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Zusammenfassung

Das thermische Rauschen setzt eine Empfindlichkeitsgrenze f¨ur gegenw¨artige und zuk¨unftige Gravitations-
wellendetektoren. Es ist von großem Interesse Experimente aufzubauen, welche die einzelnen Formen des
thermischen Rauschens messen k¨onnen. Dadurch sollen die existierenden Modelle verifiziert und die Limi-
tierungen durch das thermische Rauschen verringert werden. Viele Gruppen auf der Welt tragen zur Zeit zu
diesem Zweig der Forschung bei.

Manche Formen des thermischen Rauschens f¨uhren zu einer Bewegung der Oberfl¨ache der in Gravi-
tationswellendetektoren verwendeten Spiegel, andere resultieren in einer Pendelbewegung der Spiegel. F¨ur
diese thermische Pendelbewegung sagen verschiedene Modelle bei Frequenzen außerhalb der Pendelreso-
nanz abweichende Verl¨aufe vorher. Um diese Modelle zu ¨uberprüfen ist es n¨otig, das thermische Rauschen
außerhalb der Pendelresonanzfrequenz zu messen. Speziell f¨ur zukünftige Gravitationswellendetektoren,
wo höhere Empfindlichkeiten bei niedrigeren Frequenzen angestrebt werden, sind diese Messungen von
großem Interesse, denn die thermische Pendelbewegung dominiert die anderen Formen des thermischen
Rauschens bei kleinen Frequenzen.

Diese Arbeit beschreibt den Aufbau eines Experiments, um das thermische Rauschen der Pendelbe-
wegung außerhalb der Resonanzfrequenz direkt zu messen. Dazu wurde ein Aufbau aus zwei unabh¨angig
voneinander aufgeh¨angten Spiegeln verwendet. Diese Spiegel bilden einen Fabry-Perot Resonator dessen
differenzielle Spiegelbewegung interferometrisch ausgelesen wird. Hierbei wird des Feedbacksignal einer
Pound-Drever-Hall Regelung detektiert, welche die Resonatorl¨ange auf die Frequenz eines eingestrahlten
Lasers stabilisiert. Lange Messzeiten und stabile Messbedingungen werden durch ein automatisches Ali-
gnmentsystem garantiert, welches den Laserstrahl mit der Resonatormode in vier Freiheitsgraden ¨uberlappt.
Um die Empfindlichkeit zu verbessern, wird die Laserfrequenz mit einer weiteren Regelung auf einen Re-
ferenzresonator stabilisiert.

Ein Haupthindernis beim Erreichen des thermischen Rauschens ist die seismische Bewegung des Bo-
dens. Um die Spiegel davon zu isolieren, wurde eine mehrstufige Aufh¨angung entworfen. Zur Stabilisierung
der unabh¨angig voneinander aufgeh¨angten Spiegel auf die Laserfrequenz ist es notwendig, die Resonanz-
frequenzen der einzelnen Freiheitsgrade aktiv durch verschiedene Regelkreise zu d¨ampfen. Eine Simulation
für die Pendelbewegungen in allen Freiheitsgraden wurden entwickelt und die Aufh¨angung wurde mit Hilfe
der Simulation weiter verbessert. Zur Isolation der Spiegel von Einfl¨ussen durch die umgebende Luft befin-
det sich das gesamte seismische Isolationssystem in einem Vakuumtank. Andere St¨oreinflüsse der Umge-
bung, sowie die Rauscheigenschaften des Lasers und der verwendeten Elektroniken wurden untersucht und
verringert, um eine hohe Empfindlichkeit zu erreichen.

Stichworte: Gravitationswellendetektion, Thermisches Rauschen, Seismische Isolation
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Summary

For current and future gravitational wave detectors, thermal noise will set a limit to the achievable sensi-
tivity. It is therefore of great interest to build experiments that can measure the different forms of thermal
noise, in order to verify the existing models and to find ways to lower the sensitivity limits set by these
noises. Several groups around the world are currently contributing to this important field of research.

Some forms of thermal noise lead to a motion of only the surface of the mirrors that are used in gravita-
tional wave detectors, other noises excite the pendulum mode of the mirror suspension. For this pendulum
thermal noise, different models predict a different noise slope at frequencies far from the pendulum reso-
nance. To make a conclusive distinction between these models, it is necessary to build an experiment that
is able to measure the off-resonant noise floor of the thermal pendulum motion of a suspended mirror. Es-
pecially in future detectors where higher sensitivities at lower frequencies are targeted, this research could
be of great interest, because the thermal noise of the pendulum dominates the different forms of internal
thermal noise at low frequencies.

This work describes an effort to build an experiment to directly measure the off-resonant thermal noise
of a pendulum mirror. For this purpose a set-up of two independently suspended mirrors was chosen.
These mirrors form a Fabry-Perot resonator. The differential movement of the two mirrors is detected
interferometrically by monitoring the feedback signal of a Pound-Drever-Hall stabilization of the resonator
length to the laser frequency. Long locking times and stable measurement conditions are ensured by an
automatic alignment system that overlaps the laser beam with the mode of the optical resonator in four
degrees of freedom. In order to increase the sensitivity of the experiment, the laser frequency is stabilized
to a reference resonator by an additional control system.

A major obstacle in reaching the thermal noise level is the seismic motion of the ground. A multiple
stage suspension system was designed to isolate the mirrors from this seismic motion. In order to lock the
independently suspended mirrors to the laser frequency, the pendulum movement at the resonance frequen-
cies of the different degrees of freedom is actively damped by several feedback loops. The influence of all
degrees of freedom of the pendulum motion was simulated and the seismic isolation system was improved
according to the simulation. The whole seismic isolation system is located inside a vacuum tank to isolate
the suspended mirrors from air fluctuations. Several other noise sources that are related to the laser, the
environment and the electronic have also been investigated and reduced to reach a high sensitivity.

Keywords: Gravitational wave detection, thermal noise, seismic isolation
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Chapter 1

Gravitational wave detection

1.1. Introduction

For a long time all of our knowledge about the universe beyond the boundaries of the solar system
was derived from the detection of some high energy particles and from the observations of the elec-
tromagnetic spectrum. Telescopes have been build on earth and in space to probe all interesting
frequency regions of the electromagnetic spectrum and to observe a wide variety of astronomical
phenomena. However, the emitted light often originates in the outer regions of these phenomena
and provides only limited information of the inner dynamics of many high energy cosmic events.
In addition, many interesting objects like black holes and dark matter do not emit any light at all.
The detection of gravitational waves that are emitted by accelerated massive objects is comple-
mentary to the electromagnetic observations and would provide us interesting new insights in the
dynamics of these objects.

Gravitational waves were first predicted by Albert Einstein, but for a long time it seemed
unlikely that they would ever be detected. Although these waves that travel with the speed of
light carry a lot of energy, their interaction with the rest of the universe is usually too weak to
cause any observable effects. Most likely no man-made gravitational wave will ever be strong
enough to cause a signal in a gravitational wave detector. Only waves that are produced when
huge masses are strongly accelerated in cosmic events are strong enough to be detected. Because
of their weak interaction with the rest of the universe, the emitted gravitational waves reach earth
almost undisturbed. Here they cause a lengthl perpendicular to their direction of propagation to
be expanded by a small fraction4l , while a length perpendicular to this is contracted by the same
fraction. After half a wavelength, the other directions are expanded and contracted.

Different groups around the world are trying to measure this effect with Michelson interfer-
ometers. These are especially sensitive to differential length changes of the interferometer arms:
-TAMA [65] in Japan with an interferometer arm length of 300 m. This detector is in operation
for some time now and a next generation detector is already planned.
-The two LIGO detectors [63] in the USA with an arm length of 4 km each and an additional 2 km
detector. Operations have just begun and the next generation is also already in development.
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1. Gravitational wave detection

-The VIRGO detector [71] in Italy with 3 km arm length. Comissioning of the detector is well
under way and operation will start soon.
-The GEO 600 detector [76] in Germany with an arm length of 600 m. This detector and the prob-
lems of interferometric gravitational wave detection are explained in more detail in section 1.3.
The numerous detectors are needed to gain confidence in a possible detection by coincidence
measurements. Only simultaneous detection can distinguish conclusively between a gravitational
wave signal and other noises. All detectors reach a high sensitivity in the range from above 50 Hz
up into the low kHz frequencies and thermal noise is one of the major noise sources at these fre-
quencies. A lot of effort is invested to improve these detectors, but the field of gravitational wave
research is much broader than this and includes also other detection schemes.

1.2. Gravitational wave research

The ground-based Michelson detectors are not the first gravitational wave detectors. The oldest
detection scheme is that of a bar detector, pioneered by Joe Weber. These detectors consist of a
massive metal bar that is suspended to seismically isolate it from the environment. A gravitational
wave excites the internal resonance frequency of this bar and the vibrations can be detected by
the excitation of a resonant system attached to the bar detector. These bar detectors are sensitive
only in a narrow region around their resonance frequencies. These are usually located at�1 kHz.
This is in contrast to the broader sensitivity of the Michelson interferometers. A whole network of
bar detectors has formed around the world [56] to be able to perform coincidence measurements,
and additional bar detectors with broader sensitivities are already under construction. The sources
that emit gravitational waves of detectable strength in the Hz and kHz region are merging black
holes, black hole - neutron star mergers, neutron star - neutron star mergers, spinning neutron
stars with surface deformations and supernova explosions. An additional interesting source is the
gravitational wave background radiation from the big bang. It forms a noise floor at all frequencies
of the gravitational wave spectrum. The current detectors are starting to set upper limits for all
these sources, but a detection has not yet been achieved.

The spectrum of gravitational waves, similar to the electromagnetic spectrum, stretches over
many decades of frequencies and ground-based detectors are only able to probe the highest of
these frequencies. Every binary star system emits gravitational waves at two times its orbital
frequency, but these frequencies are far below the detection band of ground-based gravitational
wave detectors. The astronomers Russel Hulse and Joseph Taylor were awarded the Nobel price
for discovering and observing the first binary pulsar system [36]. It is called PSR 1913+16 and
emits gravitational waves at 7:17�10�5 Hz. For this system an energy loss that results in a slow
increase of the orbiting frequency of the binary system was detected and the measurements are
fully consistent with the predicted energy loss by the emission of gravitational waves [66].

Besides binary neutron stars, also binary black holes and even binary white dwarfs are sources
of detectable gravitational waves in the mHz region and below. Other sources at these frequencies
are the background radiation, the mergers of supermassive black holes that can be found in the
center of every galaxy and also the merger of a black hole, a neutron star or a white dwarf with such

2
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a supermassive black hole. Upper limits for these sources are currently being set by the CASSINI
mission on its way to Saturn. A Doppler tracking system is used to measure disturbances in the
relative velocity between the earth and the spacecraft that might be caused by gravitational waves
[67].

A much more sensitive instrument in this frequency region will be the LISA space mission
[18]. It consists of three separate spacecrafts that form three Michelson interferometers. In contrast
to ground-based detectors where the vacuum system sets a limit to the achievable arm length,
the LISA spacecrafts will be separated by 5�106 km. Another advantage of this mission is the
absence of seismic noise that makes low frequency measurements on earth impossible. Follow on
missions to LISA are already under review.

At even lower frequencies (10�7 to 10�9 Hz) the observation of fluctuations in the time of
arrival of the signals coming from pulsars, believed to be extremely stable natural clocks, has set
an upper limit to gravitational waves [39]. The only known source in this frequency region is the
background radiation, but still unknown phenomena might produce additional signals.

Also the frequency region from 10�15 to 10�18 Hz is of interest for gravitational wave research.
The PLANCK mission that will study the anisotropies in the cosmic microwave background will
also search for polarization patterns that were imprinted in the microwave background by gravita-
tional waves in the early universe [14].

1.3. The GEO 600 gravitational wave detector

The GEO 600 detector has started taking data in the search for gravitational waves, and first upper
limits have been set in a coincidence run with the LIGO detectors. The detector was build by
a German-British collaboration in Ruthe near Hannover. The most sensitive choice for the arm
length of an interferometer would be one quarter of the wavelength of the gravitational wave, be-
cause then the light travelling back and forth in one arm is subject to the maximum phase shift
possible. The problem with this is that for frequencies close to 1 kHz where detectable gravita-
tional waves are predicted, the vacuum systems housing these interferometer arms of optimum
length would get too long and by this too expensive. The GEO 600 vacuum systems consists of
two arms with a length of 600 m, short of the 75 km that would be the optimum choice for de-
tecting a gravitational wave at 1 kHz. However, very sensitive measurements are still possible if
optical techniques are included in the detector design to increase the effect of the gravitational
wave on the output signal.

The optical set-up of the GEO 600 detector (see figure 1.1) starts with a master laser that is
similar to the laser used in our experiment (see section 3.4). It has an output power of 0.8 W at a
wavelength of 1064 nm. To reduce the limit set by the shot noise of the laser light, the laser power
is increased up to 14.4 W after leaving the optical resonator of a slave laser. Master laser and
slave laser are located on an optical table. The amplitude and frequency noise of this laser system
is reduced by feedback loops. After entering the vacuum system, the laser beam is transmitted
through two triangular resonators that consist of independently suspended mirrors. The purpose

3



1. Gravitational wave detection

Figure 1.1.:Optical layout of GEO 600, consisting of a master-slave laser system, two mode
cleaner ring cavities, a dual recycled Michelson interferometer with folded arms and
an output mode cleaner.

of these mode cleaner cavities is a filtering of the transverse fluctuations of the laser beam. These
fluctuations can be expressed by higher order modes (see section 3.5.1) that are reflected by these
resonators. The optical round-trip length of each of the mode cleaners is 8 m. The mirrors are
suspended as two stage pendulums for seismic isolation.

To increase the travel time of the light in the two arms of the Michelson interferometer, these
arms are folded back onto two additional mirrors near the beam splitter. This doubles the effective
arm length, but it also adds an additional mirror to each arm, which is subject to position fluc-
tuations. The detection sensitivity of GEO 600 is limited by shot noise at high frequencies. The
sensitivity can be improved by increasing the light power inside the resonator, but a laser that is
orders of magnitude more powerfull is not available for this purpose. A technique that is called
power recycling is used instead. The Michelson interferometer is operated at the dark fringe,
meaning that the arm length difference is such, that the output remains dark and all of the light is
reflected back to the input. A power recycling mirror is placed at the input and reflects the light
back into the Michelson interferometer. The designed power enhancement by this technique is a
factor of 2000 for GEO 600.

Another technique to increase the sensitivity that is used exclusively in the GEO 600 detector
is signal recycling. If a gravitational wave passes the detector, it produces signal sidebands to the
light inside the interferometer arms. These sidebands leave the interferometer at the dark output

4



1.3. The GEO 600 gravitational wave detector

and can be detected there. It is also possible to reflect these sidebands back into the detector where
they are further enhanced by the gravitational wave. This is done by an additional signal recycling
mirror at the output. This technique can be optimised only in a narrow range and decreases the
sensitivity at other frequencies. The value of the optimum frequency can be changed by moving
the position of the signal recycling mirror, and the strength of the signal recycling changes with
the mirror reflectivity. Behind the signal recycling mirror the light passes an additional output
mode cleaner before it is detected by a photo diode. This mode cleaner filters out scattered light
and higher order modes.
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Figure 1.2.:Expected noise limits for the sensitivity of the GEO 600 gravitational wave detector.
The shot noise depends strongly on the reflectivity of the signal recycling mirror.

The mirrors of the main interferometer are suspended to three pendulum stages to keep them
isolated from the seismic motion of the environment. Although this suspension system reduces the
seismic influence at high frequencies a lot, ground motion still remains the limiting noise source
below 50 Hz. The shot noise is dominant at high frequencies, but in between there is a frequency
decade where thermal noises set a limit to the performance (see figure 1.2).

The sensitivity of a detector is usually described by the strainh that a gravitational wave has
to cause to produce a signal bigger than the noise of the detector. If a gravitational wave causes
the lengthl to change by4l , h is given by
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1. Gravitational wave detection

h= 2
4l
l
: (1.1)

To keep the thermal noise as low as possible, the mirrors of the GEO 600 detector are suspended
as monolithic pendulums. The mirror and the fibers to which it is suspended form one monolithic
structure and sliding friction of the fibers is eliminated. The mirrors in the other detectors are still
suspended by steel wires, but the technique of monolithic suspensions will be adopted in all next
generation detectors.

Several technical noises from electronic noise to scattered light influence the sensitivity of the
detector and make the thermal noises hard to reach, but after optimising the performance of the
detector, thermal noises will set the fundamental limit at the intermediate frequencies. It is there-
fore of great interest to detect and to characterize these noises in separate laboratory experiments
and to find ways to reduce them even further. In our experiment we tried to measure the pendulum
thermal noise that moves the whole pendulum, in contrast to internal thermal noises that act only
on the mirror itself.
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Chapter 2

Thermal noise

2.1. Introduction

Thermal noise is the excitation of a mechanical system due to the thermal energy that is associated
with each mode of oscillation. A first indication of this effect was detected by Robert Brown in
1828 when he observed the fluctuating movement of dust in water. A mathematical description
of this motion was given by Albert Einstein in 1905 [21][22]. In a gravitational wave detector
thermal noise was first measured as a noise source in 1966 by Joe Weber [72]. This noise excited
the mechanical resonance of a bar detector and thereby limited the achievable sensitivity. To
reduce the effect of this noise, today’s bar detectors are cooled down to�1 K.

Todays interferometric gravitational wave detectors are not designed to have their maximum
sensitivities at the mechanical resonance frequencies of their test masses and suspensions, but
rather in the regions in between. Off-resonant thermal noise sets a limit to the sensitivity for these
detectors. There are many contributions to this, because there are many different ways in which
thermal noise can excite the suspended mirrors which form the Michelson interferometer. One
of them is the thermal excitation of the pendulum mode. It is important to measure this pendu-
lum thermal noise above the resonance frequency, because different models predict a different
frequency dependence. Depending on its slope, pendulum thermal noise can limit the achievable
sensitivity for interferometric gravitational wave detectors at the lower end of the detection band.
There are other forms of thermal noise that can excite the mirror itself. These will be dominant at
higher frequencies.

2.2. Velocity damping

The energy dissipation of an oscillating system due to external damping mechanisms and internal
friction is related to the thermal noise of the system. This was first described in 1951 with the
fluctuation-dissipation theorem (FDT) [16][15]. Every dissipation mechanism causes a fluctuating
force on the system. According to the FDT, the spectral density of this force is given by
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2. Thermal noise

SF(ω) = 4kB T ℜ(Z(ω)) (2.1)

Here kB is the Boltzmann constant andT is the temperature.ℜ(Z(ω)) is the real part of the
impedance of the system. If an external forceFext(ω) is applied to the system, it will cause the
sinusoidal velocity ofv(ω) = i ωx(ω) with x(ω) = x0 ei ωt . The impedance is simply the ratio
between the two.

Z(ω)� Fext(ω)

i ωx(ω)
(2.2)

We can rewrite the FDT into a more useful form that gives us the spectral density of the displace-
ment directly

Sx(ω) =
4kB T

ω2 ℜ
�

1
Z(ω)

�
(2.3)

If the system is a suspended mirror, the most obvious damping mechanism will originate from the
molecules of the surrounding gas. If the mirror moves with the velocityv(ω), it will receive more
momentum from the molecules hitting the mirror from the forward direction than from those at
the other side. The frictional forceFfric that slows down the pendulum movement is given by [62]

Ffric =�1
4

p
kB T

Amg v̄p v(ω)��γ i ωx(ω) (2.4)

Here we have introduced the damping constantγ. A is the mirror surface area,p is the pressure of
the surrounding gas,mg is the mass of one molecule of this gas and ¯vp is the average velocity of
these molecules. With this damping force proportional to the velocity of the mirror, the equation
of motion is

�mω2 x(ω) =�kx(ω)� i ωγx(ω)+Fext(ω) (2.5)

wherem is the mass of the mirror andk is the restoring spring constant of the pendulum movement.
The impedance of this system is

Z(ω) = γ+ i ωm� i
k
ω

(2.6)
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2.3. Brownian noise

Combining this with the resonance frequency of the system,ωres=
p

k=m, gives us the thermal
noise spectrum of a velocity damped pendulum.

Svel(ω) =
4kB T γ

m2(ω2�ω2
res)

2+(γω)2 (2.7)

The thermal noise spectrum is constant below the resonance frequency and drops withω�2 above
the resonance. In both regions it is proportional to the level of the damping as described byγ.
To reduce the thermal motion of the system at frequencies far from the resonance, the amount of
damping on the system has to be reduced. The integral over the spectral density of the thermal
noise does not depend on the damping, so a reduced noise away from the resonance leads to an
enhanced motion at the resonance frequency itself.

Gas damping is not the dominant damping mechanism in interferometric gravitational wave
detectors, because the pendulums are suspended inside vacuum systems. In our experiment we
have a pressure of 10�7 mbar, reducing the gas damping below internal damping mechanisms of
the pendulum. Internal damping is in most cases not proportional to the velocity of the system and
requires a more general description.

2.3. Brownian noise

Damping by internal friction in the material of a mechanical oscillator leads to a heat storage in
the material that causes fluctuations in the system. We will call this Brownian noise, to distinguish
it from other forms of thermal noise described in the next sections. Internal damping mechanisms
are best described by a generalisation of Hooke’s law with a complex spring constant

F(ω) =�k(1+ i φ(ω))x(ω) (2.8)

For φ(ω)� 1, we can approximateφ(ω) as a phase by whichx(ω) lags behind an external force
F(ω). The impedance for this system is

Z(ω) =
kφ(ω)

ω
+ i ωm� i

k
ω

(2.9)

By applying the fluctuation-dissipation theorem, we can calculate the spectral density of the ther-
mal noise
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2. Thermal noise

S(ω) =
4kB T ω2

resφ(ω)

mω[(ω2�ω2
res)

2+ω4
resφ2(ω)]

(2.10)

Decreasingφ increases the thermal fluctuations near the resonance frequency, but decreases them
at all other frequencies. In gravitational wave detectors it is therefore desirable to makeφ as small
as possible to increase the achievable sensitivity away from the resonances.
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Figure 2.1.:The thermal noise of a pendulum mode with the assumption of structural damping and
velocity damping (φ(ωres) = 10�6).

With φ(ω) = γω=k, equation 2.10 is identical to equation 2.7 and we have a velocity damped
pendulum. For internal damping it is widely believed that this model is not the correct description
of the pendulum behaviour. It is often assumed thatφ is independent of frequency. Such a case
is called structural damping, causing the thermal noise to drop withω1=2 below the resonance
frequency and withω5=2 above the resonance (see figure 2.1). This is very different from velocity
damping and it is therefore important to know which of the two models forφ(ω) is more applicable
to the suspended mirrors in gravitational wave detectors, because the achievable sensitivity due to
thermal noise depends on it.

Because the spectral density of thermal noise is proportional to the temperature, thermal noise
can be reduced by cooling the suspensions to cryogenic temperatures. However, it is not easy to
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2.3. Brownian noise

cool a pendulum suspended from thin wires. To avoid heating by radiation, the whole environment
would have to be cooled too, and the absorbed power from the laser would have to be very low.
Also φ itself is temperature dependent and might even increase with lower temperatures. Currently
only the next generation detector in Japan is planning a cooling scheme for the mirrors, and the
construction of a cryogenic 100 m prototype interferometer is under way [51].

2.3.1. The loss function of a pendulum

An oscillating system where a distortionx0(ω) creates the displacementx1(ω) can be described
by the transfer functionTf(ω)� x1(ω)=x0(ω). Such a system is often characterized by the quality
factorQ, which is defined by [62]

Q� ωres

4ω
(2.11)

where4ω is the full width of the resonance peak at 1=
p

2 of the maximum amplitude (That
is equal to the width at 1/2 of the maximum power). For velocity dampingQ is given byQ =
ωresm=γ. It is often more useful to rewrite equation 2.11 into a different form.

Q=
jTf(ωres)j
jT(0)j (2.12)

For a system with a complex spring contant, this transfer function is

Tf(ω) =
k+ ikφ(ω)

�mω2+k+ i φk
(2.13)

From the above an withφ(ω)� 1, we get the usefull relation

Q=
1

φ(ωres)
(2.14)

A measurement of the quality factor of an oscillator makes it possible to determine the size ofφ
at the resonance frequency. For a precise measurement of theQ of a system, often the impulse
response of the system to an external disturbance is observed. The quality factor is given by

Q=
1
2

ωresτ (2.15)
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2. Thermal noise

Here τ is the time it takes for the amplitude of a sinusoidal oscillation (A sin(ω t) whereA =
A0e�t=τ) to decay by 1=e of its original value. The decay of the energy can be described by

E(t) = Ekin +Epot = E0e�2 t
τ sin2(ωrest)+E0e�2 t

τ cos2(ωrest) (2.16)

The energy the system looses per cycle is given by

4E = 2πE φ(ωres) (2.17)

with the assumptionφ(ω)� 1. Now we have a much more instructive picture ofφ. It describes
the fraction of energy that is dissipated per cycle. That is whyφ is often simply referred to as the
loss function of the system. In the case of a single free wire, 2πφwire is equal to the energy loss
Eloss in the wire divided by the energy stored in the bending of the wireEwire. A pendulum behaves
very differently. If the mass moves away from its rest position, most of its energy is transformed
into potential energy in the gravitational fieldEgrav, and this process is lossless. Only a very small
fraction of the energy is stored in the bending of the wires and thereby subject to internal friction.
The loss function of a pendulum is given by

φpend=
Eloss

2π(Egrav+Ewire)
� φwire

Ewire

Egrav
� φwire

D
(2.18)

The factorD that connects the loss in a pendulum wire with the loss of the whole pendulum is
called dilution factor. It is given by [44]

1
D

=
Ewire

Egrav
� N

p
TwY I

2mgl
(2.19)

wereN is the number of wires with the length ofl , g is the acceleration of gravity,Tw = mg=N
is the tension in each of the wires,I = π r4=2 is the moment of inertia of the wire cross section (r
is the radius of the wire) andY is the Young modulus which describes the elasticity of the wire
material. For a suspension similar to those of GEO 600, the dilution factor can be as big as� 103.
Because of this factor, it is possible to achieve a much lower loss functions for the pendulum than
that of the wire material itself.

In equation 2.19 it was assumed that the pendulum is able to tilt when the pendulum mode is
excited. In such a case, the bending that occours is almost entirely confined to the material close
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2.4. The violin modes

to the upper suspension point. The rest of the fiber is unbent and therefore not subject to losses
from internal friction. If the separation of the wires in the direction of the pendulum movement
is not small compared to the dimension of the mass, tilt motion is no longer possible and bending
occurs at both ends of the wires. This doubles the losses and the loss function has to be multiplied
by two.

2.4. The violin modes

Longitudinal n=2n=1

Figure 2.2.:The longitudinal mode and the first two violin modes of a pendulum a mass. Bend-
ing occurs mainly at the upper suspension point for the pendulum mode and at both
suspension points for the violin modes.

The violin modes of a pendulum are the different transversal modes of oscillation of the sus-
pension wires (see figure 2.2). Their shape is comparable to the modes of a violin string. The
frequency of then-th mode is given by [74]

ωn� nπ
l

s
Tw

ρl
(2.20)

ρl is the linear density of the wire material (ρl l = ρπ r2 l is the mass of a wire with the densityρ).
Similar to the pendulum mode, most of the energy of the violin modes is stored losslessly in the
gravitational field. This leads to very low loss functions for the violin modes. The gravitational
energy of the violin modes for each wire can be approximated with

Evgrav� 1
4

Tw l θ2 (2.21)
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2. Thermal noise

θ is the angle of the wire at the suspension point. This formula does not depend on which violin
mode is chosen. If we compare the energy of all wires to the energy stored in the gravitational
field by the pendulum mode, we get

Egrav=
1
2

kx2 = 2Evgrav (2.22)

The violin modes bend the wires at both suspension points. This doubles the losses in the wire.
With equation 2.19 we can calculate the loss function of the violin modes

φv = φwire
2Ewire

Evgrav
= 2

r
Y I

Tw l2 = 4φpend (2.23)

The different violin modes are independent of each other, so we can calculate them separately and
add their contributions to the displacement of the pendulum in the end [24]. Using equation 2.10,
we get

Sv(ω) =
∞

∑
n=1

4kB T ω2
n φv(ω)

mv ω[(ω2�ω2
n)

2+ω4
nφ2

v(ω)]
(2.24)

mv is not the mass of the pendulum, but the effective mass for each of the violin modes. It is given
by

mv =
1
2

m

�
ωn

ωres

�2

=
(πmn)2

2ρl l
(2.25)

The effective mass gets very big for higher order modes, resulting in smaller noise contributions
from these modes. Even for the first mode, the movement of the pendulum mass due to the
wire oscillation is scaled with the mass ratio between the wire and the pendulum mass. This is
because the small mass of the wire is barely able to pull the massive mirror sideways. The violin
mode contribution is significant only at the violin mode resonance frequency. This is especially
true for very low loss suspensions. For GEO 600, the highQ resonances of the fused silica fiber
violin modes even have to be damped, because otherwise they would cause instabilities in the
interferometer length control feedback servos [27].

It should be noted that the summation of supposedly orthogonal modes, the so called multi-
mode expansion, as done in equation 2.24, does no longer give the correct result if the loss of the
system is distributed inhomogeneously. It was recently pointed out [45] and experimentally con-
firmed [77], that localized losses couple the modes to each other and make it necessary to measure
the losses of all modes combined and to apply the fluctuation-dissipation theorem to the overall
loss, instead of treating the modes independently.
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2.5. Linear and nonlinear thermoelastic noise

2.5. Linear and nonlinear thermoelastic noise

Internal friction is not the only source of energy dissipation within the wire. The bending of the
wire causes one side of the wire to be expanded and the other to be compressed. Because of the
nonzero thermal expansion coefficient of the wire material, one side of the wire is heated and
the other is cooled down. This causes an irreversible heat flow from one side to the other, which
dissipates energy out of the pendulum movement. The loss function of such a system is given by
[78]

φte =
T Yα2

CV

2π fc ω
(2π fc)2+ω2 (2.26)

CV is the specific heat per unit volume. It is related to the usual heat capacityC by CV = ρC. α is
the linear thermal expansion coefficient (α = (1=l)dl=dT) and fc is the characteristic frequency of
the system where the loss has its maximum. It is given by

fc = 0:539
D
r2 (2.27)

r is the radius of the wire andD is the thermal diffusion constant withD = κ=CV. κ is the thermal
conductivity. The characteristic frequency typically ranges from�100 Hz to a few kHz, depending
on the wire material [11][59]. At lower frequencies we can approximate the loss function of the
thermoelastic damping to be proportional theω, resulting in a frequency dependence of the thermal
noise as described by velocity damping.

The above is often referred to as linear thermoelastic noise as opposed to the nonlinear noise
associated with a temperature dependent Young’s modulus. A temperature fluctuation causing a
temperature gradient from one side of the wire to the other will not only cause a compression and
an expansion of the two sides of the wire due to the thermal expansion coefficient, but also due
to the temperature dependence in the Young’s modulus. Both effects will result in an enhanced
displacement of the pendulum. The strength of the contribution of the Young’s modulus depends
on the tension in the wire. To include this effect, we expand equation 2.26 to [13]

φnl =
T Y
CV

�
α� u0

Y(T)

dY(T)
dT

�2 2π fc ω
(2π fc)2+ω2 (2.28)

u0 is the static relative length change of the wire material that is caused by a pressurep

u0 =
p
Y

=
Tw

π r2Y
(2.29)
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2. Thermal noise

Depending on the choice of parameters, the thermoelastic damping can be dominated by the non-
linear thermoelastic noise, but one could also imagine to choose the tension in the wire as such, that
the two effects cancel each other out. Ifu0 = αY=(dY=dT), then a small bending of the wire will
cause no temperature change and therefore no thermoelastic noise. Fused silica is one of the few
materials where the derivation of the Young’s modulus with the temperature is positive and such a
cancellation of thermoelastic noise is possible, but this has yet to be confirmed experimentally.

2.6. Thermal noise of the mirror

All forms of thermal noise considered so far move the pendulum as a whole. There are additional
mirror noises that result in a vibration of the mirror surface where the laser beam is reflected. A
brief summary of these noises will be given here.

For the internal mirror motions, there is no dilution factor storing energy in the gravitational
field. The size of the internal Brownian noise depends directly on the loss functionφsubs of the
mirror material. That is the reason that materials with very low loss functions, like fused silica
or sapphire, are used for the mirrors of interferometric gravitational wave detectors. The internal
resonance frequencies are usually well above 10 kHz and thereby above the measurement band of
interest. We will only consider the behaviour of the mirrors below the resonance frequencies. The
Brownian noise can be be calculated as [4]

Sm(ω) =
4kB T

ω
1�σ2
p

πY wm
φsubs (2.30)

σ is the Poisson coefficient andwm is the radius of the laser beam at the mirror surface where
the intensity has dropped to 1=e2 of its value at the center of the beam1. The results given in
this section are valid for a mirror shape of an infinite half space. A finite size mirror requires
corrections of a few percent to the results given here.

There is also a thermoelastic noise contribution to the vibrations of the mirror. This noise
introduces local fluctuations of the mirror surface, in contrast to the overall surface motion of the
internal modes that are excited by the Brownian noise. This results in a much stronger dependence
on the size of the laser beam for the thermoelastic noise. A large beam size is preferable, because
surface fluctuations are averaged out more effectively. The thermoelastic noise is given by[6]

Smte(ω) =
16kB T2
p

π
α2 (1+σ)2 κ

C2
V w3

m ω2
(2.31)

1In some publications, a different beam radiusr0 is used, where the intensity has dropped to 1=e of its center value. It
is related towm by

p
2r0 = wm
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2.6. Thermal noise of the mirror

2.6.1. Coating noise

If the material properties of the coating are different from those of the mirror substrate, the fluctu-
ations due to the coating have to be considered separately. Mirror coatings in gravitational wave
detectors consist of alternating layers of two materials with different refractive index, most com-
monly made of SiO2 (fused silica) and Ta2O5 (tantala). The coating usually has a much higher
loss function than the mirror substrate, but on the other hand the thin coating does not excite the
modes of the massive substrate very strongly. The contribution of the surface loss functionφcoat

to the overall mirror loss function scales with the thicknessd of the coating, divided by the beam
size [31]. The effect of the Brownian noise of the coating is

Scoat(ω)� 4kB T
ω

(1�σ2)(1�2σ)d
πY (1�σ)w2

m

�
Y

Ycoat
+

Ycoat

Y

�
φcoat (2.32)

Ycoat is the Young’s modulus of the coating. For the thermoelastic noise, another property of the
material is important. It scales with the square of the thermal expansion coefficient. Ifαcoat is
identical to the expansion coefficient of the substrate, then equation 2.31 is already sufficient to
describe the thermoelastic noise. Otherwise there is an additional thermoelastic noise from the
coating that is given by [9]

Scte(ω) =
16kB T2
p

2π
(αcoat�α)2(1+σ)2 d2

w2
m
p

κCV ω
(2.33)

2.6.2. Thermorefractive noise

Thermal fluctuations in the mirror not only lead to an expansion of the surface due to the thermal
expansion coefficient, but if the refraction index is temperature dependent, they also result in a
change of the optical thickness of the layers in the mirror coating. This temperature dependence,
expressed byβ1 =dn1=dT andβ2 = dn2=dT for the two layer materials, introduces a phase noise to
the light reflected in the coating [7]. This can be translated into a corresponding mirror movement.

Str(ω) =
8
p

2β2
eff λ2 kB T2

πw2
m
p

ωCV κ
(2.34)

λ is the wavelength of the incoming light andβeff is given by

βeff =
n2

2 β1+n2
1β2

4(n2
1�n2

2)
(2.35)
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2. Thermal noise

2.6.3. Photothermal noise

An additional noise source is linked to the incoming laser beam. A fraction of the light is absorbed
in the coating layers and these randomly absorbed photons create local heating in the mirror. This
leads to a displacement of the mirror surface of [6]

Spt(ω) = 2α2 (1+σ)2 h̄ωL Pabs

(πCV w2
m)

2

1
ω2 (2.36)

Pabs is the absorbed light power,ωL is the laser frequency and ¯h is the Planck constant divided by
2π. Photothermal noise was experimentally confirmed when the effect was increased by modulat-
ing the amplitude of the incoming laser beam [19].

2.6.4. Additional noise in real suspensions

A noise that depends strongly on the inner structure of the wire material was detected in steel wires
under strong tension. The stationary creep leads to spontaneous relaxation of tension in the wire
material, creating small bursts in the mirror movement [12][1].

If steel wires are used to suspend the mirrors, these wires have to be clamped to the mirror,
and at the clamping point sliding friction will cause additional losses [35]. The presence of strong
localized losses at the suspension points not only increase the losses in the pendulum mode, but
also those of the internal mirror modes, resulting in an increased Brownian noise of the mirror.
This can be reduced by a harder clamping material and stronger tension on the wire.

Sliding friction can be avoided completely by using monolithic pendulums. For the GEO 600
detector, the suspension fibers are welded to a attachment structures that are silicate bonded to the
sides of the mirrors. All components are made of the same material (fused silica) and form one
monolithic block. There is no longer a necessity for clamps. The contribution of the increased
loss function in the bonding area should be concidered, but it is usually small [64].

Thin fibers made of fused silica are hard to handle, but compared to steel they have the addi-
tional advantage of a lower internal loss function. Of the current detectors only GEO 600 is using
monolithic suspensions, but the next generation detectors are expected to adopt this scheme in the
future.

2.6.5. Prediction of the thermal noise

With the exception of the loss function, the noises described above depend only on well-known
parameters. Some are experimental parameters that depend on the individual set-up, others are
material parameters that have already been measured in previous experiments. A list of the neces-
sary material parameters for calculating the different forms of thermal noise is given in appendix
A.
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Figure 2.3.:Theoretical predictions for the different forms of thermal noise for the smaller of the
two mirrors in our set-up.

For the smaller one of our two pendulums, the thermal noise predictions can be seen in figure
2.3 and figure 2.4. We have assumed the model of structural damping. Reducing the mass and
lowering the pendulumQ would enhance the predicted pendulum noise level. Also the assumption
of viscous damping would result in a higher prediction above the resonance (see figure 2.1). Our
mirrors are made of BK7, which has an internalQ of only� 4000. The use of fused silica mirrors
would reduce the Brownian noise of the mirror a lot. Other parameters used:Pabs= 4�10�6 W,
w0 = 230µm, r = 45µm, m= 50 g (see chapter 4). It should be remembered here that the predic-
tions made by the models above still require experimental verification, which is difficult to optain
and in most cases is not yet achieved.

2.7. Previous measurements of the loss function

The Brownian noises depend on the loss functions of the wire, of the mirror material and of the
coating. The size and the frequency dependence of these loss functions is not so easy to determine,
because the losses in a good suspension are designed to be very small. If we adopt the assump-
tion that the loss function for the materials of interest (steel, fused silica, ...) are independent of
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Figure 2.4.:Prediction for the different forms of internal thermal noise in our set-up

frequency, it would be sufficient to measure the loss function at one frequency to calculate the
Brownian noise for all other frequencies, but also the assumption of frequency independent loss
requires experimental confirmation.

The easiest way to determine the loss function at one frequency is to excite the pendulum at
one of the resonance frequencies and to observe the decay time of the oscillation. With equation
2.15 theQ of the system can be calculated, and the inverse is the value of the loss function at the
resonance frequency.

This scheme is problematic for the pendulum resonance. For highQ pendulums the decay
time can be of the order of years [8] and the measured loss functionφ can easily be dominated by
losses in the support structure. If the pendulum mode is coupled to a mode of the support structure,
a fraction of the energy of the pendulum mode is stored in the support and dissipates there. This
form of damping is called recoil damping and can be described by [61]

φ = φpend+φsupp
m2

m1

ω1 ω3
2

(ω2
1�ω2

2)
2

(2.37)

φsupp is the loss function of the support structure andm1;m2;ω1;ω2 are the mass of the support,
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2.7. Previous measurements of the loss function

the mass of the pendulum, the resonance frequency of the supprt and the resonance frequency of
the pendulum.

It is easier to measure the decay times of the violin modes. The fact that there is more than
one violin mode allows some estimation of the frequency dependence ofφ. Usually a frequency
independentφwire, superimposed with the typical shape of the thermoelastic dampingφte is ob-
served.φwire is � 10�4 for steel [25] and can be measured at 10�8 for thin fused silica fibers if
all other losses are reduced below this level [53]. If a weight is attached to the fiber, the dilution
factor has to be taken into account in these measurements, butφwire itself seems to be independent
of the applied tension [73]. In the absence of thermoelastic damping, the losses in the fiber are
completely dominated by surface defects [29]. This can be described by

φwire = φmat+4
hφsurf

r
(2.38)

φmat is the loss function of the fiber material itself (φmat< 10�8), r is the radius of the wire,φsurf is
the loss function at the surface (� 10�5 for a good fiber) andh is the penetration depth of surface
damages (� 1µm). This formula might indicate that fibers with bigger radius lower the thermal
noise, but it should be remembered that the dilution factor scales withr2, and the overall noise is
still increased by bigger fibers.

Decay time measurements can also be done at the internal resonances of the mirror for coated
and uncoated substrates. The loss functionφsubs of a fused silica substrate will be� 10�8 (for
sapphire even 3:3�10�9 [58]) and aφcoat of� 5�10�5 is achievable for a good coating [17][54].

A measurement of the loss function has also been achieved at the anti-resonance of a coupled
oscillator [52]. Without losses, the transfer function from a force on the mirror to mirror movement
turns to zero at

ωanti�
r

m2

m1
ω2 (2.39)

m1 andm2 are the two masses andω2 is the higher of the two resonance frequencies. The magni-
tude of the transfer function at this frequency is completely determined by the loss of the system.

All of the described methods are applicable only at a few fixed resonance frequencies. Usually
none of them is located below 100 Hz, but this frequency region is of great interest in future grav-
itational wave detectors. There are some uncertainties associated with extrapolating the frequency
behaviour of the loss function from the mechanical resonances down to 10 Hz or even 1 Hz. It
would be very useful to have direct measurement of the off-resonant thermal noise in this region
where decay time measurements are almost impossible.

It is not easy to achieve a direct measurements of the off-resonant fluctuations induced by
thermal noise in highQ systems, because this requires very high sensitivities. With a moderate
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2. Thermal noise

Q, a good agreement with structural damping was found in a torsion pendulum [26], while the
displacement noise of a cantilever blade showed a viscous and a structural damping contribution
[38]. There was some indication of off-resonant internal thermal noise of a greased mass [2], and
remarkable measurements off the internal thermal noise have been done from 100 Hz to 100 kHz
for high Q mirrors [50]. Two different mirror materials were used and Brownian noise and ther-
moelastic noise of the mirror substrates have been detected.

No measurements of the off-resonant thermal noise of the pendulum mode have been achieved
to this date, and the behaviour of the loss function in the region of 10 Hz for highQ systems
has yet to be evaluated. This was the main motivation for us to design an experiment that would
be sensitive enough to detect the slope of the loss function in this region. Obviouslyφ cannot
remain constant indefinitely towards lower frequencies, because the Brownian noise for structural
damping rises even below the resonance towards lower frequencies. This results in unrealistically
high noise far below 1 Hz. Besides our own effort, one other group is dedicated to the task of
detecting the slope of the off-resonant pendulum noise [5].
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Chapter 3

Optical set-up

3.1. Introduction

In order to detect displacements as small as those caused by thermal noise in a suspended mirror, a
very sensitive detection scheme is necessary. We measure these displacements interferometrically
by using two suspended mirrors that form a Fabry-Perot resonator. The length of this interferom-
eter is actively stabilized to the frequency of an incoming laser beam. A displacement of one of
the two mirrors causes a signal in this feedback loop that can be detected.

Laser

PBS

λ/2

λ/4
λ/2

EOM λ/2

PD

Vacuum tank

Stabilization to

FI PBSλ/2

QD

Vacuum tank

Suspended resonator

Stabilization to

BS
Automatic alignment

Rotating mirrors

QD

FI 7,9 MHz EOM

12 MHz EOM

Reference resonator suspended resonator
reference resonator

Figure 3.1.:Optical set-up of the experiment. The laser frequency is stabilized to a reference
resonator, the suspended resonator is locked to the laser and an automatic alignment
system centers the laser on the resonator mode.

In this scheme the requirements for the frequency stability of the laser are very high, because
noise in the laser frequency cannot be distinguished from changes of the length of the suspended
resonator. Therefore it is necessary to stabilize the frequency of the laser to a stable reference res-
onator, which is located in a separate vacuum tank (see figure 3.1). We also included an automatic
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3. Optical set-up

alignment system into the optical set-up that actively stabilizes the position of the laser beam to
the eigenmode of the suspended resonator. This enables us to take measurements for longer times
and under stable conditions.

Error signals that carry the information of the deviation of the parameter of interest have to
be found for all these feedback loops, actuators are needed to change these parameters and stable
feedback loops have to be designed to connect the two.

3.2. The Pound-Drever-Hall frequency stabilization

The Pound-Drever-Hall technique [20] to stabilize the frequency of a laser to an optical resonator
was developed in 1983 and has become a standard tool ever since. Because this technique is
essential for this experiment, its idea will be explained here.

L

E

r,t r,t

EE inc

E ref

int trans

Figure 3.2.:Schematic view of the electromagnetic fields in an optical resonator.

The light reflected from a Fabry-Perot resonator (see figure 3.2) consists of two parts, the
directly reflected component, which picks up a phase shift ofπ when reflected, and the light
leaking out of the optical resonator. The strongest contribution to this made one round-trip after
entering the resonator, picking up a phase shift of�2LωL=c in the process.L is the length of
the Fabry-Perot cavity andωL = 2π fL is the angular frequency of the laser measured in rad/sec,
while fL is the laser frequency in Hz. Additional lightfields that made more than one roundtrip
and gathered additional phase shifts have to be added. Assuming a lossless optical resonator with
equal amplitude reflectivityr and amplitude transmitivityt =

p
1� r2 for both mirrors and an

incoming electromagnetic wave with the amplitudeE0, the reflected light will be

Erefl = E0 rei (ωL t+π)+E0t r t ei ωL (t� 2L
c )+E0t r3 t ei ωL (t� 4L

c )+ ::: (3.1)

Usually almost all of the light is reflected. Only at the resonance where the cavity lengthL is a
multiple of half of the laser wavelength, the directly reflected light interferes destructively with the
light leaking out of the resonator, and almost all of the light is transmitted. After simplifying the
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3.2. The Pound-Drever-Hall frequency stabilization

above equation, we get an expression for the reflected light divided by the incoming light, which
we callTrefl(ωL)
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Figure 3.3.:Amplitude and phase of the light reflected from a Fabry-Perot interferometer, divided
by the incoming light. This was calculated for a reflectivity of r= 0:999 for both
mirrors.

Trefl(ωL)� Erefl(ωL)

Einc(ωL)
=

r (e
i ωL
4FSR�1)

1� r2e
i ωL
4FSR

(3.2)

4FSR= c=(2L) is the free spectral range of the resonator. It is equal to the necessary frequency
change of the incoming light to shift from one cavity resonance to the next. The above equation
can be interpreted as a transfer function. If multiplied with the incoming light, it gives us the
amplitude of the light that is reflected from the cavity. The amplitude ofTrefl(ωL) turns to zero at
the resonance (see figure 3.3). The full width of the amplitude at half of the maximum (FWHM)
is called the linewidthδFWHM of the optical resonator.
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3. Optical set-up

Exactly at the resonance frequency, the amplitude signal cannot be used for a frequency stabi-
lization. It is symmetric and therefore does not carry the information in which direction one has to
change the frequency if it drifts off the resonance. One would have to choose an operation point
away from the center of the resonance to use this signal for a stabilization. The phase signal, on
the other hand, is strongly changing in different directions near the resonance. This would be a
good signal for a frequency stabilization if it could be detected. Up to this day, it is not possible to
measure the phase of a light beam with a THz frequency directly. Photo detectors are only able to
measure the powerP= jEj2 of such a beam.

In order to detect the phase signal, we modulate the incoming light with an electro-optic modu-
lator (EOM), which consists of a crystal that changes its refractive index when an external electric
field is applied. If the polarization of the light, the electric field and the crystal axis are properly
aligned, a pure phase modulation of the light without an amplitude modulation can be achieved.
Usually the modulation frequencyfm = ωm=(2π) is chosen to be in the MHz-region to avoid tech-
nical noise that disturbs measurements at lower frequencies. The modulated light can be described
as

Einc = E0ei(ωL t+msin(ωmt)) (3.3)

wherem is the modulation index, which we assume to be small (m� 1). This expression can be
expanded using Bessel functions [3], but a first order Taylor expansion already leads to the correct
result.

Einc� E0(1+ im sin(ωm t))ei ωL t = E0(e
i ωL t +

m
2

ei (ωL +ωm)t �m
2

ei (ωL�ωm)t) (3.4)

The incoming light now possesses a component at the carrier frequencyωL and two additional
components at the frequenciesωL �ωm. These are called sidebands. Using equation 3.3, the
reflected light can be calculated.

Erefl = E0(Trefl(ωL)ei ωL t +
m
2

Trefl(ωL +ωm)ei (ωL +ωm)t�m
2

Trefl(ωL�ωm)ei (ωL�ωm)t) (3.5)

If the carrier frequency is at a cavity resonance or very near to it, the carrier gets almost completely
transmitted, and we can assume thatT2(ωL) � 0. The sidebands are completely reflected if the
modulation frequency is significantly larger than the cavity linewidth (T(ωL�ωm)��1 if ωm >
2πδFWHM, see also figure 3.3). If the reflected light power is detected with a photo diode, we get
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3.2. The Pound-Drever-Hall frequency stabilization

Prefl = jEreflj2 = E2
0

m
2
([T�refl(ωL)�Trefl(ωL)]e

i ωm t

+([Trefl(ωL)�T�refl(ωL)]e
�i ωm t)+O(m2) = iE2

0 msin(ωm t) [T�refl(ωL)�Trefl(ωL)] (3.6)

With the carrier frequency very near the resonance, we can assume thatωL is an integer multiple
of 2π times the free spectral range plus a very small deviation 2πδ fL.

ωL

4FSR
= 2πN+

2πδ fL
4FSR

(3.7)

N is an integer. We also want to introduce a useful quantity for describing an optical resonator,
called FinesseF.

F � 4FSR

δFWHM
� π r

1� r2 (3.8)

In the case of perfect modematching of the incoming light to the resonator mode, 1=π times the
finesse is the factor by which the incoming light power is enhanced inside the cavity. We can now
calculate that

T�refl(ωL)�Trefl(ωL)� 2i r (1� r2)

1�2r2+ r4

2πδ fL
4FSR

=
4i δ fL
δFWHM

(3.9)

To read out the desired error signal, one needs to demodulate the reflected light that was measured
by a photo detector with the modulation frequency. This is done by a mixer. The phase of the
two signals with respect to each other has to be considered, because multiplying equation 3.6 with
cos(ωm t) would produce a vanishing signal at the resonance while sin(ωm t) results in the desired
signal. In a real experiment, the two signals will have a fixed, but arbitrary phase with respect
to each other. This is due to signal travel times within cables, circuits and within other parts of
the experiment. It is therefore necessary to include a phase shifter in the experiment to optimise
this demodulation phase. After the multiplication with sin(ωm t), the error signalPe will consist
of a DC part and a component oscillating with two times the modulation frequencyωm, which is
removed by lowpass filters. The remaining signal takes the form

Pe =� E2
0 2m

δFWHM
δ fL (3.10)
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3. Optical set-up

This is exactly the signal we were looking for. It does no longer contain any components that
are oscillating with the modulation frequency, and it is directly proportional to the frequency
differenceδ fL of the carrier frequency with the cavity resonance. This signal is called Pound-
Drever-Hall signal. If it is used in a feedback loop, the signal is usually kept at zero, corresponding
to the situation that the laser frequency is exactly at a cavity resonance.
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Figure 3.4.:Photo diode signal in reflection (above) of the reference cavity and Pound-Drever-
Hall signal at the mixer output (below), when the laser is swept through a resonance.
The measurement was taken with the low cavity finesse (see section 3.4.1) and the
modulation frequency was 12MHz.

An example of a Pound-Drever-Hall signal is shown in the lower diagramm of figure 3.4. It
possesses two additional zero crossings at a distance of the modulation frequency on both sides
of the cavity resonance. A correctly designed feedback loop will not lock to these points, because
these zero crossings have the opposite slope compared to the slope at the resonance.
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3.3. Detecting mirror movement

3.3. Detecting mirror movement

The Pound-Drever-Hall technique is capable of detecting the frequency differenceδ fL between
the laser frequency and the resonance frequency of a cavity. If we consider the resonator to be
stable, we could monitor this signal to detect laser frequency fluctuations. However, in the case of
the suspended resonator, the cavity resonance is everything but stable, it changes with the length
fluctuations of the resonator. This means that these length fluctuations appear in the Pound-Drever-
Hall signal.

We assume that the suspended resonator has the lengthL and changes by4L. If the incom-
ing laser beam stays at the resonance of this cavity, its wavelengthλ has to undergo the same
differential change than the total lengthL.

4L
L

=
4λ
λ
� 4 fL

fL
(3.11)

If we want to detect resonator length changes, the above equation describes how they appear in
the Pound-Drever-Hall signal, which is proportional to4 fL near the resonance. On the other
hand, this equation points out the problem that changes of the laser frequency against the cavity
resonance are indistinguishable from resonator length changes. To avoid that the Pound-Drever-
Hall signal is dominated by laser frequency noise in a wide frequency region, one can either reduce
the frequency noise (see section 3.4.1), or one can increase the effect of a mirror movement. As
can be seen from the above equation, this is achieved by reducing the lengthL of the suspended
resonator, which increases the differential length change.

In our experiment, we chose a resonator length between 2.5 cm and 3 cm. This is a compromise
between reducing the influence of laser frequency noise and still retaining a resonator that we are
able to align.

3.3.1. The longitudinal feedback loop

A drawback of the Pound-Drever-Hall technique is that it only provides valid signals as long as the
laser frequency is near the cavity resonance. With the resonator length constantly changing due to
pendulum movement, this will almost never be the case. That means that we need a feedback loop
to keep the resonator length (and consequently its resonance frequency) fixed with respect to the
laser frequency. If such a system is in place, mirror movements are suppressed by the feedback
loop within the control bandwidth. That means that they no longer appear in the Pound-Drever-
Hall signal, but they can still be detected by monitoring the feedback signal.

In a generalized feedback loop (see figure 3.5), there is usually a control electronic with a
transfer functionC( f ) and a system with a transfer functionS( f ) that has to be controlled. The
input to the system is called feedback point and the output error point.S( f ) can have a very strong
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Figure 3.5.:Generalized feedback loop with disturbances added at the error point and at the feed-
back point.

frequency dependence. In many systems one can measureS( f ) by connecting a sine wave to the
input of the system instead of the output of the control electronic. Then one monitors the output
of the system divided by the input. This can be done with a network analyser.

In the case of a Pound-Drever-Hall stabilization,S( f ) cannot be measured when the feedback
loop is open. Valid signals are produced only if the cavity is continuously kept near the resonance
with the light, but that is not the case without the locked feedback loop. All transfer functions of
the individual components ofS( f ) in the closed loop state have to be evaluated separately. For
the moment, we want to concentrate only on the frequency dependence and not the gain of the
individual parts.

First there is an actuator transforming an applied voltage to a length change of the resonator.
Its frequency response depends on the choice of the actuator (see section 3.3.2). Let us assume a
coil-magnet actuator with af�2 frequency dependence between 1 Hz and 1 kHz.

For frequencies much smaller than the average storage time of the light inside the resonator,
the transfer function from the introduced length change to the information carried by the reflected
light is flat. At high frequencies, the stored light, so far uneffected by the disturbance, averages out
the effect of the length change. This can be approximated by af�1 drop in the transfer function
above a corner frequency. This corner frequencyfcav is given by

fcav=
1
2

δFWHM =
4FSR

2F
(3.12)

In the case of a 2.5 cm short optical resonator and mirrors with a transmitivity oft2 =1000 ppm
(parts per million), the corner frequency is 1 MHz, which is well above all frequencies of interest.
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3.3. Detecting mirror movement

Finally the photo diode and the mixer have to be considered. These transform the optical signal
back into an electronic one. Usually the overall transfer function of these is flat well up to the MHz
region. For even higher frequencies the bandwidth of the individual electronic circuits has to be
considered. In total,S( f ) is proportional tof�2 between 1 Hz and 1 kHz. With this knowledge
it is possible to design the transfer functionC( f ) for the control electronic, which should then
keep the cavity at resonance. This means it should keep the Pound-Drever-Hall signal at the mixer
output close to zero.

A factor of -1 will be needed, so that a disturbance entering the loop for example at the error
point is fed back to this point with opposite sign and thereby reduced instead of enhanced. It is not
possible to make a feedback loop infinitely fast because of signal travel times. There has to be a
maximum feedback frequency where the total loop gain is one (unity gain frequency). Below this
frequency, the gain of the complete systemS( f )�C( f ), the so-called open loop gain, is bigger
than one, above it is smaller.

The phase of the open loop transfer function at the unity gain frequency is important for the
stability of the feedback loop. If it is less than�180Æ, the system would oscillate and a stable lock
would not be possible. A phase of�90Æ would be ideal and is usually achieved by crossing unity
gain with f�1. (For a more detailed analysis see [23]).

We want to achieve a unity gain frequency of a few hundred Hz. This means thatC( f ) has to
rise with f in that region to yield in the desiredf�1 for the complete loop. At lower frequencies
the gain should be very high to suppress the big pendulum movements.C( f ) of the controller can
be seen in figure 3.6.

If the frequency dependence is designed correctly, a stable lock can be achieved after closing
the feedback loop and after adjusting the overall gain until the unity gain frequency is in the desired
region. To check the performance of the system in lock, it is helpful to measure noise suppression
functions. If a disturbance of the strengthI1 is added at the error point, the signal atO1 (see figure
3.5) can be described as

O1 = I1+(�1)C( f )S( f )O1

)O1

I1
=

1
1+C( f )S( f )

(3.13)

O1=I1 can be measured with a network analyser. From this the unity gain frequency can be de-
termined, which is wherejC( f )�S( f )j = 1. Below this frequency, the above is proportional to
(C( f )�S( f ))�1. C( f ) is known, so the transfer functionS( f ) of the system could be calculated
from this measurement.

Our goal is to detect a mirror movement caused by a noise source from outside the feedback
loop. This movement can be described as a signal entering the loop atI3. This appears in the error
point as
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Figure 3.6.:Measurement of the transfer function of the controller for the longitudinal lock. The
rising slope between 100Hz and 1kHz compensates for the pendulum transfer func-
tion.

O1 =
S( f ) I3

1+S( f )C( f )
(3.14)

Above the unity gain frequency, the mirror movement can be detected in the error point, but below
unity gain at the frequencies we are interested in,I3 is suppressed by the gain of the controller.
The feedback point is monitored instead.I3 reaches this point as

O2 =
S( f )C( f ) I3

1+S( f )C( f )
(3.15)

By monitoringO2, it is possible to measure the mirror movement below the unity gain frequency.
Above unity gain,I3 is suppressed byS( f )�C( f ), which is smaller than one in that region.
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3.3. Detecting mirror movement

Different noise sources that enter the loop at different points can significantly reduce the sen-
sitivity. But not all noises enter the loop in the same way. A disturbance added toI3, which could
be mirror movement caused by unwanted forces or noise of the actuator, enters directly into the
signal we want to detect. Other noises entering atI2, like noises of the electronic at that point, are
suppressed by the open loop gain and are therefore not equally critical. A noise analysis always
has to consider where the noise enters the feedback loop and where the signal is measured.

3.3.2. Actuators for the longitudinal lock

In order to change the length of the optical resonator, three magnets are attached to the bigger of
the two mirrors, and three coils are surrounding these magnets. The feedback signal is fed to the
coils through current drivers. The resulting change in the gradient of the magnetic field of the coils
generates a force that moves the mirror.

Three coils are necessary, because if only a single coil at the centre of the mirror would be
used, this would not only block the laser beam, it would also introduce unwanted tilt and rotational
movement if it does not act exactly on the center of mass. Even with three coils, placed as far away
from the center as possible to avoid cutting the laser beam, there is still a small amount of tilt and
rotational motion introduced when a longitudinal signal is applied. This comes from asymmetries
in the pendulum suspension, as well as in the placement of the coils and the magnets.

To be able to reduce the introduced angular motion, it is necessary to have the possibility to
change the gain of the three coils separately at the individual current drivers. To balance the gains
with respect to each other, we monitor a laser beam that is reflected from the mirror onto a quadrant
diode. A sinusoidal signal of a few Hertz is applied to all three current drivers and the gains are
adjusted until the sine wave is no longer detectable with the quadrant diode. The resulting combi-
nation of coil gains will be different if the frequency of the applied signal is changed significantly,
so a frequency close to those we want to measure should be chosen for this adjustment.

For the bigger of the two mirrors in the set-up, it was decided to use a design similar in mass
and size to a GEO 600 mode cleaner mirror [28], but the frequencies of the internal mechanical
resonances of our mirror are much lower and there are more of these resonances. This comes from
the fact that we do not use an expensive solid mirror, but a small mirror attached to a big aluminium
mass instead. The lowest internal resonance for a design like this usually lies somewere between
2 kHz and 4 kHz, compared to more than 20 kHz for one solid mass. These resonances are easily
excited if forces at their frequencies are applied to the magnets. The unity gain frequency of the
feedback loop has to be well below these resonances, there are too many of them to place unity
gain in between.

When the suspended resonator is locked to the laser, the limited unity gain causes stability
problems. The mirror movements at the pendulum resonances of the different degrees of freedom
near 1 Hz are very big, and a lot of gain is needed in this region to remain in lock. This requires a
relatively high unity gain frequency, which would also be desirable for another reason:

If the pendulum swings through a resonance, there is a valid error signal only for a short time,
and a slow feedback loop with a unity gain frequency of a few hundred Hz will not be fast enough

33



3. Optical set-up

to reduce the movement of one pendulum with respect to the other in the short time available.
Because of that, we use a split feedback when we lock the system. The fast signals are given to
the laser to change the laser frequency, which as we know from equation 3.11 is equivalent to a
length change of the cavity.

The laser alone will also not be able to lock the system, because its dynamic range is not
big enough to follow the pendulum movements. This comes from the fact that the suspended
resonator is very short to be insensitive to frequency noise. Pendulum movements of a fewµm
already require bigger changes of the frequency than what the laser can provide. The locking near
1 Hz has to be done by the coils. Without this actuator for the pendulum resonance frequencies,
no permanent lock can be achieved. This was the case in a previous attempt to build a similar
experiment [69][37].
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Figure 3.7.:Measured transfer function of notch filters that are used to avoid excitation of the
internal resonances of the suspended mass.

In lock, the feedback to the laser has to be disconnected, because its frequency has to be locked
to a stable reference and not to the suspended resonator. As soon as the coils alone are used for
the lock, the first internal mechanical resonance of the mirror is strongly excited, making a stable
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3.3. Detecting mirror movement

lock impossible. This resonance has to be notched out electronically in the feedback loop without
changing the phase at unity gain too much. Also the next few resonances have to be notched out,
even if the lock is already stable. If the mirror feedback loop oscillates around its operating point,
this could produce a noise floor in the measurements due to the higher dynamical range that is
required. The transfer function of the notch filters used in the experiment is shown in figure 3.7.
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Figure 3.8.:Suppression of noise by the feedback loop, measured at the error point. Unity gain is
just above 300Hz.

The suppression of noise injected at the error point can be seen in figure 3.8. The unity gain
frequency that can be achieved ranges from 200 Hz to 400 Hz. If it drops below 100 Hz, the system
does not lock any more, because the gain at low frequencies gets too small.

The actuator coils are attached to a frame structure that is seismically isolated, but at high
frequencies it is not as quiet as the pendulum mirrors. Movements of the frame structure could
couple to the mirror through the magnetic field. This is a second order effect, but could still limit
the sensitivity. Another obvious noise source in this set-up is the electronic noise of the current
driver. These noises are especially important, because unlike noise entering at the error point,
they are not suppressed by the loop gain at the feedback point, and that is where the signal that is
carrying the information about the mirror movement is extracted.

To check that these noises are not limiting, we temporarily switched to a totally different
actuator, a piezoelectric crystal. This was glued to the suspended aluminium mass, and the mirror
was glued to the piezo (see figure 3.9). We used the glue Vac-Seal, which does not contaminate
the vacuum. The piezo has to have a hole in the middle, because the laser beam still has to reach
the mirror. This set-up requires a much more careful alignment of the two suspended mirrors with
respect to each other, because the outer parts of the mirror are covered by the piezo and it has to
be avoided to cut the laser beam.

The piezo moves the mirror with respect to the one hundred times more massive aluminium
mass. The internal resonances of the mass are therefore much less excited by the piezo than by the
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Figure 3.9.:The two actuators we use for applying the longitudinal feedback. Most of the time
we relied on a coil magnet system that moves the whole mass. Temporarily it was
replaced by a piezo actuator that was attached to the mirror itself.

coils that have to move the whole mass. On the other hand, additional resonances from the piezo
appear, and those of the mirror glued to the piezo are always present. That means that notch filters
are also necessary for the piezo, and we cannot achieve a higher unity gain frequency than with
the coils.

Originally a piezo with an efficiency of 0.4µm/100 V was used, but its dynamical range turned
out to be too small to follow the movements at the pendulum resonances, even if the applied volt-
age ranged from 0 to 400 V. With a second piezo with a displacement of 4µm/100 V we were able
to lock the system. From this it can be concluded that the amplitudes of the resonant movement
are� 1µm peak to peak. One problem of the second piezo is its bigger length, which makes it
more difficult to include it in the mechanical set-up. The piezo has a cylindrical shape. Its length
is 40 mm, it has a diameter of 25 mm, identical to the diameter of the mirror, and the diameter of
the hole is 16 mm.

The piezo avoids seismic coupling through the coils, current driver noise and unwanted exci-
tation of rotation or tilt motion of the pendulum, but it also brings disadvantages. The high voltage
amplifier that is needed to achieve a big enough dynamical range is a source of additional elec-
tronic noise. Also two wires have to be attached to the pendulum to get the voltage to the piezo,
and this is a potential seismic short-circuit. Nevertheless none of the mentioned noise sources
seems to be a limiting factor for the achieved sensitivity, it remained exactly the same when we
switched to the piezo and back to the coil magnet actuator.

Both actuators have a different frequency dependence. This has to be considered in the design
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3.3. Detecting mirror movement

of the feedback loop. The piezo has a capacity ofC= 517:5 nF. Together with the resistance of the
cable, it forms a low pass with the corner frequency(2πRC)�1. This frequency can be decreased
if an additional resistorR is placed behind the high voltage amplifier that is driving the piezo.

The current drivers for the coils are designed to have a flat transfer function at the frequencies
of interest. This holds from the input voltage at the current driver to the current through the coils
to the force acting on the mirror, but the resulting movement of the mirror is not independent of
frequency. The mirror is suspended as a pendulum, and above its resonance frequencyfpend, the
resulting movement caused by an external force drops withf�2. This effect has to be considered
when calibrating the feedback signal.

3.3.3. Calibration of the detected signals

The same method is used to calibrate the signals at the feedback point and at the error point. A
sinusodial signal is fed to the laser piezo that causes a frequency disturbance of 2 MHz/V. The
frequency of this signal has to be well below unity gain if we want to calibrate the feedback
point, and well above for the error point. In the feedback loop, the frequency disturbance is
indistinguishable from a length change of the optical resonator. With equation 3.11 it can be
calculated to which length change it corresponds. The sinewave appears as a peak in the signal we
want to calibrate. If the introduced length change is divided by the detected voltage, the calibration
factor at the frequency of the sinewave in m/V is found.

At the error point above unity gain, the calibration factor is the same for all frequencies. At
the feedback point, the situation is different. Because of the pendulum transfer function from an
external force to a displacement of the mirror, the movement due to a signal at the coils falls off
with f�2 above the pendulum resonance. If the feedback loop counteracts at different frequencies
an identical length change of the optical resonator, just like the ones introduced by the callibration,
than the feedback response will have to rise withf 2 to higher frequencies. The calibration has to
include that.

Only well below the pendulum resonance, the calibration factor does not change from one
frequency to the other. The easiest method would be to calibrate the system belowfpend and to
multiply the resulting calibration factor with a transfer functionTpend( f ) with

Tpend( f ) =
1

1+
�

f
fpend

�2 (3.16)

to include the behaviour of the pendulum and to get a valid calibration for all frequencies away
from the pendulum resonance (We are interested in absolut values and ignore the phase shift above
the resonance, as well as the behaviour of the pendulum at the resosnance itself). Locking times
are often too short to allow calibration measurements belowfpend. It is also possible to calibrate
above the resonance atfcal and to multiply the detected voltage withT( fcal) to evaluate the desired
calibration factor below the pendulum resonance.
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Figure 3.10.:Implication of a frequency disturbance at the feedback point, measured by giving a
signal to the laser piezo and dividing the feedback signal with the signal at the piezo.
The f2 rise in the signal is due to the pendulum transfer function.

To make sure that the response at the feedback point to a frequency disturbance rises with
the expectedf 2 and no other overlooked frequency dependence is included in the system, the
disturbance was swept through all frequencies of interest (see figure 3.10). A clearf 2 up to the
unity gain frequency was found.

A calibration near the pendulum resonance itself would produce false results, because an ac-
tive system is in place to damp the resonance movement of the pendulum. This reduces the effect
of the feedback at these frequencies. Also the pendulum consists of multiple stages and has a com-
plicated structure of more than one resonance nearfpend, and none of the resonances is included
in the simple pendulum model given byTpend( f ).

A disadvantage of this scheme is that it is problematic to calibrate during the measurement.
To take good data, the laser has to be stabilized to a reference resonator. This makes adding a
disturbance to the laser impossible, because this disturbance would be suppressed by the laser
stabilization loop. The disturbance would have to be added to the error point of the frequency
stabilization. It is easier to calibrate before or after the measurement. This is not a problem for
the feedback signals. The transfer function from voltage at the current driver to movement of
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3.4. The laser system

the pendulum remains constant from one measurement to the next. At the error point this is not
always the case, because the signal strength at this point depends on the laser output power and
on the alignment of the laser beam to the resonator. One has to make sure that conditions during
measurement and calibration are similar.

If we use the piezo actuator to lock the system instead of the coil magnet combination, the
calibration scheme is similar. Instead of thef�2 from the pendulum transfer function, the low
pass formed by the piezo capacity and the output impedance of the electronic driver has to be
included. If there are other frequency dependences in the high voltage amplifier that is driving the
piezo, these also have to be considered. The result of the calibration for the piezo can be compared
to the calibration from the manufacturer of 4µm/100 V, and the two are in agreement.

3.4. The laser system

The laser for the experiment was built by the Laser Zentrum Hannover. It consists of two pump
diodes emitting light at a wavelength of 808 nm. The output power of these diodes is approxi-
mately 1 Watt each. This is strongly dependent on the temperature of the pump diodes. In order to
be independendt from temperature fluctuations of the environment and to prevent the pump diodes
from overheating, their temperature is actively stabilized to a constant value by feedback loops.
The light emitted by the diodes is linearly polarized and, by choosing different polarizations for
the two, the light can be added at a polarizing beam splitter (see figure 3.11).

Heat sink

Pump diodes

Laser crystal

Polarising beam splitter

Lenses

Window

Figure 3.11.:Schematic view of the laser interior.

1064 nm 808 nm

Figure 3.12.:Geometry of the laser
crystal.

The light passes through two lenses and is thereby focussed into the laser resonator, which is
a monolithic Nd:YAG crystal of 3�8�12 mm3 (see figure 3.12). The surface of this crystal has
a anti-reflective coating for the pump wavelength. The pump light is absorbed inside the crystal
and leads to the emission of the laser light at a wavelength of 1064 nm. The output power of this
laser can be 1 Watt at maximum, but this value degrades with time because of a reduction of the
output power of the pump diodes. It is not necessary to run our experiment with the maximum
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3. Optical set-up

laser power. That allows us so to compensate a reduction of the power by increasing the current to
the pump diodes.

The temperature of the laser crystal is also controlled as changes in the crystal temperature
would lead to changes in the laser frequency. At certain temperatures the laser is running at
two frequencies at the same time (multimode operation). If this unwanted effect should occur, a
temperature change is necessary to return to normal operation. By adding a signal to the error point
of the temperature control loop, the crystal temperature can be used as an actuator to deliberately
change the laser frequency. Thermal effects are usually slow and the transfer function of this
actuator decreases rapidly from 1 Hz on, so it cannot be used for high frequency actuation.

A piezo crystal is attached to the laser crystal. It applies mechanical stress and thereby also
changes the laser frequency. The transfer function of this actuator is flat up to its internal reso-
nances in the high kHz region. The efficiency of this actuator is 2 MHz/V.

3.4.1. The frequency stabilization

The laser already has a low frequency noise, because it consists of one compact monolithic crystal
and not of a combination of mirrors and a separate active medium. Still the frequency noise is
not yet good enough for the sensitivity we need to achieve. According to equation 3.11, this
noise directly enters the measurement and it can lead to bigger signals than those caused by the
pendulum movement (see section 5.2). A frequency stabilization that locks the laser to a reference
resonator is needed.

Measurements of the frequency noise of the unstabilized laser have shown that it can be de-
scribed by the simple formula

4 fL( f )� 104 Hzp
Hz
� 1Hz

f
(3.17)

This formula holds for all frequencies in the Hz and kHz region and is not limited to our individual
laser, but also describes many similar lasers (see for example [47]). The frequency noise is caused
by pump light fluctuations, leading to thermally induced fluctuations of the crystal length. A
possible actuator for a frequency stabilization would therefore be the current to the pump diodes.
This has been demonstrated in [75]. Such a stabilization has the potential not only to reduce
frequency fluctuations, but also to minimize amplitude fluctuations in the process. Nevertheless
we have decided not to use this rather complicated actuator.

Similar to the stabilization of the suspended resonator, the Pound-Drever-Hall technique is
used for the frequency stabilization. A fraction of the light travelling to the suspended resonator
is separated from the main beam and directed towards a reference resonator in a separate vacuum
tank (see figure 3.13).
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Figure 3.13.:Schematic view of the laser frequency stabilization to the reference cavity. Three
actuators for different frequency regions are used in this feedback loop.

The light in the separate path passes an electro optic modulator to which a sinusodial signal
at the modulation frequency of 12 MHz is applied. We use different modulation frequencies for
the frequency stabilization and for the suspended resonator to avoid crosstalk between the two
systems. The capacitance of the EOM is part of a resonant circuit that is tuned to the modulation
frequency in order to increase the modulation index. It is important not to pass the EOM with a
fraction of the wrong polarization. This would produce an amplitude modulation that results in an
offset at the error point (see section 5.3).

The light passes two lenses that are used to match it to the eigenmode of the reference res-
onator. If either the position of the focus of the light or its size do not match the resonator focus, a
fraction of the light is always reflected, even if the light is in resonance with the reference cavity.
This could lead to an increase in the noise, because this light contributes to the shot noise, but not
to the signal. To achieve a good overlap, it is necessary to determine the parameters of the laser
beam with a beam analyser and to calculate the size of the resonator eigenmode. To determine the
focal lengths of the lenses and their position, we use the program Beam Profile Simulator1 that
describes a beam propagating through lenses.

It is as important to match the position of the laser beam to the resonator mode as it is to match
the seize. Two mirrors are being used to align the lateral position and the angle of the beam to the
resonator mode. A camera can be placed behind the resonator to detect which mode is resonant
in the cavity at a given time, but usually the camera will detect nothing as the laser frequency
has to match one of the mode frequencies to get light into the resonator. A good alignment can
be achieved if the laser frequency is sweeped permanently and the two mirrors are adjusted until

1developed by M. Ando
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3. Optical set-up

nearly all the light is in the lowest order mode. If one is unable to see any of the modes, it can
be helpful to overlap the invisible laser with a visible one and to align the reflections from the
different mirrors.

The reference cavity is a ring resonator that consists of an ULE spacer and three mirrors glued
to it. The material ULE expands very little due to temperature changes. A ring resonator was
chosen instead of a linear resonator, because the light reflected by the first mirror does not travel
back towards the laser. It is reflected to the side and can be detected without using a quarter wave
plate and a polarizing beam splitter. Two of the mirrors are flat, the third has a radius of curvature
of 1 m. The length of the optical path for the light inside the resonator is 427 mm, and it has a
finesse of 58000 for one polarization of the light and a finesse of 1150 for the other.

The resonator is located in a vacuum tank for several reasons. This avoids refractive index
changes inside the resonator that are caused by air fluctuations, the reference cavity is less sensitive
to temperature fluctuations of the environment that would otherwise change the length of the
spacer, and finally the resonator is isolated from acoustic disturbances which would excite the
internal resonances of the spacer. The vacuum tank is located on a seismically isolated table and
the spacer resonances are excited only very little by seismic motion. Because of that, it is not
necessary to suspend the reference resonator for further seismic isolation.

A photo diode detects the reflected light, and the resulting signal is given to a mixer where
it is multiplied with the modulation frequency. The resulting error point signal is given to three
different actuators via different electronic paths in a split feedback arrangement. The different
electronic paths will have to compensate for thef�1 drop in the transfer function of the optical
resonator at high frequencies and for the different actuator transfer functions. They also have to
be designed in a way that at the crossover frequencies between the actuators the phase difference
is close to 90Æ, so that the different actuators do not work against each other at these frequencies.

The first two of the actuators for changing the laser frequency are inside the laser housing and
have been mentioned above already: For very low frequencies signals are given to the laser crystal
temperature. The second actuator is the piezo attached to the laser crystal. Its internal mechanical
resonances start at 150 kHz, which allows a control bandwidth of up to� 100kHz.

To increase the loop bandwidth, we use a broadband EOM as a third actuator outside the laser
crystal [48]. An EOM does not provide the possibility of a DC frequency change, but it is efficient
in the high frequency region. The reason for that is that an EOM modulates the phase of the light,
and the equivalent frequency change for an applied voltage rises proportional with frequency. The
frequency change per Volt for the piezo and for two different EOM’s, the PM 25 from Gs¨anger
and the 4004 M from New Focus, can be seen in figure 3.14. The PM 25 showed many mechanical
resonances above 20 kHz and has a smaller modulation efficiency, so the 4004 M was used. To
increase the achievable frequency change introduced by the EOM and by the laser piezo, both of
them are driven by a high voltage amplifier.

During many measurements it was not necessary to use the temperature path. The absence
of the frequency stabilization via the laser crystal temperature does not affect the performance in
the Hz region, and locking times even without this actuator can be up to an hour bevore the laser
frequency drifts off the cavity resonance due to temperature changes in the environment.
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Figure 3.14.:Transfer functions from applied voltage to frequency change for different frequency
actuators: The piezo attached to the laser crystal and of two different external
EOM’s.

The complete feedback loop achieves a unity gain frequency well above 200 kHz. The fre-
quency noise of the unstabilized laser and that of the stabilized one, measured in loop at the error
point, are shown in figure 3.15. The effect of the stabilization is very big, but an in loop measure-
ment like this does not show the true noise of the system. Frequency fluctuations from seismic and
acoustic vibrations of the optical components, refractive index fluctuations in the beam path and
changes of the length of the reference resonator are suppressed at the error point, but they are still
fed back to the laser frequency.

To make a measurement of the true frequency noise, a second independent identically stabi-
lized laser system would be needed for a beat measurement. Another alternative would be to give
a fraction of the light to a second reference resonator. The frequency of this light would have
to be tuned by an acousto optic modulator to the resonance of the second cavity to measure the
frequency noise. We did not check the out of loop frequency noise, but beat measurements on
two laser systems with exactly identical frequency stabilizations showed that we can expect the
frequency noise to be well below 1Hz=

p
Hz at all interesting frequencies [10].
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Figure 3.15.:Frequency noise of the unstabilized and of the stabilized laser. The latter is an in
loop measurement, taken at the error point.

3.5. The automatic alignment system

Due to the seismic isolation system, the mirrors in the main interferometer move very little at high
frequencies. On the other hand, at the resonance frequencies in the Hz region they move quite
significantly. This movement leads to a shift and a rotation of the mode in the optical resonator
with respect to the incoming laser beam.

The laser and all the other optical components are mounted on an optical table, which is seis-
mically isolated to minimize excitations of these components. This optical table slowly drifts and
on a timescale of about one minute, a laser beam that was in perfect alignment with the Fabry-Perot
resonator that is not placed on the optical table would loose its alignment completely. Measure-
ments over longer periods of time would be impossible, and even during short measurements the
alignment to the optical resonator and with it the light power within the resonator would already
change significantly.

To avoid these unwanted effects, an automatic alignment system was included in the experi-
ment. This keeps the laser beam aligned to the resonator mode and therefore ensures long locking
times and reproducible measurement conditions.
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3.5. The automatic alignment system

3.5.1. Misaligned optical beams

A laser beam can be misaligned with respect to the mode of an optical resonator in different ways.
There can be a mismatch against the resonator mode in waist size and in the longitudinal waist
position, as well as a mismatch in the lateral beam position and in the angle of the laser beam. The
former two are usually matched by a lens system and do not change much by movement of the res-
onator mirrors or the optical table. The Pound-Drever-Hall stabilization for locking the resonator
length to the laser frequency works satisfactorily, even if no active feedback is applied to optimise
the alignment in these two degrees of freedom. Our automatic alignment system minimizes the
lateral and angular mismatch of the laser beam in the horizontal and vertical direction.

∆ x

α

Figure 3.16.:Misalignment of an optical beam with respect to a reference. The wave front of a
beam shifted laterally by4x is very different far away from the beam waist. The
wave front of a beam rotated byα is very different at the beam waist itself.

As we can see in figure 3.16, these two kinds of mismatches change the wave front of the laser
beam with respect to the resonator mode in a different way. The wave front and therefore the local
phase of a beam shifted laterally by4x differs far away from the beam waist, while the wave front
of a beam rotated byα is very different at the beam waist itself. The technique of differential wave
front sensing [46] measures these phase shifts.

The simplified approach we used in section 3.2 to describe a light field withE0ei ωL t is not
sufficient here, the full spatial distribution of the light has to be taken into account. A good
description of the different spatial modes of a laser beam is given in [60]. Withz as the direction
of propagation, the mode of the orderm;n in thex andy direction is given by its amplitude
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with w(z) being the radius of the beam at which the field is reduced toe�1 of its maximum value
andw0 is the radius at the beam waist. The mode functionshm andhn are given by

hm(x;w(z)) =CHm
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x2

w2(z) (3.19)

Hm is the Hermite polynomial of the ordermandC a normalizing factor. Out of different possible
choices, we follow the approach used by [32] and [30] with

C = 4

s
2

πw2(z)
(3.20)

An important quantity in equation 3.18 is the Guoy phaseΨ(z), which describes a phase shift of
the different modes against each other that they pick up as they propagate. It is given by

Ψ(z) = arctan

�
λz

πw2
0

�
(3.21)

Finally R(z) is the radius of curvature of the wave front. It is given by

R(z) = z

 
1+

�
πw2

0

λz

�2
!

(3.22)

For now we ignore the time dependence and concider only one lateral direction as the descriptions
for the two are identical. At the beam waist (z= 0) we can describe a beam consisting only of the
fundamental mode, but shifted in the lateral direction by4x with

E(x+4x;0) = E0h0(x+4x;w0)� E0h0(x;0)�E0
4x
w0

h1(x;0) (3.23)
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This means that a small lateral shift is equivalent to the addition of a small amount of the first
order mode. We find a similar description for a beam rotated by a small angleα with

E(x;0)eikαx = E0h0(x;0)+E0 i
kw0

2
αh1(x;0) (3.24)

Here we also have the addition of the first order mode, but it is 90Æ out of phase with the fun-
damental mode. For a waist size and a waist position mismatch, a similar description could be
found by the addition of a small amount of second order modes, in phase and 90Æ out of phase
respectively. When these higher order modes propagate away from the beam waist, they pick up
additional Guoy phase compared to the fundamental mode. For the first order mode, the additional
phase is simplyΨ(z).

3.5.2. Detection of misalignment

For the detection of misalignments as described above, we use two quadrant diodes that are placed
in reflection of the optical resonator and a demodulation technique for each quadrant that is iden-
tical to the Pound-Drever-Hall method. Valid signals will only be produced when the longitudinal
lock for the suspended resonator is already operating and the fundamental mode of the incoming
light is resonant in the cavuty.

We will assume the laser beam to be the stable reference and the eigenmode of the suspended
resonator to be shifted or tilted against an incoming beam. The light leaving the optical resonator
in reflectionEres can be described by the equations 3.23 and 3.24 if we include the factors for
the propagation in thez direction. The light directly reflected from the resonatorErefl, which we
assume to be phase modulated at the modulation frequencyωm, can be described as

Erefl =E0(Trefl(ωL)� im sin(ωmt))
w0

w(z)
h0(x;w(z))h0(y;w(z))

�exp

�
�i

�
kz�ωL t +Ψ(z)+

k(x2+y2)

2R(z)

��
(3.25)

Here we assumedTrefl(ωL �ωm) = �1. This is valid if the longitudinal lock keeps the laser at
the cavity resonance (see section 3.2). If we detect the reflected light power(Erefl+Eres)

2 with a
photo diode and demodulate the signal, we get the Pound-Drever-Hall signal for the longitudinal
stabilization. (We assume a photo diode far bigger than the laser beam, which justifies to integrate
the intensity from�∞ to ∞. Then we get

R ∞
�∞ h2

0 dx = 1 and
R ∞
�∞ h0 h1 dx = 0) If we detect the

reflected light with a quadrant diode instead of a normal diode and subtract two quadrants on one
side from the two on the other side, and if the cavity is shifted in the lateral direction, we get
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This signal will also be demodulated, so only contributions at the modulation frequency have to
be considered. The resulting signal is proportional to the lateral shift4x. As this signal is also
proportional to sin(Ψ), we will have to place the quadrant diode at a position where the Guoy
shift of the first order mode against the fundamental mode is close to�90Æ. A rotated resonator
results in a similar expression proportional toα and to cos(Ψ). To detect a rotation of the resonator
eigenmode, we have to place the diode either close to the beam waist whereΨ = 0, or at a position
where the Guoy phase has changed by additional 180Æ. Placing the diodes at random positions
would lead to a mixing of the two signals. One could separate them again by building linear
combinations, but this would make things unnecessary complicated.

To evaluate how the Guoy phase changes as the beam propagates, it has to be considered what
happens at a lens (the propagation in free space is described in equation 3.21). The radius of
curvature of the laser beam is changed by a lens of the focal lengthfl at a distancez1 by

1
Rnew(z1)

=
1

Rold(z1)
� 1

fl
(3.27)

A good description of beam propagation can be found in [40]. The size of a freely propagating
beam is described by

w2(z) = w2
0

�
1+

�
λz

πw2
0

��
(3.28)

This does not change at a lens. In this equation, as well as in equation 3.22 for the radius of
curvature of a freely propagating beam, the focus is assumed to be atz= 0. Keeping that in mind,
we can calculate the positionznew of the new focus after the lens and the sizewnew of the beam
there. To evaluate the phase differenceΨ between the zero order mode and the first order mode at
a distancez2 where we might want to place the quadrant diode or simply another lens, we have to
calculate the phase picked up on the way to the lens and add the phase from the lens toz2
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From this we can calculate positions for the quadrant diodes where they are only sensitive to one
kind of misalignment. However in the real experiment, one also has to make sure that the beam
size at such a position remains within reasonable values. One will also run into problems ifΨ is
strongly changing near the desired diode position and imperfect placing of the optical components
would strongly change the Guoy phase at the diode.

Usually a system of at least two lenses is preferable to just one or even no lens at all, because
then we have the possibility to design a desired value and slope of the Guoy phase and simultane-
ously a desired beam size at the position of the quadrant diode, while using standard lenses.

0 0.5 1 1.5
0

0.2

0.4

0.6

0.8

1

B
ea

m
 r

ad
iu

s 
[m

m
]

0 0.5 1 1.5

Distance [m]

-90

0

90

G
uo

y 
ph

as
e 

[d
eg

]

lens 1

lens 2

Figure 3.17.:Example of the beam waist and Guoy phase of a light beam propagating through a
lens system of f1 = 0:2m at z1 = 0:25mand f2 = 0:08mat z2 = 0:981m.
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3. Optical set-up

In figure 3.17 we see an example of a two-lens system. The Guoy phase is zero atz= 1:6 m.
This would be a possible place for a quadrant diode to detect angular displacement. On the other
hand the beam size is relatively small and the slope of the Guoy phase is very steep, which would
make the system susceptible to small misplacements of the diode or the lenses. For optimising all
these parameters, we use a Mathematica program2.
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Figure 3.18.:AC and DC response of a quadrant of the quadrant diode to an amplitude modulated
light beam swept over all frequencies.

The quadrant diodes used in the experiment are designed to be especially sensitive at the mod-
ulation frequency as we are only interested in detecting this single frequency. Other frequencies
are suppressed to avoid adding unwanted noise contributions. The frequency response of one of
the quadrants is shown in figure 3.18. It was measured by shining a laser beam that is modulated
in amplitude onto one of the quadrants. The diode response was monitored while the modulation
frequency was swept through the frequency range of interest.

2developed by G. Heinzel
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3.5. The automatic alignment system

3.5.3. Actuators for the alignment

After detecting the displacement signals, these can be used to overlap the laser with the resonator
eigenmode. It would be possible to move the suspended resonator mirrors and thereby to shift the
resonator mode, but we want to leave these mirrors as undisturbed as possible. The laser beam is
shifted instead.

For that purpose C302 galvanometer scanners from General Scanning with a maximum range
of 2Æ and a load free resonance frequency of 520 Hz are being used as actuators. The resonance
frequency was expected to lower significantly after attaching a mirror. This could set a limit to
what unity gain frequency can be achieved. The frequency of the second resonance would also be
of interest, because if significantly far away from the first, one could place the unity gain frequency
in between the resonances without exciting them too much.
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Figure 3.19.:Measurement to identify the galvanometer scanner resonance frequencies. It was
done by reflecting a laser from the galvanometer mirror onto a quadrant diode. With
too big signals at the scanner, the amplitudes at the first resonance frequency of
320Hz exceeds the dynamic range of the quadrant diode. The second resonance
frequency is at4kHz.

The resonance frequencies was measured by shining a laser on the mirror attached to the
scanner and the light was reflected onto a quadrant diode. The signal at the quadrant diode divided
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Figure 3.20.:Measured transfer function of a controller for one automatic alignment channel. The
rising slope around1kHz compensates for the galvanometer transfer function and
allows a unity gain frequency in that region.

by the signal at the scanner input is shown in figure 3.19. When the input signal was increased
to make the second resonance more clearly visible, the movement at the first resonance exceeded
the dynamic range of the quadrant diode. The first two resonance frequencies were measured to
be at 320 Hz and 4 kHz, which is a big enough distance to build a feedback loop with a unity
gain frequency in between. The slope which decreases byf�2 after the first resonance has to
be compensated in this loop. The transfer function of a controller that is used for the automatic
alignment system is shown in figure 3.20.

In total, four of these galvanometer scanners are needed to correct displacement and rotation
of the laser beam in thex andy direction. As these actuators can only rotate around their axis,
they produce only a rotation of the optical beam. During beam propagation, this introduced angle
remains constant, while the distance to the old beam axis increases. Because of that, each actuator
produces a linear combination of displacement and rotation of the optical beam away from the
beam waist.
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3.5. The automatic alignment system

If the two actuators for thex direction are placed at two random points in front of the opti-
cal resonator, the detector signals for lateral shift and rotation could not simply be given to these
actuators. None of them produces a pure rotation or shift at the resonator. That means that lin-
ear combinations of the detector signals are necessary before sending them to the galvanometer
scanners.
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7,9 MHz
oscillator

λ/2EOM

PBS

λ/2

PBSλ/2 λ/4
Galvanometer scanner

Mixer

Feedback electronic

Suspended resonator

Figure 3.21.:Set-up for the automatic alignment system. Several lenses are needed to match the
laser beam to the optical resonator and to place the quadrant diodes at positions of
correct Guoy phase and beam size. Two pairs of galvanometer scanners as actuators
for beam rotation are placed in a focus, while the two actuators for lateral shift are
placed far away from any focus.

A proper placement of the actuators can avoid this problem (see figure 3.21). An actuator
placed at the waist of the optical beam produces only a rotation and no lateral shift at the next
beam waist. The optical resonator is also placed at a waist of the beam, which is carefully matched
to the internal resonator waist by a lens system. Two actuators are needed for rotation, one in the
x and one in they direction. These two are separated from each other by a small distance (in this
case 3 cm), but have to share one focus in the experiment. This means that both scanners will also
produce a small shift of the beam at the resonator focus.

The actuators for lateral shift are placed far away from any beam waist (in this case 1.2 m).
That will result in a strong beam shift at the resonator and only a small rotational contribution will
be produced. Small unwanted actuations to the wrong degree of freedom can be tolerated, because
they are strongly suppressed by the feedback loop for that degree of freedom.

Being able to completely separate the four alignment channels from each other has another
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3. Optical set-up

advantage. If only some or one of these channels is used, the other degrees of freedom remain
nearly undisturbed.

3.5.4. Performance of the system

To close the alignment feedback loops, one has to keep in mind that the unity gain frequency is
designed to be between two mechanical resonances. That means that we cannot slowly turn up
the gain to the desired value, because the unity gain frequency would cross the first resonance
where the phase is completely wrong and the lock would be lost. These kind of loop are known
as conditionally stable and we have to close the loops with almost correct gains right from the
beginning.
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Figure 3.22.:Comparison of the error point signals of the different alignment channels when the
feedback loop for each particular channel was operating and not operating.
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3.5. The automatic alignment system

From the error point signals of the different alignment channels (figure 3.22), the suppression
of a disturbance in each channel can be seen when comparing these signals to those when the loop
in that particular channel was not closed. The achieved unity gain frequencies are also visible.
They range from 500 Hz to 1 kHz for the different degrees of freedom.

A disadvantage of the alignment system is the prolonged locking process. First the usual lon-
gitudinal feedback loop has to be switched on. Without it, the alignment system does not produce
usable signals. After that the alignment channels are switched on one by one and each time it is
possible that the longitudinal lock is lost again. The reason for that is that the better alignment
leads to an increase of the light power in the cavity. This results in more gain in the longitudinal
feedback loop, as well as in the alignment channels. Sometimes this produces strong oscillations
due to the excitation of mechanical resonances and this could end the lock. The gain of the longitu-
dinal channel and the alignment gains have to be reduced during the locking process. It is usually
not possible to start with a low longitudinal gain right from the beginning, because the system
would not be able to follow the big pendulum movements near 1 Hz. Reduced alignment gains are
impossible, because unity gain would get too close to the 320 Hz galvanometer resonance.

The sensitivity of the experiment is neither increased nor decreased by introducing the auto-
matic alignment system, which means that it is not limited by alignment noise. Before including
the automatic alignment system into the experiment, the locking times were usually limited to
one or two minutes due to the slow vertical drift of the isolated table and during the measurement
the locking conditions were changing. Only with the optical table on the ground, long locking
times have been achieved, but in that case the optical components were exposed to stronger seis-
mic excitation. With the automatic alignment system locking times are of the order of one hour,
sufficiently long for the measurements.
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Chapter 4

The seismic isolation

4.1. Introduction

Seismic noise is the biggest obstacle for an experiment where one tries to measure the thermal
noise of the pendulum mode of a suspended mirror. A lot of effort was invested into building an
effective seismic isolation system for this experiment. The main part of this isolation system is a
multiple stage suspension system for the two mirrors (see figure 4.1). A computer program was
developed to model the complex behaviour of these pendulums and to improve their performance.

Stack

Active isolation

Mirrors

Pendulums

Vacuum tank

Frame

Plate
Support structure

Figure 4.1.:Schematic view of the seismic isolation system.

A lot of attention has to be paid to the different degrees of freedom. Rotation and tilt motion,
as well as the vertical motion, which does not get suppressed at all by a normal pendulum, couple
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4. The seismic isolation

into longitudinal motion and cause a length change of the interferometer. This has to be considered
when designing and building a seismic isolation system. During the suspension process, attention
has to be payed to the alignment of the two mirrors with respect to each other, so that they form
an optical resonator.

In a multiple stage pendulum, several pendulum resonances are present, and the seismic mo-
tion is significantly enhanced there. If the displacements at these frequencies are too big, locking
could become altogether impossible. To reduce the resonant movement, an active damping system
is applied to the pendulum chain, but one has to make sure that the performance of the seismic
isolation is not degraded by this.

4.2. Seismic noise

Seismic noise has many different origins. They range from tectonic movements in the earth’s
crust, ocean waves hitting the land, wind shaking the building, cars passing by, people moving
within the building to any other activity in which masses are being moved. Usually the seismic
noise floor is slightly reduced at night because there is less human activity at these times. The
location of the experiment can also play a role. For example at the site of the TAMA gravitational
wave detector, located in the city of Tokyo, the seismic motion is significantly enhanced due to the
higher tectonic and human activity there. In contrast to this, the GEO 600 detector is located away
from the city with its human activity and it was build on a very solid basement. A good choice for
any seismically sensitive experiment would be to locate it in former mine shafts within massive
mountains where tectonic and human activity is reduced even further. This was the original plan
for the GEO 600 detector and it is now planned for the next generation gravitational wave detector
in Japan [42]. Our experiment is located within the city of Hannover at the ground floor of our
institute. Compared to the GEO 600 detector we measure almost an order of magnitude more
seismic motion.

The basic principle of an interferometric gravitational wave detector is to make very precise
length measurements. If the mirrors used in these measurements move with unfiltered seismic
against each other, the achievable sensitivity would be insufficient to detect gravitational waves.
One possibility to overcome this problem would be to go to space where we have no seismic noise
at all. This is one of the ideas behind the LISA mission.

Another alternative would be to try to isolate the mirrors from the motion of the environment.
This can be done by springs or by suspending them as pendulums. The transfer function of a
pendulum drops above its resonance frequency and isolation can be achieved, below the resonance
frequency a pendulum does not provide isolation. If the suppression of one pendulum is not
sufficient, one can cascade multiple pendulum stages to increase the achieved isolation. Exactly
this feature is used in our experiment to achieve a rapid decrease of the seismic motion above the
pendulum resonances.

Unfortunately, suspending the mirrors as pendulums also has its disadvantages. One of them
is the appearance of pendulum thermal noise, which is what we want to investigate. Another one is
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4.3. The basic idea of seismic isolation

the enhanced motion of the pendulum chain at its different resonance frequencies. In gravitational
wave detectors, pendulums with a very highQ are being used to reduce the pendulum thermal
noise above the resonance, but this increases the seismic motion at the resonances even further.
That is why an active damping system is needed at these frequencies.
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Figure 4.2.:Seismic motion at the location of our experiment, measured in the vertical direction.
Starting at 10 Hz, it drops with f�2.

A measurement of the seismic motion of the ground at the location of our experiment is shown
in figure 4.2. The seismic noise is usually almost identical for the vertical and the two horizontal
directions and can be approximated to be at a level of 10�8 m=

p
Hz up to 10 Hz, after which it

starts to fall with f�2. The above measurement has a very typical shape for a seismic spectrum
and this would not vary too much from location to location.

4.3. The basic idea of seismic isolation

To point out the general idea of seismic isolation, we will look at an idealised pendulum with a
massm and a lengthl , which is suspended at the center of mass (see figure 4.3). We will ignore
all external forces to the pendulum except gravity, but we will allow the suspension point to move
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Figure 4.3.:Idealised pendulum with the Forces acting on it.

due to seismic. That means that we will not only get a restoring forceFr =�kx1 if the pendulum
has shifted away from its rest position byx1, we will also get a similar forceFs with opposite sign
if the suspension point moves byx0. With this the equation of motion is

�mω2 x1(ω) =�kx1(ω)+kx0(ω)+Fd (4.1)

We ignored all damping forcesFd. The transfer function from a movement of the suspension point
to a movement of the pendulum is

x1

x0
=

1

1� mω2

k

=
1

1�
�

ω
ωres

�2 (4.2)

This transfer function drops withω�2 above the pendulum resonance frequencyωres, which is
given by

ωres=

r
k
m

=

r
g
l

(4.3)

whereg is the acceleration of the earth. For any reasonable pendulum length, the resonance
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4.3. The basic idea of seismic isolation

frequency will be near one Hertz. Below that, a pendulum does not provide any seismic isolation.
It simply follows the movement of the suspension point. Near the resonance itself, the damping
becomes important and equation 4.3 does not describe the true behaviour. Damping broadens
the width of the resonance peak and it lowers its height, but for higher frequencies whereω�2

dominates, the description is valid again.

Theω�2 behaviour above the resonance provides a good seismic isolation for high frequencies,
but in this experiment the suppression of seismic motion would not be sufficient at 10 Hz. To
improve the isolation, one can suspend another pendulum stage from the first pendulum mass and
additional pendulum stages after that. In such a chain, the mirror would be the mass of the last
pendulum stage. The idea is that the suppressions of each individual stage add up to a big overall
reduction of the seismic movement.

To calculate the effect of adding more than one pendulum stage together, one has to find a more
elegant way than writing down the full analytical equations, because they get rather complex. That
is why we describe thenth stage in a pendulum chain by a 2�2 matrixAn. As an input to such a
matrix we need the displacement of the previous pendulum stagexn�1 and the forceFn on then-th
stage due to this displacement. As an output, we get the displacement of the current stagexn and
the forceFn+1 to the next. The multiplication of the matrices for the full chain will enable us to
calculate the movement of the last stage due to a displacement of the suspension point of the first.
It can be shown that the description for a single stage pendulum takes the form [70]

�
x1

F2

�
=

 
1 � 1

k1

m1ω2 1� m1 ω2

k1

!�
x0

F1

�
= A1

�
x0

F1

�
(4.4)

For more stages, we have to multiply the result withA2 and so on. Without a second stage,F2 is
zero and we get equation 4.3. The transfer functions for a single, double and a triple pendulum
are shown in figure 4.4. The resonance frequencies of each individual stage in this simulation
were 1 Hz, but when two or more stages are coupled together, the coupled resonances are shifted
against the individual values. It can be seen that the overall suppression of a triple pendulum is
already huge. It falls off withf�6. Unfortunately, things are not that simple when we move from
the idealized pendulums to real ones.

4.3.1. Coupling of the different degrees of freedom into longitudinal

In the case of an idealized suspension, an excitation of the other degrees of freedom in which the
pendulum can move (see figure 4.5) does not affect the longitudinal motion. In a real suspension
system, the situation is different. Each of these motions will result in a longitudinal movement of
the mirror. The size of these contributions depends on the coupling between the different degrees
of freedom into longitudinal and can be described by an effective coupling coefficient. These
coefficients are usually very small, still we cannot neglect the influence of the other degrees of
freedom. They are filtered in different ways by the pendulum chain, and if they are not suppressed
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Figure 4.4.:Transfer function from a movement of the suspension point to movement of the last
stage of a single, double and a triple pendulum. The resonance frequency of each
individual stage is 1 Hz.

well enough, at some frequency one of these other degrees of freedom becomes the dominant
noise source in the longitudinal direction.

In the case of rotation, the suppression of motion does not start with the longitudinal reso-
nance frequencies, but with those for rotation. That means that during the design of the pendulum
chain, one has to pay attention to the values of these resonances. They depend on many different
parameters. It has to be remembered that the pendulum is not the previously assumed ideal one,
suspended by only one wire in the center of mass. Such a construction would lead to an infinitely
low rotational frequency. Four wires, attached at the outside of the mass, suspend the real pendu-
lum. These are necessary in order to have well defined rest positions in tilt and roll. It also has to
be remembered that the mass is not concentrated in the center, so the moment of inertiaI plays a
role. The full equation of motion for the rotation angleα in the case of a single stage pendulum is
[68]

I ω2 α(ω) =

�
mg

l cos(Ω)
(s2 cos2(Ω)+ t1t2)+

�
4k

s2 (t2� t1)
l2

��
α(ω) (4.5)
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TiltLongitudinal Rotation VerticalSideways & Roll

Figure 4.5.:Degrees of freedom for a Pendulum. Longitudinal and tilt motion, as well as sideways
and roll, are not independent of each other.

s is half the separation of the wires on one side of the mirror from those on the other side.t1 is half
the separation of the wires on one side at the upper suspension point, andt2 is half the separation
at the lower suspension point.Ω is the angle in the wire caused by the difference betweent1 and
t2 andk is the spring constant of one wire. Damping is ignored here. The above equation has the
same form than equation 4.1 without damping. That means that a 2�2 matrix can be found for
rotation, similar to the one given by equation 4.4. With that matrix we can calculate the behaviour
of the full chain in rotation.

So far we have only considered pendulum stages. A simple pendulum does not provide any
filtering at all in the vertical direction. If the spring constant of the wire is included, we get some
seismic isolation at high frequencies, but that is not sufficient. Over a wide range of frequencies,
we would be limited by vertical noise coupling into the longitudinal. To avoid that, something
similar to a pendulum is needed in the vertical direction. A spring would do the job, but it comes
with too many internal resonances. Therefore we use cantilever blades at different stages. With
this, a description similar to that in rotation can also be found for the vertical degree of freedom.

For tilt, and also for longitudinal, the situation is a lot more complicated. Tilt and longitudinal
do not move independent of each other, and the two degrees of freedom have to be described with
a combined 4�4 matrix for each stage. When we try to compute the complete transfer function
for longitudinal or tilt from the overall 4�4 matrix, we have to pay attention to possible numerical
instabilities [57]. Also, sideways and roll have to be described in a combined way.
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We have developed a computer simulation for the behaviour of all the degrees of freedom of
a multiple stage pendulum1. After computing the seismic motion for all these degrees, we need
the coupling coefficients to evaluate their effect on the longitudinal motion, which is the degree of
freedom we are sensitive to (Note that some coefficients relate angular motion to longitudinal, in
these cases they are not dimensionless). It is almost impossible to calculate the exact values of the
coupling coefficients, because they strongly depend on unwanted imperfections in the suspension
chain that are usually not included in theoretical models. Only a fit of the simulations to data of
the longitudinal motion of a real pendulum gives us an estimate of the strength of the coupling.

It turns out that for frequencies below the pendulum resonances, the contribution of the differ-
ent degrees of freedom is usually about a hundred times smaller than the longitudinal movement.
For roll, it is even less than that. But at higher frequencies where the longitudinal drops rapidly,
tilt or vertical can be the dominating noises, depending on the design of the pendulum chain. In
such a case, the suppression of the seismic motion would be significantly less than what would be
expected from the number of pendulum stages.

4.4. Building blocks of the seismic isolation system

To avoid excitation of the pendulum mirrors through the air by acoustic and by gas noise, and
also to avoid refractive index fluctuations within the resonator, the mirrors are located within a
vacuum tank with a pressure of� 10�7 mbar. Because of that, the different elements of the seismic
isolation have to be placed inside the vacuum chamber. To achieve a good vacuum, all components
used within the tank have to be vacuum compatible. That means that no gas should evaporate from
them. The main materials we used inside the vacuum system are steel and aluminium. Each part
was cleaned in an ultrasonic bath before it was put inside the vacuum chamber, and after the
cleaning process the materials where only touched with gloves to avoid contamination. We also
used cleanroom cloths when working inside the vacuum tank.

The first element of the seismic isolation is a stack (see figure 4.6). It is identical to those
included in the GEO 600 detector. The stack has a passive rubber stage and an active stage. The
active stage consists of three geophones that are capable of measuring the motion of the stack in
all three degrees of freedom. The geophones consist of a coil attached to a spring and a magnet,
located within the coil. If the ground moves, the coil and the magnet move against each other
and a Voltage proportional to the speed is produced. The measured signals are feedback to a
piezo-electric actuator, capable of acting in all three spatial directions. In addition, there are two
horizontal geophones on the ground and their signals are feedforward to the same piezo actuator.
Because this is a feedforward loop, its signals do not interfere with the feedback signals when they
are added to the same actuator. With the maximum voltage of 200 V, a dynamical range of�50µm
can be achieved for the piezo actuator.

Some of the components in the stack are not vacuum compatible. They have to be shielded
from the rest of the vacuum chamber by a corrugated steel pipe. This has to be soft, not to

1written by L. Ribichini
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Vacuum tank

Piezo
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Figure 4.6.:Schematic view of a stack. The seismic isolation is achieved by a rubber stage and an
active feedback system in the horizontal and vertical direction. In addition there is a
feedforward system for the horizontal direction.

short-circuit the seismic isolation. The disadvantage of that pipe is, that the stack would expand
significantly if the tank were evacuated. This would change the whole alignment of the pendulums
in the tank. To avoid that, there is a separate vacuum system inside the pipe that has to be evacuated
and vent simultaneously with the tank.

The suppression provided by the active isolation ranges in all directions from 2 Hz to 10 Hz and
is usually less than a factor of three. The performance is limited by the sensitivity of the geophones
at low frequencies and by internal mechanical resonances of the piezos at high frequencies [41].
This result is disappointing. There is no seismic isolation above 10 Hz, and around 1 Hz, where
isolation would be important to have less excitation of the pendulum resonances, the stacks do
not provide an improvement. In addition to that, the piezo in one of the three stacks used in this
experiment is broken. The pendulums are suspended to a support structure that rests on all three of
the stacks. This means that seismic motion reaches the suspension point almost unfiltered through
the broken stack. Measurements usually showed no difference if the active isolation system was
used or not.

Recently, a commercial active isolation system was purchased2 and placed under the vacuum
2The MOD-SW 1050 from Halcyonics
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Figure 4.7.:Transfer function of the commercial active seismic isolation with the feedback turned
on and off. The measurement was taken in the horizontal direction with a geophone
on the ground and a second one on top of the isolation system. The passive part of
the isolation consists of springs with resonance frequencies at 10 Hz. With the active
feedback, a suppression by a factor of 10 at 10 Hz is achieved.

tank. The system is capable of supporting the weight of the tank, which is�1000 kg. This system
does also not provide any isolation at 1 Hz, but its transfer function drops to 10�1 at 10 Hz and
remains at that level up to high frequencies without the addition of new internal resonances. A
measurement of the performance of the system in the horizontal direction can be seen in figure
4.7.

The system relies on springs with 10 Hz resonance frequencies and an active feedback. Placing
the tank on such a soft spring system has turned out to be a major problem, because it makes
working inside the tank very complicated. The tank is easily shaken and that moves the pendulums
a lot. Not only can this damage the pendulum stages, the alignment of the suspended mirrors
with respect to each other is very complicated in the presence of big mirror movements. During
measurements, movement in the laboratory could easily shake the tank and throw the system out
of lock, but the sensitivity improved by adding this active stage.
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4.4.1. The pendulum chain

The main part of the seismic isolation is done by the pendulum stages. The first two are identical
for both mirrors (see figure 4.8). They both have a weight of 18 kg. The advantage of the identical
weight for different stages is, that they have coupled resonances. These can be damped at either
of the two stages, so it is not necessary to apply damping to each mass.

Blades

Blades

Plate (first mass)

Support structure

Wires

Wires

Frame (second mass)

Figure 4.8.:The first two pendulum stages. The plate with a mass of 18 kg is suspended to four
cantilever blades for vertical isolation. The frame structure of the same weight is
suspended to two blades that are identical to those above.

The first mass, a simple steel plate, is suspended to four blade springs for vertical isolation.
Each of these blades is bended upwards and is brought back into the vertical position by a specified
load. For our blades, that load is 9 kg each. The vertical resonance frequency of the blades is 2.7 Hz
and their length is 240 mm. They have a thickness of 2 mm. Identical blades are being used to
isolate the GEO 600 mirrors that form the Michelson interferometer [55].

A second stage is suspended to the plate by two more of these blades. For the suspension of
these first two stages, steel wires with a diameter of 550µm are being used. The length of the
wires from upper to lower suspension point is 19 cm for the first two pendulum stages.

The second mass is a frame structure in which the main interferometer is suspended (see figure
4.9). The reason to use this rather complicated structure instead of a simple massive block lies in
the fact that it has to house the three coils that are used for the longitudinal lock and the coils for
the damping of the two pendulums. If these coils were simply attached to the ground, seismic
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Figure 4.9.:The second pendulum stage. It has a frame structure, because it houses the coils for
locking and damping.

motion might be coupled to the pendulum. This effect is reduced if the coils are attached to a
pre-isolated structure.

The total height of the frame is 886 mm. The wires from the upper stage are attached at a steel
plate at the top where most of the mass of the frame is concentrated. If the center of mass would
be far below this suspension point, that would result in high tilt and roll frequencies for this stage.

If mechanical changes that include weight changes are applied to the pendulums within the
frame, these changes have to be compensated for. To achieve that, the frame was designed to have
a mass of less than 18 kg and removable weights are attached to it. If weight would be added to the
pendulums without reducing the mass of the frame, this would overstretch the blades to which the
frame is suspended. This could cause the operating point of the blades to leave the linear regime.
In our set-up, there is also the possibility that the frame touches the ground if the blades bend

68



4.4. Building blocks of the seismic isolation system

down too much. On the other hand, if the blades would be understretched by a weight reduction,
their resonance frequencies would shift towards higher frequencies. A change of the vertical frame
position could also cause the damping magnets to touch the glass cylinders that surround them (see
section 4.5).

Steel plate

Damping coils

Frame

Damped masses

Possible additional stage

Locking coils

Laser

Mirrors

Modecleaner type pendulum

Pendulum with small masses

Damping coils

Figure 4.10.:The mirrors are suspended within the frame as double pendulums. At some point,
even a third stage was included, but it was removed later. The upper masses of the
pendulums are damped against the frame. The coils for the longitudinal lock are
also attached to the frame.

Within the frame structure two mirrors are suspended as double or even triple pendulums (see
figure 4.10). The more massive of the two pendulums is very similar to a GEO 600 modecleaner
suspension. Its upper mass is a solid aluminium block of 50 mm�70 mm�85 mm. The lower mass
and the third mass that was used for some time are aluminium cylinders with a length of 50 mm
and a diameter of 100 mm. In the middle of these is a hole with a diameter of 50 mm in which
the mirror can be placed. All masses have the same weight of 800 g to ensure a good coupling
between the resonances.

The damped mass is suspended by two steel wires with a diameter of 125µm. These are

69



4. The seismic isolation

attached at the height of the center of mass. From this stage, the mirror mass is suspended by
two steel wire slings with a wire diameter of 100µm. The upper suspension point of these wires
is 12.5 mm below the center of mass of the damped stage, the lower suspension point is located
2.5 mm above the center of the mirror mass. The separation between the two wire slings is 4 mm.
In principle, one would prefer to suspend each of these stages as close to the center of mass as
possible to get very low tilt resonance frequencies, but the mass becomes impossible to handle
if all wires are located very close to the center of mass, because the rest position will always be
tilted. The length of the upper pendulum stage is 500 mm and that of the lower is 300 mm.

To increase the effect of pendulum thermal noise, a pendulum chain with very small masses
would be desirable, because the effect of thermal noise increases with smaller masses (see equation
2.10). On the other hand, magnets have to be attached to the masses to damp the pendulums and
to lock the interferometer. In addition, the size of the damping coils surrounding the magnets
requires some spacing between neighbouring magnets, so that there is enough room for the coils.
This puts constrains on how small we can make the masses. In the end we decided to build one
small and one big pendulum. Including one big pendulum does not decrease the thermal noise,
because we still have one small mass that can be moved by thermal effects. The locking magnets
are attached only to the big pendulum because it provides enough space for them, and we want to
leave the small pendulum that dominates the differential movement of the resonator as undisturbed
as possible by other noises entering the system through the feedback.

The damped mass of the second pendulum has to include four magnets, and these magnets
have to be placed within the damping coils. These are moved as close together as possible. The
main part of the damped mass consists of four arms to connect the magnets and the wire suspension
points with each other. The weight of this aluminium construction is 50 g and we chose the mirror
mass to be of the same weight to achieve a good coupling. The mirror itself only weights 8 g, so
it has to be surrounded by an aluminium mass to match the weight and to be able to attach the
wires. The attachment points of the wires are 5 mm above and 5 mm below the center of mass at
the damped stage and 2.5 mm above the center of mass at the mirror. The separation of the two
wire slings is 2 mm.

The diameter of the upper two steel wires is 100µm and the diameter of the steel wires used
to suspend the mirror is 90µm. This was varied for some measurements. Thermal noise scales
with the inverse of the square of the pendulumQ and this increases with smaller wires. We tried
to enhance thermal effects by using 0.8 mm tin wires, and we reduced the mirror mass to 2 g.
The pendulumQ of this set-up was determined by a ring down measurement. It was measured to
be�25, with a resonance frequency of 7.5 Hz, but the construction did not behave like a normal
pendulum any more. There was no longer a well-defined rest position and the sensitivity decreased
a lot for this set-up. On the other extreme, we were able to suspend the mirror to tungsten wires
with a diameter of no more than 26µm. These are barely visible and very hard to handle. We even
experimented with a 10µm wire.

Two pictures of the complete pendulum chain inside the vacuum tank can be seen in figure
4.11. The additional mass between the damped stage and the mirror was included at the time. The
wires on both sides carry the necessary electronic signals to the coils that are attached to the frame.
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Figure 4.11.:The complete pendulum chain inside the vacuum tank.

71



4. The seismic isolation

These vacuum compatible wires are suspended from the steel plate and are unstretched, so that no
movement from the ground is transmitted to the steel plate or from the plate to the frame.

4.5. Damping of the pendulum resonances

We use shadow sensors to detect the signals necessary to damp the resonant movement of the
frame. Each of them consists of a LED that emits light onto a photo diode (see figure 4.12). A
flag is attached to the pendulum stage and blocks part of this light, so that a movement of the
pendulum changes the photocurrent. The photo diodes have an active surface of 3 mm2. This
limits the dynamical range of the sensor to 3 mm. After suspending the pendulums, the positions
of all the shadow sensors have to be adjusted to make sure that the flag is within the dynamical
range.

Vacuum sealed
glass cylinder

Magnet

Spacer

Photo diodeFlag

Coil LED

Evacuation pipe

Figure 4.12.:The vacuum sealed glass cylinder that houses the shadow sensor. It consists of a
LED and a photo detector. A flag attached to the pendulum cuts a fraction of the
light. The coil that acts on the magnet is also located in the cylinder.

The shadow sensor signal is given to a control electronic and from there to a coil located in
front of the shadow sensor. This produces a magnetic field gradient that acts on a magnet located
behind the flag. The coil and the shadow sensor are not vacuum compatible, so they have to be
placed within a vacuum sealed glass cylinder. The cylinder has to contain a feedthrough for the
electronic signals. This is glued with Vac-Seal into a hole in the glass. The cylinders are leak
checked, but to make sure that as little gas as possible leaks out of them, the inside of the glass
cylinder is evacuated. To close the coils, the pipe through which the glass cylinder is evacuated
has to be melted down while the cylinder is under vacuum.

The feedback loop for damping the pendulum resonances is designed to have two unity gain
frequencies. The lower one is at�0:5 Hz, below the lowest pendulum resonance. Damping at even
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4.5. Damping of the pendulum resonances

lower frequencies would achieve nothing, because below the resonances the pendulum already
follows the movement of the environment. The upper unity gain frequency is at� 4 Hz, just
above the resonances. At even higher frequencies, damping must be avoided because it couples
the pendulums to the environment and, by this, acts like a seismic short-circuit. It must also be
avoided to couple noise from the damping electronic to the pendulum.
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Figure 4.13.:Transfer function of one channel of the damping control electronic. It rises at the
upper unity gain frequency of� 4Hz to compensate for the f�2 of the pendulum.
After that it drops strongly to avoid excitation of high frequency resonances.

The transfer function of the damping electronic rises at both unity gain frequencies withf
(see figure 4.13). Together with the pendulum transfer function to an external force, which drops
with f�2 above the resonances, the upper unity gain frequency is crossed with the usualf�1.
The strong drop in the electronic transfer function above 10 Hz avoids the excitation of higher
frequency suspension resonances, the lowest of those is located at� 33Hz. This is the first vertical
resonance of the pendulums inside the frame. It is dominated by the stretching of the steel wires,
because no blade stages are included here.

At the steel plate of the frame, all six degrees of freedom are damped (see figure 4.14). For the
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sideways & rotation

longitudinal

longitudinal & tilt

sideways & rotation

sideways & rotation
vertical & roll & tilt

longitudinal & tilt

Figure 4.14.:Positions of the damping coils at the steel plate of the frame and at the damped
masses, seen from above.

pendulums inside the frame, damping in vertical and roll is not necessary because the resonance
frequencies for these degrees of freedom are very high. The seismic motion reaching the frame is
already filtered at these frequencies and the resonances are not excited very much.

Most of the shadow sensors do not detect the movement of only one degree of freedom, but a
mixture of two or three. It is not necessary to separate the different degrees of freedom by building
linear combinations of the shadow sensor signals, because every coil acts back on the same com-
bination of degrees of freedom that its shadow sensor detects. The advantage of locally reducing
the movement of each flag with respect to its shadow sensor is that the electronic channels are
independent of each other. Each of them can be changed or turned off almost without influencing
the performance of the others.

An example for the damping of the resonant movement of the motion of the bigger pendulum
is shown in figure 4.15. It was observed by detecting the shadow sensor signal of one of the coils.
The damping clearly reduces the movement between 0.5 and 4 Hz. Without the damping of the
pendulums against the common reference of the frame, the resonant movements of the individual
pendulums are too big to allow a locking of the resonator. The damping of the frame is not equally
critical. Long locking times can be achieved without it. The damping of the individual pendulums
against the frame ensures that they follow the resonant movement of the frame and this common
movement does not change the length of the resonator itself.

4.5.1. Prealignment of the interferometer

For the suspension of the pendulums we use a jig. That is a metal spacer on which the pendulum
masses are fixed at the correct distance from each other. When the wires are attached to these
masses, they are kept under tension by a weight that is equal to what they have to carry when the
pendulum is suspended. This prevents a stretching of the suspended wires at a later point. The
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Figure 4.15.:Signal of the upper of the two shadow sensors for tilt and longitudinal at the big
mirror. With the closed feedback loop the resonant movement between 0.5 and 4 Hz
is significantly reduced.

separations of the wire slings from each other and their mean positions have to be as equal as
possible on both sides of the mass to reduce a tilt or rotation of the rest position of the suspended
masses. Still small imperfections in the suspension will always remain. With magnets from the
two suspended pendulums close to each other, we can get an additional misalignment from the
magnets acting on each other. Using weaker magnets could reduce this, but then stronger currents
at the coils would be required.

Unwanted deviations of the rest positions of the pendulums from their designed values cause
two problems. First, if the two mirrors are not parallel to each other, they do not form a cavity,
and second, the damping magnets could touch the glass cylinders of the shadow sensors, which
would lead to a seismic short-circuit of a pendulum stage. Each glass cylinder has to be checked
for this, and its position has to be adjusted. To adjust the pendulums themselves, small weights
can be added to the damped masses to level the tilt. In addition, the suspension points at the mirror
masses are designed to be adjustable in the horizontal direction. Moving one of them causes a
rotation and a tilt of the mirror mass at the same time. By moving the suspension points on both
sides, the mirrors can be adjusted to parallel positions with respect to each other. It depends on
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the curvature of the mirrors how parallel they have to be until there is a mode inside the suspended
resonator. With two almost flat mirrors, the adjustment has to be more precise than with strongly
curved ones, but strong curvatures also come with the disadvantage of a bigger beam away from
the resonator.

The size of a propagating laser beam and of the resonator mode are described by equation
3.28. The beam sizew(z) is a hyperbola with asymptotes that have the angleθ with respect to the
propagating axis.

θ =
λ

πw0
(4.6)

The radius of curvature of the resonator mode at the mirror surface has to be equal to the curvature
of the mirror. With equation 3.22 it is possible to calculate the beam waist inside the resonator.
From this we get the angleθ, which gets bigger with stronger curved mirrors. If we propagate the
resonator mode away from the beam waist, its size increases until it meets a lens. In this set-up
where the last lens in the laser beam is outside the vacuum tank on the optical table and at least
1 m away from the resonator, the beam size might exceed the geometric dimensions of the optical
components if it has to match a small resonator waist. Because of that, the choice of the radius of
curvature for the resonator mirrors is a compromise between the laser beam size and the ability to
align the resonator.

The bigger one of our mirrors is flat, and the smaller one has a radius of curvature of 1 m. With
the resonator length of 2.5 cm, the beam waist is 230µm, located at the surface of the flat mirror.
To check the alignment of these two mirrors, we overlap the incoming invisible laser with a visible
one at a wavelength of 633 nm. A fraction of the light from the laser at this wavelength is reflected
from the highly reflective sides of the mirrors, as well as from the non-reflective sides. If it is
possible to overlap the reflection from the curved side of the small mirror with the superimposed
reflections from the big mirror, there is a mode inside the resonator. If the reflection from the flat
backside of the curved mirror is also overlapped with the others, the mode is in the center of that
mirror.

The axis of rotation and tilt for the mirrors are supposed to be close to the center. If the
resonator mode is nearby, it should be less sensitive to coupling from other degrees of freedom
to the longitudinal. With only mechanical adjustment, it will almost never be possible to adjust
the mode to this position, but it can be achieved with adjustable DC currents through the damping
coils. If this is done, attention has to be paid to the noise in the electronic reference and to the
position changes of the magnets inside the glass cylinder to avoid a seismic short-circuit there.
Usually, the sensitivity of the experiment does not improve by moving the resonator mode exactly
into the center of the mirror in the described way.
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Chapter 5

Sensitivity of the experiment

5.1. Introduction

In order to read out the differential movement of the suspended mirrors, it is necessary to lock the
length of the resonator to the laser frequency and to monitor the feedback signal. Below the unity
gain frequency of a few hundred Hertz, this signal is proportional to the pendulum movement if the
contributions of all other technical noises are sufficiently small. To achieve a lock, the frame had
to be placed inside the vacuum system and the local damping of the resonant pendulum movement
had to be used. When the pendulum movement was reduced sufficiently to allow the longitudinal
actuator to lock the resonator length, the system was investigated to identify and to reduce the
noise sources that limit the performance.

The first lock was achieved when the frame structure was still on the ground inside the vacuum
tank and two 900 g mirrors were used. The sensitivity of this set-up was high enough to be limited
by frequency noise of the unstabilized laser at high frequencies. The laser frequency stabilization
had to be used to achieve a good performance. With the frame on the ground, the differential mirror
movement at the pendulum resonance frequencies was smaller than with a suspended frame. This
made it easier to lock the system, but the seismic motion contributed strongly to the pendulum
movement at higher frequencies and limited the sensitivity.

With a frame suspended as a double pendulum and with blades for vertical isolation at both
stages (see section 4.4.1), a much better sensitivity was achieved (see figure 5.1). The mass of the
stages of one pendulum was reduced to 50 g without decreasing the performance of the system.

To achieve this sensitivity and to find ways to increase it even further, it was necessary to
investigate all possible noise sources and to evaluate and possibly reduce their contribution to the
spectrum. This includes:
-Optical noises that originate in the laser system or in the optical path of the laser beam. These
can result in frequency noise, amplitude noise and a displacement of the laser beam.
-Electronic noises of the building blocks of the different feedback loops can limit the read-out
sensitivity.
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Figure 5.1.:Sensitivity for the frame on the ground inside the vacuum tank with two900gmirrors
and for one50gmirror with the complete seismic isolation system in place.

-Noise forces that act on the pendulum directly. This not only includes seismic motion, but also
other unwanted forces on the mirror from the seismic isolation system or from the environment.

5.2. Frequency noise

One noise source that has to be considered is laser frequency noise, because it is directly equivalent
to a length noise of the cavity (see equation 3.11). If the laser frequency is not stabilized, this
noise dominates the sensitivity from�30 Hz up into the kHz region. (See figure 5.2). Unity
gain for these measurements was at 200 Hz, at higher frequencies the error point signal has to
monitored instead of the feedback signal. The known magnitude of the laser frequency noise of
the unstabilized laser provides a rough check of the calibration of the error point and the feedback
point. From the length of the suspended resonator of 2.5 cm we can calculate that 10�16m=

p
Hz

agrees with a frequency noise of 1Hz=
p

Hz. The frequency noise reaches this level at 10 kHz,
which is what we would expect from equation 3.17.

If the frequency stabilization is included (see section 3.4.1), the frequency noise of the laser
system is reduced strongly and other noises limit the performance. Some of these could still be
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Figure 5.2.:The frequency noise of the unstabilized laser dominates the sensitivity above30Hz.
Below the unity gain frequency of200Hz, the feedback signal carries the information,
at higher frequencies the error point signal has to be monitored.

frequency fluctuations of the laser beam, because even if the laser system is stable enough by
itself, the beam might pick up additional frequency noise on the way to the suspended cavity. This
could originate from changes in the optical path length via changes of the refractive index of the
air and perhaps more significantly from acoustically excited vibrations of the optical components.
To confirm that this has no influence on the spectrum, we tried to reduce this noise by covering
the beam path and the optical components, and we tried to enhance it by strongly increasing
the acoustic noise by adding white noise to the system with a loudspeaker. No change in the
sensitivity could be observed and the noise at the loudspeaker showed no coherence with the
measured spectrum (see figure 5.3).

A coherence measurement combines two input signals to a normalized output signal with a
phase that is equal to the phase difference of the two input signals. After averaging over a few
output signals, the result will be close to zero in the case of a random phase relationship of the
two input signals. Only if the phase relationship between the signals is constant, the signals do not
cancel out each other and the result will remain close to one. A constant phase relationship is usu-
ally present if one of the two signals is caused by the other. That is why coherence measurements
can be used to search for a limiting noise source of a sensitivity curve. Such a noise source should
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Figure 5.3.:Coherence measurement between acoustic excitations of the optical components via
white noise at a loudspeaker and the spectrum. No significant coherence between the
two signals was observed below 80 Hz.

show a strong coherence with the measured sensitivity curve.

The optical components might not only be excited by acoustic noise, but also by seismic
noise. To reduce this, the optical components are placed on a seismically isolated optical table that
provides a factor of 10 isolation at the measurement frequencies. Without this seismic isolation,
the sensitivity curves sometimes show a higher noise floor, especially in the presence of strong
seismic activity, but the sensitivity of a good measurement without this isolation matches the
measurements that included the isolation of the optical table. No additional improvement was
achieved.

Additional noise to the laser frequency is introduced by the Doppler shift of the laser system on
the optical table against the suspended resonator. Because of the seismic isolation of the suspended
mirrors, the movement of the optical table will be dominant above the pendulum resonances. The
laser system shakes with the seismic in the laboratory (see figure 4.2), reduced by the factor of 10
isolation produced by the optical table. This results in a Doppler noise of

Sd(ω) =

�
l ω
c

�2

4x2
seis(ω)

4xseis(ω) =
1
10

10�8

1+
� ω

2π10Hz

�2 (5.1)

ω is the laser frequency,l is the cavity length,c is the speed of light and4xseis is the amplitude
of the seismic motion. Doppler noise and frequency noise of the laser system itself are well below
the current sensitivity (see figure 5.4).
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Figure 5.4.:Frequency noise of the stabilized laser and Doppler noise from the movement of the
optical table in comparison with the sensitivity.

5.3. Intensity noise

Fluctuations in the laser beam intensity can also lead to noise in the experiment. Power fluctuations
not only manifest as an error during the detection process, they also move the suspended mirrors
directly. This effect is called radiation pressure noise and it has its origin in the fact that a laser
beam of the powerPm that is reflected from a mirror acts with a force on this mirror that is given
by

Frp =
2Pm

c
(5.2)

The factor of two has to be included, because the light is reflected and not absorbed. The radiation
pressure force was first detected in 1901 [43][49]. It leads to a DC shift in the mirror position. If
the light power fluctuates, an additional mirror movement will be generated at the frequency of
the fluctuation.
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A laser beam consists of discrete independent photons. If such a beam is detected by a photo
diode, the number of photonsN that is detected during the time intervalτ will not be identical to
the number of photons detected during the following time interval. If the mean number of photons
N̄ is much bigger than one, the standard deviation from this number will be

p
N̄. This results in a

frequency independent noise in the spectral density of the light power. It is given by

SP = 2h̄ωL Pm (5.3)

The light power at the mirror surface is much bigger than the output power of the laserP. It is
increased inside the resonant optical cavity and is given by

Pmir =
F
π

PMV0 (5.4)

F is the finesse of the cavity,M is the fraction of the input light power that is matched to the
resonator mode andV0 is the visibility of the resonator in reflection, given by(Pmax�Pmin)=Pmax

with Pmax being the reflected power away from the resonance andPmin the reflected power at the
resonance in the absence of a phase modulation. If we neglect the damping of the mirror, the
spectral density of the mirror movement due to radiation pressure is given by

Srp =
4
c2 SP

1
m2(ω2�ω2

res)
2 =

8F ωLh̄PMV0

πc2 m2(ω2�ω2
res)

2 (5.5)

The laser power fluctuations will also disturb the detection process. If we assume that the carrier
light is mainly transmitted and only the sidebands are reflected from the resonator, the average
light power at the photo diodePrefl according to equation 3.6 will be

Prefl = 2P
m2

4
(5.6)

m is the modulation index. After the demodulation in the mixer, half of this power, together with
half of the noise, is upconverted to twice the modulation frequency and electronically filtered out.
The remaining power produces a shot noise that is equivalent to a cavity length noise, which can
be calculated using equation 3.10 and 3.11.

Sshot=

�
l
fL

δFWHM

2Pm

�2

2h̄ωL
m2

4
P=

c2h̄π2

8PF2 ωL
(5.7)
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A more detailed analysis of this effect should also include the alignment of the laser beam to the
resonator mode and the decrease in sensitivity above the cavity corner frequency. The shot noise
is then given by [34]

Sshot(ω) =
�cπ

F

�2 h̄(1�J2
0(m)MV0)

16ωL ηP

�
1

M J0(m)J1(m)[1�p1�V0]

�2

�
"

1+

�
2 f

δFWHM

�2
#

(5.8)

η is the quantum efficiency of the photo diode andJ0(m) andJ1(m) are the first two Bessel func-
tions. If m� 1, they can be approximated as

J0(m) = 1�m2

4

J1(m) =
m
2

(5.9)

If only a fraction d (d <1) of the reflected light is detected by the photo diode, the incoming
light power must be replaced byd�P, because only that fraction of the incoming light is relevant
for the detected shot noise. If the high frequency behaviour is ignored and with the assumptions
M =V0 = η = 1 andm� 1, the equations 5.7 and 5.8 are identical. In that case, the magnitude of
the modulation index is not relevant for the shot noise. On the other hand in the presence of a bad
modematching where the fraction 1-M of the incoming light is directly reflected without carrying
any information about the cavity, the shot noise increases significantly with a small modulation
index.

A comparison of shot noise and radiation pressure noise with the spectrum of the pendulum
displacement is shown in figure 5.5. Both are well below the current sensitivity, but this does not
mean that amplitude fluctuations do not appear in the spectrum. The laser is shot noise limited only
above a few MHz. At the measurement frequencies, the laser intensity noise due to technical noises
is far bigger than what a shot noise calculation indicates. This directly increases the radiation
pressure noise at the suspended mirror.

The detection sensitivity is not affected in the same way. Because of the demodulation scheme,
only the amplitude fluctuations at the modulation frequency are relevant, and these are shot noise
limited. An amplitude fluctuation at low frequencies does not result in a significant signal. If a
mirror motion4xmir results in an output signalPout, a fluctuation of the laser power by a fraction
g of the total power (g� 1) will only cause a change in the output signal ofg�Pout� Pout. In
theory, the detection process is thereby insensitive to low frequency power fluctuations.

83



5. Sensitivity of the experiment

1 10 100

Frequency [Hz]

10
-19

10
-17

10
-15

10
-13

10
-11

D
is

pl
ac

em
en

t [
m

/H
z1/

2 ]
Typical sensitivity curve
Radiation pressure noise
Shot noise

Figure 5.5.:Comparison between the experimental sensitivity, shot noise and radiation pressure
noise of a shot noise limited laser.

In the real experiment, that is no longer the case. The EOM that is needed to modulate the
sidebands to the laser will always produce a small amplitude modulation and additional polariza-
tion modulation that is turned into amplitude modulation after the next polarizing beam splitter.
This results in a small offset of the Pound-Drever-Hall signal. In addition, small electronic offsets
might be produced in the photo diode or in the mixer itself. These offsets shift the zero crossing
of the Pound-Drever-Hall signal and by this the operating point to which the system is locked.
Amplitude fluctuations will change the slope of the Pound-Drever-Hall signal and the resulting
fluctuations of the operating point lead to a noise in the spectrum.

The amplitude noise can be decreased by reducing the amplitude modulation induced by the
EOM. This can be done by a better alignment of the polarization of the laser beam with the
electric field inside the EOM. For this a half wave plate is used, but a small amplitude modulation
will always remain if the crystal axis is not in perfect alignment with the electric field and the
electronic offset still remains. Another alternative would be to add a low noise DC voltage to
compensate for the offset, but even that would only optimize the system for a short period of time.
The half wave plate in front of the EOM is temperature dependent, and temperature drifts of the
environment will increase the amplitude modulation and once again produce an offset.
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5.3. Intensity noise

To evaluate the effects of the laser amplitude fluctuations, an acousto-optic modulator (AOM)
was included in the beam path to the suspended cavity. The AOM transfers a fraction of the main
laser beam into a frequency shifted first order beam that leaves the AOM under a small angle.
By adding a sine wave at a modulation frequencyfm to the AOM, the light power in the two
beams is amplitude modulated at the applied modulation frequency. The first order beam can be
blocked after it has spatially separated from the main beam, and only an amplitude modulated
beam remains.
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Figure 5.6.:Strength of the radiation pressure fluctuations and the detection noise, produced by
the amplitude fluctuations of the laser.

The amplitude modulation will appear as a peak at the modulation frequency in the sensitivity
curve. If the modulation frequency is changed, the peak decreases withf�2 in the low frequency
region where the effect of radiation pressure is bigger than the detection noise due to amplitude
fluctuations. At higher frequencies the magnitude of the modulation peaks remains constant. If
a fraction of the laser beam is given to a separate photo diode, the laser amplitude fluctuations
can be monitored. The modulation peak will also appear at this photo diode. By comparing the
magnitude of the peak at this diode with the peak in the sensitivity curve, the necessary calibration
factor to translate the detected amplitude noise into radiation pressure noise can be found if the
modulation frequency is in the low frequency region where the radiation pressure dominates. The
f�2 behaviour of the pendulum also enters the calibration. At higher frequencies the callibration

85



5. Sensitivity of the experiment

factor for detection noise induced by amplitude fluctuations can be found. Both noises are at least
an order of magnitude below the achieved sensitivity (see figure 5.6), but to have an additional
confirmation that they do not limit the spectrum, an amplitude stabilization was built to reduce the
laser amplitude noise by at least one order of magnitude at the interesting frequencies. No change
in the sensitivity was observed. Also an increase of the amplitude noise by adding noise to the
laser pump diodes, as well as increasing the amplitude modulation induced by the EOM, did not
change the spectrum.

The laser amplitude noise at the relaxation frequency of� 450 kHz is much greater than the
amplitude noise at all other frequencies. To make sure that these high frequency oscillations do
not disturb the measurements by some downconversion process, we temporarily used a laser with
an included amplitude stabilization that suppresses these fluctuations. However no difference in
the sensitivity was observed.

5.4. Additional noise sources

Many other noise sources that might influence the experiment in one way or the other were inves-
tigated. Fluctuations of the magnetic field of the environment might act on the magnets attached
to the pendulum, but coherence measurements between a magnetic field sensor at the vacuum tank
and the spectrum showed no coherence between the two.

We also investigated the effect of a misalignment of the optical beam against the resonator.
To do so, we replaced one of the mirrors that was used to spatially match the optical beam to
the resonator mode by a mirror mounted on a piezoelectric crystal. This piezo crystal shifted
the beam in the vertical direction, and white noise added to it also appeared in the spectrum as a
white noise floor (see figure 5.7). In addition we aligned and locked the system to higher order
modes that should be more sensitive to alignment fluctuations of the laser beam. Some of these
modes showed additional noise at high frequencies. Additional measurements were done with a
deliberately bad modematching and by locking to the sidebands of the Pound-Drever-Hall signal,
however it was inconclusive if alignment noise already limited the achieved sensitivity. Only after
the automatic alignment system was included, which optimises the alignment up to�1 kHz, and
no difference in the sensitivity was observed with and without this automatic alignment, we were
able to conclude that we are not limited by alignment noise at the moment.

5.4.1. Residual gas

The gas molecules inside the vacuum tank produce additional noise. They move the mirror (see
equation 2.4 and 2.7) and they change the refractive index inside the optical resonator, which is
equivalent to a change of the optical path length. The latter noise is described by [33]

Srefr =
2
p

2(n0�1)2 l
N0v0 w

p
p0

(5.10)
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Figure 5.7.:Influence of alignment noise introduced by a mirror on a piezoelectric crystal and
performance of the system when it was aligned and locked to higher order modes.

wherep is the pressure of the gas,N0 = 2:7�1025=m3 is the number of molecules per unit volume
at the standard pressurep0, n0 andv0 are the refractive index of the gas and the velocity of the
gas molecules at the standard pressure,l is the cavity length andw is the mean radius of the laser
beam inside the resonator.

To reduce the noise from gas molecules and to avoid acoustic excitation of the pendulums,
the mechanical part of the experiment is located inside a vacuum tank were a pressure of�
10�7 mbar= 10�5 Pa is achieved. The remaining noises from residual gas are shown in figure
5.8. These noises are far below the current sensitivity, and in agreement with that, measurements
at higher pressures inside the vacuum tank did not produce different results.

5.4.2. Electronic noise

The electronic noise of all components of the feedback has to be considered as well. When com-
paring these noises with the spectrum, one has to remember how they enter the system. For
example the white current driver noise that is added to the feedback point results in a noise that
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Figure 5.8.:Noise contributions from the residual gas. The molecules shake the mirror and change
the refractive index inside the optical resonator.

decreases withf�2, while the white noise of the photo diode and mixer combination that enters at
the error point results in a white noise in the spectrum (see figure 5.9). Up to 100 Hz, all electronic
noises seem to be below the current sensitivity.

Each of the electronic components was replaced or improved to change its noise behaviour,
but at low frequencies no effect was observed. On the other hand, measurements taken at the error
point above the unity gain frequency were limited by the white electronic noise of the diode and
the mixer, and a reduction of the electronic noise immediately enhanced the performance of the
system in this region. However some noise from the operational amplifiers will always be present.

To achieve a better performance in the kHz region, we decided to increase the signal to noise
ratio by using mirrors with higher reflectivities. The mirrors with a transmission of 1000 ppm that
were previously used, were replaced by mirrors with a transmission of only 100 ppm. This results
in a steeper slope of the Pound-Drever-Hall signal and bigger electronic signals for the same mirror
displacement. The system became more sensitive at high frequencies and was no longer limited
by electronic noise, but by several resonances ranging from mechanical resonances of the mirror
and power lines to the vibrations of the optical components on the optical table (see figure 5.10).

A disadvantage of this scheme is the very small catching range of the new Pound-Drever-Hall
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Figure 5.9.:Electronic noise of the current driver and of the diode and mixer. Also the effect of
adding white noise at the feedback point and at the error point is shown.

signal. When the system is not yet in lock and the mirror swings through a resonance, the time
to slow down the mirror and to act on the laser frequency to match it to the resonator length
is very short (typically� 10µs). We were only able to lock the system a few times, usually
when the mirror was moving slowly, because it was at a turning point of its pendulum movement.
Small oscillations could already exceed the region where the Pound-Drever-Hall signal can be
used for locking and only very short locking times were achieved because of that. This made
measurements at low frequencies almost impossible, and we decided to return to the old mirrors
for further measurements below unity gain.

5.5. Seismic noise

A lot of effort went into the reduction of the seismic excitations of the suspended mirrors. As
described in chapter 4, we have build a multiple stage seismic isolation system that consists of a
suspended frame structure with the two pendulums inside. The suspension of the frame structure
includes vertical isolation by blades.

Originally, the frame structure was suspended as only one pendulum stage and only one ver-
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Figure 5.10.:Sensitivity in thekHz region measured at the error point. Mirrors with a transmission
of only100ppmand electronic improvements enhanced the sensitivity.

tical isolation stage was present. To reduce both the horizontal and the vertical seismic excitation
of the frame, we changed this to a two stage suspension by adding an additional mass with blades
attached to it. No improvement of the sensitivity was observed and we concluded that seismic mo-
tion entering through the pendulum chain was no longer a limiting noise source, but after excluding
all other reasonable noises from effecting the sensitivity in the region of 10 Hz, we investigated
the seismic motion even further.

Coherence measurements between the geophones in one of the stacks and the spectrum are
shown in figure 5.11. Below 10 Hz there is a clear coherence between horizontal motion and
the spectrum. It is interesting to note that the motion parallel to the propagating axis dominates
the movement only up to�2.5 Hz. At higher frequencies the longitudinal motion is suppressed
strongly by the different pendulum stages and other degrees of freedom that couple into the lon-
gitudinal motion are dominant. For the frequencies above 10 Hz, the result of the coherence mea-
surement is not fully conclusive.

At high frequencies where we would expect a strong filtering of the seismic from the pendu-
lum stages, mechanical short-circuit of some of the pendulum stages would drastically reduce the
performance of the seismic isolation. We have taken great care that none of the damping flags
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Figure 5.11.:Coherence measurements between the three geophones in one of the stacks and the
spectrum. The upper graph was measured with the vertical geophone (z direction),
the other two with the two horizontal geophones. The orientation of the geophone
in the lowest graph (x direction) is parallel to the propagation axis of the laser. The
horizontal geophones show a clear coherence wit the spectrum below10Hz.

touches the glass cylinders that surround them, but the active damping itself might be such a seis-
mic short-circuit. Up to the unity gain frequency it damps the pendulum movement against the
frame, and up to this frequency the motion of the seismically less isolated frame is added to the
pendulums. Ideally this would be a common mode motion of both pendulums, but due to differ-
ences in the phase of the transfer functions of the two pendulums and of the damping feedback
loops, a differential motion is produced at some frequencies. To reduce this additional noise at the
frequencies of interest, a unity gain frequency that is as low as possible is therefore desirable for
the local damping. On the other hand some gain is always needed at the pendulum resonances to
achieve enough reduction of the resonant movement to be able to lock the system at all.

In order to avoid adding the seismic motion of the environment to the frame, the unity gain
frequency of the damping for the resonances of the frame suspension should also be as small as
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5. Sensitivity of the experiment

possible. In some set-ups where the differential movement of the pendulums at their resonance
frequencies was not too strongly excited by frame motion, we were even able to avoid the damping
of the frame completely. However no difference was observed between small damping of the frame
and no damping at all.

The damping might also add noise to the pendulum that originates in the electronic noise of the
shadow sensor or in circuit noise of the feedback electronic. To suppress this noise, a fifth stage
was added to the pendulum chain between the damped masses and the mirrors, but no improvement
in the sensitivity was observed.

There is one other possible seismic short-circuit that is associated with the damping. It comes
from the wires that carry the electronic signals to the coils. These wires have to be unstretched
and as thin as possible, but even reducing the wire diameter and attaching them to an intermediate
isolated stage before they reach the frame did not improve the performance of the system.

To determine which frequencies are limited by seismic noise, we placed a fixed cavity inside
the vacuum tank at the location of the suspended mirrors. This cavity had the same length and
identical optical properties compared to the suspended resonator. The length of the fixed cavity
was locked to the laser frequency by a piezo crystal that was placed between the two mirrors. The
calibration scheme for this resonator was identical to that of the suspended resonator.

With the fixed resonator on the ground, the achieved sensitivity especially at high frequencies
was not very good. The seismic motion of the ground excited its internal resonances. When the
cavity was suspended to the full seismic isolation scheme, the noise was reduced a lot at high
frequencies (see figure 5.12). A clear improvement in the spectrum was also achieved below
10 Hz when the automatic alignment system was switched on. This gives some indication of the
magnitude of the alignment noise caused by pendulum movement in the absence of the automatic
alignment system.

All seismic noise that results in a differential movement of two independently suspended mir-
rors was practically eliminated for the fixed cavity, while all other noises associated with the laser
and with the detection scheme were still present. Compared to the usual sensitivity, there was
a clear improvement for all frequencies below 50 Hz. From this we concluded that up to this
frequency the usual set-up was still limited by seismic noise.

A simulation of the seismic motion was developed to model the contributions of the different
degrees of freedom to the seismic noise. The only unknowns in this simulation were the coupling
coefficients between the different degrees of freedom and the longitudinal. We evaluated these
parameters by matching the simulation with the achieved sensitivity under the assumption that the
sensitivity is dominated by seismic noise (see figure 5.13). We also assumed that the small mirror
dominates the differential motion, because the prediction of the seismic noise for the big mirror
with identical coupling coefficients are almost an order of magnitude lower above 1 Hz.

Using the simulation we developed suspension designs with improved seismic attenuation.
The longitudinal isolation in our set-up was already sufficient to reach a much better sensitivity,
the angular degrees of freedom had to be improved instead. This could be done by moving the
suspension points closer together, but that makes the pendulum very hard to handle. A better
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Figure 5.12.:Sensitivity of a fixed cavity inside the vacuum tank that is locked to the laser with a
piezo. Measurements were taken with the cavity on the ground and with the cavity
suspended to the pendulum chain with and without automatic alignment. Below
50Hz the fixed cavity is more sensitive than two independently suspended mirrors.

alternative is to increase the moment of inertia of the pendulum stages. This reduces the resonance
frequencies and achieves stronger isolation at high frequencies.

In a first attempt, we added an X-shaped structure with heavy masses at the four ends to the
small mirror. These four arms increased the moments of inertia for all three rotational degrees
of freedom and the predicted noise level was clearly reduced. However we were not able to
lock this system due to very big movement at the new low resonance frequencies. Although
the damping electronic was changed to act at the new frequencies, the damping became very
ineffective because the resonance frequencies of the pendulum stages were no longer matched to
each other to produce coupled resonances. Instead, a resonant movement of the new mirror did
not produce big oscillations at the damped mass and could thereby not be damped effectively. A
second attempt with an X-shaped structure attached to the mass between the damped mass and the
mirror failed for the same reason.

Only when we attached smaller arms to both stages below the damped mass, a lock could be
achieved. The sensitivity was improved above 10 Hz by almost an order of magnitude and the
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Figure 5.13.:Simulation of the contribution of the different degrees of freedom to the overall seis-
mic motion of the small mirror.

improvement matches the prediction by the simulation (see figure 5.14). This prediction no longer
includes a free parameter, because the coupling coefficients were already fixed in the previous
measurement. Increasing the gain of the local damping immediately decreased the sensitivity, so
the locking had to take place with the lowest gain possible.

To attach bigger arms and still retain good coupling to the damped mass, it was necessary to
attach similar arms also to the damped mass. This meant we had to move the positions of the
damping coils to make room for these arms. In addition we decided to add a third blade stage to
the seismic isolation to reduce the vertical contribution to the spectrum. These new blades were
placed within the frame and the two pendulums were suspended to them. The new vertical stage
required two new damping coils for each pendulum to reduce the vertical and roll resonances. The
pendulum stages with the new arms and the changes to the frame can be seen in figure 5.15. The
new aluminium arms have a T-shape with stainless steel cylinders at the end.

The resonant movement of the pendulums was very big for this new set-up, so that the coil-
magnet actuator was only able to lock the resonator when the damping gain was very high. This
resulted in a spectrum that was not only much higher than the prediction from the simulation of
the seismic, it was also higher than the previously achieved sensitivity (see figure 5.16). Besides
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Figure 5.14.:Sensitivity improvement from small arms attached to the last two stages of the small
mirror suspension. Increasing the damping gain adds noise to the spectrum.

the damping, internal resonances of the complicated structure of the new masses probably also
contributed to the noise at high frequencies. An additional problem for this set-up was that the
magnets used for the damping of the pendulums introduced a coupling between the two pendulums
by acting on each other. We tried to improve the sensitivity by using the piezo actuator instead of
the coils to avoid the excitation of angular resonances and to be able to reduce the damping gain,
but we were unable to achieve a better spectrum.

After returning to the old set-up, we included two big mirrors and an active isolation system. A
sensitivity improvement near 10 Hz was achieved. On the other hand the new active isolation is so
soft that the mechanical adjustment of the pendulums is made very complicated by the excitation
of big pendulum oscillations, and even movements at a few meters distance are shaking the tank
so much at 1 Hz, that the locking process is disturbed. Although an improvement of an order of
magnitude was achieved and a very high sensitivity is reached, the prediction for the thermal noise
is still well below the achieved sensitivity (see figure 5.17). This holds even if velocity damping is
assumed or if the pendulumQ or the mass are reduced within reasonable values.
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Figure 5.15.:Frame structure with two pendulums consisting of three stages with high moment of
inertia. The damping coils are not yet attached, but the new blades are also visible
at the top.
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Figure 5.16.:In contrast to the result expected from the simulation, the noise of the pendulums
with very high moment of inertia is increased for both actuators.
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Figure 5.17.:Sensitivity improvement from switching to two big mirrors and actively isolating the
vacuum tank. For comparison, the thermal noise prediction of the pendulum mode,
the prediction for a reduced Q, for a reduced mass and for velocity damping are also
shown.
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Conclusion

It was the goal of this work to build an experiment that allows very sensitive measurements of
the differential length changes of a Fabry-Perot resonator, which consists of two independently
suspended mirrors. These measurements were done in the frequency range between 10 Hz and
100 Hz with the target to reach the off-resonant thermal noise of the pendulum mode. In order to
achieve this, the laser frequency was stabilized to a reference resonator. An automatic alignment
system overlaps the input beam with the eigenmode of the suspended resonator. To isolate the
mirrors from seismic motion of the ground, an isolation system that consists of multiple stages
for all degrees of freedom of the pendulum movement was designed. This pendulum chain was
suspended inside a vacuum tank to isolate the mirrors from excitations by the air and to minimize
refractive index fluctuations inside the optical resonator.

Several noise sources that affect the sensitivity were investigated. This includes optical noises
that are caused by laser frequency fluctuations, laser amplitude fluctuations and beam position
fluctuations. All of these were reduced sufficiently. Environmental noise from acoustic or seismic
excitations of the optical components and the beam path were investigated. Electronic noises were
measured and could be reduced by improved electronic designs. However the electronic noise was
still a limiting factor in the kHz region. A higher finesse of the optical resonator improved the
performance at these frequencies.

Although up to five pendulum stages were used for seismic isolation, a careful investigation
revealed that this noise still remained the major obstacle at the frequencies of interest. It changes
the length of the Fabry-Perot resonator by coupling of the other degrees of freedom of the pendu-
lum motion into the longitudinal movement. New pendulum designs were developed to reduce this
effect, and some improvement was achieved. However, the seismic noise and the noise introduced
by the necessary damping of the pendulum movement at the resonance frequencies still prevent a
significantly better performance around 10 Hz and the pendulum thermal noise cannot be reached.
It seems that only a completely new design of the whole suspension system could improve the
situation.
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Appendix A

Material parameters

Steel

α 14�10�6 1
K

κ 50 W
mK

ρ 7.8 g
cm3

C 502 J
kgK

σ 0.3

Y 21�1010Pa

BK7

α 7.1�10�6 1
K

κ 1.114 W
mK

ρ 2.2 g
cm3

C 8.58�102 J
kgK

σ 0.206

Y 8.1�1010Pa

n 1.5

Fused silica (SiO2)

α 5.5�10�7 1
K

α(10 K, 1 K) -2.6�10�7 1
K , -2.6�10�7 1

K

κ 1.4 W
mK
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κ(10 K, 1 K) 0.1 W
mK , 2�10�2 W

mK

ρ 2.2 g
cm3

C 6.7�102 J
kgK

C(10 K, 1 K) 3 J
kgK , 3�10�3 J

kgK

σ 0.17

Y 7.2�1010Pa
dY
dT 1.5�107 Pa

K

n 1.45
dn
dT 1.5�10�5 1

K

Sapphire (Al2O3)

α 5�10�6 1
K

α(10 K, 1 K) 5.8�10�10 1
K , 5.8�10�13 1

K

κ 40 W
mK

κ(10 K, 1 K) 4.3�103 W
mK , 4.3 W

mK

ρ 4 g
cm3

C 7.9�102 J
kgK

C(10 K, 1 K) 8.9�10�2 J
kgK , 8.9�10�5 J

kgK

σ 0.29

Y 40�1010Pa
dY
dT -4�107 Pa

K

Tantala (Ta2O5)1

α � 5�10�6 1
K

Y 14�1010Pa

n 2.1
dn
dT � 5�10�6 1

K

Ta2O5=SiO2 coating

α � 2�10�6 1
K

1Values for Ta2O5 vary strongly, depending on the manifacturing process.
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Appendix B

The linear spectral density

Throughout this thesis we use the spectral densitySto describe noise at different frequencies. It is
defined as the fourier transform of the auto correlation functiong(τ).

S� 2
Z ∞

�∞
g(τ)e�i ωτ dω (B.1)

The factor of two originates from the fact that we use the one sided spectral density, which is
defined only for positive frequencies. The auto correlation function is given by1

g(τ)� lim
T!∞

1
2T

Z T

�T
x(t + τ)x(t)dt=< x(t + τ)x(t) >t (B.2)

Usually we plot the square root of the spectral density
p

S, which is called linear spectral density.
To get a more instructive picture for this linear spectral density, we should remember that we
want to describe how much a system with an average position< x( f ; t) >t fluctuates in a given
frequency interval ranging fromf to f +4 f . The deviation from the mean position

4x( f ; t) � x( f ; t)� < x( f ; t) >t (B.3)

would not be a good parameter to express the position fluctuations. The system oscillates around
its mean value and if we average over the deviation, we get<4x( f ; t) >t= 0.

A better choice to describe the fluctuations at the frequencyf is the mean square deviation
<4x( f ; t)2 >t. The remaining problem with this is that the result depends on the measurement

1< f (t)>t is the time average over a functionf (t).
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B. The linear spectral density

bandwidth4 f if we integrate the fluctuations fromf to f +4 f . We will pick up fewer fluc-
tuations if we decrease the frequency spacing between the measurement points and by this the
frequency interval per point. To be independent of the measurement process, we divide by the
frequency interval.

S=
<4x( f ; t)2 >t

4 f
(B.4)

This can also be evaluated if we take the backtransformation of equation B.1

g(τ) =
1
2

Z ∞

�∞
Se�i ωτ dω

2π
=

Z ∞

0
Se�i ωτ dω

2π
(B.5)

and assumeτ = 0. If we set< x( f ; t) >t= 0, which we can always do by a coordinate transforma-
tion, and integrate only over the frequency interval of interest, we get

<4x( f ; t)2 >t=
Z f+4 f

f
Sdf (B.6)

Equation B.4 results from this if the spectral density does not change to strongly with frequency.
The unit of the spectral density in a displacement measurement is m2=Hz. Usually we plot the lin-
ear spectral density with the unit m=

p
Hz. The advantage of this is that we can multiply the linear

spectral density with the transfer functions we have implemented in the experiment to calculate
the noise spectrum at different points of the experiment. For the spectral density we would have
to multiply with the square of the transfer function, which sometimes can be less obvious.

104



Bibliography

[1] A. Y. A GEEV, I. A. BILENKO and V. B. BRAGINSKY: Excess noise in the steel suspension
wires for the laser gravitational wave detector. Phys. Lett. A, 246:479–484, 1998.

[2] B. W. BARR, G. CAGNOLI, M. M. CASEY, D. CLUBLEY, D. R. M. CROOKS, K. DANZ-
MANN, E. J. ELLIFE, S. GOSSLER, A. GRANT, H. GROTE, A. HEPTONSTALL, J. HOUGH,
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[26] G. I. GONZÀLEZ and P. R. SAULSON: Brownian motion of a torsion pendulum with internal
friction. Phys. Lett. A, 201:12–18, 1995.

[27] S. GOSSLER, G. CAGNOLI, D. R. M. CROOKS, H. LÜCK, S. ROWAN, J. R. SMITH, K. A.
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