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RANDOM SIMPLICIAL COMPLEXES, DUALITY AND
THE CRITICAL DIMENSION

MICHAEL FARBER, LEWIS MEAD AND TAHL NOWIK

ABSTRACT. In this paper we discuss two general models of random sim-
plicial complexes which we call the lower and the upper models. We show
that these models are dual to each other with respect to combinatorial
Alexander duality. The behaviour of the Betti numbers in the lower
model is characterised by the notion of critical dimension, which was
introduced by A. Costa and M. Farber in [6]: random simplicial com-
plexes in the lower model are homologically approximated by a wedge of
spheres of dimension equal the critical dimension. In this paper we study
the Betti numbers in the upper model and introduce new notions of crit-
ical dimension and spread. We prove that (under certain conditions) an
upper random simplicial complex is homologically approximated by a
wedge of spheres of the critical dimension.

1. INTRODUCTION

The study of random simplicial complexes and random manifolds is moti-
vated by potential applications to modelling of large complex systems in
engineering and computer science applications. Random topological objects
can also be used in pure mathematics for constructing examples of objects
with rare combinations of topological properties.

Several models of random manifolds and random simplicial complexes were
suggested and studied recently. One may mention random surfaces [18], ran-
dom 3-dimensional manifolds [7], random closed smooth high-dimensional
manifolds appearing as configuration spaces [9]; see [13] for a survey.

In the present paper we study two very general probabilistic models gener-
ating random simplicial complexes of arbitrary dimension which we call the
lower and upper models.

In the case of the lower model one builds the random simplicial complex in-
ductively, step by step, starting with a random set of vertices, then adding
randomly edges between the selected vertices, and on the following step
adding randomly 2-simplexes (triangles) to the random graph obtained on
the previous stage, and so on. Examples are given by the Erddés-Rényi
[8] random graphs and their high dimensional generalizations, the Linial,
Meshulam, Wallach [16] , [17] random simplicial complexes, as well as ran-
dom clique complexes [14], [15]. In larger generality the lower model of
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random simplicial complexes was studied in a series of papers [3], [4], [5], [6]
under the name of multiparameter random simplicial complexes; the name
reflects the fact that the geometric and topological properties of simpli-
cial complexes in this model depend on the set of probability parameters
Do, D1, - - - , pr reflecting probabilities with which simplexes of various dimen-
sions are included.

In the case of the upper model one selects randomly a set of simplexes
of various dimensions and then adds all their faces to obtain a random
simplicial complex. The upper model was also studied recently by a variety
of authors, see for example [2] and references therein.

In this paper we show that the upper and lower models are dual to each
other. More precisely, the upper random simplicial complex is homotopy
equivalent to the complement of the lower random simplicial complex in the
(n—1)-dimensional sphere 0A,,, i.e. we are dealing here with the Alexander
duality. Under the duality correspondence the probability parameters p,
should be replaced by g5 = 1 — ps where & is the simplex spanned by the
complement of the set of vertexes of 0. We see that the duality matches a
sparse lower model (when p, — 0) with a dense upper model (when p, — 1)
and vice versa.

In a recent paper [6] the authors established an interesting pattern of be-
haviour of the Betti numbers of random simplicial complexes in the lower
model. It was shown that there exists a specific dimension k (called the
critical dimension) such that the Betti number bi(Y) is large, the Betti
numbers b;(Y) vanish for 0 < j < k and are significantly smaller than by (Y")
for j > k. In other words, a random simplicial complex in the lower model
can be approximated (homologically) by a wedge of spheres of the critical
dimension.

One of the goals of this paper is to investigate the Betti numbers of random
simplicial complexes in the upper model. We define the notions of the critical
dimension k* and the spread s and show that the exponential growth rate of
the face numbers fy(Y') is maximal and constant in dimensions ¢ satisfying
k* < f < k*+ s. In the case when the spread is zero s = 0 we show that
the critical dimension £* behaves similarly to the lower model: the Betti
number by« (Y') is large and maximal, the Betti numbers b;(Y) vanish for
0 < j < k* and b;(Y) is significantly smaller than by« (Y") for j > k*.

Preprint [10] continues to explore the technique of the present paper based
on Alexander duality and focuses on the lower and upper models in the
medial Tegime, i.e. in the situation when the probability parameters p, are
allowed to approach neither 0 nor 1. The results of [10] show that non-
vanishing Betti numbers in the medial regime may occur in a narrow ranges
of dimensions which are described.

In this paper we use terminology according to which simplicial complexes
are both combinatorial and geometric objects; this should lead neither to
misunderstanding nor to ambiguity. Thus, in combinatorial topology, a sim-
plex is a nonempty finite set of points (vertices) and in geometric topology
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a simplex is a topological space homeomorphic to the convex hull of a finite
set of points in general position in the Euclidean space.

2. RANDOM HYPERGRAPHS

The symbol [n] stands for the set {0,1,...,n}.

We shall consider hypergraphs X with vertex sets contained in [n]; each
such hypergraph X is a collection of non-empty subsets o C [n]. We shall
denote by €2, the set of all such hypergraphs.

Next we define a probability measure on (,,. Let
po € [0,1]
be a probability parameter associated with each non-empty subset o C [n].

Using these parameters p, we may define a probability function P, on 2,
by the formula

(1) ]P)H(X): Hpcr' an"

oeX oc#X

Here ¢, denotes 1 — p,. Formula (1) can be described by saying that each
simplex o C [n] is included into a random hypergraph X with probability p,
independently of all other simplexes. Essentially P,, is a Bernouilli measure
on the set of all non-empty subsets of [n].

3. THE UPPER AND LOWER MODELS OF RANDOM SIMPLICIAL COMPLEXES

3.1. Let Q0 C Q, denote the set of all simplicial complexes on the vertex
set [n] = {0,1,...,n}. Recall that a hypergraph X is a simplicial complex
if it is closed with respect to taking faces, i.e. if 0 € X and 7 C ¢ imply
that 7 € X.

Let A,, denote the simplicial complex consisting of all non-empty subsets of
[n]. The complex A,, is known as the n-dimensional simplex spanned by the
set [n]. The set Q) is the set of all subcomplexes of A,,.

There are two natural surjective maps which are the identity on Q2 (in other
words, they are retractions)

(2) m, p Qy — Q
which are defined as follows.

For a hypergraph X € ©,, we denote by 7(X) = X the smallest simplicial
complex in Q¥ containing X. A simplex 7 € A,, belongs to X if and only if
for some 0 € X one has o D 7.

On the other hand, the simplicial complex p(X) = X is the largest simplicial
complex in € contained in X. A simplex 7 C [n] belongs to X if and only
if every simplex o C 7 belongs to X.

One has
3) XCXCX.
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We shall denote by
(4) F,=7.(B,) and B, =p,(B,)

the two probability measures on the space of simplicial complexes €2 ob-
tained as the push-forwards (or image measures) of the measure (1) with
respect to the maps (2). Explicitly, for a simplicial complex Y C A,, one
has

Pu(Y)= > PuX) and P,(Y)= Y = PuX)

XGQR’Y:Y XeQ,, X=Y

Our goal in this paper is to compare the properties of random simplicial
complexes with respect to the two measures (4).

Next we make the following remarks.

Remark 3.1. If p, = 0 for some o then a random hypergraph X contains o
with probability 0, hence we see that o ¢ X with probability 1. Thus, if p, =
0, the lower measure P,, is supported on the set of simplicial subcomplexes
Y C A, — St(o). Moreover, if p, = 0 for every simplex 7 2 o then o ¢ X
with probability one and the measure PP, is supported on the set of simplicial
subcomplexes Y C A,, — St(0). The symbol St(c) denotes the star of the
simplex o, i.e. the set of all simplexes containing o.

Remark 3.2. Consider now the opposite extreme, p, = 1. Then a random
hypergraph X contains ¢ with probability 1. This implies that ¢ € X
with probability 1. Moreover, if p, = 1 for every 7 C o then ¢ € X
with probability 1 and the measure P,, is supported on the set of simplicial
complexes Y C A,, containing o.

Later (see Corollary 5.7) we shall establish the following explicit formulae.
For a simplicial subcomplex Y C A,, one has

(5) En(Y):HpJ~ H Qzﬂ and P H DPo - HQm

ocY c€E(Y ceM(Y) oY
where the symbols E(Y") and M(Y) are defined as follows:

Definition 3.3. For a simplicial subcomplex Y C A,, we denote by E(Y)
the set of external simplexes, i.e. simpleres o € A, such that o € Y but the
boundary o is contained in Y. Besides, the symbol M(Y') denotes the set
of mazximal simplexes of Y, i.e. those which are not proper faces of other
simplexes of Y.

4. DUALITY BETWEEN THE UPPER AND LOWER MODELS

In this section we present duality between the upper and lower models;
this theme will continue in §9 where we shall show that the the simplicial
complexes produced by the upper and lower models are Alexander dual to
each other, and moreover, one is homotopy equivalent to the complement of
the other in the ambient sphere 0A,,.

In this section our emphasis is purely topological-combinatorial and proba-
bilistic considerations appear only briefly in Proposition 4.3.
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Recall that A,, is the simplicial complex with vertex set [n] = {0,1,...,n}
in which simplexes are all nonempty subsets V' C [n], except V = [n].
Clearly the geometric realisation of dA,, is homeomorphic to sphere of di-
mension n — 1.

For a simplex o € 0A, we define 6 to be the simplex [n] — 0. For a
hypergraph X C 0A,, we denote by i(X) the image of X under the map
o~ 0,ie i(X)={6:0¢€ X}. Since o — ¢ is an involution, also 7 is an
involution. We have

(XNY)=4iX)ni(Y), «(XUY)=4iX)Ui(Y),
and X C Y if and only if ¢(X) Ci(Y).
Since o C 7 if and only if 6 D 7, we have that a hypergraph X is a simplicial

complex if and only if (X)) is an “anti-complex”, by which we mean that if
o €i(X),and 7 D o then 7 € i(X).

A second involution on the set of hypergraphs is the map
jJ(X)=X={o€0A,:0¢ X}

We have X C Y if and only if j(X) 2 j(Y), and by De Morgan’s rules we
have

JXNY)=5(X)ujY), J(XUY)=j(X)njY).
Again, we have that X is a simplicial complex if and only if j(X) is an anti-
complex. Since o +— & is a bijection we have i(X¢) = (i(X))¢ which means
10j = jo1, and so o j is again an involution. Finally, for a hypergraph
X C 0A,, we define the dual hypergraph

o(X) =ioj(X).
Combining the properties of ¢ and j mentioned above we get the following
properties of ¢(X).
Lemma 4.1. For hypergraphs X,Y C 0A, we have:
(1) o € X if and only if 6 & c(X).
2) c(c(X)) = X.
3) X CY if and only if ¢(X) D e(Y).

(2)
(3)
(4) c(XNY)=c(X)Uc(Y) and c(XUY) =c(X)Ne(Y).

(5) X is a simplicial complez if and only if ¢(X) is a simplicial complez.

The complex ¢(X) is sometimes known as the Bjérner—Tanner dual of a
simplicial complex X, see [1] and also §9.

Lemma 4.2. For every hypergraph X C 0A, we have ¢(X) = ¢(X) and
similarly ¢(X) = ¢(X).

Proof. Since X C X C X we have ¢(X) C ¢(X) C ¢(X) and hence
(6) (X) € e(X) € e(X) € e(X) C e(X),
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using properties (3) and (5). Applying the operator ¢ to the inclusion ¢(X) C
¢(X) and replacing X by ¢(X) we get ¢(X) O ¢(X) which is the inverse to

the right inclusion in (6). Thus, ¢(X) = ¢(X). Replacing here X by ¢(X)

and applying the operator ¢ to both sides we obtain ¢(X) = ¢(X).

O

Proposition 4.3. Given P, defined on Q, by probabilities {ps}ocon,, , de-
fine a new probability measure P, on , by probabilities {pl }scon, where

Py =5 =1—Dps.
Then
(1) For every hypergraph X C 0A,,
Pp(c(X)) =P, (X).

(2) For every simplicial complex Y C 0A,,
Po(c(Y)) =P(Y) and P, (c(Y)) =P

/
n

(Y).

Proof. (1) By definition of P,, and by Lemma 4.1(1) we have

Po(e(X) = [ po- I[ ao=1]pr [[ 2 =1]vs []

oec(X) oce(X) 6¢X ceX oZX oceX

=114 I, =P.X).

o¢X ceX

(2) By (1) and by Lemma 4.2, for every simplicial complex Y,
Pale(V) = > PBa(X)= > Pe(X)= > P e(X)) =B (Y)
X=c(¥) o(X)=Y o(X)=Y
O

Lemma 4.4. If Y C 0A,, is a simplicial complex then a simplex o is an
external simplex of Y if and only if 6 is a mazimal simplex of ¢(Y'), and
vice versa.

Proof. An external simplex of Y is by definition a minimal simplex not in
Y. Thus the statement follows from Lemma 4.1(1) and the fact that o C 7
if and only if 6 O 7. O

5. THE SANDWICH FORMULAE

5.1. Let A C B C 0A, be two simplicial complexes. In both the lower
and upper probability measures P, and P,, we ask what is the probability
that a random simplicial complex Y satisfies A C Y C B. That is, we are
interested in finding the probability

(7) PACYCB)= > P,)= Y PyX).

ACYCB ACXCB
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Here Y denotes a simplicial subcomplex Y € €27 and X denotes a hypergraph
X € Q. Similarly, we want to calculate explicitly the quantities

(8) PA(ACYCB)= > Pu(Y)= Y Pu(X).

ACYCB ACXCRB

5.2. Note that for hypergraphs the answer to a similar question is sim-
ple:

Pn(AngB): Hpa' HQU‘
oc€A o¥#B

Here A, B are fixed hypergraphs and X is a random hypergraph.

5.3. Recall that for a simplicial complex B, the symbol E(B) denotes the
set of all external simplices of B, i.e. simplices ¢ € dA,, such that ¢ ¢ B
but 0o C B.

Proposition 5.1 (Sandwich formula for the lower model). Let A C B C
OA,, be two simplicial complexes. For every subset S C E(B) let Ag be the
set of all simplices T ¢ A such that T C o for some o € S. Let

Ps = HpT

TEAg
and
=Tl
TEA
Then
(9) PACYCB)=P- > (-1)p,
SCE(B)

where by definition Py = 1.

Proof. Since A and B are simplicial complexes, a hypergraph X satisfies
ACX CBifandonly if X D A and X 2 A{U} for all o € E(B). So we
have

{(X:ACXCB}={X:X2A4}n (| {X:X2A}
oc€E(B)

= (| {(X:X2A,X 2 A}
c€E(B)

To evaluate the probability of this event we use the inclusion-exclusion for-
mula with ambient set {X : X D A}, sotheevent {X : X D A, X 2 A,y }is
the complement of the event {X : X 2 A, X D A1} = {X : X 2 AUA, }
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We thus get
PACXCB) = Y (-)SP,(({X:X 2404}
SCE(B) oeS
= > (-1, (X 2 AU Ag)
SCE(B)
= Y ) I pe= Y (-1)SERs.
SCE(B) TEAUAg SCE(B)
The second equality holds since Ags = J,cg A{o}- O

Using the duality introduced in Section 4, we obtain the following dual result
for P,,. Recall that for a simplicial complex A, the symbol M (A) denotes
the set of maximal simplices in A.

Proposition 5.2 (Sandwich formula for the upper model). Let A C B C
0N, be two simplicial complexes. For every S C M(A) let Bg be the set of
all simplices T € B such that T O o for some o € S. Let

QS: HQT

T€Bg
and
Q=]
T¢B
Then
(10) PACYCB)=Q- Y, (-1)f¥Qs,
SCM(A)

where by definition Qg = 1.

Proof. This follows from Proposition 5.1 via the dual measure P using
Proposition 4.3 and Lemma 4.4. O

As a corollary to the proof of Proposition 5.1, we get the following charac-
terization of the probability measures [P, and P,.

Corollary 5.3 (Intrinsic characterisation of the upper and lower measures).
Let X\ be a probability measure on the set of simplicial compleres Y C 0A,,.
Let {po}ocon, be a fivred assignment of numbers 0 < p, < 1, and denote

4% =1—ps.
(1) We have X = P, if and only if for every simplicial complex K,
A(Y 2 K) = HaEKpU-

(2) We have N\ = P, if and only if for every simplicial complex K,
MY € K) = [l,¢x 9o

Proof. The “only if” direction follows immediately from the definition of the
lower and upper models, and is also a special case of Propositions 5.1, 5.2.
We show the “if” direction of (1) and (2) as follows.
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(1) The only place in the proof of Proposition 5.1 where the probability
measure was used was in the equality P, (X D AU AS) =1l cau Ag Do We
note however that K = AU Ag is a simplicial complez, and so X D K if and
onlyif X DK,s0oP, (XD K)=P, (XD K)=P,(Y O K). So in fact we
only needed to know that P, (Y 2 K) = [[,cx Po-

(2) Define another probability measure X" on simplicial complexes by X'(Y) =
A(c(Y)). Then for every simplicial complex K, (Y D K) =AY C¢(K)) =
[oge) 4o = ser 40 = lyex 96 = 1,ex Pl Where as in Proposition 4.3
we define p/, = gz and the corresponding /.. By (1) applied to {p. }seon,
we get A’ =P, and so by Proposition 4.3, A = P,,. O

Next we consider a few special cases where simplified sandwich formulae
hold.

Corollary 5.4. Let A C B C 0A,, be two simplicial complexes.

(1) In the notation of Proposition 5.1, if the sets Ay,y for o € E(B) are
disjoint, then

P (ACYCB)=P- [ (1-Pyy).

c€E(B)

(2) In the notation of Proposition 5.2, if the sets By, for o € M(A)
are disjoint, then

Pa(ACYCB) =Q- [] (1-Qu-

oceM(A)

Proof. (1) Since the sets Ay, are disjoint, for every S C E(B) we have
PS = HJGS P{g}. Thus

II a-Pop= > 5[ Pwy= > (1P
g€E(B) SCE(B) oes SCE(B)
The statement (2) is similar. O

Example 5.5. For a simplex o we have
@n(JGY):l—Q{U}:l— HQT‘
TO0

This may be seen from Corollary 5.4(2) taking A to be o as a simplicial
complex, i.e. A={7r:7 C o}, having M(A) = {o}.

It also follows immediately from the definition of the upper model that
]P)TL(U ¢ Y) = HTQO' qr-

Corollary 5.6. Let A C B C 0A,, be two simplicial complexes.
(1) If E(B) € E(A) then B,(ACY C B) =l eapo - loern) o

(2) If M(A) C€ M(B) then Po(ACY C B) =[l,¢p % - [ler(a)Po-
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Proof. (1) Since E(B) C E(A) we have for every o € E(B), Ay = {0},
Thus P,;; = po, and so the factors 1 — Py, of Corollary 5.4 reduce to
1 —po = ¢o. (2) is similar. O

Finally we also obtain an explicit formula for P,, and P,, themselves:

Corollary 5.7. Let Y C 0A,, be a simplicial complex. Then
(1) En(Y) = HO’GYPO' . HUGE(Y) 4o -

(2) Pu(Y) = logy @ - [renrovry Po-

Proof. Apply Corollary 5.6 with A =B =Y. O

6. LINKS AS RANDOM COMPLEXES

6.1. Links in the upper model. Consider random simplicial complexes
Y containing a fixed simplex o C [n]. The link of ¢ in Y,

Lky(c) =L C A/,

is a random simplicial subcomplex of the simplex A’, where A’ denotes the
simplex spanned by the vertexes [n] — 0. Recall that by the definition a
simplex 7 € A’ lies in the link Lky (o) if and only if the simplex o7 belongs
to Y. Here o7 denotes the simplex ¢ U7 which geometrically is represented
by the join o7 = o * 7.

Below in this section we shall consider the probability measures on the set
of simplicial subcomplexes of A’ which arise as the push-forwards of the
conditional probability measures

R B

") apnd ——=n\t )
P, (c€Y) P,(ceY)

under the map Y + Lky (o). These two measures will be denoted by A and
A correspondingly.

Theorem 6.1. Let Y C Ay, be a random simplicial complex distributed with
respect to the upper measure P, with the set of probability parameters p,.
Assume that Y contains a fized simplex o € A,. Then \ (defined above)
equals

(11) o P4+ (1=co) Ao,

where P denotes the upper probability measure on subcomplexes of A" with
the set of probability parameters pl. = pgr.

The symbol Ay in (11) denotes the measure which is supported on the empty
subcomplex, i.e.

1, for L=g,
Ao (L) =

0, otherwise.
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The symbol ¢, in (11) stands for
-1
co=[1-J[ar]| =Palocecy)'=1,
TO0

see Example 5.5.

Proof. We have

ML) = Po(c €Y & Lky(o)=L) Pp(c*xLCY CoxLU(doxA"))
P, (c€Y) P,(c €Y)
Assuming that L # & we see that the maximal simplexes of o x L are of
the form o x 7 = o7 where 7 is a maximal simplex of L. These are also
maximal simplexes of o * L U 9o x A’. Hence applying Corollary 5.6(2) we
find (assuming that L # &)

—CU' H Por - H 4o = Co ° H pr H QL:CU'@,(L%

TeM(L) TEA'—L TeM(L) TEA'—L

where ¢, = P,(c € Y)~L. Besides, for L = @ we have

P,(c CY CoU(do*xA))

X(Q) = = = CoPo Gor = Capa@;(g)'
P,(c €Y) Tg,
Thus, noting ¢, = (1 — qoﬁl(@))_l, we obtain (11). O

Note that X is an upper type probability measure with anomaly at @.

6.2. Links in the lower model. Next we describe the measure \ as de-
fined in §6.1. It is the push-forward of the conditional probability measure
on the set of simplicial complexes Y C A,, containing a given simplex o with
respect to the map Y +— Lky (o).

Denote by A’ C A,, the simplex spanned by the complementary vertices to
vertices of 0. The link L = Lky (o) is a random simplicial subcomplex of
A

Theorem 6.2. The measure \ is the lower probability measure on the sub-
complexes of A" with parameters

(12) p;— =DPr- H DPvr, T E A/'

vCo

In the product v runs over all faces of o.

Proof. We wish to compute probability that the link L contains a given
subcomplex A C A/, i.e.
MACL) =) XA

ACL
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Using Corollary 5.3(1), we find
MACL) = P (oY) P (cxACY)

- (») (11 TI» 1T o

vCo vCo TCA vCo,7CA
— _ /
= pr- Pvr| = pr-
TCA vCo TCA

Our statement now follows from the intrinsic characterisation of the lower
measure, see Corollary 5.3(1). O

Example 6.3. Consider the special case when the probability parameters
pr = p; depends only in the dimension ¢ = dim 7. Since

dim(v7) = dimv +dim7 4+ 1,
k+1
1
dim o, we see that formula (12) can be rewritten as follows

and there are ( ) simplexes v C ¢ of dimension j = dimv, where k =

k+l

(13) —pi- szml,

This is consistent with Lemma 3.2 from [4].

7. INTERSECTIONS AND UNIONS OF RANDOM COMPLEXES

Lemma 7.1. Consider the union Y UY"’ of two independent random sim-
plicial complexes Y,Y' C A, where Y is sampled according to the upper
probability measure P with respect to a set of probability parameters g, and
Y’ is sampled according to the upper probability measure P with respect to a
set of probability parameters q... Then the union Y UY’ C A, is a random
simplical complex which is described by the upper probability measure with
respect to the set of probability parameters qy - ... In other words, the union
Y UY’ is an upper random simplicial complex with the set of probability
parameters
T = Po+ Dy = Do Do
where p, =1 —q, and pl, =1 —¢,.

Proof. Let B C A, be a simplicial complex. Clearly YUY’ C B is equivalent
toY € Band Y’ C B. Since Y and Y’ are independent, the probability
that the union Y UY” is contained in B equals the product

(14) PYcCB)-PY'CB) = [[a [[d=1]] (&)

o¢B oc¢B c¢B

Our statement now follows from Corollary 5.3(2). O

The following Lemma generalises Lemma 4.1 from [4].
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Lemma 7.2. Consider two sets of probability parameters py,pl, € [0,1]
associated to each simplex o C A,. Let P and ' denote the lower probability
measures determined by the probability parameters p, and pl.. Suppose that
Y,Y' C A, are two independent random simplicial complexes where Y is
described according to the probability P and Y' is sampled according to .
Then the intersection Y NY' C A, is a random simplical complex which is
described by the lower probability measure with respect to the set of probability
parameters py - pl.

Proof. Let A C A, be a simplicial complex. Clearly A C YNY” is equivalent
to ACY and A CY’. Since Y and Y’ are independent we see that the
probability that the intersection Y N'Y” contains A equals the product

(15) PACY)-PACY)=][]p-[]v>=11 (vr-p5)-

ocA o€EA oc€A
Our statement now follows from Corollary 5.3(1). O

8. RANDOM PURE COMPLEXES

In this section we consider an interesting example of a random simplicial
complex; the result of this section will be used in the proof of Theorem
12.3.

We fix a positive integer k£ > 0 and consider an upper random simplicial
complex with probability parameters

p, fordimo =k,
Po =
0, otherwise
Here p € (0,1) is a positive parameter, which typically depends on n. A
random complex in this model is built by randomly selecting k-dimensional

simplexes o € A,, chosen independently of each other, with probability p,
and adding all faces of the selected simplexes.

We ask under which conditions on the probability parameter p the random
(6)

pure k-dimensional complex contains the full [-dimensional skeleton Ap”,
where 0 < ¢ < k?

Lemma 8.1. (1) Suppose that
(L+1)logn+w
(0)
k—¢
for a sequence w — oo. Then a random pure k-dimensional simplicial com-

plex Y contains the £-dimensional skeleton A,(f), a.a.s. More precisely, un-

(16) p=

der assumption (16), a random complex'Y contains the £-skeleton A,(f) with
w

probability at least 1 —e™“.

(2) If however

(17) p:(€+1)logn—w

()
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: (0)
then Y does not contain the £-skeleton Ay, a.a.s.

Proof. For 0 € A, dimo = £, let X, be a random variable which equals 1
ifogdY and 0if 0 € Y. Then X = > X, is the random variable counting

the number of /-simplexes not in Y. We have E(X,) = q(ziﬁ) (where, as

usual, g = 1 — p) and
n+1 (n—e)
E(X) = (k=)
X0 <€+1> 1

We show that the assumption (16) implies that E(X) — 0. Indeed,

1 n— —
E(X) < <Zi_1>ep(kﬁ) < exp ((E—{—l)logn—p(?;_ﬁ)) =e ¥ —0.

The statement (1) now follows from the first moment method.

To prove (2) we want to apply the inequality

(EX)?
P(X > —
( > 0) - E(X2)7
see (3.3) on page 54 of [12]. We shall assume that p satisfies (17) and will
show that gggj — 1. We have

X =) X, X,
(,7)

where (o, 7) runs over all pairs of /-dimensional simplexes of A,,, and
(18) E(X,X;) = )
200 it x>k

where z = dim(o U 7). Both cases in this formula can be written as in the
upper row since (;) = 0 for s < 0. To explain formula (18) we note that
E(X,X;) equals probability that neither of the simplexes o, 7 are included
in Y. There are (z:g) simplexes of dimension k£ containing ¢ and the same
number of k-simplexes contain 7. However in this count we include the k-

simplexes containing both ¢ and 7 twice, and this fact is reflected in the
term (Z:i)

Denoting
d=dim(cNt)=20—2x
we obtain
l
+1 e—l—l n—£ n—~L0\_ (n—x
E(X?) = n . . . Q(kfl) (kfz)
o = 3 () () (oa) o
and hence
E X2 V4 +1 n_—Z e
(19) ( ): Z (d+1) (z d) g (R2)

£ ()

Here z = 2¢ — d.
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The term of the sum (19) with d = ¢ and x = ¢ is

n+1\"" ~(27h) 1

k=) =RB(X)" .
(5 + 1) I &0

We show below that assumption (17) implies that E(X) — oo and hence

this term tends to 0. There exists C' > 0 and N > 0 such that for any n > N

one has (Z_rll ) > Cnttl. Hence

n—4{

logE(X) > (€+1)logn+<k_€

) log(1 —p) + C’

> ((+1)logn — < £>p(1 tp) 4O

n—

k—7¢
= w(l+p)—(L+1)-p-logn+C’

It is easy to see that our assumption (17) and also ¢ < k imply that plogn —

0. Hence, we see that the summand of (19) with d = ¢ tends to zero.

Consider now the term of (19) with d = —1 and x = 2¢ + 1; it equals

(21) (2

(n+1) :

{41

We show below that this term tends to 1 as n — oco. For k < 2¢ + 1 our
n—=~¢

claim is obvious since the coefficient Eﬁﬂ; tends to 1. In the sequel we shall
241

assume that k& > 2¢ 4+ 1. We observe that (17) implies that

—20—-1
p<n > ~ k=21

k—20—1

and therefore (using Remark 11.4) we obtain

2
(2:25:1):1_ n—20—1 2 n—20—1
L Ple—or—1) TP \koara
which converges to 1.

It remains to show that any summand of (19) with —1 < d < ¢ tends to
zero. If the symbol Sy represents this summand, then

G
(1) (24
and we show that Sd_l — 00. Using the inequalities (?ill) > On'*! and
(?:5) < n~% we obtain

n—
. k—x

St =

log(S;Y) > (0+1)logn— (£ —d)logn + <Z

B x) log(1 —p)+C’
—x

n—x
k—x
Since d > 0 we have (d + 1)logn — oo. On the other hand, since = > ¢ we
have (}~%)p ~ pn*~* — 0. This completes the proof. O

> (d+1)logn—2( )p—i—C’
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Remark 8.2. Equation (16) can equivalently be written as

£+ 1)-(k=0)! logn+w

similarly, equation (17) can be written as

£+1)-(k—=4£0)! logn —w
(21) p=CH 0 ’

where w — 00.

9. THE ALEXANDER DUALITY

In this section we continue the study of §4 by showing that random simplicial
complexes in lower and upper model are dual to each in the sense of Spanier
- Whitehead duality. This implies that homology and cohomology of the
lower and upper complexes satisfy the Alexander duality relation.

We start this section by introducing basic notions of duality; this material
is well known and is included for convenience of the reader.

Recall that [n] denotes the set {0, 1,...,n} and A, denotes the n-dimensional
simplex spanned by [n]. The symbol 0A,, denotes the boundary of the sim-
plex, i.e. the union of all proper faces ¢ C A,. Topologically dA, is a
sphere of dimension n — 1.

9.1. The dual simplicial complex. In this section we describe a combi-
natorial duality construction for simplicial complexes. More precisely, for a
simplicial subcomplex X C dA,, we construct a simplicial complex X’ C A,
which is homotopy equivalent to the complement 0A,, — X of X in the sphere
0A,.

Let X C 0A,, be a simplicial subcomplex. Define the dual complex X' as an
abstract simplicial complex with the vertex set E(X) (the set of all external
faces of X) and a set of external faces o1,...,0; € E(X) of X forms a
(k — 1)-simplex of X’ if the union of their vertex sets is a proper subset of
[n], i.e.

UiV (i) # [n].

Proposition 9.1. The geometric realisation of the simplicial complex X' is
homotopy equivalent to the complement 0A,, — X.

Proof. For any o € E(X) let St(c) denote St(o) = Stya, (o) — the star of o
viewed as a subcomplex of 0A,. Recall that St(o) = Stya,, (o) is defined as
the union of all open simplexes 7 C 9A,, whose closure contains o.

The family of stars U = {St(0)},ep(x) forms a contractible open cover
of the complement 0A, — X. Indeed, for 0 € F(X) we obviously have
St(o) N X = @ which gives the inclusion

U sto) con, - X.
ceE(X)
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This is in fact an equality, i.e. for any open simplex 7 C 0A, with 7 € X
there is a face o € E(X) such that 7 C St(0). Indeed, given 7 & X let o C 7
be a minimal face of 7 not in X. Then ¢ € E(X) and 7 C St(0).

Note that the cover U has the property that each intersection

St(o1) N---NSt(ox) = St(o)

is a star of a simplex o, where o has the vertex set V(o) = UE_ V(0oy).

Thus, every such intersection is either contractible or empty, and it is empty
precisely when U¥_, V(o) = [n]. The result now follows by noting that the
nerve of U is exactly the simplcial complex X’ and then applying the Nerve
Theorem, see [11], Corollary 4G.3. O

Example 9.2. For n = 2 let X C 0As be the vertex set, i.e. X ={0,1,2}.
It is a 0-dimensional subcomplex whose complement 0As — X is a circle with
3 punctures; it has 3 connected components, each is contaractible. The set
of external simplexes F(X) consists of all edges,

E(X)={(j)si<j, i,je2}, [EX) =3
The dual complex X’ has no edges, i.e. X’ is a 3 point set.

Applying the Alexander duality theorem combined with Proposition 9.1 we
obtain:

Proposition 9.3. For any proper simplicial subcomplex X C 0A, and for
any abelian group G one has

Hj(X’;G):Hn_g_j(X;G), where 7 =0,1,...,n— 2.

9.2. The dual complex ¢(X) of Bjorner and Tancer [1]. Recall that
in §4 we defined its combinatorial Alexander dual ¢(X) for any simplicial
subcomplex X C 9A,,. The maximal simplices of ¢(X) are in bijective
correspondence with the external faces of X, F(X). More precisely, we
have the following:

Lemma 9.4. Let Y C 0A, be a simplicial subcomplex. Then

n+1 )
(22)  fi(Y)+ foo1-i(c(Y)) = ( ), 1=0,1,...,n—1.

1+ 1
Here f;(Y') denotes the number of i-dimensional simplexes in' Y. A simplex
o C A, is an external simplex for Y if and only if the dual simplex & is a
mazximal simplez of the complex c¢(Y'). In particular we have

(23) €Z(Y) = dn_i_l(C(Y)), 1= 0, ey — 1,

where e;(Y') denotes the number of external i-dimensional faces of Y and
d;(Y') denotes the number of j-dimensional mazimal simplezes of Y.

Proof. The map o — & is a bijection between the set of i-dimensional non-
simplexes of Y and the set of (n — ¢ — 1)-dimensional simplexes of the dual
¢(Y'); this proves (22). By Lemma 4.4 this map is a bijection between the
set F;(Y) the set of i-dimensional external simplexes of Y and the set of
maximal simplexes of ¢(Y) of dimension n — i — 1; this proves (23). O
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Lemma 9.5. The nerve of the cover of ¢(X) by its maximal simplices is
isomorphic to the simplicial complex X' (as defined in §9.1).

Proof. Let M denote the cover of ¢(X) by maximal simplices. Consider
a set of maximal simplexes {o1,...,0%}, where 0, € M. Each dual sim-
plex &; is external for X. The intersection ﬂleai is a simplex with the
vertex set ﬂé“:lV(ai) and the intersection ﬂleai is non-empty if and only
if ﬂi-“:lV(ai) # . We see that any nonempty intersection is contractible.
Since V/(6;) is the complement of V'(o;), we obtain that N*_,V(o;) = @ if
and only if UY_ V(6;) = [n]. Therefore, we see that the nerve of M can be
described as the simplicial complex with the vertex set F(X) where a set of
external simplexes forms a simplex if and only if the union of their vertex
sets is not equal [n]. This complex coincides with X’ as defined in §9.1. O

Corollary 9.6. For a simplicial subcomplex X C 0A,,, the geometric real-
isation of the simplicial complex ¢(X) is homotopy equivalent to X' and to
the complement 04, — X.

Proof. The cover M by maximal simplexes satisfies the conditions of the
Nerve Theorem, see [11], Corollary 4G.3. The first claim follows from the
previous Lemma. The second claim follows from Proposition 9.1. U

Corollary 9.7. For any simplicial subcomplex X C 0A,, and for any abelian
group G one has

H(e(X);G) ~ Hyo_j(X;G), where j=0,1,...,n—2.

Taking here G = Q we obtain equality for the Betti numbers:
bj(C(X)):bnfgfj(X), j:O,l,...,n—Q.

Next we restate Proposition 4.3 as follows:

Proposition 9.8. For a fired n consider two probability spaces (S2%,P,)
and (05, P!) where the probability measure P, is defined with respect to a
set of probability parameters p, and the probability measure P, is defined
with respect to a set of probability parameters pl. satisfying

Py =5 =1—Dps.

The map c : (0, P,) — (QF,P)), where X v ¢(X), is an isomorphism of
probability spaces. For an integer j € [n], consider the j-dimensional Betti
number

bj!Q*—)Z

and its distribution functions F?" (x) and FJE" () with respect to the mea-

sures P, and P, correspondingly. Then

(24) Fin(z) = Firy_ ().

Proof. This follows by combining Corollary 9.7 and Propositon 4.3. O
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Note that the distribution function FJE is defined by the equality

and similarly,

FEn

i (@) =B (b;(Y) < ).

Summarising, we see that for a fixed n, studying Betti numbers in the upper
model reduces to studying Betti numbers in the lower model and vice versa.
However, in the limit when n — oo one needs to deal with the dimension
shift ¢ — n — 1 — ¢ which creates an additional technical difficulty.

10. THE NOTION OF CRITICAL DIMENSION IN THE LOWER MODEL

In a recent paper [6] the authors studied Betti numbers of random simplicial
complexes Y in the lower model. It was shown that the Betti numbers have
a very specific pattern which can be described using the notion of a critical
dimension k.. Roughly, it was established in [6] that homologicaly a random
simplicial complex in the lower model can be well approximated by a wedge
of spheres of dimension k.

More precisely (see [6] for more detail), the critical dimension k, in the lower
model satisfies:

(1) The Betti number by, (Y) in the critical dimension is large,
bk* (Y) ~ C : ndk*’
where ai, > 0, C > 0 are constants, a.a.s.;

(2) The reduced Betti numbers b;(Y") in all dimensions below the critical
dimension j < k, vanish, a.a.s.;

(3) The Betti numbers b;(Y’) in dimensions above the critical dimension
J > k. are “significantly smaller” than by, (Y), a.a.s. One possibility
to clarify the words “significantly smaller” is by means of an upper
bound b;(Y) < n%, a.a.s., where a; < apx.

(4) Homology groups in dimensions above the critical dimension are gen-
erated by primitive cycles of bounded size (cf. Theorems 20, 21 in

[6]);

(5) If the critical dimension is positive k, > 0 then the random complex
Y is connected, a.a.s.

(6) If the critical dimension is greater than 1, ks > 1, then the funda-
mental group 71 (Y") has property (T);

(7) If the critical dimension is greater than 2, k. > 2, then Y is simply
connected, a.a.s.

(8) The critical dimension k. and the exponents ax, can be explicitly
calculated through the probability parameters p, .
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In the following section we shall investigate the Betti numbers in the upper
model hoping to find a similar pattern of behaviour of the Betti numbers.
However, as we shall see, the Betti numbers in the upper model behave
differently.

For convenience of the reader we include below the definition of the critical
dimension k, in the lower model under the assumption that p, = 0 for

dimo > r and

pe=n"%, for i=0,1,...,7.

In other words, we are considering random simplicial complexes of dimension
less or equal than r.

Define linear maps v, : R™*! — R by

Qbk(a)—zr:(]:)ai, k=0,...,r

=0

Since (l:) < (kfl) for i > 0 we see that

Yo(a) < i) < vo(a) < ... < dr(a).
Moreover, if for some j > 0 one has 9j(«) < 1j41(c) then

Vj(a) <jpi(a) <...<ip(a).
We introduce the following convex domains in ]Rfl:
(25) D ={a e R ¢ gp(e) <1< ¢ppr(a)},
where £k =0,1,...,r — 1. One may also introduce the domains
D1 ={aeRM : 1<yp(a)}, Dr={aeR: ¢ (a) <1}
The domains
D _1,90,91,...,9,

are disjoint and their union is

where H; denotes the hyperplane
H, = {Oz S RT+1;’Q/Ji(Oé) = 1}

Definition 10.1. The critical dimension k = ks of a random simplicial
complex Y in the lower model is defined by the condition

(26) a €Dy, where k=-1,0,...,r,

where a = (g, aq,...,q,) is the vector of the exponents.

In other words, the critical dimension k = k, satisfies the inequalities

(27) zr: <]j)ozl <1< :(kjl>al

=0
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We must emphasise that the notion of critical dimension in the lower model
is defined only for generic vectors of exponents o = (ay, ..., ), i.e. when
equalities do not happen in (27).

11. CRITICAL DIMENSION AND SPREAD IN THE UPPER MODEL

In this section we introduce the notions of a critical dimension and of a
spread for the upper model and explore its relevance to the properties of
face numbers of random simplicial complexes.

11.1. Asabove, let 2}, denote the set of simplicial subcomplexes of A,,.

In this section we shall consider the upper probability measure P,, on Q
under the following assumptions on the probability parameters p:

(a) all probability parameters p, = 0 vanish for dimo > r where r > 0 is a
fized integer.

(b) For i < r one has p, = n~% where i = dimo and o; > 0 is a fized
positive real number.

(¢) The exponents o are not integers, o; ¢ Z, where i =0,1,...,r.

(d) All the differences o; — aj ¢ 7 are not integers, where i # j, i,j =
0,1,...,7r.

We note that (b) in particular requires that p, depends only on the dimen-
sion of simplex o. The assumptions (c¢) and (d) are satisfied for a ”generic”
set of exponents ay, . .., a,. Many results stated below are valid with relaxed
assumptions (a) - (d) but then the statements require more complicated no-
tations and explanations. For this reason we decided to restrict ourselves to
the assumptions (a) - (d) aiming at having the most transparent statements
and definitions valid for a generic set of exponents.

By Remark 3.2 we know that the measure P,, is supported on the set of all
r-dimensional simplicial complexes Y C A,,.

11.2. Next we introduce the following notations. Denote

Bi=i+1—q
and
(28) B* = max{fo, f1,.--,0r}, i=0,1,...,r
We set
(29) kT =187

Note that £* = k*(«) is an integer depending on the initial vector of expo-
nents a = (ap, ..., a,). Besides,

E* < B* < k*+1,

the strong inequalities hold due to our genericity assumption (c).
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Definition 11.1. The integer k* = k*(«) will be called the critical dimen-
sion of the random simplicial complex 'Y in the upper model.

Due to our assumption (d) there exists a single index i* € {0,...,r} such
that Bi = 8*.

The following observation will be useful:

Lemma 11.2. One has k* < i*.

Proof. This follows from the inequalities
E* =B < " =0 <i"+ 1.
O

Example 11.3. Let us show that the condition £*(«) < 0 is equivalent to
the property that P, (@) = 1, a.a.s. Indeed,

T

Pu2) = [ a0 =[] = [T o)),
=0

oeA, =0

Onehas k* < Oifand only if 3; < Oforany i =0,1,...,7. Since (7::11)71_0” =

nP - (((i +1)!)7! + o(1)) we may apply Remark 11.4 to obtain
T Bi

Pu(@)=1- ﬁ +o(1) =1+o0(1).
=0

On the other hand, suppose that P, (@) — 1. Since

Pn(2) = ﬁ(1 — ey (i)

i=0
we see (since each term in this product is smaller than 1) that for each

n+1
i =0,...,r one must have (1—n_°‘i)(i+1) — 1 which implies (7;:11)71_0‘1 — 0,

ie. B; <O. O

Remark 11.4. We have used the following fact: If N — co and Nx — 0,
z > 0 then

(30) (1—2)N =1— Na+ (zN)*(1/2 + o(1)).
To prove (30) one observes that in the expansion
N
N
(1—a)N = kZO(—l)’“< e

one has (]]Z)atk > (klil)xkﬂ for k > 2 assuming that xN < 3. Hence we may
apply the known result about alternating series with decreasing terms.
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11.3. For any £ =0,1,...,r consider the function
fg : QZ — 7

which assigns the number of /-dimensional faces f;(Y") to a random subcom-
plex Y C A,. Using Example 5.5 we find

n+1 7 ()
(31) E(f): 1- o '(1_ i )7
Ep N (9 18 R YR G €

where
G=1—n"% i=0,1,...,r

Lemma 11.5. Let k* denote the critical dimension as defined in Defini-
tion 11.1. Then for any £ < k* a random complex Y contains the full
{-dimensional skeleton of A, a.a.s. More precisely, one has

n+1
V) =
fo(Y) < I 1>
with probability at least

(32) 1 —n“exp (—n{ﬁ*}> ,

where {8*} > 0 denotes the fractional part of 5*, i.e. {8*} = 8* — k* and
c > 0 is a positive constant.

Proof. Since ¢ < k* = | 5*| we see that there exists k such that 5y > ¢+ 1,
ie. k— ar > (. We may assume (without loss of generality) that g = g*.
Consider a pure random k-dimensional simplicial complex Z with probability
parameter p = n~ % as defined in §8. Applying Lemma 8.1 we see that

Z contains the full /-dimensional skeleton Aff ) with probability at least

1 —e @ = 1-—nCexp(—nF~=2). Obviously Z is contained in Y, and
k—{—ap > p*—k* = {5*}; thus we see that f,(Y) = (Z_rll) with probability
at least (32). O

Next we examine the expectation E(fy) for k > k*.

Lemma 11.6. For any k > k* one has

T b
(33) E(fx) = (kil)! : (Z M) (1 +o(1)).

Proof. Note that for kK > k* one has k+ 1 > k* + 1 > §* and hence for any
i =0,...,7r we have §5; < k + 1 which means that ¢ + 1 — a; < k+ 1, i.e.
1 — «; < k. Next we observe that
(U I .i
q; —1—(i_k)!-(l+0(l)), i=k,...,m,
since, as we mentioned above, all the exponents ¢ — k — a; are negative.
Substituting this into (31) we obtain (33). O
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Corollary 11.7. For any k > k* one has

1
(34) EUY = i —w)

! 0P (14 0(1)),

where
BZ = max{ﬁk, Bk-ﬁ-l) cee 75’/‘}

and iy, is the unique integer k < iy <1 such that B;z = f}.

Proof. This follows automatically from Lemma 11.6. Here we also use our
assumption (d) (saying that a; — «; ¢ Z) which guarantees uniqueness of
the maximum. (]

Note that 3]. = 3" since k* < i*. Besides, k* < * < k* + 1 and for k£ > i*
one has §; < 8.

Theorem 11.8. Denoting the rate of exponential growth
.. logE(fk)
v = lim —————=
n—oo  logn

we have
k+1, for k<Ek*,

e =k(e) =< B*,  for k* <k <,
By for k> i*.

In particular, the value of 7y is constant, maximal and is equal to B* for all
k satisfying k* < k < i*.

Proof. This follows from Lemma 11.6 (for £ > k*). Besides, for k < k* we
know that f, = (Zﬁ), a.a.s. O

Definition 11.9. We shall call the non-negative integer i* — k* = s = s(«)
the spread.

The spread s = s(«) is the length of the flat maximum of the graph of the
function k — .

We have
Yo <y < <Y ==Y > Vel 200 2 W
Note that in the case when the spread is zero, k* = ¢*, the sequence of
exponents
Yo < < < Yot < Vg D> Ykl = 2
is unimodal.

Example 11.10. Consider the case when r = 1 (random graphs with re-
spect to the upper probability measure). In this case we have two exponents
ap and aj. Recall that 8y = 1 — ap, /1 = 2 — a1, 8% = max{fy, 51} and
k* = |B"].

We see that £* < 0 happens when ag > 1 and a3 > 2.

We shall consider following three cases:
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A) k* =0 and i* = 0.
B) k* =0 and ¢* = 1.
C) k*=1and i* = 1.
Case A) happens when 1 —ap > 2 — a3 and 1 — ag > 0. This can be

summarised by ap < 1 and a1 > 1+ ayp.

Case B) can be characterised by the inequalities 0 < By < 1 < 1 which can
be rewritten as ag < 1l and 1 < a1 < 1+ ay.

In the case C) we have the inequalities: 1 —ap < 2 — a3 and 1 < 2 — aj.
These inequalities reduce to the condition 0 < ay < 1.

Note that in cases A and C the spread is 0 and in case B the spread is 1.

Example 11.11. One can characterise the vectors a = (g, aq, . . ., ;) with
zero spread s(a) = 0 as follows. The index i* € {0,1,...,7} of the critical
dimension satisfies

61’* - ma‘X{/BO) sy BT}7 L/BZ*J - /L*
In view of the definition 8; = i+ 1 — «; we see that s(a) = 0 is equivalent to
(35) ap <1, and  ayyp > ai« + k,

forall k=1,...,r —1d*.

From (35) we see that ¢* is the largest index satisfying a;+ < 1. However
this condition alone is not sufficient.

Example 11.12. Consider the case r = 2 (two dimensional random simpli-
cial complexes in the upper model). Using Example 11.11 we find that the
vectors of exponents o = (g, a1, ap) with zero spread are as follows:

Ap). If the critical dimension is zero k* = 0 then s = 0 is equivalent to
apg <land g > 1+ g and as > 2 + .

Ap). If the critical dimension is one, k* = 1, then s = 0 is equivalent to
a1 <1land ag > 1+ ay.

Ay). If the critical dimension £* = 2 then s = 0 is equivalent to ag < 1.

12. BETTI NUMBERS IN THE UPPER MODEL

Theorem 12.1. Consider a random simplicial complex'Y € ) with respect
to the upper probability measure P,,. We shall assume that the probability
parameters p, vanish for dimo > r and for dimo < r they have the form
Do = n" % where i = dimo, and the exponents a; > 0 satisfy the genericity
assumptions (a) - (d), see §11.1. We shall also assume that the critical
dimension k* > 0 is non-negative. Let fi : Q) — Z denote the random
variable counting the number of k-dimensional faces of a random complex,

where k = 0,1,...,r. Then there exists a sequence of real numbers t, — 0
such that for any k > k* one has
n'Yk(a) n’Yk(a)
(36) (1_tn)' | ka§(1+tn)'

(k+ 1) (ir —k)! (k+ 1) (i — k)’
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a.a.s. The exponent yi(a) is defined in Theorem 11.8 and the integer i}, €
{k,k+1,...,r} is defined by Bix = max{B, Br+1,---:5r}-

Recall that 5; denotes ¢ + 1 — a; and k* denotes the critical dimension, see
Definition 11.1.

Proof. Consider a random hypergraph X € €, with probability parameters

n~%, for dimo=1i<r,
Po =
0, for dimo > r.
For k = 0,1,...,r we shall denote by gr : €2, — Z the random variable
counting the number of k-dimensional faces. Note that gp is a binomial

random variable Bl((Zﬁ) ,n~%) and hence we obviously have

nt 1\ e P
E+1 ’

e B ( ke

Thus, using the first moment method, we see that for 5, < 0 one has gi = 0,
a.a.s.

Note that our genericity assumptions of §11.1 exclude the possibility 8; = 0.

Below we shall assume that 8 > 0. We may use the Chernoff bound, see
Theorem 2.1 of [12], which states that for any 7 > 0,

-2
P(gr > E(gr) +7) < exp <_2(E(gk)+7'/3)> )

and

7_2
P(gr < E(gr) — 7) < exp <— QE(gk)> ;

Next we will apply Chernoff’s bound with 7 = E(gx)?/? = t,E(g) where
tn, = E(gr)~'/® = 0(1). The Chernoff’s bounds give us

T2 1/3
Plon > (1 10) Blow) < 0 (~ g Ty ) <o (‘E(’Q>

and

/
P(gr < (1 —t,) - E(gx)) < exp (—E(gk)lg> :

2

Since E(g;,)'/3 — 0o we obtain that

(38) (L—tn) - E(gr) < gr < (1+1tn)-Egr),
a.a.s. Combining with (37) we obtain

< g < (141, ——
(k+1)!_gk_(+ )

(39) (1 —tn)-

a.a.s., where t, — 0.
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Denote by €2, , the set of hypergraphs X C A,, of dimension < r. Similarly,
denote by 7, . the set of all simplicial subcomplexes Y C A, of dimension
< r. We have the map

HT‘ : Qnﬂ“ - Q;kl,'r

which is the restriction of the map which appears in (2). Recall that for
X € Q,,, the simplicial complex z(X) is the minimal simplicial complex Y
containing X. In other words, Y is obtained from X by adding all faces of
all simplexes of X.

Since we assume that p, = 0 for all simplexes ¢ of dimension > r we obtain
that the measure P, (given by (1)) is supported on Q; . C ;. Hence, we

*

n.r coincides with the direct image

obtain that the upper measure P,, on
(1)« (Pp).

For any &k = 0,1,...,r we have two random variables g5 : Q,, — Z and
fi = ko, . — Z. From the structure of the map i, we obtain the
following inequalities

i+1 —~ (i+1
4 v < fr < i
(40) i:mk?-}ir{<k‘+1>g}_fk_§<k+l)g
Combining with (39) we find
nk nYk
1—0(1))- < fi < (1 1)) -
(1=o(1)) (k4 1) (ip — k)! < i s (+0(1)) (E+1)!- (i — k)
a.a.s. By the definition, P, = fi,,(P,), and hence the above inequality
implies (36).

O

Theorem 12.2. Consider a random simplicial complex'Y € ) with respect
to the upper probability measure P,,. Assume that the probability parameters
po vanish for dimo > r and for dimo < r they have the form p, = n™%,
where i = dim o, and the exponents a;; > 0 satisfy the genericity assumptions
(a) - (d), see §11.1. We shall also assume that the critical dimension k* > 0

s non-negative and the spread vanishes,
s(a) = 0.

Then the Betti number in the critical dimension b= (Y') dominates all other
Betti numbers, a.a.s. More precisely, for a sequence t,, — 0 one has

nYe* (o) nVk* ()
(41) (1—tn)'m < b (Y) < (I—HH).W’
a.a.s. Besides, for any k > k* there exists €, > 0 such that
(42) be(Y) <n™% - by (Y),

a.a.s.

We prove below that under the assumptions of Theorem 12.2 the reduced
Betti numbers bg(Y') in dimensions below the critical dimension k& < k*
vanish, a.a.s.
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Proof. First we apply the Morse inequality bg«(Y) < fi+(Y) and use the
right hand side of (36); this gives the right inequality (41). To prove the left
inequality (41) we note that

bes (V) 2 frr (V) = frr 2 (Y) = frr -1 (Y),

which combined with (36) gives

n%*(a)
b= (Y) > (1 —t) - Gk t;, — 0.
If k£ > k* then
nk
be(Y) < fr(Y) < (1+0(1)) - (]
and we see that (42) holds with any € satisfying g+ — % > € > 0. O

Theorem 12.3. Under the assumptions of Theorem 12.2 the reduced Betti
numbers of the random complex Y below the critical dimension k* vanish,

b;(Y)=0
for all j < k*, a.a.s.

Proof. Consider a random hypergraph X of dimension < r with probability
parameters p; = n~% where ¢ = 0,...,r. We can view X as the disjoint
union of pure (uniform) hypergraphs X = U!_,X; where X; has dimension i
if not empty. Denote by Y; = X; the smallest simplicial complex containing
X;; it is a pure simplicial complex of dimension i if ¥; # @. Clearly, the
random complex in the upper model Y can be represented as Y = YgUYj U
e UY,.

Denote Z; = YgU---UY;, obviously, Z; is a simplicial complex of dimension
< i. Note that the complex Zp« contains the full (k* — 1)-dimensional
skeleton. It follows that the reduced Betti numbers b;(Zy+) = 0 vanish for
j<k*—1

Next we show that the Betti number bg+_1(Zg+) = 0 vanishes a.a.s. Note
that Zp« is a Linial - Meshulam random simplicial complex with probability
parameter p = n~*%* and o+ < 1, see Example 11.11, where we use our
assumption that the spread is zero. Here we also use Lemma 8.1 which
implies that the pure upper random complex Zj« contains the full (k* — 1)-
dimensional skeleton. It is well known (see [17]) that in this situation the
rational homology in dimension k&* — 1 vanishes, i.e. bg+_1(Z+) = 0.

The complex Y contains Zi+ as a subcomplex. Since Zi+ contains the full
(k* —1)-skeleton, we see that Y is obtained from Zx+« by adding subsequently
simplexes of dimension k*,k* + 1,...,r. Hence l;j(Y) =0 for j < k* — 1,
a.a.s. In general, adding simplexes of dimension k£* may either reduce by 1
the Betti number in dimension k* — 1 or to increase by 1 the Betti number
in dimension k*. However in our case, since bg«_1(Zy+) = 0, the result may
only increase the k*-dimensional Betti number. Further, adding simplexes
of dimension > k* may not affect the (k* — 1)-dimensional homology. Hence
we obtain bg-_1(Y) =0, a.a.s. O
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