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Abstract

In this dissertation, we focus on the sufficient conditions to guarantee one graph being the
subgraph of another. In Chapter 2, we discuss list packing, a modification of the idea of graph
packing. This is fitting one graph in the complement of another graph. Sauer and Spencer
showed a sufficient bound involving maximum degrees, and this was further explored by Kaul
and Kostochka to characterize all extremal cases. Bollobas and Eldridge (and independently
Sauer and Spencer) developed edge sum bounds to guarantee packing. In Chapter 2, we
introduce the new idea of list packing and use it to prove stronger versions of many existing
theorems. Namely, for two graphs, if the product of the maximum degrees is small or if the
total number of edges is small, then the graphs pack.

In Chapter 3, we discuss the problem of finding k vertex-disjoint cycles in a multigraph.
This problem originated from a conjecture of Erdgs and has led to many different results.
Corradi and Hajnal looked at a minimum degree condition. Enomoto and Wang indepen-
dently looked at a minimum degree-sum condition. More recently, Kierstead, Kostochka,
and Yeager characterized the extremal cases to improve these bounds. In Chapter 3, we
improve on the multigraph degree-sum result. We characterize all multigraphs that have
simple Ore-degree at least 4k — 3, but do not contain k vertex-disjoint cycles. Moreover, we
provide a polynomial time algorithm for deciding if a graph contains k£ vertex-disjoint cycles.

Lastly, in Chapter 4, we consider the same problem but with chorded cycles. Finkel
looked at the minimum degree condition while Chiba, Fujita, Gao, and Li addressed the
degree-sum condition. More recently, Molla, Santana, and Yeager improved this degree-sum

result, and in Chapter 4, we will improve on this further.
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GUH

DOy,

For multigraphs G and H, this denotes the multigraph with V(GU H) =V (G) U
V(H) and E(GUH) = E(G)UE(H).

For graphs G and H, this denotes G U H together with all edges from V(G) to
V(H).

The complete graph with vertex set X. We use K;(X) = K(X) to indicate that
| X | = t. If we only want to specify one vertex v of K; we write Ky(v).

The underlying simple graph of G, i.e. the simple graph on V(G) such that two
vertices are adjacent in G if and only if they are adjacent in G.

The class of multigraphs G whose underlying simple graph G satisfies 09(G) >
4k — 3.

The simple degree, i.e. sg(v) = dg(v), also denoted s(v) when G is clear.
The minimum simple degree, i.e. S(G) = 0(G).
The minimum simple Ore-degree, i.e. SO(G) = 02(G).

The maximum number of disjoint cycles contained in G.
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Chapter 1

Introduction

Ever since Euler, mathematicians have been looking to find graphs situated within other
graphs. A graph H is a subgraph of a graph G, denoted H C G, simply if V(H) C V(G)
and F(H) C E(G). Since this depends on labeling the vertices of a graph, we use the same
notation to represent when H is isomorphic to a subgraph of G. For instance, C,, is a cycle
on n vertices, and we can consider whether or not C,, C G.

One well-known property is whether or not a graph contains a Hamiltonian cycle. A
Hamiltonian cycle is a cycle that passes through every vertex of a graph and uses each
edge at most once. Therefore, finding a Hamiltonian cycle in a graph G on n vertices
simply amounts to determining if C,, C G. There are many problems of a similar type.
Mathematicians have looked at the number of triangles in a graph, paths of a given length
in a graph, or even graphs with only large cycles. This is the main theme of this thesis, and

we will be answering variants of the question:

For a graph H meeting some given set of conditions,

what conditions on a host graph G guarantee that H C G?

In Chapter 2, we discuss list packing. The original idea of graph packing can be stated
as follows: Given two graphs G and H both on n vertices, we say that G and H pack if
H C G, i.e. H is asubgraph of the complement of G. Equivalently, can we place each graph
on the same set of n vertices in an edge-disjoint manner? This is rather easy if G and H
have few edges, but becomes more complicated as the number of edges increases. Another
complication occurs when there are vertices of high degree. In Chapter 2, we introduce the

new idea of list packing and use it to prove stronger versions of existing theorems by Bollobas



and Eldridge and also Sauer and Spencer. Namely, for two graphs, if the product of the
maximum degrees is small or if the total number of edges is small, then the graphs pack.

In Chapter 3, we discuss the problem of finding vertex-disjoint cycles in a multigraph.
We do not restrict the size of the cycles so that the problem of finding & disjoint cycles in a
multigraph G is the same as determining if there exist ay,...,a, > 1 such that C,, +--- +
Co. € G. Here, G + H is the same as G U H but with V(G) N V(H) = (. Note that here
we allow 1- and 2-cycles so that indeed we are considering multigraphs. For this problem,
large independent sets, i.e. vertex subsets with no edges among them, in the graph can form
barriers to finding cycles. In Chapter 3, we characterize all multigraphs that have simple
Ore-degree at least 4k — 3 but do not contain k vertex-disjoint cycles for £ > 5. Moreover,
we provide a polynomial time algorithm for deciding if a graph contains k vertex-disjoint
cycles or not.

Lastly, in Chapter 4, we consider the same problem but with chorded cycles. A chorded
cycle is simply a cycle with at least one extra edge. A large independent set still serves as a
barrier to chorded cycles. In Chapter 4, we will characterize the family of graphs for which
the Ore-degree is at least 6k — 3 but that do not contain k vertex-disjoint chorded cycles.

For the remainder of this chapter, we will provide foundation and background for the
main results of this dissertation. In Subsection 1.1, we define many terms that will appear
throughout the dissertation. In each of the following subsections, we provide background, and
we conclude with the main theorem for the topic. For example, Subsection 1.2 provides some
background and theorems, and then it concludes with the main theorem from Chapter 2.
Thus, the introduction provides the reader with the context and results of my research, and

the remainder of the dissertation will prove these results to be true.

1.1 Notation

We mostly use standard definitions in graph theory. Here, we present some of those defini-

tions along with some of the more important definitions used in this thesis.

Definition 1.1. A graph G is an ordered pair (V, E) where V = V(G) is the vertex set and



E = E(G) is the edge set of G with each edge being a subset of the vertices in V' of size one
or two. A graph is a simple graph whenever the edge set does not contain loops or multiple
edges. A loop is an edge consisting of a single vertex, and a multiple edge is an edge that
appears multiple times in the same edge set. For any multigraph G, we still can refer to
its underlying simple graph G, i.e. the simple graph on V(G) such that two vertices are
adjacent in G if and only if they are adjacent in G.

Definition 1.2. For a loopless graph G and a vertex v € V(G), the neighborhood of v,
denoted Ng(v) is the set of vertices in V(G) adjacent to v. The degree of v, dg(v) is the
number of edges incident to v, i.e. dg(v) = [{uwv € E(G) : u € V(G)}|. To also consider
loops, we make each loop edge contribute 2 to the degree. If u € Ng(v), we say that wu is
a neighbor of v. Similarly, for a set S C V(G), we write Ng(S) for the set of vertices in
V(G) — S with at least one neighbor in S. When the graph G is clear from context, we
will write N(v), N(S), and d(v) instead of Ng(v), Ng(S), and dg(v), respectively. For a
multigraph, we use sg(v) to denote the simple degree, i.e. sg(v) = |[Ng(v)| = dg(v), where

we again use s(v) when G is clear.

Definition 1.3. For a graph G, §(G) is the minimum degree of a vertex in G and A(G) is
maximum degree of a vertex in G. For a multigraph G, we use S(G) to denote the minimum

simple degree, i.e. S(G) = (G).

Definition 1.4. For disjoint sets S, T C V(G), we write ||S,T||¢ for the number of edges
from S to T. If S = {u}, then we will write ||u,T||c instead of |[{u}, T||¢. When the graph

G is clear from context, we will simplify the notation to ||.S,T|| and ||u, T'||, respectively.
Definition 1.5. For graphs H and G, we say that H is a subgraph of G, denoted H C G,
if V(H) CV(G) and E(H) C E(G).

Definition 1.6. Let G be a graph and S C V(G). The subgraph induced by S, denoted

GIS], has vertex set S and E(G[S]) ={e C S :e € E(G)}.

Definition 1.7. For a graph G, a set S C V(G) is independent if G[S] contains no edges.
The independence number of G, denoted «(G) is the size of the largest independent set in

G.



Definition 1.8. The complete graph on n vertices, denoted K, is a simple graph with n

vertices and E(K,) = (V(é(")), i.e. all possible edges.

Definition 1.9. The complete bipartite graph K,,, has vertex set X UY, with |X| = m
and |Y| =n, and edge set {zy : 2z € X and y € Y'}.

Definition 1.10. The complement of a simple graph G, denoted G, is a simple graph with
vertex set V(G) and edge set {6 € (V(2G)) e ¢ E(G)}

Definition 1.11. A matching M is an edge set where no two distinct edges share a common
endpoint. A matching M C E(G) is a perfect matching if every vertex in V(G) is the

endpoint of some edge in M.

Definition 1.12. A cycle on n vertices, denoted C,,, is a connected graph with d(v) = 2 for
each v € V(C,).

Definition 1.13. Two graphs are disjoint if they have no vertices in common. Hence, by

“disjoint”, we mean “vertex-disjoint” unless otherwise noted.

Definition 1.14. The union of two graphs G and H, denoted GU H, is a graph with vertex
set V(G)UV(H) and edge set E(G) U E(H). The disjoint union of G and H is denoted
G + H, and for an integer k, k copies of GG is denoted by k£ G.

Definition 1.15. The join of two graphs G and H, denoted GV H, is a graph with vertex
set V(G)UV(H) and edge set E(G)UE(H)U{zy:x € V(G) and y € V(H)}.

Definition 1.16. A subset W C V(G) of vertices in G is a clique if G[W] is a complete

graph.

Definition 1.17. For a vertex v € V(G), G — v denotes the graph obtained from G by

removing the vertex v and all edges incident to v.

Definition 1.18. Consider the graph triple (G, Gy, G3) with G, = (V1, E1), Gy = (Va, Es),
and G3 = (V1 UVy, E3) where |Vi| = |Va| = n. A list packing of the graph triple is a bijection
f Vi — V5 such that uwv € Ey implies f(u)f(v) ¢ E2 and for each u € Vi, uf(u) ¢ E3. We
say graphs G and Gy pack if (G1, G2, G3) has a list packing where G5 = 2nK7, i.e. a graph

with no edges..



1.2 List Packing (Chapter 2)

The notion of graph packing is a well-known concept in graph theory and combinatorics.
Two graphs on n vertices are said to pack if there is an edge-disjoint placement of the graphs
onto the same set of vertices. In 1978, two seminal papers, [1| and [2], on extremal problems
on graph packing appeared in the same journal. In particular, Sauer and Spencer |1]| proved

sufficient conditions for packing two graphs with bounded product of maximum degrees.

Theorem 1.19. (Sauer-Spencer [1]) Let Gy and Gy be two graphs of order n. If
2A(G1)A(Gy) < n, then Gy and Gy pack.

This result is sharp and later Kaul and Kostochka [3] characterized all graphs for which
Theorem 1.19 is sharp.

Theorem 1.20. (Kaul-Kostochka [3]) Let Gy and Gy be two graphs of order n and
2A(G1)A(Gy) < n. Then Gy and G do not pack if and only if one of G1 and G5 is a perfect

matching and the other either is Kn » with § odd or contains Knq.

Figure 1.1: K,j2,/2 and §K5 (n = 10 shown)
In the same paper, Sauer and Spencer gave sufficient conditions for packing two graphs
with given total number of edges.

Theorem 1.21. (Sauer-Spencer [1]) Let Gy and Gy be two graphs of order n. If |E(G1)| +
|E(G5)| < 3n — 2, then Gy and G5 pack.

This result is best possible, since G; = K;,_; and Gy = 2 K3 do not pack, see Fig-
ure 1.2. Independently, Bollobas and Eldridge [2| proved the stronger result that the bound
of Theorem 1.21 can be significantly strengthened when A(G;), A(Gy) <n — 1.

5



(] o —0
Figure 1.2: Ky ,_1 and K, (n = 10 shown)

Theorem 1.22. (Bollobds-Eldridge [2]) Let Gi and Go be two graphs of order n. If A(Gh),
A(Gy) <n—2, |[E(Gy)|+|E(Gy)] < 2n—3, and {G1, G} is not one of the following pairs:
{2K,, K, U K3}, {Ky U K3, Ky U K3}, {3K,, Ky U K}, {K5 U K3,2K5}, {2K, U K3, K3 U
K}, {K, UKy, Ko U2K3}, {K5 U Ky, 3K3} (Figure 1.3), then G1 and Gy pack.

G() Hy 6@ AR HE)  G) H(6)
G(3) H(3) G(4) H) ) .
. . . . N\ G(7) H(T)

Figure 1.3: Bad pairs in Theorems 1.22 and 1.24.

This result is also sharp, since the graphs G| = C,, and Gy = K ,_2 U K satisfy the
maximum degree conditions, have 2n — 2 edges, and do not pack. There are other extremal
examples.

Variants of the packing problem have been studied and, in particular, restrictions of
permissible packings arise both within proofs and are posed as independent questions. The
notion of a bipartite packing was introduced by Catlin [4] and was later studied by Hajnal
and Szegedy [5]. This variation of traditional packing involves two bipartite graphs G; =

(X1 UY), Ey) and Gy = (X2 U Ys, Ey) where permissible packings send X; onto X, and Y)



onto Y. The problem of fixed-point-free embeddings, studied by Schuster in 1978, considers
a different restriction to the original packing problem [6]. In this case, G; = G is packed
with Go = G under the additional restraint that no vertex of Gy is mapped to its copy in
Go. In [7], Schuster’s result is used to prove a necessary condition for packing two graphs
with given maximum and average degree bounds.

In Chapter 2, we will generalize the idea of graph packing to list packing and prove
stronger theorems that will imply Theorems 1.19, 1.20, 1.21, and 1.22. Specifically, with

Definition 1.18, we prove

Theorem 1.23. Let G = (G, Gq, G3) be a graph triple with |V1| = |Va| = n. If
A(G1)A(Gy) + A(G3) < n/2, (1.1)

then G does not pack if and only if A(G3) = 0 and one of Gy or Gy is a perfect matching and
the other is Kn n with 5 odd or contains K= 1. Consequently, if A(G1)A(Ga)+A(G3) < n/2,
then G packs.

Theorem 1.24. Let G = (G1, G, G3) be a graph triple with |Vi| = |Va| = n. If A(G1), A(G2)
n—2, A(Gs) <n—1, |Ei|+ |Es| + |Es| < 2n — 3 and the pair {G1,Gs} is none of the 7
pairs in Figure 1.3, then G packs.

1.3 Cycles (Chapter 3)

The problem of finding the maximum number of disjoint cycles in a graph is N P-hard, since

even a partial case of it is:

Theorem 1.25. (Garey-Johnson [8]) Determining whether a 3n-vertex graph has n disjoint

triangles is an N P-complete problem.

On the other hand, Bodlaender [9] and independently Downey and Fellows [10] showed

that this problem is fized parameter tractable:

Theorem 1.26. (Bodlaender [9], Downey-Fellows [10]) For every fized k, the question

whether an n-vertex graph has k disjoint cycles can be resolved in linear (in n) time.

7
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Since the general problem is hard, it is natural to look for sufficient conditions that ensure
the existence of “many” disjoint cycles in a graph. One well-known result of this type is the

following theorem of Corradi and Hajnal [11] from 1963:

Theorem 1.27. (Corrddi-Hagnal [11]) Let k € Z*. FEvery graph G with |G| > 3k and
d(G) > 2k contains k disjoint cycles.

The hypothesis §(G) > 2k is best possible, as shown by the 3k-vertex graph H =
K1 V K1, which has §(H) = 2k — 1 but does not contain k disjoint cycles. The
proof yields a polynomial algorithm for finding & disjoint cycles in the graphs satisfying the
conditions of the theorem.

Theorem 1.27 was refined and generalized in several directions. Enomoto [12| and

Wang [13] generalized the Corradi-Hajnal Theorem in terms of the minimum Ore-degree:

Theorem 1.28. (Enomoto [12],Wang [13]) Let k € Z*. FEvery graph G with |G| > 3k and

contains k disjoint cycles.

Kierstead, Kostochka, and Yeager [14]| refined Theorem 1.27 by characterizing all sim-
ple graphs that fulfill the weaker hypothesis §(G) > 2k — 1 and contain k disjoint cycles.
This refinement depends on an extremal graph Yy xx where Yy gt = K,V (K,UK,) and
Yot (Xo, X1, Xo) = Kin(Xo) V (Ko(X1) U Ki(X3)).

Figure 1.4: Yy, ¢, shown with h =3 and t = s = 4.



Theorem 1.29. (Kierstead-Kostochka-Yeager [1/]) Let k > 2. Every simple graph G with
|G| > 3k and 6(G) > 2k — 1 contains k disjoint cycles if and only if:

(i) o(G) < |G| —2k;
(ii) if k is odd and |G| = 3k, then G # Yxxx; and
(iii) if k=2 then G is not a wheel.

Theorem 1.28 was refined in a similar way in [14] and [15] (see Theorem 3.10 in Chapter 3).
Dirac [16] described all 3-connected multigraphs that do not have two disjoint cycles and

posed the following question:
Question 1.30 ([16]). Which (2k — 1)-connected multigraphs' do not have k disjoint cycles?

Kierstead, Kostochka, and Yeager [17] used Theorem 1.29 to answer Question 1.30 (see
Theorem 3.8).

A loop is an edge consisting of a single vertex, and a strong edge is an edge with multi-
plicity greater than one. For every multigraph G, let V; = Vi(G) be the set of vertices in G
incident to loops, and V5 = V5(G) be the set of vertices in G — V] incident to strong edges.
Let F' = F(G) be the simple graph with V(F') = V5, and E(F) consisting of the strong edges
in G- V.

In Chapter 3, we will resolve the Ore-type version of Question 1.30 for multigraphs in
an algorithmic way. In Theorem 3.12, we consider the class DO, of multigraphs G whose
underlying simple graph G satisfies dg(z)+dg(y) > 4k — 3 for all nonadjacent vertices x and
y, and describe all graphs in DO, that do not have k disjoint cycles. Using this description
we construct a polynomial time algorithm that, for every multigraph G in DOy, classifies
whether GG has k disjoint cycles or not. More explicitly, we prove the following where, for a
matching M, we use W (M) to denote its vertex set (Note, Gallai-Edmonds Decomposition
will be defined in Chapter 3):

Theorem 1.31. Let k > 5 and n > k be integers. Let G be an n-vertex multigraph in
DOy with no loops. Set FF = F(G), o = o (F), and k' = k —o'. Let (D,A,C) be the

! Dirac used the word graphs, but in [16] this appears to mean multigraphs.

9



Gallai-Edmonds decomposition of F' and let D' =V (G) — V(F'). Then G does not contain
k disjoint cycles if and only if one of the following holds:

(Q1) n <3k —da;
(Q2) n>2k+1, a(G) =n—2k+1, and either

(Q2a) some mazimum independent set is not incident to any strong edge, or

(Q2b) for some two distinct mazimum independent sets J and J', all strong edges inter-

secting J U J' have a common vertex outside of JU J';

(Q3) k' >5 and n = 3k — o/, and G has a vertex v € D' of degree k + o/ — 1 such that for

each mazimum matching M in F, the set N(x) — W (M) is independent;

(Q4) 3k —a/ <n<3k—a' +1and k' <4 and G — W (M) has no k — |M| disjoint cycles

for all (possibly nonmazimum) matchings M in F; or

(Q5) k' > 5 andn =3k—d, |F|—2a € {0,|D|—2,|D|—1} and for all mazimum matchings
M in F either o(G—=W(M)) =K +1 orG—W (M) C Yy cow—c for some odd ¢ < k.

Theorem 1.32. There is a polynomial time algorithm that for every multigraph G € DOy,

decides whether G has k disjoint cycles or not.

1.4 Chorded Cycles (Chapter 4)

A natural next step is to consider subgraphs other than cycles. In Chapter 4, we look to find
k vertex-disjoint chorded cycles. Recall, in 1963, Corradi and Hajnal verified a conjecture of

Erdés.

Theorem 1.33. (Corrdadi-Hajnal [11]) Let n,k > 1 be integers such that n > 3k. If
d(G) > 2k, then G contains k disjoint cycles.

Enomoto and Wang then independently strengthened the result by replacing the mini-

mum degree condition with a minimum Ore-degree condition.
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Theorem 1.34. (Enomoto [12], Wang [13]) Every graph G on |G| > 3k wvertices with

09(G) > 4k — 1 contains k disjoint cycles.
Finkel proved the chorded cycle analog of the Corradi-Hajnal Theorem 1.33.

Theorem 1.35. (Finkel [15]) Every graph G on |G| > 4k vertices with 6(G) > 3k contains
k disjoint chorded cycles.

This was then expanded upon with a result of Chiba, Fujita, Gao, and Li. While looking
at a combination of chorded and simple cycles, they were able to prove the following which

appears as a corollary in their paper.

Theorem 1.36. (Chiba—Fujita-Gao-Li [19]) Fvery graph G on |G| > 4k vertices with

09(G) > 6k — 1 contains a collection of k disjoint chorded cycles.

More recently, Molla, Santana, and Yeager characterized what occurs in the extremal

case.

Theorem 1.37. (Molla—Santana—Yeager [20]) For k > 2, let G be a graph withn = |G| > 4k
and o9(G) > 6k — 2. Then G does not contain k disjoint chorded cycles if and only if G €
{Gi(n, k),Ga(k)}, where Gi(n, k) = Ks,_1pn—skt1 for n > 6k — 2 and Go(k) = Kasr_236-21
for k > 2.

We prove that, with minor exceptions, these examples from the Molla, Santana, and
Yeager result work when we reduce the lower bound by 1. Our exceptional graphs include
Gi(n, k) = Ksk—1n-3k+1, G2(k) = Ksr_23k-21, and G5 which is produced from a K7 after
removing the edges of a triangle T and adding a vertex whose neighborhood is V(T') (see
Figure 1.5). Now, if Go(k) has partite sets {v}, A, B, then we define G(k) = Go(k) — vz for
any x € AU B and G5* (k) = Go(k) — vx — vy for any € A,y € B. But also, or any edge
e € E(Gi(n,k)), we define G (n,k) = Gi(n, k) — e. Our exceptional graphs also include
Gi(n,k), Gi(k), and G5*(k).

Theorem 1.38. Let k > 2, G be an n-vertex graph with n > 4k, and 02(G) > 6k — 3. Then

G does not contain k vertex-disjoint chorded cycles if and only if
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Gs

= 2. Dashed lines indicate missing edges.

Figure 1.5: Graphs for Theorem 1.38 with
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Chapter 2

List Packing

2.1 Introduction

Recall, in Definition 1.18, we define a list packing of the graph triple (G, Gs, G3) with
G1=(V1,Ey),Gy = (Vo, Ey), and G3 = (V3 U Vs, E3). Tt is a bijection f : V3 — V4 such that
uwv € Ey implies f(u)f(v) ¢ E and for each u € Vi, uf(u) ¢ Es. Note that both G and Gs
are graphs on n vertices so that G5 has 2n vertices, and one can think of the edge set Fj3 as
a list of restrictions that must be avoided when packing G; and G,.

This notion is closely related to Vizing’s concept of list coloring [21]. Suppose we wish to
color a graph G with the colors {1,...,k}. A list assignment L is a function on the vertex
set V(G) that returns a set of colors L(v) C {1,...,k} permissible for v. A list coloring,
more specifically an L-coloring, is a proper coloring f of G such that f(v) € L(v) for all
v € V(G). The problem of list coloring G can be stated within the framework of list packing.
A proper L-coloring of a graph G is equivalent to a list packing where G; = G along with
an appropriate number of isolated vertices, G5 is a disjoint union of K,,’s each representing
a color, and Fj5 consists of all edges going between a vertex v € V) and the copies of K,
corresponding to colors not in L(v). Note the list L(v) denotes permissible colors in a list
coloring while N3(v) specifies forbidden vertices in a list packing.

Similarly, the variations of packing discussed above can be modeled using this framework.
A bipartite packing is a packing of the triple (G, Ga, G3) where E3 consists of all edges
between X; and Y;_; for ¢ = 1,2. A fixed-point-free embedding is a packing of the triple
(G,G,G3) where B3 = {(v,v) : v € V(G)}. Further, several important theorems on the
ordinary packing can be stated in terms of list packing. The results of this paper prove

natural generalizations of Theorems 1.19-1.22. In particular, we extend Theorem 1.19 and
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Theorem 1.20 as follows.

Theorem 2.1. Let G = (G, G, G3) be a graph triple with |Vi| = |Va| =n. If
A(G1)A(Gs) + A(Gs) < n/2, (2.1)

then G does not pack if and only if A(G3) = 0 and one of Gy or Gy is a perfect matching and
the other is Kn n with § odd or contains Kn . Consequently, if A(G1)A(G2)+A(Gs) < n/2,
then G packs.

The main result of this paper is the following list version of Theorem 1.22.

Theorem 2.2. Let G = (G4, Go, G3) be a graph triple with |V1| = |Va| = n. If A(G1), A(Gy) <
n—2, A(Gs) <n—1, |Ei|+ |Es| + |Es] < 2n — 3 and the pair {Gy, G2} is none of the 7
pairs in Figure 2.1, then G packs.

G(1) H(1) ) . H@ G(5) H(5) G(6) H(6)
) HE) G Hy T
. . *———eo . . [ 1 G(7) . . H(7)

Figure 2.1: Bad pairs in Theorem 2.2.

Theorem 2.2 is sharp and has more sharpness examples than Theorem 1.22. Some of
these are shown in Figure 2.2 where each left column of vertices corresponds to V; and each
right column corresponds to V5. First, the condition A(G3) < n — 1 cannot be removed,
since a vertex in V; adjacent to all vertices in V5 cannot be placed at all (Figure 2.2a). The
restriction on |Ey| + |Esy| + | Es| is also sharp, as there are several examples of graphs with

|E3| > 0 and edge sum equal to 2n — 2 that do not pack.



Y1 Y1 T Y1

Y2 Y2 T2 Y2
Y3 Ys T3 Ys
Yn—2 Yn—2 Tp—2 Yn—2
Yn—1 Yn—1 Tp—1 o I Yn—1
Yn Ty . o Yn Ty . Yn
T r
1 Yn T Y1
Z hn € Yn—1
2 X9 Y2
T9 Y2 Z3 T3
T3 : Ym'+1
Xy Yk
Yn-3 L Ym!
. Yk+1
Tp—2 Yn—2 Tm+1 Ym!—1 y
Tp—2 k42
Tp—1 Yn—1 Tm+2
: o Tp—1
Ty Yn Y2 ;
T Y1 Ty ° Yn
(e) (f)

Figure 2.2: Sharpness examples for Theorem 2.2.

For example, let G; and (G5 be independent sets and x1, x5 € Vi be adjacent to the same
n — 1 vertices in V5 (Figure 2.2b). In this case (G, G2, G5) does not pack. If F; consists of
a single edge x1x9, Fy consists of a single edge v,,_1y,, and E3 consists of all edges between
{z1,29} and V5 — y,_1 — yn (Figure 2.2¢), then (G, G2, G3) also does not pack. Similarly,
if F; contains a single edge, G contains a triangle and (n — 3) isolated vertices, and G3
consists of all edges between non-isolated vertices in G; and isolated vertices in Gg, then
(G1,G9,G3) does not pack (Figure 2.2d).

Alternatively, consider G = K ,,1 U Kpym, Go = Ky U Koo (for any choice of
m,m’ such that m — 1 # n — m/), and Ej consisting of all edges between the center of the
star in (G; and isolated vertices in Gy as well as between the center of the star in Gy and
isolated vertices in G (Figure 2.2e). Indeed, since m — 1 # n — m/, mapping the center of
the star in Gy to the center of the star in G5 will create a conflict. Then, since the center
of the star in GG; must be mapped to a leaf in G5 and a leaf in G; must be mapped to the
center of the star in Gy, (G1, G2, G3) does not pack. Finally, consider G; = K, U K7,
Gy =CLUK, & (for any choice of k), and let Ej3 consist of all possible edges between the
center of the star in G; and isolated vertices in Gy (Figure 2.2f). In this case, (G, Ge, G3)

does not pack since the center of the star in Gy is adjacent to n — 2 vertices in GG;, but must
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be mapped to a vertex in the cycle in Gbs.

The notion of list packing arose while my collaborators and I were working on a conjecture
of Zak [7] on packing n-vertex graphs with given sizes and maximum degrees. In this
situation, list packing provides a stronger inductive assumption that facilitates a proof.
In [22], we heavily use Theorems 2.1 and 2.2 of this paper to get an approximate solution to

Zak’s conjecture.

2.1.1 Notation

For this chapter, we will define a graph triple G = (G, Go, G3) of order n to consist of a pair
of n-vertex graphs G; = (V4, E1) and Gy = (Va, Ey) with disjoint vertex sets together with a
bipartite graph G3 = (V4 U Va, E3). For i € {1,2,3}, let ¢; = |E;|. Let V =V(G) =V, U V4.
An edge in Fy U Es is a white edge, while an edge in Ej3 is a yellow edge. The edge set of G
is E(G) = Ey U Ey U Es.

Let ¢ € {1,2} and v € V;. Then the white neighborhood of v, denoted N;(v), is the set
of neighbors of v in Gy, and d;(v) = |N;(v)]. A vertex in N;(v) is a white neighbor of v. For
convenience, we say that N3_;(v) = () (and hence ds_;(v) = 0) since v ¢ V;3_;. The yellow
neighborhood of v, denoted N3(v), is the set of neighbors of v in G5 and ds(v) = |N3(v)|.
A vertex in N3(v) is a yellow neighbor of v. Furthermore, the neighborhood of v, denoted
N(v), is the disjoint union N;(v) U N3(v) and vertices in the neighborhood are neighbors.
The degree of v is d;(v) + d3(v) and is denoted d(v). For i € {1,2,3}, define A; = A;(G) to
be max,cy d;(v).

If W C V, then the triple induced by W is G[W] = (G1[W], Go[W], G5[W]), where
G;[W] is the subgraph of G; induced by the set W. Similarly, the triple G — W is (G; —
W, Gy — W,Gs — W). The underlying graph G of a triple G is the graph with vertex set
V(G) and edge set E(G). Finally, we say the graph triple G packs if the triple has a list
packing.
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2.2  Proof of Theorem 2.1

(<) Suppose G is a perfect matching and G5 contains Kanypor §is odd and G = Kz ».
In the first case, for any mapping f : Vi — V5, some edge of GG; will be mapped to an edge
in the clique Kz In the second case, since § odd, some edge of a perfect matching on 15

has one endpoint in each partite set of Go. Thus, G = (Gy, G2, G3) cannot pack.

(=) Assume that a graph triple G is a counterexample with the minimum |FEs5|. By The-
orem 1.19, F3 # (). By the minimality of |F3|, we may assume that there is a mapping f
which has a conflict at only one edge vw € Ej, i.e., f(v) = w. For each a € V} — v, define
the mapping f, by fo(v) = f(a), fo(a) = w and f,(z) = f(z) for all x € V} —a —v. We

claim that there is a mapping f, that satisfies:
(1) fa(Ni(a)) N Na(w) =0,
(ii) fa(Ni(v)) N N2(f(a)) =0,
(iii) fa(a) ¢ N3(v), and

(iv) w ¢ N3(a).
Indeed, V) — v has at most A; A, vertices that may violate (i), at most A; A, vertices that
may violate (ii), at most Az — 1 vertices that may violate (iii) and at most Az — 1 vertices
that may violate (iv). Since G does not pack, n—1 = |V —v| < (A3—1)+(A3—1)+2A;As.
But this inequality yields n + 1 < 2(As + A;A,), contradicting (2.1).
Thus some f, satisfies (i)—(iv). Then under f, there is no conflict along edge vw and no
new conflicts are introduced. Since the only conflict in f was along vw, f, is a packing, a

contradiction to the choice of G. O

2.3 Preliminary facts

The following lemma is an extension of Theorem 1.21.

Lemma 2.3. Let G = (G1,Gs, G3) be a graph triple with |V1| = |[Va| = n. If A3 <n—1
and e; + ey + e3 < L%nj — 2, then the triple G = (G1, G2, G3) packs.
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Proof. 1t is enough to prove the lemma in the case
3
€1 + €9 + €3 = {§nJ — 2. (22)

The proof will proceed by induction on n. If e3 = 0, then the result holds by Theorem 1.21.
If n =2, then e; +e3+e3 =1 and G packs. If e, = 0 or e5 = 0, then the problem reduces to
finding a perfect matching in K, , — E5. By the Konig-Egervary Theorem, if K, ,, — E5 has
no perfect matching, then it has a vertex cover C' with |C'| = n— 1. This means that G3 —C
is a complete bipartite graph with n 4 1 vertices, say Gz — C = Ky 41-k. Since Ag <n —1,
we have 2 < k <n—1andso |[E(Gs —C)| = k(n+1—k) > 2n — 2, contradicting (2.2).
Therefore, ey, e5,e3 > 0 and so n > 4.
We now claim that

Ay <n-—2 (2.3)

Otherwise, by symmetry, we may assume that d3(v) = n—1 for some v € V;. Let Vo—N3(v) =
{y}. Then at most n/2 — 1 edges in G are not adjacent to v. In particular, there is u € V;
that has no neighbors in (V; U V3) —v. If u = y, then we pack G — v — y by induction and
extend this packing by assigning v to y.

If uv € F3 and there is w € V; — v with d(w) > 1, then consider G' = G — w — u. The
total number of edges decreases by at least 2, and v is incident with exactly n — 2 yellow
edges. So, since G’ contains at most L%nj — 4 edges, A3(G’) = n — 2. Thus G’ packs by
induction, and we can extend the packing by sending w to u. Finally, if uv € F3 and G,
has no edges, it is enough to find an ordering (vy,...,v,) of V; and an ordering (yi,...,yn)
of V, such that v;y; ¢ Es3 for all i. We order V; so that v; = v and d3(v;y1) < d3(v;) for all

1 <i < n-—1 and find a nonneighbor y; for v; greedily one by one for ¢ = 1,...n. This

nf2-1

is possible, since G3 — v; has at most n/2 — 1 edges and so for i > 2, v; has at most ~=

neighbors in Vo — {y1,...,y;—1}. This proves (2.3).

We now proceed in three cases.

CASE 1: There exists an 7 € {1,2} and a vertex x € V; such that d;(z) = 0 and d3(x) > 0.
By symmetry, we may assume i = 1. If there exists y € V5 — N3(x) with ds(z) + d(y) > 2,
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then by (2.3) the triple G —z — y satisfies the lemma. By induction, G —x —y has a packing
and this packing can be extended to G by assigning = to y. Otherwise, we may assume
d(y) = 0 for every y € Vo — N3(z) and d3(x) = 1. Let N3(z) = {z}. Since Az < n — 1, there
exists a vertex w € V) — N3(z) that can be mapped to z. As d(y) = 0 for each y € V5 — z,
any bijection from V; —w onto V5 — 2z is a packing of G —w — z. This packing extends to a

packing of G by assigning w to z.

CASE 2: There exists an ¢ € {1,2} and a vertex x € V; such that d;(z) = ds(z) = 0.
Again, we may assume ¢ = 1. Similarly to Case 1, if there exists y € V5 with d(y) > 2, then
the triple G — x — y satisfies the lemma. By induction G — x — y has a packing and this
packing can be extended to G by assigning = to y. So we may assume that d(y) < 1 for all
y € V. Then since ez > 0, there is y € V5 with d3(y) = 1 and dy(y) = 0. But this means we

now have Case 1.

CASE 3: Fori € {1,2}, d;(v) > 1 for every v € V;. By (2.2), there is x € V; UV, with
d(z) < 1. By symmetry, we may assume x € V;. By the case assumption, d;(x) = 1, and
so d3(z) = 0. Let Ny(z) = {z}. Since e3 > 0, there is y € V5 incident with a yellow edge.
Let G” be obtained from the triple G — x — y by joining z with an edge to each vertex in
Ns(y). Note that we have deleted 14 ds(y) + ds(y) edges and added only dy(y) edges. Since
dyly) > 1, [E(G")| < [3(n—1)] — 2.

For i € {1,2}, d;(v) > 1 for each v € V}, so e;,e; > 5. Every vertex in G” is incident to
at most Az yellow edges present in G and at most ds(y) < As newly added yellow edges.
Hence, each vertex in G” is incident to at most ey + e3 < (%n —2) —e; < n—2yellow edges.
Thus the triple G” satisfies the conditions of Lemma 2.3 and, by induction, G” packs. Due
to the added yellow edges, z was sent to a vertex in Vo — Ny(y). Therefore, this packing
extends to a packing of G by mapping x to y. O]

Lemma 2.3 along with the following corollary will serve as a base case for a proof of

Theorem 2.2.
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Corollary 2.4. Suppose G is a graph triple (G, G, G3) of ordern > 1. If ey +ey+e3 < n,

then either:
(1) G has a packing, or

(2) e1 = ey =0 and for some i € {1,2}, there exists v € V; adjacent to all vertices in Vs_;,

or
(8) n=2,e3=0 and G; = Gy = K.

Proof. For n > 4, the result follows from Lemma 2.3. If n = 1, then either there are no
edges and so G packs, or there is a single edge in Ej3, and (2) holds.

If n =2 and e; + e; = 2, then (3) holds. If n =2, e3 =1 and e; + e < 1, then G has a
packing. Finally, if n = 2 and ez = 2, then either G has a packing or (2) holds.

The last case is n = 3. If e3 = 0, then in the worst case, e; + es = 3. In this case,
either {G1,Go} & {Ky9, Ky U K} or {G1,Go} = {K3, K3} and so G = (G4, Ga, K) packs
in all cases. Suppose now e; = 0. Then similarly to the proof of Lemma 2.3, G packs if
K33 — Es5 has a perfect matching. If K33 — F3 has no such matching, then by the Konig-
Egervary Theorem, G5 has a complete bipartite subgraph with 4 vertices. Since e3 < 3,
the only possibility is that G3 D K3, i.e. (2) holds. Thus, ej,es,e3 > 1, which means
e; = ey = ez = 1. Up to isomorphism, there are only 3 cases, and Figure 2.3 shows a packing

in each case with the function f: Vi, — V4 defined by f(x;) = y; for each i € {1,2,3}. O

T1g Y3 T1g olY2 1 o Y2

LJ L/z MJ Y1 X2 hn
T3e oY1 T3e L/:s l‘:l L/:s

Figure 2.3: Graph triples of order n =3 and e¢; = e3 =e3 = 1.

2.4  Proof of Theorem 2.2

Let G = (G1,G9,G3) of order n be a counterexample to Theorem 2.2 with the smallest
order. By Corollary 2.4, n > 4. Also, by Theorem 1.22, we may assume E3 # ().
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Lemma 2.5. Az <n — 2.

Proof. Suppose that there exist v € V; and w € V, such that N3(v) = Vo — w. Since
|E(G—v—w)| <(2n—3)—(n—1) =n—2, the triple G — v — w packs by Corollary 2.4.
If di(v) = 0 or do(w) = 0, then additionally placing v on w is a packing of G. So assume
di(v) > 1 and dy(w) > 1.

Let G' = (G, G}, G5) be obtained from G by deleting, in G5, all n—1 edges connecting v
with V5 and all edges (maybe zero) connecting w with V3. We now show that after mapping
v to w, there are enough isolated vertices in either V5 —w or V; — v to complete the packing.

First suppose v and w are in different components of the underlying graph G’. Define
X and Y to be the vertex sets of the component of G’ containing v and w, respectively
(possibly X =Y). Define Z = X UY and let z = |Z]|. For i € {1,2}, let Z; = Z NV, with
size z;. The graph G’ — Z has 2n — z vertices and at most 2n —3 — (n — 1) — (2 — 2) edges.
So G’ — Z has a least (2n — z) — (n — z) = n components, and at least z of them have no
edges, i.e. are singletons. At least z; of the singletons are in V5 or at least z5 of them are
in V1. Suppose the former holds. In particular, there is a set S C V5 — w of singletons with
|S| = dq(v).

Counsider the triple G = G —v —w — Ny(v) — S. The triple G” has order n — d;(v) — 1
and |E(G")| <2n—3—(n—1)—dy(v) —da(w) = n—2—dy(v) —dy(w). The number of edges
in G” is less than the order of G”, so by Corollary 2.4, G” packs. This packing, together

with the placement of v and N;(v), gives a packing of G, a contradiction. O]
Lemma 2.6. A, Ay <n — 3.

Proof. Suppose A; = n—2, the other case is symmetric. Let v,v" € V; and Ny (v) = Vi—v—2'.

CASE 1: There is w € V5 — N(v) with no neighbors in V5. Consider the triple G’ =
G —v—w. Since d(v) >n—2, |[E(G')| < (2n—3) — (n —2) = n— 1. By Lemma 2.5,
A3(G’) < n—2,so G packs by Corollary 2.4. This packing can be extended to a packing of
G by sending v to w.

CASE 2: Every w € Vo — N(v) has a white neighbor. Let W’ be the set of vertices in V5
reachable from V; in the underlying graph G, and let W =V, — W’. Since G — W has at
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least (n — 2) + |[W'| edges, [W/| <n—1. So W # () and if d;(v') = a, then

IE(GIW])|<@2n—-3)—(n—=2)—a—|W|=|W|-1-a. (2.4)

Let W1 be the vertex set of a smallest tree component in G5[WW]. By the case assumption,
every vertex in G[WW] has positive degree. Since there are no yellow edges incident to W, the
degree of each vertex in G3[W] is equal to its degree in G. Let y € W; be a vertex of degree
1 in G3[W] and let ¥/ € W; be the neighbor of y. Suppose da(y') = b. Let G’ = (G, GY, GY)
be the triple obtained from G — {v,v’,y,9'} by adding the a(b — 1) yellow edges connecting
the white neighbors of v" with the (necessarily white) neighbors of 3/’ distinct from y. The
graph triple G’ has 2(n — 2) vertices and

IE(G)|<2n—-3—-(n—-2)—a—b+alb—1)=n—1—2a+bla—1). (2.5)

If G’ packs, then because of the added edges, this packing extends to a packing of G by

sending v to y and v’ to 3. Suppose it does not.

Case 2.1: a < 1. Then by (2.5),

|E(G")| < n — 2 with equality only if a =0, b =1, and the only edges in (26)
2.6
E(G) — E(G') are yy' and the n — 2 white edges incident with v.

By Corollary 2.4, |E(G’)| = n — 2 and G’ either has no white edges or has no yellow edges,
since G’ does not pack. Then (2.6) yields a = 0, b = 1, and F(G) — E(G’) has no yellow
edges. Since e3 > 0, this implies G’ has no white edges, but this contradicts the case

conditions together with b = 1.

Case 2.2: a > 2. By (2.4), G3[W] has at least a + 1 tree components. So by the choice of
Wla
2<b+1< W <|W|/(a+1) <n/(a+1) (2.7)

and thus b < —1+mn/(a+ 1). Since a > 2, by (2.5),
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\E(G’)|§n—1—2a+<aj_1 —1) (a—1)

n
—n—3 -
" CH'ncH—l a+1
<n+n a —3a—3
a+1
<n+n a1—9<2(n—2)—3

Since G’ does not pack and the last strict inequality ensures that the examples from
Figure 2.1 do not appear as G’, by induction, some vertex z in G’ has yellow degree n — 2
or white degree at least n — 3. But since we deleted at least n —24+a+ b > n+ 1 edges out
of 2n — 3 in G, the number of edges in E(G’) N E(G) (and thus the total number of white
edges in F(G')) is at most n — 4. It follows that the vertex z has yellow degree n — 2 in G/
and is incident to an added yellow edge. Since all added yellow edges connect W; with Vi,
ze WUV

If z € Wy, then by the definition of W, all n — 2 yellow edges incident to z are in
E(G’) — E(G). By the construction of G’ this yields a > n — 2, which contradicts (2.7)
since n > 4. Thus z € V; and is adjacent to each vertex in V(G5). But by the definition
of W and G’, the vertices in W — W; are not incident with yellow edges in G’. This is a
contradiction, since W — W; # () by (2.4). O

Lemma 2.7. Fvery vertex of G has a white neighbor.

Proof. Suppose v € V has no white neighbor. Without loss of generality, assume v € V;.

CASE 1: ds(v) =0.

Case 1.1: Some w € V, has degree at least 2. Then G —v —w contains at most 2(n—1) —3
edges. By Lemmas 2.5 and 2.6, G—v—uw satisfies the conditions of Theorem 2.2 for n’ = n—1.
Since any packing of G — v — w can be extended to a packing of G by sending v to w, it

does not pack. So by the minimality of G, G — v — w is one of the examples in Figure 2.1.
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In particular, G35 — v —w has no yellow edges. This means all yellow edges in G are incident
to w. Since each of the examples in Figure 2.1 has exactly 2(n — 1) — 3 edges, d(w) = 2.

If both edges adjacent to w are yellow, since every graph in Figure 2.1 contains 3 vertices
of positive degree, there is some v € V} — N(w) with d(v") > 1. Then G — v' — w contains
fewer than 2(n — 1) — 3 edges and no yellow edges. By Theorem 1.22, G — v' — w packs and
this packing can be extended to a packing of G by sending v’ to w.

Since e3 > 0, the remaining possibility is that w has exactly one neighbor w' € V5
and one neighbor in Vj. As above, we can choose some v' € V; — Nj(w) with positive
degree. Create a new graph triple G’ from G by removing v and w and adding yellow
edges from w’ to Ni(v'). This triple G’ has exactly 2(n — 1) — 3 edges, and all yellow edges
in G’ are incident to w’, since w was the only vertex in G incident to yellow edges. So
A3(G') = di(v') < n— 3 by Lemma 2.6. Additionally, no white edges were added, so again
by Lemma 2.6, A1(G’), A2(G’') < n — 3. Thus, G’ satisfies the conditions of Theorem 2.2
and has at least one yellow edge. Hence G’ is not one of the examples from Figure 2.1. By
the minimality of G, the triple G’ packs, and this packing can be extended to a packing of
G by sending v’ to w.

Case 1.2: d(w) <1 for each w € V5. If there exists w € V5 such that d(w) = 0, then in
view of Case 1.1, each u € V; has degree at most 1, and G packs by Corollary 2.4.

Thus, d(w) = 1 for each w € V4. Since es > 0, there exists w € V5 such that ds(w) =
d(w) = 1. Let N3(w) = {v'}. Fix u € V} — ¢’ with d(u) maximum. If d(u) = 0, then

> dw) <ds(v') +n < A3(G) +n < 20— 1.
vEVIUVR
In particular, |F(G)| < n. Corollary 2.4 and the strict inequality imply that G packs. So
suppose d(u) > 1. Since d(w) = 1 and d(u) > 1, |[E(G —u —w)| < 2(n —1) — 3. By
Lemmas 2.5 and 2.6, G — u — w satisfies the conditions of Theorem 2.2. If d(u) = 1, then v’
is the only vertex in V; UV, with degree at least 2, and hence G — u — v is not one of the
examples from Figure 2.1. Similarly, if d(u) > 2, then |E(G —u —w)| < 2(n — 1) — 4 and

again G — u — w is not one of the examples from Figure 2.1. Therefore, there is a packing
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of G — u — w, and sending u to w extends this packing to a packing of G.

CASE 2: d3(v) > 1. Among the vertices in V5 — N3(v) with maximum degree, let w be a
vertex that minimizes ds(w). By Case 1, d(w) > 1. Consider the triple G’ :== G — v — w.
Since d(v) + d(w) > 2 and vw ¢ E(G), by Lemmas 2.5 and 2.6, G’ satisfies the conditions
of Theorem 2.2 for n’ = n — 1. If G’ packs, then the packing extends to a packing of G by
sending v to w. Therefore by Theorem 2.2, d(v) = d(w) = 1, and G’ is an example from
Figure 2.1.

However, by the choice of w and the fact that d(w) = 1, all vertices in Vo — N3(v) have
degree at most 1 in G and, hence, in G5 —w. By inspection, Gy — w is either G1(1) or G5(3)
in Figure 2.1, as every other graph in Figure 2.1 has at least two vertices with degree at least
2. Since each of G2(1) and G1(3) has an isolated vertex, and by Case 1, G has no isolated
vertices in Vi, we have removed an incident yellow edge when deleting w. It follows that
ds(w) = d(w) = 1. Each of G1(1) and G5(3) has at least 4 vertices incident to exactly one
white edge. Since dy(w) = 0, in the process of removing v and w from G, we have removed
only one edge incident to Vo — w. Thus, G contains a vertex with degree 1 incident to a

white edge, contradicting our choice of w. O]

Proof of Theorem 2.2: Let G be our minimum counterexample. Since e3 > 0, G has
a yellow edge zy with z € V; and y € V,. Since |E(G)| < 2n — 3 < 2n, there are
vertices of degree at most 1. We may assume that v € V; and d(v) < 1. By Lemma 2.7,
v has a white neighbor, ¢'. Since d(v) = 1, v # x. We obtain the triple G’ from G
by removing v and y, and adding a yellow edge from v’ to each vertex in Ny(y). Then,
|E(G)| < |E(G)|—2 < 2(n—1)—3. The triple G’ has at least one yellow edge (connecting
v" with a white neighbor of ), so it is not an example from Figure 2.1. Since we have not
added any white edges, by Lemma 2.6, A1(G'), Ax(G') < n —3. If A3(G') < n— 2, then
G’ satisfies the conditions of Theorem 2.2 and so there exists a packing of G’. This packing
extends to a packing of G by sending v to y.

Thus, A3(G’) =n — 1. By Lemma 2.7, e; + ey > n, so Az < e3 < n — 3. Since v’ is the

only vertex whose degree in G’ exceeds the degree in G by at least 2, it is the only vertex
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with yellow degree n — 1 in G'. In particular, by construction this implies that in G, every
vertex in V5 — y is either in N3(v') or in Ny(y).

Since the underlying graph G of G contains 2n vertices and at most 2n — 3 edges, it
contains at least 3 tree components. Consider a tree component 1" that contains neither v’

nor y. Since every vertex in V5 — y is adjacent to y or v/,

T contains only vertices in V; that do not have neighbors in V5. (2.8)

By Lemma 2.7, T is not a single vertex. Let u € Vj be a leaf vertex, so d(u) = 1, and let
u’ € V] be its neighbor.

Consider the triple G” formed from G — v — y by adding a yellow edge from u' to each
vertex in Na(y). As with G/, |[E(G")| < |E(G)| —2 < 2(n — 1) — 3 and G” contains a
yellow edge, so it is not an example from Figure 2.1. No white edges have been added, so by
Theorem 2.6, A1(G”), A2(G”) < n—2. By (2.8), v is incident to exactly do(y) < Ay <n—3
yellow edges and every other vertex in G” is incident to at most Az+1 < n—2 yellow edges.
So G” satisfies the conditions of Theorem 2.2. Therefore, there exists a packing of G”, and

this packing extends to a packing of G by sending u to y. O
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Chapter 3

Cycles

3.1 Introduction

The goal of this chapter is to resolve the Ore-type version of Question 1.30 for multigraphs
in an algorithmic way. In Theorem 3.12, we consider the class DO, of multigraphs G whose
underlying simple graph G satisfies dg(z) + dg(y) > 4k — 3 for all nonadjacent vertices
x and y, and describe all graphs in DO} that do not have k disjoint cycles. Using this
description we construct a polynomial time algorithm that for every multigraph G in DOy
decides whether G has k disjoint cycles or not.

In the next section, we introduce/recall notation and discuss existing results to be used
later on. In Section 3.3 we state our main results, Theorem 3.12 and Theorem 3.13. In

Sections 3.4 and 3.5, we prove Theorem 3.12. Finally, we prove Theorem 3.13 in Section 3.6.

3.2 Preliminaries and known results

3.2.1 Notation

A loop is an edge consisting of a single vertex, and a strong edge is an edge with multiplicity
greater than one. For every multigraph G, let V; = Vi(G) be the set of vertices in G incident
to loops, and Vo = V5(G) be the set of vertices in G — V; incident to strong edges. Let
F = F(G) be the simple graph with V(F') = V4, and E(F) consisting of the strong edges in
G — V1. We define o/ = o/(F') to be the size of a maximum matching in F. Let G denote
the underlying simple graph of G, i.e. the simple graph on V(G) such that two vertices are
adjacent in G if and only if they are adjacent in G. For e ¢ E(G), let G + e denote the
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graph with V(G +¢) = V(G) and E(G +¢) = E(G) U {e}. For a path P with PN G = 0,
let sd(G, e, P) be the result of subdividing e with P.

Recall that K;(X) = K(X) denotes the complete graph with vertex set X where | X| = ¢.
Similarly, K(Y,Z) is the complete Y, Z-bigraph. We also extend this notation to the case
that Y is a graph. Then K(Y,Z) is K(V(Y),Z)UY.

For S C V(G), let S = V(G) — S and let Ng(S) = U,cq
W = W(M) denote the set of vertices saturated by M, and G' = G'(M) =G — W (M). If
|F'| = 2a’ then G'(M) = G'(M’) for all perfect matchings M and M’ in F.

We define Dy, to be the family of multigraphs G with S(G) > 2k — 1 and DOy, to be the
family of multigraphs G with SO(G) > 4k —3. For a graph G € DOy, call a vertex v € V(G)
lowif dg(v) < 2k—2. Let By = {G € Dy, : ¢(G) < k}, and let BO, = {G € DOy : ¢(G) < k},

Ng(v). For a matching M, let

where ¢(G) is the maximum number of cycles in G.

If G € DOy is an n-vertex multigraph and «(G) > n — 2k + 2, then for any distinct
v1, U9 in a maximum independent set I, s(vq) + s(v2) < (2k — 2) + (2k — 2) < 4k — 3.
Thus o(G) < n — 2k + 1 for every n-vertex G € DOy; so we call G € DOy, extremal if
a(G) =n—-2k+1. If G € DOy, is extremal, and v; and vy are distinct vertices in a
maximum independent set I, then s(vy) + s(ve) < (2k — 1) + (2k — 1) = 4k — 2. Since
SO(G) > 4k — 3, this means that for some v € {vy,v2} we have s(v) = 2k — 1 and [ is
exactly V(G) — N(v). Thus to check whether G is extremal it is enough to check for every
v € V(G) with s(v) = 2k—1 whether the set V(G)— N(v) is independent. If I is a maximum
independent set in an extremal G € DOy, then since SO(G) > 4k — 3,

at most one vertex in I has nonneighbors in V(G)—1, and any such vertex (3.1)

has at most one nonneighbor in V(G) — I.

We call all such maximum independent sets in an extremal graph big sets. On the other
hand, if = is a common vertex of big sets I and J, then s(z) < |G| —|IUJ| < 2k—1—|J—1|.
Hence for every y € I — x, s(x) + s(y) <4k —2 —|J — I|, and so |J — I| < 1. Furthermore,
if |J —1I| =1 and there is 2’ € JN I — z, then s(z) + s(2’) < 2(n — a(G) — 1) =4k — 4, a
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contradiction. Thus in this case a(G) = 2. This yields the following.

Let G be extremal. If |G| > 2k + 1 then every two distinct big sets in G (3.2)
are disjoint. If |G| =2k +1, sets I,J C V(G) are big and x € INJ, then
s(z) =2k — 2.

3.2.2 Gallai-Edmonds Theorem

We will use the classical Gallai-Edmonds Theorem on the structure of graphs without perfect
matchings. Recall that a graph H is odd if |H| is odd, and that o(H) denotes the number
of odd components of H. For a matching M and uwv € M we say that u is the M-mate of
v. For a graph H and S C V(H), the deficiency def(S) is o(H — S) — |S|. Next, def(H) :=
max{def(S) : S C V(H)}. For each graph H, def(F') > 0, since def()) = o(H) > 0.

Theorem 3.1. (Gallai-Edmonds) Let H be a graph and D be the set of v € V(H) such
that there is a mazimum matching in H not covering v. Let A be the set of the vertices in
V(H) — D that have neighbors in D, and let C = V(H) — D — A. Let Hy,..., Hy be the
components of H[D]. If M is a mazimum matching in H, then all of the following hold:

(a) CUAC W(M) and the M-mates of A are in distinct components of H[D].
(b) For each H; and every v € V(H;), H; — v has a perfect matching.

(c) If 0 # S C A, then N(S) intersects at least |S| + 1 components of H[D].
(d) def(H) = def(A) =k — |A].

We refer to (D, A, C) as the Gallai-Edmonds decomposition (GE-decomposition) of H.

3.2.3 Results for D,

Since every cycle in a simple graph has at least 3 vertices, the condition |G| > 3k is necessary
in Theorem 1.27. However, it is not necessary for multigraphs, since loops and multiple
edges form cycles with fewer than three vertices. Theorem 1.27 can easily be extended to

multigraphs, although the statement is no longer as simple:
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Theorem 3.2. For k € Z*, let G be a multigraph with S(G) > 2k, and set F = F(G), V) =
Vi(G), and o = o/ (F). Then G has no k disjoint cycles if and only if

V(G = Vi| = 20" < 3(k — V1] = &), (3:3)

i.e., [V(G)|+2|Vi| + o < 3k.

Proof. Tf (3.3) holds, then G does not have enough vertices to contain k disjoint cycles. If
(3.3) fails, then we choose | V3| cycles of length one and o cycles of length two from VUV (F).
By Theorem 1.27, the remaining (simple) graph contains k — |Vj| — o/ disjoint cycles. [

Theorem 3.2 yields the following.

Corollary 3.3. Let G be a multigraph with S(G) > 2k — 1 for some integer k > 2, and set
F=F(G),Vi =Vi(G), and o = d'(F). Suppose G contains at least one loop. Then G has
no k disjoint cycles if and only if |V(G)| + 2|V1| + o/ < 3k.

Recall Yy, ¢s from Figure 1.4 is K}, s where the s— and t—sets are replaced with cliques.

Since acyclic graphs are exactly forests, Theorem 1.29 can be restated as follows:

Theorem 3.4. (Kierstead-Kostochka-Yeager [1/]) For k € Z*, let G be a simple graph in
Dy. Then G has no k disjoint cycles if and only if one of the following holds:

() |G| < 3k —1;

(B) k=1 and G is a forest with no isolated vertices;

(7) k=2 and G is a wheel;

(0) a(G) =n—2k+1; or

(€) k> 1 is odd and G = Yk x k-

Dirac [16] described all 3-connected multigraphs that do not have two disjoint cycles:

Theorem 3.5. (Dirac [16]) Let G be a 3-connected multigraph. Then G has no two disjoint
cycles if and only if one of the following holds:

(A) G = K4 and the strong edges in G form either a star (possibly empty) or a 3-cycle;
(B) G == K5,'
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(C) G = K5 — e and the strong edges in G are not incident to the ends of e;
(D) G is a wheel, where some spokes could be strong edges; or
(E) G is obtained from Kz c—3 by adding non-loop edges between the vertices of the (first)

3-class.

Going further, Lovasz [23] described all multigraphs with no two disjoint cycles. To state
his result, let a bud be a vertex incident to at most one edge. Also, let W, = K; V C,, be
the wheel with n + 1 vertices and W be obtained from W,, by replacing each spoke with
a strong edge. Similarly, let K§n73 be the n-vertex multigraph obtained from Kjs,_3 by
adding strong edges connecting all pairs of the vertices of the (first) 3-class. Then, each
multigraph described by Theorem 3.5(A) above is contained either in W3 or in Kg,.

Lovasz 23] observed that any connected multigraph can be transformed into a multigraph
with minimum degree at least 3 or a multigraph with exactly one vertex without affecting the
maximum number of disjoint cycles in it by using a sequence of operations of the following
two types: (i) deleting a bud; (ii) replacing a vertex v of degree 2 that has neighbors = and
y (where v ¢ {x,y} but possibly x = y) by a new (possibly parallel) edge connecting = and
Y.

He also proved the following:

Theorem 3.6. (Lovdsz [25]) Let H be a multigraph with §(H) > 3. Then H has no two
disjoint cycles if and only if :

(L1) H = Ks;

(L2) HC Wi

H|-1’

(L3) H CK{ ;o7

(L4) H is obtained from a forest T and vertex x with possibly some loops at x by adding
edges linking x to T'.

Say that a multigraph G has the 2-property if the vertices of degree at most 2 form a clique
Q(G) (possibly with some multiple edges). Let G € DO,y with no two disjoint cycles. Then

G has the 2-property. By Lovasz’s observation above, G can be transformed to a multigraph
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H that has exactly one vertex or is of type (L1)—(L4) by a sequence of deleting buds and/or
contracting edges. Note that if a multigraph G’ has the 2-property, then the multigraph
obtained from G’ by deleting a bud or contracting an edge also has the 2-property. Thus, H
and all the intermediate multigraphs have the 2-property. Reversing this transformation, GG
can be obtained from H by adding buds and subdividing edges. If H has exactly one vertex
and at most one edge, then any multigraph with the 2-property that can be obtained from
H this way has maximum degree at most 2 or is a path with a single loop at one end. Hence,
G is a K; for ¢ < 3, is a path on at most 3 vertices with a loop at an endpoint or forms a
strong edge. If §(H) > 3, then the clique @ := Q(G) cannot have more than 2 vertices: by
the definition of Q(G), |Q] < 3, and if |Q| = 3 then @ induces a K3-component of G and
(G — Q) > 3; thus G — @ has another cycle. Let Q' :=V(G) — V(H). By above, @ C Q.
If Q" # @, then @ consists of a single leaf in G with a neighbor of degree 3, so G is obtained
from H by subdividing an edge and adding a leaf to the vertex of degree 2. If Q' = @, then
@ is a component of G, or G = H + Q) + e for some edge e € E(H,Q), or at least one vertex
of @ subdivides an edge e € E(H). In the last case, when |Q| = 2, e is subdivided twice by
Q.

In case (I4), because §(H) > 3, either T has at least two buds, each linked to x by
multiple edges, or 7" has one bud linked to x by an edge of multiplicity at least 3. So this
case cannot arise from G. Also, §(H) = 3, unless H = Kj, in which case 6(H) = 4. So
@ is not an isolated vertex, lest deleting @) leave H with §(H) > 5 > 4; and if @ has
a vertex of degree 1 then H = Kj5. Else all vertices of ) have degree 2, and () consists
of the subdivision vertices of one edge of H. This yields the following characterization of
multigraphs in G € DO, with no two disjoint cycles.

Set Z; = {z1,..., 2}, and define S = K(Z5) U z12y, S4 = sd(K(Zs), 2129, ) U 2y, and
S5 = sd(K(Z5), 2122, xy) (See Figure 3.1).
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21 21 21 X

25 22 Z5 Z2 Z5 22

24 23 24 Z3 24 Z3

Ss Sy Ss
Figure 3.1: Graphs S3, Sy, and Sy
Corollary 3.7. All G € DO,y with |G| > 4 and no 2 disjoint cycles satisfy one of:
(Y1) G C Ss;
(Y2) G C Sy
(Y3) G = Ss;
(Y4) G e {H,sd(H, e, x),sd(H,e,xy)}, where Wig—1 C H C Wﬁ{l_l;

(Y5) G e {H,sd(H,e,x),sd(H,e,xy)}, where H C K:;F,\H|73 and H contains K |m—3 minus

an edge.

By Corollary 3.3, in order to describe the multigraphs in Dy, not containing k disjoint cy-
cles, it is enough to describe such multigraphs with no loops. Recently, Kierstead, Kostochka,

and Yeager [17] proved the following:

Theorem 3.8. (Kierstead-Kostochka-Yeager [17]) Let k > 2 and n > k be integers. Let G
be an n-vertex graph in Dy with no loops. Set F' = F(G), o/ = o/ (F), and k' = k—da'. Then

G does not contain k disjoint cycles if and only if one of the following holds:
(a) n+ o < 3k;

(b) |F| =2d (i.e., F has a perfect matching) and either
(i) k' is odd and G — F = Yy y x', or
(i) k' =2 <k and G — F = Wj;
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(c) G is extremal and either
(i) some big set is not incident to any strong edge, or
(it) for some two distinct big sets I; and I;, all strong edges intersecting I; U I;; have
a common vertex outside of I; U1l and if v € I; N1 (this may happen only if k' = 2),

then v 1s not incident with a strong edge;

(d) n=2a'+ 3k, k' is odd, and there is S = {vy,...,vs} C V(F) such that F[S] is a star
with center vy, ' — S has a perfect matching and either
(i) G—(F—S+wv)=Yviixx, Or
(i) s =2, vivg € E(G), G — F = Yw_1xx and G has no edges between {vy,v2} and
the set Xo in G — F;

(e) k=2 and W, CG C W, ;;

(f) K =2, |F|=2d4+1=n—-5, and G — F = Cs.

3.2.4 Results for DO,

Theorem 1.28 can be restated as follows.

Theorem 3.9. (Enomoto [12], Wang [15]) For k € Z*, let G be a simple graph with
SO(G) > 4k — 1 and |G| > 3k. Then G has k disjoint cycles.

Theorem 3.6 implies a description of graphs in DOy with no two disjoint cycles (see

Corollary 3.7).

The next theorem summarizes the results of [14] and [15].

Theorem 3.10. For k,n € Z* with n > 3k, let G be an n-vertex simple graph in DOy,.
Then G has no k disjoint cycles if and only if one of the following holds:

(S1) k=1 and G is a forest with at most one isolated vertex;
(S2) k =2 and G satisfies the conditions of Corollary 3.7;

($3) a(G) =n — 2k +1;
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(S4) k=3 and G = F1 (see Fig. 3.2);

(S5) k=3 and G = Fy = {t} V Os where Oy is the 5-chromatic graph in Fig. 3.5;
(S6) k=3 and G is the graph F3 in Fig. 5.4,

(57) k>3, n =23k, a(G) <k, and x(G) > k;

(S8) k> 3,n =3k, and G C Yxeo2k—c for some odd 1 < ¢ <2k —1;

(Sg) k Z 3,n = 31{3, and G = Yk—1,1,2k-

X2
X1 <2
Z
21 3
Z8 24
7 z5
Z6

Figure 3.2: Graph F4

Figure 3.3: Graphs Os and Fo
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Figure 3.4: Graph Fj

Remark 3.11. The result of Rabern [2/] (see also [25, 26]) implies that if (S7) holds then
k< 4.

3.3 Main results

In this section we state our main results. We call a graph G € DO} a counterexample if
it does not have k disjoint cycles. We believe that it is possible to give an explicit list of
all counterexamples in the style of previous results, but the list would be quite long and
complicated. Here we are content to give broad categories of counterexamples together with
a poly-time algorithm that determines membership.

The first theorem supports the algorithmic problem by proving that for £ > 5 the loopless
multigraphs in DO, are counterexamples if and only if they belong to at least one of five
categories. The second theorem gives a poly-time algorithm that detects if G € DOy is
a counterexample by describing, for each of the five categories, a poly-time algorithm that

determines membership.

Theorem 3.12. Let k > 5 and n > k be integers. Let G be an n-vertex multigraph in
DOy, with no loops. Set F = F(G), o = o (F), and k' = k — . Let (D,A,C) be the
GE-decomposition of F' and let D' = V(G) — V(F). Then G does not contain k disjoint

cycles if and only if one of the following holds:

(Q1) n <3k —d;
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(Q2) n>2k+ 1, G is extremal and either

(Q2a) some big set is not incident to any strong edge, or

(Q2b) for some two distinct big sets J and J', all strong edges intersecting J U J' have

a common vertex outside of JU J';

(Q3) k' >5 and n = 3k — o/, and G has a vertex v € D' of degree k + o/ — 1 such that for
each mazimum matching M in F, the set N(x) — W (M) is independent;

(Q4) 3k —a/ <n<3k—a' +1and k' <4 and G — W (M) has no k — |M| disjoint cycles

for all (possibly nonmazimum) matchings M in F; or

(Q5) k' > 5 andn =3k—d, |F|—2a’ € {0,|D|—2,|D|—1} and for all mazimum matchings
M in F either o(G'(M)) =K +1 or G'(M) C Yy cox—c for some odd ¢ < k'.

With this theorem, we can also prove the multigraph analogue of Theorem 1.32.

Theorem 3.13. There is a polynomial time algorithm that for every multigraph G € DOy,

decides whether G has k disjoint cycles or not.

3.4 Proof of Theorem 3.12: Sufficiency

We will prove that if G contains a set C = {C1,...,C} of k disjoint cycles, then all of the
conditions (Q1)—(Q5) fail. Given such C, let M C C be the set of cycles in C that are strong
edges, m = |M| and C' =C — M. Since m < o/ and each cycle that is not a strong edge has
at least 3 vertices, n > 2m + 3(k —m) = 3k —m > 3k — /5 so (Q1) does not hold.

If (Q2) holds, then G is extremal. Every big set J satisfies |V(G) — J| < 2k. So some
cycle C; € C has at most one vertex in V(G) — J. Since J is independent, C'; has at most
one vertex in J. Thus C}; is a strong edge and (Q2a) fails. Suppose there are big sets J
and J’ satisfying (Q2b). Then, [W(M) N (JUJ)| < 1 since n > 2k + 1 implies JNJ =)
by (3.2), and so for some I € {J,J'}, I C V — W(M). By this fact and independence,
each cycle in C has at least two vertices outside of I, and so |I| < n — 2k contradicting the

definition of a big set. So (Q2b) also fails.
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Note that the k — |M] cycles in C" correspond to disjoint cycles in G — W (M), so (Q4)
does not hold.
If n =3k —d/, then m = o/, every cycle in C’ is a triangle and every vertex in G — W (M)

belongs to exactly one triangle in C’. Therefore, (Q3) and (Q5) do not hold.

3.5 Proof of Theorem 3.12: Necessity

Suppose G does not have k disjoint cycles and that none of the conditions (Q1)—(Q5) hold.
Because (Q4) does not hold, either n > 3k — o/ +2 = 2k + k' +2, or k' > 5; the latter implies
that n > 3k — o/ = 2k + k' > 2k + 5. Therefore,

n > 2k + 3. (3.4)
Among the maximum matchings in F', choose a matching M such that
a(G — W) is minimum, where W = W (M). (3.5)

Then |[M| =o', G' = G—W is simple, and SO(G’) > 4k —3 —4a’ = 4k’ — 3. So G' € DOy,.
Let n' := |V(G")| = n — 2a/. Since (Q1) does not hold,

n' > 3K (3.6)
If n/ = 3K, then G’ is quite dense, so sometimes it will be convenient to consider the

complement of G. For v € V(G), let N[v] = V(G) — N[v] and 5(v) = |[N[v]] =n — 1 — s(v).
When n’ = 3k’, we have n = 2k + k" and thus the inequality s(v) + s(u) > 4k — 3 can be

written as

S(v) +35(u) <2k +1 for all vu ¢ E(G). (3.7)

Since G’ has no £’ disjoint cycles and n’ > 3k’, one of (S1)—(S9) in Theorem 3.10 hold
for G’ with &’ in place of k. We will now show that each of (S1)—(S9) will lead to one of
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(Q1)—(Q5) holding or some other contradiction.

CASE 1: (S4), (S5), or (S6) hold for G'.
Then, k' < 3 and 3k < |G| < 3K + 1, so (Q4) holds, because G has no k disjoint cycles.

CASE 2: (S3) holds for ¢'.

Then n > 3k +2a’ > 2k + 1 and G’ is extremal. Let J be a big set in G'. Then |J| =
n' —2k +1=mn—-2k+ 1. So G is extremal and J is a big set in G. Since (Q2a) fails,
some w € J has a strong neighbor v. Let vu be the edge in M containing v. In F, consider
the maximum matching M’ = M — vu 4+ wo, and set G" = G — W(M'). By (3.5), G”
contains a big set J', and J’ is big in G. Since w ¢ J', J' # J. So by (3.2), J/NJ =0
(possibly, u € J'). Since (Q2a) fails, some w’ € J' has a strong neighbor v'. Possibly,
v = v, but then since (Q2b) fails, some w” € J U J' has a strong neighbor v" # v. Thus
we can choose notation so that v" # v. As M’ is maximum, there is an edge v'u’ € M.
Set M" = M' +w'v' — v and G* := G — W(M"). Again by (3.5), G* contains a big set
J". Since w,w’ ¢ J", we have J” ¢ {J, J'}. So by (3.2), J”N(JUJ) = 0. Thus, since
V(G2 (J—w)U(J —w')uJ”,

n >3] —2=3(n -2k +1)—2 =30 — 6k +1,

which yields 2n" < 6k’ — 1, a contradiction to n’ > 3k’. Hence (Q2) holds.

CASE 3: (S7) holds for G'.

So k' > 3, |G| = 3K, a(G") < k" and x(G’) > K. Since |G'| = 3K, (3.7) must hold. Since
x(G") > k', G’ contains an induced subgraph Gy such that Gy is a vertex-(k' + 1)-critical
graph. By (3.7),

for every xy € E(Gy), the sum of the degrees of v and y in Gy is at most (3.8)
2K 4+ 1.

The (K’ + 1)-critical graphs satisfying (3.8) were studied recently. If £’ > 5, then by results
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in [24] and [25], Go = K41, which means a(G’) > k' + 1, a contradiction to the case. If
k' <4, then (Q4) holds.

CASE 4: (S1) holds for ¢'.
So k' =1 and G’ is a forest with at most one isolated vertex. Since k > 5, |[M| > 4. Let
//Z//

xz, 2’2, x"2" be three strong edges in M.

Case 4.1: (' has at least two non-singleton components, say H; and Hy. Then n' > 4.
For + = 1,2, let P, be a longest path in H;, and let u; and w; be the ends of P,. As
SO(G) > 4k — 3, at most two edges between W = W (M) and {uy, ug, wy,wy} are missing in
G. So we may assume that at most one edge between {x, z} and {u, ug, wy, wo} is missing in
G. By symmetry, we assume that among these edges only xu; could be missing in G. Then
the o/ — 1 strong edges of M — xz and the cycles zus Powsx and zuy Pyw;z form k disjoint

cycles in (G, a contradiction.

Case 4.2: (' has a unique non-singleton component H, and this H is not a star. Let
P =y, ...y, be alongest path in H. Since H is not a star, t > 4. Then y; is a leaf in G,
and either dg/(y2) = 2 or yo is adjacent to a leaf | # y1. Let ¢} = yo if dy(y2) = 2 and
y; = [ otherwise. Similarly, either dg/ (y;—1) = 2 or y;_; is adjacent to a leaf I’ # y, since P
is maximal. Let v, = y;—1 if dy(y:—1) = 2 and y; = I’ otherwise. Since y1y;, yiy: ¢ E(G) and
G € DOy,

the number of missing edges between {y1, vy}, ys, v, } and W in G is at most q+r, where

q= Ky, v} N {ya, ye—1}| and r is the number of low vertices in {y1, v}, ye, vi ). (3.9)

Since ¢ < 2, r < 2 and |M| > 3, we can assume that at most one edge between {z, z} and

{y1, ¥}, v, y;} is missing in G. So we get a contradiction as at the end of Case 4.1.

Case 4.3: The unique non-singleton component H of GG is a star. The leaves of the star,
along with the isolated vertex if it exists, form an independent set of size n’ —1 = n' — 2k +1.

By (3.4), we are in CASE 2.
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Remark.The proof of the next case works even if (3.5) does not hold, and we will use

this in CASE 6.

CASE 5: (S9) holds for G'.
Son' =3k and G' C Yy _1121(Y, {2}, 2). If ¥ <4, then (Q4) holds. So below we assume

K > 5. (3.10)

Since n' = 3k, we will often use (3.7). Since each y € Y has k' — 2 nonneighbors in

Y, (3.7) yields
IN[y] = Y|+ |N[/] = Y| <5 for all distinct y,y’ € Y. (3.11)
Since z is not adjacent to any of the 2k vertices in Z, by (3.7)
N(z)=V(G)—Z —xz and N(z2) =V(G) —x — z for each z € Z. (3.12)

If  has a strong neighbor vy with the M-mate ug, then we construct £ disjoint cycles in
G as follows. First, take the o/ strong edges in M — voug + vox. By (3.12), G[Z] = Ky and
each y € Y + ug is adjacent to all of Z. So, we take k' 3-cycles each of which contains one
vertex in Y + uy and two vertices in Z. This contradiction shows that x € D’.

Since x € D" and d(z) = k + o — 1, if (Q3) does not hold, then F' has a maximum
matching M’ such that

there are uy, up € V(G) — W(M') — Z with uyuy € E(G). (3.13)

For i = 1,2 the symmetric difference MAM’ contains a path P, of an even length an
end of which is u;. Since the other end w; of P; is not covered by M, w; € V(G') N D.
Also by definition, none of the vertices in G’ is an internal vertex in P;. In particular,
x ¢ V(F;). Let M” be the maximum matching in F' such that MAM"” = P; U P,. Then
V(G)—W(M") =V (G")—{wy,wa }U{uy, us}. If [{wy,wa}NZ| =€z and [{wy, wy}NY| = by,

then we can renumber the vertices in Z — {wy,wo} and Y — {wy,wa} as z1,..., 2014,
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Y1, .-, Y—1—-0, and construct k disjoint cycles in G as follows. Take the k — k' strong edges
in M"”, then take the cycle zujusx and for j = 1,..., k' —1—/{y take the cycle (y;, 221, 225)-
Finally, if ¢y > 1, then |Z — {z1,..., 2000—1-¢y), w1, w2}| = 3ly, then we simply take (y
triangles in the remaining complete graph G[Z — {21, ..., 2o —1-4,), w1, w2}]. Hence (Q3)

holds.

CASE 6: (S8) holds for G'.
Son' =3k and ' C Yy cow—c(Y,X,Z) for k' > 3 and some odd 1 < ¢ < k. If k' <4,
then (QQ4) holds. So as in the previous case, we assume k' > 5.

Let M’ be an arbitrary maximum matching in F. Since G has no k disjoint cycles,
G'(M’) does not have £’ disjoint triangles. Therefore, by (3.6), (3.10) and Theorem 3.10
(with Remark 3.11), we have that one of (S3), (S8), or (S9) hold in G'(M’). By the remark
before CASE 5,

if (S9) holds in G'(M'), then (Q3) holds. (3.14)

If (S3) holds in G'(M’), then a(G'(M')) = n' — 2k' + 1 = k' + 1. Therefore, if we assume
(Q3) does not hold, to show that (Q5) holds, we only need to show that |F| — 2a/ €
{0,|D| — 2,|D| — 1} which is true when |W| < 2+ |A| 4 |C]|.
Since n’ = 3k, we will often use (3.7). Since each y € Y has kK’ — 1 nonneighbors in
Y, (3.7) yields
IN[y] - Y|+ |N[y/] -Y| <3 forallyy €Y. (3.15)

By (3.15),
there is yo € Y such that [N[y] — Y| < 1 for every y € Y — y. (3.16)

Since each x € X has 2k’ — ¢ nonneighbors in Z, if x has a nonneighbor y € Y, then
by (3.7),

2 +1>35(x)+35(y) > 2K —c+ 1)+ (K —1+1) =3k —c+1,

which yields ¢ = k. Moreover, if in this case some z € Z also has a nonneighbor 3y € Y,
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then again by (3.7), 2’ +1 > 35(z) +5(2) > (K + 1) + (K + 1) = 2k’ + 2, a contradiction.

Thus, we may assume (by possibly switching the roles of X and Z when ¢ = £) that
IN[z] "W]| < 1and N[z]NW = Z for each z € X, (3.17)

and

IN[z] — X| <1 for each z € Z, and if ¢ = k' then G[Z] = K.. (3.18)
We will need the following lemma.

Lemma 3.14. Let t > 2 and € € {0,1}. Let H be a graph with a partition V(H) = RUQ
such that |R| =2t +¢, |Q| =3t — |R| =t —¢, and let yop € Q. If

1. each uw € R has alt most one nonneighbor in H and
2. each y € Q — yo has at most 1 + € nonneighbors in R and
3. yo has at most 2 nonneighbors in R and has only 1 + € nonneighbors if t = 2.

then H contains t vertex-disjoint triangles.

Proof. Using induction, note the lemma holds for ¢ = 2. If ¢ > 3 then H has a triangle

T = yoz122Y0 With 21, 20 € R. By induction H' := H — T has t — 1 disjoint triangles. O

Claim 3.15. Let G' C Yy cow—c(Y, X, Z) for k' > 4 and an odd ¢ < k'. Suppose there are
w € V(G") and w € W such that F has an M -alternating u, w-path P.

(A) If w € Y UZ, then u has no neighbor in Y — w or no neighbor in X.

(B) If w € X, then u has no neighbor in'Y or no neighbor in Z.

Proof. Let M’ be the matching obtained from M by switching edges on P. Then W(M') =
W(M) —w+u. Set t = (2k' —c—1)/2. Since 1 < ¢ <k’ and is odd, by (3.10),

Z| =2k —c>5and k' —1>1t>2. (3.19)

Arguing by contradiction, we assume the lemma fails and construct & disjoint cycles.

CASE 1: w €Y UZ. Since (A) does not hold, u has neighbors z € X and y € Y — w.
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Pick y € N(u) NY — w with s(y) minimum. Then for y, defined in (3.16), we have

if yo €Y —w —y, then you ¢ E(G), and so by (3.15), |N[yo] N Z| < 2. (3.20)

By (3.17), T := uzryu C G. Set € := 0 if w € Z; else ¢ := 1. Partition Y —y—w as {Q, Q}
so that |Q| =t —e¢, |Q| = hand yo € QU{w,y}if ¢ > 1. Sot > 3, if yy € Q. Regardless,
by (3.16), (3.18) and (3.20), @ and R := Z — w satisfy the conditions of Lemma 3.14. Thus
Q U R contains ¢ disjoint triangles. By (3.17), (X — z) U @ contains <! disjoint triangles.

Counting these k' — 1 triangles, T, and k — &k’ strong edges of M’ gives k disjoint cycles.

CASE 2: w € X. Since (B) fails, there are z € N(u)NZ and y € N(u)NY. Our first goal
is to show there is an edge with ends in N(u)NY and N(u)NZ. If N(u) N N(z)NY # 0
then we are done. Else, by (3.18), N(2)NY =Y —y = N[uJNY. Let ¥ € Y —y. By (3.15)
applied to y and ¢/, [N[y] N Z| < 2. By (3.7) applied to u and v/, |[N[u]N Z| < 2. By (3.19),
|Z| > 5, so there is 2/ € ZN N(u) N N(y), and we are done.

Pick yz € E with y € N(u) NY and z € N(u) N Z so that s(y) is minimum and let

T := uzyu. Then for yy defined in (3.16), using (3.15),
if 1o € Y — y then [Ny N (Z — 2)| < 2, (3.21)

since you ¢ E(G) or yoz ¢ E(G).

Partition Y —y as {Q, @} so that |Q| = ¢, |Q| = 5, and yo € Q+yifc > 1. Sot > 3, if
Yo € Q. Regardless, by (3.16), (3.18) and (3.21), @ and R := Z — z satisfy the conditions of
Lemma 3.14. Thus Q U R contains ¢ disjoint triangles. By (3.17), (X —w) U Q contains %
disjoint triangles. Counting these k' — 1 triangles, T', and k — k" strong edges of M’ gives k
disjoint cycles. N

Claim 3.16. Let G' C Yy cow—c(Y, X, Z) for k' > 4 and an odd ¢ < k'. Then, |[DNW| < 2.

Proof. Suppose v € D N W. Then there is a matching M’ and vertex w, € V(G’) such
that W(M') = W(M) 4+ w, — u and there is an M, M'-alternating path from u to w,. By

Claim 3.15, u has no neighbors in ¥ — w, or in X or in Z.
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By degree condition (3.7), there is at most one u € D N W with no neighbor in X or no

neighbor in Z; otherwise for any x € X and z € Z we have the contradiction
{z, 2z}, W|| < 40’ — 2 and so s(x) + s(z) <4k —2+ 40’ — 2 < 4k — 4.

Similarly, there is at most one uw € D N'W with at most one neighbor in Y; otherwise, as

k' > 4, there are distinct y,y’ € Y with

H{y, v}, W < 4a’ —4 and so s(y) + s(y') < 4k + 4o’ — 4 < 4k — 4.

Thus |D N W] < 2. m

Claim 3.16 yields that |[W| <2+ |A| + |C|. Thus (Q5) holds.

CASE 7: (S2) holds for G'.
So n' > 3k" and k' = 2 and G’ satisfies one of (Y1)—(Y5) from Corollary 3.7. If n’ <7 then
(Q4) holds, so assume n’ > 8. This implies that G’ satisfies either (Y4) or (Y5). As k > 5,
M| =d =k—-FK > 3.

Define a vertex v € W to be i-acceptable if |N(v) N W| > 2a’ — i, acceptable if it is
l-acceptable, and good if it is O-acceptable. Let u,v € W with wv ¢ E. If i and j are

minimum natural numbers such that u is i-acceptable and v is j-acceptable, then

1 +] < dG/(u) + dgl(v) — 5. (322)

Case 7.1: G’ satisfies (Y4), i.e., G' € {H,sd(H, e, x),sd(H,e,xy)}, where Wiy_y € H C

W+

H|-1- Set t = |H| — 1. Let H have center vy and rim v ..., and let Wi be the

result of adding a parallel edge between vy and vy in W;. Since G’ is simple, we may assume
H e {W,,Wi}. If G’ # H then we may assume that the subdivided edge e is incident to v;.
Asn' >8,¢t>5.

Case 7.1.1: t = 5. If the subdividing vertex x exists, by (3.22), the subdividing vertices

and vs, vy, v5 are all good, vy is acceptable, and v; is 2-acceptable. As |M| > 3, there is an
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edge ab € M with avy,bvy € E. If there is no subdividing vertex, we can use symmetry
to maintain the same traits. Then there are k£ disjoint cycles vgvsvsv9, aviza, bvyush, and

|M — ab| strong edges, contradicting G € BOj,.

Case 7.1.2: 't > 6. By (3.22), the rim vertices vs, vy, v5,vs are all acceptable. As
|M| > 3, there is an edge ab € M such that avsvia and busvgb are cycles. Let C' be the
smallest cycle containing vy, vy, vy (and any subdividing vertices). Then there are k disjoint

cycles C, avsvaa, busvgb and o — 1 strong edges, contradicting G € BOy,.

Case 7.2: G’ satisfies (Y5), i.e., G' € {H,sd(H,e,z),sd(H,e,zy)}, where
ng‘H|_3(Y7 Zt) - 6/ g H g K;,|H‘73(Y7 Zt)

with Y = {ylvaay3}7 Zt = {217 e 7zt}'

Asn/ >8,t> 3. If a(G') > n' —2K'+1 then (Q2) holds and so (S3) holds which falls under

CASE 2. So assume the subdividing vertex x exists in G'.

Case 7.2.1: e = ypy;, where {h,i,j} = [3]. Since o(G') < n’ — 2k and Z + z is
independent, e is subdivided twice. As dg/(x) = 2, every vertex of Z is adjacent to every
vertex of Y (and no other vertex of G’). Thus G’ = sd(H, e, zy) and the vertices of Z+z+y
are all good.

Suppose ¢t = 3. Then de (y;) < 5. By (3.22), y; is 2-acceptable. As |M| > 3, there is an
edge ab € M with ay; € E. Thus there are £ disjoint cycles ay;zia, bxyb, 2oynz3y;z2, and
o/ — 1 strong edges, contradicting G € BO,..

Otherwise t > 4. Then, for every ab € M, there are k disjoint cycles axya, bzyy; 220,
23Y224Y323, and o/ — 1 other strong edges, contradicting G € BOy.

Case 7.2.2: e € E(Y,Z;). Now H is simple. Say e = y;2; and e’ = ¢/'2'. If ¢ ¢ E(H)
then y # y;. By degree conditions 2z’ € E, so 2/ = z1. As wz;,212; ¢ E for i > 2, (3.22)
implies all vertices of Z — z; and all subdividing vertices are good, z; is acceptable, and z;
is good if ¢’ ¢ H.

Case 7.2.2.1: t > 4. Let ab € M with a € N(z;). If t > 5 then there are k disjoint

cycles, azixa, bzoyi 230, 24y225Yy324, and o/ — 1 strong edges, contradicting G € BO,. Else
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t = 4. Since dg(y2) < 6 and xys ¢ E, (3.22) implies y, is 3-acceptable. As z; is acceptable
and |M| > 3, there is an edge ab € M with az;,bys € E. As x and 2, are good, this yields
k disjoint cycles azixa, byszab, z3y124y323, and o — 1 strong edges, contradicting G € BO,,.

Case 7.2.2.2: t = 3 and 21y, is subdivided twice with z;z,yy; € E. Then = and y are
both good. Since dg(y1) < 5 and zy; ¢ F, y; is 2-acceptable. As z; is acceptable, there is
an edge ab € M with azy,by; € E. Thus, there are k disjoint cycles azixa, by1yb, y222y323Y2,
and o/ — 1 strong edges, contradicting G € BOy.

Case 7.2.2.3: t = 3 and 21y, is subdivided once. Suppose there is an edge y;y; € F,
where [3] = {i,j,h}. Then de (yn) < 5 and either yp,o ¢ E or ypz; ¢ E. By (3.22), v, is
3-acceptable. As |M| > 3, there is an edge ab € M with az,by, € M. Thus there are k
disjoint cycles azza, bypzaob, y;iz3y;23, and o — 1 strong edges, contradicting G € BOy,. So
assume ||G[Y]|| = 0.

If |F'| = 2o’ then (Q4) holds. Else there are edges ab, a’t/ € M and a vertex u € W with
au € E(F). All vertices of G’ are good except one of y;, z; might only be acceptable. Choose
notation so that {b,a’,b'} = {c1,co,c3} and |[N(c;) N W] > 6 and |N(cy) N W], |N(c3) N
W| > 7. By inspection G’ — u contains a perfect matching {e;, ey, e3} with e; € N(cy).
Thus G contains k disjoint cycles, cieicy, caeaco, czescs, aua and o — 2 other strong edges,

contradicting G € BOy. ]

3.6  Proof of Theorem 3.13

To construct the algorithm, we first describe several subroutines.

Lemma 3.17. Let k > 4 and n = 3k. There is a subroutine that for any simple graph
G = (V,E) € DOy, with |G| = n checks whether G C Yy g ax—s for some s < k, and in this

case constructs the representation G C Yysax—s(Y, X, Z), all in O(n®) time.

Proof. Note that if G C Yygoks(Y, X, Z) for some s < k, then we can choose notation so
that every z € X is adjacent to every other vertex in X UY by (3.17). Search for a vertex
x such that d(z) < 2k — 1 and N[z] can be partitioned as {Q, R} so that @ = {v € Nlz] :
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N[v] = N[z]} and R is independent with |R| = k. This takes O(n?) time. If we find such
an z then G C Yisaks(R,Q,Z), @ = X, and R =Y. Otherwise, G € Yy 2x_s for any
s < k. O

Lemma 3.18. There are subroutines that for any simple graph F with |F| = n construct:

1. a mazimum matching of F in O(n*5) time;
2. a GE-decomposition (D, A,C) of F in O(n®) time.

Proof. For (1) see [27]. For (2), using (1), find the sizes of a maximum matching in F
and in all the graphs (F — v) with v € V(F). This can be done in O(n*®) time. Set
D={veV(F):d(F—-v)=d(F)}, A=Np(D)—D and C =V (F)—-D — A. O

Now, we are ready to define our algorithm.

Setup. We are given a positive integer k£ and a multigraph G € DOy. By Corollary 3.3
we may assume G is loopless. Construct the simple graph F' induced by the strong edges of G
and the GE-decomposition (D, A, C) of F in O(n3?) time. Set |G| =n, D' = V(G) -V (F),
o = (F)and k' =k —d.

If £ <4, then construct G; from G by subdividing each edge. Then G, is a simple graph
with n + ||G|| vertices and 2||G|| edges, and the number of disjoint cycles in G equals that
in G. By Theorem 1.26, we can determine whether (G; has k disjoint cycles in linear time in
n+ ||G||. So, in total this step takes O(n?) time. Thus below we assume k > 5 and apply
Theorem 3.12 to G. Checking (Q1) is trivial, so it remains to show how to check (Q2)—(Q5).

Check (Q2). First check whether n > 2k + 1 and G is extremal: DOy. As observed in
Subsection 2.1, every big set J C G has the form J = V(G) — N(v) for some vertex v with
s(v) = 2k — 1. We can find all such sets in O(n?) time by checking whether V(G) — N(v) is
independent for each v € V(G) with s(v) = 2k — 1. If n < 2k + 1 or there are no such sets,
then (Q2) fails. Otherwise, let I, ..., I, be the big sets in G. As n > 2k + 1, (3.2) implies
they are disjoint, so ¢ < n. For each j € [g], check whether I; has no strong neighbors or
has a unique strong neighbor w(j). This takes O(n?) time. If at least one I; has no strong
neighbors or w(j) = w(y’) for some distinct 7, j* € [¢], then (Q2) holds; otherwise, (Q2) does
not hold.
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Check (Q3). First confirm that £ > 5 and n = 3k — o/. Next construct the set U of

vertices v € D' with s(v) = k+ o/ — 1. Then test each v € U to see if

(*) for some adjacent pair {z,y} € N(v) there is an o/-matching contained in F' — z — y.

This uses O(n®°) steps. Now (Q3) holds if and only if (*) fails.

Check (Q4). First confirm that 3k — o’ <n <3k —a'+ 1 and k¥’ < 4. If so then we
still need to check whether G — W (M) has no k — | M| disjoint cycles for all matchings M in
F. I |IG-W(M)| <3(k—|M]|)—1 then G —W (M) does not have enough vertices to have
k—|M]| disjoint cycles. So it suffices to check for every W C V(G) with 2(a/—1) < |[W| < 2d/
whether (i) F[W] has a perfect matching and (ii) G — W has no k — |[W|/2 disjoint cycles.
Then (Q4) holds if and only if (i) implies (ii) for all such W. Asn—|W| < 3(k—ao/+1) < 15,
there are O(n'®) sets to test. Testing (i) takes O(n?®) time and testing (ii) takes O(1) time.

17.5)

So altogether we use O(n time.

Check (Q5). First confirm that & > 5, n = 3k—«o and |F|—2¢’ € {0,|D|—2,|D|—1}.
If so then we still need to check that for all maximum matchings M either (i) a(G—W(M)) =
E'+1or (i) G—W(M) C Yy cor—c for some odd ¢ < k. We do this by checking certain
subsets W C V(G) to see if F[IW] has a perfect matching M satisfying (i) and (ii). If
|F| —2a' = 0 then W := W(M) = V(F); else, using |F| — 2¢/ € {|D| — 2,|D| — 1},
V(F)=AUuCUD and W =AUCU (W N D), we have

ID—W|=|F| -2 >|D|-2=|D—W|+|[WnD| -2,

so [IW N D| < 2. Thus we only need to check O(n?) sets W. By Lemma 3.17 and the

argument in Check (Q2), each check takes O(n?) time, so all together we use (n®) time.

This completes our description of the algorithm. O
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Chapter 4

Chorded Cycles

4.1 Introduction

Recall, our main result for this chapter is

Theorem 4.1. Let k > 2, G be an n-vertex graph with n > 4k, and 02(G) > 6k — 3. Then

G does not contain k vertex-disjoint chorded cycles if and only if
o Gi(n, k) CG CGi(n, k),
o G3*(k) C G C Gyk), or

.G:Gg.

Gs

k = 2. Dashed lines indicate missing edges.

Figure 4.1: Graphs for Theorem 4.1 wit

Observe that if we relax the bound by 1 more to o9(G) > 6k — 4, then we run into

significantly more exceptional graphs. For example, we would have to consider all graphs
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G1(n, k) — M where M is a matching or exactly two edges incident to the same vertex in the
independent set of size n — (3k — 1). Or, we could have G5(k) — M where M is a matching,
or M consists of up to 3k — 1 edges incident to the dominating vertex or M consists of two
edges incident to the same vertex. Or, we could even have GG consisting of a K3 and a K7
with one vertex in each identified together, i.e. K7 with a pendant triangle. This graph has
09(G) = 6(2) — 4 = 8, but every chorded cycle must exist in the K;. This results in at most
one chorded cycle. This list is by no means exhaustive, but it does show the significant jump

in complexity beyond the few graphs in Theorem 4.1.

4.1.1 Notation

Let H C G be a cycle. If |H| = n, we say it is an n-cycle. A chord of H is an edge
e € E(G)\ E(H) with both endpoints in V(H). Hence, a chorded cycle is a cycle with a
chord.

For H C G, we will use G[H] to denote the graph G induced by V(H), i.e. G[V(H)]. Like-
wise, we will use = to denote graph isomorphism. Hence, we will frequently use G[P] = K,
instead of G[V (P)] = K,. Also, when there is no ambiguity, H~ will denote the isomorphism
class of H with a single removed edge and H* will denote the isomorphism class of H with
a single added edge. We will make frequent use of the graphs K, and CZ as they are both
simple chorded cycles. Also, the paw is the 4-vertex graph obtained from a copy K of K3 by

adding one vertex adjacent to exactly one vertex in K, i.e. KffB.

4.1.2 Outline

In Section 4.2, we set up our proof and present some known proofs to aid in the main proof.
We then break up our main proof into Sections 4.3—4.5. The strategy for our proof is to
take an optimal collection of chorded cycles, and then consider the set R of the remaining
vertices. In Section 4.3, we handle the case where G[R] does not have a spanning cycle.
Then, we address the case when G[R] does have a spanning cycle but k£ > 3 in Section 4.4.

Lastly, we handle the pesky case when G[R] has a spanning cycle and k£ = 2 in Section 4.5.
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We tie all this together and conclude the proof in Section 4.6.

4.2  Setup and Preliminaries

4.2.1 Setup

Consider the minimum k& such that Theorem 4.1 fails. For a given n > 4k, let G be an

edge-maximal n-vertex graph satisfying the Ore condition
d(y) +d(z) > 6k —3 for every distinct y,z € V(G) with yz ¢ E(G) (4.1)

such that G has at most k£ — 1 disjoint chorded cycles.
For such a graph G, let F be a collection of disjoint chorded cycles chosen by the following

conditions:
(O1) the number of chorded 4-cycles is maximum,
(O2) subject to the preceding, the number of Ky is maximum,

(03) subject to the preceding, the k—tuple (Fi, ..., F}) has (|Fi|,...,|Fk|) least lexicograph-

ically, where |F;| = oo for nonexistent F;.

(O4) subject to the preceding, the k-tuple (||Fil|,...,||Fk)|| is greatest lexicographically,

where we use a similar convention of ||F;|| = 0 for nonexistent F;.
(O5) subject to the preceding, the total number of chords in the cycles of F is maximum,

(O6) subject to the preceding, the length of a longest path P in R := V(G) — V(F) =
{v1,...,v,.} is maximum. If |P| = |R)|, then the number of Hamiltonian cycles in G|[R]

is maximum, unless |R| = 4 in which case we maximize the copies of K{5 in G[R],
(OT7) subject to the preceding, |F(G[R])| is maximum, and

(O8) subject to the preceding, Z dg(v) is maximum.
vER
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Let R = {vy,...,v.} and P = vjvg---v,. Let F = {Fy, Fy,...} where F; is the chorded
cycle @129 - - x;5,. When the cycle F' is unambiguous, we will use {x1, 9, ...} to denote
V(F).

A vertex v is low if d(v) < 3k — 2 and high otherwise. By (4.1), the set of low vertices in
G forms a clique. We will heavily use the following lemma from [20]. We omit the proof as

it is identical to that found in [20], albeit with differently labeled conditions.
Lemma 4.2. ([20]) Let G be a graph, F an optimal collection, v € R, and F € F.
(1) If ||v, F|| > 4, then ||v, F|| =4 = |F|, and F = Kj.
(2) If ||v, F|| = 3, then |F| € {4,5,6}. Moreover,

(a) if |F| =4, then F has a chord incident to the nonneighbor of v;

(b) if |F| =5, then F is singly chorded, and the endpoints of the chord are disjoint

from the neighbors of v;

(¢c) if |F| =6, then F' has three chords, with F' = K33, and G[F +v] = K3 4.

Since we will often refer to Lemma 4.2, unless noted otherwise, we will use the following

conventions:
o if = Ky, then V(F) = {x1, 22, 23,24},
o if = K, then V(F) = {x1, x9, 23, x4} with missing edge zix3,
o if ' =C, then V(F) = {x1, 12, 23,74, v5} with unique chord z3rs, and

o if I/ = Ks3, then V(F) = {1,292, 23,24, x5, 26} with parts A = {x;, 23,25} and

B - {'T27 Xyq, l’ﬁ}.

4.2.2 Preliminaries

In view of Lemma 4.2, the following observations will be useful.

Lemma 4.3. If k > 2 and F' = K33, then
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(i) for every v € R, either N(v) NV (F) C A or N(v)NV(F) C B, and
(ii) for every u,v € R with wv € E(G), if there is x € N(v) N N(u) NV (F), then N(v) N

V(F)=N(u)NV(F)={x}.

Proof. If some v € R has neighbors in both A and B, say vz, vze € E(G), then vriz xszov
is a 5-cycle with chord zyx9, contradicting (O3). This proves (i).

Suppose now that u,v € R, uwv € E(G), x; € N(v) N N(u) N V(F), and there is z; €
Nw)NV(F)—x;. By Part (i), ; € A. Then vxyuz;v is a 4-cycle with chord uv, contradicting
(O1). O

Lemma 4.4. For all x € V(F), dp(z) < 3.

Proof. Suppose that F'induces a chorded cycle 125 - - - 2,21 with ¢ > 5 and that some vertex,
say x1, has N(z1) D {xg, 2, xj, 2} for some 2 < i < j < t. Then, F' = zyx9---z;21 is &

shorter cycle with chord zyz;, contradicting (O3). O
An easy observation is that

If a vertex v in a graph G has 3 neighbors on a path P’ disjoint from v, (42)
4.2
then G[P' + v] has a chorded cycle.

This yields:

Lemma 4.5. For every path P' C G[R] and a vertex v € R — V(P'), ||v, P'|| < 2. In

particular, if vive...vs is a path in G[R|, then ||vy, {va, ..., vs}|] < 2.
We first prove some lemmas that apply to all £.
Lemma 4.6. For k > 2, |R| > 4.

Proof. Suppose that |R| < 3 (possibly, R = (). Let F;, = z1x5...x,x; be the last existing
chorded cycle in the k-tuple from Rule (O3) and |F| = s. Since t < k and n > 4k, s > 5.

We break up the remainder of the proof using the following claims.

Claim 4.7. For all 1 <i<t—1, ||F}, Fi]| < 3s.
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Proof. Suppose that for some ¢ < ¢, ||F}, Fj|| > 3s+1. Let F; be the chorded cycle y; ... ys,y1.
Then there is an x € V(F};) with ||zg, Fi|| > 4.

If s; > 5, then there is 1 < j <'s; — 1 such that x; has at least 3 neighbors on a path in
F; —y; — yj+1. In this case, G[F; — y; — y;+1 + =) contains a chorded cycle F] shorter than
F;, and hence the family ' = {F},..., F;_1, F/} is better than F by (03), a contradiction.
Thus, we only need to consider the case s; = 4. In this case, V(F;) C N(xg).

If F; = K, , then there is y € F; such that G[F; — y + x| = K4. Since s > 5, this means
that the family 7' = F — F; — F; + (F; — y + %) has more K, than F, contradicting (O2).
Thus, F; = K4.

If there exists a vertex y € V(F;) with ||y, Fi|| > 5, then G[F, — x;_1 — xx + y| contains
a chorded cycle and G[F; — y + xx] = K4, contradicting (O3). Thus,

3s+1<||E,Fl| < 4F)| = 16. (4.3)

This means s = 5 and each y € V(F;) has exactly 4 neighbors in F;. So, if any y € F; is not
adjacent to xp,1, then G[F; — y + x| = Ky and G[F; — xx — xp41 + y| contains a chorded
cycle F) that is shorter than F;. This contradicts (O3). Thus each y € V(F;) is adjacent to
Zro1. Considering xp, in place of xy, we get that each y € F; is adjacent to x;, 2, and so on.

Then each y € F; is adjacent to each x € Fj, contradicting (4.3). This proves the claim. [
Claim 4.8. s = 5.

Proof. Suppose that s > 6. First, recall that for all v € V(F}), dp,(v) < 3 by Lemma 4.4.

Then, by the previous claim,

Also, since s > 6, the biggest clique of F; is order at most 3. Since low vertices appear in
a clique, each low vertex of F; can be paired with a nonadjacent high vertex in F}, which

implies that

> de(v) > (6k —3) -

’L)GV(Ft)

. (4.4)

N ®
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Hence,

3 3
V() R|| > (3k - 5) s=3(k—1)s = 552 9.

By the assumption |R| < 3, if ||V(F}), R|| > 10, then some vertex in R has at least 4

neighbors in F; which implies F; = K4 by Lemma 4.2, a contradiction to s > 6. Therefore,
||Ft, R|| =9, s =6, and F}; = K3 3. (4.5)

This implies that F; has at most 2 low vertices, each of which we can pair with a nonadjacent
high vertex, and there will remain at least two unpaired high vertices. So, we can improve
(4.4) to

> da(v) >2(6k — 3) +2(3k — 1) = 18k — 8,

veV (F)

and so ||F;, R|| > (18k — 8) — 3(k — 1) - 6 = 10, contradicting (4.5). O
Claim 4.9. F; has at least 2 low vertices.

Proof. Suppose that F; has at most one low vertex, and a has the smallest among the vertices
in F;. Let a’ be a non-neighbor of a in F;. Then all vertices in F; —a — a’ are high vertices,

and

Y de(v) > (de(a) + da(d')) + 3(3k — 1) < (6k — 3) + 9k — 3 = 15k — 6.
veV (Fy)
Also, by Claim 4.7,
> da-g(v) < 3st < 15t < 15(k — 1).

So, ||F, R|| > (15k — 6) — (15k — 15) = 9. Since |Fy| = 5, if v € R has ||v, F}|| > 4, then
G|[F; +v] contains a shorter chorded cycle, a contradiction. Then by pigeonhole and |R| < 3,
we have |R| = 3, say R = {z1, 22, 23}, and each z; € R has exactly 3 neighbors in F;. By
Lemma 4.2, if we consider F} as a b-cycle x1z9x3042521 with the unique chord xsxs, then
N(z1) N N(z2) NV (F) = {x1,x2,24}. Hence G[RU F] has a 4-cycle zy2120x22; with chord
x1x9, contradicting (O1). O
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Now, if we were to have two chorded 5-cycles F, F’ € F, then we can choose =,y € V(F)
and u,v € V(F"). Then, G[{z,y,u,v}] = K4 since the set of low vertices forms a clique.
This contradicts (O1). Thus F; is the only 5-cycle in F, and hence |V(F)|=4(t —1)+5 =
4t + 1 < 4k — 3. Since n > 4k, we have |R| > 4 unless n = 4k and F consists of (k — 2)
4-cycles and one 5-cycle.

We now handle the case n = 4k. Since Ky, contains k disjoint K4, G has a non-edge
xy. Since G is an edge-maximal counterexample, G + zy contains k disjoint chorded cycles
Fy, ... Fj. Since n = 4k, these are all 4-cycles. By the choice of G, after deleting xy from
G + xy, we ruin one of the F; and thus produce |R| = 4. ]

Lemma 4.10. If k =2, §(G) > 3.

Proof. Let v € V(G) be a vertex with dg(v) = 6(G) and G’ := G — N[v|. If dg(v) < 1, then
there are n — 2 nonneighbors, all of degree at least 8. Then G’ is a graph on n — 2 vertices
with 6(G’) > 7; in particular, |G’| > 8. So by Theorem 1.35, G’ has 2 disjoint chorded cycles.

Now, suppose v is a vertex with dg(v) = 2, say N(v) = {v1,v2}. For each u € V(G'),
uwv ¢ E(G) so dg(u) > (6k —3) —2 =7 and hence dg(u) > 5.

CASE 1: wvvy € E(G). If there exists u € Ng(v1) N Ng(ve) — v, then uvjvvgu is a 4-cycle
with chord vyve. Since 6(G' —u) > 5—1 = 4, Theorem 1.35 provides a second chorded cycle
unless |G’ — u| =n —4 < 4, which is not the case. Therefore, we have two disjoint chorded
cycles.

Hence, for every u € V(G'), ||u, {v,v1,v2}|] <1 and so 6(G’) > 6. Again, Theorem 1.35
provides that G’ has two disjoint chorded cycles unless |G| < 8. But then, G' = K.
Thus, de(u) = 6 but dg(u) > 7 for each u € V(G'). Then, |[{vi,v2},G'|| > 7 and so
||vi, G'|| > 4 for some i € {1,2}. Hence, for uy, us, us € Ne/(v;), G[{v;, u1,us,us}| = Ky and

G’ — {uy,uz,u3} = Ky, a contradiction.

CASE 2: vvy ¢ E(G). By symmetry, we may assume dg(vy) > dg(v2), so that the Ore

condition (4.1) yields dg(v;) > 5. Consider G” := G — v — vy. Since v is not adjacent to
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the vertices in V(G") — vy,

for all u € V(G" —vy), dg(u) > 7 and hence, dgr(u) > 6. (4.6)

Since dgr(vy) > 4, 02(G") > 10 and so by Theorem 1.37, either n” := |G"| =7, or G" =
G1(n”,2), or G" = Go(2).
Case 2.1: n” = 7. Then G’ = K; and since each u € V(G") — vy has dg(u) > 7,

uvy € E(G) for all such u. Hence, 6(G —v) > 6 and |V(G) — v| = 8 so that G — v has 2
disjoint chorded cycles by Theorem 1.35.

Case 2.2: G” = G1(n”,2). Call the partite sets A, B with |A| =5 and |B| =n” — 5. For
each u € B, dgr(u) = 5 so dg(u) < 6. For each u € A, dg(u) = dgr(u) + ||u, {v,v2}|| <
n” —5+ 1. By the Ore condition, we have n” > 9 so that there exists u € B —v;. Then, we

contradict the Ore condition of G since uv ¢ E(G) but dg(u) + dg(v) <642 =8 < 9.

Case 2.3: G” = G2(2). Then, only one vertex in v € V(G”) has dgv(u) > 6 and so u is
the only vertex in G with degree at least 7 since dg(v),dg(v2) < 6. This contradicts (4.6).
[

Lemma 4.11. If k =2, G is 3-connected.

Proof. 1f GG is disconnected, then by Lemma 4.10 we can use Theorem 1.36 componentwise
to yield two disjoint chorded cycles, a contradiction.

Suppose G has a cut-vertex x. Let Y be a component of G — z disjoint from F. By
Lemma 4.10, 6(G) > 3 so that 6(G[Y]) > 2. But the set S := {v € Y : dy(v) = 2} induces
a clique since for all s,t € S, dg(s) + dg(t) < 6. Hence, 0o(G[Y]) > 5 and so G[Y] contains
a chorded cycle by Theorem 1.36, so we have 2 disjoint chorded cycles, a contradiction.

Now, suppose that there exists a separating set S with |S| = 2. Say S = {u,v} and
G — S has components A and B.

CASE 1: For all w € V(G) — S, dg(w) > 4. Let G4 = G[A + u] and Gg = G[B +v].
If dg,(u) > 2, then 09(G4) > 5, otherwise 02(G4 — u) > 5. In both cases, G4 contains a

chorded cycle. Similarly, Gg has a chorded cycle, a contradiction.
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CASE 2: There exists a vertex y € V — S such that dg(y) = 3, say y € A. By (4.1),

dg(w) > 6 forall we B. (4.7)

Let P’ be a shortest u, v—path in G[B U S].

Case 2.1:  For some w € B — V(P'), ||lw, P'|| > 4. Then ||w, P’ — v|| > 3 and so
G[P' — v+ w| C G[B + u] contains a chorded cycle. Take a maximal path @ := vgv; - - - v4 in
G[A +v] with vo = v and v; € A for i > 0. If dgaqe(vs) > 3, then [|v,, Q|| > 3 and so G[Q)]
contains a chorded cycle. Otherwise, by Lemma 4.10, dgia4.(vs) = 2 and de(vs) = 3. Since
Q is maximal, Nga4v](vs) = {vs—1,v;} for some 0 < i < s —2 and {u, v} being a separating
set means that Ng(vs) = {vs_1, v;, u}.
Consider v; 1. Path vyvy - - - v;05v5_1 - - - v;41 has the same length as @), so

dcrato) (Vig1) = 2 and dg(vig1) = 3. Hence by (4.1), vipivs € E(G) andsoi+1 = s — 1.
Also, Ng(vs—1) = {vs_a,vs,u} so that uvs_jvs_svsu is a 4-cycle with chord vs_jvs. By the
subcase, ||w, P — u|| > 3 so that G[P' — u + w| C G[B + v] contains a chorded cycle. Thus

we found 2 disjoint chorded cycles. This completes the subcase.

Case 2.2: Forallw € B— P, ||w, P'|| < 3. First, B— P’ # () as otherwise x € V(P')
and zy ¢ E(G) implies that dg(z) > 9 — dg(y) = 6 so that P’ has a chord, contradicting it
being a shortest u, v—path. Then, 6(G[B — P']) > 6 — 3 = 3 and so G[B — P’'] contains a
chorded cycle by Theorem 1.36. Now consider G[A + P’| O G[A + S]. All maximum paths
@' in G[A + P'] have endpoints of degree 2 in G[A + P’'] or else we have our chorded cycle.
Therefore,by Lemma 4.10 all such maximum paths are u, v—paths. Consider one such path
Q' = vyvy - - - v, where u = v{, v = v;. Note, t = 1 implies A is already disconnected in G and
t = 2 implies N(v}) = {u, v}, contradicting §(G) > 3, so we assume t > 3. By Lemma 4.10,
daratpi(viq) = 3.

If xv;_, for some v € A—Q)', then vf - - - v;_, x is a part of a different maximum path, hence
must have v as an endpoint, i.e. there exists 0 < ¢ < t—1 and vertices z;,1, -+ ,T;_2 € A—Q’
where © = x;_5 such that Q" = v} - vix;41 - - T4—9v;_yv; is maximum. In other words,

G =GPUQ U{zis1,...,x42}] is a O-graph with 3-vertices v, and v,_;, and so x = z;_»
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cannot have a third neighbor in G’. So, there exists y € A — V(Q') — V(Q") such that

xy € E(G). But then vj---v,_,zy is longer than @)’ contradicting @’ being maximum.
Thus, Ng(vi_;) € Q" and so vjv;_; for some 0 < j < ¢ — 3. But then we have a cycle

vP'u@Q'v with chord vjv;_,. Hence, each of G[A+ P'] and G[B — P'] contains a chorded cycle

thus providing 2 disjoint chorded cycles, a contradiction. O

Lemma 4.12. Suppose k > 2, R = {v1,vs,v3,0}, E(G[R]) = {v1v, vav3, v3v4, v401 }, and
F € F is such that F' = Ky. If ||R, F|| > 11, then

(a) ||R, F[| =11 and

(b) S, de(v;) > 12k — 5.

Proof. Suppose ||R, F|| > 11. We proceed in a series of claims. First, we show that
||z, R|| <3 for each 1 <i < 4. (4.8)

Indeed, assume z,v; € E(G) for each 1 < j < 4. Since ||R, F|| > 11, we may assume
||v1, F|| > [11/4] = 3. Then G[F —z1+v1] 2 K; and G[R—v;+z1] = K, a contradiction
to Rule (O1). This proves (4.8).

By (4.8), we may assume that ||z;, R|| = 3 for 1 <i < 3 and ||z4, R|| > 2. For 1 <i < 3,
let j(i) be such that v, z; ¢ E(G). Our next claim is:

vy, FI| £1  foreach 1 <4 < 3. (4.9)

Indeed, suppose that for example j(1) =4 and ||vy, F'|| > 2. Since vy ¢ E(G), this means
G[F —x1+wvy4) contains K . But by the choice of 21, also G[R—vs+x1] = K, a contradiction
to Rule (O1). This proves (4.9).

If there exist i1,y such that j(iy) # j(i2), then by (4.9), ||R, F|| = [{vj@), Vi) ), FI| +

I|R = {vj(), Vi } FIl £2-1+2-4 =10, a contradiction. Thus, we may assume

J(1) =j(2) =j(3) =4 (4.10)



We can now say more:

T4U1, T4V ¢ E(G) (411)

If (4.11) does not hold, then by symmetry we may assume x4v; € E(G). In this case,
by (4.10), G[F — x1 +v1] = K4 and G[R — vy + x1] = K{3. But a K5 is “better” than a C,
by (O6), a contradiction.

Since ||R, F|| > 11, (4.8) and (4.11) together imply ||R, F|| = 11 and N(xy) N R =
{va,v4}. So, if one of vy or vz, say vs, is low, then x4 is high, and replacing F' with G[F —
x4 + v3] yields another Ky, and R — v3 + x4 again induces Cy. But it contradicts Rule (O8),
since d(z4) > d(vs). Hence, both v; and v3 are high, and ijzl da(v;) = da(ve) + de(ve) +
2(3k — 1) > (6k — 3) + 2(3k — 1) = 12k — 5. This proves the lemma. O

Lemma 4.13. For k >3, K, € F or {K; ,K,; } CF.

Proof. Suppose that K, ¢ F and {K;, K, } Z F. Let G' = G — V(F}). We first show that
o(G) > 6(k —1) — 3. (4.12)

Otherwise, there exist z,y € V(G’) such that dg/(x) + dg/(y) < 6(k — 1) — 4 = 6k — 10.
Then, ||{z,y}, F1|| > 7 and so by symmetry we may assume ||z, Fy|| > 4. If |F}| > 5, then
G[F) + x| contains a chorded cycle shorter than F, contradicting (O3). Otherwise, [} = K,
and G[F| + z] 2O Ky, contradicting (O2). This proves (4.12).

By the minimality of G, either n — |Fy| < 4(k — 1) or G’ has k — 2 disjoint cycles, and
G’ is an excluded graph. Note that G’ # Gj3 since G5 contains Ky. If ||Fy,z|] < 2 for all
x € V(G), then 0(G') > 6k —3 —4 =6(k — 1) — 1. By Theorem 1.36, G’ has k — 1 disjoint
cycles, so G has k disjoint chorded cycles, a contradiction. Then, either n — |F}| < 4(k — 1),
or G’ DGy (n—|F|,k—1),or G’ 2 G¥*(k—1), and ||z, F1|| = 3 for some xz € V(G’) so that

by Lemma 4.2, we have the following cases:

CASE 1: [F, = K, . In this case, n — |F;| > 4(k — 1), so G’ is an excluded graph.
Since G’ 2O G3*(k — 1) contains K, we have G' O Gy (n — 4,k — 1) with partite sets A
and B where |[A| = (n—4) —-3(k—1)+1=n—-3kand |[B] =3(k—-1)—1 =3k —4.
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There exists a vertex yo € A such that for each y € A — vy, ||y, Fi|| = 3, No'(y) = B, and
llvo, F1]| > 2 or else we violate (4.12). For the same reason, |A| > |B| and so |A| > |B| > 5.
Note, for each y € A — yo, we have z1,z3 € N(y). So, take some y; € A — o and suppose
by symmetry that N(y;) N Fy = {x1,x2,23}. We have the chorded cycle F| comprised of
y122x423y; With chord zozs. Then, the remaining graph G” := G — {y;, x2, x5, 4} contains
K| 4)-1,B]4+1 — 1Yo since x; is adjacent to all of A —yo. G has k — 1 disjoint chorded cycles
unless |A —y1| = n — 3k < 3k — 3. But then, (4.12) implies n — 3k = 3k — 4 and so A and B
are interchangeable. Namely, there exists zy € B such that each z € B — 2, has ||z, F1|| = 3
and Ng(z) = A. Moreover, if any y € A—yg and z € B — z, share the same neighborhood in
Fi,say N(y)NN(z) NV (F)) = {x1,x3, 22}, then G[{x1, z2,vy, 2}] = Ky, a contradiction. So,
we can take any vy, y2 € A—yp and 21, 20 € B — 25 where N(y;) NV (Fy) = N(y2) NV (Fy) =
{z1, 23,22} and N(z1) NV (F}) = N(z2) NV (Fy) = {1, 23,24} to get 4-cycles y; 2011291,

and Y2143y with chords y;21 and zx3, respectively, a contradiction.

CASE 2: [, = CJ with unique chord z3x5. If n —5 < 4(k — 1), then n > 4k implies
n = 4k. Now, {z1,x3} and {3, x4} form independent sets, so for W := {xy, 29, x3, 24} ,
we have ||W,V(G")|| > 2(6k — 3 —5) = 12k — 16. For each y € V(G’'), ||y, Fi|] < 3 and
so we have ||W,V(G")|| < 12k — 15. Hence, there exists a yo € V(G') such that for each
y € V(G') = yo, |ly, W|| = 3. For such a y, if yz4 ¢ E(G), then G[{y, z1, 22, 23}] = Ky, a
contradiction.

Thus, n—5 < 4(k—1) and hence G’ is an excluded graph. Whether G’ O Gy (n—5,k—1)
or G' O G¥5*(k — 1), there exists an independent set A of size 3k —5 > 3. Moreover, there is
a vertex yo € A such that for all vertices yi,y2 € A — yo, we have dg(y1), dg (y2) = 3k — 4,
yy2 ¢ E(G), and so ||y1, Fill, ||y2, Fi|| = 3 by the Ore condition. Hence, N(y;) N N(yz) 2

{1, 2} in which case we have the 4-cycle y;x1yswoy; with chord x;x9, contradicting (O1).

CASE 3: F, = K;3 with partite sets A" = {x, 23,25} and B’ = {x2,24,26}. Then
G5*(k—1),G3 € G’ as each of them has smaller chorded cycles than K3 3. Suppose n —6 <
4(k—1). Then, since each partite set of F; has at most one low vertex, we can by symmetry

assume 1, ro are high vertices, in which case |[{z1, 22}, V(G')|| > 23k —1—-3) =6k —8 >
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4(k —1) > n— 6. So, there is a vertex y € N(x1) N N(z9) NV (G’), and hence yzrix42320y is
a b-cycle with chord 124, contradicting (O3).

So,n—6 > 4(k —1) and G O G;(n — 6,k — 1) with partite sets A and B where
|Al=(n—6)—3(k—1)+1=n—-3k—2and |[B|=3(k—1)—1=3k—4.

By (4.1), there exists a vertex yo € A such that for each y € A — yo, ||y, F1|| = 3,
Ne(y) = B, and ||yo, F1|| > 2. By Lemma 4.2, for each such y, either N(y) NV (F;) = A" or
Ny)NnV(F) =5

Case 3.1: All y € A — yy have neighbors in one partite set, say A’. Then no vertex
z € V(B) has a neighbor in A" or else we have a chorded 5-cycle, contradicting (O3). Then,
for each pair x,2’ € B, we have |[{z, 2}, B|| > 6k — 9. This implies that there exists some
vertex zp € B, such that for all z € B — 2y, N(z) N V(Fy) = B’. Hence, our graph G is

Kn—3k+1,3k—1 — Yop<o OT Kn—3k+173k—17 ie. Gl_ (n, k — 1) or Gl(TL, k — 1)7 a contradiction.

Case 3.2: A — yp is partitioned into two non-empty sets A;, Ay where for all y € Ay,
Ny)NV(F)) = A" and for all y € Ay, N(y) NV (F;) = B’. Again, we cannot have any
z € V(B) with ||z, Fi|| # 0, as otherwise we contain a CJ. Hence, for each x € B/,
N(x) C A"U Ay + yo and for each y € A, N(y) C B'U Ay + yo. If say |A;| < |As], then for

each z, 2’ € A/,
/ / ’A|_1
d(x) +d(z") <2-3+2|A1] + ||yo, {z,2'}|| < 8+2 —5 <n-—3k+5. (4.13)

Therefore, n > 9k — 8. If |Ay],|As| > 3, then take any A} C A;, A, C A, each with
| AL, AL = 3 and so G[A], A'], G[AL, B'] = K33. Then, G—{A}, A", A}, B’} O K,,_35—8 3k—4-
If n > 9k — 8 or k > 4, then this remaining graph contains k£ — 2 disjoint chorded cycles
because n — 3k — 8 > 3(k — 2), a contradiction. But if £ = 3 and n = 9k — 8 = 19, then
n — 3k + 5 = 6k — 3, and so we need equality in (4.13). However, |[A| =n —3k —2 =8 is
even and so this is impossible.

Otherwise, we may assume |A;| < 2. Since B’ is independent, it contains two high
vertices, say z,2’ € B'. For k > 3, dg(z) + da(2') < 2|Ay + yo| + 2 -3 < 12. Hence,
|[{z,2'}, B|| > 6k —3 — 12 > 3 and so there exist 2,2/ € BN (N(x) U N(z). Since
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|BU B’| = 4k — 1, yo can have at most one nonneighbor in B U B’. So we can assume
Yoz, yoxr € E(G). But then for each z” € N(yo) N (B — 2) and y € A — yo, zyo2"yzx is a
5-cycle with chord yoz, contradicting (O3). O

4.3 Case: G|R| does not have a Hamiltonian path

Suppose that our collection F utilizing Rules (O1)-(08), yields a remainder vertex set R
where G[R] does not contain a Hamiltonian path, i.e. G[R] does not contain a spanning

path of length |R]|.
Lemma 4.14. For k> 2 and all z € R — V(P), dgr)(2) > 2.

Proof. Suppose there is a vertex z € R — V/(P) such that dgp)(2) < 1. By Lemma 4.5
and since P is maximum, dp(vy) < 2 and |jv;, R — V(P)|| = 0 and symmetrically for v,.
Therefore deig(v1), dair)(vy) < 2. Since viz,v,2 € E(G), 2d(2) + d(v1) + d(vp) > 12k — 6.
By the case and Lemma 4.5, 2dgg)(2) + dar)(v1) + dair)(vp) < 6, hence

1{v1, 0, }, F| + 2|z, FIl = 12k — 6 — 6 = 12(k — 1). (4.14)

Claim 4.15. For all F € F, if ||[{vi, v}, F|| + 2||z, F|| > 12, then
() [{or, v}, Fl| +2||z, F[| = 12,
(b) |Fl=k—1,
(c) ||v,F|| =3 for all v € {vy,v,, 2}, and
(d) deir(z) = 1, dar (v1) = 2, and dar/(v,) = 2.

Proof. Suppose that there exists F' € F such that |[{vi,v,}, F|| + 2||z, F|| > 13. Since
[[{v1, v}, F|| <8, ||z, F|| > 3. Moreover, there is some v € {vy, v, 2} such that ||v, F|| = 4,
so F = K, by Lemma 4.2. Since some vertex has 4 neighbors in F', if possible choose

x € [(N(v1) UN(v,)) \ N(2)] NV (F), otherwise just choose z € [N(v1) U N(v,)] N V(F).

64



Then G[F — x + z] = K4 and G[V(P) + z| contains a path longer than P, contradicting
(06). This proves (a).

Hence, by (4.14), |[{vi,v,}, F|| + 2||z, F|| = 12 for all F € F and thus |F| = k — 1,
dar)(v1) = darr(vp) = 2, and dgir)(2) = 1. This proves (b) and (d). If ||v, F|| = 4 for some
v € {v1,vy, 2z}, then again F' = K. If possible choose z € [(N(v1) UN(v,)) \ N(2)| NV (F),
otherwise just choose z € [N(v1) U N(v,)] NV (F). Either G[F — x + z] 2 K, and G[P + z]
contains a path longer than P, or ||z, F|| = 2 in which case G[F —z+2z] = K; and zv; - - - vpx
is a cycle with chord incident to v; since dgg(vi) = dp(vi) = 2. In any case, we have a

contradiction thus proving (c¢), and this completes the claim. ]

By Lemma 4.2, we have four cases:

CASE 1: F = K,. There exists z € N(v;) NN (v,) NV (F) and so G[F —z+ 2] O K, and
G[P + z] has a cycle with chord incident to v; since dp(v;) = 2. Thus, we have k disjoint

chorded cycles, a contradiction.

CASE 2: F = K,. By Lemma 4.2, {xy,23} C N(z) N N(v1) N N(v,) N V(F). Then
G[F — x1 + 2] = K; and G[P + x1] has a cycle with chord incident to v; since dp(vy) = 2.

Thus, we have k disjoint chorded cycles, a contradiction.

CASE 3: F = Cj. By Lemma 4.2, {z1,22, 24} C N(2) N N(v1) N N(v,) N V(F). Then
G{z x1,22,v1}] D K, contradicting (O1).

CASE 4: F = Kj33. We may assume N(z) N V(F) = A = {x1,x3,25}. If there exists
v € {vr,v,} with N(v) NV (F) = B = {3, 24,6}, then G[F — x5+ 2] = K33 and G[P + x4
contains a path longer than P, contradicting (O6). Hence, N(2) NV (F) = N(v1) NV (F) =
N(v,) N V(F) = A. Moreover, since this is the last case, each F; € F also is a K33. Then,
da(z) = 14+ 3(k—1) = 3k — 2, so z is a low vertex. Since zzy ¢ E(G), x5 is not low.
However, G[F — x5 + 2] = K33 and P is still a path in G[R — 2 + x2], so that either there is
a longer path and we contradict (O6), or the degree sum in R has increased, contradicting

08). This proves Lemma 4.14. O
(08) p
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Lemma 4.16. Let k > 2 and P, = 2122 -+ z5 be a mazimal path in G|R — V(P)]. Then,

dG[R]<Zl) =2 or dG[R](Zs) = 2.

Proof. By Lemma 4.14, dgg)(21) > 2 and dgg)(2s) > 2 so suppose that dgg)(21), der)(zs) >
3. If s =1, then ||z, P|| > 3, contradicting Lemma 4.5. Therefore z; # z,. If dp (z1) =
dp,(z5) = 1, then each vertex has at least two neighbors on P, say z1v;, 2105, 25U, 25U €
E(G) with i < j and m < ¢. By symmetry assume i < m. Then z; - 2,001 -+ - v;21 is a
cycle with chord z,v,,, so we have k disjoint chorded cycles, a contradiction. Otherwise, some
endpoint of P, has a chord on its own maximal path, say z12; € E(G) for some 3 < i < s.
Still 210, 25v; € E(G) for some 1 <m,j < p. Then z; - -- 2,0 - - - v, 21 is a cycle with chord

z12;, so we have k disjoint chorded cycles, a contradiction. O
Lemma 4.17. If k > 2, then G[V (P)] is not a cycle.

Proof. Suppose G[V (P)] is the cycle vyvy...v,v;. For notation, let P, = P, and let P, =
wiws ... w, be a longest path in G[R] — V(F;). By the maximality of P, and P,, neither
of wy nor w, has a neighbor in R — V(P;) — V(F,) and by Lemma 4.14, dgg)(w1) > 2 and

dair (wg) > 2, so we conclude that
q >3, dag)(wi) = dar|(wg) = 2, and wy and wy are incident to chord(s) of P,.  (4.15)
Let Wy = {vy,v2}, Wo = {wy,w,} and W = W, U Ws. Since vywy, vow, ¢ E(G)

W V(G) = R|| =) da(w) = Y dam(w) > 2(6k —3) —4(2) = 12(k — 1) — 2. (4.16)
wew wew

Hence if |F| < k — 2, then there is F' € F with ||W, F|| > 13. So, there is v’ € W

with [[w’, F|| > 4. Then by Lemma 4.2 , F' = K4. If w' € W, then to have ||W, F|| > 13,

there is w” € Ws_; with |[w”, F|| > 3. Therefore, we have w € Wy and v € W; with

llw, F||,||v, F|| > 3. Let z € [N(v) \ N(w)] N V(F) if possible, otherwise simply choose

x € N(v)NV(F). Thus G[F — x +w| = K4 and G[P + z] has a path longer than P. This
contradicts (O6). Therefore,
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|Fl=k—1. (4.17)

By (4.16), there is F' € F with

W, F|| > 10. (4.18)

By symmetry, we may assume
o1, Fll > vz, FI| and [Jwy, F| > [[w,, F]]. (4.19)

Let ||W;, F|| > 5 with W := {v},v5} and W3_; := {w},w,}. Assume first that F' = K3 3.
By Lemma 4.2, we may assume that N(v)) N V(F) = A and {z2,z4} C N(vy) NV (F).
Since [|[Ws3_;, F|| > 4, both w},w; have neighbors on F', say x € N(wj) N V(F) and 2’ €
N(w; )NV (F), respectively, where we may assume N (w})NV (F) € Aand N(w,)NV(F) C B
by Lemma 4.3. Then both G[V (P;_;) U{xz,2'}] and G|V (F;) U(F —{x,2'})] contain chorded
cycles, thus producing k disjoint chorded cycles.

Now assume that F' # K33. Then there exists € Ng(vj) N Ng(vh) NV(F). Note, this
holds even if F' = C5, as if v/ € W has N(v') N V(F) = {x3, 25}, i.e. the endpoints of the
chord, then we have G[{v', x3, x4, 25}] = K, , contradicting (O1). Note that G[V(P;) U {z}]
contains a chorded cycle. It follows that each of wy, w;, has at most two neighbors on F' — ,
and w) and wy; cannot both have neighbors on F' — z, for otherwise, G[V (P3_;) U (F' — 7)]
contains a chorded cycle and we obtain k disjoint chorded cycles. Therefore, ||[W5_;, FF—z|| <
2.

If 2 is adjacent to both wi and w], then by the same argument, ||[W;, F — 2| < 2, a
contradiction to ||W;, F|| > 5. So ||W3_;, F|| < 3. Tt follows that ||W;, F|| > 7, and thus for
some v' € Wy, ||V, F|| > 4, so F = Ky, and v}, v} have at least three common neighbors on
F.

Since ||W;, F|| <8, ||Ws_;, F|| > 2. So we may assume that either w| has two neighbors
on F, or wy,w, both have neighbors on F. In the former case, let x € Ng(v}) N Ng(vy) N

V(F) \ Ng(w)), then G{wi} U (F —z)] 2 K; and G[V(F;) U {z}] contains a chorded
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cycle. In the latter case, let z1,2, € V(F) where zw|,rqw, € E(G), respectively and
x € Ng(v)) N Ng(vy) — 21 — 4. Then G[V(FP;) U {x}] and G[V(P5_;) U {z1,2,}] contain

chorded cycles. O

Lemma 4.18. Suppose k > 2, V(P) # R, and z € R — V(P) is the endpoint of a mazimal
path in R — V(P) with dgr)(2) = 2. Let W = {v1,vp, 2}. Then,

(a) For oll F € F, ||W,F|| <9,
(b) |Fl=k—1, and
(¢) P has a chord with an endpoint in {vy,v,}.

Proof. Suppose that ||[W, F|| > 10 for some F' € F. Then, either ||z, F|| =4 or ||v, F|| = 4
for some v € {vy,v,}. If ||z, F|| = 4, then some z € V(F) has zv; € E(G). So G[F —
x + z] = K4 but xv; - - - v, is longer than P, contradicting (O6). If say ||v1, F'|| = 4, then
[[{z,vp}, F|| > 6 and so there exists some z € N(z) N N(v,) NV (F). So G[F —z+v| = K,
and vy - - - v,xz is longer than P contradicting (O6). This proves Lemma 4.18(a).

Due to P being maximum and G[P] not a cycle by Lemma 4.17, W is an independent
set so d(v1) + d(v,) + d(z) > 9k — 4. Note, at most one of these vertices is low. Then,

W, F||>9% —4—6=9k—1)—1 (4.20)

By Lemma 4.18(a), if |F| < k — 2, then ||[W, F|| <9(k —2) < 9(k — 1) — 1, a contradiction.
This proves Lemma 4.18(b)

For Lemma 4.18(c), if P had no chord at an endpoint, then dgg)(vi) = dgr)(vp) = 1
and so we could improve (4.20) to ||W, F|| > 9k —4 —4 = 9(k — 1) + 1, a contradiction to
Lemma 4.18(a) or Lemma 4.18(b). This completes the proof. O

Below we continue to use the special set W = {vy,v,, 2} where z € R — V(P) is the

endpoint of a maximal path in R — V/(P) with dgg)(2) = 2.

Lemma 4.19. If k > 2 and F € F with F = K; or F = CZ, then ||W,F|| < 7. Hence,
K;,Cf ¢ F.
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Proof. Suppose that there is some F € F such that |[|W,F|| > 8. If F = C{, then by
Lemma 4.2, there are two vertices w,w’ € W such that N(w) NV (F) = N(w') N V(F).
Namely, G{w,w'} U (N(w) NV (F))] 2 K, a contradiction to (O1). Hence, F' = K.

If ||z, F|| = 3, then for each x € {x1,23}, G[F — x + 2] = K; and G[P + x| contains a
longer path than P since there is some v € {v1,v,} with ||v, F|| = 3 as well.

Otherwise, ||z, F|| = 2 and ||v, F|| = 3 for every v € {vy,v,}. If there is x € N(z) N
{z1, 23}, then again G[F — x + v;] = K; and G[P + z| contains a path longer than P,
contradicting (O6). Hence, N(z) N V(F) = {xq,x4}. But then, G[F — x; + 2] = K and
x1v1 - - vpx I8 a cycle with chord from Lemma 4.18(c). This gives us k disjoint chorded
cycles, a contradiction. This proves the first part of the claim.

Since W is an independent set, we have ||W,F|| > 9k —4 -6 = 9(k — 1) — 1. By
Lemma 4.18(a) and the first claim, if there exists a single cycle of type K; or C, then we

have ||W, F|| <7+ 9(k —2) < 9(k — 1) — 1, a contradiction. This completes the proof. [

Lemma 4.20. Suppose that z is the same from Lemma 4.18 and ||{vi,v,, 2}, F|| > 8. If
k=2, then F'= Ks3. If k >3, then F = K33, or F'= K, and ||z, F|| = 0.

Proof. Suppose that F' # Ks3, then by Lemma 4.19, F' = K. Then some x € V(F) is
adjacent to v or v,.

If ||z, F|| = 4, then G[F — x + z] = K4 and G[P + z] contains a path longer than P, a
contradiction.

If ||z, F|| = 3, then ||{vi,v,}, F|| > 5, and some 2’ € F is adjacent to both v; and v,.
In this case, G[F — 2’ + z] contains K; and G[P + z'] contains a cycle with chord due to
Lemma 4.17.

If ||z, F'|| = 1, then ||[{v1,v,}, F|| > 7. We may assume that ||vy, F'|| = 4 and ||v,, F|| > 3.
If v, and z have a common neighbor, say z, on F, then G[F —z+v;] = K4 and G[P—v,+x+2]
contains a path longer than P. If v, and z have no common neighbor on F', let x € I be
the neighbor of z, then G[F — = + v,] = K, and G[P — v, + = + 2] contains a path longer
than P.

Finally, let ||z, F'|| = 2. If say ||v1, F)|| = 4, then v, and z have no common neighbors

x € V(F) (otherwise, we get G[F —x+v,] = Ky and G[P —v; +x + z| contains a path longer
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than P); hence, there exists € N(v1) N N(v,) NV(F) \ N(2) so that G[F' —x + z] = K
and G[P + z] contains a chorded cycle by Lemma 4.18(c). So ||vy, F|| = ||vp, F|| = 3. If
N(v) NV (F) = N(v,) NV (F), then some x € N(v;) N V(F) is not a neighbor of z, thus
G[P + z| and G[F — = + z| both contain chorded cycles. If N(v;) NV (F) # N(v,) NV (F),
then z has no neighbors in N(v;) N F — N(v,) and N(v,) N F — N(vy) as we can contradict
(06) again, so N(z) N F = N(v;) N N(v,) N F. Let {z1, 22} = V(F) — N(z) and 21 € N(vy)
(thus o € N(v,)). Let 2’ be the other endpoint of P;. If z = 2/, then ||z, P|| = 2.
Let N(z) N V(P) = {v;,v;} with ¢ < j. Then vyvy---vjzz30v, is a chorded cycle and
G[F —z3+wv,) = K; . So 2’ # z. Then similar to z, N(z')NV(F) = N(z)NV(F) = {x3, x4}
Now G[P + x1 + x2] contain a chorded cycle and G[{z3,xz4,2,2'}] O K, .

Therefore, ||z, F|| = 0. Now let & = 2. Note that dg(v1) < 6, and by Lemma 4.16,
da(z) = dgir)(2) = 2, a contradiction to (4.1). O

By Lemma 4.20, each copy of F' = K33 € F, has ||w, F|| = 3 for all w € W. Moreover,
each

V' (F') has partite sets Agr, Br such that ||W, Ap|| = 0.

Otherwise, if v, and v, share a neighbor x € V(F), then G[V (P) + x| contains a chorded
cycle and G[F — x + z] = K33. If instead z and say v, share a neighbor x € V(F'), then
G[F — x +v,| = K33 and zxvy - - - v,_; is a path longer than P, contradicting (O6).

Now, choose 2/ € Ap. If ||Z/,R|| > 3, then G[F — 2/ + z] = K33, P is still a path
in G[R — z + 2], so we either contradict (O6) or (O7) since dr/(2') > 3 > 2 > dgg(2).
If ||2/, R|| = 2, then the same process yields a contradiction to (O8) since z is low but
2z ¢ E(G) implies 2’ is not low. Hence, |2/, R|| < 1. So, d(?') <3(k—2)+4+1=3k —1,
but 2’ not low implies that we have ||z, F}|| = 4 where F} is still our unique copy of K, € F.
Hence, for each z € V(F1) N (N(v1)UN(vp)), GIF — 2 + 2] = K33 and G[F} —x + 2| = K4
and G[V(P) + x| contains a path longer than P, contradicting (O6). Thus, this completes
the case if k > 3.

All that remains is to handle the base case of k = 2.
Lemma 4.21. If k =2, G — V(P) forms a subgraph of Kj,,, where m =n — 3 — |V (P)|,

such that vy, v, have only neighbors in the partite set of size 3.
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Proof. Let Py = z ...z, be the longest path in R — V(P). Consider W = {vy,v,, 21}, where
by Lemma 4.16 we assume that dg(z;) = 2. Clearly, W is an independent set. So at most
one vertex in W is low. Then dg(vi) + da(vp) + da(z1) > 9+ 5 = 14. As dgp)(z) < 2 for
each x € W, we have ||W, F|| > 14 — 6 = 8. By Lemma 4.20, F' = K33. Let A, Br be the
two parts of F. Let Ap = {x1, 23,25} and Bp = {x9, 14, 76}.

We claim that vy, v, and z; have only neighbors in one part of F, say Ap. By symmetry,
assume that N(v1) N V(F) = Ap. Suppose N(v,) N F C Ap. If N(z) N V(F) C Bp, let
r1 € N(vi) N N(v,) N V(F), then G[F — x1 + z1] = K33 and G[P + 1] contains another
chorded cycle.

Now suppose N(v,) N V(F) C Bp. If N(z1) N F C Bp, then v, and z; have a common
neighbor, say xs, thus G[F — z2 + v1] = K33 and zzov,0,_1 - - - v2 is a path longer than P,
contradicting (O6). If N(z1) N V(F) C Ap, then when ||z, F|| = 3, let x5 € N(v,), then
G[F — 3+ z1] = K33 and G[P + x5 contains a path longer than P, and when ||v,, F|| = 3,
let ©1 € N(z), then G[F — x; + v,] = K33 and G[P — v, + x1 + z| contains a path longer
than P.

By symmetry, z, has only neighbors in Ar as well. Let 1,23 € N(z) N V(F) and
zsx3 € E(G) and x5 € N(v1) N N(v,) NV(F). Then G[P + 5] and G[P, U{x1, x5, x2}] both
contain chorded cycles since P has a chord by Lemma 4.18. So P, = {z}. It follows that

R — P consists of isolated vertices and each of the vertices in R — P has neighbors in Ap. [

Lemma 4.22. If k = 2 and G[R] has no hamiltonian path, then G contains 2 disjoint

chorded cycles.

Proof. By Lemma 4.21, we may assume that G consists of a path P and a subgraph H of
K3, with parts A = {x1, 23,25} and B = {y1,...,ym} such that v, v, are all not adjacent
to B. As B is an independent set, at most one vertex in B is low, so we may assume that
dg(y;) > b foreach 1 <i<m—1.

Also, at most one of vy, v, is low, and d(v1),d(v,) < 5. So we may assume that d(v,) =
5,d(v,) > 4 and d(y,) > 4. It follows that v, is adjacent to all vertices of A and v, is
adjacent to at least two vertices in A. Likewise, for each i € [m — 1], since y; has only three

neighbors in H, it has at least two neighbors in P. As R— P # (), m — 1 > 3. We may
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assume that v,x3 € E(G) and y,,,x3, ymzs € E(G).

CASE 1: Thereexists 1 <i < j < pand a vertex in B—y,,, say y1, with y1v;, y1v; € E(G),
and a vertex, say ys with yvs € E(G), such that i < j < sors <i < j. Ifi<j<s,
then vy Pvjy;21v; contains chord yyv;, and v, Pu,23ys35y2vs contains chord x3y,. Similarly, if
s <1 < j, then v,Pv;y1 230, contains chord y,v;, and v Pvsysx1y3x5v1 contains chord sys.

This proves the case.

For CASE 1 to not apply for all vertices in B — y,,, we need N(y,) NV (P) = {v;,v;}.

We now handle that case.

CASE 2: For each s € [m—1], N(y;) NV (P) = {v;,v;}, where i < j. Let vyu; € E(G). If
t <1, then v; Pv;y 2101 contains chord vve, and v Pv,x3y25y3v; contains chord x3ys.
If i < j <t, then viv,Pv,xsysxsv;1 contains chord vizs and Glzy, y1, Y2, Y3, Vi, v;] = K 3.
So vivy € E(G) with ¢ <t < j. Since y,v, ¢ E(G), either dgg(vp) = 2 or N(ym) =
{z1, 23, x5, v;,0;}.
Case 2.1: We don’t have a chord incident to v, and N (y,,) = {z1, z3, x5, v;,v;}. Now, j <
p—1 as otherwise P’ = v; - - - v,_1y; is a maximum path and G[V (H)—y;+v,| 2 K33, contra-
dicting (O7) since ||y1, P’ — 31| = 2 but ||v,, P — v,|| = 1. Note that also depy(py(vp-1) < 3
so ||vp—1, H|| > 1. By the case, a neighbor must be in {z, 23,25}, say v,_121 € E(G).
Hence, x1v1vtv441---vp271 18 a cycle with chord xyv,_1 and Glv;, x5, T5, Y1, Y2, ys]| = K.

)

This produces two disjoint chorded cycles and ends the subcase.

Case 2.2: dgg(vp) = 2. By symmetry with vy, vyv, € E(G) for some i < ¢ < j. Now
G[xl,x5,vi,y1,y2,y3] = K3,3-

If i <t <gq<j,then vyv,Pv,zsv; contains chord v,v,. Otherwise ¢ < ¢, and so G[V (P)]
is a ©-graph.

If i < g <t<j,then vivwe_g - - - VVpVp—1V;¥a23v1 contains chord v,xs unless m = 4 and
vjys ¢ E(G). But then N(y,,) 2 A by (4.1) and so we can swap the roles of y; and yy, i.e.
Glx1, x5, Vi, Yo, Y3, Ya] = K33 and v1v,0,_1 - - - 0g0p0p—10;41 2301 contains chord vyz;.

Ifi <q<t=j, then vivy ¢ E(G) and dgip(vy) = 3 implies [|vg, Al| > 9-5-3 =1,

say £1v, € E(G). Then zvi0,0,_1 - - - v,0,27 18 a cycle with chord x4,
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If i = ¢ <t < j, asimilar argument holds with G[z1,25,v;,y2,y3,y4] = K33 and
T1VpVUqUqt1 - - - V0127 1S & cycle with chord zqvy.

Now it remains to handle when ¢ =g and j =t soi=¢q <t =j. First, we claim
=7 — 2.

Otherwise, ||v, H|| > 2 for v € {v;11,v;42}. By the case, we have N(v) NV (H) C A. Hence,
there exists, say 1 € AN N (v;41) N N(vis2). Then, x1v; -+ viq27 is a cycle with chord xyv;
and G|V (H) — z1 +v;| O K3, producing two disjoint chorded cycles.

Next, we claim ¢ = 2. Note, G[P] is a ©-graph so dgp)(v2) = 2, as otherwise G/[P]
contains a chorded cycle. So, ||va, H|| > 2 since vv, ¢ E(G). If voyr € E(G) for some
k € [m —1], then ygvs - - - vy is a cycle with chord yyv;. Since N(ve) NV (H) is contained in
either A or B, by symmetry assume x1v9, 302 € E(G). Then vyvex1v,230; is a 5-cycle with
chord vy, contradicting (O3).

By symmetry, we also have j = p—1. This together with i = 2 and 7 = j—2 yields i = ¢ =
2, j =t =4, and p = 5 so that G[V(P)] = Ks3. By the symmetry of Ky 3, {v1,vs, 05, ym }
is an independent set so at most one vertex has degree 4. Thus, G € {G1(n,2),G; (n,2)}

with parts {x1, z3, x5, v2,v4} and B U {vy,v3,v5}, a contradiction.

]

This contradicts our initial assumption that G is a counterexample to Theorem 4.1. This

completes the k = 2 case, and hence the case where G[R] does not have a Hamiltonian path.

4.4 Case: G|R] has a Hamiltonian path and k£ > 3

In this section we consider the case that G[R] does have a Hamiltonian path and k& > 3. We

first prove a stronger version of Lemma 4.6.
Lemma 4.23. For k > 3, |R| > 5.
Proof. Suppose that |R| < 4. Then by Lemma 4.6, |R| = 4, say R = {v1, v2,v3,v4}.
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CASE 1: G[R] C Cy. First we show that

IR, F|| <12 for every F € F. (4.21)

Indeed, suppose that ||R, F|| > 12 for some F € F. By Lemma 4.2, FF = K. Since
||R, F'|| > 13, there is v; € R with ||v;, F|| = 4 and there is x € V(F') with ||z, R|| = 4. So,
GIV(F) —x+v] = K, and G[R — v; + 2] D G[R]. This contradicts either (O1) or (O8).
This shows (4.21).

Our next claim is

if F € F and F = CZ, then ||R, F|| <9. (4.22)

Indeed, suppose F' € F is the cycle x1xox3x4x521 with chord z3xs and ||R, F'|| > 10. By
Lemma 4.2, for each 1 < i <4, ||v;, F|| < 3 and if ||v;, F|| = 3, then N(v;)NF = {x1, x2, x4}
So, there are v,v" € R with N(v) N F = N(v') N F = {x1,x2,x4}. In this case, replacing F
in F by the chorded 4-cycle G[{v,v, z1, 22}] we obtain a family F' that is better than F by
(O1). This proves (4.22).

Next we show that

if F € Fand F =K, then ||R, F|| < 10. (4.23)

Indeed, suppose F' € F is the cycle xyxowszyx; with chord zoxy and ||R, F|| > 11. By
Lemma 4.2, for each 1 <i <4, ||v;, F|| < 3 and if ||v;, F|| = 3, then N(v;) 2 {x1,23}. This
means that there is 1 < 7 < 4 such that each v € R — v; has 3 neighbors in F' and v; has
at least 2 neighbors in F. If zyv; € E(G), then for each j' € [4] — j, G[F — 21 +vy| = K
and G[R — vy + 1] D G[R], which contradicts either (O1) or (O8). Thus, z;v; ¢ E(G) and
symmetrically z3v; ¢ E(G), implying N(v;) NV(F) = {x2,x4}. Then, G[V(F) —z1 +v,] =
K, and G[R —v; + 1] D G[R], again contradicting either (O1) or (O8). This proves (4.23).

Since R has two disjoint pairs of nonadjacent vertices,

IR, F|| > 2(6k — 3) — 2||G[R]|| > 12(k — 1) — 2 = 12(k — 2) + 10. (4.24)
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So, by (4.21),

F has k — 1 chorded cycles and
(4.25)
[|GIR]|| > 3, i.e. G[R] is a cycle vivavsv4vy 01 a path v1VaV3V4.

Now we show

Kye F. (4.26)

Indeed, otherwise by Lemma 4.13, F contains two cycles F; and F5 inducing K, in G. Hence

by (4.21) and (4.23), ||R, F|| <2-10+ 12(t — 2) = 12(k — 1) — 4, a contradiction to (4.24).

We also need

if F € F and F = Ky, then ||R, F|| < 11. (4.27)

If G[R] = C4, then this follows from Lemma 4.12; so by (4.25) we may assume G[R] is a path
VU934, Suppose ||R, F|| > 12. If ||vy, F|| = 4, then for each x € V(F), ||z, R — n || <1,
since otherwise G[F — z + v;] = K, and G[R — v; + z] has a Hamiltonian path and more
edges than G[R|, which contradicts (O7). But then ||R, F|| < 8. If ||v1, F|| = 3, then
each © € F has at most 2 neighbors in R — v, since otherwise G[F — = + v1] O K, and
G[R — v; + z] = K, which contradicts (O1). But in this case ||R, F|| < 3+2-4 = 11,
as claimed. Thus, ||vq, F|| < 2 and symmetrically ||vg, F|| < 2. Since ||R, F|| > 12, this
yields ||vg, F|| = ||vs, F|| = 2 and ||vg, F|| = ||vs, F|| = 4. Then, let x; € N(vy) N V(F),
xy € N(vy) NV(F) — 1, and x5, x3 be the remaining vertices in F. In this notation,

G[{v1,ve, 21,22} 2 Ky and G[{vs,v4, x3,24}] 2 K, a contradiction to (O1).

Our last claim is:
if F € F, F=Ks3 and R contains { low vertices, then ||R, F|| < 12 — (. (4.28)

Indeed, since low vertices form a clique in G and G[R] is bipartite, ¢/ < 2. So, there
is nothing to prove if ||R, F|| < 10. Also by (4.21) we may assume ¢ > 1. Suppose
|R, F|| > 13—¢ > 11. By Lemma 4.2, there is 1 < j < 4 such that each vertex in R —v; has

3 neighbors in F' and v; has at least ||R, F'|| —9 > 2 neighbors in F. By the same lemma, if
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the partite sets of F' are A and B, then we may assume that (N(v;) U N(vs)) NV (F) C A
and (N(ve) U N(vy)) NV (F) C B. By above, at least ||R, F|| + ¢ — 12 > 1 low vertices in
R have 3 neighbors in F; so let v; be such a vertex. By symmetry, we may assume ¢ is odd.
Since ||[{ve,v4}, B|| > 5, there is b € B adjacent to both, vy and vs. As bv; ¢ E(G), b is
high. Then G[F — b +v;] = K33, G[R —v; +b] C G[R], and > p_, ., d(w) > > pd(v).
This is a contradiction to (O8) which proves (4.28).

By (4.26), we may assume F; = K4. So by (4.24), (4.21), (4.23), (4.22), and (4.27), F

does not contain copies of K, and C5". In other words,
Fy = K, and each chorded cycle in F is a Ky or a Ks 3. (4.29)

By (4.25), we have two subcases.

Case 1.1: GJ[R] is a path vjv9vsvs. Since ||G[R]|| = 3, (4.24) together with (4.21) imply
that ||R, F|| = 12 for all ' € F. But this is impossible by (4.26) and (4.27).

Case 1.2: (G[R]is a cycle vyvovzvgvy. By Lemma 4.12; either ||R, Fi|| < 10 or ||R, Fi|| = 11
and ijl dc(vj) > 12k — 5. In both cases, by (4.24),
IR, F — Fi]| = 12(k — 2).

In view of (4.21), this means for each F € F — F, ||F,R|| = 12. Hence by (4.29)
and (4.27), each such chorded cycle, and in particular, F induces K33. Then by (4.28), all

vertices in R are high. So, instead of (4.24) we have
||R, F|| > 4(3k — 1) — 2||G[R]|| = 12(k — 1).
This together with (4.27) and (4.29) contradicts (4.21). This proves the case.
CASE 2: G[R] € C4. If G[R] does not have a degree 3 vertex, then G[R] = K3 + K,

say vp is the isolated vertex, and vovsvsvy is a 3-cycle. Then, dg(vi) + dg(vy) > 6k — 3

and so ||[{vi,ve}, F|| > 6k —5 = 6(k — 1) + 1. Hence, there exists some F' € F such that
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[[{v1,ve}, F|| > 7. By Lemma 4.2, F = K;. Whether ||vy, F|| is 3 or 4, there exists some
x € V(F) such that G[F — z + v;] = K, and v, € E(G). But then G[R — vy 4+ 2] 2 K{5,
contradicting (O6).

So suppose G[R] does have degree 3 vertex vy. If the set {vs, v3,v4} is independent, then
it has at most one low vertex and so |[{ve, v3, v4}, F|| > 9k—4—3 = 9(k—1)+2. Hence, there
exists some I’ € F such that ||[{ve,vs,v4}, F|| > 10 and so a vertex, say vq, has 4 neighbors
in F. By Lemma 4.2, F' = K,. By pigeonhole, there exists x € N(v3) NN (vy) NV (F). Then
G[F — x4+ v) = K4 and G[R — vy + x] D Cy, contradicting (O6).

The last possibility is that G[R] = K3, say vyvs is an edge. Consider

f(R,F) =2 [|vg, F[| + [|vg, F|| + [[vs, F|]. (4.30)
Our main claim is that for each F' € F
f(R,F) <12 and if f(R,F) =12 then F is a Kj. (4.31)

Indeed, suppose f(R,F) > 13. Then for some 2 < j < 4, ||v;, F|| = 4. So by Lemma 4.2,
F = K,. Since |F| = 4, to have f(R,F) > 13, we need ||{vy,v3}, F|| > 13 —8 = 5 and
||vg, F|| > [(13—8)/2] = 3. Then there is © € N(v2) NN (v3) NV (F). Hence G[F —x+vy] D
K; and G[R — vy + 2] 2 K, contradicting (O1).

Suppose now f(R,F) =12 and F' # K4. By Lemma 4.2, to have f(R, F') = 12 we need

[|v2, F| = |Jvs, F'l| = [[va, F| = 3. (4.32)

If F'induces a cycle xixoxgzyzy with chord zozy, then {x1, 23} C N(va) N N(vsz) N N(vy) N
V(F). Hence G[R —vs + z1] 2 K, and G[F — x1 + v4] O K, contradicting (O1).

If F induces a cycle zyzox3xyxsry with chord xzxs, then by (4.32) and Lemma 4.2,
{z1,29,24} C N(ve) N N(v3) N N(vg) NV(F). So, G[{va,vs3, 22,21} = Ky, contradicting
(O1).

If Finduces a K33 with parts A and B, then by (4.32) and Lemma 4.2, N(v;) NV (F) €
{A, B} for all 2 < i < 4. By Lemma 4.3, we may assume N (vy) NV (F) = A, N(v3)NV(F) =
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B, and by symmetry, N(vy) NV (F) = A. Then for each a € A, vyv9v3av4v; is a chorded
5-cycle contradicting (O3). This proves (4.31).

Observe that

> (R, F) =2-d(vs) + d(vs) + d(vs) — 6

>2(6k —3) — 6 =12k — 12 = 12(k — 1).

By (4.31), this means F has k — 1 disjoint chorded cycles and f(R, F') = 12 for each F' € F.
Also by (4.31),

each F' € F induces a Ky. In particular, |V (G)| = 4k. (4.33)
Now we show that
for each F € F, ||vg, F|| = 4, and each © € F has exactly one neighbor in {ve,vs3}. (4.34)

Indeed, let V(F) = {x1,x9,23,24}. To have f(R, F) = 12, we need ||vy, F|| > 2. Further-
more, if N(vy) NV (F) = {x1, 22}, then |[{vq,v3}, F|| = 8. Then for x € V(F) — N(vy),
GIF —x+v] 2 Ky and G[R — vy + 2] O K, contradicting (O1). If there exists
x € N(vy) N N(vg) N V(F) with |N(vy) N V(F) — x| > 2, then we reach the same con-
tradiction. So ||[{ve,vs}, F|| < 5. Then, for f(R,F) = 12, we have ||vg, F|| = 4 but
also [[{va,v3}, F|| = 4. Now if there exists z € N(vg) N N(v3) N V(F), we again have
||N(vy) NV (F) — x| > 2. So we have N(vy) N N(v3) N V(F) = 0. This proves (4.34).

Our last claim is that

for each F € F, ||vy, F|| = 0. (4.35)

Suppose now that for some F' € F and © € F, vix € E(G). By (4.34), G[F —x 4+ v4] = K,
and G[R — vy + 2| = K, contradicting (O1).
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By (4.35), ||v1, F|| = 0 and so dg(v1) = 3. Let x € V(F}). By (4.33), (4.34), and (4.35),

de(z) <|V(G) =z —v| =1 <4k —3

Hence dg(x) + dg(v1) < 4k, contradicting the condition dg(vi) + dg(x) > 6k — 3. This

completes the case and the claim. O

A broken ©-graph is obtained from a ©-graph by deleting a vertex of degree 2. We will
view each broken O-graph as a triple (F,,, P,, P,) where F,, is a cycle with two special
vertices u and v, a path P, starts at u, finishes at v’ with V(F,,) N P, = {u} and a path P,
starts at v, finishes at v" with [V (F,,) UV (P,)] N P, = {v}.

Observation 4.24. If F' is a broken ©-graph (F, ., P., P,), then for each triple T of vertices,

F' contains a path Pr passing through all vertices of T.

Proof. Since the graph F'— (P, —u) has a Hamiltonian path P, if TN (V(P,) —u) = 0, then
we may take Pr = P’. Thus it is enough to consider the case that 7" has a vertex t; € P, —u,
and similarly, a vertex to € P, — v. Then for any choice of t3, ' has a v’u/-path containing

t3. Since any such path contains P, U P,, it contains all 7. O

Lemma 4.25. Suppose k > 3, R = {vy,...,v.}, and G[R] is a ©-graph with branching
vertices vy and v,. Let F € F with F' = K4. Then

(a) ||R, F|| < 3r, and
(b) if |F|=k—1, then ||R, F|| < 2r + 2.

Proof. By Lemma 4.23, |R| > 5, and |R| = 5 implies G|R] = Kj3. Suppose the lemma
does not hold for G so G[R] is a spanning Oj, , j,-graph consisting of three paths P, =
Vi1 Vi2 -+ - V5 5,V connecting vy with vy for ¢ = 1,2, 3 where j; > 1 since otherwise it is itself

a chorded cycle. We proceed in a series of claims. Our first claim is:

llvij, F|| <3 foreach1<i<3and1l<j<y. (4.36)
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Indeed, assume that for some v;; € R — vy — ), 2pv;; € E(G) for each 1 < ¢ < 4. If for at
least one /, ||z¢, R — v; ;|| > 3, then we consider F' = F' — x4+ v;j and R' = R — v; ; + xy.
By the case, F' = Ky, and (since R — v;; is a broken ©-graph) by Observation 4.24, G[R/|
contains a chorded cycle. This contradicts (O3), so ||z, R — v, || < 2 forall 1 < i < 4.
It follows that ||F, R|| < 4+ 2-4 = 12. This satisfies both (a) and (b), contradicting our
assumption. This proves (4.36).

Next we show

|I{vo, vo}, FIl < 6. (4.37)

Indeed, suppose (4.37) does not hold. Then by symmetry, we may assume ||vg, F'|| = 4 and
N(vy) 2 {2, x3,24}. Hence, for any two vertices v,v" € R — v, graph G[R — v} has a path
passing through v,v" and vy. Thus if x; has two neighbors, say v,v" € R — vy — v], then
G[R — v}, + z1] contains a chorded cycle. Since G[F — x1 + v,] = Ky, this contradicts (O3).
Therefore, ||z1, R—vo—uvj|| < 1. Similarly, since N(v)) D {xq, x3, x4}, if ||x;, R—vo—v(|| > 2
for some 2 <i < 4, then G[R — vy + ;] contains a chorded cycle and G[F — z; + vy] = Kj.
Again, this contradicts (O3). This proves (4.37).

Together, (4.36) and (4.37) imply (a).

Suppose now |F| = k — 1. Then we can strengthen (4.36) to

[|vij, FI| <2 foreach 1 <i<3and 1<j<j. (4.38)

Indeed, assume there exists v, ; € R — vy — v} with N(v; ;) NV (F) = {x2, x5, x4}. If for
at least one (, ||x;, R — v; ;|| > 3, then G[F — z;+ v; ;] O K, , and by Observation 4.24,
G[R — v;; + x| contains a chorded cycle. Since |F| = k — 1, we have obtained £ disjoint
chorded cycles, a contradiction. Therefore ||zy, R — v; ;|| < 2 for all 1 < ¢ < 4, and hence
||F,R|| < 34 2-4 = 11, as claimed. This satisfies both (a) and (b), contradicting our
assumption. This proves (4.38). Together with (4.37), this implies

|F,R|| <2-(r—2)4+6=2r+2. O
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Lemma 4.26. For k > 3, G[R] does not contain a spanning ©-graph.

Proof. Suppose G|R] contains a spanning ©-subgraph G’ = ©,,,,,,. Since G[R] has no
chorded cycles, ry,79,73 > 1. Furthermore, since adding an edge to a ©-graph creates a
chorded cycle, G[R] = G’. Let ¢ be the number of low vertices in G[R]. Since G[R] is
triangle-free and low vertices form cliques, ¢ < 2. Also, Z de(v) > (3k — 1)r — (. Then,

veEV(R)

IR, F|| > 3k —1)r — € —2(r +1) = 3(k — 1)r — £ — 2 (4.39)

so there exists some cycle F' € F such that ||R, F|| > 3r — ££2 > 3r — 2. We proceed

with a series of claims.

Claim 4.27. If F = K3, then ||R, F|| < 3r — 2 or we have the exception G[R| = Ky 3 and
¢ =0, in which case ||R, F|| < 3r.

Proof. Suppose that ||R, F|| > 3r — 1. By Lemma 4.2, there exists some vertex w € V(R)
such that for all v € V(R) — v, ||v, F|| = 3 and [|vy, F|| > 2. Also by Lemma 4.2, for
all v € V(R) —w, N(v) NV (F) € {A, B}. Moreover, by Lemma 4.3 if v,w € V(R) with
vw € E(G), then N(v)NN(w)NV(F) = (. Hence, G[RU F] is bipartite with parts AU R4
and BU Rp where R = R4 U Rg. Note, |[AU R4|,|BU Rg| > 5 since r > 5 and each of
R4 and Rp contain at most one low vertex since each is an independent set. So, we can
partition AU R4 into A’ U R/, and B U Rp into B’ U Rz so that R, U R; contain no low
vertices and G[A' U B'] = K33. This contradicts (O8) unless ¢ = 0.

Suppose ¢ = 0 but say r; > 1. Specifically, this means we can find three vertices
v',v,v" € R such that v'vv” is a path in G[R], the middle vertex v is a degree 2 vertex in
the ©-graph, and v # w. By symmetry we may assume N(v') NV (F),N@w")NV(F) C A
and N(v) N V(F) = B. Also, some other v € R —v — v —v"” has N(u) N V(F) C A.
Take z € N(u) N N( )N N@")NV(F) C B. But then, G[F — z + v] = Ks3, and
GIR—v+z O O}

o rory and thus also contains a chorded cycle. This contradicts (O3).

Hence, we are left with G[R] = K33, and this proves the claim. ]
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Claim 4.28. If F = C{ then ||R, F|| < 2r + 1. Moreover, since r > 5, ||R, F|| < 3r — 4.

Proof. Suppose ||R, F|| > 2r+2. Then, by Lemma 4.2, there exist two vertices v,v" € V(R)
with ||v, F|| = 3. Specifically, Lemma 4.2 gives N(v) NN (v')NV(F) = {x1, x2, 24}, but then

vr1v'wov forms a cycle with chord x5, contradicting (O3). This proves the claim. O
Claim 4.29. If F = K, then ||R, F|| < 3r — 3.

Proof. Suppose that ||R, F|| > 3r — 2. Let vy, v), be the branching vertices in G[R]. There
exists a v' € V(R) — vy — v}, such that ||/, F'|| = 3. Moreover, all but possibly two vertices
in R have neighbors x; and z3 such that ||z, R|| > r —2 > 3 for every x € {1, x3}. If there
exist such a v' € V(R) — vy — v}, and x € {1,235} with ||/, F|| = 3 and ||z, R — V|| > 3,
then by Observation 4.24, G[R — v’ + x| contains a chorded cycle and G[F —z + '] D K.

Hence, ||[{z1, 23}, R —v'|| <4 and so
[{wa, a}, RBI[ = ||, RI| — [[{z, 25}, BRI = 3r =2 =6 = 3r — 8.

Then, there exists v” € R with |[{za, z4},v"]| > 1(3r —8) =3 — 2 > 1 and so v"zy, 0"z €
E(G). Hence, G|[R — v"] is a broken ©-graph so G|R — v" + 1] contains a chorded cycle by
Observation 4.24 and G[F — x; + 0" = K. O

Now, if |F| < k — 1, then by Lemma 4.25,
IR, F|| > 3(k—2)r+3r—(—2>3(k—2)r+11

gives that any type of F' would yield a contradiction to (4.39). Hence |F| = k — 1, and
by Lemma 4.13, either {K, , K, } C For K, ¢ F. If {K,;,K;} C F, then Claim 4.29
contradicts (4.39). If F; = Ky, then by Lemma 4.25, ||R, Fi|| < 2r +2 < 3r — 3, and so
all other cycles F' have ||R, F'|| > 3r — 1. This forces the exceptional case of Claim 4.27 in

which ¢ = 0 which again contradicts (4.39). This completes the proof of the lemma. O

Lemma 4.30. If k > 3 and r > 5, then G[R] has no Hamiltonian cycle.
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Proof. Suppose G[R] has a Hamiltonian cycle vivs - - - v,v1. Then, since G[R] has no chorded

cycles, G[R] is this cycle. Since R has at most two low vertices and by the conditions on G,
> da(vi) = (r—4)(3k — 1) + 2(6k — 3) = (3k — 1)r — 2.
i=1

Since, dgr)(v;) = 2 for each i, we get ||R,V(G) — R|| > (3k — 3)r — 2. Hence, if |F| < k-2,
then

there is F' € F such that ||R, F'|| > {M-‘ > 3r 4 3=2 > 3. (4.40)

7] =
Then there is v; € R, say vy with [[v;, F|| > 4. By Lemma 4.2, F' = Ky, ||vy, F|| = 4,
and there is © € V(F) such that ||z, R|| > ||F,R||/4 > (3r +1)/4 > 16/4 = 4. Then
GIV(F) — x4 v1] = K4 and G|R — vy + z| has a vertex z adjacent to at least 3 vertices on
the path vq, ..., v,, a contradiction to (O3). Thus |F| =k — 1.

Similarly to (4.40),
there is F' € F such that ||R, F'|| > {%—‘ =3r— 25 >3r—1>2r. (4.41)
By Lemma 4.2, we have the following cases.
CASE 1: F = K,. By symmetry, we may assume ||vy, F|| > 3. Also, there is x € V(F)

-1 14
ol > |22 2 [ ] =4

Then G[F — z + v1] contains a K; and G[R — vy + z] has a vertex x adjacent to at least 3

with

vertices on the path vs, ..., v.. Thus G has k disjoint chorded cycles, a contradiction. This

completes the case.

For the remaining cases, since no vertex in R may have 4 neighbors in F', by (4.41) we
may assume that

llv;, FI| =3 for 1 <i<r—1,and ||v,, F|| > 2. (4.42)
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CASE 2: F = K,;. We may assume that xyr3 is the missing edge. By (4.42), for
1 < i < r—1, vertex v; is adjacent to z; and z3. Thus G[F — x; + v1] = K, and

G[{z1,ve,v3,v4}] = K, thus giving k chorded cycles, a contradiction.

CASE 3: F = Cf. By Lemma 4.2 and (4.42), v, and v are adjacent to x; and zo, i.e.,
G[{vq, v3, 21, x2}] = Ky, contradicting (O1).

CASE 4: [ = Kj3. By Lemma 4.2 and the symmetry, we may assume that for every
odd 1 <i<r—1, N(v;)NF = A and for every even 2 < i <r —1, N(v;) N F = B. In
particular, r is even, r > 6, and N(v,) N F C B. Then G[F — x1 + v3] = K33, and x; has 3

neighbors on the path vzvy - - - v,v; thus producing another chorded cycle, a contradiction.

O

Let Wy := {vy,va}, Wy := {v,_1,v,.} and W := Wy U Wy = {vy,v9,v,_1, v, }. We will use
¢ to denote the number of low vertices in W.

Recall that by Lemma 4.30, vyv, ¢ E(G). If vov,_; € E(G) and any of the edges
V1U,—1, V90, 18 in E(G), then G[R] has a cycle with the chord vyv,_;. If both edges viv,_;
and v9v, are in F(G), then G[R] has a spanning ©-subgraph, a contradiction to Lemma 4.26.
Thus,

[|Wr, Wa|| < 1. In particular, Z dg(v) > 2(6k — 3) = 12k — 6. (4.43)

veW

Lemma 4.31. Suppose k > 3. Then for all F' € F, ||W, F|| < 12; in particular, |F| = k—1.

Proof. Suppose that ||W, F|| > 13. By symmetry we may assume ||IWy, F'|| > 7. Then, there
exists w € Wy with ||w, F|| > 4. So, by Lemma 4.2, F = K, and ||w, F|| = 4. By the
pigeonhole principle, there is x € V(F') with ||z, W|| = 4. Then G[F — 2 + w] = K4 and
||z, R — w|| > 3. So if G|R] — w has a Hamiltonian path (or even just a path containing
W — w), then x has 3 neighbors on this path and hence G|R — v; + x] contains a chorded
cycle, contradicting (O3). Otherwise, by the definition of W, w = vy and dgp(v1) = 1.
In particular, ||vy, F|| = 3 and ||va, F|| = 4. Let 2’ be the non-neighbor on v, in F. If
||2', R|| > 2, then G[F — 2’ + v1] = K4 and G[R — vy + 2'] has Hamiltonian path and has
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more edges than G[R)], contradicting (O6). Thus,Ng(2') N R = {vy} and for all y € W — vy,
Ne(y) "M R =W — vy, Hence, GIWo U (V(F) —{z,2'})] = K4 and G]W, U {x,2'}] = K,
contradicting (O1). Therefore, ||W, F|| < 12.

By (4.43), > ,ew da(w) > 12k — 6. By the definition of W,

W, F|| > 12k —6 — 10 = 12(k — 2) + 8.

Since ||W, F|| < 12 for all F;, this implies |F| > k—1. So |F| =k — 1. O

Lemma 4.32. For all F € F with F = K, ||W,F|| < 10. Moreover, if dgg(vi) =
darr(vr) = 2, then [[W, F|| < 9.

Proof. Suppose that ||[W, F|| > 11. Then by pigeonhole and symmetry we may assume
||W1, F|| > 6. By Lemma 4.2, ||vy, F|| = ||va, F|| = 3. By the same argument, we can
choose w € W, such that ||w, F|| = 3 and for w’ € Wy — w, we have ||w', F|| > 2. Again by
Lemma 4.2, {z1,23} € N(v1) N N(v2) N N(w). So if {x1, 23} NN (w') # 0, say 71w’ € E(G),
then G[F —x1+4v1] 2 K, and 2 has 3 neighbors on the path P—vy, implying G[R — v+ ]
contains a chorded cycle. This contradicts (O3).

Hence, N(w') N F = {x9,24}. Then G[F — z; + w'| = K, and x; has 3 neighbors in
R —w'. So if G|R — w'| has a Hamiltonian path, then G[R — w' 4+ 1] contains a chorded
cycle, a contradiction to (O3). Otherwise, w = v,, w' = v,_, and dgp(v,) = 1. In this case
G[F —z1+v,) = K, , GIR—v, + x| has a Hamiltonian path and has more edges than G|R],
contradicting (O6). This proves the main claim of the lemma.

Now suppose ||W, F'|| > 10 and dgg)(v1) = dgr)(vr) = 2. There are j > 3 and ¢ <7 —2
such that v1v;,v,v, € E(G). By Lemma 4.26, 3 < j < ¢ <r — 2. First we show:

If v € {x1,23} and i € {1,2}, then ||z, W;]| < 1. (4.44)

Indeed, assume say xivy, 2109 € E(G). If ||Wy, F — x1]| > 3, then G[W3 U F' — 2] contains
a chorded 4-cycle with exactly one vertex in W5, and vy ...v;v121v2 is a cycle with chord
v V9, contradicting (O3). Thus ||[Wa, F' — xq]] < 2. If ||z, Wh|| = 2, then symmetrically
||W1, F — z1]] < 2 and hence ||[F,W|| < ||z, W]|| +2-2 = 4+ 4 = 8, contradicting the
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assumption |[W, F|| > 10. Hence,
||F,Wa|| <2+ 1=3and so ||F,W]| > 10 -3 =T.

But this contradicts Lemma 4.2. This proves (4.44).

Recall that by Lemma 4.2, inequality ||W, F|| > 10 implies that at least two vertices in
R have 3 neighbors in F', and each vertex in R with 3 neighbors in F'is adjacent to both x;
and x3. Together with (4.44), this yields that for each of ¢ € {1, 2},

(a) exactly one vertex w; € W; has 3 neighbors in F' (hence w;z1, w;xs € E(G)), and

(b) the other vertex w] € W; has exactly two neighbors in F', and these neighbors are x,

and 4.

We know that one of 25 and x4, say s, is adjacent to wy. Then G[{zo, 23} UWs] = K and
G{v1,...,v;,x1,74}] contains a Hamiltonian cycle that is the union of the paths v, ... v;v

and wyz12ow] which has chord vyv,. This contradicts (O3) and proves the lemma. O
Lemma 4.33. For all F € F with F = C: | ||W, F|| <9.

Proof. Suppose ||W, F'|| > 10. By Lemma 4.2, there exist v,v" € W with N(v) = N(v') =
{z1, 29, 24}. Then, G[{v,v',z1,22}] D K, , contradicting (O1). O

Lemma 4.34. For all F € F with F = Ks3, ||W,F|| < 11. Moreover, if ||W,F|| =
11 and ) o dr(w) > 8, then vov, € E(G) or viv,_y € E(G), |{vi, v}, F|| = 5, and
2 wew dr(w) = 8.

Proof. By Lemma 4.2, for each w € W, N(w) N F is contained in one part of F. So
[|W, F|| < 12. Assume that ||[IW,F|| > 11. Then by Lemma 4.2, we may assume that
N )NV(F)=A={xy,z3,25} and N(va) NV (F) = B = {xa, 14, 6}

We claim that N (v, )NV (F') C A. For otherwise, N (v, )NV (F) C B. Then by Lemma 4.2,
N(v,—1)NV(F) C A. Let x5 be a neighbor of v,, then G[F — 3 +v;] = K33 and G[R— v, +
To] contains a spanning cycle xavs - - v,.x9, a contradiction to (O6) or Lemma 4.30. Thus

N(v,) N V(F) C A.
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Now by Lemma 4.2, N(v,_;)NV(F) C B. In order for |W, F|| > 11, we need ||v, F|| > 2
for v € {v,_1,v,.}. Let 9,24 € N(v,_1) and 21,23 € N(v,). Then G[F —x9 — x4+ v, +0v,| =
K33 and G[P — vy — v, + X2 + x4] is a spanning ©-graph of the remainder, a contradiction
to (O7) or Lemma 4.26, unless dgg(vi) = dgr(vr) = 2 where viv;,v,0, € E(G) with
3<j<q<r—2 Butthen, G[F —x1 — 22+ v1 +v2] = K33 and 29210,0qUg4+1 - - - Uy_122 18
a cycle with chord v,_jv,, producing k disjoint chorded cycles. This proves the first claim
of the lemma.

Moreover, we only needed the path chord v v, with ¢ > 2. A very similar argument would
work if our path chord were vyv; with j < r — 1. Hence, assume for the secondary claim
that |[|W,F|| = 11 and }_ _, dr(w) > 8. If viv,_1,vov, € E(G) orif Y 1 deg(w) > 8
then vv; € E(G) for some 3 < ¢ < r —1 (or vju,_; € E(G) for some 2 < j < r —2),
but G[F — z3 + v;] = K33 and zov9- - v,_122 is a cycle with chord vyv; (or vju,—; ). So
Vv, € E(G) or viv,—y € E(G), and ) - dr(w) = 8. If ||{v1, v, }, F|| = 6, then G[F — x5 —
x4+ v +v,.] = K33 and G[R — vy — v, + x2 + x4 is a ©-graph, contradicting either (O7) or

Lemma 4.26. This proves the secondary claim. O]

Lemma 4.35. For all F € F with F = Ky , ||W, F|| < 11. Moreover, if |W, F|| = 11, then
Vo or VU € E(G), |[{v, 00}, FI| <5, and Y, oy da(w) = 8.

Proof. Suppose that ||W, F|| > 12. We need some extra notation. For each z; € V(F), let
Q; 5 1= HSL’“WJH Hence, Zi,j ;5 = ||I/V, FH = 12.

CASE 1: ||Wy, F|| = 8 and ||Ws, F|| > 4. If there exist ji, jo such that a;, o + aj, 2 > 3,
then G[Wsy + xj, + z;,] O K, and G[W; UV(F) — z;, — x,] = K,, contradicting (O1).
Otherwise a;o = 1 for all j.

If ||v,, F'|| = 4, then G[R] = C, as otherwise, for each x € V(F), G[V(F) —x+ v ] = K4
but G[R — vy + z] 2 C,, contradicting (O6). By Lemma 4.30, we have |R| < 4 which
contradicts Lemma 4.23.

If ||v,—1, F'|| = 4, then dgg)(v1) = 2 as otherwise, for each x € V/(F), G[F —x 4 v = K4
but Y {dgr(v) :v € R—uvi +x} > {dgr(v) : v € R} + 1, contradicting (O7). Moreover,
if viv,1 ¢ E(G), then for each z € V(F), G[R — W5 + z] contains a chorded cycle and

G[F — x4 v,_1] = Ky, so we have k disjoint chorded cycles, a contradiction. Hence vjv,_; €
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E(G). By symmetry, ||v,_o, F|| = 4 which gives G[F' — = + v1] = K, and G[R — vy + 7]
containing a chorded cycle unless r — 2 = 2, i.e. |R| =4 which contradicts Lemma 4.23.
If ||v,, F|| € {1,2,3}, say v,z € E(G), then G[F —z+v;| = Ky and G|[R — v, +z| = C,,

contradicting Lemma 4.30 unless |R| = 4, in which case, we contradict Lemma 4.23.

CASE 2: ||Wy, F|| =7 and ||Ws, F|| > 5. Choose ji, j» such that aj, 2 + aj,2 > 3. Then
GIWy +zj, + 2;,]) 2 Ky and GIW, UV(F) — zj, — z;,] O K, contradicting (O1).

CASE 3: ||[W,F|| = 6 and ||W,, F|| = 6. Then for j € {1,2}, {a1,,a2 ,a3;,a4,} €
{{2,2,2,0}, {2,2,1,1}}. If there exists an i such that (a; 1, a;2) = (0,0), then for each i’ # ¢,
G[R—v;+x] contains a chorded cycle due to ||x;, W —uv;|| = 3, but also G[F—zy+v1] = K
so we have k disjoint chorded cycles, a contradiction. Otherwise, each pair (a;1,a;2) has a
nonzero entry.

Let ay 1 = min; a;; and a5 = min; a5 and &', k" € {1,2, 3,4} —¢' —i" distinct. If a;; =
ay o =0and ¢ =4", then G[R— v+ x| contains a chorded cycle due to ||z, W —v;|| = 3,
but also G[F — zp + v1] = K, so we have k disjoint chorded cycles, a contradiction.

If ¢/ # i" or one of the minima is nonzero, then G[W; +z;» + x| O K, and G[Wy+zy +
x| 2 K, contradicting (O1). This proves the main claim. We now prove the secondary

statement in a series of claims.

Claim 4.36. For ' = Ky, , if dgir)(v1) = dar(vr) = 2, then [|W, F|| < 9.

Proof. Suppose that vyv;, v,v, € E(G) for some 3 < i < ¢ < r — 2. For convenience, let
Ry ={v1,...,v;} and Ry = {v,,...,v.} where R O Ry UR,. Suppose that ||V, F|| > 10. By
symmetry we may assume ||y, F|| > 5 and so ||Ws, F'|| > 2. Hence, there exists = € V(F)
such that zvy,2vy, € E(G). Then, if ||F —z, Ws|| > 2, G[F — x + {v,,...,v,}| contains a
chorded cycle and xv, - - - v;v12 is another cycle with chord vivy unless 1 = q. We postpone
handling this exception to first address the case ||F — x,Ws|| < 1. Therefore, ||z, Wa|| > 1
and ||Wy, F|| > 7. Specifically, there exists ' € V(F) — x such that ||[{z,2'}, Wy|| > 2. If

these neighbors in W, are distinct, then G[Ry + x + 2’] contains a cycle with chord v,_jv,
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and |[Wy,F —x —2/|| > 7—4 = 3 so that GIW, UV (F) —xz — 2’| 2 K. If instead these
neighbors in W5 are not distinct, we can choose y € V(F) — x — 2’ such that ||y, Wi|| = 2
and so viyvy - - - v;vy is a cycle with chord vivy and G[F — y U W] D K. Thus, we have k
disjoint chorded cycles.

We now handle this exception where i = q. Recall, ||z, Wi|| = 2. So, if ||F —x, W3|| > 3,
G[R: + ] contains a chorded cycle and G[W, + F — z| contains a chorded cycle. Hence,
||F =z, Ws|| < 2. If ||z, Ws]|| = 2, then G[R2+x] contains a chorded cycle and ||W;, F —x|| >
10 — ||[Wy, F|| — ||z, W1|| > 10 —4 — 2 = 4. So G[F — = + W] contains a chorded cycle thus
producing k disjoint chorded cycles. Therefore, ||z, W5|| < 1 and so ||F, Ws|| < 3. Thus,
||F, Wi|| > 7. Choose 2", 2" € V(F) such that ||{«”, 2"}, W5|| > 2. Then G[Ry + z" + 2"
contains a chorded cycle and G[W;+ F —{z", 2""}] contains a chorded 4-cycle since ||Wy, F' —

x” — 2| > 3. This completes the case where ¢ = ¢ and the claim. O

Claim 4.37. For F = Ky, if dgig)(v1) = 1, dary(v,) = 2, and vyv, ¢ E(G), then ||W, F|| <
10.

Proof. Suppose ||W, F|| > 11. First consider if ||vy, F'|| = 4. Then, there exists z € V(F)
such that ||z, W — vy|| > 2. If {vg,v,.} D N(x) or {v,_1,v,} D N(z), then G[R — vy + z]
contains a chorded cycle with G[F — x + v1] = K}, producing k chorded cycles. If instead
{va,v,—1} D N(z), G[F — x + v1] = Ky, but G[R — v; + x] contains a Hamiltonian path
xvy - -+ v, with |[E(G[R — vy + z])| > |E(G[R])|, contradicting (O7).

If |jvy, F|| = 3, say @ € V(F) — N(vy). Just as in the ||vy, F|| = 4 case, we have that
||z, W|| < 1. Hence, ||W —v;, F—z|| > 11-3—1 = 7. Specifically, there exists 2’ € V(F)—x
such that ||z', W — v;|| = 3. Therefore, G[F' — 2’ + v1] = K; and G[R — v, + 2'] contains a
chorded cycle since ||/, W — v1|| = 3. Again, this yields k chorded cycles.

Now, suppose ||vy, F|| = 2 where N(v) N V(F) = {z,2'} and {y,y'} = N(v1) NV (F) —
{z,2'}. If ||Wa, F|| < 3, then ||Wy, F|| = 8 and ||Ws, F|| = 3. Now, if [[{y,y'}, W|| > 1 (
say |ly, Wi|| > 1), then G[{W1 + = + y}] 2 K, and G[Ry + 2'] contains a chorded cycle,
producing k chorded cycles. Hence, |[{y,y'}, W1|| = 0. If ||y, Wa|| = 2 or yv,_1,y'v, € E(G)
then G[Ry + y + y'] contains a chorded cycle and G[W; + x + 2'] = Ky, producing k disjoint

chorded cycles. Thus, we are left with the subcase where there exists v € W5 such that
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vy,vy’ € E(G). Then, G[F —z +v] 2 K, and ||z,W — v|| = 3 so that G[R — v + ]
contains a chorded cycle since there exists a path in G[R] covering W — v. We are now
left with the subcase where |[{y,y'},W|| > 4. In fact, the previous argument still works
unless ||y, W — ||, ||y, W — v1|| = 2. Moreover, N(y) "W = N(y') N W = {v9,v,_1}. But
then ||W,{z,2'}|| > 7, so we may assume ||z, W|| = 4. Then, ||W;,F — z|| > 3 and so
G[W1 +c—z] contains a chorded cycle with zv,v, - - - v,_12 is a cycle with chord v,_v,. This
again yields k disjoint chorded cycles.

Lastly, if ||vy, F)|| < 1, then ||[Wy, F|| > 11 — 5 = 6 and so there exist at least 2 vertices
v,y € V(F) such that ||y, Ws|| = ||y, Wa|| = 2. Moreover, we can choose y so that
lly, Wa|| = 2 and ||Wy, F —y|| > 3. Thus, yv,_; - v,y is a cycle with chord v,_v, and
G[F —y+ W] contains a chorded cycle, producing k disjoint chorded cycles. This completes
the claim. O

Claim 4.38. For I' = Ky, if dgg)(v1) = dgir)(v,) = 1, then ||W, F|| < 10.

Proof. Suppose that ||W, F|| = 11 since we have that ||IW, F|| < 11 by the main statement
of the lemma and Lemmas 4.32-4.34. If ), dgip)(w) < 7 and £ is the number of low vertices
in W, then ||W, F|| > 4(3k — 1) — £ = "y, dgr(w) > 12(k — 1) — 1, a contradiction since
W, F|| < 11(k — 1) < 12(k — 1) — 1 for k > 3. So Yy daim(w) > 8.

CASE 1: There exists x € V(F) such that ||z, W|| = 4. If v € {v1,v,} has ||v, F|| > 3,
then G[F — x4+ v] D K; and G[R — v + z| contains a chorded cycle since ||z, R — v|| > 3
and G|R —v] contains a Hamiltonian path. Thus, we have k chorded cycles, a contradiction,
and so ||v, F|| < 2 for all v € {vy,v,.}. Since ||W, F|| = 11, by symmetry we may assume
||W1, F|| > 6, and so there exist distinct v,y € V(F) N N(vy) N N(vg). Since ||vy, F| < 2,
then |[|vy, F|| = 2 and ||vg, F|| = 4. Hence, ||Ws, F|| = 5 and so there exists « € V(F) N
N(v,—1)NN(v,). Say x # y and choose 2’ € V(F) —x —y with ||z, Ws|| > 1. This choice is
possible due to ||Ws, F|| = 5 implying that ||v,_1, F|| > 3. From this, G[Wy +x + 2] D K
and G[W, UV(F) —x —2'] O K thus giving us k chorded cycles, a contradiction. This

completes the case.

CASE 2: For all z € V(F), ||z, W|| < 3. Since >y dar(w) > 8, we have at least one
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chord on our path. First, consider the case that this chord e uses vertex v,, v,_1. By the case,
this chord is not vyv, nor v,_jv;. In fact, if the chord is not vov,_1, then we have two chords:
v9v; and v;v,_; for some 4, j. Due to this symmetry, we may assume ||Wy, F|| > 6. Again, we
will use the notation that for each z; € F, a;; := ||z;, Wj|. Hence, >, ;a;; = [[W, F|| = 11.
If three vertices in V(F') have two neighbors on one side, then we have a contradiction.
Namely, if a1; = az; = a3; = 2 and 7' := argmaxj<;<3{a;3—;}, then ay3_; > 1. So for
j=1 G[F —zy +v] O K; and G[R — vy + x| contains a cycle with chord e, giving us
k chorded cycles. For j = 2, just replace v; with v,. Since at most two vertices in V (F')
have two neighbors on one side, assume a;; = as; = 2, az; = 1, and as; < 1. By the case,
a1o,a22 < 1 and so ags + as2 = |[{x3, x4}, Wa|| > 3. Hence, G[Wy + x3 + z4] O K and
G[W7 + vy + v9] = K4, and so we have k chorded cycles, a contradiction. This completes the

case and thus the claim. O

Claim 4.39. Suppose r > 5, G[R| contains a Hamiltonian path vivy...v., and vov, or

vv,_1 € E(G). Let F € F and F = Ky. If
{1, v}, F|| > 6, (4.45)

then ||W, F|| < 10.

Proof. Suppose (4.45) holds but ||W, F|| > 11. By (4.45), ||vy, F'|| > 2. Thus we have three

cases.

CASE 1: ||vy, F|| = 4. Since ||W, F|| > 11, there is z € F with ||z, W|| > 3. Then
G[F — z + v1] = K4, G[R — vy + 2| has a Hamiltonian path starting from z, and z has at
least 2 neighbors in G[R — vy + z], contradicting (O7).

CASE 2: ||vy, F|| = 3. Then by (4.45), ||v,, F|| > 3. If there is x € V(F)NN(v,) adjacent
to some v € {vq, v,_1}, then G[R —v; + x| contains a cycle passing through edges xv and zv,
with chord v,v, and G|V (F)—z+wv;] 2 K, , producing k disjoint chorded cycles. Otherwise,
|[{ve, vr—1, 0.}, FI| <3-1+1-2=5, and hence ||W, F|| <5+ 3 = 8, a contradiction.
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CASE 3: ||v, F|| = 2. Then by (4.45), ||v., F|| = 4. Suppose N(vi) N F = {x1,x2}.
If at least one = € {x3,24} is adjacent to some v € {v9,v,_1}, then again G[R — v + z]
contains a cycle passing through edges zv and xv, with chord v,v, and G[F —x +v;] 2 K,
a contradiction since then we have k disjoint chorded cycles. Otherwise, |[{va,v,_1}, F|| <

2.2 =4, and hence ||W, F|| <4+ 6 = 10, as claimed. O

By these claims, we can only have ||W, F'|| = 11 if vyu, or v1v,_1 € E(G) but the condition
of Claim 4.39 is not met, i.e. |[{v1,v,}, F|| <5, as claimed. Or, if v1v; € E(G) or vju, € E(G)
for some 3 < 4,5 < r — 2, either G[R| contains a chorded cycle or is a spanning ©-graph,
contradicting Lemma 4.26. Therefore, dgg)(v1) = 1 and dgr)(v,—1) = der(vr) = 2, and
dair(v2) = 3 so that Y, de(w) = 8. This proves Lemma 4.35. O

We now finish the proof of the main result of this section. Recall, P = v;...v, is a

Hamiltonian path in G[R], and W = {v;, v2,v,_1,v,} has ¢ low vertices. Then,

W, FI| = 43k — 1) = £ = > doymy(w).
weW
On the other hand, by Lemmas 4.32-4.35, for each F € F, ||W, F|| < 11 and |F| = k—1.
So ||W, F|| < 11(k — 1). Tt follows that 4(3k — 1) —¢ —>_ .y dr(w) < 11(k — 1), and we
obtain

> dp(w) > k+T—-(>3+7-2=38 (4.46)

weW
If > ew dr(w) > 8, then by Lemmas 4.34 and 4.35 , ||W, F|| < 10 for each F' € F.
Then
4Bk —=1) = L= Y dp(w) < |[W,F|| < 10(k - 1),

weWw
and we obtain ) . dar)(w) > 2k4+6 —£>2-34+6—2=10. As dgg)(v1), dar)(vr) <2
and dgg)(v2), dair (vr—1) < 3, we have £ = 2, and dgr)(v1) = der)(vr) = 2 and dgr (v2) =
deir(vr—1) = 3, and ||W, F|| = 10 for each F. By Lemma 4.32 and Claim 4.36, F ¢
{K,, K,}, a contradiction to Lemma 4.13.
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S0 > ew dr(w) = 8. It follows that £ = 3 and £ = 2, and ||, F'|| = 11 for each I € F.
By Lemmas 4.32-4.35, we may assume F = { Ky, K}, vov, € E(G), and |[{vy, v}, F|| <5
and ||W, F| = 11. Since vov, € E(G), we have dgg(v1) = 1 by Lemma 4.26. So,

H{vl,vr},]—"H > dg(Ul) + dg(’l)r) — (dg[R](U1> + dg[R]<UT)) > 6k —3 —3=12.

This contradicts ||[{vi,v.}, F|| < 5 for both F. This proves the case where G[R] has a

Hamiltonian path and k£ > 3.

4.5 Case: G[R] has a Hamiltonian path and k = 2

Lastly, we handle the case where & = 2 and G[R] has a Hamiltonian path. The sequence
of the cases is similar to the previous section, but the proofs are different. Some things are
harder because we now have only one chorded cycle in F with which to work, and some

other things are easier because G[R U C] is the entirety of G.
Lemma 4.40. For k = 2, G[R] is not a Hamiltonian cycle.

Proof. Suppose that G[R] is a cycle vjvs ... v,v1. By (4.1), and since the set of low vertices
is a clique, at least r — 2 vertices in R have degree at least 5 but only degree 2 in G[R]. By

Lemma 4.6 and since low vertices form a clique, we may assume
|R,F|| > (r—2)3k—1)4+2(3k—2)—2r =3r—2 and dg(vy),...,dg(v,—2) > 5. (4.47)

By Lemma 4.2, we have four cases.

CASE 1: F = K. By (4.47), 3 < |ju1, F|| < 4. So
G[F — x4+ v;] contains a K, for each 1 < j <4. (4.48)
If » > 5, then by (4.47), some z; has at least

3r—2— vy, F| 3r—=6 3
> || =3— =
[ r—1 | r—1 s r—1 k
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neighbors in the path G[R —v;]. But then G[R —v; + z;] contains a chorded cycle. Together
with (4.48), we have two disjoint chorded cycles, a contradiction.

If instead r = 4, then by (4.47), we may assume that ||z1, R|| > [22]| = 3. If N(z;) D
R—wy, then G[R—v;+241] = K, and by (4.47), v; has at least two neighbors in V(F)—z;. So
G[F — x1+vy] also is a chorded cycle, a contradiction. Thus x; has exactly one nonneighbor
in R — vy, say v;, ¢ # 1.

If v; has at least two neighbors in F' (and hence in F' — x7), then again G has disjoint
chorded cycles: G[R — v; + x;1] and G[F — x1 + v;], a contradiction. So v; has at most one
neighbor in F. Since §(G) > 3 by Lemma 4.10, we may assume that N(v;) NV (F) = {x4}.
Then for each z € {x1, 29, 23,v;_2}, da(2) > 9 — dg(v;) = 6, where we interpret v;_o with
modularity e.g. v_; = v,_1. So each such z is not adjacent only to v;, and so G O G3(2).
If v;_124 or v 124 € E(G), say vir1ry € E(G), then we have two disjoint chorded cycles
G{vi,vip1, 23,24} = K, and G[R — v; — v;41 + 1 + x9] = K4. Hence, G = G3(2). This

proves the case.

CASE 2: F = K, . By Lemma 4.2 and (4.47), for each 1 < ¢ < r—2 there exists j; € {2,4}
such that N(UZ)HV(F) = {ZL’ji, X1, Ig}. Note, ji 7é ji—l—l as otherwise G[UZ‘, Vi+1, L1, I]L}] = f(47
contradicting (O2). By (4.1),

d(v,—1) > 4 and d(v,) > 4. (4.49)

We claim that
[{vr—1, v}, {@1, 23} = 0. (4.50)

Indeed, suppose for example v,z3 € E(G). If r > 5, then G[F — 23 + v1] = K, and
G[R—wv;+x3] contains a chorded cycle since ||R—wvy, z3|| > 3, producing two disjoint chorded
cycles. So, let r = 4, and then G[{v4,v1,2;,,23}] 2 K. Moreover, if v3 has a neighbor in
{z;,, 21}, then also G[{vs, va, z;,,21}] 2 K, producing two disjoint chorded cycles. So we
may assume vz has no neighbor in {zj,, 21}, and hence by (4.49), x3v3 € E(G). In this case,
Gl{v1,v4,v3,23}] = K; and G[{va, 21,22, 24}] = K, a contradiction. This proves (4.50).
By (4.50), N(v,) NV(F) = {zg, 24} = N(v,—1) NV(F). So Gl{v,,v,_1, T2, 4} = Ky,
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contradicting (02).

CASE 3: F =C{. By (4.47) and Lemma 4.2, N (v1)NV (F) = N(vg)NV (F) = {x1, 29, 74}.
Thus, G[{vi, vs, 21, 22 }| = K4, contradicting (O1).

CASE 4: F = K;3 with parts A = {21, 23,25} and B = {23, 24, 26}. By Lemma 4.3,

Nw)NEF CAor Nv,)NEF C B for every 1 <i <r. (4.51)

Together with (4.47), this implies dg(vi) = dg(v2) = 5 and so dg(v,—1),dg(v,) > 4. By
symmetry, we may assume N(v;) N V(F) = A and then this forces N(vq) N V(F) = B.
By Lemma 4.3, N(v,) N V(F) C B, say N(v,) NV(F) D {2, 24}. Similarly vyvs € E(G)
forces N(v3) N F C A, and so on such that r is even. If » = 4, then G is a bipartite graph
with parts AU {ve,v4} and B U {vy,v3}, i.e. it is a subgraph of K55. But after deleting
any edge yz from a K5, (4.1) fails for y and z, ie. dg(y) +da(z) < 444 < 9. Hence
G = K55 = G1(10,2), contradicting the assumption. So r > 6. Then N(vy) NV(F) = B
and N(vs) NV (F) C A. So G[A U {vy,vs3,vs5}] and G[B U {vg, v4,v,}] induce two disjoint

chorded 6-cycles, a contradiction. O

Lemma 4.41. For k =2, G[R] # K 3.

Proof. Suppose G[R] is a K3 with parts Vi = {vy,vo} and Vo = {vs, v4,v5}. By (4.1), and

since the set of low vertices is a clique, similarly to (4.47), we may assume

Vi, Fl[ = 3, [[Va, F| = 8. (4.52)

By (4.52), ||R, F|| > 11. By (4.52) and Lemma 4.2, we have four cases.

CASE 1: F = K,. First, we show that

for each x € V(F),|E(G[N(z) N R])| =0. (4.53)
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Suppose that the neighborhood in R does have an edge, say N(x) 2 {v;,v5}. Then, at least
one of {v3, vy} is high, say vs is high so that ||vs, F' — x|| > 2. Therefore, G[R —v3+z] = C&
and G[F — x + v3] D K, producing two disjoint chorded cycles. This proves (4.53).

Hence, for all z € V(F), N(z)NR C Vi or N(z)NR C V;. Since ||R, F|| > 11, there is at
most one vertex 2’ € V(F) with N(2')N R C V} and so dg(vo) + de(vg) < 8, a contradiction
to (4.1).

CASE 2: F = K, . Similarly to the previous case, we show that

for each x € {z1, 23}, |E(G[N(x) N R])| = 0. (4.54)

Suppose that the neighborhood in R does have an edge, say N(x) 2 {v1,v5}. Then, at least
one of {v3, vy} is high, say vs is high so that ||vs, ' — x|| > 2. Therefore, G[R —v3 +z] = C&
and G[F — z + v3] D K, producing two disjoint chorded cycles. This proves (4.54).

So by (4.52), we may assume that the vertices in H := {v;, v3, v4} are high, and so we can
say that for every i € {3, 4}, there exists j; € {2,4} such that N(v;) N V(F) = {z1, x5, x, }.
Also, by (4.54), N(v1) = {x2, x4} and N(ve) C {wa, x4} with ||va, {z2,z4}|| > 1 by (4.1).
Choose js € {2,4} such that vez;, € E(G).

If 73 # js4, and say jo = js, then vox;,x3v3v2 and vz, 210401 are cycles with chords z;,v3
and xj,v4, respectively. Hence j3 = j4.

Suppose vsz6_j, € E(G). Then, G[R — vs + x6_j,] 2 Cof and G[F — z¢_j, + v3] = K
producing two disjoint chorded cycles. Hence, vsxg_j, ¢ E(G).

Now that the graph is fairly defined, we may assume j; = 2. Then vsxq, v4zs € E(G) and
Te_j, = T4. Moreover, A := {vs,v4,v5,24} and B := {v1,v2, 21,23} are independent sets.
Then, G[AUB] C Ky 4 so that if for some a € Aand b € B, ab ¢ E(G), then dg(a)+dg(b) < 8
contradicting (4.1). Thus G — z9 = Ky4. If vexy ¢ E(G), then dg(vs) + dg(z4) < 8,
contradicting (4.1). Thus, we have G C G2(2) and G D G5(2) — x9v3 — 22v5. In other words,

G5 C G C Gy, and so G is an exceptional graph, a contradiction.

CASE 3: F =C{. By (4.52) and again Lemma 4.2, there are two distinct vertices v,v’ €
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{vs, vy, v5} which are high and so are adjacent to each of x1, xo. Thus G[{v,v', z1,22}] = K,

a contradiction to (O1).

CASE 4: F = Kj3. By (03),

N@w)NF CAor Nw)NnV(F) C B for every v € R. (4.55)

Together with (4.52), we can assume that {vy,vs, v} are high and so dg(vy) = dg(vs) =
dg(vy) = 5 with dg(vs), dg(ve) > 4. By symmetry, we may assume N (v3) NV (F) = A. Then
by Lemma 4.3, N(v1) N V(F) C B and N(ve) N V(F) C B. Since by (4.52), dg(v1) > 5,
we may assume N(vy) NV (F) D {x2,24}. So again by Lemma 4.3, N(vy) NV (F) = A. If
N(vs)NV(F) C B, then vs has at least two neighbors in B and hence N (v5)NBNN (vq) # 0,
say 2 € N(vs) N BN N(vy). But then G has a 5-cycle vyvszoxi24v; with chord vz, a
contradiction to (O3). Therefore, N(vs) NV (F) C A, and G is a bipartite graph with parts
A" = AU{v1,v} and B’ := B U {vs,v4,v5}. Furthermore, if there exist y,/ € A’ and
2,2 € B’ such that yz # y'2' and yz,y'2" ¢ E(G), then (4.1) is violated. This occurs
when z # 2’ since dg(z) + dg(Z') < 8, and otherwise z = 2/ so if we let 2" € B — z, then
dg(2) + dg(2”) < 3+ 5 = 8. Thus, at most one edge can be missing so that G7(11,2) C
G C G4(11,2), a contradiction. O

Lemma 4.42. For k = 2, G[R] is not a ©-graph.

Proof. Suppose G[R] is a ©j, j, j,-graph formed by three internally disjoint paths P, =
VUi 1Via - - - Ui 5,v, for ¢ € {1,2,3}. Since G[R] contains no chorded cycles, j; > 1 for all

i. If j1 = jo = j3 = 1, then G|R] = K33, a contradiction to Lemma 4.41. So we may assume

Js = max{Jji, j2, js} > 2. (4.56)

Let R' := {vg, v}, v11,v21,031,V32}. Since G[R| has no triangles, R contains at most 2 low
vertices and so

IR F||>2-9+2-5—14 =14, (4.57)
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Moreover, we can assume by symmetry that the low vertices are contained in {vs 1, vo, V31, 32}

so that we can state

dg(Ué),dg(Ul,l) > 5. (458)
By (4.58) and Lemma 4.2, we have four cases:

CASE 1: F = K,. By (4.57), there is z; € V(F) with ||R/,z;|| > [%#] = 4. By (4.58),
G[F — z; + v11] 2 K. By the choice, x; has at least 3 neighbors in the path P’ :=
V12013 ... UUsj, - - - UgU31U32 - . . U3 js. Lemma 4.5 yields that G[R — vy ; + ;] also contains a

chorded cycle. So, we have two disjoint chorded cycles, a contradiction.

CASE 2: F = K. Since vy is high, we may assume N(vy 1) N V(F) = {1, 29, x3}. If
some x; € V(F) — xy has ||z;, R — v11]| > 3, then as in CASE 1, G[F — z; + v11] 2 K,
and ||z;, P'|| > 3 so that G|R — vy + ;] contains a chorded cycle by Lemma 4.5. This
is a contradiction since then we have two disjoint chorded cycles. So ||F — xq, R|| = ||F —
To, R —v11|| +2 <6+ 2 =8. Since |R'| = 6, this together with (4.57) yields ||z, R'|| = 6
and ||F' — xy, R'|| = ||F — z2, R|| = 8. Hence, with N(vy1) NV (F) = {21, 22,23}, we have

N@)NV(F) = {xy,xq, 23} for all v € R with ||v, F|| > 3. (4.59)

If dg(ve1) < 4 then by (4.1), dg(vsy) > 5 and dg(vse) > 5. In this case, by (4.59),
G{vs1,v32, 21,22} = Ky, contradicting (O2). So dg(v21) > 5 and by (4.59), V(F) —
N(vi1) = V(F) — N(va1) = {x4}. Hence, G has cycle z1x423v1 10909121 with chord zyvy 4
and, because N(z2) 2 R/, cycle x9v31039 ... vjxe With chord x9vs5. So, we have two disjoint

chorded cycles, a contradiction.

CASE 3: F = Cf. By Lemma 4.2, each v € R with ||v, F|| > 3 is adjacent to
{z1, 29, 24}. By (4.1), at least two vertices v,v’ € {v11,v21,vs1} have this property. Thus,

G{v,v', x4, 25} = K, a contradiction to (O1).

CASE 4: F = Kj33. BEach v € R’ — vy — v} has a nonneighbor in {v;;,v32} and

llv11, F],||vs2, Fl| < 3. Hence, dg(v) > 4 for each v € R — vy — vj. In particular,
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llvs.1, F|| > 2 and ||vse, F|| > 2. By (03) , N(vs1) N N(vso) NV(F) = 0. By symme-
try, we may assume that N(vs;) N V(F) C A and N(vs2) NV (F) C B. By (4.57), there is
z; € V(F) with |[|R,z;]| > [#] = 3. If 2; € A, then G[F —z;+v3,] 2 K4 (and so contains
a chorded 6-cycle), and z; has 3 neighbors on the path vs vgva; ... 0jv1j ... v11. Together
with Lemma 4.5, we have two disjoint chorded cycles, a contradiction. Similarly, if z; € B,
then G[F—x;+v3,1] 2 K:;’S, and z; has 3 neighbors on the path vs v 3 ... v(v ), . .. V21001 1,

a contradiction again. O]

Lemma 4.43. If k = 2, then vivs, v,v,_2 ¢ E(G).

Proof. Suppose that viv3 € E(G). Let Wy = {v,v2}, Wo = {v,_1, v, }, and Ry = {vy1, v, v3}.
If v,v; € E(G) for j <r —1, then let Ry = {v,,v,_1,...,v;}. Since v1v, ¢ E(G), dg(v1) +
dc(v,) > 9 and so there exists v € {vy, v, } with ||v, F|| > 3. We then have the four cases of

Lemma 4.2.

CASE 1: F = K,. We first claim
o, Fl| < 3. (4.60)

Otherwise, ||v., F|| = 4. If there exists x € N(vy) N N(vy) N V(F), then G[R; + z] is
a chorded cycle and G[F — = + v,] = Ky, producing two disjoint chorded cycles. Hence,
N(v1) N N(v2) NV(F) =0 but also ||Wy, F|| < 4.

Now, consider if dgg)(v,) = 1. Then, |lv,F|| = 2 for v € W;. For each z € V(F),
||z, {v1,v2, v, }|| < 2 but also dgr)(v,—1) < 3 so that either v;v,_; € E(G) for some 3 < i <
r—3or zv, € E(G) for some 3 <k <r —1. If say x € N(ve) NV (F), then zvy--- v,z is a
cycle either with chord v;v,_1 or zv,. Subsequently, x € N(ve) NV (F) implies ¢ N(vy) so
that G[F — x + v;] = K, producing two disjoint chorded cycles.

So, now consider if dgp)(v,) = 2. Since ||[Wy, F|| < 4, there exists v € W; such that
dg(v) <2+ 2 =4 and so vu,_1 ¢ E(G) implies dg(v,—1) > 5 so that ||v,_1, F|| > 2, say
z,x" € N(v,—1) NN (v,) NV (F). If there exist x1, 2o € V(F) where N(v;) UN(ve) 2 {x1,x2}
such that {z1,xo} # {z,2'}, say @’ ¢ {x1, 22}, then G[Ry + 2'] and G[W; + F — 2’| contain
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a chorded cycle. Hence, ||Wy, F|| < 1 so that dg(v) = 2 for some v € W, contradicting
Lemma 4.10. This proves (4.60).

We again consider when dgg)(v,) = 1. By (4.60), ||vi, ||, ||ve, F|| > 9 —4 —2 = 3. So,
there exists z, 2" € N(v1)NN (v2)NV (F). If possible, choose x € V(F) such that ||v,, F'—x|| >
2. Then, G[F —x+v,] 2 K, and G[R, +z| = K. Therefore, ||v,, F —z||,||v,, F —2'|| < 1
so that ||v,, F'|| = 2 with N(v,) N V(F) = N(v1) N N(vy) NV (F) since ||v,, F|| > 2 by (4.1).
By (4.1), ||v, F|| = 4 for v € W;. But then, there exists 2" € N(v1) N N(ve) NV (F) —x — 2’
so that G[R; + 2] = K; and G[F — 2" + v,] = K, producing two disjoint chorded cycles.

Suppose now dgg (vr) = 2. By (4.60) and the Ore condition, dg(vi),de(ve) > 9 —
dg(v.) > 4, say vix1, 1922 € E(G) with 1 # 9.

If ||Wa, F|| > 7, then there exist x € N(v,—1) NN (v,) NV (F) —x; — 9. Hence, G[Ry+ ]
contains a chorded cycle and G[W; + F — z] D C&, producing two disjoint chorded cycles.

If ||Ws, F|| = 6, then there exist xz,2" € N(v,_1) N N(v,) and ||Wy, F|| > 3. If there
exists 2" € {z,2'} such that |(N(vy) UN(ve)) N (V(F)—2")| > 2, then G[W; + F — 2”] and
G[R2+2"] each contain a chorded cycle. Hence, N(v1)NV (F), N(v2)NV(F) = {x,2'}. Since
||Wa, F|| > 5, choose v € Wy with ||v, F|| > 3. Then, G[Ry + ] = K; and G[W, + F — z]
contain chorded cycles since ||Wy, F' — z|| > ||[Wa, F|| —2 > 4.

Then, we handle the case when ||[Ws, F|| = 5 and ||Wy, F|| = 4. Again, there exists
x € N(v,—1) N N(v,) NV(F). If [[N(v1) UN(ve)) N (V(F)—x)| > 2, then G[W; + F — z
and G[Rs + x| contain chorded cycles. So, N(x) D Wy UWs, and then G[R; + 2| = K, and
G[Wy + F' — x] contain chorded cycles since ||Wa, F' — z|| > 3.

Lastly, if ||WWs, F)|| < 4, then some vertex in Wy is low and so ||v, F|| > 3 for all v €
Wi. Also, by Lemma 4.10, there exists + € N(v,) N V(F). If say € N(v;) N V(F),
then zvjvg---v,x is a cycle with chord v,v; and G[F — x + v3] O K, producing two
disjoint chorded cycles. Hence, N(v;) N V(F) = N(ve) NV(F) = V(F) — z. But then
da(v1) +da(v,) < (3+2)+ (1+2) =8 <9, contradicting (4.1) This completes the case.

CASE 2: F = K, . If dgg)(v,) = 1, then, by (4.1), we immediately have ||v, F|| = 3 for all
v € {v1,v9,v,}. Hence, G[Ry + 1] = K; and G[F — 21 + v,] = K, producing two disjoint

chorded cycles. Now, suppose dggrj(v,) = 2. We now have either W, or W, containing all
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low vertices in W.

If Wy, contains the low vertices, then for all v € Wy, ||v, F|| = 3. If also |(N(v,—1) U
N(v.)) N (V(F) — x)| > 2 for some z € {z1,23}, then G[F — z + Ws] and G[R; + z]
contain chorded cycles. Therefore, there exists 2’ € V(F') such that N(2') 2 W5 and so
{1,253} = {z,2"}. But then G|Rs + 2'] and G[W; + F — 2'] contain chorded cycles.

Then, we have that W) contains the low vertices. Hence, ||Ws, F|| > 5 and there exists
x € N(v,—1) N N(v,) N V(F). If |Wy,F —z|| > 3, then G[F — x + W] and G[Ry + 2]
contain chorded cycles. So, we have x € N(v1) N N(ve) NV (F) since dg(v,) < 5. But then,
G[Ry +z] = K, and G[W,+ F — x] contains a chorded cycle since ||Wy, F —z|| > 5—2 = 3.

CASE 3: F =CY. If dgg)(vr) = 1, then, by (4.1), we immediately have G[{vy, vo, 21, 22 }] =
Ky, contradicting (O2). Now, suppose dgg)(v,) = 2, then for some i, ||[IW;, F|| > 5. More-
over, for all v € W;, ||v, {3, 24, z5}|| < 1 as otherwise G[{v, z3, 24, 25}] DO K, contradicting

(O1). But then, ||W;, {x1,xz2}|| > 3 forcing G[W; 4+ z1 4+ x2] 2 K, again contradicting (O1).

CASE 4: F = K;3. By Lemma 4.3, we may assume N (v1)NV (F) C A and N(vy)NV (F) C
B. Also, since dg(v,) <5, ||v1, A, ||ve, Bl| > 2, say z1,23 € N(vy) and xq, 24 € N(vs). But

then, vgviz1zov9v3 is a H-cycle with chord vy, contradicting (O3).  This completes the

proof. O
Lemma 4.44. For k =2, dgig(v1) = 1 or dgig(vr) = 1.

Proof. Suppose that dgg(vi) = dag(ve) = 2. Let viv, € E(G) and v, € E(G). If
s — 1 =t, then G[R] is a chorded cycle, producing two disjoint chorded cycles. If t < s — 1,
then G[R] contains a spanning ©-subgraph H consisting of 3 paths connecting v; with v,.
In this case, adding any edge to this subgraph creates a chorded cycle. Thus G[R] = H, a
contradiction to Lemma 4.42. Hence t > s. By Lemma 4.43, s > 4 and t < r — 3. So the

set S = {v1,vs_1, V11, 0.} 18 independent. Therefore, by symmetry, we may assume that v,
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is the only vertex in S that can be low, i.e.

for everyv € S —v,, dg(v) > 5 and dg(v) + de(v,) > 9. (4.61)

By (4.61), we also have

I|S, F|| > 11, and if dg(v,) = 3, then ||S, F|| > 13. (4.62)

We claim that

for q € {s,t}, there is at most one edge v;v, with i < q < {. (4.63)

Indeed, suppose there are edges v;, vy, and v;,v,, With 41,15 < g and ¢4, 05 > q. By symmetry,
we may assume that ¢5 > ¢; and iy < 4;. Then the cycle v;,v;,11 ... vg,v;, has chord v;,vy,.
This proves (4.63).

By (4.61) and Lemma 4.2, we have four cases.

CASE 1: F = Kj. If there is x € V(F) with ||z, S|| = 4, then G[F — x + v;] 2 K, and
x has 3 neighbors on the path vy - - - v, so that G[{z,vs,...,v,}] contains a chorded cycle by
Lemma 4.5, a contradiction to (O3). Otherwise, ||, F|| < 12 and by (4.62), dg(v,) > 4. In
this case, again by (4.62), there is x € V(F) with ||z, S|| = 3. Let v € S — N(z). Then,
G[F —z+v| O K, and x has 3 neighbors on any Hamiltonian path in G[R — v], producing

two disjoint chorded cycles.

CASE 2: F = K, . Since G does not contain Ky, ||v, {xe,z4}|| = 1 for all v € R with
llv, F|| > 3. Therefore, dg(v1) <5 and so dg(v,) > 4. In particular, |N(v,) N V(F)| > 2. If
N(v,) NV(F) = {x9, 24}, then G[F — 21 +v,] = K; and z; is adjacent to the 3 vertices in
S — v, on the path vjvy---v,_;. Otherwise, by the symmetry between x; and z3, we may
assume 10, € E(G). In this case, G[F — z1 + v = K and z; is adjacent to the 3 vertices

in S — vy on the path vyvs - - - v,., producing two disjoint chorded cycles.

CASE 3: F = C:. By Lemma 4.2, N(v) N V(F) = {x, 29,74} for v € S — v,. Hence,

102



G{v1,vs-1, 71, 2}] = K, contradicting (O1).

CASE 4: F = Kj33. Let V; := {v1,...,v5_1} contain ¢; low vertices and V5 := {vy11, ..., v, }
contain fy low vertices. Also, let Wy = {vy,v2} and Wy = {v,,v,_1}. If £ > 1, then
by (4.63), {5 = 0. So by switching the roles of V; and V; if needed, we can assume ¢; < {5; in
particular, ¢; < 1. For this assumption, we will no longer follow the symmetrical assumption
of (4.61), i.e. some vertex in .S — v, could be low instead of v,.

By Lemma 4.2, for each vertex v € S+ vy, either N(v)NV(F) C Aor N(v)NV(F) C B.
Let Sy ={v e S+wvy: Nw)NV(F) C A} and similarly for Sg. Since S+ vy = S4 U Sp,
we may assume that [Sa| > [5/2] = 3. By (4.61), there is © € A with ||z, Sa|| = |Sa|. We

now claim

{Ul,’UQ} Z SA (464)

Suppose {v1,v2} C S4. If |[N(v1) N N(vy) N V(F)| > 2, then G[A + v + wvp] 2 K,
contradicting (O3). So, |[|[Wi, A|| < 4 and at least one of {vy, v} is low. Since V) has at
most one low vertex and dg(v,) < 5, there is a unique 2’ € N(vy) N N(ve) N V(F). Say,
x' = x1. Since |[{v1, v}, {vir1, 0. | = 0, v411 and v, are both high. If v € {vy 41,0, } is such
that v € Sp, then x,v1V,v5_1 - - - voxy is a cycle with chord vyvy and G[F — z1 + v] = Kj 3,
producing two disjoint chorded cycles. Hence v;,q,v, € S4. Then, x1v1v,---vox is a cycle
with chord vyvy and z3veyy - - - vx52423 is a cycle with chord x3v,, producing two disjoint
chorded cycles. This proves (4.64).

Hence, Sp # 0. If there is v € Sp such that ||v, B|| > 2, then G[F — z + v] has a chorded
6-cycle, and G[R — v + ] contains a chorded cycle since ||z, R —v|| > |S4| > 3 and G[R — v]
contains a spanning path. Hence, ||v, B|| < 1, in fact ||v, B|| = 1 by (4.1), and v ¢ S. This
forces dg(v) < 4, v = vy and so all w € S are high and Sp = {ve}. Moreover, we have
vov; € FE(G) for some 4 < ¢ < r — 1 by (4.1). Since ¢; < by, v; is low, i > t + 1, and all
vertices v € R — vy — v; are high with ||v, B|| < 1.

If vs_9 # vy, then dgg)(vs—2) < 3 and v,_, high implies ||v,_o, A|| > 2. Hence, G[A +

Vs_2+vs 1] 2 K, contradicting (O1). Therefore, vs_s = vo. By symmetry, v,1o = v,_1 and
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so s =4,t=r—3. Hence, 2 =1r — 1.

Now, since v; = v,—1 € Vo and vv,—1 € E(G), dgr(ve—1) = 3, so |jvr—1, F|| >
1. So v,z € E(G) for some =z € V(F). If v € A, N(z) 2 {v,_2,v,_1,v,} so that
G{z,v,_2,v,_1,v,}] = Ky, contradicting (02). Otherwise, x € B. If z = x5, then
ToUaU3Vy - - - Up_1Z9 18 a cycle with chord vov; and G[F — x9 + v1] = K3 3, producing two dis-
joint chorded cycles. Therefore z,v,_; ¢ E(G), but say z4v,—1 € E(G). Now, dgg(va) = 3
as otherwise vqv; € E(G) for some 6 < j < r—3, and then vy - - - v,_v2 is a cycle with chord
v4v;, contradicting (O3). So, vy being high implies ||vy, F|| > 2. If N(vq) NV (F) C A, then
there exists @’ € A such that N(z') D {v1,v3,v4} so that G[{2', vy, v3,v4}] D K contradict-
ing (O1). So, N(v4) NV(F) C B. Then, G[F — 1 + v4] 2 K3 and 2101020, 10,0, 30,271
is a cycle with chord xyv,, producing two disjoint chorded cycles. This completes the case

and the proof. O

4.6 Proof of Theorem 4.1

Recall, we consider the minimum k such that Theorem 4.1 fails. Now, let G be an edge-
maximal counterexample such that F contains less than k chorded cycles. For any such
graph G, let F be a collection of disjoint chorded cycles chosen by our rules (O1)—(08). By
Sections 4.3 and 4.4, we have k = 2 and G[R] containing a Hamiltonian path. By the result
of Section 4.5 and Lemma 4.44, dgp(vi) = 1 or dgg(vr) = 1. Suppose dgr)(v1) = 1. By
Lemmas 4.6 and 4.40, |R| > 4 and GJ|R)] is not a Hamiltonian cycle and so viv, ¢ E(G).

Moreover, by Lemma 4.43, vivs, v,0,_2 ¢ E(G).

CASE 1. dgg)/(v,) = 1. Then |[{vy,v,}, F|| > 7. By symmetry, assume ||vi, F'|| > 4. By
Lemma 4.2, F' = K, and so dg(v;) = 5 and dg(v,) > 4. Since n > 8, r > 4. Also, for each
v e S = {ve,v3,0-2,v1}, dgr)(v) < 3. Note, 2 < |S] < 4 and any vertex v € S — vy
has ||v, F'|| > 1 since vyv ¢ E(G), but similarly ||vy, F'|| > 1 since vov, ¢ E(G). If there
exists * € N(ve) N N(v,—1) NV (F), then G[R — v, + x| contains a cycle with chord zv, and
G[F —x+ v, 2 K. So, we have two disjoint chorded cycles, a contradiction. Hence, let

V(F) = {x1, 22, 23,24} with N(v,) NV (F) D {xg, 23,24} and v,_12,vex’ € E(G) for distinct
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z,x € V(F). If © € N(v,) N V(F) then we can choose z” € N(v,) N V(F) — {z,2'} and
get cycles v,.2"xv,_1v, and vivex’x1v, with chords v,z and v 2, resp. Therefore, we are left
to handle when N(v,) N V(F) = {z2, 23,24} and N(v,_1) NV (F) = {x1}, i.e. * = xy. If
ve or v,_1 has a chord on P, then G[R — v, + x1] and G[F — x1 + v,] each have a chorded
cycle. Thus, dgg(v2) = dgir)(vr—1) = 2 which forces ||vg, F'|| > 3 since vov, ¢ E(G) and
l|vy_1, F|| > 2 by (4.1), contradicting N(vy) N N(v,_1) NV (F) = 0.

CASE 2. dgg(v,) = 2. Say vv, € E(G) for exactly one 2 < k < r — 3. By symmetry,
dair (V1) = 2.
First, we claim

o1, || =3 (4.65)

First, suppose that ||v;, F|| = 4. By Lemma 4.2, F = K. Note also dgp)(vr—1) < 3 and so
I{vks1, vr_1, 0.}, F|| > 5 by (4.1). Hence, there exists x € V(F') such that |[{vgi1,v.—1,0.},
x|| > 2. Thus, G[F —z +v| = K4 and G[P —v; + ] also has a path of length |P| but with
|E(G[P — vy + x])| > |E(G[P])| + 1 due to vy essentially being replaced by z, contradicting
(O7) or contradicting (O6) if vex € E(G).

Otherwise, ||vi, F|| < 2. By Lemma 4.10, ||vq, F|| = 2. Then dg(v) > 6 for all v €
{Vks1,vr_1, v, }. Specifically, ||vgi1, F|| = ||vy, F|| = 4 and ||v,_1, F|| > 3. Hence, F' = Ky,
and there exists x € V(F) N N(v,—1) N N(v,) — N(vy). Then, G[F —z +v] = K, and
TV -+ Up_12 18 & cycle with chord v,_qv,, thus producing two disjoint chorded cycles. This
proves (4.65) so that now we have the four cases of Lemma 4.2.

Subcase 2.1: F = K,. Then v,_; and v, have a common neighbor = € V(F') and so
G[F — x + v1] O K| but zv,vv11 -+ v_12 is a cycle with chord v,_1v,, so we have two

disjoint chorded cycles, a contradiction.

Subcase 2.2: F = K;. If v € {xy,z3} is such that x € N(v,_1) N N(v,), then
XTVp_1 -+ VEVT 18 a cycle with chord v,_yv, and G[F — z +v,| O K, producing two disjoint
chorded cycles. Hence, N(v,_1) NV (F') = {x2, 24} and we may assume N (v,) = {z1, z9, x3}.
If v € {vy,vk41} is such that N(v) D {xy1, 24,23}, then G[{vy,... V541, 21,24} contains a
chorded cycle since ||[{x1, 24}, {v1, vks1}|] > 3 and zov,_1v,2375 is a cycle with chord zqv,.

Hence, for all v € {vy, vg41,0,.}, N(v) NV (F) = {1,22,23}. Then, G[F — z1 +v| = K,
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and G[R — vy + z1] contains path zjv, - - - vy as long as |P|. However, |E(G[R — vy + x1])| >
|E(G[R])| + 1, contradicting (O7). This completes the case.

Subcase 2.3: F = Cf. Since dg(vi) =4, ||v,, F|| > 3. By Lemma 4.2, N(v;) NV (F) =
N(v,) NV (F) = {x1,x9,24}. Hence, vix1v,29v; is a 4-cycle with chord 25, contradicting

(O1).

Subcase 2.4: F = Ksj3. For definiteness, let N(v) N V(F) = A. Again, dg(v) = 4
implies dg(v,) > 5 and so, by the case, dg(v,) = 5.

Suppose vs has a neighbor z € F'. If z € A, say z = z1, then G has a 5-cycle vivoxT22301
with chord vz, contradicting (O3). Thus we may assume z = z5. Since v125 ¢ E(G),
da(z3) > 9—dg(vy) = 5. Then G[F —x9+v1] = K33 and for R' = R — vy + x5, G[R'] has r-
vertex path zpv; - - - v, where dgir(22) > 2, contradicting (O7) at least. Hence, |[vg, F'|| = 0.

Then dg(ve) < 3. Since dg(v,) = 5 < 9 — dg(ve), vov, € E(G), i.e. k = 2. Since
G[R] has no chorded cycles, path P has no chords aside from vyv,. Hence, vov,_1 ¢ E(G)
and dggr)(v,—1) = 2. Therefore, dg(v,—1) > 6 by (4.1) and |[v,_y, F|| = 4. By Lemma 4.2,
F = K4, contradicting the case.

This completes the proof of Theorem 4.1.
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