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KURZZUSAMMENFASSUNG 3

Kurzzusammenfassung

In dieser Arbeit werden wir hauptséichlich Schiefcharaktere und zusétzlich im
letzten Kapitel reduzierte Kronecker-Produkte untersuchen. Wir betrachten in
dieser Arbeit ausschlieBlich Charaktere der symmetrischen Gruppen S,, iiber dem
Korper C. Schiefcharaktere sind Charaktere welche durch Schiefdiagramme be-
schrieben werden. Da das duflere Produkt von irreduziblen Charakteren bestimmten
Schiefcharakteren entspricht, sind Resultate iiber Schiefcharaktere auch Resultate
iiber das duBere Produkt. Des Weiteren gibt es starke Verbindungen zwischen
Schiefcharakteren und schiefen Schur-Funktionen, Produkten von Schur-Funktionen
sowie (wie in meiner Diplomarbeit gezeigt) Produkten von Schubert-Klassen. Er-
gebnisse tiber Schiefcharaktere konnen im Allgemeinen direkt in Ergebnisse in den
anderen Gebieten iibersetzt werden, welche wir jedoch in der Regel nicht noch ein-
mal explizit erwéhnen.

In Kapitel 1 geben wir eine Einfithrung zu den Charakteren der symmetrischen
Gruppen (iiber C) und schiefen Schur-Funktionen.

In Kapitel 2 leiten wir in Abschnitt 2.1 eine Formel fiir den Durchschnitt
aller Diagramme von Komponenten eines gegebenen Schiefcharakters her. Wir
beschreiben anschlieBend die Vereinigung aller Diagramme von Komponenten eines
gegebenen dufleren Produktes oder speziellen Schiefcharakters. Dies liefert uns auch
die Durfee-Gréfle in diesen Féllen. In Abschnitt 2.2 bestimmen wir fiir Schiefcha-
raktere die Komponenten mit maximalen diagonalen Hakenldngen. Wir erhalten
einfache Formeln fiir die Hakenldingen sowie eine einfache Konstruktion fiir die
Komponenten. Damit kénnen wir Komponenten mit maximaler Durfee-Gréfie von
duBeren Produkten und von speziellen Schiefcharakteren konstruieren. Dies gibt
uns auch Bedingungen, die zwei Schiefdiagramme erfiillen miissen, damit sie den
selben Schiefcharakter darstellen kénnen.

In Kapitel 3 untersuchen wir wann zwei Schiefdiagramme den selben multi-
plizitdtenfreien Schiefcharakter darstellen konnen. Wir werden sehen, dass dies
nur moglich ist, wenn die Schiefdiagramme bis auf Rotation und Translation gleich
sind oder wenn ein Schiefdiagramm eine Treppenpartition minus einer beliebigen
anderen Partition ist, wihrend das andere Schiefdiagramm dazu konjugiert ist.

In Kapitel 4 verallgemeinern wir die gestreckten Littlewood-Richardson-Koef-
fizienten f(n) = c(nX;nu,nv) zu P(n) = c¢(nA + N;nu + p/,nv + v') und unter-
suchen diese Funktion. Dafiir untersuchen wir die Anzahl der Komponenten und
Konstituenten der Schiefcharaktere [A(n)] = [(nA + X)/(nu + 1)].

In Kapitel 5 geben wir fiir Schiefcharaktere untere und obere Schranken fiir
die Anzahl an Konstituenten, Komponenten und Paaren von Komponenten, dessen
Diagramme sich um ein Késtchen unterscheiden, an. Wir klassifizieren schliellich
alle Schiefcharaktere, welche maximal fiinf Konstituenten haben, und alle, welche
maximal fiinf Komponenten haben.

In Kapitel 6 klassifizieren wir die reduzierten Kronecker-Produkte, die mul-
tiplizitdtenfrei sind, und solche, welche maximal zehn Komponenten haben. Wir
geben auch fiir die reduzierten Kronecker-Produkte untere Schranken fiir die An-
zahl an Konstituenten, Komponenten und Paaren von Komponenten, dessen Dia-
gramme sich um ein Késtchen unterscheiden, an. Weiterhin zeigen wir, dass zwei
reduzierte Kronecker-Produkte nur dann gleich sein konnen, wenn ihre Faktoren
iibereinstimmen.

e Schlagworter: Symmetrische Gruppe, Charaktere, Schur-Funktionen



Abstract

In this work we investigate mainly skew characters and in the last chapter
reduced Kronecker products. Skew characters are characters of the symmetric group
over the field C which correspond to skew diagrams (in this work the group is
always the symmetric group while the field is C). Outer products of irreducible
characters correspond to certain skew characters, so results about skew characters
are also results about outer products of irreducible characters. In fact, there is also
a strong relation between skew characters and skew Schur functions, products of
Schur functions and (as was pointed out in my Diploma thesis) products of Schubert
classes. Results about skew characters can in general directly be transfered to
results in the other mentioned contexts which we in general do not additionally
point out.

In Chapter 1 we fix our notation and give an introduction to the characters of
the symmetric group and symmetric functions.

In Chapter 2 we give in Section 2.1 formulas for the intersection of all diagrams
of the components of a given skew character and the union of all diagrams of the
components of a given outer product or certain kinds of skew characters. This
gives us also the Durfee size of products and certain kinds of skew characters.
In Section 2.2 we determine for skew characters the components having maximal
principal hook lengths. We obtain an easy formula for those maximal principal
hook lengths and an easy way to construct those characters. This gives us also
a way to obtain components having maximal Durfee size for outer products and
certain kinds of skew characters. We also get conditions for two skew diagrams to
represent the same skew character.

In Chapter 3 we then show that two skew diagrams can represent the same
multiplicity free skew character only in the trivial cases (rotation and translation)
or if one skew diagram is a staircase partition minus an arbitrary partition and the
other is the conjugated thereof.

In Chapter 4 we generalize the stretched LR coefficients f(n) = c¢(nA; nu, nv)
to P(n) = ¢(nA + N;np + ¢/, nv + V') and investigate this function. For this we
also analyze the number of components and constituents of the skew character
LAM)] = [(nA+ N)/ (nga + ')

In Chapter 5 we determine those skew characters which have at most five
constituents and those which have at most five components. For this a formula
of Chapter 4 is crucial. We also give lower and upper bounds for the number of
constituents, components and pairs of components, whose corresponding partitions
differ by one box, of a given skew character.

Finally in Chapter 6 we determine those reduced Kronecker products which are
multiplicity free and those which contain at most ten components. We also give
lower bounds for the number of constituents, components and pairs of components,
whose corresponding partitions differ by one box, of a given reduced Kronecker
product. Furthermore, we prove that two reduced Kronecker products are equal
only if they have the same factors.

e Keywords: Symmetric Group, Characters, Schur functions
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CHAPTER 1

Introduction and Notation

In this chapter we will fix our notation and state known results. We want to keep
this chapter rather short comparing to all the things which could be written about
partitions, tableaux, representation theory in general and representation theory of
the symmetric group in special, the Schubert calculus and the many appearances of
the Littlewood Richardson coefficients. As we point out in Section 1.3 every result
we obtain about characters is also a result about Schur functions.

1.1. Partitions and tableaux

We mostly follow the standard notation in [Sag] or [Sta]. A partition A =
(A1, A2, ..., A) is a weakly decreasing sequence of non-negative integers where only
finitely many of the A; are positive. We regard two partitions as the same if they
differ only by the number of trailing zeros and call the positive \; the parts of A.
The length is the number of positive parts and we write [(\) = [ for the length and
Al = >, A; for the sum of the parts. Sometimes we will use the short notation
A= (/\lll,)\l22, ...) which means that A has [; times the part A1, 5 times the part Ao
and so forth. With a partition A we associate a diagram, which we also denote by A,
containing \; left-justified boxes in the i-th row and we use matrix-style coordinates
to refer to the boxes.

We will use d,, always to refer to the staircase partition:

on=(Mmn—1,n—2,...,2,1).

We will call a partition A with n different parts a dp = n partition and write
dp(\) =n.

For example, = (53,3%,1) is a dp = 3 partition with an X in

X

position (6, 1).

On the set of partitions we define the lexicographic order in the following way.
For two partitions A, 4 we write A <jex p if there is an i with A\; < p; and for j < i
we have \j = ;.

The conjugate A° of A is the diagram which has A; boxes in the i-th column.

The sum g + v = X of two partitions p, v is defined by \; = p; + v;. The
partition p U v contains the parts of both 1 and v. These operations are conjugate
to another:

(+v)° = pcUrs.

7
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For example, we have:

X

X|

b

b

Bl
<=

+
BB

C
BEE

X

[>[<

We sometimes say that for u+ v we insert the columns of v into u and for pUv
that we insert the rows of v into p. Note that this 4+ and U introduce a partial order
on the set of partitions and we say that a partition X is larger than X if A can be
obtained from ) by repeatedly using the operations +, U with arbitrary partitions
in any order. This should not be confused with the lexicographic order <jex.

We define the intersection of two diagram g N v = A in the obvious way:
A = min(pg, v;).

The Durfee size d(A) of a partition A is largest integer m such that the square
(m™) is contained in A.

For pn C A ie. u; < A for all ¢, we define the skew diagram A/u as the difference
of the diagrams X\ and p defined as the difference of the set of the boxes. Rotation of
A/p by 180° yields a skew diagram (A/p)° which is well defined up to translation.
We say that the skew diagram A/ is a proper skew diagram if neither A/u nor
(A/p)° is a partition. |A/p| is the number of boxes of A/p so |A/pu] = [N\ — |-

For two skew diagrams A = \/u, B = X /u' we define the operations A+ B =
a/Bresp. AUB =o'/ by a = AN, 5 = p+p' resp. o = AUN, 5" = pUp’. Clearly
A+B and AUB are then again skew diagrams. Usually we regard two skew diagrams
as the same if they contain the same boxes but for this definition the underlying
partitions A\, M, u and p are important because different choices for A and p would
lead to different o/B. For example, we have (2,1)/(1%) = (2)/(1) =[_]. But if we

add in both cases (12) we would get: (3,2)/(12) = || # - L= 300,

However, this will never cause any problem. We say that the skew diagram A!
is larger than A? if there exist partitions \,p,a, 3 such that up to translation
Mp =AY a/f = A% and \/u can be obtained from /3 by repeatedly using the
operations + and U. So if A! is larger than A2 then there exist skew diagrams B
together with o’ € {+, U} such that:

Al _ ("'((A20181) 0282)"') o™ B™.
Notice that it is not enough that A resp. p are larger than « resp. 3 for A\/u to be
larger than «/3. For example, (2) is clearly larger than (1) but (3,2)/(2) = T

is not larger than (3,2)/(1) = |

A skew tableau T is a skew diagram in which the boxes are replaced by positive
integers. We refer with T'(¢, j) to the entry in box (i, j).

A standard (Young) tableau of shape A/ is a filling of A\/u with the integers
1,2,...,]A/p] such that the entries increase from left to right in each row and from
top to bottom in each column. We denote the number of standard Young tableaux
of shape \/u by f*©.
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A semistandard tableau of shape A/u is a filling of \/u with positive integers
such that the following inequalities hold for all (i, j) for which they are defined:
T(i,j) <T@+ 1,7) and T(3,5) < T(i,5+1). So in a semistandard tableau the
entries strictly increase among columns and weakly increase among rows. The
content of a semistandard tableau T' is v = (v, .. .) if the number of occurrences of
the entry ¢ in T is v;. The reverse row word of a tableau T is the sequence obtained
by reading the entries of T" from right to left and top to bottom starting at the
first row. Such a sequence is said to be a lattice word if for all i,n > 1 the number
of occurrences of ¢ among the first n terms is at least the number of occurrences
of i + 1 among these terms. The Littlewood Richardson (LR) coefficient ¢(A; i, v/)
equals the number of semistandard tableaux of shape A\/u with content v such that
the reverse row word is a lattice word. We will call those tableaux LR tableaux.
The LR coefficients play an important role in different contexts as we will see later.
We will refer to the above method of determining the LR coefficients as LR rule.

For example, the LR tableaux of shape (4,2,1)/(2) are:

1]1] 1]1] 11] 11]

1]1 ) 112 ) and 2|2

—_
[\

with content (4, 1), (3,2), (3,12), (22, 1) respectively. So for A = (4,2,1), u = (2) we
have c(A; i, v) = 1 for v € {(4,1),(3,2),(3,12),(22,1)} and zero otherwise.

We say that a skew diagram D decays into the disconnected skew diagrams A
and B if no box of A (viewed as boxes in D) is in the same row or column as a box
of B. We write D = A® B if D decays into A and B. A skew diagram is connected
if it does not decay.

So the above skew diagram D = decays into D =[ [ |® |

We say that a skew diagram \/pu is basic if it doesn’t contain empty rows or
columns. So we have p; < \;, p; < Ay for each 1 < i < I(A\). Note that empty
rows and columns are irrelevant for LR fillings.

A hook is a partition which does not contain the subdiagram (2?) and so is of
the form (r,1%). For each box (7,7) in a diagram A\ we associate a hook starting
at the box and going as far to the right and as far to the bottom as possible such
that it still lies in A. We define its arm respectively leg length as the number of
boxes to the right resp. below of it in the same row resp. column. Furthermore, to
a hook (or the box) we associate a ribbon which is the projection of the hook to
the lower right border of A. So the ribbon starts with the lower left box of the hook
and follows the shape of A to the upper right box of the hook. The hook length of
a box is the sum of the arm and leg lengths plus 1 (for the box itself). Removing
from A the boxes of a certain hook corresponding to (4, ) and then shifting all the
boxes which lie strictly to the right and strictly to the bottom of box (i, j) one box
to the upper left yields a partition. The same partition is obtained by removing
the corresponding ribbon. Suppose we choose the hook corresponding to the box
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(2,3) in A= (7,7,6,6,4,1). We then have

X XXX

=

and

P

X
XX

where in the right diagram we marked the corresponding ribbon. Removing in the
left diagram the boxes marked X and then shifting such that we have a partition
yields the partition (7,5,5,3,2,1), the same is obtained by removing the boxes
marked X in the right diagram:

There is a famous hook length formula which relates the number of standard
Young tableaux f* of a given shape X to the hook lengths which appear in A. We
have:

PO
[1(hook length)
Obviously the number of standard Young tableaux with n boxes f, is given by

fn = Z)\)—n f/\-
For example, for A = (42, 2) we have the following hook lengths:

65|32
514|121
211

and so:

10!
TR =9.7-4=252.

T 6-53-25-4-2-1-2-1
So there are 252 standard Young tableau of shape .

1.2. The symmetric groups and their characters

Since there are many (good) books on representation theory in general and
the representation theory of the symmetric group in special (see for example [Sag],
[Sta] or [JK]) we will keep this section rather short and state only the important
facts.

The symmetric group S, consists of all permutations o of the set {1,...,n},
i.e. bijections from {1,...,n} to itself. The group of bijections from any finite set
() to itself is isomorphic to S| and will be denoted Sg.

We let permutations act from the left and generally use the cycle notation. The
cycle (a,b,c,...e) maps a to b, b to ¢ and so on and finally e to a. We say that a
cycle is of length 7 if it contains i integers.

We can always write a permutation in cycle notation

o=0,01,...,0 1) (i,0i0,...07 %) €8,
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such that each each integer 1 < i < n appears exactly once. If there are m; cycles of
length ¢ then we say the permutation is of cycle type A = (n™n,...,2™2 1™1) and
have A F n. Permutations are in the same conjugacy class if and only if they have
the same cycle type. So we can identify the conjugacy classes with the partitions. A
transposition is a two cycle (i j) and every permutation can be written as a product
of transpositions. The sign function sign : S,, — {£1} assigns a permutation o the
value +1 if o is the product of an even number of transpositions and —1 if it is not.
A representation of a group G is a group homomorphism ¢ : G — GL,,,(F),
so ¢(a o b) = ¢(a) o ¢p(b) for a,b € G, for some integer m and some field F.
We always have the trivial representation 1 : a — 1 and for G = S,,n > 2
the sign representation sign which is different from 1 if the characteristic of F'
is not 2. In this work we always choose G = S,, and F' = C. We have then the
following nice situation: Every representation decays into a direct sum of irreducible
representations. A representation ¢ : S, — GL,, is irreducible if there is no
nontrivial subspaces of C"™ which is invariant under the action of the S, via ¢, so if
for all o € S,, we have ¢(o)V C V for a subspace VC C™ then V =0 or V = C™.
A character y, is the trace of a representation ¢:

Xo : Sn — C, x(0) = trace ¢(o).

Nearly everything interesting about the representations can be read off from the
characters while the characters have many more nice properties. Characters cor-
responding to irreducible representations are called irreducible characters. If a
representation is the direct sum of some irreducible representations then the cor-
responding character is the direct sum of the corresponding irreducible characters.
The number of irreducible characters is the number of conjugacy classes and, there-
fore, for the S, given by p,,, the number of partitions of n.

The irreducible characters [A] of the symmetric group S,, are naturally labeled
by partitions A F n. They form a basis for the ring of class function (i.e. functions
f : Sp — C which are constant on the conjugacy classes) and so we can write
every class function f or character x of the symmetric group S,, in a unique way
as f =\, ax[A] resp. x = >\, ba[A] and have by € Ny. We write [A] € x
if by > 0 and in this case say that [\] is contained in y. We say that [\] is a
component of x = 7, ba[A] if by # 0 and say that x has 37, ;1 components
and ), by constituents. If y has a components and b constituents we say that x
is of cc-type (a,b) and write cc(x) = (a,b). We are sometimes sloppy when we
talk about characters being contained in another character whereas we mean the
irreducible characters being contained in the other character. The trivial character
1(c) = 1 is [n] while the sign character sgn is given by [1"]. The dimension of the
irreducible character [\] is given by the number of standard young tableaux f* of
shape A for which is calculated by the hook formula (see the previous section).

We have an inner product in the ring of class function such that the irreducible
characters form an orthonormal basis. We define in the ring of class functions of
the S,, an inner product by

(o) = o 3 X(0)00),
" o€eS,

where @ is complex conjugation. Now ([, [v]) = 0,,,, and, therefore, if x = >, eA[A]
then cx = (x, [A]).
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Since the conjugacy classes are indexed by partitions it makes sense to evaluate
a character x on a partition A by defining x(\) as x(o) such that o is of cycle
type A. There is a famous formula to evaluate the irreducible character [A] on the
conjugacy class p. Let p contain some part a and let i1 be the partition obtained
from p by removing one part a. Then the Murnaghan Nakayama formula states
the following

() =D (=D)" @A\ 2)()
x

where the sum is over all hooks x of A with hook length equal to a, ll(z) is the leg
length of 2 and A\ z is the partition obtained by removing the ribbon corresponding
to x from A. For example, let A\ = (52,4,3) and we want to evaluate [A] on the
conjugacy class u = i U (3) which contains a part 3. We have the following hook
lengths in A

8|7]6]4]2
7]16]5]3|1
54|31
3121

and so by the Murnaghan Nakayama rule:
[)‘](N) = (_[57 3,3, 3] - [57 9,2, 2] + [57 5, 4]) (ﬂ)

Since the characters are class functions we can use the ordinary product of
functions and define the Kronecker product as

[l[v](o) = [K(o) - [V](o)

for all u, v, 0 Fn. We can write this product as a sum of irreducible characters

I CNAAIEY
A

which defines the Kronecker coefficients g(\, u, ) € Ng. Using the scalar product
we also have )
g0 m0) = =2 3 (o) (o) P
" o€eS,

where @ denotes complex conjugation and A, i1, v - n. By the Murnaghan Nakayama
Rule the character values are integers (so the complex conjugation doesn’t matter)
and so the Kronecker coefficient is symmetric in A, u, v. Multiplication by the sign
character conjugates the irreducible characters [A][1?] = [A°] if A - n which gives
us the additional symmetry of the Kronecker coefficient:

9\ ) = g(A% p, v°).
We can identify S,, x S, with the subgroup of S+, which permutes the first
m and the last n integers independent of each other. So we can also define an outer
product of two characters of different symmetric groups by inducing the obtained
character from the subgroup S,, x S, to Si+n. Let u = m, v n then

(1] x [V](a,p) = [ul(o)[V](p)

is a character of S, x S,. We then write [u] ® [v] for the corresponding induced
character of Sy, which can again be written as a sum of irreducible characters:

(] @ V] = (I x [V]) 1974, = > chs )AL
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Here the ¢(\; p,v) € Ng are again the famous Littlewood Richardson coefficients
already defined in the previous section.

We can also define characters, called skew characters, corresponding to skew
diagrams A\/p:

M) = 3 el )

Dvir proved in his paper [Dvir] (Clausen and Meier proved in [CM] similar
results) the following: The largest A; of all [A] € [u][v] is given by A1 = |uNvl.
Furthermore, for & = p N v the multiplicity of [8] in [u/a][v/a] and [(Jo|, )] in
[#][v] are the same. So there is a strong relation between skew characters and the
Kronecker product.

We have the following symmetries for the LR coefficients and skew characters:

The translation symmetry gives [A/u] = [a/f] if the skew diagrams of A/u
and o/ are the same up to translation while rotation symmetry gives [(A/p)°] =
[A/u]. The conjugation symmetry c(A¢; u¢,v¢) = ¢(A; p, v) is also well known and,
furthermore, it is c(A; u, v) = c(A\; v, ).

If D =A®B = C then by translation symmetry [D] = [C], so reordering
A, B doesn’t change the skew character. A skew character whose skew diagram D
decays into disconnected (skew) diagrams A, B is equivalent to the product of the
characters of the disconnected diagrams induced to a larger symmetric group. We
have

D] = (4] x B]) 1535, = [A] © [B]
with |A| = n, |B| = m. If D = \/u and A, B are proper partitions «, 5 we have:

Wil = cpnl] =) evia, B)v] = o] © [8).
We say that a character x = >, cA[A] is of cc-type (a,b) if x hasa =} ;1
components and b = ), ¢y constituents. We then write cc(x) = (a,b) and if
X = [A] is a skew character we also write sometimes just cc(A) instead of cc([A]).

1.3. Symmetric functions

In this section we give a short introduction to symmetric functions based on
Sagan’s book [Sag].

We start with the ring of formal power series C[[z1,22,...]] =: C[[z]] with
infinitely many variables x;. A weak composition w = (w1,ws,...) is an infinite
sequence of non negative integers with only a finitely many w; nonzero. For a
weak composition w we set ¥ = x7"x3?- and say that this monomial is of degree
n=73,w; €No. f(x) =, ciz®" € C[z]],c; # 0 is homogeneous of degree n if
every monomial z* is of degree n, Y j w;» = n for every i.

We let a permutation 7 € S, act on f(z) € C[[z]] in a natural way by
wf(x1,22,23,...) = f(Tr1,Tr2, Trs,...) with i =i for i > n.

Obviously the monomial symmetric functions my, defined for partitions A by
my = Yz where the sum is over all different weak compositions w which ordered
in a weakly decreasing order give the partition A, is fixed under the action of = and
is of degree |\|.

We define the ring of symmetric functions A as the vector space spanned by
all the monomial symmetric functions. Since we can multiply symmetric functions

and get again a symmetric function this vector space is, in fact, a ring. The ring A
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is graded A = @p,,», A™ where A" is the subspace spanned by all my of degree n,
AFn (with A° = C). So dim¢ A™ = p,, with p,, the number of partitions of n.
There are other important bases. We define the nth power symmetric function

as
—_ — n
Pn = M) = E Ly
i>1

the nth elementary symmetric function as

En = m(ln) = E Ly v Ty,

i1 <<l

and the nth complete homogeneous symmetric functions as

h, = g my = g Tiy - T4,
An 1< <in
with
po=-¢eog=ho=1

Furthermore, we set for a partition A F n:
PA =D Pags ex =€x " -ex,, hx=hx - hy,.

We have that all three sets {px}, {ex} and {hy} are bases for A if A runs over
all partitions and bases for A™ if A runs over all partitions of n.

The most important symmetric functions are the Schur functions sy. For a
skew diagram A/p we define:

Sx/p = Z x¥

T SSYT of shape \/p

where the sum is over all semistandard Young tableaux T of shape \/p and v
is the content of 7. The Schur functions s),, are symmetric functions (which
is not obvious by definition) and the set {sx} is a basis of A if A runs over all
partitions and a basis for A™ if A runs over all partitions of n. The famous Jacobi-
Trudi Determinant connects the Schur functions with the complete homogeneous
respectively the elementary symmetric functions. For A = (A1, -+, \;) we have:

sx = |hx,—ivsl
and

Sxe = |ex,—itjl
where both are [ x [ determinants and h,, = e,, = 0 for negative n. The Jacobi-Trudi
determinant allows us to define Schur functions sy even if A is a weak composition
or has negative parts.

The product of two Schur functions can be decomposed in the Schur function
basis and we get:

SpuSy = Zc(/\;,u, V)Sx
A
where the c¢(\; u,v) are again the LR coefficients.

So the ordinary product of the Schur functions s,s, corresponds to the outer
product of irreducible characters [u] ® [v] = >, ¢(A; i, v)[A]. So everything said
about the outer product of irreducible characters can be directly translated to the
ordinary product of Schur functions.
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Furthermore, decomposing the skew Schur function sy, in the Schur function
basis we get:
S)\/,u = Z C()\; My V)Su
v

where the c(\; u, v) are also again the LR coefficients. Recall that

i) = e(xmv)[Y]
1%
so everything said about skew characters can also be directly translated to skew
Schur functions.

We want to mention two more facts about the Schur functions (which we do
not use in this work). First of all there is the characteristic map: Let R™ be the
space of class functions of S,,. It is clear that dim R™ = p,, = dim A™ so R™ and
A™ are isomorphic vector spaces. For the usual inner product of R™ the irreducible
characters form an orthogonal basis. We can define an inner product on A™ by

<S#, SV> = 5##’
with sesquilinear extension (complex conjugation in the second variable). Define
now the map ch™ : R — A™ by:

ch™(x) = Y 23 'X(M)pa
AFn
where z) =[], it )\;! is the order of the centralizer of a permutation having cycle
type A.
We have ch™([A]) = sx and so ch™ is an isometry between R"™ and A”".
We close this section with the original definition of the Schur functions, given
by Jacobi in 1841. For this we restrict Schur functions to finitely many variables

T1,...,x; be setting all the other variables x; = 0 for ¢ > [. For a Schur function
sx we assume that [ > [()).
For a weak composition pt = (u1, ..., 1) we define the alternant a,, as:
a, = Z (sgn m)mzt.
TES]

Note that a, is, therefore, also given by the determinant a, = ’xf’ ‘1§i,j§l' So

for the staircase partition § = 6;—1 = (I—1,{—2,...,1,0) we have the Vandermonde

determinant:
as = H (x; — x5).
1<i<j<l
Then the original definition for the Schur function sy with { > [()) variables is:
ax+s
as

S\ =

1.4. Schubert product

We define the Schubert product by restricting the ordinary outer product. We
have [p] ® [v] = >_, ¢(X; 1, v)[A] and restrict for the Schubert product x4y the sum
to those partitions which lie in the rectangle (k'):

(1] * ety [V] := Z (A, v)[ Al

AC (k')
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This corresponds to the product of two Schubert classes. In the cohomology
ring H*(Gr(l,C™),Z) of the Grassmannian Gr(l, C™) of I-dimensional subspaces of
C™ the product of two Schubert classes 0,0, is given by:

Op -0y = Z (s, v)o.
AC((n=DH)

Obviously for k& > uy + v1,1 > I(u) + I(v) the Schubert product is just the

ordinary outer product:
(1] * ey V] = (W] @ [v].

In my Diploma thesis [Gutl, Section4] we established a close connection be-
tween the Schubert product and skew characters. [Gutl, Theorem 4.2] states the
following;:

THEOREM 1.4.1 ([Gut1, Theorem 4.2]). Let A, ju be partitions with i C X C (k')
with some fived integers k,l. Set X = (k')/\.

Then: The coefficient of [o] in [N/ p] equals the coefficient of [&] = [(k')/c] in
(1] gy [A]-

So results about the outer product [u] ® [v] correspond to results about skew
characters \/p with gy < A, 1(p) < Iy if A= (A, A\, 41,...,\) because then the
Schubert product *(: is just the ordinary product ®. This are skew characters
corresponding to the following picture:

Figure 1. \/pu

On the other hand, results on skew characters with skew diagram of the above
type (or results on skew characters in general) give us results on outer products of
irreducible characters.

We will use this correspondence extensively in Sections 2.1.2, 2.2.3 and 3.1.

1.5. Stretched Littlewood-Richardson coefficients

We have seen various appearances of the LR coefficients so far but there are
still more.

Fulton gives in his paper [Ful] a good overview about other appearances of the
LR coefficients.

One can construct objects called LR hives whose number is also given by the LR
coefficients (see [KT, KTW, KTT]). Their size depends only on the largest length
of the partitions involved, so this model is particular interesting if one analysis
functions like f(n) = c¢(nA;nu,nv). This f(n) is called stretched LR coefficient
and is well analyzed. It is known that for ¢(\; u,v) # 0 and n > 0 the stretched
LR coefficient f(n) = c(nA;nu,nv) is given by a polynomial in n with f(0) = 1.
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Furthermore, if this polynomial f(n) # 0 has an integer root —t € Z then ¢t > 0
and f(n) also contains the factors (n +4) for 1 < ¢ < ¢. Furthermore, there is a ¢
such that f(n) = g(n) [T._, (n +1) with g(n) a polynomial having no integer roots.
So f(n) # 0 for some n > 1 implies ¢(A; u, ) # 0 which is called the Saturation
property (see [KT]).

We have f(n) =1 for all or any n > 1 if and only if f(1) = ¢(A\;u,v) = 1. So
f(n) is either constant 1 or a polynomial of positive degree.

But by a paper of Etienne Rassart [Ras]| the situation is even better: Suppose
we only investigate those LR coefficients ¢(A; u, v) such that all partitions in the
triple (A, 4, ) have at most k parts. Then this triple can be viewed as a subset
of R3. Since c(A\;p,v) = 0 unless u,v C X and |u| + |v| = |A| we can define a
cone C} as the subset of R3* containing those triples which obey these conditions.
Furthermore, assuming that A, u, v are partitions defines another cone C,% C R3%,
Finally the pullback of some other cones gives a complex whose intersection with the
cones C} and C7 defines the Littlewood-Richardson complex LR, which contains all
triples of partitions of length at most k having positive LR coefficient. This chamber
complex decays into cones in which the LR coeflicients are given by a polynomial
in the variables A1, ..., Ag, 1, - - -, bk, V1, - - - , Vi; the degree of this polynomial is at
most (k — 1)(k — 2)/2 in the three sets of variables ([Ras, Theorem 4.1]).

Rassart also computes by polynomial interpolation for £LR3 the polynomials
associated to the maximal cones, which are 8-dimensional. For LR35 there are 18
maximal cones and as he told me in private communication for LR, there are
already thousands of cones.

We will generalize the stretched LR coefficients in Chapter 4.






CHAPTER 2

Shape of the components of skew characters

With the Littlewood-Richardson rule one has a good combinatorial tool for
determining the components, together with their multiplicities, of a given skew
character [A/p]. But there is also a huge interest in knowing as much as possible
about the components of skew characters in general.

For example, one would like to know when a skew character is homogeneous
(i.e. has only one component) or irreducible (both only possible if the skew di-
agram is a partition or rotated partition, see for example [BK99]), when two
skew diagrams represent the same skew character (problem unsolved but much
work is done in determining sufficient or necessary conditions, see for example
[McN, MvWO09a, RSW]) or when the difference of two skew characters is again
a character, so all components have non-negative multiplicity (also unsolved, see
for example [BM, McN, KWW, MvWO09b]). One would also like to know the
number of components or constituents of a given skew character without having
to expand the whole skew character by the LR rule (problem unsolved). Other
questions are, for example, which skew characters only contain components with
multiplicity 1 (classified in my Diploma-Thesis, see [Gutl]), what is the small-
est or largest Durfee size of the partitions of the components of a skew character
(unsolved) or what is the highest multiplicity of a component (unsolved).

There is also an interest in knowing certain components of skew characters.
It is known, for example, that the lexicographic largest diagram of a component
of a skew characters is obtained by reordering the columns of the corresponding
skew diagram such that they form a partition. Furthermore, this component has
multiplicity 1. Similarly the lexicographic smallest diagram of a component of a
skew character also has multiplicity 1 and is obtained by reordering the parts of
the corresponding skew diagram. These results and some other restrictions on the
components follow directly from the LR rule.

In Section 2.1 we give in Remark 2.1.2 an easy combinatorial description for
the intersection of the diagrams of all components of a skew character. For the
ordinary outer product and the Schubert product as well as for a certain kind
of skew characters we also describe the union of all diagrams of the components.
This gives us upper and lower bounds for partitions « such that the corresponding
character [a] can appear in a given outer product or Schubert product of two
characters or in a skew character.

In Section 2.2 we construct for a given arbitrary skew character [A] all com-
ponents whose partitions v have maximal principal hook lengths, i.e. hook lengths
of the boxes (i,4) of v, among all components of [A]. Furthermore, we show that
these are also partitions with minimal Durfee size.

We use this to construct components of [A], together with their multiplicities,
having maximal Durfee size for the cases when A decays into two partitions and for

19



20 2. SHAPE OF THE COMPONENTS OF SKEW CHARACTERS

some special cases of A. We also deduce necessary conditions for two skew diagrams
to represent the same skew character.

The results of Section 2.1 appeared in my paper [Gut3] while the results of
Section 2.2 will appear in my paper [Gut2].

2.1. Base and cover partitions

First of all we introduce some notation which we will need in this section.

We say that a partition « is contained in A if there is a subdiagram of A which
is a or a°.

For example, the skew diagram A = (11,6,5%,4)/(3%),

contains the partitions o' = (8,3,23,1),a? = (5%,4),a® = (53,2%),a* = (44,1?):

X|x[x] x| x| x] HEEN
X

il
]l

B
BB
PEEE:

P | e ] [P P e e

S
S
S
EEEE

P | e e
] Lt Ll L e R ] e et

PR
BB

All other partitions contained in A are subdiagrams of some a'.
For a skew diagram .4 we define the union partition T(A) as the union of all
partitions « which are contained in A. So:

T(A); = max(o; | « is contained in A).

Since an arbitrary partition « is the union of the rectangles ((a;)?) (for example,
we have that a = (5,3,3,2,1) is the union of the five rectangles (5'), (32), (3%), (2%)
and (1°)), it is sufficient for Y to restrict the union to all rectangles o which are
contained in A but are not contained in a larger rectangle 3 contained in A.

So in the above example we have T(A) = (8,5,5,4,2,1) and there are 6 of
those maximal rectangles.

For a character x we define the base partition B(x) as the intersection of all «
with [a] € x. So:

B(x): = min(e; | [a] € x).

Similarly we define for a character x the cover partition C(y) as the union of

all & with [a] € x. So:

C(x)i = max(a; | [o] € x).
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Recall that the Durfee size d()\) of a partition A is d if (d%) C X is the largest
square contained in A. We define the Durfee size of a skew diagram A or skew
character [A] as the biggest Durfee size of all partitions of the components of [A]:

2.1.1. The base partition. In this subsection we give in Remark 2.1.2 an
easy combinatorial description for the base partition B([.A]) of a skew character
[A] which also gives a description for the base partition of the ordinary product
B([1] ® [v]). We first prove that the base partition of a skew character is the union
partition of the corresponding skew diagram.

THEOREM 2.1.1. Let A be a skew diagram.
Then: B([A]) = T(A).

PROOF. From the LR rule follows that if a rectangle (m!) is contained in .A then
(m!) is contained in every partition v with [v] € [A]. So we have T C B = B([A]).

We will show by induction on the biggest length of a column contained in A that
the lower bound for the rows of B is reached for some partitions o with [o] € [A].

Let us assume that the biggest length of a column in A is 1. Then A decomposes
into disconnected rows and Y is the biggest row contained in A.

We have a character [a] € [A] such that a contains the parts of A and so
o] = Tl which giVGS Tl = Bl.

On the other hand, if we place 1s into every box of A we obtain an LR tableau
and so we have [n] € [A] with n = | A] which gives us Bo =0 and so T = B.

Let us now assume that T = B holds for all skew diagrams which have columns
of length not larger than n — 1 and let A be a skew diagram which has one or more
columns of length n.

Rearranging the parts of A gives again a partition a whose corresponding char-
acter satisfies [a] € [A] and oy = 17 and so again T = By.

We will now prove that Y; = B; holds also for i > 2.

We have a 1 — 1-relation between the LR tableaux A of shape A and 1s in the
top boxes of every column and arbitrary LR tableaux D of shape D, where D is the
skew diagram .4 with the top boxes of every column removed, simply by removing
all 1s from A and replacing the entry ¢ in A with ¢ — 1.

For example, if we have A = (62,5,42)/(4%,12?) and some arbitrary LR filling
we get with the above construction:

;; 11

212

A= , A= ;;;i3<—>D: 1711113
113]3]5 21214
5Talale [113[3]5

Removing the top boxes of each column from A reduces each of the maximal
rectangles o by one row and gives &' which is then one of the maximal rectangles
in D. So we get T(A)i+1 = T(D);.
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In the above example we have the following rectangles o’ in A and &° in D:

XX X
X|X X
1. X|X 2 X 3 [ X[XIX[X[X
o , a’ , e’ ,
X
XX X
X|X X
A1 ’ dQ X ’ d3: ’
o XIXIXIX o XXX b
XXX X XXX ’ ' ’
X|X|X X|X|X|X
X|X|X X|X|X|X
v XXX X, v XXX , A0
X|X|X
| [ XXX X XXX

Since the biggest length of columns in D is n — 1 we have Y (D) = B([D]). For
i > 1 let [§] € [D] with 5! = B(|D]);. Since the characters [37] € [D] correspond
to characters [3'] € [A], with 57 = (j, 3%) and j equal to the number of columns in
A, we have in [A] characters [§'] with:

ii+1 = Bzz =T(D); = T(A)it1.
This gives T(A) = B([A]). O

The previous proof also gives us the following description for the base partition

B([A)).

Remark 2.1.2. Let p'(A) be the skew diagram obtained from A by removing in
every column the top ¢ — 1 boxes.

Then we have that the i-th part B; of the base partition B is the maximal
part of p*(A), and so for A = \/p we have B; = max; [Aiyj1 — p |, with |z] =
max (0, z).

Also p'(A) is the i-row overlap composition defined in [RSW]. There it was also
proved that equality of [A'] = [A?] for skew diagrams A', A? requires that p’(A")
and p*(A?) must have the same parts in the same quantity for every i. This follows
easily from the 1 — 1 correspondence used also in the proof of Theorem 2.1.1. In
[McN] these p?(A) are used to get necessary conditions for positivity of [A'] —[42].

2.1.2. The cover partition. In this subsection we use Remark 2.1.2 and
Theorem 1.4.1 to determine for the ordinary and the Schubert product of two
characters and for some special skew characters the cover partition C, which is the
union of all partitions corresponding to the components of the product or the skew
character.
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We will use that for k > iy +v1,1 > () +1(v) the Schubert product [p] %4 [V]
is the ordinary product [u] ® [v].

Let us associate a skew diagram A = ((kl)/,u)o)/y to partitions p,v. Here
for the Schubert product k, [ are fixed by [u] x4 [v] and for the ordinary product
chosen as k = uy + v1,1 = () + I(v). To obtain A we remove from the rectangle
(k') the partition v as usual and the partition yu rotated by 180° from the lower
right corner (see Figure 1). We know by definition that if the box (7, j) is in the base

[
1
L
-]

Figure 1. A= ((kl)/u)o)/u

partition B([A]) then it is also in every partition « with [a] € [A]. So if we remove
a from (k') to get & this box will be removed every time and so by Theorem 1.4.1
there cannot be a partition 3 (which would be a rotated &) with [] € [u] (1 [V]
containing the box (k — 4,1 — j).

On the other hand, if the box (4, j) is not in the base partition then there is a
partition a with [a] € [A] without this box. So if we now remove a from (k') to get
@ this box is in & and so there is a partition 3 (the rotated &) with [8] € [u]x(1 [V]
which does contain the box (k —4,l — 7).

So we get the following theorem:

THEOREM 2.1.3. Let u, v be partitions and for fixed integers k, 1 define the skew
diagram A = ((kl)/u)o)/u. ) .

Then: C([u] » gy [V]) = (K)/B(AD)® and C([u) @ ) = ((k)/B(AD)° (with
k=p+v,l=1()+1{v))

Remark 2.1.4. Since the Durfee size of the cover partition of the product is also
the Durfee size of the product itself we can now easily read off the Durfee size of an
arbitrary Schubert product (or ordinary product). In Subsection 2.2.3 we calculate
the Durfee size only for those Schubert products which are ordinary products but
give also characters [A\] € [u] ® [v] which have maximal Durfee size. Theorem 2.1.3
gives us the Durfee size but not characters which appear in the product.

We will give a short example and calculate for p = (4,3,1) and v = (5,2,2)
the cover partition for the ordinary product [p] ® [v] and the Schubert product

[11] *(74) [V].
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In the case of the ordinary product we first construct the skew diagram

Al = (93,72, 4)/(4,3,1) =

Using Remark 2.1.2 we get the base partition B([A']) = (8,7,6,4,3) and so for the
cover partition

B B|B

el @ ) = ((9°)/B(LA)° = EE e (9:6:5:3,2.1)
B|\B BB B|\B|B
B\B|B\B|B\B|B|B

where the boxes labeled B form the partition B([.A']).

Since we have B([u] ® [v]) = (5,3,2) we now have that if [a] € [u] ® [v] then
« has to satisfy (5,3,2) C o C (9,6,5,3,2,1). These upper and lower bounds are
strict in the sense that there are no better bounds.

In the case of the Schubert product the skew diagram is:

A% = (7,5,5,2)/(4,3,1) =

Using Remark 2.1.2 we get the base partition B([.A%])
cover partition

(4,2,1) and so for the

Cl ey W) = (T4)/B(A2))° = s = (7.6,5,3)
B\B|B\B

where the boxes labeled B form the partition B([.A%]). From this we can also read
off the Durfee size of the Schubert product as d([u] x(74y [v]) = d(C([A%])) = 3.

Since we have (5,3,2) = B([u] ® [v]) € B([u] *(74) [v]) we now have that if
[a] € [p] *(74y [V] then o has to satisfy (5,3,2) € o C (7,6,5,3). Here the lower
bound is not strict and explicit calculations show B([u] x(74) [V]) = (5,4,2).

In the same way we can also construct the cover partition C of skew characters
if we restrict the skew diagram in the way that the associated Schubert product is,
in fact, an ordinary product. If the skew diagram does not satisfy the constraints
of the following theorem then we would only get a trivial upper bound for the cover
partition.

THEOREM 2.1.5. Let A = A/ be a skew diagram with X = (A}, Aug1, .-+, Ai)-
Let pp < A, l(p) <m and set A = (()\ll_)/)\)o

Then: C([A]) = ((AM)))/B(ln] @ [N)) "
Remark 2.1.6. This again gives us the Durfee size of the skew character [A/u]
if p < MN,l(p) < m. In Subsection 2.2.3 we calculate the Durfee size only for
those skew characters which additionally satisfy A\; = [(A) but give also characters
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[v] € [A] which have maximal Durfee size. Theorem 2.1.5 gives us the Durfee size
but not characters which appear in the product.

2.2. Hook length partitions

We again fix at first our notation for this section.

A (proper) ribbon is a connected skew diagram which does not contain the
subdiagram (22). A (disconnected) skew diagram which decomposes into ribbons
will be called a weak ribbon.

For a ribbon R, we define its arm resp. leg length as the number of columns
resp. rows in R minus 1. The arm resp. leg length of a weak ribbon R is defined
as the sum of the arm resp. leg lengths of the ribbons into which R decomposes,
which is the number of columns resp. rows in R minus the number of ribbons into
which R decomposes.

For each (connected) skew diagram A we define its first northwest ribbon
nwi (A) as the subdiagram which starts in the lowest leftmost box traverses along
the northwest border of A and ends in the box in the top right. To get the second
northwest ribbon nws(A) we remove nw; from A and repeat this process if A/nw,
is still connected. This we iterate to get nw;(A). For a disconnected skew diagram
which decays into two or more skew diagrams B; we define its northwest ribbons
as the weak ribbons which contain the corresponding northwest ribbons of the B;.
All the northwest ribbons together form the northwest ribbon decomposition. Fur-
thermore, we define the northwest ribbon length partition 7, (A) associated to A
as the partition where the ¢th row has as many boxes as the ith northwest ribbon
nw; (A):

Tnw(A)i = [nw;(A)].

The northwest ribbons are weak ribbons and only in some cases proper ribbons.

Example 2.2.1. We give the northwest ribbon decomposition for the skew dia-
grams (10%,8%,5%)/(5%) and (10%,82,32)/(5%) and label the boxes with i if they are
contained in the i-th northwest ribbon nw;:

1(1(1]1]1 1(1(1]1]1
112(2]2]2 112(2]2]2
11213 112/3]3]3
1]2]3 112(3]14|4
1/1(1]1]1|1]2]3 ’ 1/1(1(1]1|1]2]3
112(2(2]2(2]2]3 112(2(2]2(2]2]3
112(3]3]3 1/12(3
112(3]4|4 1123
In both cases the third northwest ribbon nws decays into two ribbons and 7, =
(17,15,8,2).

For a partition A we define the ith principal hook length hl;(\) as the hook
length of the box (i,7) and the (principal) hook length partition as: hl(\) =
(hl1(N), hla(N),...). So we have hli(A) = A\ +1(N\) — 1.

For a skew diagram A we define its hook length partition hl(A) as the lexico-
graphic biggest hook length partition hI(\) of all A with [A] appearing in [A]:

hi(A) = hi([A]) = maxiex(hl(v) | [v] € [A]).

In a partition the ith northwest ribbon is the hook to the box (i,7) so for a
partition A we have hl(A) = T (A).
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In this section we construct for a skew character [A\/u] = > c¢(A;p, v)[v] the
v with maximal principal hook lengths. From this we deduce the minimal Durfee
size for characters in arbitrary skew characters and the maximal Durfee size for
characters in products of characters and some special skew characters.

There has recently been much interest in the question of determining necessary
or sufficient conditions for two skew diagrams A, B to have either [A] — [B] positive
or even [A] = [B], see for example [McN],[MvWO09a],[RSW]. In Subsection 2.2.4
we use the results from Subsection 2.2.2 to give necessary conditions for two skew
diagrams A and B to represent the same skew character, i.e. [A] = [B].

2.2.1. Maximal hook lengths in products of irreducible characters.
In this subsection we study the case when A decomposes into two proper partitions
a, 3 and show hi(A) = 7, (A). We will show that there are 2mn(4(@):d(5)) partitions
v with [v] € [A] and hi(v) = hi(A) and show that each of those [v] appears with
multiplicity 1 in [A]. In Remark 2.2.3 we will determine the exact shape of all these
v. Furthermore, we argue in Remark 2.2.5 that those [v] with hi(v) = hi(A) have
minimal Durfee size of all [7] € [A].

THEOREM 2.2.2. Let A be a skew diagram decomposing into the proper parti-
tions o and (3.

Then hi(A) = hl(a) 4+ hl(B) = Tnw(A).

Furthermore, there are 2°™(4)-4B)) partitions v with hl(v) = hi(A) and [V]
appearing in [A]. All these [v] appear with multiplicity 1.

ProoF. If A = \/p decomposes into two partitions o and § we have [A] =
[a] ® [B]. If we decompose [A] = > c(X;p,v)[v] =3, c(v;a, B)[v] we have to
create LR tableaux with shape v/« and content .

To create an LR tableau T' with shape v/« and content § and v having the
lexicographic biggest hook length partition of all 7 with [P] appearing in [A] we
have to fill in T" as many boxes as possible in the first row and column. Because
of the LR conditions we can place only the entry 1 into the boxes of the first row
and so we maximize v, by placing all the 81 entries 1 into the first row and get
v1 = a1 + (1. Into the first column we can only place each entry once (but the
entries 1 are used up already), so we get a maximized first column by filling the
boxes with entries 2 to [(3). So we have I(«) + 1(8) — 1 = I(v) boxes in the first
column and this gives us:

hli(A) = hly(v) = o1 + B1 + L(a) + 1(8) — 1 — 1 = hiy(a) + hiy(B).

Another way to obtain an LR tableau U with shape 7/« and content 5 and hily (7) =
hl1(v) would be to place the entries 1 to I(3) into the first column and the remaining
(1 — 1 entries 1 into the first row. Clearly these are the only ways to maximize
hll (V)
We show that this can be iterated by examining the filling of T' (and U) which
maximizes hlz(v). Without loss of generality we may assume d(3) < d(a).
If d(8) = 1 then we are finished and have no entries anymore to place in T' (or
U).
If d(8) > 1 then we have again two possibilities to maximize hly(v) by either
maximizing the second row or column. The fillings with maximized second row
differs from the filling with maximized second column because the box (2,2) belongs
to a and so remains empty in 7. We have only to show that both possibilities satisfy
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the LR conditions. Because there are only 82 — 1 entries 2 left to place in T' (or
U) and there are either 51 > B2 — 1 (T) or 81 — 1 > B2 — 1 (U) entries 1 placed
in the first row of T (or U) the LR conditions are satisfied for the entries 2 no
matter where we place them. For the entries placed in the second column the LR
lattice condition clearly is satisfied but we have to check that the entries are weakly
increasing amongst the rows. If we assume that the box (j,2) is filled, its entry is
j—a§+1(+1 if all remaining entries 2 are placed in the second row) with of the
length of the second column of . The box (j,1) is empty in the case j < af or
otherwise has the entry j — af (+1 for T'). By comparing the worst cases we have
the condition: j —af +1 < j — a§ + 1 which holds for all a. Furthermore, the
maximized second row has no more than as + 2 —1 boxes which is not bigger than
the number of boxes in the first row since there are ay + 1 (=1 for U) boxes in
the first row, so v is still a partition. The same reasoning applies to the columns.
So all works well and we can iterate the process. In the end we had d(8) =
I(hl()) choices to make, to either maximize the ith row or ith column for i < d(3),
and so get 2min(d().d(8)) different partitions v. For each such v, there is a unique
(so the multiplicity of [v] in [A] is 1) LR tableau T of shape v/« and content 5. O

Remark 2.2.3. The proof tells us even more about the explicit form of the [v]
appearing in [A] with hl(v) = hi(A).

Let v be the partition such that the ith principal hook has as arm resp. leg
length the sum of the arm resp. leg lengths of the ith principal hooks of a and  and
containing the box (i,1) exactly if ¢ < max(d(«),d(8)). Then v is the intersection
of all ¥ with maximal hook length partition and also the intersection of the v where
either all columns or all rows were maximized as described above.

From v we can construct all partitions v appearing in 4 with maximal hook
length partition by adding for each 1 < j < min(d(«), d(8)) a box to either the jth
row or column of ~.

Example 2.2.4. If A decomposes into the partitions o = (52,4%,3,1) and 3 =
(5, 327 2, 12)7 SO

the characters corresponding to the following partitions v are the ones with maximal
hook length partition in [A4]. In 4 the unmarked boxes form the partition v as in
Remark 2.2.3 and the v are obtained by choosing for each i € {1,2, 3} exactly one
box labeled i and add them to . T resp. U gives the actual LR filling with all rows
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resp. columns maximized:

[ [1] 1[1]1]
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For the hook length partitions we have:
hi(v) = (20,11,5,1) = (104 10,4+ 7,14+ 4,04 1) = hi(«) + hl(B).

Remark 2.2.5. The maximum of the Durfee sizes of the partitions o and (3 is a
lower bound for the minimal Durfee size of characters in [a] ® [] and the [v] €
[o] ® [B] with hl(v) = hi([a] ® [5]) have Durfee size d(v) = max(d(a),d(8)). So the
characters [v] with hi(v) = hi(Ja] ® [§]) are characters with minimal Durfee size
which is, therefore, given by max(d(«a),d(5)).

2.2.2. Maximal hook lengths in skew characters. In this subsection we
generalize Subsection 2.2.1 to the case when A is an arbitrary skew diagram and
show that also in this case hi(A) = 7w (A) is true. We will give an easy formula
for the multiplicity of [v] in [A] when v is a partition with hl(v) = hi(A). In an
easy way similar to that in Subsection 2.2.1 we can construct all those v explicitly.
Furthermore, we show in Lemma 2.2.14 that also in this case the characters with
maximal hook length partition have minimal Durfee size.

LEMMA 2.2.6. Let )\,V,j\,ﬁibe partitions such that v = (A, v + (1'71)) =
A, o1+ 1,op 41,0, A= (A, A+ (1571) with 1 = 1(\).
Then for all p:

e\, v) = (N p, D).

~ ProOF. We have A/ = A/v and so [A/7] = [A\/v]. This gives c(\;pu,v) =
c(As p, ). O

Remark 2.2.7. So the LR fillings of A/ with content x and the LR fillings of
A/v with content p are the same. If A\/u is connected, this gives us an 1 — 1-
correspondence between the characters [7] in [\/u] and the characters [v] in [\/y]
having maximal first principal hook length. In particular, we have hl1(A) = A\ +
I(A) —1if A is connected.

LEMMA 2.2.8. Let A\/u be connected. B
If we remove nwy(A/u) from \/p the remaining skew diagram is A/p. So
[nwy (A)| = hli(A).

PROOF. The skew diagram \/ju consists of those boxes (i,7) that are in \/u
such that the box (i — 1,5 — 1) is also in A/u. The same is true for the skew
diagram obtained by removing the first northwest ribbon of A\/u. Furthermore, we
have |nw (A)] = A1 + (1) — 1 and so |nw; (A)| = i1 (A). O
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Example 2.2.9. If we take as example A = (6,2, 5,32%,22) and p = (32%,2,1) then:

javan
A
an

A =|p )

hlh|h|h|h|h pwlp|p|l]1]1
hlp|p|p plpfp|l
hlp|p|p plpfl|l

(Mh)/w=h|plp =|pl11 = (A ) {nwi(A/ p)}-
hlp 1(1
h 1
h 1

Here h marks the boxes in h = (A, 1!™~1) and 1 the boxes in nw (/).

THEOREM 2.2.10. Let A= \/u be a skew diagram.
Then hl(A) = Tpw(A).

PROOF. We prove this by induction on the length of 7, (A) and the number
of proper ribbons into which the first northwest ribbon decays. Obviously this
is true for the empty skew diagram, [(m,.,(A)) = 0, but we also prove this for
(7w (A)) = 1.

For I(muw(A)) = 1, A is either a ribbon or a weak ribbon. Suppose A is a
proper ribbon. In this case we can use Lemma 2.2.8 to get hli(A) = mpw(A)1.
Furthermore, 7,,.,(A)2 = 0 because of the correspondence given in Remark 2.2.7.

So now suppose that the claim holds if I(7,(A)) = 1 and A decays into j — 1
proper ribbons. Suppose now that A decays into j proper ribbons B; and so

[A] = [Bi] © [Bo] @ - @ [Bj] = [Bi] @ ([Bo] @ - - @ [By]) -

By induction we know, that hl(B1) = mpw(B1) and hl(C) = 7 (C) with C =
®2§i§j B;.

We decompose [Bi] = )" [va] and [C] = >, [&] into sums of irreducible charac-
ters [v,] resp. [§] with v, and & proper partitions. We now have [A] = 3_ ,[v.] ®
[€5). By Theorem 2.2.2 we have hl([v,] ® [&]) = hl(va) + hi(&). So hl(A) =
maxa,b(hl(ya) + hl({b)) but since v, and &, are independent we have:

hi(A) = H;%X(hl(l/a) + hl(&)) = max hl(ve) + max hi(&) = hl(B1) + hl(C).

But by induction hi(B1) = mpy(B1) and hl(C) = 7y, (C) and so in total hl(A) =
Tnw(B1) + Tnw (C). But by the definitions of the northwest ribbons and 7., we
have T (A) = Tpw (B1) + e (C) if A= B; ® C as in this case. This gives finally
hi(A) = mpw (A) for I(mpw(A)) = 1.

So let us assume that the claim holds for [(m,,,(A)) = i — 1. Suppose now that
UTnw(A)) = 1.

Let A be connected. Lemma 2.2.6 tells us that |nw;(A)| = hl1(A). Since
(A)/nw1(A) has i — 1 northwest ribbons we can use induction and the 1 — 1-
correspondence given in Remark 2.2.7 and the claim holds true.
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Let us now assume that the claim holds true if [(m,,(A)) = ¢ and A decays
into j — 1 disconnected skew diagrams. Suppose A decays into j disconnected
skew diagrams B;. We can use the same argument as in the weak ribbon case
(in the above argument we never used the fact that the B; are ribbons) to get

hl(A) = T (A). O

Remark 2.2.11. The above proof tells us also the exact shape of the v with
hl(v) = hi(A) and [v] € [A]. Again, as in Remark 2.2.3 we construct a partition
such that the box (4,4) has the same arm resp. leg length as nw;(A) and the box
(i,4) is in 7 if 7y (A); # 0. Let nw;(A) decay into k; disconnected ribbons. To
obtain the partitions v we have to add for each j k; — 1 boxes to the jth row or
column in . The number of ways to obtain v from v by adding these boxes is then
the multiplicity with which [v] appears in [A].

PrOOF. In the proof of Theorem 2.2.10 we have seen how to get the characters
[v] € [A] with hl(v) = hl(A). To construct these v we have to maximize the first
principal hook length and then the second and so on. Suppose we want to maximize
the j-th principal hook length while the 1-st to j — 1-th principal hook lengths of
v are maximal. If the j-th northwest ribbon decays into k; proper ribbons then
the skew diagram obtained by removing the first j — 1 northwest ribbons of A also
decays into k; disconnected skew diagrams B;. We have then to calculate all the
products of characters in different [B;] having maximal hook length partitions. But
from Remark 2.2.3 we know how to maximize the first hook length of partitions
whose corresponding character is in this product (and so maximize the j-th hook
length of partitions whose corresponding character is in [A]). We have to construct
the hook having as arm resp. leg length the sum of the arm resp. leg lengths of the
first principal hooks of the partitions whose corresponding characters are multiplied
and then add a box to either the first row or column and then iterate this. (]

Since there are (Z) ways to choose from a boxes b boxes and put them into a
row and put the other a — b boxes into a column we get the following Lemma:

LEMMA 2.2.12. Let nw;(A/p) decay into k; disconnected ribbons.
Then there are []; k; different characters [v] € [N/ p] with hl(v) = hi(A/p) and

we have "
i — 1
cimv) =] < o >

i
where a; is the number of boxes placed in the i-th row in the construction of v from

v (as in Remark 2.2.11).

We give an example in which two of the [v] € [A] have multiplicity 2. We take
A= (8%2,7,4,3%)/(4,3,2). We have the following northwest ribbon decomposition,
where the boxes are labeled i if they are in nw;(A). We notice that ky = 1,k =
3, ks = 2 and so expect 6 different characters v; with hl(v;) = hi(A) and the value
2 as highest multiplicity of one of these characters.

1]1]1]1
111(2]2]2
112]2]3

—
(]
WD | ==




2.2. HOOK LENGTH PARTITIONS 31

If we follow the proof from Theorem 2.2.10, we remove the first northwest ribbon
and obtain B = (7,6,3,2,2)/(4,3,2), which decomposes into C; = (22),C2 = (1)
and C3 = (4,3)/(1). To calculate p with [u] € [B] and hi(n) = hi(B) we have to
multiply the characters with the maximal hook length partitions in the [C;], but for
i = 1,2 the [C;] are already those characters. To obtain the characters with maximal
hook length partition in [Cs] we can use Theorem 2.2.10 again. Removing the first
northwest ribbon of Cs gives the partition (1) so the character corresponding to
a = (4,2) is the only one with maximal hook length partition in [C3].

So we have to calculate the product knowing that we are only interested in
those [u] with hl(n) = hi(B). So we first multiply [1] with [22?] which gives us
1] ®[2,2] = [3,2] + [2,2,1] where we had the choice to maximize the first row or
column. To obtain the [u] we now multiply both with [4, 2] and obtain:

3,2 ® [4,2] =[7,3,1] +[7,2,2] + [6,3,1,1] + [6, 2,2, 1] + 14 other characters

2,2,1]®[4,2] = [6,3,1,1]+[6,2,2,1]+[5, 3,1, 1, 1]4+[5, 2,2, 1, 1]4+10 other characters
where we had the choice to maximize the first row or column and the second row
or column. We also see that [6,3,1,1] and [6,2,2,1] appear with multiplicity 2 in
[B], because we maximized once the first row and once the first column.

This tells us that the characters [v] € [A] with hl(v) = hi(A) are those corre-
sponding to the following partitions:

Here [8,7,4,2,2,1] and [8,7, 3, 3,2, 1] appear with multiplicity 2. Furthermore,
since [B] has 25 different irreducible characters, we know that in [A] there are 25
different irreducible characters [¢] with hly(§) = hly(A).

If we would follow the construction in Remark 2.2.11 we construct first v with

and then add k; — 1 = 0 boxes to the first row or column, ks — 1 = 2 boxes to the
second row or column and k3 — 1 = 1 boxes to the third row or column with the
same result.

We now want to show that the minimal Durfee size of all [u] € [A] is [(hl(A)).
For this we need the following:
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LEMMA 2.2.13. Let A be a skew diagram and set H(i,j) = a if the box (i, )
belongs to nw, (A).
IfHGi+1,j+1)>1then H(i+1,j+1)=H(,j) + 1.

PROOF. Let H(i+ 1,7+ 1) = b and let B be the skew diagram where the first
b — 2 northwest ribbons are removed from A. If the box (7, 7) is not in B then the
box (i + 1,7 + 1) would belong to the b — 1th northwest ribbon of A which is not
the case. So (4,7) is in B and so must belong to the b — 1th northwest ribbon of A
and so we have H(i,j)=b—1=H(i+1,j+1)— 1. O

LEMMA 2.2.14. Let [A] be a skew character.
The [v] € [A] with hi(v) = hi(A) have minimal Durfee size of all [u] € [A]. In
particular, the minimal Durfee size of a character [p] € [A] is I(hI(A)).

PROOF. Set h =[(hi(A)). The previous lemma tells us that if a box belongs to
nwy, (A) then it lies in the southeastern corner of a square (h"*) which lies completely
in A. But if the square (h") lies in A then the square (k") lies also in all partitions
1 whose corresponding character appears in [A4] and so h is a lower bound for the
Durfee size of a character [u] € [A]. But since the [v] € [A] with hl(v) = hi(A)
have Durfee size d(v) = h the claim holds true. O

2.2.3. Maximal Durfee sizes in skew characters. In this subsection we
use Theorem 2.2.10 and Theorem 1.4.1 to construct for a product of two characters
and for some special skew characters some characters with maximal Durfee size.

We will use that for k > py +v1,1 > I(p) +1(v) the Schubert-Product [u]x () [V]
is the ordinary product [u] ® [v].

Let us associate a skew diagram A = ((m™)/a)’)/B to partitions «, 3 with
m = max(ag + B1,l(a) + 1(B)). To obtain A we remove from the square (m™)
the partition 3 as usual and the partition « rotated by 180° from the lower right
corner.

Theorem 1.4.1 tells us that characters [v] in [A] correspond to characters
[(m™)/v] in the product [o] ® [B]. So characters with maximal Durfee size in
the product [a] ® [3] correspond to the characters with minimal Durfee size in its
associated skew character [A]. But from the previous subsection we know some
characters with minimal Durfee size.

So from Theorem 2.2.10 we get:

LEMMA 2.2.15. Let «, 8 be partitions, m = max(a; + F1,l(a) + 1(8)), A =
((m™)/a)” /3.
Then for the product [a] ® [0]:

(1) d([a] ® [B]) = m — I(hI(A)).

(2) Let nw;(A) decompose into k; disconnected ribbons. Then there are at
least 1], ki different characters with mazimal Durfee size in [o] ® [5] and
the highest multiplicity of a character with mazimal Durfee size is at least
IL (ki )-

(3) If [v] € [A] with hi(v) = hi(A) then [7] = [(m™)/v] € [a] ® [B] has
mazimal Durfee size in [a] @ [6]. (By Remark 2.2.11 we know how to
construct those v explicitly.)

Example 2.2.16. If we want to know for o = (52,32,2), 8 = (4, 3,12) some char-
acters with maximal Durfee size in the product [o] ® [G] we first construct the
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associated skew diagram A

= WIN [

W IN I
YU | W(W|W|N|—

(W W IN [ ==

DO (DN | —
WIN | ==

W NN | ===
W W(ININ|N |

=== =

2|3

where the boxes have the entry 7 if they belong to nw;(A). By Remark 2.2.11 we
have the following partitions with maximal principal hook length partition in [A]:

vy = ) v = )

v3 = ) vy =

X
X

e

The empty boxes in the v; form the partition v from Remark 2.2.11. By
Lemma 2.2.12 the multiplicities of v1 and v4 are 1 and the multiplicities of vs
and v3 are 3. So we have in [a] ® [3] the characters [7;] = [(9°)/v;] with maximal
Durfee size and corresponding multiplicities:

But there are many more characters with maximal Durfee size and the charac-
ters [7,6,5,4,3,1%,[7,5%,4,3,2,1],[7,6,5,4,3,2] and [7, 6,42, 3, 2, 1] all appear with
the highest multiplicity which is 13.
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For a skew diagram \/p with A\ = (A¥, A1, Aeva, - -, A1), Theorem 1.4.1 to-
gether with Theorem 2.2.2 and Remark 2.2.5 gives us some characters [a] € [A/y]
with maximal Durfee size if Ay =1,k > I(p) and p1 < N;.

So we get the following:

LEMMA 2.2.17. Let A\, i be partitions with A = (/\’f,)\kJrl,)\kJrg,...,)\l),)\l =
Lk>1(p) and iy < Ni. We set A = (I')/\. Then:

(1) dVp) = 1 - max(d(), d(V).
(2) There are at least 2™ @A) different characters with mazimal Durfee

size in [\/p] and at least gmin(d(u),d(3)) of them appear with multiplicity 1.

(3) If [a] € [u] © [A] with hi(a) = hi([u] @ [A]) then [a] = [(m™)/a] € [A/ ]
has mazimal Durfee size in [N/ ).

2.2.4. Necessary conditions for equality of skew characters. The re-
sults of Subsection 2.2.2 give us the following conditions for two skew diagrams
A, B to represent the same skew characters.

THEOREM 2.2.18. Let A, B be skew diagrams.
If [A] = [B] then the following holds true:

(1) Tnw(A) = Tnw(B).

(2) For every i the numbers of ribbons into which nw;(A) and nw;(B) decom-
pose are the same.

(3) For every i the arm resp. leg length of nw;(A) and nw;(B) are the same.

(4) For every i, if we remove the first i northwest ribbons from A resp. B to
get A resp. B then [A] = [B].

We want to use Theorem 2.2.18 to check if the skew diagrams
A= (10%,8%,5%)/(5%) and B = (10%82,3%)/(5%)

given in Example 2.2.1 give rise to the same skew character. We label the boxes
contained in nw; with ¢ and have the following situation:

1/1]1]1]1 111]1]1]1
11212]2]2 11212]2]2
112]3 11213(3|3
112]3 112]3[4(4
A_11111123 ’ 8_11111123
112(2]2/2]2|2]3 112]1212]212/21]3
1(2]3]3]|3 112]3
112344 112]3

We see that the parts 1 — 3 of Theorem 2.2.18 hold true and investigate 4. If
we remove the first three northwest ribbons the remaining skew diagram is in both
cases the partition (2). If we remove only the first two northwest ribbons we get
A= (4%32)/(3%) and B = (42,22,1%)/(1). We have

1A
B]

= [427 12] =+ [4a 3, 13] + [32, 14]7
=[42,1%] + [4,3,1%] + [3%,1%] + [4,3,2,1] + [3%,2%] + [3%,2,1]
and so [A] # [B].
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The decomposition of [A] and [B] gives us the following partitions whose char-
acters appear with multiplicity 1 in both [A] and [B]:

[
<[

X X
X X

P EEE
=
=

[
P EEEIEE

and the partitions whose corresponding characters appear with multiplicity 1 in
[B] but not in [A]:

XX XX XXX XXX
XXX XXX XXX
XX ’ X|X ’ X|X
X X|X X

X

These are all characters appearing in [A] or [B] with maximal first and second
principal hook length.






CHAPTER 3

Equality of multiplicity free skew characters

The question under which circumstances two different skew diagrams \/p and
o/ give rise to the same skew character [A\/u] = [a/] has lately received much
attention and is by Theorem 1.4.1 equivalent to the question under which circum-
stances two products of Schubert classes o4, - 04, and og, - 0g, are equal.

Trivial cases for equality of skew characters [A/u] = [/ 3] are given if the skew
diagrams A/p and o/ are the same up to translation or rotation.

In [RSW] and later in [MvWO09a] a method for constructing skew diagrams
with nontrivial equality of their corresponding skew characters was presented. The
fact that for a staircase partition A = (I,1 —1,...,2,1) the skew diagram A\/u and
its conjugate (A\/u)¢ give rise to the same skew character was proved in [RSW,
Theorem 7.32].

On the other hand, new necessary conditions for two skew diagrams A\/u and
o/ to give rise to the same skew character have been given recently in [McN] and
also in Subsection 2.2.4.

Using algebraic arguments Reiner et al. showed in [RSW] that equality of
[A/p1] = [@/F] when A/p decays into partitions is only possible in the trivial cases.

We will examine in this chapter the case when \/u and o/ are connected skew
diagrams and [A/p] = [o/ ] is multiplicity free. We will see that the only nontrivial
case for [A/p] = [a/fB] is when A = « is a staircase partition and additionally
A= (a/B)°.

The results of this chapter appeared in my paper [Gut4].

3.1. Notation and preliminary

In the next section we will prove the main theorem of this chapter:

THEOREM 3.1.1. Let \/p and /3 be (connected or decaying) basic skew dia-
grams and [A/p] = [a/ 8] multiplicity free.
Then up to translation or rotation
e Mu=a/B
e orA=a=(,1—-1,...,2,1) and the skew diagrams are conjugate of each
other A\/u = (a/ B)°.
Here translation or rotation does not require the entire skew diagram to be
translated or rotated, but also allows translation or rotation of the skew diagrams
into which A/p decays if it decays.

Before we prove this theorem we will fix our notation for this chapter and
remind respectively prove some general lemmas.

Let A\/u be a basic skew diagram. We can define two paths on A/u. The inner
path starts in the lower left corner with an upward segment, follows the shape of u

37
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and ends with a segment to right in the upper right corner. The outer path starts
in the lower left corner with a segment to the right, follows the shape of A and ends
with an upward segment in the upper right corner.

With s;, we refer to the length of the shortest straight segment of the inner
lattice path while s, is the length of the shortest straight segment of the outer
lattice path.

In my Diploma thesis [Gutl] I classified the skew diagrams A/u whose corre-
sponding skew character [A/p] is multiplicity free which means that in the decom-
position [A/p] = 3 e(X; p, v)[v] all coefficients ¢(A; p, v) are either 0 or 1. For this
I used the following theorem which will be generalized in Lemma 4.1.1:

THEOREM 3.1.2 ([Gutl, Theorem 3.1)). Let A, u, v be partitions and a,b > 0
integers. Then:

e 1, v) < e+ (190 4 (19), 0+ (1)),
The classification of the multiplicity free skew characters is then the following:

THEOREM 3.1.3 ([Gutl, Theorem 3.8]). Let A\/u be a basic skew diagram which
is meither a partition nor a rotated partition. Then [N/ u] is multiplicity free if and
only if up to rotation of \/p p is a rectangle and additionally one of the following
conditions holds:

(2) sin =2, dp(A) =3,
(3) dp(\) =3, Sour = 1,
(4) dp(A) = 2.

Recall that dp(A) is the number of different parts in A.
Reiner et al. proved in [RSW, Section 6] the following, using the Jacobi-Trudi
determinant but no LR combinatorics:

LEMMA 3.1.4 ([RSW, Section 6]). Let A' and A? be skew diagrams and A
decay into partitions. Let [A'] = [A?].

Then the equality is trivial i.e. up to translation or rotation A' and A? are the
same.

Here again translation or rotation does not require the entire skew diagram to
be translated or rotated but also includes the case when the partitions into which Al
decays are translated or rotated independent of each other.

We will use this lemma always to argue that A' = v ® § with partitions ~,d
and [A!] = [A?] requires A% =y ® 4.

To exclude the trivial cases for [A\/u] = [a/B] we will in the following always
assume that p is a rectangle and both A\/p and o/ are basic skew diagrams.
Because of the previous Lemma 3.1.4 we may furthermore assume that A\/u (and
so «/f3) is connected.

Furthermore, we will use the following notation:

A=W AR ) with =1\ =3, 4 and Ay > N, o= (1),

a=(aft,ay?,...) with a =(a) =, a; and a; > a1, 8= (BY).

Before we begin with the proofs we state some additional facts.

Recall that the parts of a skew diagram A = 7/ are the numbers v; — §;
(1 <4 < I(y)) and so are the number of boxes in the rows of A. Furthermore,
the heights of a skew diagram A are the number of boxes in the columns of .4 and
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so are the parts of the conjugated skew diagram. For example, the skew diagram

A=(7%,5,3,2)/(4,2%1) = has the parts 3,5,3,2,2 and heights

1,2,3,2,3,2,2. |

It is known, that skew diagrams which give rise to the same skew character have
to have the same parts and heights in the same quantity. This follows from the
fact, that the LR tableau of the skew diagram A obtained by filling every column
1[1]
112
with the entries 1 to the height of the column (e.g. |1]1]2 ) has as content

112]2
21313
v the lexicographic biggest partition whose corresponding character [v] appears in
the decomposition of [A]. Clearly this is the partition obtained by reordering the
heights of A to form a partition. So skew diagrams which give rise to the same skew
character have to have the same heights in the same quantity and by conjugation
the same holds true for the parts.

In the following we will assume that [A\/u] = [a/f5]. Since we need the same
number of rows and columns in A\/p and «/f we need Ay = ag and a = [ if we
assume [A/p] = [a/f].

We used the following 1 — 1 relation already in our proof of Theorem 2.1.1. If
we remove from an LR tableau of shape \/u containing A; entries 1 all the boxes
with entry 1 and replace every entry ¢ > 1 by ¢ — 1 we obtain an LR tableau of
a shape which is obtained from A/p by removing the top box from every column.
This gives us a 1 — 1 relation between the characters [v] € [A/u] with maximal
first part 11 = A, and arbitrary characters [€] € [A/u] with A/u the skew diagram
obtained by removing the top boxes in every column of A/p so A = APTENE )
and the 1 — 1 relation is given by &; = v;+1. So we have the following lemma:

LEMMA 3.1.5. Let [\ u] = [a/3].
Let A/p (resp. &/B) be the skew diagram obtained from N/u (resp. a/B3) by
removing the top i > 1 boxes from every column of A/ (resp. a/B). Let A/ (resp.

a/B) be the skew diagram obtained from \/p (resp. a/B) by removing in every row
of A/ (resp. a/B) the left i > 1 bozes.

Then (/1] = [&/B) and [\/u] = [a/]-

PROOF. [\/pu] = [@/4)] follows from the above 1 — 1 relation. [A/u] = [&/f]
follows then by conjugation symmetry. O

In most cases we remove the boxes until 5\/ 1 decays into two disconnected skew
diagrams so that we can use Lemma 3.1.4.

If we say in the following that we remove [; resp. A; boxes from the top resp.
left of A/p we always mean that we remove in every column [; resp. in every row
A; boxes.

For k > py +v1,1 > I(p) +1(v) the Schubert product [u] (4[] is the ordinary
product [u] ® [v].
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LEMMA 3.1.6. Let [A'] = [A?] with A = ~/6 being an arbitrary skew diagram
having a part v1 and a height I(7) (see Figure 1).

Then A' = A% or A = (A%)°.

PRrROOF. Since A! and A2 have the same heights and parts we have also the
part v and the height I(v) in A%. The lemma follows now from Lemma 3.1.4 and
Theorem 1.4.1.

0 | ()

7 ’_|J;1:/7

-—— e o

Al

Figure 1. Lemma 3.1.6: A!

3.2. Proof of the main theorem

The proof of Theorem 3.1.1 is arranged as follows. We first prove that [A/u] =
[a/B] and dp(N\) = 2 requires A/ = o/ or A/ = (a/B3)°. Next we prove that
[A/p] = [@/F] and dp(A) = 3 requires dp(a) = 3. Then we prove that \/p = o/ is
required if both A and « are dp = 3 partitions and [A\/u] = [o/f)].

Then we examine the cases when both A and « have more than 3 different parts
and [A/p] = [a/F] is multiplicity free.

LEMMA 3.2.1. Let [Au] = [a/5] and X be a dp = 2 partition.
Then « is also a dp = 2 partition and o/ =X or a/f = (A/p)°.

PrROOF. We will assume that « has n > 2 different parts, dp(a)) = n > 2, and
show first that n = 2.

Case 1: Xo > u1, I3 > m. This case is covered by Lemma 3.1.6.

So we have either Case 2: 1 < m or Case 3: Ay < 1. We cannot have
both at the same time without A/ decaying into two disconnected rectangles. It
is sufficient to examine only the Case 2 since Case 3 follows then by conjugation
symmetry.

Case 2: 11 < m, Ay > p1. By comparing the heights of length [ and the parts
A1 in A/p and /8 we get a1 < b, o, > Sy

Since A > p1 we have Ao — pq times the height I in A/u and so need Ay — g =
Op — 61 .

If we remove in A/ the left Ao — 1 boxes the remaining skew diagram is:

M= (M =1 — o = p)™) @ (M2 = Ao + 1)),

=A1—A2 =M1

If we remove in «/( the left Ay — 1 = o, — B1 < @, boxes the remaining skew
diagram has to decay by Lemmas 3.1.4 and 3.1.5 but decays only for b > [ —a,, and
is then:

&/ = ((\ —an)™, (a2 = an)™, .. (an-1 = an)™ ) @ ((B1)'").
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M a/p

Figure 2. Case 2: \/p and &/f3

By Lemmas 3.1.4 and 3.1.5 A\/u and &/ have to be related by translation or
rotation if [A/p] = [&/F] and so we have [\/u] # [a/3] for n > 3.
For n = 2 we have:
a/f=((\ —a2)™) @ (B").
By Lemmas 3.1.4 and 3.1.5 we have either

Case 2.1: (M — )\2)l1 = (A1 — ag)?, ,ull_m = i_b
or
Case 2.2: (A1 — X))t =it = (A — ag)™.
In Case 2.1 we immediately get \/u = a/f.
In Case 2.2 we have
A — Ao = f1, A1 — Qg = fi1, b=1-1, l—a1=m
which means \/u = (a/5)°. O

LEMMA 3.2.2. Let X be a dp = 3 partition and [\/p] = [o/f].
Then dp(a) = 3.

PROOF. By Lemma 3.2.1 « cannot have only 2 different parts. So we will
assume, that dp(«) = n > 4 and show that we get contradictions.

Case 1: 11 <m, A3 < p1. Since we do not have parts A\; or heights [ in A\/u we
also have a; < b and «,, < (31.

For \/u to be connected we need Ay > pq and I3 + Iy > m.

The cases Case 1.1: A3 < Ao — 1 and Case 1.2: Iy <11 + lo — m are related
by conjugation symmetry so it is sufficient to consider only Case 1.1.

Case 1.1: A3 < Ay — py. If we remove in A\/u Az boxes from the left and in
total [ - A3 boxes the remaining skew diagram is ((A; — A3)™*, (A2 — A3)2)/p and is
not a partition and decays (in the case Ao — 1 = A3) only after A3 boxes from the
left are removed and is connected if only A3 — 1 boxes are removed from the left.

If we remove in o/ A3 boxes from the left the remaining skew diagram &/ has
to be by Lemma 3.1.5 and Lemma 3.2.1 a dp = 2 partition with a rectangle removed.
This cannot be obtained. The best we can obtain is the following. If we demand
that &/0 is a dp = 2 partition with or without another partition removed and
demand that removing A3 boxes from the left removes in total [ - A3 boxes we need
n=4,04 = A3 aswell aseither b = a1,a1—0B1—A\3 =0o0rb = a;+as,as—31—A3 =0
(see Figure 3. The case b = a1 + as + as, ag — 81 — A3 = 0 can be excluded, because
in this case either o/ decays or has a height [.). In both cases removing Az — 1
boxes from the left of a/3 gives a decaying skew diagram.

Case 1.8: A3 > Ao — M1, l1 >0 +1 —m.
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a/B?

Figure 3. Case 1.1: \/p and &/

If we remove in A/ Aa — 1 boxes from the left and in total I - (Ao — 1) boxes
the remaining skew diagram A /i decays into a rectangle and a dp = 2 partition. If
we remove only Ay — 1 — 1 boxes from the left the remaining skew diagram does
not decay. We have (see Figure 4):

(3.2.1) M= (M = A2)) @ (W27 (Ag — Ao + p1)'2).

If we remove in A/ 1 + la — m boxes from the top which are in total A\; - (i1 +

lo — m) boxes the remaining skew diagram 5\/ 1 decays also into a rectangle and a
dp = 2 partition. Again removing only [y + I — m — 1 boxes from the top gives a
connected skew diagram. We have (see Figure 4):

(3.2.2) M= (M =)™ "2, (A — p1)'2) @ (\F).

M [ __ Mu:

Figure 4. Case 1.3: A/p and A/

If we remove in /3 Aa — 11 boxes from the left the remaining skew diagram has
by Lemma 3.1.5 also to decay into a rectangle and a dp = 2 partition. To obtain this
and remove in total I- (A2 — 1) boxes and also be in the situation that after removing
A2 — p1 — 1 boxes from the left the remaining skew diagram &/ does not decay we
need n =4, ay = Ay — pu1 as well as either a1 < b < ay +ag, ag — B1 = Ao — g or
a1 +as <b<ay+as+as, az— 1 = A2 — 1 (see Figure 5).

With the same reasoning the skew diagram &/ obtained by removing l; +lo—m
boxes from the top of a/ must decay into a rectangle and a skew diagram and we
need n =4, a; = l1 +1lo —m as well as either a3 < 1 < as,a1+as—b=1l1+ls—m
or ag < (1 < ag, a1 +as + a3 —b=1; + 1o —m (see Figure 6).
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a/pt: l a/p?
|
| £
|
Figure 5. Case 1.3: The two cases of /3!
o -
|
a/8 el 2 a8

Figure 6. Case 1.3: The two cases of &/3!
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By Lemmas 3.1.4 and 3.1.5 the skew diagrams ;\/u resp. ;\/u and &/f resp.

&/ have to decay into the same partitions. So we get the following:
In the Case 1.8.1: a1 <b < ay + as, ag — 1 = A2 — u1 we have:

a/B' = (1 —a2)™) ® (a2 = Az + 1) T2 7°, (a3 — ag + 1)™).
=51
Comparing with (3.2.1) gives:
(3.2.3) Qg = Ao, b1 = 1, a3 = A3.
In the Case 1.8.2: a1 +as <b<aj +as+ az, as — 1 = A2 — u1 we have:
&/B% = (M — as)™, (az = Ao — B + ) ™) @ (B Hoetee ),
Comparing with (3.2.1) gives:
(3.2.4) az = A1 — p, az — B =X — az = A3 + fi.
In the Case 1.8.2.1: a3 < By < as, a1 +as — b =11 + I — m we have:
a/B = ((az2 = £1)™) @ (a3*, af").
Comparing with (3.2.2) gives:
(3.2.5) az < B, az = A3 + [, Qg =Xy — 1.

In the Case 1.8.2.2: oy < B1 < ag, a1 + as + a3z —b =11 + I3 — m we have:

a/f% = ((az — $1)™, (a3 — B1)™) @ (af*).
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Comparing with (3.2.2) gives:
(3.2.6) az = A1 — 1+ f, az = g+ f1 — pa, g = A3.

From the equations of Case 1.8.1.1 ((3.2.3) and (3.2.5)) follows az + f1 =
A3+ 1 =a2 =Xy = ag+ 1 = ag + f1, but az # ay.

From the equations of Case 1.3.1.2 ((3.2.3) and (3.2.6)) follows a3z = A3 = au,
but az # ay.

From the equations of Case 1.5.2.1 ((3.2.4) and (3.2.5)) follows 0 > a3 — 31 =
A2 — 1, but since we are in the case I; < m and A3 < pq, A/ p decays for Ao —py < 0.

From the equations of Case 1.8.2.2 ((3.2.4) and (3.2.6)) follows aig = A\ — 1 =
ag — 1 = A3 = ay, but ay # 3.

These contradictions finish Case 1.

Case 2: 1y > m, A3 < p; and Case 3: Iy < m, A3 > up are related by
conjugation symmetry so it is sufficient to consider only Case 2.

Case 2: 11 > m, A3 < pi. Since we have the part A\; [1 —m times in A/p we
need l; —m = a; —b. Removing l; —m boxes from the top of A\/u gives a connected
skew diagram \/p for Ay > py with

M= (T AE A3
or a decaying skew diagram \/p for Ay < p3 with
M= (=)™ @ (A, A8).

For Ay > p1 removing I3 — m = a; — b boxes from the top of a/ must yield a
connected skew diagram &/ and we get:

&/p = (al{,ag2,ag3,az4,...)/ﬁ.

Since we are now in Case 1 with I3 < m, A3 < u; we get from the above [A/u] #
[/ 5].

For Ay < pq removing I3 — m = a1 — b boxes from the top of a/ must yield a
decaying skew diagram &/ and we get:

Mu= (a1 = 51)") ® (a5?, a5, af?, ..).

Lemma 3.1.4 gives [A/p] # [/ 5].
Case 4: 11 > m, A3 > u1 is covered by Lemma 3.1.6.

LEMMA 3.2.3. Let A\, be dp = 3 partitions and [N/ p] = [a/3].
Then A/ u= /.

PRrROOF. Case 1: 11 < m, A3 < up. Since we do not have heights [ and parts A\;
in A/p we also need a1 < b, as < 1.

For \/u to be connected we need Ao > 1, I3 + 12 > m.

Case 1.1: 1y > l1+1ls—m and Case 1.2: A3 > Ao — 7 are related by conjugation
symmetry so it is sufficient to consider only Case 1.1.

Case 1.1: 11 > 11 + 1o — m.

Removing l; + lo — m boxes from the top of A/u gives:

M=) @ (M —p)™ "2, (Ao — pa)'2).
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If we remove only I; + I3 —m — 1 boxes from the top of A\/u the remaining skew
diagram does not decay, so we need [y + 1o —m = a1 + as — b, b > as and removing
a; + az — b boxes from the top of «/f3 gives then:

a/f = (a5*) ® (A — B1)"7%, (a2 — B1)™).

This gives A\/u = a/p.

Case 1.3: L <li+lba—mem<ly, A3 <Ay — .

Removing [; boxes from the top of A\/u removes in total I; - A\; boxes and
gives a skew diagram which either decays into two disconnected rectangles (for
lih =014+l —m)oris (/\l;,)\éf‘)/u (for Iy <1y + 12 —m). We need a1 < Iy because
removing l; boxes from the top of a/3 must either yield a decaying skew diagram
or a dp = 2 partition with a rectangle removed. But since removing the top /1 boxes
of a/( has to remove in total I; - \; boxes we need also a; > l; and so a1 = 3.

Removing Iy 4+l — m — 1 boxes from the top of A\/u yields a connected skew
diagram but removing the top I3 4+ la — m boxes yields:

Mu=(3)® (A2 — pa)™).

Since o/ must also decay after removing I + I3 — m boxes from the top but not
after removing less boxes we get a1 +as —b =10, + 1o —m and so as — b =1y —m.

In an analogous way by removing A3 resp. A2 — p1 boxes from the left we get
az3 = A3 and az — B1 = Ay — 1.

We will first examine the Case 1.8.1: p; # 1 and show that this gives [A/p] #
[a/B]. This covers by conjugation symmetry also the Case 1.8.2: m # b.

For the following construction we only need:

(3.2.7) ay — 1 = Ay — pu, ay = Iy, m <o, b <as.

Without loss of generality we may also assume that p; < 51 and set 51 = p1+n
which gives ag = Ao + n.

Case 1.3.1.1: My — (A2 +n) +1 < py.

We can in A\ write entries 1 to /1 into the columns Ay + n to Ay which are in
total Ay — (A2 +n) + 1 columns (see Figure 7). If we place the remaining entries so
that they obey the LR rule we get an LR filling of A with content p where the box
(I1, A2 + n) is filled. So there is a character [v] in [A\/u] with v not containing the
box (ll, Ao + TL)

1 ... 1
|l—1|---ll
A \(11,A2+n)

Figure 7. LR filling of A in the Case 1.5.1.1
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In « there are as > b boxes below the box (I1, A2 +n) = (a1, a2) so in every LR
filling of « with content 3 the box (I1, A2 +n) remains empty. So for every character
[v] in [a/ 0], v contains a box in position (I, A2 + n). This gives [\/u] # [a/3].

Case 1.8.1.2: \1 — (/\2 +7’L) S e A — A > t+n=/p0.

Let us now construct an LR filling of o with content § which leaves the box
(1 + 1, A2 + 1) empty and so gives [A/u] # [a/F].

Place the entries b into the the rows [ and [; + as with at least one b in row [
(see Figure 8). Now place for 1 < ¢ < b the ¢ above i 4 1 if possible. For b —i = ag
we cannot place the entry ¢ above the entry ¢ 4+ 1 unless there are as — a3 entries b
in row [y + ao. If there are less than as — a3 entries b in row [ + a2 we place the
entry ¢ in row [y + ag directly left to the b. If we now place 31 — 1 entries 1 into the
right 61 — 1 columns we only get to column A\ — (61 —1)+1 =X\ =61 +2 > Ay +2.
If we now place the remaining 1 atop of one of the entries 2 which are in row
ly + a2 + as — b+ 2 (in one of the columns having in row a1 + az an entry b — as
instead of an entry b) then the 1 is placed in row I3 + a2+ a3 —b+1 > {1 + 2 where
we used as > b and asz > 1. Also the highest position of a 2 in this filling is in row
l1 + az — b+ 2 and so below row I + 2. So the box (1 + 1, A2 + 1) is empty in
this LR filling. So we have a character [v] in [/ 3] with v having a box in position
(i + 1,22 + 1). But since (I3 + 1, A2 + 1) is not in A there is no character [¢] in
[A/p] with v containing a box in position (I3 + 1, A2 + 1) and so [A/u] # [a/].

\
(ll + 1,/\2+1)

bb

Figure 8. LR filling of « in the Case 1.3.1.2

Case 1.3.8: uy = 31, m=b.

Since we have ao — b = lo — m and m = b we have also as = [ and from this
fOHOWSl3 :l—ll —12 :l—a1 — ag = as.

Also from Qo — 61 = AQ — M1 and 61 = M1 follows Qo = )\2.

Together with I; = a; and A3 = a3, which we proved above, this gives the
desired A\/p = o/ and so finishes the case I; < m, A3 < py.

Case 2: 1y > m, A3 < pp; and Case 3: Iy < m, A3 > up are related by
conjugation symmetry so it is sufficient to consider only Case 2.

Case 2: 11 > m, A3 < .

Since we have I; —m times the part A; in A\/p we need I; —m = a; — b.

The skew diagram ;\/ 1 obtained after removing 1 — m boxes from the top of
A/ decays for Ay < py but is connected for Ay > p1. So we have Ay < p if and
only if ag < fy.

Case 2.1: )\2 S M1
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After removing Iy — m = a3 — b boxes from the top of A\/u and a/f3 we have
the skew diagrams

Mp = ((A = p)™) ® (A2, 25)
and

a/B= (A —51)") @ (52, a5%)
which gives by Lemma 3.1.4 A\/u = a/f.

Case 2.2: Aoy > 1.
Removing l; — m = a1 — b boxes from the top of \/u and «/( gives

M= (AT, A2, 08) /(1)
and
é‘/ﬁ = ()‘1{7 agzjaga)/(ﬁ%)'

Using the result of Case 1: I3 < m, A3 < uy gives o/ = A/ and finishes Case 2.
Case 4: 11 > m, A3 > u1 is covered by Lemma 3.1.6. O

We will now compare the multiplicity free skew characters [A\/u] and [/ 3] when
both A and a have more than 4 different parts and assume for the following lemmas
that dp(\), dp(a) > 4.

There are 4 cases when [A/p] is multiplicity free and A has more than 4 different
parts and we will compare them against each other (see Figure 9).

pr =1

,LL1:/\1—1

1T

Figure 9. The four multiplicity free cases with A a dp = n > 3 partition

The first lemma covers by conjugation symmetry also the case when p; = 7 =

LEMMA 3.2.4. Let A\/p and «/( be skew diagrams with m =b =1 and [M\/p] =
[/ B].
Then A/ u= /.
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PROOF. We have in A\/u I3 — 1 times the part A;. Since we need in «/f the
part A; also a; — 1 times we get a1 = [;.

If we remove l; boxes from the top of A\/u we either get a connected skew
diagram for Ao > puq, I > 1 or A3 > pu1, a disconnected skew diagram for Ay >
11 > A3, la = 1 or a partition for Ay < py (see Figure 10). Obviously the same

must apply for &/ if [A/p] = [a/F].

Figure 10. Lemma 3.2.4: The three cases for 5\//1

Suppose we get a connected skew diagram 5\/ © with A having less than 4 dif-
ferent parts. Then we can use Lemmas 3.2.2 and 3.2.3 to get A/ = a/f3.

If 5\/ 1 is connected but A has 4 or more different parts we can iterate this
process until we reach the case where A has less than 4 different parts or A/u is
either a disconnected skew diagram or a partition.

Suppose A/ is a partition. If we remove only I3 — 1 boxes from the top of A\/u
and a/f to get A/p* and &/0* we get:

5‘/:U’* = (Al - ,ul) ® ()\l225/\l337)\£l45 i )
and
&/0 = (M — (1) @ (052, a5%, o, .. .).
This gives A\/u = a/p.
So now suppose A\/pu is a disconnected skew diagram. Then we have:

M= —pm) e\, )
and
a/B = (a2 —B1) @ (a3®,a4*,...).

This gives )\i =af for i >3 and Ay — 1 = ag — Bi.
For py = (1 we get A2 = as and since we have in this case also I = as = 1 we

get A p=a/p.
For 1 # 1 we can use the construction of LR fillings following equation (3.2.7)
(page 45) and get [\/u] # (/8] O

LEMMA 3.2.5. Let A/ and o/ 8 be skew diagrams with p # (1) £ 8, m=1=

and [\/u] = [a/ ).
Then A = (I,1—1,1—2,...,2,1) is a staircase partition and A/ is the conjugate

of a/B, af = A pc.
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PROOF. Suppose I3 > 1. Then we have the part A\; {3 — 1 times in A\/u and so
need a; = b+ 13 — 1. The smallest height in A/p is either /1 (in the case Ao > p1)
or I3 — 1 (for A2 < p1). The smallest height in «/f is either a; = b+1; — 1> 13
or [l —b. For Ao > pq this givesl —b =1y and sol = b+ 1y = a1 + 1 which means
that « has only 2 different parts. For Ao < pq this gives I —b =13 — 1 and so
l =10y +b—1=a; which means that « is a rectangle.

So we have I; = 1 and since A/ does not decay we need Ag > pq.

If we remove the top box of A\/u and «/f we get a connected skew diagram
for either Iy > 1 or for A3 > p1. Suppose we are in this case then if the new skew
diagrams have less than 4 different parts we can use Lemma 3.2.3 which then gives
that [A/p] # [o/B]. If the new skew diagram has 4 or more different parts we get
A2 = g, because Ay is the number of columns in the new skew diagram, and so
ay = 1. Since we have the part A\ — 1 in a/3 we need Ay = A\; — 1, because we need
a the part A\ — 1 also in A\/u. We can repeat the above argument until the skew
diagram we obtain after removing the top box decays.

So we now assume that the skew diagrams A /e and &/ obtained after removing
the top box of A/u and o/ decay and so we need lo =1, A3 < py. If 5\/# decays
we have:

M= — )@ (AFAF, ).
Since &/ must also decay we need o, = 1 and a = b+a,, + 1 if o/ has n different
parts. We then have:

a/B= (1)@ ((ar = 1), (a2 — 1), (a3 — 1),...).
for a1 >1

Since we have height 1 in A/p and the smallest height in /S is either a; or
l—b=a,+1>1weneed a; = 1.

Comparing X/,u with &/0 gives A — 1 = 1, a,, = 1, )\éi = (a;j—1 — 1)%-1 for
i=3,...,n. Since we have again the part Ay — 1 in o/ we need Ay = A\; — 1 and
SO 1 = A1 — 2.

Suppose we have [; = a; = 1 and a; = \; for 1 < i < p and fixed p > 2. This
holds true for p = 2. Since l;;1 = a; for 7 > 2 and Iy = 1 we have also [, = 1.

Suppose we have A\, > Ap11 + 1 where Ap1 = 0 is allowed.

We now construct an LR filling of A with content p. We place in A entries 1
into every column of A but not into the columns A, ;41 and A,41 +2 and so we get
an LR filling which leaves the box (p, Ap+1 + 2) empty (see Figure 11). Thus there
is a character [v] € [A/p] with v containing a box in position (p, A,+1 + 2). Since
ap = Apt1+1 the box (p, Ap+1+2) is not in a and so there is no character [v] € [o//]
with v containing a box in position (p, \p+1 + 2). This gives [A/u] # [a/F]. So we
need A\, = A\py1 +1 =,

So now suppose we have a, > 1.

Placing in « the entries into the rows 1 to p—1 and p+2 to [ gives an LR filling
which leaves the box (p + 1, ;) empty (see Figure 11) and so we have a character
[v] € [a/fB] with v containing a box in position (p+ 1, ). Since I, =1 the p+ 1th
row in A has only A,41 < A\, = o, boxes and so there is no character [v] € [A/y]
with v containing a box in position (p + 1, o) and so [A/u] # [a/f] for a, > 1 and
so we need a, = 1.

It now follows by induction that o« = A has to be a staircase partition A =
(1,1 —1,...,2,1) which then also gives b = p; and so A\/p = (a/f)°. O
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Figure 11. Lemma 3.2.5: LR fillings of A and «

The following lemma covers by conjugation also the case when py = 1,b =
a—1=1-1.

LEMMA 3.2.6. Let M/ u and o/ be skew diagrams with m = 1,01 = a1 — 1 =
M—1,b>1.

Then [N/ pu] # [/ ].

PROOF. We have a; > b since otherwise o/ would decay.
Removing a; — b boxes from the top of a/f gives &/ which decays into

a/f= (1% ® (052,05, a5, ...).

Since p = (p1) we have that if A/ decays after a; — b boxes are removed from
the top and in total (a; — b) - A; boxes it decays into

M= (=) ® (A A5 A ).
Since b > 1 we get [A\/u] # [a/0]. O
The following lemma covers by conjugation also the case when pu; = 1,6, =
a1 — 1= )\1 — 1.

LEMMA 3.2.7. Let A/ and /(3 be skew diagrams with p; > 1=m,b=1—1=
a—1.

Then [A/u] # [a/B].

PROOF. If we remove the top boxes from «/3 we get a partition &/g.
If the skew diagram A/u obtained after removing the top box of every column
in A/p is a partition we have Iy =1 and Ay < ug. Thus A/p decays. O

The following lemma covers by conjugation also the case when m =b=1—1.

LEMMA 3.2.8. Let A/u and «/B be skew diagrams with pu1 = 1 = A\ — 1 and

(M p] = [a/B].
Then A/ u= /.

PROOF. Since A\/u and o/ are connected we need i1 > m, a1 > b and because
of the part A; which, therefore, exists in \/u and a/f we have l; —m = a1 — b.
Removing the top {1 — m boxes of A/u gives:

M= (1™ @ (M2, A A )
and removing the top l; —m = a; — b boxes of a/3 gives:
a/f= (1" @ (a5, a5®, af*...).
This gives A\/u = a/p. O
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LEMMA 3.2.9. Let A/ and o/ be skew diagrams with m > 1,u1 = A —1,b=
I—1.
Then [\/p] # [a/B].

PROOF. Removing the top box of every column of o/ gives a partition &/8.
Since p = ((A1 —1)™) with Iy > m > 1 removing the top boxes of every column
of \/p can only give a partition if Ay = 0. d

Since the previous 6 lemmas cover all cases when [A/u] and [a/] are multi-
plicity free skew characters with both A and « having 4 or more different parts this
proves together with the previous lemmas the Theorem 3.1.1.






CHAPTER 4

Generalized stretched Littlewood-Richardson

coefficients

Some recent research was concerned with the behaviour of the stretched LR co-
efficients f(n) = c(nA;np,nv) (see [KT],[KTW],[Buch],[DW],[KTT],[Ras] and
Section 1.5 where we summarized some of the results). It is known that this func-
tion is a polynomial and, therefore, is either constant or increases without bound
(for example by Lemma 4.1.1). It is constant if and only if ¢(A\;p,v) = 1 (see
[KTW]).

In my Diploma thesis I used the fact that we get information about [A/u] by
analyzing [a/(] if A/p is larger than a/(3 (see Theorem 3.1.2 and Lemma 4.1.1).
Since there are many nice results about c¢(nA;nu,nv) and the triple (n\, ny, nv)
is obtained by adding the triple (A, p,v) repeatedly to itself, natural questions
that arise are: what can be said about the skew character [(nA + X)/(nu + u')],
corresponding to repeatedly adding the skew diagram A/u to X' /u/, and how does
the LR coefficient c(n\ + X;nu + p',nv + '), corresponding to repeatedly adding
the triple (A, i, v) to another triple (X, i/, v'), behave?

In this chapter we prove in Lemma 4.1.1 that ¢(A+X; u+p/, v+1') > e(A; p,v)
for ¢(N;p/,v") # 0. We then investigate in Section 4.2 Q(n) = Qi;i, (n) =
YocmA+N;nu+ 1/, v) as a function of n € Ny and show that Q(n) is bounded
above if and only if A/p is a partition or rotated partition. @Q(n) counts the number
of LR tableaux of shape (nA+X')/(np+ ') or the total number of irreducible char-
acters (i.e. the number of constituents) in the skew character [(nA+ X)/(nu+ p')).

Furthermore, we investigate in Section 4.3 the function P(n) = PA’\,’_’L’,'jy, (n) =
c(nX+ N;np+ p/',nv+1') as a function of n € Ng. So the stretched LR coefficient
f(n) is the special case of P(n) with ' =/ =v' = 0.

The results of this chapter will appear in [Gut5].

4.1. Preliminaries: ¢\ + N;pu+ p/,v+v') > e\ p,v)

It is known (see [Zel]) that the triples of partitions with non-zero LR coefficient
form an additive semigroup. We can generalize this and Theorem 3.1.2 of my
diploma thesis to the following:

LEMMA 4.1.1. Let A\, p,v, N, 1/, v/ be partitions with c(\; p,v),c(N;u' V') # 0.

Then:

cNpv) < e+ Nsp+p,v+0)
and by conjugation:
e\ p,v) <cAUN;pUp,vur).

PRrROOF. Let A be a fixed LR tableau of shape X' /u/ with content v/. Let A;
be the multiset of the entries in the jth row of A.

53
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For any LR tableau C* of shape \/u and content v we let C? be the multiset of
the entries in the jth row of C?.

We can now define for every C' a tableau D' of shape (A + \')/(u + p) with
content v + v/ by placing into row j the entries of A4; U C; in weakly increasing
order. Because the columns of A and C? are strictly increasing, also the columns
of D' are strictly increasing. It is also clear that the tableau word is a lattice word
because it can be divided into two subsequences (corresponding to the entries in D?
having their origin either in A or C?) which are both lattice words. So the D¢ are,
in fact, LR tableaux.

Suppose we have D = D!. Then we know from the construction that the
multiset of the entries in the jth row of D' is A; U C} while the multiset of the
entries in the jth row of D! is A; U le-. This gives us C; = C’Jl- for all j and since
an LR tableau of a given shape is uniquely determined by the content of its row
it follows that C* = C!. So we have that different LR tableaux of shape \/u with
content v give different LR tableaux of shape (A+ \)/(u + p’) with content v + v/
and so:

e\ ) <c N+ Nsu+ v+ ).
O

Remark 4.1.2. In the hive model (which we do not use in this work) the proof is
also easy. Choose one LR hive corresponding to the triple (XN, ', 2") and add this
hive to all the LR hives corresponding to (A, i, ). It is easy to see that all the new
hives are different LR hives corresponding to (A + X, u + u/,v + /).

Remark 4.1.3. It is known that f(n) = c¢(nA;nu,nv) is a polynomial which is
constant if and only if ¢(A; p, v) = 1 (see [KT],[KTW]). Suppose A, u, v are chosen
in such a way that f(n) is not constant then we know that

F(n) =cnA+ XN;nu+ p',nv+ 1)

increases without bound if ¢(N; u/, V') # 0.

4.2. Behaviour of Q(n) =Y, c(n\+ N;nu+ p/,v)
c

We always assume in this section u A and g/ C N, define Qi;’f#, (n) =
Yo, cnA+ Nynu + ¢/ v) and write simply Q(n) if A, u, X', ¢/ are known from the
context.

LEMMA 4.2.1. Let A\/u be a proper skew diagram. Then Q’A\}’f#, (n) increases
without bound. Furthermore,

Z 1— o0 for n — oo.
0(n>\+>\’muu+u’YV)¢0
So both the number of constituents and the number of components of the skew

character [(nA + X)/(nu + p')] increase without bound if A\/u is a proper skew
diagram.

PROOF. Since \/p is a proper skew diagram it is larger than the skew diagram
(2,1)/(1), which means \/u can be obtained from (2,1)/(1) by repeatedly using the
operations +, U together with skew diagrams B°. Since B is a skew diagram there
exists at least one component [v?] # 0 of [B!]. But we have clearly a of v # 3ot v/¢
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for @ # B and o' € {+,U}. This argument together with Lemma 4.1.1 gives:
Yoo pv) >3, e((2,1);(1), v). By the same argument we also get:

Z e+ Nsnp +p/,v) > Z c(n;nu,v) > Z c(n(2,1);n(1),v).
It is easy to see that ) ¢(n(2,1);n(1),v) = n+1 because an LR tableau of shape
(2,1)/(1) contains n entries 1 in row 1 and ¢ (0 < ¢ < n) entries 1 as well as n — ¢
entries 2 in row 2 and for each such 7 there is exactly one LR tableau. So Qi,"f (1)
increases without bound.

Furthermore, since the number of components of [n(2,1)/n(1)] is n + 1 the
number of components of [nA + X /nu + 1] is also at least n + 1 and so

Z 1>n+1.

v
c(nX+X snp+p’ ,v)#0

O
LEMMA 4.2.2. Let A\/p be a partition or rotated partition.
Then there exists an m with Qi,"“ﬂ, (n) = i;“ﬂ, (m) for n >m.

alfl

Furthermore, if A = (o', a2, a3,... o), ar # 0, p = (af*™ ") and X /p' basic
we can choose

/ / / / /
m— max ()\1 _)‘aj +)‘aj+1+/1’a1 _Malfl)
T i<i<k

aj>a4

Q5 = Q41
with aj = a1 — 1+ j,ap41 = 0 (for ax = 1 set p, = N;) which then also gives
A, A, A,
Vo (m) > Q3 (m —1) > ... > Q4" (0).
These inequalities are also satisfied in the general case if we choose the smallest
m satisfying Qi;iﬂ (n) = Qi,"i, (m) for n>m.

PROOF. We look at the skew diagram A(n) = (nA+ X)/(np + p').

By rotation symmetry we may assume that \/p is a partition instead of a
rotated partition.

Let a; > a2 > ... > aj be the non-empty rows of A\/u. If we have \; =
i > A1 for some i # aq, ..., a; and choose n big enough then A(n) decays into a
skew diagram A"P containing the upper i rows and a skew diagram .4;, containing
the rows below row i. If we increase n even more then the skew diagrams A“P
and A;, are translated relative to one another which is irrelevant for the skew
character [A(n)]. So if there are some i # ay,...,ar with \; = p; > ;41 we may
choose n large enough so that for each such i A(n) decays into an upper skew
diagram and a lower skew diagram. Instead of looking at this situation we may
then investigate the case that A'/u’ = A(n) for an n large enough and have no
1% a1, ..., ap With \; = gy > Aiy1. So we may assume that pu; = A\, = A, fori < ay
and f1; = A = g, for ar < ¢ < I(p) (and since A\/u is a partition we also have
Hay = tay-)- If fia, > 0 there is for the same reason as above an n such that A(n)
decays into skew diagrams containing the upper I(x) rows and the rows below row
I(n) and increasing n translates these skew diagrams relative to another so we may
assume that p,, = 0.

So we have without loss of generality A = (af*, a2, as,...ak), a5 # 0 (not
necessarily o # a;41) and g = (@' 71). To prove Q(n) = Q(m) for n > m we
have to construct an m such that removing in an LR tableau of shape A(n) from
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the row a; with 1 <4 < k the entry ¢ (n — m)q; times and translating the upper
a1 — 1 rows (n — m)a; boxes to the left yields an LR tableau of shape A(m).

By our choice of A and p the number N of non-empty columns among the
upper a; — 1 rows of A(n) is independent of n (we have N < A} — p, ; and may
by translation symmetry assume equality, set pj = A} for a3 = 1). So the number
of entries 1 among the upper a; rows of an LR filling of A(n) is at most N. So for
1 <4 < k there are at most N entries larger ¢ in row a; of an LR filling of A(n).
Furthermore, the number of entries smaller ¢ in row a; is at most ), — puy, , also
independent of n. On the other hand, there are in row a; of A(n) A, — ul,, + na;
boxes. So the number of entries 7 in row a; of an LR filling of A(n) is at least

Moy = Ha, T 10 = N = (g, — Ha,) = Na, — Ha, — N + nay.
Obviously if A, — ), — N +nag > 0 then also X, — u;, — N +na; > 0 for every

a

1 <i<k. So for
!/ !/
+N—-A
(4.2.1) n>n > Pa T e
ag
there are at least (n — n/)q; entries ¢ in row a; of every LR tableau of shape A(n).
We have to investigate the j (1 < j < k) with a; > a;41 (for example j = k).
Removing in an LR tableau «; times the entry ¢ from row a; removes more entries
7 than j + 1 so the new tableau can violate the lattice word condition even if there
are enough entries ¢ to remove. As calculated above the number of entries j in row
a; of an LR tableau of shape A(n) is at least: A;, . — pg, — N + na;. Furthermore,
the number of entries j+ 1 in an LR tableau of shape A(n) below row j is at most
Aa,+1 1+ najyq since there are only so many columns below row a;. So for

/\sz — fy, — N +noy > )\fljJrl + nop1
the number of entries j in row a; is at least as large as the number of entries j 4 1
below row a; in every LR tableau of shape A(n). We can solve the above inequality
and get:
B @ = Qg1
Since we have ay > 0 = a1 setting j = k gives
a1 = Nay + oy + N NG e, N
Qg N g%
which is the right hand side of inequality (4.2.1).
Let us set

{ (/\/1—/\2]- + A, 41 T Ha, —#;1—1)"
m = | max
oyt @) — 1
where [z] denotes as usual the smallest integer larger or equal to x.

Then we know for n > m from our reasonings above that every LR tableau
C,, of shape A(n) contains at least (n — m)a; entries ¢ in row a; (1 <7 < k) and,
furthermore, removing (n — m)q; entries ¢ from every row a; (1 < i < k) and
translating the upper a; — 1 rows (n — m)ay boxes to the left yields a tableau C,,
which contains (for those j with a; > aj41) in row a; at least as much entries j as
there are entries j 4+ 1 below row a;. So the tableau C,, satisfies the lattice word
condition. Furthermore, the entries in the rows increase weakly from left to right.
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We have to check that the entries in the columns are strictly increasing from top
to bottom which is not trivial because we remove more entries j from row a; than
entries j + 1 from row a; + 1 if a;;j > aj41. But our condition on m ensures that
in Cy, there is an entry smaller j + 1 above every entry in row a; + 1 so there is
no problem for the entries weakly larger than j + 1 in row a; + 1. But the entries
in Cy, in row a; + 1 which are smaller than j + 1 have an entry smaller than itself
in the box directly above itself because C, is semistandard. So C,, has to be, in
fact, an LR tableau. So every LR tableau of shape A(n) is obtained from an LR
tableau of shape A(m) by adding (n — m)a; entries to row a; (1 < i < k) and
translating the above a; — 1 rows (n — m)a; boxes to the right. So for n > m we
have Q(n) = Q(m).
We now have to prove that Qi;i, (m) > Qi;iﬂ (m—1)>...> Qi;i, 0)if XN /p/
is basic.
AL =Xy My —Hay
For n < b A—— we can construct an LR tableau of shape A(n)
containing less than ay, entries k in row ay. This gives Q(n) > Q(n — 1).
/ )‘/1*>‘:1j +>‘;j+1+l‘;1 *:“:1171

! ! ’
AL =Noy Fhay —Hay 1 <n<
ok = =it

1 <j <k with a; > aj;1. We can construct an LR tableau C), of shape A(n) with
the following conditions:

for some

So now suppose

e There are \| — p;, _; entries 1 in the upper a; — 1 rows of C,, (this is
possible because X'/’ is basic).

e There are N} — p;,, _; entries j in the upper a; — 1 rows of C,,.

e There are A} — g, _; entries j+1 in row a; (the lower bound on n ensures
that there are enough boxes in row a;).

e There are x > « entries j in row a; and x entries j + 1 below row a; (the
upper bound on n ensures that there are at least « columns below row a;
in which we can write the entry j + 1).

e There is no entry j below row a;.

So we have an LR tableau C),, and removing from every row a; «; entries ¢ and
translating the upper a; — 1 rows a; boxes to the left yields a tableau C,,_; which
contains more entries j + 1 than entries j and so is no LR tableau. This gives
Q(n)>Q(n—1).

This proves Qi}’il (m) > Qi;iﬂ (m—1) > ... > Qi}i,(()) in the case A =
(8" g, g,y .o ag), = (a§ ).

In the more general case there can be i with p; = Ay > X1 and pj < N
(so the rows ¢ and i + 1 of A(0) = N/ are connected). We notice that for
;\Mtli):fl we can construct an LR tableau C,, of shape A(n) containing in row
i+ 1 pi — piy +n(p — pip1) times the entry 1. Furthermore, we notice that no
LR tableau of shape A(n — 1) can contain juj — iy + (i — pig1) — (N1 — Hiv1)
entries 1 in row row i+ 1 because there are not enough boxes in row i+ 1 without a
box directly atop. So we again have Q(n) > Q(n—1) for these n and for the other n

we can specialize to the above case with A\ = (', ag,a3,...ax), p= (@' 7). O

Example 4.2.3. Let \ = (72,5,43,3,22), 1/ = (4,3%,2), A = (1), u = (1%). So
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A=
and
A0) =N/ = ; A1) = ;
A2) = ; A@3) =

and by Lemma 4.2.2 we have for n > m =7: Q(n) = Q(7) > Q(6) > ... > Q(0).
And, in fact, we have:

QO QM) Q@) QB QW QB  QE6) QnxT7)
2184 26421 92.030 172795 229.660 254.420 260.761  261.512

Example 4.2.4. Let A = (6,5,3,2,1),u = (6,1%), N = (8%,5,32,2,1) and p/ =
(4,3,2,12). So

*—

A=
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and

A(2) =

By Lemma 4.2.2 there exists an m with Q(n) = Q(m) for n > m but we cannot
use the given formula. For n = 0 the skew diagram A(n) is connected, for 1 <n < 4
A(n) decays into 2 skew diagrams, one containing the upper 5 rows and one the
rows below row 5. For 4 < n the skew diagram decays into 3 skew diagrams, one
containing the topmost row, one containing the rows 2 to 5 and one containing the
rows below. Deleting the empty columns in A(4) and ignoring the parts of A/u
whigh\gnly translate the disconnected skew diagrams we can now use the formula
on A(4) = (29,25,14,8,4,2,1)/(25,4,3,2,2) and A/ = (4,4,2,1)/(4) which gives
m = 4. So in total we have forn >m =8=4+m: Q(n) =Q(8) > Q(7) > ... >
Q(0).

And, in fact, we have:

Q) Q) Q2 QB QH QB) QO Q1 Q=8
910 18.271 38.016 49.635 54.176 55.480 55.826 55.889  55.895.

4.3. Behaviour of P(n) = c¢(nA+ N;nu+ p/,nv+ /)
For ¢(\; i, v), e(Ns pi!, V') # 0 we define Py, (n) = e(nA+N;np+ 0/, nv+v/')

/)H/7U/
and write simply P(n) if A\, u, v, N, i/, v/ are known from the context.
LEMMA 4.3.1. Let c(\;p,v) = 1, e(N;u/,v") > 0. Let one of A/, /v or
((Al)l(’\)/u)o /v be a partition or a rotated partition.

Then there exists an m with PA’\,’_’fL’,'jU, (n) = PA’\,’_’fL’,'jU, (m) forn >m.

PRrOOF. This follows directly from Lemma 4.2.2. O

Remark 4.3.2. We can use the formula in Lemma 4.2.2 to obtain an m with
P(n) = P(m) for n > m but the m obtained by the formula in Lemma 4.2.2
doesn’t have to be minimal.



60 4. GENERALIZED STRETCHED LITTLEWOOD-RICHARDSON COEFFICIENTS

Many calculations suggest that Lemma 4.3.1 can be generalized:

CONJECTURE 4.3.3. Let f(n) = ¢(n\;nu,nv) be a polynomial of degree d. Let
c(Nsp',v') #0.

Then there exists a polynomial g(n) of degree d and an integer m such that
PA’\,’Z’,'TV, (n) = g(n) for n > m.

In particular, for c(\;p,v) = 1 there exists an integer m with P(n) = P(m)
forn >m.

Example 4.3.4. Let A = (6,5,4,3%,1),u = (5,3,2,1),v = (5,3,2,1) then

(n+1)(n+2)(n+3)(n+4)(n+5)(2n* +5n +17)
840

c(n\;nu,nv) =

is of degree 7.
Let X = (93,7,34,2,1), 1/ = (7%,3,23,12), 0/ = (8,5,32,22,1). We then have

n: | 0 | 1 | 2 | 3 | 4 |n>5
P(n):| 39 |30.920|509.202 | 3.101.626 | 12.098.348 | g(n)
g(n): | 55.407 | 50.333 | 513.782 | 3.102.223 | 12.098.382 | g(n)

with
1
g(n) = 360 (8490n + 214.5251° + 1.664.232n° + 5.835.910n* 4 904.140n°
+ 8.621.725n% — 19.075.662n + 19.946.520).

(We checked P(n) = g(n) for 5 < n < 17 by computer.)

Remark 4.3.5. At least some part of the Conjecture 4.3.3 follows from the work
of Etienne Rassart [Ras| describing the LR chamber complex LRj. The chamber
complex LRy decays into a finite number of cones in which the LR coefficients are
given by a polynomial in the variables A;, u4;, v; (one polynomial for each cone). Thus
the triple (nXA + X, nu + ¢/, nv + 1) has to stay in one of the cones for large n and
then ¢(nA+ N;nu—+ p/,nv+1/) is given by a polynomial. However, if (nX, ny, nv)
lies on the wall between two cones then the polynomials, in the variables A;,... ,
giving the LR coefficient of (nA + X, nu + p/,nv + ') and (n\, np,nv) can and
probably will be different. But even if the polynomials are the same, let us call it
p=p(Xi,...), g(n) and f(n) could be of different degree because there might occur
cancellation of higher order terms in determining f(n) from p which do not vanish
in determining g(n).

So from the work of Rassart [Ras] follows only the existence of g(n) and m but
not that g(n) has degree d.

We will say that a triple of partitions (A, u,v) is larger than another triple
(N, ', V') if there exist triples (A, u?,v?) with c¢(\%; uf, 1Y) # 0 and for every i
ot € {+,U} with:

. ((A/ Ol )\1) o2 )\2) . ) on )\n7
. ((/14/ C)1 Ml) 02 /1'2) . ) o Mn,
o ((V’ ol 1/1) 02 V2) . ) o™y,

LEMMA 4.3.6. Let f(n) = c(nX;nu,nv) be a polynomial of degree d. Let a

multiple of the triple (\, u,v) be larger than the triple (N, 1/, V).
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Then there exists a polynomial g(n) of degree d and an integer m such that

P;/’f;’ffy/ (n) = g(n) for n >m.

PROOF. Choose k such that (kA, ky, kv) is larger than (X, p/, /).

We then know from Remark 4.3.5 that there exists a polynomial g(n) and an
integer m such that P(n) = g(n) for n > m. Suppose in the following that n > m.
We now have g(n) > f(n) by Lemma 4.1.1. But since (kX ku, kv) is larger than
(N, ', v") we also have f(k+n) > g(n), also by Lemma 4.1.1. Since both f(n) and
f(kE+4n) have degree d and f(k+n) > g(n) > f(n) it follows that also g(n) has to
be of degree d. O






CHAPTER 5

The number of components and constituents of
skew characters

As mentioned before it is a natural question to ask how many components and
constituents a skew character [A/p] contains.

In this chapter we will give a lower bound for the number of components and
constituents in a skew character [A\/u] depending on the number of different parts
of A and g (Theorem 5.2.9). This lower bound will be the number of partitions
resp. the number of standard Young diagrams for some number n depending on the
number of different parts.

Furthermore, we will give a lower bound for the number of pairs (['], [?]) of
components of [A\/u] such that v! and v? differ only by one box (Theorem 5.2.7).
This lower bound will also depend on the number of different parts of A and p and
is related to the number of partitions of some integer n when there are two different
kinds of 1’s and 2’s which can be used for the partitions. For this we give an easy
bijection between partitions of n with two different kinds of 1’s and 2’s to pairs of
partitions of n + 2 which differ by only one box (Lemma 5.2.3).

We then determine all skew characters which contain at most 5 components
or constituents respectively (Theorem 5.3.1). We also list explicitly all the skew
characters which have 2 or 3 components in Remarks 5.3.3 and 5.3.4.

This chapter will be used in an upcoming paper [BvW] by Christine Bessen-
rodt and Stephanie van Willigenburg which classifies those Kronecker products of
irreducible characters of the symmetric group which only contain 3 or 4 compo-
nents. Questions regarding the number of components of Kronecker products of
the symmetric and alternating groups [BK99] and of Kronecker products of spin
characters of the double covers of the symmetric groups [BK01] have been asked
and to a certain degree answered before.

The results of this chapter will appear in [GutT].

5.1. Notation

We say that a skew diagram A or skew character [A] = [A/u] = >, c(A; p, v)
is of ce-type (a,b) if [A] has a = ., )21 components and b = >, c(A; 1, v)
constituents. We then also write cc(A) = (a, b) or ce([A]) = (a,b). Note that always
a < b so there is no way of confusing the order. Furthermore, we say that A with
cc(A) = (a,b) has cc-type at least (¢,d) if a > ¢ and b > d.

For the classification of those skew characters which contain at most five com-
ponents and those which contain at most five constituents we have to refine the
description of the inner and outer path used in the classification of multiplicity free
skew characters. On page 37 after Theorem 3.1.1 we defined for a basic skew dia-
gram A/ two paths. The inner path starts in the lower left corner with an upward
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segment, follows the shape of p and ends with a segment to right in the upper right
corner. The outer path starts in the lower left corner with a segment to the right,
follows the shape of A and ends with an upward segment in the upper right corner.

We define an inner-horizontal- (resp. vertical-)k-step as one horizontal (resp.
vertical) segment of the inner path which traverses exactly k boxes. We define outer-
horizontal- (resp. vertical-)k-steps in the obvious way and say that A/p contains a
horizontal (resp. vertical) k-step if there is an inner-horizontal- (resp. vertical-)k-
step or an outer-horizontal-(resp. vertical-)k-step.

We mostly use the short notation h for horizontal, ih for inner horizontal, ov
for outer vertical and so on. We also write ih(\/u) = (a1, a9, ...) if \/u has ay ih-
1-steps, ag th-2-steps and so on and define h(A/p), v(A/p), ... analog. So ih(A/p)1
is the number of inner-horizontal-1-steps.

We say that the inner-k-steps are of type a; + as + as + ... if there are a;
inner-k-steps which are connected, as other inner-k-steps which are also connected
and so on. The type of outer steps is defined accordingly. So if the inner path is
4,3,2,1,1,1,3,4,5,6,3,2,1,1,1,2,3,1,2,1,1,2,1,1,1,1 then the inner-1-steps are
of type 3+ 3 + 1 + 2 + 4. Since the order doesn’t matter the type of the i-k-steps
is a partition of ¢(A/p).

So we have for

A=
iv()\/,u) = (3,0, 1), ih()‘/:u) =(2,1,0, 1)7 OU()‘/M) = (272)7
oh(M/p) =(2,1,0,1), t(A/p)=(5,1,1,1), o(A/p) = (4,3,0,1),
v(A ) =(5,2,1), h(A/p) = (4,2,0,2).

The i-1-steps are of type 3 + 2 and the o-1-steps are of type 2 + 2.

5.2. Bounds for the cc-type and certain pairs of components
For the following proofs we use Lemma 4.1.1 which said that
e, v) < e+ Nsp+p'v+v')

(and by conjugation c(\; p, v) < e(AUN; pUR', vUr)) for A, u, v, X, i/, v/ partitions
with e(XN;p/,v") # 0.

Remark 5.2.1. Note that A' + v # A2 + v for A! # A2 so this lemma tells us
that adding a skew diagram B to a skew diagram A weakly increases the number of
components and constituents of [[A+ 5] compared to [A] (or [B]). By conjugation the
same applies to the row wise addition of two skew diagrams AUB. This allows us to
consider small examples of [A] to give a lower bound on the number of components
and constituents of larger [A'] if A’ can be obtained from A by successively adding,
column or row wise, 3 for some skew diagrams B?.

Recall that we say that A" is larger than A? if there exists partitions A, u, o, 8
such that up to translation we have \/u = A',a/3 = A% and \/pu is larger than
a/B. Note that this doesn’t cause any problem since no matter which A/p with
A p = A! we choose the skew character [\/p] stays the same. Since we are only
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interested in informations about the skew characters we can and will always assume
that both skew diagrams involved are basic skew diagrams. This will always be
enough to get the desired information about the skew characters.

We will sometimes say that a skew character x! is larger than another skew
character x2. With this we mean that there exists skew diagrams A!,. 4% with
x! = [A'] and x? = [A4?] such that A' is larger than A2,

Also in my Diploma thesis [Gutl] I gave a proof for the following well known
lemma:

LeMMA 5.2.2 ([Gutl, Lemma 3.3]). Let A = (AP, AV ), 0= (pias oo i), v
be partitions.

(1) If m <1; for some 1 <i < j then for alln > 0:
c(Asp,v) = (AU (AT ); s v U (AD)).
(2) If 1 < Ai — Xip1 (as usual Aj41 = 0) for some 1 < i < j then let
ri =y u_1la and for all n > 0:

(A p,v) = e(A+ (n"); pyv + (n")).

This lemma tells us that it is in some cases sufficient to look at small skew
characters to get the cc-type of larger skew characters.

We will use the following notation also in the remaining part of this chapter.

We let p,, denote the number of partitions of n with two different kinds of 1’s
and 2’s.

Let g, denote the number of unordered pairs (v, ?) of partitions of n with
|v! N2 =n—1. So g, counts the pairs of partitions of n which differ only by one
box.

LEMMA 5.2.3. Then p, = gn42 for all n.

PrOOF. We give a bijection of partitions of n with two different kinds of 1’s
and 2’s to pairs (v, v2) of partitions of n + 2 which differ only by one box. We may
assume that ! is lexicographically larger than »/2.

Suppose the two kinds of 1’s are the usual 1 and the other be 1’ and the two
kinds of 2’s are 2 and 2/. Let \ be such a partition of n and let A\ denote the
partition formed by the usual parts of . Furthermore, let n; denote the number
of 1’ in X\ and ny denote the number of 2’ in X\. So A = AU (22, 1""").

For a partition A\ now define the bijection by setting:
v =AU (ng +ng +2,m2), 2 =AU (01 +np + 1,ne +1).

Now obviously ©! is lexicographic larger than v? and both partitions differ only
by one box. Furthermore, different A correspond to different triples (A, n1,n2) and
so give different pairs (11, 1?).

Finally the inverse map is obtained as follows: If v! and v? differ by only
one box (and v! is lexicographic larger than v?) | then v? is obtained from v* by
removing a box in one row and placing it in a lower row. Let all the other rows
form A then the two rows which are different are of the form (a + 1) and (b) in v
and (a) and (b+1) in v% for a > b > 0. Now a+1 > b+ 1 since otherwise v! = 2.
So to exclude this case we may instead assume that the rows are (¢ +2) and (b) in
vl and (c+1) and (b+ 1) in v? for ¢ > b > 0. Setting n; = ¢ — b and ny = b gives
the inverse map. ([l
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Example 5.2.4. We have po = 5 and there is the following correspondence given
by the above bijection.

A A vl V2
2 2 ||
2/ 0 ‘ ‘
‘ |
141 1+1 | —
]
1+1 1 [ ] ]

et 0 (TTT L]

Remark 5.2.5. Lemma 5.2.3 is useful because one sees directly that the generating
function for p,, is given by:

L 1 1
D piat = (1_3;)(1_172)1_[1_;171”

i>0 i>1

LEMMA 5.2.6. Let A/ be a basic skew diagram with dp(X) > dp(p) > n—1> 1.
Then N/ is larger than 6, /6,1 (with 6, = (n,n—1,n—2,...,2,1)).

PROOF. We will prove this lemma only for the cases n = 2,3. It should then
be obvious that it is true for all cases.

Assume n = 2 then dp(u) > 1 and dp(A) > 2. We will show that then \/p is
larger than (2,1)/(1) =

Let A = (A1,..., ), 0 = (g1, pm) with Ay, gty > 1. Then we have A\; >
A, w1 and m < [ because A/u is basic.
Then the skew diagram (A1, \;)/(p1) is larger than (2,1)/(1):

(A A) =2, )+ (M -2, - 1), (b)) = (1) + (1 — 1)
and A= (A — 2, —1)/(p1 — 1) is a skew diagram.
Now A/p is larger than (A1, A;)/(p1):
A= (Ala)\l) U ()\27 A37 S 7)‘l—1)7 H= (Ml) U (/1'27/1'37 (R 7/1'777,)

and B = (Mg, Az, ... N—1)/(p2, i3, - - -, i) is & skew diagram.
So A/ is larger than (2,1)/(1).
Now assume n = 3, so dp(p) > 2 and dp(\) > 3. Because A/p is basic we have

Am > fim. We will show that then A/p is larger than (3,2,1)/(2,1) =

]

If A\, < A1 then we have
(/\17)\m7)\l) = (3,2, 1) + ()\1 — 37)\m -2, A — 1),
(1s pim) = (2,1) + (p1 — 2, o — 1)
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and A= (N —3, A — 2,0 — 1)/(p1 — 2, o, — 1) is a skew diagram. Obviously
A= (Alv )\mv )\l) U (A27 R Amfla A’rnJrla e )\lfl);
o= (s o) U (25 - - 5 fhm—1)-

Set B= (A2, An—1, Amt1, - - - A1)/ (142, - - -, ttm—1) then since B consists of rows
of \/p B is also a skew diagram. So A/p is larger than 3 /0.

If A\, = A1 then choose i such that A; is the largest part of A smaller than Ay,
s0 A1 > A; > A Then we have (3,3,2,1) = (3,2,1) U (3) and

A, A, 0,0) =(3,3,2,1) + (A =3, A1 =3, A — 2, — 1),
(1, pm) = (2,1) + (1 — 2, o — 1)
and A= (A —3,\1—=3,A—2,—1)/(pt1 — 2, b, — 1) is a skew diagram. Obviously
A= AL A A) U gy oy Aiets Ats - A1),
= (ki pm) U (pi2s - - s o —1)-

Set B=(A3y.. s Ni—1, Nit1,---N—1)/ (12, .., ftm—1) then since B again consists of
rows of A/p (A contains the part A\ at least m times while p only has m parts) B
is again a skew diagram. So also in this case A\/u is larger than d3/ds. O

In the following theorem the condition dp(A\) > dp(u) +1 > 2 only makes
sure that A/p is neither a partition nor a rotated partition but constrains A/u not
in any other way. The case that \/u is a partition « or rotated partition a° is
uninteresting for the theorem because then [A\/u] = [o] is irreducible.

THEOREM 5.2.7. Let A/ be a basic skew diagram with dp(\) > n = dp(u)+1 >
2.

Then (A p] = >, (A p,v)[v] contains at least g, characters V'], [v?] whose
corresponding diagrams differ only by one box, i.e. there are v*,v? with |1/1 N 1/2‘ =
[V =1 =2 =1 and c(X; p, "), c(X; p, %) # 0 (with g, as in Lemma 5.2.3).

Furthermore, if A = (A1,..., ), 10 = (U1, pom) with A, iy, > 1 set A =
(M =2, —1)/(p1—1) and B= (A2, A3, ... Ni—1)/ (g2, p3, - - -, pom) with [A] having
a components and [B] having b components. Then there are at least max(a,b) of

those pairs v, 2.

PROOF. We first show there are at least max(a, b) pairs v, 2.

We can deduce this part of the theorem from the fact that [(2,1)/(1)] = [2]+[1?]
contains two characters whose corresponding diagrams differ only by one box.

In the proof of Lemma 5.2.6 we explicitly showed how to obtain A\/u from
(2,1)/(1).

The skew diagram (A1, A;)/(u1) is larger than (2,1)/(1):

A A) =2, D)+ M =20 - 1), (1) = (1) + (1 = 1)
and A= (A1 —2, A\ —1)/(u1 — 1) is a skew diagram. Let « be a partition such that
[a] appears in [A], so c((A1 — 2, A\ — 1); (1 — 1) a) # 0.
Then by Lemma 4.1.1 [ + (12)] and [a + (2)] both appear in [(A1, A;)/(u1)]
and, furthermore, a + (12)Na+ (2) = a+ (1) so a+ (12) and « + (2) differ by only

one box.

Now A/p is larger than (A1, A7)/ (p1):
A= (Alv)\l) U (>\25 A37 < '7>\l*1)5 H = (/Ll) U (:U‘25u35 B hum)
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and B = (A, A3, ... \i—1)/ (12, U3, - - -, fim) 18 a skew diagram. Let 8 be a partition
such that [(] appears in [B].

Then by Lemma 4.1.1 [(a+ (12)) U 8] and [(a + (2)) U 8] both appear in [A/u]
and

((a+ (1) UB) N((@+(2)UpB) =(a+(1)up

sov! = (a+ (1?)) U B and v? = (a + (2)) U 3 differ only by one box.
Furthermore, notice that a different choice for o or (8 yields a different pair

v, 12, This proves that there are at least max(a, b) pairs v, 2.

Now we will prove that there are also at least g,, pairs v!, 2.

As an easy consequence of the LR rule we have

[n/0n-1] = ()@ W)@ e @) =[1]"= )

AFn

n-times

where f* is the number of standard Young tableaux of shape )\, in particular, all
irreducible characters of S,, appear in [0,/d,—1]. So by definition of g,, [0,/0n—1]
contains g, characters [a], [3] whose corresponding diagrams differ only by one box.

By Lemma 5.2.6 \/u is larger than d,,/6,_1, so there exist skew diagrams B?
such that \/u is obtained from §,,/d,,—1 by using the operations +, U together with
the B’. Let o! be either + or U then:

M= ((6n/6n-1 ol Bl) 02 82) ..ol B,
Choose [a!] contained in [B?] and [#!], [#%] contained in [, /d,_1] with ’171 n DQ‘ _
n — 1. Set
! 2 2 1 2

Vlz((Dlo al)o a2)...0jaj, U2:((ﬂ o al)o az)---ojaj

then by Lemma 4.1.1 both [v!], [?] appear in [A/y] and, furthermore, |v! Nv

|v'| — 1. Finally a different choice of 7', 7* gives different v!, % (for fixed (o,

and there are by definition g,, choices for 7', 72.

?|
Oi

o= |l

Remark 5.2.8. In my diploma thesis I proofed using Theorem 3.1.2 that skew
characters which are not irreducible contain at least one pair of irreducible char-
acters whose corresponding skew diagrams differ by only one box. Obviously the
above theorem is an improvement.

THEOREM 5.2.9. Let A\/u be a basic skew diagram with dp(A\) > n = dp(p) + 1.
Then cc(A/ ) is at least (pn, frn) where p, is the number of partitions of n and fy
the number of standard Young tableaux with n bozxes.

PRrOOF. Let 6, = (n,n — 1,n —2,...,2,1) then, as already mentioned above,
as an easy consequence of the LR rule we have

[bn/0n-1] = (D@ )@@ @) =[1]"= )

AFn

n-times
where f* is the number of standard Young tableaux of shape A. So we have

cc(6n/0n-1) = (Pn, fn)- Since dp(A\) > n,dp(u) = n — 1 A\/p is larger than 6, /6,1
by Lemma 5.2.6 and so cc(A\/p) is at least (pn, fn)- O
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Remark 5.2.10. In the On-Line Encyclopedia of Integer Sequences [OEIS] g,, =
Pn—z2 has the id: A000097, p,, has the id: A000041 and f,, has the id: A000085.
Their first terms are:

|1 2 3/4 5 6|7 8 9 |10 11 12 | 13
gn:|0 I 2[5 9 17|28 47 73 | 114 170 253 | 365
po:|1 2 3|5 7 11|15 22 30 | 42 56 77 101
fa:|1 2 4|10 26 76232 764 2620 | 9496 35696 140152 | 568504

LEMMA 5.2.11. Let o, B be partitions with dp(a) > dp(8) = n. Then [a] @ [f]
has cc-type at least (pni1, fne1) and contains gn41 pairs of components ([v'], [?])
such that their corresponding partitions differ only by one boz.

PRrROOF. This follows directly from the previous theorems by setting \/p =
a ® 3° because then dp(\) = dp(a) + 1,dp(u) = dp(B). O

LEMMA 5.2.12. Let A/p be a skew diagram with |\/p| = n.
Then [N/ u] contains at most
® gn pairs [v'],[V?] such that [v' Nv?| =n—1.
® pp components.
o min(fo, pnf*, paf) constituents (with A = (A1 — Ay A1 — N1, ., A\l —
A3, A1 — A2,0)).

PROOF. The first two statements are trivial, because there are not more irre-
ducible characters of S,,.

For the third statement notice, that A/ is smaller than d,,/d,,—1 which gives by
Lemma 4.1.1: ¢(\; 1, v) < ¢(dp;0n—1,v) = f¥. Since the LR coefficient is symmetric
in 4 and v we also have c(\; p, v) < f* and by rotation symmetry: c(\; u,v) < f.

So for the number of constituents of [\/pu]:

> <30 =
Zc(/\;mu)zz (A, v) <Zf“ pn f,

v vkn vkn
S emr) = chimr) <3 =paf.
v vkn vkn
Notice that all three bounds are reached for A\/u = 6, /1. O

5.3. Skew characters containing few constituents or components

The classification of skew diagrams A\/u whose corresponding skew character
[A/u] has at most five constituents or components is the following:

THEOREM 5.3.1. Let A/u be a basic skew diagram.
[A/ ] contains at most 5 constituents (so contains at most 5 characters) if and
only if N/ satisfies up to rotation and/or conjugation one of the following:
e \/p is a partition (1 constituent)
o dp(A\) =2,dp(p) =1, v(A/p)1 > 1 and
— h(A )1 > 1 (2 constituents)
— h(A/p)2 > 1 (3 constituents)
— h(A/ )5 > 1 (4 constituents)
— h(A/)a > 1 (5 constituents)
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e dp(\) =3,dp(u) =1 and
— (N )1 > 2 (3 constituents)
— v\ )1 =1,0h(N/p)1 =2 (4 constituents)
— v\ )1 =1,ih(M )2 = 1,0h(N/p)1 =1 (5 constituents)
— o(A/p)1 =4 and the o-1-steps are of type 2+ 2 (5 constituents)
e dp(\) =3,dp(u) =2 and
- AMp=1)®(1)® (1) (4 constituents)
— i(M )1 =5,0(A/p)1 =5 and the o-1-steps are of type 4+ 1 or 3+ 2
(5 constituents)
o dp(A\) =4,dp(p) =1 and i(A\/p)1 = 2 (4 constituents)
o dp(\) =5,dp(u) =1 and i(A\/p)1 =2 (5 constituents)
[/ ] contains at most 5 components (so contains at most 5 different characters)
if M satisfies up to rotation and/or conjugation one of the following:

e \/p is a partition (1 component)
e dp(A) =2,dp(u) =1, v(Ap) = 1 and
— h(A/p)1 > 1 (2 components)

— h(A/ )2 > 1 (3 components)

— h(A/p)s > 1 (4 components)

— h(A)a > 1 (5 components)
° dp()\) =3,dp(p) =1 and

(1) =
1> 2 (3 components)
— w(A/ )1 =1,0h(A/p)1 =2 (4 components)
— (A )1 l,ih(/\/u)g =1,0h(A )1 =1 (5 components)
- O(A/u)l 4 and the o-1-steps are of type 2+ 2 (5 components)
e dp(A) = 3,dp(u) =2 and
- AMp=(1)®1)® (1) (3 components)
—Mp=(1)®(2)@(2) (5 components)
— i(A/pu)1 =5,0(\/)1 =5 and the o-1-steps are of type 4+ 1 or 3+ 2
(4 components)
— i(M )1 = 5,0(A/p)1 = 5 and the o-1-steps are of type 5 (5 compo-
nents)
~Mp = (1)@ A with A = (a$*,a52)/(8%) being a basic skew dia-
gram with i(A); = 2 and A containing o-1-steps of type 2 or 3 (5
components)

o dp(A\) =4,dp(p) =1 and i(A/u)1 =2 (4 components)

o dp(A\) =4,dp(p) =2 and \/p=(1)® (1) ® (2,1) (5 components)

o dp(N) =4,dp(u) =3 and M/p=(1)®@ (1)@ (1) ® (1) (5 components)
e dp(A\) =5,dp(p) =1 and i(A/u)1 =2 (5 components)

Remark 5.3.2. Clearly for dp(\) = 2,dp(p) = 1 with v(A/p)1 = 1,h(A/p)s =1

then [A/u] has exactly 4 components only if there are no h-1- or h-2-steps.
Furthermore, note that conjugation corresponds simply to exchanging vertical

and horizontal steps and by rotation symmetry we may assume that dp(\) > dp(u).

Before we prove this theorem in the next section we will now list explic-
itly the skew characters containing 2 and 3 constituents and components. Here
«, 3,7, a,b, c are arbitrary non-negative integers such that all characters appearing
on the left hand side correspond to partitions. For example, [(a + 1)2T1 o, 8] +
[(a+1)% a1 B+ 1] = [((a+ 1)2L ot /(a — B)] implies that a > 3 + 1 since
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otherwise [(a 4 1)%, a’*!, 34 1] would not correspond to a partition. So in this ex-
ample #,a,b > 0 and a > §+ 1. Choosing the minimal valuesa =1,0=a=0=0
gives [2] +[1%] = [(2,1)/(1)].

Remark 5.3.3. The skew characters with 2 constituents and components are:

o [a+1,a% + [t 1] = [1] ® [a*T]

o [, 1T+ [a+ 1,19 = [(a+ 1,11 /(1)] = [19M] @ [q]

o [(a+1) ab gl + [(a+1)%, o, +1]=[((a+1>a+1 o) /(a - )]
o [(a+1D)%a,(B+ 1D+ [(a+ 1) (B+1),0] =

a®, B+ L A% + o+ 1,a%, B7F = [((a + 1)?H, (B 4 1)PH) /(10404
a®, B4 1] + [, B+ 1, 8% = [(aF, 374 /(a — 1)]
o, (B4 1), B4 [a+ 1, (84 1), BH1] = [(+ 1, (B+ 1)+o+1)/(10+1)]
a®, 6,171 4 [0, B + 1,1%] = [(®*1,1°+1) /(o - B)]

Remark 5.3.4. The skew characters with 3 constituents and components are:

o+ l,a“,ﬁb"'l] 4 [Oza+1,6—|— lvﬁb] 4 [oza—’_l,ﬂb—’_l, 1] — [1] ® [aa-i-l,ﬁb-i-l]
a+2,0%+[a+1,a%1] + [0t 2] = [2] ® [a®t!]
(a+1)% 0% + [a+ 1,0 1] + [at2,12] = [12] ® [a2?)
a+2,2° + [+ 1,2% 1] + [0, 2] = [(a + 2,291 /(2)] = [o] ® [2¢]
a?, 1a+2] +a+1,a, 1““] +[(a+1)%,19 = [((a + 1)2,19%2) /(12)] =
042] [1a+2]

+2) b Bl + [(a+2)% a+1,a°, 8+ 1] + [(a +2)%, T, 3+ 2] =

a+2)* aPt /(a - B)]
+1)%,a"2 (B4+1)%]+[(a+- 1), P B41, B+ [(a+1)" 2, o, 57 =
+ 1)“”’+2 (6 +1))/(1°+2)]
“© 3,2 + [0, 341,20 1] 4 [a*T, B+ 2,2°] = [(a®!,207Y) /(a — )]
? (ﬁ+ 1)et2, ﬁb] +lat1,a, (B+1D)*, B+ [(a+1)%, (B41)%, 8512 =
( 1)%, (6 + 1)“+b+2)/(1b+2)]

2)a+1 (B+2)° 8] +[(a+2) a+1,(8+2)" 8+ 1]+

2)¢, (f)’ + 2)“1] (e +2)2F, (B +2)P1)/(2)]
D% 0%, (6+ 1) + [(a+1)*T o, (B + 1), Bl
1)”2, (f)’ +1)%, 8% = [((a+1)**2, (6 +1)42)/(12)]
b+172] + [0, B+ 1,6% 1]+ [0, B+ 2, 8°] = [(a®F!, B4F1) /(o — 2)]
2 B+ 12,8+ [a+ 1,00t B+1, 85 + [(a+ 1)2, ac, +?] =
o+ 1)a+27 (6 4 1)b+2)/(1a+b+2)]
+2,a%, )+ [a+1,a%, 8+ 1,6% + [a®t1, 3+ 2,8°] =
a+ 2,0 /((a = B)PH)]
. ﬁb“ P+ [a% B+ 1,67 1]+ [, (6+1)2,8°] =

a+b+2 12)/((a _ ﬁ)b+2)]

[
[
{
{((0& + 1) (B+1)")/(1)]
[
[
[

2, (B+2)%, 8] + [a+ 1, (3+2)%, B+ 1, 8] + [a, (8 +2)++1, 8] =
+ 2 (ﬁ 4 2)a+b+1)/(2b+1)]
40712 + [, B+ 1,8,1 1 + [, (B +1)%,1%] =
(ae+2,1042) /(o — B)?)]
(a4 1)%, 0, (B-+ 1P, (y 4 151 £ [(a+ 1)L, (84 1)1, B, (3 + DeH]+
(a + 1)‘1+1 B+ (v +1)%9] =
((a + )¢ (B + 1)”1 (v +1)1)/(1)]
a’® 6b+1,,yc+1 1] + [ ﬁbJrl +1 Y ] + [ 6"’ Lﬁb,,}/chl] —
( a+1 6b+1 c+1)/(o¢— 1)]
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hd [04a+175b+1,’7 + 1576] + [aa+176 + 176b,,}/c+1] + [a + 17aa76b+1,,}/c+1] =
[((a+ 1)oF1 (B + 1), (y + 1)) /(1erber2)]

We will now prove Theorem 5.3.1 by proving the cases in the following lemmas.
We will assume that A = ()\lll,)\l22, ...) with A; # \; for ¢ # j. The same applies to
= (p™, uy?,...). Furthermore, set {(\) =1=>"1;,l(n) =m =) m,.

LEMMA 5.3.5. Let dp(A) = 2,dp(p) = 1 and A/p be a basic skew diagram.
Then [N/ ] contains 5 or less components or constituents only in the cases of The-
orem 5.3.1.

PROOF. We have cc((4%,2%)/(2%) = (2%) ® (2%) = ) = (6,6) and so

A/p contains at least 6 components (and so at least 6 constituents) unless at least
one of A\ — Mo, Ao, 1, A1 — 1,11, l2, m or [—m has value 1. So by Lemma 4.1.1 at least
one step in A/u is a 1-step and by conjugation we may assume that v(A/p); > 1.

Furthermore, we have cc((n) ® (n)) = (n+ 1,n+ 1) for every n > 1. So if all
horizontal-steps are at least n-steps for some n > 1 (h(A/u); = 0 for ¢ < n) then
[A/p] contains at least n + 1 constituents.

On the other hand, by rotation symmetry we may assume that iv(\/u); > 1,
so either m =1 or Il —m = 1. For m = 1 we may by Lemma 5.2.2 assume that
Iy =1y =1 and that Ay < 1. So we may assume that A/p = (n1) ® (n2) which has
ce-type (n1 + 1,n1 + 1) for ny < ny. One checks easily that n; is the value of the
smallest h-step in A/p.

In the case I — m = 1 we may assume by Lemma 5.2.2 that Ay < puq so
Mp= (A2)®((A\1 — 1)) decays and by reordering this is the case m = 1 again. O

LEMMA 5.3.6. Let dp(\) = 3,dp(p) = 1 and A/p be a basic skew diagram.
Then [N/ u] contains 5 or less components or constituents only in the cases of The-
orem 9.3.1.

PROOF. Let us first check that the cases of Theorem 5.3.1 have the given cc-
type.

For arbitrary A with dp(A) > 3, i(A/u)1 = 2 is possible only in the cases:
p=(1),p = —1)or g = (1"1). From the LR rule it follows directly that
A/ (1) has ce-type (dp(X),dp())) so in the case of this lemma cc(A/u) = (3,3). For
@ = (A — 1) we may by Lemma 5.2.2 assume that for all i > 1 we have [; = 1.
So A/p decays: A/p = (1) ® (A2, A3,...) and again by an easy consequence of
the LR rule we have cc(A/p) = (dp(A),dp(X)) so in the case of this lemma again
cc(\/u) = (3,3). For p = (1'7!) we may by Lemma 5.2.2 assume that \; = 1 so
A/ decays and by reordering the parts we have again the case up = (A — 1). We
will not repeat this argument in the Lemmas 5.3.8 and 5.3.11.

Let us check now the case that iv(A/p)1 = 1,0h(A/p)1 = 2 and so ce(A/p) =
(4,4). There are two possibilities for p: p = (1) or = (ui™) with 1 < pg < A\ —1
(otherwise this would be the case i(A/p); = 2).

For the case u = (u1) it is by Lemma 5.2.2 enough to check the cases with
Iy =15 =13 = 1. So exactly 2 of the values \; — A2, Ao — A3 and A3 equal to 1 while
the third value is larger than 1. Let a,b be the rows of A which have exactly one
box more than the following row and ¢ the other row. Then the characters [v] in
[A/u] are obtained by determining which boxes are filled with entry 1. Because we
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can choose the rows a and b only once but the other row as often as we like we get
the following four choices:

(1) row a and row b filled,
(2) row a filled and row b empty,
(3) row a empty and row b filled,
(4) row a and row b empty.

So the cc-type is (4,4) in this case.

In the case u = (,ulfl) we have either A\3 = 1 or A3 > 1. If A3 = 1 this is the case
i(A/p)1 = 2 because A/ is basic. So suppose A3 > 1 and so Ay — A2 = Ay — A3 = 1.
Because of Lemma 5.2.2 we may assume that A3 < py and so A\/p decays: \/p =
(A3) ® (21,1%2). Tt follows directly from the LR rule that cc(\/u) = (4,4) since
Az > 1 (one could also use the result for p = (u1) by reordering A/u).

Let us check now the case iv(A/pn)1 = 1,ih(A/p)2 = 1,0h(A/p)1 = 1 and so
ce(\ ) = (5,5).

There are the following possibilities for p: = (2), u = (A — 2), u = (2!71)
and u = ((\; — 2)'~!) while in the lase case oh(\/u); = 2 and so is one of the
previous cases.

Note that because of the previous cases ih(A/p)1 = 0,0h(A/p)1 = 1.

For the cases p = (2) let a be the row in A which has one box more than the
successive row and let b and ¢ be the rows which have 2 or more boxes more than
the successive row. Filling the boxes in rows a, b, ¢ gives us characters in [A/p] and
there are the following five cases:

1) fill 1 box in row a and 1 box in row b
2) fill 1 box in row @ and 1 box in row ¢
3) fill 2 boxes in row b
4) fill 1 box in row b and 1 box in row ¢
(5) fill 2 boxes in row ¢

So the cc-type is (5,5) in this case.

In the case p = (A — 2) we also have (with the same notation as in the case
= (2)) to fill the boxes in rows a, b, ¢ but this time have to leave exactly 2 of the
boxes, which could be filled, empty instead of filling them. So we have the same
choices as above if we instead of filling the boxes we leave them empty.

For the case u = (271) we have A3 > 1 because otherwise \/u would not be
basic. Because of Lemma 5.2.2 we may assume A3 = 2 and Ay = 5 (it is one of
A1 — Az or Ay — A3 equal to 1 and the other can assumed to be 2 by Lemma 5.2.2).
So A/p = (2)®(311,22) or \/u = (2) ®(3'1,1"2) and both cases are of cc-type (5, 5)
by the LR rule.

Let us check now the case that A\/u has 4 o-1-steps of type 2 + 2 and so cc-type
(5,5). Because of the previous cases we may assume i(\/p); = 0.

There are 3 possibilities: Iy =ls =X A — A =A3=1land ;1 =l3 =X\ — Ao =
A2 — A3 = 1 which is conjugate to lo = I3 = A\; — A2 = A3 = 1 so we only have to
check the first 2.

In the case [ = I3 = A1 — Ao = A3 = 1 there are the LR fillings as in Fig. 1 and
2 (with n! =n —1=1(u)).

All of them are possible and different because A1 — u1, g1, m,l —m > 2.

In the case [y =13 = Ay — A2 = A2 — A3 = 1 there are the LR fillings as in Fig. 3
and 4 (with nt =n —1=1(p)).

Again all of them are possible and different because Ay — uq, g1, m,l —m > 2.

(
(
(
(
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Figure 2. Lemma 5.3.6: [y =13 = A1 — Ao = A3 =1, part 2

Figure 3. Lemma 5.3.6: [ =l3 =X — Ao =Xo — A3 =1, part 1

We will now prove that the mentioned cases are the only ones with 5 or less
components and constituents.

There are no basic skew diagrams \/p with dp(A) = 3,dp(u) = 1 and i(A\/p); >
3. So suppose i(A/p)1 = 1 then we may assume by conjugation symmetry that this
is an 4v-1-step. So we have either = (1) or = (u4™1).

Suppose = (u1). Suppose oh(A/p)1 = 0 then A/p is larger than one of the
following skew diagrams: (6,4,2)/(2), (6,4,2)/(3) and (6,4,2)/(4). And we have
ce((6,4,2)/(2)) = (6,6), cc((6,4,2)/(3)) = (7,7) and cc((6,4,2)/(4)) = (6,6), so
cc(N/p) is also at least (6,6).

So now suppose ih(A/p)1 = ith(A/p)2 = 0 and oh(A/p); <1 then A\/p is larger
than one of the following skew diagrams: (6,4,2)/(3), (6,5,3)/(3),(6,4,2)/(3),
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1 1

1 1
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Figure 4. Lemma 5.3.6: [; =l3 = A1 — Ao = Ao — A3 =1, part 2

(6,4,3)/(3), (6,3,2)/(3), (6,4,1)/(3), (6,3,1)/(3). Now cc((6,4,2)/(3)) = (7,7)
while the other 6 have cc-type (6,6), so cc(A/u) is also at least (6,6).

In the case u = (ulfl) we may by Lemma 5.2.2 agssume that A3 = p (A/p is
basic). And so A/u decays: A/p = (A3) @ (A1 — A3)'", (A2 — A3)2). So we have
Mul = Pa] @ [(A = Aa)™, (A2 = A3)2] = [(Aa, (= A3)', (A = A3)2) /(A1 — A3))]
and so this is the above case p = (p1).

Suppose now i(A/p)1 = 0. If o(A/p)1 > 5 then it would follow i(A/u); > 1. So
we need to check the cases that A/u has 4 o-1-steps of type 4,3+ 1or 2+1+1
and the cases o(A/p)1 < 4. There are no basic skew diagram with o-1-steps of type
3+ 1or 2+ 1+ 1 without i-1-steps.

If the o-1-steps are of type 4 then A/u is larger than one of the following

|
skew diagrams: (4,3,2,2)/(2,2) = , (4,4,3,2)/(2,2) = or
(4,4,2,1)/(2,2) = and all have ce-type (6,6). So cc(A/p) is also at least
(6,6).

Suppose now o(A/u)1 < 3. For each skew diagram A with o(A); < 3 there is a
skew diagram B with o(B); = 3 which is smaller than A so we need to check only
the skew diagrams with 3 o-1-steps. Furthermore, each skew diagrams with 3 o-1-
steps of type 3 is larger than one of the skew diagrams with o-1-steps of type 4. So
we need only check the skew diagrams with o-1-steps of type 2+ 1 or 1+ 14 1. One
easily checks that there are no basic skew diagrams without ¢-1-steps and o-1-steps
of type 1 +1+1.

So suppose A/u has o-1-steps of type 2 + 1.

The smallest basic skew diagrams with o-1-steps of type 2+ 1 without i-1-steps
are up to conjugation the following:

(4,3,3,2,2)/(2,2) = , (4,3,3,2,2)/(2,2,2) = ]
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(5,4,4,2)/(2,2) = , (5,4,4,2)/(3,3) = ,
4,3,3,1,1)/(2,2) = , (5,5,4,2)/(2,2) = 41+,
(5,5,4,2)/(3,3) = ) (4,4,3,1,1)/(2,2) = ,

(4,4,2,1,1)/(2,2) =

All of them are of cc-type (7,7) except (5,4, 4,2)/(3,3) which has cc-type (6,6). O

LEMMA 5.3.7. Let dp(\) = 3,dp(p) = 2 and A/p be a basic skew diagram.
Then [N/ u] contains 5 or less components or constituents only in the cases of The-
orem 5.3.1.

PROOF. Let us first check that the cases of Theorem 5.3.1 have the given cc-
type.

We have ce((1) @ (1) ® (1)) = (3,4), cc((1) ® (2) @ (2)) = (5, 7).

Let us now check that skew diagrams with 5 i-1-steps and 5 o-1-steps of type
441 or 3+ 2 are of ce-type (4,5).

Suppose the o-1-steps are of type 4 + 1. By conjugation we may assume that
ll = ZQ = lg = )\3 = AQ — )\3 = 1. This forces )\//L = (1) ® (1) ® (n) with n Z 2 and
we have cc(A/p) = (4,5) by the LR rule.

Suppose now that the o-1-steps are of type 34+2. By conjugation we may assume
that Iy =l =1Il3 = A3 = A\; — Ag = 1. This forces \/p = (1) ® (n) ® (1) with n > 2
and cc(A/p) = (4,5) or M/ = (1)®((n,n—1)/(1)) with n > 3. In the second case we
may by Lemma 5.2.2 assume that n = 3 and we have cc((1) ® ((3,2)/(1))) = (4, 5).

Let us now check that skew diagrams A/u with 5 i-1-steps and 5 o-1-steps of
type 5 have 5 components and 6 constituents unless the rotated skew diagram \/p°
is in one of the above cases. We may assume by conjugation that [y = lo = I3 =
A1—A2 = Aa— A3 = 1. Since the i-1-steps of A/p are not of type 441 or 3+2 we have
u = (2,1). We may, therefore, assume by Lemma 5.2.2 that A/ = (4,3,2)/(2,1)
and have cc((4,3,2)/(2,1)) = (5,6).

Let us now check the decaying skew diagrams A/u = (1) ® A such that A =
(a9, a32)/(8%) is a basic skew diagram which contains 2 i-1-steps and o-1-steps of
type 2 or 3. It is seen easily that there are up to rotation and conjugation only 6
possibilities for A:
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Mpt= 1)@ (1)@ (n™), Mp? = (1) ® (n™,n—1)/(1),
Mu?=(1)® (™, 1)/(n—1), Mut= 1)@ 0™ n-1)/(n-1),
M= (1)@ (n)® (1™), Mt = (1) ® (n,n—1)/(m),

] ]

)‘/Ml = ) )‘/MQZ )

M =1 ) Mt = 7

N = , M pb =

L[]

To check that all are of ce-type (5, 6) we may assume by Lemma 5.2.2 that m = 2
and then increase n until the the cc-type doesn’t change anymore. Lemma 4.2.2
tells us that the cc-type has to become constant and then doesn’t change anymore.

We will now prove that the mentioned cases are the only ones with 5 or less
components and constituents. We already proved that in the cases when [A/u] has
5 components that then there are 6 constituents. By rotation symmetry we may
assume that i(A/p); < o(A/p);1.

The cases of Theorem 5.3.1 cover all cases when o(A/u); = 6 or i(Au); =
o(\ )1 = 5.

So suppose o(A/u)1 =5 > i(A/p)1. By conjugation symmetry we may assume
that Iy = lo = I3 = 1 so there are 3 possibilities for \: A = (n,n — 1,n — 2),
A= (n,n—1,1) or A = (n,2,1) while in the last case there are no basic skew
diagrams with less than 5 i-1-steps.

|

Both (5,4,3)/(3,1) = and (5,4,3)/(3,2) = have
ce-type (6,7) and all basic ‘skew diagrams with A = (n,n — 1, n|— 2), i(Ap)1 < 5,
A/ not decaying into (1) ® A with A having 2 i-1-steps and o-1-steps of type 2 or
3, are larger than one of these.

In the case A = (n,n —1,1) A/ decays into (1) ® A with A having 2 i-1-steps
and o-1-steps of type 3 which is of cc-type (5, 6) as checked above.

Suppose now o(A/u)1 = 4 > i(A/p); and A/p does not decay into (1) ® A
with A having 2 i-1-steps and o-1-steps of type 2. Then up to conjugation A is
one of the following: (A, A1 —1,(A1 — 2)3), (A, A — 1,0 — 2), (A, A1 — 1, A3),
()\1, A —1, 113), ()\1, Ao, Ao — 1), ()\1, (/\1 — 1)l2, A1 — 2), ()\1, (/\1 — 1)l2, 1), (/\17 Ag, 1)
(the case A = (\1,2, 1) is not possible, because this forces A/u = (1) ® (n) ® (1™)
which is one of the cases above with cc-type (5,6)). The A;,l; are to be chosen such
that o(A/p)1 = 4, so in the first case \; — 2,135 > 2.
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If A= (A1, A1 — 1, (A — 2)%) then all skew diagrams (which are possible under
the above conditions) are larger than one of

| | | o ] ]

) ) ) ) )

The first two skew diagrams have cc-type (7, 8) while the other 4 have cc-type (6, 7).
If A = (A, A\ — 1, A, — 2) then all skew diagrams are larger than one of the
following or their conjugate

(5.3.1) : : , ,

| L[]

The first two skew diagrams have cc-type (7, 8) while the other 3 have cc-type (6, 7).
If A= (A1, A1 — 1, A3) then all skew diagrams are larger than one of

|j ‘7 | |

N L] L[] |

which are all of cc-type (6, 8).
If A= (A1, A\ — 1,1/) then g = (m, 1) and all skew diagrams are larger than

|
which has ce-type (6, 7).
If A= (A1, A2, A2 — 1) then all skew diagrams are larger than one of

1] 1] 1] [ ]

| N O

which are all of cc-type (6, 8) except the last which is of cc-type (8, 10) (the last one
is also larger than (5,4,3)/(3,2) having 5 o-1-steps and cc-type (6,7) as checked
above).

If A= (A1, (A; — 1)2, Ay — 2) then all skew diagrams are larger than one of

o ] | |

) ) ) )

which are all of cc-type (6, 7).
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If A = (A1, (A1 — 1)2,1) then up to conjugation all skew diagrams are larger
than one of

| N ] ]

B A === =

which are all of cc-type (6, 7).
If A= (A1, A2,1) then u = (m, 1) and all skew diagrams are larger than one of

|T_W ||77 | ]
[] | O | O

which are all of cc-type (6, 8).

This finishes the case o(A/u)1 =4 > i(A/p)1.

We will now check the skew diagrams A/p with i(A/u)1 < o(A/u)1 < 3. For this
we again will only check a few skew diagrams such that all other with o(A/p); < 3
are larger than the checked ones. Usually those checked ones will be larger than
one of the skew diagrams with o(A/u); = 4 and cc-type at least (6, 7). For example,
if we assume that o(A\/p)1 = 3 > i(N )1 with lo =13 = Ao — A3 = 1, then A\/p is
larger than one of the following skew diagrams:

A= . A= . A=
| |
At = . A= . A= ,
| |
AT = A3 = A =
AIO _ ’ All _ ’ A12 _ ;
mnp mupl
A13 — ’ A14 _ 7’ A15 _
| |
Let

B! = B? = B3 =
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B° = , Bf= , B = B® =

1 | s

where the B’ are the skew diagrams from equation (5.3.1) or their conjugate and
so have all cc-type at least (6,7).

Now:
A= B+ (12), A* =B+ (17), AY =B+ (1),
AZB@)), A =B @)0), A= B+ 1)),
AT = B* 4 (12), A% =B+ (1%)/(1),  A’=B'+(1%)/(1?),
A = B5 4 (12), A =B+ (1%)/(1), A% =B°+(1%)/(1),
A =BT+ (1%)/(1)

Furthermore, A is just a reordering of B®, A1 = (12)® (3,2)/(1) = B%. A
is not larger than any of the skew diagrams A/u listed above with o(A/u); = 4
but has cc-type (7,9). So all skew diagrams \/u with o(A/u); = 3 > i(A\/p)1 and
lo =13 = Ay — A3 = 1 have at least cc-type (6, 7).

Checking also the other cases with o(A/p)1 = 3 > i(\/p)1 we obtain the result,
that all those skew diagrams \/u are larger than one of the above skew diagrams
having 4 o-1-steps and cc-type at least (6,7) (or their conjugate, rotation or re-
arrangement) or are larger than one of the following three skew diagrams:

n n
e @) e @) = LI e @2/e) = ,

H

(1) ® ((4,2%)/(1)) = |

The first two skew diagrams have cc-type (7,9) and the last one has ce-type (6,7).
Now all skew diagrams A\/p with o(A/p)1 < 3 are larger than one of the skew
diagrams having 3 o-1-steps.

So all skew diagrams with o(A/u)1,1(A/p)1 < 4 have cc-type at least (6,7).
This finishes the proof. O

LEMMA 5.3.8. Let dp(A\) = 4,dp(p) =1 and A/ be a basic skew diagram. Then
[A/p] contains 5 or less components or constituents if and only if i(\/u)1 = 2.

PROOF. It was argued in Lemma 5.3.6 that cc(A/u) = (4,4) for i(A\/p)1 = 2.

So now suppose i(A/p); = 1, then we may by conjugation symmetry assume
ih(M\/p)1 = 1 and we have to consider the two cases p = (1) and p = (u}™). Sup-
pose first that u = (u1) with g3 # 1, Ay — 1. Then we may by Lemma 5.2.2 assume
that Iy =l = I3 = Iy = 1 and so obviously A/ is larger than (4,3,2,1)/(2) =

, which has cc-type (6,6), so also A/u has cc-type at least (6,6).
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In the case u = (u)™') we may by Lemma 5.2.2 assume that A\; < p; and
since A/p is basic we have Ay = p1,ls = 1. So A/p decays A/p = (1) ® (A —
p1), (A2 — 1), (A3 — p1)") and by reordering the parts we may also write A/ =
(A1, (A1 — ), (A2 — p1)'2, (A3 — p1)B) /(A — p1) which means that this is the
above case = (11).

|

Suppose now i(A/p)1 = 0. Then \/u is larger than (4, 3,2,1)/(22) =

which has ce-type (7,8) and so A/p also has cc-type at least (7, 8). o O

LEMMA 5.3.9. Let dp(A) = 4,dp(p) = 2 and A/p be a basic skew diagram.
Then [N/ ] contains 5 or less components or constituents only in the cases of The-
orem 9.3.1.

Proor. If \/p=(1)® (1) ® (2,1) = then cc(A/p) = (5,8). The

[ ]

other cases with o(\/u); = 8 and so A\ = (4,3,2,1) are Al = with

| ]

ce-type (7,11) and A? = resp. A% = with cc-type (7,9).

Suppose now o(A\/u1)1 < 8, then it is larger than one skew diagram which has 7
o-1-steps. Because of conjugation symmetry it is enough to check the skew diagrams
with ov(A/p)1 = 4,0h(A/ 1)1 = 3. We will as an example check the skew diagrams
with A = (A3 +2, A3 +1,A3,1), A3 =1 > 2.

All skew diagrams A/p with A = (A3 + 2, A3 + 1, A3, 1) are larger than one of
the following skew diagrams:

| | |
B' = : B? = ,  B’= :

] L] L]

Bt = BS = BS =

- L] L]

B = B8 = BY =
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The skew diagrams B!, B* B” are larger than A', the skew diagrams B?, B®
are larger than A? and the skew diagrams B%, B0 are larger than A® and so those
B have at least cc-type (7,9).

Let A = (5,4,3,1) then cc(A\/p) is

e (6,9) for p = (4,1%) and pu = (4,3)
e (7,10) for p = (22,1)

e (8,10) for p = (2,1%) and pu = (4,1)
o (8,12) for p = (3%,1) and pu = (4,2)
e (9,13) for p = (2,1) and p = (3,12)
e (10,15) for p = (3,1)

(10,16) for u = (3,2)
So A/ has cc-type at least (6,9) if A= (A3 +2, A3+ 1,X3,1),A\3 —1>2.
Checking also the other three cases with o(A/u); = 7 finishes the proof. O

LEMMA 5.3.10. Let dp(A\) = 4,dp(p) = 3 and A/ p be a basic skew diagram.
Then [N/ ] contains 5 or less components or constituents only in the cases of The-
orem 9.3.1.

PrOOF. We have cc((1)® (1) @ (1) ® (1)) = (5, 10). This is the only possibility
for o(A/u)1 = 8.

Suppose o(A/p)1 < 8, then A\/p is larger than one skew diagram which has 7
o-1-steps. Again as in Lemma 5.3.9 because of conjugation symmetry it is enough
to check the skew diagrams with ov(A/p)1 = 4,0h(N/ )1 = 3. We will again as an
example check the skew diagrams with A = (A3 + 2, A3 + 1, A3, 1).

All skew diagrams \/p with X = (A3 + 2, A3 + 1, A3,1) are larger than one of
the following skew diagrams:

| HE ]
’ ’ |
L] L] L]

which have ce-type (9,18), (8,15) and (6,13) (in this order).
So A/ has cc-type at least (6,13) if A = (A3 +2, A3 + 1, A3, 1).
Checking also the other cases with o(\/u); = 7 finishes the proof. O

LEMMA 5.3.11. Let dp(A\) = 5,dp(n) = 1 and A/p be a basic skew diagram.
Then [N/ ] contains 5 or less components or constituents only in the cases of The-
orem 5.3.1.

PROOF. It was argued in Lemma 5.3.6 that cc(A/u) = (5,5) for i(A/p)1 = 2.

So suppose i(A/u); = 1, then we may by conjugation symmetry assume that
ih(A/p)1 = 1 and we have to consider the two cases p = (p1) and pu = (ui™").
Suppose first that g = (u1) with p3 # 1,A\; — 1. Then we may by Lemma 5.2.2
assume that I; = Iy = I3 = Iy =I5 = 1 and so obviously A\/p is larger than

(5,4,3,2,1)/(2) = or (5,4,3,2,1)/(3) = which both are

of cc-type (10, 10), so also A/ is of cc-type at least (10, 10).



5.3. SKEW CHARACTERS CONTAINING FEW CONSTITUENTS OR COMPONENTS 83

In the case u = (u)™') we may by Lemma 5.2.2 assume that A\s < p; and
since A/p is basic we have A\s = p1,ls = 1. So A/p decays A/p = (1) ® (A —
1), (Ae — 1), (A3 — 1), (Ag — p1)™) and by reordering the parts we may also
write A/ = (A, (A1 — )", (A2 = p1)"2, (A3 — )", (Mg — 1)) /(A1 — pur) which
means that this is the above case = (p1).

Suppose now that i(\/u); = 0. Then \/p is larger than (5,4,3,2,1)/(3%) =

or (5,4,3,2,1)/(2%) = which are both of cc-type (13,17)

and so \/u also has cc-type at least (13, 17). (]

LEMMA 5.3.12. Let dp(A\) = 5,dp(p) > 2 and \/p be a basic skew diagram.
Then [N/ u] contains more than 5 components and constituents.

Proor. All skew diagrams are larger than one of the skew diagrams \/p with
A = (5,4,3,2,1) and p contained in A. So we only have to check those skew
diagrams.

For dp(p) = 2 and A = (5,4,3,2,1) the cc-type of A/ is at least (8,14) (ob-
tained for u = (23,1), it’s conjugate u = (4,3), and pu = (4,13); these are the cases
Mp=(1)®(1)®(3,2,1)) and at most (17,27) (obtained for u = (2,12) and it’s
conjugate p = (3, 1)) respectively (16,32) (obtained for u = (22, 1), it’s conjugate
w=(3,2), and pu = (3,1?)).

For dp(p) = 3 and A = (5,4,3,2,1) the cc-type of A/ is at least (9,24) (ob-
tained for the cases A\/pu = (1) ® (1) ® (1) ® (2,1)) and at most (16,51) (obtained
for p = (3,2,1)).

Finally for dp(p) = 4 and A = (5,4, 3,2,1) we have cc((1)®(1)®(1)@(1)®(1)) =

(7,26).
So if dp(\) = 5,dp(u) > 2 then \/u has at least 7 components and at least 14
constituents. U

LEMMA 5.3.13. Let dp(A\) > 6,dp(u) > 1 and A/p be a basic skew diagram.
Then [A/u] contains more than 5 components and constituents.

PRrROOF. If dp(p) > 2 then A/p is larger than one skew diagram with dp(\) =
5,dp(p) > 2 which have ce-type at least (7,14) by Lemma 5.3.12.

If dp(p) = 1 then it is checked using Stembridge’s SF-package [Ste] that for
A=(6,5,4,3,2,1) A/ has cc-type at least (6,6) (obtained for dp()\) = 6 with u =
(1), = (A —1) and u = (1*~1)) and at most (39, 63) (obtained for y = (32) and it’s
conjugate y = (2%)). An arbitrary basic skew diagram \/p with dp(\) > 6, dp(u) =
1 is larger than one of the skew diagrams X' /p’ with X = (6,5,4,3,2,1),dp(p') =1
and so also has cc-type at least (6,6). O

This proofs Theorem 5.3.1.






CHAPTER 6

Reduced Kronecker products

Since the irreducible representations of the symmetric groups are to a certain
degree well understood and easily to construct the next problem which comes to
mind is understanding the Kronecker product [A][p] of two irreducible characters
of the same symmetric group (for example, see work of Murnaghan of the late
1930s and 1950s: [Mur37], [Mur38|,[Mur55a], [Mur55b]). One of the main
open problems in representation theory is finding a good combinatorial description
for the product or their coefficients like one has with the LR coefficients for the
outer product of two irreducible characters. Only for some special shapes of A, u
combinatorial interpretations of the Kronecker product [A][u] have been found (see
[GR], [Rem89], [Rem92]|, [RW], [Ros], [BOROS]). For current research regard-
ing a general combinatorial description of the Kronecker coefficients see [Cas] and
[AV].

As mentioned already in the introduction (Section 1.2) the Kronecker product
is also related to skew characters by works of Dvir ([Dvir]) and Clausen and Meier
([CM)).

6.1. Introduction to reduced Kronecker products

We will now look at a nice stabilizing property of the Kronecker product which
was observed already by Murnaghan. We will demonstrate it with an example:

[217][22] = [31] + [217,

[312][32] = [41] + [32] + 2[31%] + [221] + [217],

[41%][42] = [51] + [42] + 2[41%] + [33] + 2[321] + [317] + 2217,
[512)[52] = [61] + [52] + 2[51%] + [43] + 2[421] + [41%] + [331] + [321?],
[61%][62] = [71] + [62] + 2[61%] + [53] + 2[521] + [51%] + [431] + [421?],
[¥12][%2] = [*1] + [*2] + 2[x1%] + [3] + 2[¥21] + [*1%] + [*31] + [*212].

Murnaghan showed that this product always stabilizes if one increases the first
part. For a partition A we define the sequence A[n] = (n — |A|, A1, A2, ...) which is
a weak composition of n for n > |A| and a partition of n for n > |A| + A1.

The stabilizing property of the Kronecker product then means that for all par-
titions A, v there is an integer n such that for all & > 0 and all partitions v we
have:

(6.1.1) g(A[n, p[n], v[n]) = g(Aln + k], u[n + k], v[n + kJ).
So it makes sense to define the reduced Kronecker coefficients
g\ p,v) = lim g(Alnl, p[n], vin])

85
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which is by Murnaghan’s Theorem well defined.
As said before, the Jacobi-Trudi determinant

sy =det(hy, +i — j)i<ij<n

allows us to define the Schur function syp,) even for the case that A[n] is not a
partition. Nevertheless, we have either sy, = d=s) for some partition XN ors Aln] =
0. We set [A[n]] = £[N] if sy = sa and [A[n]] = 0 if s},) = 0.

Murnaghan’s Theorem is then the following (see also [Thi]):

THEOREM 6.1.1 (Murnaghan,[Mur37, Mur38, Mur55al). For alln > 0 we
have:

Alllelel]) = > g\ ) vn]l.

At first, this result seems to be surprising because we see that the decomposition
of [212][22] and [+1?][*2] are different. But we have by the Jacobi-Trudi determinant:

[13] = —[22],  [121]=0,  [031] = —[211],  [0211] = —[1111],
and so:
[217][22] = [31] + [22] + 2[21%] + [13] + 2[121] + [1*] + [031] + [021?]
= [31] + [22] + 2[21%] — [22] + 0 + [1*] — [21%] — [17]
= [31] + [217].
Murnaghan’s Theorem inspires the following. Let {[\|¢|\ a partition} be a

basis for a C vector space. We then define a product on these basis vectors which
can be linearly extended to the full vector space:

[)‘]0 * [M]' = Zg()VMv V)[V]"

We call this the reduced Kronecker product. The connection to the usual Kronecker
product should be obvious by Theorem 6.1.1. In fact, one could set [A]o formally
as [Me = D, cnlAn]] with x the usual Kronecker product (this works because
[A[n]][p[m]] = 0 for n # m). We will call these [A]s irreducible characters even if
they are not traces of representations.

In this notation our example from above simply reads:

(120 % [2]a =[Ua + [2]a + 20170 + [3]a + 2[21]0 + [1°]a + [31]a + [217.

This particular product can already be found in [Mur38, Number 20].
The reduced Kronecker coefficients has some nice properties. If |A| = |u| + |v|
then g(A, i, v) = ¢(\; p, v). In [BORO9] Briand et al. showed the following:

THEOREM 6.1.2 ([BORO09, Theorem 1.2]). For arbitrary partitions A\, p the
smallest n which can be chosen for equation (6.1.1) is n = |\ + |u| + A1 + p1.
In other words, the coefficients in [A[n]][p[n]] stabilize for n = |A|+| ]+ A1+ 1.

So we can calculate [A]e * [p]e with Stembridge’s Maple Package [Ste] by cal-
culating [A[n]][u[n]] for n = [A] + |p| + A1 + p1.

Furthermore, it is conjectured by Klyachko [Kly, Conjecture 6.2.4] and Kir-
illov [Kir, Conjecture 2.33] that the reduced Kronecker coefficients satisfy, like the
LR coefficients, the Saturation property. So it is conjectured that if g(nA, nu, nu) #
0 for some n > 1 then G(\, u, p) # 0. Obviously this property holds if |A| = |u|+|v|.
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There are many examples which show that the ordinary Kronecker coeflicients do
not satisfy the saturation conjecture. For example, we have:

1 for n even

9((n,n), (n,n), (n,n)) = {O for n odd

We will use the following lemma in our later proofs. It can be found in
[Mur55b, page 1098] and [Thi, page 217]:

LEMMA 6.1.3 ([Mur55b, page 1098]).
[Le % [No = dp(N)[Ne + > [1]

where the sum is over all partitions p different from A which can be obtained from
A by adding a boz, deleting a box or first deleting and then adding a bozx.

In particular, [Ne has multiplicity dp(X) and all other characters have multipli-
city 0 or 1.

6.2. Preliminaries: g(A + XN, u+ /v +v) > g\ p,v)

In the next sections we classify the reduced Kronecker products which are mul-
tiplicity free and those which contain less than 10 components. We also give lower
bounds for the number of constituents and components of a given reduced Kro-
necker product and for those pairs of components, whose corresponding partitions
differ by only one box. We also show that equality of reduced Kronecker products
is possible only if the factors are the same.

The results of this chapter will appear in [Gut6].

Christandl et al. proved in [CHM, Theorem 3.1] that g(A+ N, u+p’,v+v') # 0
for g(A, p,v), g(N', i/, ") # 0.

In [Man] Manivel extends this result and states the following lemma in the
proof of his Theorem 1.

LEMMA 6.2.1 ([Man)]). Let both g(A, u,v), g(N, u',v") # 0.
Then
g+ N, p+ ' v+0) > g(A p,v)
and by conjugation:
gAUN, 4/, v Ur’) > g\ p,v).
We will now prove that the reduced Kronecker coefficients also obey the same
property:
LEMMA 6.2.2. Let m € N such that g(N'[m], ' [m], v’ [m]) # 0.
Then
GA+ N p+p v +v") > g\ pw,v)
and

gAUN[m]), p+p', v U (V' [m])) > g\ p, v).
PROOF. We have

JA+ N, p+p v +V) = g(A+N)[n+m], (u+ ) +ml, (v +v')[n+m])
= g(A\[n] + X[m], u[n] + p/'[m], v[n] + v'[m])
> g(Aln], uln], v[n]) = g\, 1, v)
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for n large enough and by Lemma 6.2.1.
For n large enough we also get by using Lemma 6.2.1:

AU XN [m]), p+ /v U (' [m]) = g(An] U X' [m], p[n] + p'[m], v[n] Uv'[m])
> g(/\[n],,u[n], V[TL]) = g(/\hua V)'
O

Remark 6.2.3. Let X' F n, then obviously we have g(X, 0, X)) =1,g(N, (n),\) =
1. So we have g(/\—I—X,,u,V—I—X) > g(\, p,v) and also gAUN, u, vUN) > g(\, pw,v).
This property allows us to get informations about the product [A]e * [14 ]. if we
know the product [A]e * [pt']e and A is larger than X and pu is larger than p'.
This is not the case for the ordinary Kronecker product! For example, let \' =
L
w=(3,21)= ‘,)\2(4,2,1,1): and = (4,3,1) = |

So we have A = X'+ (1)U(1) (in this particular case + and U commute which is
not true in general) and p = p/ + (12). So we know by applying Lemma 6.2.2 three
times that if []e appears in [N ]e*[1/]e with multiplicity ¢ then [(v+(12)+(1))U(1)]s
appears in [A]e * [t]e with multiplicity at least c:

gW\suv) g\ + (1), 0w+ (1))
<G\ + (@), p + (%), v+ (1) +(17))
—_——

(2,1)
<g\N+ MU @), pu (v+(2,1) U (1))
A

On the other hand, the only way to get u from y’ is by adding +(12) and this
has to be done directly, not in two steps. So in our case with p = (4,3,1) = p/+(1?)
we can deduce something about [A][u] from [N][p'] using Lemma 6.2.1 only if A €
{N +(2),N U (2), N+ (1%), N U (1?)} which is not the case.

Remark 6.2.4. Again as in Remark 5.2.1 we have the following: We have A+ v #
pw+vand AUv # pUvw for A # pu and arbitrary v. So if [M]e % [1/']e has cc-type
(a’,b') and X is larger than X and p is larger than p'. If [A]e % [¢]e has ce-type (a, b)
then it isa > a’ and b > b'.

6.3. Multiplicity free reduced Kronecker products

Using Lemma 6.2.2 and Remark 6.2.4 it is now easy to classify the multiplicity
free reduced Kronecker products.

THEOREM 6.3.1. Let A\, p be partitions. Then [Ne * [p]e is multiplicity free if
and only if up to exchanging A\ and p we are in one of the following two cases:
(1) A=0, p arbitrary
(2) A=), p=(a") is a rectangle

PROOF. Obviously for A = () we have the trivial product [(]e *[r]e = [11]e Which
is multiplicity free.

By Lemma 6.1.3 [1]e % [¢]e is multiplicity free if and only if dp(p) < 1, which is
the case only for p a rectangle.
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So now suppose that neither A nor p is (1). Then A and p are larger than (2)
or (12). So by Lemma 6.2.2 and Remark 6.2.3 it is enough to check if the following
products have multiplicity: [2]e * [2]e, [2]e * [1%]e and [1%]s x[1?]s. We already know
that g(12,2,12) = 2 from our example and so both [2]e x [1%], and [12]e x [1%]s have
multiplicity. Using Stembridge’s Maple package to calculate [2[n]][2[n]] for n = 8
gives §(2,2,2) = 2 which proves that also [2]e x [2]s has multiplicity. O

6.4. On the components and equality of reduced Kronecker products

In this section we will at first classify those reduced Kronecker products which
contain less than 10 components and then give lower bounds for the number of
components, constituents and pairs of components, whose corresponding partitions
differ by one box. Finally we give a short argument that two reduced Kronecker
products can be equal only if their factors are the same.

THEOREM 6.4.1. Let A\, i be partitions. Then [Ne * [pt]e has less than 10 com-
ponents if and only if up to exchanging A and p we are in one of the following
cases:
=0, u arbitrary (cc-type (1,1))

(1), p = (a®) is rectangle. In this case we have
a) ce-type (4,4) if p= (1)
b) cc-type (5,5) if eithera=1ora=1
) cc-type (6,6) if a,a > 2
(3) A= (1), u = (a®,B°) is a fat hook and we have, furthermore,

(a) 1= (2,1) (ce-type (5,9))

(b) 3 of the values a — 3, 3,a,b are equal to 1 (cc-type (9,10))
(4) A= (12), p = (2) (cc-type (8,10))

PROOF. We have already seen that [1%]4 x [2]s has the given cc-type.
To check that the other cases are true one simply uses the known formula for
[1]e * [A]e-
For A = (1),
[e * [0*]e =[a®]e + [ o + [0%, 1o + [0 a = 1]
+la+1,007 % a—1]s + [t a—1,1],

1= (a*) we have by Lemma 6.1.3:

where the last component appears only for @ > 2 and the penultimate only for
a> 2.
For A = (1), = (%, 3°) we have by Lemma, 6.1.3:

[]e % [0, B0 =2[a%, B0 + [a+ 1,051, 84 + [0, B+ 1, B e + [a%, 8%, 1]
+la+1,a 2% a-1,8%+ [ a-1,8+1,8"71],
+[a*ha—-1,8%1]e+ [a+1,007, 8% g - 1],
+a%B+1,8"7% 8 1] + [a%, 87, 8 =1, 1],
+laha—1,8% + [, 871, 8- 1],

where the 5th characters appears only for a > 2, the 6th only for « — 3 > 2, the
9th only for b > 2 and the 10th only for § > 2.

We will check now that all other products have at least 10 components. From
the formula above we can see that if A = (1) and z = (a®, 3°) and none of the addi-
tional conditions given in the theorem is satisfied we have at least 10 components.
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Suppose now that A = (1) and dp(u) > 3. Then p is larger than or equal
to (3,2,1). Since [1]e * [321]s has cc-type (14,16) we know by Lemma 6.2.2 and
Remark 6.2.4 that [1]e * [u]e has at least 14 components.

So suppose now that both A, u are different from (1) and we are not in the
situation [1%]q * [2].

If both A1, 1 > 2 then both A, u are larger than or equal to (2). It is

[2]e * [2]e =[0]e + [1]e + 2[2]e + [1%]e + [3]e + 2[21]e + [13]s + [4]e + [31]e + [2%]6

and so [2]e *[2]e has cc-type (10, 12) (this product can already be found in [Mur38,
Number 19]). Tt follows by Remark 6.2.4 that [A]e * [2]e also has at least 10 com-
ponents.

If both I()\),1(x) > 2 then both ), u are larger than or equal to (12). It is

[12]¢ % [12]e =[0]e + [1]e + 2[2]e + [1%]4 + [3]s
+2[21]6 + [1°]e + [2%]¢ + [21°]¢ + [1%]s

and so [12]¢ * [12]s also has cc-type (10,12) (this product can already be found in
[Mur38, Number 29]). It follows by Remark 6.2.4 that [A]e * [1]e also has at least
10 components.

So we may now suppose that A = (A1) and p = (1) with A\;,m > 2 and at
least one of A\;,m > 3. Using Stembridge’s Maple package [Ste] we check that
[2]¢ * [13] has cc-type (10,13) and [3]s % [1%]s has cc-type (11,13) (these products
can also be found in [Mur38, Numbers 23 and 30]). It follows by Remark 6.2.4
that [A]e * [¢t]e also has at least 10 components. O

In the reduced Kronecker products appear characters whose corresponding par-
titions are of different size. So in the following if we say that two partitions A, u
differ by one box we mean that |\ N u| = max(|A|, |g|) — 1. So u can be obtained
from A by deleting a box, adding a box or first deleting and then adding a box.

As in Chapter 5 we let p, denote the number of partitions of n, f, denote
the number of standard Young tableaux of size n and ¢, denote the number of
pairs of partitions of n which differ by one box. Their first terms were listed in
Remark 5.2.10.

THEOREM 6.4.2. Let A, u be partitions with dp(A) =n > dp(u) =m > 1. Then
[Me * [1]e contains at least

o n2 + 1+ max(pmi1,n+ 1) components,

o n2 +n+max(fmi1,n+ 1) constituents,

e ¥+ n+1+max(gmi1, 3(n+ 1)n) pairs of components ([v']a, [V%]s) such
that their corresponding partitions v*,v? differ by only one box.

PROOF. We first investigate the product [1]e * [0n]e Which is well known by
Lemma 6.1.3. We have:

[1]e * [0n]e = n[dnle + > _[V]s

where the sum is over all partitions v different from §,, which can be obtained from
0, by adding a box, deleting a box or first deleting and then adding a box.

We label the characters appearing in [1]e * [0,]e by the four ways in which they
can be obtained. Let a denote [0,]e, b label those characters whose partitions are
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obtained from §,, by adding a box, ¢ those which are obtained by deleting a box
and d those which are obtained by first deleting and then adding a box.

So we have 1 character labeled a with multiplicity n, n 4 1 labeled b, n labeled
c and n(n — 1) labeled d.

Now A is larger than §,, and p is larger than (1). Using Remarks 6.2.3 and 6.2.4
we know that [Me * [u]e has at least 1 +n+1+n+nn—1)=n?+1+ (n+1)
components and n +n + 1 +n+n(n — 1) = n? + n + (n + 1) constituents. The
partitions of characters labeled b have size |d,| + |(1)]. So in [A]e * [1]e there are
also at least n + 1 characters whose corresponding partitions are of size |A| + |p].
But we have also g(A, u,v) = c(v; i, A) for [v] = |u| + |A| so we can deduce from
Lemma 5.2.11 that there are also at least p,,+1 components and f,,,+1 constituents
in [A]e * [pt]e Whose corresponding partitions are of size |u| + |[A|. So we have in
total at least n? + 1+ max(py,+1,n+ 1) components and n? +n +max(fy 41,7+ 1)
constituents.

We now prove the lower bound for the number of pairs of partitions which differ
by one box.

We have in [1]e * [0,]e the following number of pairs of components, whose
diagrams differ by one box (where type (a,b) means that one character is labeled
a and the other b):

Type: | (a,a)  (a,b) (a,c) (a,d) (b,b)
Number : 0 n+1 n n(n —1) 1(n+1)(n)

Type: ‘ (b;c)  (b,d) (¢,¢) (¢,d) (d,d)
Number:| 0 n(n—1)|in(n—1) nn—1)|nn—1)(n-3).

The first four numbers are clear since all diagrams labeled b, ¢ or d differ from
dp, by only one box. The numbers for type (b,b) and type (c, ) are also clear since
all diagrams of characters of type b differ from one another only by the additional
box. The same goes for all characters of type ¢. Furthermore, the diagrams of
characters of type b have two more boxes than those of type ¢ hence the 0 for type
(b, c).

We now look at pairs of type (b, d). Suppose the partition « corresponds to a
character of type b and (3 to a character of type d and o and (3 differ by only one
box. If @ = d,, + (1) (so the additional box of « is in the first row) then there are
n — 1 partitions § with character of type d (0 is obtained from « by deleting a box
in a row other than the first row). The same goes if @ = d,, U (1). So now suppose
« is neither d,, + (1) nor d,, U (1). We have n — 1 of those o and in each case there
are n — 2 8 whose corresponding character is of type d such that o and § differ by
one box. So we have in total:

2n—1)+(n—1)(n—-2)=n(n-1).

For type (¢,d) we can choose one of the n characters of type ¢ say with cor-
responding partition c. There are n — 1 places in which we can add a box to «
to obtain a partition § whose corresponding character is of type d. So we have
n(n — 1) of those pairs.

Let us now check the number of pairs of type (d,d). Let o and 3 be partitions
with corresponding character of type d which differ by one box. For a we can choose
any of the n(n — 1) partitions. Suppose « is obtained from 4,, by deleting the box
A and then adding the box B. For 3 we can then choose any of the n — 2 partitions
which are obtained from d,, by also deleting A and then adding a box different
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from B or any of the n — 3 partitions which are obtained from 4,, by deleting a box
different from A (such that the box B can be added afterwards) and then adding
the box B. Since we count each pair only once we get a factor % and so in total:

1 5
in(n— n—=24+n-3)=n(n—-1)(n— 5)
Adding all the number of pairs except pairs of type (b, b) we get:
1 1 7 5
n+1+n+n2—n+n2—n+§n2—§n+n2—n+n3— §n2+§n=

nd+n+1.

Now A is still larger than ¢,, and p is larger than (1). Using again Remarks 6.2.3 and
6.2.4 and by the same argument as in Theorem 5.2.7 different pairs of components,
whose corresponding partitions differ by one box, of [1]e * [0,]e give different pairs
in [u)e * [A]e. Notice that the pairs of type (b,b) correspond to pairs of components,
whose partitions have as size the sum of the sizes of (1) and §,,. So the number of
pairs of components of [u]e x [A]e, Whose partitions are of size |u| + |A| and which
differ by one box, is at least %n(n —1), the number of pairs of type (b, b). But since
we have (A, u,v) = c(v; p, A) if |v] = |pu] + || we know by Lemma 5.2.11 that the
number of those pairs is also at least g,,41-
This gives in total

1
n® +n+ 1+ max (gm+1, §(n+ 1)n>

pairs of components, whose corresponding partitions differ by only one box. O

The used property (A, u,v) = c(v;p, A) if |v| = |p| + |A\| answers also the
question of equality of reduced Kronecker products:

LEMMA 6.4.3. Let A\, X, u, 1/ be partitions with [Ne * [tt]e = [N]e * [12]e-
Then either A= XN, u=p or A=p',u=N.

ProOOF. This follows directly from g(A, u,v) = c(v; u, A) if |v| = |u| + |A| and
Lemma 3.1.4 which stated the result of the Lemma for the outer ordinary product.
O

Remark 6.4.4. Note again that the situation for the ordinary Kronecker product
is not as nearly as nice as for the reduced Kronecker product. We can’t determine
anything about the number of components or constituents of the ordinary Kronecker
product [A][¢] by analyzing the corresponding ordinary Kronecker product:

n(n+1)

[~ Ln] = (n = 1)[dn] + > W

where the sum is over all partitions v different from §,, which can be obtained from
0y, by first deleting and then adding a box. As already mentioned in Remark 6.2.3
only in some cases we get informations about the product [A][u] even if dp()\) = n

(so A is larger than §,) and p is larger than (@ —1,1) from facts about the
product [% — 1,1][6n).
Furthermore, for the ordinary Kronecker product we have [AJ[u] = [A°][uc]

which we have already seen in the examples does not hold for the reduced Kronecker
product, and by Lemma 6.4.3 never holds (unless A, u are symmetric or A = u).



CHAPTER 7

Summary of the results

In the preceding chapters we have proven the following results.

We proved in Theorem 2.1.1 that the base partition of a skew character B([A/p])
is the union partition of the corresponding skew diagram Y(\/u), and furthermore,
that we have B; = max; [Aij—1 — |, with |z, = max(0,z) (Remark 2.1.2).

From the base partition we obtain in some cases the cover partition C(x) via
the skew character - Schubert product correspondence. For products we define the
skew diagram A = ((k')/u)°)/v and then have C([u] x4y [V]) = ((k')/B([A])°
(k1 arbitrary) and C(Ju] @ []) = ((K)/BUAD)" (k = g + vl = () + U(v))
(Theorem 2.1.3). If a skew diagram A = A/p with A = (AP, Adpy1, ..., A;) satisfies
11 < A\, () < nthen we obtain the cover partition of the corresponding skew char-
acter [A] as C([A4]) = ((M))/B([u] ® [/_\]))O with A = ((A\Y)/\)° (Theorem 2.1.5).

We showed that the principal hook length partition hl([A]) of a skew character
is given by the northwest ribbon length partition 7, (A) of the corresponding skew
diagram, hl([A]) = mpw(A) (Theorems 2.2.2 and 2.2.10). For A = a ® 3 we proved
that there are 27(4(@).d(5)) partitions v with [v] € [A] and hl(v) = hi(|A]) and that
the corresponding characters all have multiplicity 1 (Theorem 2.2.2) and minimal
Durfee size (Remark 2.2.5). In Remark 2.2.3 we determined the exact shape of
all these v. For arbitrary skew diagrams A we gave in Remark 2.2.11 an explicit
(and easy) description of the irreducible characters [v] having maximal principal
hook length. If nw;(A/p) decays into k; disconnected ribbons then we have [, k; of
those v and an easy formula for their multiplicities (Lemma 2.2.12). Furthermore,
those v have minimal Durfee size of all partitions whose characters appear in [A]
(Lemma 2.2.14). Using again the skew character - Schubert product correspondence
we obtain a formula for the Durfee size, components having maximal Durfee size,
a lower bound for their number and their multiplicities for the ordinary product
(Lemma 2.2.15) and some skew characters (Lemma 2.2.17).

Using the above results we obtained necessary conditions for the equality of
two skew characters (Theorem 2.2.18).

We proved in Lemma 3.1.6 if A\/u is of some special shape that [A/u] = [a/f]
is possible only in trivial case (A\/u and a/f are the same up to translation and
rotation). In Section 3.2 we proved that if [A/p] = [o/5] is multiplicity free that
then this equality is trivial or A = §,, is a staircase partition and A/u and «/8 are
conjugate of each other (Theorem 3.1.1).

We shoved that ¢(A + N;u+ p',v+v') > e(A; p,v) if we have e(N;p/,v) £ 0
(Lemma 4.1.1). The function Q(n) = > c(nA + XN;np + 1/, v) increases without
bound if and only if A/u is a proper skew diagram (Lemmas 4.2.1 and 4.2.2).
This is also a result about the number of constituents and components of the skew
characters [(nA + X)/(np + p')]. Furthermore, if A\/u is a partition or rotated
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partition then we showed that Q(n) strictly increases till it gets constant and then
stays constant. Furthermore, we gave an explicit formula for the smallest m such
that Q(n) = Q(m) for n > m (also Lemma 4.2.2). So the stretched LR coefficient
e(nd+ XNsnu + p/,nv + V') is in some cases also bounded above (Lemma 4.3.1).
Furthermore, we proved that in some cases there is an integer m and a polynomial
g(n) with the same degree as the polynomial ¢(n\; ny, nv) such that g(n) = c¢(nA+
Ninp + @/ ,nv +v') for n > m (Lemma 4.3.6).

We showed that if A/ is a basic skew diagram with dp(\) > n = dp(u) +1 that
then [A/pu] has at least p,, components, f,, constituents (Theorem 5.2.9) and contains
at least g, pairs of components (['], [v?]) such that v! and v? differ by one box
(Theorem 5.2.7), with p,, the number of partitions of n, f,, the number of standard
Young tableau with n boxes and g, the number of pairs of partitions of n which
differ by one box. For this we used that \/u is larger than §,,/d,,—1 (Lemma 5.2.6).
We gave a bijection between the pairs of partitions of n which differ by one box
and partitions of n — 2 with two different kinds of 1 and 2. (Lemma 5.2.3). The
results about skew characters clearly give us also results about the product [o] ® [5]
(Lemma 5.2.11).

Furthermore, we classified all skew characters containing at most five compo-
nents and those containing at most five constituents (Theorem 5.3.1) and listed
explicitly all skew characters having two or three components (Remarks 5.3.3 and
5.3.4).

We showed that also the reduced Kronecker coefficients satisfy g(A + X, u +
w,v+v") > g(A, p,v) if there is an m with g(N'[m], ¢/ [m], v/[m]) # 0 (Lemma 6.2.2).
We then classified the reduced Kronecker products which are multiplicity free (The-
orem 6.3.1) and those containing at most ten components (Theorem 6.4.1). We then
also gave lower bounds for the number of components, constituents and pairs of com-
ponents, whose corresponding partitions differ by one box, of a reduced Kronecker
product (Theorem 6.4.2). Finally we gave a short proof that equality of reduced
Kronecker products is only possible if the factors are the same (Lemma 6.4.3).
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