SPHERICAL CR DEHN SURGERIES

MIGUEL ACOSTA

Volume 284 No. 2 October 2016






PACIFIC JOURNAL OF MATHEMATICS
Vol. 284, No. 2, 2016

dx.doi.org/10.2140/pjm.2016.284.257

SPHERICAL CR DEHN SURGERIES

MIGUEL ACOSTA

Consider a three-dimensional cusped spherical CR manifold M and sup-
pose that the holonomy representation of 71 (M) can be deformed in such a
way that the peripheral holonomy is generated by a nonparabolic element.
We prove that, in this case, there is a spherical CR structure on some Dehn
surgeries of M. The result is very similar to R. Schwartz’s spherical CR
Dehn surgery theorem, but has weaker hypotheses and does not give the
uniformizability of the structure. We apply our theorem in the case of the
Deraux—Falbel structure on the figure eight knot complement and obtain
spherical CR structures on all Dehn surgeries of slope —3 + r, for r € Q%
small enough.

1. Introduction

The celebrated theorem of hyperbolic Dehn surgeries of Thurston [2002] says that all
but a finite number of Dehn surgeries of a one-cusped hyperbolic manifold M admit
complete hyperbolic structures with developing maps and holonomy representations
close to those of M. The same question arises for other geometric structures. We
focus here on spherical CR structures, i.e., structures modeled on the boundary at
infinity of the complex hyperbolic plane with group of automorphisms PU(2, 1).
Schwartz [2007] shows a spherical CR Dehn surgery theorem that gives, under
some convergence hypotheses, uniformizable spherical CR structures on some Dehn
surgeries on a cusped spherical CR manifold. In this paper, we prove a similar
theorem using techniques coming from (G, X)-structures and the geometry of
aoo[H]% instead of the alternative approach of discreteness of group representations
and actions on [HI%. Theorem 3.23 has weaker hypotheses than Schwartz’s theorem,
but we obtain geometric structures on the surgeries for which we do not know
whether they are uniformizable.

For the reader, the example to keep in mind, treated in Section 4, is the Deraux—
Falbel structure on the figure-eight knot complement constructed in [Deraux and
Falbel 2015]. For this example, Deraux [2014] shows that there is a one-parameter
family of spherical CR uniformizations on the figure-eight knot complement with
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parabolic peripheral holonomy containing this structure. Falbel, Guilloux, Koseleff,
Rouillier, and Thistlethwaite [Falbel et al. 2016] describe the SL3(C)-character
variety of the fundamental group of the figure-eight knot complement. They give
an explicit parametrization for the component in SU(2, 1) containing the holonomy
representation of the Deraux—Falbel structure. This component also gives rise to
spherical CR structures near the Deraux—Falbel structure. With this parametrization
and Theorem 3.23, we obtain the following theorem:

Theorem. Let M be the figure-eight knot complement. For the usual' marking of
the peripheral torus of M-

(1) There exist infinitely many spherical CR structures on the Dehn surgery of M
of slope —3.

(2) There exists 6 > 0 such that for all r € Q N0, 8[, there is a spherical CR
structure on the Dehn surgery of M of slope —3 +r.

In Section 2, we recall some properties about [H]é, 8OO[H]%, and PU(2, 1) and set
some notation. We look in detail at the dynamics of one-parameter subgroups of
PU(2, 1) acting on GOOI]-I]%. Understanding these dynamics will be crucial in the
proof of the surgery theorem. Section 3 deals with deformation of (G, X) structures
and fixes some notation and a marking of a peripheral torus in order to state the
main theorem of this paper, Theorem 3.23. In Section 4, we apply Theorem 3.23 in
the case of the Deraux—Falbel structure, by checking the hypotheses and looking
at the deformation space as given in [Falbel et al. 2016]. Finally, in Section 5, we
give a complete proof of the surgery theorem.

2. Generalities on I]-I]é and its isometries

In this section we recall some facts about the hyperbolic complex plane IHJ% and
its boundary at infinity aoon-né and set notation for them. We study the group
of holomorphic isometries of I]-I]é, identified with PU(2, 1), by describing its one-
parameter subgroups. Almost all stated results can be found in the thesis of Genzmer
[2010] and in the book of Goldman [1999].

The space [H](IZ: and its boundary at infinity. We begin by giving a construction of
the hyperbolic complex plane. Let V be a complex vector space of dimension 3
endowed with a Hermitian product (-, - ). Denote by ® the associated Hermitian
form. We suppose that ® has signature (2, 1). By setting

Vo={veV—-{0}| ®(v) <0},
Vo ={veV—{0}| P(v) =0},
Vi={veV {0} ®(v) >0},

IFor us, the usual marking is the one given in [Thurston 2002].
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the complex hyperbolic plane is defined as PV_, endowed with the Hermitian
metric induced by ®, and its boundary at infinity Bool]-llé is defined as PVj.

Notation 2.1. We will denote with usual parentheses “(” and )’ the objects before
projectivization and with square brackets “[” and *“]” the class of an object in the
projectivized space.

From now on, we will use two different models of the complex hyperbolic plane,
going from one to another by a conjugation. In both cases, the vector space is
V = C3. For the details in the construction, see [Goldman 1999].

Notation 2.2. Let
10 O 001
Ji=]01 O and J,=]010
00 —1 100
They are the matrices of the Hermitian products (-, -); and (-, - ), and they are
conjugate by Cayley’s matrix
1 0 1
C=—10+v2 0
V2 1 0 —1

Definition 2.3. By identifying V with C3 and (-, -) with (-, -);, we obtain the
ball model. We then have

Hé:[ 7, | e CP? |zl|2+|zz|2<1}

and

BOO[H]2:{ 7, | e CP? |Zl|2+|Zz|2:1}.

With this model, we see that [H]% is homeomorphic to the ball B4 and BOO[H]% is
homeomorphic to the sphere S3. The other model that we will consider is the Siegel
model, more convenient for drawing pictures.

Definition 2.4. By identifying V with C3 and (-, -) with (-, - )5, we obtain the

Siegel model, with
B Y PP 1
|z|” +it
300”‘”532”: 2(z ):| (z,t)er[R{]UH:():”,
1 0
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We can then identify GOO[H]% with (C x R) U {oo}. Removing the point at infinity,
we obtain the Heisenberg group, defined as C x R with multiplication

(w,s)*x(z,t) = (w+z, s+t+2Im(wz)).

We are also going to use complex geodesics, which are intersections of complex
lines of PV with HZ, and their boundaries at infinity, called C-circles.

Holomorphic isometries of ﬂ-l]é and invariant flows. We defined above the com-
plex hyperbolic space and have seen two of its models. The group of holomorphic
isometries of this space is PU(2, 1), as described below.

Notation 2.5. Let U(2, 1) be the group of matrices of GL3(C) such that A*JA =J
for J = Jj or J, (according to the model in which we work). Let SU(2, 1) be the
subgroup of matrices of determinant 1 and PU(2, 1) its projectivization.

We state in detail a classification of the elements of PU(2, 1). We use the notations
and state the results of [Genzmer 2010, Chapter 1]. Isometries are classified by
their fixed points in [H]% U E)OQIH]%.

An isometry g # Id of []-[]([2: is called elliptic if it has at least one fixed point
in I]-I]é, parabolic if it is not elliptic and has exactly one fixed point in E)OOIH]%, and
loxodromic if it is not elliptic and has exactly two fixed points in 8ooﬂ-[lq23.

We can state this classification in terms of eigenvalues. The eigenvalues of an
element of PU(2, 1) are only defined up to multiplication by a cube root of 1 that
we denote by w; we give a condition on the eigenvalues of a lift in SU(2, 1).

Proposition 2.6. Let U € SU(2, 1) — {Id}. Then U is in one of the three following
cases:

(1) U has an eigenvalue ) of modulus different from 1. Then [U] is loxodromic.

(2) U has an eigenvector v € V_. Then [U] is elliptic and its eigenvalues have
modulus equal to 1 but are not all equal.

(3) All eigenvalues of U have modulus 1 and U has an eigenvector v € V. Then
[U] is parabolic.

To refine this classification, we will consider different cases when there are
double eigenvalues. We give the following definition:

Definition 2.7. Let U € SU(2, 1) — {Id}. We say that U is regular if its three
eigenvalues are different and unipotent if its three eigenvalues are equal (and so
equal to a cube root of 1).

The definition extends to PU(2, 1); we will speak of regular elements of PU(2, 1).
In that case the eigenvalues are well-defined up to multiplication by w. Thanks to
the following remark, we know that regular elements are easier to manipulate.
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Remark 2.8. Let [U] € PU(2, 1) be a regular element. Then [U] is determined by
its three eigenvalues «, 8, ¥ and its three fixed points [u], [v], [w] in CP%

It is possible to know if an element is regular only by knowing its trace, thanks
to the following proposition.

Proposition 2.9 [Goldman 1999]. Forz eC, let f(z) =|z|*—8 Re(z>)+18|z|>—27.
Let U e SU(2, 1). Then U is regular if and only if f(tr(U)) # 0. Furthermore, if
fr(U)) <0 then [U] is regular elliptic, and if f(tr(U)) > 0 then [U] is loxodromic.

Remark 2.10. It is suitable to make two remarks about the proposition:

(1) For w € C satisfying > =1, we have f(z) = f(wz). Therefore, we can define
the function f otr on PU(2, 1).

(2) For a parabolic element [U], the equality f(tr(U)) = 0 holds, but there are
nonregular elliptic elements for which f(tr(U)) = 0.

In order to study spherical CR structures and their surgeries, we will use the
flows of vector fields associated to some elements of PU(2, 1). The geometric
objects that we are going to consider are invariant vector fields induced by elements
of PU(2, 1). We begin by looking at an infinitesimal level: an element of the Lie
algebra su(2, 1) defines a vector field on BOOIH]% invariant under its exponential map.

Notation 2.11. Let X € su(2, 1). It defines a vector field on 8OOI]-I]% invariant by
exp(X) given at a point x by

d

& limo exp(tX) - x.

Let ¢ be the flow of this vector field, so ¢ (x) = exp(tX) - x. If there is no
ambiguity for X, we will only write ¢;.

Remark 2.12. If [U] € PU(2, 1) is close enough to a unipotent element, it defines a
vector field on SOO[H]%. Indeed, possibly after changing the lift, we can suppose that
the eigenvalues of U are near 1, and consider the vector field associated to Log(U).
Then, ¢1L°g(U) has the same action as [U].

Description of isometries and invariant flows. We are going to describe briefly
some elements of PU(2, 1), and classify each by its type and the dynamics of its
action on CP?.

We are going to study the dynamics of some flows of the form ¢°¢(), where
U is close to a unipotent element. We describe here flows associated to regular
elliptic, loxodromic and unipotent elements.
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Regular elliptic flows. Consider a regular elliptic element in SU(2, 1), close to Id,
in the ball model. Perhaps after a conjugation, we can suppose that it is equal to

e 0 0
Ea,ﬂ,y = 0 eiﬂ 0
0 0 &Y

The flow of the associated vector field acts then on 8ooﬂ-[lq23 by

Z1 eit(a—y)zl _eit(2a+/3)Zl
Log(Ey _| _|
g8 Eesr) | 7, | = | fit-n1z, | = | git@rarg, |.
1 1 L 1
Remark 2.13. The flow stabilizes the two C-circles

0
C1 =[e1]* NdsHE = {[eie} 6 R}
1
5 eié)
Cr=[ea] N He =1 0 ‘eeu;e :
1

on which it acts as rotations by angles 28 + « and 2« + § respectively.

and

Remark 2.14. The centralizer of E, g, is

C(Eu.p.y) ={Eo,.6,.—@+60 | (61, 62) € R?}.

The orbits of this subgroup in BOOIH]é are Cq, C,, and the subsets 7, for r € ]0, 1],

defined by
Z
T, = {|:Zz:| € aoolHlé |Z>| =71, |Z1] :\/1—r2}.
1

The orbits 7, are embedded tori in BOO[H]é with core curves C and C,. They are
all invariant under the action of ¢°8(E«5.), We can see an example in Figure 1.

Have a look now at the orbits of the flow ¢-°¢(F«sr), Notice that the orbit of
a point is included in a unique torus 7, and that every orbit included in 7, is the
image of a fixed orbit by an element Ejy, o, —(6,+6,). Thus, the torus 7, is foliated
by these orbits. We fix r € ]0, 1[, and consider two cases:

Case 1: «/B ¢ Q. In this case, the angles of rotation in 7, for ¢, are (2o + )t and
(28 + a)t. Since their quotient is irrational, an orbit is an injective immersion of a
line and it is dense in 7.

Case 2: «/B € Q. In this case, the angles of rotation in 7, for ¢, are (2« + )¢ and
(2B + a)t. Their quotient is rational; denote it by p/g in reduced form. The orbits
are periodic and of slope p/q in T,: they are torus knots of type (p, ¢), knotted
around C; and C,. We can see an example in Figure 2.
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Figure 1. Invariant subsets for an elliptic flow in the Siegel model:
invariant C-circles (left), and the invariant torus Ty/s5 (right).

Figure 2. Orbits of elliptic flows in the Siegel model: an orbit for
Qa+8)/2B8+a) = %, a torus knot of type (7, 11) (left), and an
orbit for Qo+ B8)/28 +a) = %, an unknot (right).

Remark 2.15. If p are g are different from =1, the orbit of a point of 7, is a torus
knot of type (p, q) and is knotted in BOO[H]é. If p or g equals %1, then the orbit
is unknotted; we can see an example in Figure 2. This remark will be crucial to
identify Dehn surgeries among the structures that we will construct by deformation.

Definition 2.16. Let n, p, and g be relatively prime integers with |p| > |g|. We
say that an elliptic element U € PU(2, 1) is of type (p/n, g/n) if U is conjugate to
Ea,ﬂ,y with

2p—q 29 —p —P—q

3n = 3n and y =-oa—fp= 3n

In this case, (2a + B)/(28 + a) = p/q and the orbits of the flow ¢-°¢V) are its
two invariant C-circles and torus knots of type (p, ¢).

o=

Remark 2.17. (1) Only some elliptic elements are of some type (p/n, g/n). We
will see later that elements of some type (p/n, g/n) are the ones for which our
construction happens to work.

(2) The trace of an elliptic element gives its three eigenvalues, but it is not enough
to determine the type of the element. Indeed, an element of the same trace as
an elliptic of type (p/n, g/n) will have the same eigenvalues but not necessarily
the same eigenvalue associated to its fixed point in I]-[I%. Thus, elements of type

(p/n,q/n), (—=p/n, (g — p)/n), and ((p —q)/n, —q/n) have the same trace but
are not conjugate.
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Loxodromic flows. Consider a loxodromic element in SU(2, 1) in the Siegel model.
Perhaps after a conjugation, we can suppose that it is

L 0 0
T,=[0 x/x 0 |,
0 0 1/x

where A € C is of modulus greater than 1. We then have A =re'® witha € Rand r > 1.
We suppose that «¢ is small enough, so the series Log(7;) converges. In coordinates
(z,5) € C x R, the action of the flow is given by qb,LOg(T*) (2 1) = (ezs e |?s),
where p, = rie 3,

Remark 2.18. The flow ¢, fixes globally the points

0 1
[pol=]0| and [pi]l=|0
1 0

and stabilizes the C-circle joining them, which is called the axis of [T} ]. Furthermore,
for all u € BOOI]-I]é not fixed by T;,

Jim @) =[p] and  lim ¢ ()= 1[pol

In the same way as in the elliptic case, we have flow-invariant objects, related to
the centralizer of T;.

Remark 2.19. The centralizer of 7} is C(T;) = {7, | u € C*}. The orbits of this
subgroup in 800[]-[]([2: are the two fixed points of T;, the two arcs of the C-circle
joining them, and the punctured paraboloids P, for r € R, as in Figure 3, defined by

1 2 ;
—5(|z|* +is)
Pr: : Z anol]'ﬂé Lz:r .
1 |z]

Unipotent flows. Consider now a unipotent element of SU(2, 1) in the Siegel model.
Perhaps after a conjugation, we can assume that it is, for (z, s) € C x R,

1 -z =3Iz +is)
P.s=10 1 Z
0 O 1

The series Log(P; ;) converges. In coordinates (z, s) € C x R, the action of
the flow is given by ¢pL08(Fes) : (7', 5) > (z/ + 1z, 5" +ts — 2t Im(ZZ')). In these
coordinates, the orbits of the flow are straight lines.

Remark 2.20. If z =0, then [P, ;] is called a vertical parabolic element and all
orbits of the flow are vertical lines. If not, then [ P, (] is called a horizontal parabolic
element and the orbits of the flow are lines with different slopes.
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Figure 3. Orbits of loxodromic flows in the Siegel model: an
orbit of a loxodromic flow (left) and a cylinder invariant under a
loxodromic flow (right).

Some remarks on the convergence of regular elements. The projection
SU2,1) - PU2, 1)

is a covering of order 3; in order to study the convergence in PU(2, 1) we can focus
on the convergence in SU(2, 1).

Let (U,)nen be a sequence of regular elements of SU(2, 1) converging to U in
SU(2, 1) — CId. If U is regular, then the convergence is given by the convergence
of eigenvectors and eigenvalues. We consider now the case where U is not regular.
The continuity of eigenvectors and eigenvalues gives the following lemma.

Lemma 2.21. Suppose that (Uy)nen is a sequence of regular elements of SU(2, 1)
converging to U e SU(2, 1)—CId, and let (([u,], otn), ([Vn], Br)s (Twn], ¥n)) be the
eigenvectors and eigenvalues of U, in some order. Then, perhaps after relabeling,
(([unl, an), (Tval, Bn), ([wnl, ¥a)) converges to (([ul, @), ([v], B), ([wl, y)) in
(CP? x C)3, where ([u], a), ([v], B), ([w], y) are (possibly equal) eigenvectors
and eigenvalues of U.

Consider the case where U is horizontal parabolic. Then, U has a unique
fixed point [p] € CP?2 which is in BOOI]-I]%, and its eigenvalues can be chosen all
equal to 1. Using the above lemma, we deduce that («,, 8,, v») — (1,1, 1) and
([#n], [vnl, [we]) = (Lp], [p], [p]). From a geometric point of view on HéuawH%
we make the two following remarks:

Remark 2.22. If the U, are loxodromic of axes [/, then the [, leave every compact
subset of HZ U dooHZ — {[p]}.

Remark 2.23. If the U, are elliptic, they each have two invariant complex geodesics
l,(,l) and l,(lz)_ (the polar lines [v,]* and [w, ]+ if [u,] is the fixed point of U, in I]-I]é).
Then the 1,5’) leave every compact subset of I]-I]é U 8OOI]-I]% —{[pl}.
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These two remarks will be crucial when understanding the geometry of deforma-
tions of spherical CR structures by considering a developing map.

3. Regular surgeries

The Ehresmann—Thurston principle. We are going to study spherical CR struc-
tures on a 3-manifold M. We begin by recalling the formalism of (G, X)-structures,
that will give us the language to use. In the definitions, X will be a smooth connected
manifold and G a subgroup of the diffeomorphisms of X acting transitively and
analytically on X. We will focus on the case where X = aoQIH]é and G =PU(2, 1).

Definition 3.1. A (G, X)-structure on a manifold M is a pair (Dev, p), up to
isotopy, of a local diffeomorphism Deyv : M — X and a group homomorphism
o :m (M) — G such that for all x € M and all g € m(M) we have Dev(g - x) =
p(g) - Dev(x) for the group actions of 7 (M) on M and of G on X.

We say that Dev is the developing map of the structure and p its holonomy.

Remark 3.2. We identify two structures if they are G-equivalent, i.e., if there is a
g € G such that the developing maps Dev; and Dev; satisfy Dev, = g o Dev;. In

this case, the holonomy representations are conjugate and satisfy p, = go;g~".

Remark 3.3. The definition we just gave is not the usual one. It is equivalent to
the usual definition of a (G, X)-structure as an atlas of charts of M taking values
in X and whose transition maps are given by elements of G. A couple (Dev, p)
immediately gives such an atlas, but the construction of (Dev, p) from an atlas
requires more work. See, for example, [Thurston 2002]. Nevertheless, we will use
both definitions: the first in order to deform a structure, and the second to construct
a new one.

We will also sometimes use manifolds with boundary, but the definition of
(G, X)-structure easily extends to this case. From now on, we consider a compact
three-dimensional manifold M with (possibly many) torus boundary components.
We are going to study spherical CR structures on M, where the model space X is
BOOI]-I]% and the group G is PU(2, 1).

Definition 3.4. A spherical CR structure is a (PU(2, 1), 8OOIH]%)—structure.

In order to deform the structure using the Ehresmann—Thurston principle that
we state below, the essential objects are the representations of 71 (M) taking values
in PU(2, 1).

Notation 3.5. Let R(m (M), G) be the set of representations of m;(M) taking
values in G, endowed with the topology of pointwise convergence.

We are going to work with deformations of some structures. In order to state the
results on a deformation, we will need to be “far enough from the boundary” or
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“close to the boundary”. We are going to consider the union of M with a thickening
of its boundary to be able to state the results precisely.

Notation 3.6. If s € R*, denote by M| the union of M with a thickening of its
boundary. Thus, Mo = (M U (M x [0, s[))/~, where we identify dM with
dM x {0}. We consider those manifolds as included into each other, in such a way
that if 51 < s, then M[O,sll C M[O’szl.

Remark 3.7. The manifolds M| s are all homeomorphic to the interior of M. We
use these cuts in order to get a suitable convergence “far enough” from the boundary
of M for geometric structures.

We state the Ehresmann—Thurston principle, which says that we only need to
deform in R (71 (M), G) the holonomy of a (G, X)-structure to have a deformation
of the structure itself. A proof can be found in [Bergeron and Gelander 2004] or in
the survey [Goldman 2010].

Theorem 3.8 (Ehresmann—Thurston principle). Suppose that M| 1| is endowed
with a (G, X)-structure of holonomy py. For all € > 0, if p € R(m (M), G) is a
deformation close enough to py, then there is a (G, X)-structure on Mo 1—¢[ With
holonomy p and close to the first structure on Mg 1_[ in the C' topology.

Surgeries. As in the real hyperbolic case, we consider Dehn surgeries of M, which
are, from a topological point of view, a gluing of solid tori on the torus boundaries
of M. We attempt to extend a spherical CR structure on M to one of its surgeries. We
show a result very similar to the one showed by Schwartz [2007], but with some dif-
ferences. On the one hand, our hypotheses are weaker than Schwartz’s and we obtain
a geometric structure. On the other hand we do not know if the structure is obtained
as a quotient of an open set of 8OO[H]% by the action of a subgroup of PU(2, 1).

Thickenings and lifts. We begin by fixing notation for a torus boundary component,
one of its lifts, and the associated peripheral holonomy. We denote by M the
universal cover of M and by 7 : M — M its covering map. We state all results for
a single torus boundary component in order to avoid heavy notation, but the same
statements hold for several boundary components.

Notation 3.9. Let T be a fixed torus boundary component of M. For s € [0, 1[, let
Ty, =T x {s} C Mjp 11, and, for an interval I C [0, 1[, let

T1=UTS=TXICM[(),1[.
sel
Let T[O,l[ denote some connected component of -1 (Tio1p) C M [0,1[: itis a universal
cover of Tjo,1] embedded in 1\71[0’1[. Finally, for s € [0, 1[, set T.=n"! (Ty)N T[O,l[
and, for an interval I C [0, 1[, set T; = U T.

sel ©5*

We make some remarks on the choices made by using this notation:
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Remark 3.10. Forall s € [0, 1[, we see that 7} is homeomorphic to R2. Furthermore,
T; is homeomorphic to R? x I.

Remark 3.11. The choice of Tjo i fixes an injection of the fundamental group of T
into the fundamental group of M by identifying 7y (7") with the stabilizer of T[O,l[
for the action of 7;(M) on M jo,17- In the rest of the paper, we will use additive
notation for 771 (T') ~ Z?, in order to use the standard notations and tools for a group
isomorphic to Z2. Nevertheless, the identification of 7{(7) with a subgroup of
w1 (M) will lead to a slight abuse of notation: we will keep multiplicative notation
for 1 (M), but when considering elements of 71 (7)) we will use additive notation.

Notation 3.12. With the fixed injection of 71(T") into m(M), by restricting the
holonomy p of a (G, X)-structure we have a peripheral holonomy h,, : m\(T) — G.

Notation 3.13. We denote by R(m1(M), G) C R(m (M), G) the set of repre-
sentations o such that the image of &, is generated by a single element. When
p €R1(m(M),PU(2, 1)) has [U] € PU(2, 1) as a preferred generator for its image,
we write ¢f for ¢pLogUD,

Horotubes. We use the definitions related to horotubes given in [Schwartz 2007]:

Definition 3.14. Let [P] € PU(2, 1) be a parabolic element with fixed point
p € aooﬂ-llé A [P]-horotube is an open set H of Booﬂ-llé — {p}, invariant under
[P] and such that the complement of H/{[P]) in (E)OOIH]% —{p}) /([ P]) is compact.

In order to work with more regular objects, we often ask horotubes to be nice:

Definition 3.15. A [P]-horotube H is nice if 0 H is a smooth cylinder invariant by
the flow gLoePD,

Figure 4. The boundary of a nice horotube in the Siegel model.
The horotube is outside the red surface.
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Remark 3.16. If H is a nice [ P]-horotube, then 9 H is the orbit for quLOg([P]) of an
embedded circle of 800[}-1]% — {p}. We can see an example in Figure 4.

Shrinking the horotube if necessary, we may assume it is nice:

Lemma 3.17 [Schwartz 2007, Chapter 7]. Let H be a [ P]-horotube. Then, there
is a nice [ P)-horotube H' such that H' C H and (H — H')/{[P]) is of compact
closure in (3,0HE — {p})/([P]).

From now on, we suppose that M[o 1| has a spherical CR structure with developing
map Devg and holonomy pg. We also make two more hypotheses:

(1) The image of the peripheral holonomy /4, is unipotent of rank 1 and generated
by an element [Ug] € PU(2, 1).

(2) There is s € [0, 1] such that Devo(T[S,l[) is a [Up]-horotube.

Marking of m(T'). We are going to fix a marking of 1 (7") naturally deduced from
the structure given by Devy and pg. This marking will be useful to identify the
Dehn surgeries obtained when deforming the structure. It is essentially the same
marking as the one given in [Schwartz 2007, Chapter 8]; its definition uses the two
hypotheses given above.

Notation 3.18. Fix s’ € [s, 1[ and x¢ € Devy(7y). Let [ be the loop given by the
projection of ¢ = ¢£°(xg). As h,,(I) = [Uo] generates the image of &, and since a
unipotent subgroup of PU(2, 1) has no torsion, / is a primitive element of 1 (T).

Notation 3.19. Since h,, is unipotent of rank 1 and a unipotent subgroup of PU(2, 1)
has no torsion, its kernel is generated by a primitive element m. We orient m in
such a way that (/, m) is a direct basis of 71 (T") (for the orientation given by the
inside normal in the horotube).

Remark 3.20. The definition of / and m does not depend on the choice of s’ nor
of xo. Nevertheless, we make a choice for orientations. The one for m is explicit,
but the orientation of / is given by the choice of [Up] or [Uo]~ ' as a generator for
the image of /.

Remark 3.21. Schwartz [2007] gives a “canonical” choice for the orientations of [
and m (denoted 8 and «). It is almost the same choice as the one made above, but
he has a preferred choice for [Up]. Note that the marking (/, m) given here might
not be the usual one. If we have another marking of 7y (T), for example when M
is a knot complement, changing markings can be done easily when pg is known
explicitly.

Definition 3.22. For two relatively prime integers p, ¢, we denote by M (7? the
manifold obtained by gluing a solid torus D? x S! on the boundary T of M such
that the loop pl +gm of T becomes trivial in D? x S'. We refer to it as the Dehn

surgery of M of type (p, q) or of slope p/q.
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Figure 5. The curve m (in green) and the curve [ (in yellow) in
the image of Devo (7).

In the real hyperbolic case, deforming the complete hyperbolic structure on M
gives structures on all but a finite number of Dehn surgeries M 79 of M, as is
shown in [Thurston 2002]. The main idea to prove it is to deform the structure “far”
from the cusp, cut by 7, look at the developing map near the boundary 7', and then
notice that a solid torus can be glued to this boundary. What follows, stated in the
spherical CR case, is inspired by this technique. The deformation “far” from the
cusp gives rise to a developing map near 7, and the manifolds that can be glued are
solid tori only in some cases.

A surgery theorem. We are now able to state a spherical CR surgery theorem. It
says that in a neighborhood of the structure (Devy, pg), under some discreteness
conditions, spherical CR structures on M come from structures on Dehn surgeries
of M, and in some cases another kind of surgery.

Theorem 3.23. Let M be a three-dimensional compact manifold with torus bound-
ary components. Let T be one boundary torus of M. Suppose that there is a
spherical CR structure (Devy, pg) on Mo, 1| such that:

(1) The image of the peripheral holonomy hy,, corresponding to T is unipotent of
rank 1 and generated by an element [Up] € PU(2, 1).

(2) Thereis s € [0, 1] such that DeVO(T[s,l[) is a [Ugy]-horotube.

Then there is an open set Q2 of Ri(w1(M), PU(2, 1)) containing po such that, for
all p € Q for which the image of h,, is generated by a single element [U] € PU(2, 1),
there is a spherical CR structure on M with holonomy p. Furthermore, for the
marking (I, m) of w1(T) described above:

(1) If [U] is loxodromic, then the structure extends to a spherical CR structure on
the Dehn surgery of M of type (0, 1).
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(2) If [U] is elliptic of type (p/n, £1/n), then the structure extends to a spherical
CR structure on the Dehn surgery of M of type (n, =p).

(3) If [U] is elliptic of type (p/n, q/n) with | p|, |q| > 1, then the structure extends
to a spherical CR structure on the gluing of M with a compact manifold with
torus boundary V (p, q, n). Furthermore V (p, q, n) is a torus knot comple-
ment in the lens space L(n, a), where « = p~'q mod n.

Remark 3.24. The existence of the spherical CR structure on M is a consequence
of the Ehresmann—Thurston principle. To extend the structure we need a local
surgery result, similar to the one given in [Schwartz 2007], and which is given in
Section 5.

Remark 3.25. If [U] is parabolic, the theorem still holds, but the spherical CR struc-
ture extends to a thickening of M that is homeomorphic to M itself. We also exclude
from the discussion the case where [U] is elliptic with irrational angle, for which
there is no reasonable filling for the structure, and the case where [U] is nonregular
elliptic, for which the techniques used to prove Theorem 3.23 do not apply.

4. Deformations of the Deraux—Falbel structure
on the figure-eight knot complement

We are going to apply Theorem 3.23 in the case of the spherical CR structure on
the figure-eight knot given in [Deraux and Falbel 2015]. We will use some results
of [Deraux 2014], where Deraux describes a Ford domain for the structure, and
also some results of [Falbel et al. 2016], where the authors describe the irreducible
components of the SL3(C) character variety of the figure eight knot complement.

Notation 4.1. In the rest of this section, we denote by M the figure-eight knot
complement.

The Deraux—Falbel structure. We begin by recalling quickly the results in [Deraux
and Falbel 2015]. In that paper, the fundamental group of M is given by
T (M) = (81, 8283 | 82 =83, 81" 1. 8182 = 8:83)-

The authors construct a uniformizable spherical CR structure on M with unipotent
peripheral holonomy. The holonomy representation py is given by

11— 1 00
po(g) =[Gil=(01 —1 and  po(g3) =[G3]l=| -1 10}
00 I A

Remark 4.2. This representation is in the component R, of the character variety
of [Falbel et al. 2016]. For the notation from Section 5.2 of that reference, we have
A = g3 and B = g;. With this notation, the usual longitude-meridian pair (lo, m¢)
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of the knot complement satisfies

mo=gy and lo=gy §:8185 818381 -
Furthermore, we check easily that po(mg)> = po(lp), so po(3mo —lp) = 1d.

Notation 4.3. From now on, in order to have the same notation as [Deraux 2014], we
consider the pair (/1, m) obtained by conjugation by g,, so thatm = g,g,85 1= g

Letl =mg and m = 3mg—Iy. In this way, m generates ker(pg) and p (/) generates
Im(pp): this is a marking as in the one on page 269.

Checking the hypotheses. Recall the hypotheses of Theorem 3.23:

(1) The peripheral holonomy £, is unipotent with image generated by a single
element [Ugy] € PU(2, 1).

(2) There exists s € [0, 1[ such that Devo(T}s.1f) is a [Up]-horotube.

The first hypothesis is satisfied by the Deraux—Falbel structure: the peripheral
holonomy is unipotent, its image is generated by [G ] = po(/) and po(m) = [Id].

In order to check the second hypothesis, we use the results of [Deraux 2014].
In that paper, Deraux finds with a different technique the Deraux—Falbel structure
[2015]. He considers a Ford domain F in [H]% for I' = pg(r1(M)) (Theorem 5.1)
and then studies its boundary at infinity in BOOI]-I]é (Section 8). The manifold M
is then obtained as a quotient of a G-invariant domain £ = 0 F, that is, in
BDQ[H]2 ~ (C x R) U {00}, the exterior of a G-invariant cylinder C embedded in
C x R (Proposition 8.1). The domain E is a [G]-horotube; so there exists s € [0, 1]
such that the image by the developing map of T[S,u is a [G1]-horotube contained
in E. Thus, the second hypothesis is satisfied.

So, the conclusion of Theorem 3.23 holds. By changing coordinates in order to
have the usual marking for the fundamental group of the boundary of M, we get:

Proposition 4.4. There is an open set Q2 of Ry(w1(M), PU(2, 1)) such that, for all
p € Q such that the image of h,, is generated by an element [U] € PU(2, 1), there
exists a spherical CR structure on M of holonomy p. Furthermore, for the usual
marking (ly, mg) of w1 (T):

(1) If [U] is loxodromic, then the structure extends to a spherical CR structure on
the Dehn surgery of type (—1, 3) of M.

(2) If [U] is elliptic of type (p/n, £1/n), then the structure extends to a spherical
CR structure on the Dehn surgery of type (—n, &= p + 3n) of M.

(3) If [U] is elliptic of type (p/n, q/n) with |p|, |q| > 1, then the structure extends
to a spherical CR structure on the gluing of M to a compact manifold with torus
boundary V(p, q,n) along their boundaries. Furthermore, V(p,q,n) is the
complement of a torus knot in the lens space L(n,a), where o = p~'q mod n.
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Remark 4.5. If [U] is parabolic, then the theorem still holds, but the spherical CR
structure extends to a thickening of M. These structures are given in [Deraux 2014].

Remark 4.6. We wonder if Schwartz’s horotube surgery theorem [2007, Theo-
rem 1.2] can be applied in this case. For I' = pg(m((M)), the construction of
Deraux and Falbel [2015] states that the regular set Qr is nonempty and that Qp/ T’
is homeomorphic to M, but we do not have any more information about Q21 and
the limit set A = 8OOI]-I]QZ: — Qr. In order to apply the horotube surgery theorem,
we would have to check several nontrivial hypotheses. In particular we do not
know how to prove that the set Ar is porous. One of the main motivations of this
paper was to state a result with more simple hypotheses, even if we obtain weaker
conclusions when both theorems can be applied.

Deformations of the structure. It remains to see that the open set 2 C Ry (m1(M))

is not reduced to a point to get interesting conclusions. The representation pg is

in the component R, of the SL3(C)-character variety described in [Falbel et al.

2016]. In Section 5 of that paper, the representations in R, taking values in SU(2, 1)

are parametrized up to conjugacy, at least in a neighborhood of pg, by a complex

parameter u = tr(p(mg)). We denote by G (u) = p(mg) the corresponding matrix.
Setting v = ir, A = 4u> + 4v3 — u?v? — 16uv + 16, and

A 16+ 8uv =207 —4VA
N 8u? — 6uv? +v*

’

the parametrization is explicitly given by

v 1 —(1=DA
Gy =p@=| §A+iD(—2u+v?) 11+ 1
@ —duv+vP —2VA) F(—du+vH) F1—iw
and
v i (1+i)A
Gl wl=pB)=| —§0+i)(—2u+v? (=i i

— @ —duv+v3 —2JA) —L(—du+v») ;A +i)v

Recall that for this choice of generators the usual meridian m is given by mg=a"".

The Hermitian form preserved by this representation is given by the matrix>

§A—16OWA+[uP=4) 0 0
H = 0 16— A 0
0 0 8(WA+4)

2We write here the opposite of the matrix H appearing in [Falbel et al. 2016] in order to have
signature (2, 1) and not (1, 2).
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Figure 6. Domain parametrizing a component of the deformation
variety near pg.

Furthermore, in the whole component the relation p(ly) = p(mo)? holds, so
Ri(mi(M)) N Ry = R(m(M)) N Ry. By projecting to PU(2, 1), we can apply
Theorem 3.23 on an open set containing 3 = tr(pg(mg)) with these parameters.

Figure 6, taken from [Falbel et al. 2016], shows an open set of C where we have
representations. By noting tr( g (mg)) = x +iy, the component containing pp admits
as parameters the regions with boundary the curve A(x, y) = 0 and containing the
points 3, 3w, and 3w?, where

A(x,y) = —x* — y* = 2x7y* — 24xy? + 8x7 — 16x” — 16y” + 16.

Now let us plot the curve C of traces of nonregular elements of SU(2, 1). It
is given by the zeroes of the function f(z) = |z|* — 8 Re(z?) + 18]z]*> — 27 (see
Proposition 2.9). The curve separates regular elliptic and loxodromic elements. It
has a singularity at the point u = 3: thus a neighborhood of this point contains points
corresponding to representations where the peripheral holonomy is loxodromic and
points where it is regular elliptic.

Remark 4.7. The parabolic deformations of the Deraux—Falbel structure given in
[Deraux 2014] correspond to the points of C.

We can therefore apply the first point of Proposition 4.4 to the space of holonomy
representations given by the parameters above. We obtain the following proposition:

Proposition 4.8. There exist infinitely many spherical CR structures on the Dehn
surgery of M of type (—1, 3).

Remark 4.9. This surgery is the unit tangent bundle to the hyperbolic orbifold
(3,3,4). It is a Seifert manifold of type S 2(3, 3, 4). See, for example, Chapter 5
of the book of Cooper, Hodgson, and Kerckhoff [Cooper et al. 2000] or the paper
[Deraux 2015]. Deraux [2014, Section 4; 2015, Theorem 4.2] also remarks that the
image of py is a faithful representation of the even words of the (3, 3, 4) triangle
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group, generated by involutions /1, I, I3. This identification satisfies G| = I, I3 151,
Gy, =111, Gz = 111,13, and the triangle group relations: (G2)* = (11 Lb)* =1d,
(G1G2)? = (b 13)* =1d, and (G,GG,)? = (I I3)* =1d. Furtheremore, the image
of the usual meridian mg is G3.

This group is the fundamental group of a Seifert manifold of type S%(3, 3, 4).
Since the relation [, = mg holds in the whole component R,, the images of rep-
resentations in R, are representations of this index-2 subgroup of the (3, 3, 4)
triangle group. Furthermore, Parker, Wang, and Xie [Parker et al. 2016] show that a
PU(2, 1) representation of the (3, 3, 4) triangle group is discrete and faithful if and
only if the image of I;131,15 is nonelliptic. Note that G111 131,13 = (L13)3 =1d,
so the representation of the triangle group is discrete and faithful if and only if the
corresponding peripheral holonomy is nonelliptic. They also give a one-parameter
family of such representations, corresponding to the parameters u € R. Thus, there
exists 6 > 0 such that all the spherical CR structures on the Dehn surgery of M of
type (—1, 3) with parameter u in the interval ]3, 3 4 §[ have discrete and faithful
holonomy.

Since the parameter is the trace of an element, we know that cases (2) and (3) of
Proposition 4.4 happen infinitely many times, but we can not distinguish at first
sight, for a given trace, if it is a Dehn surgery or a gluing of a V (p, ¢, n) manifold.
Nevertheless, using a computation with the explicit parametrization of [Falbel et al.
2016] and the continuity of eigenvalues we prove:

Proposition 4.10. There is § > 0 such that, if p, n € N are relatively prime integers
such that p/n < 8, then the Dehn surgery of M of type (—n, —p + 3n) admits a
spherical CR structure.

Proof. Let p, n € N be relatively prime integers. Let
_ —2p-—1 2+p p—1

o=—-, = , = , and u=e€*+eP 16,
3n P==% 7T %,

= == O

Figure 7. Curve of nonregular elements in a component of the
deformation variety near po (left) and detail of same (right).
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We only need to show that if p/n is small enough, the eigenvalue of p (m) = G5 L(u)

corresponding to a negative eigenvector is e'”, and so G3(u) is of type (p/n, —1/n).

Since eigenvectors and eigenvalues are continuous functions of  in the connected

component of regular elliptics, in R;, as in Figure 7, the statement is true for all

(p, n) if and only if it is true for a particular choice of (p, n). For the arbitrary choice

(p, n) = (3, 23) an explicit computation shows that G3(u) is of type (23—3, —5). O
5. Proof of Theorem 3.23

In this section, we are going to prove Theorem 3.23. We use the notation of Section 3.
We have a manifold M with a torus boundary 7, endowed with a spherical CR
structure (Devo, po) such that the image of the holonomy #,, is unipotent of rank 1
and generated by an element [Up] € PU(2, 1). We suppose that there is s € [0, 1[ such
that DeVO(T[M[) is a [Up]-horotube. Recall that we work with a single boundary
component 7' to avoid heavy notation, but the proof works for several boundary
components.

In order to prove the theorem, we begin by rewriting the hypotheses to make them
easier to handle. The existence of a spherical CR structure on M for a deformation
of po will be a consequence of the Ehresmann—Thurston principle. To extend it to
a surgery of M, we need only a local surgery result by looking near the boundary
of Mjo,1;. This surgery result is very similar, in cases (1) and (2), to the one given
in [Schwartz 2007, Chapter 8].

Rewriting the hypotheses. First of all, we rewrite the second hypothesis. Fix a
diffeomorphism v : R? x [0, 1[ — T[O,l[, such that:

(1) Y(R?x {s}) =T, forall s € [0, 1[.

(2) ¢ induces a diffeomorphism between R x S U'x [0, 1[ and T[O,l[ / ker(hy,).
To avoid too much notation, we identify R2x[0, 1[ with ’Tv[o’ ifand Rx S %[0, 1[ with
T/ ker(h,,). In this case, the developing map Dev, induces a diffeomorphism

between T[O,l[ / ker(hy,) and DeVo(T[(),l[) that we will still call Devy. We replace
hypothesis (2) of the theorem by hypotheses (2") and (3) described below:

Hypothesis (2'): There are 0 < 51 < 57 < 1 such that:

(1) Devo({0} x S! x {s}) is a circle transverse to the flow for all s € [s1, 52].
(2) Devy(t, £, 5) = ¢f*(Devy(0, ¢, 5)) for all (1, ¢,5) € R x S' x [s1, s2].

Remark 5.1. Thanks to Lemma 3.17, it is clear that hypothesis (2) follows from
hypothesis (2). Perhaps after considering an isotopy and slightly increasing s, we
can suppose that the horotube DCVO(T[S’ 11) is nice. We only need then to consider
the restriction to a segment T(;, ,1-
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Figure 8. Two views of surfaces bounding a region of the form Devo (T, s))-

Hypothesis (2') gives, in particular, that Devo(7},) separates 8OOIH]42: —{p}intwo
connected components: a solid cylinder Cy, and the exterior of this cylinder, which
is homeomorphic to S! x R x 0, +-00[. Hypothesis (3) tells us that the structure
of M is on the correct side of the tube:

Hypothesis (3): DCVQ(TSI) is contained in C,.

Remark 5.2. Hypothesis (2) is equivalent to hypotheses (2') and (3). The implica-
tion from (2) to (2") and (3) is clear, and, if we suppose (2') and (3), the structure
can be extended to the outside in such a way that DeVO(T[sz,l[) is the horotube with
boundary Devo(Tsz).

Deforming the structure. We now prove Theorem 3.23. To begin, assume that the
rewritten hypotheses on page 276 are satisfied. Let p be a deformation close to pg
in Ry (w1 (M), PU(2, 1)) such that h,(m) = Id. The image of &, is then generated
by [U] = p(l). We suppose that [U] is a regular element.

Let € > 0. By the Ehresmann—Thurston principle, if p is close enough to pg,
there is a spherical CR structure on Mo, With holonomy map p. We then
have a developing map Dev,, : M [0.57+€[ — 8ooﬂ-ﬂé close to Devy in the C! topology.
So, we can suppose that Dev,, is still a diffeomorphism between the compact set
[—€, 1 +€]x S x [s1, s2] and its image.

Remark 5.3. We then have an atlas of charts on Ty, , taking values in SOO[H]% by
choosing lifts of Ty, s, in the space [—€, 1 +€] x St x [s1,s2] C 'Tv[sl,m. Transition
maps are given by powers of [U] = p (/).

Fix s1 < 5| <85 < 8.
Lemma 5.4 (straightening). If p is close enough to py, perhaps after taking an
isotopy of Dev,, we have, for all (¢, ¢, s) € R x St x [s1, 851,

DeVp(t, ;, S) = ¢tp(DeVp(09 é" S))'
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Proof. The flows ¢/ and ¢{° are close in the C! topology when p is close to py. We
deduce that the deformation from pg to p induces a C' deformation from @2 oDevy
to ¢/ o Dev,. First we restrict to the compact set [0, 1] x S Ix [si, sé], which is in
the interior of [—e, 1 +¢€] x S' x [s1, s2].

Since

Devo([0, 1] x ' x [s{, sy = ] ¢({0} x S" x [s]. s3]).
te(0,1]
if p is close enough to pg,

LJ #rqo) x 8" x [s{. s51)

tel0,1]

is contained in the interior of Dev, ([0, 1] x St x [s1, s2]).
Since [U]-¢f = ¢f+1 and [U]-Dev, (t, ¢, s) =Dev,(t+1, ¢, 5), we can straighten
Dev, by a [U]-equivariant isotopy to have, for (¢, {, s) € R x St x [s1, 5],

Dev,(t, ¢, s) = ¢ (Dev, (0, ¢, 5)). O

From now on, we suppose that for all (z,¢,s) € R x S! x [s1, 5] we have
Dev,(t, ¢, s) = ¢f (Dev, (0, g, 5)).

Lemma 5.5. Let C be a C-circle invariant by [U]. Then C and the annulus
Dev, ({0} x S' x [s}, s3]) are not linked.

Proof. First, [U] is a regular element close to the unipotent element [Up], which
has fixed point pg € BOOIH]QZ:. Thanks to Remarks 2.22 and 2.23, we know that C
leaves every compact subset of aoo[H]é — {po} when [U] approaches [Up]. Since
Dev, ({0} x § Ix [si, sé]) stays in a fixed compact set when we deform pg to p, we
deduce that C and the annulus Dev, ({0} x S! x [s{, s5]) are not linked. O

It only remains to establish a local surgery result, similar to the result contained
in [Schwartz 2007, Chapter §].

Thanks to Lemma 5.4, we know that Devp(T[si’ Sé,e]) is the orbit by ¢/ of the
annulus A = Dev,, ({0} x St x [s{,s5 — €]). This orbit separates BOOI]-I]% Gf [U]
is elliptic) or awHé minus two points (if [U] is loxodromic) into two connected
components C; and C,, with respective boundaries Devp('Tvsi) and Devp(ﬁé). We
have a proper action of [U] on C,, and so we can consider the quotient manifold
N = C,/([U]). It is a compact manifold with a torus boundary, endowed with a
spherical CR structure which coincides with the structure of Mg ;; on T}y g
Thus, the gluing Mo 5, U N/~ has a spherical CR structure which extends the
structure (Dev,,, p) of M.

We will show that if [U] is loxodromic or elliptic of type (p/n, 1/n), then N is
a solid torus and that we have a spherical CR structure on a Dehn surgery of M of
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Figure 9. The orbit of A under ¢, (red) and the spheres S and
[U]- S (green).

a certain slope. If [U] is elliptic of type (p/n, q/n), we will see a description of N
as a complement of a torus knot in some lens space.

Case 1: [U] is loxodromic. We work in the Siegel model, and we identify BOO[H]é
with (C x R) U {co}. Perhaps after conjugating, we can assume that there exists
A € C such that |A| > 1 and

A 0 0
U=T,=|0x/A 0
0 0 1I/x

Note that [U] has two fixed points: (0, 0) and co. Let S be the sphere centered at
(0, 0) and of radius 1 in C x R. This sphere is a fundamental domain for the action of
the flow ¢. The subgroup generated by [U] acts properly on (C x R) — (0, 0), and
the region (_J, ci0.11 7 (S) with boundary components S and [U]- S is a fundamental
domain for this action. The orbit of A under ¢/ intersects S in an annulus that
separates S into two disks D and D,, so that their orbits under ¢, are the connected
components C; and C; respectively. Figure 9 shows this situation.

The quotient manifold N = C,/([U]) is obtained by identifying D, and [U]- D>
in U, 0,17 9f (D2). Thus, it is a solid torus. But the curve of 771 (7)) that becomes
trivial in C; is the one homotopic to the boundary of D;: so it is m. We deduce
that the surgery is of type (0, 1).

Case 2: [U] is elliptic of type (p/n, £1/n). By choosing [Uy]*! instead of [Up]
as the generator of the peripheral holonomy, we can suppose that U is of type
(£p/n, 1/n). For ease of exposition, we write the proof for [U] of type (p/n, 1/n).

We reason in the same way as in the loxodromic case. By Lemma 5.5, we know
that Dev, (T[Si s—e1) 18 the orbit under ¢, of the annulus A =Dev,, ({0} x STx [s1, 551),
which is not linked to any of the invariant C-circles of [U].
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Figure 10. The orbit of A under ¢; (in red), the longitude / (yel-
low), and the meridian m (green).

The orbit of A under the flow ¢ is then homeomorphic to § I'x St x [s1, 55].
Its complement in BOOI]-I]QZ: has two connected components; let C, be the component
with boundary Devp(Tsé). Following Remark 2.15, the orbits of the flow are not
knotted: the two connected components are solid tori, and [U] acts properly on
each one. But the quotient of a solid torus by a proper action of a finite group is still
a solid torus. The quotient manifold N = C,/{[U]) is then a solid torus, and we
have a spherical CR structure on a Dehn surgery of M. It only remains to identify it.

Perhaps after a conjugation, we can assume that

eZiﬂp/n 0 0
U:e—Zin(p+l)/(3n) 0 eZin/n 0

0 0 1

in the ball model. In the Siegel model, by identifying BOOI]-I]% with (C x R)U{oo}, we
have that [CU C~'] stabilizes two C-circles: the circle C; centered at 0 of radius NG)
in C x {0} and C; the axis {0} x R. A generic orbit of the flow turns once around C;
and p times around C,.

Let y be the loop that follows the C-circle C, and is oriented so that the meridian m
is homotopic to y in the component C». In this case, nl/ is homotopic, also in C,
to —py. Thus nl + pm is a homotopically trivial loop in C;, which is a covering
of the solid torus N glued to M. So it is also a trivial loop in N. We deduce that the
surgery is of type (n, p).

Case 3: [U] is elliptic of type (p/n, g/n). As in Cases 1 and 2 above, we know
that Devp(T‘[si’Sé_é]) is the orbit by ¢, of the annulus A = Dev, ({0} x S! x [s1, s50),
which is not linked to any of the invariant C-circles of [U].

The orbit of A under the flow ¢/ is homeomorphic to S! x S! x [s1,85]. Its
complement in 800[}-11% has two connected components. Let Cy be (again) the
component with boundary Devp('fsé) and C; the one with boundary Devp(Tsi).
According to Remark 2.15, generic orbits of the flow are torus knots of type (p, ¢):
C is then a tubular neighborhood of one of the orbits and C; is homeomorphic to
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the complement of a torus knot of type (p, ¢). But [U] acts properly on BOOIHJ% and
stabilizes C; and Cs,.

Notice that, in the ball model, the action of the group generated by [U] is the
same as the one of the group generated by

(21, 22) P> (€™/zy, 27/ gy),

where « = p~!¢q mod n. The quotient aoo[H]é /{[U]) is then homeomorphic to the
lens space L(n, ). Furthermore, C/{[U]) is a solid torus knotted in E)oo[l-l]é/([U]).
The quotient manifold V (p, g, n) = C,/{[U]) is the complement of a torus knot
in 8oo|]-|]([2: /{[U]) = L(n, o). The spherical CR structure of M then extends to the
gluing of M and V (p, g, n) along their torus boundary components.
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