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Unified mechanism of local drivers in a percolation model of atrial fibrillation
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The mechanisms of atrial fibrillation (AF) are poorly understood, resulting in disappointing success rates
of ablative treatment. Different mechanisms defined largely by different atrial activation patterns have been
proposed and, arguably, this dispute has slowed the progress of AF research. Recent clinical evidence suggests a
unifying mechanism of local drivers based on sustained reentrant circuits in the complex atrial architecture. Here,
we present a percolation inspired computational model showing spontaneous emergence of AF that strongly
supports, and gives a theoretical explanation for, the clinically observed diversity of activation. We show that
the difference in surface activation patterns is a direct consequence of the thickness of the discrete network of
heart muscle cells through which electrical signals percolate to reach the imaged surface. The model naturally
follows the clinical spectrum of AF spanning sinus rhythm, paroxysmal AF, and persistent AF as the decoupling
of myocardial cells results in the lattice approaching the percolation threshold. This allows the model to make
the prediction that, for paroxysmal AF, reentrant circuits emerge near the endocardium, but in persistent AF
they emerge deeper in the bulk of the atrial wall. If experimentally verified, this may go towards explaining the
lowering ablation success rate as AF becomes more persistent.
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Atrial fibrillation (AF) is the most common cardiac ar-
rhythmia [1], but our understanding of the underlying mech-
anisms is still poor [2–9]. There is growing evidence in favor
of local drivers as a sustaining mechanism of AF [4,9–18].
However, there is debate about the mechanistic origin of local
drivers: Some studies have identified the drivers as rotors
(reentrant drivers) [12,13], whereas others have identified the
drivers as focal points [11].

Recently, a study with “the potential to unify some of
the previous discrepant observations” [19] has suggested that
both focal and reentrant drivers may be explained by the
presence of small reentrant circuits [14,20]. Using high-
resolution simultaneous optical mapping of the endocardium
(inner heart wall) and epicardium (outer heart wall) in ex-
planted, diseased human hearts, the study shows that stable
transmural reentrant circuits may project differently onto the
endo- and epicardium. Projections typically appear as rota-
tional activity on the endocardium and focal (breakthrough)
points on the epicardium. Hence, the apparently incompatible
two-dimensional (2D) projections onto the atrial walls are
consistent with a single underlying mechanism of localized
reentrant circuits in the transmural region [14–16].
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Leading clinicians have called for further work “to confirm
and extend these observations” [19]. In this paper, we develop
a percolation based model of AF initiation in pursuit of
this goal. Our aim is to understand the origin of the AF
mechanism, how it changes as AF becomes more or less
persistent, and how this effects the success rate of ablation. We
take a physics approach to modeling, focusing on the essential
features of the phenomenon as opposed to the fine details. This
is much simpler than more biophysically realistic models and
allows for concrete predictions based on large scale statistics
not accessible in a laboratory setting.

The model generates activation wavefronts that propagate
in a three-dimensional (3D) medium mimicking the com-
plex discrete fiber structure of the atria. AF emerges sponta-
neously via the formation of spatially stable but temporally
intermittent 3D reentrant circuits when the fiber network
decouples, e.g., through fibrosis or fatty infiltration [21]. The
model predicts that these circuits should have a minimum
length of 12.5 mm, comparable with the 15 mm quoted in
Ref. [14]. Reentrant circuits are quasi-one-dimensional with
isolated fibers that have a width of around 2 mm, making their
identification with clinically available mapping technologies
difficult [22].

Our results demonstrate how 3D reentrant circuits emerge
and how they are distributed in the heart wall when the cou-
pling between cells is lowered, closely matching key clinical
observations in Ref. [14]. The observed activation patterns
fundamentally change as a function of the depth from the
imaged surface to the driving reentrant circuit. If this depth is
large, we observe focal (breakthrough) activity. If this depth
is small, we observe reentrant or rotational activity.
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The model predicts that the drivers of paroxysmal AF
are located near the endocardium whereas the drivers of
persistent AF are uniformly distributed through the atrial
wall. Consistent with clinical experience, the former are more
easily ablated than the latter. We test this by numerically
simulating focal ablation. We find that ablation lesions that
do not penetrate the full depth into the tissue are significantly
less likely to destroy a reentrant circuit in persistent AF than
in paroxysmal AF. Additionally, we show that in persistent
AF, even if ablation successfully destroys a local source, the
existence of multiple coexisting circuits prevents the global
termination of AF.

I. MODEL

Electrical signals in the heart are mediated by discrete heart
cells arranged in long, intertwined fibers. This motivates the
construction of a 3D lattice model where each node acts as
a single cell (or block of cells), and nodes are connected
stochastically to their neighbors to mimic the branching struc-
ture of discrete heart muscle fibers, generalizing a 2D model
[23]. Our model simulates the initiation and maintenance of
AF from local microanatomical reentrant circuits. We do not
investigate local drivers linked to cardiomyocyte automaticity,
or the maintenance of fibrillation through the formation of
rotors or scroll waves. Such phenomena are best studied using
continuous reaction-diffusion models of cardiac electrophysi-
ology [24].

Discrete models of cardiac tissue are well established
historically and have recently regained popularity [23,25–32].
In these models, the onset of reentry has been associated with
the approach from above of the bond occupation probability
to the percolation threshold [29]. Some models have been
extended to three dimensions to highlight the importance of
the thickness of the atrial wall to the probability of reentry
[30]. Specifically when investigating the role of fibrosis in
cardiac arrhythmia, which is the approach taken here, there
have been suggestions that discrete models are preferable over
continuous models [33]. Note, mechanistically it is important
to distinguish between 3D vortices in a continuous substrate
which exhibit functional reentry and 3D reentrant circuits
where electrically isolated fibers exhibit structural reentry.
The clinical results in Ref. [14] concern structural reentrant
circuits and not the wider literature on rotors and scroll waves
[24,34].

We consider a simplified Lx × Ly × Lz pipe topology of the
atria with open boundaries in x and z, and periodic boundaries
in y. Nodes are connected longitudinally to their neighbors in
the x direction with spatial frequency ν‖ and transversely, in
the y and z directions, with frequency ν⊥. Once the network is
defined at the start of a simulation, it is fixed for the remainder
of the simulation.

Each node takes one of three states: resting, where the node
can be excited by an active neighbor; excited; or refractory,
where for τ time steps after excitation a node cannot be
reexcited. We define the sinus node as nodes at the boundary,
x = 0, which excites every T time steps. Model parameters
Lx = Ly = 200, Lz = 25, T = 220, and τ = 50 are informed
by clinically observed values (see Appendix A). The model
results are robust against changes in these parameters. A small

fraction of nodes, δ, are susceptible to conduction block.
With probability ε, these nodes fail to activate when their
neighbors excite. When the sinus node excites in normal
conduction, wavefronts are initiated at x = 0 and propagate
smoothly in the +x direction and terminate at x = Lx. How-
ever, reentrant circuits can form when nodes are sufficiently
decoupled, through fibrosis [29,35], or otherwise, such that
the shortest closed loop from a node back to itself is partially
isolated from the remaining tissue, and the path length, in
units of propagation time, exceeds the refractory period τ .
The formation of these reentrant circuits drives fibrillatory
activity [23,36] (see Fig. 1). Further examples are shown in
Appendix D including figures showing close-up examples of
reentrant circuits and focal breakthrough points. Videos of
typical activation patterns are included in the Supplemental
Material [37] and are captioned in Appendix E.

Reference [14] finds that reentry activity is typically ob-
served on the endocardial surface, whereas focal points are
often found on the epicardial surface. Additionally, there
is much stronger longitudinal coupling on the endo- than
the epicardial surface. To test whether fiber orientation can
account for the distribution of activation patterns observed
clinically, we consider a homogeneous and inhomogeneous
model. In the homogeneous model all nodes are connected
to their neighbors with the same frequencies, ν‖ and ν⊥. In
the inhomogeneous model, the variation in fiber direction
changes with depth. Here we fix the average decoupling of
nodes, ν̄ = (2ν‖ + 4ν⊥)/6, and vary linearly the average fiber
angle, �θ = tan−1(ν⊥/ν‖), in each layer from �θendo = 24◦
at the endocardium (z = 0) to �θepi = 42◦ at the epicardium
(z = 24). These values are taken from clinical data [16]. The
introduction of fiber inhomogeneity into the model results in
reentrant circuits preferentially anchoring to the endocardium.
An example of this can be seen in Fig. 2, which shows a cross
section of the model activation patterns from the endocardium
to the epicardium. A reentrant circuit is shown anchored to
the endocardium, with the activation wavefronts propagating
from one end of the circuit to the epicardial surface and
emerging as a focal breakthrough point.

To study the effect of local ablation in the model, we
identify the first location at which a reentrant circuit forms.
A new simulation with the identical structure is generated and
the nodes at the identified location are destroyed, mimicking
focal ablation, up to a prespecified depth (see Appendix C
for details). This process is repeated until the locations of the
first ten identified reentrant circuits are ablated. This allows
us to study (a) the global success rate of ablation as a function
of ν̄ by measuring the probability that ablation prevents AF
emerging anywhere in the tissue and (b) the local success rate
of ablation as a function of the ablation depth z, by measuring
the probability that an ablation, that does not penetrate the full
depth into the tissue, destroys the reentrant circuit at a given
location.

II. RESULTS

The phase spaces for the risk of entering AF for the ho-
mogeneous and inhomogeneous models are shown in Fig. 3.
For large values of the coupling parameters (no fibrosis) the
model exhibits sinus rhythm indefinitely. As the coupling
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FIG. 1. The emergence of AF in the inhomogeneous model
with simultaneous endo- (z = 0) and epicardial (z = 24) imag-
ing. Smoothing has been applied for clarity. Red, excited nodes;
blue, resting (excitable) nodes; other, refractory (unexcitable) nodes.
(a) Planar wavefronts propagating during sinus rhythm. The dotted
box indicates a gap in the wavefront formed by conduction block.
(b) Endo view: The arrow indicates an excitation reentering the gap
in the wavefront. Epi view: Reentry is not observed. (c) Emergence of
fibrillatory activity. (d) Maintenance of fibrillatory activity. Epi view:
Activity emerges on the surface as a point source (breakthrough ac-
tivity) located at the star. See video A in Supplemental Material [37].

reduces, a small number of reentrant circuits can form. Here
we observe paroxysmal AF with intermittent episodes of
irregular activity. As the coupling is even further reduced, the
model enters persistent AF where, once AF has been initiated,
the model will never return to sinus rhythm without external
intervention. These results are consistent with recent evidence
showing that local drivers anchor at or near fibrotic lesions
[13], with fibrosis increasing the number of reentrant regions
and the time spent in AF [38].

(a)

(b)

(c)

(d)

x

z

24

0

(epi)

  (endo) 

FIG. 2. A cross section of the model during AF showing a
closeup of the x-z plane (fixed y coordinate). The cross section has
been chosen to align with a reentrant circuit. Arrows indicate the
movement of wavefronts. The top (bottom) surface of each panel
corresponds to the epicardium (endocardium). A reentrant circuit
can be seen near the endocardium with activity (a) moving around
an isolated fiber, (b, c) reentering the isolated fiber, and (d) emitting
fibrillatory waves from the left end of the isolated fiber. Fibrillatory
activity spreads from the endocardium to the epicardium through the
complex fiber structure of the model. This results in a wide variety
of possible breakthrough patterns on the epicardial surface. When
viewed from the endocardium, reentrant activity will be clearly vis-
ible since the isolated fiber lies along the endocardial surface. When
viewed from the epicardial surface, the wavefronts propagating from
the reentrant circuit may emerge as a single breakthrough point,
or as multiple breakthrough points simultaneously. See video D in
Supplemental Material [37]. Scale: 100 × 25 nodes.

In the homogeneous model the endo- and epicardium are
equivalent, and we find that in paroxysmal AF the majority
of drivers form equivalently on either surface, whereas for
persistent AF the majority of drivers form in the bulk and not
on the surfaces (see Fig. 16 in Appendix D).

The inhomogeneous model breaks the symmetry between
the endo- and epicardium. Here we find that in paroxysmal
AF drivers form preferentially near the endocardial surface,
with very few drivers forming on the epicardial surface and
almost none in the bulk of the atria [see Fig. 3(b), inset 1].
However, in persistent AF, drivers are uniformly distributed
throughout the atrial wall [see Fig. 3(b), inset 2]. Hence, as
AF becomes more persistent, the average position of drivers
moves away from the endocardium and into the bulk of
the atrial wall. The variation in fiber orientation is the only
asymmetry between the endo- and epicardium and is therefore
responsible for the asymmetry in the reentrant circuit depths.
Because the method by which reentrant circuits form is fully
local [39], the presence of an isolated fiber at one point in
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(a)

FIG. 3. The average time spent in AF for the (a) homogeneous
and (b) inhomogeneous models. Both models show a transition
from sinus rhythm at large coupling (0% AF time) through parox-
ysmal AF (0% < AF time < 100%) to persistent AF (100% AF
time). The gray parameter regions indicate coupling parameters
below the percolation threshold, and are thus irrelevant to clinical
AF. (a) Homogeneous coupling parameters, ν‖ and ν⊥. Blue, sinus
rhythm; red, persistent AF. The white transition region corresponds
to paroxysmal AF. Guidelines of positive (negative) gradient indicate
constant �θ (ν̄). Risk curve as a function of the inhomogenous
coupling parameter, ν̄, (red graph). There is no AF for ν̄ � 0.4.
Decreasing ν̄ associated with decoupling nodes, there is a transition
from sinus rhythm through paroxysmal AF to persistent AF. Inset:
Histograms showing the distribution of reentrant circuits driving AF
for paroxysmal AF (top) and persistent AF (bottom) as a function of
depth z from the endocardium. Drivers cluster in the subendocardial
region (z = 0) for paroxysmal AF but are uniformly distributed
across the bulk for persistent AF.

the tissue is independent of the tissue elsewhere in the model.
Therefore, the results are robust against different choices of
fiber orientation and tissue thickness that may be associated
with the left or right atria [40], and show that reentrant circuits
will first emerge on the surface with the strongest longitudinal
coupling (see Figs. 17 and 19 in Appendix D).

Visualizing the activation patterns in the inhomogeneous
model on the surfaces at z = 0 (endocardium) and z = 24

FIG. 4. (a) An activation map adapted with permission from
Ref. [14] showing reentry activity from subendo imaging and a focal
source on the subepi side with four marked reference points. (b) The
equivalent for our model. Smoothing has been applied to images
for clarity. Red, excited nodes; blue, resting nodes; other, refractory
nodes.

(epicardium), we observe activation patterns consistent with
Ref. [14]. In Fig. 4, the left (right) panel shows the activity
when viewed from the endocardium (epicardium). For the
activation maps, electrical activity spreads across the tissue
from point 1 through point 2, but is blocked from reaching the
isolated fiber at point 4. The activity loops around the isolated
fiber and reenters the fiber at point 3. This back-propagating
excitation passes through point 4 before reexciting point 1,
which sustains the reentrant circuit. Viewing the same region
from the epicardium does not show the same reentry activity.
Instead, the excitation emerges as a point source indicated by
a star. The surface activity driven from the atrial bulk will
typically appear as a breakthrough point, as opposed to reentry
activity. A cross section of the activation patterns from endo-
to epicardium is shown in Fig. 2.

Figure 5 shows the global and local success rate of ablation
in the model. Globally, Fig. 5(a) indicates that the success of
ablation exhibits phase transition-like behavior. At low cou-
pling, focal ablation consistently fails to terminate fibrillation,
independent of the number of ablation lesions. Above a transi-
tion coupling value, the ablation success rate rapidly increases
with increased coupling. The success rate is higher if multiple
ablations are applied. The results indicate that focal ablation
is increasingly ineffective as AF becomes more persistent.
However, despite the fact that ablation fails globally, Fig. 5(b)
indicates that, locally, ablation does successfully destroy the
targeted reentrant circuits if the ablation is transmural. For
nontransmural ablation, ablation has a much higher local
success rate at high coupling values—half depth ablation has
a success rate of 90% (50%) at high (low) coupling. A direct
comparison between transmural and nontransmural ablation
is shown in Fig. 6. The activation maps shown demonstrate
that for reentrant circuits anchored to the endocardium a
shallow ablation is sufficient to destroy the reentrant circuit.
However, for reentrant circuits anchored to the epicardium,
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FIG. 5. (a) The global success rate of full depth focal ablation if
the first reentrant circuit location is destroyed [single focal ablation
(SFA), circles], and if the first ten locations are destroyed [multi-
ple focal ablations (MFA), crosses] as a function of the coupling
parameter, ν̄. The dashed line indicates the coupling value below
which all simulated tissues harbour reentrant circuits. (b) The local
success rate of a single focal ablation destroying reentrant circuits
at the ablation site as a function of the ablation depth, z, for tissues
with high coupling, ν̄ = 0.33 (plus), and low coupling, ν̄ = 0.27 (up
triangle). The dashed (dot-dashed) lines correspond to the cumu-
lative sum of the reentrant circuit depth probabilities for ν̄ = 0.33
(ν̄ = 0.27).

nontransmural ablation may fail to destroy the reentrant cir-
cuit driving AF.

In Fig. 3(a), there are percolation-type transitions [42]
associated with the black and white curves, respectively. The
black curve outlines the bond percolation threshold for the
fiber network itself: Below (above) the black curve, the fiber
network does not (does) percolate from x = 0 to Lx. This
transition is irrelevant for clinical AF but the other transition is
highly relevant. The white curve outlines the transition where
the finite surfaces associated with missing bonds (known as
hulls in three dimensions or holes in two dimensions [43])
have a linear dimension larger than or equal to τ/2—these
hulls are needed to form an isolated fiber. A fingerprint of
the latter transition is also seen in Fig. 5(a). Below (above)
the vertical dashed line at ν̄ ≈ 0.305, the global success rate
of multiple focal ablations is zero (nonzero). In an infinite
lattice, this corresponds to the number of finite hulls with
linear dimension >τ/2 being infinite (finite) slightly below
(above) this threshold.

III. DISCUSSION

These model observations are directly compatible with
recent clinical findings that identified rotational activity from
endocardial mapping in patients with paroxysmal AF [12,39],

and another clinical observation identifying focal activity in
patients with persistent AF from epicardial mapping [11].
Moreover, our model offers a natural explanation why ablation
is more successful for paroxysmal than persistent AF. Studies
have shown that ablation lesions become smaller as they
penetrate further into the tissue from the endocardial surface,
and that ablation struggles to penetrate more than 2 mm into
the atrial wall [41], which can be up to 7 mm thick [14].
Hence, because the average driver position moves deeper into
the atrial wall as AF becomes more persistent, ablation lesions
need to be more accurately positioned and they must penetrate
further into the tissue, restricting ablation efficacy. The model
suggests that if the atria are sufficiently fibrotic, reentrant
circuits are so numerous that focal ablation cannot terminate
AF, even with multiple ablation lesions [see Fig. 5(a)].

The model may explain the prevalence of paroxysmal
AF in the pulmonary veins (PVs), where sleeves of cardiac
tissue extend into the PVs [20,44]. The sleeves get thinner
further into the PVs and there are significant changes in the
fiber orientation from the endo- to epicardium [45–47]. These
physiological changes reduce cell-to-cell coupling, which the
model has shown is the key requirement for forming the reen-
trant circuits that drive AF. Intriguingly, another recent study
also demonstrates transmural reentry, specifically in the PVs,
under the assumption of isotropic conduction velocities [48].

IV. LIMITATIONS AND NEXT STEPS

Our model is much simpler than alternative biophysically
realistic models [24,34]. We do not account for rate dependent
effects in the action potential propagation, although we expect
this to play a minimal role in the development and mainte-
nance of structural reentrant circuits. This has the benefit that
we are able to perform unparalleled statistical analyses to fully
explore the differences between paroxysmal and persistent
AF, but at the cost of electrophysiological realism. As a result,
our model focuses purely on the initiation and maintenance of
AF from microanatomical reentrant circuits and not on AF
initiated or maintained by other methods such as cardiomy-
ocyte automaticity or the formation of rotors and scroll waves.
These mechanisms are best studied using alternative models.

In our model, we consider general structural properties
such as the difference in fiber orientation between the endo-
and epicardium, but we do not explicitly account for spe-
cific anatomical fiber bundles in the real heart or differences
between the left and right atria. Therefore, with the current
framework, we cannot explain why local drivers are found
more frequently in the left atrium than in the right atrium
[10,13]. However, in a proof of concept work where we have
adapted the current methods for use with a real atrial fiber
map, reentrant circuits do appear to form preferentially in the
left atrium [49]. Additionally, we observe circuits forming
in a number of key locations suspected for their role in the
formation of local drivers in persistent AF, including the
sleeves of the pulmonary veins, the posterior atrial wall, and
the atrial appendages [50].

To address these limitations and verify the results presented
here, we propose a potential experimental test and a number of
suggested model developments. First, adapting the model to a
realistic atrial topology with an integrated fiber structure will
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FIG. 6. Simulated ablation in a tissue with multiple drivers demonstrating how the ability to terminate fibrillatory activity is closely related
to driver depth. AF emerges (a) in the bottom left corner from a reentrant circuit near the epicardium, and (b) at the top of the tissue from a
separate reentrant circuit near the endocardium. (c) Two shallow ablations (solid red in bottom left and top center) are applied to the endocardial
surface at the locations of the reentrant circuits penetrating part of the way into the tissue. (d) The circuit near the epicardium has not been
destroyed by the ablation since the ablation has not penetrated far enough into the tissue. The circuit near the endocardium has been destroyed
successfully. However, since an active circuit remains in the tissue, AF has not been terminated. (e) and (f) show the same ablation process
as demonstrated in (c) and (d); however, the ablation is now transmural, penetrating the full distance through the tissue. This is indicated by
the solid red regions on the subepi view in (e) and (f). The ablations have successfully destroyed both reentrant circuits. Hence, fibrillatory
waves dissipate as shown in (f) and sinus rhythm will be restored. Note, transmural ablation is not always possible in clinical practice. Ablation
lesions typically struggle to penetrate more than 2 mm [41] into the atrial wall, which can be up to 7 mm thick in places [14]. Scale: 200 × 200
nodes (full tissue).

allow us to refine the predictions made here and make concrete
statements about different regions of the atria and specific
anatomical structures. This includes investigating which atrial
regions are especially prone to the formation of reentrant cir-
cuits and testing whether these correlate with known clinical
data. We have taken the first steps to adapt the current model
to a realistic atrial fiber structure in [49]. Currently, both the
model presented here and the adapted model consider the role
of local decoupling of muscle fibers, simulating the action
of diffuse interstitial fibrosis or fatty infiltration. However,
more pronounced global decoupling may occur in regions

with compact fibrotic lesions. Future versions of the model
should consider a full range of potential fibrosis patterns when
analyzing the emergence of reentrant circuits.

As a potential experimental verification of our results, we
propose following the methods set out in Ref. [14]. Using
explanted Langendorff-perfused animal hearts with a diffuse
fibrosis model at different levels of fibrotic burden, simul-
taneous endo- and epicardial optical mapping may be used
to assess how the distribution and depth of microanatomical
reentrant circuits change with increasing fibrotic burden. As
the fibrotic burden is increased, our model would predict an
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increase in the number of observed drivers, and a reduction
(increase) in the ratio of reentrant drivers to focal drivers seen
on the endocardium (epicardium).

V. CONCLUSIONS

The overarching aim of this paper was to create the sim-
plest possible bioinspired model that displays the variety of
clinically observed activation patterns [14] and can exploit
large scale statistics to make concrete predictions not acces-
sible in a laboratory setting.

The model is consistent with the typical evolution of
AF from sinus rhythm through paroxysmal AF to persistent
AF. Moreover, combined with the clinical observations in
Ref. [14], our model gives substantial evidence for the pro-
posed unifying mechanism of local drivers in AF, suggesting
a potential resolution to long-standing debates. Complement-
ing this finding, we predict that the inhomogeneity in fiber
orientation causes the average depth of drivers to move away
from the endocardium and into the bulk of the atrial wall as AF
becomes more persistent, potentially explaining why ablation
is less successful for persistent AF than for paroxysmal AF, if
experimentally verified. This insight is the first of its kind and
may have key clinical implications.

Work is currently underway on adapting the model to
realistic atrial fiber maps with the hope that this may be
able to identify reentrant circuit risk regions clinically on a
personalized basis [51,52].
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APPENDIX A: MODEL DEFINITION

1. Heart muscle structure

The area of the atrial muscle is L′
x × L′

y ≈ 20 cm2 [53,54]
while the thickness of the atrial muscle wall ranges from 1 to
7 mm [14]. A typical average is about L′

z = 2.5 mm [55]. The
atrial muscle tissue comprises tubular shaped heart muscle
cells (myocytes) of length �x′ ≈ 100 μm and diameter �y′ =
�z′ ≈ 20 μm [56,57]. Cells are predominantly connected

(b)

x

y

z

Resting Excited Refractory

(a)

t t + 1 t + 2

FIG. 7. (a) The excitation wave propagates across neighboring
nodes. Nodes are connected longitudinally with frequency ν‖ and
transversely (along y and z directions) with frequency ν⊥. At time
t , the red bordered node is resting. At time t + 1, the node activates
in response to the stimulus coming from its neighbor to the left.
At time t + 2, the red bordered node becomes refractory and the
excitation wave activates the two nodes in the resting state to which
it is coupled. The node to the left of the red bordered node cannot
be excited as it is in a refractory state. (b) Temporal dynamics of
a node. Each node sequentially passes across three distinct states:
resting (black), excited (white), and refractory (gray scale).

longitudinally, forming fibers that connect transversely now
and again. Hence a branching network of anisotropic cells
provides an appropriate approximation of the atrial tissue.

2. Heart muscle physiology

The membrane potential of heart muscle cells shows that
they can be in one of three states: excited, where the cell
depolarizes; resting, where the cell can be depolarized by
a neighboring active cell; and refractory, where for some
time τ ′ after excitation the cell cannot be reexcited. The
shortest time scale is associated with a cell depolarizing,
�t ′ ≈ 0.6 ms, whereas the refractory period lasts τ ′ ≈ 150 ms
under rapid pacing. When a resting cell is induced to excite by
a neighboring excited cell, it contracts. The propagation speed
of the activation wavefront is �x′/�t ′ ≈ 0.2 ms−1 and the
heart’s natural pacemaker (sinus node) ensures the periodic
propagation of a coordinated activation wavefront, causing
atrial muscle contractions. The rate of excitations is controlled
by the pacemaker cells that regularly self-excite with period
T ′ = 300–1000 ms. For example, T ′ = 660 ms corresponds to
approximately 90 beats per minute.

3. Dimensionless parameters of the model

We can translate real tissue values into dimensionless
model parameters. We apply a similar conversion procedure to
that presented in Ref. [23]. The dimensions of the simplified
3D topology are Lx = L′

x/�x′ = 1000, Ly = L′
y/�x′ = 1000,

and Lz = L′
z/�z′ = 125. We apply a coarse grain transfor-

mation �x′ → b�x′,�y′ → b�y′,�z′ → b�z′ such that we
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FIG. 8. Progression of the excitation wave through a simple
reentrant circuit situated on the surface of the 3D topology used
to mimic the heart muscle fiber network. The red bordered node is
susceptible to conduction block. (a, b) The planar excitation wave
reaches the node that is susceptible to conduction block. The red bor-
dered node does not excite and blocks the propagation in the lower
fiber while the planar propagation of the wavefront proceeds in the
upper fiber. (b, c) The activation wavefront reaches the penultimate
node in the upper fiber that connects the two adjacent fibers. The
excitation advances in multiple directions, indicated by the green
arrows. In particular, the wavefront reenters the fiber where the
original conduction was blocked. (c, d) If the path length indicated
in the lower fiber is longer than τ/2, the node placed to the left of
the red bordered node will have reached its resting state when the
backward propagation arrives. Therefore, the region indicated in light
blue will act as a reentrant circuit until the red bordered node blocks
the excitation again. The likelihood of creating a reentrant circuit is
determined by the coupling frequencies ν‖ and ν⊥ and the fraction δ

of nodes susceptible to conduction block.

group b3 cells within one node of the model. The propa-
gation speed has to remain constant �x′/�t ′ ≈ 0.2 ms−1 so
we must also coarse grain time �t ′ → b�t ′ [23]. By using
b = 5, we find the dimensionless parameters of the model. For
the 3D pipe structure, we have Lx = L′

x/(b�x′) = 200, Ly =
L′

y/(b�y′) = 200, and Lz = L′
z/(b�z′) = 25. The renormal-

ized excitation time b�t ′ = 3 ms yields a dimensionless re-
fractory period τ = τ ′/(b�t ′) = 50 and pacemaker activation
period T = T ′/(b�t ′) = 220, assuming T ′ = 660 ms.

4. Modeling the real atrial tissue

The structural properties are mimicked by a 3D pipelike
topology of the atria, Lx × Ly × Lz, where x is the longitudinal
direction and y and z are the transverse directions. Given that
the mechanism of reentrant circuit formation in the model is
fully local, the precise topology chosen for the model has a

x

y

z

FIG. 9. Three-dimensional visualization of an AF driver located
in the bulk of the atrial tissue. The black path represents the connec-
tivity structure between the nodes. In this particular example we ob-
serve that longitudinal connections are more frequent than transverse
connections (y and z directions), representative of reentrant circuits
that can be observed when ν‖ is substantially larger than ν⊥.

minimal effect on the results. The pacemaker cells are the
nodes at the boundary x = 0 and we apply open boundaries
in x and z and periodic boundaries in y. Each of the Lz = 25
layers contain Lx × Ly = 200 × 200 nodes. The nodes are
connected longitudinally with frequency ν‖ and transversely
(within the layer and across the layers) with frequency ν⊥.
The network of nodes mimics the branching structure of heart
muscle fibers and it is kept fixed for a given realization.

To mimic the membrane potential of a cell, nodes can be in
one of three distinct states: resting, excited, or refractory. At a
given time t , an excited node induces resting nodes to which
it is coupled to excite at time t +1. The excited node at time
t becomes refractory at time t +1 and it will not be able to
respond to any further stimulus during the next τ time steps.

(a) (b)

x

y

FIG. 10. Surface activation patterns in the model (a) before and
(b) after processing. (a) The raw node states of a single layer of nodes
in the model. White indicates active nodes, black nodes are resting
(excitable), and gray nodes are refractory. This raw image only shows
the node states in a single layer at a fixed z coordinate. (b) To aid
data interpretation and match the visualization methods applied in
Ref. [14] we process the raw image using Gaussian smoothing. A
3D Gaussian kernel is used to convolve the raw node states. The
Gaussian is centered on the imaged surface with standard deviations
σx = σy = 1 and σz = 5. The color scheme for the activation maps
after processing has been chosen to match that used in Ref. [14].
Active wavefronts are shown in red, resting nodes are in blue, and
refractory nodes are represented by all other colors. This filtered
image improves the coherence of wavefronts in the model and aids
data interpretation. Scale: 100 × 75 nodes.
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(a) (b)

(c) (d)

(e)

x

y

FIG. 11. Examples of breakthrough patterns in the model. Close-
up view of activity for five different realizations (tissues). Tissues
(a) and (b) show one primary breakthrough point. Tissues (c) and
(d) show the activity emerging across a wider area almost simulta-
neously. Tissue (e) shows two clearly divided breakthrough points.
Globally, all five tissues have breakthrough activity that will generate
waves that appear to originate from a focal point. These activation
patterns are typically observed on the epicardium during paroxysmal
AF, but may, in rare cases, also be seen on the endocardium. Quan-
titatively differentiating between breakthrough types is difficult. See
videos A, B, C, and E. Scale: 100 × 75 nodes.

The refractory node will revert to a resting node after τ time
steps (see Fig. 7).

A small fraction δ of the nodes can be susceptible to
conduction block. These nodes are selected at random and
their position in the network is fixed for a given realization.
These particular nodes will, with a small probability ε, fail
to activate when their neighbors excite. In a well connected

(a) (b)

x

y

FIG. 12. Examples of partial and full reentry in the model.
(a) An example of partial surface reentry where a full rotation is not
observed in the surface activity. This is because the reentrant circuit
stretches to a depth of approximately four nodes from the endocardial
surface. (b) Complete surface reentry, where no gaps are observed in
the reentrant circuit. Reentrant circuits are typically observed on the
endocardium during paroxysmal AF, but may also be found on the
epicardium in rare cases. See video D. Scale: 90 × 70 nodes.

Subendo Subepi

(a)

(b)

(c)

(d)

x

y

FIG. 13. An example of surface activation patterns where reen-
trant activity is not observed on either atrial surface. Close-up view
of the activation pattern in the case of a reentrant circuit with depth
z = 16, ν̄ = 0.31. (a) The tissue in sinus rhythm with regularly
propagating wavefronts. A signature of fibrillatory activity charac-
terizing AF is not observed. (b) Initial fibrillatory activity emerges
on both epicardium and endocardium as breakthrough points. Note
that this reentrant circuit is eight layers closer to the epicardium than
the endocardium, as can be seen by the delay between activation
patterns. (c) Fibrillatory activity spreads across the tissue. (d) AF
is sustained. Reentrant circuits are not observed on either surface.
Scale: 100 × 100 nodes.

network, such a failure will not disrupt the planar propagation
of the excitation wave and sinus rhythm prevails. However,
if the network of heart muscle cells becomes too decoupled,
for example due to fibrosis, then, when a failure occurs,
the planar propagation of the excitation wave may be dis-
rupted. The break of the regular wavefront may prompt the
spontaneous emergence of circuits formed by wavelets of
excitation leaking back through the refractory wake of the
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Subendo Subepi

(a)

(b)

(c)

(d)

x

y

FIG. 14. An example of reentrant activity observed on the en-
docardial surface. Close-up view of activation patterns in the case
of a reentrant circuit near the endocardial surface with depth z = 1,
ν̄ = 0.33. (a) The model in sinus rhythm. A faint reentrant excitation
is observed at the center of the subendo view. (b) Fibrillatory activity
emerges in the model. An unexcited tract on the right side of the
active region in the subendo view indicates the isolated fiber for
the reentrant circuit. Activity spreads on the subepi view resembling
a focal source. (c) The wavefront reenters the unexcited tract in
the subendo view. The activity breaks through onto the epicardial
surface at a single stable breakthrough point. (d) Fibrillatory activity
is sustained. Scale: 100 × 100 nodes.

wavefront [23]. This occurs if nodes in a certain region of the
atrial muscle form a reentrant circuit (see Fig. 8). Reentrant
circuits can emerge spontaneously in the atria due to structural
changes during the lifetime of a patient as specific patholo-
gies (e.g., fibrosis) might decrease the coupling between
cells.

The critical structures discussed in Fig. 8 have been intro-
duced in Ref. [23]. In the three-dimensional network, similar

Subendo Subepi

(a)

(b)

(c)

(d)

x

y

FIG. 15. An example of reentrant activity observed on the epi-
cardial surface. Close-up view of the activation pattern in the case of
a reentry circuit near the epicardium with depth z = 22, ν̄ = 0.32.
Circuits forming near the epicardium are much rarer than those
forming near the endocardium in paroxysmal AF. (a) The model
in sinus rhythm. A faint reentrant excitation is observed above the
center of the subepi view. (b) Fibrillatory activity emerges in the
model. An excitation is just starting to enter the unexcited tract on
the right side of the active region in the subepi. Fibrillatory activity
has broken through to the endocardial surface at multiple points
simultaneously. (c, d) Fibrillatory activity is driven and sustained.
A reentrant circuit is clearly observed from subepi imaging. Activity
appears to originate from a focal point in subendo imaging. Scale:
110 × 100 nodes.

configurations are relevant but now they can be placed within
the bulk as well as on the endo- and epicardial surfaces (see
Fig. 9 for a simple visualization).

APPENDIX B: DATA VISUALIZATION

The raw model data contain small scale noise which ob-
scures the overall behavior. Therefore, to effectively visualize
model activity, the raw data need to be filtered in a man-
ner mimicking real clinical imaging techniques. The optical
mapping system used by Ref. [14] is recorded to a depth
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FIG. 16. The distribution of reentrant circuit depth z from the endocardium in the homogeneous model. Fiber angle �θ is constant across
the tissue. AF progresses from paroxysmal AF (top row) to persistent AF (bottom row). The left column is for tissues with strong longitudinal
coupling and weak transverse coupling. The central column is for tissues with equal longitudinal and transverse coupling. The right column is
for tissues with weak longitudinal coupling and strong transverse coupling. Depth z = 0 (z = 24) corresponds to the endocardium (epicardium).
In paroxysmal AF, reentrant circuits are predominantly found near the atrial surfaces. When visualized from the atrial surface, these circuits
will typically appear as reentrant or rotational activity. In persistent AF, reentrant circuits are uniformly distributed in the bulk of the atrial wall,
away from the epicardium and endocardium. These circuits are more likely to result in breakthrough point (focal) activation patterns when
visualized from the atrial surfaces. In the homogeneous model, the endocardium and epicardium are equivalent due to the symmetry.
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FIG. 17. The distribution of reentrant circuit depth z from the endocardium in the inhomogeneous model. AF progresses from paroxysmal
AF (ν̄ = 0.32) to persistent AF (ν̄ = 0.27). Fiber angle varies linearly across the tissue from �θendo = 24◦ on the endocardium to �θepi = 42◦

on the epicardium. Depth z = 0 (z = 24) corresponds to the endocardium (epicardium). In the inhomogeneous model, the symmetry between
the epicardium and endocardium is broken with the stronger longitudinal coupling on the endocardium than the epicardium. For paroxysmal
AF, reentrant circuits are predominantly found near the atrial surfaces, and significantly more circuits cluster near the endocardium than the
epicardium. This is because fibers have much stronger longitudinal coupling on the endocardial surface than on the epicardial surface. When
visualized from the endocardium, these circuits will typically appear as reentrant or rotational activity. In persistent AF, reentrant circuits are
uniformly distributed in the bulk of the atrial wall, away from the epicardium and endocardium. These circuits are more likely to result in
breakthrough point (focal) activation patterns when visualized from the endocardium. As AF has progressed from paroxysmal to persistent,
the average depth of circuits from the endocardium at z = 0 has significantly increased—this hinders the effective use of catheter ablation for
those circuits deep in the atrial bulk.

of 1–4 mm weighted to the layer being observed, with a
resolution of approximately 0.02 mm. These data guided the
coarse graining: The activation patterns were convolved with

a 3D Gaussian, with standard deviations σx = σy = 1 and
σz = 5. An example of the difference between the raw and
processed images is shown in Fig. 10.
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(a)

(b)

(c)

x

y

 Pre-ablation

Ablation

Post-ablation

FIG. 18. The termination of AF by destroying the reentrant cir-
cuit using ablation in the inhomogeneous model. The images show
the activation patterns for a close-up of the endocardial surface.
(a) A faint reentrant excitation is visible just above the center of
the image. This corresponds to the reentrant circuit which is driving
AF. (b) Nodes surrounding the reentrant circuit are destroyed (solid
red region). The reentry circuit is not sustained since the reentrant
excitation collides with the ablation lesion. The fibrillatory waves
dissipate. (c) The model has returned to sinus rhythm. The ablation
lesion disrupts the sinus wavefront, but does not induce fibrillation.
See video F. Scale: 100 × 110 nodes.

APPENDIX C: SIMULATION DETAILS—ABLATION
METHODS

To simulate the effect of ablation in the model (results
shown in Fig. 5 of the main paper) we generate 500 inde-
pendent tissues for each coupling value, ν̄. The random seeds
used to generate these tissues are saved so that the tissues
can be regenerated at a later stage. An additional seed is
generated for each tissue which specifies the order in which
nodes susceptible to conduction block fail to excite when
prompted by an excited neighbor.

For the global success rate of ablation [see Fig. 5(a) in
the main paper], a simulation is started in each tissue up to
a maximum time of 10 000 time steps. For simulations of
length 10 000 (≈45 beats), with ε = 0.05 and T = 220, if a

structure capable of generating a reentrant circuit is present,
the probability it activates during the simulation is >90%. If a
reentrant circuit is detected during the evolution of the simula-
tion, the simulation is stopped and the location of the circuit is
recorded. Otherwise, we mark this structure as containing no
reentrant circuits and move on to the next. If a reentrant circuit
is detected, using the saved seeds, the exact same tissue is
regenerated and we reset the order in which nodes susceptible
to conduction block fail to fire. Before the simulation is
restarted, a cuboid of side length 20 nodes and depth 25
nodes, centered on the x and y coordinates identified as the
circuit location, is destroyed, mimicking a focal ablation. For
a tissue of dimensions 200 × 200 × 25 nodes, this ablation
lesion corresponds to 1% of the tissue. Destroyed nodes are
permanently disabled and cannot be excited by neighboring
excited nodes. After the ablation lesion is applied, we restart
the simulation for another 10 000 time steps and observe
whether another reentrant circuit emerges at a different loca-
tion in the tissue. If yes, this region can be ablated and the
process can be repeated an arbitrary number of times—at this
stage the focal ablation has been unsuccessful at terminating
AF globally. If no, the ablation is considered successful and
we move onto the next tissue.

The global ablation success curves shown in Fig. 5(a) of the
main paper correspond to the percentage success that ablation
prevents the emergence of AF anywhere in the tissue after a
single ablation has been applied, and after up to ten individual
lesions have been applied.

For the local success rate of ablation [see Fig. 5(b) in the
main paper], we also generate 500 random tissues for each
coupling value and save their seeds. Likewise, we save the
seeds giving the sequence of failures for the nodes susceptible
to conduction block. For each tissue, we run a simulation for
up to 10 000 time steps. If a reentrant circuit is not identified
we move onto the next tissue. If a circuit is identified, a
cuboid of side length 20 nodes and depth z nodes, centered
on the x and y coordinates identified as the circuit location, is
destroyed. Additionally, all nodes susceptible to conduction
block with coordinates outside the x and y extent of the
ablation lesion are prevented from exhibiting unidirectional
conduction block. Hence, when the simulation is restarted, a
reentrant circuit can only form in the region directly below
the ablation lesion, that is, a circuit can only form if it is
at a coordinate corresponding to the x and y range ablated,
but with depth greater than that of the ablation lesion. The
simulation is now restarted for 10 000 time steps and we
observe whether or not a reentrant circuit is detected. If yes,
the local ablation has failed. If no, the local ablation has been
successful. This process is repeated for a range of ablation
depths z from a single node layer to the full tissue depth
z = 25, using identical tissues such that different depth results
can be compared like for like.

There are three reasons local ablation might fail:
(1) the ablation lesion is not deep enough to destroy a
reentrant circuit, (2) the targeted reentrant circuit is de-
stroyed but a different independent circuit is present below
the ablation lesion, or (3) the ablation lesion itself decou-
ples nodes such that a circuit which was not present pre-
viously can now form by anchoring to the ablation lesion
itself.
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APPENDIX D: FURTHER MODEL RESULTS

1. Activation maps

In the model, we observe a wide variety of surface activa-
tion maps. These can be characterized as full surface reentry
(where the active wavefront is visible for the full reentry
cycle), partial surface reentry (where only part of the reentry
cycle is visible), single location breakthrough points, and
multiple quasisimultaneous breakthrough points. The surface
activity that is observed in any given tissue depends on the
depth of the reentrant circuit as well as the level of connectiv-
ity in the tissue. Close-up breakthrough point activation maps
are shown in Fig. 11; full and partial reentry maps are shown
in Fig. 12.

For a reentrant circuit located in the bulk, both the endo-
cardial and epicardial activation maps are similar, as shown
in Fig. 13. A stronger delay can be seen for circuits on one
surface. Reentrant circuits are seen on the endocardium and
epicardium in Figs. 14 and 15, respectively. Breakthrough
points are observed on the surface opposite the reentrant
circuit.

2. Depth of reentrant circuits

We can measure the depth from the endocardium (z coor-
dinate) at which reentrant circuits form in the homogeneous
and inhomogeneous model. Figure 16 (Fig. 17) shows the
distribution of reentrant circuit depths for the homogeneous
(inhomogeneous) model at various points on the model’s
phase space, shown in Fig. 3(a) [Fig. 3(b)] in the main paper.
Note, reentrant circuits have a spatial extent and are not only
present at a single coordinate in the tissue. However, for
simplicity, the algorithm to identify reentrant circuits only
identifies the breakthrough point of the isolated fiber in a
reentrant circuit, corresponding to point 1 in the activation
maps shown in Fig. 4 of the main paper.

In the homogeneous model, the fiber structure is statis-
tically equivalent across the whole tissue. Hence, there is
no distinction between the endocardial surface at z = 0 and
the epicardial surface at z = 24. Figure 16 shows that, in
paroxysmal AF, reentrant circuits form preferentially near the
atrial surfaces. As nodes continue to decouple and the model
approaches persistent AF, reentrant circuits form uniformly in
the bulk. This dependence of reentrant circuit depth on AF
persistence is found to exist for models with strong longitudi-
nal and weak transverse coupling (Fig. 16 left column), equal
longitudinal and transverse coupling (Fig. 16 central col-
umn), and weak longitudinal and transverse coupling (Fig. 16
right column). However, reentrant circuits cluster around the
atrial surfaces more closely for strong longitudinal and weak
transverse coupling than for weak longitudinal and strong
transverse coupling.

As a result, when the fiber orientation is varied in the inho-
mogeneous model, reentrant circuits will form preferentially
in the regions with the strongest longitudinal coupling. This
breaks the symmetry in reentrant circuit distribution between
the endocardium and the epicardium in the inhomogeneous
model. In the inhomogeneous model for paroxysmal AF,
reentrant circuits are found to cluster preferentially at the
atrial surfaces, as opposed to uniformly in the bulk, and at the

endocardium, as opposed to the epicardium. As AF pro-
gresses, the asymmetry between epicardium and endocardium
weakens and reentrant circuits move deeper into the bulk
of the atrial wall. Hence, the average distance of reentrant
circuits from the endocardial surface increases as AF becomes
more persistent. As reentrant circuits move deeper into the
atrial wall, they become harder to ablate.

3. Ablation in the model

We can simulate ablation in the model by permanently
disabling a set of nodes corresponding to the desired ablation
lesion (see Appendix C). In clinical practice, ablation is
carried out by burning lesions from the endocardial surface.

By ablating active reentrant circuits in the model, AF can
be terminated and the model will return to sinus rhythm. An
example of this process is shown in Fig. 18. By ablating
part of the reentrant circuit, the back-propagating excitation
is blocked from reentering the excitable tissue and the fibril-
latory activity dissipates.

In clinical practice, ablation lesions can typically only
penetrate up to 2 mm into the atrial wall from the endocardial
surface. The atria is 1–7 mm thick [14], averaging approxi-
mately 2.5 mm [55]. As a result, reentrant circuits which are
far from the endocardium may be difficult to destroy using
ablation. This is shown in Fig. 6 of the main paper.

4. Robustness of model results

The results presented in the main paper are for a tissue with
specific thickness and a single choice of fiber orientations.
Figure 3(b) is for the model with a thickness of 25 nodes
and for fiber orientation parameters of �θendo = 24◦ at the
endocardium (z = 0) and �θepi = 42◦ at the epicardium (z =
24). These values have not been chosen arbitrarily. The tissue
thickness corresponds to the average atrial thickness noted in
Ref. [55], and the values for the variation in fiber orientation
are taken directly from the experimental studies on transmural
reentrant circuits [14,16].

The core results presented in the main paper are robust
against changes in the thickness of the tissue and against
different choices of fiber orientation. To assess the robustness,
we have tested the model for different tissue thicknesses and
different values of the fiber orientation. Figure 19 shows the
risk curves and associated driver depth distributions for the
model for thinner (ten nodes, 1.0 mm) and thicker tissue (50
nodes, 5.0 mm), and for different choices of fiber orientation
parameters on the endo- and epicardium.

The fiber orientation parameters tested cover a range of
possible cases that might be relevant to the atria. Figures 19(a)
and 19(b) correspond to strong longitudinal coupling on
the endocardium, with uniform coupling on the epicardium.
Figures 19(c) and 19(d) correspond to the moderate longi-
tudinal coupling on the endocardium and almost uniform
coupling on the epicardium (these parameters match those
used in the main paper). Figures 19(e) and 19(f) correspond
to very mild longitudinal coupling on the endocardium and
very mild transverse coupling on the epicardium. Finally,
Figs. 19(g) and 19(h) correspond to uniform coupling on
the endocardium and strong longitudinal coupling on the
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FIG. 19. Inhomogeneous coupling parameter risk curves (red graph) for various choices of fiber orientation and tissue thickness. Inset:
Histograms showing the distribution of reentrant circuits driving AF for paroxysmal AF (top) and persistent AF (bottom) as a function of
depth z from the endocardium. Left column: Tissue thickness of ten nodes (1.0 mm). Right column: Tissue thickness of 50 nodes (5.0 mm).
(a, b) Strong longitudinal coupling on endocardium, �θendo = 10◦, and uniform coupling on the epicardium, �θepi = 45◦. (c, d) Moderate
longitudinal coupling on endocardium, �θendo = 24◦, and nearly uniform coupling on epicardium, �θepi = 42◦. Parameters correspond to
those used in Fig. 3(b) of the main paper. (e, f) Very mild longitudinal coupling on endocardium, �θendo = 40◦, and very mild transverse
coupling on epicardium, �θepi = 60◦. (g, h) Uniform coupling on endocardium, �θendo = 45◦, and strong longitudinal coupling on epicardium,
�θendo = 10◦. (g) and (h) are identical to (a) and (b) with the endocardium and epicardium swapped.
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epicardium—the reverse case of Figs. 19(a) and 19(b). For
models with no change in fiber orientation from endocardium
to epicardium, see Fig. 16.

The results consistently show that reentrant circuits are
predominantly found near the atrial wall with the strongest
longitudinal coupling in the paroxysmal AF case (ν̄ is large).
However, at lower absolute coupling (ν̄ is small), corre-
sponding to the persistent AF case, circuits are distributed
evenly between the endo- and epicardium. This result is more
pronounced for thicker tissue than thinner tissue, since the
spatial extent of circuits allows a circuit to anchor to both the
endo- and epicardium if the tissue is too thin. These results
indicate that the regions expected to be most at risk in clinical
AF are those with strong longitudinal muscle fibers such as the
pectinate muscles identified in Ref. [14]. A detailed discussion
of the robustness of the 2D model can be found in Ref. [58].

APPENDIX E: VIDEO

Video of the activation patterns observed in the model can
be found in the Supplemental Material [37]. Captions for the
video are listed below. All video are for the inhomogeneous
model where the average node-to-node coupling is fixed, ν̄ =
constant, and variation in fiber direction varies linearly from
�θendo = 24◦ at the endocardium (z = 0) to �θepi = 42◦ at
the epicardium (z = 24). The model has dimensions Lx =
Ly = 200 and Lz = 25 as outlined in the model definition in
Appendix A. The remaining model parameters are δ = 0.05,
ε = 0.05, τ = 50, and T = 220.

1. Videos A

Video A features a close-up video of the endocardium and
the epicardium showing the spontaneous emergence of AF
in the inhomogeneous model, ν̄ = 0.31. A reentrant circuit
forms near the endocardial surface. This video corresponds
to Figs. 1 and 4(b) in the main paper. The epicardial break-
through is shown in Fig. 11(a).

2. Videos B

Video B features a close-up video of the endocardium and
the epicardium showing the spontaneous emergence of AF
in the inhomogeneous model, ν̄ = 0.33. A reentrant circuit
forms near the endocardial surface. This video corresponds to
Fig. 14 in Appendix D. The epicardial breakthrough is shown
in Fig. 11(b).

3. Videos C

Video C features a close-up video of the endocardium and
the epicardium showing the spontaneous emergence of AF

in the inhomogeneous model, ν̄ = 0.32. A reentrant circuit
forms near the endocardial surface. The epicardial break-
through is shown in Fig. 11(c).

4. Videos D

Video D features a close-up video of the endocardium and
the epicardium showing the spontaneous emergence of AF
in the inhomogeneous model, ν̄ = 0.31, and a cross section
through the atrial wall showing the formation of a reentrant
circuit near the endocardial surface and the propagation of
fibrillatory waves through the atrial wall to the epicardium.
The endocardial view in this video corresponds to Fig. 12(b).
The cross section corresponds to Fig. 2 in the main paper.

5. Videos E

Video E features a close-up video of the endocardium and
the epicardium showing the spontaneous emergence of AF
in the inhomogeneous model, ν̄ = 0.32. A reentrant circuit
forms near the endocardial surface. The epicardial break-
through is shown in Fig. 11(e).

6. Video F

Video F features a full scale video showing the simulta-
neous activation patterns on the endocardium and epicardium,
and cross sections through the atrial wall, ν̄ = 0.32. The video
shows many of the key features of emergent AF in the model.
The model starts in sinus rhythm before a single reentrant
circuit forms. This circuit forms temporarily and dies out after
one cycle. This temporary circuit forms three times before a
new sustained reentrant circuit emerges near the endocardium.
The new sustained circuit drives fibrillatory activity across the
tissue blocking new wavefronts from entering the tissue at
the pacemaker, x = 0. Shortly after time 2000, the reentrant
circuit is ablated and fibrillatory waves dissipate. However,
the interaction between the dissipating fibrillatory waves and
a new pacemaker wavefront results in a new short lived circuit
forming at time 2500. The new fibrillatory waves dissipate
before the tissue returns to sinus rhythm. Note that the ablation
lesion disrupts all future sinus rhythm wavefronts, although
the effect is small.

7. Video G

Video G features a full scale video showing the emergence
of AF before being terminated by ablation, ν̄ = 0.33. The
reentrant circuit forms near the endocardium before being
destroyed by ablation. The fibrillatory waves dissipate before
the tissue returns to sinus rhythm (see Fig. 18).
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