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Abstract

We provide several inequalities between eigenvalues of some classical eigenvalue problems
on compact Riemannian manifolds with C? boundary. A key tool in the proof is the gen-
eralized Rellich identity on a Riemannian manifold. Our results in particular extend some
inequalities due to Kuttler and Sigillito from subsets of R? to the manifold setting.

Keywords Steklov eigenvalue problems - Eigenvalue bounds - Rellich identity
Mathematics Subject Classification 35P15 - 58C40 - 58J50

Résumeé

On donne plusieurs inégalités concernant les valeurs propres dans certains problemes clas-
siques des valeurs propres sur des variétés riemanniennes compactes a bord C2. Comme
méthode centrale de la preuve, on utilise 1’identité généralisée de Rellich sur une variété
riemannienne. En particulier, nos résultats étendent au cas des variétés certaines inégalités
établies par Kuttler et Sigillito sur des sous-domaines de R2.

1 Introduction

The objective of this manuscript is to establish several inequalities between eigenvalues of
the classical eigenvalue problems mentioned below. Let (M", g) be a compact and connected
Riemannian manifold of dimension n > 2 with nonempty C? boundary 3 M. The eigenvalue
problems we consider include the Neumann and Dirichlet eigenvalue problems on M:

Au+ru=0 in M, B _

{ u=0 on IM, Dirichlet eigenvalue problem , (1.1)
Au+pu=0 in M, _

{ du=0 on M, Neumann eigenvalue problem , (1.2)
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where A = divV is the Laplace-Beltrami operator, v is the unit outward normal vector
on dM, and 9, denotes the outward normal derivative. The Dirichlet eigenvalues describe
the fundamental modes of vibration of an idealized drum, and for n = 2, the Neumann
eigenvalues appear naturally in the study of the vibrations of a free membrane; see e.g. [3,6].

We also consider the Steklov eigenvalue problem, which is an eigenvalue problem with
the spectral parameter in the boundary conditions:

{ Au=0 n M, Steklov eigenvalue problem . (1.3)

dyu =ou on IM,

The Steklov eigenvalues encode the squares of the natural frequencies of vibration of a thin
membrane with free frame, whose mass is uniformly distributed at the boundary; see the
recent survey paper [11] and references therein.

The last set of eigenvalue problems we consider are the so-called Biharmonic Steklov
problems:

A%y =0 in M, . . .

{ U= Au—ndyu =0 on M, Biharmonic Steklov problem I;  (1.4)
A =0 in M, : .

{ i = dyAu+Eu=0 ondM, Biharmonic Steklov problem II.  (1.5)

The eigenvalues problems (1.4) and (1.5) for example play an important role in elastic
mechanics. We refer the reader to [5,9,17,18] for some recent results on eigenvalue estimates
of problem (1.4). Moreover, a physical interpretation of problem (1.4) can be found in [9,17].
Problem (1.5) was first studied in [12,13] where the main focus was on the first nonzero
eigenvalue, which appears as an optimal constant in a priori inequality; see [12] for more
details.

It is well-known that the spectra of the eigenvalue problems (1.2)—(1.5) are discrete and
non-negative, see e.g. [2,6,9,10,12,17]. We thus arrange their eigenvalues in increasing order,
where we repeat an eigenvalue as often as its multiplicity requires. The k-th eigenvalue of
one of the above eigenvalue problems will be denoted by the corresponding letter for the
eigenvalue with a subscript &, e.g. the k-th Neumann eigenvalue will be denoted by ¢;. Note
that 1 =01 =&, =0.

There is a variety of literature on the study of bounds on the eigenvalues of each problem
mentioned above in terms of the geometry of the underlying space [11,15,17,22]. However,
instead of studying each eigenvalue problem individually, it is also interesting to explore
relationships and inequalities between eigenvalues of different eigenvalue problems. Among
this type of results, one can mention the relationships between the Laplace and Steklov eigen-
values studied in [14,21,24], and various inequalities between the first nonzero eigenvalue
of problems (1.2)—(1.5) on bounded domains of R2 obtained by Kauttler and Sigillito in [13];
see Table 1 (Note that there was a misprint in Inequality VI in [13]. The correct version of
the inequality is stated in Table 1.).

We extend Kuttler—Sigillito’s results in two ways. Firstly, we consider compact manifold
M with C? boundary of any dimension n > 2. Secondly, we also prove inequalities between
higher-order eigenvalues.

Our first theorem provides lower bounds for & in terms of Neumann and Steklov eigen-
values.

Theorem 1.1 Let (M", g) be a compact manifold of dimension n > 2 with C2 boundary. For
every k € Nwe have (a) uroy < &, and (b) paor < &.
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Table 1 Inequalities obtained by Kuttler and Sigillito in [13]

Inequalities Conditions on M C R? Special case of
Hnpop < & Theorem 1.1

2 hmin/ (1 + ué/zrmax) <20y Star-shaped with respect to a point Theorem 1.3

n = %Mhmax Star-shaped with respect to a point Theorem 1.4 (i)
A}/z < 211 7max/Pmin Star-shaped with respect to a point Theorem 1.4 (i)
& < /L%hmax Star-shaped with respect to its centroid Theorem 1.4 (ii)

Compared to inequality (b), inequality (a) gives a better lower bound for & for large k. For
k =2and M C R2, Theorem 1.1 was previously proved in [13]. Kuttler in [12] also obtained
an inequality between some higher order eigenvalues & and p; for a rectangular domain in
R? using symmetries of the eigenfunctions.

In order to state our next results, we need to introduce some notation first. For any given
p € M, consider the distance function

dy,: M — [0,00), dp(x):=d(p,x),

and one half of the square of the distance function,

1 2
pp(x) = Edp(x) .
Furthermore, we set
max ‘= glez}a;dp(x) = ;2{2311)1(/1 d[?(x)a
h = max(Vp,,v), and hpjp := min (Vp,, v),
max xEBM( Pr ) i xeaM( Pr )
where we borrowed the notation from [13].

Remark 1.2 Note that p,, is not necessarily differentiable on the cut locus of p. However, the
direction derivative denoted by (Vp,,(x), ¢), ¢ € Ty M always exists and is given by

(Vop(x), &) :=inf{—(v, ¢) : v € T M is the unit tangent vector of a geodesic joining x to p}.

We shall see that under the assumption of a lower Ricci curvature bound, there exists a lower
bound on the first nonzero Steklov eigenvalue o, in terms of 7 on star shaped manifolds.
A manifold M with C? boundary is called a star shaped manifold if there exist p € M and
a star shaped domain Q in R" = T, M such that exp,, is defined on 2 and exp,(€2) = M.
This implies that (Vp,(x), v(x)) > 0 for every x € M.

Theorem 1.3 Let (M", g) be a compact, star shaped Riemannian manifold whose Ricci
curvature Ric, satisfies Ricy > (n — 1)k. Then we have

oy > Rmin 2

> (1.6)
2”max,ué/2 +Co

where Cy := Co(n, k, rmax) IS a positive constant depending only on n, k and ryyx.

When M is a subdomain of R”, inequality (1.6) was stated in [13] with Cp = 2.
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In the following theorem we provide several inequalities for eigenvalues of (1.2)—(1.5)
on star shaped manifolds under the assumption of bounded sectional curvature. Here and
hereafter, we make use of the notation

AV B :=max{A, B} forall A, B € R,

and the convention ¢/0 = +o00, ¢ € R \ {0}.

Theorem 1.4 Let (M", g) be a compact, star shaped Riemannian manifold of dimension n
whose sectional curvature Ky satisfies k1 < Ky < k2. Moreover, assume that there exists
p € M such that M is star shaped with respect to p and the cut locus of p in M is the
empty set. Then there exist constants C; := Cj(n, k1, k2, rmax), I = 1, 2, depending only on
n, K1, kp and rmax and C3 = C3(n, k1, rmax) Such that

@) Cinm/hmax < M < (4rr2naxnlz - 2C2hmin7]k) /hﬁlin’
i) Emit < hmaxit/ ((C3 — Vol (M)~ fyy d2 dvg) v 0), provided 1> < 0.

Here, m is the multiplicity of Ay.

Note that the constants C;, i = 1, 2,3 are not positive in general. However, there exists
ro = ro(n, k1, k2) > 0 such that for ryax < ro these constants are positive; see Sect.4 for
details. In inequality (ii), we have a non trivial upper bound only if

-1
wi < nC3vol(M) (/ df,dvg) .
M

When M is a domain in R”, the quantity f M d,%dv ¢ is called the second moment of inertia;
see Example 4.2. The proof of Theorem 1.4 also leads to a non-sharp lower bound on 1

hminCZ
>
=5
max

This in particular shows that the right-hand side of the inequality in part i) is always
positive.

The proof of Theorem 1.1 is based on using the variational characterization of the eigen-
values and alternative formulations thereof. Apart from the Laplace and Hessian comparison
theorems, and the variational characterization of the eigenvalues, the key tool in the proof
of Theorems 1.3 and 1.4 is a generalization of the classical Rellich identity to the manifold
setting. This is the content of the next theorem. Let us denote M \ M by M°.

Theorem 1.5 (Generalized Rellich identity) Let F : M — T M be a Lipschitz vector field
on M. Then for every w € CZ(M°) N CY (M) we have

1
/ (Aw + Aw)(F, Vw)dv, = / hw(F, Vw)ds, — 7/ IVwIQ(F, v)ds,
M 3 2 Jam

M
A 1

+7/ w?(F, v)dsg-l-f/ divF|Vw|2dvg—/ DF(Vw, Vw)du,
2 Jom 2 Ju M
A

—f/ wzdidevg,
2 Jm

where v denotes the outward pointing normal and (-, -) = g(-, -).
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The classical Rellich identity was first stated by Rellich in [23]. A special case of Theorem 3.1,
called the generalized Pohozaev identity, was proved in [21,25] in order to get some spectral
inequalities between the Steklov and Laplace eigenvalues.

The paper is structured as follows. In Sect.2, we recall tools needed in later sections,
namely the Hessian and Laplace comparison theorems. Moreover, we give variational charac-
terizations and alternative representations for the eigenvalues of problems (1.2)—(1.5). Sect. 3
contains the deduction of the Rellich identity on manifolds, as well as several applications
thereof. Finally, we prove the main theorems in Sect. 4.

2 Preliminaries

In this section we provide the basic tools needed in later sections. Namely, we give the
variational characterizations and alternative representations of the eigenvalues of prob-
lems (1.2)—(1.5) in the first subsection. In the second subsection, we recall the Hessian
and Laplace comparison theorems.

2.1 Variational characterization and alternative representations

Below, we list the variational characterization of eigenvalues of (1.1)—(1.5) and their alter-
native representations. We refer to [2,6] for the variational characterization of (1.1)—(1.3),
and to Appendix for (1.4) and (1.5). For the special case of the first nonzero eigenvalues of
(1.1)—(1.5), their alternative representations are contained in [13]. The general proofs of their
alternative representations follow along the same lines of the proofs in [13] and are therefore
omitted.
Dirichlet eigenvalues:
Suy IVul* dvg
M = 1nf sup ————

VEHI (M) 02ucy [y u? dvg
dim V=k

= 1nf M

VCH2(M)NH, (M) ueV Sy IVul>dvg
dim V=k

@2.1)

Neumann eigenvalues:

Vul? dv
1nf sup fMli;g
‘Zch M)y 0ucy [y u? dug

Au)*dv
= inf sup M. (2.2)
VCH?(M) ueV IM|V14| dvg
dyu=0 on oM Vu#0
dim V=k

Mk

Steklov eigenvalues:
Juy IVul* dvg
o = mf sup —————
VEH! (M) 02ucV Jops u? dvg
14

inf Jor Bv10)? dsg

VCH(M) Vu|?dv
dim V=t VX0 S 1Vul? dvg

(2.3)

where H(M) is the space of harmonic functions on M.
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Biharmonic Steklov I eigenvalues:

Aul?dv
mo= _inf sup fM|7|28 o
VCHXM)NH) (M) ueV L3 pu)? dssg
dim(V/HG(M))=k u€V\Hg (M)

Biharmonic Steklov II eigenvalues:

Au|*dv
b= inf sup fM'iig 2.5)
VCH (M) 0ucy [y U dsg
dim V=k

where H (M) = {u € H*(M) : 3,u =0 ondM}.

2.2 Hessian and Laplace comparison theorems

The idea of comparison theorems is to compare a given geometric quantity on a Riemannian
manifold with the corresponding quantity on a model space. Below we recall the Hessian
and Laplace comparison theorems. For more details we refer the reader to [4,7,20].

For any « € R, denote by H, : [0, c0) — R the function satisfying the Riccati equation

H,
H 4+ H 4+ =0, with lim 2 _

r—0 n—

1.

Clearly, we have

(n — 1)/ cot(y/xr) K >0,
He(r)={21t k=0,

(nr— 1)4/[«c] coth(y/[k[r) « < O.

With this preparation at hand we can now state the Hessian comparison theorem.

Theorem 2.1 (Hessian comparison theorem) Let (M", g) be a complete Riemannian mani-
fold. Let y : [0, L] — M be a minimizing geodesic starting from p € M, such that its image
is disjoint from the cut locus of p. Assume furthermore that

k1 < Kg(X,y (1) < k2
forallt € [0, L] and X € T, )M perpendicular to y(t). Then
(a) d satisfies the inequalities
H (t
V2d, (X, X) < L(l)
n—

V2d,(X, X) > HL(?
n—

g(X.X), Viel0,L], Xe(y®) CTuM,

g(X,X), Vte [0, LA ] X € (y(0))" C TyM.

b4
2k v 0
Furthermore, we have

Vi, (7 (). y(1)) =0, Vit e[0,L].

Here AN B :=min{A, B} and AV B := max{A, B} for A, B € R.
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(b) pp satisfies the inequalities

2 tHK[(t) . 1
Vopp(X, X) < ﬁg(X,X), Viel0,L], Xel{y@®) CTynM,
tHye, (1) b3 .
Vi, (X, X)> 22X, X), Vte|0,LA——|, Xe(yo) T, M,
pp(X, X) = ——==8(X, X) N (v(@®) 10
and

Vi, (7(t).y(t) =1, Vtel[0,L].
Next, we state the Laplace comparison theorem.

Theorem 2.2 (Laplace comparison theorem) Let (M", g) be a complete Riemannian mani-
fold. The distance function d,, and the squared distance function satisfy the following.

(a) LetRicy > (n — Dk, k € R. Then for every p € M the inequalities
Adp(x) = HK(d[?(x))v and App(x) <1 +dp(x)HK(dp(-x))

hold at smooth points of d,. Moreover the above inequalities hold on the whole manifold
in the sense of distribution.

(b) Under the same assumption and notations of Theorem 2.1, the following inequalities
hold.

(i) Foreveryt € [0, L]
Ady(y (@) < He, (), and App(y(t)) <1+ tH (1);

. .
(ii) Foreveryt € [0, L A m]

Adp(y (1)) = He, (1), and App(y (1)) = 1+ 1H,,(1).

Notice that part (b) in the above theorems is an immediate consequence of part (a), since
the distance function d), and one half of the square of the distance function p,, satisfy

V2p, =d,V?d, +Vd, ® Vd,,  App =|Vd,|* +d,Ad,.

Remark 2.3 Theorems 2.1 and 2.2 hold for a star shaped manifold M, when M is star shaped
with respect to the point p given in these theorems.

3 Generalized Rellich identity

Animportant identity which is used in the study of eigenvalue problems is the Rellich identity.
To our knowledge it was first stated and used by Rellich [23] in the study of the Dirichlet
eigenvalue problem. Some versions of the Rellich identity are also referred to as the Pohozaev
identity; see [8,21,25] for more details and its applications. In this section, we provide the
generalized Rellich identity on Riemannian manifolds, i.e. Theorem 1.5, and its higher order
version. Some applications of this result can be found in the last subsection and in Sect. 4.
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3.1 Rellich identity on manifolds

The next theorem states the Rellich identity on Riemannian manifolds.

Theorem 3.1 (Generalized Rellich identity for manifolds) Let (M, g) be a compact Rieman-
nian manifold with C*—smooth boundary. Let F : M — T M be a Lipschitz vector field on
M. Then for every w € CZ(M°)N CY(M) we have

1
/ (Aw + Aw)(F, Vw)dv, = / ww(F, Vw)ds, — 7/ |Vw|2(F, v)ds,
M am 2 Jom
A

1
+f/ wz(F,v)dsg—i—f/ divFlelzdvg—/ DF(Vw, Vw)du,
2 Jom 2Jm M

A
—= / w?divF dvy,
2J/m
where v denotes the outward pointing normal and (-, -) = g(-, -).

In [21,25], the authors proved the above identity when w is harmonic and A = 0. The proof
of the general version follows the same line of argument. For the sake of completeness we
give the whole argument.

Proof of Theorem 3.1 We calculate [,, Aw(F, Vw)dv, and [}, Aw(F, Vw)dv, separately.
In order to calculate the latter, we apply the divergence theorem to obtain

/ w2 (F, v)dsg=/ div(w2F)dvg=/ (2w(F, Vw) + w’divF) dv,.
oM M M

Thus, we get

A
/ Aw(F, Vw)dvg = = </ w*(F, v)ds, —/ wzdidevg>.
M 2 \Jom M

For the other term, using integration by parts, we obtain
/ Aw(F, Vw)dvg = / (F,Vw)d,wdsg —/ (V(F,Vw), Vw)dv,
M aM M
= / (F,Vw)d,wdsg — / (VvwF, Vw)dvg
aM M
—/ (VvwVw, F)dv,
M
:/ (F,Vw)d,wdsg —/ DF(Vw, Vw)dvg
aM M
—/ VZw(Vw, F)dv,. 3.1)
M
For further simplification, we observe that

2/ Viw(Vw, F)dv, =/ div(F|Vw|*)dv, —/ divF|Vw|*du,
M M M

:/ |Vw|2Fdsg—/ divF|Vw[*dv,.
oM M

Plugging this identity into (3.1) we get
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1
/ Aw(F, Vw)du, =/ dw(F, Vw)dsy — 5/ IVw|*(F, v)ds,
M oM oM
1
+f/ divFle|2dvg—/ DF (Vw, Vw)duv,.
2 Jum M

This completes the proof. O

3.2 Higher order Rellich identities
In this section, we provide a higher order Rellich identity. Throughout the section, M is a
compact Riemannian manifold with nonempty C? boundary.

The following preparatory lemma is a simple consequence from Theorem3.1. For the
special case M C R", the identity stated in the lemma was first proven by Mitidieri in [19].

Lemma3.2 Forv, w € C2(M°) N CY(M) we have
/ Aw(F, Vv) + Av(F, Vw)dv, = / {ovw(F, Vv) + 0yv(F, Vw)}ds,
M oM

—/ (Vw, Vu)(F,v)ds, +/ divF(Vw, Vv)dvg — 2/ DF(Vw, Vv)dv,.
aM M M

Proof Replacing w by w + v in Theorem 3.1 and set A = 0 we get the identity. O

The following theorem states the higher order Rellich identity.

Theorem 3.3 Let the boundary of M be C? smooth. Then forw € C*(M°) N C3(M) we
have

1 1
/ (A%w + LAw)(F, Vw)dvg = f/ divF (Aw)*dv, — f/ (Aw)*(F, v)dvg
M 2 Ju 2 Jom
+/ {dvw(F, VAw) + 0, Aw(F, Vw)}ds, — / (Vw, VAw)(F, v)ds,
oM oM

+/ divF(Vw, VAw)dv, — 2/ DF(Vw, VAw)dve + A/ w(F, Vw)ds,
M M aM

A A
_7/ |Vw|2(F,v)dsg+f/ diVF|Vw|2dvg—A/ DF(Vw, Vw)du,.
2 Jom 2 /u M
Proof If we choose v = Aw in Lemma 3.2, we obtain
/ A*w(F, Vw)dv, = —/ Aw(F,VAw)dv,
M M
—|—/ {obw(F, VAw) + 8, Aw(F, Vw)}ds,
oM
—/ (Vw, VAw)(F, v)ds, —l—/ divF(Vw, VAw)dv,
oM M
—2/ DF(Vw, VAw)dvg.
M

By the divergence theorem we have
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1

/ Aw(F,VAw)dv, = 7/ (F,V(Aw)?)dv,
M 2 Jm

1 1
= _7/ divF (Aw)*dvg + f/ (Aw)*(F, v)dvg,
2J/m 2 Jom
which together with Theorem 3.1 establishes the claim. O

For the special case M C R” and A = 0, the statement of Theorem 3.3 is contained in
[19].

3.3 Applications of the Rellich identities

In 1940, Rellich [23] dealt with the Dirichlet eigenvalue problem on sets M C R”. For this
special case he used the identity derived in Theorem 3.1 to express the Dirichlet eigenvalues
in terms of an integral over the boundary. One decade ago, Liu [16] extended Rellich’s result
to the Neumann eigenvalue problem, the clamped plate eigenvalue problem and the buckling
eigenvalue problem, each on sets M C R”. In the latter two cases Liu (implicitly) applied
the higher order Rellich identity.

Recall that for any compact Riemannian manifold M with C? boundary 8 M, the clamped
plate eigenvalue problem and the buckling eigenvalue problem are given by

A%u+ AAu=0 inM, ,
{ u=2du=0 on dM: Buckling problem , 3.2)
A -T2 =0 inM,
{ u = avl,t =0 on aM, C]amped platev (33)
respectively.

Below we reprove the result of Liu for the case of the buckling eigenvalue problem. Note
there is no new idea for the proof, however, our proof is shorter and clearer since we do not
carry out the calculations in coordinates. One can proceed similarly for the clamped plate
eigenvalue problem.

Lemma 3.4 ([16]) Let M C R" be a bounded domain with C* smooth boundary.

(i) Let w be an eigenfunction corresponding to the eigenvalue A of the buckling eigenvalue
problem. Then we have

 Jon 93, w)?0, P)dsg

A
4 [,/ IVw|dv,

’

where r* = x% + -+ xﬁ and x; are Euclidean coordinates.
(ii) Let w be an eigenfunction corresponding to the eigenvalue T of the clamped plate

eigenvalue problem. Then we have

r— Jous @3, w)?0, (r2)dsg
N 8 [1y widvg '

Proof In order to prove (i) we apply Theorem 3.3 for the special case M C R" and where F
is given by the gradient of the distance function. In this case we have DF (-, -) = g(-, )
and divF" = n. Note furthermore that wjyy = 0 implies Vw = 9, wv on d M. Since we have
dywjyy = 0 by assumption, Vw vanishes along the boundary of M.
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Plugging the above information into Theorem 3.3 we get
1
0 :/ (A%w + AAW)(F, Vw)dv, = f/ (Aw)*dvg — f/ (Aw)*(F, v)dvg
M 2J/m 2 Jom

t - 2)/ (Vw, VAw)dvg + A (E — 1) / IVw|dv,.
M 2 M

Applying the divergence theorem once more, we thus obtain

n 2 1 2 _(y_ 2
A(E—l) /M|Vw| dvg = E/BM(Aw) (F.v)ds, (2 2)/M(Aw) dv,.

The variational characterization of A asserts that for an eigenfunction w corresponding to A
we have

/ (Aw)*dvg — A/ |Vw|*dv, = 0. (3.4)
M M

Furthermore, the identities
- 1
(F,v) = xiduxi = S0(r?)
i=1

and Aw = 32,w hold on the boundary of M. Thus the claim is established.
The proof of (ii) is omitted since it is similar to the one of (i). ]

Remark 3.5 InLemma3.4 (i), when normalizing the eigenfunction w such that |’ u!Vw 12d Vg
= 1, we obtain

1
A= 7/ (82, w)%8, (rH)dsy;
4 Jom

i.e. A is expressed in terms of an integral over the boundary. A similar remark holds for
Lemma3.4 (ii).

Finally we use the Rellich identities to get some estimates on eigenvalues. Note that from
now on we do not assume anymore that M is a subset of the Euclidean space. However,
we assume that M is a manifold with C? smooth boundary and that there exists a Lipschitz
vector field F on M satisfying the following properties:

(A) There exist some positive constants ¢y, ¢z € Ry such that
0 <cp <divF < ¢,

wherever F is differentiable.
(B) There exists a positive constant @ € R such that

DF(X, X) > ag(X, X),
wherever F is differentiable.

Remark 3.6 Domains in Hadamard manifolds, and free boundary minimal hypersurfaces in
the unit ball in R"*! provide examples for which conditions A and B for the gradient of the
distance function on M are satisfied. For the latter, see Example 4.3 in which condition A
with ¢; = ¢» holds.
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The following lemma is an easy consequence of Theorems3.1 and 3.3, respectively. It
establishes upper estimates for eigenvalues in terms of integrals over the boundary M and
a.

Lemma3.7 Let M be a manifold with C* smooth boundary. Assume that there exists a
Lipschitz vector field F on M satisfying properties A and B above. Then

(i) the eigenvalue )\ corresponding to eigenfunction w of the Dirichlet eigenvalue problem
satisfies

o < Jou@w(F,v)dsy
T Qa4 — ) [, widvg’
(ii) the eigenvalue A corresponding to eigenfunction w of the buckling eigenvalue problem

satisfies

Jops (Aw)*(F, v)dv, -
2 [}, IVw|>dug

provided c1 = ¢ =: ¢ in property A.
Proof We start by proving (i). Theorem3.1 and Condition A imply

1
0= / (Aw + Aw)(F, Vw)dvg < f hw(F, Vw)ds, — 7/ IVwIZ(F, v)ds,
M 3 2 Jom

M
A
+C—2/ |Vw|2dvg—/ DF(Vu),Vw)dvg—ﬂ wzdvg.
2 Ju M 2 Ju

Since w = 0 on dM we have Vw = d,wv on d M. Combining this with ConditionB we

obtain
A 1 A
ﬂ/ wzdvg < f/ (avw)z(F, v)dsg + <£—ak>/ wzdvg.
2 Ju 2 Jom 2 M

The latter inequality implies the claim.
Below, we prove (ii). Theorem 3.3 implies

1
0< 5/ (Aw)?dv, — f/ (Aw)2(F, v)dv, +c/ (Vw, VAw)dv,
2 u 2 Jom M
A
—2/ DF(Vuw, VAw)dvg + C—/ IVw|Advg — A/ DF(Vw, Vw)dv,
M 2 Ju M

c 1 cA
< (Za — 5) /M(Aw)zdvg -3 /{;M(Aw)z(F, v)dvg + (7 — Aa> /M|Vw|2dvg.

Here, we made use of

/ (Vw, VAw)dv, = —/ (Aw)?dvg,
M M

which is a consequence of the divergence theorem. Applying (3.4) yields

1
0< —7/ (Aw)*(F, v)dvg-i-l\af |Vw|2dvg,
2 IM M

and thus the claim is established. O
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4 Proof of the Main Theorems

In this section, we prove the main theorems. The key ingredients of the proof are the com-
parison theorems and the Rellich identity.

Proof of Theorem 1.1 Inequalities (a) and (b) are an immediate consequence of the varia-
tional characterizations of g, oy and & given in (2.2), (2.3) and (2.5). Indeed, let V be
the space generated by eigenfunctions associated with &, ..., &. Then by the variational
characterization (2.2) we get

Au)? dv u?dv
e < sup fM(i)zgfgk sup faMizg
0sucy [y 1Vul?dvg 0ucy [y IVul*dvg

) -1
:Ek( inf 7IM|VM| dvg> < g—k

0£ueV [y u?dvg o

The proof of part (b) is similar. Let V be given as in part (a). By the variational charac-
terization, we obtain

Vul? dv Vu|? dv
o < sup fM|72|8 < fM|7|2g
0#ueVv faMu dvg 0#£uev fM|Au| dUg
-1
Aul? dv
=& inf Jyl8ul v, <5
0£uev [3, |Vul?dv, o
This completes the proof. O

Proof of Theorem 1.3 Let p € M be a point such that M is star shaped centered at p. We use
the following identity

1

1
f/ w? (v, Vopdsg :/ w(Vw,V,op)dvg—i-f/ szppdvg
2 Jom M 2Jm

which follows easily from integration by parts. Using the Laplace comparison theorem, we
thus get

1 1
,/ wz(v, Vopidsg < / w(Vw, Vp,)dvg + 5 max(l +dp(x)Hy, (d,,(x)))/ w2dvg.
oM M xXeM M

2
4.1)
The Cauchy Schwarz inequality yields

2
</ w(Vw,Vpp)dvg) Sréaxf w2dvg/ |Vw|2dvg.
M M M

Assuming || y Wdvg = 0 and using the variational characterization of uy we get

—1/2
/ w(Vw, Vp,)dvg < rmaxity /|Vw|2dvg.
M M

Thus, from inequality (4.1), we get

1 _ 1 _
3 | w0 Voghdse = (i 4 3 max(t 4 dy 0@ ) [ 9w
2 oM 2 xeM M

42)
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Let u be an eigenfunction associated to the eigenvalue o, and choose w to be
wi=u— Vol(M)_1 / udvg.
M

Then we have

/ |Vw|2dvg :/ |Vu|2dvg :02/ uzdsg 502/ wzdsg.
M M oM aM

Combining this inequality with (4.2), we finally get

1 2 1 2
~Nmin wdsg < — w (v, Vpp)dsg
2 om 2 Jam

_ 1 _
< (rmaxuz 24 5 max (1 +dp (x) He (dp ()11 ‘) /M|Vw|2dvg

_ 1 _
< (rmaxuz V2 2 max(1+ dp (o) He(dp ()i 1) o f wlds,.
xeM oM
Setting
Co :=max(1 +dp(x)H,(dp(x)))
xeM
establishes the claim. ]

Proof of Theorem 1.4 Throughout the proof we repeatedly use the Hessian and Laplace com-
parison theorems as well as the generalized Rellich identity, i.e. Theorem3.1.

(1) We start by proving the first inequality in (i), namely C7,,/hmax < Ak. Let Ex be the
eigenspace associated with Ay and let uy, ..., u, be an orthonormal basis for Ej.
We first show that d,u1, ..., d,u,, are linearly independent functions on d M. We prove
it by contradiction. Let assume that there exists # € Span(d,uy, - -- , d,u,) such that
d,u = 0. Let M be a Riemannian manifold such that M admits an isometric embedding.
Let N be a Riemannian manifold obtained by doubling M along its boundary (if 0 M # ),
endowed with the induced metric from M. More precisely, N = MuM / ~, where ~
identifies the two boundaries by the identity map. We smooth out the metric along the
image of 9 M without changing the metric on the two copies of M in N. Then we define

ulx) ifxeM,
v(x) = .
0 ifxe N\ M.

Clearly, we have v € C L(N). Furthermore, v satisfies the identity Av = Axv on N in the
distribution sense, i.e. v is the weak of solution of Av = Av on N. Therefore, it is also
a strong solution. Since v = 0 on N \ M, we get v = 0 on N by the unique continuation
theorem. This in particular shows that dim(Ey / HOZ(M )) = k. Thus, we can consider Ej
as a test functional space in (2.4).
Let hmax = Sup,eyp (Vop, v). Since 0 < ﬁ(wp, v) <1, we get

Jos 18ul? dvg

2
2 fM” dvg
Nm < sup ~————5—— < hmaxA Sup .
"7 ek Jo @ dsg = R ek Lo (Vops v) @ou)? dsg

Next we bound the denominator from below. Applying Theorem 3.1 with A = 0 and
F = Vp, yields
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/ (Vpp, v)(@yu) dsg = 2/ Au(Vp,, Vu)dvg —/ App|Vu|*dvg
oM M M
+2/ Vzpp(Vu, Vu)dvg,
M

for any u € Ey. Using integration by parts we get
2/ Au(Vpp,, Vu)dvg = —Xk/ (Vop, Vuz)dvg = )Lk/ uzA,opdvg.
M M M
Consequently, we have
/ (Vpp, v)(@yu) dsg = ,\k/ u? Ap,dvg —f App|Vul*dv,
oM M M
+2/ V2p,(Vu, Vu)du,
M
> (1 +mind,,(x)HK2(d,,(x))>/ u*dvg
xeM M
- (1 + maxd, (x)Hy, (d,,(x)))/ |Vuldv,
xeM M

d H,(d
+2minM/ |Vu|2dvg
xeM n— M

:Akclf uzdvg.
M

In the second line we used the Hessian and Laplace comparison theorems; see Sect.2.
Here Cj is

min  rHg,(r) — max rH(r). 4.3)

Cy = <1 + )
n—1) ref0,rmax) rel0,rmax)

Therefore, we get
Cinm < hmaxA.

‘We conclude the proof of the first inequality with a remark on the sign of C;. The function
r H, (r) is constant if « = 0, increasing on [0, 00) if ¥ < 0, and decreasing on [0, co) if
k > 0. Thus we calculate C; considering the following different cases:

(a) If k&1 = kp =0, then C; = 2.
(b) If k) <Ky <0,then C; =n + 1 — rmax He, (Fmax)-

(© If0 < k1 < k2, then C; = (1 + %1) Fmax Hey (rmax) — (2 — 1).
(d) If k1 <0 < «p,then Cy = (1 + nzj) Fmax Hic, (Fmax) — Fmax Hc; (Fmax)-

Of course when C1 < 0, we only get a trivial bound. However, depending on 1 and «7, in
all cases, there exists ro € (0, oco] such that for rp,x < ro, Cq is positive.

We proceed with the proof of the second inequality of part (i). Let uy, ..., ur € H 2(M)
be a family of eigenfunctions associated to 1y, ..., nx. We can choose u, ..., ux such that
dyu1, ..., dyug are orthonormal in L2(9M). Then, due to (2.1) and (2.4), we have

du)ds
Ak < Mk sup M (4.4)

uekEy fM |VM|2dUg '
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where Ey := Span(uy, ..., uy). Applying Theorem 3.1 with A = 0 and F = Vp,, we get
/ (Vpp, v)(@yu) dsg = 2/ Au(Vpp,, Vu)dvg — / App|Vul*dvg
oM M M
+2 / V20, (Vu, Vu)dv,
M

1/2
< 2max |Vp,| (/ (Au)2dvg/ |Vu|2dvg>
xeM M M

dp(x)H/q (dp(x))>

+ <—1 —min dp(x)Hy, (dp(x)) + 2 max
xeM xeM n—1

x/ |Vu|*dv,
M

| 1/2
< 2rmaxtl} (/ (@yu)? dsg/ |Vu|2dvg) —C2/ |Vul*du,,
oM M M

where dy (¥) Hi, (d (1))
X X
:= 1+ mind,(x)H,(d — 2max P 4.5
C “I‘chlélj\r/} p(X) Hye, (dp(x)) Eg}‘); w1 “4.5)
‘ 2 g
Let A2 := %. From the above inequality, A satisfies
1
hminA2 =< 2rmax77k2A - Ca.
This implies
r[%]axnk - hmmc2 > 0.
Remark that since this is true for every k, we get in particular
hminC
mz =y 2. (4.6)

max

We now obtain the following upper bound on A2

. 2
2 2 — Cohmi
(rmaxnk + Y inaxlk = €2 ml“) 4r i — 2Cahmin
h2 = h2

min min

A% <

Replacing in (4.4) we conclude

4rr2naxn]% - 2C‘thin Nk
h2 '

min

A <

Remark 4.1 The function r H, (r) is constant if « = 0, increasing on [0, c0) if k < 0, and
decreasing on [0, co) if k > 0. We calculate C, considering different cases:

(@) Ifky =k =0,then Co =n — 2.
(b) If k1 < kp <0,then Cy =n — 2%_1](’"@()‘
(¢) 0 < k1 < ka. Then Cy = rmax Hiy (rmax) — 1.

(d) k1 =0 <«2.Then C2 = 1 + rmax H, (rmax) — 2

"max HK] (Fmax)
n—1 .

Depending on «1 and k7, in all cases , there exists g € (0, oo] so that when rpax < 1o, then
C, is positive.
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ii) Let ¢ > 0 be a continuous function on d M. For every [ € N set

) |Aul? dv,
E41(¢) ;= inf  sup fo& E1(¢) =0,
VCHY (M) ueV Jom u*e dsg
dim V=l

where H, (M) := {u € H*(M) : dyu = 0 ondMand [, ¢puds, = 0}. The following
relation between & and & (¢) holds:

& < l9llocki (). 4.7
Indeed, let V. = Span(vy, -+, v;) be a subspace of I:II%/,(p(M) of dimension /. The
functional space W = Span(wy, - -- , w;), where w; = v; — vol(li‘dM)fvj dsg, is an [-

dimensional subspace of I:II%,(M) :={u e H*(M) : 8,u =0 ondMand faM udsg =0}
since 1 ¢ V.Itis easy to check that for every v € FI}%,,(#(M) andw =v— W f vdsg
we have

[y 1Aw]? dvg - fuy 18v[* dvg
16lloo Jypg w2dsg — [fypy Vb dsy
and inequality (4.7) follows. Later on we take ¢ := (V p,,, v). Thus, it is enough to show
that
e

1 @) = g

for some constants C3. Let E; be the eigenspace associated with ux, k > 2, and
ui, -, Uy be an orthonormal basis for Ey. Let F be a vector field on M satisfying
properties A and B on page 10. Consider

I
S (F, Vs, j=1,--,m.
" jMdidevg/aM”’( Vidsg. "

"l:he functional space V = Span(vy,..., v,) forms an m-dimensional subspace of
HZ 5 (M), where ¢ := (F, v).

Vj =

sup I [Av|? dv,
veV /BM U2<F7 V) dsg

Em+1(9)

IA

sup Wi Jag 17 dvg
weEy [y, u2(F, v) dsg — ([, divF dvg)=! ([, u(F, v)dsg)

By the Green formula and Theorem 3.1, we get

/ u?(F,v)dsg = 2/ u(Vu, Fdv, +/ u?divFdv,
oM M M
= 2u;1/ Au(Vu, F)dvg—l—/ udivFdv,
M M
= u;! (/ |Vul>(F, v)ds, —/ divF|Vu\2dvg—|—2/ DF(Vu,Vu)dvg)
oM M M

+ / u?divFdv,
M
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%

M;I/ |Vul*(F, v)dsg+(cl—cz+2a)/ u? dvg
oM M

%

(cq —cz+2a)/ uzdvg.
M

We also have

2 2
</ u(F,v)dsg> =</ (F,Vu)dvg> 5/ |F|2dvg/ |Vul* dv,
oM M M M
ZMk/ |F|2dvg/ uzdvg.
M M

2
Hi
((c1 — 2+ 2a) — ¢ Vol (M) i [, I F[2dvg) v O

Therefore,

Em+1(¢) <

Thanks to the Laplace and Hessian comparison theorem, the vector field FF = Vp,, satisfies
properties A and B (see page 10) on M with @ = 1, and

] =n, =1+ reﬁ)l,zrl,):ax rHe(r) =1 4 rmax He ("max) -
Taking
C3 :=n+ 1 — rmaxHy (rmax), (4.8)
we get
2
1@ = e - n*lvol(M)fL'k,uk Sy d2dvg) v 0
which completes the proof. O

Finally, we provide examples for Theorem 1.4 (ii) in which vector fields satisfying con-
ditions A and B arise naturally. The first example is just a special case of Theorem 1.4 (ii).

Example 4.2 Let M be a star-shaped domain in R” with respect to the origin. Thus F(x) = x
satisfies properties A and B on M for « = 1 and ¢; = ¢p = n. Then by Theorem 1.4 (ii) we
have

Eoel < maxyeqn (X, V)7
mH = INol(M) L (M) v O

where m is the multiplicity of ux and I, (M) = fM lx|2 dvyg is the second moment of inertia.
If in addition the origin is also the centroid of M, i.e. [,, xdv, = 0, then we have

2
1 < max(x, v s
Sm(ﬂ» x€8M< )Mz

where mg denotes the multiplicity of u,. Combining this inequality with Theorem 1.1 (b)
we get

Omo+1 < Max (x, v)uy.
motl = oM

These two last inequalities has been previously obtained in [13] for the special case n = 2.
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Example 4.3 Let B! be the unit ball in R"*! centered at the origin, and M be a free
boundary minimal hypersurface in B®*!. Consider F(x) = x, or equivalently po(x) =

plx) = % It is well-known that the coordinate functions of R”*! are harmonic on M.
Hence

divF = Ap = n.

Thus, condition A on page 10 is satisfied. Also, by the definition of a free boundary minimal
hypersurface, we have (Vp,v) = 1 on dM. To verify condition B, one can show that the
eigenvalues of Vzp atpoint x € M are givenby 1 —k;(x, N(x)),i = 1,...,n, where N(x)
is the unit normal to the M such that N |35 = v, and «; are principal curvatures. Indeed, let
X,Y € T, M. Then we have

V() (X,Y) = X - (Y - p(x)) — VxY - p(x)
= X{x,Y)— (x, VxY)
= (X, Y) + (x, DxY) — (x, VxY)
= (X.Y) — (x, (S(X), Y)N(x))
(X = 5(X),Y){x, N(x)),

where (-, -) is the Euclidian inner product, V is the induced connection on M, D is the
Euclidean connection (or simply the differentiation) on R"*!, and S(x) is the shape operator

S:TxM —- T M, X+ VxN.
Then the eigenvalues of V2p(x) are of the form 1 — «; (x){x, N(x)),i = 1, ..., n. Define

a = min (I —k;(x, N(x))).
e

When « > 0, then M with vector field F as above satisfies properties A and B on page 10.

Moreover, (F, v) = 1. Thus, following the proof of Theorem 1.4 ii, we get

2
Hi
—n=vol(M)~ 'k [y, 1x|? dvg) vV O

<
$m+1 = (20[

In dimension two, @ > 0 is equivalent to |«;|{x, N(x)) < 1. By results in [1], if
|kil{x, N(x)) < 1 then (x, N(x)) = 0 on M, and M is the equilateral disk. Hence, there is
no nontrivial 2-dimensional minimal surface satisfying Properties A and B. It is an intriguing
question whether there are non-trivial minimal hypersurfaces with @ > 0 in higher dimen-
sions.
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Appendix

In this section, we prove the variational characterization for the biharmonic Steklov problems.
It directly follows from the results in [9,10]. Since we could not locate a detailed proof of the
variational characterization for the biharmonic Steklov problems in the literature, we include
a proof for the reader’s convenience.

We start by providing the variational characterization for the eigenvalues 7, of the bihar-
monic Steklov problem I, see (1.4).

Theorem 4.4 For every k € N, we have
Aul?dv
Nk = inf sup fM |Aul” dvg

vem nnH M) uey Sy (vi)? dsg
dim(V/HE (M))=k ueV\HZ (M)

Denote by V the completion of the space
Z = {v € C®(M) : A%y =0, in M and v =0 onaM},

with respect to the inner product
(f.00= [ srag. *9)
M

Observe that Z is a subspace of the Hilbert space H 2(M)YN H(; (M).

Theorem 4.5 [10, Theorem 3.18] Let M be a manifold" with C? boundary. Then the spectrum
of eigenvalue problem (1.4) consists of a countable set of non-negative eigenvalues {ny} with
finite multiplicities, and the corresponding eigenfunctions {¢y} form a complete orthogonal
system for V.

One can consider another inner product on Z as follows:

(f. g = / 0, fvg dsq. (4.10)
oM

Let W be the completion of Z with respect to this new inner product. Then ¥V C W and
the embedding is compact, see [10, Page 85]. We now assume that {¢} is an orthonormal
system of V' with respect to the inner product (4.10). Notice that the orthogonality of the
eigenfunctions is preserved when changing the inner product from(4.9) to (4.10).

We need the following key lemma for the proof of Theorem 4.4.

Lemma 4.6 For every k € N we have

Av|>dv
ng = inf  sup fM|7|2g @i
GG OFveV Jop (Bvv)? dsg
Proof Let{¢1, ..., ¢x—1} bethe firstk—1 eigenfunctions which are chosen to be orthonormal

with respect to inner product (4.10). Further, let 0 % v L ¢;,i = 1,...,k — 1. Then we
have

o0
v=Y g,
i=k

I Note that [10, Theorem 3.19] is stated for domains in R”. But the proof can be extended to the manifold
setting.
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where «; = (v, ¢;)yy. Note that for every N € N we have

N 2 N
05/ A(”‘Z%’@)’ =/ |AvP =) miaf.
M i=k M i=k

Thus, the sum Z;’ik aizn,- is finite and we get

o0 [&°]
2 2 2
IDSED I WINT
i=k i=k M

Therefore, we obtain the inequality

2
e < Ly 1A zdvg .
faM(avv) dsg
This in particular proves that
Sy 180 dvg

. 4.12
| Jyps Bvv)? dsg (4.12)

Nk = inf
veV
vLlspan(@Ey, - ,Ex_1

Let V be a k-dimensional subspace of V. It is easy to show that there exists v € V such that
v L span((Ey, ..., Ex_1). Therefore, by (4.12), for every k-dimensional subspace of V we
have

Av|2d
mo< sup JulAvTdve
0#£veV faM(avU) dsg

This completes the proof. O
We are now ready to prove Theorem 4.4.

Proof of Theorem 4.4 By Lemma 4.6, it is clear that

Aul?dv
Nk = Ak 1= inf g fM|7|2g
VeHXMNHIM)  uev  [op Qo) dsg
dim(V /HE (M))=k ueV\HZ (M)

It remains to prove the reverse inequality. By [10, Theorem 3.19], the space HZ(M) N
H(} (M) admits the following orthogonal decomposition with respect to inner product (4.9).

H*(M) N Hy (M) =V & Hj (M).

Hence, forevery v € Vand w € HO2 (M) we have

/M|A(v+w)|2dvg = /M|Av|2dvg+fM|Aw|2dvg.

Therefore, for every subspace V C H (MmN HO1 (M), we have

Av|2dv Aul?dv
p uBvPdv oy AuP dvg
0£veV Jars (@) dsg wev Sy @u)?ds,
ueV\HZ (M)

where V C V is the projection of V on V. This finally gives us n; < Ay. O
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We proceed with a discussion on the proof of the variational characterization for bihar-
monic Steklov problem II, see (1.5).

Theorem 4.7 For every k € N we have

Aul? dv
&= inf  sup Jy18ul dvy 2' £ (4.13)
VCH} (M) 0£ueV Jons w?dsg
dim V=k

where Hy(M) :={u € H* (M) : d,u =0 ondM}.

To prove this theorem, we first need to state a counterpart of Theorem 4.5 for the eigenvalue
problem (1.5). Although the argument is classic and standard, for the sake of completeness,
we state the theorem and we include a brief discussion on its proof. Consider

Zi:={veC®M): A*v =0, inMand d,v =0 ondIM},

and let Z; /R be the subspace of Z orthogonal to the constants with respect to the following
inner product

(Fo9w, = f Fodse. (4.14)
oM

We denote by V /R the completion of Z1 /R with respect to inner product (4.9) and by W the
completion of Z; with respect to inner product (4.14). The Hilbert space V; /R is a subspace
of Hy(M)/R and V| C Hy (M) is

Vi =Vi/ReR.
Since, for every f € W, we have
f- Own = 1f 2wy <& A Fll20n).

the embedding i : Vi /R — W is continuous. Then by the compactness of the trace embed-
ding, H 12(9M) < L%2(3M), we conclude that the embedding is compact. Let

L:V — V),

f= (),
where Vi is the dual space, and let

i1: W — V{

f= (s ew-

The linear map L is an isomorphism. Thus, the linear operator K = 7 o L™ oij oi :
V1/R — V1 /Ris a positive compact self-adjoint operator with strictly positive eigenvalues.
Here 7 : V1 — Vi /R is the orthogonal projection onto V; /R. The inverse of eigenvalues of
K give the positive eigenvalues of (1.5), and the eigenfunctions are the same. We summarize
this discussion in the following theorem.

Theorem 4.8 Let M be a manifold with C* boundary. Then the spectrum of eigenvalue
problem (1.5) consists of a countable set of non-negative eigenvalues

0=61<b = =&=-

with finite multiplicities, and the corresponding eigenfunctions {{y } form a complete orthog-
onal system for V.

Now, the proof of Theorem 4.7 is similar to that of Theorem 4.6. We leave the details of
the proof to the interested reader.
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