUB”, then by parity, £ > 2. Then Q together
with a path in G4 satisfying forms a cycle of length at least 2k. O
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7.7 Proof of Theorem 88| for 2-connected graphs

Recall the statement of the Main Theorem for bipartite graphs.

Theorem Let k > 4, r > k+ 1 and m, m*,n be positive integers with n > k, m >
m*>k—1and m > k. Let G = (X,Y; E) be a bipartite 2-connected graph with parts X
and Y, where | X| =m, |Y| =n, and let X* C X with | X*| =m*. If ¢(G) < 2k, then

k
< ———(n—1+D(G,X")). .
m _2r—l<:+2(n + D(G, X™)) (7.30)
Proof. Let G = (X,Y; E) and X* C X be an edge-maximal counterexample with minimum
|X|. Note that adding edges to G can only decrease the deficiency while m*, m, and n
stay the same. So we may assume that G is 2k-saturated, i.e., adding any additional edge

connecting X with Y creates a cycle of length at least 2k. Therefore,

for any nonadjacent x € X andy € Y, there is an (x,y)-path on at least 2k vertices.
(7.31)
If n < k — 1 then each vertex x € X has Dg(z) >r—n>r —k+ 1. Then for r > k + 1,

we get

k k
" -1 N> (n—14+m(r—k+1
2r—l<:—i—2(n +D(G,X))_2r_k+2(n +m*(r—k+1))
k
>7 * _ > *
2 kg TR =m

where the last inequality holds whenever k(r—k+1) > 2r—k+2, i.e., whenever r > k+ 2.
Thus we may assume from now on that n > k.

Our first claim is: L1 L
e(G) > {;J m* + {;w (n—1). (7.32)

Indeed, e(G) > rm* — D(G, X*). So, if (7.32)) fails and £ is odd, then rm* — D(G, X*) <
EZL(m* + (n — 1)). Solving for m*, we get
(k=1)(n -1+ D(G,X*))

* <L
me= o —k+1

Since r > k, this yields , a contradiction to the choice of GG. So suppose k is even.
Then rm* + D(G, X*) < %(m* + (n—1)) —m*. Solving for m* and using k > 4 and r > k,
e eet k 1+ D(G, X
n— X+
m < X zrtkiz =

and the theorem holds. This proves ([7.32)).

Apply a mixed (L%J , {%1 )(X*,Y)-disintegration to G, that is, first delete all vertices in
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X — X* and then consecutively delete vertices of degree at most L%J in X and vertices of
degree at most {%1 in Y. Let G’ be the resulting graph with parts A C X* and B C Y.
Suppose first that G’ is empty. Then at each step of the disintegration process, we lose at
most L%J edges if a vertex in X* is deleted and at most [k—;l] edges if a vertex in Y is
deleted. Furthermore, when we arrive to the last L%J + (k—glw = k — 1 vertices in the

disintegration process, there exists at most L%J . {%] edges. Thus

IR e e e I e [ s N
= [ P s 5 e [ e

contradicting (7.32)). Therefore G’ is not empty,

der(a) > 14 | 55| for each a € A, and dg/(b) > 1+ [%552] for each b € B. (7.33)

Case 1: G’ is a complete bipartite graph . Let s = min{|A|, |B|} and ¢t = max{|A4|,|B|}.

Since ¢(G) < 2k — 2, by ([7.33)),

[SIES

<s<k-—1, and if s = |A|, then s > &L (7.34)

Moreover, suppose s = k — 1. Then G contains a Kj_1 ;1 with parts A and B’ where
B' C B. Let u € G— (AU B’). Such a vertex exists because m,n > k. Because G is
2-connected, there exists two internally disjoint paths P; and P, from u to AU B’ such that
P, has endpoints u© and uv; and P» has endpoints u and uo, and these paths only interesect
AU B’ at uy; and ug respectively. If [V (P, U Py)| > 4, that is, P; U P, contains a vertex in
G — (AU B’) other than u, then we may find a path P in AU B’ of length 2k — 2 if
and ug are in different partite sets, or of length 2k — 3 if they are in the same partite set.
Then P; U P, U Ps yields a cycle of length at least 2k. Therefore Py U Po = uq, u, us. Next
let w be a vertex in G — (AU B’) in the opposite partite set than that of u (again such a
vertex exists because n,m > k). Similarly, all internally disjoint paths @1, Q2 connecting
w to AU B’ must be of the form Q1 U Q2 = wjwws for some wi,ws € AU B’. Thus we may
find disjoint paths R; and Rs partitioning V(A U B’) such that R; has endpoints u; and
wy and Rs has endpoints us and ws. Then P; U Ry U Q2 U R yields a cycle of length 2k, a
contradiction. Therefore s < k — 2.

Case 1.1: s = |B]|.

For k£ odd, by and the definition of G’, st > %(t + s —1). Solving for ¢t and

87



using ([7.34)), we have

(l{:—l)(s—l) k—1 k—1 k—1
- - > g — .
b= 2s —k+1 2(85_—11) +szl k=1 9_ k=3 =9 k=3 (k 1)

For k even, we instead get st > %t + %(s — 1) and so

. k(s—1)  k
23—k—|—2_2—’;:117

so t > k except in the case where s = k —2 and ¢t = k — 1. So suppose |B| = k — 2 and
Al =k — 1.

By Lemma [106] either |[N(Y — B)| =2 or [N(Y — B)N A| < 1. Suppose the first case holds.
Let N(Y — B) = {x1,x2} so that each vertex in X* — {x1, 22} has neighbors only in B.
Without loss of generality, first assume that x1 € X*. Then

D(G,X™) > Dg(x1) + (| X*| =2)(r =k +2).

Also n — 14 Dg(x1) > r — 1. Thus using the fact that | X*| > k£ — 1, we have

k(n —1+4 D(G, X*)) o k(=14 (X = 2)(r —k +2)) )
2 — k + 2 —1XT= o —k+2 — 1X7]
:k((|X*|—1)(r—k+2)+k‘—3)7|X*|2 k((k—2)(r—k+2)+k—3) _(k—1)>0.

2r—k+2 2r — k42

where the last inequality holds whenever r > k + it — 2. Therefore

__2_
k—4)+2

| X" (n—14 D(G, X)),

’SL
2r—k+2

a contradiction. The case where X* contains neither x; nor zs is similar (and easier) as we
would have D(G, X*) = | X*|(r — k +2).

So we may assume that |[N(Y — B)NA| <1 but [IN(Y — B)| # 2. If | X*| =k —1, ie,
X* = A, then all vertices in X* but at most one have neighbors only in B. Then just as in
the previous case, we have

k

k+2

Also, if | X| = k, then there is a single vertex 2’ € X — A. Because [N(Y —B)NA| <1and G
is 2-connected, all vertices in Y — B must also be adjacent to z’. But then |N(Y — B)| = 2,

a contradiction.
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So we may assume that | X*| > k and |X| > k+ 1. Fixx € A— N(Y — B). Then z is
contained in a Kj,_j ;o subgraph of G' and has no neighbors outside of this subgraph. It
is easy to see then that G — z is 2-connected. Furthermore, |[X* — x| >k —1, | X — x| > k
and D(G —z,X* —x) = D(G, X*) — (r — k+2), contradicting Lemma This completes
the proof that ¢t = |A| > k. Applying Lemma completes the case.

Case 1.2: s = |A|. By , s> % Apply the (k — s)(X*,Y)-disintegration to G,
and let G” be the resulting graph. If G” # G’, then there is some u € V(G") — V(G’) not
adjacent to some v € V(@) in the other partite set. By (7.31), G contains a (u,v)-path P’
on at least 2k vertices. Choose a path P” of maximum length in G whose both endpoints
are in G” and at least one of them in G’. Let P” = vy,...,v, where v; € V(G’). In view of
P', p > 2k. By the maximality of P”, all neighbors of v, in G” and all neighbors of v; in
G’ lie in P". So, dpr(v1) +dpr(vp) > (k—s+1)+s=k+ 1. By Lemma[92] v1 and v, are
in the same partite set (i.e. p is odd) and have crossing neighbors in P”. So, P” satisfies
the conditions of Theorem [97] for o = k — s, therefore P” is in crossing formation. But this
contradicts the Main Lemma. Thus G’ = G”, i.e., everything except for G’ is removed in
the weaker (k — s)(X™*,Y)-disintegration.

Next, we apply a mixed disintegration process to G — (A U B) where vertices in Y — B are
removed (iteratively) if at the time of deletion they have at most k — s — 1 neighbors within
X*— A, and vertices in X * —A are removed if they have at most k — s neighbors total. Let

G"" be the resulting graph. We claim that also
G" =G (7.35)

Suppose not. Then there exists a non-edge between AU B and G"” — (AU B). Among
such nonadjacent vertices, choose a pair v; € AU B, v, € G” — (AU B) such that a path
P = vy,...,v, between them is longest possible. Thus all neighbors of v; in AU B are in
P, and all neighbors of v, in G” — (AU B) are in P.

First observe that if v; € A, then by the maximality of P, all vertices in B (which are
neighbors of v1) appear in P. Thus by Lemma we may find a cycle that contains all of
B. Such a cycle contains at least 2| B| > 2k vertices, a contradiction. So we assume v; € B.
If v, € X — A, then because dp(vp) > k — s+ 1, Lemma |92 implies that G contains a cycle
of length at least 2(s + (k — s + 1) — 1) = 2k. Therefore v, € Y — B, and v, has at least
k — s neighbors from X — A in P. Since v; has s neighbors in A, we can find a cycle that
covers Np(vi) U Np(vp). Note that Np(vi) and Np(vp) are the same parity. Thus such a
cycle has at least 2(k — s + s) vertices, a contradiction. Thus proves (7.35).

Case 1.2.1: t > r. For simplicity, let D' = D(G, X* — A) denote the deficiency of vertices
in X* - A.
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For any v be any vertex in X* — A, because v was deleted in the first disintegration, v
has at most k — s neighbors in B. Thus v has at most (n —t) + (k — s) neighbors. Since
d(v)+ D(v) >r, (n—1t)+ (k —s) + D(v) > r which implies that
, E—1

n—t+D Zr—k—i—sZr—T (7.36)
By (7.35), we obtain that r(m* —s) + D' < (k — s)(m* — s) + (k — s — 1)(n — t). Solving
for m*, we get
k—s—1 k—s

-1
- " (n—t)+D <—— “(n—t+D .
r—k+s(n )+ +S_7“—k:—|-s(n D) +s

*

We first show that for fixed 7, k,n,¢, D', the function f(s) := ’::]‘zjri(n —t+ D)+ s is

decreasing in s. Indeed, taking the first derivative, we have

—(r—k+s)—(k—s—1)
(r—k+s)?

—(r—=1)(n—-t+D)
(r—k+s)?

f(s) = (n—t+D)+1= +1.

—(r—1)(n—t)

Sincer—1>r—k+sandn—t+D" >r—k+s, e

k+1
5 -

< —1, therefore it is maximized

at s =

_ k41 7 _ _ /
P (k > 1)(n—1t) D+k+1<(k Yn—t+D") k+1

= r—k+ B 2 o —k+1 2
_ (k=1(n—t+D") 2n—t+D") k+1
- or—k+1 2 —k+1 2
(k—1)(n—-1+D) (k-=1)(t—-1) 2(r—%52) k41
= 2 —k+1 2 —k+l 22—kl 2
(k—l)(n—1+D’)_(k—l)(r—1)+(k+1_1)
- 2r—k+1 2r—k+1 2
(k—1)(n—1+D')_(k;—1)(r_1)+(k—1)(r—%) (k—1)(n—14 D"
- 2r—k+1 2r—k+1 2r—k+1 2r—k+1 ’
which is less than rkkﬂ(n — 1+ D(G, X™)).

Case 1.2.2: t < r. For simplicity, let D = D(G, X*). We have that rm* — D < e(G) <
st+ (k—s)(n—1t)+ (k—s)(m* —s). Solving for m*, we have

*<s(t—k—|—s)—|—(k—s)(n—t)—|—D Ss(t—k‘—i—s)—l—(k—s)(n—t)—i—D.

me= r—k-+s r—k-+s

Again, it can be shown that this function is decreasing with respect to s, and so it is

maximized when s = % Furthermore, the function is maximized whenever ¢ is as large

as possible, i.e., when ¢t = r. Therefore
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(k—1)(n—r+D) k+1

o —k+1 2
_ [k(n—r+D) (2r—-2k+2)(n—r+D) kE+1
w—k+2 (2r—k—|—2)(2r—k+1)} 2
k(n—1+ D) k(r—1) (2r—2k+2)(n—r+D) k+1
w—k+2 2r—k+2 (2r—k+2)2r—k+1) 2

k(n—1+D) k(r—1) (@2r—k+2-k(r-5Y k+1

w—k+2  2r—k+2 (2r—k+2)2r—k+1) 2
_ k(n=1+D) k(r-1) 1 L k +k+1
 2r—k+2  2r—k+2 2 2r —k+2 2

2r —k+2 2r —k+ 2
k(n—14+D) k(r—1-3) k(r—%2) _ k(n—1+D)

2r —k+2 2r —k+2 2 —k+2 - 2r—k+4+2°

k(n—1+D) k(r—1-—1) k
2

a contradiction 2l

Case 2: G’ is not a complete bipartite graph. Let P = uy,...,u, be a longest path in G
whose both ends are in V(G’), and subject to this, >7 | dp(u;) is maximized. By (7.31))
and the case, ¢ > 2k. By the maximality of P, all neighbors of u; and of u, in G’ lie in P.

Case 2.1: k is odd. Then P satisfies the conditions of Theorem for a = % But then

P is in saturated crossing formation, contradicting the Main Lemma.

Case 2.2: k is even. By (7.33)), dgr(a) > & for each a € A and dg/(b) > %2 for each b € B.
Since ¢(G) < 2k — 2, by Lemma

q is odd, {ui,uq} C A, de(ur) =dp(uy) € {g, % + 1}, dp(ug) = der(uq) € {%, g +1}.
(7.37)

First we show the following claim.

Claim 109. Path P has a pair of crossing neighbors.

Proof. Suppose not. Suppose the largest index of a neighbor of u; in P is j; and the smallest
index of a neighbor of u4 in P is jo. Since P has no crossing neighbors, ji < ja. If j1 < jg or
dey(u1) +der (uq) > k+1, then by the ”furthermore” part of Lemma[92] G has a cycle with
at least k vertices in B, a contradiction to ¢(G) < 2k — 2. Thus dg/(u1) = der(ug) = k/2
and j1 = jo.

*Note that the last inequality holds whenever k > 5. If k = 4, then instead of s = (k4 1)/2 we substitute
s = k/2 and obtain the same inequality in the end.
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By the definition of P, ¢ > 2k + 1. By symmetry, we may assume j; > k + 1. Since k and

J1 are even, this yields
J1 > k+2 and hence uy has a nonneighbor u; for some even j < ji. (7.38)

Since G is 2-connected, G' — u;, has a path P; that is internally disjoint from P connecting
Plui,uj,—1] with Pluj,+1,u4). Among such paths, choose a path P; = wi,...,w, with
wy = uj, and wy = uj, so that j3 < j1 < j4 and j3 is as small as possible. Let j5 be
the smallest index such that js > j3 and uj;u1 € E(G) and let jg be the largest index
such that jg < js and uju, € E(G) Since jz < ji = j2 < ja, indices js and js are
well defined and j5 < j1 < jg. If j3 = 1, then by the definition of j1, £ > 3 and hence
wy € Y —V(P). Thus the cycle P; U Pluj,, uqg| Uugujs U Plur, ujs] has at least k vertices in
Y: Np(u1) U Np(ug) U {ws}. This contradicts to ¢(G) < 2k — 2. Therefore

J3 = 2. (7.39)

Cycle C1 = Plui,uj,] U Pr U Pluj,, ug] U ugujs U Plujs, ujs] U ujsup contains Np(up) U
Np(uq) UV (Py). Since ¢(G) < 2k —2, V(C1) NY = Np(u1) U Np(ug). In particular,
V(CY)| =2|k/2+k/2 — 1] = 2k — 2, and

for every even 2 < j < jg and j5s < j < ji, wmu; € E(G), (7.40)
and similarly for ug,
for every even j1 < j < jg and js < j < q—1, uqu; € E(G). (7.41)

From ([7.38]) and (7.40) we conclude
’U,1Uj5_2 ¢ E(G) (7.42)

Now we will show that
uy has a neighbor outside of P. (7.43)

Suppose not. Since Np(u1) € G’, we have upy € G'. In particular, ug has at least % +1
neighbors in G'.

If us has a neighbor u, in P that is a successor of some neighbor, say us of ug4, that is,
r = s+ 1, then the cycle ugts1 U Plust1, ug| Uuqus U Plug, uq] has length |V (P)| —1 > 2k,
a contradiction.

Suppose that wus is adjacent to a vertex in u, with js < r < j4. Then the cycle C' =
gty U Pluy, ug] U ugujs U Plujs, ug] contains Np(u1) U Np(ug) U {uj,—2}. By this
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means C’ has at least k vertices in Y. Thus ¢(G) > 2k, a contradiction.
Therefore, by (7.41)), if us has neighbors in P, they appear in Plui,...,uj;,—1]. If up has a
neighbor u, with j3 < r < js, then the cycle Plua, uj,|UP UP[u;, ug|Uuqujs UP[ujq, ur]Uurusg

is longer than C except when u, = uj,_1. This implies that

each neighbor of ug in P is a predecessor of a neighbor of u;. (7.44)

Similarly,

each neighbor of u,_1 in P is a successor of a neighbor uf u,. (7.45)

Since dg/(u2) > k/2 + 1, and dg(ui) = k/2, ug has at least 1 neighbor outside of P in
G'. Call this neighbor w}. By definition of G’, dg(u}) > k/2. Let P’ = u} U Plug,uy],
where |V (P')| = |V(P)]. If v} has a neighbor v € V(G’) — V(P’), then the path v U P’ is a
longer path with endpoints in G’, contradicting the choice of P. Therefore, by Lemma
der(u}) = dpr(u)) = dp(u1) = k/2, and we may assume P’ has no crossing neighbors. If u}
has any neighbors in G outside of P, then we instead consider the path P’ and vertex u)
and arrive at .

Define the indices ji,j%, and ji as before in view of P’ and u}. By symmetry, we have
ji = j1. Because P’ — ) = P — uy and by (7.39), j5 = js. Finally, if j < j5, then
Cy = Pluy, uy ] U Py U Pluj,, ug] Uugujs U Pluj, uje] Uuguy is a longer cycle than Cy. If
Jjt > Jjs, then «] must have less than k/2 neighbors in P’, a contradiction. Therefore j; = js
and again by symmetry, and hold for P" and u}.

Thus Ng(u1) € Ng(uj). Note that | X*—uq| > [N (u2)UN (ug—1)|—1 > k/2+1+k/2+1-1 =
k + 1, where the last inequality holds because if us and u,—; shared a neighbor v (note
that it cannot be in P by and ) then usvug—1 U Plug, uq—1] is a cycle with
|V(P)| — 1 > 2k vertices, a contradiction. Applying Lemma [102] gives a contradiction,
hence holds.

Let z1 € Ng(u1) —V(P). As G is 2-connected, G — uy contains a path P, = z1,. .., 2z, from
z1 to V(PUP) —u;. By , zm € V(P), say zm = uj,. Again by , g7 < j1.

If j3 < j7 < js, then the cycle Co = Plug, uj,]UPLUPuj,, ug) Uugtjs UPuj,, ujs|UPyUziug
contains at least k vertices from Y, namely, Np(u;)UNp(uq)U{z1}, a contradiction. Suppose
now that j; € {2i — 1,24} for some i € {2,...,53/2} U{l + j5/2,...,51/2}. By (7.40),
uiugi—2 € E(G) and so by , ugi—2 € V(G'). But the path P3 = Plug;—2,u;] Uujz; U
P> U Pluj,,uq] is longer than P, contradicting the choice of P. Finally, if j; = 2, then we
instead take the path u;z; U P» U Plug, ug|. This proves the claim. O

Let w;, and wu;, be the first occurring pair of crossing neighbors on P.
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Claim 110. If | X*| > k+1, then every cycle in G containing N(ui) also contains uy, and

every cycle containing N (uq) also contains u,.

Proof. We prove the claim for u;. The result for u, follows by symmetry. Suppose there
exists a cycle C that contains N(u1) but not u;. If G —uy has a cut vertex v, then because
G is 2-connected, {v,u;1} is a cut set of G. Therefore there exist vertices u;,u; € Ng(u1)
that are in distinct components of (G —u;) —v. Let P’ be a segment of C' from u; to u; not
containing v. Then P’ is a path from u; to u;j in (G — u1) — v, a contradiction. Therefore

G — u; is 2-connected, contradicting Lemma [101} O
Claim 111. Each of u1 and ugq has at least one neighbor outside of P.

Proof. Similarly to the proof of Case 1 of Lemma let C' = Pluy, uj, |Uui, ugUPlug,, ug]U
ui,u1. By the choice of G, |C| < 2k — 2. Since Np(u1)™ N Np(ug)™ = 0, |[Np(u1)~| +
|Np(ug)™T| > k, and C does not contain only two vertices in Np(u1)~ U Np(uy)™,

2k —2>|C| > 2k —4 and |(Np(u1)~ U Np(ug) ") NCNA| > dp(ur) +dp(uy) — 2 .

This means

either |C| = 2k —4 and each u; € CNA is in Np(u1)~ UNp(uq)™, or |C| =2k —2 and

there is at most one 1o such that u;, € (CNA) — (Np(u1)” UNp(ug)™).
(7.46)

We will show that w; has a neighbor in G’ outside of P. The result for u, follows by
symimetry.

Case 2.2.1: |C| = 2k — 4. By Lemma 92 dp(u1) = dp(uq) = k/2. As before, the vertex ug
is in G’ and hence has at least k/2 + 1 neighbors in G’. Suppose first that all neighbors of
ug in G’ are in P. As in the previous case, us cannot have a neighbor that is a successor of
a neighbor of u,. If us has a neighbor u, with r € {i; +1,...,i2 — 5} then usu, U Plu,, uyU
ugti, U Plug,, ug] is a cycle with length at least |C] — 1+ 5 > 2k, a contradiction.

Thus every neighbor of us in G’ is in N(u1)” + uj,—3. Also by symmetry Np(ugz—1) C
N(ug)™ + wi,+3, s0 Np(ug) and Np(ug—1) intersect in at most one vertex. As before, ug

and uy—1 cannot share a neighbor outside of P. Therefore
’X*‘ > ’NG/(UQ) U NG/(uq_l)] > (k/2 + 1) + (k?/2 + 1) —1>k+1. (747)

If wi,—1 € N(ug), then the cycle Plug,u; ] U u;uq U Plug, wi,—1] U uj,—1up contradicts
Claim So dp(u2) < |N(u1)™ + wiy—3 — uip—1] = k/2, hence ug has a neighbor u}
in G’ outside of P. If u) is adjacent to some vertex u, with r € {i; + 2,...,42}, then the
cycle P'[u}, wi, | Ui ug U P'lug, up] U uyu) contradicts Claim So by (7.46), Np(u}) C

94



N(u1) — iy, and hence dp(u)) < k/2—1 < d(u}), so u} has a neighbor outside of P. Then
again we consider P’ and v/, and complete the case.

Case 2.2.2: |C| = 2k — 2. Assume Ng/(up)(and Negr(ug)) € V(P). Suppose first that
dp(u1) = k/2. As before, we will show that us must have a neighbor v} in G’ outside of P.
So suppose first that us has no such neighbors.

If it exists, let u;, be the unique vertex in C'N A which is not contained in N(u1)~ UN (ug)™.
Note that in this case, CNA contains all vertices in N (u1)”UN (ug) " — i, +1 —Uiy—1+uiy. In
particular, |N(u1)” UN (ug) ™ —ui; 41— Uiy—1+uip| < k—11if and only if d(u1) = d(uq) = k/2.
If ug is adjacent to a vertex u, with r € {i1+1,...,42 — 3}, then the cycle Plug, u;, | Uu;, ugU
Plug, uy] Uuyug has at least |C| + 2 > 2k vertices. Therefore Negr(uz2) € N(u1)™ + wi,. We
obtain a similar result for uq—; by symmetry, and again we get | X*| > k + 1.

We also have that usu;,—1 ¢ E(G), otherwise the cycle Plug, u;,] U ui ug U Plug, wiy—1] U
wiy—1ug contradicts Claim m Therefore dp(ug) < k/2. This implies us has a neighbor v}
in G’ outside of P. If u} has a neighbor outside of P, then we instead consider the path
P" = u} U Plug, u,4] and are done. As in the previous case, uj does not have neighbors
in {ui,+2,...,ui,}. Hence N(u}) is contained in C but v} is not, contradicting Claim [110]
(applied to P’ and u}).

This completes the proof for u;. By symmetry, we have that u, also contains a neighbor
outside of P. O

For j =1and j = q, let z; € N(v;) — V(P). Since G is 2-connected, this implies that there
is a path Q; = w1 5,...,wy, j from u; through z; = wy ; to P — u; internally disjoint from
P. Let wy; = up,;. If Q1 and @, share a vertex outside of P, then G has a cycle containing
P, a contradiction to ¢(G) < 2k — 2. So, the only vertex common for 1 and @, could be
up, if it coincides with up,. Also, hy > 3, since if hy = 2, then the path Q1 U Plug, u,] is
longer than P. Similarly, hy < ¢ —2.

We claim that

for hy —4<g<hi—1,uy ¢ N(uq) and for hg +1 < g < hqg+4, ug & N(u1) . (7.48)

Indeed, by symmetry suppose ugu, € E(G) for some hy —4 < g < h; — 1. Then the cycle
Plui, ug| Uugug U Plug, up,] U Q1 would have at least

2%+1—(hi—g—1)+(h—1)>2k+1-3+1=2k—1

vertices. This contradicts ¢(G) < 2k — 2.
Also

{uhl_g,uhl_l,uhq+1,uhq+2}ﬂB = 0. (7.49)
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Indeed if hy —2 < g < hy — 1 and uy € B, then the path Plug, u1] U Q1 U Plug, , ugy| starts
from u, € B and is longer than P (because if ¢ = hy —2 then by parity, a1 > 4). The proof
for hg +1 < g < hy + 2 is symmetric.

Similarly to (7.24]), we show

(i) if |C| = 2k — 4, then up, ¢ Plui,11,ui,—2] and up, ¢ Plug, 12, Ui, 1];
(i) if |C| = 2k — 2, then up, & Plug 11, ui,] and up, ¢ Plug,, ug, 1] .
(7.50)

Indeed, if for example, i1 +1 < hy < i —2, then the cycle Pluq, u;, |Uug, ug U Plug, up, |UQ1
would have at least |C| 4 3 vertices, which means at least 2k vertices. All other possibilities
are very similar.
Let A be the odd integer in the set {h; — 3, h; — 2}. Similarly, let p be the odd integer in
the set {hq + 2,hq + 3}. By (7.43), uy ¢ PT(Np(uq)). By (7.46), we have the following
cases.
First suppose |C| = 2k —4 and each u; € CNAisin Np(u1)” UNp(ug)™. Since Np(u1)™ N
Np(ug)t = 0 and each of u; and g has k/2 neighbors in B, this means

all neighbors of ui and uq in P are in B. (7.51)

By (7.49) and (7.51)), ux ¢ Np(u1)~. So by the case and the fact that A is odd, i1 +1 <
A < iy — 1. This means i1 +3 < h; < i + 2. Since u;, € B, by (7.50))(i) and (7.49),
19 — 1 < hy <'io. Similarly, i1 < hy <41 + 1. Then the cycle

Pluy, up,| U Qq U Plug, up, ] U Q1

has length at least |C| + 4, contradicting ¢(G) < 2k — 2.

Next, suppose |C| = 2k —2 and there is exactly one ig such that u;, € (CNA)—(Np(u1)~U
Np(ug)™). As the case |C| = 2k — 4 this yields (7.51)). By and (7.51)), ux ¢ Np(u1)~.
So by the case and the fact that A is odd, either A = ig, or i1 +1 < A < iy — 1. If the latter
holds, then i1 + 3 < hy < 29 + 2, which is impossible by (ii) and . Thus A = 7.
Similarly, we conclude pv = i9. In particular, hy < hi. Since A = 1 is odd, the cycle

Plu, up,] U Qq U Plug, up, | U Q1

has length at least |V(P)| — 1 > 2k, contradicting ¢(G) < 2k — 2.

Finally, suppose |C| = 2k —2 and each u; € CNAisin Np(u1)” UNp(u,)*. By Lemma
dp(ui)+dp(ug) < k+1. So by the symmetry between u; and u,, we may assume dp(u;) =
k/2 and hence Np(ui) = Ngr(u1). Since g does not exist, repeating the argument of Case

2.2.2, we get a contradiction even earlier. O
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7.8 Proof of Theorem [86| for general graphs

For disjoint vertex sets X and Y, an (X,Y)-frame is a pair (G, X™*) where G is a bigraph
with parts X and Y, and X* C X.

A block G in an (X,Y)-frame (G, X*) with parts X’ and Y’ is special if all of the following
holds:

(i) G’ = Kj_1, with |[X'| =k — 1;

(il) X' C X

(i) Ng(z) =Y’ for each x € X'.

Let Q(G, X™*) denote the number of special blocks in an (X, Y)-frame (G, X*). Recall the

definition of deficiency:

D(G,X*)= > Dg(z)= > max{0,r — dg(z)}.

reX* reEX*

The following theorem implies Theorem

Theorem 112. Let k > 4, r > k+ 1 and m,m*,n be positive integers with m* < m.
Let (G,X*) be an (X,Y)-frame, where | X| = m, |Y| = n, and |X*| = m*, and G is
2k-saturated. If ¢(G) < 2k, then

k—1
r

m* < (n—1+D(G,X")+Q(G, X™")). (7.52)
Furthermore, equality holds if and only if G and X* satisfy the following:

(i) G is connected;

(i) all blocks of G are copies of either K_1, or Ki_1 11 with the partite set of size k — 1
in X and all cut vertices of G in'Y;

(ii) X* = X;

(iv) D(G, X*) = 0.

It is straightforward to check that the graphs described in (i)-(iv) are indeed sharpness
examples to Theorem [112} suppose G has s blocks of the form Kj_;, and ¢ of the form
Ki—1r41. Then m = m* = (s+t)(k—1), n = s(r — 1) +tr +1, D(G,X) = 0, and
Q(G, X) = s, since each Kj_;, block is special. Therefore

P 14 DG, X) 106, X)) = P (1)t tr 41— 14 045) = P

(r(s+t)) = m”".

Proof of Theorem Let (G, X*) be a counterexample to the theorem with the fewest
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vertices in G. For short, let D = D(G, X*) and QQ = Q(G, X*). By the definition of D(z),
d(z) + D(x) > r for every x € X. (7.53)

Case 1: G is 2-connected. If m* > k — 1 and m > k , then ((7.52)) follows Theorem In
fact, we get strict inequality as ﬁ < % whenever £k —1 < 7. Suppose 1 < m* < k—2

and x € X*. Then by ([7.53)),
n—14+D>d(z)+ D(z)>r—1,

SO %(n—1+D) > %(r—l) >k—2>m.

The last possibility is that m* =m =k —1. If n+ D > r+1, then holds, so suppose
n+ D = r. Since kK — 1 > 2, this together with , implies that n = r and D = 0.
Thus G = Kj_1, and X* = X which yields that G is a special block. Thus @ = 1 and so
n—14 D + @ = r. This finishes Case 1.

Note that equality is obtained only in this subcase where G = Kj_;,, X = X*, and D = 0.
Therefore G and X* satisfy (i)-(iv).

Since Case 1 does not hold, G has a pendant block, say with vertex set B. Let b be the
cut vertex in B, X = X* N B —b, mj = |X}|, and np = |[BNY|. Furthermore, let
G1=G—(B-=0)and n; =Y NV(Gy)|.

Note that G is 2k-saturated: as a cycle cannot span multiple blocks in a graph, if there
exists an edge xy ¢ E(G1) such that G + xy contains no cycle of length 2k or longer, then
G + xy also contains no cycle of length 2k or longer, contradicting that G is 2k-saturated.
Case 2: bc Y. Let X{ = X* — X5. By the minimality of G,

k—1
r

k—1
mB<

X7l <

(n1 — 14 D(G1,X7) + Q(G1, X7)), and (7.54)

(np — 1+ D(G[B], X5) + Q(G[B], Xg)), (7.55)

using m* = |X{| +mj;, we obtain

k—1
T

m* <

(n1+n3—2+D(G1,Xf)+D(G[B],X§)+Q(G1,X{‘)+Q(G[B],Xg)). (7.56)

Since ny + ng —2 = n—1, D = D(G1,Xy) + D(G[B],X}) and Q = Q(G1,X}) +
Q(G[B], X}), implies .

Furthermore, if equality holds in , then we have equalities in both and .
Again by the minimality of G, frames B with X} and G with X both satisfy (i)-(iv). In
particular, we have X3 = X N B and X{ = X — B. Since X* = X5 U X| = X, it follows
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that G also satisfies (i)-(iv).
Case 3: b € X and Xj; = (). By the minimality of G,

k—1
[ X <

(m — 1+D(G1,X*) +Q(G1,X*)). (757)

Since dg(b) — dg, (b)) < np, D(G1,X*) < D(G,X*) + np. If Q(G1,X*) = Q(G,X"),
then implies . Furthermore, suppose that equality holds in ([7.52)). Then
equality also holds in (7.57), and D(G,X*) + np = D(G1,X*). By the minimality of
G, Gy and X* satisfy (i)-(iv). In particular by (iv), D(G1,X*) = 0, contradicting that
D(G,X*)+np = D(Gy, X™).

So, suppose Q(G1,X*) > Q(G, X™). By Part (iii) of the definition of a special block, if this
happens, then Q(G1, X*) = Q(G, X*)+1 and the unique block B; that is special in (G, X*)
but not special in (G, X*) contains b. This means dg, (b) = r and hence D(G1, X*) = D.
But np > 1, and so again implies . Furthermore, if np > 2, then we obtain
strict inequality in . If ng = 1, say Y N B = {y}, then since B is 2-connected, B
consists of a single edge yb attached to the special block By, where By is a copy of Kj_q
with [ XNB;| = k—1. Note that if a block in G has a partite set of size k—1, then the longest
cycle in G has length at most 2(k—1). Thus for any x € X N (B —b), ¢(G+xy) < 2(k—1),
contradicting that G is 2k-saturated.

Case 4: bc X and 1 <mp <k —2. Let X{ = X* — X7 —b. By the minimality of G,

L k-1
| XT] <

Where note that we have strict inequality because X does not satisfy (iii) for G;. Since
bé¢ X7, Q(G1,X7) =Q. Let x € Xj;. By (7.53), D(x) + np > r. Thus by the case,

m* < | XpU{b} +|X|<k—-1+ (n1 — 14+ D(G1,X7)+Q) <

M 1+ (D—D(2))40Q) < h—14+ -1

k—1+4 (n—14D—r+Q) = b1 (n—14+D+Q),

as claimed.

Case 5: b € X and mp > k—1. Let X7 = X*—X5—0b. By the minimality of G, again
holds. Also, as in Case 4, Q(G1,X}) = Q and m* < |X;|+ 1+ m};. Since n = n; + ng,
and D(G1, X}) + D(G[B],X5) < D, in order for (G, X*) to be a counterexample to the
theorem, all this together yields

my+1> (ng + D(G[B], X3)). (7.59)
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On the other hand, by Theorem [I12]

k-
2r—k+2

Plugging this into ((7.59)), we get

k . k-1

mi < (ng — 1+ D(G[B], X}3)).

(np + D(G[B], Xg))- (7.60)

Since the coefficient at np + D(G[B], X};) in the left side of ((7.60)) is less than the one in
the right side, and since by (7.53), ng + D(G[B], X3) > r, (7.60)) implies

k k—1
— (r—1 1
2r—k+2(T )+1> r

r=k—1. (7.61)
But ([7.61]) is equivalent to k(r—1) > (k—2)(2r—k+2), which is not true whenr > k > 4. 0O

As a corollary, we obtain the same result for graphs that are not 2k-saturated.

Corollary 113. Let k >4, r > k+ 1 and m,m*,n be positive integers with m* < m. Let
(G, X*) be an (X,Y)-frame, where | X| =m, |Y|=n, and | X*| = m*. If ¢(G) < 2k, then

E—
m* <

Lo 14 DG, X*) + QG X*)). (7.62)

Proof. Add edges to G until the resulting graph is 2k-saturated. Call this graph G’. Note
that when adding edges, the deficiency D(G, X*) of any X* C X cannot grow. That is,
D(G,X*) < D(G, X*).

Applying Theorem to G’, we obtain

| X < (n—1+D(G, X*)+Q(G", X*)).

IfQ(G', X*) < Q(G, X*), then we're done. Otherwise suppose that Q(G’, X*) = Q(G, X*)+
t. This implies that there were ¢ special blocks created when adding edges within the blocks
of G. Let B be such a block that was not special in G but became special in G’. Then
in G, B C Ki_1,. Thus some vertex v € BN X has dg(v) < r but dg/(v) = r. Hence
Dg(v) > Dgr(v). Tt follows D(G, X*) > D(G', X*) + t.

Thus
[ X*| < ——(n—1+D(G',X*) + Q(G,X*) +1) < ——(n— 1+ D(G, X*) + Q(G, X*),
as desired. ]
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7.9 Proofs for hypergraphs: Theorem |80 and Corollary

Proof of Theorem Let H be an n-vertex multi-hypergraph with lower rank r and
edge multiplicty at most £k — 2. Let G = G(H) be the incidence graph of H with parts
X =V(H) and Y = E(H). By construction, since H has lower rank at least r, each z € X
has dg(x) > r. Therefore D(G,X) = 0. Also, G cannot contain a special block (i.e.,
Q(G,X) = 0) as such a block in G would correspond to a set of k — 1 edges in H that are
composed of the same r vertices. But we assumed that H has no edges with multiplicity
greater than k — 2.

Applying Theorem to G with X* = X, we obtain

kE—1 k—1

r (n_1+D(G>X)+Q(G>X)): r

e(H) =1X| < (n—1).

Finally, suppose equality holds. Add edges to G until it is 2k-saturated. Let G’ be the
resulting graph. Again we have Q(G', X) = Q(G,X) = 0 and D(G', X) = D(G,X) = 0,
therefore | X| = £ (n — 14 D(G', X) + Q(G’, X)). Hence G’ satisfies (i)-(iv) in the second
part of the statement of Theorem In particular, all blocks of G’ are copies of Ky_1 41
with cut vertices in Y. Then in G within each block, every vertex x € X is adjacent to
a subset of the r + l-partite set of size r or r + 1. That is, each Kj_;,4+1 block in G’
corresponds to an (r + 1,k — 1)-block in H. This completes the proof of Theorem O
Proof of Corollary Recall that a Berge-path of length k& has k + 1 base vertices
and k hyperedges. Suppose H satisfies the conditions of the corollary. We construct the
multi-hypergraph H’ by adding a new vertex x to H and extending each hyperedge of H to
include . Then H' has n + 1 vertices, lower rank at least » + 1, no edge with multiplicity
at least k — 1, and e(H') = e(H).

We claim that H’ has no Berge-cycle of length k or longer. Suppose there exists such a
cycle with edges ey,..., e, and base vertices vy,... vy and £ > k. If x € {vy,..., v}, say
T = v, then since each edge in H’ contains at least r+1 vertices, there exist distinct vertices
vy € er —{v1,..., 0} and vy € ep — {v1,...,vx}. Foreach 1 <i <4, let ¢ = ¢; — {x}.
Then ef, ..., e} and {vy,v2,...,v,v) .} form a Berge-path of length k. The case where

x ¢ {v1,...,v;} is similar (and simpler). Therefore, applying Theorem |82 to H', we obtain

r+1

e(H) =e(H) < (n+1)-1),

as desired. ]
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Chapter 8

2-connected hypergraphs with bounded circumference

8.1 Introduction

In this chapter, we prove Theorem which provides a better upper bound the number
of edges in 2-connected hypergraphs without long cycles. Here we consider hypergraphs
with upper rank r without cycles of length £ > r or longer. Our results are sharp for
general hypergraphs for all n > k£ > r, and for r-uniform hypergraphs when k > 4r and n is
sufficiently large. This is joint work with Zoltan Fiiredi and Alexandr Kostochka [FKLI19].

8.1.1 Basic definitions

The upper rank of a hypergraph H is the size of a largest edge. For brevity, instead of saying
“a hypergraph of upper rank r” we will say “an r~-graph”. When every edge has size r,
i.e., H is r-uniform, we call H an “r-graph”.

A hypergraph H is Sperner if no edge of H is contained in another edge. In particular, a

Sperner hypergraph has no multiple edges, and all simple uniform hypergraphs are Sperner.

8.2 Results for hypergraphs and bipartite graphs

8.2.1 2-connected hypergraphs without long Berge cycles

Our goal is to prove a version of Kopylov’s theorem for hypergraphs, i.e., to find the max-
imum number of edges in a 2-connected hypergraph with no Berge cycle of length &k or
greater.

Define
k—a

e A | P P
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Also define L
. o —a B a
f(n,k,r,a).-( . >+(n k+a)<r_1>.

Note that f(n,k,r,a) = f*(n,k,r,a) whenever r < [(k —a)/2| and r — 1 < |a/2]|. Our

main result is:

Theorem 114. Let n > k > r > 3. If H is an n-vertex Sperner 2-connected r~-
hypergraph with no Berge cycle of length k or longer, then e(H) < max{f(n,k,r, |(k —
1)/2]), f(n, k,r,2)}.

This bound is sharp. To see this, we construct a series of hypergraphs (not necessarily

uniform).

Construction 115. Forn >k >r, 1 < a < [(k—1)/2], let Hy pra be the hypergraph
with vertex set AU B U C such that |A| =k —2a, |B| = a,|C| =n— (k—a). The edge set
of Hp kra 15 the family

{e CAUB:|e|=min{r, |(k—a)/2]}}U{cUée :ce C,é C B,|¢/| = min{r — 1, |a/2]}}.

For a > 2, Hy, k. r,q is 2-connected and contains no Berge cycle of length k or longer. We have
that |E(Hp kra)| = f(n,k,r,a), which is maximized when a = |[(k — 1)/2] or a = 2 by the
convexity of f (as a function of a). Furthermore, when r < |(k —a)/2] and r — 1 < |a/2],
Mo kr,a is T-uniform with f*(n, k,r, a) edges.

For integers k > r, let ny, be the smallest positive integer n such that f(n,k,r, [(k —
1)/2]) > f(n,k,r,2). Asymptotically ny, is about 2"~'k/r. Then as a corollary of The-
orem we obtain the following result for r-graphs (note that this is a restatement of

Theorem .

Theorem 116. Let n > ng, > k > 4r > 12. If H is an n-vertex 2-connected r-graph with
no Berge cycle of length k or longer, then e(H) < f(n,k,r, |(k—1)/2]) = f*(n,k,r, | (k —
1)/2]).

For n large, this bound is almost 2" ! /r stronger than the (exact) bound with no restriction

on connectivity. Again we have sharpness example H, .| (k—1)/2]-

8.2.2 Connected hypergraphs without long Berge path

We also obtain a result for connected graphs with no Berge path of length k.

Theorem 117. Let n > k > r > 3. If H is an n-vertex Sperner connected r— -graph with
no Berge path of length k, then e(H) < max{f(n,k,r,[(k—1)/2]), f(n,k,7r,1)}.
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For integers k > r, let n) . be the smallest positive integer n such that f(n,k,r, [(k —
1)/2]) > f(n,k,r,1). Then we obtain the following result for r-uniform graphs with no
Berge path of length k as a corollary of Corollary This improves Theorem

Theorem 118. Let n > nﬁw >k > 4r > 12. If H is an n-vertex connected r-graph with
no Berge path of length k, then e(H) < f(n,k,r, |(k—1)/2]) = f*(n,k,r, | (k—1)/2]).

The family H,, 1 | (k—1)/2) again shows sharpness of our bounds.

8.3 Proof outline

The basic idea of the proof is to consider instead of the family of r-graphs the larger family of
Sperner r~-graphs. Then we can in some situations shrink some edges keeping the r~-graph
Sperner.

We start with a dense Sperner r~-graph H. By definition, each edge e in H yields a clique
of order |e| in the 2-shadow of H. If H contains a long Berge cycle C, then doH contains a
cycle of the same length. However, the converse is not always true. So, our first goal is to
reduce H to a smaller dense Sperner r~-graph H’ for which we know that the existence of
a long cycle in oM’ implies the existence of a long cycle in H' itself.

Our second goal is to give an upper bound on the maximum size of a Sperner family of cliques
of order at most r in the shadow dyH’ that does not have long cycles. This automatically
yields a bound on |H/|.

We systematically consider incidence graphs of r~-graphs instead of the r~-graphs them-
selves, because we find the language of 2-connected bipartite graphs convenient for our
goals.

In Section 4, we prove two results for the maximum number of cliques in graphs without
long cycles or paths which will later be applied to the 2-shadows of r~-graphs. Specifically,
we give upper bounds for the size of Sperner families of cliques of size at most r in graphs
with bounded circumference and graphs that do not contain long paths between every pair
of vertices.

In Sections 5 and 6, we prove that our hypergraphs have such a dense subhypergraph that
we may reduce to, working in the language of incidence bigraphs in Section 5 and the
language of hypergraphs in Section 6. In Section 7, we combine the results from Sections
4-6 to prove Theorem [114] Finally, in Section 8 we prove Theorem for Berge paths in
connected hypergraphs.
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8.4 Sperner cliques in graphs

A set family H is called Sperner if no element of H is contained in another element of H.
In particular, every uniform family is Sperner.

The classic proof of LYM Inequality yields also the following result.

Theorem 119. Let H be a set of h elements. Let C be a Sperner family of subsets of H
such that |C| <r for each C € C. Then |C| < (min{thh/zj})'

8.4.1 Cliques in graphs with bounded circumference

Recall
k—a

a
10 = (g Eay) + 059 (g o)
For fixed positive integers n > k > r, f(n, k,r, a) is convex over integers a in [0, | (k—1)/2]]
(see the appendix for a proof). Thus the value of f(n,k,r,a) is maximized at one of the
endpoints of the domain.
For a graph G and a positive integer r, let Ng,(G, ) denote the maximum size of a Sperner
family C of subsets of V(G) such that for each C' € C, G[C] is a clique of size at most r.

Theorem 120. Let n, k,r be positive integers with n > k. Let G be an n-vertex 2-connected

graph with no cycle of length k or longer. Then
NSp(Gar) S max{f(”? kﬂna 2)7 f(n7 k7r7 L(k - 1)/2J)}

To prove Theorem [120] we again use the following structural theorem by Kopylov for 2-

connected graphs without long cycles.

Theorem 121 (Kopylov [Kop77]). Let n >k > 5 and let t = | %51 ]. Suppose that G is a
2-connected n-vertex graph with no cycle of length at least k.
Then either

(121]1) the t-core H(G,t) is empty, the graph G is t-disintegrable; or

(121]2) |H(G,t)| = s for somet+2 <s<k—2, and H(G,t) = H(G,k — s), i.e., the

rest of the vertices can be removed by a (k — s)-disintegration.

Proof of Theorem Set t := [(k —1)/2]. Let G be an n-vertex 2-connected graph with
no cycle of length k or longer. Let C be a Sperner family of subsets of V(G) that are cliques
of size at most r with |C| = Ngp(G,r). Apply Theorem to G. If (121]1) holds, then

every vertex is deleted in the t-disintegration. At the time of its deletion, each vertex v has
at most ¢ neighbors and by Theorem is contained in at most (min {r—tl 1t/2 J}) cliques of
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C (since each clique containing v has at most r — 1 other vertices). After n — k + ¢ steps in
the disintegration process, the remaining k — ¢ vertices contain at most (min {L((::E) /2) J,r})
elements of C. Therefore |C| < Ngp(G,r) < f(n,k,r,t).

Now suppose (121]2) holds. Then we consecutively delete vertices of degree at most k — s
until we arrive at the core H(G,t) of size s. As in the previous case, when deleting a vertex
v of degree at most k — s, we remove at most (min{(kfg)s/wil}) cliques of C containing v.

Since H(G,t) contains at most (min {j /2 r}) = (min {(kk:&k:s)) /2] r}) cliques in C, we obtain

|C| = Nsp(G, 1) < f(n,k, k —s) <max{f(n,k,r2), f(n, k,rt)}

The last inequality holds by the convexity of f. O

8.4.2 k-path connected graphs

A graph G is £-hamiltonian if for each linear forest L with ¢ edges (and no isolated vertex)
on the vertex set V(G) there is a hamiltonian cycle in G U L that contains L.

A graph G is k-path connected if for each pair of vertices z,y € V(G), G contains an x, y-
path with k£ or more vertices. In particular, every n-vertex 1-hamiltonian graph is n-path

connected. The following theorem will be helpful for us.

Theorem 122 (Enomoto [Eno84]). Let G be a 3-connected graph on n wvertices such that
for every pair of vertices u,v such that uwv ¢ E(G), d(u) + d(v) > t. Then G is k-path

connected where k = min{n, 2t — 1}.

Define the function

hp(n, b7, d) := <min?;[c£:§ﬁ£ﬂ> +ld=5 <min{7“ _dl’ Ld/%})

Note that hgp(n,?,r,d) = f(n,n+£,r,d). For given positive n, r, and £ > 0, the function
hsp(n, £,r,d) is convex for £ < d < n.

Theorem 123. Let n,d,r, £ be integers with 0 < £ < d < L%HJ If G is an n-vertex
graph with minimum degree 6(G) > d, and G is not £-hamiltonian, then

—1
Nep(G, ) < max {hsp(n, 0,7,d), hsp(n, 6,7, L% J)} .
Proof. Let C be a Sperner family of cliques of size at most r in G. Suppose that Ng, (G, K;.) >
hsp(n,€,r, [ (n + £ — 1)/2]). By a generalization of Pédsa’s theorem, there exists some
¢ <k < |(n+¢—1)/2] such that V(G) contains a subset D of k — ¢ vertices with de-
gree at most k (and so k > §(G) > d).
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For each vertex v € D, v is contained in at most (min {ka 7“—1}) cliques of C, and G — D

contains at most (min{L(Z:ll:j;g)/QJ r}) cliques of C. Hence |C| < Nsp(G,r) < hgp(n, £, k) <

hgp(n, 4,7, d). 0
Our new result is:

Theorem 124. Letn > 4. Let G be an n-vertex 2-connected graph. If

n—2 k-1
(6 55 (g, [ 172 -

then G is k-path connected.

Proof of Theorem We use induction on n. If n < k — 1, then by Theorem [T19]

Ngp(G,r) < (min{:Ln/2J> - 27:5 (7}2:3 (min{ranln/% }>> .
And for n <k —1,

= (min{r,n [n/2) }> = U:I)g—z <min{r, ]fa; : 1)/2J}> - <mm{r, ;[;(; : 1)/2J}>'

Hence (§8.1]) does not hold.
If n = k, consider any z,y € V(G) such that there is no hamiltonian x,y-path in G. If
zy € E(G), then G is not 1-hamiltonian, then by Theorem with d = 2 (since G is

2-connected),

Nsp(G,7) < max{hgp(n,1,7,2), hgp(n, 1,7, [n/2])) = hgp(n,1,7,2)

B k-1 o k-1 k-2 k-1 n—2
~ \min{r, [(k—1)/2]} min{r, [(k —1)/2]}) k-3  \min{r, |[(k—1)/2|}) k-3’
and (8.1) again does not hold. If zy ¢ E(G), then the graph G’ := G U xy satisfies
Ngp(G',r) > Ngp(G,r), and G’ is not 1-hamiltonian. So again we obtain Ng,(G,r) <

k—1 -2
NSP(G/7 ?”‘) < (min{r,[(k—l)/?]}) Zf?)
Thus from now on we may assume n > k + 1.

Claim 125. G is 3-connected.

Proof. Suppose {v1,v2} is a separating set. Let Cj be the vertex set of a component of
G — {v1,v2} and Cy = V(G) — Cy. For i = 1,2, let G; be obtained from G — Cs_; by
adding edge vjvy if it is not in G. Let n; = |V(G;)|. By construction, each of G; and Gy is
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2-connected. Also,
ni+ny=n+2 and Ng,(G,7) < Nsp(Gi,7) + Nsp(2,7). (8.2)

By , some of G; satisfies . By symmetry, suppose Ga does. If z,y € V(G3), then
we are done by induction. Suppose neither of z and y is in V(G2). Then by induction, G,
has a v1, vo-path P with at least k vertices. Also, the 2-connected graph G has two disjoint
paths P; and P, from {z,y} to {vi,v2}. Then P, U P U P, forms a long z, y-path.

Finally, suppose x € V(G2) and y ¢ V(G2). Again by induction, Go has a vy, z-path P
with at least k vertices. Also, the 2-connected graph G has a v1, y-path P; that avoids vs.
Then P U P; is what we need. ]

Claim 126. §(G) > 5.

Proof. Suppose v; € V(G) and d(v1) < k/2. Since G is 3-connected, we can choose a
neighbor vg of v; so that vy ¢ {x,y}. Let G’ be obtained from G by contracting v; and v9
into a new vertex that we again will call v;. Since G was 3-connected, G’ is 2-connected.
Let Sg be a maximum Sperner family of cliques of size at most r in G. We construct a
family S’ of cliques of size at most 7 in G’ from Sg by

(a) deleting from S all cliques containing v1; and

(b) replacing each clique S € Sg with vy € S and v1 ¢ S with the clique S — ve + v1.

We claim that &’ is Sperner. Indeed, suppose S1,S2 € S’ and S; C S5. Since S was
Sperner, v1 € Sy — S1. But then So — v1 +v9 € Sg and S71 C Sy — v1 + vs.

By construction and Theorem

[Sal — 18] < <mm{r _dl(,vfc)«m)/zn) = (mm{tf,/f,jm})-

|k/2] < 1 kE—1
min{r, |[k/4]|}) = k=3 \min{r, [(k—1)/2]})’
and hence G’ satisfies (8.1]). So by the minimality of G, graph G’ has a long x, y-path. But
then G also does. O
Applying Theorem [122| completes the proof of our theorem. O

8.5 Constructing happy incidence bigraphs

8.5.1 Language of layered r~-bigraphs

A layered bigraph is a bigraph G = (A,Y; E) in which parts A and Y are ordered.
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An r~-bigraph is a layered bigraph G = (A,Y; E) with d(a) < r for each a € A.

A layered bigraph G = (A,Y; E) is Sperner if the family {N(a) : a € A} is Sperner. By
definition, if N(a) = {v,u} in a Sperner bigraph, then the codegree of the pair vu is 1.

In particular, the incidence graph G of an r~-graph H is a Sperner r~-bigraph if and only
if H is Sperner.

A vertex a € A of a layered bigraph G = (A,Y; E) is happy, if the the codegree d(zx,y) of
each pair {z,y} C N(a) is at least d(a) — 1 (and unhappy otherwise). A layered bigraph
G = (A,Y; E) is happy if every vertex a € A is happy.

A vertex y € Y of degree 2 in is special, if each of the two neighbors is either unhappy or
also has degree 2.

Vertices z,y € Y and a € A form a special triple if x and y are special (in particular they
have degree 2), N(a) = {x,y}, and the other neighbors of x and y are unhappy.

Given a layered bigraph G = (A,Y; E), let the shadow O(G) be the graph F with vertex set
Y such that xy € E(F) iff there is a € A with {z,y} C N(a).

For each graph H, the circumference, c(H), is the length of a longest cycle in H.

We first prove a simple corollary of Hall’s Theorem.

Lemma 127 (Folklore). Let G = (A, B; E) be a bipartite graph with no isolated vertices
such that for each a € A and every b € N(A), d(a) > d(b). Then G has a matching covering
A.

Proof. Suppose that GG has no matching covering A. By Hall’s Theorem, there is S C A
with |S| > |N(S)|. Choose a minimum such S, say S = {ay,...,as}. By the minimality
of S, G has a matching M covering S’ := S — a,, say M = {a;b; : 1 < i < s—1}. Since
IN(S)| <s—1, we have N(S) = {b1,...,bs_1}. So,

d(ar) + ...+ d(as_1) + d(as) = e(S,N(S)) = dg(b1) + ... +dg(bs_1) < d(ar) + ... d(as_1),

a contradiction. O

Lemma 128. Letr > 3. If G = (A,Y; E) is a happy Sperner r~-bigraph and O(G) contains
a cycle of length ¢ > r, then G contains a cycle of length 2¢.

Proof. Let C' = x1,...,x¢ be a cycle of length ¢ > r in 9(G). Let F be the bipartite
graph with parts @ = E(C) and A such that a pair (z;zi+1,a) is an edge in F' if and
only if {x;z;41} C N(a). If £ > r 4+ 1, then since each a € A has degree less than ¢, a is
adjacent to at most d(a) — 1 pairs x;x;41. On the other hand, for each edge (x;x;y1,a) in
F, dp({x;xi11}) > d(a) — 1 since G is happy. So by the previous lemma, F' has a matching
that covers E(C), say with x;x;41 matched to f(x;x;+1) € A. Then we obtain the cycle
x1, f(x122), T2, f(T223), ..., X0, f(T421), 21 Of length 2¢ in G.
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Now suppose ¢ = r. If for every a € A, Ng(a) # {z1,...,2,}, then dp(a) < d(a) — 1,
and we are done as in the previous case. So suppose there exists an a such that Ng(a) =
{z1,...,2,}. Then because G is Sperner, each a’ € A — a is adjacent to at most r — 1
vertices in {z1,...,2z,}, and hence dp(a’) < (r — 1) — 1. Consider the graph F — a. For
a € A—a,

dp_q(d') = dp(a') < min{r — 2,d(a’) — 1}.

If some vertex x;x;+1 was adjacent to a in F, then dp(z;zi+1) > d(a) — 1 = r — 1 and
$0 dp_q(x;zit1) > r — 2. Otherwise, for each z;z;+1 not adjacent to a in F, and each
a' € Np(xi, xig1), dp—o(zixi41) = dp(z;2i41) > d(a’) — 1, so we are finished as in the first
case. L]

The same proof also yields the following Lemma for paths of any length.

Lemma 129. Let G = (A,Y; E) be a happy r~-bigraph. If O(G) contains a path with ¢

vertices, then G contains a path with 20 — 1 vertices with endpoints in Y .
We will often use the following known property of 2-connected graphs.

Lemma 130. Let G be a 2-connected graph, xy € E(G) and S C V(G) with |S| < |[V(G)|—
2.

(1) G — zy is 2-connected iff G — xy has a cycle containing x and y;

(2) the graph G/S obtained by gluing the vertices of S into one vertexr s* is 2-connected
iff s* is not a cut vertex of G/S.

8.5.2  Unhappy r~-bigraphs

Definition 131. Let G = (A,Y;E) be a Sperner layered 2-connected r~-bigraph G =
(A,Y; E). A shrinking of G is one of the following operations:

(1) deleting an edge of G incident to an unhappy vertex,

(2) deleting a special vertexr y € Y and all neighbors b € N(y) with d(b) = 2,

(3) deleting a special triple x,y € Y and a € A, or

(4) gluing together all but one of the neighbors of some unhappy vertex a € X.

The goal of this subsection is to prove that unhappy Sperner layered 2-connected r~-
bigraphs not admitting a shrinking have a special structure and high maximum average

degree. The main result of the subsection is the following lemma.

Lemma 132. Suppose k > r > 3 are integers. Let G = (A,Y; E) be a Sperner layered
2-connected v~ -bigraph with ¢(G) < 2k that is not happy. Then either G admits a shrinking
such that the resulting graph G’ satisfies
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(S1) G’ is 2-connected;
(S2) |E'| < |E], Y| < Y|, and |E'| + [Y'| < |E| + |Y];
(S3) G’ is Sperner;
(34) 4] - |4] < Y| V'] and
(S5) ¢(G") < 2k,
or for every unhappy verter a € A, there exists three vertices y1,y2,ys € N(a) and three
subgraphs B1, Ba, Bs of G such that fori € {1,2,3}

(B1) y; € V(By), a ¢ V(B;), and y; is the only neighbor of a in B;;
(B2) B; is 2-connected and Sperner;
(B3) there exists a x; € Y such that {a,z;} separates B; from G — By;
(B4) G — (B; — x;) — a is Sperner and 2-connected; and
(B5) for j € {1,2,3} — {i}, [V(B:) N V(Bj)| < 1 with equality if and only if x; = z;.
Proof. Suppose, G = (A,Y; F) is a Sperner layered 2-connected 7~ -bigraph with ¢(G) < 2k
that is not happy. Then it has an unhappy vertex a € A. Let Ng(a) = {y1,...,y:}. Since
a is unhappy, t > 3. Assume that there are no G’ satisfying the lemma. We derive a series
of properties of such G.
A vertex y; € N(a) is an a-menace, if there is a vertex m(a, y;) € A—a such that N(a)—y; C

N(m(a,y;)). Since G is Sperner,
G — ay; is Sperner if and only if y; is not an a-menace. (8.3)

For brevity, we call pairs of vertices in Y of codegree 1 thin and of codegree at least 2 —

thick.
Claim 133. N(a) contains a thin pair.

Proof. Suppose that all pairs of N(a) are thick pairs. For each y; € N(a), the graph
G; = G — ay; trivially satisfies (S2), (S4), and (S5) in the definition of shrinking. We will
show that G; is also 2-connected, i.e., it satisfies (S1). Let y;, yx € N(a)—y;. Because every
pair of N(a) is thick, there exists distinct vertices b;;, bjr # a such that {y;,y;} € N(bi;)
and {y;, yr} € N(bix). Applying Lemma with the cycle y;bijy;ayibiry; certifies that G
is 2-connected.

If for some 1 < i < ¢, the graph G; is Sperner, i.e., satisfies (S3), then we are done. Assume
not. Because a is the only vertex with a changed neighborhood in G;, for all i there exists
a vertex b; in G such that {yi,...,y} — {y;} € N(b;). Furthermore, for i # j, b; # b;,
otherwise some N (b;) contains N(a), contradicting the fact that G is Sperner.

In particular, each pair in N(a) belongs in the neighborhoods of a and d(a) — 2 additional

vertices, contradicting that a is unhappy. O
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Claim 134. All distinct thick pairs in N(a) are disjoint.

Proof. Suppose not. First we show that there exist some thick pairs {y;«, <}, {yi=, yi=}
and a thin pair {ye,y;} such that s*,¢t* # i*. Let {y;,y;}, {vi,yx} and {ys,y:} be any
intersecting thick pairs of N(a) and a thin pair respectively where without loss of generality,
ys & {yi,y;}. If y+ # y; then we are done. If not then consider instead the pair {ys,y;}. If it
is thin, then we take this pair instead of {y,,y;}. If it is thick, then we let {ys, y;}, {vs, y;}
be our intersecting thick pairs with y; playing the role of y;« and {ys, v+} = {ys,vi} be the
thin pair.

Now consider the graph G —ay;«. As in the previous claim, it satisfies (52), (S4), and (S5) as
well as (S1) in the definition of shrinking where we define vertices b;«;+, b+ similarly. Since

no other vertex contains the pair {ys, s+ } in its neighborhood, G — ay;+ is Sperner. O
Claim 135. The codegree of each pair in N(a) is at most 2.

Proof. Suppose there exist distinct vertices by, b2 # a both adjacent to y; and yo. Since
{y1,y2} is a thick pair, {y1,y3} and {y2,y3} are thin by the previous claim. Let P be
a shortest path in G — a from y3 to {y1,y2}. Note that if P contains by or be, then by
the minimality of |P|, either y; or ys follows directly after. Therefore we may assume by
symmetry that y; € P and by ¢ P. Consider the graph G — ay;. Trivially it satisfies (S2),
(S4), and (S5). Because {y2, y3} is thin, it also satisfies (S3). Finally, the cycle y3 Py bay2ays
certifies that (S1) is satisfied. O

Claim 136. If a proper subset S of N(a) is a separating set in G, then S contains an

a-menace.

Proof. If the claim does not hold, choose a smallest separating subset S = {y1,...,ys} of
N(a) not containing a-menaces. Since S is a proper subset of N(a), s < t. Let Dy and Dy

be components of G — S, where D; contains a. By the minimality of S,
each y; € S has a neighbor in Ds. (8.4)

Since G is 2-connected, there are two vy, S-paths P, and P sharing only v;. By symmetry
we may assume that P} avoids a. Let y; be the end of P; in S. By , there is a
Y1, y2-path Ps all whose internal vertices are in Ds.

Consider G’ = G — ay;. Properties (S2), (S4) and (S5) in the claim of the lemma hold for
G’ by definition. Since y; is not an a-menace, by , G’ is Sperner, i.e. (S3) holds. Cycle
yoavs P1y1 P3yo together with Lemma show that G’ is 2-connected. Thus, G’ satisfies

the lemma. O

Claim 137. N(a) has no thick pairs.
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Proof. Suppose pair y1y2 is thick. By Claims and d(y1y2) = 2 and the com-
mon neighbor b € A — a of y; and ys has no other neighbors in N(a). Let N(b) =
{y1,92,21,...,2s}. Since G is Sperner, s > 1.

By Claim [134] neither of y; and ys is an a-menace. So, by Claim G — y1 — yo contains
an a,b-path P;. We may assume that v; is the second and 2 is the second to last vertices
of P;. Since d(y1y2) = 2, by Claim 5, z; ¢ N(a). So vy # 2.

Case 1: d(y1) = 2. Then d(y121) = 1 and hence b is unhappy. So, since d(y1y2) = 2, by
Claim [134] d(y221) = 1. Consider G’ = G —y;. As in the proof of Claim[I36] (S2), (S4) and
(S5) hold for G’ by definition. Cycle yaaysP1bys together with Lemma sertify that G’
is 2-connected, i.e., (S1) holds. Only the neighborhoods of a and b in A’ are distinct from
those in A. So the fact that d(y221) = d(y2y:) = 1 shows that G’ is Sperner. This proves
Case 1.

Case 2: d(y1) > 3. Let ¢ € N(y1) — a — b, where if possible we choose ¢ to be adjacent to
z1. Since G is 2-connected, G — y; has a shortest path P, from ¢ to V(P;) U {y2}. Let x be
the end of Py in V(Py) U {y2}.

Case 2.1: = # b. Consider G' = G — ay;. As above, (S2), (S4) and (S5) trivially hold
for G'. Since only the neighborhood of a in A’ is distinct from those in A and d(y2y:) = 1,
G’ is Sperner. We need now only to show that G’ is 2-connected. If x = yo, then cycle
cPyysaPr by c certifies this. If x € V(P1)—b, then our certificate is cycle cy1by2a P (a, x)x Pac,
where Pj(a,x) denotes the subpath of P from a to z.

Case 2.2: x = b. Note that because x # 21, by the choice of ¢ and the choice of Ps,
z1 ¢ N(c) for any ¢ € N(y1) —a — b. In particular, d(y121) = 1, and so b is unhappy.
The second to last vertex of P» is none of z1,¥y1,y2, SO we may assume it is z3. Consider
G' = G—by;. Cycle cPybysay;c shows that G’ is 2-connected. As above, (S2), (S4) and (S5)
trivially hold for G’. Thus if G’ is Sperner, then the claim is proved. If G’ is not Sperner,
then y; is a b-menace, and there is a vertex g € A — b such that N(g) D {y2, 21, 22}. Since
z1a ¢ E, g # a. But then instead of the path P, we can consider the path P5(c, 22)22921,
and will have Case 2.1. O

Let G' be obtained from G by gluing all vertices in N(a) — y¢ into one vertex y*.  (8.5)

(S2) holds for G’ trivially. When gluing the vertices, we lose edges only if some pair
Yi,y; € N(a) have a common neighbor. But because {y;,y;} is thin, they have no common
neighbors other than a. Hence |E'| = |E| — (t — 2) and |Y'| = |Y| — (¢ — 2) so (S4) holds.
Property (S5) is less clear but still is true: If G’ has a cycle C of length at least 2k, then
it must go through y*. Furthermore, if C' does not go through a, then either C is present
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in G with y* replaced by some y;, or it can be extended through a connecting some y; and
y;. If C' does through a, then it uses edges ay; and ay*; we can modify C' in G to a cycle
of the same length. Thus, (S5) also holds.

Since all pairs in N(a) are thin, none of y; is an a-menace. So by Claim [136|and Lemma [130],
G’ is 2-connected. Again, since all pairs in N(a) are thin, Ngs(a) is not contained in any
other neighborhood. Hence, in order the lemma to fail, by symmetry there are by,bs € A—a
such that Ng(b2) —y2 C Ng(b1) and y1b; € E. Note that by and be each contain exactly one
vertex in N(a) (y; and yo respectively), and there is x € N(by) NN (bg) such that z ¢ N(a).

Claim 138. d(b2) = 2.

Proof. Suppose N(b2) O {y2,x1,x2}. Then by the definition of by, N(b1) D {y1,x1,x2}. So
by Claimapplied to by and by, because the pair {x1, zo} is thick, both b; and by are happy
. Since G is 2-connected, G — a has a shortest path P from vy to Z = {y1,y2, b1, b2, 1, z2}.
Let z be the last vertex of P. By symmetry, we may assume z € {ys,ba,x2}. Consider
G’ = G — aya. As before, (S2),(S4) and (S5) hold for G'. Since all pairs in N(a) are thin,
G’ is Sperner. If z = y9, then the cycle aPysbsxobiyia shows that G’ is 2-connected.

So suppose z € {be,z2}. Since by is happy, there is another b3 adjacent to yo and zo. By
definition, it is distinct from b; and a. So if z = x5 and P does not pass through b3, then
we have cycle aPxabsysboxobiyia. Similarly, if z = by and P does not pass through bs,
then we have cycle aPboysbsx1b1y1a. Finally, if P passes through b3, then we have cycle
aP(a,bs)bsyabaz1b1y10. O

Claim 139. d(y2) > 3.

Proof. Recall z = N(by) N N(bs). Assume N(y2) = {a,b2}. By Claim [136] G —y1 — y» has
an a,x-path P. We can choose a shortest such path. Let ¢ be the second to last vertex in
P.

Case 1: ¢ # by. Consider G' = G —ba —ya. As before, (S2),(S4) and (S5) hold for G’. Since
all pairs in N(a) are thin, G’ is Sperner. The cycle aPxbiy;a shows that G’ is 2-connected.
Case 2: ¢ = b;. Let z be the previous to ¢ vertex of P. Since all pairs in N(a) are thin,
z # vy, If by is happy, then there exists a vertex bs # by with {y1,z} C N(b3). Then b3 can
play the role of by in the definition of b; and bs. In this case, we get Case 1 and are done.
Thus, by is unhappy. Hence all pairs in N(b;) are thin.

If d(z) = 2, consider G’ = G — by — ya — x. As before, (S2),(S4) and (S5) hold for G'. Since
all pairs in N(a) and in N(by) are thin, G’ is Sperner. The cycle aPbiyia shows that G’ is
2-connected.

So suppose by € N(z) — by — be. Since G is 2-connected, G — = has an by, a-path P;. If
Py does not intersect {b1,y1}, then we have Case 1 with P = aP1byx. So, suppose u is the
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first vertex in {b;,y;} that is hit by P;. Note that if P; meets P — u before u, then we can
modify it to avoid intersecting with {b1,y;}. Thus we assume below that this is not the
case.

If u = y1, consider G’ = G — ay;. As before, (S2),(S4) and (S5) hold for G’. Since all
pairs in N(a) are thin, G’ is Sperner. The cycle aPbyy; Pi(y1,bs)zboysa shows that G’ is
2-connected. Finally, if u = by, consider G’ = G — byz. As before, (S2),(S4) and (S5) hold
for G'. Since all pairs in N(by) are thin, G’ is Sperner. The cycle aPb; Py (b1, bs)xboysa
shows that G’ is 2-connected. O

Claim 140. Set {x,y1,y2} separates a from b;.

Proof. Suppose not. Then G — {z,y1,y2} has an a,bi-path P. Note that by ¢ P since
N(by) = {x,y2}. Let the second vertex of P be v;.

If by is happy, then there is b3 € A — by with N(b3) 2 {y1,z}. Consider G' = G — ay;.
As before, (S2),(S4) and (S5) hold for G’. Since all pairs in N(a) are thin, G’ is Sperner.
We need to show that G’ is 2-connected. If bg € P, then the cycle aP(a,bs)bsyi1bixbayqa
certifies this. Otherwise, the cycle aPby1bsxboyoa certifies this.

So, by is unhappy, and all pairs in N(by) are thin. If d(y;) = 2, consider G’ = G — y1. As
before, (S2),(S4) and (S5) hold for G’. Since all pairs in N(b1) and in N(a) are thin, G’ is
Sperner. The cycle aPbyxbyysa shows that G’ is 2-connected.

Thus, d(y1) > 3. Let ¢ € N(y1) — a — b1. Let P; be a shortest path in G — y; from ¢ to
V(P)U{x,y2}. Let z be the last vertex of P;. If z € V(P) — by, consider G’ = G —ay;. As
before, (S2),(S4) and (S5) hold for G’. Since all pairs in N(a) are thin, G’ is Sperner. The
cycle aP(a, z)zPycy1bixboysa certifies that G’ is 2-connected.

If 2 € {b1, 2,92}, consider G’ = G — byy;. As before, (S2),(S4) and (S5) hold for G'. Since
all pairs in N (by) are thin, G’ is Sperner. Let P; denote the path aysbexb;. Then the cycle
ay1cPyzPs(z,b1)by Pa certifies that G’ is 2-connected. O

Claim 141. Set {x,a} separates yo from N(a) — ya.

Proof. Suppose not. Let P be a shortest a,z-path in G — y; — y2. By Claim P does
not go through b;. Let the second vertex of P be v;. Let P; be a shortest path in G—a —«
from ys to (N(a) —y2) UV (P). Let z be the last vertex of P;. If by € V(P), then we can
take z = y;. Consider G’ = G — aya. As before, (S2),(S4) and (S5) hold for G’. Since all
pairs in N(a) are thin, G’ is Sperner. If z € N(a) —v; then the cycle yo Py zaPxboys certifies
that G’ is 2-connected. Otherwise, the cycle yoP1zP(z, a)ayi1bixzbays does it. O

Let C be the vertex set of the component of G — a — x containing ys and let Go =
G[C2 U {a,z}]. By Claim Co N N(a) = {y2}. If x has no neighbors in Cy — by, then
by Claim y2 would be a cut vertex, a contradiction. Thus, in view of by, no vertex in
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G9 — a separates = from ys. Since no vertex in G — a may separate {ys,x} from any other

vertex, we conclude
G9 — a is 2-connected and the unique neighbor of a in Cy is ys. (8.6)

Claim 142. Set {x,a} separates y; from N(a) — y.

Proof. Suppose not. If d(b1) = 2, then by symmetry of b; and by and the previous claim,
we are done. So d(by) > 3. Let 2/ € N(by) —y; — x. Let P be a shortest a,x-path in
G — y1 — y2. By Claim [I41] P does not go through bs. Let the second vertex of P be v;.
Let Py be a shortest path in G — a — = from {y1,b:} to V(P)U (N(a) — y1 — y2). Let
21 be the first vertex of P; and 29 — the last. If z; = yq, consider G’ = G — ay;. As
above, (S2),(S4) and (S5) hold for G’. Since all pairs in N(a) are thin, G’ is Sperner. If
z9 € N(a) — vy then the cycle y; Py zaay2boxbiyy certifies that G’ is 2-connected. Otherwise,
the cycle yy Pyzo P(z2, a)ayaboxbiy; does it.

So suppose z; = b;.

Case 1: by is unhappy. If 25 € V(P), then we consider G’ = G — zb;. As above, (S2),(54)
and (S5) hold for G’. Since by is unhappy, all pairs in N(by) are thin, and hence G’ is
Sperner. The cycle by Py 29 P(29, )xboysay, by certifies that G’ is 2-connected. So below we
assume zo = y3 and ¢t > 4.

If d(y1) = 2, then we consider G’ = G —y;. As above, (S2),(S4) and (S5) hold for G’. Since
all pairs in N(a) and N (by) are thin, G’ is Sperner. The cycle by Pyysay2boxb; certifies that
G’ is 2-connected.

Thus there is by € N(y1) —a — b1. If G — by — y; has a path from by to N(a) — yi, then we
would have the case z; = b; above. Hence there is no such path. But then G-V (P)— N(a)
has a by, bi-path P5. In this case, we consider G’ = G — y1b1. As above, (S2),(S4) and (S5)
hold for G’. Since all pairs in N(b;) are thin, G’ is Sperner. The cycle y1bgPabizboy2ay1
certifies that G’ is 2-connected.

Case 2: b; is happy. Then there is another common neighbor b} of z and y;. Again, consider
G’ = G —ay;. As above, (S2),(S4) and (S5) hold for G'. Since all pairs in N(a) are thin, G’
is Sperner. If b} ¢ P and zo € N(a) — v then the cycle by Py zoaysboxbiyi1by certifies that
G’ is 2-connected. If b) ¢ P, and zo € V(P) then the cycle by Py 29 P(z2, a)ay2boxb]yi1b1 does
it. If b} € Py, then we switch the roles of by and b): consider the path P| = P;(b},22). O

Claim 143. Vertex a has only one neighbor (namely, y1) in the component C1 of G —x —a

containing y1 and by.

Proof. Otherwise, {z,a} would not separate y; from N(a) — y;, a contradiction to

Claim [142] O
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Similarly to the definition of Ga, let C; be the vertex set of the component of G —a —
containing y; and let G; = G[C1 U {a,x}]. By Claim CiNN(a) ={wn1}.

Claim 144. G1 — a is 2-connected.

Proof. Case 1: G — a — b; has an z,y;-path P. Then P + b; forms a cycle in G; — a
containing x and y;. Since G is 2-connected and {y;,x} is a separating set in G, this
finishes the case.

Case 2: d(b1) = 2. Then y; can play the role of y2, and we are done by .

Case 3: Vertex by separates y; from x in G — a, and by has a neighbor ¢/ ¢ {z,y;}. If by
were happy, there would be b’ # b adjacent to  and y; and we would have Case 1. So, by
is unhappy. Let P; be a shortest path from ' to {a,z} in G — b;. and z be the last vertex
on Pj.

Suppose first that z = a. Then by Claim [[43] the second to last vertex of P; is ;.
Consider G’ = G — y1b1. As above, (S2),(S4) and (S5) hold for G'. Since b; is unhappy, all
pairs in N(by) are thin. Thus G’ is Sperner. The cycle y' Piaysboxbiy’ certifies that G is
2-connected.

Suppose now that z = z. Since Case 1 does not hold, y; ¢ P;. Consider G' = G — zb;. As
above, (S2),(S4) and (S5) hold for G’. Since all pairs in N(b1) are thin, G’ is Sperner. The
cycle y' Pyzboysay1bry’ certifies that G’ is 2-connected. O

Claim 145. G — C1 and G — Cy are 2-connected Sperner v~ -graphs.

Proof. Let P be a shortest y3, z-path in G — a. By Claim and P avoids C7 U Cs.
For i = 1,2, the cycle y3Pxbs_;y3_;ays certifies that G — C; is 2-connected. Since the
degrees of the vertices in G — C7 and G — C5 are dominated by those in G, G — C7 and
G — Cy are r~-graphs. Since a is the only vertex in ANV (G — C;) whose degree decreased
w.r.t. G and all pairs in N(a) are thin, G — C7 and G — Cy are Sperner. O
Now set By = G1 —a, Bo = Go—a, and r1 = x5 = x. Note that the choice of y; in was
arbitrary. So we may repeat the proof instead taking G’ to be the graph obtained by gluing
N(a) — y1 into a single vertex y**. If G” satisfies (S1) - (S5), then we are done. Otherwise
we find some vertices y;,vy5 € N(a) — y1 which play the role of y; and y2. We may assume
that v} ¢ {y1,y2} and it is coupled with some vertex 2’ which plays the role of z.

Again, repeating the previous proofs for Claims with 3] and yj, we obtain that
either G admits a shrinking, or we can define G similarly to play the role of G; (defined
after Claim for y}. Let B3 = G| — a, y3 = ¥}, and 23 = 2/. We now show that (B1) -
(B5) hold.

(B1) and (B3) are trivial. Since G was Sperner each vertex of AN V(B;) has the sane
neighborhood in B;, B; is also Sperner. Hence together with and Claim , we get
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(B2). Claim [145| proves (B4). Claims and imply that V(B;) NV (B2) = {x}, and
Y1 (= y3) is contained in a component of G — {a, z} not containing y; and ys. In particular,
Bs is disjoint from B; and Bs except possibly at z’ if 2 = z. This proves (B5) and thus
the Lemma 132 O

8.5.3 Consequences of Lemma [132)

This technical lemma implies the following more applicable fact.

Lemma 146. Suppose k > 5, r > 3 are integers with k > r. Set t = [(k —1)/2]. Let
G = (A, Y;E) be a Sperner layered 2-connected r~-bigraph with ¢(G) < 2k that is not
happy. Then either G admits a shrinking such that the resulting graph satisfies (S1) - (S5),
or there exists an unhappy verter a* € A and some block B* satisfying the hypothesis of
Lemma 2.4 such that B* is happy and |AN B*| < (min{r—tl,Lt/Qj})ﬂY N B*| —2).

Proof. Suppose G does not admit any shrinking. By Lemma for each unhappy vertex
a we obtain some {y;, z;, B;} for i € {1,2,3} satisfying (B1) - (B5).

Claim 147. For each unhappy a, at most one B; has a (x;,y;)-path of length k or longer.

Proof. Suppose without loss of generality that for i € {1,2}, there exists a (y;, z;)-path P;
in B; of length at least k. Recall that y1,y2 € N(a). Let P3 be a (z1,z2)-path internally
disjoint from V(Bj) U V(Bz) (where P3 may be a singleton). Then P UP; U P, Ua is a
cycle of length at least 2k — 1, i.e., length at least 2k. O

Among all vertices in A that are not happy, choose a and a corresponding 2-connected
graph Bj from Lemma 2.4 so that (a) By does not have a (z;, y;)-path of length & or longer,
and (b) subject to (a), |V(B1)| is minimized.
Suppose first that By contains an unhappy vertex a’. By Lemma 2.4, there exists {«/, y., B}
for ¢ € {1, 2, 3} satisfying (B1)-(B5) with «’.

Claim 148. At most one j € {1,2,3} satisfies V(B}) € V(B1).
Proof. Suppose without loss of generality V(Bj) € V(By) and V(B5) € V(B1). Then since

{x1, a} separates B from G — (B —x)—a, and B, and Bj are 2-connected, {z1,a} C V(Bj))
and {z1,a} C V(Bj). But this violates (B5). O

Therefore we may assume V(Bj),V(B}) C V(B;). By Claim we can also assume that
V(B}) has no (2}, y})-path of length k or longer. Furthermore, since a’ € V(By) — V(BY}),
|[V(By)| < |[V(B1)|. But this contradicts the choice of @ and By. Thus B; cannot have any
unhappy vertices, i.e., By is happy.
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Consider the shadow 9(By) of Bi. By Lemmal[129] 8(B;) is not [(k+1)/2]-path connected,
otherwise B; would contain an (z1,y;)-path of length at least 2[(k + 1)/2] — 1 > k, a

contradiction.

Let a =[(k—1)/2], 8= [(k—1)/2].
Claim 149. 15 (inga/2y) < (min{rfi,m/m})-

Proof. First suppose o = f3, i.e., k is odd. Then the case min{r, |[a/2|} = a/2 is trivial.
Otherwise —15 (%) = L;a=rtl( p ) < (T, ). So assume a = 8+ 1. If min{r, |a/2|} =7

a—2 a—2 r r—1

(so min{r —1,|5/2] =r—1), then we have -1 (%) = 1 BH( 51) < (Tfl). Otherwise if

+1 1
a/2] <, then [5/2] < r—1, and 725 (|aja)) i)/ ) = s () <
O

1
71 (i
(15)2))

18/2)/"

Therefore because 9(B1) is not (« + 1)-path connected, by Theorem and the previous

claim,
Y N By —2

a—2 <min{r,ata/ 2] }>

< (YN Bi|-2) (mm{r —61, mm})'

|AN Bi| < Ngp(0(B1),7) <

8.6 Constructing happy r~-graphs

In this section, we translate Lemma into the language of r~-graphs. We also refine it.

8.6.1 Unhappy r~-graphs

A Sperner r~-graph H is happy if its layered incidence bigraph I(#) is happy, and is
unhappy otherwise. The happy and unhappy vertices in I(H) correspond to happy and
unhappy edges in H.

For an unhappy edge e in an unhappy r~-graph H and a vertex v € e, let F'(H,e,v) denote
the r~-graph obtained from H by replacing e with e — v.

A vertex v of degree 2 in an unhappy r~-graph H is special if each of the two incident edges,
say e; and eg, is either unhappy or a graph edge (i.e., contains exactly two vertices). If v
is special and incident with e; and eg, then F(H, v, ej, eg) is the r~-graph obtained from H
by deleting v and for i = 1,2 deleting e; if |e;| = 2 and replacing e; with e; — v otherwise.
A graph edge vu in an unhappy r~-graph H is special if both v and u are special, and both

adjacent to vu edges are unhappy. If vu is special and adjacent to e; and ey, then F(H,vu)
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is the r~-graph obtained from H by deleting v and u, replacing e; with e; —v, and replacing
eg with eg — u.

A 2-block in a 2-connected H is a 2-connected H' C H such that only two vertices of H’
have neighbors outside of H'. These two vertices will be called outer vertices of H'.

A 2-block H' with outer vertices z and y in an unhappy Sperner r~-graph H is special if
H’ is happy and there is exactly one edge, say a, in G — E(H’) containing y, and this edge
does not contain z.

Given a special 2-block H' with outer vertices  and y in an unhappy Sperner r~-graph
H, the r~-graph F(H,H', z,y) is obtained from H by deleting all vertices of H' — z — y
together with the edges containing them and adding edge {x,y} if it is not in H.
Translating from the language of incidence bipartite graphs to hypergraphs, we obtain the
following versions of Lemmas and about Berge cycles and Berge paths.

Lemma 150. Letr > 3. Let H be a happy r~-graph. If the 2-shadow OsH contains a cycle
of length £ > r + 1, then H contains a Berge cycle of length £ on the same base vertices.
Furthermore, if OoH contains a path, then H contains a Berge path with the same base

vertices.

For simplicity, for an r~-graph H, denote > |E(H)| := > cp(y) le|- For example, if H
is r-uniform, then Y |E(H)| = r|E(H)|. We also obtain the following as a corollary of
Lemma [146]

Lemma 151. Suppose k > r > 3 are integers, and set t = |(k—1)/2]. Let H be a Sperner
2-connected v~ -graph with ¢(H) < k that is not happy. Then we can obtain a Sperner 2-
connected v~ -graph H' such that

(1) XNEMH)] < XIEM), V)] < VR, and 32 |E(H)| + [V(H)] < 2 |EMH)| +
[V (H")I;

() [B(H)] ~ | ECH)| < (pingys o) (V)| = [VH)D); and

(iii) c(H') < k
using one of the following transformations:

(T1) for an unhappy edge e and v € e, replacing H with F(H,e,v);

(T2) for a special vertex v with incident edges e; and es, replace H with F(H,v,e1,e2);

(T3) for a special edge vu, replace H with F(H,vu);

(T4) glue together all but one vertices of an unhappy edge;

(T5) for a special 2-block H' with outer vertices say x,y, replace H with F(H, H', x,y).
Furthermore, if (T5) is not applied, then instead of (ii), we obtain |[E(H)| — |E(H')| <
(V) = [V(H)I]).
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8.6.2 A refinement of Lemma [151]

Suppose we start from a Sperner 2-connected unhappy r~-graph H with at least k vertices
and ¢(H) < k. Lemmall51|provides that we can obtain from H a happy Sperner 2-connected

r~-graph in several steps using the following rule at each step:
if possible, apply (T1); if not then try (T2), then (T3) and so on. (8.7)

We may think that we have started from H = Hy and after Step ¢ obtain H; from H;_1
using one of (T1)-(T5).
Claims 2.7-2.8 in the proof of Lemma yield that following (8.7)), at each Step i,

if (T1) is not applied on Step i + 1, then in each unhappy edge a of H;, thick pairs form

a matching,

(8.8)

and

if neither (T1) nor (T2) is applied on Step i+ 1, then all pairs of vertices in each unhappy

edge a of H; are thin.
(8.9)

Claim 152. If (T2) was applied on Step i, then (T1) cannot be applied on Step i + 1.

Proof. Suppose H; = F(H;—1,v,e1,e2) and H;r1 = F(H;, ep, w).

Case 1: Edge ¢ is neither e; — v nor es — v. We want to show that in this case, eg is
unhappy in H;—1 and H' = F(H;—1,ep,w) is a Sperner 2-connected r~-graph satisfying
(i)—(iil) with H;—1 in place of H. That would contradict Rule (8.7)).

To prove the first part (that eg is unhappy in H;_1), recall that ey is unhappy in H;. But
the codegree in H; of each pair in V(#;) is the same as in H;_;.

To prove the second part, we use the fact that H' can be obtained from H;,; by adding
back vertex v and for j = 1,2 constructing e; either by adding v to e; — v € H;1 when
lej| > 3 or adding edge e; when |e;| = 2. Since the incidence graph I(#;41) is 2-connected
and this operation corresponds to adding a vertex of degree 2 or an ear to I(H;1+1), I(H')
also is 2-connected. Since H;y1 is Sperner, and H’ differs from it only ey, es and v, H' is
also Sperner: new edges are not contained in any old edge because of v, and no old edge
can be contained in e;, since otherwise it would be contained in e; — v in H; 1. Properties
(i)—(iii) are trivial.

Case 2: ¢y = e; — v. In this case, we know that e is unhappy in H;_; and want to show
that H' = F(H;_1,e1,w) is a Sperner 2-connected r~-graph satisfying (i)—(iil) with #;_1
in place of H. Now H' can be obtained from ;1 by adding back vertex v, adding v to
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ep — w and constructing eg either by adding v to e — v € H;+1 when |ea] > 3 or adding
edge ez when |ea| = 2. The rest is as in Case 1. O

Practically the same proof yields the following similar claim.

Claim 153. If (T3) was applied on Step i, then (T1) cannot be applied on Step i +1. [
The proof of the next claim is somewhat different.

Claim 154. If (T4) was applied on Step i, then (T1) cannot be applied on Step i+ 1.

Proof. Suppose H;_1 has an unhappy edge a = {y1,...,y:} such that H; is obtained from
H;_1 by gluing {y1,...,y:—1} into a new vertex y*, and H;y1 = F(H;, e, w). By (8.9),

all pairs of vertices in each unhappy edge of H;—1 are thin. In particular, the size of each

edge in H; apart from the edge y*y, is the same as in H;_1.
(8.10)

Case 1: w # y*. By , in H;—1, leNnal < 1. So, since e is unhappy in H;, it is
also unhappy in H;_;. We want to show that H' = F(H;_1,e,w) is a Sperner 2-connected
r~-graph satisfying (i)—(iil). Since each pair in e is thin, H’ is Sperner. Properties (i)—(iii)
are evident, so we need to check that H’ is 2-connected.

By construction, H' can be obtained from the 2-connected H;+1 by blowing up vertex y*
into vertices y1, ..., y—1 (each of a positive degree) and replacing edge y*y; with a. In terms
of the incidence graphs, in the 2-connected I(H;11), we split y* into ¢t — 1 vertices of degree
at least 1, delete vertex y* and add vertex a adjacent to yi,...,¥y;. It is easy to check that
the new graph is 2-connected.

Case 2: w =y*. By , there is a unique vy € a —y; such that ¢/ = e —y* +v; € H;_1.
Since e is unhappy in #;, it has a pair zy of codegree at most |e| — 2. If y* ¢ {x,y}, then
the codegree of xy in H;_1 also is at most |e| — 2. And if y* = y, then the codegree of y;x

in H;_1 is at most |e| — 2. Thus €’ is unhappy in H;_;. The rest is as in Case 1. O

8.6.3 Stopping at k — 1 vertices

Lemma 155. Suppose r > 3 and k > r are integers. Let H be a Sperner 2-connected v~ -
graph with ¢(H) < k and at least k vertices that is not happy. Suppose H = Ho, ..., Hi, Hit1
is a sequence of v~ -graphs obtained by iteratively applying Lemmafollowing Rule (8.7))
to H until Hit1 is happy. If (T5) was never applied and |V (Hiz1)| = k—1, then |E(Hiy1)| <
k—2

(min{r,L(k—2)/2j}) +2.

Proof. Since (T1) does not change the number of vertices and H( has at least k vertices,
one of (T2), (T3), or (T4) was applied. Moreover, by Claims [152 one of (T2), (T3), or
(T4) was applied to H; to obtain the happy r~-graph H;;1. For short, denote H' = H;41.
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If H' has a vertex of degree at most 3, then the number of edges in H' is at most (min {r f(;i‘s) /2] }) +

(min {il 1}), and we are done. Hence
S(H') > 3. (8.11)

In the following, for any r~-graph A and any vertex v € V(A), we use A — v to denote the
r~-graph obtained by removing vertex v and shrinking any edge e that contains v to the
edge e — v, unless |e| = 2, in which case we simply delete e in A — v. Note that A — v need

not be Sperner, even if A is Sperner.

Case 1: (T4) was the last applied operation. Let a = {y1,...,y:} be the unhappy edge
such that #H' is obtained from H; by gluing {yi,...,y:—1} into a new vertex y*. Since H' is
happy, H; — a is happy. The r~-graph F'(H;, a,y;) satisfies (i)-(iii) and is Sperner by .
So if F(H',a,y;) is 2-connected, then we would have applied (T1) to H; instead of (T4), a

contradiction to Rule (8.7). Therefore

the incidence graph I(H; — a) has a vertex x; separating y; from {y1,...,yt—1}.

(8.12)
If x4 corresponds to an edge b in H; — a, then some pair of its vertices is thin. So, since
Hi — a is happy, |b|] = 2. Then instead of x;, we can choose as a vertex x} separating y,
from {y1,...,y:—1} the neighbor of x; that is farther from y;. Thus we may assume that x;
corresponds to a vertex in H; — a.
If 2 ¢ {y1,...,y:—1}, then y; and y* are also separated by z; in H' — y*y;. Since there
are at least 2 components in H' — y*y; — x4, the largest block of H' — y*y; has at most
|[V(H') — 1| = k — 2 vertices.
We have that

k—2 k—2
N Ik < _ .
O = 15K w2 (e o 0) 151 Gaingo o 21720) +2
If 24 € {y1,...,y—1}, then let C be a component of (H; — a) — x; which does not contain

y¢. Then C contains a vertex y ¢ {y1,...,y:—1}, otherwise every edge of C + x; in ‘H; would
be a subset of the edge a, contradicting that H; is Sperner. Thus in H' — y*y;, y and y; are

in different blocks. Hence we again get |[E(H')| < (mm{T f(;32)/2j}) +2.

Case 2: H;y1 = F(H;,v,e1,e2) for some special vertex v. By , if |e1| > 4, then some
pair in e; — v is thin, and hence e; — v is unhappy in H;+1, a contradiction the happiness
of H;r1. Thus |ei],|e2] < 3. Since H; was unhappy, we may assume that |e;| = 3, say
er = {v,v',v"}. By (8.8), either vv/ or vv” is a thin pair in H;. Suppose vv” is thin.

Consider H" = F(H;,e1,v"). Since vv” is thin, H” is Sperner. If H" is 2-connected, we get
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a contradiction to Rule (8.7)). Thus the incidence graph I(#H") has a cut vertex x separating

v from {v,v"}. We claim that

we can choose x corresponding to a vertex in H" distinct from v. (We allow x =v".)
(8.13)
Indeed, if v separates v/ from v” in I(H"), then vertex e; in the incidence graph I(H;)
separates v/ from v”, a contradiction to the 2-connectedness of H;. If x corresponds to an
edge in I(H;), then again x contains thin pairs. If |z| > 3. Then x is unhappy. By the
choice H;11, the only unhappy edge in H” could be es. Recall that in this case, |es| = 3,
say © = eg = {v,w,w’}. But in this case, one of v,w and w’ also separates v’ from v”, and
we know that it is not v. Recall that vv” is a thin pair, and so v” ¢ {w,w’}. Otherwise if
|z| = 2, then both of its vertices are cut vertices. This proves (8.13).
Recall that |V(H")| = |V(H;)| = k and e(H") = e(H;i) < e(Hiy1) + 1. Suppose first that
each component of H” — x has at least 3 vertices. Since H” — x has k — 1 vertices and at
least 2 connected components, k > 7, and the largest component of H” — z has at most

k — 4 vertices. Therefore we obtain

et <) < (e o 3y7207) +(5) = Qoo 16 1720)) 2

Now suppose that some component C of H” — z contains at most 2 vertices. By (8.11]),
IC| = 2 and each of the two vertices in C either has degree in H” less than in H;41 or is v.
But the only vertex having degree in H” less than in H;,1 is v/, and the vertices v and v’

are in distinct components of H” — x.

Case 3: H;i1 = F(H;,vu) for some special edge vu. Let e; be the unhappy edge incident
to v and eg be the unhappy edge incident to u. By , all pairs in e; and e are thin. So
since H;11 is happy, |e1]| = |e2| = 3. Let e; = {v,v',v"} and eg = {u, v, u”}, where possibly
v ='. As in Case 2, consider H” = F(H;,e1,v"). Since vv” is thin, H" is Sperner. If H"
is 2-connected, we get a contradiction to Rule . Thus the incidence graph I(H") has a
cut vertex x separating v’ from {v,v"}.

Similarly to the proof of (8.13]), we derive

we can choose x corresponding to a vertex in H" distinct from v and u. (We allow

x=1".)
(8.14)

Furthermore, z ¢ {u/,u"}. Now |V(H")| = |V (H;)| = k+1 and e(H") = e(H;) = e(Hit1) +
1.
Note that there cannot be any isolated vertices in H” — x since by (8.11)), 6(H") > 3. Also,

as in the previous case, there cannot be a component of H” — x with exactly 2 vertices. So
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we may assume that each component of H” — x has at least 3 vertices.

Let C be the component of H” — x that contains v. Then C must also contain u and at least
two of the vertices in {v”, v/, u”}. Therefore |C| > 4. In particular, since H” — = contains
exactly k vertices and at least 2 connected components, k > |C| +3 > 7.

As in Case 2, if the largest component of H” — x has at most k — 4 vertices (so k > 8 since
IC| > 4), then

et <) < (i 5yay) + (2) = G 16 27203) 2

a contradiction.
Now suppose a component C' of H” — x has k — 3 or k — 2 vertices. If C’ contains v, (i.e.,
C' = (), then since C contains u as well, and u and v are incident to exactly 3 edges (vu,eq,

d
and es), -2+

WD (g, (o121 ny2) 2

For |C'| = k — 3 we get

0% (singr, 15~ y2y) * 3+ (2) = Qg L 2y2)) +

and for |C'| = k — 2 we get

0% (aingr, 15 ayzy) * 3 (2) < Qg L 2772) +2

So C" # C. But since |C| > 4, we have [V(H")| > |C'|+|C|+1>4+(k—-3)+1=k+2,a

contradiction. O

8.7 Proof of Theorem [114]

Proof. Apply Lemma repeatedly to H following Rule to obtain an r~-hypergraph
‘H' that is happy. By Lemma OoH’ has no cycle of length k or longer.

Let ng and mg be the number of vertices and r~-edges respectively that were deleted
going from H to H' by applying operations (T1)-(T4), and let np and mp be the number
of vertices and r~-edges respectively that were deleted from applying operation (T5). So
n = |V(H')| +ns +np and |E(H)| < Nsp(H',r) +mg +mp. If [V(H')| > k, then by
Theorem [120| (applied to doH') and Lemma we have

|E(H')| < Ngp(02H',1) +mg +msg
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t
min{r — 1, /2] }> e
First suppose that ng = 0, i.e., (T5) was never applied. Examining the coefficient of
ng we see 1 < min{2, (mm{r_t1 Lt/QJ})}' So in the case |V(H')| > k, from (8.15), we get
|[E(H)| < max{f(n,r k,2), f(n,r k,t)}, as desired. Otherwise, if [V(H')| < k — 1, then

either

<max{f(|V(H)|,k,r,2), f(V(H)|, k,r,t)} +ng + ( (8.15)

k—2
<min{7«7 L(k;_Q)/QJ}> +2=f(k—1,k,12)

by Lemma [L55] or |V (H)| < k — 2 and

|E(H)| <

[V (H)
min{r, ||V (H")|/2]}

Either way we obtain |E(H)| < f(n,k,7,2).

So we may assume that at least one application of (T5) was required to obtain H'.
Denote H' := 99H' and let @ be the t-core of H' (that is, the resulting graph from ap-
plying t-disintegration to H'). If H' is t-disintegrable, i.e., @ is empty, then Ngp(H',7) <
f(IV(H")|, k,r,t) and so by (8.15), we get |[E(H)| < f(n,k,7,t). So we may assume that Q
is non-empty. In particular, since §(Q) >t + 1, |[V(Q)| >t + 2.

B < ( ) < F(V O ko 2).

Claim 156. The graph Q is 1-hamiltonian.

Proof. First note that |[V(Q)| < k — 1: the case for |V(H')| < k — 1 is trivial, and if
|V(H')| > k, then by applying Kopylov’s Theorem, we obtain |V (Q)| < k — 2.

Next, we claim that @ is 3-connected. If not, then there exists a cut set {z,y} C V(Q) and
at least two components in H — {x,y}. Since 6(Q) >t + 1, for each of these components
C, |CU{z,y}| > t+2. Hence |V(Q)| > 2(t+2) — 2 > k, a contradiction to |V (Q)| < k— 1.
Therefore @ is 3-connected. By Enomoto’s Theorem (Theorem , @ is s-path connected
where s = min{|V(Q)[,2(t+ 1)} = |V(Q)|. Le., @ is 1-hamiltonian. O

Let ¢ := |V(Q)|. Let B be a special (in particular, happy) block that was removed in
some application of (T5), and set B = 0288. Let xp and ap be the vertex-edge cut pair
corresponding to B, where some vertex yp € V(B) \ V(#H') is contained in ap.

Claim 157. Suppose H' is s-path connected. There does not exist a (xp,yp)-path of length
at least k — s+ 1 in B.

Proof. Since H is 2-connected, its incidence bigraph contains two shortest disjoint paths Py,
P, from {zp,ap} to V(H') (where possibly |V (P;) or V(P;) = 1). Note that these paths
are internally disjoint from V(H')UV(B). In H, P, and P, yield Berge paths P; and a U P,
from xp to V(H') and yp to V(H') respectively. Say P; has endpoint v; € V(H').
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Now suppose there exists a path of length at least kK — s + 1 from zg to yp. This yields a
Berge path P3 from zp to yp with at least K — s + 1 base vertices such that all edges of
P3 are contained in V(B). Similarly, we find a Berge path P4 from v to ve with at least s
base vertices such that all edges of P, are contained in V(H').

Then P; UP3UaUPyUPyis a Berge cycle of length at least (k—s+1)+s—1=k, a
contradiction.

O]

Claim 158. If H' contains a subgraph S that is s-path connected, then H' is also s-path

connected.

Proof. Let {x,y} C V(H'). We will show that there exists an (z,y)-path in H' with at
least s vertices. Let P, P, be two disjoint shortest paths from {z,y} to V(S), say with
endpoints v, and v, respectively (where possibly one or both paths are singletons). Such
paths exist because H' is 2-connected. Let Pg be a (vg,vy)-path in S of length at least S.
Then P, U Pg U P, has length at least s. ]

Therefore the previous claim shows that H’ is g-path connected. Applying Claim and
Theorem we get

e(B) < Nsp(B,7) < V(B)| -2 k—q ) (8.16)

k—qg—2 <min{r, L[(k—q)/2]}

Summing up over all blocks deleted via big cuts, we obtain

<0 (7= e a2 (10

Claim 159. For each integer s > 3, ﬁ(min{ris/zj}) < (min{r—sl,\_s/%})'

Proof. The case for min{r, |s/2]} = |s/2] is trivial. So we may assume s > 2r + 2. We
have 145() = 552 0) < (1) =

s—2\r r r—1) —

So first suppose that |V(H')| > k. By Kopylov’s theorem, t +2 < ¢ < k —2, and V(H') —

V(@) can be removed via (k — s)-disintegration. Therefore

0% (uinprlyrzy) VO =0 (g1 gy2)

and hence by (8.17) and the previous claim,

e(H) =e(H')+mp+mg <
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< (uingotar21) + =0 i1 20)

1 k—q
05 (== (atntr L - j2)) 7
< (oantrtoreny) =00 Coinr -1 10— gyjapy) < Wb S 20,
min{r, [¢/2]} min{r — 1, [(k — q)/2]}
where the last inequality follows from the convexity of the function f. So from now on we
may assume |V (H')| <k — 1.

Claim 160. Let S be a 1-hamiltonian subgraph of H' with s := |V (S)| and t+2 < s < k—2.
Let S’ be the result of (k — s)-disintegration applied to H'. Then S’ is also 1-hamiltonian.

Proof. We will show a stronger statement: S’ is (k — [V (S5’)|)-hamiltonian. Suppose not.
Set s’ := |V (S")|. Applying Theorem withd=k—s(sod <2t+2—(t+2)=t) and
{=k— s, we get

Ngp(S',7) < max{hgy(s',k —s',r,k — s),hgp(s', k — s, r, [5'/2],)}.

If hep(q' b — s',m k —s) > hgp(s',k — s, r, |s'/2]), then

Ngp(S',r) < hgp(s' k=5 rk—2s)

= (uintoeto/23) = e 1,160 17233
= f(S/, k,r k—s),

Recall that since S is 1-hamiltonian, H' is s-path connected. Hence for each B deleted in
an application of (T5), B is not (k — s + 1)-path connected.
It follows that
e(H) < Nsp(H', r)+mp+mg

k—s
min{r — 1, | (k — s)/2]}
So by the convexity of the function f, we are done.
Next suppose hsp (s, k—s',r,k—s) < hgp(s',k—s',r,|s'/2]). For simplicity, let a := |s'/2].
We have that 2 <a < |[(k—1)/2] =t.

< f(s' k,rk—s)+ ([V(H') —s’+nB)< > +ng < f(n,k,r, k—s).
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Ngp(S',7) < hgp(s,k—5',r.a)
§—(a—k+5) - o a
<min{r, (s — (a— k+))/2, }) Tla—k+ )(min{r 1 La/2J}>

= (ot s ary23) +¢ = 6= gy 5 )
< f(s k,ra) < f(s' ko, t).

Therefore

k—s

e(H) gf(s’,k’r’t)+(|V(H,)|_5/+n3)(min{7“—1 |(k—s)/2]}

) +ng < f(n,k:,r,t).

O]

Starting from the 1-hamiltonian subgraph @ of H’, we obtain a sequence of graphs Q =
Qo C Q1 C ... C Qq such that @Q; is the resulting 1-hamiltonian subgraph obtained from
(k—|V(Qi-1)|)-disintegration applied to H'. The sequence ends when either the graph Q41
resulting from the (k — [V(Qg)|)-disintegration of H' is exactly Qq, or |[V(Qq)| =k — 1. In
the former case, we have that |V (Qq+1)| = |V (Qq)| =: ¢’. Then

e(H) < Nsp(H',7) + mp + mg
k—d¢

min{r — 1, [(k - ¢')/2]}

Finally suppose that |[V(Qq)| = k — 1. Then H’ is (k — 1)-path connected. Because H' is

2-connected, we can complete a Berge path in H' with at least k — 1 vertices to a Berge

< f(d kyrk—¢)+ ([V(H)| —q’—i—nB)( ) +ng < f(n,k,r,k—q).

cycle of length at least k. This proves the theorem.
O

8.8 Proof of Theorem for paths

Proof. Let H be a counterexample of Theorem with minimum 3~ ¢ 55 €] on at least
k+1 vertices. If H contains a Berge cycle of length k-+ 1 or longer, then removing any edge
from this Berge cycle yields a Berge path with at least k£ + 1 base vertices, a contradiction.
If H contains a Berge cycle of length exactly k, then we use the following Lemma which
contradicts that n := |V(H)| > k + 1.

Lemma 161 (Gyéri, Katona, and Lemons [GKL16]). Let H be a connected hypergraph with
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no Berge path of length k. If there is a Berge cycle of length k on the vertices vy, ..., v

then these vertices constitute a component of H.

Therefore H contains no Berge cycle of length k or longer. If H is 2-connected, then by
Theorem [114] e(H) < max{f(n,k,r,2), f(n,k,r, |(k—1)/2])}, and we are done.

Now suppose H is not 2-connected. Then the incidence bigraph Iy of H contains a set of
cut vertices. If a cut vertex x of Iy corresponds to an edge in H, then we say x is a cut
edge of H. Otherwise, we say x is a cut vertex of H.

Suppose ‘H has an cut-edge e. We claim that for each component C of H \ e,

V(C)Ne| < 1. (8.18)

Indeed suppose that some component C of H \ e contains at least 2 vertices in e. Let H' be
the r~-graph obtained by shrinking e to remove all but one vertex in C from e. Then H' is
still connected and Sperner (since e is a cut edge of H). Furthermore, after this operation,
the length of a longest path cannot increase. This contradicts the choice of H.

Now suppose H contains a cut edge e. By , e intersects every component of H \ e in
at most one vertex. Let H' be the r~-graph obtained by contracting two vertices of e into a
single vertex (and then deleting e if it now contains only one vertex). The new r~-graph H’
is Sperner, contains no Berge Py, and is connected. If |[V(H')| > k + 2, we obtain that H'
contradicts the choice of H (note that e(H') > e(H) — 1 > max{f(n,k,r, 1), f(n,k,r, [ (k—
1)/2)} = 1= max{ f(n — Lk, 1), f(n— 1k, [ (k = 1)/2))}).

Iterating this process, we may assume that H contains no cut edges unless n = k + 1.
Case 1: H does not have a cut edge.

Any block B of H is a subhypergraph of H. In particular, B is a Sperner 2-connected
r~-graph. Let Bi,..., B, be the blocks of H. For each i, let s; be the length of a longest

Berge cycle in B;. Without loss of generality, we may assume s; > ... > sp,.
Claim 162. Foralli > 2, s1+s; <k+1.

In particular, s; < (k+1)/2 for all ¢ > 2.

Proof. Suppose s1 + s; > k + 2. Let C7 be a Berge cycle of By of length s; and let C;
be a Berge cycle of B; of length s;. Let P be a shortest Berge path from V(5;) to V(5;).
Note that P contains at most one edge from each Berge cycle. Then removing an edge
from each Berge cycle, we obtain together with P a Berge path whose base vertices cover
V(C1) UV (C;). Since |V(Cy) NV(Cy)| < 1, this path has at least s; +s; —1 > k + 1 base

vertices. O]
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For each block B;, let n; := |V (B;)|. If n; = s;, then

Si S; — 1
i) < . <(n;—1 . )
)= (ingortifzgy) <D it 11— 1/233)
If n; > s; + 1, then we apply Theorem to B; with cycle length s; + 1. We obtain
e(BZ) S Hla.X{f(ni, Si + 17T7 2)7 f(nla S; + 17 LSZ/2J}

Furthermore,

f(n’ia Si + ]-a r, 2)

<mm{r, o= 1)/2J}) PR

(si—1) (min{r - (191 {_(s? —-2)/2] }> (ni = s1) <min{r — f,l L_(S? - 2)/2J}>
8 — 2

= (-1 <min{7“ —1, (s — 2)/2J}>'

And f(ng, si+ 1,7 [51/2]) < (0 = 1) (ingr_1 L or—1)/21))-
In all cases we get

IN

e(Bi) < (ni — 1) (min{r - 18’ L_(; B 1)/2”). (8.19)

For By, if n; = s1 then e(B) < (mm{TTSI/QJ}) and so by ({8.19),

S; — 1
e(M) < <m1n{r |s1/2]} ) * Z <min{r —1,[(si —2)/2] }) (8.20)
If s > [(k +1)/2], then from we obtain

0% (aintfoy) * 20D g4 o) < Tk =

=2

< max{f(n,k,r1), f(n,k,r [(k—1)/2]}).

Otherwise,

L S1 — 1
0= (ingr sz >+Z D ingr 1L - /) ST =2

1

If n1 > s1 + 1, then we get
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6(81) < max{f(n1,31 + 1’7,.’ 2)1 f(nla 51+ 17T’ |_81/2J})

If f(ny,s1+ 1,7, [s1/2]) > f(n1,s1 + 1,r,2), then together with (8.19)), we get

o — 5] _
e(H) < f(ni,s1+1,r,[s1/2]) —1—2(7% 1)( ) < fn,k,r, | (kE—1)/2]).

P min{r — 1, L%J}
If f(nlvsl + 1,7”, |_81/2J) < f(nbsl + 1,7", 2)7 then

81—1

min{r, [(s1 —1)/2]}

S1

flny,s1+1,7,2) = < min{?“, L$1/2J}

>+2(n1—51+1) < < )—|—2(n1—81).

Thus we obtain

0% (ugngerfoja) + 2050+ 2000 i1y

i=2
and we are done as in the the case for (8.20)).
Case 2: n =k + 1 and H contains a cut edge.
Let e be a cut edge of H. By (8.18])), each component C of H \ e contains only at most one

vertex of e. If |e] > 3, then e(H \ e) < (mm{rﬁ}:}gz)/%}). Hence e(H) < (min{r’f@il)/%}) +

1< f(n,k,r1).

So we may assume |e| = 2. Suppose first that H \ e contains a component C with 2 <
V(C)| <k-—-1

Then

V()] (k+1)—=|V(C)
) <1+ <min{r, L|V(C)|/2j}> - (min{r, [((k+1) — |V(C)|)/2J})

k—1
<1+

: QmMnuk—nt)+1
= f(n,rk,1).

Thus # \ e must consist of one component of size k and one of size 1. The same also holds for
every other cut edge ¢’ of H. This together with implies that if H has two cut edges
e, €', then €' is a cut edge of H \ e, and vice versa. Therefore e(H) < (min{r, f(;il)/%}) +2=
fln,k,r,1).

So we may assume that e is the only cut edge of H. Let C be the component of H of size
k. This component cannot contain a Berge cycle of length k, otherwise with e we would

obtain Berge path with of length k.
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If C is 2-connected, then by Theorem [114]
e(H) = e(C) +1 < max{f(k, k,r,2), f(k, k,r, [ (k — 1)/2])} < f(n,k,r,1).

Otherwise C has a cut vertex v and a block B with 2 < |V(B)| < k — 1. Therefore

) v (B) k= |V(B) +1 -1
€)= <min{r, uv<B>\/2J}>+<mm{r, Lk~ [V(B)| + 1)/2J}> < (rnin{r, Lk 1)/2J}> o
so we get e(H) =e(C) +1 < f(n,k,r,1). This proves the theorem. O

8.9 Concluding remarks

1. As it is mentioned in Theorem if kK > 4r and n is asymptotically larger than ?k,
then our bound is also exact for r-graphs: a sharpness example is H,, x| (k—1)/2]- We
think that for smaller n, our bound for r-graphs is not exact. It would be interesting

and challenging to find exact bounds for the number of edges in n-vertex 2-connected
k

T .

gr—1

r-graphs with no cycles of length k or longer for k > r and &k < n <

2. When r is large, k > 4r and n is polynomial in k, then H,, 1 ;2 has not much more than
(k;2) edges. Also H,, i r2 is not uniform whenever r» > 4. The following construction
of 2-connected r-uniform hypergraphs also has more than (k?) edges in this case,
although fewer edges than ,, 1 , 2 has (and it works only for n such that n — k + 2 is
divisible by r — 1).

Construction 163. Fiz k > 4r > 12, s > 1, n = k — 2+ s(r — 1). Define the
n-vertex r-graph Fy, i s as follows. The vertex set of I, 1, s s partitioned into s + 1
sets Ay, ..., As,C such that |C| =k —2 and |A;| =r —1 for all i € [s]. We fiz two
special vertices c1,co € C. The edge set of I, 1 r.s consists of all edges contained in C
and of the 2(r — 1) edges of the form A; U{c;} fori € [s] and j € [2].

We do not currently know of any uniform hypergraphs with more edges and no Berge

cycles of length k or longer.

3. Note that here we use r~-graphs to prove a bound for r-graphs when k > r and in
Chapter 7 we used r*-graphs (i.e. hypergraphs with the lower rank at least r) in the

case k < r.
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