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Abstract 

Chatter happens frequently in turning of flexible parts, jeopardizing the dynamic stability of 

the operation. The chatter stability prediction is dependent on the accurate estimation of the 

structural parameters of the cutting system. This paper aims to quantify the influence of the 

support conditions on dynamics of the flexible parts in straight turning. Given the time-varying 

cutting tool position during machining, first the chatter stability of the cutting system along the 

cutting path is analyzed, and the critical stiffness expression for chatter onset prediction is 

deduced. Then, two models of the spindle-workpiece-tailstock system using analytical and 

numerical methods are constructed and compared. The simulation results showed that 

increasing the spindle bearing or tailstock support stiffness cannot effectively improve the 

stiffness distribution and the eigenfrequency of the machined rod, whereas the frequency of the 

system tends to be increased evidently with the chuck size decreased. In comparison with the 

experimental results, it has been shown that the model involving the effect of spindle bearing 

and center support enables to produce more accurate modal parameters estimation and chatter 

onset location prediction than the simplified model. Besides, the measured displacement 

signals demonstrate a good mapping relation with the theoretical analysis results. The present 

study could provide an in-depth understanding of the dynamic behavior of flexible workpieces 

in turning operations.  

Keywords: Modeling; Turning; Flexible workpieces; Spindle; Chuck; Chatter stability. 

 

 

1. Introduction 

Flexible parts or components which are featured with light weight, compact structure, but low 

stiffness, are widely used in practical applications. Chatter, as well as flexural deformations, is 

a major obstacle in machining processes of flexible parts, jeopardizing the dynamic stability 

and geometric accuracy of the operation. The adverse influence makes the analysis and control 



of chatter a significant activity in machining process improvement [1-4]. Although steady or 

follower rests can be adopted for tooling, the limitation with such measures is that use of the 

special designs requires the use of many tool holding surfaces in CNC machining centers [5], 

thus reducing their adaptability. The challenge of turning flexible parts or components has still 

been faced by many scholars [6-18]. 

The regenerative phenomena have been recognized as the most important mechanism in 

modeling of chatter. It is well-documented that machining chatter is due to the interaction 

between the metal cutting process and the machine tool structure and thereby the machining 

system stability is dependent on both structural parameters and machining process parameters. 

In turning operations the strategy that the workpiece is clamped by a chuck at one end and 

supported by a tailstock at the other end, is one of the most common work-holding forms on 

the shop floor. According to the comparative rigidity of the workpiece and the cutting tool, 

three different chatter models are usually proposed, which consist of the tool compliance model 

[19, 20], the workpiece compliance model [7-12], and the compliant tool-workpiece model 

[13-18]. In general, machining chatter modeling has been done by means of analytical or 

numerical methods.  

In respect of the analytical modeling of turning chatter, the models can be categorized based 

on the number of degree of freedom (DOF). Urbikain et al. [7] modeled a lumped mass 

workpiece held between two centers on a lathe as a single degree of freedom (SDOF) system 

to study the stability using a collocation method. When the compliance of the cutting tool is 

also taken into account in modeling, a 2DOF chatter model can be formulated, in which the 

workpiece and the tool are usually described as an SDOF system respectively [8-10]. The 

simulation results of the proposed compliant model demonstrated a counterintuitive conclusion 

that the system stiffness reduction would be beneficial to the cutting stability. Siddhpura et al. 

[11] reported that this dubious viewpoint was verified by their designed experimentation. Lu 

et al. [12] proposed an analytical model for predicting chatter onset in straight turning of slender 

workpieces using a continuous Euler-Bernoulli beam, in which the effect of tool movement has 

been involved. Overall, it can be seen that the support of the chuck and tailstock was generally 

idealized or simplified as fixed and joint constraints in the proposed models.  

With regard to the numerical modeling for chatter stability analysis, finite element method 

(FEM) was usually adopted. Wang and Cleghorn [13] introduced a finite-element beam model 

of a stepped shaft workpiece to perform stability prediction using Nyquist criterion, in which 



the chuck and the tailstock were simulated with rotational and translational springs attached to 

the ends of the workpiece. References [14-17] analyzed the stability of a turning operation 

through the finite element analysis, and the flexibility of both the tool and the workpiece was 

included in the model. But the integrity of the results was without validation by experiments. 

Stepan et al. [18] investigated the varying dynamic properties of flexible workpieces using 

FEM and proposed a novel 4D (depth of cut, spindle speed, cutting position, and initial work 

diameter) stability chart for turning operations. The authors, meanwhile, pointed out that the 

compliance of the bearing system on dynamics of the machined workpiece could not be 

neglected, which is consistent with the experimental results in [21]. 

The detrimental effect of chatter vibrations in machining processes has led to a lot of research 

aimed at modeling chatter and clarifying its causes. In the previous chatter models, very 

commonly the constraints of the supports of the chuck or tailstock for the turned parts were 

modeled as fixed ends or pinned joints. However, this simplistic modeling could probably yield 

unacceptable errors in dynamic analysis of chatter [3, 18, 21]. The reason is that chatter is due 

to the interaction of the dynamics of the cutting process and the structural characteristics of the 

cutting system, so it is quite logical that the supports of the chuck and tailstock as part of the 

machining system could affect the dynamic characteristics and the stability level of the system. 

Moreover, it has been verified that the spindle bearings as well as the tool-holder or work-

holder have a non-negligible effect on the high speed spindle dynamics [22-24]. Thus, a 

realistic description of these boundary conditions in modeling of the cutting system is essential 

to an accurate prediction of chatter onset. 

To gain an in-depth understanding of the influence of the support conditions on the dynamic 

performance of flexible workpieces in straight turning, the paper presents phenomenological 

modeling of the fixture of the spindle/chuck and tailstock in two different ways. Following the 

location-dependent chatter stability analysis along the cutting path, the dynamic characteristics 

of a spindle-tailstock supported workpiece system are investigated theoretically and 

experimentally. After that, comparative results of the two models are discussed. Finally, 

conclusions of this study are given.  

2. Chatter model and stability analysis  

For simplicity this study is focused on the case of a uniform slender rod part with length L  and 

diameter D . The workpiece is clamped by the chuck at one end and simply supported by a live 

center at the other end on a horizontal turning lathe, as shown in Fig. 1(a). The rod is rotating 



at spindle speed   and the cutting tool moves along the Z-axis with constant feedrate f . In 

this case it is reasonable to assume that the spindle-rod-tailstock part is compliant while the 

frame of the machine tool and the cutting tool are rigid. 

Ω

Tool

Chuck
Live 

center

Work

f

 

Z

X

Moving position
o

           

k c

F(t)

f

( )x t

( )x t T

m

 
                     (a)                                                             (b) 

 

Fig. 1. Straight turning of a long slender rod: (a) Diagram of cutting system; (b) SDOF chatter model.  

Regenerative chatter refers to the cutting force variation due to the dynamic chip thickness 

produced by regeneration of waviness on both sides of the chip surface. Vibration of the 

workpiece in the X-axis direction is focused on since fluctuations in area of the cut induced by 

the radial vibration of the workpiece contribute mainly to occurrence of chatter vibrations. 

Considering that the first mode shape of a dynamic system is usually dominant in the modal 

participation of mode shapes of vibration, the cutting system can be characterized as an SDOF 

system, as illustrated in Fig. 1(b). The corresponding equation of motion is a delayed 

differential equation, 

 ( ) ( )c cmx cx kx K df K d x t T x t     && &                                                     (1) 

where m , C , and k  are the equivalent mass, damping coefficient, and stiffness of the system 

respectively, cK  is cutting coefficient related to machining conditions, d  is the depth of cut, 

and T  is the time delay. 

Technically, the instantaneous cutting force is composed of a static component corresponding 

to the first term at the right side of Eq. (1) caused by the constant feed motion, and the dynamic 

component corresponding to the second term caused by the workpiece vibration. The static 

force may lead to forced vibration of the machined rod, whereas the dynamic one may cause 

self-excited vibration and thereby determining the cutting stability. 

Transforming Eq. (1) into the frequency domain by the Laplace transform and rearranging 

yields the characteristic equation of the model as follows, 
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cQ s K d e  is the dynamic stiffness function of the turning operation, and
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   is the receptance transfer function of the lumped-mass workpiece system. 

This equation formulates the relationship between the cutting process and the structural 

dynamics of the cutting system for chatter stability analysis. Let s j , the limiting depth of 

cut for the absolute chatter stability criterion can be formulated according to Tlusty’s law[1, 3] 
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where Re{ ( )}G   represents the real part of the transfer function ( )G  . It means that the 

minimum of Re{ ( )}G   determines the limiting depth or width of cut. Furthermore, the 

analytical expression of limd  can be deduced by differentiating Re{ ( )}G   with respect to the 

chatter frequency  , which reads 
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where crk  is the critical stiffness of the system corresponding to chatter onset, w  is the 

damping ratio of the workpiece. According to Eq. (4), it can be inferred that chatter may also 

emerge when the machining parameters remain the same but the tool moves along the Z axis 

of the workpiece. For an adopted depth of cut, if the stiffness of the system is crk k , the cutting 

appears to be absolutely unstable. On the other hand, for a given cutting position, the stability 

of a turning operation can be conservatively predicted by the criterion 2 crk  for a known cutting 

coefficient. And if the depth of cut set in the operation has limd d , the cutting system will be 

absolutely stable.  

Owing to the tool movement with respect to the workpiece, the structural characteristics of the 

system will vary with the cutting progressing. Therefore, the equivalent chatter model should 

be composed of a series of SDOF systems. In the following part, two different modeling 

methods are explored so as to achieve the dynamic parameters of the spindle-workpiece-

tailstock cutting system.  



3. Modeling of the spindle-workpiece-tailstock system 

3.1 Analytical model 

Similar to studies in literature, the spindle-workpiece-tailstock system here is simplified as a 

propped cantilever beam model, as shown in Fig. 2. With boundary conditions idealization, for 

a fixed end the deflection and slope are zero; for a simply supported end the bending moment 

and deflection are zero [25]. As a result, this model is a statically indeterminate beam. 
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Fig. 2. Simplified model of the spindle-workpiece-tailstock system 

According to the knowledge of mechanics of materials, we can deduce the deflection of the 

beam under a concentrated force F  acting at the coordinate z  along the workpiece. At the 

acting point, the deflection of the beam has the form 
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where E  is Young’s modulus, I  is the moment of inertia of the beam cross section. Through 

dividing both sides of Eq. (5) by the cutting force F , the location-dependent flexural stiffness 

( F  ) of the workpiece can be obtained as 
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Moreover, as only the first vibration mode of the workpiece is considered, its fundamental 

frequency can be calculated using continuous beam theory, which reads 
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where A is the mass per unit length of the workpiece. Finally, the SDOF chatter model with 

the same natural frequency but varying stiffness is reduced to any cutting point along the length 

of the workpiece. 

3.2 Finite element model 
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Fig. 3 Finite element model of the spindle-workpiece-tailstock system. 

The studied lathe is an industrial Shenyang CA6140 machine tool. Its spindle is supported by 

three kinds of rolling bearings as shown in Fig. 3, which consist of the double row cylindrical 

roller bearing (CRB), single row CRB, and thrust ball bearing (one NN3021K double row CRB 

at the front, one NN3015K double row CRB at the rear, one NU216 single row at the middle, 

and two 51120 thrust ball bearings). The hollow spindle has the length 870 mm and the inner 

diameter 52 mm. The three-jaw chuck is with the diameter 250cD  mm and the thickness 80 

mm.  

In the FEM of the spindle-workpiece-tailstock system, considering elastic deformations of the 

rolling bodies and races, as well as deformations of joints between the outer race and the 

housing and the inner race and the spindle, the bearing stiffness can be estimated via Hertzian 

contact theory, which has [5, 26] 
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where 
bd  and bD  are inner and outer diameters of the bearing, bb  is the width of the bearing, 

1K  is 0.66×10-10 m2/N for narrow roller bearing and 0.44×10-10 m2/N for wide ones, 2K  is a 

coefficient related to precision fits (5 to 25×10-11 m3/N). Accordingly, the stiffness of the 

bearings is obtained as provided in Table 1. For the following calculation, the mean values of 

the stiffness for each bearing are adopted. 

Table 1. Bearing stiffness in the finite element model 

Bearing types NN3021K NU216 NN3015K 51120 

Stiffness (×107 N/m) 0.82~4.08 0.42~2.08 0.43~2.14 0.45~2.26 

 

To simulate the function of the tailstock live center, three spring elements are attached to the 

front end cross section of the workpiece along X, Y, and Z axes, respectively. The spring in the 

direction Z is used to model the thrust force exerted by the center during the clamping procedure. 

The stiffness of the springs can be obtained experimentally. In the finite element model, the 



spindle body is meshed in terms of tetrahedral solid elements, while the workpiece is meshed 

in terms of hexahedral elements using the swept meshing technique. At last, the natural 

frequency of the model can be calculated through modal analysis; the stiffness of the rod at 

various positions along its length can be gained using static structural analysis.  
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Fig. 4 Effect of bearing stiffness (a) and chuck size (b) on dynamic characteristics of the turned rod 

With the increase of the bearing stiffness, both the stiffness of the workpiece at the positions 

near the chuck end and the frequency of the system dominated by the bending mode are 

increased slightly, as seen in Fig 4(a). Note that the cutting position here is expressed in term 

of the ratio of the distance from the chuck to the total length of the workpiece. The attachment 

of the spindle, chuck, also has an effect on the dynamic characteristics of the cutting system, 

as shown in Fig. 4(b). It can be seen that although the size of the chuck has little effect on the 

stiffness distribution of the machined rod, the natural frequency of the system tends to decrease 

evidently with the chuck size increasing.  

4. Experimentation and discussion 

This section deals with the comparison of the experimental measurements and the theoretical 

analysis results. Experiments were performed on a CA6140 conventional horizontal lathe with 

the power of 7.5 kW. First, static stiffness measurements were conducted. Then, hammer tests 

were done. Finally, turning trials were performed to observe the dynamic behavior of the 

flexible rod in operation. The experimental setup is shown in Fig. 5. 
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Fig. 5. Experimental setup. (a) Stiffness test; (b) Cutting vibration test. 

All the test bars with the length 340mm and diameter 22mm were made of 1045 steel. The 

material has the Young’s modulus 52.06 10E   MPa and density 7850  Kg/m3. The 

DCMT11T304 carbide insert tool was used. The rhombic insert has nose angle 55°, nose radius 

0.4mm, and clearance angle 7°, respectively. The cutting edge angle remained 62.5° during 

machining. An NI data acquisition system was applied to record the measured signals. To 

reduce the influence of nonlinear factors on the dynamic behavior of the workpiece in 

machining, apart from coolant implementation to minimize the influence of cutting heat, one 

fresh tool insert was utilized for each tested rod to eliminate the tool wear effect.  

For the static stiffness measurement, firstly a sequence of marks equally spaced along the 

length of the rod were labeled, as seen in Fig. 5(a). At each mark point, a force meter and a dial 

indicator were utilized to measure the exerted force and the corresponding deflection. After 

calculation, the experimental stiffness of the rod with respect to different positions along its 

axis is achieved, as illustrated in Fig. 6. It can be seen that the experimental values are generally 

lower than the theoretical results. This mainly attributes to the additional deflection of the 

intricate jointed parts of the spindle and tailstock [27-29], which, in turn, leads to the decreased 

stiffness in practice. In comparison with the analytical model, the finite element model enables 

to produce stiffness closer to the experimental results. Overall, both models could bring about 

analogous patterns of stiffness distribution along the workpiece, especially at the central part 

of the rod. By comparison, the location near the chuck side holds higher stiffness than the center 

side. The lowest rigidity point locates approximately at the coordinate 0.6z  , implying that 

chatter vibrations are most likely to happen around this location based on Eq. (4). Following 

the same procedure, the stiffness of the live center at the tip was measured as 70.74 10xk  

N/m and 
70.84 10yk   N/m. 
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Fig. 6 Comparison of the stiffness distribution along the length of workpiece 

For the modal estimation of the spindle-workpiece-tailstock system, hammer tests were carried 

out. The impact point was at 0.3z  , and one accelerometer was attached to the rod at the 

position 0.7z   to acquire the response. Through the logarithmic decrement of the measured 

response, the damping ratio of the system can be calculated as 0.043  . Fig.7 illustrates the 

comparison of the Frequency Response Functions (FRF) of the experimental and proposed 

models. It is clear that the simplified model has the highest natural frequency, which indicates 

the analytical model is much stiffer as a result of the ideal assumption of the boundary 

conditions. The finite model yields the natural frequency close to the measured value, which is 

consistent with the comparison in Fig. 6. 
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Fig. 7 Comparison of the experimental and theoretical FRFs  



In the machining tests, two proximity sensors were fixed on the slideway to acquire the 

displacement of the workpiece in X and Y directions respectively, as shown in Fig.5 (b). The 

sample rate was set to be 2000 Hz. Fig.8 provides typical vibration signals of the rod in X 

direction during a straight turning operation, where the machining parameters employed were 

d=0.8 mm, Ω=1120 rpm, f =0.1mm/rev, and feed direction is from the tailstock side towards 

the chuck side. During the machining, it has been observed that the cutting was usually stable 

initially; but when the tool arrived at the specific positon 244.8z  mm along the cutting path 

chatter vibrations occurred and lasted for a period of time, leaving spiral-shaped marks on the 

machined surface. This observation resembles the phenomena reported in the previous studies 

[12, 30, 31]. From Fig. 8, it is noted that the displacement trendline which can be used to 

estimate the shape error of the machined rod, tends to be descended. This is because of the 

static cutting force, as formulated in Eq. (1), which gradually pushed the rod towards the 

proximity probe in +X direction as the tool was moving in –Z direction. This observation 

corresponds to a decreased zero or DC component but an increased contribution at the spindle 

rotation frequency in the vibration spectrum, as seen in Fig. 9. 

 

 

 

 

 

 

 

 

Fig. 8 Displacement signals with respect to different cutting positions during turning 

With regard to the chatter feature, Fig.9 demonstrates the comparison of the displacement of 

the machined workpiece in stable and unstable states. It can be seen that when chatter emerged 

the amplitude of vibration was increased, and in the spectra, in addition to the spindle rotation 

frequency 19.5sf   Hz caused by deflection or eccentricity of the rotating rod owing to the 

cutting force, there exists a critical chatter frequency 388.4cf   Hz which is a little higher 

than the natural frequency of the spindle-workpiece-tailstock system (see Fig. 7). Obviously, 

the rotation frequency appearing at sf  related to the forced vibration, persists independently 

× 

Surface transition



during the cutting operation, while the chatter frequency component at 
cf  corresponding to the 

self-excited vibration depends on the cutting conditions. 

 

Fig. 9 Comparative features of vibrations in stable and unstable states. 

As interpreted above, the changing structural characteristics due to the tool movement could 

induce variations of the system behavior and hence the level of the process stability. In the 

chatter onset aspect, four different depths of cut, that is, 0.6, 0.8, 1, 1.2 mm along with 

unchanged spindle rotation speed Ω=1120 rpm and feedrate f =0.1 mm/rev were employed in 

the experiments. The experimental and theoretical chatter onset locations along the cutting path 

are compared in Fig.10, where the cutting coefficient was estimated to be 614cK  MPa based 

on the experimental results in [7]. It can be seen that with increase of depth of cut the chatter 

onset location was likely to approach to the live center end. Comparatively, the finite element 

model could provide more accurate chatter onset prediction, which further approves that 

modeling of the spindle and tailstock has a great influence on the dynamic characteristics of 

flexible workpieces in turning processes. It is worth mentioning that the nonlinear factors in 

machining operations which are not included in this study, such as the joint stiffness, process 

damping, and tool wear/crack, could also affect the chatter stability of the machining system 

[19,20,32-34].  

 



 

Fig. 10 Comparison of the experimental and predictive chatter onset locations. 

5. Conclusions  

In this paper, the analytical and numerical models of the spindle-workpiece-tailstock system 

for turning flexible parts were established respectively. Considering the tool movement the 

chatter stability analysis of the cutting system along the cutting path was formulated. The 

critical stiffness expression for prediction of chatter onset position was deduced. By comparing 

with the experimental measurements, it has been proved that the spindle support bearing and 

chuck play a non-negligible role in dynamic characteristics of the cutting system. The stiffness 

distribution along the length and the natural frequency of the machined rod cannot be improved 

effectively by increasing the spindle bearing and center support stiffness. The chuck size has a 

great effect on the eigenfrequency of the machined workpiece.  

Comparatively, the analytical structural model is generally much stiffer than the finite element 

model or the experimental results. And the model including the effect of bearing and chuck 

enables to produce more reasonable and accurate chatter onset location prediction. The 

measured signals showed a good agreement with the theoretical conclusion that the workpiece 

that is not chattering is still vibrating in turning operations. The displacement sensors could 

simultaneously capture the useful information of the operation induced by the static and 

dynamic cutting forces, which can be used for evaluating the shape error of the turned rod and 

the cutting state at the same time. This could be an advantage to be implemented for machining 

condition monitoring of the flexible parts.  
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