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[...] ndamlich mit dem Vorsatze, in der
Wissenschaft auf die Autoritat sich den
Gedanken anderer nicht zu ergeben,
sondern alles selbst zu priifen und nur der
eigenen Uberzeugung zu folgen, oder besser
noch, alles selbst zu produzieren, und nur
die eigene Tat fiir das Wahre zu halten. [...]

Georg Wilhelm Friedrich Hegel, Einleitung
zur Phdnomenologie des Geistes






Zusammenfassung

Zentrales Thema dieser Arbeit sind Konsistenzbedingungen an maximal symme-
trische Branen des H Modells. Sie werden in Form sogenannter Shift Gleichungen
hergeleitet und auf ihre Losungen untersucht. Das Resultat sind explizite Aus-
driicke fiir die Ein-Punkt Funktionen in den verschiedenen Bran-Hintergriinden.
Das Bran-Spektrum organisiert sich in kontinuierlichen und diskreten Serien.

Zunachst geben wir eine Einfiihrung in die zweidimensionale konforme Feld-
theorie (CFT) im Rahmen der Theorie von Vertexoperatoralgebren und ihren Mo-
duln. Wir versuchen diesen Zugang an die speziellen Bediirfnisse des nichtratio-
nalen Hj Modells anzupassen.

Zu Beginn des zweiten Teils werden kurz die benotigten Analysetechniken fir
CFTen mit Rand bereitgestellt, darunter insbesondere die Cardy-Lewellen Klebe-
bedingung, die den folgenden Konstruktionen wesentlich zu Grunde liegt. Da-
nach fihren wir in die Systematik der Bran-Losungen ein der wir in dieser Arbeit
folgen. Mit der Unterscheidung zwischen reguldaren und irreguldaren Ein-Punkt
Funktionen schlagen wir ein neues, zusitzliches Ordnungskriterium fiir Bran-
Losungen vor. Weiter argumentieren wir, dass alle Isospin-Abhdngigkeiten den
Klebebedingungen unterworfen werden miissen. An dieser Stelle ist das auszu-
fithrende Programm skizziert und wir beginnen seine Umsetzung mit der Herlei-
tung von neuen 1/2-Shift Gleichungen, welche die vorher bekannten Gleichungen
dieses Typs zu einer vollstandige Liste fiir den Fall von AdS, Branen komplettie-
ren.

Wir wenden uns dann den b~2/2-Shift Gleichungen zu. Ihre Herleitung funktio-
niert nicht so direkt wie im vorhergehenden Fall: Der urspriingliche Definitionsbe-
reich einer bestimmten Zwei-Punkt Funktion (der CFT mit Rand) muss auf eine ge-
eignete Region ausgedehnt werden. Dazu ist es unumgénglich, eine Fortsetzungs-
vorschrift anzunehmen. Der natiirliche Kandidat ist analytische Fortsetzung. Wir
demonstrieren, dass eine solche mit einigem Aufwand unter Benutzung verallge-
meinerter hypergeometrischer Funktionen durchgefiihrt werden kann. Auf diese
Weise gewinnen wir eine vollstindige Liste von b~2/2-Shift Gleichungen fiir AdS»
Branen, untersuchen ihre Losungen und lesen das Bran-Spektrum ab.

Nachfolgend rekapitulieren wir kurz die HJ /Liouville Korrespondenz und das
Hosomichi-Ribault Proposal, welches Anlass zu unserer niachsten Konstruktion
gibt. Sie realisiert das Hosomichi-Ribault Proposal, welches eine von obiger An-
nahme abweichende Fortsetzungsvorschrift vorschldgt, explizit im Hj Modell.
Wir zeigen, dass mit unserer Konstruktion wiederum sinnvolle b~2/2-Shift Glei-
chungen hergeleitet werden kénnen und diskutieren deren Lésungen. Das resul-
tierende Spektrum von AdS>-Branen ist dem obigen analog. AbschlieRend werden
beide Zugdnge verglichen. Wir skizzieren ein mogliches Unterscheidungskriteri-
um und spekulieren, wie sich unsere Resultate auf eine gewisse Klasse nichtkom-
pakter nichtrationaler CFTen verallgemeinern kénnten.

Schlagworte: Nichtrationale Konforme Feldtheorie, Hj Modell, D-Branen






Abstract

The central topic of this thesis is the study of consistency conditions for the
maximally symmetric branes of the Hi model. It is carried out by deriving con-
straints in the form of so-called shift equations and analysing their solutions.
This results in explicit expressions for the one point functions in the various
brane backgrounds. The brane spectrum becomes organized in certain continu-
ous and discrete series.

In the first part, we give an introduction to two dimensional conformal field
theory (CFT) in the framework of vertex operator algebras and their modules. As
this approach has been developed along with rational CFT, we pay attention to
adapt it to the special needs of the nonrational Hj model.

Part two deals with boundary CFT only. We start with a review of some ba-
sic techniques of boundary CFT and the Cardy-Lewellen sewing relations that
will be at the heart of all following constructions. Afterwards, we introduce the
systematics of brane solutions that we are going to follow. With the distinction
between regular and irregular one point functions, we propose a new additional
pattern according to which the brane solutions must be organized. We argue that
all isospin dependencies must be subjected to the sewing constraints. At this
point, the programme to be carried out is established and we are ready to derive
the missing 1/2-shift equations for the various types of AdS, branes in order to
make the list of this kind of equation complete.

Then we address the b~2/2-shift equations. It turns out that their derivation
is not straightforward: One needs to extend the initial region of definition of a
certain (boundary CFT) two point function to a suitable patch. Therefore, a con-
tinuation prescription has to be assumed. The most natural candidate is analytic
continuation. We show that it can be carried out, although it is rather technical
and involves the use of certain generalized hypergeometric functions in two vari-
ables. In this way, we derive a complete set of b~2/2-shift equations for AdS,
branes, study their solutions and extract the resulting brane spectrum.

In a following interlude we review the Hj /Liouville correspondence and explain
the Hosomichi-Ribault continuity proposal, which motivates our next construc-
tion. Its purpose is the explicit realization of the Hosomichi-Ribault proposal
within the H model. As this proposal suggests a continuation prescription that
differs from the above, one needs to study its implications for the brane solu-
tions. Based on our explicit realization, we show that sensible b—2/2-shift equa-
tions can be extracted from the Hosomichi-Ribault proposal and we study their
solutions and the corresponding brane spectrum. The two approaches are fi-
nally compared. We outline a possible demarcation criterion that still has to be
worked out and speculate about how our results might generalize to a certain
class of noncompact nonrational CFTs.

Keywords: Nonrational Conformal Field Theory, Hf Model, D-Branes
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1 Introduction

This thesis is mainly concerned with the derivation of certain constraints in non-
compact nonrational two dimensional boundary conformal field theory and the
important question how the strength of these constraints depends on the differ-
ent assumptions one can make. The interest in these kinds of questions stems
from the study of branes in string theory. Two dimensional conformal field the-
ory (CFT)! is the natural language? of string theory and branes are its monopole-
like non-perturbative states. Their effect on the CFT description is to introduce a
boundary on the two dimensional worldsheet of the string. As there are numer-
ous motivations for studying strings in curved noncompact target spaces, and
the associated CFTs are the noncompact nonrational ones, this connects directly
to the primary concern of this thesis.

The uses of CFT are not restricted to string theory alone. It also appears in
the study of critical phenomena in statistical physics, supplies quantum field
theorists with a wide range of exactly solvable models and in some cases, its
techniques even reach out into the realm of more general integrable models.
Moreover, mainly through developments in string theory, connections to higher
dimensional gauge theory and complex algebraic geometry (e.g. mirror symme-
try, Verlinde formula) have been uncovered. Several axiomatic approaches to
CFT have even made it an object of mathematical interest by itself, generalizing
well-known and revealing new structures and connections to pure maths.

For this reason, it has become customary to study CFT in its own right. This will
be our viewpoint as well. Although we motivate and introduce the specific model
that our study is based on, the Hj model, from the viewpoint of a string theory
in curved spacetime with non-vanishing NSNS two form, our main interest will
be solely in the CFT properties of the model. We therefore give a non-technical
overview of CFT, its developments, connections to other fields and its various
distinguished classes in a second part of the introduction. It is in this context
that we explain the importance of studying the H model.

Finally, we give an outline of our thesis with short descriptions of the contents
to be found in the various chapters and appendices.

LTalking about CFT in this thesis, we always mean two dimensional CFT.
Znatural from the worldsheet perspective



1 Introduction

1.1 String Theory

String theory grew out of an attempt to understand the strong interactions using
dual resonance models in the 1960s. While this approach failed with regard to
its original purpose, it left behind the famous Veneziano amplitude and the real-
ization that it can be obtained from a theory of strings, naturally formulated as
a two dimensional nonlinear sigma model3. This model is conformally and Weyl
invariant and therefore, two dimensional CFT established itself as the natural
language of string theory.

As a tribute to the hadronic resonances they once tried to describe, dual res-
onance models incorporate higher spins gently and with ease. So it came that,
when quantum chromodynamics (QCD) was established as the preferable theory
of quarks and their strong interactions, string theory was not immediately dead.
The massless spin two excitation of the closed string was realized to provide a
candidate graviton. In addition, due to its history as a model of quarks being
bound together, the string was always thought to possess gauge theory degrees
of freedom at its ends, so-called Chan-Paton factors. Therefore, one could hope
that string theory might provide a unified and consistent picture of all forces,
gauge and gravity.

But this bosonic string had its problems: Alongside with the graviton, it also
has a tachyon in its spectrum and is therefore immediately inconsistent. Also,
when it gives a unification of forces, what about the particles then? A purely
bosonic string cannot account for fermionic matter. The birth of supersymmetry
helped to overcome these problems: The superstring even enforces the incorpo-
ration of fermions, that is matter, and projects out the tachyon in a natural way.
The only missing ingredient to make it a candidate for a fully consistent unified
theory of all matter and forces was to show that it is free of anomalies. When
Green and Schwarz [1, 2] finally showed that anomalies could be cancelled for
a restricted set of string theories, this must have felt like a revolution indeed.
Today, the Green-Schwarz anomaly cancellation mechanism is still celebratedly
credited as the “first superstring revolution”.

One peculiarity of string theory is that it is most easily formulated in a pre-
ferred number of flat spacetime dimensions, which is called the critical dimen-
sion. As this dimension is d = 26 for bosonic and d = 10 for supersymmetric
strings, one needs to compactify parts of space in order to make contact with
the usual four dimensions. Once, there were hopes that only one consistent com-
pactification would exist which would reproduce in a unique way all aspects of
our four dimensional physics, including coupling constants and other parame-
ters. But these are shattered dreams. The various compactification procedures

3Indeed, this model shows asymptotic freedom, predicts a confining potential and reproduces the
Regge trajectories. Thus, the imagination of two quarks being “glued” together by a string might
appear plausible. However, many other features of the strong interactions are not captured by
dual amplitudes.
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one can think of lead to an incredibly vast and arbitrary “landscape” of consistent
possibilities. Yet, this should not be a reason to despair, as there are possibil-
ities to circumvent the critical dimension and avoid compactification. Moving
away from the critical dimension in flat spacetime, things get harder because one
needs to include the Liouville mode into the theory. This Liouville sector has
been avoided in the past, because it was not tractable. Actually, Liouville theory
belongs to the noncompact nonrational CFTs (see also section 1.2), which are our
concern in this thesis. In recent years, there has been a lot of progress in the un-
derstanding of quantum Liouville theory, so that it might be possible to explore
strings in the flat background away from the critical dimension now.

Another possibility to circumvent the critical dimension is to use a curved tar-
get space, that is to switch on gravity and put our strings in a curved background.
Perturbatively, if one desires to decouple the Liouville sector, this still needs the
critical dimension. But in a non-perturbatively exact background, strings exist
in dimensions other than the critical one. This can easily be understood if one
realizes that the curved background introduces new parameters in the theory,
for example a curvature radius. In exact backgrounds, this affects the central
charge of the string theory and one can therefore dispose of more parameters
than just the dimensionality of spacetime in order to set the total central charge
to zero. Examples for such models are provided by the WZNW models with com-
pact target, but also the noncompact nonrational SL(2,R)/U(1) coset CFT and
the H model (see also section 1.2) show such behaviour. The latter models are
of course distinguished, because they are more realistic: The spacetime that we
observe is noncompact. Also, for the description of time dependent phenomena,
noncompact targets are inevitable, as time is noncompact.

Having seen a “first superstring revolution”, one may suspect that string theory
has possibly undergone a “second revolution”. This is indeed true. Its subject
is the discovery of Dp-branes, which are non-perturbative states in the string
theory and serve as sources for RR fields [3]. In contrast to the string, they are
not one dimensional objects, but p-dimensional submanifolds in d-dimensional
target space (p < d). The ends of open strings are restricted to move in Dp-
brane worldvolumes only. Thus, Dp-branes are naturally thought of as setting
boundary conditions for open strings. In CFT language, their inclusion amounts
to the introduction of a boundary on the two dimensional worldsheet. The Dp-
brane vacua can be analysed with the methods of boundary CFT (see section 4).

Putting Dp-branes to good use, one has yet another option to circumvent the
compactification problem. This time, it is not by avoiding the critical dimension,
but rather by thinking of our observable spacetime as such a p-dimensional sub-
manifold. The picture is supported by the reinterpretation of the old Chan-Paton
factors that followed: As open string ends are confined to the Dp-brane world-
volume and it is them who carry the gauge theory degrees of freedom, we simply
find a gauge theory (for example, after some engineering, the standard model)
confined to the brane, which therefore plays the réle of our observable universe.
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Rising up in string theory, these p-dimensional gauge theories should have a de-
scription in terms of two dimensional conformal field theory. Some works have
dealt with such maps between a two dimensional CFT on a particular Riemann
curve to p-dimensional gauge theory (see for example the quite recent [4]), but
there is certainly much more potential here.

Another rather theoretical development that Dp-branes have brought us are
the several Anti-de-Sitter (AdS) to CFT (AdS/CFT) duality conjectures. In their
strongest form they state that string theory on certain AdS spacetimes has a dual
description in terms of a conformal field theory which can be thought of as living
on the conformal boundary of the AdS spacetime. To learn more about these du-
alities, it is necessary to be able to study string theory in those AdS backgrounds,
which are again noncompact and curved, meaning that their corresponding CFTs
are of the noncompact nonrational type.

1.2 Two Dimensional Conformal Field Theory and Mathematical
Physics

CFT originally arose in the attempt to understand universality classes of critical
phenomena in statistical physics [5]. But it is also of great (and sometimes cen-
tral) importance for other branches of physics: The worldsheet formulation of
string theory gives rise to a CFT and it is thus an appropriate language for string
theory. Even more, regarding research in quantum fied theory, CFTs provide ex-
amples of exactly solvable quantum field theories, due to their infinitely many
conserved charges. This also makes them prototypes of integrable models.

CFT and Mathematics

Some results in CFT have triggered or at least influenced new developments in
mathematics, in particular complex algebraic geometry. At other times, new
mathematical developments have given directions to research done in CFT. Promi-
nent examples for this interplay of CFT and mathematics include the Verlinde
formula [6] (for connections to algebraic geometry and the first strict proof, see
[7, 8]; for a treatment in the context of vertex operator algebras, see [9, 10]),
Calabi-Yau geometry and mirror symmetry (Gepner models [11], the Greene-
Plesser construction [12], toric geometry [13]), stochastic (Schramm-) Lowner evo-
lution (SLE) [14, 15, 16, 17], the correspondence between ordinary differential
equations (ODE) and integrable models (IM) (ODE/IM correspondence) [18, 19]
and the Geometric Langlands Programme [20, 21, 22, 23, 24].

The probably most intimate connection between CFT and mathematics, how-
ever, is still the development of the theory of vertex operator algebras (VOAs)*

4Borcherds introduced the central notion of vertex algebras (VAs). It was later slightly extended to
that of VOAs by Frenkel, Lepowsky and Meurman.
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by Borcherds [25] and Frenkel, Lepowsky and Meurman [26]. Indeed, the VOA
construction makes CFT® an axiomatized framework and thus an object of math-
ematical interest of its own. The theory of VOAs and their modules shows a
very rich mathematical structure, generalizing at the same time the theory of
Lie groups as well as that of commutative associative algebras and the repre-
sentations of these objects [27, 28]. It has lead to the construction of a natural
representation, the moonshine module by Frenkel, Lepowsky and Meurman [26],
for the Fisher-Griess Monster, which is the largest sporadic finite simple group.
Their construction is essentially the construction of a CFT, the so-called Monster
CFT.

It is worth mentioning that other axiomatizations of CFT have been proposed,
most notably by Segal who put forward a categorical approach to CFT and by
Gaberdiel and Goddard who like to use a structure called meromorphic conformal
field theory [29]. The latter also uses vertex operators and in some respects
reminds of the VOAs mentioned above. Yet, compared to Borcherds work, it is
much more adapted to the way CFT is used in physics. The approach that we
have chosen in order to introduce the basic CFT notions and concepts in chapter
2 mainly follows the theory of vertex operator algebras, presented in a manner
which is suitable for physics. Some additional ideas are taken from Goddard and
Gaberdiel, while the spirit remains that of the original operator approach a la
Belavin, Polyakov and Zamolodchikov [5].

Classes of CFTs

In the more physics oriented literature, several interesting classes of CFTs have
been identified:5 Self-dual and self-dual extremal, rational, logarithmic, nonra-
tional and noncompact nonrational CFTs. Let us introduce them briefly.

Self-Dual and Self-Dual Extremal CFTs

Self-dual CFTs are modular invariant theories which nevertheless use one chi-
rality only. They are therefore truly meromorphic. Their central charges must
be multiples of twenty-four, ¢ = 24k with k € Z.y. For k = 1, they have been
classified by Schellekens [30].

For a self-dual extremal CFT, an additional requirement concerning the con-
formal weights of primary fields must be met: The lowest conformal weight of
primary fields other than the identity must be h = k + 1, if the central charge is
¢ = 24k as above. Interestingly, the Monster CFT by Frenkel, Lepowsky and Meur-
man [26] is an example of such a CFT. The class of self-dual extremal CFTs is of
interest to mathematicians, because of further expected connections to sporadic

>at least certain classes of CFTs
6The members of this list can have nonempty intersections. We have not included superconformal
field theories (SCFTs).
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finite simple groups, codes and lattices [31]. Recently, interest was also revived in
the physics community, due to an article by Witten [32], which conjectures rela-
tions to the quantization of three dimensional gravity with negative cosmological
constant.

Rational CFTs

A particularly well-understood class of CFTs is constituted by the so-called ratio-
nal CFTs (RCFTs). By this term one usually understands CFTs which are consis-
tent using only a finite number of irreducible representations of their underlying
symmetry algebra. Sometimes, in the case of logarithmic CFT (see next subsec-
tion), this is mildly relaxed to also allow indecomposable representations [33, 34].
The most important examples of RCFTs are the minimal models, the compact
WZNW models at integer level and (in the mildly generalized sense) the logarith-
mic ¢, ;4 models. The motivation to call these CFTs “rational” comes from the fact
that their central charges and the conformal weights of their primary fields are
in fact rational numbers.

An outstanding problem one still hopes to solve is the classification of all
RCFTs. Those with central charge ¢ = 1 are classified. The ¢ = 1 models ob-
tained from a free boson on a torus and its orbifolds (also called gaussian ¢ = 1
CFTs) have been studied in [35]; A classification of the rational models at ¢ = 1
(unitary and non-unitary) was then almost achieved in [36, 37] and completed
through the usage of W-algebras [38] with surprising consequences for their
moduli space [39]. Concerning central charge ¢ < 1, one knows that there is only
a discrete series of unitary rational models, the so-called unitary minimal models
[40]. They are contained in the series of minimal models [5], which can also be
non-unitary and are RCFTs with ¢ < 1. But this list of RCFTs with central charge
¢ < 1 is presumably not complete. Results on the classification of ¢ > 1 RCFTs
are also quite rare.

All RCFTs are believed to be WZNW cosets §/h with semi-simple Lie algebra §
and a gauged subalgebra f. The known minimal models at ¢ < 1 fit into this
scheme, since they can be obtained as [su(2)y ® su(2)1] /su(2)x1 WZNW coset
models, with fractional levels k being allowed for the non-unitary ones. The first
step in a systematic classification of RCFTs would therefore be the classification
of all (ungauged) WZNW models. This would yield a list of models with ¢ > 1.
But already this problem still seems to be much too complex. Some special cases
could have been dealt with however: All su(2), WZNW models were classified by
Cappelli, Itzykson and Zuber [41] and an A-D-E pattern was found. Gannon has
worked on a generalization of their proof and could classify the su(3)y WZNW
models [42] as well as su(n), and su(n)3 [43]. Together with Walton, he also
found some results on diagonal cosets [44], but that appears to be all for now”’.

“There are some more results on rational SCFTs. For instance, Cappelli has classified the N = 1 and
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In practice, the formulation of RCFTs as WZNW models is very powerful, be-
cause it makes available some general concepts associated to affine Lie algebras.
These are technologies like, for instance, the Knizhnik-Zamolodchikov equations,
affine singular vectors, integrable representations, the Kac-Walton formula, the
depth rule and level-rank duality. RCFTs are undoubtedly the class of CFTs that
is by far best understood.

Logarithmic CFTs

Logarithmic CFT (LCFT) was discovered by Gurarie in [47], see also [48, 49] for an
overview. Its developement has started in the physical literature, but by now it
has also become an object of mathematical study within the theory of vertex op-
erator algebras [50, 51]. Connections to supergroup WZNW models are also very
interesting [52]. In LCFT, correlation functions can show logarithmic divergen-
cies and the underlying symmetry algebra may be represented by operators with
a Jordan cell structure, which means that not all representations are completely
reducible.

The most prominent representative of LCFT is certainly the triplet model [53,
54], which has been shown to constitute a (mild generalization of) rational CFT
[34], if one allows for indecomposable representations in the definition of ratio-
nality, as suggested by Flohr [33]. The triplet model is the simplest in a whole
series of LCFTs with central charges c,,; and Flohr has shown that all of them pos-
sess the mildly generalized rationality property just alluded to. Further evidence
that these so-called c,,; models are rational in a generalized sense is provided
by the existence of fermionic character formulae [55]. The Verlinde formula has
also been generalized in the context of these models [56, 57].

LCFT has turned out to be more than just a theoretical curiosity: It plays an
important role in the understanding of certain critical phenomena. Examples
include the fractional quantum Hall effect [58, 59], two dimensional turbulence
[60] as well as two dimensional percolation [61]. Moreover, connections of LCFT
to Seiberg-Witten theory have been noted [62], see also [63, 64], which prospec-
tively opens up the possibility for LCFT to play a role in topics of fundamental
mathematics, as for example the classification of four-manifolds [65].

Nonrational and Noncompact Nonrational CFTs

While being very well-behaved and providing many tools for their solution, the
RCFT models discussed above are certainly not the most generic CFTs. Typically,
one will have to deal with an infinity of representations, that is with nonrational
CFT. If the infinite set of occuring representations is even continuous, one talks
about noncompact nonrational CFT, because a continuous spectrum is usually

Gannon the N = 2 minimal models [45, 46].



1 Introduction

associated to noncompact directions in a target space or, respectively, to an un-
derlying non-compact symmetry group. Very little is known about nonrational
CFTs up to now. With this thesis, we make a contribution to their exploration.

Since an underlying symmetry usually facilitates the analysis of a theory, the
noncompact nonrational CFTs with an underlying noncompact symmetry are the
most natural starting point for a study of nonrational CFT, although it is a priori
not clear, how the inevitable continuous spectra might affect their feasibility.
For the time being, this is precisely the status of the exploration of nonrational
CFT: Besides Liouville theory (the “minimal model of nonrational CFT”), some
concrete models with noncompact symmetry are studied, most importantly the
SL(2,R)/U(1) coset theory and the Hf model, which has an SL(2,C) symmetry.
We introduce it in much detail in chapter 3.

On general grounds, one expects many new features and difficulties in the
study of noncompact nonrational CFTs. As the continuous representations do
not have a highest or lowest weight, there are no singular vectors in the contin-
uous current algebra representations. However, singular vectors are one of the
central tools in the analysis of RCFTs. They allow for an algebraic determination
of the fusion rules and imply powerful differential equations on correlation func-
tions. In addition, such successful concepts as that of integrable representations
and the depth rule, well-known from RCFT, break down when it comes to contin-
uous representations. Furthermore, the operator product expansion (OPE) of two
operators may contain operators that do not correspond to normalizable states
of the theory, but rather to non-normalizable ones. Such non-normalizable states
can usually be defined in a distributional sense on suitable subspaces of the nor-
malizable states [66], but when non-normalizable states appear in intermediate
channels, it is no longer a priori ensured that all expressions can be evaluated:
For example, certain scalar products (the Shapovalov form) may simply not be
defined. In such cases, it is not clear whether one can still maintain an operator
state correspondence, which is again a central notion of common CFT.

The problems of non-normalizable states can be resolved in the Hj model,
mainly due to its remarkable analyticity properties [66]. It is these analyticity
properties that make the model feasible in the current state of the art. Indeed,
an analytic continuation in the representation labels, known in the literature as
Teschner’s trick, brings back the degenerate representations that possess singu-
lar vectors and thus allows the use of some RCFT techniques in this nonrational
model. In particular, the conformal bootstrap becomes feasible and many explicit
results can be obtained. For the purpose of our analysis, we shall make use of
these extraordinary properties of the Hf model. Interestingly, the problem we
are going to discuss in this thesis also involves questions of analyticity. This is
however not analyticity in the representation labels, but rather in the Hj isospin
coordinate.

To conclude our overview of nonrational CFT, let us just state that this topic
certainly still remains in his childhood and a lot of new territory is to be discov-
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ered here. Current studies (including ours) concentrate on some extraordinarily
well-behaved prototypes that are so gentle to allow restricted use of certain RCFT
techniques. In the present state of the art this is all that can be done.

1.3 Topics and Outline of this Thesis

Objectives

As already said, our original contributions concentrate on the boundary CFT of
the Hj model. We have two principle goals: Firstly, to get a full and systematic
overview of the maximally symmetric D-branes in the Hj model [67]. For this pur-
pose, we introduce the distinguishing notions of regular and irregular D-branes
(see section 5.2.1) and stress the importance of the distinction between discrete
and continuous ones (section 5.2.4). Our second goal is a detailed study of the
applicability of the Cardy-Lewellen factorization constraints in this noncompact
nonrational boundary CFT [68, 69]. All of this material is contained in part II of
this thesis.

In part I, we have allowed ourselves to give a very extensive introduction to
CFT within the framework of vertex operator algebras and their modules (chap-
ter 2). This language is applied to the Hj model in chapter 3. Our motivation
for doing this, besides a general preference for rigour and the emergence of rich
structures from minimal assumptions, is the following: The vertex operator al-
gebra approach has been developed along with rational CFT. What we like to
demonstrate is that the Hf model, which constitutes a nonrational CFT, basically
still fits into this framework, if one relaxes some (not very many) of the original
requirements. What we cannot capture in this generality is the analytic continua-
tion of the H] model to non-physical states. This is really a novelty which is not
accommodated by the established vertex operator approach. Also, the general
OPE is problematic, but that is actually already the case for RCFT.

An expert reader who is primarily interested in our original work will probably
skip the first part and use it for reference only. We give a guide to minimal
reading at the end of the outline (which itself is at the very end of this chapter).
For now, let us come back to the objectives of our original work.

Cardy-Lewellen Factorization Constraints

In works by Cardy and Lewellen [70, 71] it was established that the structure
data of rational boundary CFTs are highly constrained by certain “cutting and
sewing relations”, commonly called Cardy-Lewellen constraints or, interchange-
ably, factorization constraints. We set out to study the role of these constraints
in the noncompact nonrational Hj boundary CFT. Here, the explicit derivation
of the constraints becomes feasible because of the remarkable analytic structure
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of the model. Using Teschner’s trick in a two point function, a degenerate field
label can be reached, what means that the space of its conformal blocks becomes
finite dimensional. Additionally, the two point function under consideration sat-
isfies Knizhnik-Zamolodchikov equations from the current algebra symmetry of
the model. From these pieces of information, the two point function can be com-
puted explicitly. The Cardy-Lewellen constraint is then implemented by taking
a limit where the two point function factorizes into a product of two one point
functions.

In boundary CFT, the one point functions are important structure data and
carry all information about the boundary states (the D-branes). They are actually
fixed to great extent by boundary Ward identities. Their only remaining degree
of freedom is the so-called one point amplitude. This is an interesting object
to study, because it describes the coupling of a closed string in the bulk to a D-
brane. Accordingly, it must depend on the properties of these two objects. Seeing
that closed strings are characterized by an s((2, C)-’spin’ label j and branes are
labelled by a complex parameter «, a one point amplitude is denoted A(j|x).% In
the sequel, when talking about a brane solution, we actually mean a solution for
the one point amplitude.

Implementing the Cardy-Lewellen constraint in the way described above re-
sults in a so-called shift equation. Its nature is to relate the one point amplitude
for some string label j to a sum of one point amplitudes taken at shifted string
labels like e.g. j + 1/2 (the shift is given by the represenation label of the degen-
erate field). Usually these constraints can be solved and the one point functions
obtained. However, a solution will generically not exist for arbitrary boundary
conditions, but restrictions will apply. By the same token, the labels j of strings
that do couple consistently are expected to be constrained.

This approach has been pursued before, most significantly in [72]. Yet, only the
simplest case, which uses a degenerate field with sl(2, C)-’spin’ label j = 1/2 and
from which a 1/2-shift equation descends, has been treated. The solution to only
this one shift equation is however not unique (for example, multiplication with
an arbitrary 1/2-periodic function again yields a solution). Therefore, a further
shift equation would be desirable. The natural candidate from which to derive
that second factorization constraint is the boundary two point function involving
the next simple degenerate field which has s((2, C) label j = b=2/2.

For that degenerate field however there are some difficulties in constructing the
two point function in a region of the (u,z)-plane® that also covers the domain
in which the factorization limit is to be taken. While a solution to the Knizhnik-
Zamolodchikov equation can be given in the region z < u, it was unclear how

81t can also depend on some more data, see section 5.2.1.

9The conformal fields of the HJ theory depend on two complex variables: A space-time coordinate
z and an internal variable u - see chapter 3. The real (u, z)-plane we talk about here, is the plane
spanned by the real-valued crossing ratios formed from internal (#) and space-time (z) positions
of the fields in the boundary CFT correlator.

10
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it could be continued to the patch u < z, which is the patch relevant to the
factorization limit. In particular, a suitable continuation prescription is needed
here.

These problems were resolved in our works [68, 69] and we were able to de-
rive the desired b~2/2-shift equation for the first time. Yet, new questions arise
from our findings: Two different continuation prescriptions are possible and it
remains unclear which one is preferable. This question is presumably linked to a
conceptual question in nonrational CFT, namely the question whether the Cardy-
Lewellen constraints remain fully intact. Let us explain this point in a little more
detail here.

The first continuation prescription one naturally thinks of is analytic continu-
ation of the boundary two point function, since, in its initial domain z < u, it is
in fact an analytic function of both variables (u, z). To be precise, it is an Appell
function of the first kind (see appendix C; functions of Appell type will play a
central role throughout this thesis). We analysed this prescription and the shift
equation it leads to in [69]. There is nothing unusual about the Cardy-Lewellen
constraints within this approach.

Now, general Hi boundary correlators were studied in a work by Hosomichi
and Ribault [73] by making use of a mapping to Liouville theory. This mapping
constitutes a very remarkable correspondence between Liouville theory and the
H3 model. It was established for the bulk theories in [74] and then generalized
to the boundary CFTs in [73]. In formulating this mapping for the boundary the-
ories, it was necessary to distinguish between two non-overlapping regimes, the
so-called bulk and boundary regime. Crucially, the mapping breaks down at the
interface of the two regimes and has to be supplemented by a continuation pre-
scription that determines how correlators behave when moving from one regime
into the other. The situation is very reminiscient of what we said above about the
domain of the boundary two point function. Indeed, the two patches z < u and
u < z correspond to bulk and boundary regime, respectively. Now, the proposal
which has been put forward in [73] is that correlators should have a finite limit
and be continuous at the interface of the two regimes. This is the continuity
assumption of [73] that we refer to as the Hosomichi-Ribault proposal. It is of
course a weaker requirement than the analyticity that we assume in [69]. Based on
their assumption, the authors of [73] expect a weakening of the Cardy-Lewellen
factorization constraint in the sense that the boundary two point function will
cease to be fully determined in the bulk regime. Based on this scenario, one can
then speculate that a unique b~2/2-shift equation can in principle not be derived
under the continuity assumption of Hosomichi and Ribault.

We have analysed this question in [68]. There, we were able to continue the
boundary two point function to the region u < z according to the Hosomichi-
Ribault proposal. We found that it is indeed not fully determined by the con-
tinuity assumption. Yet surprisingly, the ambiguity resides in a part which is
irrelevant to taking the factorization limit. Consequently, this limit can still be

11
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taken in a meaningful way, resulting again in a unique b~2/2-shift equation. This
is the outcome of our investigation [68].

We should say here, that the b~2/2-shift equations that we derived differ slightly
depending on the continuation prescription that is used. Nonetheless, the spec-
trum of consistent branes that we derive fits well with the expectations drawn
from Cardy’s work [75] in both cases. It is merely the regularity behaviour of the
consistently allowed one point functions that changes when passing from one
prescription to the other. This leads us to our second theme: The introduction
of regular and irregular brane solutions. Let us explain the issues about this
regularity behaviour now.

Regular and Irregular Branes and Systematics of Maximally Symmetric
Branes

To begin with, we account briefly for the different kinds of brane solutions that
are found in the existing literature. In [72], the authors showed that there are
two classes of branes: AdS, and S? branes. They derived one shift equation for
each class and also proposed solutions. Afterwards, [76] enlarged the picture
and introduced the so-called Angd) branes, (d) standing for discrete. The au-
thor of [76] was guided by some relation between the ZZ and FZZT branes of
Liouville theory that, in the spirit of the Liouville/H3 correspondence of [74], was
carried over to the AdS, branes of [72]. However, we like to point out that these
new branes can also be understood as arising from the following difference in
the derivation of the shift equation: The degenerate field is always expanded in
terms of boundary fields, using its bulk-boundary OPE. Now, assuming a discrete
open string spectrum on the brane, the occuring bulk-boundary OPE coefficient
that corresponds to propagation of the identity in the open string channel can be
identified with the one point amplitude. Hence, the two point function factorizes
into a product of two one point functions. On the other hand, assuming a con-
tinuous open string spectrum, the above identification is lost. Instead, the two
point function becomes a product of a one point function and a residue of the
bulk-boundary OPE coefficient corresponding to the identity propagation. This is
explained in [77] and we review it in section 5.2.4. The first case results in the
AdSéd), whereas the second case leads to the AdSéC) shift equations, (c) standing
for continuous. This treatment can always be applied, no matter what gluing con-
dition we are using. This has actually been recognized, but not fully exploited,
by the authors of [78].

Besides this scheme, that we think should be employed more systematically,
there is another pattern that has not been taken much care of up to now. In [78],
a solution to the boundary conformal Ward identities for the one point function,
that is everywhere regular in the internal variable u, was proposed. Opposed to
this solution, [72, 76] and [79] use a one point function that is not everywhere

12
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regular. While both solutions are correct (see section 5.2), we find that they give
rise to slightly different shift equations (see sections 5.5.1 to 5.5.4 and 6.1.1 to
6.1.4 in case of the discrete as well as 5.6.1 to 5.6.3 and 6.2.1 to 6.2.4 for the
continuous branes). The modifications that arise for the regular dependence op-
posed to the irregular one, change the qualitative behaviour of possible solutions
significantly. Consequently, not only should one distinguish between continuous
and discrete, but also between regular and irregular D-brane solutions. In [69] we
could demonstrate that consistent non-trivial solutions for regular discrete AdS»
branes do indeed exist.

Summary of our Achievements

We give for the first time a systematic treatment of all types of AdS» branes in
the Hy model. In particular, we carefully pay attention to the patterns discrete
and continuous as well as regular and irregular. Introduction of the latter notions
was proposed by us in [69]. For all of these branes, we derive two independent
shift equations corresponding to degenerate fields 1/2 and b~2/2, respectively.
Using these, we can fix the solutions for the one point amplitudes uniquely and
determine the spectrum of AdS, branes. In the derivation of the b~2/2-shift
equations, a continuation prescription needs to be chosen. We motivate and dis-
cuss two different prescriptions and analyse and compare their consequences. A
remarkable feature is that the Hosomichi-Ribault continuity assumption leaves
the two point function partially undetermined. We can show that this does how-
ever not weaken the Cardy-Lewellen constraint. Therefore, a sensible b~2/2-shift
equation, that we derive explicitly, exists also in this approach. Since the result-
ing pictures are both acceptable, we have to leave the question which of the two
prescriptions is the preferred one an open problem; yet, we outline and speculate
about a possible demarcation criterion in the conclusion.

Outline of this Thesis

We start with an introductory chapter, chapter 2, on CFT and vertex operator
algebras. Our aim is to describe in general the construction of a CFT within an
approach that does not only encompass RCFT, but also at least the H; model. All
notions and techniques that are needed for an understanding of the Hj model,
and in particular for our work, are introduced here. Then, in chapter 3, we in-
troduce the Hi model along the lines of chapter 2 and summarize those results
that are indispensable for our following analysis. This is the content of part
I. The following part II is solely concerned with boundary CFT. In chapter 4,
we give an introduction to the basic techniques of boundary CFT and review
the Cardy-Lewellen constraints. Chapter 5 recapitulates the results about the
boundary Hf model that were already known before our work and introduces the

13
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systematics that we will follow in considering the brane solutions, particularly
the pattern regular/irregular. It reviews the different gluing maps, symmetries
and equivalences of branes and discusses the derivation of the 1/2-shift equa-
tions. Due to our systematic application of the patterns discrete/continuous and
regular/irregular, some of the 1/2-shift equations here are new, although their
derivation was in principle and conceptually not problematic (unlike it was for
the b~2/2-shift equations). In the next chapter, chapter 6, we give the details of
our derivation of the b—2/2-shift equations using analytic continuation. The con-
sequences for the D-brane solutions and the brane spectrum are also discussed.
Afterwards, we need to insert a short intermezzo in chapter 7, where we review
the H3 /Liouville correspondence (for bulk and boundary CFT) and describe the
Hosomichi-Ribault proposal. Chapter 8 is then concerned with the derivation of
b~2/2-shift equations according to the continuity assumption. The strength and
validity of the Cardy-Lewellen constraint is examined in detail. Again, the con-
sequences for the D-brane solutions and the brane spectrum are investigated.
Finally, we summarize our results and give some future directions in the conclu-
sion, chapter 9. The appendices contain some mathematical and technical back-
grounds. Appendix A gives an overview of the general representation theory of
locally compact groups with a special focus on SL(2,C) and SL(2, R). The method
of induced representations is treated in much detail. Appendix B briefly summa-
rizes the different isospin bases that are commonly used for Hj primary fields. In
appendix C, we give an account of the first Appell function and some related spe-
cial functions (the ordinary hypergeometric and the second Horn function) and
assemble some formulae that we need in our work. For the second Horn func-
tion, we give a new generalized series representation for a special (degenerate)
case that is crucial for our calculations.

For an expert reader who is primarily interested in our original work, let us
give a guide to minimal reading: Part I can mainly be skipped. It is recommended
to go quickly through section 3.2 in order to remind oneself of some basic Hj
model conventions. At some points it may become necessary to have a look at
section 2.7. Moving on to part II, one should in any case start with section 4.2 on
the Cardy-Lewellen constraints, as this is at the very heart of our study. Then,
chapters 5, 6 and 8 can be studied thoroughly. They represent the core of our
original work. Before starting with chapter 8, one will at least read section 7.5.
Finally, a summary and discussion of our results are found in chapter 9. In the
course of this reading, one will at least need to refer to sections 3.5 and 4.9 for
some needed formulae.

14
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The Bulk Theory

»B versteht das System der Reihe« heilt
doch nicht einfach: B fallt die Formel

»dn = ...« ein! Denn es ist sehr wohl
denkbar, dass ihm die Formel einfallt und er
doch nicht versteht.

Ludwig Wittgenstein, Philosophische
Untersuchungen Teil 1
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2 Chiral Vertex Operators and Conformal Field
Theory

The approach to CFT we are going to present here is mainly based on the theory of
vertex operator algebras [27], but brought into a form which is more convenient
for physics (for example, formal calculus is practically not needed). Some ideas
have also been taken from Gaberdiel and Goddard [29, 80], but let us stress that
the viewpoint we are taking is contrary to their meromorphic CFT framework,
in that we do not define the theory from its meromorphic correlation functions,
but focus on a space of states and the operator algebra entirely. For us, the
correlation functions are the objects to be extracted. This is very much in the
spirit of the good old operator approach by Belavin, Polyakov and Zamolodchikov
[5].

2.1 The Worldsheet

We start with a two dimensional lorentzian manifold with local coordinates (t, x)
and the topology of a cylinder!, i.e. (t,x) € Rx S!. Usually one goes over to light
cone coordinates (x*,x~), whith x* = t + x. Ultimately, we want to introduce
fields that are defined on the space we are just describing. A field that only
depends on x* (x~) will then be called chiral (antichiral).

For the complex structure that we now introduce, it is essential to make a Wick
rotation t — it and thus reach euclidean signature. The cylinder can then be
mapped to the complex plane by the exponential map

P { . (2.1)

Note that under this map, time ordering becomes radial ordering, since t; < t»
implies |z1| < |z2|. Chiral (antichiral) fields are now those that depend only
on z (). A more general field will depend on both coordinates (z,z) with the
additional restriction that Z = z*, x denoting complex conjugation. Yet, those
more general fields we shall be interested in, the so-called conformal fields (see
section 2.8), will be built from chiral and antichiral fields. It is therefore most
convenient to study the chiral and antichiral parts separately. Going over to the

1Regarded as a string worldsheet, this just means we are dealing with closed strings.
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more general conformal fields is then easily done by merging the chiral halves
and taking the two dimensional cut z = z*.

Having talked much about fields already, it is now high time to introduce these
objects properly. For this purpose, we start from even more special objects,
called chiral vertex operators, from which chiral fields will be build later?, in
section 2.4.1.

2.2 Chiral Vertex Operators

2.2.1 Vertex Algebras

In order to define a vertex algebra, we first need a vector space V which is Z-
graded and obeys the following grading restrictions:

V=[][Vh, dmVy<o Vhez, dmVy=1, V,=0for h<0. (2.2)
hez

We fix an element Q € V, that generates all of V, and call it the vacuum. Using
the natural pairing, we obtain linear functionals on V and the Z-graded dual
space
ve=T1]Vr. (2.3)
hez
In particluar, this introduces a scalar product on V and a linear functional (Q, -),
which will be needed in the definition of correlation functions below.

Next, we assume an operator/state correspondence, or in more mathematical
terms, a vertex operator map V (-,z). That is, to every state ¥ € V we associate
an operator V (¥, z) which acts on the vector space V and is called a (chiral)
vertex operator®. As we like the grading to play a role here, we first define this
for a homogeneous element ¢ € Vj,

Vi2): { Vp — (End V) [[z,z71]]

W= V((II,Z) = ZVLE—PH—Z Vn(W)anfh (2.4)

and then extend the definition to arbitrary ¥ € V by linearity of V (-, z) in its first
argument. The space (End V) [[z,z7']] is the space of formal Laurent series.
Formal means that there is no truncation condition here, i.e. we do not require
Vu () = 0 for n sufficiently large (positive or negative). Note that the space
of formal Laurent series is therefore strictly larger than the space (End V) ®
C[[z,z7']]. The formal Laurent expansion of a vertex operator V(y,z) given

20ur terminology may appear unconventional at first sight. Nevertheless, we insist on our strict
distinction between chiral vertex operators and chiral fields. This may become clear in section
24.1.

3We are going to drop the adjective “chiral” from now on.
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in (2.4) introduces the modes V, (@) € End (V). Given a vertex operator for
@ € Vy, its modes can be extracted by the formal Cauchy integration theorem

_ E n+h-1
Vi () —ﬁo) SE I (y,2), 2.5)

where fﬁ(o) % is to be understood as an instruction to pick out the (—1)st (oper-
ator valued) coefficient of the formal Laurent series that follows.

The above definition of a vertex operator needs to be supplemented by some
conditions. First of all the truncation condition, that for all ¢ € V, and for all
® €V we have

V() =0 for n> 0. (2.6)

(The symbol n > 0 is to be read as “n sufficiently large”). Secondly, the vacuum
property
ViQ,z)=1 (2.7)

and finally the creation property

V(p,2)Q e V[[z]] for ¢ €V,

mV(¥,2)0 =Y ¥ ¥eV. (2.8)
P

The first line in (2.8) just tells us that the modes V,, (¢) in the expansion V (g, z) =
S ne—nsz Va(@)z~"1 give zero when acting on the vacuum as long as n is such
that the z-exponent (—n — h) is negative, i.e.

Va(p)Q2 =0 for n> -h. (2.9)

Therefore, the second line in (2.8) is always well-defined. The restriction (2.9)
is noted to be a special case (with a precise n) of the truncation property (2.6).
Moreover, we are going to learn later, in section 2.2.2, that modes V,,(y) raise
the grading of a state by (—n). From this perspective, the truncation property
is needed for the third grading restriction in (2.2) to hold. Note that the third
grading restriction ensures the vacuum to be the state of minimal grading in V.*
From the physics point of view, it is the condition that the energy spectrum be
bounded from below and the vacuum be the state of lowest energy.

The structure we have defined up to now is almost a vertex algebra. The last
(and actually most important) ingredient that it lacks to be a vertex algebra is
the Jacobi (or Jacobi-Cauchy) identity. We are not going to assume the Jacobi
identity here, but rather replace it with two other requirements (which, taken

“4For rational CFT this is certainly true. Note that 'V is what usually is referred to as the vacuum
module and the grading is the grading by conformal weight (these notions will be introduced
later). In the Hj model, we are going to use states of negative conformal weight as auxiliary, non-
physical states. But they do not occur in the vacuum module, but in some other V-modules; see
section 2.3 for an introduction to modules. Thus, the statement remains true for the H§ model
and should also hold for many more CFTs.
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2 Chiral Vertex Operators and Conformal Field Theory

together, are actually equivalent to the Jacobi identity, but have the benefit that
they appear much more natural to a physicist). They are: Weak commutativity
(that is a certain form of locality) and the existence of a generator of translations.
Let us start with weak commutativity. In order to explain in which sense it is
“weak”, we need to introduce correlation functions first. This is quickly done:
For any n € Z.( and any collection of states {¥;,¥>,...,¥,},¥; € V,i=1,...,n,
let

G (Y1, Yo,..., Ynl21,22,.. ., 2Zn) =

(2.10)
=(Q,V(¥1,z1)V(¥2,22) ... V(¥ zn)Q)

be the correlation function (or vacuum expectation value) of V (¥, -), V(¥,, -),
cory, V(¥y, +). It is a complex-valued function of zi, z5, ..., z,. For z1, ..., Z;, ...,
zy fixed (2 meaning that z is removed), it is meromorphic in z; by the truncation
condition (2.6). Itis linear in the states ¥, ¥», ..., ¥, by linearity of the vertex op-
erators in their first argument. This shall be enough about correlation functions
for the moment. The condition of weak commutativity is now easily formulated:
For arbitrary ¥, ® € 'V we require that’

VY,2)V(®,w) =V(®,w)V(¥,z) for z+w (2.11)

in the weak sense, i.e. when inserted into any correlation function.
Next, we assume the existence of a generator of translations L_;. It is defined
to act on vertex operators as

ety (¥ 2)e -1 = V(Y, 2 + &), (2.12)

or, in the infinitesimal form
d
[L,V(¥,2)] = —V(¥,2). (2.13)
dz

In order to extract its definition on states ¥ € V, we further require that the
vacuum is invariant under translations

L 1Q=0. (2.14)

Then it is immediate that
eFl-1Y = V(¥,2)Q. (2.15)

We are now in the position to formulate and proof two important lemmata: The
first one is a weak identification theorem for vertex operators and the second one
establishes a property called weak associativity for vertex operators.

>For our purposes, the case of bosonic states suffices.
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2.2 Chiral Vertex Operators

LEMMA 1 (WEAK IDENTIFICATION THEOREM): Whenever we have an operator O(z)
that weakly commutes with all vertex operators V (®,w) and that satisfies O(z)Q =
e?L-1¥ | then this operator weakly coincides with the vertex operator associated
to ¥, i.e. O(z) = V(¥, z) holds in all correlation functions.

» PROOF: Simply note that in any correlation function

(O, V(®1,21)...V(®;,2)) O(2)V(Pis1, Zis1) ... V(Pp, 20)Q) =
={Q,V(®1,21)...V(®4, z))V(®i11, Zis1) ... V (P, 24) O(2)Q) =
= (QV(®@1,21) ... V(®1, Z)V (Rir1, Zis1) ... V(Py, zn)e? 1Y) =

=(Q,V(®1,21) ... V(®;, z) V(®is1,Zi41) ... V(Py, zn) VY, 2)Q) =
={(Q,V(®1,21)...V(®;,z)) VY, 2)V(®is1, Zix1) ... V (P, z4)Q) . «

As an immediate corollary of this theorem we have the weak relation
[L1,V(Y,2)]=V(L1Y,2), (2.16)

because e?L-1(L_1 V) = eZL-1 [L_;,V(¥,0)]1Q = [L_;,V (¥, 2)] Q. Let us now state
the second lemma:

LEMMA 2 (WEAK ASSOCIATIVITY): For any two vertex operators
VY,2)V(@,w) =V (V¥,z-w)d,w) (2.17)

holds in the weak sense. This property is referred to as vertex operators being
weakly associative.

» PROOF: The proof is simply by noting that
V(Y,2)V(®,w)Q =V(Y,z)e"-1d = e¥ 1V (¥, z —w)d

and applying the identification theorem again. «

Of course, we can also expand the right hand side of (2.17) in modes. For
simplicity let us take ¢ € Vj. Then, the right hand side of (2.17) becomes®

VIV(p,z-w)dw) = > VVu(@)e,w)(z-—w) """, (2.18)

n=<N

Note that the existence of some real number N = N(®) by which the summation
index n in the previous formula is bounded is guaranteed by the truncation prop-
erty (2.6). An immediate consequence of weak associativity is the following skew

61n this form, (2.17) is also known as operator product expansion (OPE). We return to this in section
2.6.
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2 Chiral Vertex Operators and Conformal Field Theory

symmetry: Since by weak commutativity, the left hand side of (2.17) is symmet-
ric under the interchange of (¥,z) and (®,w), so must be the right hand side.
Hence,

VVV,z-w)®,w) =V V(®,w-2)¥Y,2). (2.19)
Acting with both sides on the vacuum Q and setting w = 0 we obtain
V(Y,2)® = e?-1V(®, —2)¥. (2.20)

This skew symmetry property will be extensively used later, when defining duals
of intertwining operators. It also ensures that the commutator we are going to
define in the next paragraph is really antisymmetric.

With weak commutativity and weak associativity at hand, it is quite easy to
see that also the following weak identity holds. It is a variant of what in the
mathematical literature is called Jacobi-Cauchy identity. We shall refer to it as
the weak Jacobi identity:

dw dw
ﬁo) S F WV O W)V (#,2) - }(0) S F W)V (@, 2V (¥, w) =

lw|>|z| lwl<|z| (2.21)
d
= % CW fz,w)V (VY w - 2)8,2),
(z) 27T

where f(z,w) can be any function that, for fixed z, is meromorphic in w, with
potential poles only at w = 0 or w = z. For states ¢ € Vhw, ® € V, the weak
Jacobi identity serves us to define the (weak) commutator of one mode with a
vertex operator:

[V (@), V(®,2)] = i : %wm+h”"1V(V(w,w -2)®,2). (2.22)

Using the mode expansion (2.18), this can be recast into’

N(@) B
V@), V@, 2)] = > (m;h_‘”kl

)zm‘kV(Vk(w)<I>,z). (2.23)
k:*hq/+l

The real number N(®) which bounds the summation index is again due to the
truncation property. Note that in case of m > —h, all summands with k > m
are zero anyway (for m < —hy this is however not true; yet, note that in this
situation the binomial coefficient is still well-defined). From this formula, we can
also derive an expression for the commutator of two modes associated to states
Y€ Vn,PpeW 4 But in order to present it in its most simplified form, we
need to introduce a gradation operator first. We shall come to this in the next
section.

“The following is again a weak identity. Obviously, when working with commutators in the sequel,
equations will usually hold in the weak sense only. We are going to remember this fact tacitly from
now on, so we do not have to repeat this point over and over again. As operator identities shall
only be applied within correlation functions anyway, there is actually no big issue about that.
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2.2 Chiral Vertex Operators

2.2.2 Vertex Operator Algebras

Up to now we have not introduced any conformal structure, but in the next step
we are going to approach it. For this purpose, we are now assuming that there
is a vertex operator T(z) that is a symmetry current such that L_; is its corre-
sponding charge. This implies immediately that T(z) has the expansion

T(z) = > Lyz "2, (2.24)

nez

As L_; is the generator of translations, the vertex operator T (z) must be the
energy-momentum tensor of the theory. By the creation property it generates a
state

w=L5Q (2.25)

which is known as the conformal vector. From the expansion (2.24) we know that
it is an element of V,. We do not know the meaning or any of the properties
of the modes L, for n + —1,-2, but this will change soon. Let us make an
assumption about the operator Ly. We take it to be the grading operator

Loy = hy for @ € V. (2.26)

Note that the vacuum Q is annihilated by this operator since Q € V,. This is
consistent with the creation property (2.8). We call the Ly-eigenvalue h of ¢ € Vj,
the conformal weight of  and usually denote it h = hy,.

Having introduced the energy-momentum tensor T(z) = V(w, z), let us take a
look at the consequences for the modes L,. From (2.23), using h, = 2, we gain
the relation

N n+1
[L,,V(Y,2)] = k§1 ( n—k ) 2RV (LY, 2) . (2.27)
This means in particlar that
[L1,V(Y¥,2)]=V (LY, 2), (2.28)

which is consistent with (2.16), as well as
[Lo,V(¥,2)]=z-V(L_1Y,2) + V (Ly¥,z)

d (2.29)
=z—VWVW,z2)+V (Ly¥Y,2).
dz

For any ¢ € Vhw, we can derive the commutator of Ly with the modes of the
vertex operator V (y, z) from the last equation:

[Lo, Vu(@)] = —nVy(y). (2.30)
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2 Chiral Vertex Operators and Conformal Field Theory

Thus, the modes V,, (y) raise the conformal weight of the state they act on by
(—n), that is
V(W) : Vi = Vi (2.31)

This is independent of the state y/, so we automaticaly get
[Lo,Ln] = —nLy. (2.32)

We can derive the analogous formulae for commutators involving L_; from (2.16)
and (2.13). They read

[L,Va(@)]=(—n—-hy + 1)V 1 (@), (2.33)
from which follows that
[L_1, Lyl =(—n—1)Ly_;. (2.34)

We note from (2.32) and (2.34) that commutators involving only L_; and L close
to form an algebra. This is not surprising: We have introduced L_; as the trans-
lation operator and from (2.29), we can infer that the finite transformation gen-
erated by Lg is (for A € C)

Moy (y, z)e Mo = pMwy (Lp,e?‘z) , (2.35)

that is, it generates complex dilations. These correspond to the dilations and
rotations in the plane and are well-known to form a group together with the
translations in two dimensions. We also note from (2.32) and (2.34) that adjoining
L; to L_; and Ly we have again a closed algebra and that this is the largest algebra
that contains L_; and Ly together with finitely many other modes from the set
{L,}. Its commutation relations can be written in one formula as

[Ly, Lyl = (m —n)Lysy for m,ne {-1,0,1}. (2.36)

This is recognized to be the Lie algebra s((2,C), the algebra of the global con-
formal group in two dimensions, which is SL(2,C)/Z,. Consequently, L; has to
be identified with the generator of special conformal transformations. This is
again not surprising, since it is well-known that a chiral energy-momentum ten-
sor together with invariance under translations and complex dilations implies
invariance under the full global conformal group.

Let us recall what we have achieved up to now: We have introduced a new ver-
tex operator corresponding to a state w of conformal weight 2 (the conformal
vector). It has an interpretation as energy-momentum tensor and introduces a
set of modes {L,}. Out of this set, we could islolate L_;, Ly and L; as the gener-
ators of global conformal transformations. We know that this algebra cannot be
enlarged by adjunction of only finitely many of the L, to form a bigger algebra.
But what we do not know yet is what happens if we take all the modes L,,. Will
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2.2 Chiral Vertex Operators

they close to form an algebra? In order to answer this question, we look back at
equation (2.23) and use it to derive a formula for the commutator between two
arbitrary modes of vertex operators ¢ € Vi, ¢ € Vi,:

N(¢) _
WV (@), V()] = S (m:nh_wkl

) Vimnen V(@) ) . (2.37)
k:*h(/;#»l

We could not derive this formula earlier, because one needs to use hw,(y)$) =
hg — k, what only follows because of (2.31). With this knowledge, the derivation
of (2.37) is just a straightforward exercise in comparing coefficients. Let us use it
to investigate the commutator between two of the L,,. We obtain

[Lin,Ln] = Vipen (L) + (M + 1) Vi (Low) +

2 _ (2.38)
vaun (Liw) + va-#n (Low) .

There are no more terms, since Liw would have conformal weight (2 — k) < 0

for k > 2, but by the third grading restriction V;, = 0 for h < 0. We can simplify

the first two terms due to (2.13) and (2.26). Moreover, since L, w has conformal

weight zero and dim "V, = 1, Lrw must be proportional to the vacuum. The

constant of proportionality is conventionally chosen to be

Low = gg (2.39)

With this input, the algebra becomes

C
[Lyn,Ln]l = (M —N)Lyin + Em(mz - 1)6(m+n)+

Viman (L1w0) .

m(m+1) (2.40)
+ —_

2

But this is only consistent with antisymmetry of the commutator as well as our
knowledge about the modes L,, expressed in (2.32), (2.34) and (2.36), if Vi (Liw) =
0 for all k € Z. This in turn is only the case if we require

Liw=0. (2.41)

If an eigenstate of L is annihilated by L; but not by L,, it has a property that we
call quasi-primarity. We shall assume it for the conformal vector w. Then, the L,
form the following algebra

[LmyLnl = (M = M) Ly + f—2m<m2 D) men) - (2.42)

This is the celebrated Virasoro algebra and we have shown that it is the only
consistent way to define a commutator between all modes L,,. The constant c is
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2 Chiral Vertex Operators and Conformal Field Theory

called central charge and its normalization is such that it takes the value 1 in the
CFT of a massless free boson.

The appearance of the Virasoro algebra (2.42) is actually not too surprising.
The conformal algebra in two dimensions consists of the elements T,, = z~"*! d%,
n € Z, which satisfy the Witt algebra

[T, Tul = (M —N)Tiin . (2.43)

In view of (2.36) and our desire to include two dimensional conformal transfor-
mations, having this algebra for the modes L,, appears very suggestive and would
be nothing but the extension of (2.36) to all n. What we really have obtained is a
very natural deformation of the Witt algebra that, being not semi-simple, allows
for a central extension. The central term that appears in (2.42) is indeed the most
general term that can possibly occur.

2.3 Virasoro Representation Theory I: Modules for a Vertex
Operator Algebra

In order to make contact with physics, we need a space of physical states on
which the conformal transformations are realized. That is, the space of physi-
cal states will furnish a representation of the Virasoro algebra (2.42). We have
shown in the last section, that a vertex operator algebra by itself provides such a
situation. Yet, we need more states and more structure: In what is to come, we
shall define the notion of the full vertex operator algebra acting on some space
of states, i.e. we define the notion of a module for a vertex operator algebra.

2.3.1 Modules for a Vertex Operator Algebra

The first step in the definition of a module for a given vertex operator algebra V
is again to take a vector space W graded with respect to a discrete index set 7
such that

W=][][Wn, Wy,=0for h<0. (2.44)

hel

Note that we do not require the spaces W, to be finite dimensional®. We also
admit a finite number of the W), with negative h to be non-zero. The space W is
again accompanied by a vertex operator map VW) (-, z), but note the crucial dif-
ference to the case before: To every homogeneous state ¢ € Vj, (1), we associate
a vertex operator VW) (y, z) which acts on the vector space W () by

Vi — (End W) [[z,z71]]
W) (. 2y
Vi, z): { W VO (P, 2) = S nez VAV (p)zn=h

8In the H model these spaces are indeed infinite dimensional.

(2.45)
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Thus, the elements of the vertex operator algebra V have a device by which they
can act on the space W. As before, the modes of VW) (y, z) can be obtained by
the formal Cauchy theorem. Again, we extend the definition to arbitrary ¥ € V
by linearity of VW) (-, z) in its first argument.

Next, we introduce as much as possible of the structure that we have had for
a vertex operator algebra. Note that the creation property cannot be formulated
here. But we still need to have the truncation condition

Vi (y)A =0 for n>0. (2.46)
for all ¢ € Vj,, and all A € W. Also, the vacuum property
vW(Q,z) =1, (2.47)

where 1 is now the identity on W, is assumed. Also, we assume weak commu-
tativity for the vertex operators VW) (., z), although it is not yet clear how they
can be inserted into a correlation function at all (up to now, this would not make
sense, but we shall come to it in section 2.4, where we introduce intertwiners).
Due to the lack of a creation property, we also do not have a weak identification
theorem and cannot derive weak associativity here. Therefore, we are requiring
weak associativity for this situation:

VO (¥, 2 VW (@, w) = VW (V(¥,z - w)d,w) . (2.48)

Note that we have to use V (-, z—w) on the right hand side. With weak commuta-
tivity and weak associativity, we have the analogues of the commutator formulae
from before, in particular (2.23). The vertex operator VW) (w, z) associated to
the conformal vector is again taken to be the energy-momentum tensor, i.e. its
modes? are denoted L,, with L_; being assumed to be the generator of trans-
lations and L, the generator of complex dilations (or, respectively, the grading
operator) on W (!). So, we are actually extending the domain of definition of the
L, to W. The analogue of (2.37) together with quasi-primarity of w then implies
the Virasoro algebra (2.42) on ‘W by the same reasoning as before.

With the definitions we have given up to now, we are capable of associating
vertex operators to states in 'V that then act on the space 'W. What is still missing
is of course an operator/state correspondence for the elements of W. How can
we associate vertex operators to them? The key to such a definition is the skew
symmetry property (2.20). We simply define an operator

VYW, z): W — (Hom(V, W) [[2,2‘1]] (2.49)
by requiring skew symmetry of its action on V:

VW (4 ) = 2Lty W (¥, —2)A . (2.50)

9More precisely they should be denoted L(nw).
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It obviously satisfies the creation property
VW (d4,0)Q =24, (2.51)

For this kind of operators, we can readily proof a weak commutativity property
with the VW) (., z) operators. Namely, using the weak associativity (2.48) we get
ford € V:

VO (p, ) VYW (4 w)d = VWV (F, 2)e? -1 VOV (@, —w) A
= eV, z —w)V W (@, —w)A
=Wy (V (¥, 2)®, —w) A
=V @A w)V (Y, 2).

(2.52)

Due to this weak commutativity property, we can establish a weak identification
theorem as before and then proof weak associativity, which now takes the form!°

VO (8, 2V W (@ w) = VYW (VY z - w)d w) . (2.53)

As a consequence, analogous commutator formulae as before also hold for the
vertex operators VV:W) (. z).

With the vertex operators V and VV'W) we have established an operator/state
correspondence for all states in V and W. Generally when constructing a CFT,
one will first start to build a vertex operator algebra V and then adjoin a family
of modules {'W(i);i IS S} labelled by an index set S to it. We have taken notice of
the existence of a scalar product on V in section 2.2.1. Assume a scalar product
on the spaces W as well!!. The space of states /{ of the theory is then the
completion S (with respect to the scalar product on the direct sum) of the direct
sum of these spaces

H =B (@ wm) : (2.54)

ieS
In writing this formula, we include the possibility that "V is one of the W@, This

is however not necessary in general.

In the next section, we are going to describe the concrete construction of a
vertex operator algebra and its modules.

10This weak associativity can be checked to be indeed consistent with weak commutativity (2.52) by
acting on ® € V with both sides of (2.53) and using weak associativity of the VW) as well as skew
symmetry of the V vertex operators on the right hand side.

1 Again, this is fine for RCFT and remains to hold for the Hj model.
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2.3.2 Virasoro Representations: Construction of Vertex Operator
Algebras and Modules

Every vertex operator algebra contains two states: The vacuum Q and the confor-
mal vector w. The associated vertex operators are the identity 1 and the energy
momentum tensor T(z), respectively. Since the modes of T(z) are the Virasoro
generators L,, we need to consider their action on these states. Recall that the
vacuum is the state of minimal conformal weight, that is

L,O=0 forall n=>-1 (2.55)

(remember that the vacuum is annihilated by the generators of global conformal
transformations anyway). Then, the space of states we have to form is (recall that
w = L,zg)

V= span{L_nk oLy, k=20and ng = - =2ng > 2}. (2.56)
The grading is implemented by

V, = span{L_nk...L_le;kz 0, Ng=---=2n1 =2, Ny +---+nyg :n}
(2.57)
and the grading restrictions are obviously obeyed. Associated vertex operators
can be defined via

V(Long Lo ,2) = T(2) g1 - T(2) oy 1 1 (2.58)

The meaning of the expression on the right hand side is as follows: In general,
dw
T(2)nA(z) = j( —(w-2)"T(w)A(2) (2.59)
(z) 21T

for some product of vertex operators denoted collectively A(z). An expression
like T(z)y, ... T(2)n, 1 has to be evaluated iteratively from right to left, that is
first evaluating A;(z) = T(z)y, 1, then Ay(z) = T(2)n,A1(2), and so on. If all of
the n; (i = 1,..., k) are negative, as is the case in (2.58), the result is

k

T(Z)ong .- T(2) o1 =[] ﬁ (6" 1(2). (2.60)
i=1 t :

It is readily checked, that V(Q,z) = 1 and V(w, z) = T(z) are consistent with the
definitions. There is actually a general theory behind this construction, the theory
of so-called weak vertex operators and weak vertex operator algebras [27]. Within
that framework, it is quite easily shown that the so defined vertex operators (2.58)
do indeed satisfy all the properties required of a vertex operator. We shall not go
into this here, but rather refer to [27]. For theories with Virasoro symmetry only,
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2 Chiral Vertex Operators and Conformal Field Theory

the vertex operator algebra we have just constructed is what one generically uses.
For theories with extended (i.e. more than just Virasoro) symmetry, see section
2.7.

In the above construction, our strategy was to fix a state of lowest conformal
weight. Such a state has to exist by the grading restrictions. This method, to
construct a whole vector space from one such “primary” state, is also the key
principle in the construction of modules for a vertex operator algebra. From now
on, we call a state A a (Virasoro) primary state if it is annihilated by all positive
Virasoro modes:

L,A2=0 for all n>0. (2.61)

A module W™ is constructed by assuming a primary state %;, of conformal
weight h from which the whole module is generated

WM = span {L,nk...L,nl?&h;k >0and ng=---=mn = 1}. (2.62)

The obvious grading is implemented as above. Vertex operators are defined anal-
ogous to before by

VO (Lopg oo LonyQ,2) = T(2) st - T(2) 1 1, (2.63)

1 being the identity on W now. Also recall from section 2.3.1 that the energy
momentum tensor and hence the Virasoro generators sensibly act on W™ . The
operator/state correspondence for states in W™ is now given through the oper-
ators V<V'Wh>, see equations (2.49) and (2.50) in the preceding section. A vertex
operator VYW (%, z), associated to a primary state 2, will be called a primary
vertex operator from now on.

What is still missing in our discussion is the question of reducibility of mod-
ules. We shall take it up in section 2.5. Before, we prefer to extend our notion of
correlation functions, introducing chiral intertwining operators, chiral fields and
descendant states along the way.

2.4 Correlation Functions

In section 2.2.1 we have defined a correlation function of states ¥q,Y¥»,..., ¥y,
¥, € V(i =1,...,n) as the vacuum expectation value of their associated vertex
operators

G (Y1, Ya,..., Ynlz1,22,.. . 20) =

(2.64)
=(Q,V(Y1,21)V(¥2,22) ... V(¥n,zn)Q) .

Now, our desire is to be able to also define correlation functions involving oper-
ators that are associated to states 2y, ..., %y, that are elements of V-modules
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(h;)
Wk W Note that the vertex operators VOV''?) are completely useless

for this purpose. Also, the operators v W) can only serve as the rightmost
insertions in a correlation function, since they map Q € V to W, But then,
there is no operator at our disposal that brings us back to 'V and consequently, a
correlation function can again not be defined. Hence, for the purpose of defining
general correlators, we need to introduce a new kind of operator: Intertwiners.
They are the subject of section 2.4.1. Afterwards, in 2.4.3, we shall define de-
scendant states and show how correlation functions involving some of their cor-
responding operators can be obtained from correlators involving only primary
operators. Section 2.4.4 then analyses the correlators of primary operators. In
the following we shall frequently use the abbreviation (...) instead of (Q,...Q).

2.4.1 Intertwining Operators

Given three V-modules W& W WK a chiral intertwining operator of type
( K j) is a map

Wy~ (o (W10, W) [z,

Yi(-,2): . . , 2.65
e(2) {A"’YkI(AsZ):Zne—h+ZVn(A)klZ_n_h (265

extended to W) by linearity in its first component. As usual, L_; is assumed to
act as generator of translations and the truncation property

Va ()% =0 foral®eWwW® (2.66)

is required. Note that vacuum and creation property generally do not make sense

here. Furthermore, the following weak associativity with vertex operators y W)
is assumed (¥ € V, A € WW):

vy, 2) v e w) = Y (VO (Fz - w)A w) (2.67)

This establishes the analogues of all preceding commutator formulae again. Note
that V, VYY) and VOV W) are special intertwining operators'? of type ( > )

( jj 0 ) and ( jo j ) respectively (a 0 entry indicating a mapping to V).
Given an intertwining operator of type ( ki j ), we define its dual, which is an

intertwining operator of type ( kJ ; ), via skew symmetry (; € WO %; € W)

Y (4, 2)A) = e 1Y (R, —2) 2, (2.68)

12We are again dropping the “chiral” from now on.
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2 Chiral Vertex Operators and Conformal Field Theory

Using this relation, one easily establishes the following commutativity property:

VO w2 Y, w)dk = VO (8, z)ev iy (4, —w) A,
= WLy W ) oy 5 w) Y (%, —w)KA;
= ewlay] (V(W(i))(‘l’,z)%, —w)?&j
=Y, w)VI (¥, 2)2, .

(2.69)

With intertwining operators at our disposal, we can now finally say what we un-
derstand by a correlation function G™ (%;,%»,...,%,|z1, 22, ...,25) involving ar-
bitrary states %; € W@ (where some of the i may also be 0, with the understand-
ing that W(® =V as above). To this end, we define chiral fields

A(2) = D> oYy (B, 2) (2.70)
ik

(axjx € ©). If the state & is a primary state, the chiral field A(z) is called chiral
primary field. Now, define

G (Ky,2y,..., 8,121,220, 20) = (A1 (21)%2(22) ... B (20)) (2.71)

with the understanding that this is zero whenever there are two intertwiners
that “do not match”, that is, whenever a product of intertwining operators of
the type Y,}, (%, z)) Y} (i1, ziv1) with WH = WD occurs, or, whenever k # 0 in
Yki (Ay,z1)ori+=0in Yki (X4, z,,). Implementing weak commutativity for arbitrary
intertwiners and hence for the fields A(z), one is lead to the braiding relations of
Moore and Seiberg [81].

2.4.2 A Special OPE and some Transformation Formulae

The following developments are most crucial for the determination of correlation
functions. Recall that for all operators Yki that were introduced in the preceding
sections, we have carefully paid attention to establish weak associativity with
vertex operators VOYY) for any module W, This means in particular weak
associativity with the energy momentum tensor acting on these modules. There-
fore, by (2.17) and (2.18), the following holds for any (chiral)!?® field 4(z):

T(2)A(w) = > [LA](w)(z-w) " 2. (2.72)
n<N()

130nce more we are dropping “chiral” from now on.
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2.4 Correlation Functions

Here, the field [L,2] (z) denotes the operator associated to the state L,%.14 For
a primary state 4, denoting the singular part of (2.72) only, this gives
hy, (w) Owlp(w)

T(2)2n(w) ~ Z-w? z-w

(2.73)

The use of ~ reminds us that we are only taking the singular part here. (2.72) is
a special example of a type of relation that we call operator product expansion
(OPE) (see section 2.6 for its general form).

Now, remember that along with weak associativity we have emphasized repeat-
edly the validity of commutator formulae for all kinds of operators that we have
introduced. Indeed, (singular parts of) OPEs translate into commutator formulae
and vice versa. As a consequence, recalling (2.27), all primary fields 2, (z) obey!>

[Ln, 20 (2)] = z”“%?&h(z) +h(n+1)z"A,(2). (2.74)

From this expression, one derives that the three basic finite global conformal
transformations are realized on primary fields as

e®l-14, (z)e ®l-1 = A, (z+ &) (2.75)
Moy, (zye Ao = e, (pA2) (2.76)
ePlidg, (zye Bl = (1 - Bz)°ha, (1 —ZBZ) (2.77)

This can also be extended to arbitrary global conformal (i.e. SL(2,C)/Z>) trans-
formations. Under
az+b

M:ZHM(z):Cz+d,

. a b
with ( c d ) e SL(2,0), (2.78)

primary fields transform according to

AM)A(z)A™N (M) = [M'(2)]" % (M(2))

o (2.79)
=(cz+d)y " AM(2)) .
Here, the representation A is given by
A(M) = exp <ZL,1) d—?boexp (—%Ll) , (2.80)
if d # 0, while for d = 0, it is
a\to
A(M) = (ab)exp (L) exp (L_1) (E) . (2.81)

These are basically all formulae that we will exploit in the following two sections
in order to fix the general form that correlation functions must take.

141n terms of intertwiners, we would have Yki (Ly2, w). The notation (2.70) translates this into [L,2].
15This is also immedaite from (2.73).
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2 Chiral Vertex Operators and Conformal Field Theory

2.4.3 Correlation Functions of Descendant Operators

From (2.72) we see that the field associated to a state L, 2 appears in the expan-
sion of the field ZA(z) with the energy momentum tensor T(w). We can easily
obtain it by a contour integration:

[LnA](2) = £ : %(w - )T (w)A(z). (2.82)

If the state % is a primary state, we call all states of the form L_y, ...L_y,, 2 descen-
dant states and their associated fields descendant fields. Equation (2.82) shows
us that we can always determine the descendant fields from the primary field
that they originate from. This fact is particularly useful in correlation functions.
Consider a correlator of n primary fields A;(z1), ..., %,,(z,) and one descendant
[L_x5] (z) 3 is again primary). Then,

([L-iB] (2)R1(21) ... An(2n)) =
(2.83)

- £ | T w2 T (WB A (21) - A (20))

Reinterpreting the counterclockwise contour around (z) as a clockwise contour
around the (z;) (i = 1,...,n) and then using the OPE (2.73) at each of the n
singularities in (w — z;), vields

([L-xB] (2) A1 (21) ... An(2zn)) =

_ diw _ —k+1
= l:zl ﬁz,-) 57 (w-2) (T(w)B(2)A1(21) ... A4 (2n)) (2.84)

__"[ 1 . (Ck+ Dhy
- (zi—2)k 175 (2 - 2)k

] O (2)1(21) ... Bon () -

i=1

This result generalizes immediately to correlators involving arbitrary descen-
dants. Accordingly, any correlator that involves descendant fields can be ob-
tained by applying appropriate differential operators

Lk(z)=—z[( L5 +(_k+1)h"] (2.85)

.
Slzi—zkl (2 - 2)k

to a correlation function involving only primary fields. Therefore, the problem
of fixing the form of arbitrary correlators reduces to determining the form of
correlation functions of primary fields only.
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2.4 Correlation Functions

2.4.4 Correlation Functions of Primary Operators

In section (2.2.1), we have introduced a natural pairing on V. This gave us a
linear functional (A, -) € V* for each A € V. Define the adjoint vertex operator
[V(Y,2)]!, ¥ € V, acting on V* as

(A= (A VY1) (2.86)

by setting
(A IV(Y, 2] @) = <A,V (eZLl (—z-Z)LW,z-l) c1>> (2.87)

for all ® € V. With this action, the dual space V* acquires the structure of a
V-module. We shall call it the adjoint module. Let us not go into the proof of this
fact now, but rather refer to [28].

For a quasi-primary state ¢y with conformal weight h, the definition (2.87) sim-
plifies to

1\" 1
t I 2z
(N IV, 21T e) = (_22> <A,V (q;, Z) <1>> : (2.88)
Expanding both sides in modes and comparing coefficients in z, one finds
wh = ()", (2.89)

In particular for the Virasoro modes, this means
LI =L ,. (2.90)

Assuming that the vacuum Q is the primary state of lowest conformal weight in
"V (what is always the case in our considerations), one infers without difficulty
that its adjoint (€, -) is also a primary state under the action of the operators LL
with conformal weight zero. Futhermore, if all states in V; are annihilated by L,
(what is the case in all our considerations), the adjoint vacuum is also translation
invariant, i.e. it is annihilated by L' |.

With the information just assembled, we are now in position to derive the
global conformal Ward identities for a correlation function (%;(z1)...2%,(z,))
involving only primary fields 2 (zy). Let i € {—1,0, 1}. Since the adjoint vacuum
is annihilated by LL- and the vacuum by the L;, we have

0= (LA (z1)... 2 (20)Q)
=(Q, L% (z1) ... 2, (20) Q)

n

2 (20 (21) o [Li, Me(2i) ] B (20) Q) (2.91)

1

=
I

Il
M=

zi [210z, + (i + Dy | (i (21) ... B (z0)) .

T
L
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2 Chiral Vertex Operators and Conformal Field Theory

In the last step, (2.74) was put to use. For i = —1, the Ward identities express
translation invariance, for i = 0 scale invariance and for i = 1 special conformal
invariance of the correlation functions. In the following, let us make use of the
identities (2.91) and see how they restrict the correlation functions of primary
fields.

One Point Function

From translation invariance, the one point function (%;) must be a constant and
scale invariance requires it to be zero unless h = 0. From uniqueness of the
vacuum, we therefore have

(Rp) =0

1y =1. (2.92)

Two Point Function

The two point function (%, (z)%;’ (w)) can only depend on (z — w) by translation
invariance. Scale invariance then implies that it is proportional to (z — w)~®+h"),
Finally, special conformal invariance requires the conformal weights to coincide
h = h'. We therefore get

(A (2) 2y (W)Y = Cop_p (z —w)~2h (2.93)

where C is a constant related to the normalization of the fields. Let us make a
check and use the transformation formula for primary fields (2.79) in the two
point correlator. It yields

(R (M(2))Br (M(w))) = (cz +d)* (cw + d)*" (K (2)2n(w)), (2.94)
if M(z) = %22 Indeed, the right hand side of (2.93) shows the same behaviour:
(M(z) - Mw))"*" = (cz + d)*" (cw + d)?M(z —w) =", (2.95)

Three Point Function
Translation and scale invariance request that
<Ah1 (21)?¥h2(22)?¥h3(23)> = Cip3(z1 — z2)"M2(2) — z3)M3(zo — 2z5)M (2.96)
with hi2 + hi3+ ho3 = hy + hy + hs. Special conformal invariance then determines
hip=h;+hy—h;s, hiz=h;+hs—hy, hx=hy+hs—h;. (2.97)

The structure constant Cy»3 is a non-trivial piece of information. It cannot be de-
termined by global conformal invariance, but more elaborate methods are needed
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2.5 Virasoro Representation Theory II: Submodules and Reducibility

in order to compute it. The conformal bootstrap is one possibility, but it is usu-
ally not feasible in practice. While other more specialized methods have been
invented, there is in general no silver bullet that will reliably (i.e. always and
“automatically”) determine the structure constants.

Four Point Function

The existence of crossing ratios is the reason why beginning with the four point
function, global conformal invariance alone does no longer suffice to fix corre-
lators up to constants. Instead, arbitrary functions of the crossing ratios are
left undetermined. Crossing ratios are combinations of the coordinates that stay
invariant under arbitrary conformal transformations. In case of the four point
function <3¥h1 (z1) 2, (zz)Ah3(23)Ah4(z4)>, there is only one independent cross-
ing ratio
_(z1—2z2) (23— 2z4)

(z1 —z3)(z2 — 24)
all other imaginable combinations are related to it by inversion, translation or a
combination thereof. Translation and scale invariance therefore dictate that the
four point functions looks like

(2.98)

4
(2n, (21)2n, (22) 20y (23)2,(20)) = [ (20— 2)) MiF(2), (2.99)

i<j=1

where Zi<j Hij = hi + ho + h3 + hy and F(z) remains undetermined. Special
conformal invariance fixes

Hij = ”li+,’lj— %A, (2.100)

where A = hy + hy + h3 + hy.

2.5 Virasoro Representation Theory Il: Submodules and
Reducibility

We have not yet discussed the important question of reducibility of Virasoro rep-
resentations, that is reducibility of V-modules. Given a module W, a submodule
U is a subset that is itself a module. A module W is said to be reducible if it
contains a proper submodule ‘U. In order to obtain an irreducible module, one
has to quotient out the submodule, i.e. form the space W/U. Clearly, this is
again a module.

Recall that the modules we have studied above were all generated from one
heighest weight state. This is the generic situation we are dealing with. Typically,
a submodule ‘U is also generated from one element only, which is a descendant
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2 Chiral Vertex Operators and Conformal Field Theory

in the module W. For a descendant state A(~) to generate a submodule, it is
enough that it is annihilated by all positive Virasoro modes. Such a state is called
singular vector. Let us assume that it is present in our module. Quotiening out
the submodule amounts to setting %) to zero. Since it is a descendant of the
highest weight state %, %) is of the form L_, ...L_,,%. Setting this to zero,
the corresponding field must be zero as well. By (2.84) this in turn means that
any correlation function of primary fields involving also the primary 2(z) must
satisfy a differential equation

Loy (2)... Ly (2)(A(2)...) = 0. (2.101)

This puts severe restrictions on such correlators. In the case of four point func-
tions, these differential equations are usually powerful enough to determine the
function of the crossing ratio that is left unknown from global conformal invari-
ance alone. A field 2(z) that gives rise to differential equations in the manner
just described is called a degenerate field.

2.6 The General Operator Product Expansion

For a vertex operator algebra we have already seen an example of an operator
product expansion (OPE) in the form of weak associativity relations (2.17), (2.18).
Indeed, weak associativity provides an exact and well defined OPE. Moreover, as
weak associativity could be carried over to the product of vertex operators V
and VW) with arbitrary intertwining operators, these OPEs are also exact and
well defined. Especially, the OPE of the energy momentum tensor T(z) with an
arbitrary conformal field is if that type; see equation (2.73).

Between arbitrary chiral fields A(z), B(w), we do not have such an exact no-
tion of OPE, because we did not define weak associativity for them. Actually, a
reasonable definition of weak associativity is not possible in this situation but
instead, the fusing matrix of Moore and Seiberg [81] is an appropriate tool here.
We do not go into this, but have decided to take the following route, following
[5]: We define a formal weak operator product, that is we require

An(2) A (w) = > > B (0 |h) (z —w) K AT ) (2.102)
h’ K

to hold in all correlators. K is a set of integers K = {ki,...,k,} with varying
number of entries n. It takes care of the occurence of descendant fields

AR (W) = [Logy ... L gy Apr ] (w) (2.103)

on the right hand side of (2.102). The modulus of K is simply the sum of its
entries |K| = k; + - - - + k,,. The z,w dependence in (2.102) is fixed from global
conformal covariance. Only the conformal weights h'" that are summed over on
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the right hand side cannot be fixed from global conformal covariance alone. This
is just like the situation for the three point correlator, see (2.96). The determina-
tion of the set N,y (h'") such that h"” € N,y (k') for the purpose of (2.102)
is known as the problem of finding the fusion rules of a CFT. The operator prod-
uct coefficients C®) (h, h’|h’") (which we also refer to as OPE coefficients) have a
connection to the structure constants C(h, h’, h'"), namely

Cn,n|h")=Clh,h' h'"). (2.104)

Usually, we shall only write the most singular parts in the OPE, that is only the
contributions of primary fields, and denote the descendant contributions with
dots:

Ap(2)A(ww) = > C(h,h' , k") (z —w) "W Ay (w) + ... (2.105)
o

The OPE coefficients that contribute here are really just the structure constants
and we sometimes use these terms interchangeably.

Finally, let us comment on the OPE with a degenerate field. We have explained
in section 2.4.3 that correlators involving a degenerate field are highly restricted
by a differential equation that they have to satisfy. In the same way, OPEs with
a degenerate field are highly restricted. One can usually extract them from an
appropriate four point function. If a degenerate module has a singular vector
AK) with |K| = k, then there are at most k channels that contribute to the OPE of
any conformal field with the associated degenerate field (i.e. the set Ny ny(h'")
has at most k entries). For our purposes, cases with two or three contributing
channels are of interest; see sections 3.5.2 and 3.5.3.

2.7 Conformal Field Theory with Lie Algebra Symmetry

Up to now we have learned how to realize conformal symmetry by building vertex
operator algebras and associated modules from primary states. In the following
sections, we are going to explain how the same programme can be carried out for
a Lie symmetry. Starting from a Lie algebra whose generators are associated to
corresponding currents, we will arrive at a construction that realizes an emerging
affine Lie algebra and a related Virasoro algebra on a vertex operator algebra and
its (affine) modules.

2.7.1 Vertex Operator Algebra build from Lie Algebra

We start with a set of chiral currents {J*(z);a = 1,...,dim(g)} whose charges
B=f SEe (2.106)
(0) 2TTi
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are the generators of a Lie symmetry, that is they form a Lie algebra g:
[76.J8] = Favess. (2.107)

We take g to be semi-simple, so we can assume the f4%¢ to be totally antisymmet-
ric. From (2.106), the mode expansion of the currents must be

Jz)= > zlja, (2.108)
nez
Now we consider the trivial representation of (2.107). It is a one dimensional
vector space out of which we pick a generating element and call it Q, the vacuum.
We define
JiQ=0 vn>0 (2.109)

(note that also J§Q = 0, since Q is in the trivial representation of g) and form the
space

V= span{]f’;tk...ﬂ}HQ;k >0and ng=---=2n; = 1}. (2.110)
On this we define a Z-grading by
Vn=span{ﬂ’;Lk...Jf}”Q;kzO, Ng=---=2n; =1, n1+---+nk=n},
(2.111)

that is to say that
an:VhHth and ,Vh:O Vh<0. (2.112)
Vertex operators associated to states in 'V are defined by
V(I8 I 9. 2) = JH(2) oy SN (2) oy Ly (2.113)

The meaning of the expression on the right hand side is analogous to what we
have seen before in (2.59):

J*(2)nA(z) = fﬁ : %(w —2)"JY(w)A(z) (2.114)

for some product of vertex operators denoted collectively A(z). Expressions like
JH(z) _ny .. J¥(2) _p, 1 are again evaluated iteratively from right to left. Clearly,
V(Q,z) = 1, that is the vacuum property holds, and

V(4 Q,2) = J%z2). (2.115)

Interestingly, from the given input, we can establish a very nice result for the
modes J¢ = V,(J% Q). Using the commutator formula (2.37) (which is at our
disposal with the present input) yields

[Vin U420, Va U2 | = Vi (JEI2Q) + MV (JET21Q) . (2.116)
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In the second summand, J ‘fﬂlQ must be proportional to the vacuum, so
JEJPQ =k Q. (2.117)
Moreover, for J§J b 1Q from the first summand to lie in 'V, we need to have
JeIb Q= fabeje, 0 (2.118)
with some constants f abc Yet, using (2.37) once more, we can argue that
favegs = (16,08 = [VoUt. VoD | = VoUgst, ) = Fobegs, (2119

hence f abc — fabc Therefore, we obtain the remarkable result that the modes Ja
form the affine Lie algebra associated to g

[ 78 T8 ] = £ T + MK (1) - (2.120)

Therefore, we call the currents J*(z) affine currents in the following. A further
analysis of the central term k?? reveals that it has to be of the form [82]

kb = k5eb (2.121)

We denote this affine Lie algebra with the symbol gx. The constant k appearing
here is called (affine Lie algebra) level. What we now like to show is that V,
together with the constructions introduced so far, also carries the structure of a
vertex operator algebra. For this, we need to identify a conformal vector w € V
and establish that the modes L,, of the associated energy momentum tensor do
obey the Virasoro algebra (2.42). Having this, it follows automatically that L;w =
Oand Low = %Q, i.e. that the conformal vector is quasi-primary. Furthermore, it
is then also immediate that L_; acts as a generator of translations on the energy
momentum tensor and that Low = 2w. Thus, one still needs to show that L_;
acts as a generator of translations on all of the vertex operators (2.113) and that
Lo implements the grading. Let us start to work out what we have just outlined.
As a conformal vector, we identify

1
Tkt g9

Here and in the following we always sum over doubly occuring Lie algebra indices.
k is the level of g (2.121) and g" is the dual Coxeter number of g. It is defined as

_fubcfabd _ ng6cd (2.123)

(if the length of the highest root is normalized to be two). Let us now derive an
expression for the modes L. According to (2.113), we have

J4T4Q. (2.122)

— _ ; -n-2 afTa
T(z) =V(w,z) = 2K+ 5% gzz (mzezjnj_n+m). (2.124)
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Note that there is no ordering ambiguity in the term

1

Ln = 2(k+gV)

> T (2.125)

mez

as long as m # 0. For m = 0, the definition of J4]%, is that the negative modes
are to stand on the left. With (2.125) and (2.120) one readily checks that the
modes L, satisfy the Virasoro algebra (2.42) with central charge

_ kdim(g)
= ign (2.126)

This implies Lyw = 0 and Lyw = %Q byE(2.37). Moreover, the commutator be-
tween L,, and J;; comes out to be

(L, Ji] = —nJp i - (2.127)

Therefore, Ly is really the gradation operator. (2.127) can also be used to check
Liw =0and Lyw = %Q directly. One also straightforwardly confirms that the
vacuum Q) is a primary state of weight zero which is invariant under the action
of L_;. Finally, to show that L_; is really the generator of translations on V, we
compute

(L vUsQ2)] = 3 2 Lo, Va4 0) (2.128)

nez

and note that by (2.113)

Va(J4Q) = (—)“<n+k_ 1)]3- (2.129)
k-1
Plugging this in,
a d a
[LvusQ.2)] = SVUL0.2) (2.130)

follows. This extends to arbitrary states Jf’;Lk LIS QeV.

Let us summarize: We have shown that the space V (2.110) generated from
the current modes J4 is a vertex operator algebra with energy momentum tensor
given by (2.124) and central charge (2.126). In the literature this goes under the
name Sugawara construction. Additionally, we have seen that the current modes

2 form an affine Lie algebra (also called current algebra) (2.120) that is entangled
with the Virasoro algebra via (2.127).
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2.7.2 Affine Modules

Next, we wish to construct modules for the vertex operator algebra just defined.
This is accomplished very naturally, in the same way as before in section 2.3.2.
Pick a representation of the Lie algebra g labelled j, say (for a finite dimensional
representation of a semi-simple Lie algebra j would label a highest weight vec-
tor; since we are interested in infinite dimensional representations without any
highest or lowest weights, we do not specify the exact nature of j for the mo-
ment; later, when turning to the Hj model, there will be an exact and well-defined
meaning, of course). The representation space be spanned by the basis elements
2;(u). Here, u is an index that labelles the different basis vectors, we might call
it an “isospin coordinate”; again, there will a precise meaning when treating the
H3 model. Then, we set

Jidi(u)=0 Vvn>0 (2.131)

and build the module
WP = span {]f’;lk T A (u); k=0 and ng = - - =ng > 1}, (2.132)
which is graded in the by now obvious way and comes with the vertex operators
V(% T2 (), 2) = JN(Z) oy JU(Z) oy Ty - (2.133)

Note that this is not only a module for the Virasoro algebra, but even a module
for the affine Lie algebra (2.120). This is why we shall also call it an affine module.
Condition (2.131) is referred to as %;(u) being an affine highest weight state or
an affine primary state (in contrast to a Virasoro highest weight state, or Virasoro
primary state (2.61), respectively). From the definition of Virasoro modes L,
(2.125), every affine primary is also a Virasoro primary, i.e.

Ly2Aj(u)=0 Vn>0. (2.134)

Moreover, since the 2;(u) form a representation of the zero mode Lie algebra
spanned by the {J§}, J§ acts on 2;(u) by the appropriate operator in the repre-
sentation j

Jg?&j(u) = D??kj(u) (2.135)

(This is sometimes referred to as the zero mode representation). We therefore

obtain
a a

LoX;(u) = 2(k+gfv);rtj(u), (2.136)

what is to say that %;(u) has conformal weight
a a

Nt st A
h=h() = 50 a5 (2.137)
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Therein, D;‘D;‘ is the quadratic Casimir operator for g in the representation j. It
is thus independent of the isospin coordinate u.

The discussion of reducibility of the modules that we have defined here is taken
up in the next section.

2.7.3 Further Restrictions on Correlation Functions

Besides the usual restrictions on correlators from global conformal Ward identi-
ties (see section 2.4.4), there are three more concepts available in the case of Lie
symmeitry'%: Affine Ward identities, affine singular vectors (which are the current
algebra analogues of the Virasoro singular vectors) and the famous Knizhnik-
Zamolodchikov equations, which basically implement the Sugawara construction
(2.125) on the level of correlation functions.

Affine Ward Identities

Since J§Q = 0 and (JO“)T = J§, we can derive so-called affine Ward identities
(albeit “Lie algebra Ward identities” were a more appropriate nomination, because
only the zero modes of the currents, i.e. the Lie algebra generators, play a role
here). This works in just the same manner as we have demonstrated in section
2.4.4 for global conformal transformations:

0=(Q (J§) 2; (1) ... %), (z0)Q)

= > {2 (z1) . [ I8 A (20| - 2, (20)Q)

k=1 (2.138)
n
= > D% (A, (21) ... A, (zn)) -
k=1
The Lie algebra index runs through a = 1,...,dim(g). Hence, these are dim(g)

many constraints.

Affine Singular Vectors

If an affine module W) contains a descendant state Bﬁv_) that is annihilated by all
positive current modes JZ, this descendant generates a proper affine submodule.

The module W) is then reducible and the state 255-_) is called affine singular vec-

tor. In order to make the module irreducible, the proper submodule is quotient

16yirasoro singular vectors (section 2.5) are not available here, as they exist only for the minimal
models, which have central charges ¢ < 1. They are not contained in theories with Lie symmetry,
because for them, ¢ > 1.
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2.7 Conformal Field Theory with Lie Algebra Symmetry

out, hence the singular vector 15;_) is set to zero. The corresponding descendant
field
ak al — % — Z)" Mk Ak
[%, .. T 8] (2) = L o Wk = 2 I )
dw1
(z) 2TTi

(2.139)
— (w1 —2) "M J" (w)%;(2)

must then be set to zero as well. By arguments analogous to those in sections
2.4.3 and 2.5, any correlation function involving the primary field %;(z) together
with primaries 2; (z1), ... &;,(z,) must satisfy an equation

I%(2) . T, (2) (Bi(2)A),(21) ... A, (20) ) = O (2.140)
with operators
(2) = i _Di (2.141)
_nl 2 (zp—2)mi |’ :

where the operator Df; acts on the field £-th field %;,(z,) and is therefore taken
in the representation labelled j,. A field 2;(z) that gives rise to differential equa-

tions in this manner is called an (affine) degenerate field.
Knizhnik-Zamolodchikov Equations

Due to the Sugawara construction (2.125), from any field %;,(z) we can build the
degenerate field

[(L—l g ) "”} e e
Taking %;,(z) to be an affine primary yields
[(L-l “k1g 4 D“ ) 2&”} (z)=0. (2.143)

Inserting this into a correlator with (n — 1) further primaries, recalling that
[L_1A] (z) = 0-A(z) and using a simple contour argument once again, one ends
up with

1 r Dj, D]
{324 k+g" ng (zi—2z0) } (%, (z0) .. Ajn(zn)> =0 (2.144)

@ € {1,...,n}). These are the celebrated Knizhnik-Zamolodchikov equations.
They will be of great importance for our work in chapters 5, 6 and 8, where we
use them to determine various boundary two point functions.
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2 Chiral Vertex Operators and Conformal Field Theory

2.8 Modular Invariance and Conformal Fields: Gluing Together
Chiral Halves

Up to this point, we have only dealt with (chiral) vertex operators and (chiral)
fields. In order to treat a non-chiral theory, we have to add an additional an-
tichiral sector (which is completeley analogous to the chiral sector that we have
discussed so far) and entangle it with its chiral counterpart. This is actually im-
portant for the theory to be consistent at one loop (and higher loops; we will
understand what is meant by loops in a minute). For this purpose, we define
a conformal field ©(z, z) to the (formal) sum of (formal) products of chiral and
antichiral fields:

0(z,2) = > M2k (2)%(2), (2.145)

k.t

with constants My, € C. The indices k, £ are representation labels for the under-
lying symmetry algebra (i.e. Virasoro or affine Lie). For the purpose of studying
correlation functions, it is enough to consider one contribution 2 (z)%,(Z) only,
by linearity. Correlators of such products factorize into a product of a chiral and
an antichiral correlator, so there is nothing new here. Note however that the OPE
for fields ©(z, Z) can become more entangled!”.

Not all “gluings” (2.145) of chiral and antichiral parts lead to a consistent CFT.
So far, we have always considered a CFT on the sphere. But studying it on higher
genus Riemann surfaces (genus g corresponding to a g-loop closed string am-
plitude), a restriction on the coefficients M, is inevitable. In order to state this,
consider the chiral torus amplitudes (or characters)

X = (b, 2o, ) (2.146)

(we had argued for the existence of a scalar product on the modules W®), T is
the modulus of the torus. An analogous definition is given to the antichiral char-

acters. Since T and T’ = ZIIZ with (? 2) € SL(2,7Z)/Z, correspond to equivalent

tori, the full torus amplitude (or partition function)

Z =3 MuXeXe (2.147)
k¢

must be invariant under T — T’. This restricts the coefficients My, severly. Usu-
ally, one considers diagonal theories: My oc §_p. This is also what we restrict
to in the following.

7In the H; model, chiral factorization for the correlation functions was shown to hold [66]. Yet, the
OPE does not factorize, due to the internal isospin space; see (3.6) and (3.30).
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3 Review of the Bulk H; CFT

The bulk Hj model has been fairly well studied, see [83, 66, 84] and [85]. Here, we
essentially fix our notation (which follows very closely [72]) and summarize those
facts and formulae that will be indispensable for our work. They can basically
all be found in [83, 66] and [72]. In the last subsection (section 3.5.3), we give
the explicit expressions for the b=2/2-OPE coefficients that are needed for our
calculations in chapters 6 and 8 and that we have found in [67].

3.1 Action and Spectrum

The space Hj is euclidean three dimensional Anti-de-Sitter space (euclidean AdS3).
Thinking of AdS3 as the group manifold of SL(2, R), i.e. in terms of matrices

(7% W) wn () - () - () () =1 e

one sees that under euclidean rotation X3 — iX3, we end up with the space Hz of
matrices that are parametrized by a three dimensional hyperboloid

(00 7Y () - () - () - ()" 1

Concentrating on the upper shell of that hyperboloid only, gives the space Hj
Hj = {h € SL2,0);h = ht,tr(h) > 0}. (3.3)

Obviously, the group SL(2,C) acts on this space via

.y Hy —Hj
g: { hoe ghg' for g € SL(2,0). (3.4)

This is to say that Hj is a homogeneous space with respect to SL(2,C). It has
been analysed in [86] how the square integrable functions (with respect to the

existent Haar measure dh) on this space decompose under the SL(2,C) action
with the result (see also [87])

&
LA(Hj1dR) = | dj[im()) RO (3.5)
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3 Review of the Bulk Hi CFT

The direct integral is taken over C* = —3 + iR.o and the spaces R(*/) are rep-
resentation spaces of the unitary principal continuous series representations of
SL(2,C). (The complete list of theses spaces is parametrized by R* for integer
k and j € C*. They are certain L? spaces over the Riemann sphere; see appendix
A for a proper description.) A basis of generalized plane waves for functions in
L?(H3 |dh) according to the decomposition (3.5) is provided by [86]

. 2j
Aj(ulh)=2JT+1<( 1 u)-h-(l_ )) (3.6)

u

with j € C* and u € C, ie. by vectors 2;(u|-) whose components are la-
belled by elements h € Hj. These results suggest that the spectrum of high-
est weight states in the H; model coincides with {}tj(ul ) jecCtue (ﬁ} and
that the states %;(u|-) should be understood in a distributional sense [66]. By
this it is meant that 2A;(u|-) becomes meaningful only if integrated against a test
function, which is chosen from the Schwartz space $(Hj ), the dense subspace of
L?(H3|dh) of rapidly decreasing functions.

Formulating a bosonic string theory in the Hj background, i.e. writing down
the corresponding nonlinear sigma model, one needs to incorporate a nontrivial
B-field (NSNS two form)! [88]. If one chooses the following parametrization of

the space Hj
h= ( ;:; e¢y§?¢i/e7¢ ) € H; (3.7)
with real ¢ and complex y, the metric becomes
ds? = d¢p? + e*¢dydy . (3.8)
In these coordinates, a possible choice of B-field? reads [72]
B =e’%dy Andy. (3.9)

The resulting action
k (s Pba S
§==| dzdz (apd¢ + e**dydy) (3.10)
T JC

has an s[(2,C) symmetry and according to section 2.7, the associated currents
will build an sl(2,C), affine Lie algebra (2.120) from which the spectrum of the
theory is generated. The action (3.10) has also been derived in [89] from the
viewpoint of gauged WZNW models (viewing Hj as the left coset SL(2,C)/SU(2)).
The author of [89] carried out a path integral quantization with that action and

LThe dilaton may remain constant.
20nly the field strength H = dB is unambiguous.
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3.2 The Vertex Operator Algebra and its Modules

thus derived the partition function of the model. Reading off the spectrum of the
theory confirms the expectations from the previous and the present paragraph:
The space of states is an affine module (as in section 2.7.2) generated from the
representations R (/) by s((2,C)x currents J4(z) = 3, z"lja a e {+,-,3}
(plus a corresponding antichiral sector). The partition function of [89] can be
obtained from the diagonal combination of affine characters (see section 2.8).
For a discussion of its modular invariance see [90].

3.2 The Vertex Operator Algebra and its Modules

Following section 2.7.1, we build a vertex operator algebra from the vacuum Q.
Besides Q, it contains three more Virasoro primaries (that are however not affine
primaries), namely the states /4, Q (a € {+, —, 3}) with conformal weight 1. More-
over, with the conformal vector there is also a (Virasoro) quasi-primary with con-
formal weight 2. The associated vertex operator are of course the currents J%(z)
and the energy momentum tensor T(z). The vertex operator algebra thus en-
codes the symmetries of the theory. The Sugawara construction described in
section 2.7.1 expresses the energy momentum tensor in terms of the currents
and thereby establishes the usual formula for the central charge:

L 3k
T k+2’

since gV = 2 for the s((2, C) Lie algebra.

The construction of modules for that vertex operator algebra works as de-
scribed in section 2.7.2. From what we have discussed in the previous section,
we need to provide a module corresponding to each sl(2,C) representation of
the principal continuous series with j € —% + iR (plus antichiral counterparts).
Denote such a module W, It is build from the state %;(u|-) that we have in-
troduced above and which transforms in the s[(2, C) representation R0/, We
denote its integrated (against a test function) version by 2;(u) for simplicity (we
should actually denote the test function as an index). The Lie algebra s[(2, C) acts
on it by the differential operators

(3.11)

Di(u) = —u’dy +2ju, Dju) =23, Dj(u)=ud,-j, (3.12)
i.e. we have
J§2j () = DI ()2 (u) . (3.13)

Analogous formulae hold for the antichiral sector. Primary fields corresponding
to states %;(u) ® A; () will be denoted ©;(u, 1|z, Z). However, from now on we
will always suppress the barred variables. Their OPE with a chiral current reads

D?(u)@ﬂulw)

oW (3.14)

JH2)0;(ulw) ~
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3 Review of the Bulk Hi CFT

and the Sugawara construction induces a relation between conformal weight h
and ’spin’-label j (see (2.137)):

JG+1)

K12 (3.15)

h(j) =

since the Casimir operator in the representation R %/ is DY w)DF(u) = j(j+1).
Note that for j = —% +is (s € R) the Casimir is always negative: j(j + 1) =
—i — s2. As the conformal weight h(j) must be bounded from below by the
grading restrictions, the model does only make sense if we take the level to be
such that k + 2 < 0 and thus h(j) > 0. Consequently, the level must be negative
and we shall replace it by its negative k — (—k) for convenience. With this altered
convention, the formulae for conformal weight and central charge become

Gy = -2 o i
k-2 (3.16)
L 3k :
T k-2

and we need to take k in the range k € (2, ). In the equation for h(j) we have
implicitely defined the parameter b for later use.

Note that there is a reflection symmetry, namely h(—j — 1) = h(j). This leads
one to identify the representations with labels j and —j — 1 and gives rise to a
relation between primary fields ©;(u|z) and ©_;_; (u|z):

0j(ulz) = -R(—j - I)L;lj du'lu —u'Ve_;1(u'lz), (3.17)
(@

where the reflection amplitude R (j) is given by?

o 2T+ b2(2) + 1))
RD == ra-prei+1)

(3.18)

3.3 Correlation Functions

In the following we assemble and comment on the expressions for the two and
three point functions. Crucially, the latter involve the structure constants of the
theory which also determine the OPE coefficients. They were derived in [83].

3The following expression can be derived from knowledge of the three point function; see section
3.3.3.
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3.3 Correlation Functions

3.3.1 A Remark on the Ward Identities

The structure of the correlators in isospin and worldsheet coordinates is entirely
fixed from affine and global conformal Ward identities respectively. Looking back
at the affine Ward identities (2.138) and the definition of the operators that real-
ize the s((2,C) action (3.12), one recognizes that the affine Ward identities take
just the same form (up to signs) as the global conformal Ward identities (2.91) in
this case (of course with the difference that the former act on the isospin vari-
able u, but the latter on the worldsheet coordinate z). This is not at all surprising,
since both algebras that generate the Ward identities (i.e. the underlying Lie al-
gebra and the global conformal algebra) are sl(2, C) for the H model. Therefore,
correlation functions must look almost the same (up to some signs again) in the
variables © and z.

3.3.2 Two Point Function

Due to the reflection symmetry h(j) = h(—j—1), the two point function is a sum
of two terms. Therefore, we have to include one a priori unknown coefficient that
cannot be fixed by choosing the normalization of the fields:

<®j2(u2|22)®j1(u1|21)> =|zp — z; | D,

2
' {— (L) 8@ (uy —u)6(r + j2 + D+

2j1+1 (3.19)

+ B () luz — ur Y18 (i —jz)]’-

The normalization that we chose in the first term may seem a bit awkward at
first sight. Yet, it is convenient for working in the boundary H CFT which is our
ultimate goal. See also the remarks in [66] and [72]. Moreover, as the standard
reference on the boundary theory [72] works with the same normalization as we
do here, it is ensured that we can later conveniently compare our expressions to
theirs.

The z- and u-dependencies in the two point function (3.19) are fixed from the
global conformal and affine Ward identities as usual. They do indeed allow for
both, the o< §@ (1, — u;) as well as the oc |1y — 1| term. Note however, that
the form given above is the only one consistent with the reflection relation (3.17)
of the fields. Using it in the two point function, one can determine the coefficient
B(j) in terms of the reflection amplitude. It must be

B(j)

_ 2T e, (3.20)
T
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3 Review of the Bulk Hi CFT

3.3.3 Three Point Function

Global conformal invariance and the affine Ward identities fix the z- and u-
dependence as usual and determine the three point function up to the structure
constants:
<®j3(M3|Z3)®j2(M2\22)@j1 (M1\21)> = C(Jj3,J2,J1)"
|23 — zp| 7212  23 — zy | 72Ms1| zy — zy | “2her. (3.21)
Jus — up B2 ug — ug |23 Jup — ug |22
Here, hi» = hy + hy — h3, etc. and ji» = j1 + j2 — J3, etc. The crucial part of

information are the structure constants C(js, j2,j1). They have been derived in
[83] and are given by

o Gt e+ s+ DG+ 2 — J3)GUL + J3 — J2) G2 + J3 — J1)
C(ssJa, 1) = Tiatisil ) ) ) :
Vi, GoG(2j1)G(2j2)G(2j3)

(3.22)
The parameters v, and G are left arbitrary from the original derivation. Still,
they can be fixed by taking one field in the three point correlator to be the identity
and matching the resulting expression with the two point function. (Taking one
field to be the identity is to be understood as a limit here that one has to take
carefully in order to recover the o< §® (1, —u;) term; see [66]). With our desired
normalization of the two point function (3.19), the resulting expressions read

__Tra-»?»
Vp = Trm y (323)
Go = 2b7*G(-1). (3.24)

I is just the ordinary Euler gamma function. The function G is more involved.
It is related to the Y function (that also occurs in the Liouville three point func-
tion; see [91, 92] and section 7.1) via G(j) = b=P*iU+1+b"9)Y=1(_p ), where Y is
constructed from Barnes’ double gamma function I»:

Y I(s) = DLslb,b HL(b+b ' =s|b,b™ ), (3.25)
0 < 1
logly (s, wz) = ltlzrolﬁ nl%:o (S + M1 + Naw>)t. (3.26)

The G-function has the following properties [66]:

G(j)=G(-j—-1-b7%),

_I'(1+D?%))

. r(l+J) (3.27)
CUmD = ) T

: P =2y _ [2(2j+1) :
GG), GG-b7)=b ) G(j)-
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3.4 Operator Product Expansion

Using these functional relations, it can be analytically continued to the complex
plane and then has poles at

j=n+mb? and j=-n+1)-(m+1)b2, (3.28)

n,m € Z-o. The last point we like to mention about the structure constants is
that we can determine the reflection coefficient (3.18) with their help. This works
simply by using the reflection relation (3.17) between field ®; and ©_;_; in the
three point function and employing the explicit form of the structure constants
(3.22). In particular the relation

o ~j+nT(1=b*(2j+1))
CU ) = @7+ Ve e 2 (2 1))
YO - —PDyGe—j1—J)

y(=2j)

(3.29)

C(=j—1,72,j1),

where y(z) = l"(rl(f)z)’ is crucial here. One derives it with the help of (3.27). The

result for R(j) is written in equation (3.18).

3.4 Operator Product Expansion

Due to the continuous spectrum of heighest weight states, the OPE involves an
integral here (rather than a finite sum as in ordinary RCFT). This works fine for
the operators to be fused corresponding to states in the physical spectrum j €
—% + iR.o and even for j lying in a strip around that line (we are making this
precise in 3.4.1). This is the generic case and we will describe it first. However,
as soon as the initial strip is left, one has to take care of singularities of the
integrand that happen to cross the contour of integration. In order to reach these
regions of the complex j-plane, one needs to make an analytic continuation of
the OPE. That process is explained in the second subsection. The complete OPE
was first constructed by Teschner in [66].

3.4.1 Generic Case
The OPE takes the form

0, (U2122)0; (u1lz1) ~ J’C+dU(j)C(J‘;J‘2;J'1)|ZZ —zi| M2 |y — g |22
[J21(NB]_;_, (ulz1),

(3.30)

where, as usual, by ~ we mean weak equality up to descendant contributions. The
contour of integration is C* = —% + iR and the normalization of the measure
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3 Review of the Bulk Hi CFT

du(j) = - (err;zlﬂd J is due to the normalization of fields chosen earlier in the two
point function. Furthermore, the operator 7J»;(j) is defined by

["]21 (j)@)]—j—l (z) = J{[ dzulu _ u2|2(J+j2*j1) lu —u, |2(J+J’1*J’2)@_j_1(u|z) . (3.31)

Using this OPE in the three point function, one readily confirms its consistency. It
is instructive to rewrite the integral a little. Using (3.29) and the reflection relation
(3.17), one can show that the integrand in (3.30) is invariant under j — (—j — 1).
Consequently, the integral can be extended to the full contour C = —% +iR:

1 ) . _ ,
), (U2122)0;, (wilz1) ~ 5 Ldu(J)C(J,Jz,Jl)IZZ — 2|72z gy, — gy |22
[J21 (O] ;- (ulzy).

The integrand has poles that stem from the G-functions in the structure con-
stants and from the operator [j21(j)®]_j_1 (1|z1). These latter poles come from
the terms oc |u — u|2U+2-71) and so on, since they have poles in j whenever
j=j1—-Jj2—-1—nforn e Z., (and analogously for the other factors). The list of
poles has been studied in [66] and is given by

(3.32)

j=jn-1-n-mb2, j=jy+n+mb?, (3.33)
j=-jn-1-n-mb?, j=-j5+n+mb?2, '

where j3; = jo + j1 + 1, jo; = j2 — j1 and n, m € Zo. Therefore, as long as
- 1
[Re(ji)| < 5, (3.34)

no poles lie on the contour C. Even more, the poles in the left column of (3.33) lie
entirely to the left of the contour in this case and the poles in the right column
of (3.33) all lie to the right of C. Particularly, for j,,j> € —% +iRs( (i.e. in the
physical spectrum) the bound (3.34) is obeyed.

3.4.2 Analytic Continuation

As soon as one of the j3; leaves the region (3.34), some of the poles (3.33) cross
the contour C. The analytic continuation of the OPE (3.32) to these regions in
the j-plane is defined in [66] by deforming the contour in such a way that again
all the poles lie either entirely to its left or to its right, as it is the case in the
initial region (3.34). The integral over this deformed contour can then be rewrit-
ten as one over C plus a sum of residue terms from the poles that have crossed
the original contour. In this way, additional contributions to the OPE are picked
up. Note that the procedure just described is very reminiscent of what one does
when analytically continuing Gauss’ hypergeometric function in the integral rep-
resentation.
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3.5 OPEs Involving Degenerate Fields

3.5 OPEs Involving Degenerate Fields

3.5.1 Reducible s((2, C)x Modules

By the results of [83], the affine modules W) are irreducible for j € C = —% +iR,
but become reducible, if
-2

j:jr,sz—%‘l‘%?"l'b?& (3.35)
where either ¥ > 1, s = 0 or ¥ < -1, s < 0. The primary fields @, ; are conse-
quently degenerate fields. As the structure constants (3.22) are analytic functions
of the “spin”-labels and the OPE has an analytic continuation to spins j, s as in
(3.35), correlation functions with @}, ; field insertions are well-defined [83]. This
is known in the literature as “Teschner’s trick” (see for example [77]). In the
course of our work, we shall make use of the degenerate fields associated to
J20=1/2and j1, =b?/2.

Taking the OPE with a degenerate field ©j, ., only a finite set of operators is
produced. One might wonder how this is incorporated by the above OPE (3.32).
The answer is the following: For j, s as in (3.35), the OPE coefficients are gener-
ically zero, due to the factor of G(2j,s) in the denominator (recall (3.28)). The
continuous part of the OPE (3.32) therefore vanishes. But still, finitely many con-
tributions from poles that cross the contour C are picked up. The analysis is
slightly tedious here, as one needs to look out for double poles in the numerator
of the integrand that cancel the present simple pole of the denominator in order
to yield an overall simple pole. Also, several poles of the numerator coincide and
one needs to separate them carefully by adding small imaginary parts, before the
contour can be deformed in a reasonable way [93]. Through the deformation,
these poles may however become truly separated, that is they will not coincide
again when the imaginary parts are removed. This is why one needs to be ex-
tremely careful when looking out for poles of the numerator that really become
double poles. In the following, we do not go into this tedious business, but rather
refer to the literature [66, 93] and state the results for the OPE coefficients that
are needed later, in chapters 5, 6 and 8.

3.5.2 OPE with Degenerate Field Oq,2

The OPE coefficients with the degenerate field ®;,, are written in [72], using the
same normalization as we do. Since 0;,, is degenerate, the OPE is highly re-
stricted. Only the field operators with j. = j+ 1/2 and j- = j — 1/2 do occur.
This can also be seen directly from the OPE (3.32). The corresponding coefficients

are
o o 1 T(=b?(2j + 1)) (1 + 2b%))
C.(H=1, C.()= Ve T+ B2(2) 1 )T (—2b2)) (3.36)
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3.5.3 OPE with Degenerate Field O,

The singular vector labelled by b~2/2 restricts the possibly occuring field opera-
tors in the operator product to those with labels j, := j +b72/2,j_:=j—b72%/2
and jy := —j—1-b~2/2. The corresponding OPE coefficients have been calculated

by us in [67]. We obtain
_ -2
C.) =1, C-()=-v""[PPj+D] ",
vy P14 b2 (1 4 2)T(=1 = 2j — b-2)T(=b2(2j + 1))

i) = = T =) T2+ 2j+ bOT(1+b22j + 1)
(3.37)
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Part I

Branes and Boundaries

[...] the scientist must premise current
theory as the rules of his game. His object is
to solve a puzzle, preferably one at which
others have failed, [...]

Thomas S. Kuhn, Logic of Discovery or
Psychology of Research?
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4 Boundary Conformal Field Theory

In this chapter we review the basic techniques and results of conformal field
theory with boundary that are relevant for our work. We shall always take the
real axis Im(z) = O to be the boundary and consider a conformal field theory on
the (closure of the) upper half plane [ = {z € C;Im(z) = 0}. Global conformal
transformations z — %% have to leave the boundary invariant and hence, half

+d
of the global conformz;lz SL(2,C)/Z, symmetry is broken, leaving only

( Z Z ) € SL(2,R)/Z> . (4.1)

In addition, local conformal tranformations need to have real coefficients. This
will entangle chiral and antichiral currents when passing from a given bulk CFT
to its associated boundary CFT and henceforth we can no longer focus on one
chirality only. We will discuss this fact and its consequences in the next section.
Section 4.2 gives an overview of the sewing constraints in boundary CFT which
were found by Cardy-Lewellen [70] and Lewellen [71].

4.1 Basic Techniques of Boundary Conformal Field Theory

4.1.1 Gluing Conditions and Transformation Formulae

In order to discuss a CFT on the upper half plane only, we need to decouple it
from the lower half plane. This is achieved by imposing the condition that no
energy and momentum flow across the boundary, which is the real axis. This
amounts to requiring that

T(z) =T(z) at Im(z) =0 (4.2)

This is called the conformal gluing condition. Comparing coefficients, it readily
implies that chiral and antichiral Virasoro generators are no longer independent,
but must be related as

Ly=1Ly. 4.3)

Consequently, there is only one set of independent Virasoro generators and the
distinction between chiral and antichiral fields is lost. Let us pick all the chiral
generators to form one set of independent symmetry generators. Then, what pre-
viously (in the bulk CFT) were antichiral parts of conformal fields, now transform
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4 Boundary Conformal Field Theory

under the action of chiral generators: [Ln,?l;l(z)] = [I:n,.f&;l(z')]. Essentially, pre-
viously antichiral fields are reinterpreted as chiral ones and also their coordinates
Z behave like chiral coordinates. A primary field © (z,2) = ?&h(z)jkh(z') hence
transforms as

[Ln 0y s(2.2)] = {z"“i +hn+ l)z"} 0,7z, 2)+
3 dz )
P 4.4)
+ {z‘”“—_ +h(n+ 1)2”} 0,i(z,2).
dz ’
For the purpose of subjecting correlators of these fields to differential equations
(like Ward identities or singular vector equations) the coordinate Z remains inde-
pendent of z. Only after the differential equations have been solved are we taking
the physical cut, which is still Z = z* (as in bulk CFT). In boundary CFT, the inter-
pretation of this is that one thinks of the antichiral degrees of freedom as being
mapped to chiral ones living in the lower half plane. But it is very important to
keep in mind that this interpretation is only appropriate after having subjected
the correlation functions to the constraining differential equations.
For affine currents J%(z), we usually also impose gluing conditions, so-called
affine gluing conditions. The related boundary conditions are then referred to as
maximal symmetry preserving boundary conditions. We write them as

J%(z) = p%,Jb(z) at Im(z) = 0. (4.5)

The map p is the gluing map. It must be such that the conformal gluing condition
(4.2) is preserved (recall that the Sugawara construction (2.125) expresses the en-
ergy momentum tensor in terms of the affine currents). Usually, there is more
than one possible choice for p. This groups the boundary conditions into a num-
ber of different classes. By the same reasoning as before, an affine gluing con-
dition leaves only one half of the original Lie symmetry generators independent.
Again, we take these to be the chiral ones, with the consequence that previously
antichiral fields are reinterpreted as chiral ones: [ ?l,?_&j(z)] = [(p“hfﬁ) ,ﬂj(z)].

Affine primary fields 0;;(z,2) = ?&j(z)?lj(z) transform as
[J4,0,5(z.2)| = 2"D0,5(2,2) + 2" (p*, DY) ©;5(2,2) . (4.6)

Again, it is very important to note that the physical cut Z = z* is only taken after
having imposed differential equations (like Ward identities, singular vector or
Knizhnik-Zamolodchikov equations) to correlation functions of the fields. In the
process of solving differential equations, the coordinate Z remains independent
of z.
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4.1 Basic Techniques of Boundary Conformal Field Theory

4.1.2 Boundary Ward Identities

Proceeding as in sections 2.4.4 and 2.7.3, but taking care of (4.4) and (4.6), one
derives the global conformal boundary Ward identities

n

> {z,i“azk + w0y, +
k=t 4.7)

+(i+1) [z,‘;hk + w,ﬁhk]} <®h1,h1 (z1,w1) ...®hn‘hn(zn,wn)> =0,

where i € {—1,0,1}, and the affine boundary Ward identities

Z [D?k + (pab@?k):| <®J‘1J1 (z1,w1) ... 0j, 7 (Zn,wn)> =0, 4.8)
k=1

witha = 1,...,dim(g). We have named the second coordinate wy to indicate that
it is just another (at this instant independent) chiral coordinate. After having
solved theses equations, one imposes wy =z (k = 1,...,n).

4.1.3 Boundary Knizhnik-Zamolodchikov Equations

The same reasoning as in section 2.7.3 that lead to (2.144) applies. Implement-
ing the Sugawara construction (2.125) at the level of correlators and accounting
for eugations (4.4) and (4.6), one obtains the boundary Knizhnik-Zamolodchikov
equations

n DY e DY
+k:%} <®J‘1,j1(zl,w1)...@jn‘jn(zn,wn)> -0 9
4.
{(“gv)% 3 (pab@(?,,) o (0"7) @9)
k=l Wy — W)
+ ki W} <®j1,‘71 (z1,w1). --®jn,jn(2n,wn)> ~o0,
Y € {1,...,n}. The same comments about the coordinates z; and wy as before

apply.

61



4 Boundary Conformal Field Theory

4.1.4 Additional Operators and OPEs
Boundary Field Operators

In addition to bulk field operators 0, (z) (from now on suppressing the antichiral
part), we can also have operators that are inserted on the boundary. Denote them
¥(x) (x € R). On primary fields ¥(x), the Virasoro generators L,, act as

[Lp, ¥ (x)] = x"“%‘l’(x) +hy(n+1)x"¥(x). (4.10)

Global conformal covariance is reflected in the SL(2, R)/Z» transformation

ax+b

A@Y(X)AT(G) = (ex +A) MY (g -x), g-x= 1 d

(4.11)

Boundary operators can also carry boundary condition changing labels. Consider
a set of boundary conditions labelled by a parameter «. A boundary field ¥5%(x)
changes boundary condition « to the one labelled B. A boundary field without
such labels (as we have written down above) does actually not exist. But most
of the time (at least for our purposes), it will just be of the type ¥**(x), i.e.
boundary condition preserving. We shall sometimes take the freedom to leave
out such boundary preserving indices.

Bulk-Boundary OPE

Besides the usual OPE between two bulk fields (section 2.6), there are now addi-
tional operator expansions: The boundary OPE between two boundary fields and
the bulk-boundary OPE in which a bulk field is expanded in terms of boundary
fields. We only discuss the latter here. It reads' (assuming a diagonal CFT, i.e.
h =h)

On(2) = Yz = 2) 2 C(h hylo) [¥4(2) |, + 0(z-2)]  (412)
¥

*

and can be thought of as the bulk OPE of the chiral parts of Oy (z) = 2%y, (2)%,(2)
after having taken the physical cut. The z-dependence is fixed from conformal
covariance and the O(z — z*) corrections to the leading term indicate descen-
dant contributions. The sum over boundary fields ¥ is taken over “all ¥ that
contribute” and the determination of that set is the problem of determining the
values of h, hy and « for which the bulk-boundary OPE coefficients C(h, hy|x)
are non-zero. The bulk-boundary OPE coefficients are related to certain two point
functions in the same manner as the bulk OPE coeffcients (for the leading terms)

!In the nonrational H7i model, there is a subtlety here which requires the distinction of two different
forms of the bulk-boundary OPE. See section 5.2.4.
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are related to the three point functions (structure constants). This is easily seen
when one writes (4.12) in the following way

On(2) = X Ix = 21" (@ (2)¥ ())a (¥ (2) | . + Oz =29} . (413)
¥

The factor of |x —z|~2"¥ is included to make the expression on the right hand side
independent of the auxiliary variable x. The correlation function (0, (z)¥(x))«
measures the overlap of the boundary field? ¥ (x) with the bulk field ®,(z) in the
presence of boundary condition «. Demanding conformal covariance, it is given
by

(OR(2)Y (X)) g = |x — 2|72 (2 — 2*) 2 MY C (b, hy | o) (4.14)

wherein we recover the bulk-boundary OPE coefficient.

4.1.5 Correlation Functions

Correlation Functions in the presence of a boundary condition are again partly de-
termined from Ward identities (see (Conf-Bdry-Ward-Ids) and (Affine-Bdry-Ward-
Ids)). Besides the bulk-boundary OPE coefficient and its related correlator, there
are more additional basic correlators in boundary CFT. We do not discuss the cor-
relators between boundary fields here (since we do not need them later), but com-
ment on the important one point functions and the two point functions. From
now on, we usually talk about correlation functions of bulk fields in the presence
of some boundary condition. For brevity, we shall refer to these as correlation
functions. Whenever we mean a different situation this will be indicated.

One Point Function

Global conformal covariance determines the one point function up to a constant,
the one point amplitude A(h|x):

(On(2) o = 1z = z*| 72" AR . (4.15)

Seen as a special case of the bulk-boundary OPE coefficient, the one point am-
plitude measures the coupling of a bulk field with conformal weight h to the
identity field on the boundary:

A(hlx) = C(h,0|x) . (4.16)

These couplings encode much information about the boundary conditions. Cardy
[75] and Ishibashi [94] have invented the concept of a boundary state in order to
describe boundary conditions in rational CFT. Here, the set of one amplitudes
contains all information to determine the boundary state. Demanding S-duality

2As remarked above, ¥ (x) should more correctly be denoted ¥**(x).
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of the boundary partition function, one can then use the boundary state formal-
ism to derive the spectrum of boundary operators associated to given boundary
conditions [75]. Thus, the determination of the set of one point amplitudes is
a central problem in boundary CFT and it is also at the heart of our study in
chapters 5, 6 and 8. In RCFT, this problem can generally be addressed by study-
ing the so-called sewing relations (or Cardy-Lewellen constraints, see section 4.2)
that correlation functions need to obey in order to yield a consistent boundary
CFT. We will make use of this approach as well, but we shall see that in the nonra-
tional Hj model one needs to assume a certain continuation prescription in order
to make this method work. As we can show that two different assumptions are
possible, the status of the sewing relations in nonrational CFT is not completely
settled. We discuss this issue in chapters 6, 8 and in the conclusion, chapter 9.

Remark on the Two Point Function

In the presence of a boundary, it is already in the two point function that global
conformal covariance ceases to be sufficient for the determination of the full
coordinate dependence of correlation functions. From the point of view of differ-
ential equations, determining the two point function is the same as calculating a
chiral four point function in bulk CFT. That is, it involves conformal blocks that
depend on a crossing ratio. The sewing relation we are going to examine in detail
in chapters 5, 6 and 8 (and that we review among others in the next section) is
a constraint on the two point function. The explicit construction of two point
functions is therefore a reoccuring theme in our analysis.

4.2 Cardy-Lewellen Constraints

It is a well-known fact that any bulk CFT (i.e. closed string) amplitude on any de-
sired Riemann surface can be obtained by “sewing together” three point functions
on the sphere (also known under the figurative term "pair of pants"), provided
that the four point function is crossing symmetric and the partition function
modular invariant. Lewellen [71] has shown that in case of boundary CFT four
additional sewing constraints arise. Furthermore, Cardy and Lewellen [70] and
Lewellen [71] have shown that in the case of rational CFT, these sewing relations
can be solved in terms of bulk quantities alone. The bulk structure data which
are needed in this enterprise are the S-matrix that acts on the characters under
modular S-transformations, the bulk OPE coefficients and the conformal blocks.
The method is basically a generalization of the conformal bootstrap to boundary
CFT and provides a tool for the determination of the additional boundary CFT
structure data like the one point amplitude, bulk-boundary and boundary OPE
coefficients out of the given bulk data.
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Figure 4.1: S-Duality in BCFT. The amplitude for closed strings to be created from
the brane-vacuum S, propagate and be absorbed by the brane « equals
the one loop vacuum amplitude for open strings with one end at-
tached to the brane 8 and the other end to brane «.

So what are the additional four constraints? The first one is concerned with
the consistency of the CFT of boundary fields. It demands crossing symmetry
of the four point functions involving boundary operators (i.e. open strings) only.
The second constraint is the S-duality of the boundary partition function that
we have already mentioned above and that is drawn in figure 4.1. Condition
number three concerns the boundary-boundary-bulk (or open-open-closed) am-
plitude (see figure 4.2). Finally, the constraint that is of major interest to us,
is a relation for the closed-closed-open amplitude, see figure 4.3. In this orig-
inal form it is rather tedious to implement, but if we take the open string to
be the identity, it clearly becomes the crossing symmetry relation of a chiral
four point function. It is in this form that we shall implement the constraint in
our work. From the graphical representation in figure 4.3, we can see that the
left hand side (or rather upper side), when the open string is taken to be the
identity, involves terms oc Zq C(j1,91x)C(j2,qlx), where we sum over propagat-
ing open strings g. The expression on the right hand side (lower side) contains
oc zj C(j1,J2,J)A(jlx) with a sum over closed strings j. Projecting both sides
onto the contribution of the identity open string channel only, the expression
that we have written for the left hand side becomes a product of two one point
amplitudes® o« A(ji1|x)A(j2|x). On the right hand side, taking this projection

3Due to a subtlety in the bulk-boundary OPE, one actually needs to distinguish two different possi-
bilities in the case of the nonrational H; model, see section 5.2.4. We had already mentioned that
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x J2 Ju

Jo Ju

Figure 4.2: Sewing relation for the open- Figure 4.3: Sewing relation for the

open-closed amplitude. The closed-closed-open  ampli-
open insertions are marked tude. We make use of this
with a cross and change the constraint with the open
boundry condition. string insertion being the

identity; see text.

requires some work. It amounts to taking one bulk field close to the boundary,
such that it can be expanded using its bulk-boundary OPE. This is the factor-
ization limit and here, the continuation prescription alluded to before becomes
necessary, since in order to be able to take the factorization limit, one needs to
continue the two point function to a suitable patch. All this will become clear
when we carry out the explicit constructions for the Hj model in chapters 6 and
8.

The projected form of the constraint involves the one point amplitudes to-
gether with four point conformal blocks and bulk OPE coefficients. Thus, given
the latter two structure data (which are bulk quantities), one gains an equation
that one should be able to solve for the one point amplitudes. Generically, a solu-
tion for the one point amplitude will not exist for arbitrary boundary conditions,
but restrictions will apply. By the same token, the labels j of closed strings that
do couple consistently are expected to be constrained.

In case of RCFT, the procedure described above has been shown to work out in

earlier.
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quite some generality [70, 71]. What happens in the case of generic nonrational
CFT is not at all clear. The Hj model has the benefit that one can analytically con-
tinue the symmetry representation labels to degenerate field labels (“Teschner’s
trick”; see section 3.4.2). Using degenerate fields, the model looks very much like
a rational CFT. In particular the conformal bootstrap as described in this section
becomes feasible. Luckily, from correlators involving a degenerate field one can
still infer expressions that are of general validity. We shall see this in the next two
chapters. In chapter 5, the constraint of figure 4.3 resulting from Hj degenerate
field ©,,, (recall section 3.5.1) is discussed following [72] and our work [67, 69].
This is however not sufficient to fix the general one point amplitude uniquely; a
further constraint is needed. Our work carried out in [69] is devoted to the study
of an additional constraint from degenerate field ©,-2,, (section 3.5.1), choosing
an analytic continuation prescription. It is the content of chapter 6. The same
kind of constraint is also examined for a continuous continuation prescription in
chapter 8. See [68] for our original work on this issue.
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In this chapter, we review the basic features of the boundary Hf model and add
some of our own observations and results. An overview of the gluing conditions
is followed by a discussion of additional patterns that organize the Hi model
branes. Our contributions here are the systematic distinction between regular
and irregular branes [67] explained in section 5.2.1 and, in section 5.2.2, a clear
discussion of the isospin dependencies and potential isomorphies [69]. Then, we
summarize the relevant bulk-boundary OPEs in section 5.3 and go on with the in-
troduction of the first constraint on the one point amplitudes in section 5.4. This
constraint is not a Cardy-Lewellen sewing relation, but rather Hf model specific:
The reflection symmetry (3.17) implies a symmetry of the one point amplitude.
We are careful to distinguish between regular and irregular case in the formu-
lae we give. In sections 5.5 and 5.6, we systematically derive the Cardy-Lewellen
constraints (as in figure 4.3 with the open string insertion being the identity) as-
sociated to degenerate field ©,,» for all cases of AdS, branes. The constraint
takes the form of a 1/2-shift equation. Some of these equations had been given
before, but many new ones (irregular discrete p; (section 5.5.2), regular discrete
p» (section 5.5.3), regular discrete p; (section 5.5.4), regular continuous p; (sec-
tion 5.6.2) and regular continuous p; (section 5.6.3)) were given by us for the
first time in [67]. See table 5.1 in section 5.2.1 for an overview. As we shall
see in sections 5.5 and 5.6, the derivation of 1/2-shift equations does not need
a continuation of the relevant two point function. Thus, the problems that we
encountered and solved in [68, 69] do not arise at this level.

5.1 Gluing Conditions

We choose maximal symmetry preserving boundary conditions. This is done by
imposing a gluing condition along the boundary (which is taken to be the real
axis)

JHz) =p7J"(2) atz=z, (5.1)

where p is the gluing map. By the Sugawara construction, we also have
T(z)=T(2) atz=2z, (5.2)

and hence not only is a subgroup of the current algebra symmetry preserved, but
also half of the conformal symmetry. In our case there are four possible gluing
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maps Pi,..., P4:
Plf3 =f3 Pl]_t =J=,
P2f3=f3 p2J*t = -J*,
P3j3=—f3 p3J =T,
pal® = =T paJt=-J.

(5.3)

We will only be concerned with the first and second case, p; and p,. The as-
sociated branes are conventionally called AdS, branes [72] and we follow this
nomination (although they have euclidean AdS> worldvolume and should more
accurately be named H; branes).

5.2 Various Types of Branes

From the gluing conditions, branes fall into two great classes: AdS, and S?
branes. In each class, there are more distinctions to make. In our study of the
boundary H; model, we will distinguish between discrete and continuous as well
as regular and irregular branes. The adjectives discrete and continuous allude to
the open string spectra an the branes, whereas regular and irregular refer to the
(isospin) u-dependence of the one point functions. We elaborate on these notions
in the following subsections.

5.2.1 Regular and Irregular Branes

In this section we argue that the possible one point amplitudes must be distin-
guished by their regularity behaviour when approaching the boundary in internal
u-space. Let us explain in detail why this is the case for the example that the
gluing map is p = p» (the other cases can clearly be treated in just the same way).
It is the affine boundary Ward identites (4.8) that fix the u-dependence of the one
point function G;};(ulz) = <®j(u|z)>a in the presence of boundary condition
o entirely. The equation for J~ tells us that it is a function of u + 7 only, which
we can just see as one complex variable since we have not taken the physical cut
yet. The equations for J3 and J* determine the one point function to be

Gilaulz) = (u + W)Y Aj(2). (5.4)

We call this the regular dependence. One might think that 2j € Z should be
required in order to have trivial monodromy. But note that the physical cut has
still not been taken and monodromy invariance is only required for the physical
amplitude. Now, setting # = u*, u + i becomes a real variable. Therefore, a
monodromy does not exist for the physical amplitude and there is no restriction
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on j here!. The only problem that arises in (5.4) for general j is when (u +
u*) < 0, because one needs to define (—)2/. This problem does actually not
arise for the 1/2-shift equations (sections 5.5 and 5.6) and we argue in chapter
6 that a preferred definition of (—)%/ is suggested when analytically continuing
the two point function in order to obtain b~2/2-shift equations. Thus, the regular
dependence can be treated in a meaningful way.

But one can also choose a different route. In order to circumvent the need for
a definition of (—)2/, the physical cut can be taken in two steps. Setting i = u*,
first assume that (1 + u*) = 2u; > 0 and write

Gilau;ur > 012) = (u + W)Y AT (2). (5.5)
Then, assume that (u + u*) = 2u; < 0 and define
Gilau;ur <012) = (—u —W)¥ A7\ (2). (5.6)

In this way, the lack of an a priori definition of (—)2/ is shifted into a new a priori
unknown integration “constant” A; ,(z), that is thought of as being unrelated
(1) to the first constant of integration A; ,(z). The ansatz for the one point
amplitude is summarized in the following formula

Gilaulz) = lu+al*A9 (2), (5.7)

with o = sgn(u + u*). This form is called the irregular dependence. In this
and the next chapter, we will compute the one point amplitudes resulting from
both these ansdtze and find that they are indeed very different in nature. The
corresponding branes will be called regular or irregular, respectively. Let us
mention that in the literature, both kinds of solutions, regular and irregular ones,
have been studied. For example, [72] and [79] look at irregular AdSéC) and [76]
treats irregular AdSéd) branes, whereas [78] studies regular solutions. But up to
now nobody has pointed out that for every case of boundary condition pq,... p4,
we should actually look for both kinds of solutions. Table 5.1 shows how little
of the ’landscape’ has actually been explored so far (before our work). It also
shows that, except for one case in [78], it has always been only one consistency
condition on which the proposed solutions were based, namely the shift equation
for the degenerate field ©,,2. The solutions to this equation are not unique and at
least a second consistency condition should be derived that can fix the solution
uniquely. The shift equations for the degenerate field 0,2/, that we derived for
all cases of AdS, branes [69] (and also [68]) can do this job.

nterestingly, the b2 /2-shift equation will require j € %Z; see chapter 6.
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u-dependence | shift equation (continuous) | shift equation (discrete)
for ©1,,? | for @,-2,,? for 01,7 | for ©,-2),?
1 lu —al* [79] — — —
(u—u)% [78] — [78] 78]
p2 | lu+al” [72] — [76] =
(u+u)% — — — —
ps |__1—ual™ — — — —
(1 —un)% — — [78] 78]
P4 (1 +um)? — — [72] —

Table 5.1: Classes of D-brane solutions and status of their exploration before our
work [67, 68, 69]. Compare also table 9.1, chapter 9. [78] did not pay
attention to the occurence of possible signums o, which is however in-
evitable, even in the regular cases (see chapter 6). We are therefore re-
considering their results. Note that only one version of u-dependence
appears for p4, as the expression is always strictly positive.

5.2.2 AdS> and S? Branes

From the u dependence of the one point functions (see table 5.1), we can deter-
mine what subgroup of the SL(2, C) isospin symmetry is preserved by the varying
gluing conditions. Since a primary field ®;(u|z) transforms under an SL(2,C)

isospin transformation u — u’ := 4% a5
0;(ulz) ~ 0;u'|z) = lcu +d|"0;(ulz), (5.8)

one needs to check for every u dependence which SL(2, C) subgroup it preserves
up to a factor of |cu + d|~%/. The result is that the dependencies |u + #|%/ and
(u = 1)% preserve an SL(2, R) subgroup and are therefore AdS, branes, whereas
|1 — uiz|% and (1 = ui)% preserve an SU(2) subgroup and are thus S? branes?.
The cases of gluing maps p; and p; should therefore be isomorphic, as should
be those of p3 and p4. However, such a conclusion, which would suggest to leave
half of the gluing maps unstudied, might be drawn too quickly here. Indeed,
at least one issue is unclear: How can p3 and p4 belong to isomorphic branes
if the irregular p;3 dependence allows the inclusion of a signum o and p4 does
not (see table 5.1)? The answer must be that only further consistency checks
will forbid the inclusion of a signum for irregular p;. We take this as a hint
that consistency checks will add to the analysis described in this subsection and
therefore consider both gluing maps, p; as well as p,, separately. Interestingly,
we shall find that in case of irregular branes the shift equations for both gluing

2The names are also justified from a classical analysis of the worldvolumes of the branes [95, 72], if
one remembers that AdS> should mean euclidean AdS>.
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maps are isomorphic, whereas in the regular case there are crucial differences
(see sections 6.1.3 and 6.1.4).

5.2.3 AdS> Boundary Fields

As we are focussing on AdS, branes, let us give a brief account of their associated

primary boundary fields. Denote such a field ¥, %(t|x), x € R. Living in euclidean
AdS>, these fields fall into representations of SL(2,R). £ is the corresponding
“spin” label and t the isospin coordinate. See appendix A for details about the
different SL(2,R) representations. From a semiclassical analysis, the relevant
representations are again the principal continuous series. There are actually two
such series, but only one (given in (A.40)) occurs here [72, 73]. Therefore, £ €
—% +iRso and t € R. Under isospin transformations, the fields transform as

A(@) Y (t1x)ATH(g) = | — cx +al*¥yp(g™! - tx) (5.9)
for
b dt —b
g=<? d)eSL(Z,[R), gttt (5.10)

Boundary changing operators are more complicated and were shown in [73] to
transform under SL(2, R), the universal covering group of SL(2,R). We do not
need them in the sequel.

5.2.4 Discrete and Continuous Branes

Another subtlety one needs to take care of is the possibility of having discrete and
continuous branes. The characterising adjectives “continuous” and “discrete”
relate to the parameter spaces of these solutions or, equivalently, to the open
string spectra on the branes. For example, in [72], a solution for the continuous
AdS, branes was proposed, whereas [76] proposed a solution for the discrete
AdS, branes. From now on, we will carefully distinguish these different kinds of
solutions, by adding a superscript (c) in case of a continuous brane and (d) for
a discrete one, as it has already been done in [76]. Let us now explain where the
difference between continuous and discrete branes originates and how it leads to
different factorization constraints. For convenience, let us choose the irregular
u-dependence and fix the gluing map to be p = p,. The discussion for irregular
p1 is completely analogous.

Assuming a discrete open string spectrum on the brane, the bulk-boundary
OPE for 0,  is

0j,.(U2lz2) = > |zo - 2, 2hUrs) R o) |3y 4 | 2irs ot
tho} (5.11)
. Ca(jr,s»€0|o‘) (.7\1’)?00( (U IRe(22)) {1 +0(zr — 22)},
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where {{,} is a discrete set of SL(2)-"spin’ labels, ¥/ *(t|x) are primary boundary
fields (t,x € R) and we have defined

(JO)5* (ulx) = J at +it] 2Rt x) (5.12)
R 27T

Note that under a scaling u — Au, this transforms as
(TN Aulx) = A7 F¥) § (ulx), (5.13)

so that the scaling properties of ©;,  (u2|z2) on the L.H.S are matched correctly.
Now, the kind of factorization constraint we are seeking for arises when look-
ing at the identity contribution of the bulk-boundary OPE. The corresponding
bulk-boundary OPE coefficient Cy(jr s, 0lx) can be identified with a one-point
amplitude:
Co (jr,s, 0lx) = Ag (Jr,sl00) . (5.14)

Therefore, starting with a two point function and taking the factorization limit
leads, in the discrete case, to a product Ag, (jrsl00)Ag; (jl ).

On the other hand, assuming a continuous open string spectrum on the brane,
the bulk-bundary OPE of ®,-2,, contains

Co (Jrss lola) = Resfzfoca(jr,s,ma) (5.15)

rather than C(j, s, fol). The reason for this is given in [77]. Let us summarize
it here briefly: Since we are using Teschner’s Trick, i.e. we are analytically con-
tinuing the field label j, to the label of a degenerate representation j» = j, s, we
should look at the generic bulk-boundary OPE

s |—2h(j2)+h({ - 2j2+f+1
01 (zlz2) = | | d01z2 = 2o DO [y 4 gzp P00
ct (5.16)

- Co (j2, 0100) (JY)§* (U2 |IRe(22)) {1 + O(z2 — 22)}

where the contour of integration is C* = —% + iRso. Since j» = j, ¢ is a degen-
erate representation, only a discrete set of open string modes is excited in the
bulk-boundary OPE of its corresponding field operator. Accordingly, when de-
forming the contour in the process of analytic continuation, only finitely many
contributions {#y} are picked up. They come from poles in the Cy (jr s, £|x) that
cross the contour of integration. Therefore, not the bulk-boundary coefficients
themselves, but only their residua occur. Henceforth, we obtain

—Zh(jr,s)*'h(z()) 2j7,3+€0+1 .

0j,.(U2lz2) = > |z — 25| luz + 2|
{00} (5.17)
- Co (Jrs:lole) (T¥) 3, (U2 Re(22)) {1 + O(z2 — 22)}
In the factorization limit, we are looking at the identity contribution again, but
this time, the residuum of the appropriate bulk-boundary coefficient does not

have an obvious relation to a one-point-amplitude. Thus, in the continuous case,
we are left with a product ¢y, (jr,s, 0lx) Ay, (jl ).
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5.3 Bulk-Boundary OPEs

5.3 Bulk-Boundary OPEs

In this section we give the explicit form of the specific bulk-boundary OPEs
needed for our calculations in chapters 6 and 8. For convenience, let us write
the cases of gluing maps p; and p, in one formula. Also, we just write down the
case of discrete open string spectrum, as the continuous case is easily obtained
by changing C, to ¢,. See also section 5.2.4, where we have introduced the
generic bulk-boundary OPE and discussed the difference between discrete and
continuous branes. Also note that further difference has to be made between the
cases of regular and irregular branes. The formulae given below work for the ir-
regular case, whereas for the discrete case, we need to replace the modulus |... |
by ordinary brackets (...) (in both, z and u variables, since we are working with
aregular z dependence as well; see e.g. section 5.5.3). This is necessary to ensure
that the identification C, = Ay, equation (5.14), still holds true.

5.3.1 Bulk-Boundary OPE for ©;,;

For the irregular dependence, the bulk-boundary OPE reads

3,2 _ _
01/2(Uz122) = |22 — 2212Y |up + 12| Co (1/2,01001 {1 + O (22 — 22)} +
t1za = 21722 Jup + 1212 Co(1/2,1]00)- (5.18)

(IO (u2|Re(2)) {1 + 0 (22 — 22)} -

The upper sign corresponds to gluing map p,, the lower sign to p;. In order to
obtain the regular dependence, one simply replaces |...| by (...) and leaves out
the subscript o. This ensures (5.14) to remain true.

5.3.2 Bulk-Boundary OPE for ©®j-z,,

In the irregular case, one has

Op-20(Ua]22) = 120 — 221" 2 Juy = 217 Co(b72/2,01001 {1 + O (22 — 25)} +

+lzo = 2217wy £ 0P Cr (D272, b7 ) -
C(IO)ES (uz IRe(2)) {1 + 0 (22 — 22)} +
tlzo— 2 2o (0722, b2 — 1)) -
SIS (un [Re(2)) {1+ 0 (22— 25)} .
(5.19)

Again, upper sign corresponds to gluing map p», lower sign to p; and the regular
dependence is obtained by replacing |...| by (...) and dropping the o.
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5 Boundary H; CFT

5.4 A First Constraint on the One Point Amplitude from
Reflection Symmetry

The main constraints on the one point amplitude we want to study are of the
Cardy-Lewellen type (section 4.2). Yet, in the H model the first nontrivial con-
straint arises from the reflection symmetry (3.17). We give the details of its
derivation for irregular as well as regular branes in this section.

5.4.1 Irregular One Point Amplitudes

Due to the reflection symmetry (3.17), the one point amplitude has to obey

T _ 25 . _
1 luxal™ Aq (jlo)
yiso (5.20)
T A (—j - 1),

=—R(—j— I)J 2w |u—uw' | |u T
C
The upper sign corresponds to gluing map p;, the lower sign to p,. Note that o’ =
o(u'). Since we can always expand Ay (—j — 1|&) = A%(—j — 1|x) + 0’ A (—j —
1|x), we need to compute the integrals (e € {0, 1}):

IF = J 2w Ju-—w | sa | Y o)e. (5.21)
C

Gluing Map p; - Calculation of I,

Assume u, > 0. We split the integral into
— € oo ’ 0 ’ 1\2 r\2 2j rN=2j-2
I7 =(-) J dulf du [ (ur = uf)? + (uz —up)?| ™ (—2uh) 224

+0oo Uuz 2j .
+ du'J dub | (uy — uh)? + (ur —ub)? 2ub) A2 4
| aw s [ - up)? + e - up?] 2up) 502)

+ 00 + o0 ) 5 2j 9ilo
’ ’ ’ ’ 7N — —_
+ du; dus, [(u1 —up+ (U2 —us) ] (2uy) =/
—00 U

= (D)} + 5+ 5.

Being careful about signs and using some Gamma function identities (see ap-
pendix C), we obtain

T i
I; =~ —al¥, I =-I. 2
1 2J+1 |u ul ’ 2 3 (5 3)
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Now, assume u; < 0. In this case, we choose the following splitting
+ 00 us Zj ‘
le = (_)ej du; J du [ (ur —uf)? + (uz —up)?| ™ (—2uh) 224

+ 00 0 0 .
+(_)€J du'lj du; [(ul—u'l)2+(u2—u'2)2] J(—Zué)‘21‘2+
e w

(5.24)
+ 00 + o0 2j .
+ J du Jo du, [(ul —u))? + (up - u'z)z] (2uh)~2i=2
= ()7 + ()5 + I3
This time we get
< _ _7< < _ _ s _12]
I I3, I3 2i+1 lu —ul’. (5.25)
Assembling, we obtain
I =" ju—al¥ (o) (5.26)

Gluing Map p> - Calculation of I/

Splitting the integral as before and renaming the integration variables, it is easy
to see that

IF=I7(uy = up) = — lu+ul* (—o)C. (5.27)

T
2j+1
The Constraint for Irregular One Point Amplitudes
Putting things together, we arrive at the constraint

As(jlo) =R(=j - 1A (= - 1|x). (5.28)

Using the definition of the reflection amplitude (3.18), we are led to redefine the
one point amplitude

Fo () == ViT(1 + b%(25 + 1)) Ag (jl ) (5.29)

(note that we have dropped the x-dependence of f;;). For this redefined one point
amplitude, the constraint simply reads

fo(j) ==foo(=j—1). (5.30)
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5 Boundary H; CFT

5.4.2 Regular One Point Amplitudes

This time, there is no signum, so we only need to compute the integrals:

rF =J ' fu—u |V Fa) R (5.31)
C
Up to a sign and the missing signum, the result is very much the same as before:
_ T 2
I = ——— 7, .32
2j+1(u+u) (5.32)

Therefore, in the regular case, the constraint for the redefined one point ampli-
tude is
fG) =+f(=j—-1). (5.33)

5.5 1/2-Shift Equations for the Discrete Branes

In this section we give details concerning the derivation of 1/2-shift equations

for discrete AdS, branes. The equation for irregular AdSéd) with gluing map p»

had been given in [76]. This is why we do not go into any detail there. The other
1/2-shift equations in this section are new and have originally been derived by
us in [67].

5.5.1 Irregular AdSéd) Branes - Gluing Map p>

Ansatz for the One Point Functions

The gluing map is p,. Choosing the irregular u-dependence, it restricts the one
point function in the presence of boundary condition « to be of the form

<®j(u|z)>a =1z -2y + @Y Ay (jl o). (5.34)

Note that the one point amplitude depends on ¢ = sgn(u + ).

1/2-Shift Equation

Making use of a relation to Liouville theory (that we shall review for other rea-
sons in chapter 7), the following shift equation has been derived in [76] for the
redefined one point amplitude (5.29). It is

1 . . , 1 ,
- 20(-b?) sin[2mb? | sin{b? 2] + 1)1 fo (5) fo () =

_ sin[mbh2(2] + 2)1f, (j + %) _ sin[tb?2j1f, (j - %) .

(5.35)
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5.5 1/2-Shift Equations for the Discrete Branes

We can rederive this by studying the two point function with a degenerate field
©1,2(u|z), but we do not go into this now. We detail a similar calculation in the
next subsection.

5.5.2 Irregular AdSéd) Branes - Gluing Map p;
Ansatz for the One Point and Two Point Functions

Choosing the irregular u-dependence, the gluing map p; restricts the one point
function in the presence of boundary condition « to be of the form

(0;ul2)) =1z = 217" ju— )™ Aq (jle. (5.36)

Our ansatz for the two point function Gf;(uilzi) = <®1/2(u2|22)®j(u1|21)>0‘
with degenerate field 1/2 (fixing the u; and z; dependence up to a dependence
on the crossing ratios) is

2 . ~h(j = |—4h(1/2
Gialur, us|z1,22) = |21 — 2y [P 7RDT |2y — 2, 740020 .
21 a2 H® (5.37)
Slur =Y g - ue T Hy (1l 2),
with crossing ratios
2 2
_z2 = z4] and _lue —uy | (5.38)
= ) = S :
|zo — 21 [up — 11|

Knizhnik-Zamolodchikov Equation

Mapping z; — 0, 2, — 1 and Z; — o (i.e. zp — z), and analogously in the u’s, the
Knizhnik-Zamolodchikov equation (4.9) for z; is brought to standard form

~b2z(z - DA-H " (ulz) = u(u — 1) (w — 2)2H ) (u|z) +

+ [u2 - 2j+Duz+Qj+u+ z] auHJ(.iX)(ule (5.39)
+ [u + %(2]‘ -1z —j] H%(ulz).

2)

Since @17 is a degenerate field, HJ(-'(X

(u|z) also satisfies the singular vector equa-
tion 8§H;20)((u|z) = 0 and hence, it is a simple polynomial in u:

H{%\(ulz) = Ho(2) + uH:(2). (5.40)
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5 Boundary H; CFT

Plugging this into (5.39) and comparing coefficients in powers of u, we obtain
three equations (from O (u?), ©(u!) and O(u?)). The O(u?) equation is trivially
satisfied, the other two read

—-b7%z(z-1)0,Hy = [%(Zj -1z —j] Ho + zH; ,

3 (5.41)
-b™?z(z-1)0,H; = Hy + [—52 —jz+j+ 1] H;.
Solving the first of these two equations for H; gives
Hy = —b2(z - 1)3,Hp — [%(21—1)—5110 (5.42)

and thus, knowing Hj, we can immediately compute H; from (5.42). Plugging
(5.42) into the second equation results in a second order differential equation for
Hj. It reads

2(1-2)202Hy = b2 [(1 - 2) —z(1 - 2)(2 - b™2) | 3. Hp~
3 (5.43)
- b* [(2j—1+b‘2j) ~zYj(Gj+1+Db2) —z(j2+j - Z)]HO.
This equation can be transformed to a differential equation of hypergeometric
type. Setting Hy = z” (1 — z)1hy yields
1202002 + [y — (a+ B+ 1)213. — B} ho = 0, (5.44)
provided that p = —b?j and q = —1b?. The parameters are
o=-b*, B=-b2(2j+2),
> I (5.45)
y=-b"(2j+1).

Two linearly independent basis solutions are chosen from requiring their asymp-
totics to be those of an s-channel conformal block. Namely, we expand

HPYulz) = Y alF; (ulz) (5.46)

=+
and require that for z — 0 followed by u — 0:3
Fi . (ulz) = MUrU2-hO-hA2y0 11 + O(u) + O(2) ]
—z M1+ 0w +0(2)],
Fi_(ulz) = "U-12=hD=hA2y L[] + O(u) + O(2)]

=0y 1+ o) + 0(2)].

(5.47)

3The order of the limits is important and determines the normalization of our conformal blocks; see
[72, 83].
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5.5 1/2-Shift Equations for the Discrete Branes

This selects the basis solutions
Fiulz) =27V (1 - z) P2 {F(a,ﬁ; ylz) -

- u(%)F(oH— 1,By+ 1|z)},
Fi_(ulz) = ZP* U+ (1 —z)’hz/z{uF(B -y, x—y+1;1-ylz)-

_Z<B__Y>F(B_y+1,a—y+1;2—)’|2)}-

(5.48)

1-y

where F(«, B;y|z) is the ordinary Gauss hypergeometric function.

Expansion Coefficients

The only thing left to determine in (5.46) are the expansion coefficients al. This
is done by using the OPE between ©;(u|z;) and ©;,2(uz|z2) on the left hand
side of (5.37). Since |z, — z1| — 0 implies z — 0 and we have chosen the z — 0
asymptotics of the conformal blocks to be s-channel asymptotics, the comparison
of left and right hand side becomes easy: The z-asymptotics that accompanies

the coefficient aé on the right hand side is adjusted to match the asymptotics
coming with the emergence of the field ©;, from the OPE on the left hand side

(j. = j + 3). To see this in detail, the z — 0 asymptotics coming from the F?$
J J 2 Jit+
block on the right hand side in (5.37) is
2. ot o :
RHS+ ~ Z—b J|Zl _ le Z[I’L(_])‘Fh(l/z)]‘ul _ u1|21+1a1
=z - 21 |—2b21|21 _ 21|—2[h(j)+h(1/2)]+2b2j|ul i ‘2(j+1/2)a{_ (5.49)
_ 2 . - _ . _ . i
= lzo — 21|72y = 2, |PRUTYR g — iy PVl
what matches the following asymptotic contribution from the OPE on the left
hand side (see the OPE given in section 3.5.2)
LHS" = |2y — z | 2RI +R(/D=h(+1/2))| 5 _ 5 |=2h(j+1/2),

cluy - ‘2(j+1/2)c+ (J)As(J+lo0)

e o o
=|zo — 211720 |z = 2| T2RUTLD gy — gy |2UHL2),

“Ch (A (o).

(5.50)

Here, C, (j) is the OPE coefficient C(j + 1/2,1/2,j) and A, (j.|x) the one point
amplitude of the field ©;,;,» appearing in the OPE. In just the same way, the
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5 Boundary H; CFT

z — 0 asymptotics coming from the F 5-’_ conformal block on the right hand side
of (5.37)

24 R 1 _ 1 j
RHS+ ~ Zb (J+1)1/L|Z1 _ le Z[I’L(J)Jrh(l/z)]‘ul _ u1‘21+1aJ_

20z - : _oh2(q
|22 _ Zl|2b (J+1)|u2 _ u1|2|21 _ le 2[h(j)+h(1/2)]1-2b(j+1)

ug — g [P al

207 JE i—
= lzo = 21 /P" UV Uy — uy 2|2y — 29| 72UV,

g — g 2D gl
(5.51)

is seen to match the asymptotic contribution resulting from the appearance of
the field ®;_1,, in the OPE on the left hand side:

LHS™ =~ |2y — zq| 2RO +h(/2=hG-12T ) — 41122y — 24| 2RG-1/2).
uy = PUTVEC () Ag (G- x)
27 N i
=lzo = 21 P" UV Jup — ug 122y - 29| 72UV,

uy = [PUTVEC (DA (G-l )
(5.52)

Consequently, we have the following simple expressions for the expansion coef-
ficients )
at(®) = Ce(j)Ag (el ) (5.53)

(but as mentioned before, this just reflects the normalization of the conformal
blocks). Thus, as usual in boundary CFT, the correlator’s dependence on the
boundary condition is captured by the expansion coefficients.

Factorization Limit and 1/2-Shift Equation

In the factorization limit, the degenerate field ©;,2 (u2|z2) is taken to approach
the boundary, i.e. one takes Im(z;) — 0, what implies that z — 1 from below. This
limit can be taken without difficulty, since the behaviour of the conformal blocks
(5.48) for z — 1- is determined from the limiting behaviour of the occuring
hypergeometric functions. Indeed, the limit z — 1— for F(«, B;y|z) is very well
known. The F JS ., conformal block goes like

T+ B—-y) j
—l"((x)l"(B) ay (x), (5.54)

where we have projected onto the identity contribution, since the constraint we
are aiming at makes use of this channel only (see section 4.2). We can do the

Py Fy. = (-2 (1 -w
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same for the F 5-'_ conformal block. It behaves like

s g A =T+ B-y) j
P F o =(1-2)"( ”)r(ﬁ—y)r(a—yﬂ)a’(‘x)' (5.55)

The leading u, z dependence (1 — z)3*/2(1 — u) becomes, together with the
prefactor in (5.37):

332 _ _h(i _ _ i _
(1-2)2° (1 —w)lzy — 21 [PRA27RDY zp = 25 B2 1y — g |27y — 112 =
- ; _ : _ 332 _
=|z1 = 2117?"D\uy — g 1P zp = 21207 [up — 1o,
(5.56)
where we have used that

1_y-lm—allzz—2 | o10elus —llus — | (5.57)
|zo =212 7 luz — w112 '

together with Im(z;) > 0, Im(z;) > 0 and o7 = 0». As a result, the right hand
side of (5.37), projected onto the identity contribution yields

PyG P wilzi) = |21 — 21179 |uy — 1% |22 — 22127 |uz — it -
I+ B-y)
L(e)I(B)

I'(l-y'a+pB-y)
rf-ylx—y+1)

Ci(HAc(j+1/2]00)+ (5.58)

C—(j)Aa(j_1/2|0()}-

Making use of the bulk-boundary OPE (5.18) for ©;,, in the two point function
(5.37) and projecting onto the identity, we also obtain

PrGN (Uil Zi) = |22- 22| 27 [up— 1121 Cor (172,01 00) |21 - 21 1729 [y —101 | Ag (1 00).
(5.59)

With the identification C;(1/2,0|x) = As(1/2]|x) and redefining the one point

amplitude as in (5.29), we finally obtain our desired 1/2-shift equation:

1 . . , 1 .
—FF(—bz) sin[2mtbh?] sin[mb?(2j + 1)1 fs (E) fo (j) =

2 2
(5.60)

:snﬂnb%2j+2ﬂf5<j+l>—ShﬂﬁbQJU}(j—l)
Remarkably enough, it is the same as for gluing map p» in section 5.5.1!
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5.5.3 Regular AdSéd) Branes - Gluing Map p>
Ansatz for the One Point and Two Point Functions

This time choosing the regular u-dependence, the gluing map p» fixes the one
point function as (note that we are not including a signum as discussed in section
5.2.1)

(0;ml2)) =(z-2)""Y (u+ ) Ajlo). (5.61)

The boundary two point function with degenerate field 1/2 is

G;‘,Z;(ul,uz\zl,zz) = (21 — 21) 72D (25 — 2,) 72D
5 @) (5.62)
S(ur + @)Y (uz + 1) Hy  (ul2),
with crossing ratios

Y 2

121 = 22| and u-= U = o (5.63)

T (z1-21) (22— 22) (g i) (Up )

They take values in z € (—,0) (because z;, z, are in the upper half plane) and
u € (—o0,0) (if we take o7 = o).
Knizhnik-Zamolodchikov Equation

Mapping z; — 0, Z; — 1 and 2, — « (i.e. zp — z), and doing analogously in the
u’'s, the standard form of the Knizhnik-Zamolodchikov equation (4.9) for z; is

—b2z(z - D0 H ) (ulz) = w(u - 1)(u - 2)95Hy (u]2)+
+[-2ju? - 2uz + (2j + Du + z| 0uH o (ulz) + (5.64)
+ [2ju - j1H{ 5 (ulz).
The procedure of solving this together with the singular vector equation
O2H y(ulz) =0 (5.65)

is precisely as described in the previous subsection. We end up with the following
s-channel conformal blocks:

Fi(ulz) = 2701 - 2)70 {F(rx,ﬁ; ylz) -

-u (;) Flx+ 1,8y + lz)},
Fi_(ulz) = 220V - 2) P uF(B -y, 0 -y + 1;1 - ylz)-

—z(B:—;/)F(B—y+1,o<—y+1;2—y|z)},

(5.66)

1
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with parameters

«=-b%(2j), B=-b*QRj+2), y=-b*Qj+1). (5.67)

Expansion Coefficients
The expansion coefficients have to be modified slightly in this case. We have
al(®) = eCIR (Al o). (5.68)

The sign in a’ is due to the minus sign in the definition of u in (5.63).

Factorization Limit and 1/2-Shift Equation

Taking the limit Im(z;) — 0, we have this time that z — —oco. This limit of the
hypergeometric function is also well known, so there is again no problem here.
The z — 1 asymptotics of the F JS ., conformal block projected onto the identity
contribution reads

0gimb? LI (B = )

P =2 Ty — ) (5.69)
while for F; _itis
s 0a-imp2(j+n LA = YIT(B - o)
Pufj- =2 Tyl - G-70
Therefore, we obtain
PLG o uilzi) = (21 — 21) 2" (2 = 22) 7MY (g + 1) (U2 + o) -
: {emh%wai etz TA=TB - ) } (5.71)
T(BT(y —a) T(B-y)I(1-c) )"

On the other hand, when making use of the bulk-boundary OPE of 0, inside the
correlator (5.62), we get

PrG i uilzi) = (21 — 21) 72" (2 = 22) 7MY (uy + 1) (uz + o) -
- C(1/2,0l)A(jlo) .

(5.72)

Identifying C(1/2,0/x) = A(1/2|x) and using the explicit expressions for the
OPE coefficients (section 3.5.2), we arrive at the following 1/2-shift equation for
the redefined one point amplitude (5.29):

e sin[mrh? (2 + 2)1f (j + 5 ) - e U sinfrb2)1f (7 - 5 ) -

1 , , , 1 (5.73)
= —;F(—b )sin[2mb*]sin[h-(2j + 1)1 f (E)f(J).
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5.5.4 Regular AdSéd) Branes - Gluing Map p;
Ansatz for the One Point and Two Point Functions

Again we choose the regular u-dependence, so that the gluing map p; fixes the
one point function to be

<®j(u|z)>a: (z—2)"0 (u - ) A ). (5.74)
The boundary two point function with degenerate field 1/2 is

G 1, uz|21,22) = (21 — 21) 720 (25 — 2p) 7202
) o) (5.75)
(=) (ue - w2) HiY  (ul2),

with crossing ratios

2
_ w1 — uo|
(uy — 1) (U2 — o)

2
|z1 — 2|

= 5.76
(z1=21) (22 — 22) ( )

and u

Note that again z € (—o0,0), z € (—00,0), as in the preceding subsection.

Knizhnik-Zamolodchikov Equation

Mapping z; — 0, Z; — 1 and Z, — o (i.e. z — z), the Knizhnik-Zamolodchikov
equation (4.9) for z; is brought to standard form

—b2z(z - D)0-H ) (ulz) = w(u - 1)(u - 2)92Hy (u]2)+
+ [—2ju2 —2uz+(2j+1)u+z] auHJ(.iX)(ule (5.77)
+[2ju —j]Hf&(u\z).

This equals exactly the Knizhnik-Zamolodchikov equation in the previous sec-
tion. Thus, we obtain the same conformal blocks as above (5.66).

Expansion Coefficients

The definition of u does not contain a minus sign. Therefore, the expansion
coefficients are this time given by

al(e) = Cc(j)A(jel ). (5.78)
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Factorization Limit and 1/2-Shift Equation

In the limit Im(z,) — 0, the same comments as in section 5.5.3 apply. The 1/2-
shift equation that we produce reads

emsz sin['Isz(Zj +2)1fo <J + %) + e—ian(j+1) Sjn[ﬂbZZJ]f(r (J - %) =
1 2 2 2 L o
= — _T(=b?) sin[2rb*]sinlmb?(2j + 1)1 fo (g)fa(l)'

Note that this 1/2-shift equation differs from the one for p, (5.73) only in the
sign between the two terms on the right hand side. It is this little detail that will
later (in section 6.1.4) allow for a more general solution than in the case of p,.

5.6 1/2-Shift Equations for the Continuous Branes

In this section we assemble the 1/2-shift equations for the continuous AdS»
branes. The ansitze for the one point functions are always as in the preced-
ing section and the two point functions are computed in exactly the same way.
Therefore we just state our results here. Actually, the 1/2-shift equations can
readily be obtained from their counterparts for the discrete branes. One only
needs to replace Cs(1/2,0|x) by ¢5(1/2,0]/x) (recall section 5.2.4) and notice
that an additional factor of /v, T(1 + 2b?) appears along with é,(1/2,0|«) from
redefining the one point amplitudes according to (5.29). Using the relation

3 T
[(1+2b2)I(-2b2)’

sin[2mTb?] = (5.80)

one easily sees that the standard factor appearing along with ¢é,(1/2,0]x) is
2

Vb rr((—_thZ))' The 1/2-shift equations for the irregular continuous branes with

gluing maps p»/p; had already been stated in [72]/[79]. The regular cases are

new [69].

5.6.1 Irregular AdSéC) Branes - Gluing Maps pi, p2

As before in the discrete case, we find identical 1/2-shift equations for gluing
maps p1, p2. The equation reads

Ir(-b?) .

VI Co (112,010 sin[rtb?(2j + D 1fs () =

(5.81)

_ sin[mbh2(2] + 2)1f, (j + %) _ sin[b22i1f, (j - E) .
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5 Boundary H; CFT

5.6.2 Regular AdSéC) Branes - Gluing Map p>
Using the above recipe, we read off the following 1/2-shift equation from (5.73):
e’ sin[mth? (2] + 2)1f (j +

e sz))é(l/Z 0lo) sin[mth?(2j + D)1F(j) .

%) — e MUY gin[rb22j] f (j - %) =
(5.82)

-

5.6.3 Regular AdS® Branes - Gluing Map p;

This 1/2-shift equation differs from the previous one only in a sign on the left
hand side:

™ gin[1b? (2] + 2)1f (j +

r(-b?) . 2 )
T sz)c(1/2 ,0l) sin[th< (27 + 1)1 f(j).

%) + e 1M UHD sin[rb22j] f (j - %) =
(5.83)

-V
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6 More Shift Equations via Analytic Continuation

Having discussed 1/2-shift equations, there is an immediate call for solutions. In-
deed, solutions to the 1/2-shift equations given in the previous chapter together
with the reflection symmetry constraint (5.30), (5.33) can be given and have been
given (partly by us and partly by others; see the next two sections for precise
citations) [72, 79, 78, 76, 67, 68, 69]. We shall discuss these solutions in the
present chapter. One problem is, however, that the 1/2-shift equations do not
fix the solutions uniquely. Thus, the goal is to derive a second independent shift
equation, in order to make the solutions for the one point amplitude unique and
hence back up their consistency. The natural candidate from which to derive a
second factorization constraint is the two point function involving the next sim-
ple degenerate field which has s((2,C) label j = b~2/2. The aim of the present
chapter is to study this two point function, analyse how it provides us with the
desired b—2/2-shift equation and study the implications of the new constraints.
In this, we follow closely our article [69].

Our derivation of b~2/2-shift equations starts with solving the associated
Knizhnik-Zamolodchikov equation for the two point function involving the de-
generate field ©,-2,,. Contrary to the situation that we encountered for the 1/2-
shift equations in the last chapter, the solution for the correlator is not every-
where defined, but only in a certain (u, z)-patch. Unfortunatley, in order to take
the factorization limit, one has to move out of this initial region. Consequently,
a continuation prescription for the two point correlator is needed. Since, in its
initial domain, it is in fact an analytic function of both variables (u, z), we shall
assume here that it can be extended to other regions by analytic continuation in
(u,z). Then, a definition of the two point correlator can be given in the patch
that is relevant to the factorization limit and we can derive the desired b~2/2-
shift equations.

With these new equations at our disposal, we then go on and study solutions
for the one point amplitudes. The strategy is to write down the most general so-
lution to the 1/2-shift equation together with the reflection symmetry constraint
in a first step and then insert this solution into the new b~2/2-shift equation.
This will usually restrict the solution further or exclude it as beeing inconsistent
[69].

Having described the programme to be carried out in this chapter, let us men-
tion briefly what is to follow afterwards. In fact, the continuation prescription
alluded to above is not the only possibility. From a correspondence between the
H3 model and Liouville theory [74, 73], a certain continuity prescription has been
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6 More Shift Equations via Analytic Continuation

proposed [73]. We are going to review the correspondence in chapter 7 and also
explain this continuity proposal. Then, in chapter 8, we describe our work [68],
where we have shown how the continuity proposal can be realized explicitly in
the H] model and have analysed the consequences for b~2/2-shift equations and
their solutions. But before we come to that, let us now turn to the approach that
uses analytic continuation.

6.1 Discrete Branes

In subsection 6.1.1, we give the details of our derivation [69] of the b~2/2-shift
equation for the irregular discrete AdS, branes with gluing map p,. With the
help of our new shift equation, we then discuss consistency of the solution pro-
posed in [76]. Afterwards, we proceed with the b~2/2-shift equations and their
solutions for the cases of irregular discrete AdS, branes with gluing map p,, reg-
ular discrete p, and regular discrete p;. All the b~2/2-shift equations and results
about the one point amplitude solutions that we discuss for these cases have
been given by us in [69].

6.1.1 Irregular Adséd) Branes - Gluing Map p>
Ansatz for the One Point and Two Point Functions
Recall the form of the one point function from section 5.5.1

(0jml2)) =1z - 217" ju+al* A (jloo). (6.1)
Using the Ward identities, the form of the two point function

Gailzi) = (Op-22(U2122)0; (w1 121)) 6.2)

can be partially fixed as
21|2[h(b‘2/2)—h(j)] 1z) — 22‘—4h(b‘2/2) .

2
G, uzlz1,22) = |21 -

o 12j-b7? = 12b72 1(2) (6.3)
Slug V77w + w7 T H L (ul2),
where Hj(vzoi(ulz) is an unknown function of the crossing ratios
2 2
122 — 21| U2 — uy |
= ——>5 and = . (6.4)
1z2 — 21 luz + 1 |

Taking the physical cut, the crossing ratios are real and take values 0 < z < 1
and 0 <u < 1.
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6.1 Discrete Branes

Knizhnik-Zamolodchikov Equation

We use the Knizhnik-Zamolodchikov equations (4.9) for z,. Mapping z; — 0,
Zy - 1l and Z; — o (i.e. zp — z) and analogously in the u’s, brings this equation
to the following standard form
b 2z(z - l)azHJ(-?;(u\z) =u(u-1)(u- z)aﬁH}?&+

+{[1-2p2|u + [p? - 2j - 2]uz + [2j + b2 |u+zl ouH o+ (6.5

b tu+ b2 -b42]z- b2 HE.
Since one field operator is the degenerate field ®,-2,,, the space of solutions is
finite dimensional. In fact it consists of three conformal blocks only, namely
those for j. := j+b~2/2 and jx := —j—1—b~2/2. The general solution therefore
reads )

HZ% = Y allFs, (6.6)

with (see [83] and [96])
Fioulz) =z (1-2)" PR (e B, B yIus 2)

Fi_(ulz) = 2010 (1 - )yt b 2 (g 2) k.

z z )
z-u'z-1)"’

-F1<1—B’,B,(x+1—y;2+ﬁ—y

Fs =i (1 _ o\=b2/2 i (x+1-y) (oI (y = B) . (6.7)
lulz) =271 = 2) ¢ ” IMax+1-B)I(y-1)
1
- {u“*Fl (o<,o<+ 1-y,B;0+1-8 a;%) _

INax+1-B)I1-y)
Mo +1-y)I'(1-p)

The function F;(«, B, B’,ylu;z) is a generalized hypergeometric functions, the
first one of Appell’s double hypergeometric functions. We give an overview and
summarize its most important properties in appendix C. See the books [96, 97]
for more information. Splitting the common factor z=/ (1 — z)=?"*/2, these func-
tions are found in [96] as (respectively) Z;, Z5 and the last one is a combination
of Zg and Z;. For the occuring parameters we find

ax=B=-b2 B =-2j-1-b2 y=-2j-b">. (6.8)

For our purposes, we like to replace the F j‘, block by

P 't

Fl((x,B,B';ylu;Z)}.

Fi_(ulz) =279 (1 - 2) 0 Py Bz b
z (6.9)
-k (1+B+B’—y,B,1+o<—y;2+/3_y'a;z>.
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6 More Shift Equations via Analytic Continuation

This is found in [96] as Z;5 and coincides with the conformal block given in (6.7)
in the overlap of thei}r domains of convergence [96] and thus, (6.9) is a coptinu-
ation of the former ‘F j.y_ block. Also, we continue the first summand of f f-’x to

(%, 7) = (n,8) = (0,0). Then, one of the resulting two terms precisely cancels
the second summand of F JS-'X and we are only left with

Fiulz) =271 (1= 2)70 2yl

.GQ(B',1+(X—y;1+3_y’y_l'_%H/L). (6.10)

G2 (B, B’; &, &’ |u; z) is again of the generalized hypergeometric type. It is the
second function appearing on Horn’s list. We also give an introduction to this
function in appendix C and refer to [98, 97] for more information. With our
modest improvements, the boundary two point function is now defined in the
region z < u < 1. For convenience, let us once and for all assemble the conformal
blocks we are using;:

Fiowlz) =277 (1=2)7 R (o, B, B ylu; 2),
S (ulz) =z7(1- Z) b2y B 1By
-F1(1+[3+B'—y,B,1+o<—y;2+B—y’5;2), 6.11)
Fi(ulz) =z77(1 - Z) b2yl
-G (B’,1+(x—y;1+ﬁ—y,y—1 ‘—%;u)
with parameters
x=B=-b2 B =-2j-1-b2% y=-2j-b"2. (6.12)

(6.11) constitutes a linearly independent set of three solutions. By general theory,
any other solution can be expressed as a linear combination of them [97]. This
reflects nicely the fact that the degenerate field ©,-2,, restricts the propagating
fields to only three possibilities, namely those belonging to representations j.
and j«, as we have mentioned above.

Expansion Coefficients

The constants ué(a) in (6.6) are some still undetermined coefficients. They are
fixed by using the bulk OPE of the two field operators on the left hand side and
ta_king the appropriate limit [z — z;| — 0 on the right hand side of (6.3). The

al(x) will then generically turn out to be some product of bulk OPE coefficient
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6.1 Discrete Branes

times one point amplitude, which is why the «-dependence occurs in the ag-
coefficients. Using a bulk OPE on the left hand side of (6.3), we obtain

2
G, uz021,22) =

_27 _ - i _ ith—2 . .
~|zy — 2117 |zy = 20172 Juy [P CL () A (G L) +

+lzo = 2115 Jup — w1227 |2y — 21|70
i (6.13)
clug +ag C_(j)As(j-lo)+
+lz2 = 2117 fug —ug P |2y — 2y RO
g+ I () A ()
We have used here that
h(j.)=h(j )=h(')+h(b‘2/2)— j
J+ Jx J J (6.14)

h(j_.) =h(j) +h(b72/2) +j+1.

For the explicit expressions of the bulk OPE coefficients C(j) see section 3.5.3.
On the right hand side of (6.3) we can also take the limit |z — z;| = 0 (= z — 0+)
followed by |u, — u;] — 0 (= u — 0+). The conformal blocks (6.11) behave as
follows:

Fiiulz) =z,
S (ulz) ~ Zit iyt (6.15)

_i i -2
.zj(u‘z) ~z Ju2J+l+b .

Together with the prefactor of (6.3)

- -2 ; _ -2 _ P2 _ -2
|z — 21 2RO | 2y 2 | 7HETD gy oy 1P g PP = (6.16)
R -2 i _ 2iih2 :
~ ‘Zl _ le 2[h(b=</2)+h(j)] |,'/L1 + i ‘2J+b
and recalling that
2 2
Zr— 2z U — U
_ % and _ %’ (6.17)
|zo — 21| [up + 11|
we find precisely
al(x) = Ce(j) Ao (Jel o) . (6.18)
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6 More Shift Equations via Analytic Continuation

Factorization Limit and b2/2-Shift Equation

The idea is just as before in the case of 1/2-shift equations (chapter 5): In order to
obtain a shift equation, take the limit Im(z,) — O (implying z — 1-). The problem
that occurs here is that the original conformal blocks (6.11) are only defined for
z < u < 1 and therefore, the factorization limit cannot be taken straight away.
Hence, we have to make an analytic continuation to a suitable region. This is a
little involved. Let us take the F JS.‘, block as prototype example to illustrate the
problems that one encounters. It shows all features that can become important.
Recall that

¢ (ulz)=z7(1 - z) 2y BBy

2 (6.19)
-F (1+B+B’—y,B,1+a—y;2+B—y‘a;z) .
The conformal blocks we are using (6.11) are well defined in the region z < u < 1.
Remember that the crossing ratios u and z, as given in equation (6.4), are both
real with 0 < u,z < 1 in the physical cut. For now, we can work in that region.
Later (see below), we shall need to relax the reality condition on u, z slightly, i.e.
we will move away from the physical cut in a controlled way. But for the moment,
we like to maintain u < 1, which corresponds to equal signs o; = 0». Since the
factorization limit requires z — 1—, we necessarily need to continue to a patch
where z > u, u < 1, z =~ 1. We cannot use the standard analytic continuation
of Appell’s function F; as given in [97], because some coefficients turn out to
become infinite in these formulae. This is due to the following relation between
the parameters (6.12):

1+B8 —y=0. (6.20)

The invalidation of the continuation formulae in [97] can be traced back to a
special (logarithmic) case in the continuation of Gauss’ hypergeometric function,
when expanding F, appropriately (see appendix C). We will see this in detail

shortly. In order to continue F; _ sensibly, the first step is to expand the occuring

Fi(...|Z;z) in powers of the first variable £ (see appendix C)

Fi (BB 1+ B-yi2+poy|Ez)

< (B)n(Bn
Z 02+ B-

(Z/u)" (6.21)

F(B+n 1+B-y;2+B—-y+n|z)

and then use a standard analytic continuation (as found e.g. in [98]; we also cite
it in appendix C) of Gauss’ hypergeometric function F(...|z) in order to expand
it in terms of (1 — z). As can be seen from the parameters, this is a generic case.
Furthermore, since 0 < z < 1, also 0 < (1 — z) < 1, meaning that no branch cuts
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6.1 Discrete Branes

are met and convergence in the domain needed is ensured. Two different terms
arise from this continuation:

F (B,B,1+B—y;2+,8—y‘§;z) =:r(2+1€(;)_/);§1_‘B)I<E;1—z)+

TR+B-=YIB-1) . g (2.4 _
LRI+ p_y 72 i(fin-2).

(6.22)

Let us focus on the first one. After some minor manipulations it reads:

z. < (B)(B)n PN ¢k
1(6,1—2)_2—(1)71 FB+m1+B-yipll-2 00 (603

n=0
Now, we expand the hypergeometric function in powers of (1 — z) to yield a dou-
ble expansion. Afterwards, the whole expression can be resummed and written
as a single expansion again, but this time in powers of (1 — z) only:

z > z\ (1—-z)™m
I(u,l z)_mZ:O(HB y)mF<B,B+m,1‘u) 27 (6.24)
In order to reach the desired patch, the “inner” hypergeometric function must
now be continued to yield an expansion in the variable % This, however, is no
longer a generic case, but a logarithmic one. It is precisely where the formula for
the full Appell function F; in [97] breaks down. Nevertheless, we can do it right
here. The appropriate continuation formula for the Gauss function is found in
[98], for example. For convenience, we have also included it in appendix C. After
its use, the resulting series it not easily resummend again to yield some familiar
functions. But since we are taking the limit z — 1 anyway, we can isolate the
leading term in (1 — z), which is just the term with m = 0 in the above expansion.
Thus, for z — 1, the result is

et & (BB ut iy )
1= {0 BB 2 (D L1080 + hn(B) —im] {1+ 0(1 = 2)}.

n=0

(6.25)
Note that the u dependence o« log(u) looks rather unfamiliar, but is actually
nothing to worry about: The correct expansion variable for the OPE needed here
is actually (1 — u) and —log(u) = —log(l — (1 —u)) = (1 —-u){1+0(1 —-u)}.
Together with the prefactor z=7 (1 — z) =2 */2 =821+~ which belongs to the def-
inition of F jﬁ, this term has the correct asymptotics corresponding to propaga-
tion of the modes b2 and —b~2 — 1 (see 5.3.2). It does however not contribute to
the propagation of the identity and consequently does not enter the factorization
constraint.
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There is still one more comment to make about the above continuation of
Gauss’ hypergeometric function from n = % to % = % The Gauss function
F(a,b;c|n) has a branch cut along the line n € R.;. Continuation formulae
are invalidated if n or its transformed counterpart take values in this line. This
is, however, precisely the situation we need to handle, if we stay inside the physi-
cal cut region. We overcome the problem by relaxing the reality condition on u, z
slightly: Given the Gauss function F(a,b;c|n), withn € R, n > 1, let n — ne™i¢
(e > 0). Gauss’ hypergeometric function is continuous from below in n (but not
from above for n > 1, so there is no choice involved here), i.e.

F(a,b;cln) = lirgl F(a,b;clne). (6.26)
€e—~0+

We therefore take occuring phases to be in (—27r,0]. In particular, this means
(=) = e™™_ On the right hand side of (6.26), an analytic continuation formula
(see [98] or appendix C) can now be used. In the end, the epsilon is removed
by taking it to be zero and we are back inside the physical cut. This procedure
automatically selects the correct phases. In practice, all we need to do is keep
the phase prescription in mind and write down everything without the epsilon.
In the logarithmic case b = a + m, m € Z, the continuation is

I(c)(-m)*™ )
I'la+m)T(c—-a)

F(a,a+m;cln) =

ad (Wn+m(l—Cc+ @) pem (1 "
. Z Py e—— (—) [log(—n) + hn(a,c,m)] + (6.27)

n

n=0

I'(a+m) I'(c—a—-n)n!'\n

_ —a m-1 _ n
Q™ S Tom - m) @ (1> _
n=0
With our phase prescription, the logarithm becomes log(—n) = —log( %) —imr and
(-m)4= ei"“(%)“. This is how the phase e and the —irr in (6.25) arise.

Let us now turn to the second term in the continuation of F; (... \%; z):

) n
11(5;1—z)= S BInF@ - y,1+m2 - Bl - 2) Z (6.28)
u = n!
Expanding and resumming as above, this can equally be written as
[ _ _ m
II(E;l_Z)ZZMF(B’l.Fm;l 5)(172). (6.29)
u m=0 (2 - B)m u m!

u

This time, the continuation from 5 to - follows a generic case. The phase pre-

scription is exactly as above. In the end, as z — 1, we obtain

II ~ ™y BEB, B; Blu) {1+ O(1 — 2)} . (6.30)
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Together with the overall prefactor z=/ (1 — z)1+¢ /24 =Bz1+B~Y (coming from the
definition of F;_ together with the (1 — z)18 from the first continuation) and
using that

F(B,B;Blu) = (1 -u)#, (6.31)

this shows precisely the asymptotic behaviour of the propagating identity. This
term therefore enters the factorization constraint.
The F; , block

Fi(ulz) = z77(1—2) b2yl
2 (6.32)
-G (B’,1+O<—y;1+ﬁ—y,y—l ‘_E;”>'

can be treated along similar lines. Here, we first continue the second variable
u to (1 —u). As this turns out to be a generic case, the resumming works out
again and we can then continue in the firrst variable from % to % This is again
generic. The overall result does not contain a term corresponding to the identity
propagating and hence no contribution to the shift equation is generated here.

Finally, the F; , block

S (ulz) =z (1-2)" 2R (o, B, By U 2) (6.33)
is easily continued using standard formulae of e.g. [97]. We obtain

s 1 teb220 2 LT+ B —y)
e = (22 R W [T (B

w2 TWT(y —x = B)
L Ry oty - )

The first summand gives the identity contribution and enters the shift equation.

While the original two point function, using the conformal blocks (6.11), was
defined in the patch 0 < z < u < 1, the analytically continued expressions are
valid for 0 < u < z < 1 (we always have z < 1 by definition) and therefore allow
for the derivation of the factorization constraint. Using expansions in 1 — = in
(6.11), this two point function can be shown to possess a finite limit at u = z. This
has been anticipated in [73]. Moreover, since we are using analytic continuations,
it must also be continuous at u = z. This feature has been postulated as an
axiom in [73]. Our two point function shows all their requirements except the
anticipated weakening of the Cardy-Lewellen factorization constraint, that is, the
two point function in the patch 0 < u < z < 1 is completely determined from its
expression in 0 < z < u < 1, by analytic continuation.

Finally, let us state here the asymptotic behaviour of the analytically continued
conformal blocks in full. As we have already noted earlier, the parameters «, 3,
B’, y are not all independent of each other, but obey the relations « = f and

S [1+0(1-2)]+
(6.34)
+ (

F(e,Biy —B'lu)-[1+0(1-2)].
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1+ B — y = 0. We therefore eliminate « and 8’ and only work with  and y. Up
to terms which are of order {1 + O(1 — z,1 — u)} we find that

I(y)r(g-1)
I[(BIr(y-1)
N T(y)I'(1-2p)
I'(y-BTI(1-p5)
[(y)r(1-pgrep-1)
I'(y - BT(BT(B)

s L@+ B=YITB=1) inpq _ A1eb2/2(1 _ 4 b2
Fi_(ulz) = TR +h—y) e (1-2) (1-u)” "+
Ir2+p-y)Ira-2p
Ir2-y)r(1-pra-prep

TR+B=YTRB=1) ingr _ \-b2/2(1 _ . 2b-241

Te_yr L@ -2 TmwT e (635)
r2+pg-y imB 1 \-b2/2 o
fe—yrgS 427" 2 b
Ir2-y)r(l1-2pr(y -
ra-pra-pra-p
|: Ir2-y)r2g-y) elm(y=1) _

Fi(ulz) = 1-2)"7 A -wb "+

- 2)—b-2/2+

a- z)’b_z/z(l _ u)zb-2+1 ,

einﬁ(l _ Z)—b’2/2+

(B)n(B)n u
(Dn n!

(1-2)"24

Fix(ulz) =

Fr1+g-yIQ+p-y)

_T@-y)(y ~2BTRE - DI(y - B) eng} _
C(BI(1 =B =PIy - 1)

(1 - Z)fb’z/Z(l _ u)Zb’ZJrl .

This must be compard to the asymptotics of (6.3) when using the bulk-boundary

OPE of @)z, (see the discussion in section 5.2.4 together with section 5.3.2):
G2 ur,ua|21,22) = |21 = 21721V |25 — 220

' , . (6.36)

Sy + w1 (up + 102" Ag (1) Ag (b72/2] ).

We see that the terms o (1 — z)*#7%/2(1 — u)?™* correspond to propagation of
the identity. These are the terms that enter the shift equation. Note that the
7« block does not contribute to these. The other terms which have a leading

lwe take the signs o7 = sgn(u; + 1) and 0> = sgn(uy + 2) to be equal here: o = 02 = 0. One
could, of course, also take 01 = —0» = . This would lead to further constraints. Note, however,
that for o1 = 0>, the crossing ratio u lies in the interval 0 < u < 1, whereas for o7 = —o» we have
u > 1. In the latter case one has to use different analytic continuations when taking z — 1—-. We
have not worked that out.
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z-dependence o« (1 — z)*h_z/ 2 can be identified with propagation of the two other
possible boundary fields ¥,-2 (which has leading u-dependence o« (1 — u)°) and
Y_,-2_; (u-dependence o« (1 —u)ZVZ“). (Recall that, because 0,2, is a degener-
ate field, its bulk boundary OPE is highly restricted). Conveniently, all terms that
appear fit in nicely with this interpretation. Only in the fourth summand in the
block F j’_ we cannot extract the explicit (1 — u)-dependence, because of the ad-
ditional coefficients h, (). They stem from the analytic continuation of a Gauss
hypergeometric function in an exceptional (logarithmic) case (see appendix C).
Yet, from its (1 — z)-dependence it is clear that this term does not come from a
propagation of the identity and therefore does not affect the shift equation. Col-
lecting the terms that stem from the identity propagation on both sides yields
the desired b—2/2-shift equation for the redefined one point amplitude (5.29)

_ -2 -2 o 2
[ra+us]" £, (%) Fold) = fa (j + %) reml (j - %) . (637)

Solving the Shift Equations

The 1/2-shift equation (5.35) is solved by [76]

irroel™m a-imom=1)2j+1) sin[rrnb?(2j +1)]
I'(—=b?)sin[tnb?] sin[rth2(2j +1)] "’
with n, m € Z.2 Note that this also satisfies the reflection symmetry constraint
(5.30). Ome checks however quite easily that it does not satisfy our new shift

equation (6.37). Interestingly, the obstruction is precisely the term that stems
from the F 5-,7 conformal block. Without it, the equation would be obeyed. Never-

foejlm,n) = (6.38)

theless, we need to conclude that the irregular Angd) brane with gluing map p»
is not consistent.

6.1.2 Irregular AdSéd) Branes - Gluing Map p;
Ansatz for the One Point and Two Point Functions

The form of the one point function was (recall section 5.5.2)
(®j(u|z))a =z - 27"V Ju - a¥ Ap (fl ). (6.39)

The ansatz for the boundary two point function with degenerate field b=2/2 (fix-
ing the u; and z; dependence up to a dependence on the crossing ratios) is

2 5 “2/2)~h(j s |—4h(b72)2
G, Uz121,25) = |21 — 2y PO/ |2y — g, | 74h 052

_2j-bh2 _2b72 14(2) (6.40)
- luy =1 | Uy — o] H;(ulz),

2This is how the solution has been given in [76]. In fact we only need m € Z to satisfy equation
(5.35).
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6 More Shift Equations via Analytic Continuation

with crossing ratios

2
_lue —uq
R
[up — |

2
_lz2 =z

_ - (6.41)
|zo — 21

and

Knizhnik-Zamolodchikov Equation

The conformal blocks that solve the Knizhnik-Zamolodchikov equation for z;
turn out to be just the same ones as for gluing map p», so they are given by (6.11)
with parameters

x=B=-b? B =-2j-1-b? y=-2j-b>2. (6.42)

Expansion Coefficients

The expansion coefficients also stay as before:

al(e) = Cc(j) Ao (el ) . (6.43)

Factorization Limit and b~2/2-Shift Equation

Taking the limit Im(z») — 0, we obtain the same b~2/2-shift equation as for glu-
ing map p» (6.37). As the 1/2-shift equations (sections 5.5.1, 5.5.2) also coincide,
this means that the irregular discrete branes that arise from gluing maps p; and
po respectively, are indeed isomorphic. Compare to our remarks in section 5.2.2,
where we speculated that this may happen. However, we do not find a solution
(other than the trivial one) that satsifies both factorization constraints, as we
have already explained in section 6.1.1.

6.1.3 Regular AdSéd) Branes - Gluing Map p>
Ansatz for the One Point and Two Point Functions

The form of the one point function was (section 5.5.3)
(8;(ul2)) = (z- 27"V (u+ )™ A(jlw). (6.44)

The boundary two point function with degenerate field ©,-z,; is

- 2 - \—2h(b-?
G (1, u2121,22) = (21 — 21) 72 (25 — 2) 2172
(6.45)

_ 27 _ p2 2
Cuy + 1) (up +12)" T HiY(ulz),
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6.1 Discrete Branes

with crossing ratios

lz1 - 2)? luy — uo

= = — and u=- - —. (6.46)
(z1 —21) (22 — 22) (uy + ) (uz + 1)

Again, they take values in z € (— o0, 0) (because z;, z, are in the upper half plane),

u € (—o0,0) (if we take o7 = o»).

Knizhnik-Zamolodchikov Equations

Solving the Knizhnik-Zamolodchikov equations for z, results in the following
conformal blocks:

Fiiulz) =z (1 -2)7Fi(e, B, B ylu; 2),
Fi_(ulz) =z (1 —z)Tubzt+hr.
4 Z
'F1(1+B+B—Y,B,1+0<—Y§2+B—Y‘a§2>, (6.47)
Fixulz) =271 -2)7u'-
- G2 (B’,1+a—y;1+B—y,y—l ’—gu)
this time with parameters
«x=-2j, B=-b2 B =-2j-1-b2 y=-2j-b2 (6.48)

Note that the common (1 — z)-dependence is changed here to (1 — z) /.

Expansion Coefficients
Using the OPE on the left hand side of (6.45), we find
G;?&(ulyu2|21|22) =

_o _ o — i _ ivph=2 . .
~lzp — 2117 (21 = 2) 7Y (uy + @)V CL(HAG 00 +

2j+2 2b=2 = \—2h(j- _ \2j-b?
+lzo =217 lup w1 (21— 207 (g + ) (6.49)
-C_(DA(G-lo)+
—2j 2(2j+1+b2 = \—2h(j _\—2j-2-b2
+lzo = z1l ¥ Jup —ug PHD 2y - 2) 7 (w4 )

- Cu (A 00).

On the right hand side, taking |z, — z1| — 0 (= z — 0-) followed by |1, — u;| — 0
(= u — 0-), the conformal blocks (6.47) show the behaviour

Fio(ulz) =z,
Fi_(ulz) =~ 27"l (6.50)

. . _2
-T;x(u‘z) ~ Z—Ju21+1+b .
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6 More Shift Equations via Analytic Continuation

Remember that they are accompanied by the prefactor

_ - . _ _ -2 _ : _ -2
(21— 21)72MD) (2 = 2) M ()P (up + ) =

6.51
~ (z1 — 21)*2[h<j>+h(b‘2/2>] (U + a1)2j+b‘2 ( )

from (6.45) and that

luy — usl?
and u=- — — 6.52
(w1 + 1) (U2 + 1) ( )

2
B |z1 — zo|
(z1—21) (22— 22)

Now, we need to be careful about phase factors that arise from z 7, ub_z, and so
on. In order to be consistent with the choice of phase we have to make because
of the branch cut of the hypergeometric functions (that is, we take phases to be
in (-21,0] — see section 6.1.1), we have to use the relations (v € C)

v

2V =e MV |z — 201 (21 - 21) V(22 - 22) 7Y,

Vv _ am(e-2)v 2v oy Sy (6.53)
u’ =e luy — w2 (g + )" (U + 1) ",

where o = sgn(u, +1i1) = sgn(u, +1i2). One can quickly check that this is correct
by comparing the complex phases on both sides of the equations. With the help

,2/

of this, one sees that the coefficients aé“b % need to be defined with phases as

follows
PR} . -2
al? " () = e 1mIC TR () A ),
al? "2 () = i@ Db E 2 Gy A g0, (6.54)

j,b=2 T i -2 -2 p .
a{(,b /2(0() = e 4mij-im(o-2)(2j+1+b )CQ /Z(J)A(]x|0()-

Factorization Limit and b2/2-Shift Equation

Taking the limit Im(z;) — 0, we have this time that z - —c0o and U — —o0

(01 = 0»). Therefore, as the conformal blocks must be expanded in the variables

(l l), we need to take different analytic continuations of the occuring Appell

zZ’u
and Horn functions than before. Yet, the procedure and the issues one needs to
take care of, and that we have illustrated in great detail in section 6.1.1, stay the
same: We obtain the expansions of Appell’s function F; and Horn’s function G»
by making repeated use of their one variable expansions with ordinary hypergeo-
metric functions as coefficients (see appendix C). To the coefficient functions we
can apply standard analytic continuation formulae (collected, again, in appendix
C), resum and repeat everything if necessary — just as in section 6.1.1. For the
regular branes, note that the parameters «, 8, ', y are once again not all inde-
pendent of each other, but obey the relations x + f—y =0and 1+ -y =0
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6.1 Discrete Branes

(6.48), which we use to eliminate « and ' and only work with § and y. Up to
terms which are of order {1 +0L l)} we find that

z’u

s | TWMTRB=YT(1 =28+ y)[(B-1)
Fin(ulz) = [ T (y — LI - B)

L(y)['(y-2B8TI(1+28-y)I(B-1) in(zﬁ—y)] ~imj 50,0
T(y - B)I(y - DI(BIA+B—y) © ¢ reuw

[ F(y)r(1-28) eirr(2j+1+2bz):| @-im Z14b2

-2
ub”+

I(y -BIra-p
[r(y)r(zﬁ — VLA =28+ YT =B) gy
T(BT(BT(y - BIT(2 - 2B)
[(y)I(y - 2B)T(2B — DI(L+2B - y)I(1-p) ein(1+y3ﬁ)] _
I'(y - B)I(y - DI(BT(BT(2 - y)
.o imjZ1+b72, ~1-b72

Fr2+B-y)I(B-1) —iTr(l—ZB):| —irj 0,0
TETAr B3 ¢ e 1miz004

. [1"(2 +B-y)ra - 2B)e—in6] iy Z14b72 b2

Fi-(ulz) =

r1-pre-y

F2+B-y)r2-1Ira-p) —in(2—3ﬁ)] —imj 1+b72, —1-p2
T(RT(RT(2 - y) ¢ e

+

s - r(z - y)f(y — ZB)F(Y — B)r(l + 2B _ Y)F(B - 1) —im(1-2B)
Fjxulz) = [ T - AT - Py - DIBIA+B-y) © ¥
FR-y)rRp-y) I -2+ y)r(p-1) irr(ly):| ~imj0,,0
T+ B- YT +B-y(y—DI(A-B)° ¢z
FR-y)Ty = BTA =2B) _ing | \-imj14b-2, b2
[ T(1-BI(1-Bra-p © }e 2wt
. [r(y —2B)T(y = BITQRB - DI +2B = YIT(L = B) _in(o-3p)
T(1-B)r(1-B)Ir(y - DI(BI(B)
T(2 - y)T(2B - y)T(1 -2+ y)[(1-B) e_mz_ﬁ_,)} _
FA1+B-y)I(1+B-y)I'(y-BI2-2pB)
_1-b—2

i -2
.e mJZHb u

(6.55)

We have written out these long and tedious terms for the reader to appreciate
that all terms that arise at leading order are again grouped into three differ-
ent asymptotics: z%u® (corresponding to the propagating identity), Zlb 2y b?
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6 More Shift Equations via Analytic Continuation

(corresponding to the field ¥,-2) and Z1+b72y~1-b72 (corresponding to ¥_j,-2_;).
Presumably, all sums can be simplified. We have only done so for the identity con-
tributions, because this is all we need. Writing down the identity contributions
only and simplifying the occuring terms, the result looks much more convenient:

2j+1+b72 .
Fii(ulz) = Tz e Ty,
27 +1 i1 ol
Fi_(ulz) = —#e“"““‘” Dy, (6.56)
TRj+2+b DI (-1-b2I(-2j) _, (3j+2b-2
s ~ im(3j+ )
Fix Wl = c o T ra s b T2+ 1) T

The dots now represent the contributions of the two other fields that are different
from the identity. Using the bulk boundary OPE for ©,-z,, (5.19) in the point
function (6.45), the leading contribution of the identity is

2 = \1+b72)2 —2h(j
G Ui, uzlz1,22) = (22 — 22) "0 /% v

Sy =) C(b7?/2,0l0 A | )

_ p2 s
Uz £U2)° (21— 21) 6.57)

Comparing this to the expressions resulting from the conformal blocks, we obtain
the following b~2/2-shift equation

h—Z

) | ,
[ra+v] " s (7) FG) =emif (j ; %) -

_ B (6.58)
_eiTT3Je*iTTUb'Zf (J _ 1922) + e*inBje*iTTO‘(Zj+h_2>f <—J . bzz) .

Solving the Shift Equations

An immediate drawback of (6.58) is the occurence of ¢’s on its right hand side.
Lacking a o-dependence of the (redefined) one point amplitude f, it is not clear
how these ¢’s could reasonably be incorporated. One might be tempted to re-
quire, for example, b=2 € Z, 2j € Z in order to make the o-dependence vanish.
However, we should not hasten and require such conditions already at this point,
since it might still be possible that a solution f exists such that the o-dependent
terms cancel out without any additional assumptions. (We will actually encounter
such a case in the next section, when solving the shift equations for regular AdS>
branes with gluing map p;). Yet, in the present situation we can rule out such
a possibility. Without making any further assumptions, we can proof that there
is no solution that satisfies both shift equations (5.73), (6.58) together with the
reflection symmetry constraint (5.33).

104



6.1 Discrete Branes

A No Solution Theorem

In order to give the proof that there is no solution to both factorization con-
straints together with the reflection symmetry constraint in the case of regular
discrete branes with gluing map p,, let us make the redefinition

2
melFh?  e-imlr2j+1)?

SO = =57 sinfmb2 25 + D]

a(j)

and work with g (j) here. Note that it has opposite parity of f(j). The shift equa-
tions (5.73) and (6.58) in terms of g(j) are given as (2) and (3) in the following

THEOREM: The system of equations
(1) g()=-g(~j-1)
(2) g(1/2)g(j) =g +1/2) -g(j-1/2)
(3) g(b—Z/z)g(J) — e—in4jg(j + b—2/2) + ei'rT4je—iTT(rb'2g(j _ b—2/2)_

_ e—in4je—in0'(2j+b’2)g(_j 11— b‘2/2)
does not admit a non-trivial solution g ().

» PROOF: In order to proof this result, we proceed in two steps. The first one is
to show that any functions satisfying (1) and (2) must be 1-periodic. The second
step establishes that any 1-periodic function cannot satisfy (3).

1st Step. Any solution to (1) and (2) must be periodic with period 1: (1) tells
us that g(-1/2) = —g(—-1/2), i.e. g(—=1/2) = 0. Thus, using (2) at j = —-1/2
together with (1) g(-1) = —g(0), we obtain g(0) = 0. (2) taken at j = O then
reveals immediately that

g(1/2) =g(-1/2) =0.
Hence, (2) implies 1-periodicity of g(j).
2nd Step. The 1-periodic function g(j) cannot satisfy (3): Using (3) at j = 0
and the 1-periodicity of g(j) yields (recall g(0) = 0)
gb=2/2)=0.
Thus, equation (3) becomes
0= e—iTr4jg(j " h‘2/2) 4 eiTr4je—iTrab’2g(j _ h‘2/2)—

R (6.59)
_efm4jefmcr(2]+b >g(—j—1—b’2/2).
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6 More Shift Equations via Analytic Continuation

Taking this for j — —j, using 1-periodicity together with (1) and multiplying by
exp[—imo2j] produces

0= _ein4jefirr0'2jg(j —b22) - eirr4je—irr0'h’2g(j —b2/2)+

" e—in4je—ina(21+b’2)g(_j —1-b72%/2). (6.60)
Adding (6.59) and (6.60), we obtain
e Mig(j+b72/2) = e M02g(j - p~2/2). (6.61)
Plugging this back into (6.59), we can derive the relation
gG—b2/2) = =27 1M cos[ra2j1g(j — b2/2) (6.62)
Consequently, if g(j — b=2/2) # 0, we must have
1 = —2e7imb? cos[ma2j]. (6.63)

For the right hand side to be independent of o, we would need b~ to be an inte-
ger. But this does actually not prevent g(j) from vanishing everywhere: Assume
that b=2 € Z. Then, because of 1-periodicity, we have that

gGi—-b2/2)=g(j+b?/2). (6.64)

Therefore, (6.61) implies 2j € Z as long as g(j + b~2/2) does not vanish. But for
such values of j, cos[rro2j] = +1 and hence, (6.62) requires (remember that we
are still assuming b2 € 7)

gj-b7?/2)=+2g(j-b?/2), (6.65)

which is only consistent with an everywhere vanishing function g: g(j) = 0. This
concludes the proof of our no solution theorem. «

6.1.4 Regular AdSéd) Branes - Gluing Map p;
Ansatz for the One Point and Two Point Functions

The one point function was (section 5.5.4)

(0;ml2)) =(z-2)""Y (- Ajlo). (6.66)
The boundary two point function with degenerate field b=2/2 is
G, w2121, 22) = (21— 21) 2D (22— 2) 200D (6.67)
Sy )Y (up - )" HR lz),
with crossing ratios
z= 21— 2|’ and us — us |’ (6.68)

T (z1-21) (22— 2) T —w) (e — )

Note that again z € (-, 0), z € (=, 0).
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Knizhnik-Zamolodchikov Equations

The Knizhnik-Zamolodchikov equations for z, are identical to those in the former
case. Hence, they yield the conformal blocks (6.47) with parameters (6.48) again.

Expansion Coefficients

The expansion coefficients again acquire complex phases. Using the OPE on the
left hand side of (6.67), we find

G, uzlz1,22) =
_2q _ - i _ itp—2 . .

~|zo — 2117 (z1 = 20) 7MY (ug - w) P (DA 00 +

: -2 _ _ : _ -2

2J+2 |'I/L2 —Uuy ‘Zh (Zl - Zl) 2h(i-) (ul - ul)ZJ b (669)

CCo(DAG- o)+

. o . IR

+lzo — 2117 ug — ug [PETIET 2y - 2)) 7O (g -y )R
'Cx(j)A(jx|0()-

+1z2 — 21|

Taking |z> — z1| — 0 (= z — 0-) followed by |u, — u;| - 0 (= u — 0-) on the
right hand side, the conformal blocks (6.47) again show the behaviour

Fii(ulz) =z,

Fi_(ulz) = 27"l (6.70)
Fi(ulz) =z Ty
This time they are accompanied by the prefactor

5 \—2h(j = \—2h(b?/2 _\2j _ p-2
(21— 21) 7D (2 = 2) "D (uy — ) (up —u)? T =

. _ o (6.71)
~(z) - 21)—2[n(1)+h(b 2/2)] (uy - ,l/—Ll)ZJ+b 2
from (6.67) with
21 — 22| lur — us
z= = — and = — —. (6.72
(z1-21) (22 - 22) (uy —11) (U2 — ) )
To be careful about phase factors, we have to use (v € C)
2V =e MV 1z 2P (21 - 21) V(22 - 22) 7Y,
(6.73)

u¥ = e MOV gy — o |2 (ug — )Y (ue — ) 7Y,
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where o = sgn(u; — 1) = sgn(u, — ). With the help of this, it is easy to see
Fp-2
that the coefficients aZ’ /? need to be defined with the following phases

P s =2/, .
al? "2 () = e 4mict T2 (1) A, | 00),
a]_’,b’z/Z (@) = e41‘rij+in((r+3)b’2C£7’2/2(j)A(j_ lx), (6.74)

ib=2/2 Aariiai i b2y ~b~2/2, . .
ﬂ,}l< (O()ZQ 4mij+im(o+3)(2j+b )C>< / (J)A(JX|0()

Factorization Limit and b—2/2-Shift Equation

About the limit Im(z,) — 0 the same comments as in the last section 6.1.3 for p»
apply. Our b~?/2-shift equation reads

_ -2 ) -2
[ra+pn] ' r (b) FG) = emif (j ¥ b) -
2 2
_eirr(3j+b’2)ei1'rah’2f (J _ bT) _ e—iTT(j—h’Z)eirr(f(2j+b’2)f (_J —1-= bTZ) .
(6.75)

Solving the Shift Equations

We take a first step by solving the 1/2-shift equation (5.79) together with the
reflection symmetry constraint (5.33). We find the following one parameter solu-
tion
b2 . ,
mel™ T i 212 SI[TTNDZ (25 + 1) ]

" I'(—b2?) sin[rrnb?] sin[rtb2(2j + )]

f(In) = (6.76)
Up to now there are no restrictions on the parameter n. Note, that due to the
missing o-dependence of f(j), we cannot include a factor oc e~¢@/+D7  Sych
a term would actually be typical of an AdS;, brane [72] (also compare to all the
previous AdS» brane solutions), so what we have here is rather a degenerate
AdS, brane (degenerate is a good adjective here; see below for an explanation).
Comparing to the solution for the irregular branes (6.38), the oc e-mo(@j+hm
behaviour is replaced by the term oc exp [—inh{(Z j+ 1)2]. Note that this is
an additional quantum deformation, since for b?> — 0 (corresponding to k — )
this term goes to one.

Inserting (6.76) into our second shift equation (6.75), we find, very remarkably,
that it is obeyed provided that n € Z and j € %Z. Thus, in (6.76) with n €
Z and j € %Z, we have given a fully consistent solution to both factorization
constraints. Seeing the restriction on j, one might ask for the meaning of a
b~2/2-shift equation with arbitrary b—2. We like to view (6.76) as an interpolating
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solution, that is a solution which is mathematically well-defined for arbitrary
complex values of j and as such an object can be inserted into a b~2/2-shift
equation. However, physically sensible information is only provided for values
Jj € 3Z. Moreover, one should note that the (missing) factor oc e 7 2/+1m with
m € Z does not depend on o when j € %Z. Hence, one can really view the
absence of this typical (for AdS, branes) term as a degeneracy which is related to
the restriction j € %Z.

6.2 Continuous Branes

In this section we assemble our results (shift equations and solutions) concerning
the continuous branes. The two point functions are always determined as shown
in the corresponding sections of chapter 6.1 and thus, we do not write them down
here again, but merely state our results. Recall from section 5.2.4 that, instead of
Cy = Ay, we now encounter the residua ¢, .

6.2.1 Irregular AdSé"’) Branes - Gluing Maps pi, p2

For both gluing maps the b~2/2 shift equation is

I , . b —imrh~2 . b
(1+Db°)v,* ¢0(b™7/2,0lx) fo(J) = fo J+t =) te fo J-=)-

(6.77)

Therefore, we discover that the irregular continuous branes are isomorphic for
gluing maps p1, p2, just as before in the discrete case. In [72] and [79], the
following solution to the 1/2-shift equation (5.81) and the reflection symmetry
constraint (5.30) has been proposed

1TAb e*ﬁ((zj‘*’l)g

foljla) = - o SRR DT (6.78)
To obtain this solution, it was used that
. o T(=2b?)_ .
1/2 = -——————=-2sinh . 7
Co(1/2,0|x) Vi Tb?) sinh(&) (6.79)

Plugging the solution (6.78) into the b~?/2-shift equation (6.77), we can infer an
expression for the unknown ¢, (b=2/2,0|x):

e-imb=2)2 T
¢ (b72/2,0]00) = —chosh[(ao —1—) b’z]. (6.80)
vy 21+ b?) 2
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6 More Shift Equations via Analytic Continuation

Hence, the known irregular continuous AdS» branes are fully consistent with
both factorization constraints. Note that for b=2 = b? = 1, the bulk-boundary
OPE coefficients (6.79), (6.80) coincide, as do the two shift equations (5.81) and
(6.77).

6.2.2 How to Approach the Regular AdS.® Branes

We have just seen that knowledge of the occuring coefficients ¢, (1/2,0|x) and
Gys(b™%/2,0]x) is needed to decide whether the continuous branes are consistent
or not. In [72], é;(1/2,0|x) has been given for irregular branes. We can how-
ever not expect the corresponding coefficients in the regular case ¢(1/2,0|x),
¢(b2/2,0|x) to coincide with the irregular ones. Indeed, the latter are indepen-
dent of o, while the former ones show an explicit o-dependence (see equations
(6.79) and (6.80)).

Therefore, as no explicit expressions for ¢(1/2,0|x), ¢(b~2/2,0|x) are known,
our approach to the regular continuous AdS» branes with gluing map p; will be
to make a certain ansatz for the form of the (redefined) one point amplitude.
By inserting this ansatz into the shift equations, we will infer expressions for
¢(1/2,0|) and é(b~2/2,0|x) that we then discuss. For gluing map p», we even
fail to write down an ansatz and we shall argue that the shift equations do not
admit a solution in that case.

6.2.3 Regular AdSéC) Branes - Gluing Map p;

The b~2/2-shift equation that we derive is

-2 o
1+ bz)v:_z_é(b_z/Z,Om()f(j) = e 1M f <j + bT) _

-2 -2
—elmBitb ) gimob™? ¢ (j _ bT) — e im(j=b ) gimo 2j+b7%) £ (—j 1= bT) .

(6.81)

In order to study a solution to both shift equations (5.83) and (6.81) we shall make
the following ansatz: From our experience in the discrete case (section 6.1.4), we

expect the additional quantum deformation exp[—iTrZ—Z(Z j +1)] to occur. (You
might remember from the discrete branes that, technically, this is the term that
cancels the exp [irrh?j] and exp[—irh?(j + 1)] factors on the right hand side
of the 1/2-shift equation; these factors are of course also present here, in the
continuous case). Secondly, just like in the irregular continuous solution, we
also expect the deformation sin™* [1tb?(2j + 1)] to be present. Along with it, an
additional factor with odd parity under j — (—j — 1) must be included in order
to get the overall parity of the solution right (recall equation (5.33)). A choice for

110



6.2 Continuous Branes

this factor is suggested from the following observation: We can again not include
the term oc exp[—0 (2j + 1)¥] (Which would be typical for an AdS, brane, see [72]
and compare our remarks in section 6.1.4), due to the missing o-dependence of
f(j). But in order to get the parity right, we can just use its odd part, so we
include sin[7h?(2j + 1) ] into our ansatz. Putting all this together, we believe
that the most natural ansatz for a regular continuous brane is

B2 (2j41)2 sin[rrh?(2j + 1) ]

i _ Alreg) —imor
FUleo =4, e Sin[rrb?(2j + 1)] ° (6.82)
with an arbitrary, but only b-dependent constant A;"*? . Just as above, in the

irregular continuous case, it cannot be fixed, because the continuous shift equa-
tions are always linear in the one point amplitude.
Using our ansatz (6.82) in the 1/2-shift equation (5.83) results in

e—in%hz r(_ZbZ)
Vb T(=b?)
The b~2/2-shift equation (6.81) gives more restrictions: It is only sensible for

Jje %Z. Furthermore, @« = m € Z is needed in order to handle it. With these two
restrictions, we obtain

é(1/2,0|) = 2 cos(Trh?x) . (6.83)

b=2/2 .
22, 0l0= m) = iV (ymeimi (6.84)
’ (1+ b2)

Interestingly, this coincides almost (up to a factor of two) with ¢(1/2,0|x) (6.83)
when taking b?2 = b=2 = 1 (provided that & = m € 7). We take this as a strong
hint that this brane is consistent. The restrictions on « and j that we find, to-
gether with its form (6.82) actually make it look like a discrete brane rather than
a continuous one. We do not have an explanation for this strange behaviour. But
we like to notice that together with the continuous brane of the previous section
and the other one-parameter discrete brane from section 6.1.4, we now have a
brane spectrum that is labelled by one continuous and two discrete parameters.
This can indeed be expected from a generalization of Cardy’s condition [75, 76].
We take up and elaborate more on this point in the conclusion, chapter 9.

6.2.4 Regular AdSéc) Branes - Gluing Map p>

Our b~—2/2-shift equation reads

-2 o
(L+b2)v, T eb™2/2,0/00£(j) = e ™I f (j + hT) B

-2 -2
_ei7T3Je—iTTUh'2f (J _ %) + e—irr3je—irra(2j+b‘2)f <—J —-1- bT) .
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6 More Shift Equations via Analytic Continuation

Trying to solve both shift equations (5.82) and (6.85), we start to think about
a solution for (5.82). Yet, the ansatz that proved succesful in the preceding
section, when solving (5.83), does not work out this time. The reason is a rel-
ative minus sign in (5.82) which is not present in (5.83). It prevents the shifted
oc sin[1wh?(2j + 1)«] terms from adding up correctly. Without using this sine
term, however, we cannot write an ansatz that has the correct parity. Thus, we
try to proceed as in section 6.1.3 and see how far we can get proving that no
solution exists in this case. Redefining

2
e—in%(21+1>2

fG) = sin [th2(2j + 1)

]g(j) , (6.86)

we write the reflection symmetry constraint (5.33) and the two shift equations
(5.82), (6.85) in terms of g(j) as
1M g =-g=j-1
(2) ¢'g(j) =9 +1/2) —g(j—1/2)
(3) ¢"g(j) = e ™ig(j+b2/2) + eI g(j —p2/2)~
_ e—irr4je—irr0'(2j+b‘2)g(_j 11— b*2/2) .

The coefficients ¢’ and ¢”’ are not of interest here. They just contain all the
b-dependent factors:

’ I‘(_bz) iﬂibz"‘
¢ = /vp———=-eT3a"" ¢(1/2,0|x
VhT(Z2b2) (1/2,01e) (6.87)
2 _
¢ = —ie™ T (1+ b2)vE 2e(b72/2,0/ ) .

Playing around with the above set of equations, we first note that from (1)
g(—=1/2) =0and g(0) = —g(—1). Then, from (2) at j = —1/2, we infer g(0) =
0 = g(—1). Afterwards, (2) for j = 0 yields g(1/2) = 0. Actually, we can now
prove that

g(%):O Vkez. (6.88)
This is a simple induction argument: Noting that (2) just states
, k+1Y\ k+2 E
Cg( 2 >_g< 2 ) g(z) (6.89)
as well as
. (kY k+1 k-1
Cg(2>_g(2) g(z)’ (6:90)
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6.2 Continuous Branes

kz;l> = 0, we can deduce that also

g (%) =0,g (%) = 0. Now we use this knowledge and take (3) for j = %,
k € Z. Employing also (1), we end up with

_p2 -
p (k b ) [t (o) ] g (k”’) _ (6.91)

it is clear that starting with g (%) =0,9 (

2 2

This equation must also hold for o — (—0). Hence, subtracting it from its coun-
terpart which contains (—o) rather than o, we get

k+b2
2

—2isin[mrob~?]g ( =0. (6.92)

-2
Thus, we either need b2 € Zor g (%) = 0. The former is quite a restriction,

saying that these branes do not exist for generic, but only for integer (affine Lie
algebra) level. We would rather not assume this. Then, all we are able to show is
that g(j) vanishes on a very specific set of points. We do not see a possibility to
develop our argumentation any further at this point, but we would rather expect
these branes to be inconsistent.
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7 H3/Liouville Correspondence

In this chapter, we just assemble some basic formulae about Liouville theory
(both, in the bulk and with a boundary) that are needed in order to state its
correspondence to the H model given in [74, 73].

7.1 Liouville Theory in the Bulk

Classical Liouville theory is defined by the action

_1l (g 5 2b
5= |z [@4) @) + ett]. 7.1
The energy momentum tensor derived from this action is
T(z) = -(0¢)* + Qo*, (7.2)

where Q must be Q = b + b~! in order to make the interaction term exactly
marginal. Then, Liouville theory can be quantized as a two dimensional CFT
(without extended symmetry but Virasoro symmetry only). Note that there is
a (quantum) symmetry b — b~!. The central charge of the quantum theory is
¢ = 1 + 6Q? and primary fields are denoted Vy(z). Their conformal weights
are h(x) = «(Q — &) and the physical spectrum consists of fields with labels
x € % + iR (compare to the Himodel). Also note the reflection symmetry
h(x) = h(Q — ). The Liouville two point function reads

(Vao (22)Veq (21)) = 27122 = 2117400 [5(Q = o2 = 01) + RP (1) 5 (ex2 — 1) |
(7.3)
with the Liouville reflection amplitude RY (). It intertwines the representations
with labels & and Q — «
Va(z) = RP () Vg-(2) (7.4)
and is given by

pl@-20 T(A+bQRx-QNI(1+b'2x-Q))
[(1-bRx-QNI(1-b12x-Q))"

RV (e) = [muy (b?)] (7.5)

The three point function of Liouville field theory is given by

(Vs (23) Vi (22)Va, (21)) = |21 221702 |2 = 23] 72113 | 25— 25| 7225 C D) (003, 002, 011) -
(7.6)
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7 Hj /Liouville Correspondence

The structure constants have been derived in [91] and independently in [92] and
rederived using a different technique in [99]. They are given by

27b7 Q-1 —op—3)
[Truy(bz)bz’”’z] Q- —o2—3
Yp(or + 02 + 03 — Q) (7.7)
. Y, (0)Yp (2001)Yp (20¢2) Yp (20x3)
Yp (e + 02 — &x3)Yp (02 + &3 — 1) Yp (X3 + &1 — x2)

CP (o, 00, 1) =

The Y function has already occured in the Hj structure constants, see section
3.3.3. The Liouville structure constants and therefore the OPEs have an analytic
continuation to field labels « outside the physical range. This is completely anal-
ogous to the situation in the H] model. In particular, one can make a continuation
to degenerate representations. The degenerate representation with label x = — ﬁ
is of particular interest in the Hj /Liouville correspondence.

7.2 H§/Liouvi|le Correspondence for the Bulk Theories

The correspondence has been proven in [74]. It uses Hj bulk fields in the u-basis,
see appendix B. The statement is that an Hj n-point correlator (n > 2) can be
computed from a (2n — 2)-point Liouville correlator with the insertion of (n — 2)
degenerate fields V_ iy The precise relation is [74]

(@5 btnl20) -5 a1z = T2 06D oy 4+ o)
7.8)
101 (Van (20) - Ve (2 2) .oV (1))

2b 2b

The function 0,, is

b2 p2 n n-2 b2
Qn(zlv"'|Zn|y1|"'1yn—21u):u l_[ ZVSZ 1_[ yklz 1_[ (Zy_yk)i_Z_
r<s<n k<lsn-2 r=1k=1

(7.9)

and thus relates the coordinate dependencies of both sides. Note the left hand
side depends on isospin variables py,..., t;,, while the right hand side involves
new coordinates u, y1,...Yn-2. Since Z?:lui = 0, the numbers of variables
match. They are related in the following way:

n n-2

) St — v
S M =unl,;1( yJ), (7.10)
i1 t—2z; io1 (t = z¢)

where the equality is to be read as an equality of rational functions of t. Note
that because of the relation p; + - - - + yp, = 0, this equality determines precisely
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7.3 Liouville Theory with Boundary

(n — 1) (rather than n) coefficients, which is just the right number to gain suffi-
ciently many relations for the computation of the variables u, y1,..., Yn-2. So in
principle, the positions y; of the degenerate fields V_ & can be determined from

the isospin labels y;. The purpose of the additional degenerate fields that appear
on the Liouville side is to mimick the effect of the additional isospin symmetry
present on the Hi side!. The Liouville parameter b is related to the Hj affine level

k as b=2 = (k—2), the Liouville coupling is fixed to be u = and the labels «; of
the Liouville fields are determined from the Hj affine syrnmetry representations
labels j;:

1
X —b(Jl+1)+@ (7.11)

7.3 Liouville Theory with Boundary

As there is only Virasoro symmetry, one can only study maximal symmetry pre-
serving branes with the conformal gluing condition T = T at Im(z) = 0. As
Liouville theory, like the H; model, has a continuous spectrum (see also section
7.1), one also has to distinguish continuous and discrete branes here (see section
5.2.4). Their one point functions have been derived following the same strategy
that we have carried out for the Hj model in sections 5 and 6: Via shift equations.
However, the analysis is easier in Liouville theory, since the two degenerate fields
that one uses, V_% and V_ i are related by the symmetry b — b~1. In particu-
lar, one does not need any additional continuation prescription for the two point
function, as it is the case in the Hj model.

The continuous Liouville branes (commonly called FZZT branes) have been de-
rived in [100]. The one point functions (V4(z)) = |z —z*| 2™ U (x|s) come with
a one point amplitude

(Q—th)

Ulxls) = 2 [nuy(bz)] F2bx—b)r2b'a—b2-1)-

-cosh[(2x - Q)1r5],

where s € C is a parameter that labels the boundary condition.

The solution for the discrete Liouville branes (ZZ branes) was given in [101]. It
is labelled by two positive integers m,n € Z., and has one point amplitude
sin[rb~1Q]sin[rmb~' (2o — Q)] sin[rbQ]sin [Ttnb(2x — Q)] _
sin[rmb-1Q]sin[mrh-1(2x — Q)]sin[mtnbQ]sin[mh(2x — Q)]

Qlmuy )] Tho)r(v-10)
(Q - 200T(h(Q — 260)T(h1(Q - 200)

(7.12)

Ulxlm,n) =

(7.13)

!Indeed, the proof given in [74] is based on the observation that Knizhnik-Zamolodchikov equations
on the Hj side can be read as BPZ singular vector equations on the Liouville side.
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Hj /Liouville Correspondence

7.4 Hj/Liouville Correspondence with AdS, Boundary

In [73], the correspondence between Hi model and Liouville theory that we re-
viewed briefly in section 7.2 was generalized to correlators in the presence of
continuous AdS, boundary conditions on the H side and FZZT boundary con-
ditions on the Liouville side. For the purpose of stating the correspondence, we
label the AdS> boundary conditions by a parameter + € R for the moment (and
not by « as in chapters 5, 6 and 8, since « is reserved for the Liouville momenta
now). For a correlator involving n bulk and m boundary H5 fields (in the y- and
T-basis, respectively; see appendix B), the relation is [73]

<1_[ P, (HalZa) l_[ ¥ 1(Th|Xb)> =

a=1 v

-2

b
nz\/z(—n)"é (2Re(py + ++ -+ Hp) + T1 + -+ -+ Tw) UL | O | T

-<1‘[vaa(za>1‘[B;§S“<xb>1‘[ 1‘[ _(ybr> :

b'=1 s'.s

w"‘

(7.14)

where the fields Bg(x) are boundary Liouville fields. On the H3 side, the boundary
condition changing operators ‘I’Z:‘V”“ (Tplxp) take AdS, boundary conditon 7j_1
and map it to 7. We have 7y = v and r,, = ¥’. The corresponding FZZT boundary
conditions s on the Liouville side are related to the AdS, labels ;3 via

Tp
Sp = >7h 4bsgn(p(t) (7.15)
where the rational function @ (t) controls the change of variables from {u,, Ty}
to {u,wy, yvp}. Itis

() = + , (7.16)
Z:: hgl b=xp

and the variables w,’, 7, are the zeros of @(t). Note that due to the condition
2Re(Uy + -+ -+ Up) +T1 + -+ -+ T = 0, @(t) has 2n + m — 2 many zeros.
The individual numbers n’, m’ of additional Liouville fields to be inserted in
the Liouville correlator on the right hand side of (7.14) are not fixed, but only
their sum is. It has to be 2n’ + m’ = 2n + m — 2, in order to accomodate all
the zeros of @(t). Note that we only have n’ (rather than 2n’) additional bulk
field insertions. The reason is the following: Whenever @ (t) has a complex zero,
an additional bulk field V_ & is inserted. Since complex zeros come in complex

b
conjugate pairs, only the zero that lies in the upper half plane can be taken and
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7.5 The Hosomichi-Ribault Proposal

its complex conjugate must be discarded. Thus, the number of additional bulk
field insertions is controlled by the number of pairs of complex conjugate zeros.
Then, for every real zero of @ (t) we insert an additional boundary Liouville field
B L This is important for the Hosomichi-Ribault proposal that we explain in the
next section and that motivates our construction described in chapter 8. Let us

quickly fill in the remaining ingredients of the correspondence. The field labels
are related as before

. 1 1
aa=lo(1a+1)+ﬁ, Bb=lo(€h+1)+ﬁ, (7.17)
the variable u is given by
u=2Re(thz1 +---+UpZp) +T1X1+ -+ TinXm (7.18)

and we omit the exact expression for 0,,, here, since it is not relevant for our
purposes. It is given in [73].

7.5 The Hosomichi-Ribault Proposal

Consider an Hj correlator <<I>J-2(u2|22)c1>j1 (1 |21>)r of two bulk field insertions
under a continuous AdS, boundary condition 7, just what we need in order to
derive shift equations (see chapters 5 and 6 where we work, however, in the u-
basis). Following the previous section, it is mapped to a Liouville correlator with
additional degenerate field insertions with positions given by the zeros of

2

o) = 3 (g ), (7.19)

Pt t—2z4 t—z5

Because of the condition Re(u; + p2) = 0, this has two zeros y;, y». They
can either be both real, in which case the corresponding Liouville correlator is

<Vl,(2(zz)VD(1 (zl)Bf_ (»v2)B_ (y1)> , i.e. it has two additional boundary field

insertions. The 31tuat10n is Called boundary regime in [73]. The other possible
case is that of complex conjugate y1, y>. This is called the bulk regime in [73] and

the occuring Liouville correlator is <V¢,(2 (z2)Vuq (z1)V_ 1 (y1)> (where we have

taken y; to be the zero with positive imaginary part Im( Vi) > 0) But note that
there is also the possibility of vanishing discriminant, i.e. one real zero of order
two. In this case, that we like to call the transition point, the Hj /Liouville corre-

spondence breaks down! It has been shown in [73] that in the variable z = “2:;%"
(i.e. the boundary CFT crossing ratio, see chapter 5), the transition point occurs

atz =u = &‘ﬁ:f;“ and that the bulk regime corresponds to 0 < z < p and the

boundary regime to u < z < 1. Itis also argued there, that the value of u becomes
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7 Hj /Liouville Correspondence

simply the coordinate u in the u-basis and the correspondence therefore breaks
down along the line u = z. Such a behaviour is also known from the relation be-
tween Knizhnik-Zamolodchikov and BPZ singular vector equations in the su(2)y
WZNW model [102]. In [73], the transition point is seen as a novel kind of “singu-
larity” of Hi model correlators. The Hosomichi-Ribault proposal (in the following
also called continuity proposal) put forward in [73] now states, that Hi correla-
tors should be continuous at all transition point singularities. It is furthermore
argued, that all correlators have finite limits (from both sides) at the transition
point and that, assuming only continuity at the transition point, the correlator
in the boundary regime would not be entirely determined from its expression in
the bulk regime. This is however a big problem for the implementation of the
Cardy-Lewellen constraints (see section 4.2): If an arbitrariness remains in the
correlator, it is highly questionable that a unique shift equation can be derived
in this way. The conclusion of [73] is that the Cardy-Lewellen constraints will be
weakened.

Yet, the continuity proposal could not be made explicit in [73]. In the next
chapter, we demonstrate along the lines of our article [68], how the proposal can
be implemented in the Hj model and construct a two point function that has
exactly the properties required by the continuity proposal: It has finite limits for
z — u from both sides (z < u and z > u), it is continuous along u = z and it has
a one-parameter arbitrariness in the boundary regime z > u. However, contrary
to the expectations of [73], we can show [68] that the factorization limit remains
unambiguous and can hence derive a sensible b~2/2-shift equation. We discuss
its consequences for the H} model brane spectrum.
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8 More Shift Equations from the
Hosomichi-Ribault Proposal

We have already motivated the need for additional shift equations in chapter 6:
The 1/2-shift equations do not fix the one point amplitudes for AdS, branes
uniquely and therefore, the derivation of b—2/2-shift equations is an important
problem. We have also already seen that their derivation is not as straightforward
as that of 1/2-shift equations, because the two point function that one considers
does initially not cover the domain in which the factorization limit is to be taken.
Therefore, a continuation prescription is needed. We have shown in chapter 6
that an analytic continuation of the two point function involving -z, is feasi-
ble and leads to the desired b~2/2-shift equations. We have also mentioned that
a different proposal for the continuation procedure has been made in the liter-
ature, the Hosomichi-Ribault proposal reviewed and explained in chapter 7. In
this chapter, we set out to implement the Hosomichi-Ribault proposal within the
Hi model, following closely our original article [68]. The treatment is given for
irregular AdS» branes only.

The programme is as follows: First we give a solution to the Knizhnik-
Zamolodchikov equation in the region z < u. It is essentially the same as in
section 6.1.1. We show that this solution has a finite u = z limit. Then, a so-
lution to the Knizhnik-Zamolodchikov equation in the region u < z is found. It
is partially fixed from the requirement that its u = z limit matches that of the
previous solution. However, an ambiguity in the conformal blocks F 5-’_ and F f-’x
persists. Yet, the two point function is then defined everywhere in the (u,z)
unit square and continuous along u = z. This construction is the content of
section 8.1 and realizes explicitly the Hosomichi-Ribault proposal. Afterwards,
in section 8.2, we take the factorization limit and derive the desired b~2/2-shift
equations for discrete as well as continuous AdS» branes. The key point is that
the aforementioned ambiguity does not enter here, because the conformal blocks
F Js-y_ and F JS-’X are shown not to contribute in the factorization limit. In section
8.3, we finally check that discrete as well as continuous irregular AdS, branes
are consistent with our new b~2/2-shift equations. In chapter 9 we discuss our
results in the light of the Hosomichi-Ribault proposal [73], Cardy’s work [75] and
the analytic approach of chapter 6 [67, 69].
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8 More Shift Equations from the Hosomichi-Ribault Proposal

8.1 Construction of the Two Point Function

From the Ward identities of the model, the two point function
G;‘,Z&(””Zi) = <®b’2/2(u2|22)®j(u1‘Zl)>a (8.1)

is restricted to be of the form
2[h(b=2/2)~h(j)] lzy — 2—,2‘—4h(b*2/2)

(2) S
Gix(Ur,uzlz1,22) = |z1 — 24

I (8.2)

- — 12b2 17(2)
clug + 1 lur + w21 Hj'y(ulz).

The parameter « again labels the AdS, boundary conditions. The reduced two
point function H}’zo)((ulz) is a still unknown function of the crossing ratios

2
_lze =z

2
_ue —uy |
- 2 -
|zo — 21|

— . (8.3)
[uo + |

and

The two point function (8.2) has to satisfy a Knizhnik-Zamolodchikov equation
(4.9) for z,. Mapping z; — 0, 2, — 1 and 2; — o (i.e. z» — Zz), it is brought to
standard form

~b2z(z - D:H(ulz) = u(u - 1) (u — 2)02H %+

+ {[1 - 2b*2]u2 + [b*Z —-2j- 2]uz+ [Zj + bfz]u+z} duH i+

+ bt u+ b2 -b42|z- b2 HE. (8.4)
This is solved by (see [96, 83] and compare to section 6.1.1)
H%= Y al(Fs, (8.5)
€=+,—,X
with
S ulz) = zI(1-2)P PR (BB yIu2), (8.6)
Fi (ulz) = z7(1- Z) bRy B 1By
X F (1+3+B'—y,B,1+a—y;2+B—y’2;2> , (8.7)
s lz) =z -2) PR x

sz(B’,1+(x—y;1+B—y,y—1'—%;—u). (8.8)

The appearance of only three conformal blocks is due to the presence of de-
generate field ®,-2,,. The propagating modes are denoted j. := j + b=2/2 and
jx = —j —1—Db"2/2. We identify the parameters to be

x=B=-b2 B =-2j-1-b2% y=-2j-b"2. (8.9)
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8.1 Construction of the Two Point Function

So far, everything is as in chapter 6 (section 6.1.1). The conformal blocks (8.6),
(8.7), (8.8) are obviously well defined in the patch z < u (when talking about the
patches, it is always tacitly understood that 0 < u < 1 and 0 < z < 1). Their

linear combinations, i.e. the coefficients ag(a), are determined from comparison
with the OPE in the limit z — 0 followed by u — 0. The result is simply

al(o) = Ce(j) A (el ), (8.10)

Ce(j) being the coefficients occuring in the OPE of ©)-2,, (u2]z2) with ©;(u1]z1),
see 3.5.3.

Let us now see how this solution can be extended to the region u < z. Clearly,
F JS . is already everywhere defined, so we do not have to worry about it in the
following. But let us analyse how F j,, and F jyx behave when we move to u = z
from the region z < u. Using the generalized series representations of F; and G,
(see appendix C), we find

710’2/21—‘(1 —3—3')r(2+3—}’) .
[1-p)re-y)
F(1+B+B -y, 1+a-y;2-ylz),
p2pTA BBy - B)
rA-pry-g-p)
F(1+B+B -y, 1+a—-y;2-ylz).

Fi (u=2)=z""7(1-2)

(8.11)

Fixw=2)=z"r7(1-2)

Here, F denotes the standard hypergeometric function. Interestingly, the linearly
independent solutions (8.7), (8.8) degenerate at u = z and become essentially the
same function (up to factors). We will see shortly that it is this fact that prevents
us from fixing a solution for u < z uniquely.

The task is now to find a solution to the Knizhnik-Zamolodchikov equation in
the region u < z that matches the above for u = z. One building block is, of
course, F JS +- The other two are

Fi_ulz) = zia ) bRy By B
F(1+B+B -y 1+ ay B2+ -y \u%) (8.12)
Fiulz) = z7Q-z)t 2z

-GZ(B,1+a—y;1+B’—y,y—1‘—%;—z). (8.13)

The tilde indicates that this is the solution in region u < z. Again, splitting the
common factor z=7 (1 — z)?"*/2, the first function is found in [96] as Z;4 and the
second one is related to Zg. Note that the third argument of G, is 1 + ' — y =
0 for our specific parameter values (8.9) which are dictated by the Knizhnik-
Zamolodchikov equation. Nevertheless, the function G, stays well-defined and
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8 More Shift Equations from the Hosomichi-Ribault Proposal

a generalized series representation can be derived (see appendix C). By making
use of the general series representations of F; and G», one can show that the
conformal blocks (8.12), (8.13) agree along u = z with those from patch z < u up
to factors:

2y b2eTA-B-BITQ2+p —y)
r1-gre-y
"FA+B+B -y, 1+a-y;2-ylz),
r2-g-y
[(1-pgre-y)
-FAQ+B+B —y,1+ax—-y;2-ylz).

Fiu=2)=2z"r7(1-

(8.14)
Fiou=2)=2""r701- z)biR

These factors are absorbed through a suitable definition of the expansion coef-
ficients dl(x) in the patch u < z. They must therefore be related to the former
ones al(o) as

al () = al (), (8.15)
i T -B-BITR+B —y) ;i re-g-y)
O pre-y T pre—y) 816
— (L= B=BITC+B=y) iy EA=B=BIT(y = B)

I(1-p)r@e-y) rQA-Bry-B-p)

Thus, we cannot uniquely fix the coefficients d” («) and d(«). An ambiguity
remains in the two dimensional subspace spanned by F j’_ and F JSX It is good to
realize, that for the values of the parameters «, 8, ', y which are given in (8.9)
and SL(2)-label j in the physical range j € —% +iR o, we never catch any poles of

the gamma functions. The reduced two point function HJ(ZD)( =D ect—x al(o Fie
is now defined in the (semi-open) unit square 0 < u < 1, 0 < z < 1. The lines
u =1, z = 1 have to be understood as limiting cases.

8.2 Factorization Limit and Shift Equations

Using our solution (8.6), (8.12), (8.13) in the patch u < z, we can now take the
limit z — 1 from below while # < 1. Performing it on the conformal blocks, we
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8.2 Factorization Limit and Shift Equations

find
B 1 oyib22(q _ b2 LT+ B —y)
Fio = (=2 - (T (B)

b2 LIy —x = ) o R N
1-2) r(y_O()r(y_ﬁ,)F(oaB,y Bluw) - [1+0(1-2)], s

Fi o= -zt Ry
FL+B+B —y,l+a+p —y;2+p —yluw) - [1+001-2)],
o= (1=2)" " 2F(o B 1) [1+0(1 - 2)] .

1+01-2)]+

+ (

The limit z — 1 from below corresponds to using a bulk-boundary OPE in the
correlator. Now, we have to distinguish between discrete and continuous case
again (recall section 5.2.4). Assuming a discrete open string spectrum on the
brane, the bulk-boundary OPE for ©)-z,, is

_ -2 _ -2 _ _
Op2/2(Ual22) = 122 — 227 P Juy + 121" " Co(b72/2,01001 {1 + O |22 — 25|} +

tlzo = 227 P fup + w2 P Co (722,072 00)-
S (J¥)p% (U2 |Re(2)) {1+ O |zz — 22|} +
+lzo— 21 PR C(h72)2, -7 — 1) -
(JY) (U2 [Re(2)) {1+ Oz — 2,1},
(8.18)
For the purpose of deriving the factorization constraint, we concentrate on the

contribution of the identity field 1 only. Identifying Cy(b~2/2,0|x) = Ay (b™2/2|x),
we deduce the following b~2/2-shift equation

Fo(b7212) fo(j) =T(1 + b?) fo(j+b72/2), (8.19)

where we have suppressed the «-dependence and used the redefined one point
amplitude (5.29). Note that on the left hand side, the one point amplitudes again
carry identical ¢o’s. As usual, this is because we are in a region where u < 1. In a
domain with 1 < u they would indeed carry opposite signs.

On the other hand, assuming a continuous open string spectrum on the brane,
the bulk-bundary OPE of ©,-2,, contains

o (b7212, jel o) = Resj, _p-2/2Co (o, jel ) (8.20)

instead of C(b~2/2, je|lx) (as usual, € = +,—, x). The b~2/2-shift equation we
obtain for the redefined one point amplitude (5.29) then reads

v P B)E(D 22,0100 fo () = fo (j +b72/2). (8.21)
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8 More Shift Equations from the Hosomichi-Ribault Proposal

8.3 Consistency of Discrete and Continuous AdS; Branes

The discrete AdSéd) branes of [76] have one point amplitudes

imoel™™ _imo(m=1)j+1) SI[TND* (2] +1)]
I['(—b?)sin[rtnb?] sin[th2(2j +1)] ’

fo(jlm,n) = (8.22)
with n,m € Z. It is absolutely straightforward to check that they satisfy the
b~2/2-shift equation (8.19). Note that checking the 1/2-shift equation, we actually
only need m € Z. The additional restriction n € Z is required when checking our
novel b~2/2-shift equation (8.19). The above amplitudes also satisfy the reflection
symmetry constraint (5.30), a fact that has of course already been checked in [76].

Let us now turn our attention to the continuous AdSéC) branes of [72]. Their
one point amplitudes read

Tl'Ab e—o((2j+1)a'

- JVp sin[mb2(2j + 1)1’ (8.23)

Jo(jled =

with & € R. Plugging that into the appropriate b=2/2-shift equation (8.21), we
can infer an expression for the residuum of the bulk-boundary OPE coefficient

efo((rh’Z

¢h™?/2,0lx) = ———7—.
vER(1 4 b2)

(8.24)
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9 Summary and Discussion

The central topic of this thesis is the consistency of branes (boundary states)
in the noncompact nonrational Hj CFT. It is addressed by studying the famous
Cardy-Lewellen sewing relations for the two point function. They become feasible
in this context through the use of Teschner’s trick, which makes RCFT techniques
available for this noncompact CFT. Essentially, we derive so-called shift equations
from the appropriate sewing relation and analyse their solutions. This results in
explicit expressions for the one point functions of the corresponding branes.

Our main contributions can be divided into two great themes. The first one
is a solution to the problem of deriving b~2/2-shift equations. The issue here is
that a continuation prescription for the two point function is needed (see chapter
6, in particular 6.1.1, section 7.5 and chapter 8). We show that an analytic con-
tinuation, although technically quite involved, can be carried out explicitly. The
resulting shift equations lead to a brane spectrum which consists of one contin-
uous set (6.78) and two discrete sets, (6.76) and (6.82), of AdS» solutions. In the
following we refer to this as the analytic approach. Motivated by the Hosomichi-
Ribault proposal [73] that we review in 7.5, we also explore a different contin-
uation prescription that we refer to as the continuous approach for the rest of
this chapter. It is the content of chapter 8 and results in one continuous (8.23)
and one two-parameter discrete set (8.22) of AdS» solutions. The crucial point
about the continuous approach is that it leaves an ambiguity in the continued
two point function that could potentially be passed on to the shift equation and
hence invalidate the whole procedure. Our merit here is, that we can demon-
strate this not to happen in the Hi model and succeed in deriving a meaningful
and unambiguous b~?/2-shift equation for this case as well.

The second theme is the initiation of a systematic exploration of branes in the
H3 model. Before our work, these branes were grouped into two great classes,
AdS» and S? branes, and these two classes were each again divided into discrete
and continuous branes. To this pattern, we propose to add an additional subdi-
vision into regular and irregular solutions (section 5.2). Moreover, we point out
that an analysis of potential equivalences between the Hi model branes on the
level of their isospin dependence is not sufficient and must be supplemented by
further input from the study of consistency conditions like the Cardy-Lewellen
constraints. Therefore, isospin dependencies that seem equivalent at first sight
must nevertheless be studied separately. The importance of these observations
is demonstrated by our subsequent analysis in chapters 5 and 6: Without the reg-
ular branes, we would miss some important parts of the brane spectrum in the
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9 Summary and Discussion

u-dependence | shift equation (continuous) | shift equation (discrete)
for ©1,,? | for @,-2,,? for 01,7 | for ©,-2),?
1 lu —ul* [791/v */® ® */®
(u—u)% [78]/® ® [78]/® [78]/®
p2 lu+ul* [721/v */® [76]/v */®
(u+u)% ® ® ® ®
p3 || |-1+uul® — — — —
(=1 +umn)? — — [78] [78]
P4 (1 +un)? — — [72] —

Table 9.1: Classes of brane solutions: Our contributions are marked with a ® for
the analytic approach and a * for the continuous approach (see text).
Confirmed results are ticked v. Recall that there is no distinction be-
tween analytic and continuous approach for the 1/2-shift equations.
Also remember that we have reconsidered the results of [78] for rea-
sons explained in section 5.2.

analytic approach (sections 6.1.4 and 6.2.3). Furthermore, concerning the isospin
dependence we learn that gluing maps p; and p, are not equivalent for regular
branes (compare 6.1.3 and 6.1.4 as well as 6.2.4 and 6.2.3). In view of these re-
sults, we are the first ones to give an exhaustive discussion of AdS, branes within
the analytic approach, offering a complete treatment of the different isospin de-
pendencies, following systematically the patterns discrete/continuous as well as
regular/irregular and deriving two independent shift equations for each case. See
table 9.1 for an overview. From the point of view of the systematics, our merit
is the computation of many new 1/2-shift equations (namely (5.60), (5.73), (5.79),
(5.82) and (5.83)) and much more importantly the derivation of the full set of
b~2/2-shift equations in case of the analytic approach (see (6.37), (6.58), (6.75),
(6.77), (6.81) and (6.85)) as well as some equations of this type, (8.19) and (8.21),
within the continuous approach. In addition, we also succeed in giving either a
solution to the constraints or a proof of their non-existence (except for one case,
section 6.2.4, where we could only make a conjecture).

Our results on the spectrum of AdS, branes may be interpreted as follows:
In RCFT, according to an analysis carried out by Cardy [75] and, independently,
Ishibashi [94], it is known that branes are in one to one correspondence with
the physical spectrum of the bulk theory. In this light, we should only have
one continuous set of branes. So how do the additional branes, labelled by two
discrete parameters, fit in here? To give an interpretation, it has been proposed
in [76] that the disgrete AdS»> branes should be thought of as beeing associated
to the degenerate s((2, C)y representations with jy, , = —% + % + %b‘z, m,n €
Z. The brane spectrum that we find from the Hosmichi-Ribault proposal fits

128



in nicely with this interpretation. This might indicate that the Cardy-Ishibashi
analysis needs to be modified at some point to make it applicable to noncompact
nonrational CFT. On the other hand, the brane spectrum that we obtain from
the analytic approach gives (besides one continuous series) two one-parameter
sets of discrete branes (see 6.1.4 and 6.2.3). In view of the above proposal, one
would naturally associate them to the spins ju,0 and jo, and think that some
branes are missing. However, the discrete branes in the analytic approach couple
only to bulk fields that transform in finite dimensional s((2, C) representations
jE %Z. Thus, they do not couple to the physical states of the model, which fall

into the representations j € —% +iR0, and one could argue that these branes can
actually be discarded. Then, we are only left with one continuous set of branes
and the Cardy-Ishibashi analysis (which was originally devised for RCFT) remains
correct. Consequently, if one adapts the Cardy-Ishibashi analysis to noncompact
nonrational CFT, one should get a device that may be able to select one of the
two brane spectra and hence one of the two approaches.

An adaption of the Cardy-Ishibashi analysis to noncompact nonrational CFT
would probably als suggest a classification strategy for the Hj branes. Recall
that for our systematic treatment we have used the patterns AdS»/S?, discrete/
continuous, regular/irregular and analytic/continuous (note that continuous ap-
pears with two different meanings). We have however not achieved a classifi-
cation, as there are no results that guarantee this list of patterns to be com-
plete. Hence, the question still remains what classification really means here,
or phrased differently, how a complete list of patterns will look like. A noncom-
pact nonrational version of the Cardy-Ishibashi analysis would certainly help here
again. Interestingly, there were speculations about additional branes in the Hj
model only quite recently [103], but no additional patterns could be given.

Let us also look at the question of what approach, analytic or continuous, might
be preferable from a different perspective. While we have shown that the conti-
nuity proposal works and even yields quite reasonable results, there are some
issues about it that we want to criticize here: First of all, the Hj /Liouville map is
singular at the transition point, that is, the correspondence really breaks down
here. The “singularity” that is discussed in [73] is not seen on the Hj side of the
correspondence, but on the Liouville side. It occurs when two Liouville boundary
fields collide. But this is in the first place a singularity of the map and not of the
Hi model. By the same reasoning, the continuity proposal is merely to be viewn
as an assumption about the map, and not about the H model. For these reasons,
we want to advocate a model-intrinsic approach to the Hj model here. From this
perspective, the analytic approach is very natural and preferred for three simple
reasons: Firstly, the two point function is an analytic object in its initial domain
of definition. Secondly, no intractable problems are encountered when carrying
out the analytic continuations. Thirdly, there is no danger here that the shift
equation might become invalidated, since the two point function is clearly com-
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9 Summary and Discussion

pletely determined from analytic continuation. Moreover, the transition point is
seen in the analytic approach as well (as the demarcation of the initial patch), but
it is very well behaved and by no means singular. In fact, the requirement (of
the Hosomichi-Ribault proposal) of finiteness and continuity at the u = z “sin-
gularity” is also met here; the regularity behaviour is even better. Therefore, one
might actually be tempted to reverse the argumentation of [73] and rather ask if
anything new may be learned about Liouville theory, or at least about the corre-
spondence, from the behaviour of the Hj model (within the analytic approach) at
the transition point. Another advantage of a model-intrinsic treatment is also its
generalizability. Ultimately, one will be interested in general noncompact non-
rational CFTs that may not have a correspondence to some Liouville-like theory.
For such models, one needs results that are independent of possible mappings
or correspondences. The lesson for the Hj model is that one would make an
analytic continuation to cross the u = z singularity in a model-intrinsic study.

Concerning the H; /Liouville correspondence, we have just indicated that one
may ask if anything new can be learned in the opposite direction, transferring
knowledge about the well-behaved transition point on the H3 side to the Liouville
side. This is a new perspective, since originally the correspondence was designed
to work into the other direction only (transferring knowledge from Liouville the-
ory to Hj). Another interesting direction in view of the correspondence is the
incorporation of other branes: In its present form, the Hj /Liouville map works
only for AdS»/FZZT branes. Can it be generalized to include also S? branes (and
on the Liouville side ZZ branes)?

Dwelling a litter longer in the vicinity of the Hj model, we also want to point
out that the impact of our work on string theory on AdS; [104] as well as the
cigar CFT [105, 106] (which describes a bosonic string in an euclidean black hole
background), which are both related to the Hf model, is also to be worked out.
For example, we have remarked above that the regular branes require 2j € Z and
henceforth decouple from the physical spectrum of the Hf model. Yet, these
branes could still turn out to be important in view of string theory on AdSs or
the cigar CFT, because the physical spectrum of these theories is richer (see [90]
and [107], respectively).

Admittedly, the study we have carried out appears to be quite specifically tai-
lored for a treatment of the Hf model. But is this really true? Let us speculate
which of the features that we have encountered may carry over to more gen-
eral models. We would expect that the occurence of u = z “singularities” is a
general feature of nonrational models with an underlying noncompact symme-
try. The reason is that a nonpolynomial dependence on the isospin variable is
typical of the representations of noncompact groups. One might suspect that
the Appell and Horn functions (which are generalized hypergeometric functions
in two complex variables) become Lauricella functions in more general models
with, say, sl(n,C) symmetry. This statement may be understood as a call for
a revival of interest in these special functions and, in particular, their analytic
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continuations. These functions have very generic singularities whenever two (or
more) of their variables coincide (but analytic continuation over the singularities
should in general be possible). These will be the generalizations of the u = z sin-
gularity encountered here. It is then expected, that the analytic approach which
has been pursued here is also applicable in such situations, only that one has
more singularities to take care of. Moreover, possible mappings to Liouville-like
theories (for sl((z, C) WZNW models these could be the s[(n) Toda theories; see
below) will probably break down again, just like the H3 /Liouville correspondence.

Seeing the progress made towards an understanding of the Hj model and Liou-
ville theory, one can hope that more general nonrational CFTs will be studied in
the near future. Noncompact WZNW models with an s((n, C) symmetry together
with the sl(n) conformal Toda field theories [108] are natural next candidates.
They are expected to generalize the HJ /Liouville correspondence, a speculation
that becomes understandable if one realizes that Liouville theory can be viewn as
the s((2) Toda theory. Other interesting and promising developments are emerg-
ing just these days. In [109], a whole family of solvable nonrational CFT models
was introduced and one can hope for new lessons to be learned from them. More-
over, the first paper [110] that is devoted to a study of the general structures and
foundations of nonrational CFT has appeared by now. Thus, the prospects for
the study of nonrational CFT are very good. It is a rather young field that just
starts to develop from the study of explicit examples towards a more general
understanding. It is expected that one will get a handle on a large variety of non-
rational CFT models soon. This is highly desirable, as such models provide the
framework for a treatment of noncompact string backgrounds.
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A Representation Theory of SL(2,C) and SL(2, R)

In this appendix, we shall describe elements of the representation theory for
locally compact topological groups. The literature we follow is [111, 112, 113].
Although we give explicit formulae only for SL(2,C) and SL(2,R), we shall in
fact arrive at a complete description of the unitary irreducible representations
of SL(n,C) and SL(n,R) in this appendix. Our aim is to give a flavour of the
general theory, but without introducing most of its vast and rich terminology
and technology.

A.1 Locally Compact Groups

Let us start with some definitions and assumptions that allow us to fix our nota-
tion. In this we follow [114, 115].

A topological group is a group G that is at the same time also a topological
space, such that group multiplication G X G — G and inversion G — G are contin-
uous (the former with respect to the product topology on G X G). A topological
group G is locally compact, if every point in G has a compact neighbourhood (in
Hausdorff spaces this is equivalent to having a local base of compact neighbour-
hoods). We also want to assume that G has the Hausdor({f property, that is to any
two distinct points a,b € G, a # b, there are neighbourhoods U of a and V of
b such that U nV = @. The assumptions of local compactness and of the Haus-
dorff property are of great importance here, as they guarantee the existence of a
left-invariant Radon measure on G: The famous Haar measure which is unique
up to a positive factor. We typically denote it by yu. When talking about repre-
sentations, this measure will be indispensable because it gives a notion of scalar
product, norm and therefore also unitarity. In the following we denote by G a lo-
cally compact topological group with the Hausdorff property and for brevity just
call it a locally compact Hausdorff group. The réle of the Hausdorff property is
that it ensures the compact sets to be Borel sets. This is important, since the the-
ory makes great use of inner regular Borel measures and the notion of an inner
regular measure is based on the approximation of measurable sets by compact
subsets, which therefore need to be measurable as well. For more details and the
importance of local compactness in the proof of Haar’s theorem and the Riesz
representation theorem (which enters the proof of Haar’s result), see [114].

The next ingredient we are going to use is a subgroup H C G. It comes with the
canonical subspace topology, of course, and is itself a topological group. With
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G being locally compact, the left coset G/H is also locally compact. In order to
establish the Hausdorff property for G/H, we need to assume that H is closed in
G. Note that we have not assumed H to be a normal subgroup of G. Therefore,
the homogeneous space G/H is not necessarily a group and we cannot make use
of Haar’s theorem again to ensure the existence of an invariant measure on it
(if H was a normal subgroup, this conclusion would however be correct). Yet,
what is guaranteed in this situation is the existence of a quasi-invariant measure
v on the homogeneous space G/H [112]. Quasi invariance of the measure v
means that every v-null set is also a null set with respect to any G-translate of
v, i.e. with respect to the measures v o g for all g € G. This property is usually
also referred to by saying that all G-translates of v are absolutely continuous with
respect to v. The quasi-invariant measure v is needed in the definition of induced
representations that we give below. From now on, we will always denote by H a
closed subgroup of G. G acts naturally on G/H by left translation: x - gx
and this action is continuous. Moreover, 1 denotes the canonical epimorphism
1 : G — G/H. Finally, a section for G/H is a Borel map s : G/H — G such that
1o s = 1|g/y, i.e. s maps each equivalence class to an element in the same class:
s(x)H = x for x € G/H. Such sections always exist under the given assumptions
[112].

These are the basics of topological groups that we need in what is to follow.
Note that for Lie groups the above assumptions are incorporated automatically,
since a Lie group carries the structure of a smooth manifold, which is typically
assumed to be Hausdorff, and it inherits local compactness from being homeo-
morphic to R™.

A.2 Elements of the General Representation Theory for Locally
Compact Groups

A representation of a topological group G is a homomorphism A from G into the

group B(V) of bounded linear operators on a Hilbert space V, such that the map

{vaav

(g,v) - Alg)v A1)

is continuous. Provided that ||A(g)|| (operator norm on B(V)) is uniformly
bounded in a neighbourhood of the identity, one can easily see that the conti-
nuity property follows from strong continuity of A, i.e. continuity of the maps

G-V
{57 o w2

for all v € V at g = 1. A representation A is said to be unitary, if

[A@] =[a@]" Vgea. (A.3)
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It is called irreducible, if there are no closed invariant subspaces other than 0 and
V, i.e. no closed vector subspaces U C V such that

AQUCU VYV geai, (A4)

with U = 0,V.
On any locally compact Hausdorff group G, there is one representation we can
write down immediately: The so-called (left) regular representation A

G — B(L2(G|w))
{ 9~ \g) (A-3)
which acts on LZ(G|u) as
A1) :=Ffg'g). (A.6)

Thanks to the translation invariance of the Haar measure u, this representation
is clearly unitary. It is however usually reducible. What the irreducible unitary
representations are and how the regular representation decomposes into them,
belong to the central questions of representation theory. In the theory of compact
groups, it is a well-established fact that all unitary irreducible representations do
occur in the decomposition of the regular representation. We shall see, however,
that this statement does not remain true for noncompact groups.

A.2.1 Induced Representations

One important method to construct irreducible unitary representations is the
method of induced representations. This is of course known to a physicist from
Wigner’s construction of induced representations for the Poincaré group which
lies at the heart of relativistic quantum theory. The basic idea is that from a
given representation x (with representation space V) of some subgroup H and a
section s : G/H — G, a representation of the whole group G is induced on the
Hilbert space L2(G/H,V|v) via

dv(glx)

1
av(x) )2 X ([S(X)]_lgs (g’lx)) f (g’lx) . (A7)

[A@)fl(x) = (

1y 12
We need to explain the normalization (d"d(f(X)X)) . Since we are working with

a quasi-invariant measure v (i.e. any set that is a v-null set is also a (v o g~1)-

null set) we have, by the Radon-Nikodym theorem [114], that ‘h’c{fi(:)") exists as a

quasi-integrable function (with respect to v) which is non-negative, since (vog!)
is a measure. (A function f is quasi-integrable, if it is measurable and if at least
one of f* = %(f +|fD,f = —%(f — |f) has a finite integral. If both parts are
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finite, f is integrable.) Thus, the expression written down in (A.7) is sensible. We
will understand the role of the normalization factor in a little while.

It is easy to check that (A.7) does indeed define a homomorphism and that the
operator A(g) is linear. Note that the group element [s(x)17! gs (g~ 'x) is really
in H, as it has to be since x is a representation of H only. Also, if x is a character
(or quasi-character) of H, i.e. a homomorphism from H to S! (or to C* := C\ 0),
the definition is independent of the choice of section s : G/H — G. This is,
because for any section s(x) € xH C G (since 1t o s = 1|g/y, T : G — G/H is the
canonical epimorphism), which implies thatif t : G/H — G is another section, we
have

s(x) = t(x) - h(x) (A.8)

for some h(x) € H. Therefore,
(sG] gs (97'x) = R - [t ' gt (97'x) - hix)  (A9)

and thus, if x is a (quasi-) character, independence of the choice of section fol-
lows. The representation space L2(G/H,V|v) is the space of square integrable
functions (with respect to the measure v on G/H) from G/H to V. The norm is

2= [ I eoldvi, (A.10)
G/H
where || - ||y is the norm on the Hilbert space V. It is quite obvious that A(g) f
dv(g~'x)

is again in L2(G/H,V|v): As mentioned above, FIED) is a non-negative, quasi-
integrable function. Moreover, the left translation x — g~!x is continuous, hence
measurable, and the composed map

x= [l 1B efogt]x)=I1f (g7 x) 11} (A.11)

is therefore measurable and, since it is non-negative, also quasi-integrable. The
product of non-negative quasi-integrable functions is again quasi-integrable, so
we can have a look at

v (@) | e (2 )
JG/H dv(x) s (g X) [15dv(x) =
= Jollf o7 v (97 dince W)
“ o\ TVEVAS nee =4 ) =
:J [LFCO15dv(x) since g':G/H = G/H
G/H
=|[f1I7, < oo.
dv(g~lx)

Thus, REY) ’ If (g71x) ||‘2/ is not only quasi-integrable, but even integrable.
And as Y, being a representation, is a bounded operator, we can conclude that

[A(g)f] € L*(G/H,VI|v). (A.12)
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-1
From this argument, we see that the Radon-Nikodym derivative d"d(f(x)") repairs

the missing translation invariance of the measure and is an important ingredient
in making the representation unitary. Using this once again, we have immediately
that

lA@)fIIF = JG/H o (1seo1 g5 (971x)) f (g’1X)H2Vdv (97'x) 13

and therefore, if x is unitary, i.e.

IX(R)f (97 %) v = 11F (97x) Ilv, (A.14)

we gain that also A is unitary. Even more, equation (A.13) tells us that (even for
nonunitary x) A(g) is a bounded operator with norm

HA@ I sr2) < llo]lBV) . (A.15)

From the description of induced representations that we have given, it is clear
that these are always infinite dimensional, since their representation spaces are
certain L2(...) spaces. Therefore, although induced representations as described
above are also well-defined for compact groups, they are only of marginal impor-
tance there, since all unitary irreducible representations of compact groups are
finite dimensional. However, in the representation theory of noncompact groups,
it is the infinite dimensional representations that are the unitary and irreducible
ones (except for the trivial representation, of course) and thus, the induced rep-
resentations are indispensable here. Now, as we have seen, an induced represen-
tation depends on two data: A subgroup H and a character x of that subgroup.
One should therefore ask, which subgroups and characters one can use in order
to generate the maximum of inequivalent irreducible unitary representations. It
turns out that we do not need to consider all subgroups, but rather the so-called
parabolic subgroups and certain characters for them. A parabolic sugroup H C G
is such that G/H is a projective variety. For our purposes, the cases of SL(n, C)
and SL(n, R) are sufficient, and for these groups the parabolic subgroups are just
the block-upper-triangular subgroups. They consist of n X n matrices of the form

g *
pP= , (A.16)
0 Irr

where the g;; are complex (in the case of SL(n, C)) or real (for SL(n, R)) matrices
of size m; x m; with non-zero determinant. Of course, m; + - - - + m,, = n. The
matrices P have a standard decomposition, the Levi-Langlands decomposition:

g 0 In *
P=M-N:= : , (A.17)
0 Irr 0 Lyr

139



A Representation Theory of SL(2,C) and SL(2,R)

where the 1;; are identity matrices of dimension m; x m;. Now, there are two
cases to distinguish. In the general framework, there is a minimal parabolic sub-
group, the so-called Borel subgroup. It is singled out, since it already suffices
for the decomposition of the left regular representation. In case of SL(n,C) or
SL(n, R), minimality means v = n, m; = - - - = m,, = 1 and it is therefore simply
the group of triangular matrices (with appropriate entries). We shall call such a
matrix B. Induction from the Borel subgroup gives the famous principal series
representations of Gel'’fand and Naimark. The characters x to be used are defined
to be trivial on the second factor N in the Levi-Langlands decomposition, while
on the first factor, M (which is now just a diagonal matrix) they run through the
characters of the group of diagonal matrices. We will denote the principal series
representations by A,. Gel'fand and Naimark showed that they are all irreducible
(for SL(n, C)), but not all inequivalent. We will discuss the concrete examples
of SL(2,C) and SL(2,R) soon. They also showed that the regular representation
decomposes into a direct integral of principal series representations. This is sur-
prising, because the trivial representation (which is unitary and irreducible) is
not contained in the principal series representations. Therefore, in contrast to
the representation theory for compact groups, it is in the case of noncompact
groups no longer true that all unitary irreducible representations occur in the
decomposition of the regular representation.

And indeed, there are in general many more unitary irreducible representa-
tions than just the identity and the principal series ones. Induction from general
parabolic subgroups P gives rise to the so-called degenerate series representa-
tions. The characters x one uses here are defined as follows: Take the map

g *
P = ~ (det(g11),...,det(gyr)) € (C)" (A.18)
0 Grr

and decompose it with a character of the group (C*)" in order to yield an ap-
propriate character of P. The resulting representations, which we will denote
Ap , are again all irreducible (for SL(n, C)) and unitary. The maximal case v = 1,
m, = n, which is obviously the case where P=G, produces the trivial representa-
tion.

This is not yet the end of the story. There are still more unitary irreducible
representations to reveal. Taking a quasi-character instead of a character in the
definition of Ay or Apy, the representations are no longer unitary, but for some
suitable quasi-characters the scalar product (and hence the canonical representa-
tion space) can be changed to yield more unitary irreducible representations. See
(A.34) for an example. These additional representations (they are inequivalent to
the former ones) are called supplementary series representations.

And even now, we are not quite at the end. In fact, for the complex semisimple
Lie groups we have reached the complete list of irreducible unitary representa-
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tions. But for their real forms, not all of the described induced representations
are irreducible and, more importantly, there can be further unitary irreducible
representations that are not induced representations. In order to construct them
in generality, the theory has to go much deeper. We will not attempt to go into
the many new features of these new representations here, but since they do show
up in SL(2, R), we devote a separate subsection to describe and comment on them
briefly.

A.2.2 A Few Remarks on Discrete Series Representations

As we have just said, the general construction of the discrete series representa-
tions is very different from and requires a lot more technology than the induced
representations. Harish-Chandra has constructed them under the assumption
that the group G has a compact Cartan subgroup. The focus on Lie groups is nec-
essary here (while subsection A.2.1 on induced representations has more general
validity) and hence, the definition of a Cartan subgroup is clear: It is simply a
maximal connected abelian subgroup of G generated by the elements of a Cartan
subalgebra, which is standard in Lie theory. In the study of noncompact groups,
it is instructive and common to decompose the Lie algebra into compact and
noncompact generators (in [111], this is called the Cartan decomposition). One
arrives at it as follows: There always exist anti-linear involutions 0 (i.e. 62 = 1)
of a Lie algebra. For the classical Lie groups, which are matrix groups, a common
choice is the Cartan involution. On the group elements, it is conjugate transpose
followed by inversion, i.e. on the Lie algebra it becomes conjugate transpose to-
gether with multiplication by minus one. Now, it becomes crucial that we regard
the Lie algebra as an algebra over the real (!) numbers. (This does have conse-
quences when talking about the dimension and the rank of the Lie group, which
we here always mean to be the real dimension and the real rank. With this con-
vention, dimSL(2,C) = 6 and rank SL(2,C) = 2, whereas dimSL(2,R) = 3 and
rank SL(2,R) = 1.) The eigenvalues of 6 are then real and the Cartan decomposi-
tion is the decomposition of the Lie algebra into 0-even (i.e. eigenvalue +1) and
0-odd (eigenvalue —1) elements and these are called compact and noncompact
generators, respectively. For the classical Lie groups, the compact (8-even) ones
are anti-hermitian, while the noncompact (0-odd) generators are hermitian (we
follow the mathematician’s convention and use the exponential map without in-
cluding the imaginary unit). If the Cartan subalgebra can be chosen among the
compact generators only, the resulting Cartan subgroup will be compact. As the
maximal compact subgroup K C G of G surely also has a compact Cartan sub-
group, compactness of the Cartan subgroup of G is obviously equivalent to the
condition rank K = rank G. This is the situation of Harish-Chandra’s theorem. If
it is met, so-called discrete series representations can be constructed on general
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grounds. One easily sees that SL(2, R) is such a case: Its Lie algebra is

sl(2,[R)=spanR<t1 :=< _01 (1) ),t2:= ( (1) (1) ),t3:= ( (1) _01 )>
(A.19)

t; is clearly a compact generator, while the other two, t, and t3, are noncom-
pact. As the Cartan subalgebra is one-dimensional, it can simply be chosen to be
spanned by t; and is hence compact. This is of course also in accord with the rank
of the maximal compact subgroup, which is SO(2) in this example, being equal to
the rank of the whole group. However, for the groups SL(n, R), which have maxi-
mal compact subgroup SO(n), we have rank SL(n,R) = n — 1, rank SO(n) = [%J
(with | - | the Gauss bracket) and therefore

rank SL(n,R) # rank SO(n) for n > 2. (A.20)

Hence, the Harish-Chandra construction does not work in these cases. Moreover,
as the existence of a compact Cartan subgroup, i.e. rank K = rank G, is also
a necessary condition for the existence of discrete series representations, the
groups SL(n,R) do not admit discrete series representations whenever n > 2.
This is the reason why we contend ourselves with just citing the discrete series
representations for SL(2,R) and will not delve into general constructions that in
view of SL(n, C) and SL(n, R) would not bring any additional benefit.

A.3 Irreducible Unitary Representations of SL(2,C)

In this section we want to construct the irreducible unitary representations of
SL(2,C) using the technique of induced representations introduced in section
A2.1.

First, we need to determine the parabolic subgroups. This is fairly easy here,
since the only ones are either the full group itself or the upper triangular sub-
group (which is precisely the Borel subgroup). Since the group itself always in-
duces the trivial representation, we are left with one case only, namely induction
from the Borel subgroup, which results in the principal series representations. As
there are no generic parabolic subgroups, we see immediately that G := SL(2, C)
does not possess any degenerate series representations.

So let us take H to be the upper triangular subgroup. It is easy to see that two
matrices g,g’ € G,

g g2 , gn 92
= y = ’ 7 y A.21
g ( g2 g2 ) g ( gz Y9 ) ( )
are equivalent modulo H, g ~y g’, if and only if
I _ 91 _ ;e ¢=Cu{w]. (A.22)
g1 921
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Hence, we define the projection map : G — G/H to be

oo 9 g1z ) | g (A.23)
g1 g2 g21

This shows that G/H = C is really a projective variety, and H a parabolic sub-
group.

Now, we want to determine the action of G on the homogeneous space G/H =
C. Left-translation by an element g € G

s t a b s t as+bu ...
(u v)H(c d)(u v>:<cs+du ) (A.24)
induces precisley

Z=T((S t)HTr(a5+bu ...):az+b (A.25)

u v cs+du cz+d

on G/H = C. The space of sections s : G/H — G can therefore be parametrized
by the elements (recall T o s = 1|¢;u)

1
s(z) = ( xz P ) (A.26)

x Pzt

Note that these sections are not defined for z = 0 and z = . This is not a
problem, since the theory only requires Borel sections, which may be undefined
on a set of measure zero. With this explicit parametrisation, the particular com-
bination [s(z)]*1 gs (g~'z) can be checked to really lie in H. In fact, it is given
by

_ -1
[s(2)] tgs (g’lz) = ( ( ng a) (—c-z“+a) ) (A.27)

What we have denoted with dots here does not play a role, since the quasi-
characters that are used for the principal continuous representations are triv-
ial on the off-diagonal part in the Levi-Langlands decomposition. The quasi-
characters xi,, to be used are parametrized by k € Z and p € C and they map

o (—cz+a)! —cz+a \ ¥ Y
Xk,p - ( 0 (—CZ 4 a) — (m) |—CZ + [l| . (A28)

The last thing we need to determine is the Radon-Nikodym derivative of the mea-
sure d?z = dxdy = %dzdz. Since we have

d (g’lz) =dz-(-cz+a)?, (A.29)
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the Radon-Nikodym factor (already taking the square-root) is just an additional
contribution of |-cz + a| 2.

With all these ingredients in our hands, we can now finally write down the full
nonunitary principal series representations of SL(2, C):

-k
—-cz+a dz-b
Mupf)@) = ez val 0 (Z200) F(£550)
(Ao f1(2) = I=cz +al |—cz +al N Zezva
fel? c¥|d%z), kez, peC.
This is nonunitary, because the x , are generically quasi-characters. They obvi-
ously become characters for p € iR. The corresponding representations are then

unitary. It can also be shown that they are irreducible. These are the irreducible
unitary principle series representations of SL(2,C):

[Akof](2) = I—c2+a\’2’“’< —czra )7kf( dz-b )

|—cz + al —-cz+a
fel?d’z), kez veR.
However, there are equivalences among the Ay, namely
Agp =~ Ak —y . (A.32)

Therefore, we usually restrict to a set of inequivalent representations out of this
class that we parametrize as

(A.30)

(A.31)

(A.33)
fel?Cld*z), kez, ve —% +iRsg.

With the principal series representations at our disposal, we are already very
close to the complete list. There are no degenerate series representations, as we
have remarked at the beginning of this section and the complex groups do not
admit any discrete series representations. The only missing ones are the supple-
mentary series representations that are obtained from the nonunitary principal
series with k = 0 and 0 < p < 2. They become unitary if the scalar product is
changed from the standard L? product to

*
(flg) == szszZwM (A.34)

lz-w|™*
(this is obviously positive-definite). Gel’fand and Naimark proofed that these

are unitary and irreducible. Thus we have in addition the following (irreducible
unitary) supplementary series representations of SL(2,C):

0 2—w dz-Db
[Duf1(2) = |-ez +al 2 f (L2221,

fer? (1), O0<w<2.

(A.35)
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A.4 Irreducible Unitary Representations of SL(2,R)

Let us start with the induced representations. This is completely analogous to
the complex case treated in the previous section. Again, there are no degenerate
series representations, since the only two parabolic subgroups are the group G :=
SL(2,R) itself (that induces the identity representation) and the upper triangular
subgroup H. Note that this time all entries of the matrices are real, of course.
Therefore, the homogeneous space is

G/H=R=RuU{w}, (A.36)

again a projective variety. The action of G on this space is just as in the previous
section (with all entries real — we will not bother to say this any more from now
on), the canonical epimorphism 77 is just the same, the space of sections can
be parametrized likewise, the particular combination [s(x)]*1 gs (g7 'x) (x € R)
looks completely as before. What changes here are the characters x¢,. They are
parametrized by € € {0,1} and p € C and act as

(—cx +a)!
Xep * 0

Finally, the Radon-Nikodym factor (again already taking the square-root), only
produces |-cx + al™! this time. Assembling all that, we write down the full
nonunitary principal series representations of SL(2,R):

Ceomel ~ Y
(—cx+a)) sgn(—cx +a)|-cx+al™”. (A37)

[Aepf100) = |—cx +al sgn(-cx + a) f (M) :

—-cxX +a
fel?R,R¥|dx), ee<{0,1}, peC.

(A.38)

Being based on quasi-characters, these are again generically nonunitary, but do
become unitary for p € iR, i.e. precisely when the x., become characters. The
resulting unitary representations are all irreducible, except for the case (€,p) =
(1,0). There are also the following equivalences between these representations:

Aojv = Ao—iv,  Ariw = A1-4v, (A.39)

that we readily use to reparametrize the representations and only list inequiva-
lent ones. Consequently, we have the following irreducible unitary principle series
representations of SL(2, R):

dx—b)

_ 2v
[A0u f](x) = |-cx +al f(_cx+a

(A.40)

fel?Rldx), wve —% +1iRsp,
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as well as

[ALwf] () = |=ex +al*" sgn(-cx + a) f (M) ,

-cx+a (A41)

fel?Rldx), wve —% +iRsq.
Note that we have to take the imaginary part of v strictly greater than zero in the
last case (e = 1), while it is greater or equal to zero for € = 0. This is due to the
representation A; o being reducible, as stated above.
Moreover, there are again supplementary series representations. Just like in
the previous section, they stem from the nonunitary principal series with € = 0,
0 < p < 1 if one uses the following scalar product for functions f,g: R - C

[f)T g(y)

A42
|x—y|'* (42

(fm%=dede

The (irreducible unitary) supplementary series representations of SL(2, R) are there-
fore

0 d-w dx —b
[Auf1(x) = |=ex +al 7w p (220

feLl*R,CI(-]1), O<w<]1.

(A.43)

So far, everything was just like in the complex case. Now, however, our list of
irreducible unitary representations is not yet complete: We need to add the (irre-
ducible unitary) discrete series representations of SL(2,R). Let us cite them here,
following [111]. We have

dz—-b
-cz+a

[Aﬁfl(z):(—cz+cw’"f< >, ne s,
(A.44)

f:H* —~ C holomorphic, [ f]12 := j dxdy|f(x + 1) 292 < o,
>0

and an antiholomorphic version
dz-b
—-cz+a

[ALf] (2):(—cz+a)’"f( ) Nne”s,,

f:H~ — C antiholomorphic, ||f]|% := J

dxdy|f(x —iy)|?y" 2% < o0,
>0

(A.45)

where H* are the upper and lower half-plane respectively: H* := {Im(z) = 0}.
For the value n = 1, the (irreducible unitary) representations Aj can be defined
in the same way, but the scalar product has to be changed to

[|£113:=sup | dx|f(x xiy)|?. (A.46)
y>0
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A7 are sometimes called limits of discrete series representations. We had men-
tioned above, that the representation A; o, which lies in the principal series, is
reducible. In fact, it can be shown that

Ao =~Af ®@AT. (A.47)
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B H; Primary Fields in Different Bases

According to the representation theory of SL(2,C) and SL(2,R) that we summa-
rize in appendix A, we are commonly working with bulk fields ©;(u|z) that carry

a complex isospin variable u € € and boundary fields ¥, (t|x) that depend on a
real isospin coordinate t € R. This is the convention which is most convenient
for our purposes. But of course, one is free to choose different bases for the
representation space. For example, the HJ /Liouville correspondence reviewed in
chapter 7 is more conveniently formulated in terms of u- and T-basis fields. For
other purposes, the (m,m)- and (m, n)-basis is more practical. In the following,
we are going to summarize the relations between these different bases. We are
going to drop the worldsheet coordinates z and x.

B.1 Bulk Fields in Different Bases

B.1.1 The Transformation ©;(u) < ©;(u)

For u € C, the transformation is

0, = Il | _duel e, (w). ®.1)
This is inverted by

0 (u) = %L Aplp| 2 R (1) | (B.2)

which one can check by making use of

1
(21r)?

5(2) (‘l/L) — J dzkei[klRe(u)+kzlm(u)] — % J d2u ef(uufﬂﬂ) , (B3)

where the integration variables were changed from (k1, k;) to u = —2(k, + iky).

B.1.2 The Transformation ©;(u) - (E);”"’

For (m —m) € Z and (m + m) € iR, i.e. m = "*;”,m= %“”withne Z and
p € R, set
mm d?u —j+mg —j+1m
@1 = c Wu n Q;(u). (B.4)
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The backtransformation reads

0(u) = dp > w/mal Mo, (B.5)

nez

e s

with the relation between (n, p) and (m, ) as stated above. To check this, one
has to use that

Cm2 U PP —u) =2mr'd(r —+') - 2mé (@ — @)

- (IR dp (%>-ir’> ' (z em(q}w’)) (B.6)

nez

LS () @)

nez
if one introduces u = rel®, u’ = 7’el®’ in the intermediate step.
B.2 Boundary Fields in Different Bases

B.2.1 The Transformation ¥, (#) < ¥, (1)

This transformation is simply (T € R)
¥, (1) = |T|¢+! J dtel™¥, (1), (B.7)
R
which isobviousyl inverted by

Yo(t) = jR ety (r) 8.8)

B.2.2 The Transformation ¥, () - ‘I’;"’”

This basis transformation is defined for m € iR, n € {0,1} to be

v, = J de|t| =01 [sgn(t)]" ¥ (t). (B.9)
R
The inverse transformation is
¥t) = - 3 [sgn(t)]”J dm | [0y (B.10)
4Tt o1 iR

In order to check this, one makes use of

27Ti|t'|(6(t—t’)+6(t+t’))=J dm tt'f :
iR

(B.11)
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C Hypergeometric and Generalized
Hypergeometric Functions

In this appendix, we assemble some frequently needed formulae for Gauss’ hy-
pergeometric function and Appell’s first as well as Horn’s second generalized hy-
pergeometric function. Most of the formula stated here are given for convenience
and can also be found in standard references about the topic like [98, 97, 96].

C.1 Some Preliminary ldentities

Before we come to the functions of interest, let us summarize some identities that
are frequently used when manipulating (generalized) hypergeometric functions.
They concern the Euler I' function and the Pochhammer symbols.

C.1.1 T Function Identities

! _ 1 T@ro)
a-1 _ #\b-1 _
Jo det t* (1 -1t) [(a+ D) (C.1)
- 2o YTT=3)
JO dt (1+19)" = 5= == (C.2)
F(2j) = —= @)% TG + 2) €3)
VT 2 '
rz)r1 -z = — (C.4)
sin(1rz)
C.1.2 Pochhammer Symbol Identities
The Pochhammer symbol is defined to be
(@) = LX) (C.5)

I'(x)
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From this definition and the functional equation of Euler’s gamma function,
ol (x) =T (x + 1), one easily derives the following identites:

(=)m
(1-)m’

(at+m)p(c)m
(O()m+n = { ((x+7’l)m(0()n ’

(0) o =

(C.6)

) (et m)n(0Om
(@m-n =7 (&= ) () n

C.2 Gauss’ Hypergeometric Function

C.2.1 Definition
Convergent Series

The ordinary Gauss’ hypergeometric function F (also denoted ,F;, but since we
do not consider the generalizations ,F;, we do not need to make this distinction
here) is defined as a convergent series by

00

F(a,b;clz) = >

n=1

n

(@)n(b)n 2™ C.7)
(c)n nl

for |z| < 1and ¢ ¢ Z.o. (a),, and so on are Pochhammer symbols as in C.1.2.

It is obviously symmetric in a and b. By making use of the definition of the

Pochhammer symbol, one shows
k (a)r(b)i
——F(a,b;clz) = ————

azx O Fla+k,b+k;c+kl|z). (C.8)

The hypergeometric function can be continued to regions other than |z| < 1 from
certain integral representations given by Euler and Barnes [98]. We shall not need
these formulae, but just state the continuation formulae that one obtains below.

Differential Equation

Any homogeneous linear differential equation of second order which has at most
three regular singularities can be reduced to the hypergeometric differential equa-
tion

z(l—z)d—2+[c—(a+b+1)z]i—ab =0 (C.9)
dz? dz Y= :
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A set of two linearly independent solutions is

y1 =F(a,b;clz)
- (C.10)
YVo=2z"°F(l+a-c,1+b-c;2-c|z)

if ¢ ¢ 7. Note that the two solutions coincide if ¢ = 1. The cases ¢ € Z are certain
logarithmic cases that we do not need at this stage, but only later when coming
to analytic continuations.

C.2.2 Analytic Continuations of Gauss’ Hypergeometric Function
The formulae stated here are taken from [98]. Note that for the hypergeometric

function to exist, we always need ¢ ¢ Z-.

GenericCase (b — a ¢ 2)

F(a,b;c ’%) = % (—%>_aF(a,1 —-c+a,l-b+alz)+

I'(c)['(a-Db) 1\ P (C.11)
ﬁaﬁ?fﬁ«—;> F(b,1-c+Db;1-a+bl|z).
GenericCase(c—a - b ¢ 7)
clz) = KO —a-b) e aip- B
F(a,b;c|z) —r(c_a)r(c_b)F(a,b,a+b c+111-2)+ o

T'(c)T(a+b-2c)

— c—a—b _ e _ B
arm) -2 F(c—a,c—b;c—a—-b+1|1-2).

Logarithmic Case (b —a = m € Z.¢)

z

Flarse]2) = e (2) &

n=0

) D) n) e
_am-1

Note that if b — a € Z, it is no restriction to take b —a = m € Z-(, as this can
always be achieved by exchanging the réles of a and b if necessary. The occuring
hy = hy(a,c,m) is defined as

hp(a,c,m) =ypy(l+m+n)+yP(l+n)—-yYyla+m+n)—-yYy(c—a-m—-n), (C.14)
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with @(z) being the logarithmic derivative of the gamma function:

Y(z) = I(2) (C.15)
C.3 The Appell Function F;
C.3.1 Definition
Convergent Series
The definition of Appell’s function F; is as a convergent series is
had ’ m ,n
Fi(o,B,B5ylusz) = > (@ msn(Blm (B u™ 2" (C.16)

e—— (¥Y)m+n m! n!

It is convergent for complex u and z in the domain |u| < 1, |z| < 1. Clearly, it is
symmetric under simultaneous exchange 8 — ' and u — z. For the third param-
eter y weneed y = 0,—1,-2,.... There are again several integral representations
of Barnes and Euler type [97] that we do not need here.

Differential Equation

Appell’s function F; can also be defined as being the solution of the following
system of two partial differential equations

u(l—u)85y+z(1 —u)0y 0y +ly—(x+B+1)uloyy—Bzo,y —apBy =0 (C.17)

together with the same equation, but with the exchange of u < z and § — f’. This
is of course nothing but the observed symmetry of F;. This system of equations
can be brought to a different form [96], which is

Bz(1-2)0,y =u(l —u)(u—z)02y+
+|yw-2) - (@+ B+ DU+ (a+ B - B + Duz + p'z|duy-

-xpu—-z)y
(C.18)

and again its counterpart with u < z and - f’, together with the third equation
(u—2)0,0.y — B'0uy + B0,y =0. (C.19)

Note that (C.18) is precisely of the form of the Knizhnik-Zamolodchikov equa-
tions like (6.5) that we need to solve in chapter 6.

154



C.3 The Appell Function F,

C.3.2 Analytic Continuations

The following formulae are taken from [97].

Iy —ax—-p)
Iy —o)I(y—-p8)

G2 (BB 1+ B —yy—a—f | R -

u z
I(YI(x+p -y
T(o)T(B)

-F1(y—a,ﬁ,y—B—B';y—rx—B’H‘

Fi(e,8,B5ylu;2) = (1-u)FzF.

(C.20)
(1-w) P -zt

u

1-
1-

in a neighbourhood of (u,z) = (0,1). The function G, is the second Horn func-
tion, see next section. The parameters «, 8, /, y must be such that the Euler T
functions do not blow up. In the cases where we need to derive different formula
from the generalized series representations (next subsection), this is precisely
what happens and invalidates the formulae given in this subsection.
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(1-w)*F1-z)F.
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in a neighbourhood of (u,z) = (1, ). The function D(lé‘g is defined by
D(IZ%((X,B,E; vyl z) = Z (O n-m(B)m (B )n u™z" (C.22)
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C Hypergeometric and Generalized Hypergeometric Functions

convergent in the domain u < 2, z < % The same comments on the parameters
as above apply. Finally, there is also

IWI(x-B-p)
I'(y - B - BT (x)

(=2)%YFR (y—o(,B,l—a;l—a+B+B’

TYWIrB+B — o
I'(y—o)T(B+8)

(2B Gy (By B Bi1- BB+ B

(1-—w) P -z)yF.

g.l>+
ziu-1)"z

Fi(o,B,B5ylu;2) =

(C.23)
(1-w) -zt

Z—U. 1)
u-1 2z/’

in a neighbourhood of (u,z) = (o, ®).

C.3.3 Generalized Series Representations

Employing the Pochhammer symbol identites stated in C.1.2, one deduces easily
that

00

Fi(e, B,B;ylusz) = > (@ (B)n

2 3w F(o<+n,,8;y+n|u)%l, (C.24)

F being the standard hypergeometric function. Of course, there is an analogous
statment about the expansion in the variable u. It is simply obtained by exchang-
ing B and B’ on the right hand side. In expansions of this type, one can use an
analytic continuation of the “inner” hypergeometric function C.2 and afterwards
(usually, not always) resum the resulting series. In this way, one can actually
derive the continuation formulae stated in the preceding subsection, if one uses
the generic continuations of the Gauss function. In the logarithmic cases, other
formulae arise, see for example section 6.1.1. Manipulations of this kind are very
crucial and occur frequently in our work.

C.4 The Horn Function G

C.4.1 Definition as a Convergent Series and Differential Equation

Horn’s function G, is defined by

[

Go(B, B0 [u;2) = D (B m(B)n () n-m () men

m,n=0

umzn

Pl (C.25)

This series converges for complex u and z with |u| < 1, |z| < 1. Its parameters «
and «’ must be such that x +# 1,2,3,... and «” # 1,2, 3,.... Note the symmetry
under & «~ o together with § -~ ' and y < y’'.
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C.4 The Horn Function G»

C.4.2 Generalized Series Representations

Employing the Pochhammer symbol identites stated in C.1.2, one deduces that

() (B )n
(1-0o')n

00

Go(B, B0, o [us2) = >

n=0

(=2)"

Fl& - n,B1l-—cx—-—n|—u) Tl

(C.26)

The analogous expansion in the variable u is of course obtained by exchanging «
and « as well as 8 and B’ on the right hand side. Analytic continuation formulae
for G, can now be derived by the same procedure that we have outlined above
for Appell’s function.

One should notice that for & € Z.(, the above expansion breaks down, because
some of the occuring hypergeometric functions cease to be well defined (for « €
7+ the function G, is not defined anyway). For our purposes, the case « = 0
becomes important when taking u = z in (8.13). In this case, it is however not
difficult to derive a similar expansion [68]:

Go B, B30, 2) = S BB

n=0

. N RNk
D F(B+mn,o;1 +n| u)in! .
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Schluss

[...] woher um alles in der Welt stiinde es fest, dass gerade wahre Urteile mehr
Vergniigen machten als falsche und, gemall einer prastabilierten Harmonie, an-
genehme Gefiihle mit Notwendigkeit hinter sich drein zégen? - Die Erfahrung
aller strengen, tief gearteten Geister lehrt das Umgekehrte. Man hat fast jeden
Schritt breit Wahrheit sich abringen miissen, man hat fast alles dagegen preis-
geben miissen, woran sonst das Herz, woran unsere Liebe, unser Vertrauen zum
Leben hingt. Es bedarf GroRe der Seele dazu: Der Dienst der Wahrheit ist der
héarteste Dienst. - Was heilt denn rechtschaffen sein in geistigen Dingen? Dass
man streng gegen sein Herz ist, dass man die “schonen Gefiihle” verachtet, dass
man sich aus jedem Ja und Nein ein Gewissen macht! [...]

Friedrich Nietzsche, Der Antichrist
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Abstract: We comment on the brane solutions for the boundary Hi model
that have been proposed so far and point out that they should be distinguished
according to the patterns regular/irregular and discrete/continuous. In the lit-
erature, mostly irregular branes have been studied, while results on the regular
ones are rare. For all types of branes, there are questions about how a second fac-
torization constraint in the form of a b~2/2-shift equation can be derived. Here,
we assume analyticity of the boundary two point function, which means that
the Cardy-Lewellen constraints remain unweakened. This enables us to derive
unambiguously the desired b~2/2-shift equations. They serve as important addi-
tional consistency conditions. For some regular branes, we also derive 1/2-shift
equations that were not known previously. Case by case, we discuss possible
solutions to the enlarged system of constraints. We find that the well-known
irregular continuous AdS» branes are consistent with our new factorization con-
straint. Furthermore, we establish the existence of a new type of brane: The
shift equations in a certain regular discrete case possess a non-trivial solution
that we write down explicitly. All other types are found to be inconsistent when
using our second constraint. We discuss these results in view of the Hosomichi-
Ribault proposal and some of our earlier results on the derivation of b~2/2-shift
equations.

HENDRIK ADORF AND MICHAEL FLOHR:
Continuously Crossing u = z in the Hj Boundary CFT
JHEP 11 (2007) 024, arXiv:0707.1463 [hep-th]

Abstract: For AdS boundary conditions, we give a solution of the H; two point
function involving degenerate field with SL(2)-label b~2/2, which is defined on
the full (u, z) unit square. It consists of two patches, one for z < u and one for
u < z. Along the u = z “singularity”, the solutions from both patches are shown
to have finite limits and are merged continuously as suggested by the work of
Hosomichi and Ribault. From this two point function, we can derive b~2/2-shift
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equations for AdS, D-branes. We show that discrete as well as continuous AdS>
branes are consistent with our novel shift equations without any new restrictions.
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On the Various Types of D-Branes in the Boundary H3 Model
submitted to Nucl. Phys. B, arXiv:hep-th/0702158

Abstract: We comment on the D-brane solutions for the boundary H model
that have been proposed so far and point out that many more types of D-branes
should be considered possible. Assuming analyticity of the boundary two point
function, we can derive b~2/2-shift equations that constitute important, but so
far unknown, consistency conditions. We discuss their possible solutions and
show that the one point functions that have been proposed up to now do not [or
do only under very restrictive conditions] satisfy these new shift equations. This
shows that assuming the boundary two point function to be analytic constrains
the model very strongly. We then discuss the analytically continued two point
function carefully and find that it shows a singularity along the line u = z. The
implications of these findings are discussed.
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