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Abstract We show that if the structural rules are admissible over a set R
of atomic rules, then they are admissible in the sequent calculus obtained by
adding the rules in R to G3[mic]. Two applications to pure logic and to the
sequent calculus with equality are presented.
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1 Introduction

A multisuccedent sequent calculus for intuitionistic logic free of structural
rules was presented in [2] and a detailed proof of their admissibility, based on
[1], appeared in [5]. A single succedent version of that calculus was adopted
in [7]. In all cases the proof of the admissibility of the structural rules relies,
as for the classical G3 system, on the hight-preserving admissibility of the
contraction rule. When additional atomic rules are added to the calculus the
hight-preserving admissibilibility of the contraction rule may fail. Such is the
case for example for the following rules Ref and Repl for equality, introduced
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in [4] and adopted in the second edition [8] of [7]

t=t,I'= A Ref s=rPlz/s], Plx/r], [ = A
r=A ¢ s=r Pla/s|,[ = A

Repl

For example
a= f(a),a= f(a) = a= f(f(a))

has derivations of height equal 1 in the systems obtained by adding Ref and
Repl to G3[mic] namely

a=f(a),a=f(a),a=f(f(a) = a= f(f(a))
a= f(a),a=fa) = a=f(f(a))

but @ = f(a) = a = f(f(a)) cannot have a derivation of height less than or
equal 1 in such a system.

For that reason, in such cases, to prove the admissibility of the structural
rules we have to follow a route somewhat different from the one used in [4] (see
also [5] and [6]), and from the one followed in [8] for extensions of their single
succedent G3[mic]| calculus with rules for which hight preserving admissibilty
of the contraction rule is ensured. The basic idea is to eliminate context-sharing
cuts first, with the eliminability of contraction obtained as a consequence, due
to its immediate derivability from context-sharing cut.

Actually we will show that we can proceed in that way for any set R of
atomic formulae of the following form:

Q15F1:>A17Q;_ QnaFnjAmQ;
P,Fl,...,FniAl,...,An,Pl

where Q1,Qf,...,Qn, QL. P, P’ are sequences (possibly empty) of atomic
formulae and I4,..., [, Ay,... 4, are finite sequences (possibly empty) of
formulae that are not active in the rule.

More precisely, letting G3[mic}R denote the calculi obtained by adding to
G3[mic] the rules in R and Cut.s the contex-sharing cut rule, we will show
that any derivation in G3[mic]R +Cut.s can be transformed into a derivation
in the same system in which the rules in R and the Cut.s rule are applied
before any logical rule. From that it will follow that if the structural rules
are admissible in the calculus that contains only the initial sequents and the
rules in R, then they are admissible in G3[mic]™ as well. For R = ) we
have that the height preserving admissibility of the weakening rules and the
height-preserving invertibility of the logical rules suffice for the eliminability of
context-sharing cut, without having to obtain the admissibility of contraction
first, and, as a consequence, for the admissibility of the Cut-rule in G3[mic].
For R = {Ref,Repl} we obtain that the structural rules are admissible in
G3[mic]”, thus extending the result proved in [4] in the case ¢,7 and s are
restricted to be constants.
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2 Preliminaries

The sequent calculus G3c in [3] has, in the notations in [8], the following
initial sequents and rules, where P is an atomic formula and A, B stand for
any formula in a first order language (function symbols included) and I" and
A are finite multisets of formulae :

Initial sequents
PI'=AP

Logical rules

A B TI'= A I I'= A A FéA,BR
ANB,T = A A = A AAB A
Al'= A B7F:>ALV I'=AAB Iy
AVB,I'= A I'=AAVB
I'=AA B,F:>AL AT'=> A B R
ASBIT=A — T=AASB -
J_,F:>ALL
Alz/t),VzA, I = A Iy I'= A Alz/al RY
VA, I = A I'= AVzA
Alx/al, I = A I3 I''= A 3zA, Alx/t] e
JxA, ' = A I'= A/ dzA
In G3i the rules L —, R — and RV are replaced by:
A—- B, I'=AA B, I'=A ; A I'= B ;
AL BT = A Lt = T=AASBE
I' = Alz/a)

T= Avza BY

In both G3c and G3i, a does not occur in the conclusion of L3 and RYV.
Finally G3m is obtained from G3i by replacing L1 by the initial sequents
1, I'=A 1.

G3[mic] denotes any of the systems G3m, G3i or G3c.
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The left and right weakening rules, LW and RW have the form:

I'=A I'= A
A=A F=aA AW
The left and right contraction rules, LC' and RC have the form:

AAT = A
ATl'= A

I'=AAA

LC —F=Aa4

RC

The cut rule and the context-sharing cut rule, Cut and Cut.s have the
form:

I'=AA AA=6
A= A6

I'sAA AT'=s A
I'= A

C’U,t CUtcs

The additional atomic rules that we will consider are of the form described
in 1.

2.1 Separated derivations

In all the systems considered the weakening rules are height-preserving ad-
missible. For left weakening it suffices to add A to the antecedent of every
sequent in a given derivation of I" = A, modulo a possible renaming of the
proper variables in the L3 and RV inferences, to obtain a derivation of the
same height of A,I" = A. In the classical case one can proceed in the same
way also for right weakening, while in the minimal or intuitionistic case one
uses induction on the height of derivation, taking advantage of the possibility
of adding an arbitrary context on the right in the applications of R? — and
R'v.

Definition 1 For a set of additional atomic rules R, let G3[mic}R be the
sequent calculus obtained from G3[mic] by adding the rules in R. With R
we will denote also the logic-free subcalculus of G3[mic]R7 that contains only
the initial sequents P,I" = A, P and the rules in R.

Definition 2 Let R be any set of atomic rules. An R-inference is any appli-
cation of a rule in R. An R-derivation is a derivation in G3[mic]R

Definition 3 A derivation in G3[mic]”™ + Cut,, is said to be separated if no
logical inference precedes an R or Cut.s-inference.

Our first goal is to show that every derivable sequent in G3[mic}R + Cut,s
has a separated derivation in the same system. Derivations without logical
inferences are trivially separated. For such derivations we have the following
useful fact.
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Lemma 1 If I' = A has a derivation D in R, then there is a subsequent
I'° = A° of I' = A, with atomic formulae only, that has a derivation D° in
the same system, with only atomic sequents, such that h(D°) < h(D).

Proof The claim is proved by a straightforward induction on the height
of derivations, thanks to the height-preserving admissibility of the weakening
rules. O

Lemma 2 If the conclusion of a classical logical inference has a derivation
in R of height bounded by h, then also its premisses have derivations in R of
height bounded by h. The same holds in the minimal and intuitionistic case
with the exception of rules R — and RY.

Proof By the previous lemma, there is a derivation D° of height bounded by
h of an atomic subsequent I'® = A° of the conclusion of the logical inference.
Being atomic I'° = A° does not contain the principal formula of the logical
inference we are interested in and its premiss or premisses can be obtained
from D° by weakening. O

Proposition 1 a) Hight-preserving separated invertibility of the logical rules
in G3c® + Cutg
If the conclusion of a logical inference has a separated derivation of height
bounded by h, then also its premisses have separated derivations of height
bounded by h.

b) The same holds for G3[mi]™ + Cut.s, except for the rules R — and RY.

Proof If the given derivation D reduces to an initial sequent or to an
instance of L1 or it ends with a logical inference that does not introduce the
principal formula of the rule R to be proved invertible, then the argument is
the same as for the G3[mic]| systems (see [2], [5]). For example if D has the
form:

Dy Dy
E—-FA—-BI=AF FA—-BI=A
A—- B E—->FIT=A

and the rule to be proved invertible is an L* — with principal formula A — B,
then a derivation of the same height as D of its first premiss A — B, E —
F.I' = A, A is obtained by height preserving weakening applied to D. As
far as the second premiss, i.e. B, EF — F,I" = A is concerned, by induction
hypothesis there is a separated derivation D of height bounded by the height
of Dy, of BJE — F,I' = A,E and a separated derivation D}, of height
bounded by the height of Dy, of B, F, I = A, Then:

D} D}
B E—~FI=AF BFI=A
B,E—~FI=A

is a separated derivation of B, E — F,I" = A with height bounded by h(D).
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If the last inference does introduce the principal formula of R, we only
need, in addition, to note that the subderivations of a separated derivation
are themselves separated.

If D ends with an R or Cut.s-inference, then D, being separated, does not
contain any logical inference, and the previous Lemma applies. O

Proposition 2 If the premisses of an R-inference R have a separated deriva-
tion, then its conclusion also has a separated derivation.

Proof If all the separated derivations of the premisses end with an R or
with a C'ut.s-inferences, they are all free of logical inferences and it suffices to
apply to such premisses the rule R to obtain the desired separated derivation.
Otherwise we select a derivation of a premiss that ends with a logical infer-
ence and proceed by a straightforward induction on the sum of the heights of
derivations. For example suppose that R has the following two premisses: 1)
Q1,I, AV B = Ay,Q, with separated derivation £, that ends with an LV-
inference with principal formula AV B, and 2) Q2, I3 = As, Q) with separated
derivation £ and that the conclusion of R is P, I],AV B, I = Ay, Ay, P'.
&1 has the form:

&10 &n
leF{aAiAvall Q17F{7B:>A17Ql1
Q17F1/7A\/B = A17Q/1

We can apply the induction hypothesis to ¢ paired with & to obtain a
separated derivation of:

a) P,F{,A,F2:>A1,A2,P/
and to &1 paired with & to obtain a separated derivation of:
b) P,F{,B,F2:>A1,A2,Pl.

Then it suffices to apply the same last LV-inference of £; to a) and b) to obtain
the desired separated derivation of

P,F{,AVB,F2:>A1,A27P/.
O

Lemma 3 If the premisses I' = A/ A and A,I' = A of a Cut.s-inference
have separated derivations in GSC[mic]R + Cut.s, one of which is free of
logical inferences, then its conclusion has a separated derivation in the same
system.

Proof If both derivations are free of logical rules then it suffices to apply
a C'ut.s-inference to their endsequents. Otherwise we distinguish two cases.

Case 1 D is a derivation without logical inferences of I' = A, A and € is a
separated derivation containing logical inferences of A, I" = A, so that it ends
with a logical inference.
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We have to find a separated derivation of I' = A. By Lemma 1 there is an
atomic subsequent I'° = A° of I' = A, A such that I'° = A° has a derivation
D° without logical inferences. If A does not occur in A°, then a separated
derivation, actually a derivation without logical inferences, of I' = A can be
obtained directly by weakening the conclusion of D°. On the other hand if A
occurs in A°; then A is atomic so that the principal formula of the last logical
inference of £ is different from A. We can then apply the induction hypothesis
to D°, appropriately weakened, and to the immediate subderivation(s) of &£
and then the same last logical inference of £. For example if £ has the form:

&o
AEFT = A
AEANFT = A

by Lemma 1 we have a derivation D’ without logical inferences of E, F, I =
A, A. By induction hypothesis applied to D’ and &£y we obtain a separated
derivation of E,F,I" = A, from which the desired separated derivation of
ENF,I" = A is obtained by means of the last LA-inference of £.

Case 2. D is a separated derivation containing logical inferences, so that
it ends with a logical inference, of I"' = A, A and & is a derivation without
logical inferences of A, I' = A. By Lemma 1 there is an atomic subsequent of
I'° = A° of A,I' = A with a derivation £° without logical inferences. If A
does not occur in I'°, then I' = A can be derived without logical inferences
by weakening the conclusion of £°. Otherwise A is atomic, so that it is not
the principal formula of the last inference of D, and we can apply the induc-
tion hypothesis to the immediate subderivation(s) of D to conclude as in the
previous case. O

Proposition 3 If the premisses I’ = A, A and A, I" = A of a Cuts-inference
have separated derivation in G3c[mic]R + Cutcs, then its conclusion has a
separated derivation in the same system.

Proof Let D and & be separated derivations of I' = A, A and A, ' = A
respectively. We have to find a separated derivation of I' = A.

By the previous Lemma we can assume that both D and £ end with a logical
rule, and proceed by a principal induction on the height (of the formation tree)
of A and a secondary induction on h(D) + h(&).

Classical case

Case 1 A is not principal in (the last inference of) D. If D reduces to an
instance of L1, the same holds for I" = A.

Case 1. LA. D is of the form

Dy
EF,T"= A A
EAFRT = A A

so that the endsequent of £ has the form A, E A F,I"" = A. By Proposition
1 there is a separated derivation & of A, E,F,I"" = A such that h(&’) =
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h(€). By the (secondary) induction hypothesis applied to Dy and £’ there is
a separated derivation of E, F,I” = A, from which the required separated
derivation of I" = A can be obtained by means of the last LA- inference of £.
In the following we will express the argument as follows:

E,F,I"= A, A
EANF T’ =AA AEANFET = A
EANFT = A

is transformed into:

A EANFET = A,

E,F,I"=AA “AEFI =A™

EFT = A ind
EANFIT = A

In this case the principal formula of the last logical inference of D occurs in
the endsequent of £ where it can be inverted, producing a separated derivation
of a sequent identical to the premiss of the last inference of D, except that
the cut formula A is shifted from the succedent to the antecedent. We can
then apply the secondary induction hypothesis to produce a sequent to which
the last logical inference of D can be applied, yielding the required separated
derivation. The same kind of argument applies to all the remaining cases. For

example:
Case 1. L —
I'=s AE,A FI'=AA
E—-FI'=AA AE—SFI'=A
E—-FI"= A

is transformed into:

AE—-FI'= A, AE—FI'= A,
I"= A E, A AT =AE W FI"= A A AF T =A W
"= AE ind FI = A ind
E—-FI'=A
Casel R —
IE= A" F,A

I's=AEFE—-FA AIl'sAE—F
I'=sAE—F

is transformed into:

AT=A.E—>F,

INE= A FA AT E=A,F W

T E= A F R
I'=s A E—F

Case 1 RV
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I'= A Elz/a], A
T= A ViE A AT = A VzE

I = A VzFE
is transformed into:
AT = A VaFE |
I'= A Elz/a), A AJﬂﬁACEMMHT;
I' = A’ Elz/ad] 1n
I'= A" V2 FE

Case 2. A is not principal in (the last inference of) £. If £ reduces to an
instance of L1, the same holds for I' = A. All the other cases are treated
dually to Case 1. For example:

Case 2. RA
AEFIT' = A
ENFI"=AA AEANF,I'= A
ENF, "= A

is transformed into:

EANF T = A A,

EFT =AA™ AEFTD=A,
EFT = A m
EANF I = A

In the above cases all the applications of ind refer to the secondary induction
hypothesis.

Case 3. A is principal in (the last inferences of) both D and €.

Case 3. A:
I'=AB I'=AC B,C,.I'=> A
I'=ABAC BANC, T = A
I'= A
is transformed into:
I'=AB
C,I'=AB B7C,F:>A,d
I'=AC CT=2A -
I'=A ind

In this case the second application of ind refers necessarily to the principal
induction hypothesis, which is possible since h(C) < h(B A C), independently
of the height of the separated derivation of the second premiss C,I" = A,
previously obtained by the (secondary suffices) induction hypothesis. Of the
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remaining cases we deal with the Case 3 V in which A is a universal formula,
leaving the others to the reader.

I' = A, Blz/a] VaB,Blz/t],[ = A

I'= A VzB VeB,['= A
I'=A
is transformed into:
I' = A, Blz/a]
I'= A VzB w
I' = A, Blz/a) Blz/t], I’ = A,VzB VeB,Blz/t],' = A d
T = A, Blz/i] Subla/t] B/, T = A in
I'=A ind

where Sub[a/t] yields the result of replacing a by ¢ throughout the separated
derivation of I" = A, Blz/a]. For the result of such a replacement to be a
derivation it is required that the parameters used as proper in the L3 and
RV-inferences of the given derivation be renamed, if necessary, so as not to
occur in ¢.

Intuitionistic case

Case 1. A is not principal in D. We only need to replace Casel. L —, R —
and RV with the following:

Case 1. L' —
E—FI'=AEA FI'=AA
ESFI =AA AE—FI = A
ESFI =A
is transformed into:

AE—-FI"=A |, AE—-FI'= A,
E—FI'=AEA AE%RF:AE@ZRF:AA AF T = A %
ESFI1 =AE m FI"= A m

ESFIT=A

Case 1. Rt —

E.T=F
I'=ANE>FA AI=sA,EF
I'=AE—>F

is transformed into:
EI'=F

I'=AE—F

Case 1. R'.

I' = Elz/a]
I'= A VaE, A AT = A VzFE
I'= A )VaFE
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is transformed into:

I' = Elz/a]
= A ViE

Case 2 A is not principal in £ and Case 1. does not occur, so that A is
principal in the last inference of D. If the rule of the last inference of £ is
invertible in D , i.e. if it is not a R® — or R'V-inference then we proceed as
in Case 2 of the classical case. If £ ends with a R — or R‘V-inference, we
may assume that A is principal in D, for, otherwise, Case 1 would apply, and
distinguish cases according to the form of A.

Case 2. R* =, A

I'sAEFE—-FB I'=s>AE—-FC BANCE, ' = F
I'=s A EFE—-FBAC BANC, = A E— F
I'=s A E—F

is transformed into:

BAC,E,[ = F
I's=A'FE—FB W BANC, = A" E—F .
CI'=AESFB BCI=AE—SF ™
= AN.EFC CT=AESTF ind
TS A ESF ind

Case 2. R —, V

I'=A,E— FB,C BVC,E, = F
I'=A.E>FBVC BVCI=A,ESF
I'=A.E—>F

is transformed into:

BVC,E, [ = F
BVCT=AESF.
CT=AE—SF "
A E-FBC CTIT=AESFEB .. BVCI=AE-SF.
= A ESFB ind —pF A poF W
= A E—F ind

Case 2 R' —, —

B, I'=C B—+CEIT=F
I's=AF—-FB—-C B—-CIlI=AE—F
I'=AESF

is transformed into:



12 Franco Parlamento, Flavio Previale

B, I'=C
I'=F,B—C w
EI'==FB—-C B-—-CEI=F,
ET=F !
I'=sAE—F

nd

Case 2 R —, V

I' = Blz/a VeB,E,I' = F
I'=>A FE— FVxB VaB,I'=AE—>F
I'=s A E—F

is transformed into:

I' = Blz/d]
I'=FVaB
E.T = FVaeB VaB,E, [ =F
ET=F !
I'=s A E—F

nd

Case 2 R' —, 3

I'= A',E — F,32B, Blz/t] 32B,E, = F
I'= A E— F,3zB 2B, I = A, E > F
I'=A.E>F

is transformed into:

3B, E, ' = F
%B,E, = F w BWBI=>AESF
I'=> A FE — F,3zB,Blz/t] JzB,I = A", E — F, Blz/t] Blz/a], ' = A" E - F
I'= A'")E — F, Blz/t] Blz/t], I = A" E - F
I'=s A E—F

inv
Subla/t]
ind

ind

Case 2. R'. Similar to Case2. R* —. For example:
(Case 2 R, —)

B, I'=C B — C,I' = E[z/ad]
I'=A'N2E,B—C B-—=CI=A VaF
T = A VzE

is transformed into:

B, I'=C
I'= Ez/a],B—-C B—C,I'= Elz/a
I' = Elz/al
T = A/ ViE

ind
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and (Case 2 RV, V)

I' = Blz/b] VeB,I = Elz/a)
I' = A'VxENtB VzB,I = A" \VzE
T = A" VzE

is transformed into:

I = Blz/b]
I' = Elz/a]l,Y2B VYaB,I' = Elz/a]
I' = Elz/a]
I'= A')VzE

ind

Case 3. A is principal in both D and £. The only difference with respect
to the classical case concern — and V.
Case 3i. —

B, I'=C B—-CI'=AB CIlI=A
I's A B—=C B-CI'=A
I'= A

is transformed into:

B, =C Cr=A
I'=AB,B—C B—>C,F:>A,B,d B, I'=C C,B,F:>A.d
I'=AB m BT = A m
TS A ind
Case 3i. V
I' = Blz/a] VzB,Bz/t], = A
T = A, VzB V2B, = A
I'=sA
is transformed into:
I = Blz/a
I = Bz /d] I' = A, V2B
T = B/ S/ BRA T AViB VaB, Blo/th I = A
I'= A, Blz/1] Blz/t],T = A m
I'=sA ind

O
From Proposition 2 and 3 by a straightforward induction argument we have
the following separation property for G3[mic]R + Cut,s.

Proposition 4 Every derivation in G3[mic]R + Cut.s can be transformed
into a separated derivation of its endsequent.

Theorem 1 If the structural rules are admissible in R, then they are admis-
sible in G3[mic]™ as well.
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Proof Let D be a derivation in G3[mic]™ + RLW + RLC + Cut. We have
to show that the applications of the RLW, RLC and Cut can be eliminated
from D. D can be transformed into a derivation D’ in G3[mic]” + Cut., of
the same endsequent. For, the application of the Cut-rule can be replaced by
applications of the weakenings and the Cut.s rule.

The applications of the contraction rules can be replaced by derivations
from its premiss and initial sequents using the Cut.s,-rule. More precisely, as
far as left contraction is concerned, the subderivations of D of the form

&
FF, I = A
FFIr=A

can be replaced by:

7z &
FI'=F FFI=A
FI'= A

where, in case F' is not atomic, Z is a derivation in G3m or in G3i. Similarly
for right contraction.

Finally the applications of the weakening rules can be eliminated by their
(heigh-preserving) admissibiity in all the systems considered.

Thus from D we obtain a derivation D’ in G3[mic]™ + Cut,,, that by
Proposition 4, can be transformed into a a separated derivation D” of the
endsequent of D. Thus, to obtain the desired derivation in G3[mic|® of the
endsequent of D, it suffices to eliminate the applications of Cut.s in the ini-
tial subderivations of D” belonging to R + Cut.s, which is possible if the
contraction and the cut rule are admissible in R. O

2.2 Admissibility of the Structural Rules

Corollary 1 The structural rules are admissible in G3[mic]

Proof By Theorem 1, with R = 0, it suffices to note that the sequents
that can be derived from initial sequents by means of the structural rules are
themselves initial sequents. O

Following [3] we let G3[mic]~ be G3[mic]”™ for R = {Ref, Repl}.

Corollary 2 The structural rules are admissible in G3[mic]

Proof For the admissibility of left contraction we proceed by induction on
the height of derivations to show that a derivation D of A, A,I' = A in R can
be transformed into a derivation of A,I" = A in R. That is immediate if D
reduces to an initial sequent. If A(D) > 0, the conclusion is a straightforward
consequence of the induction hypothesis except when D has the form:
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s=r,s=rElz/r],]"= A
s=rs=r1"= A

Repl

and A is s = r which coincides also with E[z/s], We may assume that there
is exactly one occurrence of x in E. Then E can have the form x = r or r can
have the form r°[z/s] and F the form s = r°. In the former case the induction
hypothesis applied to Dy, whose endsequent is

s=mrs=nrr=rl" = A, yields a derivation of s = r,r =, I’ = A,
from which we obtain s = r,I” = A by an application of Ref. In the latter
case D has the form:

Dy
s=rz/s], s=r°[x/s], s=r[z/r°[z/s]], [' = A
s=rx/s], s=rx/s], ' = A

Repl

and can be transformed into:

Dy
s=rlz/s], s=r°[x/s], s =r[x/r°[z/s]], F’:>AR !
s=rx/s], s=rx/s], "= A P
s=rlx/s], s=s, s=relx/s], "= A
s=rx/s], s=s, "= A Repl
Ref

s=rlz/s], I"= A

Since the rules of R do not modify the succedent of their premiss, the admis-
sibility of the cut rule follows by a straightforward induction on the height of
the derivation of its first premiss. O
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