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Abstract

The exact and numerical solution of integral equations taking the form
Az (s)— [0 v(s, t)z(t) dt = y(s) in certain weighted subspaces X, of the
space X := BC(R) (of bounded and continuous functions over R) is stud-
ied. Here, X, denotes the weighted space of all functions z € X satisfy-
ing |w(s)z(s)] = O(1) as |s| — oo, for some weight function w > 1. The
kernel v is assumed to satisfy the simple condition |v(s,t)| < |k(s — t)|,
for some x € L'(R).

Conditions on v and w are obtained, which ensure that the integral op-
erator K in above equation is bounded on X and X,,. These conditions
are then strengthened to imply the equivalence of the spectrum (and es-
sential spectrum) of K on X and X,, as well as several other statements
about the solvability of the above integral equation.

Similar boundedness and spectral results are shown for the operators K~
arising from suitable quadrature approximations of the integral op-
erator K. Nystrom/product integration and finite section methods are
studied and it is shown that, under certain conditions, whenever a
method is stable on X it is also stable on X,,, with equivalence holding
in many cases. Error estimates in the norm of X,, are given.

The class of kernels considered is large and contains, in particular, all
kernels of the form v(s,t) = k(s —t), k € L'(R), leading to convolution
or Wiener-Hopf equations. Special emphasis is laid on families of kernels
of the form v(s,t)k(s,t) or k(s — t)k(s,t), with k varying in a bounded
and equicontinuous subset W of BC(R?), for which the stability results
hold uniformly in k € W.

As an application, numerical methods for a family of kernels v with weak
logarithmic singularity are analysed. For these methods, stability and
convergence results in certain weighted spaces are obtained. The kernels
considered arise, e.g., in boundary integral equations for rough surface
scattering problems over unbounded domains, which are studied as prac-
tical examples. For a combined Nystrom and finite section method, novel
error estimates are obtained for the case of a point source.

Keywords: integral equations, Nystrom method, weighted spaces



Zusammenfassung

Die exakte und numerische Losbarkeit von Integralgleichungen der Form
Ax(s) — [7_ w(s,t)z(t)dt = y(s) in gewichteten Unterrdumen X, des
Raumes X := BC(R) (der stetigen und beschréankten Funktionen tiber
R) wird untersucht. Dabei ist X, C X der Gewichtsraum aller Funk-
tionen x € X, die der Bedingung |w(s)z(s)] = O(1), |s| — oo, fiir eine
Gewichtsfunktion w > 1 geniigen. Ferner wird angenommen, dass der
Kern v die einfache Bedingung |v(s,t)| < |k(s — t)| fiir ein k € L*(R)
erfiillt.

Es werden Anforderungen an v und w formuliert, die hinreichend dafiir
sind, dass der Integraloperator K in obiger Gleichung beschrinkt auf
X und X, ist. Diese Bedingungen werden so verstiarkt, dass sie die
Ubereinstimmung des Spektrums (wesentlichen Spektrums) von K auf
X und X, implizieren und weitere Aussagen iiber die Losbarkeit obiger
Integralgleichung angegeben werden konnen.

Ahnliche Beschrinktheits- und Spektralergebnisse ergeben sich fiir die
Operatoren KV, die durch geeignete Quadraturapproximation des Inte-
graloperators K entstehen. Nystrom-/Produktintegrations- und Reduk-
tionsverfahren (finite section methods) werden untersucht und es wird
gezeigt, dass unter bestimmten Bedingungen die Stabilitdt auf X die
Stabilitat auf X, impliziert und in vielen Fallen sogar Aquivalenz gilt.
Fehlerschranken in den gewichteten Normen werden angegeben.

Die Klasse der betrachteten Kerne ist umfangreich und beinhaltet ins-
besondere simtliche Kerne der Form v(s,t) = k(s—t), K € L*(R), die auf
Faltungsgleichungen bzw. Wiener-Hopf-Gleichungen fithren. Ein beson-
derer Schwerpunkt liegt auf Familien von Kernen der Form wv(s, t)k(s,t)
oder k(s — t)k(s,t), wobei k in einer beschrankten und gleichstetigen
Teilmenge W von BC(R?) variiert; die Stabilitéitsresultate gelten dann
gleichméfig fir k € W.

Als Anwendung werden numerische Verfahren fiir eine spezielle Familie
von Kernen v mit schwacher logarithmischer Singularitéit analysiert, fiir
die Stabilitéat in bestimmten Gewichtsraumen gezeigt wird. Die betrach-
teten Kerne ergeben sich u.a. bei der Randintegralmethode fiir Streu-
probleme mit unbeschrankten Oberflaichen, auf die besonders eingegan-
gen wird. Fiir ein kombiniertes Nystrom- und Reduktionsverfahren wer-
den im Falle einer punktférmigen Quelle neuartige Fehlerabschétzungen
angegeben.

Schlagworter: Integralgleichungen, Nystromverfahren, Gewichtsraume
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Chapter 1

Introduction

The focus of this thesis is on the theoretical and numerical solution of Fredholm integral equations of
the second kind over unbounded domains, which take the following general form:

Ax(s) — / (s, t)z(t)dt = y(s), se, (1.1)

Q
where the domain of integration € is one of the sets R or R;. In operator notation, (1.1 is written as
A — Kz =y. (1.2)

Our study is centered around the investigation of (1.2)) in the following class of weighted subspaces
of X := BC(Q) (the space of all bounded and continuous functions over 2, equipped with the uniform

norm ||z|| 1= sup,cq |2(s)|): For an even weight function w : R — R satisfying
w(0) =1, w(s)>w(t)fors>t>0, lim w(s)= o0, (1.3)
§—00

we let X,, denote the weighted subspace {z € X : ||z] := ||Jzw] < oo} of X. X, is a Banach space
when equipped with the norm || - ||-

We will show that many spectral properties of the operator K and suitable discretizations, obtained
by quadrature methods, are essentially the same on X and X,,. Moreover, we will prove that, for a
wide range of Nystrom/finite section methods, stability on X is sufficient for stability to hold also on
X, with equivalence holding for many Nystrom methods. If stability holds, we provide estimates for
the resulting error when y is contained in X,,.

Integral equations in weighted spaces

Since the ground-breaking work of Fredholm and Riesz at the beginning of the 20th century, second-
kind Fredholm integral equations over finite and infinite intervals have been of continuing interest to
mathematicians (see [I1] for a historical account of the theory). A part of their importance stems from
the fact that many problems in physics, electromagnetics and mechanics lead to such equations; the
list of examples is long, and we refer the reader to [39, [41] 54} 29] and the references therein. Indeed,
the reformulation of partial differential equations as boundary integral equations (see, e.g. [28]), in
particular for the Helmholtz equation in two dimensions, is a rich source of practical applications for
the results we present in this thesis (see, e.g., [25] 6], 23]; [27, 53] provide an introduction).

For second-kind integral equations over a bounded interval [a,b] of the real-line, with the integral
operator being compact on a suitable function space, the theory is mostly complete, with the Fredholm
alternative theorem and the Riesz-Schauder theory being the most prominent and useful theoretical tools
(see, e.g. [40]). From 1950 onwards, much effort was devoted to the development and analysis of suitable
numerical methods for solving such equations, some of the most outstanding examples being Galerkin,
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Nystrom, product integration, projection and degenerate kernel methods. An excellent overview of
these can be found in the monograph [10] of Atkinson. In the preface of this book we are also informed
that “this work is nearing a stage in which there will be few major additions to the theory”.

However, if, as in , the domain of the integral equation is unbounded, we usually lose compact-
ness of the integral operator K and the analysis of the numerical methods mentioned above requires
much more subtlety than in the case of a finite interval.

The most prominent and well-studied examples of integral equations with a non-compact K are
those in which the integral operator is a convolution operator, i.e.

v(s,t) = k(s —t), s €, ae. te, (1.4)

holds, for some x € L*(R). In this case (1.1]) is called a convolution (2 = R) or Wiener-Hopf (2 =R,)
integral equation:

Ax(s) — /Q k(s —t)z(t)dt = y(s), se. (1.5)

The solvability of equation is usually studied by Fourier transform methods, which give explicit
expressions for the spectrum and essential spectrum of the operator K. The essential results for LP-
spaces, 1 < p < oo, and BC(Q) can be found in [40] (we also mention the recent survey [12], an
up-to-date overview of the LP-theory for 1 < p < oo for Wiener-Hopf operators with discontinuous
symbols, arising when & is not in L'(R)).

Throughout this thesis, we will consider a much more general class of kernels. Let us make this
precise: Our first pair of standing hypotheses on v are simple regularity conditions (Assumptions (A)
and (B) on page , which ensure that the integral operator K is bounded on X. The main restriction
on v throughout most of this thesis is that it is bounded by a convolution kernel, i.e. that

lv(s, t)| < |r(s —t)], s€Q, ae. teQ, (1.6)

holds, for some x € L'(Q).

Until the last decade, not much was known about the solvability of in this general setting.
However, in a series of papers [17, 24} 26], Chandler-Wilde et al. developed a solvability theory for .
The key idea in these papers is not to consider a single operator K, which on its own has insufficient
properties, but to consider a whole family of operators {Kj : k € W}. Here W is a set of functions
k € L>(R?) and K}, denotes the integral operator in (L.1]), but with v(s,¢) replaced by v(s,t)k(s,t). It
is assumed that W possesses certain translation invariance properties and is such that the operators Ky
enjoy sequential collective compactness in a weaker topology than the norm topology of X. One of the
results obtained is that if A — K}, is injective, for all £ € W, then also A — K, is surjective, for all k € W
and the inverses (A — Kj)~! are uniformly bounded in k € W (for a single, compact operator K on X,
this is a well-known consequence of the Riesz-Schauder theory).

The arguments used to prove this result are a substantial generalisation of the previous analysis of
Anselone and Sloan [9] 2] 3] for the Wiener-Hopf case. The key element of the theory in [3] 177, [24] [26]
is the consideration that the operators K}, while not being compact on X, still enjoy sequentially
compactness in a weaker topology, namely, the strict topology of Buck [14]. In this text, we will also
often employ this topology and similar arguments as in [3, 17, 241 26].

Against this background, the first aim of this thesis is now to relate the solvability of on X to
its solvability on the weighted space X,,. After reviewing fundamental concepts and introducing some
notation in Chapters [2 and [3] we commence this analysis in Chapter [d] beginning with the special case
when Q = Ry, i.e. when is a equation on the half-line.

As a prerequisite, we establish general conditions on v and w, which ensure that K : X,, — X, and
is bounded. For kernels and weight functions which satisfy slightly stronger conditions, precisely

s—A
FE’ su / w(s)ms—t dt — 0, as A— oo,
) s [
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and
w(s+1)

w(s)
we obtain the much stronger result that the spectra of K on X and X, coincide and that the same
holds for the essential spectrum, in symbols

(F')

— 1, ass— oo,

Yx(K) =2x,(K), ¥%(K)=X%, (K). (1.7)

With regard to the integral equation the first of these equalities implies that the equation
has an unique solution € X for every y € X if and only if it has an unique solution = € X,, for every
y € Xuy.

Sufficient (and easier to check) conditions on v and w for (E’) and (F”) to hold and several examples
are given in Section In particular, we show that if v satisfies , for some x € L*(R), and y € X
is a function such that lims_, . y(s) = 0, then we can always construct a weight function w satisfying
our main assumptions and such that y € X,,. As an application of this construction we further establish
that the spectra of K on X and X coincide, where X is the subspace of X consisting of those z € X
vanishing at infinity.

Our study continues earlier investigations in [56] (see also the monograph [57] and [62]) which
consider primarily the case w(s) = (14 s)” for some r € R. In [57, 56, [62] it is shown, using Banach
algebra techniques, that in the Wiener-Hopf case, v(s,t) = k(s — t), it holds that K € B(X,,) if

/Oo (14 [£)7|(8)] dt < oo (1.8)
and that if holds then
X%, (K) = 5% (K) = {#() : £ e R} U {0} (1.9)
and
Yx, (K) = Ex(K) =35 (K) U{A € C: [arg(A — £(£))] % # 0}, (1.10)
where £ is the Fourier transform of k,
R(E) = /OO k(t)etdt, ¢eR. (1.11)

In [43] (see also [42]) Karapetiants and Samko provide results for convolution kernels which include
the result of [50] as a special case, based on a demonstration that K — K, is compact on X, where K,
is defined as the integral operator K, but with v replaced by the kernel v,,(s,t) := (w(s)/w(t))k(s —t).

In both [56] and [43] it is shown that the condition guarantees that K is a bounded operator
not just on X,, but also on the corresponding weighted LP space, 1 < p < oo, and that and
hold with X and X,, replaced by L?(R,) and the corresponding weighted L? space.

In a series of papers [I8] 20, [7] the case when v satisfies is considered, with w(s) = (1+ s)? for
some p > 0 (so that w satisfies the conditions ) It is shown that if

k(s) =0(s71), s— o0, (1.12)

for some ¢ > 1 then K € B(X,,) and holds for 0 < p < q. A key component of the argument is the
consideration, as in Samko [43], of properties of K — K,,. In the limiting case when p = ¢, K — K,, may
not be compact but is a sufficiently well-behaved operator to proceed by somewhat similar arguments
to the case when K — K, is compact. We point out that for many applications the condition that
holds for some g > 1 with ¢ > p is a much less onerous condition than . In particular, in the case
that |k(s)| ~ as™? as s — oo, for some a > 0, in which case necessarily ¢ > 1 given that x € L*(R),
the results of [57] and [43] give that K € B(X,,) and holds for 0 < p < ¢, while holds with
r = p, and so the theory of [57] and [43] applies only if |p| < ¢ — 1.
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We also mention a paper [59] by Rejto and Taboada in which linear Volterra integral equations
are considered (see also [60] for the non-linear case). Such equations are a special case of when
v(s,t) =0 for 0 < s < ¢. It is shown in [59] that if w is a positive and continuous weight function and
a certain boundedness condition, similar to our condition in Chapter {4} is satisfied then K has
zero spectral radius on X,,. This result is proved by constructing the inverse of A — K, A\ # 0, on the
weighted space with the aid of Neumann series, a technique that works well for Volterra equations but
fails for most Fredholm equations.

In the Wiener-Hopf case the conditions we impose on k to obtain that K € B(X,,) and the main
results are, for many weight functions w, both necessary and sufficient. For example, consider the
particular weight function

w(s) = exp(as®)(1 + s)” (In(e + s))q, s e Ry, (1.13)

and suppose that the constants a € (0,1), a > 0,p,¢q € R are such that (1.3) holds and fooo wt(s)ds
is finite. Then the results we obtain imply for the Wiener-Hopf case v(s,t) = k(s — t), with x € L*(R),
that a necessary and sufficient condition for K € B(X,,) is

s+1
w(s)/ |k(t)|dt = O(1), s— oo. (1.14)

Moreover this condition ensures the spectral equalities hold. In the more general case that the
kernel v satisfies (A’) and (B) with x € L*(R), it remains true that also ensures that K € B(X,,)
and hold.

Chapter [4] can be considered in large part as an attempt to sharpen and generalise the results and
methods of argument of [I8] 20| [7], establishing large classes of kernels v and weight functions w for
which K € B(X,,) and holds. The special case referred to above for the weight function
contains many of the results of [18, 20, [7]. For the weight w(s) = (1 + s)” with > 1 and the Wiener-
Hopf case v(s,t) = k(s — t), the general results of this chapter show that K € B(X,,) if and only if

s+1
/ k(t)| dt = O(s™7), s — oo (1.15)

This condition does not imply that K — K, is compact but, nevertheless, ensures that holds. Note
that is a considerably weaker condition than .

We also prove that, under the same assumptions on v and w, equivalences for semi-Fredholmness
corresponding to hold, i.e. A — K is semi-Fredholm on X if and only if A — K is semi-Fredholm on
X, in which case the indices of both operators coincide.

Throughout most of Chapter [ we restrict our attention to the case when K is an integral operator
on the half-line, i.e. & = R;. In Section we then show how our conditions may be generalised to
obtain similar results for the real line case when Q = R.

The weighted space results we present for the equation have numerous theoretical and practical
applications. We show under assumption the interesting result that if A — K is Fredholm on X
then necessarily the null space of A — K on X is contained in the intersection of the spaces X,,, where
w runs through the (non-empty) set of weight functions w satisfying (L.3), (E’) and (F”).

Some of the results presented in Chapter [@] have recently found an important application in the
analysis of the finite section method for integral equations on the real line of the form

2(s) — /oo k(s — )2(D)a(t) dt = y(s), s € R, (1.16)

— 00

with k € LY(R), z € L>°(R). Let 2 denote the approximation to x obtained when (1.16) is solved with
the range of integration reduced to [—A, A]. Then, using the results of Section it is shown in [21]
that, under certain conditions on z,

lz(s) — 22 (s)| < C (w(sl— 7y + w(si—A)) eslfl.zsgp lz(s)z(s)], |s| < A, (1.17)
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where C' is a constant (depending only on x and z) and w is a weight function, which can be specified
in terms of k.

Our results on the equivalence of spectra between X and X,, can also be exploited to shed light
on the equivalence of spectra for other spaces. In particular, using the denseness of X, in L!'(R,)
if fooo w~t(s)ds < oo, it is possible to draw conclusions about the spectrum of K as an operator on
LP(R,), for p = 1, and then, by interpolation, for 1 < p < oo. See [§] for results in this direction for
the case when holds with |k(s)] = O(]s|™7) as |s| — oo.

We remark that an earlier, less extensive version of Chapter [4 has been submitted for publication
n [19], with Prof. Dr. Simon Chandler-Wilde as co-author.

Nystrom/product integration and finite section methods in weighted spaces

The literature on the numerical solution of when K is not compact is extensive. However, the vast
majority of this literature (see, e.g. [3, 14l [32] 36, 48] and the references therein) is restricted to the case
when 2 = R, and v is a Wiener-Hopf kernel, i.e. holds. In some publications the slightly more
general case when K is a compact perturbation of a Wiener-Hopf operator is considered [15] [, [57].

In the Wiener-Hopf case, general results on stability and optimal convergence orders of Galerkin,
collocation and Nystrom quadrature methods using piecewise polynomial basis functions have been
established [11 15l B2], BI], B6]. In particular, provided a suitably graded mesh is used and the solution
belongs to appropriate weighted Sobolev spaces, with sufficiently many derivatives decaying exponen-
tially at infinity, one obtains in the L%-norm (1 < ¢ < 00) the same (polynomial) rates of convergence
that occur when the methods are applied to equations on finite intervals. In [33], even exponential
convergence is obtained using h-p-spline approximation methods.

However, the results that have been obtained to date are in a number of respects unsatisfactory:

1. In many applications the requirement is to compute  with small relative error on the whole
domain. If z vanishes at infinity, estimates in the L?-norm say nothing about the size of the
relative error when s is large.

2. In those papers where quantitative error estimates are obtained for the numerical solution of
(or a compact perturbation) it is invariably assumed that « and sufficiently many of its deriva-
tives vanish exponentially towards infinity. To our knowledge, the case when k exhibits only a
polynomial rate of decay (arising in many applications, particularly in scattering theory [23], [64]
or radiative heat transfer [52]), has only been considered in [52], 50} 49].

3. Overwhelmingly, consideration has been focused on the Wiener-Hopf case and several slight gen-
eralisations. Apart from [I7, [50] we know of no analysis of the case when v(s, t) is merely bounded
by a convolution kernel.

In Chapters [5] and [6] we make contributions to the numerical analysis of integral equations on the real
line in all three of these directions. But, particularly, our concern is to make progress in regard to the
first of these aspects, focusing on Nystrom/product integration methods and their finite section variants
for the approximate solution of .

Throughout these chapters, we will consider the real line case when ) = R, but make the point
that our results apply equally well to equations on the half-line. We will also assume that the kernel
of is replaced by the product v(s,t)k(s,t), where v(s,t) satisfies the assumptions of Chapter and
k € BC(R?). Then becomes

Az(s) — / v(s, t)k(s,t)z(t) dt = y(s), seER, (1.18)
Q
or, in operator from,
A — Kz =vy. (1.19)

We note that the results obtained in Chapter [4} in particular (1.7)), also hold, under the same assump-
tions on v, for the integral operators Ky, k € BC(R?).
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We focus on a variant of the Nystrom method known as product integration approximation. The idea
is to approximate the integral operator Ky by so-called quadrature or discretized integral operators K ,JCV ,
defined on X by

K a(s):=> wlN(s)k(s,tN)z(t)), seR,zeX NeN. (1.20)
JEZL

In this definition, the té\’ := jhy, are the (equally spaced) abscissae of the Nth in a sequence of
quadrature rules, with hy — 0 as N — oo, so that N is a parameter controlling the quality of the
approximation. The corresponding weights wjv (s) of the quadrature rule, are chosen appropriate to the
kernel v and are usually constructed by integrating the product of v(s,-) with Lagrange interpolating
functions (e.g. polynomials or trigonometric polynomials).

This form of approximating Ky by K ,JCV is particularly suitable for badly behaved kernel functions
that may be written as the product of a smooth or at least continuous function k£ and a discontinuous,
possibly singular function v; see, e.g., [10, 44] and the references therein. A benefit of this approach is
that it allows us to consider families of kernels v(s, t)k(s,t), where k varies in a subset W of BC(RR?).

Once the quadrature operators K ,iv have been defined, it is hoped that for large N the solution =V
of the equation

eV — KNaN =y, (1.21)

obtained by solving a system of linear equations in which the unknowns are the values of 2V at the
quadrature abscissae, is a good approximation of the solution = of equation (|1.19)).

Our standing assumptions on the quadrature weights wév (s) throughout this thesis will be two simple
regularity conditions ((QA) and (QB) on page , which ensure that K2 : X — X and is bounded
for all k € BC(R?). From Section onwards, we will also assume that the kernel v is such that
holds and |k(s)| is monotonic outside some finite interval and, moreover, that the quadrature
weights wh (s) reflect the decay of both |k(s — t)| as |s — ¢ — co and hy as N — oo (this is made
precise in the Assumptions (A”) and (QA") of Section [5.2]). Under these mild conditions we show
that K} : X,, — X,, and is bounded (for all weight functions satisfying and real-line versions of
(E’) and (F')) and, moreover, that analogues of also hold for the operators K, k € BC(R?),
N € N, namely that

S (KY) = S (KDY), S5 (KD) = S, (KDY). (1.22)

Thus, if A ¢ Sy (Kx) U x(K}) and the right-hand side y of and is contained in X,,, the
solution x and its approximation =V are both contained in X,,.

We remark that, up to this point, we have assumed nothing about the convergence of the opera-
tors K{¥ to Ki. We take this into account in Section where we are additionally assuming that the
pointwise convergence assumption

Jim KYa(s) = Krx(s), z€X, seER, (1.23)

holds for the constant function k(s,t) = 1 (it then also holds for every k € BC(R?)). Provided that
(1.19) is well-posed, for some k € BC(R?), we are then able to show that the Nystrom method above
is stable with respect to the uniform norm of X if and only if it is stable with respect to the norm of
X, (w satisfying (1.3), (E’) and (F’)). An important feature of our stability theory is that this result
remains valid if we simultaneously consider a whole family of operators K and K ,iV , with k& varying in
a bounded and equicontinuous subset W of BC(R?). The methods used in the proof are based on a
combination of the arguments as in [24], 26] with the weighted space theory developed in Section
We then proceed to show that, if stability holds and the right-hand side y of is contained in
Xy, then the solutions of and (for N large) are contained in X,, and the error estimate

lz = 2" [lw < CIKL — Ki)z]lw (1.24)

holds, where the constant C' does not depend on N (nor on k € W if a family of operators is considered).
However, since K ,iv does not strongly converge to Kj in the norm of X,,, it will usually only be the
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case that the term on the right-hand side of (1.24), and thus ||z — 2"||.,, tends to zero as N — oo if @
is smooth. Nevertheless, if y € X, then we show that it will always be the case that, in the uniform
norm,

|z — 2™ — o, as N — oo. (1.25)

(Let us mention at this point that we obtain sharper error estimates in the norm of X,, than for
sufficiently well-behaved kernels in Chapter [6} these will be discussed later in this introduction.)

Of course, bounds in the weighted norm will guarantee that the relative error in calculating x is
small only if |zw(s)| is bounded below as well as above by a positive constant. But, we mention also
that, for the Wiener-Hopf equation (with Q = R.), it has been shown in [I8] that, if £(s) ~ Keos™?
as s — 0o, with b > 1, and y(s) ~ yoos™® as s — 00, with 0 < a < b, then

Yoo .
P f0<a<b,
) 1— [T k(t)dt ' ¢ (1.26)
s%x(s) — o+ R [ 2(t) dt 1.26
4 n fo z(t) if a=",

1= [ w(t)dt

as s — oo. If the limit is non-zero and and z(s) # 0, s > 0, then infs>¢ |z(s)w(s)| > 0, for the
weight function w(s) := (1 + |s|)%, in which case ||z — 2|, — 0 guarantees convergence in relative
error as N — o0.

While Nystrom methods have the advantage that they are usually easy to implement on a computer,
a considerable difficulty in solving the discretized equation is that, in general, one has to solve
an infinite system of linear equations. If no periodicity is involved in the coefficients of these equations,
this may be an onerous if not impossible task. Therefore, we will look, in Section [5.4] at the effect of
truncating the summation in the definition of the quadrature operator K;¥ to a finite interval [— A, AJ.
We thereby obtain new quadrature operators, which we denote by K ,iv A, Replacing K{¥ by K ,iv A in
, we are looking at the new equation

AzNA — KéV’AxMA =y. (1.27)
The solution 24 of (L.27), which is now an approximation of 2V (and thus z), may be obtained by
solving a finite linear system.

We show that if the combined Nystrom and truncation method is stable on X (meaning that the
inverses of A — KV and \ — K,iV’A exist on X and are uniformly bounded for all N and A large enough)
then, as was the case for the pure Nystrom method, it is also stable on X,,.

For the Wiener-Hopf case in which Q@ = Ry, v(s,t) = k(s —t) and k is the constant function
k(s,t) = 1, the approximation of by has been studied by Anselone and Sloan [4, [].
In [] it assumed that x € L'(R) is bounded and uniformly continuous on R, lim| 4o #(s) = 0, and
|k(s)| < A(s), for some function A € L*(R) non-increasing on R and non-decreasing on R_. It is shown
in [4] that if a certain condition of uniform convergence holds for the quadrature weights (satisfied by,
e.g., the weights of simple compound rules) then, provided that is well-posed on X (the closed
subspace of all uniformly continuous functions in BC(R,)), the operators A — K,JCV’A are uniformly
invertible on X" for all A and N large enough. Moreover, for z € X, the solutions z of and

VA of (T.27)) satisfy

|z(s) — 24 (s)] — 0, as A, N — oo, uniformly on finite intervals. (1.28)

In this thesis we consider in detail the case when the kernel v(s,t) = &(s — t) is an L!-convolution
kernel (bounded by a convolution kernel x satisfying the monotonicity condition in (A”)) and the
quadrature weights satisfy a mild condition of translation invariance (satisfied for, e.g., the standard
simple compound rules). However, in contrast to [4], we are only requiring the kernel function k to be
bounded and uniformly equicontinuous and thus it need not be necessarily constant. We then show
that if such a combined Nystrom and finite section method is stable on X then it is also stable on X,;
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moreover, there always exists a weight function w, defined in terms of k, so that the error estimate

N N.A 1 1 1
N6 - < Ot (st ) e <A (29)
holds for the solutions 2V of and N4 of when the right-hand side y is contained in X,,.
The constant C' > 0 does not depend on the truncation parameter A, nor on N or y. (This error bound
echoes the result (1.17)) for the finite section method for the equation obtained in [21I].) We also
note that inequal shows that the error |2V (s) — 2™V'4(s)| is particularly small when s is near
the origin and increases as s approaches the endpoints of the truncation interval [—A, A].
In particular, if y € X,, then combining with yields the bound

|z(s) — 2™V A(s)] — 0, as A, N — oo, uniformly in |s| < A. (1.30)

Note that and are much sharper results than . We remark that our methods of
argument with regard to the finite section method owe a lot to earlier work by Rahman [58, 21] on the
finite-section method for integral equations (without discretization).

In the general case when k(s,t) is not a constant function (or v is not a convolution kernel) the
question of whether the well-posedness (i.e. unique solvability) of is sufficient for the corresponding
finite-section method to be stable on X is to a large extend still open (but see [46] for recent results in
this direction). Nevertheless, in some cases stability on X might be obtained for a so-called modified
finite section method in which, in addition to the truncation of the summation to a finite interval the
function k(s,t) is modified for values of ¢ near the endpoints of the interval of truncation (see [51] [49]).
We include this variant in our stability and error analysis.

We conclude Chapter [5] by pointing out how our results generalise to the case when K = K1 +...+ K,
is a finite sum of integral operators and different quadrature methods are used to approximate each of
the K;. We will make use of these generalisations in the applications we present in the final chapter of
this thesis.

Applications

We have already indicated that our results have numerous practical applications. In Chapter [6] of
this thesis, we discuss several examples of integral equations with kernels v satisfying (|1.6)), for some
k € LY(R), which exhibits polynomial decay towards 4oo, i.e. when

[5(s)| = O(ls|™*),  Is| — o0 (1.31)

for some b > 1. Throughout this chapter, we assume that the kernels v are (possibly) weakly singular
at s = t and partially differentiable up to order n for s # ¢, or at least if |s — ¢| is large, and that these
partial derivatives also exhibit polynomial decay as |s — t| — oc.

The resulting integral equations and their numerical solvability are then studied in the weighted
spaces X, := Xy, , with norm || ||q := || - ||, , Where w,, is the power weight w(s) = (1+]s)*,0<a <b
(this is the setting of [I8] 20 [7]; see the discussion above).

Under the above assumptions, we decompose v(s,t) into

U(Svt) = fﬁ(svt) + 6(57t)7
where ¥ is the smooth part of the kernel, supported outside the strip |s — ¢t| > A, for some A > 0,

and v is the (possibly) weakly singular part of the kernel, supported inside the strip |s —t| < A+¢, €

being a small constant. Then Kj can be written as the sum of the two integral operators Kj and Kj
corresponding to ¥ and v, respectively.

The idea behind this decomposition is that the simple rectangle rule yields quadrature operators K ]JCV ,

which are already good approximations of the “well-behaved” integral operator Kj. Particularly, we
show that, for k € BC”(R2) and 0 < a < b, an error estimate of the form

|Kee — KNz||, < ON""2|popw), @ € BCRR), (1.32)
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holds, where C' > 0 does not depend on x or n; here BC”(R) denotes the weighted space of all functions
x € X, whose first n derivatives exist and are contained in X,.

Since, for fixed s € R, 0(s, t), as a function of ¢, is compactly supported quadrature rules suitable for
finite intervals may be used in the approximation of ¥. We prove that, if, for a = 0 and k the constant
function k(s,t) = 1, the error estimate

|Kve — KNa||, < ON“"2|popw), @ € BC(R), (1.33)

holds, for C' not depending on N or z, and, moreover a simple condition on the quadrature weights is
satisfied, then the estimate (1.33]) also holds for every 0 < a < b and k € BC™(R?) and does not depend
on N.

If 0 <a<b, (1.32) and (1.33) hold and v fulfils a simple regularity assumption, we are able to
show the following improved error bound for the solutions x and ™V of (1.19) and (1.21]), provided that
k € BC™(R), well-posedness and stability hold on X and y is contained in BC'(R):

|z —2™|q < CN™"[lyl B (w)- (1.34)

A strong motivation for the considerations in Chapter@ are the results of Meier et al. [50], who have
recently considered Nystrom methods for a class of kernels v with logarithmic singularity at s = t. The
idea in [50] is to perform a similar splitting of the kernel v to the one described above and then to use
a quadrature method based on trigonometric interpolation (due to Kussmaul [45] and Martensen [47])
for the approximation of the kernel ¥. In particular, it is shown in [50] that this Nystréom method is
stable on X provided the equation is uniquely solvable, and error bounds of the form have
been obtained for the case a = 0, i.e. in the uniform norm of X.

We show in Section that the methods proposed in [50] match our general assumptions in Chap-
ter Thus we are able to employ our stability theory to extend the results of [50] to the weighted
spaces X,, 0 < a <b.

A practical problem, that has been studied in [50], is to find the scattered field which arises when a
wave is incident on an unbounded rough surface I'. Using appropriate Green’s functions and representing
the scattered field as a combined single- and double layer potential, a reformulation of this problem
leads to a boundary integral equation taking the form , where v is a convolution kernel satisfying
, with b = 3/2, and the function &, depending on the shape of the scattering surface I, is contained
in BC™(R) if the scattering surface is sufficiently smooth. In this formulation, the right-hand side y
models the incident field on the boundary. The scattered field may then be determined by evaluating a
boundary integral once the solution x of is known. (We remark that the well-posedness of this
integral equation formulation has recently been shown in [64] 22].)

Following on [50] (see also [51]), Meier proposed in [49] a combined Nystrom and modified finite-
section method in which the summation in the quadrature operators K ,JCV is truncated to a finite interval
[—(A + ap), A+ ap] and the values of k(s,t) are modified for A < |t|] < A + «p (corresponding to a
“flattening” of the surface I'). In [49] it is shown that this method is stable and convergent on X. For y
modelling an incident plane or cylindrical wave (then y € BC™(R)), an error estimate of the form

1 1
— VAT ()| < OINT" + C + 1.35
|2(s) — ()] < 2\ QT are 2  Gra—s2) (1.35)
for |s| < A, where Cy, C2 > 0 do not depend on N or A, was given for the exact solution of ([1.21]) and
the approximate solution z¥-4+®0 of the modified finite section equation
ApNA _ gNAteo NA
k’ - I

where k' is the modification of k£ mentioned above. The summands on the right-hand side of (|1.35) are

the respective errors introduced by the Nystrom and finite section approximation.

In the special case when the scattered field of an incident cylindrical wave emanating from a point
source above the surface I is sought, the right-hand side y can be shown to be contained in the weighted
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BC’;‘N(R). Using our weighted space solvability results, in particular (1.7)), we show in Section W that
the exact solution z is then also contained in BC’;;L/2 (R). As a consequence, we can demonstrate that

the approximate solutions V-4t of (T.21]), obtained by applying the combined Nystrém and finite
section method of [49], are contained in X3/, and that the following error estimate holds:

1 1 1 1
_ N, A+ap <CO,N~™ C
(o) e W < ON T e \ Gy AT P AT a9 )

for |s| < A, where C7, C2 > 0 do not depend on N, A or «y, Clearly, this inequality is a considerably
sharper error estimate than ((1.35)).

For the convenience of the reader, an index of notations can be found at the end of this thesis.
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Chapter 2

Background material

If Y, Z are two normed spaces then we write B(Y, Z) and (Y, Z) for the space of, respectively, all
bounded and all compact linear operators from Y to Z. We write || - ||y—z for the operator norm
in B(Y,Z), and set || - ||y := || - |ly—y. The symbol I always denotes the identity operator, but
we will frequently use the abbreviation A := AI. We will say that L € B(Y,Z) is invertible and
write L™! € B(Z,Y) if and only if L has a bounded inverse L~! defined on all of Z. We denote by
GL(Y, Z) the space of all invertible operators in B(Y, Z). We set B(Y) := B(Y,Y), K(Y) := K(Y,Y)
and GL(Y) :=GL(Y,Y). If Y7 is a subspace of Y and L € B(Y, Z) then we write L|y, for the restriction
of L to Y7. For an operator L : Y — Z we denote by L(U), U C Y, the set {Ly : y € U}; L(Y)
is called the range or image of L and kery L := {y € Y : Ly = 0} the null space or kernel of L
(most of the time, we will drop the index Y and just write ker L). If U C Y then we write spanU
for the set of all linear combinations of elements in U (with spanU = {0} if U = @) and spanU for
the closure of spanU (in the norm of Y). For U, U’ C Y we define the distance between U and U’ by
dist(U,U’) == infycuyev ||y — ¥'|; for y € U we set dist(y, U’) := dist({y}, U’).

If Y is a Banach space then we will write Y = Y] ®y Y5 if Y is the direct sum of two closed subspaces
Y1, Y of Y; in this case we say that Y7 and Y3 are complemented in Y. (In most cases we will omit the
subscript and simply write Y = Y; @ Y5.) It is a consequence of the closed graph theorem that a closed
subspace of Y7 is complemented in Y if and only if there exists a continuous projection P € B(Y') such
that P(Y) = Y;. In a Banach space, every finite-dimensional subspace is closed and complemented.

We denote by N the set of natural numbers {1, 2, ...} and write Ny for the set {0} UN. The set of all
non-negative real numbers is denoted by R,. If S is an arbitrary set then 1g denotes its characteristic
function.

2.1 Normal solvability and Fredholm operators

Throughout this section we suppose that Y, Y’ and Z are Banach spaces and that L € B(Y, Z). Most
of the following results are standard, see e.g. [55], [40] or [12].

The operator L is called normally solvable if and only if its range L(Y') is closed. We give a number
of useful characterizations of normal solvability in the following lemma.

Lemma 2.1. For L € B(Y, Z) the following are equivalent.
1. L s normally solvable.
2. There exists C > 0 such that for all y € Y there holds || Ly|| > C dist(y, ker L).

3. For every bounded sequence (zn) in L(Y'), there exists a bounded sequence (yn) in'Y such that
Ly, = z,, n € N.

11
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Normal solvability is a desirable property of L if we try to solve the equation
Ly==z2 z€Z. (2.1)

For every z € L(Y) this equation has a solution y € Y, which may not be unique. If L is normally
solvable then, whenever (z,,) is a convergent sequence in L(Y"), there exists a convergent sequence (y,,)
in Y such that Ly, = z,, n € N; in this sense, the solution y of depends continuously on z.

If we restrict a normally solvable operator to a closed subspace, the following lemma gives a sufficient
condition for the normal solvability of this restriction.

Lemma 2.2. ([55]) Let L € B(Y, Z) be normally solvable and suppose that Yy is a closed subspace of
Y. Then the restriction Ly, of L to Yy is normally solvable if and only if Yo + kery L is a closed set.

The next lemma shows that compact operators are usually not normally solvable.

Lemma 2.3. ([38]) Let L € K(Y,Z). Then L is normally solvable if and only if L(Y) is finite-
dimensional, in which case Y =Y’ ® ker L, for some finite dimensional subspace Y' of Y.

For L we define the numbers
a(L) :=dimker L, p(L) := codimz L(Y) :=dim Z/L(Y).

a(L) and B(L) are called the nullity and deficiency of L and take values in Ny U {oo}.

We call L semi-Fredholm if L is normally solvable and at least one of the numbers (L) or G(L)
is finite; then L is called a ®-operator if (L) < oo and a ®_-operator if (L) < co. Moreover, L
is called a Fredholm operator or ®-operator if both «(L) and B(L) are finite. (We note that there is
some redundancy in these definitions, for every continuous operator acting between two Banach spaces is
normally solvable if its range has finite co-dimension; this follows from a theorem of Kato [38, Th. 55.4].)

We denote by ®(Y, Z), ®,(Y,Z) and ®_(Y,Z) the set of all Fredholm, ®- and ®_-operators in
B(Y,Z), respectively. If Y = Z then we will use the simpler notations ®(Y), ®,(Y) and ®_(Y),
respectively.

If L is semi-Fredholm the index of L is defined as

a(L) = pB(L), Leo(Y,Z),
ind L := ¢ +o0, Led (Y, 2)\®(Y,Z2),
— o0, Led, (Y,2)\®(Y,2).

Fredholm operators are an important tool in the study of equation . If L is Fredholm then
we know that a solution of exists for all z in a space of finite codimension in Z; also for every
z € L(Y) the set of solutions is given by y + N, where y € Y and N = ker L is a finite dimensional
subspace of Y. Moreover the spaces ker L and L(Y) are complemented in Y and Z, respectively, so
that, for some closed subspaces Y’ of Y and Z’ of Z, there holds

Y=kerLaY, Z=LY)aZ.

Fredholm operators can be considered “almost invertible” operators. In fact, L is Fredholm if and
only if there exists an operator H € B(Z,Y) such that HL — I and LH — I are compact operators. In
this case H is called a regulariser of L.

We collect in the following lemmas useful properties of semi-Fredholm operators, using here and
throughout the symbols + and F whenever we wish to combine two similar statements into one: the
first is formed by taking the upper part of the symbols +,F, the second by taking the lower parts.

Lemma 2.4. The sets ®(Y) and (YY) are open subsets of B(Y') and the index function ind is constant
on the connected components of ®(Y)UP_(Y)U @ (V).

Lemma 2.5. If L € ®,(Y,Z) then there exists a compact projection P € B(Y,ker L) such that, for
some constant C' > 0,
[zl < C(l| L] + [|Pz]), =€V
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Lemma 2.6 (Atkinson). If L € ®.(Y,Y') and H € ®,(Y',Z) then LH € ®,(Y,Z) and ind LH =
ind L +ind H.

Lemma 2.7. Suppose that L € B(Y,Y') and H € B(Y',Z) and C € K(Y,Y’). Then the following
statements hold:

1. IfLe @ (Y,Y') then L+C € ®,(Y,Y’) and ind L = ind(L + C).
2. HLe M and H € ®(Y', Z) imply L € M, where M denotes one of the sets ®(Y,Y"), (Y, Y").
3. If L is normally solvable and H € (Y’ Z) then HL is normally solvable.

Obviously, all invertible operators are Fredholm with index zero. The previous lemma thus shows
that every operator of the form A + C, with A # 0 and C € K(Y), is Fredholm of index zero.
If Y = Z then we define the spectrum £y (L) and essential spectrum X$, (L) of the operator L by

Yy (L) :={A € C: X — L is not invertible},
25 (L) :={A € C: A — L is not Fredholm}.

Note that ¥ (L) is empty if and only if Y is finite-dimensional [35] p. 191]. Obviously, X5 (L) C Ey (L).
We also introduce the non-standard notation (L) and Xy (L) for the sets

YE(L):={\ € C: )\~ Lisnot a &, -operator}.

2.2 Weighted spaces

In this section €2 is one of the sets Ry or R and X := BC(£2), the space of all bounded and continuous
functions mapping €2 into C.
One major aim of this thesis is to relate, for L € B(X), the solvability of the equation

AN=Lz=y (2.2)

in X to its solvability in weighted spaces of continuous functions. Our assumption throughout most of
the thesis is that the weight function w € C'(R) is even and satisfies

w(0) =1, w(s)>w(t) fors>t>0, lim w(s)=o0. (2.3)

§—00

In Sectionit will also be useful to consider slightly more general weight functions w € C(R), requiring
only that w(s) > 1, for all s € R. The remarks in this section pertain in both cases.

We denote by X, the subspace of X consisting of all functions x € X satisfying xw € X. X and
X, are Banach spaces, if we equip them with the norms

2] == sup |z(s)],  [zllw = [Jzw]],
SEQ

respectively. Throughout we will write || - || and || - ||, for the operator norms on B(X) and B(X,,).
Note that (2.2]) as an equation on X,, is equivalent to the following equation on X:

(A= Lu)Tw = Yu, (2.4)

where x,, := wx, Y, := wy and L,, := M,,LM,,-1. Here M, denotes the operator of multiplication by
a function z : Q@ — R. Since w(s) > 1, s € R, the operator M,, : X,, — X is an isometric isomorphism
with inverse M,,-1. Thus for an operator L : X,, — X,, and A € C there holds,

AL, EM < IX—LeM,, (2.5)
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where M is one of the spaces B(X),GL(X),®(X), P4 (X) and M,, its counterpart in B(X,,), GL(Xy),
D(Xy), Py (Xy). Moreover, if L : X — X then

A — L, injective on X <= X — L injective on X,, <= X — L injective on X, (2.6)
A — L, normally solvable on X <= A — L normally solvable on X,,. (2.7

Further, the following implications hold:

LeB(Xy) = A= Lllw=I[A=Lul, (2.8)
A=LeGL(Xy) = [(A=L) =1l Lu)"|l

2.3 The strict topology and equicontinuous sets

In this section €2 is one of the sets R, R or R™. Then X := BC(2), equipped with the sup-norm, is a
Banach space. Let X be the subset of all functions in X that vanish at infinity; explicitly, z € Xy if
for every € > 0 there exists a A > 0 such that |s| > A implies |z(s)| < e. Xp is a closed subspace of X
and, with the same norm, thus a Banach space in its own right.

For a sequence (f,) in X, we will write f, — f € X and say that (f,) converges strictly or is
s-convergent to f if (f,) is bounded and f,(£) — f(§) uniformly for £ in compact subsets of  (this is
convergence in the strict topology of Buck [14]). We note that f, ~ f implies that

[£1I < sup || ful- (2.10)
neN

Further, we will say that a set W C BC(R™) is relatively s-sequentially compact if every sequence
in W contains an s-convergent subsequence, and we will call W s-sequentially-compact if, additionally,
W contains the limit of each s-convergent sequence.

Recall that a set W C X is called equicontinuous on a set Q' C §, or simply equicontinuous when
Q = Q, if for all £,n in € and every ¢ > 0 there exists some § > 0 such that, for all f € W and

1F(€) = f(m)] < e (2.11)

which implies that W is uniformly equicontinuous on every compact Q" C €, i.e. for every € > 0 there
exists § > 0 such that, for all £,n € Q" with [¢ —n| < d and all 2 € W, inequality holds. We say
that a sequence (f,) in X is (uniformly) equicontinuous (on ') if the set {f, : n € N} is.

We have the following important characterization of relatively s-sequentially compact sets in terms of
equicontinuity, which can be proved with the aid of the Arzeld-Ascoli theorem and a diagonal argument
(see [3]). We will often use this characterization without explicit mention.

Remark 2.8. A set W C X is relatively s-sequentially compact if and only if it is bounded and
equicontinuous.

We will call a subset Y of X s-sequentially dense in X if every element of X is the limit of an
s-convergent sequence in Y. Examples of such subsets are X, every weighted space X,,, with w
satisfying , or the space of all compactly supported functions in X (if # € X then there exists
a bounded sequence (z,) of compactly supported functions with the property that z,(s) = z(s) for
|s| < n and thus z,, > z).

We will call L € B(X) s-continuous if it is sequentially continuous in the strict topology, i.e. if

T —1v =— Lz,> Lz
holds. We will call L sn-continuous if the stronger requirement

S
r, > =— Lx,— Lx
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holds, where, here and throughout this thesis, — denotes convergence in the norm topology of X, i.e.
uniform convergence on 2. If L has the property that the image (Lx,,) of every bounded sequence (z;,)
in X has an s-convergent subsequence then we call L s-sequentially compact.

If \— H € B(X) is a Fredholm operator and L € K(X) then we know that A — H + L is Fredholm of
the same index as A — H, but this may fail for an arbitrary L € B(X). However, the following theorem
shows that we can recover this situation to some extent if H and L are s-sequentially compact and L
is sn-continuous. This perturbation result will become important at several stages in this thesis and is
a generalisation of a recent result in [7].

Theorem 2.9. (¢f. La. 2.2 in [7]) Let Y denote one of the spaces X and Xo. If H,L € B(Y), H is
s-sequentially compact and L is sn-continuous then LH is compact. If also L is s-sequentially compact
and X\ # 0, then X\ — L is Fredholm of index zero. Moreover the equivalences

A—H+Ledy) + —Head(Y),
/\7H+L€(I):|:(Y) <~ A*HE(IH:(Y)

hold and, if \— H+ L and A\ — H are both semi-Fredholm, their indices are the same.

Proof. Choose a bounded sequence (x,) in Y. Then (Hzx,) has a strictly convergent subsequence,
(Hzp,,). Since L is sn-continuous (LHx,,,, ) is convergent. Thus LH is compact. Therefore, if L is also
s-sequentially compact, then L? is compact and so A™' + A\72L is a regulariser for A— L. Thus A — L is
Fredholm for all A # 0. But, for [A| > ||L|, (A— L)™' € B(Y), so A — L has index zero. It follows from
Lemma [2.4] that A — L has index zero for all  # 0.

Let M denote one of the sets ®(Y), ®4 (V) and suppose that A — H € M. Then, by Lemma[2.7h),
we have that A\— H + A\™'L(H — L) € M as L(H — L) € K(Y). Since

AN TA=LAN-H+L)=A—H+X'L(H-1L)

we conclude that the operator on the left-hand side of this equation must be in M and further, since
(A= L) € ®(Y), we obtain from Lemma [2.7b) that A\ — H + L must be in M. Thus A\— H € M =
A—H+ L € M. A reversal of the argument, using Atkinson’s lemma, shows the other direction of this
implication.

Lastly, if \ — H+ L € ®(Y) and A — H € ®,(Y) then, by Lemma[2.7)a) and Atkinson’s lemma,
there holds ind(A\— H) = ind(A\—H+A"'L(H—L)) = ind(A\—L)+ind A= H+L) = ind A—H+L). O

Another important feature of s-sequentially compact operators is given in the next lemma. It allows
us to derive information about the range (A — H)(X) from properties of (A — H)(Y'), where Y is an
s-sequentially dense subset of X.

Lemma 2.10. Suppose that H € B(X) is an s-sequentially continuous and s-sequentially compact
operator and that X # 0. Let L := A\ — H and assume further that at least one of the sets L(X) or
L(Xy) is closed in X. Then, if Y C Xg is an s-sequentially dense subset of X, the s-sequential closure
of L(Y') is the set L(X). Moreover, provided that L(X) is closed, the set L(X) is s-sequentially closed.

Proof. Denote the s-sequential closure of L(Y") by mgs. We firstly show that TY)SS C L(X). Let
(yn) be a s-convergent sequence in L(Y), y, — y € X say. Then there exists a sequence (z,,) in
Y so that Lz, = y, for every n € N. (y,) is contained in L(Xy) C L(X) and since at least one of
these sets is closed in X we may assume that the sequence (z,) is bounded (Lemma [2.1)). As H is
s-sequentially compact (Hz,,) contains an s-convergent subsequence, Hx,, 2 2 € X say. There holds
e, = Htp, +Yn,, m €N, so that z,,, > A"'(y + 2) =: z. Since H is s-sequentially continuous
Yn,, = Lz, = Lz =y, whence y € L(X). This proves the desired inclusion. A similar argument
shows that L(X) coincides with its s-sequential closure, provided that L(X) is closed.

On the other hand, if y € L(X) then there exists ¢ € X such that Lx = y. Since Y is s-sequentially
dense in X there exists a sequence (z,,) in Y such that x,, - x, whence Lz,, = (A — H)x,, > 5. Hence

S8

L(X) c L(Y)” and thus we have shown L(X) = L(Y) . O
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Corollary 2.11. Suppose that H € B(X) is an s-sequentially continuous and s-sequentially compact
operator and that A\ # 0. Assume further that at least one of the sets (A — H)(Xp) and (A — H)(X) is
closed and that (A — H)(Xo) contains an s-sequentially dense subset of X. Then (A — H)(X) = X.

Proof. Let X’ denote one of the spaces Xy and X and suppose that (A — H)(X’) is closed and that
(A — H)(Xp) contains an s-sequentially dense subset X, i.e. (A — H) (XO)SS = X. Then the corollary
follows by applying the previous lemma, with Y = Xj, to see that (A—H)(X) = (A — H)(XO)SS =X. O

At several stages of this thesis the following result will become useful. It shows that every s-
convergent sequence, which is bounded in a weighted space X,,, is norm-convergent in X.

Lemma 2.12. Let X = BC(R) or X = BC(Ry). Assume that the weight function w is even and
satisfies (2.3)). If (x,) is a bounded sequence in the weighted space X, then

S
Tp > — Ty, — .

Proof. We only prove the lemma for X = BC(R;.), for X = BC(R) the proof is similar. Suppose that
(,,) is as in the assumption and x,, = 2. Then there holds

[w(s)a(s)] < sup [w(s)an(s)] = sup anll < 00, s € Ry,
neN neN

and we see that x € X,,. Now, for A > 0,

lon —all € sup [2a(s) = 2(s)] + sup |on(s) — 2(s)| < sup [wn(s) — ()] + w(A) " (|nllu + 2])-
0<s<A s>A 0<s<A

Given € > 0, we can firstly choose A large enough so that the second term on the right-hand side of

this inequality is < €¢/2. Then, if n is large enough, the first term is also < €/2, since z,, 2z, whence

x, converges to x uniformly on the compact set [0, A]. Thus ||z, — x| < € for all n large enough, as

required. O



Chapter 3

Integral equations over unbounded
domains

In this chapter we provide the framework for our subsequent analysis of second-kind Fredholm integral
equations on the real-line. Throughout most of this chapter Q denotes one of the sets R, and R, and
X the Banach space BC(€2). For A > 0, we define Q4 := QN [—A4, A].

We consider classes of integral equations on the real-line where the kernel is the product of a fixed
kernel function v and a variable kernel function k, more precisely, integral equations of the form

Azx(s) — /Qv(s,t)k(s7t)x(t) dt =y(s), se€, (3.1)

where A € C. Throughout this thesis, we will assume that v(s,-) € L*() for every s € Q and most of
the time that k varies in a bounded and equicontinuous subset of BC(Q2?).
Define the integral operator K = K on X by

Kpx(s) = /Qv(s,t)k(s,t)x(t)dt, seQxeX, (3.2)

so that we can abbreviate (3.1) in operator notation to
Ax — Kpx =y. (3.3)
Suppose that v(s,t) satisfies the following two assumptions:

Assumption (A).

sup/ [v(s, )| dt < oo.
seEQ JQ

Assumption (B).

/|v(s,t)—v(s—|—h,t)|dt—>0 as h — 0, for every s € Q.
o

Then, by a well-known result (e.g. [40]), the operator K = Ky, for k(s,t) = 1, maps L*>(Q) to X
and is bounded with norm

1K e )—x = K] = sup / (s, )] dt. (3.4)
seQ JQ

In the general case where k € BC(Q?), (A) and (B) are still sufficient to ensure that K is bounded
on X as the next proposition shows.

17
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Proposition 3.1. If (A) and (B) are satisfied and k € BC(Q?) then the kernel v'(s,t) := v(s,t)k(s,t)
satisfies (A) and (B), so that Ky : L () — X and is bounded with norm

Il = 1l < [kl sup [ fo(s, )] .
seQJQ

Proof. We have that
[ sl < bl [ ool seo
Q Q
so that v satisfies (A).
The main task is to show that v satisfies (B). Let s € €, then, for s’ € Q,

o [v(s, t)k(s,t) —v(s', t)k(s',t)|dt

IN

/ [v(s,t)||k(s,t) — k(s',t)| dt + / [v(s,t) —v(s', t)]|k(s',t)| dt

IN

2|\k||/ s, )] dt -+ mae k(1) - st\/ o(s, )] dt

L ots,t) = o D) dt,
Q

Given € > 0, we can choose A > 0 large enough so that the first term on the right-hand side is < €/3.
Further, since k is uniformly continuous on compact sets and (B) holds, the second and third term on
the right are then < ¢/3 if |s' — s| is small enough. We have thus shown that the term on the left-hand
side becomes arbitrarily small if s’ approaches s, whence v’ satisfies (B).

In view of and the preceding discussion, K} : L>=°(Q2) — X and the norm bound holds. O

We notice that the argument of the previous theorem does not depend on the choice of k, provided &
varies in a bounded and equicontinuous subset W of BC(R?) — for then W is uniformly equicontinuous
on every compact subset of 2 x €2. As a consequence the operator K} is s-sequentially compact. We
collect this and some other features of K with regard to the strict topology in the next proposition.

Proposition 3.2. Suppose that v satisfies (A) and (B) and (z,,), (k) are sequences in X and BC(R?),
respectively. Then:

a) If B C X is bounded and W C BC(Q?) is bounded and equicontinuous then the set
Vi={Kix: ke Wz e B}
is bounded and equicontinuous and thus relatively s-sequentially compact.

b) If the sequence (ky) is bounded and equicontinuous then (K, x,) contains an s-convergent subse-
quence. In particular, this is the case when (k,) is s-convergent.

¢) If v, > x then Kz, > Ky, for every k € BO(R?), i.e. K}, is s-continuous.
d) If k, ik oand x, > x then Ky x, 5 K.

Proof. To see a), we note that, for k € W and z € B,
[ Kya(s) — Kpa(s')] < IIQ?H/ [v(s,t)k(s, t) —v(s, 1)k(s', 1) dt,
Q

and, as mentioned above, the term on the right-hand side converges to 0 as ' — s, uniformly in k € W.
a) now follows from Remark

The first part of b) is an immediate consequence of a). But so is the second, for k, ~ k implies
that every sequence in the set W := {k,, : n € N} has an s-convergent subsequence and thus, again by
Remark that the sequence (k) is equicontinuous.
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We now prove part d), of which c) is a special case. Suppose that k, 2 k and z, = . We may
assume w.l.o.g. that sup,,cy [|zn] < 1 and sup,,cy ||kn] < 1, whence [jz||, ||| < 1 by (2.10). Now, let
s € ). Then, for A > 0 and n € N, |K}, z,(s) — Krx(s)| is bounded above by

/ (s, )| (|kn(s, t)an(t) — k(s,t)z(t)]) dt + 2/ |v(s,t)|dt
Qa4

Q\Qa

< (sup (5, 8) — E(5,8)| + sup |zn(t) —x(t)|>/ |v(s,t)|dt+2/ lo(s, )| dt.
teQa teQa Q Q\Qa

Given € > 0, we can first choose A large enough so that the last term on the right-hand side is < €/2
and then, using the uniform convergence of (z,) and (k,) over compact intervals, n large enough so
that the second summand is also < ¢/2. Thus we have shown that
lim Kj, x,(s) = Krx(s), se€. (3.5)
n—oo
By the remark above, the s-convergent sequence (k,) must be equicontinuous. Thus, by part a),
the set { K}, x,, : n € N} is bounded and equicontinuous. It now follows from (3.5) that Ky x, > Ky,

for pointwise convergence on €2 of a bounded and equicontinuous sequence implies uniform convergence
over compact subsets of (). O

Suppose for a moment that were an integral equation over a compact subset 2 of R. An
argument as in the previous proposition shows that Assumptions (A) and (B) would then imply that
K is a compact operator (as it maps bounded sets onto bounded and equicontinuous sets so that the
Arzeld-Ascoli theorem applies). The Riesz theory would then give strong solvability results for the
integral equation . For example, one fundamental result would be that if A £ 0 then

A — K is injective =~ == X — K is surjective and (A — K)~! is bounded, (3.6)

yielding the “uniqueness implies existence” criterion important in many applications. But if the do-
main 2 of the integral equation is the whole real line or half-line then Assumptions (A) and (B) are
not enough to ensure that K is compact as an operator on X, as simple counterexamples (see [I8]
Ex. 3.1]) show. However, not everything is lost: we still have that the image of every bounded set is
relatively s-sequentially compact. We will make heavy use of this fact throughout this thesis.

As is shown in [3] for the half-line case where v(s,t) = 0 for ¢ < 0, a sufficient condition for the
compactness of K on X is the following: v satisfies (A), (B) and

/ [v(s,t)k(s,t)|dt — 0, as|s| — oo, (s € Q).
Q

The latter condition is certainly fulfilled if £ € BC(?) and (C) is satisfied:
Assumption (C).
[v(s,t)|dt — 0, as|s| — oo, (s € Q).
Q

Together with (A) and (B), a necessary, yet not sufficient, condition for compactness of K on X is

sup / lv(s,t)k(s,t)|dt — 0, as A— oo,
sEQ Q\QA

as is shown in [I8] for the half-line case. This condition is certainly fulfilled if k € BC(Q?) and v satisfies
the following assumption:

Assumption (D).

sup / lv(s,t)|dt — 0, as A— oo.
sEN Q\QA
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This condition will play an important role in this thesis. Its importance lies in the fact that it
implies the sn-continuity of the operator K (together with (A) and (B)). We show this in the next
proposition.

Proposition 3.3. Suppose that the kernel v satisfies (A), (B) and (D) and that k € BC(R?). Then
Ky, is sn-continuous, i.e. if (x,,) is a bounded sequence in X then

T, >r — Kizr, — Kizx.

Proof. For s € Q and A > 0, the term |Kjz,(s) — Krz(s)|, is bounded above by

[ <Sup |2 (1) —x(t)\/ [v(s, )] dt +2 sup ||z, || Sup/ Iv(s,t)ldt> :
teQa Qa neN s€Q JO\Qa

Given any € > 0, the last term in the bracket on the right-hand side can be made < €¢/2, for all s € R, by
choosing A large enough; this is possible since v satisfies (D). Keeping this A fixed, the first term can

be made < ¢/2, for all s € R, by choosing n large enough because we have assumed (A) and z,, > =.
Thus Kpx, — Kiz, as desired. L]

Throughout most of the thesis we assume that v is bounded by a convolution kernel, precisely, that
v satisfies the following assumption

Assumption (A’). There exists k € L*(R) such that, for all s € Q, the following inequality is satisfied
for a.e. t € Q:
v(s, t)] < [K(s —1)].

We note that (A’) clearly implies that (A) holds. Assumption (A’) is satisfied in most practical
applications, in particular, it is satisfied if v(s,t) is a convolution kernel, i.e. if v(s,t) = k(s —t), for
some x € L'(R), in which case v also satisfies Assumption (B) and ||K|| = sup,eg, [|lvsl1 = |5/ [E0]

As is common practice, we often act as if the elements of L' (R) were functions rather than equivalence
classes of functions.



Chapter 4

Spectral properties of integral
operators in weighted spaces

In this chapter we compare the spectral properties of the Fredholm integral operator on X =
BC(R) and the weighted subspaces X,, of X as defined in Section For most of the chapter we
assume that k(s,t) = 1 and that v(s,¢) = 0 for ¢ < 0, so that reduces to an integral equation
on the half line. This makes the notation somewhat simpler and we will point out how our results
generalise to the real-line case in Section

We thus focus our attention on the integral equation

Az(s) — /OOO (s, )z(t)dt = y(s), seRy, (4.1)

where the given right-hand side y and the sought solution z belong to the space X = BC(R.).
We have already mentioned that a well-studied special case of some interest is that when v(s,t) =
k(s —t) for some k € L*(R), in which case (4.1]) is the integral equation of Wiener-Hopf type

Az (s) — /OOO k(s —t)z(t)dt = y(s), se€R,. (4.2)

In this case (A) and (B) are satisfied and ||K|| = ||&||1-
As in (3.2), we define the half-line integral operator K on X as

Kax(s) = /OOO v(s, t)x(t)dt, se€R4. (4.3)

4.1 Boundedness in weighted spaces

A first major aim of this chapter is to derive conditions on v and w, which ensure that K : X,, — X,
and is bounded. To this end, let K, denote the integral operator defined by

Ky = MyKM,, (4.4)

where, for w € C(Ry), M, is the operation of multiplication by w. K, is an integral operator of the
form (4.3]) and has the kernel function v, given by

w(s)
w(t)

We note that the equivalences and implication in (2.5)—(2.7) hold for L = K and L,, = K,,. Combining
(2.5) and (3.4), we obtain a characterization of the boundedness of K on X,,:

Uy (8,1) == v(s,t), s,teR,. (4.5)

21
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Proposition 4.1. Suppose that the kernel v satisfies Assumptions (A) and (B). Then K € B(X,) if

and only if
s S
sup/ |vw (s, t)| dt = sup/
seRy JO seRi JO

in which case v, also satisfies (A) and (B).
Proof. Necessity: The following inequality shows that (| is a necessary condition for K € B(X,,):

e & ) & s [T
SER+
Sufficiency: We note that 0 < w(s)/w(t) <1if 0 < s <¢t. Thus,
sup/ ‘w(s)v(s,t)‘ dt < sup/ w(s)v(s,t)‘ dt + sup/ lv(s,t)|dt.
sery Jo | w(t) seky Jo 0

w(t) seR 4
The rightmost term in this inequality is finite since (A) is satisfied by v. Hence v, satisfies (A),
provided (4.6) holds. To see that v, also satisfies (B) note that, for s, € Ry,

(s, 8) — v (s, O dt < Juw(s)] G0 b+ fus) N
0Oo t)

< |/ o(s, ) — v(s' 1) dt + [w(s) — w(s’ |/ o(s', ) dt.

Z(j)v(s7t)‘ dt < oo, (4.6)

S w(s)
v(s,t)|dt > sup/ v(s,t)| dt.
sl > swp [ 58 (s0)

As w is continuous and (A) and (B) are satisfied by v, the summands on the right-hand side of this
inequality tend to 0 as s’ — s. It follows that v,, satisfies (B) and, by Proposition K eB(X,). O

In the remainder of the chapter we will assume that v satisfies (A’) and that the kernel bound &
satisfies the following assumption:

/OWdt:/o wl(z(t—)t)dt:O(wgs))’ as s — oQ. (4.7)

Clearly, Proposition [4.1] has the following corollary.

Corollary 4.2. Suppose that the kernel v satisfies (A’) and (B). Then K € B(X,,) if ([4.7) holds. In
the Wiener-Hopf case v(s,t) = k(s —t), with k € L}(R), K € B(X,,) if and only if (&7) holds.

We note some simple consequences of condition (4.7). Firstly, it follows from (4.7) that

s+1
w(s)/ |k(t)| dt = O(1), ass— oo, (4.8)
holds and that, for every A > 0,
1 24 1
= S 4.
w(S_A)/A I(t)| dt o(w(s)), as 5 — 00, (4.9)

because there holds, for s > 2A,

2 k()] 0] *Is(®)]
/A w(s—A)dtS/A w(s—t)dtg/o w(s —1t) dt.

Unless (t) = 0 for almost all ¢ > 0, the integral in is non-zero for some A > 0, so that
implies that
w(s)
w(s — A)
for some A > 0. But it is clear that must then hold for all A > 0.
Inspired by these observations, let us introduce at this point two additional assumptions which play
a key role in this thesis:

=0(1), s— oo, (4.10)



Spectral properties in weighted spaces 23

Assumption (E).

s—A
w(s)
su k(s —1t)|dt =0(), as A— oc.
sip [ 2 w(s =)l = 0()
Assumption (F).
w(s+1)

w(s) =0(1) ass— oco.

For weight functions w satisfying (F') and A > 0, we introduce the notation

AL = wl) _ o 411
2R <% (1)

Clearly, (F) limits the growth of w, implying that
w(s) < Ce”, seRy,

for some constants C' > 0 and b > 0.
The next proposition, our first important result, shows that (A’), (B), (E) and (F') are sufficient
conditions to ensure that K € B(X,,).

Proposition 4.3. Assumption implies (E). Unless k(s) = 0 for almost all s > 0, also
implies (F). Conversely, (E) and (F) together imply [£.7). Thus, if v satisfies (A’), with k € L*(R),
and (B), (E) and (F) hold, then K € B(X,,) and vy, satisfies (A) and (B).

In the Wiener-Hopf case v(s,t) = k(s —t), with & € L*(R), it holds that K € B(X,,) if and only if
(E) and (F') are satisfied or k(s) =0 for almost all s > 0.

Proof. The first two assertions are immediate from the definitions and the discussion in the preceding
paragraph. We thus start by proving that (E) and (F') imply (4.7). Note that (E) implies that, for

some A >0 and C > 0,

s—A

-1

/ K =Bl o € gsoa (4.12)
A w(t) w(s)

From this inequality it follows that

1 24 3 24 k(s — 1) C
w(QA)/A (s t)|dt§/A it s szsa

Thus, for s > 2A,

/AWs_t)'dtS/A|f<;(s—t)|dt:/2A|“(S+A—t)|dt§C veA ot )
0 0 w

w(t) A (s+A) = w(s)
Also, by Assumption (F),
’ —t 1 A AA
/ (s =Dl gy o / ()| dt < Dulsl (4.14)
s w(t) w(s—A) Jo w(s)
Combining inequalities (4.12)) through (4.14) we see that (E) and (F') imply (4.7). The rest of the
proposition follows from Corollary [£:2] and Proposition O

4.2 Solvability in weighted spaces

Having established conditions for the boundedness of K on X,, we now turn our attention to the
Fredholm and invertibility properties of A — K on X,,. We show that if (A’) and (B) and two stronger
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versions of (E) and (F') are satisfied then the much stronger result that the spectrum of K is the same
on X as on X, holds, i.e.

Sx(K) = Zx, (K), (4.15)
Uk (K) =Xk, (K), (4.16)

We will also show that then Y% (K) = Ziw (K).

Because of equation we are able to relate the invertibility and Fredholm properties of A — K on
X to those of A\— K on X,, by comparing the operators A — K and A — K, acting on X. The difference
between the second and the first of these operators is K — K, an integral operator of the form
with kernel v — v,,. In many cases, for example [20] if k(s) = O(s79) as s — oo for some ¢ > 1 and
w(s) = (1 + s)P, with 0 < p < ¢, it holds that K — K, is compact on X, so that A — K is Fredholm if
and only if A — K, is Fredholm. To obtain the sharpest results, i.e. to show and for the
widest class of weight functions w, it will prove important also to consider cases when K — K, is not
compact but v — v,, satisfies (A), (B) and (D). For such operators we have the following perturbation
result as an immediate consequence of Theorem

Theorem 4.4. Suppose K, K’ are two integral operators of the form (4.3) with kernels v, v’ satisfying
conditions (A), (B) and v’ also satisfying (D). Then K'K is a compact operator on X. If, in addition,
A#0, then A — K' € ®(X) with index zero,

A—K+K ed(X) <= I—KedX), (4.17)

and

A-K+K ed (X) <= MN—Kedi(X),
and if the operators in are both Fredholm then their indices are the same. Moreover, if K, K' €
B(Xy) then the theorem also holds with X replaced by Xp.

Proof. The assumptions imply that K and K’ are s-sequentially compact (Proposition and that
K’ is sn-continuous (Proposition . Theorem now yields the desired result. O

Clearly, we set K’ := K — K,, and hope to find conditions on v so that v — v,, satisfies (A), (B)
and (D). Let us consider first the Wiener-Hopf case when v(s,t) = k(s — t) for some x € L'(R). Since

w(s)
w(t)

w(s)
w(t)

‘1 +1, 0<t<s,

we have that

sup /S_Aw(?|m(s—t)|dt< sup /Oo‘l—w(s) |k(s —t)| dt + sup /S_A|/~@(s—t)|dt.

s>24Ja  w(t) s>24.J 4 w(t) s>24.J 4

Now, for s > 2A,
s—A oo
[ = oldes [ inwldu—o.

A A

as A — oo. Thus, in the Wiener-Hopf case, if v — v,, satisfies (D) then the following stronger version
of (E) holds:

Assumption (E’).

s—A
sup / w(s)|fi(s—t)|d1f—>O7 as A — oc.
s>24Ja  w(t)

Moreover, if £ does not vanish a.e., and v — v,, satisfies (D), then a stronger version of (F') also
holds, namely
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Assumption (F’).
w(s+1)
—— —1, ass— o0.
w(s)

This assumption limits the growth of w still further, implying that for all b > 0,
w(s) = o(e*), s — 0.

To see that (D) implies (F”) in the Wiener-Hopf case, suppose that (F’) does not hold. Then since,
for all § > 0, w(s+1)/w(s) — 1 as s — oo if and only if w(s+ d)/w(s) — 1 as s — 00, it follows that
for every 6 > 0 there exists € > 0 and a sequence (s,,) of positive numbers with s, — co as n — oo such

that
w(sy +9)

>14¢ neN.

It follows that, for every n,

w(sy +9)
w(t)

Now, if v(s,t) = k(s — t) and v — v,, satisfies (D) then for every n > 0 there exists A > 0 such that

w(sy) 1
wit) S 1te

>1+4e¢ 0<t<s,, , t>s,+0.

- W(S)’
sup 1— —=||k(s—1t)|dt <n.
s [ - |- ora<o

This implies that, for every n for which s,, > A, we have

Sn € oo
e[ R(serd—t)|dt <y, —— (89 — £)] dt < 1.
/A 1+e Sn+0

Since s,, — 00 as n — 00, it follows that

(/_(;_,_/;o> |/$(t)|dt<n1_€|_6’

for all n > 0. Thus k(¢) = 0 for almost all ¢ with |¢| > ¢ and, since this holds for every § > 0, we have
that ~ = 0.

In the proof of the following theorem, we show that, conversely, (E’) and (F’) are sufficient condi-
tions to ensure that v — v,, satisfies (D) whenever (A’) holds with x € L*(R).

Theorem 4.5. Suppose v and w satisfy Assumptions (A’), (B), (E') and (F'), with k € L*(R). Then
the difference kernel v —v,, satisfies conditions (A), (B) and (D), so that K — K., is an sn-continuous
operator. In the Wiener-Hopf case v(s,t) = k(s —t), with k € L'(R), v — v, satisfies (A), (B) and
(D) if and only if k and w satisfy (E’) and (F') or k = 0.

Proof. If v and w satisfy (A’), (B), (E’) and (F’), then from Proposition and Corollary we
have that v,, satisfies (A) and (B), so v — v, must also satisfy (A) and (B). It remains to check
whether v — v, fulfils (D).

Let s > 0 and 0 < A* < A/2. We have

[4%‘(1 - Z’fé;) (s, )| dt < /:0‘1 - Z((j;‘|f<;(s—t)|dt

max{s—A*,A} max{A,s+A*} 00 UJ(S)
< / +/ +/ ‘1— ‘|fe(s—t)|dt. (4.18)
A max{s—A* A} s+A* U}(t)
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We use (E’) to bound the first integral on the right-hand side of equation (4.18)). Note that it is
non-zero only if s > A + A*. Further, if s > A+ A* > 2A* then

max{s—A" A} s—A*
/ ‘1—“’((‘;)‘%(84)@ < / W) (s 1) dt < B,
A

A w

where

s—A*
Ei« := su / ——= k(s —t)|dt — 0
A szzg* A w(t) I )

as A* — o0, as a consequence of Assumption (E’).
The second integral in (4.18)) vanishes for s < A — A* < A/2. So

max{A,s+A"} wl(s
/ - ()’|n(57t)|dtSCA*(A/Z)HHHM
max{s—A* A} w(t)

where

w(s) w(s)
ca(A) j;lgmax{ W+ A7) w5 — A7) } — 0, as A— oo,

as follows by Assumption (F).
Lastly, since 0 < 1 —w(s)/w(t) <1 for s <t, we have for the third integral in (4.18]) that

/m 1-— w(s) ‘|/@(s —t)|dt < /_A* |k(u)|du — 0,

s+A* w(t) —0o0

as A* — oco. Thus

o _A*
sup/ ‘(1 — u;(s)) U(S,t)’ < Egx —|—/ |k(w)| du + ca-(A/2)||K]|1,
s>0JA w(t) —00
and, given any ¢ > 0, we can choose A* such that the sum of the first two terms on the right-hand
side of this inequality is less than €, and then ca+(A4/2)||s|1 < € for all sufficiently large A. Therefore,
v — vy, satisfies (D) and, by Proposition K — K,, is thus sn-continuous.

The results for the Wiener-Hopf case follow from the paragraphs preceding Theorem and as a
special case of the general result, since (A’) and (B) are then automatically satisfied. O

If the conditions of Theorem hold we may invoke Theorem with K’ := K — K,, to obtain
the following central theorem of the present chapter. Here and henceforth we will use the following
notation: If k € L*(R) then we let W(k) stand for the collection of all even w € C(R) fulfilling
and Assumptions (E’) and (F’). (We mention the important fact that W(k) is never the empty set,
but defer its proof until the end of Section [4.4])

Theorem 4.6. Suppose that v satisfies (A’), (B), with k € L*(R) in (A’), and that w € W(k). Then,
for every A € C, there holds

AN-—K)eM = MN—-KyeM = MA-K)eM,, (4.19)

where M denotes one of the spaces GL(X), D(X), L (X) and M., its counterpart in GL(X,,), (X)),
O,y (Xy). The indices of \— K on X and A — K on X, coincide if A — K is semi-Fredholm. Moreover,

0 € X% (K) = X% (Ku) = X%, (K), (4.20)
0€Xx(K)=2x(K,) =2x, (K), (4.21)
0eXE(K)=2L(K,) =% (K). (4.22)

w

In order to prove this theorem, we need the following auxiliary proposition, which shows that 0 is

contained in all the spectra in (4.20)—(4.22).
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Proposition 4.7. Suppose that v satisfies (A’), (B), with k € L*(R) in (A’), and that w € W(k).
Then K ¢ &L (X) and K ¢ ®4(X,,). In particular K is not Fredholm and not invertible on X and X,,.

Proof. We will prove all claims by contradiction.

(i) Suppose first that K € ®_(X). Then X = K(X) @ Z for some finite dimensional subspace
Z of X. Let P denote the projection from X onto K(X) along Z and define the sequence (z,) by
xn(8) := exp(ins), n € N. This sequence is obviously not equicontinuous. Now, we let (z,) := (Pxzy).
Since (z,) is bounded and P is continuous and has finite dimensional range (z,) is a bounded and
equicontinuous sequence. Thus the sequence in K(X) given by (y,) := (x, — 2,) is bounded but not
equicontinuous. However, K is normally solvable and, by Lemma there exists a bounded sequence
(z7,) in X such that Kz/, = y,, n € N. Since v satisfies (A) and (B) Proposition [3.2] applies, showing
that the sequence (Kz!) = (y,) must be equicontinuous, a contradiction. Hence, our assumption was
wrong and K ¢ ®_(X). The assumptions of the proposition imply, by Proposition that v,, satisfies
(A) and (B) so that a similar argument shows that K,, ¢ ®_(X) and thus, by (2.7), K ¢ ®_(X,,).

(ii) Now suppose that K € ®,(X). We choose a sequence of functions (z,) in X so that

|znll =1, suppz, C [n,n++), neN. (4.23)

Let X' := span{x, : n € N}, the closure of the linear space spanned by these functions. Since n # m
implies that x, and x,, have disjoint supports it follows that each x € X’ must take the form z =
a1y + ass + ..., where (a,) is a sequence in C; moreover, z is then the limit of a sequence in the
closed subspace X of X, for each element of span{z,, : n € N} has compact support and so lies in Xj.
But this means z € X, and thus o, — 0 as n — co. On the other hand, if (o) is a sequence with
o, — 0 as n — oo then = := o121 + aoxo + ... lies in X’. Thus

X' = {Z ApTy : lim o, = O} C Xop.
neN

It is clear that, if U C X’ is bounded then U is equicontinuous. Hence each bounded subset of X' is
relatively s-sequentially compact (see Remark .

Since X' is closed and kerx(K) is finite-dimensional, X’ + kerx (K) is closed. It follows from
Lemma [2.2] that the restriction K’ := K|x/ of K to X’ is normally solvable. Moreover, N := ker K’ is
finite-dimensional, whence K’ € &, (X', X). By Lemma [2.5] there exists a compact projection P from
X’ onto N which satisfies

o]l < CIK e] + 1Pal), @€ X', (4.24)

where C' > 0 is a constant. Since P is compact and (x,) is bounded, we obtain Pz, — z for some
xo € N and a subsequence (z,,, ) of (z,). By (4.24)), it holds that

., = 2ol < C(IK"(@n,, — z0)|| + | P(2n,, — z0)]l), m €N. (4.25)

Observe that, since 2o € N C Xy and (4.23)) holds, the left-hand side converges to 1 as m — oo.
But the terms in the bracket on the right-hand side converge to 0 as m — oo: since x¢p € N holds
K'(zy, —xo) = K'z,, and, as v satisfies (A’),

) N +1/Tm
Kan, (9 < [ (s = Olen, Olde < [ Jets = 0l dt 0,
0 nm
as m — oo, uniformly in s > 0. This contradicts ([£.25), so that K’ ¢ ®, (X', X). Thus our initial
assumption was wrong, i.e. K ¢ &, (X).

(iii) Next, we assume that K,, € ®4(X). Then the argument in (ii) yields that K/, € &, (X', X),
where K|, := K,|x and X’ is defined as above. It follows from the assumptions that (K — K,,) is sn-
continuous, see Theorem Since each bounded set in X" is relatively s-sequentially compact we obtain
that (K’ — K/,) € K(X', X). But, by Lemma [2.7] this means that K’ = K, + (K’ — K,) € &, (X', X),
which cannot be true as (ii) has shown. Thus K,, ¢ ®;(X) and, by 2.5), K ¢ ®,(X,). O
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With this proposition at hand, we now commence the proof of Theorem

Proof. Proposition has just shown us that 0 is contained in all of the sets in (#.20)-(4.22). Note
that, by (2.5), we only need to show the first equalities in equations ([4.20)-(.22).

If X # 0 and M is one of the sets ®(X) and @ (X) then (4.19)) and the statement about the indices
immediately follow from Theorem (applied with K’ = K — K,,) and Theorem [4.5| Together with
the discussion of the case A = 0 this shows that and hold.

To establish (4.19) when M = GL(X), and thus , note that, by what we have just shown,
(A\—K)~! € B(X) implies that A— K is injective and Fredholm of index zero on X,, C X. But this means
that (A— K) : X, — X, is also surjective, and thus, by Banach’s inverse theorem, (A— K)~! € B(X,,).

For the other direction, if (A — K)™! € B(X,), then X,, C (A — K)(X) and also, by what has
already been shown, A — K is Fredholm of index zero on X, so that (A — K)(X) is closed in X. From
Corollary it follows that A — K : X — X is surjective, for (A — K)(X) contains the s-sequentially
dense subset X, of X. Since the surjective operator A— K has index zero on X, it must also be injective,
whence A ¢ ¥ x(K) by Banach’s inverse theorem. O

As an immediate consequence of Theorem we have the following corollary on the solvability of
the integral equation (4.1)).

Corollary 4.8. Suppose v satisfies Assumptions (A’) and (B), with k € L'(R) in (A’). Assume
further that, for some w € W(k) or for w(s) = 1, the integral equation has an unique solution
x € Xy for every y € Xy. Then, for all w € W(k) and for w(s) = 1, the integral equation has
an unique solution x € X,, for every y € X, and

sup |w(s)z(s)| = [|z]lw < Cllylle = C Sup [w(s)y(s)l,
seR4

seRy
where C' is a positive constant depending only on w,v and \.

Apart from this straightforward interpretation, we can derive more subtle results from Theorem
One of them is: whenever the assumptions of Theorem [£.0] are satisfied and A\ — K is Fredholm, then
the null space of A — K (on X) is contained in the intersection of all X,,, w € W(k). This result is a
consequence of the next proposition, which shows that the range (A — K)(X) has a complement (with
respect to the space X) that is contained in X,,, provided A — K € &_(X).

Proposition 4.9. Suppose that v satisfies (A’), (B), with k € L*(R) in (A’), and that w € W(k).
Let A € C. Then, if one of the operators L := A\ — K on X and LY := L|x, on X,, is a ®_-operator
then so is the other. Moreover, if both operators are ®_ then there exist finite-dimensional subspaces
Ny, and N of X, such that N is contained in N,, and

X=LX)®N, X,=L(Xy)®x, N (4.26)
In particular, there holds B(L) < B(L™).

Proof. The equivalence has already been shown in Theorem It remains to prove (4.26]). To this
end, suppose that L and L™ are both ®_-operators. Then we have the following decomposition

Xw = L(Xw> EBXU, Nwa

where L(X,,) is closed in X, and N, a finite-dimensional subspace X,,.
The subspace L(X) N Ny, which might be 0-dimensional, is complemented in N,,. Let N denote
one of its complementary spaces. Then X,, = L(X,) ®x, (L(X)NN,) x, N; moreover

Xy CL(X)+ N. (4.27)
We now show that N is the sought complementary space of L(X), i.e. that there holds

X =L(X)®N. (4.28)
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By construction, N N L(X) = {0}. Moreover, both L(X) (by assumption) and N (since it is finite-
dimensional) are closed subspaces of X, where here and in the remainder of the proof the terms closed
and bounded are always to be understood with respect to the norm topology of X. Hence, we only need
to show that L(X) 4+ N is indeed the whole space X.

Since L(X) 4+ N is the sum of a closed and a finite-dimensional subspace of X it is closed and,
equipped with the norm of X, a Banach space in its own right. Thus the projection P from L(X)+ N
onto N along L(X) is continuous and, since it has finite-dimensional range, also compact.

Choose an arbitrary y € X. We have to show that y = ¢/ + ¢’ with ¢’ € N and 3" € L(X). Since
X, is s-sequentially dense in X there exists a sequence (y,,) in X,, such that y, = y. Note that by,
, this sequence is contained in L(X )+ N. Since this sequence must be bounded and P is compact,
(¥y,) = (Pyn) has a norm convergent subsequence, y;, — 3y’ € N say. Thus y,,, —y,, Zy—y =9
But the sequence (yy,, — ¥y, ) is contained in L(X). Since v satisfies (A’) and (B) K is s-sequentially
continuous and s-sequentially compact and thus, by Lemma we know that L(X) is sequentially
closed with respect to the strict topology. Thus the limit y” must be in L(X), whence y = ¢’ +y” €
N + L(X) follows. Thus holds and the theorem is shown. O

As a corollary we obtain in the next proposition, under the same assumptions on v and w, that if
A — K is Fredholm then the kernel of A — K is contained in X,,.

Proposition 4.10. Suppose that v satisfies (A’), (B), with k € L*(R) in (A’), and that w € W(k).
Then, for every X # 0, if one of the operators L :== A\ — K on X and L" := L|x, on X, is Fredholm
then so is the other and moreover,

(L) = a(Ly), B(L) = B(Lw), (4.29)
so that ker L = ker L™ C X,,.

Proof. By previous results, we already know if one of the operators L and L* is Fredholm then so is the
other and the indices of both coincide. The null space ker L* is contained in ker L, and hence (L") <
a(L) and B(L™) < B(L). But Proposition [4.9|shows that S(L") > B(L), whence (L") = 5(L). From
the equality of the indices we then also get that holds and the corollary follows. O

This proposition has a noteworthy consequence for the solvability of the integral equation (4.1),
when A — K is Fredholm: for a given y € X, any two solutions x1(s), z2(s) of (4.1), if they exist, show
the same behaviour as s — oo.

Corollary 4.11. Suppose that v satisfies (A’), (B), with k € L'(R) in (A’), and that w € W(k).
Further, assume that X ¢ X% (K) = 35 (K). Then the integral equation has at least one solution
21 € X if and only if y € (A — K)(X); in this case the set S of all solutions of with right-hand
side y takes the form

S =z +kerx, (A — K).

w

Moreover,
lim ’xl(s) — xg(s)‘ =0, z2€S5,
§—00

so that, provided the limit lims_ o x1(S) exists, there holds

lim x1(s) = lim z5(s), x3 € S.

§— 00 §— 00

4.3 Sharpness of Assumptions

In the special case that v(s,t) =0 for 0 <t < s, by Proposition K € B(X,,) for every w satisfying
[2.3), as we have observed already for the Wiener-Hopf case in Proposition Slightly more can be
said about the relationship between ¥ x (K) and Yx,, (K) in this case.
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Theorem 4.12. If v satisfies (A) and (B) and v(s,t) =0 for 0 <t < s, then K € B(X,) and

If also (F') holds and v satisfies (A’) for some k € LY(R), in which case k can be chosen with
k(s) = 0,5 > 0, then Assumption (E’) holds so that Theorem applies and, in particular, (4.20) and

hold.

Remark 4.13. This result shows that, if v satisfies (A’) and (B), with k(s) =0, s > 0, then (4.30)

holds, and that if also w satisfies (F") then (4.20) and (4.21) hold. Ezample below shows that, if
w satisfies (F) but not (F'), then no stronger relationship between spectra than (4.30) need hold. In

particular, it need not hold that Y x, (K) = Xx (K) nor that X% (K) C X% (K).

Proof. Let u > 0 and define for every y € X the function y,, € X by setting y,(s) = y(s) for s > u and
yu(s) = y(u) for all 0 < s < u. Then |lyy|| = supss, |¥(s)]-
Suppose v satisfies the assumptions of the theorem. Then K € B(X) so that for every z € X we
have
[Ka(s) = [Ko.(s)] < K] < [ K] supla(o)], s € R

Hence K € B(X,,) with norm not larger than || K.
To prove (4.30)) let us assume that A ¢ Lx(K), i.e. (A — K)~! € B(X). Then, for every y € X the
integral equation

Az(s) — /OO v(s,t)x(t)dt = y(s), seR;. (4.31)

has an unique solution € X and ||z|| < Clly|.
Let u > 0 and y € X. Denote by x,z* the unique solution of (4.31)) with right-hand side y, yu,
respectively. We shall see in a moment that

x(s) = z"(s), s> u, (4.32)

holds, so that
supla(s)] < [l < Cllyull = Csup [y(w)].
Thus, if y € X, then € X, with |||/, < C||y|lw. Hence (A — K)~' € B(X,,), i.e. A ¢ Xx, (X) which
is what we set out to show.
It remains to prove that (4.32) is true. To this end let us show that the integral equation

Nis) — / T us0Et) = §(s), s€R,. (4.33)

max{s,u}

has an unique solution # € X for every § € X. Denote the kernel of the integral operator K, in (4.33)

by v, so that
0 0<t<u
vp(s,t) =< - T o seR,.
(0 {v(s,tL u<t, "
Also, set v_ := v — v;. It is not hard to see that v_ satisfies Assumptions (A), (B) and (D). We
apply Theorem with K’ = K — K to see that A\ — K is Fredholm of index 0 since A — K (as an

invertible operator) is Fredholm of index 0. To see that A — K is also surjective and thus invertible,
choose any 3 € X and let z := (A — K)~17 and set
H(s) = z(s)— % [Fu(s,t)z(t)dt, 0<s<u,
x(s), s> u.

Then 7 € X and (A — K1)# = (A— K)z = § and thus A — K is surjective, whence (A— K,)~! € B(X).
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For the last step, we define the function z by

z(s) == i/oo v(s, t) (z(t) — (1)) dt, s R4

max{s,u}

Then, by the definition of x and x*,
z(s) = z(s) —z“(s), s>u. (4.34)

Thus Az = Kz and, since (A — K) is injective, z = 0; now (4.34)) implies that (4.32]) must indeed be
true and the theorem follows. O

We now comment further on the necessity of the requirement (F") in the Wiener-Hopf case v(s, t) =
k(s —t). We have seen in Proposition that, unless x vanishes on the positive half line, necessarily
(F) holds in this case if K € B(X,). We have seen also that our method of argument, based on
Theorem [£.4) applied with K’ = K — K,,, so that v — v,, must satisfy (D), requires that w satisfies the
stronger condition (F”). Thus (F”) is a necessary condition for K — K, to be compact, though not, as
discussed above, a sufficient condition. But the question arises as to whether, in the Wiener-Hopf case,
Assumption (F’) is also necessary for the results of Theorem to hold.

We can give a partial answer to this question by considering the weight function w(s) = exp(bs),
b > 0, which satisfies (F) but not (F’). In this case, if v(s,t) = x(s —t) with k € L'(R), then
U (8,1) = Kp(s — t) with ky(s) := k(s) exp(bs). Thus

K € B(Xy) <= /OO |k(t)|e’ dt < . (4.35)
0

Further, if (4.35) holds, then, from (1.9) and (1.10]) applied with x = k3, we deduce that
¥, (K) = {&( —ib) : £ € R} U {0} (4.36)

and
S, (K) = S, (K) U A s Jarg(\ — &(€ — i8))]% # 0}, (4.37)

— 00

with & defined by (1.11)). Thus we have explicit expressions in this case for the spectrum and essential
spectrum of K as an operator on both X and X,, and can check for a particular choice of x whether
these spectra coincide, i.e. whether (4.20) and (4.21)) hold. We point out that, if (4.35)) holds, then

s—A 0
sup / w(s)m(s—tﬂdt:/A e |k(t)| dt — 0

s>24Ja  w(t)

as A — oo, so that (E’) holds. Thus all the conditions of Theorem are satisfied in this case, except
that (F”) is replaced by the weaker (F).

The following examples illustrate the range of possible behaviour. The first example shows that
there exists a large class of k for which and do hold, while the second example shows that
and (4.21)) do not hold for a large class of x. The third example is a case in which x(s) = 0,

s> 0, and (4.20) and (4.21) do not hold, although, by Theorem (4.30) applies.

Example 4.14. Suppose that f is real and even and that

| e 0s) + 1)) ds < o
0

Then f(f) is analytic in the strip |Im¢&| < b/2 and continuous in [Im¢| < b/2. Further f(g) = f(—ﬁ),
Tm&| < b/2. Define k(s) := e*/2f(s). Then [&.35) holds and

R(E) = f(E+ib/2), R(E—ib) = f(E—ib/2), EE€R.
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Thus, and from (1.9), (1.10), (4.36) and (4.37)) it follows that (4.20) and (4.21) in Theorem hold.

If A\ — K is Fredholm on X then its index (see e.g. [40, [57]) is

L larg(h — A€

V= 2T

so that the index of A — K on X, is
1 N N | e enieo
o lara(A — R(E — D)% = 5-[ara() — K(-)]% = 7.

Thus the other conclusion of Theorem[{.6 does not hold in this case since, if A — K is Fredholm on X
and X,,, its index on X is the negative of its index on X,,.

Example 4.15. Suppose that k is real and even and that (4.35)) holds. Then &(§) is real and even so
that
Ex(K) = EX(K) = [r—, k4],

where ki = infeer R(E), Ky = supgeg A(§). But

(€ —ib) = /Oo r(s)e’® cos(Es) ds + 2i /OOO k(s)sinh(bs)sin(s) ds, & € R.

— 00

The imaginary part of R(§ — ib) is the sine transform of 2k(s)sinh(bs). By the injectivity of the sine
transform, unless k = 0, Im &(§ — ib) # 0 for at least one £ € R, so that

I (K) #3%,(K), Ex(K) # Xx(K).

K(S):{o; 5>0

e’, s<0.

Example 4.16. Define k by

Then (4.35) holds for all b > 0 so that K € B(X,). Also

KO = e A€ = g €€R
so that
{3 w32
and
S ) G (RIS EE i
1+b) 2(1+0b) 1+b) ~2(1+0)
Thus Yx Yx, (K) and 5 (K) # 5%, (K); in fact X% (K) N X%, (K) = {0}. But note that

(K) #
Yx, (K) C 2x(K), in agreement with Theorem

4.4 Sufficient conditions on kernels and examples

While in applications Assumption (F’) is often easily verified, Assumption (E’) is typically much
harder to check. In this section we derive simpler conditions which imply that (E’) holds, and give
examples of kernels and weights which satisfy (E’) and (F”). Further, we provide and discuss examples
of kernels and weight functions to which our results apply.

In most cases of practical interest it holds that w(s) is continuously differentiable, at least for all
sufficiently large s, say s > sg. In this case we have that

2] 2] nee
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so that, if
w'(s)

w(s)
then (F”) holds. Of course, not every w satisfying (2.3)) is differentiable. But for every w € C(R4)
satisfying (2.3]) the function

— 0, ass— o0,

[ w(t) dt
I w(t) dt
satisfies (2.3) and is continuously differentiable. Further, we have the following result.

w(s) = , SERy,

Lemma 4.17. Assumption (F) holds if and only if

g((;)) =0(1), ass— oo. (4.39)
Assumption (F") holds if and only if
i;((;)) — 0, ass— oo. (4.40)
If w satisfies (F') then, for some C >0,
ZS; < i(s) < Cuw(s), s>0. (4.41)
Proof. For s > 0, ( 5 ( )
w(s w(s _ w(s+1
w() = [Lu(t) dt < (s) [ w(t) dt s wls+1),

so that

and, for s > 1,

wls 1) B g ( /j“ '(t) dt) |

w(s) w(s—1) _1 w(t)
From these inequalities the equivalence of (F') and (4.39) and also that of (F’) and (4.40) follows.
Further, if (F) holds then, w(s + 1) < Al w(s), s > 0, so that (4.41)) is true. O

In view of this result, in order to check that (E) and (F') hold, or that (E’) and (F’) hold, it
is sufficient to check that w satisfies or ({£.40), respectively, and that (E) or (E’), respectively,
hold with w replaced by w. We will assume in the remainder of this section, when deriving conditions
which ensure that (E’) and (F”’) hold, that w(s) is continuously differentiable for all sufficiently large
s. The reader should bear in mind that if @, which is necessarily continuously differentiable, satisfies
the conditions we require in the various propositions below, then w satisfies , and (E’) and
hence, by Lemma [£.17] w satisfies (E’) and (F”).

Our first two propositions deal with the case when w'(s)/w(s) is bounded by /s for some 6 > 0
and all sufficiently large s. Note that we have then the bound

1< :Z((i; < exp ([Zm) - (;)9 (4.42)

if s > t and t is sufficiently large. Keeping ¢ fixed in this equation, we see that in this case necessarily
w(s) = O(s%), 5 — oo.
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Proposition 4.18. Suppose that v satisfies (A’), with k € L*(R), and that there exists 0 > 0 such that
for all sufficiently large s the inequality

0
< Z 4.43
holds. Further, suppose that either
s+1 1
w e LYRy) and A(s) ;:/S Ik(t)| dt = o(w(s)), as s — oo, (4.44)
or, alternatively,
o0
w(s)/ |k(t)|dt = O(1), ass— oo, (4.45)
S
holds. Then Assumptions (E’) and (F') are satisfied.
Proof. That (F’) holds follows from (4.38)). Note that, for 1 < u < s,
u o u+1
/ W gy o A=) )\(u—l)/ . (4.46)
w1 W(s—1) w(s —u) o w(s—t)

Thus, if (4.44) holds, then, for some C' > 0, w(s)A(s) < C for s > 0, and we obtain, for A sufficiently
large and s > 2A, the bound

s/2 U)(S) B s—A ‘Ki(t)| s—A+1 dt
/ W\H(s—t)\dt—w(s)/ —————_dt <w(s) sup )\(t)/s

A t) sz w(s—1t) t>s/2-1 /2 w(s — 1)

w(s) /oo A (am)

= w62 -1 Jas 0

Note that, by our assumption (4.43)), the inequality (4.42) holds for s > ¢ and ¢ large enough. Hence,
and from (4.47), for all sufficiently large A,

/2 (s) 2 O e at
su — k(s —t)|dt < C | ——— / —— — 0, as A— oo 4.48
/. wgre-nes<e (=) [ 49

In the other case, when assumption (4.45) holds, inequality (4.42]) implies that for all sufficiently
large A and s > 2A

Tl e W) [T /D) [T
/A w(t)|1€(8 t)ldtsw(A)/A k(s —t)[dt <2 w(d) /S/2|m(t)|dt 0 (4.49)

as A — oo, uniformly in s > 2A.
Further, in both cases, for all sufficiently large A it holds that

Al o [l
sup/s w(t)|li($ t)|dt§2/A |(t)| dt — 0,

s>2A /2
as A — oco. Thus (E’) holds. O

If the constant 6 in the bound for w’(s)/w(s) is in the interval (0, 1], then 1 < w(s) = O(s) as
s — 00, so that w~! is not integrable. Thus condition of the previous proposition is not satisfied,
and Proposition applies only if holds. Consider now the example when r(s) = (1 4 |s|)~3/2
and w(s) = (1 + s)*/%. Then

wl) [ () dt = 201+ )V,

which is clearly unbounded as s — oo, so that neither of the two conditions on  in Proposition [1.1§]
is applicable. The next proposition gives alternative conditions on x when 8 < 1 which apply to this
example.
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Proposition 4.19. Suppose that v satisfies Assumption (A’), with k € L'(R), and that, for some
6 € (0,1],

< (4.50)

for all sufficiently large s, and

Y A _Jo(s™ ife <1,
A(s) = /S |k(t)] dt = {0((31113)_1) ifo=1, as s — 0o.

Then Assumptions (E’) and (F') are satisfied.

Proof. Since (4.50)) holds for all sufficiently large s, it follows that, for some M > 0, (4.42) holds for
s >t > M. Further, if 8 < 1, then, for some C > 0,

sA(s) < C, seR;. (4.51)

Suppose A > M + 1 and n € (0,1/2]. Then, for s > 2A4,

s—A 0 rs—A )
/ W) ) dt < (S) / k(s — t)| dt < n—e/ I(t)| dt. (4.52)
max{A,ns} w(t) ns max{A,ns} A
Further, for ns > A, using (4.46)) with w(s) = s? to obtain ([4.54) from (4.53)), we see that
ns s—A 0 t
/ W) s par < / IR0 gy (4.53)
A w(t) s(1—n) (S - t)
0 s—A+1 dt
< s sup At ) / 4.54)
(tZS(l—n)—l ( ) s(1—m) (5 - t)G (
Cs? /”S dt
_ —. 4.55
s(1=n) Jar t? (4.55)

In the case 8 < 1, since 0 < n < % and ns > A, this expression is bounded above by

2C's? /"5 dt 2sC 10 2AC 10 20M+1)C 4 (4.56)
0

s—2)y - Gopa=0" SwG-na=9" M(1—0)

Combining the inequalities (4.52]) through (4.56), we see that, for some C; > 0 and all sufficiently large
A

)

s—A 0
sup / M‘H(S —t)|dt < 77_9/ |k (t)] dt + Cin'~0.
s>24)a  w(t) A

For every e > 0 we can choose first 7 small enough so that ' =?C} < ¢/2 and then, for all sufficiently
large A,

s—A 0o
’U)(S) _9/ €
su k(s —t)|dt < k()| dt + = <ee.
82211‘[4 w(t)l (s —1)] | |K(1)] 5

so that (E’) follows.
In the case § = 1, we set 7 = 1/2 and find from (4.54)) that, for A > 2 and s > 24,

/S/Qw(S)M(s—tﬂdtSS( sup )\(t)) /S/th gs( sup )\(t)) 1n§ 0

A w(t) t>5-1 A-1 t>5-1

as s — 0o. Combining this bound with (4.52)) we see that (E’) holds. O
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Next is an example of a particular weight function for which we are forced to check condition ({4.45)
of Proposition because ([4.44) does not apply and neither does Proposition [4.19]

Example 4.20. Choose a monotonic increasing weight function which satisfies w(s) € C(Ry), w(0) =1
and w(s) := sln(s), for all s > e. Clearly, w is unbounded. Moreover,

w'(s)  1+Ins

= >
w(s) slns ~ °=©
so that, for every 6 > 1,
w'(s) 0
< Z
w(s) ~ s
for all sufficiently large s. On the other hand, since
!
w(s) > 1, s>e,
w(s) ~ s

Propositz'on does not apply. Further w™! is not integrable over R and thus (4.44)) in Proposition
does not hold. In order to find kernels v satisfying Assumptions (A’) and (E’) for this choice of w,

one would have to check the second condition (4.45)) of Proposition .

The following example considers the important special case of the power weight w(s) = (1 + s)P,
sharpening, as discussed in the introduction, the results of [42] 57, [18].

Example 4.21. Suppose w(s) := (1+ s)?, for some p > 0, and the kernel v satisfies Assumption (A’)
with & € L'(R). Then Assumption (F') holds,

/

w'(s) p
w(s) 1+s’

and, by Propositions [{.19 and[{.18, Assumption (E’) holds if

—

S€R+,

s+1 O(S_p)7 p > 1’
/ lk(t)[dt = o((sIns)™t), p=1, as s — 00. (4.57)
° O(s™1), 0<p<l,

Thus, if (4.57) is satisfied and v also satisfies (B), then, by Proposition and Theorem K €
B(X.w) and the spectral equivalences (4.20) and (4.21) hold.

In the Wiener-Hopf case v(s,t) = k(s —t), with x € L'(R), it follows from Example [4.21] that, if
w(s) = (1 + s)P, for some p > 0, and (4.57) holds, then K € B(X,) and (4.20) and (4.21) hold. As a
consequence of Corollary and since (4.7) implies , we have also that K € B(X,,) implies that
holds for » = p. Thus the statement

s+1 s+1
/ |[k(t)|dt =0(s79) as s > 00 = K € B(X,) = / |k(t)|dt =0O(s7") as s — 00 (4.58)

holds forr =q¢=pifp>1,forr=1andeveryg>1lifp=1,and forr=pandg=1if0 <p < 1.
In the case 0 < p < 1 the implications (4.58)) do not hold for any values of ¢ and r with r > p or ¢ < 1
as shown by the following examples.

Example 4.22. Suppose that v(s,t) = k(s — t) and that, for some p > 0,

t7P, e"<t<e”+1, neN,
K(t) = :
0, otherwise.
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Then k € LY(R), in fact, for s > 0, where |Ins| denotes the largest integer < Ins,

oo [e'e] oo *pUnsj pe—p
[T [T e Y e = ST o

lIns) T l—eP —1—eP

m=|Ins|

Thus, if w(s) = (1 + s)?, then ([L.45) is satisfied and, by Proposition [§.18, (E’) and (F') hold. It
follows from Pmpositz'on that K € B(X,,). But note that, for s =e™,n € N,

s+1
/ |k(t)|dt > (14 5)7P,

so that (L1.15)) holds only for r < p.

Example 4.23. Suppose that v(s,t) = k(s—t) and that, for some q € (0,1) and some positive sequences
(an), (bn), with 0 < a1 < a1 +b1 <ag <ag+by <ag <...itholds that

t79, ap, <t<a,+by,neN,
K(t) = :
0, otherwise.

b

Further, suppose that a —1>b> 0, a, ~n®%, b, ~n’® asn — oo, and p € (0,q). Then

o0
Il =3 /
n=17a

provided aq — b > 1. Moreover, where w(s) = (1 + s)P, it holds that

() wlan +b,) [
>
w(an + bn>/0 e = / (1)) dt

Qp+bp st
t74dt < Z bpa, 1 < 00,
n=1

n

’ w(an + by)
w(by)

as n — o0o. Now, suppose that we choose (a,) and (b,) so that a > (1 —p)/((1 — q)p) (which ensures
that a(q — p)/(1 —p) < ag — 1) and so that a(q — p)/(1 —p) < b < aq—1. Then aqg—b > 1, so that
k € LY(R), and ap —aq—bp+b > 0, so that does not hold, and so, by Corollary K ¢ B(Xy).
But note that holds with r = q.

(an + ba) by, ~ noPeabPED

Having dealt with the case when w’(s)/w(s) is bounded by a multiple of 1/s, we now turn our
attention to the case when w’'(s)/w(s) decays at a slower rate.

Proposition 4.24. Suppose that v satisfies (A’), with k € L'*(R), that w'(s)/w(s) is monotonic
decreasing for all sufficiently large s and, for some a € (0,1), we have that

O(s*71),

as s — 0o. Then w satisfies (F'). If also

A(s) = /:H I(t)] dt = o(ﬁs)), s oo, (4.59)

then Assumption (E") is fulfilled.
Proof. Choose > 1/(1 — «). By the assumptions of the proposition we have, for some ¢ > 0 and all

sufficiently large s,

q
gl—a '

< < (4.60)
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Thus, for s >t and ¢ large enough,

() = ([ ) o[ 505 ) - 6

< exp (/: 4 du> <exp(q(s —t)t*71). (4.61)

ul—(x

Keeping t fixed in this equation, we see that s'/(1=) /w(s) — 0 as s — oo so that w™" € L*(Ry) and

S

W — 0, as § — OQ. (462)

Now, for all u sufficiently large and s > u, we get from (4.46|), our assumption (4.59) on x and the
fact that w(s)/w(t) is bounded for |s — ¢| < 1 when s is large enough, the bound

L0 A —1) . G
/u_1 wis—0) % S/u wis—1) S/u wit =i =0 " S/u witw(s =1 b

where C' > 0 is some constant and C; := AL C. Then, if A > 0 is large enough and s > 24, we obtain

s=A (s s—A+1 s/2
/ Qm(s—t)\dtgclw(s)/ L:mw(s)/ )

4 w(t) a1 ww(s—1) A—1 w()w(s —1)

Now, for all sufficiently large s, from (4.61]),

w(sw(z)la) <0y, (4.64)

where Cy is some positive constant. Thus, if A is large enough and s'~% > A — 1,

l—a

s dt w(s) < dt *dt
w(s) /A,l w(s — t)w(t) = w(s — s1=) /A,l w(t) < G2 /A,l w(t) (4.65)

Further, by the monotonicity of w’(s)/w(s) for large argument we get that

4
dt

(w(t)w(s — 1)) = w(t)w(s —t) (w’(t) _wls= t)> >0, s'T*<t<s/2,

w(t) w(s—1t)

when s is large enough. Thus, for all sufficiently large s,

s/2 dt s w(s)
w(s) Ll—a w(t)w(s —t) = 2 w(si—)w(s — s1—2) -9 (4.66)

as s — oo from (4.64) and (4.62)). From (4.63), (4.65)) and (4.66) we conclude that (E’) is satisfied. O

As an application of the lemmas we have just proved, we now give an example of an important class
of weight functions for which (E’) is satisfied for many kernels v.

Example 4.25. Choose o € (0,1), a > 0 and p,q € R and define
w(s) = exp(as®)(1 + s)P(In(e +5))?, s € Ry. (4.67)

Moreover, assume «,a,p,q are such that w=' € LY(Ry) (i.e.a>0orp>1orp=1andq>1) and

[2.3) holds. Then

Inw(s) = as®+ pln(l + s) + glnln(e + s),



Spectral properties in weighted spaces 39

so that ")
Y —  nw(s) = aas®™ L 4
w(s) d Inw(s) 1+1—|—S+(6+8)1D(6+S)
and
4 ws) —aa(l-a)s®2— 2 d - q
ds w(s) ( ) (1+s)?2 (e+s)?ln(e+s) (ln(e+s))%(e+s)? =0,

for all sufficiently large s. Thus, if

/:H |k(t)| dt = O(ﬁ), as s — oo, (4.68)

the assumptions of Proposition (in case a #0) and Proposition (in case a = 0) are satisfied,
so that (E’) and (F') hold. On the other hand, as has been shown in the previous sections, in the

Wiener-Hopf case v(s,t) = k(s —t), with k € L*(R), (E’) and (F') imply that ({4.8) holds.
The following proposition can be seen as a generalisation of the second case of Proposition

Proposition 4.26. Suppose that v satisfies (A’) with k € L*(R). Assume further that g € C*(0,00)
satisfies

g(s) >0, 0< ggl((;)) < % for s> 0, (4.69)
and that "s) -
96 g =0, wts) [ ] de =0, (170)

as s — 0o. Then Assumptions (E') and (F’) are satisfied.
Proof. Note that (4.69) implies that g is monotonic increasing and that

Z((i;zexp</:£;/((5))du><exp(/tsidu):i, 0<t<s. (4.71)

Note also that the second equation in (4.70)) implies g(s) — oo as s — oo and that the first of equa-
tions (4.70) implies, for some C' > 0 and all s > ¢ with ¢ sufficiently large,

o[ e [ #) ()

so that (F) holds.
Let us now first suppose that for some 6 € (0, 1) the inequality g(s) < 6s is true for all sufficiently
large s. It follows from (4.71)) and the inequality (4.72]) that, for all sufficiently large s,

o =2 (o st) = (o) =2 (%),

Thus, for sufficiently large A and all s > 2A,
oo
[ ol
A

s—A
/ ws) |k(s —t)| dt < exp (C>
min{s—g(s),s—A} w(t) 1-0

A w(t) (s)
Combining the last two inequalities and noting (4.70)) we see that (E’) must be satisfied.

1

IN

g

g

while
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If it is not true that for some 6 € (0,1) the inequality g(s) < s holds for all sufficiently large s,
then there exists sequences 6, — 1 and s,, — oo such that g(s,) > 0,s,. From (4.71) it follows that
g(t) > tg(sn)/sn > Ont, 0 <t < s,, and hence that g(t) > ¢, t > 0, so that, in view of (4.70)), (4.43

holds for some # > 0 and all sufficiently large s. But also, from (4.71)), g(s) < g(1)s, s > 1. Thus
9(s/g(1)) < s, for s > g(1), and so, by (4.70),

w@&)lwm@a<w@ng:wJMMﬁ=mnv%Sﬂw.

Further, from (4.72)) and since g(s/g(1)) > s/g(1), for s > 0, it holds that

w(s
<23><emmxmn—1»
wl ——
9(1)
for all sufficiently large s. Combining both inequalities, we see that (4.45) holds. It follows from
Proposition that (E’) is satisfied. O

We now use this proposition to show that, for every kernel v satisfying (A’) with x € L!(R), there
exists a weight function w such that Assumption (E’) holds. (The construction is based on [18, p.58].)

Suppose we are given a kernel v which satisfies (A’) with x € L'(R). Then, provided u(s) > 0 for
all s € Ry, a first guess at such a weight function might be w(s) := u(0)/u(s), s € R4, where

u(s) == /Oo |k(t)|dt, seR;. (4.73)

Then, at least for almost all s € Ry (or even for all s € R, if k is continuous), the derivative w’(s)
exists and w'(s) = |k(s)|/u(s)?, so that Proposition shows that (E’) holds if

sw'(s) _ s|r(s)|

= =0(1 ,  §— 0. 4.74
we ~ ue oW (e
Alternatively, if, for some « € (0, 1),
5*[k(s)| s|r(s)|
=0(1), s— o0, and — 00, §— 00, 4.75
O (o) ()

and w'(s)/w(s) is monotonic increasing for all sufficiently large s, then Proposition implies that
(E’) holds.

Conditions and contain rather strong pointwise estimates of k. It therefore makes sense
to introduce some averaging process in the definition of w. We also augment the definition of w to make
the point that, given any y € Xy := {x € X : #(s) — 0 as s — oo}, we can construct w such that
y € Xy Let y € Xo \ {0} and, for some 3 € (0,1),

Gl el
als) - {u@@’wgzsmor“*) }’ <Re, (4.76)

and define the weight function w € C(R) N C1(R\ {0}) by
—s) = = s 4.
w(=s) = wis) {2 [2,q(t)dt, s> 0. (417)
Note that

We also have that
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Thus ([2.3)) holds and

w'(s) _ 24(s) — q(s/2) —w(s) _ 24(s)
w(s) sw(s) s s

Thus, setting g(s) := 5%, g(s)w'(s)/w(s) = O(1) as s — oo and

w(s)u(s) < w(s)u(g(s)) < a(s)u(s”) < p(0),

so that our last proposition applies. Further, for s € Ry, |y(s)|w(s) < |y(s)|q(s) < ||lyll, so that y € X,,.
We have thus obtained the following theorem.

Theorem 4.27. Suppose the kernel v satisfies (A’), with k € L*(R), and y € Xo. Then there exists a
weight function w € W(k), defined by equations (4.73)), (4.76) and (4.77), so that y € X,, and

w(s) /00 |k(s)| = O(1), as s — oo. (4.78)

Corollary 4.28. If k € L*(R) then W(k) # @.

As an interesting consequence of this result we relate the solvability of (4.1]) in Xy to its solvability
in X in the following theorem, which forms an extension of Theorem 5.3 in [I8], where the special case
k(s) = O(s™?) as s — oo, for some g > 1, has been considered and only “C” in (4.79) has been shown.

Theorem 4.29. Suppose that the kernel v satisfies (A’), with k € L'(R), and (B). Then K € B(X)
and K € B(Xy). Moreover,
S (K) = Sx (K). (4.79)

Proof. By Theorem given any y € X, there exists w = w(y) € W(k) and y € X,. From
Proposition it follows that Ky € X,, C Xy. Thus, and since we have ||Kz| < ||&|1]z||, for all
x € X, it holds that K is bounded on both X and Xj.

Now, suppose that A € Y x(K). Then, by Theorem for every y € Xo, A ¢ Yx,,,(K). In
particular, for every y € Xy, it follows that there exists z € X,,(,) C Xo such that (A=K)x =y, so
that A — K : Xy — X is surjective. Moreover, A — K is injective on Xy C X since it is injective on X.
Thus A € Y x(K) implies that (A — K) : Xo — X is bijective. Hence, since Xy is a Banach space, it
follows from Banach’s inverse theorem that (A — K)~! € B(Xj), i.e. that A ¢ Yx,(K). We have thus
shown that ¥ x,(K) C ¥x(K).

For the other inclusion in (4.79) suppose that A ¢ Y x,(K). Choose an arbitrary weight function
w € W(k); in view of Coroll this is always possible. By the assumption on v and since
(A — K)(Xo) = Xj is s-sequentially dense in X, K satisfies the Assumptions of Corollary (with
H = K). This corollary shows that (A— K)(X) = X, whence (\— K) € ®_(X). Thus, by Theorem [4.6]
(A= K) € ®_(X,). But this implies (A — K) € ®(X,,), for A — K is injective on X,, as it is injective
on Xy O X,. We apply Theorem again to obtain (A — K) € ®(X). But, by Proposition
ker(A — K) = ker(A — K)|x,, = {0}, so that A\ — K is injective on X. But we have already seen that
(A= K)(X) = X, whence X\ ¢ ¥x(K) by Banach’s inverse theorem. O

4.5 The real line case
All our results obtained so far in this chapter were concerned with the integral equation (4.1) and the

corresponding integral operators defined on the half line R,. However, many practical applications lead
to integral equations on the real line of the form

Axz(s) — /DO v(s, t)x(t)dt =y(s), seR,

—00
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to be solved in X = BC(R) and its weighted subspaces X, as defined in Section The aim of this
section is to emulate the analysis in the half line case to show that generalised versions of the main
assumptions yield similar solvability results in the real line case.

In fact, we will devote the rest of this chapter to such equations on the real line. So, from now on,
we will refer to the real-line variants of the integral operator K, the weighted spaces X and X, and
Assumptions (A), (A’), (B), (C) and (D), with Q = R in the respective definition (see Chapters
and |3} notice that our assumption that k(s,t) = 1 is still in force). Moreover, K,, will now denote the
integral operator M,, K M,,-1, whose kernel is given by v,,(s,t) := (w(s)/w(t))v(s,t) for s,t € R.

Towards boundedness of K in X,, we can use the symmetry of w to obtain without difficulty the
following variant of Proposition [4.1] and Corollary

Proposition 4.30. Suppose that the kernel k satisfies Assumptions (A) and (B). Then K € B(X,,)
if and only if

Is] sl aw(s)
sup Uy (s, t)| dt :sup/ v(s,t)| dt < oo,
[ pouts) iy 0l

seR J—|s| seR J_
in which case vy, also satisfies (A) and (B). Ifv(s,t) = k(s —t) for some k € L*(R), then K € B(X,,)

if and only if
|s] M B s+|s| M B L B
/—|s w(t) "= /s—s| w(s —t) it = O(w(s))’ as || — oo. (4.80)

If k satisfies (A’) for some k € L*(R) then K € B(X,,) if (4.80) holds.

For k € L*(R), we introduce the following functions on [0, 00), which we will use throughout the
remainder of this thesis.

A+1 —A
MA) = / 1a(t)] dt + / 1a(t)| dt, (4.81)

A —A-1

o —A
H(A) = / I(t)] dt = / I(t)] dt + / I(1)] dt. (4.82)
R\[—4,4] A —oo
Arguing as in Section if k # 0 then it follows from that (F) holds and, on the other hand,
if (F) holds and f |dt #0and [;7 |k(t)| dt # 0 then 0) implies
w(s)A(s) = O(1) as s — 0.

Concerning the boundedness of K on X,,, we have the following partial generalisation of Proposi-
tion [4:3] which can be shown using slightly modified arguments. For the formulation of the proposition,
we need the following real-line variant of (E).

Assumption (E).

\ —A |s|—A w(s) B
|:|1215A </|5+A+/A ) w(t)|fi(s—t)|dt_0(1)7 as A — oo.

Proposition 4.31. If the kernel v satisfies (A’), with k € L'(R), (B) and, further the real-line
variants of Assumption (E) and (F) are satisfied then the kernel v,,(s,t) = (w(s)/w(t))v(s,t) satisfies
Assumptions (A) and (B) so that K € B(Xy).

Theorem remains valid in the real line case. We now introduce a real-line variant of (E’).

Assumption (E’).

s1=4Y g(s)
Sup / / |k(s —t)|dt -0, asA— .
|s|>24 |s|+A w(t)
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From now we use the notation (E4) and (E’,) to refer to the half line variants of (E) and (E').
Moreover, we will use the notation W(k), with x € Ll( ), for the collection of all even weight functions w
satisfying and for which this modified version of (E’) and also (F') are satisfied. (Note that,
since w is assumed even, we do not need to modify (F”).)

Note that (E’) is satisfied by w and « if and only if x and its reflection around the origin &, defined
almost everywhere by &(t) := r(—t), both satisfy (£’.) and the following two conditions also hold:

-A
sup / w(s) k(s —t)|dt — 0, as A— oo, (4.83)
s>2A s+A ’lU(t)
|s|—A w(s)
sup / |k(s —t)|dt - 0, as A— oc. (4.84)
s<—24 Ja w(t)

The next lemma shows that in many cases it suffices to check that both s and & satisfy (E ), for a
given w, in order to check whether x and w satisfy (E’). We note that in many applications & can be
chosen to be symmetric around the origin, in which case it suffices to check that x and w satisfy (E ).

Lemma 4.32. Let k € L*(R) and w be a weight function satisfying . Assume that (E’_) is satisfied
by both k and &. Then (E’) holds if one of the following conditions is satisfied:

a) wt € LYR) and w(s)\(s) = O(1), as s — co.
b) w(s)u(s) = 0(1), as s — oo.
¢) for some M > 0, the following functions are monotonic decreasing on the interval [M, c0):

s+1 —s
A (s) ::/ ()|, A_(s) ::/ k(®)|dt,  seR,.

—s—1

Remark 4.33. Assumption c) is satisfied if k and Kk are monotonic decreasing on [M,c0), M > 0.

Proof. In view of the discussion above, we only have to check if and hold whenever x and
k satisfy (E’_ ) and one of the conditions a), b) or ¢) is satisfied. In the following we restrict ourselves
to proving 7 for can then be shown by symmetric arguments.

a) Firstly, let us assume that a) holds. Then there exists some constant Cy such that

s+1
/ le(—t)| dt < wc(;) _ w(cls), sER,. (4.85)

Let A > 1. For s < —2A we have that w(s)/w(s —n) = w(|s|)/w(|s|] + n) <1, n € N, and thus

[s|—A w(s) S ntl Clw
/ (t)\ k(s —t)|dt < Z n/ k(s —t)| dt < Z S_n)

A

=|A] n= LAJ
> “ < Z Cl/ %dt:/ %dtﬂo
o el T w®) " Sy

as A — oo, uniformly in s < —2A (here, we have use the notation |-| introduced in Example [4.22). It
follows that (4.83) holds in case a).
b) If b) is true then, there exists C5 > 0 such that

>0 ¢ _ G
[inolars Lo B er,
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Thus, if A >0 and s < —2A4,
() w(s) (A Cow(ls)) Cy
[ i =l s [t~ ol < SR < S o

as A — oo, uniformly in s < —2A, whence (4.83) holds also in case b).
c¢) Finally, suppose that A_(s) is monotonic decreasing on the interval [M, c0). Then, for A > M +2
and s < —2A4,

LIs|—=A]

4 ()
/ (s ol Y

A n=|A]

LIs|-AJ
T WA (ls =)

w(—n)

LIs|—A]

w(s) [T w(s)A_(|s| +n
()/ ‘H(S—t)‘dt: Z ())‘ (‘ ‘J’_ )

w(n) Lo e

—nHl g A2 (s
[ s ot [ g - ol

n=|A] /" w( ) s+A ’LU( )

LIs|—A]
<

n=|A|

Since, by assumption, i satisfies (Efk), the last term tends to 0 as A — oo, uniformly in s < —2A.
Hence (4.83]) holds whenever the conditions in c) are satisfied. O

It is straightforward to verify that Theorem remains valid in the real line case, with the assump-
tions replaced by their real line variants. Thus we can state the following version of the main result of

Section [.2] Theorem [£.06]

Theorem 4.34. Suppose that v satisfies (the real-line variants of) (A’), (B), with k € L'(R) in (A’),
and that w € W(k). Then, for every A € C, there holds

A-—K)eM = MA—-KyeM <+ (A—K)eM,, (4.86)

where M denotes one of the spaces GL(X), P(X), L (X) and M., its counterpart in GL(X,), P(Xy),
D (Xy). Theindices of \— K on X and A — K on X, coincide if A — K is semi-Fredholm. Moreover,

0€ I (K) = X% (Ky) = Zg(w (K), (4.87)
0eXx(K)=Yx(Ky) =Xx,(K), (4.88)
0eXE(K)=2L(K,)=2% (K). (4.89)

w

The proof of this theorem proceeds analogously to that of Theorem and relies on a real line
version of Proposition[4.7] But this proposition, as well as the remaining results of Section [£:2]also hold
in the real-line case with the straightforward modifications to their statements and proofs.

We finish this chapter by stating results which, in accordance with Section [4.4] specify simpler
conditions on w, v and k that ensure that the conditions of Theorem [4.34] are satisfied. We start with

a variant of Propositions and

Proposition 4.35. Suppose that v satisfies (A’), with k € L*(R), and that there exists 0 > 0 such that
for all sufficiently large s > 0 the inequality

< 0 (4.90)
holds. Further, suppose that either
w™t € LYR) and w(s)A(s) = O(1), as s — oo, (4.91)
or, alternatively,
w(s)u(s) =0(1), ass— oo, (4.92)

holds. Then Assumptions (E’) and (F') are satisfied.
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Alternatively, if w satisfies (4.90) for some 0 <1 and all sufficiently large s > 0, and also

_Jos™h i <1, -
)\(3) - {0((81118)_1) ’ if9: 1, as s 00, (4'93)

holds then (E') is satisfied.

Proof. If any of the three assumptions 1] is satisfied then it follows from Proposition or
that r and K both satisfy (E'). If (4.91) or is satisfied then part a) or b) of Lemma
applies and shows that (E’) holds. Thus we concentrate on the case when 6 < 1 and holds.

Similar to the first part of the proof of Proposition we can then choose positive constants M
and C' so that

w(s) _ (Is])’
< () . ls| > |t > M,

w(t) — \ [t
Cls|™t if 0 <1
M) < d GBI IO
Cls|In|s|™t, if 6 =1,

Now, suppose that A > M + 1, n € (0,1/2] and s < —2A. Then, arguing as in (4.52)),

|s|—A w(s 0o
/ () (s — o)) dt < n—e/ I(—t)| dt. (4.94)
A

max{A,n|s|} U)(t)

If 6 < 1 then we obtain, for A > M + 1 and ns < —A,

Lnls]

[ Ty ) CRE) S O

A n=|A]

Lnls]

|s| o 0 [nls] dt 0 n|s| dt -
< = < A < .
<C Z (n) s — n] < Cls| 1 < C|s| P <Cn
n=|A| [A]-1 0

Combining this inequality with (4.94) there holds, for A > M +1 and n € (0,1/2],

|s|—A w(s) oo
/ (s — 1| dt < 77—9/ (=) dt + Ot =0, s < 24,
A w(t) A

The term on the right-hand side of this inequality can be made arbitrarily small, uniformly in s, by
choosing first 7 small enough and then A large enough. Thus (4.83]) holds when 6 < 1.
If = 1 then we set n = 1/2 and obtain, for A > M + 2 and s < —2A4,

/AS|A Z(? (s = )] de < |s|(sup A1) AS| % < slufs|(sup A1) -0

£>]s] Al-1 t>]s]

as A — oo, so that (4.83) holds also when 6 = 1.
By symmetric arguments we show that (4.84]) also holds when (4.93)) is true, whence (E’) must be
satisfied in both cases of (4.93). O

Proposition 4.36. Suppose w fulfils the conditions of Proposition and that v satisfies (A’), with
k € LY(R), and, moreover,
w(s)A(s) = O(1), s— oo.

Then Assumptions (E') and (F') are satisfied.
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Proof. If the assumptions of the proposition are satisfied then it follows from Propositions that »
and & both satisty (E’.).

Let C; > 0 be the constant in (£.85). Now, for A > 2 and s < —24, we use the bound w(s — t) <
w(]s| —t), for 0 <t <|s|, to see that

LIs|-A]

|s|—A w(s) B U)(S) n+1 B LIs|—A] C’lw(s)
/A (s =0 dr < H_ZL;U w(n)/n (s — )] dt < n;ﬂ T

LIs|—A] n+1 |s|—A+1
< Z 01/ LdtﬁOl/ wdt.

S e w@els= an wulls| 1)

It now follows from the proof of Proposition (in particular (4.63)), (4.65) and (4.66)) that the
integral on the right-hand side of this inequality tends to 0 as A — oo, uniformly in s < —2A. Thus
(4.83) and, by symmetry, also (4.84) holds, whence (E’) is satisfied. O

Proposition 4.37. Suppose that v satisfies (A’) with k € L*(R). Assume further that g € C*(0,00)
is a positive function which satisfies condition (4.69) of Proposition . Moreover, assume that

S (s) _
g( )w(s)

as s — 0o. Then Assumptions (E') and (F') are satisfied.

Proof. If the assumptions of the proposition are satisfied then it follows from Propositions [£:26] that x
and & both satisfy (EY,).

As in the proof of Proposition let us firstly assume that g(s) < s for some 6 € (0,1) and all
sufficiently large s. Then, for A sufficiently large and s < —2A there holds

[s|—A ’LU(S) B w(s) 00 L ’LU(S) o "
/4 w(t) |k(s —t)|dt < w(A) /||+A| (=t)|dt < w(A) /g(SI) (—t)| dt, (4.95)

S

By assumption there holds w(s)u(g(|s])) = w(|s|)u(g(]s]) < C, |s| > 1, for some constant C' > 0,
whence the term on the right-hand side of this inequality vanishes as A — oo, uniformly in s < —2A.

Thus (4.83) and, by symmetry, also (4.84) holds, whence (E’) is satisfied.
If g(s) < s is not satisfied, then the last part of the proof of Proposition m shows that w and k
satisfy assumptions (4.91)) and (4.92)) of Proposition which in turn shows that (E’) must hold. O

Finally, we show that, as in the half line case, for a given kernel v satisfying (A’), for some x € L*(R),
and given y € Xy, we can always construct a suitable weight function w so that y € X,, and w € W(k).

Theorem 4.38. Suppose the kernel v satisfies (A’), with k € LY(R), and that y € Xo. Then there
exists an even weight function w € W(k) such that w(s)u(s) = O(1), as s — 00, and y € X,, holds.

Proof. Let k and y be given as in the assumption and denote the reflection around the origin of x and
y by & and ¢, respectively. By Theorem there exist even weight functions wy, wo satisfying (F”)
and (Ef'_) with x and &, respectively, and such that

sup |wi(s)y(s)| <oo,  sup |wa(s)(s)| < oo,
seR seR L

and, as s — 00,
ws) [ kOl =0(),  wals) [ n(-0)]de = 0.

Let w(s) := min{wi(s),w2(s)}, s € R. Then w is even, satisfies (2.3)), w(s)u(s) = O(1) as s — oo and
y € X,,. Moreover, part b) of Lemma shows that w € W(k) and the proof is complete. O

Corollary 4.39. If k € L'(R) then W(k) # @.



Chapter 5

Numerical methods in weighted
spaces

5.1 Nystrom and product integration methods

In the previous chapter we have investigated the theoretical solvability of the integral equation
Az (s) — / v(s,)k(s,t)z(t)dt = y(s), seR, (5.1)
(and its half line variant), in operator form

Az — Kz =y, (5.2)

on the weighted subspaces X, of X defined in Chapter [2] In this chapter we now focus on the practical
solution of , employing variants of the Nystrom method, in which we replace the integral operator
K in by a discretized integral operator K ,iV , obtained by quadrature approximation, with N being
a parameter controlling the quality of the approximation. We then try to solve the discretized equation

e — KN 2N =y, (5.3)

Our methods for the numerical solution of (5.1]) are based on an application of a quadrature ap-
proximation, sometimes known as a product integration method, taking the form

/OO v(s, t)f(t)dt ~ ijv(s)f(tgv), feX. (5.4)

- JEZ

In this equation, for N € N and j € Z, t;-v := jhy, are the abscissae of the Nth in a sequence of
quadrature rules. The abscissae are equally spaced with distance hy > 0, where hy — 0 as N — oo.
The corresponding weights of the quadrature rule, appropriate to the weight function wv(s,-) in the
integrand, are wjv(s), j€Z,NeN.

As we will make clear soon, the approximation in is well-defined for every f € X and depends
continuously on s if we make the following two assumptions,

Assumption (QA).

Cg = sup sup Z |wJN(s)| < 0.
s€R NeN 7

Assumption (QB).

sup Z lw¥ (s) —wN(s+h)| =0, ash—0, foreverys € R.
NeN =

47



Numerical solution in weighted spaces 48

We note that (QB) is the same as Assumption (3.2) in [63], except for the fact that the summation
in [63] is finite.

We cannot, in general, expect convergence as N — oo of the approximation to the integral in ([5.4)
that is uniform in s or f for s € R and f € X (but there is a large class of kernels and quadrature rules
where uniform convergence in s € R and f varying in a bounded and uniformly equicontinuous subset
of X, is possible; we will discuss this phenomenon later in Section . Thus we will be more modest
and assume throughout most of this chapter that the quadrature rule used to approximate the integral
in satisfies a weaker pointwise convergence condition:

Assumption (Q).
ijv(s)f(tév)e/oo v(s, t)f(t)dt as N — oo, feX seR
JEL >

The above assumptions are closely related to (A) and (B). In particular, we note that if (Q) and
(QA) hold then, for all 5,5’ € Rand f € X,

‘/Z (s, 1) f(t) dt)

IN

Coll£1I;

IA

[t a

— 00

/1] Sugz [} (s) = wi (s")].

ne JEL

For every z € L1(R), it follows from (3.4)), applied with v(s,t) := z(t), that

[ Eola= s [ z(t)f(t)dt‘.

—o0 FeX, [IfIIS11/ =00

Thus, there holds

@. @4) = (4, sw | wtsvla < co, (5.5)
Q). (QA). (QB) = (A). (B). (5.6)

In the context of numerical methods for integral equations, the process of decomposing a given
kernel into the product of functions v and k is not new. The product-integration approximation

o0
/ v(s, k(s a(t) dt = > wN (s)k(s, t))z(t)), NeN, (5.7)
- JEZ
is suitable for badly behaved kernel functions that may be written as the product of a smooth or at
least continuous function k and a discontinuous, possibly singular function v (see, e.g. [10, 44] and the
references therein). The quadrature weights wév (s) in (5.7) are usually constructed by integrating the
product of v(s, -) with Lagrange interpolating functions (e.g. polynomials or trigonometric polynomials).
In analogy to the definition of the integral operators K}, we define the discretized integral operators
K ,iV by setting
KN a(s) := ZwJN(s)k:(s,t;V)x(tjv), seR,ze X, NeN. (5.8)
JEz
We will see in our first proposition that, under the conditions (Q), (QA) and (QB), the operator
K ,JCV is a bounded operator on the space X and maps bounded sets onto equicontinuous sets. In order
to prove this result, we need the following technical lemma that will also be useful later on.

Lemma 5.1. Suppose that the quadrature weights w]N(s) satisfy (Q), (QA) and (QB). Then, for
every compact set Q' C R and every e > 0, there exists a constant A > 0 such that

sup  sup Z |w§v(s)| <e. (5.9)
s€Q NeN |\ vZy
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Proof. We firstly show the lemma for the special case when €’ contains just a single point s € R.
Suppose that the lemma does not hold in this case. Then there exists an € > 0 such that, for every
A >0 and Ny € N, there holds

sup Z |w]N(s)| > e (5.10)

>
N2No 4x5 4

We will show, in three steps, that this leads to a contradiction.
(i) Let us choose Ay > 0 such that

/ (s, 8)] dt < <. (5.11)
R\[-A0,A0] 4

Starting with Ay, we can choose N1 € N and then A; > Ay such that

>okfelze Y keI<

N N
[t5 11> Ao [t 11> Ay

and we repeat this process to obtain N, Ao, N3, Az, ... (using the procedure in (i) to obtain NN, from
N,,—1 and A,,_1) so that (A,) and (N,,) are strictly monotonic increasing sequences with the property

YoMz Y |w§v"(s)\<i, neN. (5.12)

[t37 > An 1 [t37]> Ay,

(ii) We now construct inductively a function « € X with ||z|| < 1 as follows:

o We set z(t) = 0, for every [t| < Ap.

e Provided z(t) is already defined on the interval [—A,,_1, A,,—1], for some n € N, we define x(t;y“),

at all quadrature nodes t;v" with 4,1 < |t§v"| < A, and ij"(s) # 0, implicitly by

(5w (s) = ol fw ™ (s)]-
Here, C,, is given by
Cp = Z wjv(s)az(tjv) (5.13)
|t§\]n|§‘4n—1

if this sum is non-zero, and C,, := 1 otherwise. All remaining values of z(t), for A,,_1 < |t| < A,,
are then chosen so that |z(t)| < 1 and z is continuous on [—A,,, 4,].

(iii) For the function x constructed in (iii) we obtain from (Q) that

lim ‘ W (s)a(t ’/ (s,t)x dt‘ / [v(s,t)|dt < < (5.14)
n—oo ]eZZ J R\[_AO7AO] 4

For all those n > 1, for which C;, was defined by (5.13)), we see, by (5.11)), (5.12) and our choice of z,
that

C
N, N, . N, N, Np, Ny,
D@ = [ X @M X el Y @)
JEL [t <A1 An 1 <[t <A, [t > An

Ch 1 3¢ € €
> _ £ 1 £ £
—‘Cﬂc‘ > kel 4—|C<+|0|4) 172

Ap 1 <[tim]<Ap
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and, for all other n > 1,

S = Y el -

3€
> — =
- ~ 4
JEL An 1 <[t <A,

>~ o
L e
[NON e Y

Thus is contradicted, so that the lemma holds when ' is a singleton.

Finally, we prove the general case. To this end, let €’ and € be as in the assumption of the lemma.
Then, using (QB), we can find a finite set of points " in Q' such that, for every s € ', there exists
a point s’ € Q" such that

sup Z |w ()] < 5 (5.15)

NeN

JEL
By the first part of the proof, we may choose A > 0 large enough such that for all s’ in the finite set
Q//
€
sup Z wi¥ (s")] < 3 (5.16)
NEN NS4

Combining (5.15)) and (5.16)), we see that for every s € Q' there is some s’ € " such that
< —
sup Z |w s)| sup Z |w s+ sup Z \w s < = + 5 =
|tN|>A |tN|>A |tN|>A
proving the lemma. O

Proposition 5.2. Denote the unit ball in X by B and suppose W C BC(R?) is a bounded set. Suppose
that the quadrature weights wY (s) satisfy Assumptions (QA) and (QB). Then the following statements
are true:

a) K}ng : X — X and is uniformly bounded in N € N and k € W.

b) For every k € BC(R?) and N € N the set K (B) is bounded and equicontinuous, so that K is
s-sequentially compact.

¢) If, moreover, Assumption (Q) is satisfied and the set W is equicontinuous then the set
=J U KB ={K)z:2eX,|z]| <1, ke W, N eN}
NeN kew
is bounded and equicontinuous.

Proof. We will see in the proof of b) that KYz € X, for every x € X. Assumption (QA) implies that,
forseR,zeB, ke W, NeN,

(KN 2(s)] <Y Lo (s)k(s, t))a(t))] < ( Sup 1K) Dl ()] < Cg sup &1,

JEZ JEZ

so that || K| < Cq supyey ||k|l, where Cg is the constant in (QA). This proves the uniform bound-
edness of the operators K{', k € W, N € N, i.e. part a) of the proposition.

To prove c), choose s € R. Then, given e > 0, we can use Lemma [5.1] with €’ = [s — 1,5+ 1] to find
a constant A such that holds. Then, for all k € W, z € B and N € N, we have by and (QA)

K a(s) = Ko (X + D0 )l (s)k(s, ) = wl (s k(s ) (1)

[tN]<A [N [>A
< Y 1wl (s) =N IR A+ Y Wl (s)l (s, ) = k(s t3)] + 2¢]|k|

[tN]<A [tV <A

<[k e (s )\+CQ ax, k(s 1) = k(s', )] + 2¢|| k]|, (5.17)
JEZ
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provided s’ is such that |s — s’| < 1. If s’ — s then the first summand on the right-hand side of
converges to 0, uniformly in k& € W and N € N, because v satisfies (QB) and W is bounded. The
same is true for the second summand, for W is, by assumption, uniformly equicontinuous over compact
subsets of R%. Since e was arbitrary, we see that |K} z(s) — Ki'(s")| becomes arbitrarily small as
s’ — s, uniformly in k € W and N € N, proving the uniform equicontinuity of V.
Finally, to see that b) holds, let s € R, N € N and k € BC(R?). Given € > 0, there exists A > 0
such that, for all ' € [s — 1,s + 1],
Z wi¥ (s')] < e. (5.18)

N
[N [>A

Using a similar argument as in the final part of the proof of Lemma we obtain from (QA) and
(@B) (only) A > 0 so large that also holds uniformly for all s’ € [s — 1, s+ 1]. With this choice
of A, inequality holds for all s’ € [s — 1,5+ 1]. Arguing similarly to the proof of ¢), we see that
|KNz(s) — KYa(s')] — 0 as |s — s'| — 0. O

We have shown in Chapter [3| that, if v satisfies (A) and (B) and k € BC(R?), then the integral
operator K maps bounded onto equicontinuous sets. Under the assumptions of the previous theorem
this is also true for the discretized integral operator Ki¥, k € BC(R?), N € N. We prove some other
features of the discretized integral operators in the next proposition.

Proposition 5.3. Suppose that the quadrature weights wjv(s) satisfy (Q), (QA) and (Q@B). Further,
let (z,) be a bounded sequence in X, (N,) a sequence in N and (k,) a bounded sequence in BC(R?).
Then the following assertions hold:

a) For every N € N and k € BC(R?) the operator K} is s-continuous.

b) If v, >z €X, ky > k€ BC(R?) and N,, » N €N then K"z, = KN x.
If, further, Assumption (Q) is satisfied then the following statements are true:

¢c) Ifrn > 2 €X, ky > ke BCR?) and N,, — oo then Ky "y = Kja.

d) If the sequence (ky) is equicontinuous then the sequence (K,i\;” xn) contains an s-convergent sub-
sequence.

e) If W C BC(R?) is bounded and equicontinuous, then the following set is relatively s-sequentially
compact:
V=] | KYB)={K)z:zec X,|lz]| <1, ke W, N €N}
NEN kew

Remark 5.4. Note that if k, = k then each sequence in the (bounded) set {k, : n € N} has an s-
convergent subsequence. By Remark[2.8, this means that {k, : n € N} is bounded and equicontinuous.
Thus part d) shows that, if (x,,) is a bounded sequence in X, (Ny,) a sequence in N and (k) a sequence
in BO(R?) so that k, > k € BC(R?) then (K,ﬁ” xn) contains an s-convergent subsequence.

Proof. We begin with the proof of part b), for a) is a special case of b). Assume we are given convergent
sequences (), (kn) and (N,,) as in the assumption. Since N,, — N € N implies that (V) is eventually
constant, we may assume w.l.o.g. that N, = N, for every n € N.

Given a compact set ' C R we now have to show that K} z,,(s) — K} x(s), uniformly in s € €.
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Let s € . Bearing in mind (2.10]), we have, for all A > 0,

K an(s) = KN el < 0wl )] (Ikals, ) = ks )l ()] + ks, ) o () = 2(2)])
e <A
+2 (sup [lza ) (sup [Eall) 37w (s)]
neN ne |t§.\’|>A
< _ _
< Co(sup llanl) max [kn(s, 1) = k(s, ) + k]| max ea(t) - 2(0)])
+2 (sup [z ) (sup [Rall) D" ¥ (s)]- (5.19)
neN neN It,N|>A

Given € > 0, we can choose A large enough to make the last summand on the right-hand side < €/2,
for all s € ' (see the argument in the last step in the proof of Lemma . Next, we use the uniform
convergence of (k) and (z,,) on compact intervals to find that for n € N large enough the first summand
is also less than €/2 for all s € . Since € was arbitrary K} 2, = KNz follows.

Now, additionally suppose that Assumption (Q) holds. Then, using Lemma to bound the series
in the very last term in we see that the argument in b) does not depend on the choice of N € N|
and, hence, z,, >z € X, k, > k € BC(R?) imply that Kl?i"xn — K"z 0.

We continue with part ¢). We write

Kﬁ"mn - Kpr = (K,i\i":lcn — K,iv"x) + (K,JCV"gc — ka)’

and note that we have just shown that the first bracket on the right-hand side is strictly converging
to 0. We now show that this is also true for the second bracket. Since (Q) holds we already know
that K, "2(s) — Kjx(s) pointwise for all s € R. By Proposition {KN"x : n € N} is bounded
and equicontinuous on R. But, over compact sets, pointwise convergence of an equicontinuous sequence
implies uniform convergence. Thus, for every compact Q' C R, K"z, (s) — Kja(s) uniformly in
s € Q. This proves K,JfV"xn 2 Kz and c) follows.

Part e) is a consequence of Remark[2.8 and Proposition[5.2} part c). Part d) is immediate frome). [

5.2 Boundedness and spectral properties in weighted spaces

Suppose now that v is a kernel satisfying Assumptions (A’) and (B) of the previous chapter, with
k € LY(R) in (A’). We have then denoted by W(k) the (non-empty) set of all weight functions for
which Assumptions (E’) and (F’) are satisfied. For w € W(k) and k € BC(R?), we have shown that
K}, € B(X,,) and that the spectral equivalences ¥ x (K}) = Xx,, (Ky), X% (Kx) = X%, (K3) hold.

Suppose we are given a set of quadrature weights wJN (s) and an even weight function w satisfy-
ing ([2-3). Similar to the definition of the operator K, in the previous chapter, we now define the
operators Ky, o, := My KM, and K,Ic\fw = MwK’iVMw—l, for k € BC(R?) and N € N, where K and
K ,JCV are defined by and , respectively. (We recall that M, and M,-1 denote the operators
of multiplication with the functions w, w™?!, respectively.) In the sequel, we will sometimes drop the
index k and simply write K.Y when the dependence on k is clear.

K ,?fw is then an approximation of the integral operator K} with quadrature weights

wﬁw(s) = wi(s), seR,NeN,jeZ. (5.20)
Assume further that we have found a set of quadrature weights w} (s) satisfying (Q), (QA) and
(QB). We now seek additional conditions on the quadrature weights, which ensure that K7 € B(X,,)

(equivalently, K ,Jc\jw € B(X)) for all w € W(k), and, moreover, that the spectral equivalences

Sx(KY) =3x, (K), B (KY) = 3%, (KY)
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hold, for all w € W(k). To this end, let us suppose, from now on, that the kernel v fulfils the following
assumption.

Assumption (A”). For every s € R there holds, for a.e. t € R,
lo(s, )] < [r(s = 1)1,
where k € L*(R) is such that, for some Ay > 0, |k(t)| and |k(—t)| are monotonic decreasing on [Ag, 00).

Clearly, (A”) is a slightly stronger requirement than (A’). However, (A’’) is still simple enough
to be easily checked in applications and to hold for most kernels of practical interest. The usefulness
of the monotonicity condition imposed on « in (A’") will become evident soon. We also remark that,
for kernels satisfying (A’"), the third condition in Lemma is satisfied, so that, in order to decide
whether a particular weight function w is contained in W(k), one has to check whether (E, ) holds for
k and K, its reflection around the origin.

If a quadrature approximation as in is defined for a particular kernel v satisfying (A’’), then
two reasonable assumptions on the quadrature weights w;»V (s) are that they reflect the decay of v(s,t) as
|s—t] — oo and the decay of hy as N — co. We express these requirements in the following assumption
on the quadrature weights, where « is the kernel bound in (A”).

Assumption (QA"). For some C* > 0 and Ay > 0, the quadrature weights wjv(s) satisfy
|w‘§v(s)|§C’*hN|K(s—t§\[)|, NeN, jezZ, |s—t.§V|2A1.

(QA") is satisfied for many sensible approximations of kernels satisfying (A”); in particular it is
satisfied for standard rules such as the (compound) trapezium or Simpson’s rule.

The next lemma shows the usefulness of (A”) and (QA"’), because it will allow us to use the results
of Chapter 4| in our investigation of the boundedness and spectral properties of the operators K ,ﬁv on
X and X,,.

Lemma 5.5. Suppose that N € N, that the kernel v satisfies (A”), for some k € L*(R) and Ay > 0,
and that the quadrature weights w}v(s) satisfy (QA”), for some C*, Ay > 0. Assume, further, that
either w(s) =1, s € R, or that w is an even weight function satisfying and (F'). Then, for My,
My such that max{Ag + hn, A1} < My < M3 < o0, the estimates

>

MlSS*t_g\]SM2

S S S
Z w(tév)Wj (s)] < C/S w(t)\fi(s t)| dt,

~Mp<s—tN <My ML

1 N s—Mi+hn
wi(s)] < C — k(s —t)| dt,
Mol L w@e )

A

hold, for every s € R, where C > 0 is some positive constant not depending on s, My, My or N.

Proof. Let M := maxyeny hy and choose N € N and M7, Ms as in the assumption. Then, for every
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s € R, we obtain from (QA’") that

1 N * N
My <s—tN <M, J s—Mo<tN <s—M,; J
=Cr > / |/<;sft§-v)\dt
s— M2<tN<s M,
< > / k(s —t)|dt

s— M2<tN<s M,

< C*AM > / —t)| dt

s— M2<tN<s M-

o s—Mi+hpn
<ol [ L
Y Js-m, w(t)

where AM has been defined in (4.11). Setting C' := C*AM

|k(s —t)| dt,

o we see that the first of the desired
inequalities holds. A symmetric argument shows that second inequality holds as well. O

After these preparations we now prove that Assumptions (A”), (QA), (QA’) and (QB) together
imply that K,iv is a bounded operator on X,,, for every w € W(k). In the following theorem and
subsequently we will say that the quadrature weights wN W (8) satisfy Assumption (Q), if Assumption (Q)

holds when w and v are replaced by w w and Uy, respectlvely

Theorem 5.6. Suppose that the kernel v satisfies (A"), with k € L*(R), and (B) and that w €
W(k). Further, assume that the quadrature weights w} (s) satisfy (QA), (QA”) and (QB). Then,
the quadrature weights wﬁ’w(s) satisfy (QA) and (QB), so that, for all N € N and k € BC(R?), the
operator K} is bounded on X,,. Moreover, if W is a bounded subset of BC(R?) then

sup sup [|[Kp [l < 0.
NEN kew

If the quadrature weights wév(s) satisfy (Q) then the quadrature weights wj-\"w(s) also satisfy (Q).

Proof. Assumption (Q) for the quadrature weights wé\fw (s) is easy to verify if weights wév (s) satisfy
(Q); because then, for every s € R and « € X, there holds

N e T
Zw]w Zw ) w(s)/ U(Svt)ﬂdta N*)OOa

JEZL JEZ >

showing that the quadrature weights wN w(s) indeed satisfy (Q).

We now show that the quadrature welghts ij(s) satisfy Assumptions (QA) and (QB). The
conclusion of the theorem then follows from Proposition and equivalence (2.8 . We also note that
the following arguments do not depend on the value of the parameter N € N. Further, all bounds can
be chosen such that they are independent of N € N.

To see that the quadrature weights wJI-Yw(s) satisfy (QB), observe that, for all s,s" € R,

D lwfu(s) - S < w(s) Y |wi (s) =N ()] + [w(s) —w(s)] Y w) (s
JEZ JEZ JETZ

By the assumptions on the quadrature weights wjv (s) and the continuity of w, both summands on
the right-hand side of this inequality vanish as s’ — s, uniformly in N, proving that the quadrature
weights wl,, (s) satisfy (QB) as desired.
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To see that the quadrature weights wl, (s) satisfy (QA), we need to prove that

sup sup Z |wj w(8)] < oo. (5.21)
s€R NeN 5=

We now choose A > max{Ay + 2M, A1}, where Ay, A; denote the constants in (A”) and (QA"),
respectively, and M := maxyen hy. We then set, for s € R,

Si(s)+Sa(s)+Ss(s) = D+ > o+ Y %fv) $) =D |l (s)l,  (5.22)

tN<s—A  [s—tN|<A  tN>s+A JEeL

and bound each term separately. For Sz(s) we have the bound

Sa(s) = > w(s) WwN(s) < Al S W)l < AdCq seR, (5.23)

N
w(t
[s—tN|<A (J ) [s—tN|<A

where Cg is the constant from Assumption (QA). Thus Sz(s) is uniformly bounded in s € R.
By choice of A and Lemma [5.5 we have, for every s € R and some constant C' > 0,

s—A+M [e%s) (S) S
Sl(s)+53(s)<C</_oo +/S+A_M> e 1) |dt<C/ T IAGRUICCED

The term on the right-hand side of this inequality is uniformly bounded in s, because the kernel
(w(s)/w(t))k(s —t) satisfies Assumption (A); this was shown in Proposition

Combining , and , we see that holds. We have shown that the quadrature
weights wl,, (s) satisfy (QA) and (QB). As indicated above, the first part of the theorem is thus
established. O

Recall that we have seen in Proposition that Assumptions (QA) and (QB) ensure the s-
continuity of the operator Ki¥, for every N € N and k € BC(R?), i.e. there holds

T, > — KNz, > Kz (5.25)

We now seek conditions on the quadrature weights such that also sn-continuity holds.
A stronger version of (5.9)) in Lemma key element in the proof of Proposition is the following
assumption on the quadrature weights wjv (s):

Assumption (QD).
sup sup Z |w s)| — 0, as A — oo.
s€R NeN | N2y

Assumption (QD) is a discretized version of (D). The following lemma shows that K}¥ will be
sn-continuous if (QA), (QB) and (QD) are satisfied and, moreover, implication ([5.27) below holds,
an important tool for our stability analysis later in Section

Lemma 5.7. Suppose Assumptions (QA), (QB) and (QD) are satisfied. Then

S

r, >r = Kpr,— K], (5.26)
for every sequence (z,,) in X, k € BC(R?) and N € N, i.e. each such K{ is sn-continuous. Further,
if (k) is a bounded sequence in BC(R?) and (N,,) a sequence in N then

S

Ty 50 = Ky "z, —0. (5.27)
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Proof. To show , we repeat the argument used to show part b) of Proposition but with
kn :=k, n € N, the set R taking the role of the set 2’ and using (QD) to bound the very last term in
inequality , uniformly in N € N.

For the second implication, assume that (k,), (V,) and (z,) are chosen as in the assumption. We
then have for all s € R and A > 0, using the constant Cg from (QA), that

KL (s)| < sup lkall (Ca sup @)+ sup ol > | (5)]). (5.28)
neN [t|<A neN N oA
J

The sequences (k,) and (z,,) are bounded in BC(R?) and X, respectively. Given € > 0, we can thus
use (QD) to choose A > 0 so that the second product in the bracket is < e, irrespective of n € N and
s € R. Keeping this A fixed, we see that the first summand in the bracket is < €, for all n € N large
enough, as z,, = 0. Since € was arbitrary, we must have K,ivlzz:n — 0 asn — oo. O

In the next proposition we show that (QA), (QA”) and (QB) ensure the sn-continuity of the
difference operator K,iv — K,é\fw.

Proposition 5.8. Suppose that the kernel v satisfies (A”), (B) and w € W(k). Further, assume
that the quadrature weights wJN(s) satisfy (QA), (QA") and (QB). Then the quadrature weights

wi¥ () — wi,(s) satisfy (QA), (QB) and (QD), so that the operator K — K}, is sn-continuous.

Proof. That the quadrature weights w? (s) —w¥, (s) satisfy (QA) and (QB) follows from Theorem
Throughout the remainder of the proof we assume that A* > max{Ag + 2M, A, } where Ay, A; denote
the constants in (A”) and (QA") and M := maxyenhy.

We define, for s € R and A > 0,

SV )+ SN ()= D>+ >

N N
tN<-A tN>A

1—

Wi ()] = D 1wl (s) —wiu(s)].

N
¥]2A

In order to prove that wl (s) — wi, (s) satisfies (QD), it suffices to show that, for i = 1,2,

sup sup SV(s) — 0, as A — oo. (5.29)
seR NeN

For every s € R, we can bound SY(s) as follows:

N
so<( ¥+ 0w ooy
ASt;V <s—A* max{A,s—A*}StJN max{s+A*,A}<t§V
t;-vgmax{erA*,A}

=: 551(s) + S3a(s) + 595(s).  (5.30)
Now, S3%(s) can only be non-zero when s > A — A*, whence

SNo(s) <ca-(A))|wN(s)| < ea(A)Cq, sER,NEN,
JEZ

where Cg is the constant from (QA) and ca-(A) is defined as in the proof of Theorem {4.5| For fixed
A*, ca+(A), and thus also 535 (s), tends to 0 as A — oo, uniformly in N € N and s € R.

Next, suppose that s > A+ A* > 2A4*. Then |1 —w(s)/w(t)| < w(s)/w(t) holds, for A <t < s— A*.
By Lemma there exists a constant C' > 0, not depending on s or N, such that, for all N € N,

N (s w(s)) v M s,
Sa( )§A<MZ<SA* w7 @ SC/A o) " t)|dt§C’/A*7M "0

s—(A"—M) w(s)

|k(s — t)]| dt.
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The term on the right-hand side, and thus S5, (s), tends to 0 as A* — oo, uniformly in s > A* + A
since w € W(k) implies that (E’) holds. Since S2';(s) = 0 if s < A+ A* we conclude that S3';(s) — 0
as A* — oo, uniformly in s € R and N € N.

Since |1 —w(s)/w(t)| < 1,0 < s < t, and again by Lemma[5.5] there holds, for all s € R and N € N,

sh< Y wWel<c (s — 1) dt < /w Clw(—1)] dt,

max{s+A*,A}<t§v max{s+A* A}—M A*—M

for some constant C' > 0. The term on the right-hand side of this inequality vanishes as A* — oo so
that S3's(s) — 0 as A* — oo, uniformly in s and N € N.

Given € > 0, we can now choose A* large enough so that 53, (s), S3'3(s) < ¢/3 for all s € R, N € N.
Keeping this A* fixed, we can then choose A sufficiently large so that S5, (s) < €/3, and thus S5 (s) <,
for all s € R, N € N. By virtue of it follows that SV (s) — 0 as A — oo, uniformly in s € R and
N € N. A symmetric argument shows that the same is true of S{¥(s). Thus holds, whence the
quadrature weights w} (s) —w, (s) satisfy (QD) and, in view of Lemma the theorem is shown. [

Jw

After these preparations, we now present the two main results on the solvability of the discretized
integral equation in weighted spaces. We show that if the quadrature weights wév (s) satisfy
Assumptions (QA), (QA”) and (QB) and w € W(k) then the operator K}Y is invertible (Fredholm)
on X if and only if it is invertible (Fredholm) on X,,.

Theorem 5.9. Suppose that the kernel v satisfies (A"), with & € L'(R), (B) and that w € W(k).
Then, if the quadrature weights w} (s) satisfy (QA), (QA") and (QB), there holds, for all X € C and
k € BC(R?),

A-KY)ed(X)e (A-K},) € ®(X) & (A K},) € ®(Xy), (5.31)
A=K ' eBX)e A=K, ' eB(X) e (M- Kp,) " € B(Xuy), (5.32)

and, if these operators are all Fredholm, their indices are the same. Further,

0 € D5 (KY) = 2% (KY,) = 5%, (K, (5.33)
0€ Sx(KY) =Ex(KL,) =Sx, (KY). (5.34)

Proof. Let us first consider the case A = 0. If N € N then Kz = 0 if 2 € X and z(t}) = 0 for all

j € Z. But the space of functions in X enjoying this property is infinite-dimensional. Thus the kernel of

KN . 1s infinite- dimensional, whence KN . 1s neither Fredholm nor invertible on X. The same argument

Works for K,C (on X) or K;C (on X,). Thus 1 ) and 1 ) hold for A = 0 and the statements in
i and - will follow if we can show that (5.31)) and ( l are also true for A\ # 0.

It follows from the assumptions on the quadrature Welghts that the operators K}¥ and K ,ivw are
s-continuous (Theorem [5.6} Pr0p0s1t1on E, s-sequentially compact (Theorem . Proposition
and that the difference operator K & — KV e 18 sn-continuous (Proposition We can now apply
Theorem [2.9| with H := K}¥ and L := K} — KN to see that (5.31)) holds, When )\ £ 0.

It remains to show that l-j holds. But thls follows from a repetltlon of the argument to show
that (4.21)) is true in Theore 6, with K, K,, replaced by K and K}, respectively. 0O

k,aw?

5.3 Stability and uniform stability in weighted spaces

Throughout this section, we will assume that the kernel v satisfies the Assumptions (A”), (B) and
that w is a weight function in W(k).

Suppose that we have found quadrature weights satisfying (Q), (QA), (QA’) and (QB), and that
the resulting Nystrom/product integration method for the numerical solution of equation is stable
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with respect to the uniform norm; precisely, for some N’ € N, (A — K¥)~! € B(X) for all N > N’,
with
C:= sup |[(A\— KM < 0. (5.35)
N>N’

From the results in the previous subsection we may then conclude that (A — K})~! € B(X,,), N >
N’, but we do not know if the uniform bound also holds with respect to operator norm on B(X,,).
The theorems in this subsection show that this is indeed true, even if we consider simultaneously a whole
class of operators, where k varies in some bounded and equicontinuous set W.

Before we proceed to these key results of this chapter, we prove a preliminary proposition. It is
convenient to use, in this and the following results, the notations K,iv and K,Jf\,[w, with N = oo, to denote
K} and K ,,, respectively.

Proposition 5.10. Suppose the quadrature weights ij(s) satisfy (Q), (QA) and (QB). Let (ky) be
a sequence in BO(R?), k € BC(R?), (N,) be a sequence in N, (y,) be a sequence in X, y € X and
A#0. Ifky 5k, Ny > N € NU{oo}, (A= Kp")~! € B(X), for alln €N,

C:=sup|[(A—Kp") ! < o0, (5.36)
neN

and A\ — K is injective on X then (A — KN)™' € B(X) and |\ — KN)7Y|| < C. If also y, >y, then
(A= K ) "y = (A= KY) 'y

Proof. If y,, = 3 then, by (5.36)), the sequence (,,), defined by x,, := ()\—K,i\if)_lym n € N, is contained
in X and is bounded. But then, by Remark (K ,i\i "x,) contains an s-convergent subsequence. Since

Jrnz)\_l(K,i\i"xn—l—yn), n €N,

it follows that (z,) has an s-convergent subsequence, denoted again by (z,). Let z € X be the limit
of this subsequence. But then, by Proposition Kﬁ"l’n BN K,ivx and thus y, = (A — K,ﬁ")mn BN
A= KNz, n — oo. But y, =y and hence (A — KV )z = y.

Suppose that we are given arbitrary y € X. Then we define the constant sequence (y,), by setting
Yn = Yy, n € N, and use the argument of the preceding paragraph to show that there exists x € X
such that (A — K,ﬁv)x = y. Hence \ — K,ﬁv, which is injective by assumption, is also surjective and
thus invertible on X by Banach’s inverse theorem. The bound on the inverse follows, for we have seen
that, for every y € X with ||y| =1, (A — Kﬁf‘)_ly = (A= KN)~'y, whence inequality (2-10) yields
A = KY) 7yl < sup,en ||(A — Kpm) "yl < C. m

If also (QA”) holds then we can remove the assumption that A — K}¥ be injective in the above
proposition and relate the uniform boundedness of the inverses on X to that on X, w € W(k). The
following theorem is our first central result on the stability of the Nystrom method.

Theorem 5.11. Suppose that the kernel v satisfies (A”) and (B) and that the quadrature weights w} (s)
satisfy (Q), (QA), (QA") and (QB). Let (k) be a sequence in BC(R?), k € BC(R?), (N,) be a
sequence in N and A # 0. If w € W(k), kn, = k, N, = N € NU {oo} and (A — K,i\i")_l € B(X), for
alln € N, then
C:=sup |[|(N— K,i\jl")flﬂ < o0

neN

if and only if
Cy :=sup |[(A— Kﬁ")%Hw < 00
neN

and A — K is injective on X,,. Further, if C < oo, then A ¢ Sx(K}Y)UXx, (K}), with

1A =KD <O A= B Hlw < Cu
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Proof. Note first that if the assumptions of the theorem hold then it follows from Theorem that the
quadrature weights wN ($) satisfy Assumptions (Q), (QA) and (QB) and, further, that the operators
KN" on X, and KN”w on X are uniformly bounded in n. Also, (A — KN”) € B(Xy), n € N, by
Theorem (.91 The proof of the present theorem now proceeds in a number of steps.

(i) We note first that if C' < oo then A — K} is injective on X,,. To see this, suppose that C' < oo,
z € X,y and Az = K,ivz. Let y, := Az — K,i\;":c, n € N. The operators K,]C\i” are uniformly bounded on
X, and hence the sequence (y,,) is bounded in X,,. Moreover, by Propositionm Yn = A — K ,JCV =0
as n — o0o. It now follows from Lemma [2.12] that y,, — 0 and, since

lz = 1A = K27) " yull < Cllyall, n €N,

we must have x = 0.
ii) We next point out that, if A — K} is injective on X,, and C,, < oo, then A — K} is injective on
k k
X. As A — K} is injective on X, if and only if A — K is injective on X and, moreover, by
k k,w

sup [l = £207,) 7| & sup ) K7 = C

neN neN
it follows from Propositionthat if \— K} is injective on X,, and O, < 0o then (A-K[¥,)™! € B(X),
so that, by Theorem (A — KN)~! € B(X); in particular A — K} is injective on X.

(iii) We next show that if A — K}V is injective on X, (which implies that A — Kk 0 18 injective on
X) then C' < oo if and only if C\, < 0.

Suppose first that C < oo but Cy, = co. By passing to appropriate subsequences, denoted again by
(kn) and (N,), we may assume, that lim,_ ||(A — KN”)Hw = 00. Thus there exists a sequence (z,) in
X with ||z, || = 1 such that ||(A — KN)anw — 0. Defining x,, := wz,, n € N, we then have

A= KN Yo, — 0, n— oo, (5.37)

kn,w

It follows from Proposition part d), that (K ,ﬁi flw:cn) has an s-convergent subsequence, so by passing
to subsequences, we may assume that K,ﬁ’:wxn 2 Xz for some x € X. But then, by (5.37), =, — .
Now Proposition yields K,?Z:‘wxn 5 K,Jc\fwx. But this means that Az = K,]xwx. But A — K,]c\fw is

injective, so that = = 0, which implies z,, — 0. By Proposmon and Lemma we thus see that
(KN —K,]cv"w)xn — 0. Combined with equation ([5.37)), this proves (/\ K ")z, — 0. Since [z,[| = 1,
n € N, this contradicts C' < oo and thus it must hold that Cy < 00.

If, on the other hand, if C,, < co and A — K} is injective on X,, then we can reverse the roles of
Kk » and K} in above argument to prove C' < oo (using (ii) to show that A — K}Y is injective on X).

(iv) From (i)-(iii) two implications follow:
C<oo = (Cyp<o0,A— K} injective on Xy) = A— K} injective on X.

Thus, if C' < oo, it follows from Proposition that (A — K¥)~! € B(X) with |[(A — KN¥)~|| < C.
Applying Proposition a second time, as in the proof of (ii), we have that (A — K,?fw)*l € B(X),
with ||(A — K,i\fw)_lﬂ < Cy, so that (A — KY)™1 € B(X,,) with [(A = KN) 7w < Cu. O

The above theorem has a number of important corollaries. The first concerns the stability of the
Nystrom/product integration method for a single fixed k, and shows, in particular, that if the Nystrom
method is stable on X, i.e. (5.38) holds for some N’ € N, then it is stable on X,,, for all w € W(k).

Corollary 5.12. Suppose that the kernel v satisfies (A”) and (B) and that the quadrature rule (5.7))
satisfies (Q), (QA), (QA") and (QB). Further, if, for some N' € N, k € BC(R?), w € W(k) and

e | Ex(ED),

N>N'
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then

sup ([ — K < oo (5.38)
N>N'

if and only if

sup [|(A = K) "Ml < 00
N>N'

and Az = Kyx has only the trivial solution in X,,. Further, if (5.38) holds, then A\ ¢ X x (K;)UXx,, (Kk).
The following theorem, our next corollary, shows that the Nystrom/product integration method is

even uniformly stable on X,,, for k € W, if it is uniformly stable on X and W C BC(RR?) is bounded

and equicontinuous.

Theorem 5.13. Suppose that the kernel v satisfies (A”) and (B) and that the quadrature weights w (s)

satisfy (Q), (QA), (QA") and (QB). Assume, further, that W C BC(R?) is bounded and equicon-
tinuous and N' C N. Then

¢ U U Yx (KY), and C:= sup sup ||\ —Kp)™'|| < o0 (5.39)
NEN kew NeN" kew

imply, for every w € W(k),

Cyp = sup sup ||(A\ — Kp) |w < o0 (5.40)
NeN' kew

If (5.39) holds and N’ is unbounded then A ¢ Lx(Ki)UXx,, (Kg), k€ W, and
sup [|(A — K) M < G, sup [(A = Ki) " Hlw < Cu.
kew kew

Proof. It holds but does not, then there exist sequences (k) in W and (N,,) in N’ such that
sup,en ||(A — K,i\i")_lH < 00 but sup, ey [|(A — K,Jc\i")_lﬂw = oo. Furthermore, since W is bounded and
equicontinuous and so, by Remark [2:8] relatively s-sequentially compact we can choose these sequences
such that k, = k € BCO(R?) and N,, — N € NU {co}. But this contradicts Theorem O

From this theorem we draw the following corollary, the last theorem of this subsection, which gives
a first estimate of the error in the weighted norm || - ||..

Theorem 5.14. Suppose that the assumptions of the previous theorem are satisfied with N unbounded.
Then, for every N € N, k € W and y € X,,, unique solutions x € X,, and N € X,, of the equations

At — Kpx =y, e — KiNx =y, (5.41)
exist and satisfy
2 = 2Nl < Coo|(Kk — K ) |u- (5.42)
where C., is the constant in (5.40). Moreover, if (Ny,,) is a sequence in N’ and N,, — oo then
|z — 2N -0, n— occ. (5.43)

Proof. Theoremshows that (A — Kj)™1, (A= K¥)~! € B(X,,), for all k € W, N € N'. Thus, for
everty N € N, k € W and y € X, unique solutions z,z" € X, of exist. Further, we obtain
from Az — y = Kz that

A=K —y= (K, — K, N eN,

and, by applying the operator (A — K)~1,
-2 =\-KN)"YK, - KY)z, NeN, (5.44)

holds. Hence, in view of (5.40)), (5.42) holds.
To see that ([5.43)) holds, observe that from Proposition we obtain that (Kj — K,iv")x 20 as

n — oo. On the other hand, since x € X,, and the operators K} and K,iv", for n € N, are uniformly
bounded by Theorem we obtain that the sequence (Kj — K,év")x is bounded in X,,. But, by
Lemma this means that K,iv"x — Kz so that, taking into account (5.39) and (5.44), xy — x. O
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5.3.1 Sufficient conditions for stability and uniform stability on X

We still assume that the kernel v satisfies the Assumptions (A”) and (B).

The results shown in the previous section can be used to prove stability of the Nystrom method on
X, for all w € W(k), once its stability on X is known. In this short subsection, we now give sufficient
conditions, which ensure the stability of the Nystrom method on X and X, for a certain class of kernels
and quadrature methods.

To this end, we require the following uniform versions of (B) and (QB).

o0
(Bu) / lv(s,t) —v(s+h,t)|dt =0 ash— 0, uniformlyins e R,
—00

(@B,) sup Z |ij(s) - r.uJN(s +h)]—0 ash—0, uniformlyinseR.
NeN 4
JEZ

Clearly (B,,) implies (B) and (QB,,) implies (QB). We also note that (B,) is satisfied if v is a
convolution kernel, i.e. v(s,t) = k(s — t), for some x € L*(R), in which case many sensible quadrature
rules for the approximation of v satisty (QB.,).

We obtain the following stronger variants of the statements in Proposition [3.2h) and ) if (B)
and (B,,) are satisfied.

Proposition 5.15. Suppose that the kernel v satisfies (A) and (Bwy) and that the weights w (s)
satisfy (QA) and (QB,). Further, let W C BC(R?) be bounded and uniformly equicontinuous and let
B denote the unit ball in X. Then the sets

Vi= ] Ke(B)={Kz:z € X,||lz| <1, ke W}, (5.45)
keWw
Vo= J U K¥B) ={K{z:zeX |z| <1, k€W, NeN} (5.46)
NeNkeW

are bounded and uniformly equicontinuous.

Proof. The boundedness of V; and V, has already been shown in Proposition [3.2] and For k e W,
z € B and 5,5’ € R, we see that

o

|Kpz(s) — Krpz(s')] < /_OO [v(s,t) —v(s',t)||k(s,t)|dt +/ lu(s’,t)||k(s,t) — k(s',t)| dt

— 00

IN

sup [|£] / (s, t) — o(s" O dt + C sup k(s 1) — k(s', ),
kew —00 keW,teR

where C' denotes the supremum in (A). The first term on the right-hand side converges to 0 as
|s — | — 0 since W is bounded and (B,,) holds, the convergence being uniform in s. The second term
converges to 0 as |s — §'| — 0, uniformly in s € R and k € W, since W is uniformly equicontinuous.
The uniform equicontinuity of V; follows.

A similar argument shows that V5 also has the desired properties. O

We also require a modified version of (Q).

o0
(Qu) YU eU ijN(s)x(t;V) — / v(s,t)x(t)dt as N — oo, uniformly in s € R and x € U,
JEL -
where U denotes the collection of bounded and uniformly equicontinuous subsets of X.

It is quite obvious that (Q) does not imply (Q.,), as one might use, for different values of s, different
quadrature weights wJN (s) belonging to quadrature rules with arbitrarily slow rate of convergence so
that the necessary uniform convergence in s required in (Q,,) cannot be achieved.

On the other hand, one might surmise that (Q,,) is a stronger condition than (Q), but this is not
the case; however, (Q) follows from (Q.,) if (QA") is satisfied. We will prove both facts in the next
example and lemma.
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Example 5.16. Let the kernel v be given by v(s,t) = 1j_111(t). Define the abscissae tév := j/N, for
J €Z and N € N, and let the quadrature weights N( ) be given by
¥ <,
1, tN| =N, .
wév(s):: ‘gv‘ ) seR,j€Z, NeN.
0, otherwise,

Then, for every x € X, N € N and s € R, we see that

S @)~ [ etsnea] <o) —av+ 2| X L [ aa]

€T |tV |<1 -1

In order to verify (Qu), we choose an arbitrary U € U. The second summand on the right-hand side
of this inequality converges to 0 as N — oo, uniformly in s € R and x € U, as the compound rectangle
rule for finite intervals is uniformly convergent on bounded, uniformly equicontinuous sets [30]. Since
U is bounded and uniformly equicontinuous the first summand on the right-hand side also converges to
0 as N — oo, uniformly in s € R and x € U, whence (Q.,) holds.

On the other hand, to see that (Q) is not satisfied, we can choose f € X so that f has support
outside the interval [—1,1] and f(N) =1 and f(N + «) = —1 for every N > 2. Then

S - [ s nsoa| =1 - sV =2 seRN 22

JEZ -
so that (Q) cannot hold.
Lemma 5.17. If the quadrature weights wjv(s) satisfy (Qu) and (QA') then they also satisfy (Q).

Proof. For every A > 0, we choose a “cut-off” function x4 € X such that |xal = 1, xa(s) = 1 if
|s] < A and xa(s) =0if|s]| > A+ 1. Let f € X and s € R. Then, for every A > 0 and N € N, the

term
]ijv(s)f(ty) - / (s, ) f(1) dt’ (5.47)

JEZ >

is bounded above by

S e - [ osotan@ ]+ 10 -xnl( Y kel [

lo(s,1)] dt).
JEZ - \t;v\>A R\[—A,A]

Given € > 0, we choose first A > 0 large enough so that the second summand is < €/2, irrespective
of N € N (this is possible as v(s, -) is integrable and Lemma applied with w(s) =1 and M = oo,
shows that the sum converges to 0 as A — oo, uniformly in N € N). The function x4 f is continuous
and has compact support and thus must be uniformly continuous. By (Q.), the first summand in
(5.47) is thus < €/2 for all N large enough. We have thus shown that can be made < € for all N
large enough. But this is all that is required to prove (Q). O

The key element of our stability proof is the following proposition, a corollary to Theorem 3.6 in
[50].

Proposition 5.18. Let Y be an arbitrary Banach space and suppose that L € B(Y). Assume further
that (A — L)~ € B(Y), for some A # 0, and that (L) is a bounded sequence in B(Y) for which

(LY —L)L|| — 0, |(LYN —L)LY| — o0, as N — oo, (5.48)



Numerical solution in weighted spaces 63

holds. Then there exists some N' € N such that, for all N > N', the estimates
1A=L) LY =D)LV <AL (@Y = L) = L)LY < A (5.49)
hold and the operator (A — L") is invertible on X with inverse bounded by

1+ [[(A = D)LY
A= II(A = L)=H (LN = L)LN ||

I = LM~ <

Remark 5.19. Note that, under the assumptions of the previous proposition, it is easy to see that
implies that holds for all N large enough: For the first inequality in this is clear by the
triangle inequality, for the second this follows from the representation (A\— L)™' = A1 (I+ L(A—L)™1)
and the estimate

1LY = L)X = L)LY < INTHIEY = L)LY+ (ATHIEY = L)L = Z) 7 HIZY-
We now prove the announced stability result for quadrature weights satisfying (Q,).

Theorem 5.20. Suppose that A\ # 0, that the kernel v satisfies (A) and (By) and the quadrature
weights w]N(s) satisfy (Q), (Qu), (QA) and (QB,). Assume, further, that W C BC(R?) is a bounded

and uniformly equicontinuous set and that (A — Ky) ™! exists for every k € W with

sup ||[(A — K) 7Y =: Cw < oo, (5.50)
kew

for some positive constant Cy. Then
(B — Ki)Kill — 0, [I(Kf — Ki) K| =0, N — oo, (5.51)

uniformly in k € W, and there exists N' € N so that A — K is invertible on X for all N > N', k € W,
and there holds

sup sup |[(A— K,iv)*lﬂ < 00.
N>N' keW

Proof. Let B denote the unit ball in X. From the assumptions and Proposition [6.15| we learn that
ve={ U (K,fj(B) U Kk(B))
NeNkeWw

is bounded and uniformly equicontinuous. Since W is also bounded and uniformly equicontinuous, so
must be the set U C X, defined by

U:={k(s,)z():seR ke W,x e V},

ie. U €Y. By (Qu) we thus have that

oo

‘Zwé\[@)x(t) —/ v(s, t)z(t) dt) -0,

— 00

as N — oo, uniformly in « € U and s € R. But this entails that (5.51]) holds.
Since we have assumed (5.50) we can now apply Proposition [5.18 We obtain that there exists
N’ € N such that, for all N > N’ and k € W, (A — K¥)~! € B(X) and there holds

- 1+ (A= Kp) 'K
sup su A— KM < sup su k < 00.
o2k, pup I =K< s S N0 K 1KY — KoKl
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If we additionally assume that (A”) and (QA”') are satisfied then we can use the weighted space
theory to obtain that stability also holds on X,,. We thus obtain the following theorem, a corollary to
the previous theorem and Theorem [5.13]

Theorem 5.21. Suppose that the assumptions of the previous theorem are satisfied and that, for some
r € L'(R), the kernel v and the quadrature weights w} (s) satisfy (A”) and (QA”), respectively. Let
w € W(k). Then A — Kj, and A — K} are invertible on X,,, for all N > N’ and k € W ; moreover,

sup (A= Ki) Mlw < sup [(A= K) 7w < oo.
kew kEW,N>N'

An application of this result to a large class of kernels and quadrature rules satisfying its assumptions
can be found in Section [6.2]

5.4 The finite section method

Throughout most of this section, we will assume that the kernel v is a convolution kernel satisfying
Assumption (A”), so that v(s,t) = k(s — t), for some x € L!(R) satisfying the monotonicity condition
in (A”). Moreover, we suppose in this section that the quadrature weights w! (s) satisfy (Q), (QA),
(QA") and (@B).
The previous sections were devoted to the study of Nystrém/product integration methods for the
integral equation
A — Kpx =vy. (5.52)

This has led us to relate the solvability of the discretized equations
eV — KN =y (5.53)

on X to their solvability in the weighted spaces X,,, w € W(k). In particular, we have seen that, for a
large class of kernel functions v and k and quadrature weights wjv (s), the invertibility of A — K} on X
is sufficient for the invertibility of A — K7V on a class of weighted spaces X, for large values of N € N.

As has been explained earlier, the solution zV of may be obtained by solving an infinite
system of linear equations. However, in many cases, solving this infinite system exactly, or at least
approximately, will be an onerous if not impossible task. Therefore we will now consider the effect of
truncating the summation in the definition of the discretized integral operator K ,év to a finite inter-
val [—A, A], where A > 0, i.e. we replace the quadrature operator K,JCV in by the operator K]JCV’A,

defined by
K a(s) = Y wMN(s)k(s,t))a(t)),  seR zeX. (5.54)
V<A

Clearly K ,iv 4 is the operator K ,év defined in (5.8)), but with the quadrature weights

wi(s) =N ()1_an ), seRjeZ, (5.55)

instead of the quadrature weights wjv (s). It will be convenient to use the notation K ,iv A= K N and
N,A

5 (s) = wi(s) for A = oo. We recall also our notational convention K7 := K}, for N = oo.

J
We note that, for every A € (0, 0], K,iV’A(B) C K (B), where B denotes the unit ball of X or X,
w € W(k), whence the inequalities

w

N,A N,A
A< KX, 1K e < K lws 0 < A <o, (5.56)

hold. Another noteworthy fact is that the operators KéV’A, A € (0,00), have finite dimensional range
and hence are compact on X and X,,; more precisely, K,iV’A(Xw) = K,iV’A(X) = span{wjl-v(-)k(-,tjy) :
|t§V | < A}
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Replacing K} by K,iV’A in (5.53)), we obtain the equation
AgNA — K,iv’AxN’A =y. (5.57)
Provided it exists, a solution V"4 of this equation can be obtained by solving the finite linear system

A , _
AeNAEN) = Y Wl RN )N A ) = y()), 1] < A (5.58)

N
<A

for the values of #™V-4(tlY) at the quadrature nodes I € [~A4, A] and then setting

N A(s) = ( Z w;V’A(s)k(s,té-V)xN’A(tév) + y(s))7 s €R.

N
X |<A

This method of obtaining an approximate solution z™¥*4 of is known as the finite-section method.

Naturally, two questions arise: the first concerns the applicability and stability of the finite section
method, i.e. the question whether the inverses of A\ — K liv 4 exist and are uniformly bounded for large
values of A; once this has been answered in the affirmative, the second question asks for estimates of
the accuracy of the approximate solutions. In this section our focus will be on the latter problem, for
the weighted space theory developed earlier in this chapter contributes to its answer.

By definition, it is immediately clear that the procedure of replacing the quadrature weights wjv (s)
by w]N’AN(s), where (Ay) is a sequence in (0, 0o], is consistent with Assumptions (QA), (QA"), (QB)
and also (Q) if Ay — co. We note this fact in the next lemma.

Lemma 5.22. Suppose that the quadrature weights wj\'(s) satisfy Assumptions (QA), (QA") and

(@QB) and that (An) is a sequence in (0,00]. Then the quadrature weights wJN’AN(s) also satisfy
Assumptions (QA), (QA") and (QB). If the quadrature weights wév(s) additionally satisfy (Q) then
the quadrature weights ij’AN(s) also satisfy (Q).

Proof. Suppose the assumptions of the lemma are fulfilled. It is immediately clear that the quadrature
weights w;.V’AN(s) satisfy (QA), (QA"”) and (QB), so we are left with proving that they also satisfy
(Q) if Ay — oo. To this end, let s € R and f € X; then we obtain

oo

SN () 1) - / o(s, 01

JEZL >

<

S - | T (s )£ (1)

JEZ -

AL DS e ()l

[tN>AN

(5.59)
Since the quadrature weights wjv (s) satisfy (Q) we know that the first term on the right-hand side of
this inequality converges to zero as N — oco. But, since Ay — oo and in view of Lemma (applied
with ' = {s}), the same is true of the second term. Thus the term on the left-hand side of
converges to 0 as N — oo, as required in (Q). O

This lemma shows that, if Ay — oo the weighted space stability theory of Section [5.3] in particular
Theorems [5.11 also applies to the finite-section method, provided we can show that show that the
resulting finite section method is stable on X.

However, we will now consider a variant of the finite-section method in which, in addition to the
truncation of the quadrature weights, the function % is modified. The first major result of this section
addresses the stability of these modified finite-section method in weighted spaces. As we have done in
our stability analysis for the Nystrém method, we consider simultaneously a class of discretized integral
operators K}, with the kernel function k varying in a set Wy, but we also allow k to vary in different
(possibly empty) sets W4 depending on the truncation level A. We will discuss possible applications of
this theorem below.
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Theorem 5.23. Suppose that the kernel v satisfies (A”) and (B) and that the quadrature weights w (s)
satisfy (Q), (QA), (QA") and (QB). Moreover, assume that N' C N, W is a bounded and equicon-
tinuous subset of BC(R?) and that, W4 C W, for every A € (0, 00].

If
re U U SxE™h (5.60)

NeN' Ae(0,00] kEW 4

and

C:=sup sup sup [(A— K,iV’A)_1|| < oo (5.61)
NeN' Ae(0,00] kEW4

then, for every w € W(k), the operators A — K,iV’A in (5.61)) are also invertible on X,, and

Cy:=sup sup sup [[(A— K,iV’A)AHw < 0.
NEN Ae(0,00] kEWA

Let us comment on possible applications of this theorem before we begin its proof. In the simplest
case the sets N’ and W are singletons, W, = W, = W holds, for all A larger than some Ag > 0, and
W4 = @ otherwise. This is the classical finite section method for the equation [5.52] The theorem then
states that the stability of the finite section method on X implies its stability on X,,, w € W(k).

However, proving the stability on X of the finite-section method for the equation i.e. the
existence and uniform boundedness of the inverses of A\ — K ]va A on X , for A large, is difficult and a
general theory, that includes the case when v is not a convolution kernel and k is not the constant
function k(s,t) = 1, does not seem to exist (but see [46] for recent results in this direction).

Nevertheless, sometimes it is possible to obtain the existence and uniform boundedness of the inverses
(A\-K ,iVA’A)*l on X, for all A sufficiently large, where k 4 is obtained by modifying k£ near the endpoints
of the interval [—A, A]. This procedure is sometimes called a modified finite section method and has
been considered in, e.g., [51]. In this case, one would choose W, = {k}, W4 = {ka}, for all A large
enough, and W4 = @ otherwise.

Finally, the assumptions allow us to consider the (modified) finite section method for families of
operators A — K}, with N and k varying in N' € N and W C BC(R?). We will consider a specific
application of this variant of the modified finite section method later in this thesis, and now commence
the proof of Theorem [5.23

Proof. Let A € (0,00]. If A < oo then, by Lemma (applied with Ay = A, N € N), the quadra-
ture weights w;»V’A(s) satisfy (QA), (QA”) and (QB); if A = oo this follows immediately from the
assumptions of the theorem. In both cases, we may thus deduce from Theorem and that
¢ ZXw(K,iV’A) for all k € W4 and N € N'| so that holds with X replaced by X,,, w € W(k).

We are left with proving that ', is finite, which we will do by contradiction. To this end, assume
that Cy, = oo. Then we could find sequences (N,,) in N’, (A4,) in (0, 00] and (k,) in W such that

lim || — K47, = oo (5.62)
n—00 "
By passing to appropriate subsequences, we may assume w.l.o.g. that A, — A € [0,00] and, since W
is bounded and equicontinuous and thus relatively s-sequentially compact, k, — k € BC(R?). We
distinguish two cases and will show that each leads to a contradiction.
A = oo: For every n € N, we choose a function k!, € BC(R?) with the following properties:
@) WLl < lknll; (i) k5 (s,t) = kn(s,t), for all s € R and [¢t| < A,; (iii) k,(s,t) = 0, for all s € R
and [t| > min{|t§v"| : t;v"‘ ¢ [~ An, Anl}. (We note that k!, = k, if A, = c0.) Then K" = K?L’“A’U for
every n € N, so that, by virtue of (5.62)), lim,, o ||(A — Kg”)*1||1u = oo. However, (i), (i), A, — oo
and k, > k ensure that k!, > k; moreover, (5.61)) shows that sup,,cy ||(A — K,?,]”)_lﬂ < oo. Thus
and by the assumptions on the quadrature weights, Theorem applies to the sequences (k/,) and

(N,,), implying that the values of (A — KN") " [lw = [|(A — Kk’“ *)=1|| must be uniformly bounded,

contradicting ([5.62)).



Numerical solution in weighted spaces 67

A<oo: If A, — A< oo then A, < A+ 1, for all n large enough. Thus, by passing to appropriate
subsequences, we may assume that sup, oy Ap, < A+ 1. In view of (5.62), we can find a sequence (zy,)
in X, such that ||z,]lw =1, n € N, and

lim [|(A = Kp ") 2| = 0. (5.63)

Then also limy, o |[|(A— K" )z, || = 0 and from (5.61)), we get z, — 0. We now choose a non-negative
“cut-off” function y € X such that [|x]| = 1, x(s ) | | <A+ 1 and x(s) =0, |s| > A+ 2. Let
(21) := (xzn) and (2)) := (2, — #},). Clearly, ( zy) and (z”) are sequences in X,,. Since X is compactly

n
supported z, — 0 ensures that ||z} |lw — 0, and hence, by choice of (z,), ||z//||w — 1. Moreover, we

have that K,i\i"’A" 2z =0, n € N, since z!! is always supported outside the interval [—A,,, A,]. Thus
Nn7An Nn7An N"L7AVL N”L)A”L
I = K" znllw = 1= K )zl = 10— K )2 llw = (X250l = IO = B 5)2 |w-

But, since ||z}, |lo — 0 and, by (5.56) and Theoremﬁ7 the operators A — K No:An are uniformly bounded
on X,,, the right-hand side of thls inequality converges to |A\| > 0 as n — oo contradicting ((5.63 - O

We are also interested in estimating the error of the (modified) finite section method. To this end,
we now start with the following general situation: We choose N € N, A > 0, k, k¥ € BC(R?) and
suppose that the inverses of the operators A — K ,iv and A\ — K ,i\,] A exist on X. Further, let us assume
that k, k' satisfy, for some D € (0, 4],

k(s,t) =K'(s,t), |s|,|t| < D. (5.64)

N

For a given y € X, we now compare the difference 2V — 24 between the unique solutions 2V, 2V4 € X

of the equations B
N
A=KM)aN =y, (A= Ky HaNA =y,

i.e. the error introduced by the truncation and the replacement of k by &’. To this end, we will investigate
the residual r, defined by

r::y—()\—K,JfV)xN’A: (K,iv—K,i\,,’A)xN’A. (5.65)
Clearly, r € X and we observe that, since 2V — 24 = (A — KV) "} (K} — K,i\,[’A)mN’A, there holds
N — A :()\—Kk )"t

and hence
2™ — ™A < [ = KX - (5.66)

With the aid of our assumption ([5.64)), we can bound r in terms of the values of xv A outside the
interval [—D, D]. To achieve this, we split the residual, » = r +r_, where, bearing in mind the second

equality in (5.65)), 7+ is given by

ri(s) = {Zitzv> p (W (9)k(s, 1) — w;V7A(s)k’(s,t))mN’A(t§V), +s>D

YsuNep (N (s)k(s,8) — WA (K (5,1)) N AWY), 45 < D, (5.67)

Since ([5.64) holds and the quadrature weights wév () satisfy (QA), (QB) we easily see that ry € X.
We now bound 74 (s) as follows:

re(s)l < (16N + IK1) nEp(s) e ™A ()], s €R, (5.68)
>

where pY,(s) are the functions defined by

1 p(s) = 2iysop wN(s)], +s>D,
Z:tt;V>D |u]§\[(3)|7 +5< D.
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We observe that, for every N € N, the function p%,, is a member of L°(R) with |1 p]lec < Cq (the
constant in (QA)), and the same bound holds for the function py := p¥, + ¥ ,. However, we can
find much stronger bounds on p,, but before we formulate these, we introduce a suitable class of
weight functions.

Given an even weight function w(s) satisfying and D > 0, let us define the lateral weight

functions
w D -D 1 >D
w(s+ D), s> ) TP(s) =15 s> D,
1, s<—-D, w(D—s), s<D.

If D = 0 then we will also use the simpler notation w4 (s) instead of wP(s).
The motivation for this definition is the following lemma, which shows that, under condition (5.69)
below, the functions r4 are contained in the weighted spaces X@D.

Lemma 5.24. Suppose that v(s,t) = k(s — t) satisfies Assumption (A”) and that w € W(k) is such
that
w(s)p(s) = O(1), as s — 00, (5.69)

where 1(s) is defined in (4.82). Further, assume that the quadrature weights w]N(S) satisfy Assump-
tions (QA) and (QA"). Then, for every D > 0, the following inequalities hold,

ﬁg(s),ugD(s) <C, seR,NeN, D>0, (5.70)
where C' > 0 is a constant not depending on s, D or N.

Remark 5.25. Given a convolution kernel v as in the lemma, we can always find a weight function

w € W(k) satisfying (5.69); such a W is constructed in Theorem[{.5§

Proof. We only prove the inequality for the lower subscripts, for the other then follows by
symmetric arguments. We let Cg, Ag, A1, C* denote the constants in (QA), (A”) and (QA”) and
define M := max{hy : N € N}, Ay := max{Ay + M, A;}. We distinguish two cases. If s > D — A,
then w”(s) < w(As), and hence there holds

@R () < W(A2)Cq, s> D — As. (5.71)

If, on the other hand, s < D — Ay then Lemma (applied with w(s) =1, M; = D — s and My = c0)
yields

o= 3 el = Y Welsa [ ke-old< o[ ws-ola
tN>D —oo<s—tN <s—D D=hy -M
(5.72)
where C] is some constant not depending on D, M or N. Moreover, by , there exists some
constant C,, > 0 such that w(s)u(s) < C,, for every s > 0. Hence

o s—(D—M) C C,AM C,AM
)| dt = 1)) dt < z < =S = =p
/D_Mm(s )| /_oo |k(t)] dt < G(D-M)—s) ~@w(D—s) @l(s)

Combining this inequality with (5.72), we see that

W (s)up(s) ) Y W (s) < CuCiAY, s <D - A,
tN>D

Together with (5.71]), this inequality shows that (5.70) holds. O
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The error 2V — 2V+4 of the finite-section method is given by (A — KN)~*(ry +7_). If holds
then we deduce from and that 7+ € Xgp. To carry over this bound on the residual to
a bound on the error of the finite section method, we will now study the invertibility of the operators
A — K,ng on the weighted spaces Xﬁip.

As a first step in this direction, we are now going to demonstrate that many of the boundedness,
invertibility and stability results for the discretized integral operators K} remain valid when X,, is
replaced by Xz, . The next proposition (cf. Theorems Proposition collects the specific
results needed in our error analysis of the finite-section method.

In the formulation of the proposition and in the remainder of the section, we will use the following
notation: given a kernel v(s, t), quadrature weights wjv (s) and a weight function w, we define the kernel
vi(s,t) == vg, (s,t) as in and the quadrature weights w)z, (s) as in (5.20), but with w replaced
by w4 in both cases. The corresponding integral and quadrature operators are Ky 5, := Mg, KM~ !

w4
and KNy = Mg, K} Mg}, for k € BC(R?).

kw4
Proposition 5.26. Suppose that the kernel v satisfies (A”), with k € L*(R), and (B). Assume,
further, that the quadrature weights wjv(s) satisfy (QA), (QA") and (QB). Then, for everyw € W(k),
the quadrature weights wﬁgi(s) satisfy (QA) and (QB), and the quadrature weights w} (s) — wﬁmi(s)

satisfy (QA), (@B) and (QD).
Moreover, if W C BC(R?) is bounded, the operators K}, k € W, N € N, are uniformly bounded on
X, . Moreover, for every N € N, k € BC(R?), the following statements hold

0€Ix(Ky) =%x, (KY), 0eXK(KY)= X, (Ki). (5.73)

If, additionally, the quadrature weights wév(s) satisfy (Q) then the quadrature weights wﬁﬁi(s) also
satisfy (Q) (with v = vy ).
Proof. To see that the operators K ]va , k€ W, N €N, are uniformly bounded on Xy, , it suffices to show
that the quadrature weights wﬁ]ﬁi (s) satisfy Assumptions (QA) and (QB), for then Proposition
applies and shows the equivalent statement that the operators K ,i\fq; n k e W, N € N are uniformly
bounded on X (see equation (2.8)).

To verify (Q) and (QB), we use the respective arguments of Theorem but with w replaced by
wy. That (QA) holds follows from the bound

Yolda OISl (@ + ) lwias)l,  seR,

jez JET JET

and the fact that, by Theorem the quadrature weights wjv(s) and wﬁ’@(s) both satisfy (QA).
For all s € R and A > 0, the inequality

> W (=Y

\th|2A itj\’zA

w(s)
w(th)

wy(s)
W (1))

w(s)

= 1—
W ()

EACIESSY

N
BIE

jwi¥ (5)]

holds. By Proposition the quadrature weights wév(s) — w™_(s) satisfy (QD) and, hence, so must

J,w

the quadrature weights wév(s) — wﬁzi (s). Lemma now shows that the operators Kj' — K,i\fmi are
N

sn-continuous. Moreover, by Proposition each of the operators K ,év , K, &, 18 s-continuous and

s-sequentially compact. Now (5.73)) follows using a similar argument as in Theorem but with K ,i\fw
replaced by K,ivai. O
We define the translation operators Tél) and Tf), a € R, by setting, for functions z : R — C and
k:R%2 - C,
TWx(s) := (s — a), TPk(s,t) .= k(s — a,t — a), s,t e R.



Numerical solution in weighted spaces 70

We note that T ) and T 2 , acting on X and BC(IR?), respectively, are isometric isomorphisms with

inverses T( ) and T( )

4 , respectively.

A characteristic feature of convolution kernels v is that TCSQ)U = v holds, for every a € R. In most
cases of practical interest, reasonable quadrature weights ij (s) for the approximation of the convolution
kernel v will also be translation invariant in the following sense:

wh(s) = wiy (s +j'hn), seR,j,j€Z NeN. (5.74)

These properties are crucial for our subsequent analysis, for they enable us to relate the invertibility of
A— K on X to that on Xﬁg.

Lemma 5.27. Suppose that the quadrature weights wjv(s) satisfy Assumptions (QA), (QA"), (Q@B)
and (5.74), and that k € BC(R?) and w € W(k). Then, if D :=t}, for some N € N and j € Ny, the
following equivalence holds for every A € C:

A—KNegL(X) «— N—KY 70 € GL(X) <= M- K €GL(Xgp). (5.75)

Further, if A — K is invertible on X for some A € C, then

1= K7 = I = Ky )7 and (| = Ky )7 s = |3 = KD) g (5.76)
Proof. From ([5.74)) we obtain, by straight-forward calculation, Tff),K ,iv =K ;Vf,; kTSE),, and thus
1 1
/\—KNﬁ)k =T (0~ KT, (5.77)

Since the mappings TSL)) : X — X and Tgl)) X, — Xﬁg are isometric isomorphisms and Proposi-
tion [5.26| applies we conclude that

€GL(X ’A KN

Tk

Ak egox) B2 Ak € GL(Xz,) A K} € GL(Xgn).

Tk

Moreover, if all the inverses exist, then

o7 1 1 —
IO = Koy )™ 1H T~ KT = - K7,
1= Koy ) e B2 IR0 - KT s = 10— KXY g
proving the two remaining assertions. O

Combing this Lemma with the proposition preceding it, we obtain the following stability result, a
central element of our error analysis of the finite-section method.

Proposition 5.28. Suppose that v(s,t) = R(s—t) satisfies (A”). Assume, further, that the quadrature
weights wJN(s) satisfy (Q), (QA), (QA"), (QB) and also (5.74). Moreover, let W C BC(R?) be

bounded and uniformly equicontinuous and N’ C N. If

A ¢ U U Yx (KN and  C:= ]\s[up/ sup [[(A = KN)7Y| < oo (5.78)
NeN' kew N kew

then, for every w € W(k), N e N, k € W and D = t;v, j € Ny, the operator A\ — K,iv is invertible on
Xﬂjf. Moreover, the following inequalities hold

Cy:=sup sup sup ||\ —K)~ 1||~D < 0. (5.79)
NeN keW D=tN jeNo
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Proof. The existence of the inverses in (5.79)) follows from (5.78)) by an application of Lemma This
lemma also shows that

C sup sup  sup ||[(A— K%

ey )7 < o0 (5.80)
NeN" keW D=tN jeNo +D

We are left with showing that C4 is finite. In view of the second inequality in (5.76)), it suffices to prove

sup sup sup |[(A—K, <2>k:) Yz, < oo. (5.81)
NeN keW D=tl jeNo

Suppose this were not the case. Then we could find sequences (N,,) in N', (k) in W, (jn) in Ny such
that, for (D,,) := (tﬁ") and (ky) := (Tfl),n%n), there holds lim,, s || (A — K,ii")_lﬂﬁi = 0. By passing
to appropriate subsequences, we may assume w.l.o.g. that N,, — N € N' U {occ} and k,, > k € BC(R?)
(since (k;) is bounded and uniformly equicontinuous as a sequence of translates of functions in W,
see Remark . Moreover, there exists a sequence (2,,) in Xg, such that ||z,|z, = 1, n € N, and
limy, o0 [|(A — Kﬁ”)an@i =0.

The argument leading to a contradiction is now that in part (iii) of the proof of Theorem
with w4 instead of w, once we have shown that this replacement is allowed. To this end, we need to
verify that: (i) the quadrature weights wﬁl (s) satisty (@), (QA), (QB) (to see that Proposition

applies); (ii) the quadrature weights ij(s) — ijwi(s) satisfy (QA), (@B) and (QD) (to see that
Lemma and Proposition may be invoked); (iii) the operator A — K} is injective on Xz, (we
recall our notational convention that Kp° := Ky).

(i) and (ii) have already been shown in Proposition Moreover, in view of and our
assumptions on the quadrature weights w}v (s), we may appeal to Theorem showing that A\ — K ,ﬁv
is invertible on X and thus, in particular, injective on Xz, C X, whence (iii) also holds. Now, as

indicated above, a contradiction of (5.81]) arises and the proposition follows. O

We are now ready to prove our main error estimate for the (modified) finite-section method, when
v is a convolution kernel and the quadrature weights wJN (s) satisfy (5.74).

Theorem 5.29. Suppose that v(s,t) = k(s —t) satisfies (A”). Assume, further, that the quadrature
weights wl (s) satisfy (Q), (QA), (QA"), (QB) and also (5.74). Moreover, assume that W is a

bounded and uniformly equicontinuous subset of BC(R?), N’ C N and that, for every A € (0,00],
W4 C W. Then the following statements hold: If

re U U U =xx (5.82)
NEN' Ag(0,00] kEWA
and
C:=sup sup sup [(A— K,iV’A)flﬂ < o0 (5.83)

NeN' A€(0,00] kEWA

then, for every w € W(k), the operators A — K,JCV’A in (5.83) are also invertible on X,, and

Cypi=sup  sup sup (A=K7 < oc. (5.84)
NEN' Ae(0,00] kEWaA

Moreover, if k € W, k' € W4, for some A € (0,00], and N € N’ then the equations

A= EM)aN =y, (A= KN4 =y (5.85)

N NA

have unique solutions x € Xy, for every y € Xy, If, additionally, w € W(k) satisfies

w(s)(/m |m(t)dt+/A K] dt) = 0(1), s s oo, (5.86)

A —00
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and, for some D < A, given by D = t;v, for some j € N, the equality
k(s,t) =K(s,1), |s],]t| <D, (5.87)

holds then the error of the finite section method may be estimated by

N6 -0l <O (st aprpy ) e S0 689

where C' > 0 is some constant not depending on k, k', N, D ory.

Proof. Provided the assumptions up to are satisfied, the existence of the inverses in and
their uniform boundedness follows from Theorem It is clear that then the statement about the
solvability of holds.

Thus we are left with showing if also the remaining assumptions of the theorem hold. Let
us assume that these are satisfied and we are given y € X,, and solutions 2V and z™V*4 of . We

define Cyy := 2supz_y, k|| and 7+ as in (5.67). Then
eV — 2N = (A= KT g 4 o), (5.89)
Then, for s € R, we obtain from (5.68))

r+(s)| < Cwpkp(s) e A0 < Cwpdp(s)w(D) ™ la™ |,
>

whence, by (5.86) and Lemma there exists some constant Cy such that

Irsllze < CoCww(D)~ |zl

We note that Cy and all constants later in this proof do not depend on k, k¥, N, D or y. We have
already shown that (5.84)) holds, whence |24, < Cul|ylw- It follows that

Irsllze < Crw(D) ™ ylw,
for some positive constant C; > 0. Proposition applies and shows that
1A = K Hlge < Ca,
for some Cg > 0. Let ex := (A — K{¥)"!ry. Then
le£llze < Callrllae < CaCrw(D)™ |yl

and hence

le< ()| < CaCi(w(D)aR(s) ™", seR

Since 2V — 2M4 = e, +e_, and in view of (5.89), adding these two inequalities yields, for |s| < D

1 1 1
() = a0 < leslo)] e (9] < Caillvle s (075 + 7907 )-

from which (5.88) follows, by the definition of the weight functions w?. O

For an example of how this theorem may be applied, we refer to the end of Section
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5.5 Sums of integral operators and their approximation

In some applications it is desirable to consider integral operators Ky, which may be written as a finite
sum of integral operators of the form (3.2)), i.e. integral operators of the form

Ky :=Kipy + 0+ Kn,, (5:90)

where, fori =1,...n, K; , is defined as in with v = v;, k = k;, and k = (ky, ..., k,) € (BC(R?))".
Here, we are assuming that the kernels v;, i = 1,...,n, satisfy Assumption (A”), each with the
same £ € L'(R), and also (B).

The advantage of the decomposition is that different quadrature formulae may be used for each
of the integral operators K i,,..., Ky ,. Thus, let us suppose that K{Ykl, ceey fokn are quadrature
operators, defined as in , with the quadrature weights wév(s), j € Z, N € N, replaced by w{\fj (s),
- wﬁxj (s), respectively, where, for ¢ = 1,...,n, the i-set of quadrature weights satisfies (Q) (with
v=1;), (QA), (QA”) and (QB).

We combine these operators to define, for k = (ki, ..., k,) € (BC(R?))", the operator

Kg =K, +-+KY,, NEeN,

as an approximation of the integral operator K.

It then follows from the theory in Chapters [4| and 5| that the operators Kj and Kj¥ are bounded
on the spaces X and X,, w € W(k). Also, the operators Ky and Ky inherit the continuity and
compactness properties in the strict topology from the operators K {Ykl,...,KTIL\{ k,» €& if each of the
operators K {v fyr oo I TILV k, 18 s-sequentially compact, s-continuous, sn-continuous then, respectively, so
is K. Bearing this observation in mind, it is not hard to modify the proofs of the results in Chapters
and [5] to obtain the following variants of Theorems and Theorem [5.29]

Theorem 5.30. Let vy, ..., v, be kernels satisfying Assumptions (A”), each with the same k € L*(R),
and (B). Suppose that the quadrature weights w{\fj(s), .. ,wﬁj(s), satisfy (Q) (with v = v; for the

i-th set of weights), (QA), (QA") and (QB). Assume, further, that W C Wy x --- x W,,, for some
bounded and equicontinuous subsets W; C BC(R?), and N' C N. Then

A ¢ U U Yx(KY) and C:= sup sup ||(A—KY)7Y < .
keW NeN keW NeN'

imply, for each w € W(k), that

Cy := sup sup ||[(A— Kliv)flﬂw < 0.
keW NeN

If, further, N is unbounded then the inverse of (A — Ky)~! ewists on X and X,,, for everyk € W, and

A-Ko'<C, A = Ki) Yw < Cl.

sup || sup ||

kew kew

Moreover, for every N € N' and y € X,,, unique solutions x,xN € X,, of the equations
AN—Kr=y, \A\-K)azN =y

exist and satisfy
Iz = &l < Cull(Kic = K&l

Theorem 5.31. Fori=1,...,n, suppose that v;(s,t) = k;(s —t) and that, additionally, each of the
kernels v; satisfies (A"), for some k € L'(R) (the same in each occurrence). Moreover, assume that
the quadrature weights w{Yj(s), . ,wﬁ{j (s), satisfy (Q) (with v =wv; for the i-th set of weights), (QA),

(QA"), (QB) and (5.74). Assume, further, that W C Wy x - - - Xx W,,, for some bounded and uniformly
equicontinuous subsets W; C BC(R?), that, for every A € (0,00], W4 C W, and N’ C N.
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Then
re ) U U x5 (5.91)

NEN' A€(0,00] KEW 4

and
C:=sup sup sup [(A— KIJ{V’A)*lH < 0 (5.92)
NEeN' Ag(0,00] kEW 4

imply, for every w € W(k), that the operators A\ — KIZ(V’A in (5.92) are also invertible on X,, and

Cy:=sup sup sup [|(A— K" < oo (5.93)
NeN' Ac(0,00] KEW 4

Moreover, if k = (k1,...,k,) € W,k = (ky,..., k) € Wy, for some A € (0,00], and N € N’ then
the equations
A=K =y, (A-EyhaNt =y (5.94)

have unique solutions ™, ™4 € X, for every y € X,,. If, additionally, w € W(k) satisfies

00 —A
ﬂﬁm/|MMﬁ+/ R(O]dt) =0(1), s = o, (5.95)
A —o0
and, for some D < A satisfying D = t;-v, jeN,
ki(s,t) = Ki(s,t), |s|,|t| <D (5.96)
holds, for i =1,...,n, then the error of the finite section method may be estimated by
@ (s) )| < O (=t b = gl S <D, (5.97)
~ w(D) \w(s—D) w(s+ D) ’ -

where C' > 0 is some constant not depending on k, k', N, D ory.



Chapter 6

Applications

A common practical situation is that the kernel v(s,t) of the integral equation (5.1)) satisfies (A’), (B)
and is smooth for s # ¢, or at least if |s — t| is sufficiently large. In many cases, v(s,t) will then, for
some n € N and b > 1, satisfy the following assumption, which is the leitmotiv of this chapter.

Assumption (A’). The kernel v satisfies Assumptions (A’), with & € L*(R), (B) and there exist
constants Cp, Ag > 0 such that v is n times partially differentiable on the set {s,t € R :|s —t| > Ao},
and for all i,7 € Ng with i + j < n, the derivatives satisfy the bound

‘ ot o ‘ Cy
In this chapter we will always assume that v satisfies this assumption and investigate Nystrom
methods for the numerical solution of the corresponding integral equations

Aa(s) — /OO o(s, Ok (s, a(t) dt = y(s), s € R.

— 00

As in the previous chapter, for k € BCO(R?), we let K}, denote the integral operator in this equation.
We will show that the operators K}, are bounded (on X and) the weighted spaces X, , where wq(s) :=
(I+1t)*and 0 < a <b.

We restrict our attention to this family of weighted spaces in the remainder of this thesis. We recall
that we have seen in Example that these weight functions all satisfy Assumption (F”’). To avoid

double subscripts, we will use the notation X, || - |4, instead of X, || + |lw, , respectively. For a =0
we set X, := X, ||+ [la :== || - |. Moreover, for A > 0, we introduce the notation A := AZ | ie.

A= supp_y<a (14 [s)/(1+ [t)* < oo

6.1 A few technical prerequisites

In this short section, we provide some definitions and easy facts, which will be useful in our subsequent
analysis of quadrature and integral operators acting on X,,.

In the sequel, we will work with the special class of weighted spaces we are going to define now: For
n € No, we let BO"(R), BC™(R?), denote the Banach space of all functions, which, together with their
(partial) derivatives up to order n, are bounded and continuous on R, R?, respectively, equipped with
the norms

|l = max {|.fO): 0<i<n},

£l ey = max {10411+ 0 < isj <, i+j<n b,

(0]
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where, here and throughout, 0;,d> denote the operators of partial differentiation with respect to the
first and second coordinate, respectively. For a > 0 we will use the non-standard notation BC”(R) for
the Banach space

BCZ(R) = {f € BC"(®): |fll oy = max{{lwaf O] : 0 i <n} < o0}
Moreover, we will write BC™(R?) for the Banach space
BOJ(RY) i= {f € BC"(R2) : [flncy oy 2= mac{ w0304 : 0<ij <. i+j<n}<oo},
where w(s,t) := wq(s — t).

If two functions z,y : ' — C, Q' C R open, are n times differentiable (n € Ny) then so is their
product zy : Q' — C, with derivatives given by the Leibniz product rule

J .
o = 3 <;>x<m>y<jm>’ 0<j<n (6.2)

m=0
From this fact we draw a number of simple but useful conclusions and collect them in the next lemma.
Lemma 6.1. Suppose that n € Ng and a > 0.
a) If x € BC?(R) and y € BC™(R) then xy € BCY(R) and

lzyllen®) < 2"zl Bor @) Yl BOn (R)- (6.3)
b) If, further, for some s € R and A >0, y(t) = 0 for all t satisfying |s —t| > A then
2yl onm) < 2" AL L+ |s) ™ *l|z] sen® [yl Bon®)- (6.4)
¢) If v e BC*(R?) and k € BC™(R?), then vk € BC*(R?) and
vkl oy r2) < 2" vl Bop r2) Ikl Bon (v2)- (6.5)

Proof. a) If the assumptions of the lemma are satisfied then, for 0 < j < n, w,(s)[z)(s)| < lzll B (®),
s € R. Thus, and, by the Leibniz product rule, we obtain, for t € R, 0 < j < n,

> (3 )amnmin

m=0

|(ey) V) (t)] = <28+ )"zl oy @ vl Bon ®)- (6.6)

Multiplying these inequalities with (1 4 |¢|)* and taking the supremum over s € R yields (6.3).
b) If, in addition, y satisfies the assumptions in b) then zy(¢t) = 0 for |s—¢| > A, and for |s —t| < A,
arguing similarly to a), we see that

(@)D (O] < 21+ [t) N2l epm 19l Bon@) < 2"A8 1+ [s) Izl ey @ 1Yl Bon @),

holds for 0 < j < n. The inequality in b) follows.
¢) Under the assumptions of part c), we obtain, similarly, for 0 < i+ j <n,

AN L gi-m i
mZ:o (m) Osm %U(‘S’ ) Ost—m %k(& t)

2" (wa(s — 1)) vl sep @) Ikl Bon @),

ot o
¥ atj(v(s,t)k(s,t))‘

IN

from which the desired inequality follows. O
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A particular feature of kernels v satisfying (A7) is that they satisfy Assumption (A’), for some
k € L*(R) such that x(t) = O([t|™°) as |t| — oo (b is the constant in (A/)). Our next proposition
shows that such kernels yield integral operators bounded on the weighted spaces X, 0 < a < b. In the
proof, we use the weighted space theory developed in Chapter

Proposition 6.2. Suppose that the kernel v satisfies (A’), with k € L*(R), and (B), and further that,
for some b>1, Ag >0 and C > 0, k satisfies

() < CA+s)70 Isl = Ao. (6.7)

Then, for every 0 < a < b, w, € W(k). Moreover, for every k € BC™(R?), m € Ny, and 0 < a < b,
the integral operator Ky, defined by (3.2)), is bounded on X,, with norm bounded by

[Eklla < CllEl < Cllkl om @), (6.8)
where C' is a constant depending only on v and a.

Proof. The second inequality in is trivial, hence we concentrate on proving the first.

Let a = 0. Since (A’) implies (A), the boundedness of K} on X and the first inequality in
are immediate from Proposition Thus we now focus on the case when a > 0.

Note first, that we may assume w.l.o.g. that s is chosen such that  is non-negative and equality
holds in (6.7). Then & is monotonic outside the interval [—Ag, Ao] and both x and its reflection around
the origin, &, defined by k(t) := k(—t), satisfy condition with p = b > 1. Hence both x and
i satisfy Assumption (EY ) with w = w,; moreover, w, satisfies (F") (see Example {4.21). It thus
follows from and Lemma part ¢), that x and w, satisfy Assumptions (E’) and (E), and
hence w, € W(k). Hence, by Proposition [£.31] the kernel vy, (s,t) 1= (wq(s)/(wa(t))v(s,t) satisfies
(A) and (B). From Proposition we now obtain that the operators Ky, 1= My, KM, -1 are
bounded on X and satisfy ||mek\ < ||&[[1]/k||. Using (2.5) and (2.8)), we infer that Kj : X, — X, and
that the first inequality in holds. O

In a corollary to this proposition, we define two quantities, ©,; and Hﬁb, which we will use occa-
sionally later on.

Corollary 6.3. Suppose thatb>1, A >0 and 0 < a <b. Then the following two numbers are finite:

14]s\e b
Oup = 1+ |s—t)at, 6.9
s [ () e ls=) (69)
1+ |s| \@ e
L — h§ — 1) (1+|s—jh b). 6.10
0T 02hoA wek <(1+|Jh|)( s = 3k (6.10)

We remark that sum in (6.10) is the rectangle rule approximation of the integral in , with
distance h between the quadrature abscissae.

Proof. Given a,b as in the assumption, let us consider the convolution kernel v, given by
v(s,t) = (1+]s—t))7°, s,t €R.

Then v(s,t) = k(s—t), with k € L*(R), given by x(t) = (1+]t|)~°, so that v satisfies (A’) and (B). We
have seen in the proof of the previous proposition that then the kernel v, (s,t) := (wq(8)/(wa(t))v(s,t)
satisfies (A), which is equivalent to saying that ©,; < co.

(ii) For the second part of the lemma, we choose A > 0. For s € R and 0 < h < A, we define

o(8) _ wq ()
S1(s, h) + Sa(s, h) _h(z Z)wa (jh)wy(s — jh) hz’wa(jh)wb(s_jh).

Jjh<s jh>s JEZ
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We obtain, for every s e Rand 0 < h < A,

) (G+1h wa(s)
(s,h) = h Z o unls 3 Z /h waGhywn(s —jh)

(G+1Dh o]
< AMARY / “’“(s) dt < A2AY / —wals) g
S Jin w (H)wy(s — t) s We(t)wp(s—1t)

A symmetric argument shows that, for every s € R and 0 < h < A, there also holds

Si(s,h) < ALAY [ zlw;ﬁ,(iz—wdt'

Adding these inequalities and taking the suprema yields that Qéb < A(‘;‘Af@a’b < 00. O

6.2 Kernels with polynomial decay and error estimates for
smooth inhomogeneities

If the kernel v satisfies Assumption (A],) then we immediately obtain from the bound (6.1) that the
kernel bound x may be chosen such that

k(s) = Cn(141s])7% |s| > Ao. (6.11)

holds. Therefore we will, throughout this thesis, often tacitly assume that x satisfies (6.11]) whenever
we say that v satisfies Assumption (A} ). As a consequence, the kernel v then satisfies (A”).

Given a kernel v satisfying Assumption (AJ,), we now choose a small ) > 0 and a “cut-off” function x
satisfying
17 |t‘ S AO + 7,

6.12
0, [t|= Ao+ 2n, (612

X €C™([R), 0<x()<1, x(t)= {
unless the constant Ay in (A)) is 0, in which case we simply set x(t) := 0, t € R.
We now split the kernel into a smooth part © and a non-smooth, possibly weakly singular, part v.
We let x*(s,t) := x(s —t), notice that x* and 1 — x* are functions in BC™(R) and define the kernels

vu(s,t) :=v(s, t)x"(s,t), v(s,t) :=v(s,t)(1—x"(s,1)). (6.13)

We note that if Ag = 0 then v = 0 and v = v. We also see that, since ||[x*|| < 1, ¥ and v both satisfy
(A), (A", (A”), and (B), with the same kernel bound & as v in (A’) and (A”).

If Ay =0, v = 0 € BC}(R?) is immediate from (6.1). In the case Ag > 0, (1 — x*(s,t)) vanishes
whenever |s — t| < Ay + 7, and, again, it follows from that v € BCy'(R?) when Ag > 0 by an
argument, which is essentially that used to show .

The decomposition allows us to split K} into the integral operators I/(\k and I?; defined by
, with v replaced by © and v, respectively; then we may write

Ky, = Ky + K.
The next proposition addresses the boundedness of these operators on the weighted spaces X,.

Proposition 6.4. Suppose that the kernel v satisfies (Al)). Then v also satisfies (A"") (not necessarily
with the same xk € LY(R)). Moreover, for every 0 < a < b and every bounded W C BC(R?), the

operators Ky, Ky and Ky, k € W, are uniformly bounded on X,.
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Proof. If v satisfies (A!)) with  as in the assumption, then we are automatically assuming that v also
satisfies (A’) and (B). Moreover, we may modify » outside the interval [—Ag, Ag] so that holds
and v satisfies (A”") for this modified k. The uniform boundedness of the operators Ky, k € W, now
follows from Proposition [6.2] Since, by definition, [0(s,t)| < [v(s,t)| and [0(s, t)| < |v(s,t)| we see that

HKkHa, ||Kk\|a < ||Kk||a, proving the proposition. O

The motivation for the splitting of the kernel is that a simple quadrature rule for the approximation
of v, e.g. a compound Newton-Cotes formula, already yields a sufficiently good order of convergence
(and is often very easy to implement on a computer). The kernel ¥ may require a more sophisticated
quadrature rule, but has the advantage that, for fixed s € R, 0(s, ) is compactly supported.

In the following, we will consider what is perhaps the simplest approximation for v: the compound
rectangle rule. However, we make the point that our arguments are easily adapted to work with the
other compound rules such as Simpson’s rule.

We define, for N € N and k € BC(R?), the discretized integral operator If(\,zv by

thZ s, tN (s t;-v)x(tév), seR, ze X, (6.14)
JEZL

taking tf’ = jC/N for some constant C > 0, so that hy = C/N. This means that K} is the operator
defined in (5.8) with the quadrature weights w}v (s) replaced by the quadrature weights

N (s) == hnv(s,t)), s€R, j€Z NeN. (6.15)

The next proposition shows that the quadrature weights LTJJN (s) for the rectangular rule are compat-
ible with our assumptions in Chapter [5| and yield bounded quadrature operators on X,, 0 < a < b.

Proposition 6.5. Suppose that the kernel v satisfies Assumption (AL). The quadrature weights @;V(s),
defined by (6.15), then satisfy Assumptions (Qu) (with v =7), (QA), (QA"), (QB) and (QB,).

Moreover, for every 0 < a < b and every bounded set W C BC(R?), the quadrature operators K,va,
k € W, are uniformly bounded on X,.

Proof. In the first part of the proof, we show that the quadrature weights &;V (s) satisfy the desired
assumptions.
(QA"): We may assume w.l.o.g. that r satisfies x(s) = C,,(1 4+ |s])7°, |s| > Ao, so that

& (s)] = hn[v(s, 85)] < hnvlo(s,t)] < Cohn (1 +]s = £5')) 7",

for all s € R, j € Z, N € N satisfying |s — | > Ag. Hence (QA") is satisfied (with A; := Ay).
(QA): Since WY (s) = 0, if [s—t)| < Ag, we obtain, in view of the above inequality and Corollary.

S BN (s) < Cohy > (A4 |s—tN)7" < Cub)l, < 00,  s€R, NeN,
JEZ JEZ

where M := max{hy : N € N}. But this means that the quadrature weights &} (s) satisfy (QA).
(@B,,): Since v € BCJ'(R) we can use the mean value theorem to see that, for all s,t € R, || < 1,

[0(s,t) — (s + h,t)] < A} |h|||U||Bcl(]R2 (1+1s— t\)_b. (6.16)
From this inequality we obtain, for all |h| < 1 and s € R,

S IEN(s) =@ (s+h)| = ha Y _|0(s, t)) = B(s + h, )] < A |hI[Tl| posrey Y (1+ s — jhn|) ™

JEZ JET JET

Irrespective of s € R, the series in the last term is bounded above by 6% (with M as above), whence
the term on the left must tend to 0 as h — 0, so that (QB,,) and (QB) must be satisfied.
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(Qu): Let U € U, i.e. U is a bounded and uniformly equicontinuous subset of X. Since v € BCJ*(R?),
we may apply Theorem 3.3 in [50] to obtain that, for & the constant function k(s,t) = 1, there holds

H(f(vk — KN)z|| — 0, as N — oo, uniformly in 2 € U. This is the convergence required in (Q,). Since
U was arbitrary (Q.,) holds. O

If v satisfies (AJ,) with Ay = 0 then we may use this proposition to show that the Nystrom method
based on replacing K by Kév in the equation (A — Kj)xz = y is stable on X,, 0 < a < b, provided that
the equation (A — K} )x = y is uniquely solvable for every y € X.

Theorem 6.6. Let v be a kernel satisfying (Al) with Ay = 0 and assume that, for every k in some
bounded and uniformly equicontinuous set W C BC(R?), \ ¢ Sx(K}), and the inverses (A — Kj,)~! are
uniformly bounded. Then the Nystrom method of replacing the integral operators Ky by the rectangle
rule operators K,ﬁv = K,ﬁ,\’, k € W, is uniformly stable on X and X,, 0 < a <b, i.e. for some N' € N,
the operators A\ — K,ﬁv, N > N', ke W, are invertible on X, and

sup sup ||(A — K,iv)flﬂa < 00.
N>N’ keW

Proof. The previous theorem shows that the quadrature weights &jN (s) satisfy (Qu), (QA), (QA")
and (QB,,). In view of (6.16|), there holds, for s € R and |h| < 1,

/ |'17(s,t)—17(s+h,t)|dt§C’|h|/ (1+|s —t)) " dt < |h|COgp,

— 00

where C := A} [0l oy (m2)- Letting h — 0, we see that the kernel v = v satisfies (B, ). By assumption,
v also satisfies (A”’), with x(s) := C,(1+ |s|) 7 and C,, being the constant in (A?)).

We have seen that all the assumptions of Theorems [5.20] and are satisfied. Let 0 < a < b; then,
since w, € W(k), these theorems show that the Nystrom method is stable on X,,. O

To estimate the error of the rectangle rule approximation, we will use the following lemma, which
generalises [50, La. 3.10].

Lemma 6.7. Let 0 < a < b and suppose that the kernel v satisfies (Al ), for some n € N. Then, for
every x € BC™(R) and k € BC™(R?), the error estimate

thv'ﬁ(svtﬁ-v)k(s,tf)x(t%*/ u(s, )k(s, t)x(t) dt| < CC|[kl|pen@a)yN ™" (1 +[s)~*llzll Bcy @)

JEZL >

holds, for every s € Ry N € N, where C' > 0 is a constant not depending on k, x or N, and C,, is the
constant from (A!).

Proof. Throughout this proof C' > 0 denotes a generic constant, not necessarily the same at each
occurrence. We will first show the theorem for the case when k is the constant function k(s,t) = 1.
We choose ¢ € BC™(R) such that ¢(s) = —1/2, s < —1/2, and ¢(s) = 1/2, s > 1/2. Let ¢y(s) :=
d(s) —p(s—1) and ¢;(s) := ¢o(s—1i) for every i € Z. Then ¢; € BC"(R), supp ¢; C [-1/2+1,3/2+1],
i € Z, and {¢; : i € Z} is a partition of unity, because ) ., #i(s) = 1 holds for every s € R.
Let, for i € Z and N € N,

(s) = S o e()) - [ sl 0at i, s e R

JEL

so that

o0

N (s) = 3 hs, £V )a(tY) - / (s ety dt =Y eN(s), seR.

JEL o i€Z
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The next step is to estimate e (s). Note that, for s € R and i € Z, the summands and integrands
in the definition of e} (s) are zero when t,tY ¢ [s —1/2, s + 3/2]. Lemma 3.9 in [50], an application of
the Euler-Maclaurin sum formula, provides an error estimate for the rectangle rule over finite intervals:

eN(s)| SCNT" max  sup (:(0)5(s,)2()) ™|, s €R.

0<m< ng éStSS-i-%

where the differentiation in the last term is with respect to t and the constant C' > 0 only depends on n.
Bearing in mind that v € BCJ'(R?), 2 € BC?(R) and ¢ € BC™(R), we obtain, by repeated application
of the Leibniz product rule, that

e (s)] < ONT"[0llpep e lollpep@ | max  (A+ )™+ [s—t)7"), seR.
—5Hi<t<5+i

where C' > 0 is a constant depending only on n and ¢. Observing that ||’17HBC;»(R2) < CC,, where C' > 0
depends only on x and n, and C,, is the constant in (A])), we see that, for every s € R,

Yol < CCNT"llzllpepm Y, | max ((L+[t) 7 (1+ s —¢)~")

iez tez —aTiStSEH
-n : 3/2 N\ —a N —
< CONT"||2]l pepAL2AY2 " (L + i) ™1 +|s — i) ™)
1€L
(6.10) )
< CON"|zl pon @ AY2A) (1 + |s))~0L,

where C' > 0 depends only on n, ¢ and x. The desired inequality now follows.
To prove the general case, we only need to replace v by vk in the above arguments and remember
the statement in part c¢) of Lemma[6.1] O

An immediate corollary of the previous lemma is the following proposition, which bounds the error
for the approximation of Kj by K}Y.

Proposition 6.8. Suppose that the kernel v satisfies (AL), for somen € N, and that 0 < a < b. Then,
for every k € BC™(R?), z € BC*(R) and N € N, the error estimate

[ — K|l < ONT"[Kll e ey 2] oy e
holds, where C > 0 is a constant not depending on k, x or N.

If the constant Ao in (AJ) is not 0 then, for the (possibly weakly singular) part ¥ = v — v of the
kernel, one needs, in general, a better quadrature rule than the rectangle rule to achieve a high order
of convergence (we will later, as a practical example, consider the case where U(s,t) has a logarithmic
singularity at s =t and a quadrature rule based on trigonometric interpolation is used).

For the time being, we consider the following generic product integration approximation (cf. ):

/Oo (s, ~ > oN(s)fEY), feX, (6.17)

o JEZ
for quadrature weights @j (s) appropriate to the function ¥(s, ). Let us assume we are using the same
quadrature abscissae (t;v = jC/N) as in the definition of the rectangle rule approximation. This leads
to the definition of the corresponding discretized integral operator. For k € BC(R?), we define

:Z@J]V(s)k(s,t;v)m(tjv), seR,ze X, NeN
jez
If Ag = 0 then we will assume that K ,év is the zero operator.

In many cases of practical interest it is possible to choose the weights Z\uj\’ (s) to obtain a high order
of convergence when the integrand f in is smooth. Since 9(s,t) = 0, for |s — ¢| sufficiently large,
it will also be the case that @JN (s) =0if |s — tév | is sufficiently large for many choices of quadrature
weights. These two requirements are encapsulated in the following assumption:
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Assumption (Q.). Ao # 0 and the quadrature weights @JN (s) for the approximation of U satisfy

1. For some Af >0, |s — t§V| > Af implies CJ]N(S) =0.

2. For some C > 0, the following error estimate holds: for all N € N and s € R,

[e )

SO (s)a(tY) — / (s, )(t) dt

JEZ >

S CN_”H.'L'HBCn(R), T e BC”(R).

The next lemma relates (Qy,) to the assumptions made on the quadrature weights in the previous
chapter. It shows that (Q,,) implies (QA") — and also (Q), provided that (QA) is satisfied.

Lemma 6.9. Suppose that, for somen € N, the kernel v satisfies (Al). Then the following implications
hold for the quadrature weights O} (s):

(Qn) = (QA"), (6.18)
(Qn), (QA) =— (Q), withv="7. (6.19)

Proof. Assume that (Q) is true. The kernel bound x in (A! ) may be chosen such that holds.
The first requirement in (Q) makes it clear that (QA’’) holds for this choice of k, 4; := A} and
arbitrary C* > 0.

Now, we suppose that also (QA) is satisfied. Let us choose an arbitrary s in R and denote by Q.
the union of the intervals [s — (Ag + 27),s + (Ao + 2n)] and [s — A§, s + Af], where Ay, n and Af are
the constants from (A?), and (Qn), respectively. Then there hold ¥(s,t) = 0 and & (s) = 0
whenever ¢, ¢ Q.

Given z € X and € > 0, we can choose & € BC™(R) such that |z(t) — Z(t)| < € for all t € Q.
(This is possible since the Weierstrafl approximation theorem allows us to find a polynomial p so that
|z(t) — p(t)] < e, t € Q; we then set & := pq, where ¢ is a C°°(R) function with compact support
satisfying q(¢t) = 1, t € 2,.) Then:

oo

> N (s)a(th) - / (s, t)ax(t) dt

JEz -

< SN 4 SN (6.20)

> N (s)a(t)) - / (s, t)ax(t) dt

tN e, s

with S%V, S given by

SN = Z ajv(s)(x(tjy)—i(tj.v))—//6(s,t)(x(t§y)—as(tf))dt,
tf’eﬂg s
Sy .- Z@jv(s)ae(ty)—/m (s, )i (t) dt.
JEZL —o0

Since (Q.,) is satisfied and # € BC™(R) we infer that SY¥ < € for all N € N large enough. Moreover,
since ||z — Z|| < € there holds
S{v SE(CQ+||KH1)7 N eN,

where Cg denotes the supremum in (QA). Since € was arbitrary we have thus shown that the term on
the lfft—(}g;ld side of ([6.20) tends to 0 as N — oo. But this means that the quadrature weights @jv (s)
satisfy . O

For s € R, N €N, j € Z, let us now define the combined weights (if Ag = 0 then we set &N (s) = 0)

wjv(s) = @JN(S) + @;V(s). (6.21)
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Then the operator K7, defined for k € BC(R?) by
KN =K} + KV, (6.22)

is a sensible approximation of the operator Kj = I/(\k + f(vk Clearly, the operator K} is the quadrature
operator defined by (5.8]) for the combined quadrature weights given by (6.21]).

Proposition 6.10. Suppose that the kernel v satisfies Assumption (AL), for some n € N. If the
quadrature weights Z\uév(s) satisfy Assumptions (Qrn), (QA) and (QB) then they also satisfy (Q)
(with v = ¥) and (QA"). Moreover, for every 0 < a < b and every bounded set W C BC(R?), the

operators Kliv, k € W, are uniformly bounded on X,.

Proof. The first statement follows from Lemma the kernel bound in (QA’) may be chosen such
that (6.11]) holds. Now, the second statement is a consequence of Theorem bearing in mind that
we EW(K),0<a<b =

Corollary 6.11. Suppose that the kernel v satisfies Assumption (A!), for some n € N. If the quadra-
ture weights &7 (s) satisfy Assumptions (Qn), (QA) and (QB) then the combined weights wy' (s),
defined in , satisfy (@), (QA), (QA”) and (QB).

Proof. We conclude from Proposition that the quadrature weights & (s) satisfy Assumptions (Q)
(with v = ), (QA), (QA”) and (QB). Moreover, Proposition shows that the quadrature
weights Cujv(s) satisfy Assumptions (Q) (with v =), (QA), (QA”) and (QB). It is then easily seen
that the combined weights satisfy (Q), (QA), (QA") and (QB). O

Assumption (@) bounds the error in the approximation of Kyz by Kz when x € BC™(R). We
now show that a similar bound in the weighted norm || - || holds when x € BC}(R), for some a > 0.

Proposition 6.12. Suppose that a > 0, that the kernel v satisfies Assumption (AL), for some
n € N, and that the quadrature weights C\ujv(s) satisfy Assumption (Qy). Then, for all k € BC™(R?),
x € BC?(R) and N € N, there holds

|K¥e - Kial, < CN "Ikl son @ 2] ey o).

for some constant C > 0, not depending on k, x or N.

Proof. Let Ag and Aj denote the constants in (Qr) and (A]). We set A := max{Ag + 21, Aj} and
choose a “cut-oft” function ¢ with the following properties

1; |t| < Av

(6.23)
0, |t|>A+1.

b€ BC"(R), 0<o(t) <1, aw:{

Let k € BOC™(R?) and define, for all s € R, the function z, € X by z(t) := ¢(s — t)k(s,t), t € R.
Then zs(t) = 0 whenever |s — t| > A + 1; moreover, for every € BC?(R), s € R, N € N, we have

|KNx(s) — I/(\kx(s)| = ‘Z@;V(s)zs(tjv)m(tév) - / (s, t)zs(t)z(t) dt) < CN7"|zsz| en(w),
JEL e
N

where the equality holds since ;' (s) = 0, for |s — t;v| > A, and v(s,t) = 0, for |s —t| > A; the constant

C > 0 on the right-hand side is the constant in (Q,). By Lemma there holds, for all s € R,

n ! —a
lzszllBon@®)y < 2"[k(s,)|IBonm)ll@(s — )zllBon@® < C'(1+[s])" |kl Bon @2 17l BOn &2)-

with C' := 22"||4|| Bcn(R)AfH. Combining the previous two inequalities and taking the supremum
over s € R completes the proof. O
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Let us stop here for a moment and summarize what we have done so far.

1. We started with a kernel v satisfies Assumption (A’), for some n €N, b > 1 and £ € L*(R)
satisfying (6.11)); we split the corresponding integral operator K = Kj + K into a “nice”
operator K and a “singular” operator Kj.

2. We introduced, in ([6.15)), the rectangle rule quadrature weights QJN (s) and assumed that we have
found a set of quadrature weights &Y (s) satisfying (Qn), (QA) and (QB).

3. We have shown the boundedness on X,, 0 < a < b, of the correspondlng quadrature operators
KéV,KN and obtained error bounds in X, for the approximation of K} by KN and of K}, by KN

Under these assumptions, by virtue of Corollary we see that the combined weights w]N (s),
defined in (6.21), satisfy (Q), (QA), (QA"), and (QB). Moreover, for every O < a < b and every
bounded set W C BC(R?), the combined operators Kj', k € W, defined in (6.22), are umformly
bounded on X,. Propositions . 6.8/ and [6.12 - yield an error estimate for the approx1mat10n of Kj, by KV AR
Precisely, for © € BC?(R), 0 < a < b, k € BC™(R), there holds

| Kz — KN lla < 1Nz — Knalla + |KN e — Kialla < ON“"[kllpon el o, (6.24)
for some constant C' > 0 not depending on k, N or x. We now insert this bound into the outcome of
Theorem and obtain the following theorem, which is our second major result in this section.

Theorem 6.13. Suppose that the kernel v of the integral equation satisfies (AL), for some
n € N.  Assume, further, that the quadrature weights @jN(s) satisfy Assumptions (Qn), (QA) and
(@B). Moreover, assume that W C BC™(R?) is bounded, that N' C N is unbounded, and that, for
every k € W and N e N, (A — KN)~! € B(X) and

sup sup [|[(A = KM)7Y| < oo. (6.25)
NeN kew

Let 0<a<b, NeN and k € W. Then, the equations
e — Kz =y and Ma¥ — KNz =y (6.26)

both have unique solutions x € X, and N € X, for every y € Xo. Moreover, if y € X, is such that
the solution = is in BC?(R), then

|z — 2N |le < CN"|zllpen®), NeN, (6.27)
where C' > 0 is a constant that does not depend on y, k or N.

Remark 6.14. In the special case when Ag = 0, the assumptions about the quadrature weights Z\uév(s)
may be dropped. A sufficient condition for (6.25]) to hold, forN' := {N € N: N > N'}, for some N’ € N,
is then that the inverses (A — Ki)~', k € W, exist and are uniformly bounded (see Theorem .

Proof. The proof proceeds in a number of steps.

(i) Suppose that the assumptions in the first part of the proposition are satisfied. We firstly show
that then the assumptions of Theorem are fulfilled: a) v satisfies (A”), for some x € L'(R)
satisfying 1-) and also (B). Then w, € W(k), 0 < a < b. b) Proposition (A4g = 0) or
Corollary [6. AO > 0) shows that the combined quadrature weights w; N(s) satisfy (Q), (QA), (QA")
and (QB). c) If W is a bounded subset of BC™(R?), n > 1, then W is equicontinuous and bounded in
BC(R?). d) Inequality is the same as (6.25))

(ii) We have shown in (i) that Theorem pplies; hence, for all k € W, the inverses (A — Kj) ™!
and (A — K¥)~!, N € N/, exist on X, and are uniformly bounded. Thus the statement about the
solvability of the equations is true.
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(iii) Next, suppose that y € X, and x,z" are as in the second part of the theorem. Since N’ is
unbounded we note that Theorem applies and gives

Iz — aN|o < C'[|(Kx — K )|,

where C’ > 0 is a positive constant not depending on &, iy or N. Thus, if we additionally suppose that
x € BCI'(R), inequality (6.24) shows that

[(Kx — K )]l < C"N7"|kll pon ) %] Bon r)»

where C” > 0 is a positive constant not depending on k, y or N. We combine the previous two
inequalities and, bearing in mind that W is bounded in BC™(R?), obtain that (6.27) holds. O

6.2.1 Regularity

The previous theorem gives us an idea of the convergence order of zV to z, provided that we know that
x € BC™(R). If the kernel v is sufficiently well-behaved then the associated operators K, k € BC™(R?)
have certain regularity properties and we may deduce that the solution z is in BC”(R) if we know that
the right-hand side y is in BC?(R). For n € N and a > 0, we introduce the following regularity
assumption.

Assumption (R2). There exists m € N and a constant C > 0 such that for all k € BC™(R?)
(Ki)™ € B(X,, BC?(R)) and Ky, € B(BC?(R)) and moreover

I(Kk)™ | x,—Bcr® < Clklpen®2)™ and ||Kklpcr®)—por®) < Clkllpen®2).-

The following proposition shows that if (A7) holds then the smooth part v of the kernel v auto-
matically satisfies Assumption (R2), for every 0 < a < b.

Proposition 6.15 (cf. [16, Th. 12]). Suppose that the kernel v satisfies (Al) and that 0 < a < b.

Then there exists a constant C > 0 such that, for every k € BC™(R?), [?; : Xo — BCZ(R) and is
bounded with norm

Kkl x.—Bon® < ClElpon@e), 1 Ekllon@—pon@ < Cllklson @2, (6.28)
i.e. U satisfies (R%), with m = 1.

Proof. Choose 0 < a < b and k € BC™"(R?). We firstly show that, for every z € X,, the function KNkl‘
is n times differentiable with j-th derivative given by

(Krx)(s) = /oo ij(a(s,t)k(s,t))x(t) dt, seR. (6.29)

oo 087

To do so, we first note that (A/,) implies that & € BCJ(R?) and hence ok € BCJ(R?) (Lemma [6.1)).
Next, we see that, for s,t € R, h € [-1,1] and 0 < j < n,

|@1@8)) (5 + 1 )] < [Tkl o) (1 -+ 1G5+ R) = )™ < 5] mopany ALCa(1 + |s — ) ™.

Given s € R, we thus see that the partial derivatives of vk with respect to the first variable exist up to
order n on the interval [s —1, s+ 1]. Moreover, all these derivatives, as functions of ¢ only, are majorized
by the integrable function ¢ — ||5kHBcgb(R2)AéCn(1 + |s —t|)~b. Repeated application of [37, Th. 128.2]
now shows that, for our chosen s, we may exchange differentiation and integration as in (6.29)). Since
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s € R was arbitrary, (6.29) holds. Hence, we obtain the bound

o < 9i
H(ka)(ﬂ ) igﬁ (1+|s|)a[ ?(v(s,t)k(s,t)x(t)) dt‘
o 1+s>a o
< a -(0(s,t)k(s,t))| dt
< lellosw [ (FE0) | 2 @ 0ne)

. < (Lls]\" 5
< o||Uk n 1 —t dt
< lelllblacsw [~ (T @ fs )
<

2*|[vll Bop ) Kl Bon @2) 12l aOa -

From these (n+1) inequalities we deduce that there exists C' > 0 so that the first inequality in (6.28)
holds. But so does the second, since ||z x, < [|z|pcn(r) for all z € BCP(R). O

This preceding proposition tells us that, if v satisfies (A! ) with constant Ay = 0 (so that K} = Ky)
then v automatically satisfies (R%), 0 < a < b. If Ay # 0 then we cannot repeat the argument for v(s, -)
might have (integrable) singularities near ¢ = s and thus, in general, an equivalent of equation
does not hold.

The next proposition, in combination with the previous proposition, shows that, in practice, one
would have to verify that the non-smooth part o of the kernel v satisfies (R2) to obtain that v satisfies
(R2),for 0 <a <b.

Proposition 6.16. Let v be a kernel satisfying (A’) and assume that ¥ satisfies (R0), for some
m € N. Then, for 0 < a <b, v also satisfies (R%), i.e.

|(Kk)™ | x,~Bor® < ClklBen®2)™,  I1KkllBor®)—Bor®) < CllklBon(r2), (6.30)
where C > 0 is a constant not depending on k € BC™(R2).

Proof. We begin with the following observation: Let z € X. Then the values of I?;x(s) only depend
on the values of  on the interval [s — (Ag +2n), s + Ao + 27|, with Ag and 7 the constants in (A/)) and

(6.12). Let 6 > 0. By induction, it follows that the values of ((I/(\k)m:c) (s+h), for |h| < 6, only depend
on the values of z(t) on an interval of the form [s — A, s + A], where A := (Ao + 21+ §)™.
For this choice of A, we now choose ¢ as in ((6.23) and define, for every s € R, the function zs; by

zs(t) == ¢(t — s), t € R. By the above remarks, there holds ((f{\k)mx)(s +h) = ((.f(\k)m(ng))(s +h)
for |h| < §, s € R. Thus we obtain, for 0 < j <n and z € X,, the inequality

[(B0™2)? ()] = | (Ko™ (22)) ()] < 1 Bullxmon e lzsell < CUlKl e e)™ 25e]

where C' > 0 is the positive constant in (R2). But, by (6.4), [zsz|| < Az (14]|s])~%||z||a/|¢]|. Combining
these inequalities and taking the supremum, we see that

[(Kk)" | x.—Bcr@) < C'(IE]lpen@2)™, (6.31)

for some constant C’ > 0 not depending on k € BC™(R?).
A similar argument, using the inequality

nAA —a n
|zszllBon@®) < 2"AZ(1+[s])"“lzllBer®l2slBen@®), € BCZ(R), s €R,
proves that, for some C” > 0, also

||f/(\k\|Bcg(R)—>BCg(R) < C"|kllBcr (2, (6.32)
holds. Together, (6.31]) and (6.32)) show that (6.30) hold thus that ¥ satisfies Assumption (R%). O
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In those cases when the assumptions of Theorem [6.13|are satisfied and, in addition, v satisfies (R?L)
then we can improve the error bounds in Theorem provided that the right-hand side y of (5.1]) is
contained in BC?(R).

Theorem 6.17. Suppose that the assumptions of Theorem|6.15 are satisfied and that 0 < a < b. Then,
for every N € N' and y € X,, the equations

e —Kpe=vy and ¥ — KNaVN =y (6.33)

both have unique solutions x € X, and 2™ € X, for every N e N', k € W.
If, additionally, the constant A in (AL) is 0 or the kernel ¥ satisfies the regularity assumption (R2)
then, for every y € BCT(R), the following error bound holds for the solutions x and x™ of (6.33)):

oz —2™|q < CN™"[lyll B (r)- (6.34)
Here, C > 0 is a constant not depending on y, k or N.

Proof. Suppose that the assumptions of the first part of the theorem are satisfied. Then (see the proof
of Theorem , for every k € W, the operators A — K and A — K,JCV, N € N, are invertible on X,
and, moreover, there holds
C, = sup ||(A = Kp) o < 0. (6.35)
keW

Also, it is shown that, when the y € X, is such that z := (A — Kj) !y is contained in BC?(R) then
2 — 2N |la < CoN""|1z[| en (), (6.36)

holds for the unique solutions x, 2™ of (6.33). Here, Cy > 0 is a constant not depending on k, N or y.
If Ay # 0 suppose that the kernel ¥ additionally satisfies the regularity assumption (R?), for some
m € N. We set Cy := sup{||k|| pcnr2) : K € W}. Then, the previous proposition and Proposition
shows that, for all k € W,
I(Kx)™ | x, —Bcn® < C10w™, | Kkl Bon®)—BCOn®) < C1CW,
(Kx)™ | x, —BCn®) < C20w™, | Kkl Bon r)—BCOn®) < C2CW,s

for some constants Cy,Cy > 0 (if Ag = 0 then the inequalities involving I/(\k = 0 are trivial). Setting
C := C1 + Cy, we conclude from (6.22)) that there holds

1(Kk)™ | x, — Bon®y < COW™, | Kkl Bon @) —on @ < COw, keWw. (6.37)

Now suppose that y € BC™(R), k € W and that x, 2" are the unique solutions of (6.33). Then
Mt — Kz = y. Let us define Hy, := A"'K},. Then x = A~y + Hpx. We repeatedly insert this equation
into itself and obtain

v = NI Het+ (H)" )y + (H) "
= NI+ Hp+-+ (H)™ Dy + (Hy)™ (A= Ey) 'y (6.38)
In view of (6.37)), the operators (I +Hj,+- - +(H)™ "), k € W, are uniformly bounded in B(BC™(R)).

From ([6.37) and (6.35), we get the information that the operators (Hy)™ (I — K)~t, k € W, are also
uniformly bounded in B(BCZ(R)). Thus (6.38) shows that

lzllBor@) < C*llyllBen®),

where C* > 0 is a positive constant that does not depend on y on k € W. If we combine this inequality

with (6.36]) we obtain (6.34) and the theorem is shown. O
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6.2.2 Kernels with logarithmic singularities
In this section we investigate the integral equation
2(s) — / Us,t)z(t) dt = y(t), sER, (6.39)
—o0

for a class of kernels [ with logarithmic singularities at s = t. Precisely, we will consider kernels [ that
satisfy the following assumption, for some n € N and b > 1 kept fixed throughout most of this section.

Assumption (Lj). The kernel | satisfies I(s,t) = a*(s,t)In|s — t| + b*(s,t), where a*,b* € C™(R?)
and there exist constants C' > 0 and b > 1 such that for all i,5 € Ng with i+ j <n

ai+ja*(87t) 8i+jb*(5,t)
T —— < teR —tl < 4
‘ Ost ot Ost Ot <G, s;teR,|s—t| <, (6.40)
and a'-s—‘l( | .
(s, t
ot | < R, [s —t] = . 41
’ Osioti ‘ - (1+|87t‘)b’ s,t € ,|S t‘ > (6 )

Let us denote by L; the integral operator on X, defined by

Lix(s) := /00 (s, t)x(t) dt, seRxeX. (6.42)

— 00

We will see soon that this operator is a bounded operator on X if ! satisfies (Ly,).

For v > 0, we denote by A, the collection of all kernels [ satisfying (L) with C'= v and by A/, its
subset AL :={l € A, : I — L; is invertible on X and ||(I — L;)~"|| <~}

Kernels of the form above arise in numerous practical applications. In particular, in two dimensions,
the fundamental solutions to elliptic partial differential equations, such as the Laplace and Helmholtz
equation and the equations of linear elasticity, contain logarithmic singularities, and the reformulation of
the associated boundary value problems as boundary integral equations leads to logarithmic singularities
in the kernel of the resulting integral operators (see, e.g. the discussion [44]). We will consider one specific
boundary value problem arising in rough surface scattering in the last section of this chapter.

Kernels satisfying (L) and the corresponding integral equations have been considered by
Meier et al. in [50]. In [50] certain Nystrom/product integration methods for the numerical solution
of are suggested and stability and convergence results are established in the unweighted spaces
X and BC™(R?). One aim of the following discussion is to make use of our weighted space theory to
generalise the results of [50] to the weighted spaces X, and BC?(R), 0 < a < b.

To formulate a Nystrom method when [ satisfies (L,,), we need a “cut-off”-function x to split the
kernel into a singular and a smooth part. We choose x so that it has the following properties:

Lo Jtl <1,

6.43
07 |t‘ > T — €0, ( )

YEC®R), 0<x(t) <1, x<t>={

where ¢y > 0 is a small fixed constant. We set x*(s,t) := x(s — t), and note that x* € BC"(R?) for
every n € N. We keep these two functions fixed throughout the remainder of this section.
Now, we define two kernels v; and vs by

vy(s,t) :== %ln <4$ir12(S ; t>> . (s, t) = (14 (s —1)%) 72, s#t, (6.44)

and assume that v; and vy are given by this definition throughout the rest of the thesis. We note
that both vy (s,t) and va(s,t) depend only on the difference s — ¢ of the arguments, i.e. v; and vy are
convolution kernels.
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Proposition 6.18. Suppose that | is a kernel satisfying Assumption (Ly,), for somen € N, b > 1 and
C > 0. Then there exists k; = (ky, ks) € (BC™(R?))? such that

I(s,t) = k1 (s, t)vi(s,t) + ka(s, t)va(s,t), s,t €R, s #t, (6.45)
[kl Bon @2), 12l Bon @2y < C'C, (6.46)

where C' > 1 is a constant depending only on x, b and n.
Proof. Suppose that we are given a kernel [ is as in the assumption, i.e.
I(s,t) =a"(s,t)In|s —t| + b" (s, 1), s,t eR, s #t,

for some functions a* and b* as described in (Ly,). It follows from the proof of Theorem 2.1 in [50], in
particular equations (2.6) and (2.7) that [ may be written as

1 —t
I(s,8) = la(s,t) 3= In (4sin2<82>> Y l(s,t), steR,s#t, (6.47)

where l; € BC™(R?), I, € BC'(R?) are such that
li(s,t) = ma™(s,t)x"(s,t), s,t € R and 2l Bop gey < C1C, (6.48)

where C7 > 0 is a constant depending only on , b and n and C' is the constant in (L,,).
Let X be a second “cut-off”-function with

1, |t| <7 —eo,
0, [t[>m,

X€CTR), 0<x(t) <1, X(t)= {
where € is the constant in (6.43)). We set X*(s,t) := X(s —t), notice that x* € BC™(R?) and introduce
the functions k; and ko by setting

ki(s,t) := ma*(s,t)X"(s,1), ka(s,t) :=lo(s,t)va(s, t) ", s, t e R.
These functions satisfy (6.45)), because, in view of the equality x*X* = x*, there holds, for all s,t € R,

16.47)

I(s,t) ma* (s, t)x(s ft)%ln <4Sln ( t)) + la(s,t)

—t

ot (5, ) (s — t)% In <4sin
= ki(s,t)vi(s,t) + kg(s,t)vg(s,t).

>—|—I€28t’l}28t)

Moreover, from the definition of X* and (6.40), we deduce

[

* % n ~% * n ~*
lk1llpen®e) = Tlla* X | Bon@®e) < 2"7X || Ben®2) la” || Bon@e) < 2" 7[IX" || Bon r2)C. (6.49)
Moreover, for all i, j € Ny with i 4+ j < n, there holds
1810 (va(s,1) 1) < Co(1 4+ |s —t])°, s,teR,

where Cs is a positive constant depending only on n and b. From this bound one obtains, by ((6.48))
and the Leibniz product rule, that ko = lavs~! € BC™(R?); moreover,

k2l Bon®e) < 2"Colll2|lBop rey < 2"C1C2C.

Together with (6.49)) this proves (6.46) when we set C” := 2" max{C1Ca, 7||X*|| Bcn (r2) }- O
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Corollary 6.19. Let v > 0. Then there exist two bounded subsets W1, Wy C BC™(R?) with the
following properties: Everyl € Ay, may be written in the form (6.46) with k1 € W1, ko € Wa, and the
sets Wy and Wy are uniformly equicontinuous and bounded in BC(R?).

Proof. Both statements are an immediate consequence of the previous proposition, the second holding
since every bounded subset of BC™(R?) is uniformly equicontinuous and bounded in BC(R?). O

Now, if a kernel [ satisfies (L., ) then, we can always choose k1, ko as in Proposition In analogy
to the definition of the operator Kj in 7 we then define the integral operators K, and K,
by replacing v (s, t)k(s,t) in by vi(s,t)k1(s,t) and va(s,t)ka(s,t), respectively. Every I satisfying
(L,,) we thus associate, here and in the rest of the section, with the operator

Ky, = K1k, + Kogy, ki = (b1, k2),
which, by (6.45)), is the integral operator L, i.e.

oo

K 2(s) = Luz(s) = / U(s,)a(t) dt, s€R, x€X. (6.50)

— 0o

Proposition 6.20. The kernels vi and vs, defined in (6.44), both satisfy (A and (A”), for some
k € LY(R) (the same in each occurrence). If v >0, 0 < a < b and | € A, then the integral operators
Ky,, Kig,, Koy,, are bounded on X, (with k; = (k1,k2) defined as above). Moreover, the following
three quantities are finite

sup [Ki g, lla,  sup | K2k, lla;  sup [[Ki [la-
leA, leA, leA,

Proof. Let k € L*(R) be defined by
2|In([t|/2)|, 0 < |t| <7/3,
R(t) = 2221+ t)) "t + < 2, /3 < Jt| <, (6.51)
0, [t] > .

We firstly note that (since 0 < ¢/2 <sint < 1/2, for 0 <t < w/6) there holds

o (s90))] =2 () < 7 L5ERTE

2, 7/3< |t <
Thus, we see that |v1(s,t)| <
Using the inequality (1 + |

k(s —t), s,t € R.
t1?)~t <2(1+ |t|)~2, t € R, we observe that

va(s,t) = (14 (s —t)2) ™2 = A+ |s —t|) "2 <2¥2(1+ s —t))™°,  steR,

so that va(s,t) < k(s —t), s,t € R. Since k(t) is monotonic outside the interval [—m, 7] it follows that
both vy and vy satisfy (A”) and (A’). As convolution kernels, v; and v, also satisfy (A) and (B).
Moreover, v; also satisfies (A’,) because v1(s,t) = 0, for [s —¢| > , so that holds for Ag := 7.
By straightforward calculations, we also see that all partial derivatives 9} 8%1}2, with i,7 € Ng, i+j <mn,
satisfy the inequality _
0105va(s,t)] < Cu(L+[s—t))™", s, teR,

for some constant C,, > 0. Hence, the kernel v, also satisfies , with Ag = 7, and thus (A/).

Since they satisfy Assumptions (A!) the kernels v; and vy both satisfy the assumptions of Propo-
sition Given 0 < a < b and v > 0, we thus obtain constants C,C> > 0 so that, for every | € A,
and k; = (k1, k2), there holds

1K1k la < CullkrllBon (2), [ K2k, [la < Caollk2|l o (r2)-

The uniform boundedness of the operators Kx,, K1 x,, Ko,, | € A, is now a consequence of Corol-
lary and the inequality || Kx,|le < |K1klla + 152,k lla- O
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Suppose now that we are given a kernel [ satisfying (L,,) and that k; is defined as in Proposition
We will now define a quadrature approximation for the integral operator K j,. Therefore, observe that,
for s € R, x € X, k; € BC(R?), there holds (see also [50, p. 294])

/Oo v (s, )k (s, )2 () dt = % /:H In (4 sin? (4 t)) (s — )r (s, )a(t) dt,

— 00 —T

1[5t L of/Ss—1t\\ ~ ~
%) In (4 sin (2)) k1 (s, t)x(t) dt
1 [ oS —1t\\ ~ -
S (4 sin (2)> ko (s, 0)2(t) dt. (6.52)

Here, for s,t € R, the functions k1 and 7 are defined implicitly by

. —Dki(s,t), s—mw<t N £, —r<t ,
Fa(s,) = X(s Vki1(s,t), s—m<t<s+m, and  7(t) = f() s—m<t<s+mw
ki (s, t 4 2m), t e R, T(t+2m), teR.

The last equality in (6.52)) holds since the integrand is 27-periodic integrand with respect to ¢.
As in [50] (following [45] and [47]; see also [44])), we approximate the integral in equation (6.52)
with a quadrature rule based on trigonometric interpolation,

2N—-1

% 027r In (4sin2(82)> ki(s,t)T Z RY (s, t0)E(t)), (6.53)

where the quadrature nodes are given by tév := jm /N and the quadrature weights are derived from the
Lagrange basis for trigonometric interpolation (see [44, Sec. 11.3]):

N-1
1 1
RY(s) := —— <Z mcosm(s—tN)—l—mcosN(s—tN)), seR, NeN, jeZ

m=1

Note that, for every s € R, the function ¢ — lgl(s,t)f(t) is 2m-periodic and, since x(s & 7) = 0, also
continuous and hence contained in X. It now follows from [44] Sec. 12.3] that,

2N—1 27
. 1 . s—t ~ -
Jim_ Z RY (s)kx (s, t0)F (1)) = 27r/ In (481112(2)) (s, )E(t)dt, sel0,2n], (6.54)
2N—1
sup sup RN < 00, 6.55
s€[0,2nr] NeN ]ZO | ( )
2N—1
lim su RY (s N(s+h s €0, 2n]. 6.56
fim sup ;) \ )| = [0, 27] (6.56)

To be consistent with our definition of a general quadrature rule (5.4), we need to transpose this
quadrature rule from the interval [0, 27] to the interval [s — 7, s 4+ 7], in order to find a quadrature rule
of the form

/OO (5, 00k (s, ) (8) dt 3wl (s)ka (5, £ (), (6.57)

- JEZ

where the quadrature nodes are given by tév = jmw/N (as for the rectangle rule above) and that does
not involve the periodic extension of k1 (s, -)z(-)x(s —-). We set, for s e R, N € Nand j € Z,

Wl (s) == R;-V(s)x(s - t;-v), (6.58)

5
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and define, for k; € BC(R?) and z € X, the discretized integral operator K{\fkl by

K{Yklx(s) = Zw{\fj(s)kl(s,tjy)x(tév), seR. (6.59)
jez

The point of this definition is that, because R;V( s) = R; +2N( s) holds for all s € R and N € N, we
obtain, for x € X, (cf. [50, p. 296])

K a(s) = Y RY(s)x(s —tN ki (st )at)) = > RN ()ka(s,t7)E (1))

JEZ |s—t§\’\§7r

2N—-1

= > RY(9)ki(s,t))E(tY), seR.  (6.60)

Remark 6.21. In the notation of [50], the operators K1, and Kf\fkl defined above are denoted by K*
and K3, respectively, where the function A is given by A(s,t) := x*(s,t)k1(s,t), s,t € R.

We now show that the quadrature weights wi ](s) fit the theory developed in Chapter

Pr0p051t10n 6.22. The quadrature weights wl (8) for the approximation of the kernel vi, defined by

(6:58), satisfy (Q) (with v =v1), (QA), (QA") (with k given by (6.51) ), (QB) and -

Proof. We set k1(s,t) =1, s,t E R so that k; = ky. Bearing in mind the equalities (6.52)) and (6.60) -7 we
observe that (Q) follows from (6.54). Moreover, since ‘M' also holds with RN (s) replaced by |RN (9)]
Assumptions (QA) and (QB) are satlsﬁed because o and -, respectlvely

(QA") is satisfied since wi¥;(s) = 0 whenever |s — tN\ 2 7, by choice of x, and wi,;(s) < C, for

1,5
|s — tf’ | < 7, where C' denotes the supremum in (6.55)). Finally, (5.74]) holds, since, by definition, the
value of w{\f ;(s) depends only on the difference s — t;-V if N € N is kept fixed. O

One consequence of this result is that the operators K i, are bounded on X,, 0 < a < b. We can
also give an error estimate for the approximation of K, by K

Proposition 6.23. Let 0 < a < b and v > 0. Suppose that, for every | € Ay, ki is chosen as in
Proposition|0.18 Then the following statements are true:

a) For every | € A, the corresponding operators Ky, and K{\fkl are bounded on X,. Moreover,
| K1 k|| < Co and || KN iy lla < Ca, for some constant Cy not depending onl or N.

b) For everyl € Ay and x € BC}(R), the error estimate
KD, @ — K gy 2lla < CON""|z] g
holds, where C! is a constant not depending on l, x or N.

Proof. a) The uniform boundedness of the operators Kjj, has already been shown in the proof of
Proposition We will show in b) below that the quadrature weights w{" ;(s) satisfy (Qn). Since
they also satisfy (QA) and (QB), the uniform boundedness of the operators K {Ykﬂ now follows from

Proposition [6.10] and Corollary [6.19]
b) We prove that the quadrature weights w';(s) satisfy (Qn). Condition 1) in (Qy) is satisfied

since, by definition, |s — ¢N| > Af := 7 implies that w] J( s)=0. To show that Condition 2) in (Qy,) is
satisfied, we apply [50] La. 3.12] (w1th A(s,t) = x*(s,t), see Remark [6.21]) and obtain, for the constant
function k1 (s,t) =1,

KD, @ — Ky zl| < CNTX | pon @)1zl pon @), r € BC"(R),

for some constant C' depending only on n. Thus (Q,,) is satisfied by the quadrature weights w¥ 5 (8)-
Now the statement in b) now follows from Proposition [6.12) m and Corollary - O
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Let us now consider the approximation of K» j, by discretized integral operators. The kernel v,
satisfies Assumption (A7) with Ay = 0 (see the proof of Proposition[6.20). As suggested in Section 6.2}
we choose the rectangle rule to approximate the integral operator Kz i, (this is also the approach taken
in [50)).

For N € N and ke € BC™(R), let Ké\sz denote the discretized integral operator K ,iv defined in
, but with v = vy, k = k2 and the quadrature abscissae be given by t;-v = jn/N, j € Z. Then

N m N N N

Ky ,w(s) = N ng(s,tj (s, 5" )z (t5'), zeX, (6.61)
JEZ

and the corresponding quadrature weights are given by

wé\”j(s) = %vg(&t;y), seR,j€Z,NeN.

Proposition 6.24. The quadrature weights wé\fj(s) satisfy Assumptions (Q) (with v = vs), (QA),

(QA") (with k given by (6.51)) ), (QB) and also (5.74)).

Moreover, for every l € A and x € BC}(R), the error estimate
1Kkt — Ko gy lla < CYNT"||2| pon(r)
holds, where C? is a constant not depending on l, x or N.

Proof. The kernel vy satisfies (A!) with Ay = 0. Thus Proposition 6.5 shows that (Q) (with v = v2),
(QA), (QA”) and (QB) hold. Since vy is a convolution kernel the value of wé\fj(s), for fixed N € N,
depends only on the difference s — t;v , whence the quadrature weights wé\f j(s) satisfy . The error
estimate now follows from Corollary and Proposition O

We have seen in the previous two propositions that, for every ki, ks € BCO™(R?), the discretized
integral operator
N ._ 7N N
Kkl L Kl,k‘l + K2,k2

is a reasonable approximation of the integral operator L; = Ky, = Kk, + Kok, .

Remark 6.25. Suppose that the kernel | satisfies Assumption (Ly), for some n € N, and that k; =
(k1, ko) is defined as in Proposition . Then, in the notation of [50], the operators Ko i, , Ké\,[,@, Ky
defined above are denoted by KB, K% and Ky with B := kovg, respectively.

For the Nystrom method we have defined, we now derive the following stability result on the weighted
space X4, 0 < a < b. In the proof, we combine our weighted space stability theory with the main stability
theorem (for the unweighted space X) in [50].

Theorem 6.26. Suppose that the kernel | satisfies (Ly) and that 0 < a < b. Assume further that
(I — Ky,)"! € B(X). Then there exist constants N' € N and C,,C’, > 0 such that, for every N > N’,
there holds (I — K\\)~' € B(X,) and

sup [[(1 — Kig,) " 'la = Ca < 00, (6.62)
N>N/

so that, for every N > N’ and y € X,, the equations
(I - Ky)z=y, [- Kg)xN =y, (6.63)
have unique solutions x,z™ € X,, for which the estimates ||za,||zV|la < Callylla, and
o = 2o < Call(Ki — Kig)la- (6.64)
hold. Moreover, if y € BC?(R) then the solutions x,x™ of satisfy the error estimate
lz = 2™la < CoN""lyll ey ®)- (6.65)

For every v > 0, the constants C, and C! may be chosen independently of I, for | € Afy.
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Proof. (a=0) We first treat the case a = 0. Given v > 0, Corollary yields bounded subsets W7,
Ws of BC™(R) so that every [ € AL may be written as

I(s,t) = k1(s,t)vi(s,t) + ka(s, t)va(s,t), s,t € R, s #t,

with k1 € Wy and k2 € Wo. We now define A(s,t) := ki(s,t)x*(s,t) and B(s,t) := ka(s,t)va(s,t).
With this choice of A and B, K = Ky = K4 + KE, in the notation of [50].

Theorem 2.1 in [50] shows that the kernels in A’ all satisfy Assumption (Cj) of [50] and that
lAll Bem®) + ||B||Bcn < B, for some B > 0 not depending on the choice of I. We may thus invoke
Theorem 3 8 and 3 13 of [50] to obtain that there exists N’ € N and Cy > 0 so that, for every [ € A,
the inequalities (6.62) - hold.

(0<a<b) We have shown above that the kernels v; and v satisfy (A’), with & given by (6 ,
and that w, € W(k), 0 < a < b (see Proposition “ . Moreover, the quadrature weights w; ]( s)
and wé\,’j(s) both satisfy (Q) (with v = v; and v = va, respectively), (QA), (QA’) (with k given by
(6.51)) and (@B). Hence, we may invoke Theorem with Wy, Wa as above, W :={k; : [ € A’}
and N’ := {N € N: N > N’}. This theorem yields constants C,, C’, such that inequalities f
are satisfied.

Now, only inequality remains to be shown. To this end, we choose [ € AﬁY and y € BC?(R)
and let z, £V denote the solutions of . Then holds and, further, we have

(K — Ki)zlla < | K@ — K1 @lla + 1K 5,2 — Ko 2o (6.66)

We now show that € BC}'(R). To this end, observe that, the kernel v, satisfies (A!) with A9 =0
and thus, by Proposition [6.15

152k, [ x. — BCn(®) < Cillk1ll Bon®2), [ K2k, [ Bon — Bon®) < Crllk1llBon®2), (6.67)

for some constant C'; > 0. We remark that this constant, and the constants we introduce below can
all be chosen so that they do not depend on I € A’. It follows from Corollary 2.8 and Theorem 2.1 in
[B0] (we apply these with k := v1kq, a kernel which satisfies Assumption (C}/) of [50]) that the kernel
vy satisfies (RQ) with m := 2n, so that, for p =0,

1(K1k)™ (| x,—Ben®) < Ca(lk2llBon®)™: (1K1l Bor@—pen®) < Collk2llpenwe),  (6.68)

for some constant C; > 0 (note that we have tacitly used the following inequality: |[|k1Xx*||pcn®2) <

2" ||k1|| Ben 2y Ix*]| Ben (r2)). The argument of Proposition [6.16 then shows that (6.68) also holds for
p = a, (perhaps) with a larger value of C5. Since y € BC?(R) and there holds (cf. (6.38]))

v=(1+Kyg + + Ki)" "y + (Ki,)"(I — Ki,) ',

we thus obtain from (6.62)), (6.67)) and (6.68)) that © € BCI(R).

Using the fact that ||k1 o (w2), i = 1,2, are uniformly bounded for [ € A’ there holds

IzllBen®) < CsllyllBer ), (6.69)

for some constant C's > 0 not depending on the choice of I.
Now, in view of Propositions and we see that, for some constant Cy > 0

K — Ky g, lla < CaN T2l pon (), K3yt — Ko pytlla < CaN~"|z|pep@).  (6.70)

Now the desired inequality follows from (6.64]), (6.66]) and (6.70)). O
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6.3 A problem in rough surface scattering

As an application of our error estimates in the weighted norms || - ||, we will now consider a class
of integral equations in scattering theory. The problem we consider arises in the scattering of time-
harmonic waves by unbounded rough surfaces and leads to a boundary integral equation over R. It
was used before in [50], [49] as a model problem to illustrate the error bounds for the Nystrém method
proposed in the same paper, which is, as we have seen the same as the Nystrom method considered in
the previous section.

To illustrate the behaviour of the error in the weighted norm, we will consider the special case
when the incident wave is emanating from a point source, which, as we will see soon, implies that the
inhomogeneity of the integral equation is contained in the weighted space X3/5.

We begin with a description of the problem. The propagation of time-harmonic acoustic waves with
wave number £ for a domain ) is governed by the Helmholtz equation

Au(x) + 7u(x) =0, x€Q. (6.71)

We consider two-dimensional domains that can be described as the area above the graph of a smooth
function, namely, domains of the form Q = {x = (x1,22) € R? : 29 > f(x1)}, where the function f
is contained in BC"™*2 (R) for some n € Ny and there are positive constants c;, ¢y such that 0 < ¢1 <
f(s) < g for all s € R. Let T’ := 9Q denote the boundary of  and ® denote the free-field Green’s
function for the Helmholtz equation,

Lor(1),
o(xy) = Hy (Rlx—y), xyeR, x#y,

where H(()l) denotes the first-kind Hankel function of order zero. We will also make use of the nota-
tion Uy == {x € R? : 23 > h} and 'y := {x € R? : 29 = h}, for H > 0.
We now consider the following scattering problem:

Scattering Problem. Given the incident field u®, find the scattered
field u® € C*(Q) N C(Q) such that

1. u® satisfies the Helmholtz equation (6.71)),
2. u® = —u' onT,

3. the upwards propagating radiation condition of [25] holds in €,
i.e. for some h > sup f and some ¢ € L>*(T'y)

w(x) = 2 / ) W¢<y> ds(y), x € Un,

4. u® is bounded in the horizontal strip Q\ Ug for every H > 0.

We only consider the sound-soft case where the total field u = u® + u® vanishes on the boundary T'.
To illustrate our error bounds in weighted spaces we will consider the particular incident field given by

u'(x) = ®(x,2), x € R?

where z = (21, 22) € R? is some point above the boundary, i.e. zp > f(z1). This choice of u’ models a
monopole point source located at z, so that, in the real two-dimensional acoustic problem, the incoming
wave is a cylindrical wave emanating from the point z (see Figure [6.1]).

We now reformulate the scattering problem as a boundary integral equation. To this end, we need
the Green’s function for the Helmholtz equation in the half-plane Uy with Dirichlet boundary conditions,
namely

G(x,y) = ®(x,y) — ®(x,¥), x,y €Upx#Yy,
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"X,

Figure 6.1: A rough surface scattering problem for a monopole sound source located at z

where y’ := (y1, —y2) corresponds to y = (y1,%2). Let 2’ := (21,2f(21) — 22) € R2\ Q. We make the
following modified Brakhage and Werner ansatz [I3] for the scattered field

wi = -vxa)+ [ (P58 iy ) o) dsty) (6.72)
where 7 > 0 is some fixed constant, n(y) denotes the unit normal to I' at y, directed into €2, and the
function ¢ € BC(T) is called a density. We note that —®(x,z’) is the scattered field in the special case
when I' =T'y with H = f(z1).

It follows from the results in [64] that a scattered field of this type is a solution to the scattering
problem if and only if the density 1 satisfies the boundary integral equation

Y+ Dy —inSy = —2(®(-,z') — ®(-,z)) onT, (6.73)
where § and D are the single- and double-layer potential operators, acting on BC(T'), given by

9G(x,

su =2 [ f)wy) ds(y), x €T

r

G(x,y)(y)ds(y), Di(x) :ZQ/F on(y

We parameterize I" as {(s, f(s)) : s € R} and set
a(s) = (s, f(s),  yls) = —2(2((s,f(5)),2) — (s, f(5)),2)), sER (6.74)

Then (6.73) is equivalent to
r—Liz=y (6.75)

where L;; is the integral operator defined by (6.42)), with kernel [ given by

oG
1.0 =2 () - o)) VTF TR, seek
where x = (s, f(s)), y = (t, f(t)). [50, Th. 4.3] shows that, for every n € Ny and f € BC"*2(R), [
satisfies assumption (L) with b = 3/2. The same shows, further, that, for every ¢, M > 0, there
exists a constant v > 0 such that for all

feBy y=1{f€BC"R):c1 <inf f, || fllpenram) < M} (6.76)

there holds
ly € Ay, (6.77)
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with the same constant v for every f € Bl ;. Thus, in view of Proposition for f € Bl . the
operators L;, : X, — X, and are uniformly bounded, 0 < a < 3/2.

The next theorem tells us that the problem of finding a solution of equation (which is a first
step towards the solution of the scattering problem) is well-posed for a large class of surfaces. It also
shows that we may replace A, by Ai/ in .

Theorem 6.27 ([22, Th. 3.2]). For every f € BC"%(R), n € Ny the operator I — L;, has a bounded
inverse on X. Further, for every c1, M > 0 there exists 3 > 0 such that

sup (I — Li,) 7' < 6.
feBZ

It follows from results in [61] that — and this is the motivation for our modified Brakhage/Werner
ansatz (6.72)) with ®(x,z’) added to the combined potential — the function ®(x,z) — ®(x,z’) satisfies
the following estimate: For given € > 0 there holds

C(1+z2)(1

®(x,2) — D(x,2)| < EL ;{ _2i<|3/j ) g > eso0, (6.78)
where C is a constant, not depending on x. Since ®(x,2z) — ®(x,z’) satisfies the Helmholtz equation it
follows from standard regularity estimates for elliptic partial differential equations in [34] that bounds
such as also hold for every partial derivative of ®(x,z) — ®(x,2’) up to any order. As a conse-
quence, the right-hand side y of 7 given by , is contained in the weighted space BC;L/Q(R).
Further, it follows that if z is kept fixed, then the collection of all such right-hand sides y, as f runs
through B! ,, is uniformly bounded in BC3),(R).

We can thus appeal to the error estimates in weighted spaces, which we have obtained in the previous
section for the Nystrém method introduced in [50]. To this end, we associate, with every f € B , and
the corresponding kernel [ = [, the quadrature operator Kf(\; , N € N, as defined in the previous section;
more precisely KIJ(Vf = K, + K., where ky = (k1,k2) € BC"(R?) is defined in Proposition
(applied with [ = Iy), and K f\,[ku Ké\f,@ are defined in and , respectively. We note that, for
improved readability, we have written K{(\; and ky instead of K{{\lf . and ki, respectively.

The next theorem shows that if the surface I' is smooth then the approximate solutions =V of
below always exist when N is large enough and, moreover, 'V is rapidly converging to the exact solution
2 (with superalgebraic convergence if f € BC*(R)). Moreover, for fixed n, ¢;, M, the convergence
does not depend on f € B{ ur» in particular not on the amplitude and slope of the surface I'.

Theorem 6.28. Let n € N, ¢q, M > 0 and y be given by (6.74), so that y models a cylindrical wave
emanating from a point z = (21, z2) with zo > M. Then there exists some N’ € N such that, provided
that N > N’ and f € B ), the equations

(I—-Lj)r=y and (I—- KII(\;)Q:N =y (6.79)
have unique solutions x,x"™ € X3/2-

Further, there exists a constant C' > 0 such that, for every f € B\, the numerical solution x
and the exact solution x of (6.79)) satisfy the estimate

N

& — 2|52 <CNT,
where the constant C' does not depend on the choice of f.

Proof. Theorem shows that {l; : f € B_ ,} C Al for some v > 0 large enough. Since y €
BC3)5(R) (with a norm that remains bounded as f varies in B )/), the theorem is now immediate
from Theorem [6.26] O
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The approximate solution of (I — L;,)x = y by a modified finite-section method and its stability on
X has been considered in [51]; in [49] these results have then been combined with the stability analysis
of [50]. We will now combine the results in [49] with our analysis of the modified finite section method
in Section As an outcome we present novel error estimates, improving those in [49] in the special
case when the right-hand side y is given by .

As yet, there seems no way of proving the stability of the unmodified finite section method for the
equation (I — Kli\;)y =z in (or for the integral equation in (6.79)), but it is shown in [49] that
stability holds for a modified finite-section method, in which the scattering surface is “flattened” near
the endpoints of the truncation interval.

To describe this flattening, we choose a “cut-oft” function v: let o > 0 and v € C*®(R) satisfy
0<v(s)<1l,seR,and v(s) =0if s > a and v(s) =1 if s < 0. We keep o and v fixed throughout
the remainder of this section.

Using the cut-off function v, we approximate the function f by f4, defined by

FAs) = fs)(s — Aw(—s — A) + fF(A) (1 —v(s — A)) + f(-A) (1 —v(-s — A)), seR. (6.80)

Then f4(s) = f(s), |s| <A, f4(s) = f(A), s> A+aand fA(s) = f(—A), s < —A — a. Moreover, it
is not hard to see that
feBly = fYE€Bl . (6.81)

1
for some constant M’ > M, depending only on M and v but not on A.
With every f € B, ag > « and A > 0, we can thus associate the operator Kli\;’erao, defined as
Kf(\; ,» but with the summations reduced to the interval [—A + ap, A+ ap]. The following stability
theorem is shown in [49)].

Theorem 6.29. Letn € N, ¢1, M > 0. Then there exists some N’ € N and o, > 0 such that, provided
that N > N', ag > ap, A > 0 and f € B := B ), the operator I — Kljcv’fJ“aO is invertible on X;
moreover !

sup sup sup ||({ - Kiv’f+a”)_1|| < 0. (6.82)
N>N' feB A>0,a0>al, !

This theorem allows us to invoke Theorem [5.31] which gives the following error estimate for approx-
imate solution of the boundary integral equation (6.75)) by the modified finite section method.

Theorem 6.30. Let n € N, ¢, M > 0 and y be given by (6.74), so that y models a cylindrical wave
emanating from a point z = (21, z2) with zo > M. Then there exists some N' € N and «f, > 0 such
that, provided that N > N', A >0, ag > ag and f € B, the equations

A
I-Lyz=y (I-Kd et =y (6.83)
have unique solutions x, x™ At ¢ X3/2-

Further, if A = t;-v, for some j € N, there exists a constant C' > 0 such that, for every f € Bl \;,
the numerical solution x™N-4+%0 ¢ X3/ and the exact solution v € X35 of (6.83) satisfy the estimate

|z(s) — N AT (5)] < C1N‘"(1+|s|)_3/2+C’2(1+A)_3/2((1+A+s)_1/2+(1+A—s)_1/2), |s| < A.

(6.84)
where the constants C1,Cs > 0 do not depend on A, f, ag or N.

Proof. As mentioned before, we wish to invoke Theorem thus we need to check that the assump-
tions of the theorem are satisfied. That the kernels v; and vy and the quadrature weights w{\f ;(s) and
wy';(s) satisfy the requirements of Theorem apart from (5.74)), has already been shown in the
proof of Theorem @ However, that the quadrature weights w{';(s) and wy';(s) fulfil has been

proved in Propositions and respectively.
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For 0 < A < af), we let W4 := @, moreover, we define
Wiata, i =1ksa: f€ By, A>0, and Woo:={ks: f€ B! \}.

Let W := W, UJ 4.0 Wa. Then, by (6.81), (6.76)/(6.77) and Corollary [6.19] the set W satisfies the
boundedness and equicontinuity assumptions of of Theorem [5.31

Further, it then follows from Theorem the proof of Theorem and Theorem that (15.91)
and are satisfied (for A = 1), where N := {N € N: N > N'}, with N’ chosen as in Theorem [6.26

Thus all assumptions up to of Theorem are satisfied and the statement about the solv-
ability of follows.

We have already remarked that the kernels vy, vo satisfy (A7), for b = 3/2, some C,, > 0 and &
given by (6.51). For this x, the function u(s), defined in ([{:82), satisfies p(s) < C'(1+|s|)71/2, s > 0,
for some constant C’ > 0, and hence holds for the weight function w := wy s.

If we are given f € Bl ,;, A=1;" >0 and ag > aj then k; and kya, satisfy for D := A.
We can now apply Theorem m (with A taking the role of D and A 4 «ap taking the role of A in
that theorem). Since y € BCQ/Q(R), n € N, we thus obtain, from and , the following error

estimates for the solutions x, ¥4 and 24+ of the equations (6.79) and (6.83).

j2(s) — & (s)] < CLN T (1 + )=, |s| < 4,
2N (s) = N0 () S Co(1 4 A) 7 (L4 At s) 2 (14 A=9)712) 5] <4,

where C1,Cs > 0 are constants not depending on f, A, ag or y. Since
j2(s) — 2V AT(s)] < Ja(s) — 2N (s)| + |2V (s) — 2™ AF(s)], s < A,

combining these two inequalities yields (6.84]) and the theorem is shown. O
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