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ON THE CONTINUITY OF THE INTEGRATED DENSITY
OF STATES IN THE DISORDER

MIRA SHAMIS

ABSTRACT. Recently, Hislop and Marx studied the dependence of the
integrated density of states on the underlying probability distribution
for a class of discrete random Schrodinger operators, and established a
quantitative form of continuity in weak* topology. We develop an al-
ternative approach to the problem, based on Ky Fan inequalities, and
establish a sharp version of the estimate of Hislop and Marx. We also
consider a corresponding problem for continual random Schrédinger op-
erators on R%.

1. INTRODUCTION

Recently, Hislop and Marx [5] studied the dependence of the integrated
density of states (IDS) of random Schrédinger operators on the distribution
of the potential.

Let {V(n)},,cze be independent identically distributed random variables
(ii.d.r.v.) with the common probability distribution u. Let H be the ran-
dom Schrédinger operator acting on ¢%(Z%) by

(1.1) H=-A+V, (H¢)(n)= S @) —¢(m)+V (n)v(n).

m is adjacent to n

The IDS corresponding to the operator H is the function

1
(1.2) N(E) = Al;r%d o # {eigenvalues of Hy in (—o0, E|},

where Hy is the restriction of H to a finite box A C Z%, i.e. Hy = PyH P,
where Py : (2(Z%) — (2(A) is the coordinate projection ((1.2) holds with
probability 1). The measure with cumulative distribution function N is
denoted by p.

To discuss the dependence of p on the distribution of the potential u, we
introduce two metrics on the space of Borel probability measures on R.

The Kantorovich-Rubinstein (Wasserstein) metric is defined via

(1.3) dxr(p, 1) = sup {‘/fdu — /fd/]' : f:R — Ris 1-Lipschitz }
1
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By the Kantorovich-Rubinstein duality theorem
(1.4) dir(p, i) = inf{E|X — X},

where the infimum is taken over R2-valued random variables (X, X), such
that X ~ u, X ~ fi. Following [5], we also consider the bounded Lipschitz

metric, defined by
[tan- [ san

(1.5)
dp (1, ) = sup {
Our definition differs from [5] by a multiplicative constant. Observe that
dgr(p, 1) < dkr(p, 1),
and if supp u,supp ii C [—A, A], then

. f:R— Ris 1-Lip, || fllco < 1}.

dKR(:ua /]‘) < maX(A? 1)dBL(//J, ﬂ)

In this notation Theorem 1.1 of [5] (formulated here in slightly less general
setting than in the cited work) asserts the following.

Theorem (Hislop—Marx). Suppose H, H are random Schridinger operators
of the form (1.1) with potentials {V(n)},{V(n)} sampled from a probability
distributions p, fi, respectively. Denote by N, N the IDS corresponding to
H,H, and let p,p be the measures with cumulative distribution functions
N, N, respectively. If supp p, supp ji C [—A, A], then

(1.6) dpL(p, p) < Cadpy(, i)/ 29,
Ca

(1.7) sup [N (E) — N(E)| < 1 :
08+ AL (1)

il

where C4 depends only on A.

We refer to [5] for a discussion of earlier work on the subject, and only
mention the result [4] on the continuity of the integrated density of states
as a function of the coupling constant.

Hislop and Marx [5] presented several applications, particularly, to the
continuity of the Lyapunov exponent of a one-dimensional operator as a
function of the underlying distribution of the potential. The proof of the
theorem in [5] is based on the approximation of the function f (in (1.5)) by
polynomials.

We suggest a different approach to estimates of the form (1.6) using the
Ky Fan inequalities. Our first result is the following theorem.

Theorem 1. Suppose H, H are random Schriodinger operators of the form
(1.1), where {V(n)},{V(n)} are i.i.d.rv. distributed accordingly to p, fi
respectively. Let N, N be the IDS corresponding to H, H, and let o, p be the
measures with cumulative distribution functions N, N respectively. Then,

(18) dKR(pv ﬁ) < dKR(M?ﬂ):
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~ C
(1.9) sup|N(E) — N(E)| < i il ,
E 08+ dxr(#:0)

where C' > 0 is a numerical constant.

Remark 1.1. The power 1 as well as the prefactor 1 in (1.8) are optimal
in general.

Remark 1.2. This result can be extended to other models in which the
potential is of the form

(1.10) > P,

where vj are i.i.d.r.v. with common Borel distribution supported on a finite
interval and P; are finite rank projections (see [5]).

Remark 1.3. Theorem 1 can be extended to different underlying lattices,
since the proof does not rely on the structure of Z°.

In the follow up paper [6], Hislop and Marx prove a version of their results
for the continual Anderson model, which is not of the form (1.10). A modi-
fication of our argument can be applied to the continual setting as well. We
illustrate it by the following theorem.

Let H be a random Schrédinger operator acting on L?(R%), defined by

(1.11) H=-A+YV,

where the potential V' is of the form

(1.12) V(z) = Z viu(z — j), = €RY,
jezs

where v; are ii.d.r.v. distributed accordingly to p, and wu is real-valued
continuous compactly supported function: u € C.(R). Denote by A the
cube of side length L around the origin

d
R
2°2

Let Hy be the restriction of H to L?(A) with Dirichlet boundary conditions.
Define the IDS corresponding to H similarly to (1.2)

1
(1.13) N(E) = Lh_r)go Td # {eigenvalues of Hy in (—oo, El},

and let p be the measure with cumulative distribution function N.

Theorem 2. Suppose H, H are random Schrédinger operators of the form
(1.11), and suppose that supp u,supp ft C Ry and uw > 0. Let N, N be the
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IDS corresponding to H,H, and let p,p be the measures with cumulative
distribution functions N, N respectively. If a > 2 — 1, then
(1.14)

() ot () ] < ctamoman

for any 1-Lipschitz function f for which [ f (ﬁ) dp(E) converges.
If d=1,2,3 and supp p C [0, A] then for any Ey € R
C(d, Fy, A
(1.15) sup |N(B) ~ N(B)| < .S G0 A
E<Eo 08" T (i)

where k1 = 1,k9 = 1/4,k3 = 1/8.

Remark 1.4. The following example shows that the condition « > g—11s
optimal in general, and in particular one can not expect a result of the same
form as in the discrete case (which would correspond to o = —1).

Assume o < % — 1. Let u be such that 3 ;czau(z —j) = 1, and let
v; = 0,05 =6, fe(r) = max((x — €),0). The integrated density of states of
the free Lapacian is given by

dp(\) = Cy 2L,

Therefore we have

e
(116 [ A0 =Ca [ ()= orEan

-1/ 1—6
(1.17) /f((l )N = Cd/ (14 A +58)" — s —1an,
0
and for any § > 0 we obtain

/f (14 N))dp(A /f (1 4+ 2)")dp(\)

hm mf

e Va—1-§
Sty [ (07 - (L A+ RE
0

e—0
eta_1-§ 4
> lim inf Cyad (T+X+0) " Ix271d) = 0.
e—0 0
Remark 1.5. The restrictions on the dimension and on V in the second
part of Theorem 2 come from the work of Bourgain and Klein [2] which we
use to deduce (1.15) from (1.14).

Remark 1.6. The restriction supp p C [0, A], also coming from [2], can be
relazed using the work of Klein and Tsang [7, Theorem 1.3].

Remark 1.7. Theorem 2 formally implies a similar result for sign-indefinite

V' bounded from below.
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2. PRELIMINARIES
2.1. Discrete case. The main ingredient of the proof of Theorem 1 is the
Ky Fan inequality [8]:

Assume that A, B, and A = A + B are linear self-adjoint operators that
act on n-dimensional Euclidean space. Let A\, < A1 < - < Aq, e, <
en_1 < - < eq, A < A1 < -+ < A1 be the eigenvalues of A, B, and A
respectively. Then, for any continuous convex function ¢ : R — R

(2.1) Do —A) <D dley).
P =1

In particular,

(2.2) DN =MD el
j=1 j=1

To deduce (1.9) from (1.8) (similarly to [5]) we shall use the following result
due to Craig and Simon [3]. Denote by
(2.3) w(6) = sup {|p(E) — p(E)| : E' < E < E+6},

the modulus of continuity of p. Then ([3]) the measure p with the cumulative
distribution function N (the IDS) of any ergodic Schrodinger operator on
(2(Z%) is log-Holder continuous, namely, for any & € (0, 3]

C
log %

(2.4) w(d) <

where C' > 0 is a universal constant.

2.2. Continual case. First, recall that for 1 < p < oo the Schatten class
Sp is the class of all compact operators in a given Hilbert space such that

o] 1/p
[Allp = (Z sn(A)”> < o0,
n=1

where {s,,(A)} is the sequence of all singular values of the operator A enu-
merated with multiplicities taken into account. The class S, consists of all
compact operators.

The main ingredient in the proof of Theorem 2 is the following version of
the Ky Fan inequality (see Markus [9]).

If A e S, B e Sy that are self-adjoint, and A=A+ B, A\ > X >

c,e1 > ey > oo, A\ > Ay > .-+, are the eigenvalues of A, B, and A
respectively, then, for any continuous convex function ¢ : R — R with

¢(0) =0
(2.5) > o= A) <D dley).
j=1 j=1
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In particular,

(2.6) Y= M1 <D el = 1Bl
j=1 J=1

To deduce (1.15) from (1.14) we will need the following result due to
Bourgain and Klein [2].

Theorem (BK). Assume that H as in (1.11)-(1.12) on L*(R?%), d = 1,2, 3,
with supp p C [—A, A]. Let N be the corresponding IDS. Then, given Ey €
R, for all E < Ey and 6 < 1/2

C(da E07 A)

kg 17
log™ 5

(2.7) IN(E) — N(E+9)| <
where C(d, Eg, A) > 0, and k1 = 1,k = 1/4,k3 = 1/8.

3. PROOF OF THEOREM 1 AND THEOREM 2

3.1. Proof of Theorem 1. Denote by A C Z? a finite box and let (in the
notation of Ky Fan’s inequality)

A:HA: (—A—l—V)A, AZI:IA = (—A—l-f/)A,
be the restrictions of the operators H and H to the box A. Then,

1A A
trf(A) — trf(A)] = |Zf ) =Y F(N)
7=1

|A\ 1A )

(3.1) <Z|f MDA = Al
j=1
IA\
< Z lejl = [V(x )|,
zEA

where the second inequality holds since f is 1-Lipschitz and the last inequal-
ity follows from (2.1).

By (1.4) there is a realization of V and V on a common probability space
such that

E|V (z) = V(2)| < dxr(p, f2)-
Thus, using (3.1) for any 1—Lipschitz function f , we obtain
(32)  [Etr f(A) — Bt f(A)] <E Y V(@) - V(@)] < |Aldir (s ).
TEN
Since

/fdp lim Etrf( ),
sz |Al
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we obtain by passing to the limit A 7 Z¢

(33) dKR(p7 ﬁ) < dKR(H) /]')7
thus concluding the proof of (1.8).
To deduce (1.9), we choose

J, r<FE
(3.4) fle)=R —z+E+d, E<z<E+§
0, r>E+9,

for § > 0. Then, by definition of the IDS, we get for any F € R

(3.5) IN(E) < [ H(E)D(E) < IN(E +0),
(3.6) / F(E)dp(E) < 6N (E +9).
Since

[ 1) = [ 1@ape)+ [ 1E)1G- p)E).

combining (3.3), (3.5), and (3.6), we obtain
SN(E) < SN(E +6) + dxr(u, i),

namely

(3.7) N(E) < N(E +6) + dKRg“’“).
In the same way we get

(3.8) N(E) > N(E - §) — dKR(;"“).

Let w be the modulus of continuity of N. Combining (2.4), (3.7), and
(3.8), we obtain

(3.9)  sup|N(E) — N(E)| < inf <w(5) 4 KR, “)) < ¢
B ’ g g Gy

where C' > 0 is a constant and we choose 6 = dgr (i, 1) /w(dgr (@, i1)). This

finishes the proof of (1.9).
U

Remark 3.1. If the operator H is such that the modulus of continuity w
satisfies

w(8) < Co,
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for some C,a > 0, then (3.9) implies that

sup |[N(E) — N(E)| < inf (caa + dKRg“”) < C dgg(p, 1)/,
E

3.2. Proof of Theorem 2. Let

Hy = (=A+V)a, Hy = (=A+V)y,

be the restrictions of the operators H and H to a finite box A € R? with
Dirichlet boundary conditions. Let (in the notation of Ky Fan’s inequality)

A= (Hy+1)7% A= (Hy+1)"~
We have the following

Claim 3.2. If a > % — 1, then

A= Ally < C(d,u,0) > oy — Byl -
je2ANZ4

Proof. Let us number
2ANZY = {j1,...,jn}, n <CIA|,

and let H[(xk), 0 < k <n+1, be the (restricted) operator corresponding to
the potential

V(z) = Zﬁjzu(m —Ji) + Zvjzu(x —Ji) -

I<k 1>k
Observe that
(3.10)
IHE + 1= — HEFY 4 1)), <
1 (k) (k+1) (k) (k+1) 1
o | | (Hy" —Hy " )| +||(Hy —Hy ™) ,
(H/(\k)+1)a+1 A A ! A A (H/(\k+1)+1)a+1 )

as follows, for example, from the Birman-Solomyak formula [1, Theorem 8.1]
(note that for w = 1 it suffices to use the second resolvent identity). Then
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we have
H 1 1 1
k Ui = k) TV U v/ Uiy k) atl
(HP + et | @P + 1) (HP +1)% |,
2
|V k: atl
. 2
. 1/4 1/4
- u.]k lujk
2
Aly, 1/ 1 o 1/
— Jk ( AA+1)O¢+1 Tk )
2
<Jlull |11 1 1
= [ee] supp u— supp u )
( AA+1) 2

where the first inequality follows from the positivity of the potential. A
similar bound holds for the second term of (3.10). By Weyl’s law the last
norm is bounded by C(d, u, «) (uniformly in A) whenever a+1 > % . Thus,
we obtain

k —Q k « N
||(H/(\ ) +1)7%— (H( +1) + 1) < C(d, u, a)|vj,, — U, |.

0

By the Kantorovich-Rubinstein duality (1.4) there is a realization of v
and ¥ on a common probability space such that

Elv; — ;| < dxr(p, f1)-

Thus, using Claim 3.2, we get for o > % -1

E[[A— Al < C(du,)BE > |v; — 55| =C(dyu,) Y El§; — v,
jE2ANZE jE2ANZE

< C(da U, a)‘A|dKR(/"‘7 [L)

The eigenvalues of A are exactly m, where )\; are the eigenvalues
J

of Hy, thus using (2.6), we obtain for o > % — 1 and for any 1-Lipschitz

function f for which [ f ( 1+E)a> dp(F) converges (in particular, f(0) = 0)
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j=1 =
o] 1 1
311 < ; ! <W> -/ ((HAJ)“)‘

< C(U, d, Ol) |A| dKR(:U’a ﬂ)a

> 1 1
<2 LT+X)*  (1+X)°

where the last step follows from the Ky Fan inequality. Using the definition
(1.13) of p and passing to the limit A  R%, we conclude that if o > % -1,
then

(3.12)

[ ((1+1E)> ()~ [ 1 <(1+1E)> dﬁ(E)’ < C(d, u, o)dxcr (1, )

Thus we complete the proof of (1.14).
To deduce (1.15), we define

1

s
2(1+E)2 T2 1y
_ ) 1tE+s 1 1 1
(3.13) flz) = 1B Y T 204E); THER =TS 14E
1
0, TS T7ETs

for § > 0. Then, by the definition of the IDS (1.13) we get for a fixed Ey € R
in the same way as in the proof of Theorem 1

(3.14) N(EO) < N(EO + 5) + 2dKR(M7ﬂ()5(1 + E0)2’

(3.15) N(EO) > N(Eo _ 5) _ 2dKR(M7 ﬂ()s (1 + E‘O)2 '

Let w be the modulus of continuity of N. Then, by (2.7) for any E < Ej
and 6 <1/2

C(d7 E(Ja A)

log’}! 5

IN(E) = N(E +90)| <

Thus, choosing § = w%g&%&ﬁfé‘g}f&’? [3)), we obtain

: C(d, Eo, A
sup |V(B) - N(B)| < S
B<Bo 08+ dn (i)

therefore completing the proof.
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