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Abstract

In the first part of this work we compute finite 't Hooft coupling corrections to ob-
servables related to charged quantities in a strongly coupled N = 4 supersymmetric
Yang-Mills plasma. We correct errors in the literature regarding the finite 't Hooft
coupling corrected equations of motion of gauge fields in AdS/CFT. As a consequence
the finite 't Hooft coupling corrections to the observables considered, including the con-
ductivity, quasinormal mode frequencies, in and off equilibrium spectral density and
photoemission rates, become much smaller, suggesting that infinite coupling results
obtained within AdS/CFT are little modified for the real QCD coupling strength.

In addition we study higher derivative corrections to the magnetic black brane ge-
ometry, to investigate a quark gluon plasma in a strong magnetic background field at
finite coupling. Finite 't Hooft coupling terms to the lowest tensor quasinormal mode in
this geometry are determined, shedding light on the equilibration time of a quark gluon
plasma in the presence of a magnetic field while including higher derivative terms.

Concluding the analysis of AdS/CFT at finite coupling we present a higher or-
der resummation technique, that suggests that in general observables computed from
AdS/CFT are only modestly modified at coupling strengths, which are realistic for hot
QCD.

In the second part of this thesis we simulate peripheral heavy ion collisions by
computing asymmetric shockwave collisions in maximally supersymmetric Yang-Mills
theory via their dual gravitational formulation. We found the post-collision hydro-
dynamic flow to be well described by appropriate means of the results of symmetric
shock collisions. With the universal model for the hydrodynamic flow produced by
asymmetric planar collisions one can construct, quantitatively, non-planar, non-central
collisions of highly Lorentz contracted projectiles without the need for computing, holo-
graphically, collisions of finite size projectiles with very large aspect ratios, given that
transverse gradients are small. We confirmed that the hydrodynamization time only
negligibly depends on the shock-widths and asymmetry of the shocks. Thus, also for
peripheral collisions it merely depends on the energy density per transverse unit area,

justifying assumptions made in hydro simulations so far.



Zusammenfassung

Im ersten Teil dieser Arbeit werden endliche 't Hooft Kopplungskorrekturen zu Observ-
ablen in einem Super Yang Mills Plasma mit zusétzlicher elektromagnetischer Wech-
selwirkung berechnet. Dabei korrigieren wir Fehler in der Literatur, welche bei der
Herleitung der Bewegungsgleichungen von Eichfeldern in der AdS/CFT mit hoheren
Ableitungstermen entstanden sind. Die Auswirkungen sind enorm: Die endlichen ’t
Hooft Kopplungskorrekturen zur Leitfahigkeit des Plasmas, zu Frequenzen von (elek-
trischen) Quasinormalmoden, zur Spektraldichte und der Photoemissionsrate sind deut-
lich kleiner als bisher angenommen, was nahelegt, dass Ergebnisse im unendlichen
Kopplungslimes sich deutlich moderater von denen bei realistischen Werten fiir die
Kopplungskonstante unterscheiden. Zuséatzlich berechnen wir hohere Ableitungskorrek-
turen zur magnetischen schwarzen Branen Geometrie um ein Quark Gluonen Plasma
in einem starken magnetischen Hintergrundfeld bei endlicher 't Hooft Kopplung zu
untersuchen. Die Motivation fiir diese Rechnung ist zum einen, dass starke Magnet-
felder fiir sehr kurze Zeiten wiahrend echter Schwerionenstélen am LHC und RHIC
entstehen, zum anderen bricht das Hintergrundfeld die Skaleninvarianz der Feldtheorie
am Rand des Anti-de Sitter Raumes, was zusammen mit der endlichen Kopplung das
Modell deutlich ndher an die QCD bringt. Wir analysieren endliche 't Hooft Kop-
plungskorrekturen zu Tensor-Quasinormalmoden, was es ermdoglicht Aussagen iiber die
Equilibrierungszeit eines Quark Gluon Plasmas in einem magnetischen Hintergrundfeld
bei endlicher Kopplung zu treffen.

Im zweiten Teil dieser Arbeit simulieren wir periphere Schwerionenstéfle durch
das Berechnen von asymmetrischen Schockwellenkollisionen in maximal super sym-
metrischer Yang-Mills Theorie mithilfe ihres gravitationstheoretischen Duals. Wir fan-
den, dass die Eigenergiedichte nach der Kollision von asymmetrischen Schockwellen
durch konkrete Mittel der jeweiligen Groflen fiir symmetrische Kollisionen gegeben ist.
Die Fluid-Geschwindigkeit ist auch im asymmetrischen Fall sehr gut durch "boost in-
variant flow" approximiert. Dies ermdglicht es nicht-planare, nicht-zentrale Kollisionen
von hochrelativistischen Projektilen zu modellieren, ohne auf aufwendige Berechnun-
gen nicht planarer Schocks angewiesen zu sein. Die Hydrodynamisierungszeit wurde
als unabhingig von Schockdicke und Asymmetrie bestétigt. Sie hdngt nur von der
transversalen Energiedichte ab. Dies verifiziert Annahmen, welche in so gut wie allen

Berechnungen hydrodynamischer Modelle gemacht werden.
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Chapter 1

Introduction: An overview of the
AdS/CFT duality and its

applications

The duality between gauge theories and theories of gravity has proved to be a very
successful instrument to study strongly coupled systems in general. In one of the
most prominent and fruitful applications of this duality, one uses the string theoretic
dual of N' = 4 (maximally) supersymmetric, conformal Yang-Mills theory (SYM) to
investigate non-Abelian plasmas of quarks and gluons, formed at high temperatures
during heavy ion collisions. The focus of this work is on this specific application of the
gauge/gravity duality. In the following introductory chapter we will outline the most
important aspects of string theory (section 1.2) and the holographic principle (section
1.3), derive all necessary tools and ingredients of the dictionary between N' =4 SYM
and type IIb supergravity in Anti-de Sitter spacetime (AdS/CFT) (section 1.4, 1.5)
and discuss how to dynamically model heavy ion collisions using holography (sections

1.6, 1.7). We start with outlining the overall aim this work pursues.

1.1 Objective of this thesis

The central aim of this work is to bring results obtained within the gauge/gravity
duality closer to quantum chromodynamics (QCD) without resorting to (bottom-up)
modeling. To do so we follow a twofold approach:

By determining higher derivative, or higher o/ corrections within string theory
to the duality between N' = 4 Super Yang Mills theory and type IIb supergravity
(SUGRA) we extend the range of validity of the AdS/CFT duality. We correct errors
in the literature regarding higher derivative corrections to the equation of motion of

gauge fields and quantities derived therefrom including the conductivity, photoemis-



sion rate, in and off equilibrium spectral functions and quasinormal mode spectra. In
addition we are going to determine finite coupling corrections to the magnetic black
brane metric, which is dual to a quark gluon plasma in a magnetic background field,
and consider tensor fluctuations in this geometry. The higher derivative corrections
allow us to leave the infinite coupling limit whereas a magnetic background field breaks
scale invariance of the dual theory. This is an interesting setting to study, since con-
formal invariance is incompatible with QCD, which is in general not scale invariant. In
addition we are going to introduce and discuss a technique that systematically collects
a subset of higher derivative corrections and study the effect this has on finite coupling
corrected quantities.

On the other hand we want to investigate properties of the Quark Gluon Plasma
(QGP) by numerically simulating dynamical processes. We study asymmetric gravita-
tional shockwave collisions in 5 dimensional Anti- de Sitter space (AdSs) and analyze
the hydrodynamic flow resulting from these collisions. In addition we show in detail
how to develop software for this purpose. With the help of these calculations it is
possible to model heavy ion collisions as performed at LHC or RHIC holographically
and study the early non-hydrodynamic phase.

Although the dual field theory to this holographic setting is only related to QCD,
gravitational shockwave collisions are still suited to qualitatively describe the early
phase of heavy ion collisions, since for high temperatures both QCD and SYM theories
are shown to have similar properties (see e.g. [21, 22]). The holographic approach is the
only one that is capable of capturing the non perturbative phase of a highly relativistic
heavy ion collision so far, albeit not in the right field theory. Thus, it is of special
interest to extend the current models with the aim of bringing the dual field theory as
close to QCD as possible and feasible.

In the following we start with introductory chapters outlining the most important
aspects of type IIb super string theory and supergravity, the holographic principle,
the dictionary of AdS/CFT relating the near boundary geometry of the AdS space
with the stress energy tensor of the field theory on the boundary and higher deriva-
tive corrections to type IIb SUGRA, respectively finite 't Hooft coupling corrections to
the boundary theory observables. The introductory chapter is guided by literature on
AdS/CFT and string theory [59] [60] [73].

1.2 (Super) String Theory, (Super) Gravity and higher derivative cor-
rections

The idea behind string theory is that one dimensional strings and not point particles
are the fundamental objects, whose excitations give rise to different observable particles

and even space time itself. In the same way as particles can be described by a worldline



action, strings are described by an action, which is an integral over their two dimensional
worldsheet. The action describing the dynamics of a string in a target space time with

coordinates X" is the Nambu-Goto action given by

1

2ma

S =

/ dodr /= det((0. X M)(95X N )garn ), (1.2.1)

where [; = V' is the string length, gy is the metric of the target space time and o, 7
parametrize the string’s worldsheet. With the induced metric hog = 0, X093 X Noun

the action (1.2.1) can be written as the Polyakov action [3]

1
S, = — / dodr/—hhB (0. X™M)(95X V) gar. (1.2.2)

4mra/

For worldsheets with coordinates X™ the equation of motion derived from (1.2.2) is

the relativistic wave equation
DEX™ —92X™ = 0. (1.2.3)

From the requirement that the boundary term of the action (1.2.2) varied with respect
to X™ has to vanish, one concludes that either 9, X™ or § X" is zero on the endpoints
of the interval o lives on. For open strings the former condition is known as the Neu-
mann boundary condition, the latter as the Dirichlet boundary condition. Imposing
Dirichlet boundary conditions means fixing the endpoints of the string, which breaks
translational invariance and thus momentum conservation. Thus, the hypersurfaces
orthogonal to the directions, in which we fixed the endpoints, have to be dynamical
objects absorbing the momentum, known as Dirichlet- or D-branes.

After quantization of the strings it can be shown that the target space for bosonic
strings has to be 26 dimensional. This follows from the requirement that the ex-
cited string states with lowest mass in fact have to be massless already, due to their
transformation behaviour!. In addition the spectrum of the lowest massless closed
strings contains alongside a symmetric and traceless tensor, which is identified with
the graviton, a scalar and an antisymmetric tensor field, known as the dilaton ¢ and
the Kalb-Ramond field Basny. The action for closed massless bosonic strings is given
by (1.2.2) plus

1

4o/

Spe=— / dodrv/=h(e*? (0 XM)(05XN) By + o/ Rpo), (1.2.4)

n four dimensions massive particles can always be boosted into a frame, in which their momentum
has only p° non-zero, the group of transformations that leaves this 4-vector invariant is SO(3). The
4-vector of massless particles can be brought into the form (E,0,0, E) via a suitable transformation.
The group of rotations that leaves this vector invariant is SO(2) C ISO(2). This pattern can be
generalized to arbitrary dimensions D. The lowest excited state in quantized (bosonic) string theory
transforms as a vector under SO(D — 2). Hence it has to be massless.



where Ry, is the Ricci scalar of the induced worldsheet metric h,5. The requirement
that the stress energy tensor derived from this action has to be traceless® leads to a
set of equations of motion (EoM), which can be derived from the effective target space

time action in the string frame

12 3o/
(1.2.5)

where D is the dimension of the target space time and H is the field strength of the

MNL _
Seps = [ axPy=ge 2 (R+4(Var0)(To)g - DLl ADZ20))

Kalb-Ramond field. One caveat at this point is that this action reproduces the right
EoM only up to the order O(a').

So far we have only treated bosonic strings. Supersymmetrizing the Polyakov ac-
tion gives us fermionic fields, whose boundary conditions can be derived from requiring
that boundary terms obtained from the variation of the fermionic part of the supersym-
metric action vanish. For open strings this leads to two different classes of boundary
conditions, which are known as the Neveu-Schwarz and the Ramond sector. These
sectors correspond to the cases that right moving fermionic strings® are 4+ or — their
left moving counterparts at one of the string endpoints. Once again the lowest excited

state, whose mass squared in this case is given by

1 /1 D-2
M2=—(-_-2_"2 1.2.
0/(2 16 ) (1.2.6)

transforms as a vector in SO(D — 2), which means that M = 0 and consequently the
dimension of the target space time of supersymmetric string theory is 10. For open
strings the massless states can be classified according to the representation of SO(8)
under which they transform. The lowest closed string states are obtained by two copies
of the open ones, such that the different representations of SO(8) x SO(8) give rise to
the different fields present in the low energy limit (o’ — 0) of super string theory of
massless closed strings. Projecting out tachyonic states leaves several different super
string theories, one of which is type IIb super string theory, the theory we are going
to focus on in this work. The bosonic part of the low energy effective action of type

ITb super string theory, known as type IIb super gravity (SUGRA) can be shown to be

2This follows from Weyl invariance that is demanded from the quantized string theory.
3Since bosonic strings fulfill a wave equation, their solution can be split into left and right moving
parts. The same is true for fermionic strings, obtained from the supersymmetrized action.



given by

Sty = # /dloX/jg<e2¢(R + 4(0,9) () — =2) — = — = — -
- ;/04 A Hg A F3> (1.2.7)

2 (27r)7o/4
2

where k* = = 81(G19, with the ten dimensional Newton constant G19. The

differential forms appearing in (1.2.7) fulfill

- 1 1
Fs=dCy — 502/\H3+§B2/\F3 (1.2.8)

H3 =dB,, F3=F;—CyHs F, 1, =dC; Yi (1.2.9)

Typically we are going to be interested in solutions of type IIb SUGRA for which
By =0, Fy =0, F3 =0 and Fy = F5, such that the Kaluza-Klein reduction of the
action (1.2.7) gives a gravity action whose cosmological constant corresponds to AdS
solutions for the geometry (so the electric part of F5 has to be —4e + ... with the
volume form e of the internal 5 dimensional manifold. We will discuss this in more
detail in the section 1.5). In addition the five form F5 = F5 is self dual in this order in
o/. The self duality condition

F5 = xFy (1.2.10)

cannot be deduced from an effective action and has to be imposed by hand. The
remaining effective action describing the dynamics of the five form Fy is thus of the

form

2
Sin =5z [ 4°XV=5(R - (0,00") - 125, (1211)
where we reached the Einstein frame by rescaling the metric with an exponential of the
dilaton field times an appropriate constant.

Especially in the context of the holographic principle, which we are going to in-
troduce in the next section, it is interesting to ask which higher derivative correction
to the action (1.2.11) effectively describe type IIb super string theory up to the next
orders in /. For type IIb super string theory the corrections to the action (1.2.11) of

order o/ and o2 can be shown to vanish. The corrections of order '3

are computed by
determining stringy corrections to gravitational scattering amplitudes as done in [55].

The resulting effective action that reproduces these corrections and contains the metric



and the Ramond-Ramond five form can be massaged into the form 4 [4]

Slo=5— /dl%\ﬁ{c‘* +C3T +C*T? +CT? + T*|. (1.2.12)
R10

The expression for S, is schematical and stands for a set of tensor contractions between

the Weyl tensor C' and 7, a 6-tensor that takes care of higher derivative corrections

containing the five form. The term in brackets in (1.2.12) is given by [4]

20
4 3 242 3 4 g
YW =4|C*+C°T+CT*+CT>+77 } 860161.:517”\4 ( 3)

where n; and M; are explicitly given in Appendix 5.1. The parameter -y is proportional
to /3. As we will see in the next section, when we apply the holographic principle, it
can be linked to the 't Hooft coupling A of the boundary field theory. Explicitly the

relation between v and A is

3
IRSCIPCE: (1.2.14)
8
Furthermore in equations (1.2.12) and (1.2.13) the tensor 7 is given by
7:1bcdef =iV Fbcdef + = 16 (F;écmnF(men 3F;l_)fmnFcZ3c mn)? (1215)

with two sets of antisymmetrized indices a, b, c and d, e, f. In addition the right hand
side of (1.2.15) is symmetrized with respect to the interchange of (a,b,c) <> (d,e, f).
Here F'™ stands for the self dual part %(1 + %) F5 of the five form. So far it is unknown,
whether the terms in (1.2.12) are complete. There are strong indications that this is
the case, but since there is no strict mathematical proof we included this cautionary

remark. The coupling corrected action finally takes the form

4
3

S =S +7Sly+0(v3) (1.2.16)

where v is given in (1.2.14) in terms of the 't Hooft coupling A\, which, via applying
the holographic principle, is proportional to o’ ~3. This relation between the string
theoretic o/ and the field theoretic A\ is one subject of the discussions in the next

section.

1.3 The Holographic Principle

Dualities can be found in almost all disciplines of theoretical physics. From maps be-

tween the Ising model and conformal field theories to the gauge/gravity duality linking

“This is computed from the results of [55] by closing the sypersymmetric algebra order by order in

/
a .



theories of gravity, typically (super-) string theories and (supersymmetric) conformal
quantum field theories. To motivate the latter we start with considering black hole
thermodynamics (BHT). The zeroth law of BHT states that the surface gravity k& is
constant over the horizon®. Comparing this to the zeroth law of regular thermodynam-
ics, which implies the transitivity of 'being in thermal equilibrium’, makes it natural
to think of k as proportional to the temperature T'. This relation can also be shown to
be true in a different and more precise way in the context of the gauge/gravity duality.
From the first law and with T = % for the Hawking temperature of a Schwarzschild
black hole Bekenstein could derive the famous relation between the black hole entropy

and its surface area A:

A
4G

where G is the Newton constant. This connection between entropy and area, which at

Spo = (1.3.1)

first glance seems very surprising, can be generalized to any space time region: The
upper bound of its entropy is given by the surface area of that region. From a geometric
point of view a non rotating and uncharged black hole is a mass distribution, whose
Schwarzschild radius coincides with its actual radius. With Bekenstein’s formula black
holes can be understood also from an information theoretic angle: They are subsets of
space time, which reach the maximum of information, that can be contained in a region
of this size, given by % times the boundary size of this region. The link between the
entropy of an n dimensional volume and the size of its n — 1 dimensional boundary is
seen as one of the first hints to the holographic principle.

A more concrete argument for the duality between a conformal field theory and a
higher dimensional string theory was motivated by 't Hooft’s observation regarding the
large N, limit of Super Yang-Mills Theories (SYMs) with gauge group SU(N,), while
the 't Hooft coupling A = g% mNe is kept fixed. In this limit only planar diagrams
contribute, all other types of diagrams are suppresses as N2~29, where g is the genus
of the Riemann surface on which the diagram can be drawn. The Euler characteristic
X = 2 — 2g of surfaces of genus g appearing as the exponential in a series expansion
of a generating functional can also be found in string theory: Let S, be the Polyakov
action, let g; = e) be the string coupling and ¥, be the world sheet of a string with
genus ¢ then the generating functional can be written as

o
Z=3 e N2 | DX"™Dhyge 5. (1.3.2)
g=0 2g

Here ) is the expectation value of the dilaton field, X" are the coordinates of the
target space time, in which the string is embedded and hqg is the metric induced on

the world sheet. Identifying the string coupling with N% leaves the expansions of the

5The link to thermodynamics is that constant k implies thermal equilibrium.



Figure 1.1: Graphic depiction of a d + 1 dimensional AdS-space. The spatial coordi-
nates of the boundary, on which the d dimensional field theory lives, are wrapped up to
a circle, which lies at r = co. Here r is the radial coordinate of the AdS-space, which
can be imagined as a bundle of hyperbolic spaces that are stacked along a temporal
axis.

generating functionals of string theory and the SYM in the same form. The large N,
limit links the 'planar’ field theory to string theory with vanishing coupling, thus string
theory, where higher loop diagrams are ignored.

Aside these rather general motivations for the gauge/gravity duality there is more
specific argument for the holographic principle. For this we focus on the most prominent
duality between gauge theories and string theories, the AdS/CFT duality, which links
N =4 SYM in 4 dimensions to its dual gravity theory, type IIb superstring theory in
AdSs x S5. We start with considering the latter theory in a general 10 dimensional
space. If the string coupling gs is small the part of the action describing the interaction
between open and closed strings can be neglected, thus open and closed strings decouple.
For low energy excitations the open strings, which begin and end on D-branes, induce a
supersymmetric field theory on the worldvolume of the branes they are attached to. In
the case of N coinciding D3-branes® and if we consider o to be small, the induced field
theory becomes N' = 4 SYM with coupling constant g% M = 2mgs. In the low energy
limit the closed strings are described by classical supergravity (SUGRA) in ROD,

Instead of the weak coupling perspective we now consider N coinciding massive
D3 branes in the strong ('t Hooft) coupling limit 1 < gsN. In this setting g,V C%,
where o can still be small, while 1 < L, in order to have a weak curvature. The N

coinciding D3 branes are massive and curve space time, such that the geometry deep

5This notation implies that the D-brane takes up 3+1 coordinates of the manifold, specifically in
this case 3 spatial and the temporal direction.



inside the bulk is not flat anymore. An observer on the boundary searching for low
energy closed strings, which are effectively described by SUGRA in this limit, will find
two different kinds of those in the bulk, whose energy will seem identically small to
him. On the one hand he finds closed strings with low energy propagating close to the

1) due to the small curvature. On the other hand

boundary, where the geometry is R
he sees strings deep inside the bulk at radial position r, which can reach high energies
E,, but due to the strong curvature close to the stack of D3 branes, implying |goo| < 1

deep in the bulk, the observer measures their energy as

E=+—gpFk <1 (1.3.3)

if r is sufficiently small. Near the throat of this space the geometry is AdSs x S5. This
gives rise to the duality between type IIb SUGRA in R near the boundary and type
ITb SUGRA in AdS5 x S5 inside the bulk. The open string/low coupling perspective
gave rise to a duality between type IIb SUGRA in R®Y and N = 4 SYM theory, which
leads to the conjectured duality between N' = 4 SYM theory at large N (small g4 for
the strings) and large 't Hooft coupling A = g2 ,,N (small o/ for the strings) on the
boundary of an Anti-de Sitter space and type IIb SUGRA in the bulk. This version of
the holographic principle is known as the weak duality. The argument for the duality
between the two theories is enforced by observing that they share the same symmetries.
For instance the R-symmetry group of the N' =4 SYM theory SU(4)g is dual to the
symmetry group of the Ss-factor of AdSs x Ss, given by SO(6) ~ SU(4).

The low energy limit was crucial for the open and closed strings to decouple, which
lead to the conjectured duality between a classical supergravity (o/ — 0) at weak
(string) coupling gs and a conformal field theory at strong ('t Hooft) coupling. How-
ever, there are strong indications that the validity of the duality goes even further:
Leaving the low energy limit leads to the even bolder conjecture of the duality between
N = 4 SYM with finite gauge group rank N, and finite 't Hooft coupling A and type IIb
super string theory at non zero string coupling and o/. This is know as the strong form
of the AdS/CFT conjecture. The conjecture can be generalized to various dimensions
and other sectors of string theory. In this work we will mainly focus on the duality
derived or motivated above.

Mathematically the AdS/CFT duality can be formulated by equating the generat-
ing functionals of the quantum field theory and the string theory in the bulk: Consider

a field theory operator O with (scaling) dimension A and source ¢o. The generating



r <0

.
.- r = const.

r >0 T

I
g

r<0

Figure 1.2: After a conformal transformation the AdS space can be depicted in a
compact fashion by a conformal diagram (here for the example of AdSs). In this work
we are exclusively interested in the r > 0-wedge of the shown diagram, the top and
bottom of which represent the infinite future ¢ = oo and infinite past t = —oo each.
The space shown in Fig. 1.1 corresponds to the triangular region, whose edges depict
the limits r = co and r = 0.

functional W for its connected Green’s functions is given by

Zepr|po] = e 1] (1.3.4)

Wigo] = S — / d*2600, (1.3.5)

where S is the action of the CFT. The action governing the dynamics of a field ¢ on
the string theory side is still an integral over 10 dimensions. However, the five sphere
coordinates can be integrated out. With a Kaluza-Klein reduction we end up with an
action describing the dynamics of fields in a 5 dimensional AdS space. Let z € [0,1] be
the radial coordinate, where the boundary is located at z = 0, and let Zg.ing be the

generating functional of string theory. The holographic principle now states that

Zstrmg[li_r)% ¢ZA_4 = ¢0] = ZCFT[¢O]> (136)

which links the fields on the string theory side to the sources of corresponding operators
in the field theory. This duality is valid for gauge invariant (and hence physical)
operators only. The equation (1.3.6) allows us to determine n-point functions of said

operators by solving the EoM of the dual field ¢ and varying the generating functional
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ey d Ficld Theory
N = 4 super Yang-Mills-theory

Type llb superstring theory with

string length /s = v/, coupling gs (SYM) with coupling constant
4
and 2g2u N = L, gym = 27g2 and 't Hooft coupling
SN =\
&vym

20,8 —0 N — 0o, A = oo

ey d Ficld Theory

Large 't Hooft coupling, planar
diagrams

Type Ilb supergravity in O(a’0)

Figure 1.3: A graphic depiction of the strong (top row) and weak (bottom row)
gauge/gravity duality between type IIb superstring theory in AdSs; x S5 and N' = 4
super Yang-Mills theory, known as the AdS/CFT duality.

with respect to ¢g. For the weak duality we approximate
Ztringld)] ~= e~ Ssvaralél, (1.3.7)

This gives us all we need to explicitly compute field theoretic observables from gravity
using the dictionary, which can be derived from (1.3.6) and (1.3.7). As discussed in
section 1.2 we can leave the N — oo limit or the A — oo limit by computing higher loop
corrections or higher o/ corrections to gravitational scattering amplitudes and model
the effective action accordingly. Let us consider the latter case. In section 1.2 we have

seen that the action in (1.3.7) is in this case modified by

13
Ssucra — Ssuara + S, (1.3.8)

with S%B taking care of higher o corrections (1.2.12). This delivers gravitational

propagators up to order O(a/?), which correspond to field theoretic correlators of order
O(\3/2),

1.4 A glance into the AdS/CFT dictionary

This section is meant to give an overview of the derivation of the standard AdS/CFT

recipes and prescriptions, which we are going to apply throughout this work. We are

11



going to outline how to compute field theoretic quantities and observables e.g. n-point
functions, transport coefficients or modes of quasiparticles from gravity. The starting

point is relation (1.3.7).

1.4.1 CFT Correlators and graviational propagators

We start with determining the two point function of a scalar operator and the correlator
of a SU(4)r D U(1) current in N’ =4 SYM in the large N limit from gravity”.

Let O be a scalar operator with conformal (scaling) dimension A and let ¢ be its
source. As its gravitational dual we consider a scalar field ¢ with mass A(A —4) in

AdS space with metric®
2

l
ds® = p) (dz2 + nuyd:c“d:cl’), (1.4.1)

where [ is the AdS radius, which will be set to 1 again with the help of rescaling. In these
coordinates the boundary is positioned at z = 0. We do not consider backreactions of

the field ¢ to the geometry and thus can write its action as

S = —c/dac4dz\/—7g(g’””(8“¢)(&,¢) + m2¢2>. (1.4.2)

With the EoM
O¢ —m?p =0 (1.4.3)

the on shell action induced on z = € is given by
c/ dz\/=gg% ¢, ¢. (1.4.4)
zZ=€

Since the scalar field ¢ with mass A(A — 4) behaves as 24~ at the boundary we set

4 .
é(z,7) = / (gﬂz;eww(z,p) (1.4.5)
®(2,p) = (ézll((i’]f))cbo(p)E“‘A (1.4.6)

"The U(1) subgroup of the SU(4) g symmetry group was chosen, such that two of the Weyl fermions
have charges +3 as in [23].

8Following the nomenclature often chosen in the literature we denoted the (inverted) radial coordi-
nate of the (pure) AdS-space with z. This should not be confused with the third spatial coordinate,
which we call z as well throughout the main part of this thesis. This choice of nomenclature regarding
the radial coordinate will be restricted to this introductory chapter.

12



with appropriate functions ¢; and ¢g. With this choice for ® the field induced on the
e-shell is ¢¢. Inserting ® and the explicit form of ¢g** and /—g¢g into the action gives

$1(2,p)
¢1(€,p)

Po(p)-
(1.4.7)

The correlator in momentum space of the corresponding scalar operator on the z = €

d4 d4 d4
=5 [ G P02, = mams [ e 0+ 6000

shell can be written as [51]

629 274 et z,
(O(p)O(q)) = (2m)° = ¢ )GQAE];JF : 0 iiieg —c

do(p)ddo(q) (1.4.8)

In general this result is still divergent and contains contact terms, which have to be re-
moved. After ignoring scheme dependent terms, the remaining logarithmic divergences
can be dealt with via counter terms to the action, which allows us to finally take the
€ — 0 limit.
For the specific case of a two-point function of an operator O with conformal weight
A, where A is sufficiently large, we can approximate the correlator using holography
as follows [65]
(O(t,),0(t, 7)) ~ e AL, (1.4.9)

where L is the (bulk) geodesic length between the boundary points (¢, Z) and (¢,Z’). In
this case we regularize by subtracting the vacuum geodesic length L, corresponding to
the geodesic between the two boundary points in pure AdS. The regularized two-point

can thus be approximated
(O, ), O(t, T))peg ~ e AEL0), (1.4.10)

Focusing now on gauge fields, the following action can be derived from a specific

solution to type IIb SUGRA after integrating out the five sphere coordinates

S — /d%\ﬁ—g (R 124 FWFW>, (1.4.11)

where F' = dA and A = A, dz" is a (co-)vector field in AdS5. The EoM for A, are the

standard Maxwell equations in curved space

0u(V=99"“9"" Fup) = 0. (1.4.12)

Let us now consider the AdSs Schwarzschild black hole solution to the gravity part
of (1.4.11), meaning that we do not consider backreactions of the Maxwell-field A4, to
the geometry. Writing u = :—’2 with the horizon of the black hole at r = r; and the
boundary of the AdS space at r = oo this metric is given by the AdS part of (1.5.12).

13



After Fourier transforming A,,, the (on shell) action for the U(1)-vector field induced

on the boundary becomes

s~
u=0

with A = {A4,,A,,A.}. From (1.4.13) we can derive the gravitational propagator of

Zl;:)“; (AtauAt - f(u)AauA), (1.4.13)

the gauge invariant combinations £, = wA;, and F| = wA, + ¢A;. After removing

contact terms we obtain the propagators in an analogous fashion as before [23]

N2T?  O.E) NZT? . 9,E,

M= Mg M=% %k (1.4.14)
by using the correct normalization factor N‘Eg > of the action. Here I, and II, are
linked to the QFT current-current correlator

Cpu( = ) = =8 — ) {1, (@) T (9)]) (1.4.15)
d4q —iqT
Cuv(q) = / 2ni° Chuv () (1.4.16)

in the following way: The Ward identity responsible for current conservation ¢,C*” = 0

suggests that one building block of C,,, has to be the projector

qu4
Py = N — 22”7 (1.4.17)
which can be split up into a transverse P}; = Nij — q;gj and a longitudinal PMLV =

P, — PZJ component. The retarded Greens function for the current thus has the form

Cuv(q) = PL1I" (q) + PL,IT*(q). (1.4.18)

The AdS dictionary now identifies II” and TI* in (1.4.18) with the corresponding quan-
tities in (1.4.14).

1.4.2 Quasinormal Modes

With the help of the holographic principle it is possible to describe a N = 4 SYM plasma
at strong coupling and far from thermal equilibrium. For increasing temperatures
T > T, hot QCD and N' =4 SYM with large gauge group rank become more similar.
One reason for this is that QCD approximates a conformal theory for extremely high
energies [21]. This makes it an interesting system to study, even if this field theory is
not the one nature has chosen. The equilibration of such a plasma can be analyzed
by considering tiny fluctuation around the AdS solution that corresponds to thermal

equilibrium. Similarly to gravitational waves in standard general relativity (GR) we

14



make the ansatz
Juv = Guv + h;w (1.4.19)

and linearize the EoM for the metric in hy,. The transformation behaviour under the
spatial SO(3) symmetry group allows us to split the perturbations A, into spin= 0, 1, 2
types [9]. Typically the symmetry of the setting we are studying allows us to decouple
the EoM of the different types of perturbations or at least one of them from the rest
(see sections 2.1.3.1 and 2.2). We call these fluctuations around the equilibrium state
quasinormal modes (QNMs). Unlike e.g. eigenmodes of hermitian operators their
frequency w has a non vanishing imaginary part, which damps their amplitude over
time. Any out-of-equilibrium plasma eventually enters a phase in which its equilibration
can be described by a superposition of QNMs, such that their damping factor obtained
from the imaginary part of the QNM frequencies plays a crucial role regarding the

equilibration time. Since we have
Ry ~ et (1.4.20)

the QNM, whose corresponding frequency has the smallest absolute imaginary part,
dominates the time the system takes to reach thermal equilibrium.

The real parts of the QNM frequencies are proportional to their energies, which
allows us to read off thermalization patterns from the distribution of the discrete fre-
quency spectrum on the complex plane: We say a thermalization of a system is top-
down, if modes with the highest real part of the frequencies thermalize the fastest and
bottom-up if the contrary is true.

There is a myriad of ways to compute QNMs and their frequencies, which generally
can be obtained from the poles of the propagators of the corresponding fluctuation. In
sections 2.1.3.1, 2.2 and 2.3 we follow several of them to find finite coupling corrected

QNM spectra in different settings and geometries.

1.4.3 Temperature and the black hole radius

Finite temperature field theories are obtained by compactifying the (Euclidean) time
coordinate, which has to have a periodicity of 7, where we set k, = 1. This relation
is obtained from the requirement that the thermal average of an operator O coincides

with its quantum field theoretic expectation value:
/qu 10w (t) /D\I/ ()0 T W (1) /Dm |om/(t+T)>. (1.4.21)
Rotating to complex time ¢ = ity implies that tg has to have periodicity % The

gauge/gravity duality now requires the (Euclidean version of the) geometry on the

gravity side to have the same periodicity. We consider the following metric ansatz for
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a static black hole in AdS space

dr? .
ds* = T(r)dt% + S gij(r)da'da’ (1.4.22)
R(r)
while we assume this geometry to have a horizon at r = r5,, meaning that T'(r,) =
R(r) = 0. With a compact time coordinate tg € [0, %] we are now at risk of getting
a conical singularity at » = rp, if we do not choose the relation between the period

length of ¢ and the horizon radius r, carefully. For small p = r — r; we obtain

1
R (rp)p

ds? (pQT’(rh)R’(rh)dt% + dp2) +.... (1.4.23)

The term inside the brackets resembles the line element of a flat two dimensional space

in spherical coordinates with angle coordinate tg. Defining the new radial coordinate

U as e
0
du® = 1.4.24
R (rp)p ( )
gives
2 u? / / 2 2
ds* = —T"(rp)R (rp)dty +du” + . ... (1.4.25)

4
Also shifting the angle coordinate tg to

6= ST R ()t (1.4.26)

leaves the first two term of the metric in the form
u?de? + du®. (1.4.27)

In order to avoid a defect angle in (1.4.27), the periodicity of the ¢ coordinate has to
be 27, which means

% T'(rp)R (1) = 2. (1.4.28)

Solving this equation for 7 gives us the horizon radius in terms of the temperature of
the boundary field theory. We would have obtained the same result if we demanded
that the temperature of the boundary field theory has to match the Hawking (surface)
temperature of the AdS black hole in (1.4.22).

1.4.4 Entanglement Entropy

The entanglement entropy (EE), which is a natural extension to the von-Neumann-
entropy, has several applications in quantum field theory and quantum information
theory. Most importantly it may be used to describe phases of matter, that can not be

classified with the help of standard order parameters. The EE gives a measure for the
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entanglement between a subsystem A and a subsystem B of a Hilbert space H.

For a general system composed of states |¥,) in a Hilbert space H with prob-
ability p,, the density matrix p, projecting onto the states with the corresponding

probabilities, is defined as
p= an|‘ljn><\1]n‘ (1'4'29)
n

With the help of this, we can define a quantum mechanical version of the thermody-

namic entropy, which is given by the von-Neumann-entropy
S = —Tr(pln(p)). (1.4.30)

If the Hilbert space factorizes in the form H = H4 x Hp, where each Hy p is the
Hilbert space of a subsystem labeled A, B, then we define the entanglement entropy of
A with the help of the reduced density matrix

pa = Tre(p), (1.4.31)

where we traced out all states in B, as follows

Sa=—-Tra(palnpa). (1.4.32)

Holographically the EE of a region A on the boundary of the AdS space, where the field
theory lives, can be computed from the minimal surface 34 that extends into the bulk
of the AdS space, and whose boundary is A, the boundary of the region A. Explicitly
this means for a five dimensional AdS space

vol(X4)

= —F 1.4.
Sa Gy (1.4.33)

where Gj is the Newton constant in five dimensions and vol(¥4) is the volume of
Y 4. Since vol(X4) diverges, due to contributions coming from segments close to the
boundary, we have to regularize it by an UV cutoff, similarly to the procedure in section
1.4.1. Choosing the cutoff by considering the radial coordinate z of the AdS space to

lie in the interval [e, 1], gives a leading term of
1
€

In section 3.2.1 we will see this procedure at work in more detail. The regularization

there is built on the regularization of geodesic lengths in Anti- de Sitter space.
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1.4.5 Transport coefficients and linear response

Consider a quantum field theoretic system described by the action

S+ / 20 (2)do(x), (1.4.35)

in which we coupled a source field ¢y to an operator @. We think of the field ¢ as a
tiny perturbation of the system and search for the one-point function (O)4,, encoding
the response to this perturbation. If we assume (O)g,—o = 0, which can be achieved

by subtracting the vacuum expectation value at zero ¢g, we get

()0 = = [ d'5(O@OW)ar-o60(y) + OG}). (1.436)

In momentum space this implies
(0)go = Gr(w, k)go(w, k). (1.4.37)

Hydrodynamic modes evolve slower than any other mode in the system, such that in
the hydrodynamic limit these modes can be integrated out and only slowly varying
fields survive. In this limit (i.e. & — 0 and w — 0) the formula for the response of

(O)g¢, to a time dependent source field ¢ is

(O)go = —B0Okgo, (1.4.38)

where we call 8 a transport coefficient. Transforming (1.4.38) also to momentum space

and comparing it with (1.4.37) gives a variant of the Kubo formula

B =—lim lGR(cu, k=0). (1.4.39)

w—0 w
With the help from the prescription to compute QFT correlators from gravity, we now
have all the tools needed to compute (1.4.39) from holography.
1.4.6 Spectral functions and photoemission rate

Let us remain in the setting of the previous subsection. For a given retarded Green'’s

function Gr(w, k) in momentum space we define the spectral function x(w, k) to fulfill

/ /
Gr(w, k) = lim o (G (1.4.40)

e—0t) 2m W —w+ie
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We can solve this equation for the spectral function x by

‘ . o dw'  x(W', k)
— 2ImGR(w, k) = 'Z(GR(CL), k) — GR(W, k) ) = Zelir(% ﬂm
| d x(W,k)
—q i — = . 1.4.41
"o ) orw —w—ie x(w, k) ( )
In the case of a retarded current-current correlator
Gl By = =i [ d'ae= " 0(0) (5 (@), S O)]), (1.4.42)

we call the trace x = n*x(w’, k) the spectral density. With the definition of P
and P used in (1.4.18) one receives for the respective transverse and longitudinal

components
" x (W' k) = “VPML,,XH(MI, k) + n“”P/ﬁXJ_(w’, k) = —2ImII* — 4ImIIT.  (1.4.43)

Considering (1.4.39), we can obtain the transport coefficient in this channel, which is
the conductivity, from a low frequency expansion of X(E =0).

In thermal quantum field theory The Wightman fuction
< _ 4. . —ik m m
O (k) = /d ze= (T (0), J () (1.4.44)

links the spectral function ¥, to the differential photoemission rate dl'y. Let n,(k°)

be the Bose Einstein distribution function

1

then we have on shell

s

3, uv 0 = dk3nH =
ARy ()X () = Ak O (k) = Ty

(1.4.46)
This result allows us to determine the photoemission rate from gravity, by using the
relation (1.4.14).

1.5 The AdS-Schwarzschild black hole with coupling corrections

We are going to apply the higher derivative corrected AdS-Schwarzschild black hole
solution multiple times throughout this thesis. Here we derive this geometry, first found
in [5], as an exercise from action (1.3.8), respectively (1.2.16). The field theoretic dual
of this solution is a quark gluon plasma in equilibrium with finite coupling.

The free fields, with respect to which we have to vary (1.3.8) in order to find the
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relevant EoMs are the four form Cy, while the Ramond-Ramond five form is its exterior

derivative dCy = F5, the dilaton field ¢, whose EoM decouples from the rest, such that

it can be ignored here and the metric itself. The five form enters (1.2.11) as
= B

I <5l

(1.5.1)

For a specific choice of indices {a,b,c,d} labeling coordinates of the 10 dimensional

manifold let {efghij} be the indices of the remaining 6 coordinates, then

05w _ 1 , (v —g'(dC4)aﬁwseg“a'gﬁﬁ'gw'g‘”'g“'(dC4)afﬁw'6'e'
§(Ca)apea 4 x 57" 0u(C4) abed
1 ! i / / !
= 5 uq/—gg'u"u gaa gbb gcc gdd (dc4)u’a’b’c’d’)' (152)

Comparing this with %(d * F5)cfghij, Which is proportional to

8u (\/nguwgaa/gbb/gcc/gdd/ (F5)u’a’b’c’d’) (1.5.3)
shows that 59
10
— =0 1.5.4
(C4)abed (1.5.4)

for all {a,b,c,d} is equivalent to
dx Fs =0, (1.5.5)

This together with dF5 = ddC4 = 0 are the EoMs for the Ramond-Ramond five form
to the lowest order in /. Before we address higher derivative corrections it is advisable
to look in detail at the following prescription of SUGRA to obtain an effective action

solely for the metric once we have found a solution for Fj:

"Take the solution of the 5—form, plug it back into the action and only consider
the magnetic part of F5 and double its contribution, then vary with respect to

the metric." (1.5.6)

In the case, where we do not consider o/-corrections or gauge fields A,,, the solution

for the five form of (1.5.5) we are going to work with can be written as

Fy = (14 %) F¢ (1.5.7)
F& = —depgs = —4v/—gagsdt A du A dz A dy A dz, (1.5.8)

where €445 is the volume form of the AdS-part of our manifold and el labels the electric
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part of F5 9. If we want to derive the EoM for general metric components from the
type IIb action we, of course, are not allowed to impose a dependence of the five form
on g"¥ on the level of the action. Instead we have to vary the five form part of the

action as follows

5/d105€\/ |: 1 5' ] *5/d10$\/ [gttguugxrg gZZ(F )tumyz+
1 10 9y1919y2y29y3y3 Yyaya Jysys
GYIYL gY2Y2 U3Y3 gYava gUsYs (11092 } = _fé/d x{—
( 5 )y1y2y3y4y5 4 gttguugxxgyygzz
gt Juu9zzGyy 9 2
(F )tu:cyz + I (F?ag)y1y2y3y4ys]’ (159)
Iy1y1 9yay2 Jyzys Jyaya Gysys

which leads to a contribution to the EoM for g"” of the form

4((1)1‘*‘2?—1 Ouy; \/2_799‘“’ — (—1)2?:1 Oy, \/2_799‘“’). (1.5.10)

The same result is obtained from plugging the solution of the five form back into the
action, only considering the contribution of the magnetic part times 2. 19

After applying the prescription (1.5.6) the effective action for the metric reads

S = /dl%\/fg(R - 8). (1.5.11)

We write the solution to the Einstein equations corresponding to an AdS-Scharzschild

black hole times a five sphere in the form

du?
4u?(1 — u2)

5 dt?

2
ds? = —r}=—(1 —u?®) + —h(dm + dy® + dz*) + dQZ, (1.5.12)
u

where 7}, is the radial position of the black hole’s horizon and u = :—; € [0, 1] labels
h

the radial coordinate of the AdS space with the boundary positioned at u = 0 and the

horizon at © = 1. It is convenient to work with the following Ss-coordinates, for which

we define p; with i € {1,2,3} to be the direction cosines

w1 = sin(y), o = sin(yz) cos(y1), w3 = cos(y1) cos(yz2), (1.5.13)

9Since we haven’t solved for the geometry so far, it might be inappropriate to talk about an "AdS-
part of the manifold". It is convenient to label the metric used in (1.5.8) as the AdS metric for later
use. Strictly speaking F5 should be proportional to the volume form of a five dimensional internal
manifold, whose metric is still to be determined.

"The recipe (1.5.6), which is nothing but a calculational tool, is equivalent to the more intuitive
but also more tedious approach of treating every metric component and every 4-form component as an
independent field on the level of the action, varying with respect to all of them and solving the resulting
system of EoM. One important lesson to learn here is that the justification for this prescription requires
a self dual five form. This is a subtle point, since self duality is violated in some cases when we include
higher derivative corrections [4].
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and set the angles
P1 = Y3, P2 = yu, $3 = ys, (1.5.14)

such that the metric of the 5—sphere is given as

3

403 = (du? + 2do? ) = dyt -+ cos(yn P + sin(yn)dof +
i=1
cos(y1)? sin(y2)?dy? + cos(y1)? cos(y2)?dy?. (1.5.15)

After this lengthy but necessary preparation let us finally include higher derivative

corrections. The ansatz for the metric we make is of the form
ds?y = — AU (u)dt? 4 U (u)du® + €2V W3 (da? + dy? + d2?) + L(u)?dQ2,  (1.5.16)

where we are forced to give up the product structure of our manifold and admit a
u-dependent warping factor L(u) in front of the 5-sphere line element. The EoMs for
our 4-form components still have the form (1.5.5) simply because the T-tensor defined

in (1.2.15) vanishes on the unperturbed background. Thus, we also have

557,

—10 _ 1.5.1
S =0 (1.5.17)

in this case. The solution for the 5-form in order O(y') and without gauge fields is

Fy = (1+%)F¢ (1.5.18)
o (1.5.19)
5 L(u)5 AdS»

where €),¢ is the volume form of the y-corrected AdS-part of our manifold. The five
form is still self dual, such that we are allowed to plug the solution for the five form
back into the action, only considering its magnetic part and doubling its contribution,

which gives
1

8
- 10 _ o
T /d T det(glo) l:Rlo ( )10 + ”}/W . (1.5.20)

The EoM for the metric components from this action can be solved by an expansion in
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the variable u?2

U = & _u“Q) (1 + 5“827(—130 — 130u% + 67u4)> (1.5.21)
- 1 325 , 1075 , 4835

0 = g =y (1 e+ g~ ) (5:22)
V(u) = 1 log(u) (1.5.23)
L(u) =1+ 15—7(1 + u?)ut. (1.5.24)
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This equips us with higher curvature corrected geometry of a non rotating and un-
charged black hole in AdS space. Combining the results of this section with section
1.4.3 allows us to compute the temperature of a thermalized quark gluon plasma at

finite coupling, given by

T, 265
T=—(1+—7v). 1.5.25
7T( + 75 7) ( )

1.6 The AdS/CFT prescription for the boundary stress energy tensor

A crucial ingredient, which helps to make sense out of holographic calculations, is the
link between the near boundary behaviour of the bulk metric and the stress energy
tensor of the field theory living on the boundary. The conjectured AdS/CFT duality
links the latter to the (renormalized and regularized) stress energy tensor induced on
the boundary by the dual gravitational theory. We are going to present the following
derivation in a way that is equivalent to but slightly different from the approach found
in the literature [6], [15]. Our aim is to prove this relation in a manner that can be

more easily extended to the higher derivative corrected case.

The starting point is the standard gravitational action, which can be written as

d(d —

/dd+1x\ﬁ<R+ > — f/ddxFK (1.6.1)

where K is the extrinsic curvature of the boundary

ab — ygapb (1.6.2)
K = K%y (1.6.3)

7 is the metric induced on the boundary, n’ is its (outward pointing) normal vector
(tangent to a geodesic normal to 9) and k is ﬁ. Again we will set [ = 1 in this section.
The additional boundary term (Gibbons-Hawking-York term) in (1.6.1) is needed to

23



cope with terms of the form

- ab 00,g%P (1.6.4)
0

when varying the action. Here r is the radial coordinate of the AdS-space. In general
the boundary term in (1.6.1) can be constructed by requiring that the variation of the
gravitational action plus some (regularization) boundary term doesn’t produce terms
as (1.6.4), thus fulfilling

STed — / ddxLre (1.6.5)
1o}

LI = \/Tg(R +d(d — 1)) (1.6.6)

9 (acgmv

0= 558,v \ a2

d0,g""

+ 557"69) (1.6.7)
0
for all indices a, b of the metric induced on the boundary. For the standard gravitational
action
SIrav = /dd+1x£9r‘w (1.6.8)

this is fulfilled by the term in (1.6.1). We haven’t renormalized the action so far. We

are still missing a term S, such that with this counter term
S = 597w 4 §red 4 gt (1.6.9)

doesn’t diverge at the boundary. This additional action ensures that the stress energy

tensor
2 §gon shell

TN = ———— 1.6.10

[ ] vV &Yab ( )
is regular. We can invert this logic (see [15]) and search for S, a covariant action of
the metric induced on the boundary, such that (1.6.10) is regular at the boundary. In

the following we work with the general metric ansatz [6]

dp?

2 _
ds—w

+ ;gf;d:cidxj, (1.6.11)
where p corresponds to the radial direction of the AdS-space. Instead of integrating
the Lagrange density from p = 0 to oo, one could instead consider a non-divergent
integral from e to oo, construct the correct counterterm depending on this quantity,
and take the (now finite) e — 0 limit afterwards. Let v denote the metric induced on a
p = e-slice, so 4" = %j, and let [, be the integral over this submanifold. The variation

of the (on shell) action S9"% can be computed as follows, where we make use of the

sum convention regarding the (e—)boundary indices 7, j and primes ' denote derivatives
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with respect to p

grav grav grav
5/dd+1 L97av — /dd+1 oL 69#1, oL 59,,w+ oL 6alg;uj

09, 90,9,
HLIrav HLIrav 8£grav
+ 5g”—|—7538g1,— /dd 8+
8gZV 681»8]-9“” JIH ,uu
o Lgrav HLIrav HLIrav /
d+1 Y 2
(G oo, " ag, )i
8£gr¢w ,
/dd g 8, — T 5Guu (1.6.12)

with
aﬁgrav aﬁg’r‘av 9 8£g7"a’u

89:“, Zaalg:uz P agZV '

I

(1.6.13)

Since the standard gravitational action is a two-derivative action one gets from (1.6.7)

e HLIrav
L£red — agﬁy g;w (1614)

such that

grav
—5( / g Loma /8 ddweg) - /8 i S, / ' 85 A )gp- (1.6.15)

Since S9"* doesn’t contain second derivatives in p-direction of the radial component

of the metric, this implies

Y a a
Y ety = et

_ (53597%
0 5gab ag;/]

sLet
. 1.6.16
3)7j 0Yab ( )

The boundary stress energy tensor T%[¢?], that we are after, is given by

(1.6.17)
Thus the ansatz for £ can be set to [15]
L4 = \/—'y(cl + CQR['y]), (1.6.18)

while the coefficients c; and ¢y have to be chosen, such that T%[y] = O(e). Inserting
the metric ansatz given in (1.6.11) into (1.6.16) and requiring (1.6.17) to be finite gives
ford =4

c1 = —6, co = % (1.6.19)

25



In this step we have to make use of the EoM for g,,,, again. For a flat boundary geometry
(g")r

= n"¥ one obtains

Tab = 4(9(3))ab (1.6.20)

where
9 = Nab + 0°(93)Jab + - - - (1.6.21)

Our next aim will be to generalize this to theories that include higher derivative cor-

rections.

1.6.1 Including Gauss-Bonnet terms

In order to prepare the computation of the relation between the near boundary ge-
ometry of the bulk metric with the (gravitational-) boundary stress energy tensor and
hence the stress energy tensor of the dual field theory at finite 't Hooft coupling A, we
are going to have a look at the analogous calculation including Gauss-Bonnet terms.
The resulting theory is a curvature squared theory, while the actual o/® corrections to
SUGRA are of order R*. The action including the Gauss-Bonnet coupling Agp is given
by

1 A
S = k/d5m\/jg(R— 2A + - ZBZQ(R2 i 4RMVRIW + R/ﬂjaﬁRm/aﬁ)> (1622)

where A = —6/12. The calculation will be done perturbatively in Agp and the metric
ansatz, which we will consider after the variation, is of the form
1 + /\GB 1 v

dstp = zll.ﬂg(p)dpQ + ;((QO)W + )\GB(gl)W)d:v“dx . (1.6.23)
As in [14] we set | = 1 + 2A\gp, in order to make sure that g(p) is at least of or-
der O(p'). At first one has to find a Gauss-Bonnet coupling corrected version of the
Gibbons-Hawking-York term, i.e. relation (1.6.7) has to be fulfilled, where we replace
the Lagrangian £9"* with its coupling corrected analogon. This task is still indepen-
dent from the choice of [.

The first naive proposal for S could be of the form

oLy
5y - (1.6.24)

since this already worked in the case Agp = 0. However (1.6.24) contains terms of
the form 9(’)091,'?7 ..., which clearly cause trouble. Since (1.6.24) doesn’t contain double

derivatives we can translate the problem of finding the right S to finding a potential
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®65(9, guv) of the 1—form

oLy’
d(g,
99,1

) = dPgp (1.6.25)

on a 16—dimensional'! manifold, with coordinates {g:“,}m,ea. Where the notation uv €
0 means indices corresponding to coordinates which describe submanifold p = const.
The metric components without derivatives g,, should be understood as constants in
(1.6.25). With this the stress energy tensor is given by

\/j7 ab

- ?Tab[’ﬂ =TGR

’ B oLty
o g

] z’ od sLet
Yij GBlo N

1.6.26
0 57ab 57ab 67ab ( )

where mgp is defined analogously to 7 in (1.6.13), with £97% — L¥2". Notice that
with ®gp chosen to fulfill (1.6.25) the term
oLL
99y}

&vij  6®grla
o 67{11) 57{11)

(1.6.27)

is well defined. The ansatz for the counter term is the same as in the case of a vanishing
Gauss-Bonnet coupling, just that ¢; and ¢y will depend on Agp now
c1 = —6+ Agpct + O(\p) (1.6.28)
1
=75+ Aapcs + O(N\ip). (1.6.29)
In the next step we explicitly derive the EoM for g,,, in order to find the A\gp—corrected

constants ¢; and cz. If we demand the boundary geometry to be 7,,, the ansatz for
the bulk metric takes the form!?

1+ Aapp’U(p
12 ( )+0(A%;B) (1.6.30)

9% + AaBpgi; (p, 2F) N
P

9op =

O(\ip). (1.6.31)

9ij =

If we would treat a general boundary metric g%|3 we would need to choose both ¢} and
c} to be of a certain value, in order to make sure that (1.6.26) is regular. However, it
turns out that with our special choice of g?j|3 = 1;j the only constant to fix is ¢, for
which one obtains

c1=—6+2\ap + O\&p). (1.6.32)

" The action doesn’t contain double derivatives of the radial components of the metric, thus 16 and
not 25 dimensions.
121n this step we explicitly use [ = 1 + 2AgB.
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Figure 1.4: The display of tracks of emitted particles during lead-ion collisions at the
LHC. The tedious analysis of a myriad of data about distributions and properties of
emitted particles provides us with information about the QGP, the high temperature
phase during heavy ion collisions above the confinement phase transition and subse-
quent hadronization. Throughout this thesis we investigate several properties of this
phase and simulate its formation during heavy ion collisions via holography.

1.7 Heavy ion collisions and holography

During the collisions of highly relativistic heavy ions at LHC and RHIC, where particles
are shot onto each other in two opposing beam lines with energies of about 2.7 TeV for
the ALICE experiment at LHC and about 8.9 GeV for RHIC, the constituents of those
heavy ions, that hit another particle, enter a phase of high temperature, called the
Quark Gluon Plasma (QGP), that resembles the extremely high temperature phase
of the early universe, when quarks and gluons where not confined. This phase is
not accessible via perturbative calculations nor by lattice simulations, which fail to
describe dynamical processes due to the sign problem. Recently it was shown that
the onset of validity of relativistic hydrodynamics happens unexpectedly early [67].
Nevertheless the only known model that is both capable of qualitatively describing the
far from equilibrium QGP at the time of the collision and is numerical accessible is the

holographic simulation of two colliding (gravitational) shockwaves, whose field theoretic
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dual is the collisions of two particles each of them described by a certain stress energy
tensor.

Einstein’s field equations, which are differential equations of second order, require
two boundary conditions. If we want to model the geometry encoding the dynamics
of a particle described by the stress energy (7%°) moving in a manifold with metric
g%’), then the boundary conditions of the bulk Einstein equations are that the metric
induced on the boundary is g?ob) and that the regularized and renormalized stress energy
tensor induced on the boundary is (T%). As seen from e.g. the result (1.6.20), this
gives a condition for those near boundary expansion coefficients of the bulk metric,
which are not determined by the Einstein equations themselves.

During highly relativistic heavy ion collisions, where particles are accelerated to
reach 99.9999% of the speed of light at ALICE/LHC and 99.995% of the speed of
light at RHIC, the length contraction becomes so extreme, that the colliding, now
lens shaped particles can be approximated by planar shockwaves, where we neglect
the fringes of the particle and assume an homogeneous energy distribution. More
specifically, the high velocities allow us to split this lens into small pixels, which are
causally disconnected throughout the considered time interval. The dynamics of such
two colliding subregions can then be modeled by shockwave collisions, where we assume
an isotropic energy density along the transverse axes.

To describe one of the colliding particles we use lightcone coordinates x_ =1t — 2
and x4 =t + z and express the ,_,_ -component or short __-component of the stress
energy tensor as

T _ = ph(z_), (1.7.1)

where p is the energy scale and h is a function describing the energy per unit area
distribution. The Einstein equations for a metric that is conformally equivalent to the
Minkowski metric on the boundary and results in (1.7.1) for the boundary field theory,
can be solved analytically. In Fefferman-Graham (FG) coordinates this metric reads

dp* 1
= 7@ + o (dx_d:r+ + da? + dwz_p4uh(ac_)). (1.7.2)

ds?
The task is now to solve the bulk geometry of two colliding shockwaves, which, at suf-
ficient spatial separation of the two shocks, is given by the sum of the single shockwave
solutions.’ This statement is, of course, not true for shocks that have approached
each other and are starting to overlap. The sum of two single shocks, with sufficient
spatial separation, serves as an initial condition for the Einstein equations, that ought
to be solved in a coordinate system that allows a convenient foliation of space time,

such that we can solve the geometry slice by slice. In section 3.1.4 we will discuss how

13 At least outside the horizon, which is what we are interested in.
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to perform the coordinate transformation from FG coordinates to (infalling) Edding-
ton Finkelstein (EF) coordinates, in which we can formulate the Einstein equations as
nested systems of differential equations on null-slices, that can be solved sequentially
[68] [34]. This allows us to determine the geometry numerically time step for time step,

while only dealing with radial and spatial derivatives on each time slice.

Figure 1.5: The 00-component of the rescaled stress energy tensor THe = %TW
plotted for various planar shockwave collisions, computed with a software, whose con-
struction is in detail explained in 3.1.4. The plots show the collision of broad (upper
left), narrow (upper right) and asymmetric (bottom) energy density distributions. The
explicit parameters, that will be introduced in (3.1.28), are (w4 = 0.35,w_ = 0.35),
(wy = 0.075,w_ = 0.075) and (w4 = 0.075, w_ = 0.35) respectively.

1.7.1 The characteristic formulation of general relativity

The characteristic formulation of GR, discovered by Bondi [48] and Sachs [49], is based

O ra’)

on a null slicing of the geometry. The Bondi-Sachs coordinates (X) = (t = x
result from the idea of foliating spacetime by outgoing null-hypersurfaces t = const,
meaning that the normal vector k4 = —0at satisfies gABkAkB = 0. Thus, the tt

component of the metric with upper indices vanishes. The covector k4 is tangent
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to the null rays, whereas the spatial coordinates z* are constant along outgoing null

geodesics, meaning
k29,2 = ¢% = 0. (1.7.3)

From this one can easily construct the general metric ansatz in Bondi-Sachs form.
However, we are interested in a slightly modified version of this formalism, which was
pioneered by L. Yaffe and P. Chesler: They provide us with a generalized Bondi-Sachs
formalism for asymptotical AdS spacetimes [34] which we will review in this section in
more detail.

The form of the coordinates stays the same as before, with the difference that r
now takes the role of the radial coordinate in AdS space and the 3 spatial coordinates
replace the angular coordinates from before. For the covariant metric component we
have g, = g~; = 0. Finally we end up with a generalized infalling Eddington-Finkelstein

metric which reads
ds? = 2dt |Bdr — Adt — Fyda'| + $%g;da’da? (1.7.4)

where 5, A, Fj, ¥ and §;; are functions of all coordinates and det(g;;) = 1. In addition
we have the freedom to set § = 1. It is easy to see that the form of the metric (1.7.4)

is invariant under arbitrary radial shifts
r—r+d\z), (1.7.5)
the function A, F' and G;; transform under this shift as follows

A(z,r) = A(z,7) + 00N () |
Fi(xz,r) = Fi(x,r) + 0;0\(z) ,
Gij(z,7) = Gij(x, 7+ 6A(z)) . (1.7.6)

Thus the functions A and F; transform as components of a gauge field corresponding
to this symmetry. In the next step we write the Einsteins equations in a manner which
is manifestly covariant under spatial and radial shifts. To do so we replace temporal

derivatives by
dy =0+ A(X)0, (1.7.7)
and spatial ones by

d; = 0; + FZ(X)OT . (1.7.8)

31



The Einstein equations
1
RAB _ 5RgAB —~Ag?P =0 (1.7.9)

together with the metric ansatz (1.7.4) and the replaced temporal and spatial deriva-

tives take the following nested form

(2 +asl@) =0 | (1.7.10)

(9502 + Prlg, N0, + Qulg, SV Fy = Swla. %) (1.7.11)
(Or + Qa,x[X]) dy X = Sq,x[9, 5, F] ( )

(560%0r + Qaysld, I ) digr = Sagl9, % Fody Sy (1.7.13)

O A=543,%, F.dy 3, deg] (1.7.14)

(670, + Qu, r16,S) do Fy = S, p[0, 3 F,di 3, d1g, AL, (17.15)

dy (d43) = Sp 5[4, 5, Frdy X, d 1 g, Al ( )

The full forms for planar shocks can be found in appendix 5.10. All of these equations
are ordinary differential equations in radial direction, that can be solved one after an-
other at constant ¢, if we know the spatial part of the metric g;; on that time slice
and if we impose further boundary conditions given in (1.7.22), encoding physics in the

dual gauge theory.

In the spirit of relation (1.6.20) let us derive the near boundary expansion of the
metric from equations (1.7.10)-(1.7.16):

1

A=+ N =ar+aDr? 40 (r®) . Fi=-oa+ (v o ()
(1.7.17)

N=r+A+0(r7) Gy =0+t o ()
(1.7.18)

A3 = % (r+ 2 +aDr 240 (r®) L dygy = -2Wr 0 ()
(1.7.19)

Using (1.6.20), the near-boundary coefficients in FG coordinates can be mapped to the
stress-energy tensor of the dual field theory. For EF coordinates this relation is given
by

2m? A 1 @
N2 <T,LLI/> = <T,LLI/> = g,(jly) + 19(()0)77;111 (1.7.20)

C
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where N, is the number of colors in the dual field theory. The metric g, in this

equation is related to parametrization (1.7.4) via
2 1 9
goo = —ﬁA y goi = —ﬁFl 5 gij = ﬁz gij . (1721)
Inserting the near-boundary expansion of the metric we arrive at
i 3 @ 2 @) - RO
<T00> =—5a <T0i> ==f" <sz> =9 — 5% - (1.7.22)

The radial shift parameter A = A(z) is undetermined in expansion (1.7.17-1.7.19) and
can be chosen arbitrarily. Next we want to use this freedom to fix the horizon on a

given time slice ¢ = conts to a constant radial position
rh() = 7Th, (1.7.23)

to give a rectangular shape to the domain of integration. We can find the horizon by
considering the outgoing null (geodesic) congruence, restricted to a t = const slice,
which should have vanishing expansion rate at r,. A general geodesic congruence k

orthogonal to a hypersurface can be written as
ka = pnos®(X), (1.7.24)

where k4 is orthogonal to the hypersurface defined by ®(X) = ¢, with ¢ constant. Since

we require the congruence to be null, we have
kak* = 0. (1.7.25)
As a geodesic congruence k4 additionally fulfills
AV AkP = 0. (1.7.26)

The congruence k“, as a vector field that is tangential to outgoing geodesics, can be
restricted to the spacelike hypersurface ¢ = const. Our task is now to determine the
derivatives orthogonal to this hypersurface d;p and 9;® 4, the latter of which can be

fixed by equation (1.7.25) giving

1Tt is important to do this before using ®(X) = r = ¢, which fixes the horizon to a constant radial
position on a given time slice. This equation for ® is only valid on a specific time slice t = const
without further fixing the radial shift invariance.
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ka

geodesics
"
"
— / t = const

Figure 1.6: The vector field k% is tangent to the outgoing geodesics, whereas k, is
orthogonal to the hypersurface & = c. Fixing the horizon position to be constant on a
given timeslice is achieved by setting ® = r in the end. Demanding the expansion rate
of the geodesic null congruence to vanish at the horizon allows us to write down the
condition for the shift A as the differential equation (1.7.31). Regarding the depiction
of outgoing null geodesics above, we showed geodesic rays that still can escape the
apparent horizon. Since k, is normal to the hypersurface ® = ¢, k% is tangential to it
and thus this hypersurface is spanned by null geodesics, known as null generators [32].

whereas equation (1.7.26) fixes Oy u:
Orpp = K (0;®, 079, u, ipu, g, Dg). (1.7.28)

For F = 0 it is easy to guess the outgoing geodesic null congruence modulo the factor

%%
k= pu(X)(—4,1,0,0,0) (1.7.29)

If F # 0 we can follow the recipe above and get

e2BF2 4 242

o5 ,1,0,0,0) (1.7.30)

k= u(X)( -

Demanding the expansion rate V - k to vanish at the apparent horizon and exploiting
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the relations for 0;® and 9 gives

1 1
di 2y, = —§8TZF2 —3IVF (1.7.31)

where V in (1.7.31) denotes the covariant derivative corresponding to the spatial part

of the metric. Fixing the horizon position at all times requires

(1.7.32)

Th

1 1
Nd+ Xy, = O (—28TZF2 -32V F) |

The full form of equations (1.7.31) and (1.7.32) with expanded covariant derivative for

planar shockwaves can be found in appendix 5.10.

1.7.2 Comparison with relativistic hydrodynamics

Having computed the collision of two planar shocks, one central aspect to study is the
relation of our calculation to relativistic hydrodynamics. The time it takes until the
system can be described hydrodynamically is typically very small [67]. However, it
still remains to study this for collisions with asymmetric parameters, which can tell
us about the hydrodynamization time of certain parts of the QGP during a peripheral
heavy ion collision. We will discuss this in depth in section 3.1.5. Here we prepare
these calculations by introducing several necessary ingredients.

Two central variables of relativistic hydrodynamics are the fluid velocity u* and
the proper energy density €. At every spacetime event inside the forward lightcone of
a collision, the timelike (u*u, = —1) Eigenvector and corresponding eigenvalue of the
holographically computed stress-energy tensor determine the fluid 4-velocity u* and
proper energy density €,

T+, u’ = —eut, (1.7.33)

with u?

> 0. The tensor T denotes the rescaled boundary stress energy tensor
TH = 2m2 /N?TH . Using the first order (in gradients) hydrodynamic constitutive
relation allows us to construct an hydrodynamic approximation to the stress-energy
tensor

Tiwino = P9 + (e+p) uu” + ", (1.7.34)

where the viscous stress (also to first order in gradients) is given by

I, = —1 [a(uu,,) + U POty — 5 B (ms + uuuy)} + 00, (1.7.35)

15A real timelike eigenvector (1.7.33) can fail to exist in spacetime regions where hydrodynamics is
not applicable [34]. Since we are interested in behavior within the hydrodynamic region, this is not a
concern.
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For the conformal fluid of N'=4 Yang-Mills theory, the pressure is given by p = €/3

and the shear viscosity 7 = (¢/3)%/*/y/2. This value for 1 has been rescaled by the same

factor of 272 /N2 used in the definition of the rescaled stress-energy tensor (3.1.3).
Thus we can compute a hydrodynamic approximation to any stress energy tensor

using this recipe and compare how close (1.7.34) comes to the original tensor.

1.8 Detailed Outline

This work consists of two main parts. The first one will treat higher derivative or higher
o/ corrections to the AdS/CFT duality, especially to solutions of SUGRA that involve
gauge fields and gauge perturbation to the geometry and the five form. We are going
to fix errors in the literature [10][11][12][53] regarding the higher derivative corrected
EoM of gauge perturbations and thus the finite A current-current correlator on the
field theory side and related quantities, such as the photoemission rate, the conductiv-
ity and quasinormal mode spectra. For this we will follow a twofold approach: On the
one hand we follow strictly the variation principle and exactly solve the large system
of differential equations governing the dynamics of the higher derivative corrected and
gauge field perturbed five form components as well as the EoM of the coupling corrected
gauge field itself. On the other hand we will introduce a prescription to treat the higher
derivative corrected five form, such that one obtains an effective action describing the
dynamics of the coupling corrected gauge perturbation and thus simplifying the system
of equations tremendously. The coupling corrected physical quantities in equilibrium
computed from those two approaches (i.e. quasinormal mode spectra, photoemission
rate, conductivity and the spectral function) are identical. This part of the thesis will
be built on the author’s paper [18].

We proceed with proving the validity of the found prescription in the special case
of a magnetic background field. With the help of this mathematically justified simpli-
fication of the treatment of the higher derivative corrected five form in the presence of
gauge fields we compute coupling corrections to the magnetic black brane geometry,
whose A — oo solution was found in [13], and determine finite A corrections to (tensor)
quasinormal modes (QNMs) in this geometry. The aim of this calculation is on the one
hand to study the influence of a strong magnetic background field'® on the equilibration
of a quark gluon plasma at finite 't Hooft coupling. On the other hand this is part of
our endeavour to study holographic settings, where the dual field theory comes as close
to QCD as possible: The higher derivative corrections allow us to leave the A — oo
limit, whereas the magnetic background field simultaneously breaks symmetries, that
QCD simply lacks, such as scale invariance. This reviews the author’s paper [69].

Finally we are going to consider partial resummations of coupling corrections to

16 As produced during actual heavy ion collisions for a very short time.
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various quantities and observables and study the convergence properties of the coupling
constant resummed QNM spectra in different channels, the conductivity and the shear
viscosity. We compare the resummed conductivity to results of hot lattice QCD and
discuss the strengths and weaknesses of the resummation approach. We conclude this
discussion with quantifying the A-value of breakdown of the resummation technique.
This will be built on the author’s paper [19].

In the second part we are going to focus on dynamical processes within AdS/CFT.
We give a detailed recipe on how to structure code that numerically computes shock-
wave collisions in AdS5. Going beyond the current literature we calculate shockwave
collisions with asymmetric widths to study subsections of off-center heavy ion colli-
sions holographically. Our focus will be on the hydrodynamization time during such
collisions as well as on the generalization of the universal description of the rapidity
distribution of the proper energy density to the case of asymmetric collisions. We will
show that also in the asymmetric case we come remarkably close to boost invariant
flow. We generalize the model describing the post collision flow [33] to the asymmetric
case, providing a formula from which hydro initial data to simulate peripheral heavy
ion collisions with large aspect ratios can be derived. This chapter is built on the
author’s paper [70]. Supplementing this discussion, we conclude with studying the
entanglement entropy and correlation functions in an asymmetric shockwave collision
geometry, generalizing the results of [61]. Finally we are going to prepare calculations

of localized shockwave collisions.
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Chapter 2

Higher derivative corrections to
the AdS/CFT duality

The strongly coupled QGP produced during heavy ion collisions lies somewhere in
between the two extreme limits of infinitely strong coupling with 't Hooft coupling
A = oo and weak coupling, which allows a perturbative description. The former limit
is accessible via the AdS/CFT duality at infinite 't Hooft coupling and infinite gauge
group rank N, the latter via perturbative quantum field theory. Our aim will be to
use higher derivative corrected type II SUGRA to compute finite coupling corrections
to the AdS/CFT duality and approach the real world by leaving the A = oo limit.
We consider additional contributions of order O(a’3) to the dual gravity theory, to
determine finite 't Hooft coupling corrected correlators, emission rates and transport

coefficients on the field theory side.

2.1 Investigating a charged quark gluon plasma with holography at
finite t> Hooft coupling

In the last ten years an even deeper quantitative understanding of holography at finite
t” Hooft coupling was reached with direct impact on our understanding of the quark
gluon plasma. One important step was the computation of leading coupling corrections
to the equations of motion of gauge fields in a strongly-coupled N' = 4 SYM plasma
by considering O(a’?) corrections to the type IIB supergravity action [10, 11]. These
o/-corrected equations of motion were then used to study the conductivity and the
photoemmission rate, which give important information about the structure of the
plasma. Determining o’ corrections in general is of great interest, especially since
they allow cautious comparisons and interpolations between the spectra of strongly

coupled and weakly coupled plasmas [11]. However, the authors of [10, 11] committed
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several errors'” during the derivation of the fundamental coupling corrected EoM of
gauge fields in AdS/CFT. Our first aim is to give a corrected derivation of the higher
derivative corrected EoM for gauge fields in type IIb SUGRA. After that we revisit the

3_corrections so far have been calculated

computation of several observables, whose o
with the EoM form [10, 11]. In general we find that the actual higher derivative
corrections to all quantities studied in this work turn out to be substantially smaller
than the values found in the literature so far. For instance in [10] the correction
factor to the conductivity was given as (1 + 14%7), whereas we obtained (1 + 125).
A comparison with the transport coefficient of the spin 2 channel is given in table
2.1. In contrast to previous works we find that the behaviour of the photoemission
rate and spectral density at finite coupling agree with expectations from weak coupling
calculations in both the small and the large energy limit [23]. In [23] the authors derived
that in the weak coupling limit decreasing coupling means increasing photoemission rate
at small momenta and decreasing photoemission rate at large momenta. The signs of
the correction factors we found coincide with these expectations. We start from the
higher derivative corrected type IIb action and compute finite coupling corrected QNM
spectra, spectral density, photoemission rate and conductivity of the plasma. Before
we come to finite coupling corrections we give a detailed description how to derive
the A — oo setting to which we wish to compute higher derivative corrections. We
introduce gauge fields in type IIb SUGRA by twisting the five sphere along specific

angles.

2.1.1 Einstein-Maxwell-Gravity from type IIb SUGRA

The aim of this section is to give an overview of how to introduce charge and gauge
fields in AdS/CFT starting from the type IIb SUGRA action (1.2.11). In the following
calculations we set the constant [, which measures the size of S5, to 1. We can get rid
of it by rescaling. We will perform the calculations in this section in order O(a’®) and
include coupling corrections in the following subsections.

Maxwell-terms F},, F'*¥ in the reduced 5—dimensional theory are obtained from
SUGRA by a Kaluza-Klein reduction starting from a metric ansatz in 10D that includes
a twist of the five sphere S5 along its fibers in a maximally symmetric manner. The
ansatz for the metric in this case has the form

2

3
ds%ﬂ = ds?&ds + Z (dlhz + M?(d¢l + \/gAudx“)z), (2'1'1)
i=1

1" These consisted of the following: A 5-form was used that didn’t solve its higher derivative corrected
EoM. In addition, unlike stated in these papers, the calculation was done in Euclidean signature, but
the five form wasn’t transformed appropriately. More specifically, we can reproduce their results, if we
leave out an actually needed factor i in front of the five form components of the form dt A ... after the
transformation to Euclidean signature. Also several terms contributing to the Hodge duals got lost.
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with

1 —u? 1
ds’ys = — 73 " dt2+4u2(1— )du +h (dm + dy? + dz?), (2.1.2)
where the unperturbed metric is just the AdS Schwarzschild black hole solution times
Ss with horizon radius rj, which we already discussed in (1.5.12). The direction cosines
and angles p; and ¢; are given in (1.5.13,1.5.14). It is straightforward to check that

with this metric ansatz we obtain

Ryg= Ry ™" %FWF’“’, (2.1.3)
with F' = dA. The dilaton part of the action can be ignored again, since its EoM does
not couple with those of A, and the solution of its EoM in this order in ¢ is simply
zero. Let us, however, focus in detail on the role of the five form part of the action
(1.2.11) in this calculation. In the following we will derive the form of the ansatz for
Fy:

The five form solution for vanishing gauge field and without higher derivative
corrections can be read from (1.5.8, 1.5.7). The factor —4 there ensures that in the

dimensionally reduced action we have

1(S5) N 1(S5) PN
VO 5 /d5 — det(gAdS) Rs — 8+ RS5] = VO 5 /d5 — det(gAds) {R&; + 12}
2K10 2K10
(2.1.4)
Now we want to find a solution for dF5 = 0 and d* F5 = 0 with the metric (2.1.1).

In order to see that F§1 = —4eags is no longer the correct ansatz for the electric

part of the five form we focus at the tuyzy;ys-direction of the 6-form d x F5. In the
following we only consider transverse fields, which means that only A, is non-vanishing
and A, = Az(u,t,z). The deduction for longitudinal fields is analogous. Remember
that we are interested in linearized differential equations for A,, which we consider
as tiny fluctuations of our background geometry. This means that terms of order
A, A, or higher can be discarded, such that there are only 6 non-diagonal elements
in the matrix representation of the metric tensor g"”, namely g*¥3, g*¥4, ¢*¥ and their
symmetric counterparts x <+ y;. From our solution in the A, = 0 case we already know
that we will at least have one non vanishing term in the tuyzys-direction of the 5-form

xF5, which is proportional to

A 0
\/jggyun Y22 gUsT gyaya gusYs (F5 n )y1y2y3y4y5' (2.1.5)

Note that we are not making use of the sum-convention here and henceforth in this

section unless we stress otherwise explicitly. The expression (2.1.5) is proportional to
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A, without any derivatives and has a non trivial y;-dependence, such that we have

Au—0
0 7 (d# F5)tuyzyys = Oy, (V' —gg?'¥1 g#2¥2 g g¥491 g% (F5 " Jyryeysyays) + - -+ (2.1.6)

without further directions of Fys being non zero. This term can’t be canceled by
the EoM for A, since it would give a mass to our gauge field. Consequently there
have to be more components of the solution for Fj, which give non-zero contribu-
tions, such that these mass terms cancel. The symmetries of this problem should
dictate, which directions of the five form vanish and which don’t. We instead use
a different approach. We start from the fact, that our final ansatz for the C; can
only depend on the coordinates wu,t,z,¥y1,y2, i.e. the coordinates the metric and
its fluctuations A, depend on. Any other dependence would lead to non-vanishing
components of d x dC4. This means the only possible components of Cy propor-
tional to A, that could give a contribution to the tuyzy;ys-component of d * dCy4 are
(Ct)ayiyavs> (Ca)aysyayss (Ca)zzyays » (Ca)tayayss (Ca)uzysys modulo permutations of their
4 indices. In the following, when we address properties of certain directions of forms,
e.g. for (C4)apea the abed-direction of Cy, it is implied that these properties apply to
all permutations of the indices abed with the correct signs.

Graphically we can depict all relevant contributions of these 4-form components to
the differential equations shortly written as d x dCy = 0 as shown in figure 2.1. Note
that this diagram is closed in the sense that together with the contribution in (2.1.6)
all terms contributing to the tuyzyiys, uyzyi1yays , tuyzy2ys, tyzy1y2ys and tuyy ya2ys3-
directions of d * F5 are depicted and (Ca)zyiyays: (Ct)ayoyavss (Ca)zzyayss (Ca)tayays,
(C1)uzysys do not contribute to any other directions of d * F5. The next important
observation is that (d* F5)uyzyiyoyss (&% F5)tyzyiyoys a0d (d* F5)tuyyiyeys cannot be set
to 0 by imposing the EoM of A,, because they contain odd derivatives in the ¢ and z
direction 0, A, 0; A, or 93 A,, 03 A, if we have only even derivatives in (d * F5) tuyzy1ys -
From the requirement that there are no mass terms in the EoM for A, we can de-
duce from (2.1.6) and the form of F;"_}O that (*F5)tuysys is proportional to sin(y;)?
and has no ys-dependence. Therefore, (C4)xy1y4y5 doesn’t contribute to (d * F5)tuyzy1y3
and (Ci)zyoyays doesn’t contribute to (d * F5)iuyzysys- Thus, it is possible to choose
(Ca)ayiyays = 0. This leads to the beautiful result that in diagram 2.1 the contri-
butions of (C4)zzyayss (Ca)tayayss (Ca)uzysys t0 (d * F5)uyzy,y; have the same form as
those of (C4)zysysys and are indistinguishable in the final EoM (d * F5)uyzysys = 0
which means it is a legitimate ansatz to set them to 0 and solve (d * F5)uyzyoy; = 0
for (C4)zysysys- This process has to be repeated for two further cases (remember that

we only considered the off diagonal element ¢g*¥® so far), which together with the self
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d d
(Ct)zyayays — (F5)tayayays —— (6 F5 )uyzyrys — (d % F5 ) tuyzyys

d
A 5)xzy2y4y5 —— (*F5)tuyy1y3 <
(04)xy1y4ys d )uxy2y4y5 —— (*F5)tyz \ (d* F5)uyzy1y2y3
* d
TY1Y2Y4Ys (*FS)tuy
d
(04)twy4y5 ] (F5)twy1y4y5 —— (*F5)Uy2y2y3 'ﬁ d * F5)tuy2y2y3

AU
W)
Es ) uays yays —— (%5 ) tyzyays l)

)
(C1)zzysys 5 ) 221 yays — (*FS)tuyy

5 )uzzyays —— (% F5 ) uyyn foys

d* F5 ) tyzy1yoys
d d

(C4)uxy4y5 (F5)tuwy4y5 - (*F5) yzyr 2y (d * F5)tuyy1y2y3

(F5)uwzy4y5 - (*F5)tyy1y2y3-

Figure 2.1: Graphic depiction of the "closed" system of differential equations around
the xysy4ys-direction of Cy. In this order in o the right hand side should give zero.

duality of the 5-form leads to the result

1

3
() = ~deass. (B! = <= 3" d(ud) A do A FB, (2.1.7)
=1

S

and
Fs = (1+ ) ((F)" + (F5)*), (2.1.8)

with F» = dA. In (2.1.7) * is the Hodge dual with respect to the inernal five dimensional
AdS-manifold. Notice that the result (2.1.8) is proportional to J A*d A, with the Kéhler-
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form of the five sphere J 8. The EoM for A, can be obtained both by varying the
action with respect to A, and from the tuyzyiys, tuyzyays, tuyzyays, tuyzyi1ys and
tuyzy1ys-directions of d * dC4 = 0. Varying the action with respect to A, leads to the

following well known EoM for transverse fields in order O(1°)

P +a2—q2(1—u2)
T—u2 " u(l — u?)?

02 A, Ay =0 (2.1.9)

with X = % = 7~ for X € {q,w} and the horizon radius ry,.

2.1.2 Finite ’t Hooft coupling corrections to the EoMs of gauge fields

Let us start to consider higher derivative corrections to our theory, meaning that we
will continue to work with the O(a’®) corrected action (1.2.16), where Sj, is given in
(1.2.12). As in section 1.2 we set 7 = %)\_%, with the 't Hooft coupling A, which is
proportional to o3,

The solution of F5 in order O(7°) is self dual and in order O(v!) the O(1°) part of
F5 is the only contribution of Fy, which enters the higher derivative part of the action
(1.2.12). Due to the term proportional to FZ in the action (1.2.11) we still have to
determine the coupling corrected EoMs of the 4-form components, meaning that we
still have to vary the action with respect to Cy and thus it makes a difference whether
F5 = dCy or F™ enters yW. Let us now introduce gauge fields to our finite A-corrected
solution found in (1.5.16) and (1.5.21-1.5.24). In order to get the correct results in the
limits A, — 0 and v — 0 we choose the ansatz again corresponding to a twist of the

five sphere along the ys, y4, y5 angles

9 4A.(u,t, 2)2
3

ds?y = — r2U (u)dt? + U(u)du® + €2V Wrd(da? + dy? + d2?) + L(u) da?

4A,(u,t, z . .
+ L(u)Qi/g)dw(dya sin(y1)? + dya cos(y1)? sin(ya)? + dys cos(y1)?
cos(yg)Q) + L(u)2(dy% + cos(y1)2dy§ + sin(y1)2dy§ + cos(y1)2 sin(yg)zdy4
+ cos(y1)® cos(y2)dys), (2.1.10)

The functions U, U, L, V are the ones given in (1.5.21-1.5.24) and correspond to a
finite 't Hooft coupling corrected Schwarzschild black hole. We justify the ansatz made
above in (2.1.10) in the following. The EoM for A, will be obtained by varying the
coupling corrected type IIb SUGRA action with respect to the 4-form components and

A,. Let us convince ourselves that this is equivalent to varying with respect to the

e

¥ There are more and easier ways to deduce this five form solution. Since we will have little choice
but to work with similar brute force in the O(a'3)-case, due to the complexity of the higher derivative
correction terms to the type IIb action, it is a good exercise to already do this in the lowest order in

/
a .
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metric components and the four form components and linearizing the resulting system
of differential equations in A,: Apparently the xz-component e2V(u) 4 L(u)Qw
of our metric ansatz seems to cause a problem with respect to the equivalence of the
aforementioned procedures. Varying the action with respect to e.g. the xys-component
of the metric and linearizing in A, results in an EoM that can at first (and too hasty)
glance not be fulfilled by a solution to the differential equation obtained by varying
the action with respect to A,. This is because after linearizing in A, the Ai—term
of the xz-component of the metric won’t contribute to the former case, but will give
a contribution to the latter. In fact, varying the /—gRo, \/—794%5,F52 and /—gyW-
terms in the action with respect to the xys-component of the metric separately and
inserting the ansatz (2.1.10) gives mass terms. However, adding everything up leads
to the same EoM for A, (of course, still depending on some unknown Fs-directions) as
varying with respect to A, while the mass terms cancel identically. The same is true
for any other off diagonal direction of the metric tensor, such that we can proceed with

our calculation.

From now on we will work with r;, = 1, which also applies to the Appendix 5.3, and
reintroduce r, wherever needed after having obtained the EoMs. We know that we will
end up with differential equations, where rj, only appears in the rescaled frequency 2“;7
and momentum %. Also setting r, = 1 simply corresponds to rescaling ¢ the spatial
coordinates and A; by a constant factor. Changing 5 to ﬁ in the end corresponds to
scaling back to the form of the metric given in (2.1.10).

Now we are prepared to determine the O(y) corrected differential equations for
gauge fields, the five-form and, less important, the dilaton field. Since its EoM decou-
ple, we will ignore it henceforth. Let us start with the five-form. The system obtained
by varying the action with respect to the 4-form components (with dCy = F5) can be

written in a concise way:

2y OW
d| * F5 — — ] =0 2.1.11
(+P—L3) =0, (2.1.11)
where W is defined by
W := 2k1057,. (2.1.12)

It is easy to obtain this by observing that for a p-form C with F' = dC and an action

S = /dD:zL(F, VF) (2.1.13)
for C' the variation g—g = 0 leads to an equivalent set of differential equations as
1 68
d ——— ] =0. 2.1.14
( ety ) ( )
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Indeed we already saw this for an explicit case in the introductory chapter, specifically
in form of the derivation (1.5.2)-(1.5.5).

Let us shortly address how to compute ‘WV

in an efficient way. To begin with, one

interesting observation is that

W1 (1 3 *> oW (2.1.15)

6F5 2 SR

where F5+ = (1 + *)F5, since only the self dual part of Fy is entering YWV 9. This
relation could be used to test the result, once we have it, since it means that whatever

we will obtain for gTWS has to be anti-self dual. In order to vary W or more specifically

/dxloy/—g'yW (2.1.16)
we think of W as a map
W : Q5 (M) = C®(M) (2.1.17)

from the set of the 5-forms on the manifold M, which denotes the pseudo-Riemannian
manifold with metric (2.1.10), to C°°(M). In order to compute the component $z ‘WV Hlrokts

we take the limit

hm dz'0/= ’y( [F5 + aF (u,t, 2, y1, y2)dx?t A - -« A dat®] — W[F5]>, (2.1.18)

a—0 «

where we can already insert the O(1°)-solution of F5. We can interpret (2.1.18) as a

variation of the functional
§:C*°(M)—=R
F s /czx“k/—ng[F5 + Fdax"t A --- A dats]. (2.1.19)

The argument, why we are allowed to assume that F' only depends on u,t, 2z, y1,ys is

the same is in the case O(4"), alternatively one easily verifies that

oS ., 05
aﬂaauF_o, a“aagF_O (2.1.20)

for 1 € {x,y,y3,ys,y5}. This makes the computation of any component of 2 5F as
easy as determining the variation with respect to a normal function plus we get the
directions, which only differ by a permutation of the indices for free.

Clearly (2.1.11) implies that self duality of the five form is broken if dx \/L s/ 7 0,

19We also checked the relation (2.1.15) explicitly
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which is the case if A, # 0. If F5 would still be self dual, we had (1 — *)F5 = 0, but
together with dFs = 0 (2.1.11) would then lead to a contradiction. This means that we
cannot treat the F2-term of the action as in the simple O(7°)-case. In the following
let us focus on the variation of this term with respect to A,,.

Only being interested in those terms of the final EoM, which are linear in A,,, allows
us to ignore terms of order O(A?), i > 1 of the metric in F2. In fact, terms of second
order coming from the metric could contribute to O(A') EoMs, however, contributions
of this form cancel identically, as they have to, since otherwise we would get mass

terms. This means that the number of Fs-directions, which actually contribute to

0/ —gF3
—_ 2.1.21

is very restricted. As in section one, we only consider transverse fields A, (u,t, z),
with A, = A, = 0. This implies that the only metric components depending on A4,,
neglecting terms of order O(A2), are again g%, g*¥4, g™ g¥3% g¥4® g¥%  Therefore,

the only directions of Fj, which contribute to (2.1.21) in order O(~1), are

(F5)y1y2y3y4y57 (F5)tuxyZ7 (F5)tuyzy37 (F5)tuy2y4v (F5)tuyzys’ (F5)xy1y2y4ysv (FS)xylyzysysa
(F5)fcy1y2y3y4- (2‘1-22)

We already derived how (F5)y,yoysyays and (F5)tuay- 100k like in order O(y!) for 4, =0
(1.5.18, 1.5.19) and how these directions are modified in order O(+°) for A,, # 0 (2.1.7,
2.1.8). Metric components g*¥3, g™, g*¥5, g¥3% g¥1® g¥5* couple them to (F5)tuyzys,
(E5) tuyzyas (F5)tuyzyss (F5)ayiyovayss (F5)ayiyoysys, which are zero for vanishing A,,. This
means in order O(A') and O(y!) only the O(A°) parts of the coupling corrected so-
lutions of (F5)y,yoysyays aNd (F5)iuay. contribute. Thus, we only have to compute
(F5)tuyzyss (F5)tuyzyas (F5)tuyzyss (F5)zyivovavss (F5)eyivovsyss (F5)ayryaysys UP to first
order in «y from (2.1.11). We will return to this later, at first we finish the variation of
the rest of the action with respect to the gauge fields.
With our metric (2.1.10) we obtain
Ry = (Rloy ) - MF FH (2.1.23)
A,—0 3 HY

for the Ricci scalar. Varying this part with respect to A, is straightforward. The final

part

0v/—gW
_ 2.1.24
i (2.1.24)

already contains a y-factor. Therefore, only O(y")-parts of the metric and F enter it

in order O(v'). Knowing already the solutions for F5 with gauge fields in zeroth order
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in v allows us to compute this term immediately. However, there is a potential trap
hidden in the subtlety that only the self dual part of F5 enters here. Of course, we know
already, that after having solved all EoM, we have (1 —*)F5 = 0 in order O(«°), which
might make it tempting to set F5 = F5+ from the beginning. But since on the action
level the 4-form components and the gauge perturbation of the metric are independent

fields, meaning that g% = 0, we have in general that
i

Sf(5(1+4 =)F5)
5A,

S f (F5)
SA,

” (2.1.25)

for a functional f, even if %(1 + %) F5 = F5 after inserting all solutions of the resulting

EoM. This is because A, can enter through to the Hodge dual

5(*F5)abcdef
5A,

6(F5)abcdef

70=""54,

(2.1.26)
for some directions abcdef.

Having avoided this pitfall we can finally tackle the involved variations. Let us
split the work up and concentrate on the C*-part of the higher derivative corrections

first. After varying it with respect to A,, introducing

1 o
(A, 4,0) = 5- / dtdze e~ A, (u, 2, 1) (2.1.27)
and exploiting that
2u &% — (1 — u?)
V(0hAs — T 50uAs + R A,) = 0(7?) (2.1.28)
we obtain
64u3’y V! o) 2 ~9 2 ~2 2
3 ((A2)k(24G"u + ¢°(162 — 235u°) — 600°) — (u” — 1)(120¢°u — 135u”+
112)(A.)}) + O(v%) (2.1.29)

as a contribution to the differential equations, rescaled in such a way that the O(7°)-
part has the form 8(%“2) times (2.1.9). We can ignore terms of the form CT3, T
This is because 7 = 0 on a fluctuation free static metric, thus both C72 and 7% only
contribute terms of order O(A2) to the EoM. In the chapter (2.2) we will tackle the
rather problem of strong background fields, which will force us to also consider these
classes of corrections. Since % # 0 in the considered orders of A, and +, we still have

to determine
5yy/—gC?*T? and v/ —gC>*T

S A (2.1.30)
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Our strategy to compute the terms above will be to insert the solutions for F5 in lowest
order in + slightly modified by replacing A, by a new independent function flu into
(2.1.30)

F5 (2.1.31)
Au—A4A,

and let Au go to A, after the variation, since we are not allowed to vary with respect
to A, appearing in Iy after inserting the O(1") solution. For this purpose we display
this solution explicitly in Appendix 5.2. The complete solution of the five form F5 in
order O(7") is then

Fy = (F5"9)" + (F59)° + (F51)" + (F5")". (2.1.32)

The forms (F2"*9)Y, (F"*)0, (FHY, (FE)O are given in Appendix 5.2. We can test
this five form solution by computing FZ2, which turns out to be zero. This is good news,

since the Hodge star operator * in a 2p dimensional manifold fulfills for any p form F"
FAxF = F%, (2.1.33)

where in our case @ is the 10 form
w=dtANduNdx Ndy Ndz N\dys A dys A dys A\ dys A dys. (2.1.34)

Since Fj is self dual in this order in o, we thus have to get?* F2 = 0. Now let us think

about which directions of *Fj can actually enter (2.1.30). The only ways A, can enter
C3T and C?T? is through

e the fact that
0 * (F5|AHHAM)

2.1.

/_lu—)AH

e A,-dependent terms entering directly via the metric components present in the

contractions of C' and T,
e the Weyl tensor itself

e and the covariant derivative in (1.2.15).

29Tt should be noted that this, of course, does not hold on the action level, even in the lowest order
in o, since
é
<5A# / dmv —9(F5|AM—>AM)2) (2.1.35)

A=Ay,

does not have to vanish even if FZ = 0 after inserting its solution.
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We claim and prove in the following that all we have to care about, regarding

Fsla,4,) (2.1.37)
in (2.1.36) is

(P51 — (F5")° 4, a,) | =) 4, 5,) — (x (F")%La, S a,)
F5|A#_>Au + 5 + 5 .
(2.1.38)

We also checked this explicitly by computing the not simplified contribution of (2.1.37)

and explain in the following why relation (2.1.38) holds.

It is easy to see that this is true for the first term in (2.1.30). There, the argument
that 7 = 0 for v = 0 and A, = 0 forces all contribution of order O(A2), O(AA) or
O(ADA) from #(F5|4,-4,) to C?T7? to be negligible. But what about potential terms
of order O(AJA) in #(F5|4,-.4,) entering C3T? In fact, since the perturbation of
the metric by A, was chosen in such a maximally symmetric way, in order to avoid
coupling to scalars in order O(4?), it is rather straightforward to check that the terms
of order O(AJA) from x((F2"*)}| A,—4,) cancel identically. Considering the definition
of the tensor 7 one sees that the terms *((Fg')!| A Au) of order O(ADA) only enter
those components Tgpedef, Where at least one of a,b,c,d,e is in {y1,...,ys}. The parts
of T coming from *((F§Z)1|AN—>AH) in order O(AJA), have to be contracted with the
Weyl-tensor part of (2.1.30) computed from the v = 0-A,, = O-metric. In this case the
Weyl tensor splits up block-diagonally into an AdS-part and a Ss-part, the latter of
which is zero since the 5-sphere is Weyl flat. Summing up the contributions of both
terms in (2.1.30) to the EoM obtained by variation with respect to A4, one gets

19—611,3 (349%(A0) — 1111 (u? = 1) DA ) + O(+?). (2.1.39)

This term is rescaled in the same way as (2.1.29).
Now we have to solve (2.1.11) for the last 6 elements of (2.1.22). We follow the

same strategy as in the case v = 0 and search for closed diagrams such as figure 2.1,

for which

(F5>tuy2y37 (F5)tuyZy4a (FB)tuyzysa (F5)xy1y2y4y57 (F5)fcy1y2y3y57 (F5):vy1y2y4y4 (2~1-40)

contribute to all considered directions of d * F5 on the right side of the diagram and
no more. After this task one has to find all directions of Cy4 that contribute to these
components of d * F5 and make sure that the directions of Cy on the left side of the
diagram don’t contribute to another direction of d x Fy, otherwise expand the diagram

and repeat. Let’s assume we thereby collect a set of directions {a;b;c;d;e; fi}ier for
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which (d * F5)q,b;c;dse; f; With @ € I appears on the right side of one of the diagrams®!.

This means that we have to compute the components

2y 5W> }
. (2.1.41)
{ ( \/7 5F5 a;bjcidie; fi 7 i€l

in order to be able to solve for all needed directions of (2.1.11). Since diagram 2.1 was
found without using that we are in order O(4°), we can simply reuse it now. Its dual
diagram is given by figure 2.2. Here the unlabeled arrows in the diagram on the left and
right depict derivatives. Due to (2.1.11) the nonzero directions of d %gp’ determine
the y1, yo-dependence of the components of C4 proportional to v on the left hand side
of the diagram. The form of the solution of the five form in order O(4°), which gives
the y1, yo-dependence of d %g?} + O(?) already illustrates, what becomes more

apparent once one calculated the

UTY1Y2Y4Ys5, LTY1Y2YaY5, ULZY1Y4Ys5, LUTY2YaY5, LUTY1Y4Y5, TXZY2YaYs,

LT2Y1YaYs, UWTZY1YaY5, T2Y1Y2YaYs, LUT2YsYs—

directions of d \2% gp; + O(7?), namely that all directions of Cy on the left hand side,

which contain a o and all directions of d* F5 on the right hand side, which contain a 1,

and no g, can be ignored, since all are trivially zero in order O(y'). More specifically

we have o SW
i 2
ds ) — 0(?) (2.1.42)
( V=g OFs abey1yays
for all a,b,c € {t,u,x,y,2,y1,Y3,--.,ys}. The results for all directions of g% needed to

compute the EoM obtained by evaluating (2.1.11) for the components corresponding to
the right hand side of diagram 2.1 and 2.2 in order O(+y) can be found in the Appendix
5.3. It should be mentioned that due to the anti-self-duality of the components
given in the Appendix section 5.3 are all you need to compute dlagrams 2.1, 2.2. The
other directions can be computed from those or vanish, since we only consider EoMs,
which are linearized in A,.

Now let us sketch how to solve this large set of differential equations. One important
observation is that the xysysys-direction of C4 plays a crucial role. Considering which
components of W are zero and which actually give contributions to (2.1.11) shows that
the argument we apphed in the first section, when discussing diagram 2.1, for why the
xyoy3y4-direction of Cy is the only non-zero one on the left hand side of diagram 2.1,

doesn’t change if we include o/-corrections. Thus, diagram 2.1 simplifies drastically

21Gince the five form is no longer self dual in this order in o/ we cannot simply skip one half of the
diagrams and determine the remaining directions of F5 with the help of the duality argument, as done
in order O(5°).
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<C4)tyzy3

(F5 ) tuyzys — (*F5) zyryayays — (% F5)uayyayays

*
(04)tuyy3 (F5) tyzy1ys > (*F5)u:vy2 4Y5 (d = F5 tTY1Y294Y5

(Cy) uyzy5 tyZyzys (*F5) UTY1Y4 “mzy1y4y5
(Ca) yzyl 5)tuyyiys — ($F5)zzyoulys ‘@ 5)tuzyayays

(04)tyy1y 5 tuz,/yzys (*FS)xzy1y4 )’ F5 tuxy1y4y5
\4‘

. \
04 tyy2y |' uyzy1y3 > (*F5 tzy2u4ys, "\ 7 ’\ d * F5 t$2y2y4y5
(Ca)yzynf v Juyzyays — ($F5 ) tayyays 5 trzy1yays
04 Uyyl \ yzy1yeys *F5 tuﬂ?y / u:czyly4yo

C4 uyy2y3 ‘ F5 tyyiy2ys — *F5 wrzy4 5 d* F5 wzy1y2y4yo

(04)yy1y2y3 - (F5)uyy1y2y3 —— (*F5)t:czy4y5 (d * F5)tuwzy4y5

Figure 2.2: Depiction of the system of differential equations, dual to those of diagram
2.1. Contributions of off-diagonal elements of the metric tensor to the Hodge duals were
left out for simplicity in this figure. Of course, they are included in the calculation.
The right hand side of the diagram has to be equal to the corresponding directions of
d( * 2—75&) We omitted the d-labels in the first and third row to keep the diagram

V/—g 0Fs
readable.

also in order O(a’®) and is given in (2.1.44). Our ansatz for (C4)zymy.ys Will be of the

form 4 o )
. x + u,q,w
(04)962,/23/41/5 = cos(y1)4 Sln(2y2) 7\/3 q . (2.1.43)

The y1, yo-dependence is dictated by the form of the components of %‘; listed in section
5.3 and the requirement that 9,,A = 0. It is possible to find a similar simplification
for its dual diagram again obtained by analyzing the y1, yo-dependence of the relevant

directions of g%. This has to be repeated for the remaining diagrams in order to solve
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the EoM for the relevant directions of F5, obtained by varying the action with respect to
A,. However, this very tedious calculation can be abbreviated by an elegant shortcut,
which we present in the following. We made the effort to calculate the EoMs using
both methods to test our results.

d d
(04)xy2y4y5 - (FS)txy2y4y5 —— (*F5)uyzy1y3

\
d *
(F5)xzy2y4y5 > (*FS)tuyylyg

d

(d * F5)tuyzy1y3

(F5)uzyoyays —— (< F5 ) tyzyn s

2y 4§
(F5)ayryayays — = (<F5)tuyzys (d( \/Z*g%))tuyzylm
(2.1.44)

There is also a slightly different approach to solve (2.1.11), which relies on the ob-

servation that for every solution Fy also
Fy +~F (2.1.45)
with
dF =0, d(1—*)F =0, (2.1.46)

solves (2.1.11) and fulfills that there is a four form Cy with dCy = Fy + vE. Let Fj
be a solution of (2.1.11) with dFs = 0. Considering the de Rham-cohomology of our

manifold shows that the EoM for the five form can be written as

2N
V=9 0Fs

( — F5 4 «F5 — ) = ~vdHy, (2.1.47)

for some 4-form H,. Since g% is anti-self dual, also dH4 has to be anti-self dual. So

d(1 —*)dHy = 2ddHy = 0, (2.1.48)
such that we can choose F' = —%, set
Fy = F5 +~F (2.1.49)
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for another closed solution F5 of (2.1.11) and thus get

2y oW

Fy = *<F5 — HM%) (2.1.50)
To further strengthen the arguments made before, why diagram 2.1 simplifies to (2.1.44),
we note that the differential equation depicted in diagram (2.1.44) can be deduced
from the tuyzys, uxysysys, txysysys and zzysysys-direction of (2.1.50). In addition
it helps us to express the tuyzys-direction of F5 by its xyiysy4ys-component and
the corresponding direction of %. Analogously the pairs (zy1y2y3ys, tuyzys) and
(xy1Yy2y3y4, tuyzys), are linked via equation (2.1.50), where it turns out that up to
a different y;, yo-dependence the directions tuyzy; with i € {3,4,5} of F5 are identical,
the same is valid for their dual partners. This is great news, since now we can reduce the
entire coupled set of EoMs for the 4-form components and the gauge field A, to a rather
simple system of two coupled differential equations for A, and the xy2y4ys5-component
of Cy4. Exploiting these relations between the directions tuyzy; with i € {3,4,5} of the

five form and the analogous ones for their dual partner gives after a tedious calculation

1 8\/?9F52 _ 167C(u, g, w) | 4(F5) tuyzys (2.1.51)
15 04, 32 V3sin(y1)? a

Explicitly the aforementioned relation between (F3)yyzy, and its dual partner derived
from (2.1.50) gives

5 3 . C(u q,w
(F5)tuyzys = V/=gg™"g"1¥1 g?202 g1 g0 (4 sin(y1) cos(y1)? sm(%ﬂ)w_

V3
Aw) )
iy ia . (2.1.52)
—g \oF%s TY1Y2YaYs

Adding up and combining everything (2.1.52, 2.1.51, 2.1.44, 2.1.43, 2.1.39, 2.1.29 and
Appendix 5.3) we can finally write down the differential equation governing the dy-

namics of A;. For this purpose let us define

A (u, 2,t) = A (u, 2,t) + yAL(u, 2, 1) (2.1.53)
Al (u, z,t) :/&kﬁj (u, g, w)e Wiz (2.1.54)
T gl (27_(_)4 x )y 4
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with A, (u,q,w) =: (Az)k, k = (w,q). The EoM for (AL), is given by

2/ 41  2u 1 (=14 +a%), 1

(—9216¢*u3(—1 4 u?) 4 G*(—3900 + 73507u? — 145342u* + 75735u°) + 15(520
—1061u? + 435u)@?) (A — 2(—1 + u?)(96C (u, ¢, w) + u?(—1 + u?)(3900—
23846u* — 230404°u> + 675u*)0,(A%)1)) = 0. (2.1.55)

(u’®

- w o~ g
where & = 2 4=

T The coupling corrected relation between horizon radius 7,

and temperature T is given by rj, = 7T(1 — 28+ + O(~?)) (see sections 1.4.3 & 1.5),
which can be computed from relation (1.4.28) and (1.5.21)-(1.5.24). If we introduce in
(2.1.55) rescaled variables @ = % and ¢ = % we obtain a differential equation whose
characteristic exponents simplify to j:% also in order O(v). From diagram (2.1.44) or
the tuyzys, uryaysays, txysysys and zrysysys-components of (2.1.50) we obtain the

differential equation

~2 2 ~2
OulAa)k + —1211128“(@’“ + (u_(l—ii Z?}w 48u2(—i )
w3 (=1 4 u?) + G2 (—3900 4 116931u? — 260414u* + 147383u’) + 3(2600 — 10969u>+
7839u) ) (AV)k + 2(24(—2 + 2u® + GPu(—1 + v?) + u®)C(u, ¢, w) — v (—1 + u?)
(u(—1 + u?)(3900 — 36702u? — 324804%u> + 20895ut)d, (A%)), — 24(2ud,C (u, q,w)+

(=1 4+ u*)92C (u, q,w))))) = 0. (2.1.56)

(AL, + (u?(—9216G*

The boundary conditions of these EoMs are that A, and C', respectively the zy1y2y4ys5-
component of the five form, have to be infalling at the horizon. The zeroth expansion
coefficient of the near horizon expansion of A,/ (1—u)_% can be set to 1, since it doesn’t
affect any physical observables on the boundary due to the form of (2.1.59). The missing
condition is that C'(u, q,w) has to vanish on the boundary, which is a regular singular
point of our small system of EoMs. More explicitly this can be obtained from the two

different possible boundary behaviours of C'(u, q,w) given by
C-_
C(u,q,w) = u—; +0w™) and C(u,q,w) =u3C5+ O(u), (2.1.57)

extracted from the near boundary analysis of the differential equation obtained by
subtracting (2.1.56) from (2.1.55). Equation (2.1.55) shows that the former choice
would lead to a gauge field A,, which diverges at the boundary. This means our

missing boundary condition is that

C_9=0, (2.1.58)
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which in this case implies that C_; = ...Cy = 0, such that C(u, ¢, w) = u3C3 + O(u?).
This concludes the derivation of higher derivative corrected equations of motion for

gauge fields (with transverse polarization).

2.1.3 Higher derivative corrections to observables in a charged quark gluon

plasma

In this chapter we are going to pick several low hanging fruits regarding the deter-
mination of o'-corrections to quantities and observables in a charged QGP using the
differential equations (2.1.55) and (2.1.56) derived in the previous chapter. We compute
finite A corrections to the conductivity, photoemission rates, quasinormal mode spectra
as well as in and off-equilibrium spectral densities. These were first computed in [53],
using, however, the results and EoMs of [10-12], which we argue now to be incorrect.
Consequently also the results for observables, which can be found in the literature,
computed with the «-corrected EoM for gauge fields change. The differences are quite
substantial and are caused by several disagreements: most importantly a missing factor
i in front of some components of the five form, when working in Euclidean signature,
several missing terms, when computing the Hodge duals, coming from the off-diagonal
elements of the metric tensor, and the fact that the five form used by the authors of
the papers [10-12] did not solve its o’-corrected EoM. Note that in Euclidean signature
there is no self duality, since the Hodge star operator squares to —1 there, such that self
dual five forms transform to imaginary anti-self-dual forms *F3* = —iF2*. Continuing
to work with (1 4 *)F¢! implies that the five form doesn’t square to zero anymore,
which means it doesn’t even solve its EoM in the lowest order in o/. Also the Lorentz-
signature version of the coupling corrected five form given in [10-12] is not a solution
of (2.1.11).

2.1.3.1 Quasinormal modes and their coupling corrections

Quasinormal modes (QNM) describe the response of the system to small perturbations
as explained in more detail in the introduction 1.4.2. In our case these perturbations
correspond to tiny twists of the Ss-part, from which we deduced the o’-corrected dif-
ferential equations (2.1.55) and (2.1.56) for gauge fluctuations. The position of the
complex QNM-frequencies w corresponds to the discrete spectrum of frequencies, at
which the propagator of A, has poles. The negative inverse of the imaginary part of
w gives the thermalization time 7, such that one can expect that increasing v or de-
creasing the 't Hooft coupling will decrease the absolute value of the imaginary part of
each QNM frequency w. Applying (1.4.14) one can calculate the retarded propagator
for transverse fields II7 with the help of the prescription

— NPT lim (Az)y

' =
8 u—=0 (A:r)k,

(2.1.59)
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where II7 corresponds to the transverse part of the retarded current current correlator
Cret = / dize g (t) ([T (x), T (0)]), (2.1.60)

which can be split up into longitudinal and transverse components as done in (1.4.18).
In the following we will present several techniques with which we can extract the o/-
corrected spectra for different values of ¢ using (2.1.55) and (2.1.56). Independent from
the approach used the first information about the solutions we have to exploit is their

near horizon behaviour

AQ(u,4,0) = (1 —u)™2 9%y, §,0) (2.1.61)
AL(u,4,0) = (1 —u) " F @, 4, @) (2.1.62)
Clu, §,@) = (1—u)~ 5 (4, @), (2.1.63)

where ®°, ®! and ®2 are regular at the horizon. Let us start with an easy method to
solve (2.1.55) and (2.1.56) with this ansatz. This method, however, is also the numer-
ically most inefficient. For this we simply expand the resulting differential equations
around the horizon and require them to hold order by order in (1 —u). By determining

sufficiently large orders and demanding that??

%0, 4, @) +v®(0,4,w) =0, (2.1.64)

we can extract the a’-corrected spectra for arbitrary values of g.

Alternatively, we can apply spectral methods to reduce our system of differential
equations to a generalized eigenvalue problem. For this purpose we use the same
notation as in (2.1.63) and subtract (2.1.55) from (2.1.56) to end up with a differential

equation only containing ®° and ®2. We set ®2 = ud? as well as
Ag(u,4,0) = (1 —u)~ 7 ®(u, ,0) (2.1.65)

and obtain after an expansion in v

~ 2+ dud + u(4i + D) | - 1 :
0202 D, ®? 24 + u?(8 + 4¢* — 10iw
<u " u—u? WOt LR (L o T B AG — 100D
2
— 30%) + 4u(6 + 2 — ith — %) — uP(—8 + 6ith + %)) D2 + m( (3214

3214u — 5055u® — 5055u® + 4248id)d + 8¢*(— 13574 + 295uwh + u*(2239i + 295)))®

—2(—1 4 u?)(—3214 — 23604%u + 5055u2)8u<19)>’y = 0% (2.1.66)

22Which follows from the requirement that (2.1.59) has a pole at the QNM frequencies.

56



and

520 i( + u(2i + w))auq) N 46%(1 + u) — W (4 + u?(2i + o) + u(2i + 310)) .
—1+u? (4(—1 4+ w)u(l 4 u)?)
m((—9216é4u5 +4(3900u” — 23846u° + 675u’ + 675u” + 30u?(130 + 313iw)

+ ut(—23846 — 6525i) + 1590id)d + ¢2(1590 + 3900u? — 69607u? + 45u5(1683—
512i1) — 23040iu°1))® — 2(96D2 + u?(—1 + u?)(3900 — 23846u> — 230404u>+
675u*)0,®)) = O(y?). (2.1.67)

From the EoM in order O(v%) (2.1.9) we can solve ®° for a given value of & at a certain ¢
using spectral methods almost up to arbitrary numerical precision, due to the simplicity
of this differential equation. It would even be possible to find analytic solutions in
the lowest order in -, but for our purposes an approximation by Chebyshev-cardinal
functions is sufficient, if we choose the order sufficiently high or the Gauss-Lobatto
grid sufficiently dense. We also approximate ® and ®?2 in the following by a truncated

expansion in cardinal functions on a Gauss-Lobatto grid

™
{- COS(M)}nE{O,...,M} (2.1.68)
on the interval [—1,1] for 2u — 1, u € [0, 1], respectively with a grid
1— n
{COS(M)} (2.1.69)
2 ne{0,...,M}
on the interval [0, 1]. More explicitly we set for a certain value of ¢
M
U(u, &) = Z al (&)e(i, 2u — 1), (2.1.70)
i=0

with ¢(i,z), * € [—1,1] being the i-th cardinal function for the grid (2.1.68) and
¥ € {®, ®?}. Now we can bring (2.1.66) and (2.1.67) into the form of a generalized
eigenvalue problem for @, if we truncate the differential equations after the first order
in 7. This works as follows:

With the help of pseudo spectral methods, explained in more detail in the Appendix
v

5.9, we replace functions ¥ by vectors of their expansion coefficients (a;’) corresponding
to the projection of ¥ on a finite dimensional Hilbert space spanned by M +1 Chebyshev
cardinal functions. In this spirit differentiations become matrix multiplications allowing

us to write (2.1.66) and (2.1.66) as linear systems for the coefficients

{agj}ie{o,...,M},\pe{cp L d2p (2.1.71)
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Gg=0 | v=0 O(yY)-correction Gg=1 =0 O(y!)-correction

1. QNM | 1—1¢ | v(646.132 — 207.258i) 1. QNM | 1.54719 — 0.84972i | ~(298.289 + 208.678:)

2. QNM | 2 —2¢ ~(4896 + 495.51) 2. QNM | 2.39890 — 1.874341 ~(2357 + 19167)

Figure 2.3: The first two QNM frequencies at ¢ = 27T (right) and ¢ = 0 (left)
normalized by 27T and their O(vy)-corrections, which turn out to be more than one

order of magnitude smaller then found in [53], which was based on the EoM derived in
[10-12).

that still depends on @ and . For a fixed value of «y the truncated differential equations

lead to linear equations of the form

@
(Ao FOA, £ w2A2) (a&ﬂ) =0 (2.1.72)
a
with appropriate matrices Ag, A and Ay. With v = (a®, a‘p) this is equivalent to the

4(M + 1) dimensional generalized Eigenvalue problem

() ()= 6 ) () a1
0 1 wv 1 0 wv

which is easy to solve numerically and has good convergence properties.

In the next step we also consider v to be on an appropriate Gauss-Lobatto grid
and solve the generalized eigenvalue problem for each grid point. At v = 0 the slopes of
the resulting curves of partially resummed poles for different values of + in the complex
plane gives us the O(y!)-coefficient to the corresponding A = co-modes. For the first
modes these curves are depicted in Figure 2.12. By going to sufficiently dense grids we
obtain identical values as with the simpler Frobenius-method discussed above. We find
the o/3-corrections to the QNM spectrum to be one order of magnitude smaller than
those found in [53], which used the EoMs of [10-12].
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Figure 2.4: The first QNM frequencies at ¢ = 27T (right) and g = 0 (left) normalized
by 27T for A = oo (blue) and their O(7)-corrections for A = 500 (red) and A = 300
(brown).

2.1.3.2 Finite coupling corrections to the plasma conductivity and photoe-

mission rate

As shown in section 1.4.6 we simply have to determine the retarded current-current
correlator from gravity, or more precisely its imaginary part, in order to compute the
spectral density respectively the photoemission rate and its finite coupling corrections

from our transverse field 4,23
X1 = —4Im(117). (2.1.74)

From the low energy regime respectively the first order expansion coefficient of (2.1.74)
in ¢ with lightlike momentum (¢ = w) we can immediately read off the correction to
the conductivity?*. The correction factor to the differential photon production rate
can be computed via the relation between the trace of the spectral function y and
the Wightman function as shown in section (1.4.6). To obtain the low energy limit of
(2.1.74), more specifically the finite coupling correction to the conductivity, we only
have to solve (2.1.55) and (2.1.56) to order O(v) and O(&). In this case the solution
for C'(u, q,®) is simply

95u3  959u° N 337u”
8 24 12

C(u,§,&) = ( >8UA2 + O(@?), (2.1.75)

23This relation is an application of equation (1.4.43), where x is the trace of the spectral function.
24For this consider equation (1.4.39) and (1.4.43)
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which means that our EoM for A, simplifies drastically to

u

RAy+ s
" $+8(—1+u2)

(160, Ay 4+ (920 — 7970u? + 7275u* — 225u8)9, A,) = O(¥%, &%)
(2.1.76)
Here it suffices to apply Frobenius methods, since after only a couple of orders in (1—u),

we obtain stable results. We expand the functions A, at the horizon

. a K . .
Ap =1 -7 (a;i(1 — )’ +ybi(1 —u)), (2.1.77)

=1

with K sufficiently large?®. Inserting this ansatz into (2.1.76) and solving the resulting
equations order by order in (1 —u) as well as order by order in v and only up to order
O(@) gives us a low energy approximation of the solution of A, near the horizon. We
continue this computation until we have reached a K for which the numerical results for
the conductivity and its  correction stabilize. We checked our findings by calculating
A, from (2.1.55) and (2.1.56) with the help of spectral methods and took the low
energy limit of (2.1.74). For the spectral density in the low energy regime and lightlike

momenta we find

N2T?

w=q

X1

((1 +1257)4 + (9(@%) +O0(H). (2.1.78)

This means that the conductivity o gets a «y-correction factor of (1 4+ 125v). This is
identical to the finite coupling correction factor for the photoemission rate at 1 >
w, which coincides with the expectations of [23] for the low frequency limit, which
predicted a growing behaviour for decreasing 't Hooft coupling in this regime.

Let us now turn to the large w calculation. This is interesting, since originally
the authors of [23] expected the high frequency photoemission rate to decrease with
decreasing A\. However, the authors in [10-12] found a correction factor of (1 + 5v),
which would indicate the contrary behaviour. Thus we want to see if this behaviour still
holds, when using the correct EoM. We choose to determine the functions ®°, &1, ®2
as an approximation in cardinal functions and compute the large w limit numerically
in the zero-virtuality case w = ¢. By using sufficiently large Gauss-Lobatto grids we

find the following large-q behaviour

- N272 3551 (3
Tt = S I‘(l()3) <(1 —80.397)¢*% + .. > +0(%), (2.1.79)
3

25For this specific problem the choice K ~ 20 delivered stable results, in the sense that including
higher orders K > 20 only changed the final result negligibly.
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where dots stand for terms of order ¢¢ with a < % In the same way as before we can
read off the correction factor to the photoemission rate from this result.

We now want to compare our small and large w limits with the analogous ones for
the spectral density in the spin-2 channel. A quite similar calculation there (as obtained
in [52]) gives for 1 > w a correction factor (1 + 135v) to the transport coefficient in

this channel, the shear viscosity, which is thus given by
n_ 1 4/3
= 14120y + O(y*?) (2.1.80)
s 4w

in units of the entropy density. In the limit A — oo this gives the famous result
n/s = 1/4xn [71].

We performed a numerical large w analysis of the spectral density?’ in the lightlike
case also in this channel and obtained a correction factor of (1 — 22—07) there. To sum up
we find a quite similar behaviour of the y-corrected spectral density and photoemission
rates in the spin 1 and spin 2 channel, whose sign of the correction factors coincide in

both limits with the intuitive expectations, respectively the expectations of [23].

2.1.3.3 Finite coupling corrections to the off-equilibrium spectral density

Let us conclude this series of sections in which we analyze and make use of our differen-
tial equations (2.1.55, 2.1.56) and finally turn to determining the ~-corrected on-shell
photoemission spectrum in the off-equilibrium case. For this purpose we consider the
simplified setting of a collapsing shell of null dust in the coupling corrected geome-
try that slowly falls towards its Schwarzschild radius. It is assumed that the shell is
collapsing so slowly that its radial motion can be neglected. This holographic model
describes a QGP that is off-equilibrium, as long as the shell hasn’t fallen all the way
in. Let us start with the v = 0 case. The motivation for the form of the metric we
use is given by Birkhoft’s theorem, stating that outside of the shell the solution for the
Finstein equations is the AdS-Schwarzschild metric, whereas inside of the shell we have

a pure AdS-space. In order O(4°) this implies

r2 1
ds® = - (f(U)dt2 +da? + dy® + d22> + W‘M (2.1.81)
with
Fa) fo(u)=1 if u > ug (2.1.82)
u) = 1.
fr(u)=1—u? ifus>u.

26We only considered the part of the spectral function that arises from the zy-zy-component of the
stress energy correlator, similar to the calculation above (2.1.74), where we restricted our analysis to
the transverse components.
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2
and us = :—’2‘, where rg is the radial position of the shell. Requiring that the metric,
solutions for fluctuations etc. are continuous at the position of the shell will give us
junction or matching conditions®”. In order O(v) the metric outside of the shell will

be (1.5.16). From this we can immediately read off the matching condition for the

Oy = 0_\/U(us)us, (2.1.83)

by comparing the prefactors of dt? in the line elements inside and outside of the shell.

frequency

From now on subindices ; denote quantities outside of the shell and subindices _ inside
of the shell. Analogously to the temporal component of the line element continuity at
the shell also implies that dr; = dx_ and the same for y and z. The calculation we
perform in the following is identical to the one, where we require the continuity of the
gauge invariant combination wA,. Instead of A, we could have analogously worked
with E = wA,. In fact one can think of A?® in the following also as A = wA, and
every equation in this section still works. Since we have t_ = /U (us)ust+ and since

we require A to be continuous at the shell position, we obtain

Ay (u, z,t) |u:u8 = A_(u,2,t\/U(us)us) |u:uS7 (2.1.84)

thus using equation (2.1.84)

A —ilwyt A dt —iw_t A
A+(an7w+)fu:us :/dt@’ +tA+(U7q,t)’u:us :/me JAf(U,q,t”u:us

A (u,q,w-)

oV oy (2.1.85)

U=Us

where functions with tilde A4 and the barred function AL stand for the Fourier trans-
formed ones in the former case both in (z,¢) and in the latter case only in z. In the
following we will write simply A for A and A and indicate to which functional space A
belongs by the variables it depends on.
For derivatives in ¢-direction things are similarly easy. Again using relation (2.1.84)
gives us
1 1

U(us)us at-‘rA_ (u57 Z, t-i- U(Us)us) == 78t+A+(US, z, t+)

O A_(us,z,t_) = CAT

(2.1.86)

2"In general the Israel junction condition [80] require that the metric induced on the shell from inside
and outside is the same and that the difference of extrinsic curvatures inside and outside the shell is
proportional to the energy momentum content of the shell.

28Which is the notation for the transverse gauge fields we use in the following.
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For derivatives in wu-direction the junction condition turns out to be slightly more
difficult to derive?. Inside of the shell the EoM for A_ is given by

265
8314_ (u, Cj,d}) -+ (1 + 8"}/)

@2—62

A (u,4,0) =0, (2.1.87)
where the ~y-correction merely arises due to the modified relation between r, and T
Outside of the shell the O(7°) part of A is a solution to (2.1.9), the O(v!) part is
a solution to (2.1.55), (2.1.56) together with the coupling corrected solution for the
xy2y4ys-component of the four form Cy. From the continuity requirement of C'(u, ¢, w),
or the zyayays-component of Cy, we can derive a relation for (Cy)zy,y,ys analogous to
(2.1.85). Inside of the shell we have

i A_
((Ca)ayoyays)— = COS(y1)4 Sm(2y2)ﬁ7 (2.1.88)
such that at u = ug
4 Ay
((04)Iy2y4y5)+ = cos(y1) Sm@?ﬂ)% u:uS’ (2.1.89)
which means
C(u7q7w+)+|uzus = C(uaqvw*)*hzus =0 (2190)

and thus, the contributions of Cy4 to (2.1.55) vanish on the surface of the shell. There-

fore, at u = ug we can write the EoM for A, as

0—
8121,A+ (’LL, qAJ dj-‘r) |u5 + f<|1~ (u87 qA7 d}-‘r? 7)8UA+ (U, qA) d}-‘r) |us + fz (u87 67 d)+7 7)A+ (U7 q, (:14_) {usa
(2.1.91)

whereas for A_ we simply have according to equation (2.1.87)
A (,4,0.)], + (@6, A (w3, 0)], =0,  (21.92)

with f1, f2 and f_ chosen appropriately. Using (2.1.86) gives

265 \ &2 — G2 f2 o
L (1 + 8’y>+2mA+(u,q,w+)|u . (2.1.93)
S u m S

f-(us,q,0-,7)A(u, q,0-)

2*The equation (3.24) of [53] is not complete, which can be seen from a simple test: The quantity Cout
introduced in (2.1.103) has to vanish for us — 0, since outgoing modes are forbidden, when the shell
has reached its Schwarzschild horizon. With (3.24) of [53] this is not fulfilled. In this section we will
rigorously derive the correct junction condition and test that the aforementioned property is fulfilled
in our case. Regarding the final results in this section, there are however no qualitative differences to
the off-equilibrium spectral density found in [53].
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with f, = \/U(us)us. We now perform a coordinate transformation such that the EoM
inside and outside of the shell are of the same shape. For this purpose we choose @(u)

such that )
du du ., .
du? duf+(("‘—7u7'7v Q) - Oa (2'1'94)

outside of the shell and @ = wu inside of it. The EoM in this new coordinate reads
outside of the shell

0= a§A+ (U(’&,), q, @-‘r) 7) + f+(u(ﬂ)v ij dj-i-v ’Y)A"r‘ (u(ﬂ)’ q, a)-i-v 7)7 (2195)

with Jus2
Fielw(®), 4. 01,7) = (32) S (u(@), 4.6 7). (2.1.96)

We can read off the junction condition for 9, AL, by considering
Us+e
0zA_ — 0z AL = lim D2A. (2.1.97)
€0 Jys—e

The right hand side of this equation vanishes if we choose

(ZZ) = w“sf%)]%&dw(l - 2657) (2.1.98)

Wi - f3
By an analogous computation as in (2.1.85) we obtain

2 (us, 4, @y, 265 A
= fm\/(usf%)m<1 - 7) auA+(u7 QaWJr)

B A (u, 4,00 )

o7 - @ f3 16 us
(2.1.99)
In the lightlike case w = ¢ this explicitly means

1
\/ U (us)us (\/ 1—u2— %(uzy/l — u2(53692 — 136807u? + 75735u? + 9216us1”

=l fmOuAy (0, @y)| = 0uA (@)

Usg Us

)
Us

(2.1.100)

- 9216u§’w2))'y) OuA s (u,y)

where we defined f), as

1
f=1/1—u? (1 — %(u§(53692 — 136807u? + 75735u’ + 9216u0* — 9216u§’w2))7>.

(2.1.101)
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Outside of the shell we have both ingoing and outgoing wave solutions, since the ge-

ometry there has no singularities, so that we write
Ay (u,q = w) = cindin(u, g = w) + Cout Aout (U, ¢ = w), (2.1.102)

whereas inside of the shell we only have ingoing modes. From the matching conditions

deduced above one obtains the following relation

Cout . f%A—auAin - AinauA—
Cin B f?iryLA—aquut - AoutauA—

(2.1.103)

At this point we can perform a non trivial check of our calculation. As explained in

the footnote (29) the ratio € has to vanish for us — 1. To verify this we solve the
equation of motion for A_ inside of the shell analytically. The solution inside of the

shell for general virtuality, expressed by wy =: w and Bessel functions Jy, Y7 is

(u,q,w)
( 1+ 1—657) c(us, q/w)u) + i (20(1 + %y) c(us, q/w)u))

(2.1.104)

with

(e, q/w) = (U(l - q2> (2.1.105)

us)us  w?

Inserting the solution above into (2.1.103) and taking the limit us — 1 actually gives
fout — 0 both in order O(7%) and O(y!) as expected.

Again we make use of the relation (1.4.43) between the current-current correlator
and the spectral density x. There is, however, the subtlety that not only the gravi-
tational propagator of A gets coupling corrections, but also the relation between said
propagator and the boundary correlator could be modified in the finite A case. Care-
fully inspecting the action for A and power counting in w shows that this is not the
case here, such that we can proceed with relation (1.4.14), were the only additional
~y-correction comes from the corrected temperature squared 72 = T¢(1 —265/8v). The

coupling corrected off-equilibrium spectral density is thus given by

N2T? 265 Oy Ay
U, Ug) = 1——~)1 , 2.1.1
K@) = 5= ()| (2:1.106)
with
I <Ag_> I <cco.ut8quut + 8uf41n) (2 1 107)
m(—- =Im Lt .
A+ u=0 CCO;: Aout + Ain u=0
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Figure 2.5: The function R, plotted for r, = 1.1 on the left side and r, = 1.01 on
the right side. In both pictures the solid red line represents the A = co limit, whereas
the dashed blue line shows the O(y!) corrected results at A = 300.

2
We compare the cases us = 1 and ugs = :—g with rs > 7, by calculating the quantity

X(@, us) = x(@,1) (2.1.108)
X

(@, 1)

Figures 2.5 demonstrate that even with the new EoM for transverse gauge fluc-
tuations including ~y-corrections, the results of [53] regarding the behaviour of the off-
equilibrium spectral densities didn’t change significantly, after incorporating all error
corrections. It is, however, questionable whether Fig. 2.5 demonstrates that top down
thermalization is actually turned into a bottom up pattern in the coupling corrected

case30

, as one might be drawn to speculate, considering that in the figures above the
high frequency and high energy modes seem to be further away from equilibrium than
those of intermediate energy. On the one hand the holographic dual of the collaps-
ing shell model might be too far removed from the actual process of a equilibrating
QGP. On the other hand it is unclear how much damage the assumption of a vanishing
radial velocity of the shell actually causes to the applicability of the results. Finally,

considering even higher order corrections in v might change the picture drastically.

2.1.4 A surprising observation

In section 2.1.2 we derived the higher derivative correction to the EoM of gauge fields
A;. Everything followed strictly from the ~y-corrected type IIb action. Now we will

try a different approach, which is calculationally much easier but not mathematically

30 As speculated in [53].
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well justified without further insight 3'. Surprisingly, however, it gives identical results
regarding the O(+)-corrections to the conductivity, the QNM, the photoemission rate,
etc. It should be noted that the vy-correction to the off-equilibrium spectral density, see
figure 2.5, differ from the actual results obtained in the previous section. This suggests
that this prescription might only be valid for in-equilibrium quantities, which can be
computed from the gravitational propagator (2.1.59). The motivation for the conjecture
that the procedure we are going to present is equivalent to the strict calculation was
to find an effective action, only for the metric, that does not require one to compute
higher derivative corrections to the Ramond-Ramond five form directly.

The prescription how to obtain an effective action only for the geometry in order
O(a%) was given in the introduction (1.5.6) and the proof followed in the discussion
below (1.5.7)-(1.5.10). However, there are good reasons to assume that this recipe is
simply wrong in order O(~+!): First of all the five form Fj looses its self duality in order
O(y'). The "doubling" of the contribution of the magnetic part in the action comes
from exactly there. Second and even worse, we now have further highly non-trivial
terms yW containing (1 + %) F5 and derivatives thereof. Therefore, it is not only highly
doubtful whether the prescription regarding the five form, which we are used to in order
O(7?), is still working. It is not even clear how exactly it should look like. Nonetheless,
one intuitive ansatz, which we tried and worked well, is the following:

Take the solution of the magnetic part of the five form obtained in order O(+)
and only consider its dependence on the metric components g"” and A,,. We will treat
also those A, and their derivatives on which F5 depends as free fields in the variation.
Insert the o/-corrected background metric given in (1.5.16). Choose the L(u)-prefactor

of the electric part of the five form in such a way that
dF" = d x FE = O(y?). (2.1.109)

Explicitly this means

4
mag\0 __
(F5")° = 44/det(gs, )dy1 A dya A dys A dys A dys + L)y \/| det(glo)|\/\ det(gs)|
(gi%g%‘gi’g g1 giodyr A dya A da A dya A dys + 910916 980 910" gicdyr A dya

A dys A dx A dys + 910916 910 916° 9i6dy1 A dya A dys A dys A da:)- (2.1.110)

31'We will give a proof of the validity of this procedure for a special case of a constant magnetic
background field in the following chapter 2.2.2.
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(Fre,

det(gs;) (sin(y1) cos(y1)90" gi0? du A dx A dya N dys A dys+

L(u)*
cos(y1)? sin(ys) cos(y2) 9132 g¥5¥ du A dx A dyr A dys A dys — sin(y1) ¥
cos(y1) sin(yz)? gio? gis du A dx A dya A dys A dys — cos(yr) sin(yr) x
cos(y2)?gt" 91" du A da A dya A dya A dys — cos(ya) sin(yz) cos(y1)* X
932 g0 du N dx A dyy A dys A dys) (20, Az (u,t, 2)) + O(Az(u, t, 2)?),
(2.1.111)
(F5" )i _ s
Tt —y/det(gs,) (sin(y1) cos(y1)gip? 91572 dt A dx A dys A dys A dys+
cos(yl) sin(yz) cos(y2) g1 g¥e" dt A dz A dyr A dys A dys — sin(yy) x
cos(y1) sin(y2) g%yl g%y“ dt A dx A dys A dys A dys — cos(y1) sin(y1) X
cos(y2)?g10" g5 dt A dx A dya A dys A dys — cos(ye) sin(y2) cos(y1)* x
geP2 gl dt AN dx A dyr A dys A dya) (20, Az (u, t, 2)) + O(Ag(u,t, 2)2)
(2.1.112)
(F5")1, _ YY1 _Y3Y3
Tt det(gs;) (sin(yr) cos(y1)90" gi5?? dz A dz A dya A dys A dya+

cos(y1)? sin(y2) cos(ya)g2¥2 1% dz A dx A dyy A dys A dys — sin(y1) x

)
cos(y1) sin(yz) g%yl gi5¥dz A dz A dys A dys A dys — cos(yr) sin(yr) x
)

Y1Y1  Ys5Ys 2

cos(yg) 91671 91077 dz N dx A dya A dys A dys — cos(yz) sin(y2) cos(yr
g2 g5 dz N dx A dyy A dys A dys) (20, A, (u,t, 2)) + O(Az(u,t, z)2)
(2.1.113)

X

and

Fmed = (F"9)° + (F5"*)p + (F5" )1 + (F5"*) - (2.1.114)

Here gs, denotes the metric of the five sphere, g1¢ the y-corrected metric of the entire
manifold (2.1.10) and g5 the «-corrected metric of the internal AdS space. Now replace
the F2-term in the action with two times (F™%9)2? and insert the O(+°)-solution of Fj
into the higher derivative term YW of the type IIB SUGRA action. The result will be

the new action for A,. Considering the prescription above we get together with

1

2 % 5!(F<’)mg)2 -

Fy 1Y (2.1.115)
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the following result for the part of the action depending on A,,, which doesn’t contain

higher derivative terms

/d%ﬁ( ()2 2 6>FWF”". (2.1.116)

2/{10 3L(u)

The term (3) comes from the curvature scalar Rjg. Again we only considered trans-
verse fields A,, respectively its Fourier transform (Ag)g, with ¥ = (w,q). The result
for the yW-part of the action given up to order O(A42) is

dk
(2m)"
(A (Au) - + Dy (An)k(As)—k + B (A)!(Ae)" . + FW(Am>z<Ax>'_k)

’Y /dmm/detglgW ~yvol 5’5)/

(Aw<Ax>’,;<Ax>_k + B (An)(As)

d'k
ity (2.1.117)

where the primes ’ stand for 9, and the functions Ay, By, Cw, Dw, Ew, Fyy are given
by

+ 0% = ’yvol(Sg,)/

4

Ay = g <41A2(1 —u?) - 172@2) (2.1.118)
2

By = g ( 803u + 1563u® — 216¢(1 — u?) — 72@2) (2.1.119)
4’(,64 A2 2 4 ~2 2 A2

Cw :79(1 — ) G°(167 — 416u” + 249u”) — 590° + 511u"w (2.1.120)

2 3
Dy :9(1—7uu2)2 ( — 904 u(1 — u?)? — &2(270 — 44102 + 99ut + 208ud?) + ¢

(1 —u?)(162 — 315u® + 153u* — 134u(3)2)> (2.1.121)
416
Ew = -~ ub(1 — u?)? (2.1.122)
20
Fy = 9“ (37 — 15012 + 113u ) (2.1.123)
We already used the definitions & = 5% = 52- + O(y ) and § = 545 = 2rh + O(vy)

here. Together with (2.1.116) equations (2.1.118)-(2.1.123) explicitly give the O(~)-
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Lagrangian for (A,)r up to second order in (A,)y .

1 (1 —v?) —@* oU 2 9 2 4 2 6
(A (A,) 1 1 2
L 2(( )k (Az) k( a(l —u?) +78(1—u2)( 0¢“u 97¢"u" + 207¢"u
5
— 13007 — 120052 + 274u"0%) ) + (Aa)j (Ae) (1 — ) (14 VE( — 260u%—
235ut + 553u6))> + L3, (2.1.124)

with @ = 5% and ¢ = 5.
h Th

In the next step we derive the y-corrected EoM for our gauge field (A4, ) by varying
the action with respect to (Az)r. We do not want to focus on boundary terms here but

merely on the resulting EoM for (A;),. This simple exercise gives

2(A2)k (G (u? — 1) + w?

T - 06?

(2.1.125)

2 (u? = 1) (Ap)f + du(A,) +
with

H((Az)k) =

m ((u2 —1)2 (u(Am)’k'(—8576cjzu5 + 128u3(674% + 2084%)

+ 1398243u® — 1740092u* + 459685u2 — 11700) 4 4(Ay);(—15008¢%u’
+ 160u>(674% + 2080?) + 401046u’ — 373722u* + 60325u> — 5850)+

13312(u? — Du(u(u? — 1) (A} + 4(5u® — 3)(Ax)§;’)> + 2(A,),(2880
Gt (u? — 1)? + 2u?(u? — 1)(21507u? — 31105u> — 4288uw? + 9598)+

26%(30085u® — 75057u* + 3328u3%? + 55359u* + 2925))) : (2.1.126)

Exploiting that we have

(A | (A (@ (4 = 1) +0?)
u? —

(Az)g + @ 1) W 1) = O(v) (2.1.127)

reduces (2.1.126) to
wy

T72(1— )
307369u — 11700) + 902 (5951u* — 9081u? + 2600)) — 10(u* — 1)?

~YH((A)g) <(Ax)k(—27648q4u3(u2 — 1) + ¢%(370501u° — 666170u’+

(—17600G%u> + 8493u* — 19450u” + 2340)(/11,);) +0(?).  (2.1.128)
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To simplify this further we define

—7040¢%u® 4 2831uS — 9725u* + 2340u> 1
E(u):{w( 7040¢%u® + 2831u® — 9725u* + 23 0u)+ ’ (2.1.129)
288+v/1 — u? V1—u2

so that with
U= (A)r/2(u) (2.1.130)

we end up with the following EoM

u—@*(1—u?)+o* v
u(l —u?)? 144u(1 — u?)

56331u? + 11700u? + 4770) 4 297255u" — 698575u° + 53559ut@? + 326850u>

0=0"+ x11< ( — 276484 + ¢2(—157499u5+

— 28170u%%* — 11700u — 4770@2», (2.1.131)

where we already used the v corrected relation between the temperature and rp,

205 ) (2.1.132)

TR = 7TT(1 — Efy
From this differential equation one obtains identical y-corrections for the conductivity,
the photoemission rate and the QNM spectrum for all values of § considered. We want
to highlight that this is quite likely not a coincidence. On the one hand this coupling
corrected differential equation (2.1.131) should be taken with a grain of salt, since unlike
(2.1.55) and (2.1.56) it doesn’t follow mathematically, but by intuitively extending a
calculational prescription into a regime, where it is not fully understood, why it should
hold. On the other hand, since especially the coupling corrections to the QNM are
identical in both our calculations, one could argue that it isn’t a surprise that other
quantities coincide with what we found previously. This is because the QNM govern
huge parts of the behaviour of our system, especially when it is approaching thermal

equilibrium.

2.1.5 Concluding Remarks

In this chapter we derived the finite coupling corrected EoM for gauge fields in AdS/CFT.
It turned out that the finite A corrections to several observables including QNM spec-
tra, the conductivity, the photoemission rate and spectral functions in various settings
are of the same order of magnitude as the analogous ones found in the spin 2 channel,
which include shear QNMs and the shear viscosity (see table 2.1). The signs of the
higher derivative correction terms to the photoemission rate in the limit of small and
the limit of large frequency we found to fit to the expectations from weak coupling
[23]. In addition we gave an alternative derivation of the coupling corrections to the

aforementioned quantities presented in section 2.1.4. Interestingly we also found that
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Quantity O(H) O(v1) Reference
s(3m?N2T3)! 1 15~ [54]
n(gTN2T3)~! 1 135 [52]

4mn/s 1 120 [52]
o (tapmuN?T)7! 1 125~ This work
wihear (g = 0) (2nT) ™ | 2.585 — 2.382i | (1.029 4 0.9574) 10% [17]
wiM(q = 0) (2nT) ! 2—2i (4.896 4+ 0.49514) 103y | This work

Table 2.1: A collection of results for the zeroth and first order terms in the expansion of
various thermal observables in powers of v = %C (3)A=3/2. Results are shown for the entropy
density s, shear viscosity 7, viscosity to entropy density ratio n/s, electrical conductivity o
and the second quasinormal mode frequencies, wi™ and w§"® | at zero wave vector, for the
electromagnetic current and shear channel of the stress-energy correlator, respectively.

the term in the EoM for coupling corrected gauge fields (2.1.55) governing the high
energy behaviour (so the term proportional to ¢*), whose existence is crucial for the
right behaviour of the photoemission rate in this limit is precisely the same as in the

spin-2 channel, if we normalize the EoM there in an analogous way.

2.2 Higher derivative corrected magnetic black branes

In this chapter we are going to present a way to tackle the challenging task of comput-
ing higher derivative corrections to the magnetic black brane geometry and to tensor
QNMs in a coupling corrected magnetic black brane background. The difficulty of this
calculation is twofold: On the one hand there exists only a numerical solution to the
O(a’®) metric for an AdS-black hole geometry with back reaction of a strong magnetic
field. On the other hand the higher derivative correction terms (5.1.2) will now all
contribute to the EoMs of the metric, the five form and fluctuations around the equi-
librium solution, which we are going to consider afterwards. To our best knowledge,
this is the first calculation, in which coupling corrections to a metric with back reaction
of an additional field were determined.

Within a formalism that helps to describe QGPs far from equilibrium a natural
aspect that can be analyzed is how and how fast such a system equilibrates. At late
times this question breaks down to the analysis of QNM (see 1.4.2), fluctuations around
the equilibrium state.

The aim of this calculation is to study how finite 't Hooft coupling corrections affect
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the equilibration behaviour of a quark gluon plasma in a strong magnetic background
field, as produced for a very short time during heavy ion collision. We achieve this by
searching for QNM frequencies at finite 't Hooft coupling. The propagator of the modes
hzy, we are interested in, is dual to the two-point function of the xy component of the
boundary stress energy tensor. The numerical analysis gave a well converging result
for the lowest o/-corrected QNM frequency, which is the most interesting regarding the
equilibration of a QGP in a strong background field.

On the other hand this analysis also has a more abstract application: So far, we
don’t have a satisfying dual theory, that describes QCD. The most prominent AdS/CFT
duality allows us to non-perturbatively compute quantities in a conformal field theory,
with N — oo and A = ¢g3;N — co. Whereas QCD has a finite coupling, a finite N = 3
and is not conformally invariant. The calculation presented in this section is, as far as
we know, the first of its kind, which simultaneously breaks conformal invariance and
the infinite coupling limit of the dual field theory.

In the limit A — oo the holographic description of a QGP in a magnetic background
field was realized in [13] by considering a Einstein-Maxwell-Chern-Simons theory. That
this setting describes the physical properties of the real SU(3) QGP in equilibrium at
least qualitatively was shown in [21]. In this work we will convince ourselves that the
ansatz chosen in [13] can be derived from a specific solution to SUGRA living in 10 di-

mensions. This allows us to determine '3

-corrections first to the metric of a magnetic
black brane, where the magnetic background field back-reacts on the geometry, and
afterwards to QNM fluctuations around this specific solution. We are going to give a
mathematical proof of a prescription, which was found in [18], to handle higher deriva-
tive corrections to the five form F5 in the presence of gauge fields for the specific case of
a constant background field. The higher derivative corrections to the QNM frequencies

and the metric will be computed numerically using pseudo-spectral methods.

2.2.1 Reviewing magnetic black branes in the infinite coupling limit

Let us warm up with reviewing the calculations and results of the infinite coupling
case. However, we are going to present the computations in a way that makes it more
intuitive to extend them to finite A. The action in five dimensions, which is the starting

point of the A = oo calculations here reads
1
S=5- /d% —g5[(R5 — 2A) — F,, F*™], (2.2.1)
K

where Kk = ﬁ with Newton constant G, A = —6, g5 is the determinant of the
5-dimensional metric and F),, = 9,4, — 0, A, for a gauge field A,. The five sphere
metric components depend on the radial coordinate of the AdS-space, if we consider

o' corrections. This will stay true, when we include a strong magnetic background
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field with back-reaction on the geometry. Therefore it is advisable to return to the
10-dimensional type IIB SUGRA action (1.2.11), from which (2.2.1) can be derived via
a Kaluza-Klein reduction by integrating out the five sphere coordinates. The metric
ansatz including a constant magnetic background field with field strength tensor I, =

br}% = —F),, has the familiar form

2 —=A,dz")?), (2.2.2)

3
dSIO - dSAdS + L 2 Z dlu’z + :U"L dd)l
i=1 \/g

dshys = — raU(w)dt? + U(u)du® + rie®” W (da? + dy?) + e Wd?, - (2.2.3)

with A, = rizb, A, = 0 for other directions and u = :—’25 The five-sphere S5 is described
by the metric (1.5.15). The functions u; and angles ¢; are given in (1.5.13, 1.5.14).
We have chosen the zy-direction of the field strength tensor to be 72b, such that b
coincides with the corresponding magnetic field strength parameter chosen in [13]. As
we are already used to by now, we are going to set r;, = 1, which again corresponds to
a rescaling of the coordinates. Reintroducing r; in the final differential equations for
e.g. tensor modes by § — & = W and 4 5 (= ﬁ, where w and ¢ are the frequency
and the momentum of the mode, corresponds to a rescaling to get the original form of
the metric (2.2.3), (2.2.2). The relation between b and the physical magnetic field is
given by ,

B = o (2.2.4)
where the constant v can be computed from the near boundary metric.

The self dual solution to the EoMs for the five form components (1.5.5) is

(F) = _L(4u)5€AdS, (F)* = fi( 72 Zd () A de; A%y, (2.2.5)
Fs = (14 #)((F)" + (F3)), (2.2.6)

with F5 = dA and * is the Hodge dual with respect to the internal AdS space. As
before we call F¢! the electric part of the five form and its Hodge dual Fi** = xF¢!
the magnetic part.? In the A = co case the action (2.2. 1) is the result of this setup
in 10 dimensions with L(u) = 1. The factors L(u’) and L( j in front of the first and

second term in (2.2.5) were not omitted, since later on we will need an expression for

32 Admittedly this is a misleading notation, since both the electric part and the magnetic part of the
five form depend on the magnetic background field. We use this nomenclature to be consistent with
the literature.
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F5 for which
dF™Y9 = dx F =0 (2.2.7)

for arbitrary L(u) and (2.2.5) does the job. The Einstein equations, or equivalently
the differential equations obtained by varying the action, obtained from a Kaluza-Klein
reduction with ansitze (2.2.2, 2.2.5, 2.2.6), with respect to U, U, W, L and V are given
in the Appendix 5.4 where we already inserted (2.2.9) after the variation. The ansatz

to solve these can be written as

Ulu) = up + uy (1 —u) +ug(1 —u)? + ... (2.2.8)
0 (u) = 4U31U(u) (2.2.9)
V(u)=vo+v1(1—u)+va(l —u)?+... (2.2.10)
W(u) = wo +wi (1 —u) +wa(l —u)+... (2.2.11)
L(u) =lo+11(1 —u) +la(1 —u)®+.... (2.2.12)

As said above we have for A = oo that L(u) = 1 is a solution to the Einstein equations,
at which the form of the solution below (2.2.16) already hints. Furthermore we use the
freedom to set ug = 0, in order to obtain a blackening factor and set vy = wy = 0,
which can be achieved by rescaling. The constant wu; is linked to the temperature of
the system. In practical calculations we can set u; = 2 to give a Schwarzschild black
hole for b — 0, which together with our metric ansatz (2.2.3) links the temperature
to the horizon radius 7. Solving this system of differential equations near the horizon

gives in the lowest order®?

—b21§% — 46213 — 918 uy + 3015 — 24

g = o (2.2.13)
B2 4 21— G
b5 — 6
I —b21§? + b21§ — 3015 + 30 (2.2.16)
e 3019w, -

The next order term in this expansion is given in the Appendix 5.5.

Setting [y = 1 gives the same expansion as in [13], with {; = 0 for all i > 0. What
we are after is a solution in order O(4°) with minimal error on a sufficiently large
u-interval [, k] C [0,1]. The solution for the geometry in order O(7°) is obtained by

an expansion around the horizon to high order after a near-boundary expansion to low

33for U in the second order, since the first corresponds to the (rescaled) temperature.
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order. After setting b = %, which corresponds to a physical strong background field of

B = 34.4555T? in the limit A — oo 34, and introducing the more convenient functions

Uu) = HuzUO(“) (2.2.17)
0 u

V(u) = ;log(vé )) (2.2.18)
0 u

W (u) = ;log(Wu( )\ (2.2.19)

L(u) =1 (2.2.20)

U ! (2.2.21)

(u) = 43U (u)

we expand U%(u), VO(u) and WO(u) in (1 — u) and solve the resulting equations order
by order up to order®> 260 in (1 — u).

2.2.2 A helpful prescription and its mathematical proof

In this section we claim and proof the validity of the prescription found in section 2.1.4
for the special case we are considering in this section. This will facilitate our calculation
noticeably. Again the aim is to end up with an effective higher derivative corrected
action only for the geometry. Explicitly the theorem states:

Solve the equation of motion for Fy in the lowest order in ¢ for a strong background
field, such that it depends on the metric components of the ansatz?® made in (2.2.2,
2.2.3) and choose the L(u)-factor of the components of the electric part of the five form
in such a way that

dF™9 = dx F = 0 + O(r*3) = dF*. (2.2.22)

Now replace the F2 term in the action with 2 times (F™%)? and insert Fy as given in
(2.2.5, 2.2.6), which depends on metric components (that still have to be determined)
into the higher derivative part of the action. The resulting action only depends on the
absolute value of the z-component of the magnetic background field b and the metric,
whose solution in order O(v) will be determined by solving the system of differential

equations obtained by varying this effective action with respect to g"”.

34The relation between b and B deduced from the trace anomaly of the stress energy tensor might get
finite coupling corrections, too. Since our focus is on how QNMs behave for large magnetic background
fields, without the need to prioritize a precise value for B, we will carry out the calculation including
coupling corrections also with the choice b = %, while stressing that this only approximately corresponds
to the A — oo result B ~ 34.5T2.

35There was no dire need to compute the geometry up to this order. However, since it is relatively
easy to compute it in order (9(0/0)7 we included as many orders as possible, to not waste precision
unnecessarily.

36Those are general unkown functions at this point, which we later on (after solving their EoM) allow
to be of order O(v).
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We justify this statement with the following proof, where we work with the metric
ansatz given in (2.2.2), (2.2.3).

Lemma 2.2.1. In order O(2°) the magnetic parts of the five form don’t get any ~-
corrections, except for those coming from the finite A correction to the metric. The
non-trivial higher derivative corrections to the electric parts of Fy (i.e. the finite A
terms, which are not caused by corrections to the metric, the O(1°) solution of Fj

depends on), are given by the respective directions of

\/2;9 (‘;?;), (2.2.23)

proof. Let us first focus on the tuzys-component of Cy. In order O(z°) the diagram

describing the system of differential equations, derived from (2.1.11), is given by

(C)tuzys (d * F5 ) uzyyoyays (2.2.24)
X /
* d
(FS)tuzy1y3 — (*F5)xyy2y4y5 — (d* F5>wyy1y2y4y5
/
* d
(F5)tuzzys — ($F5)yyryovays — (& * F5)uyyyoyays

where the right hand side has to be equal to the corresponding directions of

d+ (;;ng‘;) (2.2.25)

In order O(x") there are no other contributions from Cy to the right hand side of the
diagram. From diagram (2.2.24) we can derive that up to terms, which are independent

of u, the following equations hold

2y (oW ~
(F5)tuzyrys = /g (6F5> + (F5)tuzyrys + O(zh), (2.2.26)
tuzy1ys
2y (oW -
<F5)tuxzy3 = \/jg (51;5) + (F5)tuzzy3 + O(xl)a (2-2-27)
turzys

where F5 describes the five form solution, depending on arbitrary metric components,
shown in (2.2.5) and (2.2.6). Notice that we already used relation (2.2.22) (where Fj
corresponds to Fy there) when deducing the solutions (2.2.5) and (2.2.6). The terms,
which result into u-independent terms, when taking the Hodge dual and could be added
to equation (2.2.26) and (2.2.27), if they don’t corrupt the diagram dual to (2.1), can
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be gauged away, since they have the same u, y;-dependence as the Fy in the lowest
order in o’ and thus correspond to different choices of b. Since we choose b to have no
coupling corrections, these terms vanish. Very similar calculations provide analogous

relations for the
tuzy1ys, tuzy1ys, tuzyoys, tuzysys, turzys, turzys, turzys — (2.2.28)

directions of the five form. Considering now equation (2.1.11) proves this lemma for
those directions of the five form, which in the A\ = co limit are of order O(b') or higher.
The analogous diagram for the txyz direction of the four form Cy is even easier and
gives results analogous to (2.2.26), such that Lemma 2.2.1 follows by again applying
relation (2.1.11). O

Lemma 2.2.2. The magnetic parts of the five form components in (2.2.5, 2.2.6) with
arbitrary L(u), with lower indices and the electric parts of the five form components in
(2.2.5, 2.2.6) with arbitrary L(u), with upper indices times \/—g are independent of .

proof. This claim follows by carefully inspecting the magnetic part Fz'* = xF¢ of Fj
given in (2.2.5, 2.2.6) and by using the self duality of this five form. O

comment 2.2.3. The magnetic parts of the five form components in (2.2.5, 2.2.6) with
arbitrary L(u), with lower indices and the electric parts of the five form components
in (2.2.5, 2.2.6) with arbitrary L(u), with upper indices times \/—g are actually inde-
pendent of the AdS-part of the metric and independent of L(u) if we choose the L(u)
factor of the magnetic part of the five form so that (2.2.22) holds.

Lemma 2.2.4. For any five form, which doesn’t depend on derivatives of a metric
component X € {guw}uwe(i,... 10y, we have
aau(FE))abcde a(FE))abcde

T oy (2.2.29)

for all directions abcde.

proof. Let {X;}ier be equal to the set {g,u} e, 10y and let Xo = X. Then we have

8au(£15)abcde _ 0 8(-FS)abcdea X, — 0 8(F5)abcdea Xp — a(FS)abcde
90, X 00, X  0X; U7 00,X 09X, 0 ox
(2.2.30)
where we made use of the sum convention. O
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Lemma 2.2.5. For any direction abcde of F5 and any metric component X corre-

sponding to the internal AdSs-space or L(u) we have that

ow 6(F5)abcde + ow 88u(F’E))abcde . i < ow aau(l'?‘f))abcde>
8(F5)abcde 0X aau (FS)abcde 0X du aau(Fl’))abcde 8auX
(2.2.31)
s equal to 5 5 o(F)
4% d w F5)abede
(8(F5)abcde du aau(FS)abcde) 0X ' (2‘2'32)
proof. The claim follows immediately with Lemma 2.2.4. O

Theorem 2.2.6. The prescription given in the introduction of this section is valid.

proof. Due to Lemma 2.2.1 and due to the fact that the effective action for the metric
is not allowed to depend on x, because of gauge invariance, the theorem 2.2.6 holds, if
we can show that for any given direction abcde, for which the electric part of the five

form F5 is non-zero, the expression given by —v(2.2.31)|4-4 is the same as

0 V9 < ( oW d )4% ) > aa bb _cc _dd ee
<8X 7 \/TQ JaaBbbBccPddBee 8(F5)abcde du 8ua(F5)abcde . 9 99 9 g
(Flasclo))|  +002) (2.2.33)

g—8

for X € {gNV}MVE{l,...,l(J} and g being the solution for the metric with back-reaction and
without higher derivative corrections. The claim now follows immediately by applying

Lemma 2.2.5 and Lemma 2.2.1, since comment 2.2.3 implies

(Oxv/=99"" 9" 9% ¢°°) ((FE" apede )

(V=99""9" 99" g°) ((Ox FE") abede ) e
(2.2.34)
O

g—9

We also can extend the prescription to include tensor fluctuations. Similar to
the case b = 0 the tensor fluctuations hg, of the back-reacted and coupling corrected
geometry don’t change the higher derivative corrected solutions of the five form in a
non-trivial way. This means the only way the fluctuations h,, perturb the five form is
via the AdS-Hodge-dual * in (2.2.5, 2.2.6). We now show that the prescription given

at the beginning of this section can be extended to also include metric fluctuations
ds10 + haydrdy (2.2.35)

and their treatment.

Lemma 2.2.7. The magnetic part of (2.2.5, 2.2.6) with lower indices and the electric
part with upper indices times /—g don’t depend on hg,.
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proof. Since

0
TT YY _ (4TY\2) —
ahxy!g\(g 9" —(9™)?) =0 (2.2.36)

the Lemma follows immediately. O

The proof of the validity of the extension of the prescription is now entirely anal-

ogous to the one presented for theorem 2.2.6.

2.2.3 An alternative method to compute higher derivative corrections to
the AdS-Schwarzschild black hole geometry

In this chapter we present a way to compute higher derivative corrections to the AdS-
Schwarzschild black hole solution, i.e. for b = 0. We start from the action (1.5.20)
and the EoM for the metric derived from there. In contrast to section 1.5 we are going
to determine the metric numerically and restrict ourselves to solutions on intervals
u = % € [l,k] C [0,1], where [ and k have to be chosen sufficiently close to 0 and
1. The motivation for the method, we discuss in this section, is that it can be rather
easily generalized to the case of a non-vanishing background field with back-reaction
on the geometry. In that case we cannot hope to be able to determine the higher
derivative corrections to the metric analytically. Even a near boundary and a near
horizon analysis of the higher derivative correction terms to the differential equations
of the metric with back-reaction of a strong magnetic background field turns out to
be extremely difficult. We justify the computational strategy we are going to apply
to determine these corrections to the metric numerically by performing an analogous
calculation in the case b = 0 and show that it gives the same results with small numerical

errors as the analytic solutions first derived in [5].

Our metric ansatz is of the form (2.2.2), (2.2.3), with V(u) = W (u). The differen-
tial equations are obtained by varying the action (1.2.11) plus (1.2.12) with respect to
the functions L(u), V(u), U(u) and U (u).

Let now [ L10 be the action defined in (1.2.11) with F¢! = ——L(‘;)s €aqs- In addition
we set
Lo = y/Ig10 [04 +CT+C*T*+ 0T+ T, (2.2.37)

where the contributions of the T-tensors to the EoM vanish in the case of absent

background fields b = 0. We have to solve the differential equations

(8 d 0 0
0

X(u)  dudX'(w) " du? 8X”(u)> (L1o+7£55) =0, (2.2.38)
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with X (u) € {V(u) = W(u),U(u),U(u), L(u)} and choose the ansitze
X(u) = XOu) + X" (u). (2.2.39)

Only the X°(u) parts are entering the terms

o d o0 & b
w o _° “ w
L1 (X) = <8X(u) X' () " da? aX//(u)>7510’ (2:240)

if we want to calculate the coupling corrections up to order O(7). From the expansion

around the horizon and up to order O() of

0 d 0 d? 0 )
10

Lo(X) := <8X(u) " da X + A2 X7 () L (2.2.41)

we can see that LY (X) is regular at the horizon for X (u) € {U(u), V (u), L(u)}, whereas
for X (u) = U(u) it has a pole of first order at u = 1.37 In the following our aim is to
determine L%(X ). We apply spectral methods. The strategy will be to determine

8X7(u)£10’ OTI(U)[’IO and mﬁlo (2242)

on the rescaled Gauss-Lobatto grid for the u-coordinate

l+k 1—k ™
_—t — — 2.24
2 + 2 cos <M)ne{0,...,M} ( 3)
with [ = 0.1 and k& = 0.99, such that for u € [[, k] we have
2u I+ k

This can be done without further ado both in the cases b = 0 and b = %, since we
already determined the functions U°(u), U°(u), VO(u), WO(u) numerically in section
2.2.1, in such a way, that the numerical error is negligible on the interval [I, k] on which
we have defined our Gauss-Lobatto grid (2.2.43). Since we consider the case b = 0 in
this section we perform this calculation with U°(u), U%(u), VO(u), WO(u) chosen such

that (2.2.3) is the Schwarzschild black hole metric. The higher derivative corrections

3"Finite coupling corrections don’t cause additional poles in the metric.
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will be determined by expanding the ansétze in the following way

U(u) =U0(u)er™ Lol el (wu=y) (2.2.45)
O (u) =00 (u)em™ Titgal e (wu-y) (2.2.46)
L(u) =L0(u)e"e" Litoai el (au=y) (2.2.47)
V(u) =W (u) = VO(u), (2.2.48)
r=;Zandy= gjli 38 ¢M denotes the i-th cardinal function on the grid {— cos(3%)}
and a?’M, aiL’M, aiU’M are the respective expansion coefficients. The determination of

the constants d; and dg will be discussed below. The last equation (2.2.48) follows from

the invariance of the metric ansatz under transformations of the form
u — u(a) (2.2.49)

to a new radial coordinate @, so that we set ay’M = 0. Let P7 be the projection on the

first order expansion coefficient in v of a function f, so P7f = % fly—0, then we have
for each X ¢ {V,U, L, U} This can be written as a matrix equation of the form

A-v=yx, (2.2.51)
where for j € {0,1,2}, m € {1,..., M + 1} and (X, X1, X2) = (L,U,U)

Apevpma = PP (L1o(Xg) |y, seostrim=nin (2.2.52)

is a real 3(M + 1) x 3(M + 1)-matrix. The vector v is given by

X;,M
Vj(MA1)+m = G’ (2.2.53)
and finally the 3(M + 1)-vector x is
X1 em = = (Lo (X))l px - xo0 )}XG{W,V,L,U,U}H{U_)M}- (2.2.54)

The resulting system of equations can be solved easily. We can perform a non trivial
test of our calculation with the help of the observation that the equation obtained by
inserting X = V in (2.2.50) has to be fulfilled by the found solution of (2.2.52). Our

calculation passed this test to quite good accuracy. The near boundary behaviour of

38Here x and y are simple parameters, not to be confused with spatial coordinates.
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Figure 2.6: Relative error between the analytic solution and the numerical solution R
(left) and Ry (right) as defined in (2.2.55), obtained by calculating on a Gauss-Lobatto
grid on the interval [l, k], with the choice d; =1, da = 0,1 =0.1 and k = 0.99.

the higher derivative corrections to the metric in (2.2.45)-(2.2.48) is encoded in the still
undetermined exponents d; and ds. When solving these differential equations analyt-
ically we chose a specific expansion ansatz to obtain the higher derivative corrected
EoM for the metric. One can show that the only undetermined expansion coefficient
can be absorbed by a rescaling of the time coordinate.

By rescaling and by the requirement that the metric on the boundary should be
conformally equivalent to the Minkowski metric, one can already reach 0 < dy and
1 < d;. The explicit form of (2.2.45)-(2.2.48) with da = 4 = 2d; follows from a near
boundary analysis of the higher derivative corrected Einstein equations. However, we
won’t make use of this analysis and start the calculation naively with do = 0, d; = 1,
since this will also be the strategy in the case b # 0. Solving the system of equations
for the expansion coefficients {a;&M}ie{O,...,M},Xe{U,UL} on the Gauss-Lobatto grid on

[l, k] gives results, whose relative errors

Xnumerical _ Xanalytical
2l 0i

Rx = X’E;nalytical (2.2.55)

are displayed in Figure 2.6 for M = 25 and for the first order « corrections to the
functions U and U.

The error for U and U are both of order 1077, the relative error for L has a
maximal value of ~ 0.00066. The solution to the problem of how to improve the
numerical precision in a way that can be extended to the b # 0 case lies in the following
observation:

If we choose the interval to be [, k], with k& = 0.99 as before and [ sufficiently
large we have to reach a point, where the determinant of the system of equations for

the expansion coefficients of the higher derivative corrections to the metric tends to
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zero. This is because we thereby admit solutions, which are divergent at the boundary
and whose suppression was achieved by choosing [ sufficiently small. The same logic
applies to the choice of d; and ds in (2.2.45)-(2.2.48). For a choice of d; and dy, which
is sufficiently far away from the actual near boundary behaviour, the determinant of
A in (2.2.52) decreases. We can implicitly determine the near boundary behaviour by

minimizing the function
min({((A’l)"“mmC“lA — Ism+33043) a0 € {1, 3M + 3}}) (2.2.56)

where (A~1)numerical s the numerically determined inverse of the matrix in (2.2.52),
keeping M, [, k fixed and only varying d; and do. This actually gives dy = 2 = %2. The
maximal absolute value of the relative error, which again appears for Ry = Ry, is now
7.3 x 1077,

2.2.4 Higher derivative corrections to the magnetic black brane metric

In this chapter we are going to apply techniques derived in section 2.2.3 to determine
an approximation of higher derivative corrections to the metric computed in section
2.2.1. First of all we have to use the theorem derived in section 2.2.2. We apply the
prescription from there to simplify our calculation. Following this theorem we define
the five form Fj in the following way: We start with the electric part of the five form,
that does not depend on b, and its Hodge dual. For those we get

(Fg:l)O - _L(i)f’ | det(gs)|dt A du Adx Ady A dz
e 4
(B2 = 4/ det(gs )dyr A dya A dys A dya A dys + T VI det(gio)ly/| det(gs)|

(9%9%‘9%95’3‘“’9% dyy A dyz A dy A dys A dys + 910956 915 918" 9T5dyr A dya
Adys A dy N dys + 910915 956 9107 gigdyr A dyz A dys A dya A dy>. (2.2.57)

The electric components of the five form including the gauge field A, = bx is explicitly

given by

2b )
(F;l)1 = V3L \/1det(gs)|gE% g2 (sin(y1) cos(yr)dt A du A dz A dyr A dys+

cos(y1)? sin(yz) cos(y2)dt A du A dz A dys A dyy — cos(y1) sin(y ) sin(yo)>dt

AduAdz A dyy A dyg — cos(y1) sin(yy) cos(yo)2dt A du A dz A dyy A dys
— cos(y2) sin(yz) cos(y1)2dt A du A dz A dya A dys), (2.2.58)
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while its Hodge dual simplifies to

. 2b . .
“((Fh) = g L)/ det(gs;) (sin(yn) cos(ya)gfs" (916" —sin(y2)"gis"

cos(yl)Qg?fgy:”)dm Ady A dya A dys A dyy + cos(y1)? sin(yz) cos(ya) X
g2 (g1 — gi5¥)da A dy A dyy A dys A dys — sin(yr) cos(y1) gl

(sin(y2)2g1a"" — g13¥" + g{5¥" cos(y2)?)dz A dy A dya A dys A dys—

cos(y1) sin(y1)gie”" (cos(y2)g13"® — g¥3% + g{d" sin(y2)?)dz A dy A dy»

A dya A dys — cos(y2) sin(y2) 915" (915" cos(y1)? + sin(y1)?g45" ) d A dy
A dyy A dys A dys — sin(yz) cos(ya) cos(y1)?g13" (915" — 915" )da A dy
Adyr A dys A dys). (2.2.59)

Here g19 stands for the general metric ansatz chosen in (2.2.2), (2.2.3), g5 is the metric
of the internal AdS space and gg, is the metric of the five sphere . The part of the five
form entering ,
—g(Fmag

e 2o
of the effective action for the metric components derived in Theorem 2.2.2 is (F5)™* =
#((FEHO + (FEHY). The part of the 5-form F'+, which enters the T-tensor in (1.2.15), is
given by F* = (14 %) ((FE&)° + (FE)). We define £}}] as in (2.2.37). Since we consider
a strong background field, it can therefore not be treated perturbatively. Each part of
the higher derivative terms, given in (5.1.2), will contribute to the EoM for the metric
components. Knowing the solution for the metric in order O(~°) and for b = 2 on the

interval u € [I, k] allows us to compute 3°

9 .w 9 .w 9 w

mﬁlo, mﬁlo and mﬁlo (2261)

for X € {U, U,w,v, L} on said grid. This very tedious calculation can be abbreviated
by the observation that the final result will only depend on y; and y» via the square
root of the absolute value of the determinant of the metric.

We define L9 to be (1.2.11) with F2 being replaced by

2((F5)™9)* = 2( x (F5))’ (2.2.62)

given in (2.2.57) and (2.2.59). As before we consider the system of differential equations
(2.2.38). The ansatz for U, U, L, W and V is the same as in (2.2.45)-(2.2.48) with

39When we compute the variation, we are allowed to assume that the metric components abbreviated

with X € {L,U, U,w, V'} do not depend on z, since terms of the form %L’%, aa%xﬁ% must vanish,

exactly as in the case O(7°). Otherwise the EoM for the gauge field A, = bz would get mass terms.
In addition Ay = bx is also a solution to the higher derivative corrected EoM for gauge fields.
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the difference that V' #= W, due to the symmetry breaking of the magnetic field in
z-direction. The argument, why we could choose the higher derivative corrections to
W =V in the case b = 0 to vanish, can now be only applied to either W or V. Without

loss of generality we set

M aX,M M

X (1) = XO(u)er™ Lizo® e (wuy) (2.2.63)

for X € {U,U,W,V, L} and (llV’M = 0 henceforth. We again write (2.2.38) as a (4M +
4) x (4M + 4) matrix equation A -v = x, where A, v and x are defined analogously
to section 2.2.3. We test our result by making sure that the EoM obtained by varying
with respect to V is fulfilled by the solution to this system. Our calculation passed this
test to very good accuracy.

The requirement that the metric induced on the boundary is the Minkowski metric
gives dx > 0 for X € {U, U, W}. With an analogous procedure as in section 2.2.3 we
obtain that d;, > 1. We determine the solution for several values of [, M € {mq,...,ma}
and for different values for k in the vicinity of 1° to ensure that the numerical error
we make, due to the fact that we cannot choose the interval [, k| arbitrarily close
to [0,1]*!, doesn’t cause unacceptably large errors in the following calculations. We
apply the prescription for the temperature of the boundary field theory derived in the
introduction and explicitly given in equation (1.4.28). For a background field parameter
b= % this leads to a correction factor of
v, d

T+7T7:T<1+

5 (@(U(U) - ﬁ(u))lwo,uﬂ)) ~T(147294.9).  (2.2.64)

In Figure 2.7 we computed the deviation from the average value of the a/3-correction

T7 to the temperature

1 & |TY(M, 1) —T7
ATV(l) = 1 > 7M. 1) |, (2.2.65)
mo — mq + M=, T
where T7 is the average over all considered configurations M € {my,...,ma} and

[ € [1,1.05,...,1.4], m; was chosen to be 10, mg was chosen to be 23, k was kept
fixed at k = 0.99. The maximal relative difference between two results for the coupling
corrected temperature corresponding to the various choices for M and [ is

Ty T

ST™x .— Tmax__Tmin _ () 00565, (2.2.66)
T

“Divergences of several terms in the non-simplified version of (2.2.61), which cancel analytically, if
we would expand them around the horizon, but not numerically due to finite machine precision, make
it also impossible to choose k = 1.

41This would require an explicit, analytic near boundary analysis of (2.2.61), which is rather hopeless.
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Figure 2.7: On the left the relative estimated error of the + correction to the tem-
perature averaged over M is plotted for different values of the interval boundary . On
the right hand side the function 677 (1) defined in (2.2.67) is shown.

where both the minimal and the maximal value for T are taken in the case [ = 0.14,
the maximal /-value of our analysis. Finally let us consider the function
Ty - T

6T(1) : max(l)Tv min(!) : (2.2.67)

where T /min(l) is the maximal/minimal value for 77 we obtained for a certain .
The results are displayed in Figure 2.7. Both plots in this figure suggest that the error
regarding the higher derivative correction to the temperature computed in the case
I = 0.1 and k = 0.99 is small*?. This is also reflected more in Figure 2.8, where we
display the results for the correction factor to the temperature obtained by calculations
on intervals [0.1, k], we extrapolated the resulting coupling corrections to the metric to

u=1.

42Roughly of order 1072 for a correction term that is of order 103.
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Figure 2.8: The higher derivative correction 77 for to the temperature, computed
on intervals [0.1, k] for different values of M (shown in a smoothed plot). The solid
blue line shows the results for £k = 0.975, the dashed red line corresponds k = 0.98,
the dotted black line corresponds to k£ = 0.985 and the solid green line corresponds to
k = 0.99. The metric was extrapolated to u = 1.

2.2.5 Approximating higher derivative corrections to tensor QNMs of a
Schwarzschild black hole

We prepare the following sections by first considering fluctuations of the metric of
a coupling corrected AdS-Schwarzschild black hole. These fluctuation, introduced as
quasinormal modes in section 1.4.2, are tiny perturbations of the geometry, that are
dual to quasiparticles on the field theory side and encode the response of the system to
excitations around the equilibrium. We will consider tensor, or spin-2-fluctuations hg,,
with momentum in z direction. At first we are going to approximate higher derivative
corrections to these tensor QNMs without considering background magnetic fields. In
complete analogy to the previous two subsections, we present a method that can be
easily extended to the case b # 0 and check that the results obtained for b = 0 coincide
with those in the literature. We consider the linearized differential equations obtained
by varying the higher derivative corrected action with respect to fluctuations hg,dxdy
of the background geometry. These EoM were first derived in [25] and are given in the
Appendix (5.6.1). The characteristic exponents of the differential equation (5.6.1) are
given by j:%, such that*3

h=(1-u)"%u) (2.2.68)
where ¢(u) is regular at the horizon and the exponent of (1 — u)f% was chosen to cor-

respond to infalling wave solutions. There is an ambiguity regarding the normalization

3We set hay = h here and henceforth.
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convention of QNM frequencies in the literature. Here & is defined as @ = 5= to be
consistent with the convention in [17]. In the case of b = % we will use the convention
W = 77, W = ;- to be consistent with [13], to allow for an easier comparison. Again we
consider the Gauss-Lobatto grid (2.2.43). We define the discrete differentiation matrix

A(M) as

2
AM)ij = =00, (2.2.69)
where ¢; is the j-th Chebyshev cardinal function % + % An equivalent, more elabo-

rate but numerically more convenient definition of A(M) is given in the Appendix 5.9,
which builds on [28]. Expanding ¢ in Chebyshev cardinal functions ¢ corresponding to
the grid (2.2.43) in the form

M
o(w) =D a(wa (2.2.70)

allows us to formulate (5.6.2) as a matrix equation for the zero momentum mode ¢ = 0

O(M,7,&)v =0 227
with v = (ai)ieqo,...my and
M
OO, 7. @)y = 3 folus A A+ Fa (g7, 2 AT+ folu 7.9, (2:2:72)
=0

the function f; for ¢ = 0 are given in the Appendix 5.6. Analogously to the method
presented in (2.1.72) and (2.1.73) we split up O(M,y,®) as

O(M,~,&) = O°(M,~) + 0O (M, ~) + &*0O*(M,~) (2.2.73)

and write (2.2.71) as a generalized eigenvalue problem. We solve for & exactly in ~ for
different values .
¢(3) — cos(37)

1
N = T1000*3/2 M- (2.2.74)

We chose n € {0,..., M}, M = 80. This Gauss-Lobatto grid corresponds to A values
between A = oo and A = 1000. The slopes at A = oo of the curves of partially resummed
coupling corrected results for & in the complex plane will give us the O(v!)-corrections
to the QNM frequency @. The boundaries of the interval on which the Gauss-Lobatto
grid (2.2.43) is defined are chosen to be [ = 0.1 and k£ = 0.99. We depict the coupling
corrections to the first QNM in Figure 2.9. The results are displayed for different values
of the grid size M and show clear convergence towards the exact coupling corrections

obtained in [17]. We plotted the first order coefficients of the y-expansion of the first
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Figure 2.9: The first order correction &' to the lowest tensor-QNM frequency for
b =0, ¢ =0, computed via spectral methods on a grid v € [0.1,0.99] (solid blue line)
compared with the exact result (red dashed line) for different values of M shown in a
smoothed plot.

QNM frequency.

&b = 0,0]=0- (2.2.75)

However, surprisingly, applying this method with 25 < M corrupts the numerical
results noticeably. For 10 < M < 20 we obtain good agreement with the already

known results from [17, 19].

2.2.6 Approximating higher derivative corrections to the first tensor QNM

in the finite-\ magnetic black brane geometry

With a magnetic background field in z direction the considered fluctuations h;, de-
couple from other modes. Also the Chern-Simons term does not play a role in this
case. This can be derived from the symmetries of the problem or from our general
10-dimensional ansatz (2.2.5), (2.2.6), (2.2.2), (2.2.3), which would have captured con-
tributions to a Chern-Simons term after a Kaluza-Klein reduction, if it were relevant
here.

As in the previous section we focus on the case ¢ = 0. We already have found
the metric, respectively the functions U,U,V,W, L up to order O(~) for the parameter

b= % in the previous sections. The following metric ansatz describes tensor fluctuations
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in this geometry:
2 2 | 7 2 2V (u) (7,2 2 2W (u) 7.2 24[72952 2
dsfiye = — U(uw)dt* + U(u)du” + e (dz* + dy*) + e dz* + L(u) Tdy
2bx
+ L(u)Q—de(dyg sin(y1)? + dyg cos(y1)? sin(y2)? + dys cos(y1)? cos(y2)?)

7
L(w)?(dy + cos(y1)?dy3 + sin(y1)dy3 + cos(y1)? sin(ya)?dys + cos(y1 )
cos(ya) dyz) + hay(u, t)dady. (2.2.76)

Our strategy is very similar to the one of the previous chapters. We choose the same

grids as before and evaluate the functions

0 e
J(a,b) := Lo , (2.2.77)
O(Oahar,y)0(Ophy) 1 ha,y—0
on the respective grid points. Here we set
82[,W7ﬁuc
J(0,b) := 10 : (2.2.78)
O(hay)0(Ophay) h.y—0
with a,b € {t,z,u} and
W, fluc
L= Ll (2.2.79)
ds%oﬁdsﬁuc
Together with the Fourier transformed version of h,
dw + iw dw + iw
hay(u,t) = /ﬁh(u,w)e b= /ghe t (2.2.80)

we can write
10, pW fluc dw 3 1 59 ~ A 1
/ 402 LA o) (S5) / o / du / 4 (ST (0,000 + T (u, 000k + 5.7 (u, )

(0uh)? + T (wtt, 1) By huh + =T (wts, ue) Dy hOuuh + T (uns, 0) R

N |

2 4
Duuh + c%j(t, t)h? + %j(tt, tt)h? — w2 T (tt, 0)h? — W2 T (tt, u)
2
Ouh + W2 T (t, ut)hdh + %J(ut, ut)(0,h)? — W J(tt, uu)hauul%>

(2.2.81)
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plus higher orders in iL, which we ignore. A straightforward calculation shows that the

rest of the action can be written as**
8 e 8V () L(u)? 2
le — uc( . o b2 2 —4V (u) ha: t 2 ) )
[ ey g (Fao — s 27 WD) (757 57rs)

(2.2.82)
We expand this action up to order O(y) and up to order O(hgy), which gives terms of
the form E’Y:O(hxy, Ouhay, Othay, Ouuhay, Othey, Outhay, u) as well as yL7(... ), with the
same arguments. With the Fourier representation of h,, we write the terms above in

the same way as E%’ﬂuc depending only on il, &jz, @uuﬁ,w, u. Varying the total action

/ a0z (m=° + LY + vc%ﬁHC) (2.2.83)

with respect to A provides the EoM for h depending on the functions J (a,b) and the

order O(7) parts of the metric as an expansion in cardinals functions. The coupling

corrected relation between the horizon radius and the temperature, which is given in

(2.2.64), shows that the characteristic exponents stay of the form :t%. Here and in the
w

following we will use the convention @ = % and @ = —

Considering solutions that are infalling at the horizon we set again
h(u, @) = (1 —u)" % plu,&). (2.2.84)

We consider Gauss-Lobatto grids on intervals [I,k] C [0.1,0.99] of size M and ap-
proximate the function ¢(u,®) by cardinal functions corresponding to these grids with
expansion coefficients . In analogy to the previous section the coupling corrected
differential equation for ¢ in the presence of a strong magnetic background field is
brought into the form (2.2.71). The coupling correction to the QNM is then again
computed by considering this equation as a generalized eigenvalue problem in the same
way as presented in (2.1.72) and (2.1.73). We performed this calculation for various
intervals [l, k] and various grid sizes M*°.

We define &' (M, 1, k) to be the O(y') expansion coefficient of the lowest tensor
QNM computed with spectral methods on a grid with size M defined on the interval
[0.147,0.99 — k]. The aim is to study how the results, towards which &' (M, 1, k) con-
verges for growing M, depend on the interval size. Figures 2.10 show the comparison

between the M-dependent results for the real and imaginary part of &' for different

44We omitted the prefactor i in front of the action, since it will not be important for the following
calculations.

45The higher derivative corrections to the metric were obtained by interpolations using cardinal
functions on the interval [0.1,0.99] and with M = 17. We repeated the calculations displayed in figures
(2.10,2.11) for metrics computed with various choices for M and the interval (while we extrapolated
to the full size of the interval on which we computed the QNM, if necessary) and found negligible
differences regarding the final results.
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Figure 2.10: The convergence of the real and imaginary part of the correction &!

for b = % of the first tensor QNM computed for various grid sizes M (shown in a
smoothed plot) and for different interval sizes. The solid blue line corresponds to
[l, k] =10.1,0.99], the dashed red line corresponds to [I, k] = [0.11,0.98] and the dotted

black line corresponds to [I, k] = [0.12,0.97].
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Figure 2.11: The convergence of &!(m) for different interval sizes [0.1 +m,0.99 — m].
The quantity ! (m) is defined as the point of convergence of the M-dependent sequence

&Y (M, m,m) with fixed m.

intervals [I, k]. The results for ! (m), which is defined as the point of convergence with
respect to M of &'(M, [, l;) with [ = k& = m, are displayed in Figure 2.11. In general
we observe reasonable convergence for relatively small values of M, similar to the case
b = 0, such that we can give an approximation of the higher derivative correction to

the first tensor QNM with b = 2.46 We obtain &' ~ (—1.6 4 2.7i)10%, such that

w . .
—5 R (20— 470) +4(-16+ 2.70)10* + O(r*/3). (2.2.85)
7T
46The numerical errors of the following o/-corrected QNMs were too large to give meaningful quanti-
tative results. Regarding the size, as for the first QNM, their correction terms seemed to be one order
of magnitude larger compared to the case of a vanishing background field.
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The A — oo limit coincides with the known results in the literature [13]. The correction
7(—1.6 4 2.7i)10* to the lowest QNM in the case of very strong magnetic background
field is, similar to the higher derivative correction to the temperature, one order of
magnitude larger than in the case b = 0%7. This raises the question, whether it makes
sense, to evaluate this first order coupling corrected QNM at values for the 't Hooft
coupling below a certain threshold at which the correction inevitably gets larger than
the original A — oo result. For this specific correction term (2.2.85) this threshold is
reached at A =~ 95, which is far above the 't Hooft coupling value that would correspond

to a more realistic QCD limit A =~ 11, which is obtained by naively choosing

gn/ (A7) = Q|7 targe ~ 0.3 (2.2.86)

and NV = 3. We will discuss this problem in more detail in section 2.3. Unlike in the
case b = 0 the sign of the real part of the first order correction term is negative. In
section 2.3 we show that considering higher order corrections to the QNMs coming
from the first order correction to the EoM of hg, this behaviour is reversed already for
small values of v. For small values of A\ the real part of the first (coupling correction
resummed) QNM for b = %, determined in the following section, behaves similarly to

the analogous quantity in the case b = 0.

2.2.7 Concluding Remarks

In the presence of a strong magnetic background field B ~ 34.5T2 the corrections
to the temperature T' of a QGP and the lowest tensor QNM are about one order of
magnitude larger than in the case B = 0. A strong influence of the magnetic field on
these quantities at infinite coupling already suggested this trend. However, the size
of the correction terms is nonetheless surprising.® The trend that a decreasing (but
still large) 't Hooft coupling increases the equilibration time is strongly enforced by a
magnetic background field. An interesting setting to study in future work would be
to also include a chemical potential i.e. considering a non vanishing charge density in

combination with a magnetic background field at finite t” Hooft coupling.

2.3 Resumming higher order corrections

To conclude this chapter we are going to discuss how to treat higher derivative corrected

quantities at ’interesting’ ’t Hooft coupling values i.e. A between 11 and 40 correspond-

4"The background field we chose corresponds to a very strong magnetic background field, that already
in the limit A — oo (see [13]) had a strong influence on observables.

“8We chose our background field to coincide with the strongest field chosen by the authors of [13].
Already there in the case A — oo a field of this size showed a very strong influence on observables.
The by far largest contributions to the coupling corrections come from terms in the higher derivative
corrected action that involve T-tensors. These terms simply vanish in the case b = 0.
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ing to as = g%,/ (47) , a5 € [0.3,1]. Considering table 2.1 or the result (2.2.85) makes
it apparent that the first order correction is not enough to give reliable results in this
regime. In [17] the author considered a first order corrected QNM spectrum in the spin
2 channel. There it was found that for A ~ 1000 — 500 the curve connecting the discrete
poles of the stress-energy correlator bends upwards towards the real axis, breaking the
top down thermalization pattern at one point. A similar, however, weaker behaviour
is suggested by our own results for the vector channel depicted in Figure 2.4. In this
section we are going to introduce a partial resummation method with the motivation
to prove that already the lambda values chosen in [17] and [53], which were at about
A & 500, are too small i.e. v is to big to obtain reliable results from the first order
correction. Not only are the partially resummed poles much closer to the A — oo
limit, also the curve connecting the complex frequencies stays linear. In addition the
'resummed’ results exhibit interesting patterns and properties, which we are going to
discuss in the following.

The idea is to treat the truncated O(~) differential equation for a specific field as its
complete EoM and calculate exactly in v henceforth. This is equivalent to computing
all higher order corrections for certain quantities like QNM, which arise only from the
O(7v)-part of the underlying field’s EoM and resum those contributions. The results
obtained hereby should be interpreted carefully. In no way is it guaranteed that we get
even close to the actual values at all orders in derivatives at very small A, but since
even higher derivative terms to the type IIb action are not explicitly known so far,
this procedure gives the best results for small A which are available at this point. In
addition this procedure can be used to test how well behaved the first order corrections
for certain A values are:

If the truncated expansion Xy + X7 for the observable X is close to the actual
quantity, which knows about all higher derivative corrections, for a given ~y, then one
can also expect the resummation to be close to the truncated expansion. If the re-
summed values differ noticeably from the first order corrected ones, meaning that the

size of the partially resummed terms
0 .
> X, (2.3.1)
i=2

obtained in the procedure explained above, is of the same order of magnitude as vX7,

then we cannot assume that the first order corrections are reliable at this y-value.

2.3.1 A partial resummation of QNNM frequencies

We follow a similar calculation as in 2.1.3.1. For a given value of ¢ and ~ using spectral
methods we reduce (2.1.55) and (2.1.56) to a generalized eigenvalue problem for w,

as explained in (2.1.72)-(2.1.73), and repeat the calculation for points of a sufficiently
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dense grid for . The endpoints of this curve are v = 0 and v = %3)(11.3)_%, the latter
of which corresponds to the value of A naively obtained from the QCD-limit as = 0.3
and N = 3.

For § = 1 and ¢ = 0 these results are displayed in figure 2.12. Technically it is
possible to go to very small values of A (A < 1). However, the exact size of the A-
interval in which the resummed poles still are reliable results is unclear, such that going
to A = 11.3 already is quite daring. Throwing all caution aboard and analyzing the
resummed spectrum for values of 1 > A makes the poles align near the real axis with
very small but still negative imaginary part. The most interesting features of Figures
2.12 and 2.13 are that

e as the A\ — oo results, the resummed poles lie in a straight line, meaning the

thermalization pattern stays unchanged here,

e the resummed results are noticeably closer to the A — co QNM frequencies than
the first order corrected ones as seen in picture 2.13. For small A and for higher
modes huge parts of the shift away from the zeroth order in ~, caused by the first

order correction, seems to be canceled by the resummation of higher order terms,

e with the argument made in the discussion above, we conclude that the A\ values
chosen for the corrected poles in Figure 2.13 are too small for the first order

correction to be reliable,

e the resummed poles stay in the lower half of the complex plane, even for very
small values of A, meaning that all modes have finite thermalization time, since

every mode is damped over time,

e as Figure 2.12 shows, the resummed QNM frequency spectrum obtained at A =
11, which corresponds to as = 0.3, is not dramatically different from the infinite

coupling results and still exhibits the same qualitative properties.

Apart from the QNM modes for gauge fields and their coupling corrections, we
also have seen QNM spectra in the shear channel of the stress-energy correlator in the
presence of a magnetic background field B in section 2.2.6 and without a background
field in section 2.2.5. For the latter case the resummed results, obtained by truncating
the differential equation given in the Appendix (5.6.1) and following the same steps
as described above, are displayed in Figure 2.14. We find an analogous behaviour of
the resummed poles in this channel, which are also positioned in a straight line, much
closer to the infinite coupling results as the first order correction. The 't Hooft coupling
A is chosen to be 500 here.
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Figure 2.12: The flow of the first 3 EM-QNM frequencies, normalized by 27T, with
the 't Hooft coupling between A = oo and A = 11.3 =~ 4was N, with N = 3 and a, = 0.3
computed in the resummation scheme [18, 19] with ¢ = 0 (left) and § = 1 (right). The
slopes of the curves at v = 0 give the first order corrections 2.1.3.1.

Re(w)

Figure 2.13: The first EM-QNM frequencies at ¢

Re(w)

= 27T (right) and ¢ = 0 (left)

normalized by 27T for A = oo (blue) and their O(vy)-corrections for A = 150 (brown)

and the resummed poles also taken at A = 150 (red).
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Re(w)

Figure 2.14: The first few QNM frequencies, divided by 27T, for the shear channel of
the stress-energy correlator without background field, evaluated for § = 0 and A = 500.
Results obtained by directly solving the QNM equation at this value of A\ using spectral
methods are shown as brown diamonds, while the red squares and blue circles show
results truncated at zeroth and first order in +, respectively. As before, lines merely
serve to guide the eye.
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In the case of a constant magnetic background field B ~ 34.5T% we found the first
order correction of the lowest tensor QNM frequency to be one order of magnitude
larger than in the case B = 0. Also the real part of the correction in the presence
of a background field had a negative sign, unlike in the case B = 0. We now want
to investigate how higher derivative resummations affect these trends. In analogy to
the calculations above, we write the truncated EoM for h,, as a generalized eigenvalue
problem, which we solve for a set of v values that correspond to A € [11,00]. The
results are displayed in Figures 2.15-2.17. We find that the real part of the resummed
pole starts decreasing with increasing v, however, it quickly changes this behaviour
and follows the same pattern as the B = 0 poles thereafter (compare left hand side of
Fig. 2.15 with 2.16). The imaginary part of the resummed poles exhibits an interesting

behaviour:

e For B = 0 it approaches zero with diverging ~, extremely small A. This can
be best seen in Figure 2.17. The absolute value of the imaginary part becomes
extremely tiny as the 't Hooft coupling approaches 1, however, it stays non zero

throughout the entire plotted interval.

e For a large background field B ~ 34.572 the imaginary part also decreases
monotonously, however converges towards —2.5, while X is sent to 11. The point
of convergence of the real part in this case is 2.5, which happens to be 2 times the
magnetic field parameter b = %, we have chosen, such that the resummed QNM

frequency converges to 2b(1 — 7).

The interpretation of the first observation is rather clear: With a very small 't Hooft
coupling and without any external fields there is nothing that drives equilibration.
Thus, it is expected that the exact QNM frequency, that knows about all higher order
terms, has a vanishing imaginary part for A — 0. Our resummed results reflect this
expected trend.

The second observation is more surprising. As also reflected by the A\ — oo results,
the magnetic background field decreases the equilibration time noticeably, meaning
that it shifts the (negative) imaginary part to larger absolute values. However, the
strong effect we are witnessing here is surprising. The explanation for this might lie
in the ~-corrected relation between the magnetic field parameter b, which was held
constant here, and the actual magnetic field, which could be obtained from a coupling
corrected relation between the boundary geometry and the boundary stress energy
tensor. It would not be bewildering, if this relation gives a divergent B for a divergent
v, meaning that the actual magnetic field we are dealing with at small A is much larger
than the A\ — oo estimate of 34.572. Another more physical interpretation of this is that

a very strong magnetic background field forces the charged constituents of the QGP on
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extremely small circles in the plane orthogonal to the field (which was chosen to be the
z-direction). This, of course, damps x, y-oscillations of the QGP rather quickly, which

is what we capture with considering the modes A, .

2.6 5
—2.5
2.4 +
73 1
3 3
S g —3.5
ST =
_4 1
2 45
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
~8(11)3/2 48(11)%/2
¢(3) ¢(3)

Figure 2.15: The coupling corrected and resummed imaginary and real part of the
lowest QNM with b = % and ¢ = 0 averaged over different grid sizes and interval sizes.
The maximal deviation from those suggest a negligible error for large A\, an error of
~ 1% for the imaginary part and =~ 10% for the real part for A — 11. Interestingly the
average values as well as the curves for large M and large interval sizes [, k| converge

/ .
for %13))32 — 1, or A = 11 to 2b(1 — i). The constant shape of the curve at small A
suggests that this is also the limit towards which the mode converges for A\ < 10.
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Figure 2.16: The coupling corrected and resummed imaginary and real part of the
lowest QNM with b = 0 and ¢ = 0 on the same y-interval as the plots shown in figure

(2.15). As in the A — oo limit [13] the magnetic background field decreases both the
real part of the QNM frequencies and the equilibration time 7 —m.
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Figure 2.17: The imaginary part of the coupling correction resummed first QNM
frequency for b = 0 on the y-interval that corresponds to A € [0o, 1]. Unlike in the case
of b= % the imaginary part becomes very small and approaches 0, reflecting that for
weak interaction the equilibration time becomes extremely large.

2.3.2 The breakdown of the resummation technique and comparison with

hot lattice QCD

Regarding the success of the resummation technique in decreasing the size of the cor-
rections, it is interesting to quantify this improvement compared with the first order
corrections. Therefore we consider and compare the A values at which the correction
to the infinite coupling results exceeds those. The results are displayed in Table 2.2 for
the electromegnetic QNMs and in Table 2.3 for the shear QNMs.
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Abreakdown ((f = 0) Abreakdown (Cj = 1)

O(y!) | resummed | O(y!) | resummed
139 R 22.5 07.1 <3
382.2 ~ 21.7 195 ~ 8

767.5 ~21.3 437.2 ~ 14
1298 ~21.1 793.4 ~ 16

=~ W NN =

Table 2.2: Values of A below which the deviation of the QNM frequency wEM from its
A = oo limit exceeds the A = oo value. Respective columns show the results obtained
using either the first order or resummed approximations for the QNM frequency.

Abreakdown
k|| O(y') | resummed
1 27.6 <2
2 71.2 <3
3| 135.5 <4
4 1| 220.6 <4

Table 2.3: Values of A below which the deviation of the QNM frequency wzhear from its
A = oo limit exceeds the A = oo value. Respective columns show the results obtained
using either the first order or resummed approximations for the QNM frequency.

In addition we compare the coupling correction resummed conductivity, whose first
order correction factor was determined to be (1 4+ 125v), with results from hot QCD
lattice calculations®. For A = 11.3 ~ 47N Q5| N=3,0,=0.3 We obtain a resummed value
of

o = 0.29082¢°T. (2.3.2)

This can be compared to results of hot QCD lattice calculations. For temperatures
above T, the authors of [56] found o ~ €2T'(0.4 + 0.1). More recently this could be
improved to ¢ ~ ¢?T(0.31 £ 0.05) for T' > 1.75T,, see figure 10 in [57]. Without any

coupling corrections the conductivity is given by

aw:fléTzaw%%t (2.3.3)
167

In conclusion the coupling corrected and resummed result comes noticeably closer to
hot-QCD lattice results.

“Caveat: The boundary field theory N' = 4 SYM plus the Maxwell action for U(1) gauge fields
at finite 't Hooft coupling, is not identical to QCD at high temperatures. Nonetheless it is worth
investigating how far removed our boundary field theory from hot QCD really is.
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Chapter 3

Numerical Simulations of

dynamical processes in AdS/CFT

3.1 Simulating heavy ion collisions via (asymmetric) shockwave col-
lisions in AdS;

In this chapter we study asymmetric planar shockwave collisions in AdSs and the
resulting hydrodynamic flow, which in the dual field theory gives collisions of planar
shocks in a strongly coupled, maximally supersymmetric Yang-Mills theory. We will
make extensive use of the introductory chapter 1.7, especially 1.7.1.

We aim at giving a didactic overview of how to build code to simulate gravitational
shockwave collisions in AdSs. In addition we are going to extend the work of [34-39] in
particular the observation of “universal” flow with simple Gaussian rapidity dependence
in the special case of symmetric collisions of planar shocks [33] to collisions involving
asymmetric shockwidths.

Furthermore we are going to study the hydrodynamization time during asymmetric
shockwave collisions and thereby address the question of how fast different sectors of
the almond shaped QGP formed during a peripheral heavy ion collision reach a phase

in which they can be described by relativistic hydrodynamics.

3.1.1 Motivation
The fluid 4-velocity u# of the QGP (as defined in (1.7.33)) during symmetric collisions

of planar shockwaves turned out to be well described by boost invariant flow [33],

meaning that
=1, u=ut=0, (3.1.1)

on a hypersurface of constant proper time in the spacetime region, inside which hydro-

dynamics is applicable °°,

SOWith ds? = —dr? + 72 de% + da?.
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The rapidity distribution of the proper energy density inside this region was found

to be well described by a Gaussian,
€(€, Tinit) = it A(uw) e 2 /7 (m0)* (3.1.2)

where ¢ is the rapidity. The proper energy density € is defined in (1.7.33) and as in
section 1.7.2 we set

™ = T (3.1.3)
so that T u, = —eut. Introduced in (1.7.1), the energy scale u is defined by the

longitudinally integrated and rescaled energy density of one of the incoming shocks,
3 — 700
Hn = /dZ T (Z + 7f)incoming—shocku (314)

which describes the energy per (transverse) unit area. It was found that both o (pw) and
A(pw) are given by simple, almost linear functions. One of our aims will be to generalize
these results to the case of asymmetric collisions, where we choose to work in the center
of momentum (CM) frame and find a model to describe the post collision flow for
general collisions. Such a universal description would allow to approximate the proper
energy density as a function of rapidity from a general formula of the incoming shock
widths. Over a substantial range of incoming shock widths {w,,w_} between 0.35/pu
to 0.075/p, we find that the spacetime region in which hydrodynamics is applicable has
little or no dependence on the shock widths, or their asymmetry, and only depends on
the initial energy scale u. Defining this region to be the largest connected subset of the
forward lightcone, for which the hydrodynamic residual, defined in (3.1.61) is below
15%, we find that the boundary of the hydrodynamic region of validity remains at

Mthydro ~ 2, (3.1.5)

even for highly asymmetric collisions.

Similarly, the fluid 4-velocity resulting from asymmetric collisions remains very
close to ideal boost invariant flow (3.1.1), while the post-collision proper energy density
€ remains well approximated by a Gaussian. It is important to note that the Gaussian
fit of the proper energy density’s rapidity distribution for asymmetric collisions is not
as perfect as for symmetric ones. As a consequence we improved our model slightly,
as discussed in section 3.1.5.2 in (3.1.69)- (3.1.72). However, up to small defects the
simpler description (3.1.6)-(3.1.9) is a good approximation, as seen in Fig. 3.9.

The amplitude A, the shift of the maximum away from vanishing rapidity &, and

the width ¢ of the Gaussian rapidity dependence are now functions of both incoming
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shock widths,
(€, Tinit) = 1t Apu, o) =3 EEmspn )2 oty (31, 6)

For asymmetric collisions, the outgoing energy density peaks at non-zero rapidity &

which is well-described by

- Wy —w-—
&y o) e 2 E

[1]

3.1.7
Tt (3.1.7)
where the coefficient Z is constant for 7 > 2 (as displayed below in Fig. 3.8) and has the
value = ~ 7 x 1072. We find that the amplitude A is well-described by the geometric

mean of the symmetric collision results

Al =) ~ Al Apw_) (3.1.8)

Shifting the symmetric proper energy density profiles by ¢ shows that, in fact, the
geometric mean of the shifted symmetric rapidity distributions themselves is a good
approximation of the asymmetric profile within the shown £-interval. For the width
this implies
—-1/2
o, pw-) ~ [So(uws) 7 + So(uw )2 (3.1.9)
As we will see in section 3.1.5 a more detailed universal description of the proper energy
density distribution can be given. This even more accurate model involves the weighted
geometric mean of the symmetric profiles. Given this extension to the previously found
results for symmetric collisions, we now have the information needed for the starting
conditions of the hydrodynamic flow resulting from collisions of projectiles with finite
transverse extent, provided the transverse size of the incident projectiles is large com-
pared to their (Lorentz contracted) longitudinal widths®!, so that spatial gradients in
transverse directions are small compared to longitudinal gradients.

We consider the colliding system to be split up into subregions, which are indepen-
dent on the time scale during which we study this highly relativistic collision, due to
causal disconnection. In Fig. 3.1 we illustrate this process schematically. We assume
each such "pixel" to have a size, which is small compared to the transverse extent of one
of the Lorentz contracted heavy ions, but large compared to its longitudinal widths.
For each pixel j we transform into its CM frame and evaluate its stress-energy tensor
TH(4) by using the result for the fluid velocity «™, u* in (3.1.1) and our model describ-
ing the rapidity distribution of the proper energy density e. Together with (1.7.34) this
allows in future to reconstruct the entire stress energy tensor and thereby construct

initial data for hydrodynamics for collision with non vanishing impact parameter, after

5'Which is the case for highly Lorentz contracted nuclei.
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Figure 3.1: A simply graphic depiction of a heavy ion collision on the left with non
vanishing impact parameter and on the right hand side with zero impact parameter.
The red areas depict the "pixels" of causally disconnected subregions, in which we
split the colliding system. The right hand side is covered by symmetric planar shock
collisions [33]. Our formula describing the proper energy density distribution for general
asymmetric collisions allows to also reconstruct the stress energy tensor T#" for the pixel
displayed on the left, during a peripheral collision.

transforming back to the lab frame, without the need to perform 5D numerical rela-
tivity calculations, for each different setting. This procedure, based on planar shock
results, should be viewed as the first term in an expansion in (small) transverse gradi-
ents. It would, of course, be interesting to derive, systematically, subsequent terms in

this expansion.
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Figure 3.2: Sketch of a peripheral heavy ion collision. The almond shaped overlap
region forms a quark-gluon plasma, not the spectator portions (shown in gray). The
hydrodynamization time increases rapidly as one approaches the boundary of the over-
lap region, whose shape influences the value of the experimentally measured elliptic
flow parameter vs.

3.1.2 Computational strategy

In section 1.7.1 in particular in (1.7.10)-(1.7.16) we have derived the Einstein equations
in Eddington-Finkelstein coordinates in their nested form. As discussed in 1.7 we can
use the formula (1.6.20) to derive boundary conditions, that uniquely specify the bulk
metric corresponding to a certain choice of the stress energy tensor in the boundary
field theory in flat Minkowski space. Using the near boundary expansion of the metric
components in EF-coordinates given in table 3.1 explicitly shows, where the boundary
stress enters: —a®, the forth order near boundary expansion coefficient of A is pro-

portional to the energy density, —f* to the momentum density and gg.‘) -1/ 20 to
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field | asymptotic homogeneous solution(s) | boundary behaviour

by r! and r9 Y~r4 A

F; r? and r—2 Fy ~ -0\ + fi(4)r_2
d.x 2 Ay~ 2 (r+2)7 +aBr2
d+9ij r d+9ij ~0

A r! and 70 AN%(T—l—)\)Q—@t/\

Table 3.1: Homogeneous solutions and asymptotic behaviour of the different fields.

the pressure. We have derived the precise relation in (1.7.22). We will use the relation
(1.7.31) to determine the shift A on each timeslice, which transforms the radial domain
of integration into the interval [r =horizon, » =boundary|. For a single shock we al-
ready have a solution given by (1.7.2). The simple sum of two single shocks moving in
opposite directions is not a solution to the Einstein equations. However, at a timeslice,
on which they are sufficiently spatially separated, we can use their superposition as an
almost perfect approximation to a solution inside our domain of integration. After a
coordinate transformation to the EF metric (1.7.4), this gives a®, f®, 9ij and X\ on
a starting timeslice, on which we choose the left (—) and right (+) moving shockwaves
sufficiently far separated such that agil), a(_4); fJ(f), f £4); (Gij)+> (Gij)—; A4+, A~ have min-
imal overlap®?. Having determined the corresponding solution to (1.7.10)-(1.7.16) on
this slice, we need an algorithm to update the boundary conditions, in order to solve
these equations on the following ones. Knowing g;;, A and dyg;; allows us to update

the spatial part of the metric via
019ij = d4-gi; — A0 Gij.- (3.1.10)

The stationary horizon condition (1.7.32) provides the update for A whereas the tem-
poral derivatives of a(* and f® can be derived from the conservation law of the stress

energy tensor V* (T} = 0°3, it follows

1
O = gai F9 W = S0 = 9igy;. (3.1.11)

3.1.3 Planar shocks in Fefferman-Graham and Eddington Finkelstein co-

ordinates

We have described how to sequentially solve Einstein’s equations once we have trans-

formed the FG-coordinate version (1.7.2) of the single shockwave metric to EF-coordinates.

52There is a subtlety regarding the superposition of Ay and A_, which we are going to discuss in
detail in section 3.1.4.
53Which in turn follows from the Einstein equations.
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The details of this transformation are addressed in section 3.1.4. Here we are discussing
the needed ingredients of this transformation. It is so far not possible to write down
a metric of shocks with arbitrary shape in EF form (1.7.4) analytically. On the other
hand it is not possible to evolve a metric describing two colliding shocks forward in
time in FG coordinates, which makes this tedious transformation necessary. In FG

coordinates the metric for a generally formed shockwave can be written as
ds? = 72 (—d + d53 + 2 + dp? + ha (%1, 5, )did ) (3.1.12)

with shock function hy describing left (—) and right (4+) moving shocks. Since this

metric has to satisfy the vacuum Einstein’s equations we get the condition
2 3 2
8ﬁ—585+VL he=0 . (3.1.13)

Here we are going to consider planar shocks, which are infinitely extended in the x|
directions and do not depend on x ;. With this assumption we can easily write down

a solution to the differential equation (3.1.12) given by
ha(t,%,p) = ptha(2y) (3.1.14)

for any function hy. To obtain equations for the coordinate transformation we first
parameterize the FG coordinates for shocks moving in the +z direction in a convenient

way, given by

Z=z—7(t—2zu) , p=u+p{t—zu) (3.1.15)

where wu is the inverse radial coordinate, i.e. u = % Thus the boundary theory lives at
u = 0. We solve for the functions «, 5 and « by considering a congruence of infalling
null geodesics in EF coordinates, and requiring that the image of this congruence fulfills
the geodesic equation in FG coordinates. It is easy to see from (1.7.4) that the curve
parametrized by (to,x},r) with affine parameter r and fixed t; and z is in fact a
null geodesic in the (infalling) EF coordinates. Let us denote this curve by X*(r).
The requirement that the same path in FG coordinates Y (X (7)) satisfies the geodesic

equations as well reads

Y4 -, dyBay© 0

- T - 1.1
az TrBCT g T (3.1.16)
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with the connection I' calculated with respect to the FG coordinates. We found it
advantageous to work with the redefined functions o, 3, now expressed by ¢, v, 6 as®*
u?¢

a=-v+B+5 B:_Huq . (3.1.17)

As can be seen from the derivation from [34] we obtain the following differential equa-

tions for the coordinate transformation

1 0 [ ,0¢ 2uH 00 wt o o¢
u?au<“ au>+<1+u<>5_0 ©oou (1+u)?ou
oy u? oC u? 0C\ 2 utH B
By (14 ul)?du * 2(1 + u()? (é?u> * 2(14+uC)s 0 (3.1.18)

with H = hy (t — 2z +u+ 8§ — u?¢/(1 + uQ)).
To apply the time evolution scheme described in the last sections we have to extract

the initial values {g4, fz(i), af), A+ }. First we parametrize the spatial metric § by [34]

eB 0
Gij=10¢8 0 (3.1.19)
0 6723

where we introduced the anisotropy function B which behaves as B = ub) + O (u®)
near the boundary (see table 3.1). From the required form of the EF metric (1.7.4) and
the near boundary asymptotics (1.7.19) we then can extract the required data which

are given by

2 1
a@:_gm C oW =n MNe=—5000l, - (3.1.20)

From the requirement that the line elements in EF and FG coordinates coincide and
the fact that

([)Qh(f— z) — ;2>d52 — @2‘)2 ((u + B)°H — (u—i—16)2>d22 + ... (3.1.21)
ﬁlzdﬁ? — (‘;S)Z(UJidez? +... (3.1.22)

54We checked our calculation by performing the coordinate transformation using «, 8, as the func-
tions to solve for as well.
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<ﬁ2h(f— ) + ,512>d22 — (1 - Z)Q(W + B)*H + (u_i_lﬂ)2>dz2 ... (3.1.23)
—2p°h(t — 2)dzdt — —2(u + f5)* (gj) ( - gz + 1>Hdz2 +... (3.1.24)

we obtain

_(aza)Z + (826)2 + (1 - 627)2)

2 2
((u +B)°(1 = 0. — 0.v)"H + (u+ f)2

(3.1.25)
as the part of the line element of the metric in EF coordinates proportional to dz2.

Comparing this with

1 1 1 1
—di?, —dij? - da?————— dy————
P A A YY) PR G (Y

results in

e = <(U+ﬁ)4(1—8za—8z7)2h+(t—2+u+7+a) —(8:0)*+(2:8)* + (1 ‘@”2)'
(3.1.26)

The anisotropy function can be read off to be

B, = % log [~ (910)” + (98)” + (1 +07)* + (u+ B)* (1 + A+ 07)” o |
(3.1.27)

For numerical stability we will not use By but by = 5—3* in the time evolution scheme.
In the next section we will discuss technical details of how to actually implement this

in the code.

3.1.4 Software construction
3.1.4.1 Transformation to infalling coordinates

As explained in [34] and the previous section, one can determine the coordinate trans-
formation from FG-coordinates to EF-coordinates by solving for the congruence of
infalling geodesics in FG-coordinates. Equivalently one can bring the equations of mo-
tions determining the coordinate transformation into the analytically simplified form
(3.1.18). We implemented both sets of differential equations and found both of similar
difficulty to handle numerically. Let us focus on (3.1.18) as the system of differential
equations we wish to solve in the following.

We will perform the coordinate transformation only for right moving shocks and

thus drop the index + in this chapter and define b := b,, h := hy, and so on. Since we
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consider planar shocks, h only depends on ¢ — 2. Its general form is given by

e 27, (3.1.28)

Using the ansatz given in (3.1.17) allows us to analyze the near boundary behaviour®

of the functions «, S and . Defining § = —u?B, a = ua, v = u*3y and B]uzo = By we

found for

00 o o
ﬁ’/}ozo =3 Z biu* d‘/éo:[) —— Z au’ | ’w,éo:[) _ ngiul (3.1.29)
=0 i=0

1=0

the following expansions for arbitrary (g

B

'P”18

s
Il
—

(—u) 3 — 3Zbu fj <5+j+,i> BT (—u) (3.1.30)

=0 =1 1+'7

o))

I
M8

|

iy Za, i <5+jﬂ>ﬂ”ﬂ( )+ (3.1.31)

Jj=-1 1+

=

N
!
gM8 -

i (5 Yij z) B (. (3.1.32)

The coefficients {a;}icqo,....15}, {i}ieqo,...,15) and {gi}icqo,..,15) are given in Appendix
5.7. Here the parameter 3y corresponds to the radial shift d\.

The idea is to solve the coordinate transformation using spectral methods, domain
decomposition and a relaxation algorithm (e.g. Newton-Raphson) to determine «, [
and ~y, or respectively d, «, ¢ on a Fourier-grid in z-direction and a Gauss-Lobatto grid
in u-direction. The integration depth pmax is determined by By and the length of the
u-grid. For a background energy density (BED) of 5-10% of the peak value (which
can be simply added to —a(4)) it is sufficient to choose By = 0 and apply a numerical
integrator with adaptive step-size to integrate into the bulk as deep as possible.

The regular singular point at the boundary forbids to solve the system (3.1.18) with
the help of a numerical integrator starting at the boundary. In principle, we could solve
(3.1.18) close to the boundary with the help of expansion (3.1.30)-(3.1.32) and hand
the outcome at u = € < 1 to an adaptive Runge-Kutta algorithm (see Appendix 5.8)
to determine «, (3, v deep in the bulk. For a higher numerical precision, we solved the
metric using spectral functions on a starting interval (spanning from the boundary to
a depth ey ) in the radial coordinate u and used a numerical integrator to determine
the transformation functions deeper into the bulk.

We computed collisions of different widths with various BEDs (see table 3.2). Here

55We used Dirichlet boundary conditions here and chose the leading near boundary coefficients of
the transformation functions to vanish.
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we exemplarily describe two settings, one with a relatively large BED ¢g of 10% and a
small BED of 1% of the peak value. The latter is needed for the extrapolation to ¢g = 0
in order to be able to compare our results with hydrodynamics and test, whether the
interesting features regarding the proper energy density found of [33] can be extended

to the asymmetric case.

I. 10% background energy density and By = 0 we define
§=uP Y} gdi’ + 08, ¢ = uP ] gz’ +uS, v = u® T g g’ +uBy
In the case of

I1. 1% background energy density and [y # 0 we define

§=u?, (=, v =1,
(3.1.33)
where the coefficients {d;}, {z;} and {g¢;} can be computed from those in Appendix 5.7.
In principle the approach II. can also be applied to the case of a large BED, but it is
difficult to apply approach I. to the small BED case.
The aim is to solve the resulting EoM equations for ) , 5 and 4 in each case. Since
we are dealing with a highly non-linear system of differential equations we will have
to apply a root finding routine, if we want to make use of spectral methods. For this

purpose we define ¢;(x) to be the i-th cardinal function corresponding to the Gauss-

Lobatto grid
nm
{ — cos (=)

such that the function C"(2KZX — 1) is well defined on the interval u € [0, umax]|. As-

} , (3.1.34)
nef{0,...,M}

suming that &, ¢, 4 live on this interval, we can approximate

Umax

M
X =Y a¥a(2———1) (3.1.35)
=0

for X € {5 ¢, 4}. Although a single grid isn’t enough for thinner shocks, we will first
discuss this easier case and generalize the following procedure to multi-domain-grids
hereafter. The requirement that the first equation of (3.1.18) vanishes on all M +1 grid
points gives M + 1 equations for the 3M + 3 coefficients {aZX}i6{07m7M}7Xe{5755}, while
derivatives are replaced by multiplications of the coefficient-vectors (a;X )8e{0,.... M}y With
the derivative matrix —ﬁA(M + 1) °¢ defined in (5.9.13) for M + 1 grid points.
Together the differential equations (3.1.18) with the right boundary conditions lead to

56The minus sign arises due to the different conventions regarding the definition of the Gauss Lobatto
grid. In literature the definition given in the Appendix is more common. For our purposes the definition
given in (3.1.34) is more convenient.
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a non linear system of 3M + 3 equations for the coefficients

X
{07 Yico,...an xe(5.651 (3.1.36)

of which the n-th line corresponds to the requirement that the [ 474+ -th equation holds
at the (n — (M + 1)| 3747 ])-th grid point. The boundary conditions in each case are
given by

L. Cluzo = 23, Oulluo = 21, Oluzo = d3, F|u=o = g3

. ) - (3.1.37)
II' C‘U:umax = 07 aUC|U:0 = 0? 6‘114:0 = 07 ’7|u:0 = O?

where I and II refer to the cases introduced in (3.1.33). Since the boundary is a

regular singular point [34], we don’t need more than those®.

We implement them
into our system of non-linear equations by deleting the respective line and replacing it
with the equation enforcing the desired boundary condition. For instance in the case of
¢ lu=0 = z3, we delete the first line of the block of equations in our system corresponding
to the requirements that the first equation of (3.1.18) vanishes at each grid point and
replace it with

ag = z3. (3.1.38)

Now we approximate our functions with cardinal functions on a multi-domain-grid

containing s domains with M + 1 grid points each

2k -1

(3.1.39)
2s }nG{O,...,M},kG{L...,s}

{ - u;—;x cos (mn/(M)) + Umax
stretching from u = 0 to u = umax. We again obtain a system of 3s(M + 1) equations,
where four lines have to be replaced with the right boundary conditions corresponding
to (3.1.37). The differentiation matrix becomes block-diagonal and we have to guar-
antee continuity of the functions ¢, 5 and 8 and their first derivatives at the domain
walls. We do this by replacing the first and last line of the second to the last domain
and the last line of the first domain with the right linear equation for each differential

equation, which together enforce the continuity of our functions and their derivatives®s.

5TNotice that the requirement that we can expand ¢, § and % in cardinal functions already decreases
the size of the Hilbert space of solutions to the coordinate transformation.

58There was a subtlety involving the choice of which row to replace, if we would not require the
continuity of derivatives: Relative to a given interior subdomain endpoint, one row approximates
u derivatives using information on one side of the endpoint, while the other row approximates u
derivatives using information on the other side. Since the behavior of the transformation functions is
fixed, and known, at the u =0 boundary, one should regard the transformation equations as describing
the propagation of information from the boundary into the bulk. Consequently, one should retain the
row corresponding to the end of the domain closer to the boundary and replace the first grid point
corresponing to the next domain deeper in the bulk.
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We define our numerical collision experiment to happen in a finite spatial box stretch-
ing from z € [—zp, 20] and use a Fourier grid on this interval. The details of Fourier
(cardinal) methods are explained in Appendix 5.9. We solve the system of equations
z-slice for z-slice at ¢ = 0 in order to obtain the single shock metric in EF-coordinates

at this time slice on the Fourier-grid-points

{ 220](5}
— 20+ )
N ke{o0,...,N—1}

(3.1.40)

for which the point zy is identified with —zy. Again by using (pseudo-) spectral methods
and approximating the solutions by their projections on a finite dimensional Hilbert
space, tailored to the respective problem and spanned by the respective cardinal func-
tions, we can approximate the exact derivatives of functions on this interval at the grid
points with the discrete values obtained from the multiplication of the Fourier-grid-
derivative-matrix 22 Ay with the N-vector obtained by evaluating this function at the
corresponding grid points. We justify the expansion in Fourier cardinals, which require
periodicity of the expanded functions, by the observation that they are vanishing at zg
and —zp for sufficiently large zp (and thus clearly periodic).

The system of equations for the expansion coefficients of the approximation of ¢,
7, 6 in Chebyshev cardinal functions on a given z-slice is then computed via a multi
dimensional Newton-iteration.
Realistic parameters in the symmetric case are for I. e.g. umax = 1.2, 20 = 8, s = 14,
N = 640 and M = 12 for a shock width w = 0.1. In the case II. we used Umax = 2,
zo =38, s =22, N =960 and M = 12 for a shock width of w = 0.075. If we would
be satisfied with a background energy density of ¢y ~ 20% of the peak value, the
depth 1.2 + B|y=1.2 would be sufficient to find the horizon within the region of the
manifold, where we already solved the coordinate transformation. Since we want to
reduce the BED as far as possible, we integrate further into the manifold applying a
Runge-Kutta-double-step integrator as explained in Appendix 5.8. For simplicity we
choose to integrate to a fixed u value not to a fixed p value. This ties our hands
regarding the maximal depth we can reach for the moment, but as it turns out this
is sufficient for the settings we are interested in. Having obtained a solution to the
coordinate transformation we now can use equations (3.1.20) and (3.1.26) to determine
B, A, f® and a® % on the t = 0 time slice. This gives us the a single shock solution
in EF coordinates on a Fourier grid in spatial and a (multi-domain) Chebyshev grid
in radial direction. The shock peaks (on the time slice ¢ = 0) at the longitudinal
coordinate z = 0 moving to the right (in positive z-direction) with the speed of light.

The solution to a left moving shock at the same time and spatial coordinate would

9 A finite ¢ of = per cent of the peak value is achieved by shifting a® by —3 Z-max(h(t — 2)).
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simply correspond to

{B(u,t—2),a® (t—2), fD (t—2), \(t—2)} = {B(u, t+2),a™ (t+2), —f D (t+2), \(t+2)}.

(3.1.41)
We now want to set up the starting configuration of two shocks separated by a distance
Az/2 = 2 for broad, Az/2 =1 for thin and Az/2 = 1.5 for asymmetric shocks at the
time slice tg = —Az/2 such that they have negligible overlap. As shown in [34] there
will always be a region for which the superposition of a right moving and a left moving
shock overlap inside the bulk no matter how far they are separated on the boundary.
Inside this region a simple superposition of spatially separated shocks will not be a
solution to the Einstein equations. However, one can show that this region lies inside
the horizon for a sufficiently large spatial separation of the two shocks on the boundary.

Being causally disconnected from the section of the manifold, where

Biotal(u, to, 2) = B(u,tg — 2) + B(u,to + 2) 3.1.42

al®) (to,z) = a®(to — 2) + a®(to + 2) 3.1.43
£ (t0,2) = fD(to — 2) — D (ko + 2)

Atotal(tm Z) = )‘(tO - Z) + )\(to + Z)

3.1.44

)
)
)
3.1.45)

(
(
(
(

does not solve the Einstein equations, we are allowed to use this ansatz for the total
functions corresponding to two shocks moving towards each other with the speed of
light, separated by Az = —2ty on the starting time slice tg. One problem with this
starting configuration remains to be fixed: The overlap of the shift functions Ay of
the left and right moving shocks in the region close to z = 0 is significant. All other
functions have negligible overlap. Since we choose the shocks on the first time slice well
separated, we can assume that the geometry in between is pure AdS, which justifies to
(4)

modify Aiota) close to z = 0, without changing Biotal, agizal, total-

Thus, we set
Atotal (20, 2) = O(—2)A(to — 2) + 0(2)A(to + 2) (3.1.46)

with

0(z) = ;<1 - erf(\/_;>>. (3.1.47)

For thin shockwave collisions of low BED we found it to be helpful to apply addi-
tional filtering techniques, which are explained in the second part of Appendix (5.11).
The starting configuration {B,a(4), f (4),)\} is filtered in z direction, while B is also
filtered in wu-direction using a method explained in (5.11). On each time slice of the

evolution we additionally filter the final results in z-direction.
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3.1.4.2 Finding the horizon

The final remaining task, before we can start the time evolution of the geometry, is to
find the horizon on the first time slice and adjust A accordingly, such that the shifted
radial coordinate lies in the interval u € [boundary, horizon]. As explained in section
1.7.1 and [34],[32], the horizon can be determined as the hypersurface on which the
expansion rate V,k* of the congruence of outgoing geodesics vanishes (restricted to a

specific time slice t = const.). In our specific case this means

2B
0=dS+ oy (3F?0,5 + 28 0.F + AF £0.B + 2F 0.5 (3.1.48)
632 r=rp
Herewith we wish to determine the radial shift JA(¢, z), such that for
U
= 3.1.49
YT T aon (8.149)

u(Umax) corresponds to the radial position of the horizon, while u lives on the interval
[0,...,Umax|. The value tyax can be chosen to equal the fixed upay from the coordinate
transformation. Equation (3.1.48) is a highly non linear but ordinary differential equa-
tion for the shift function. Thus, (Fourier-) spectral methods with a root finding routine
have to be applied once again. Linearizing equation (3.1.48) in d\ allows us to apply
a Newton iteration. In each iteration step the differential equations (5.10.2)-(5.10.4)
have to be solved for a certain starting shift JA™ in order to obtain an improved guess
for the shift function SA™*1. Tt turned out to be advantageous to choose JA° € [0.1,0.3]
for our settings. It also turned out to be helpful to always start with a relatively large
BED ¢ of about 10% and tune it down slightly in each iteration step until the desired
€¢ is reached and the iteration converged.

During the time evolution we use the stationary requirement of the radial horizon po-
sition 7p, which results in a differential equation that can be used to update the total
shift A time-slice for time-slice. Using (5.10.2)-(5.10.8), together with the requirement
that the time derivative of (3.1.48) vanishes gives equation (5.10.22). The more accu-
rate horizon fixing by solving equations (3.1.48) for the shift function is then applied
every 10 — 100 time steps, depending on width and symmetry of the colliding shocks.%"

80For asymmetric shock collisions with a small €g/€emax = 0.01 applying (3.1.48) too often turned out
to spoil the higher derivatives of the shift function A\, which snowballed and caused the code to break
down.
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Figure 3.3: The volume element 32 of the apparent horizon for a symmetric collision
with shockwidth w = 0.075 (top) and an asymmetric collision with widths (wy =
0.075,w_ = 0.35) (bottom). All shocks have the same transverse energy density p. In
an equilibrated plasma the volume element 33 is proportional to the entropy density
s. Also for this interpretation the same caveat explained in more detail in the caption
of Fig. 3.15 should be considered.
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3.1.4.3 Time evolution

The differential equations (5.10.2)-(5.10.6) will be solved using multi-domain spectral
methods. The details of parameter choices can be seen in table 3.2. In order to avoid
instabilities due to inconvenient implementations of those differential equations we work
with the following redefinitions of the functions B, 3,d+>,d. B and A, which can be
extracted from the near boundary analysis of the EoM (5.10.2)-(5.10.6):

u
1+ ul

Blu, 2, 1) = ( >3b(u,z,t) (3.1.50)

Y(u,z,t) = — + + < ) (u, z,t) (3.1.51)

+
F(u, 2,t) ——8A+<1+“ ) Flu, 2, t) (3.1.52)
2 2
d+X(u, z,t) ( )\> + (1 +u)\> dio(u,z,t) (3.1.53)
2
d+B(u, z,t) (1 +u)\> dyb(u, z,t) (3.1.54)
A, 2, 1) = 1<1+)\> —8)\+( )2( ) (3.1.55)
uzt) =5 - A T a(u, z,t). 1.

The EoM (5.10.2)-(5.10.6) shall be solved for the functions b, o, f, dyo, d;+b, a on a
given time slice. Handing them to the computer in a fashion, such that divergences
at the boundary already are canceled out in the analytic expressions is essential. The
differential equation (5.10.7) is not needed during the time evolution. Equation (5.10.8)
can be obtained from the previous ones by Bianchi identity. The form of the conditions

can be derived from the near boundary analysis

ol,_,=0 duol,_, =0 (3.1.56)
flo—g=fY Ouf|,_y = 81’;) (3.1.57)
dyol,_o = a® Mdyo|,_, = 82‘2(4) (3.1.58)
dib|,_,=0 Oudyd|,_, = —20Y (3.1.59)
al_,=0 . (3.1.60)

At this point the only additional information in form of boundary conditions required
to solve the Einstein equations on a given slice are the functions a® and f). However,
we found it to be numerically advantageous to demand all of the conditions listed above
to hold, even though the second row of the (double) list above follows from the first

one.
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The differential equations (5.10.2)-(5.10.6) are then solved in this order on the first
time slice t = tg using spectral methods and applying the same Chebyshev grid as we
used to determine Bl;,. Finally we use the elliptic differential equation (5.10.22) to
compute d;A. In order to update {B, f,a, A} to the next time slice, we need to know
O Bliy, Oralty, Oufl, and OiA|y,. These can be obtained from equations (3.1.10) and
(3.1.11).

We apply the fourth order Runge-Kutta method (RK4) to determine the needed
starting conditions on the following slice. For broader shocks of w > 0.3 a Newton time
stepper or third order Runge-Kutta would be sufficient. For shocks of width w < 0.1
we found it to be essential for the code to work without massive precision loss to use
at least RK4. The size of the time step was chosen as ¢t = 0.002 in all settings. We
filter the quadruple {B, f,a, A} only after each time step using a low pass filter in
longitudinal direction, which is discussed in more detail in the Appendix section 5.11.
We avoid numerically filtering any interim results during the calculations on each time

slice. The filtering damps short wavelength numerical artefacts of the discretization.

3.1.5 Results
3.1.5.1 Collision parameters

In order to gather data for the extension of the model describing "universal" flow with
Gaussian rapidity dependence found in [33] to the asymmetric case, where incomming
shocks have different widths w # w_, we calculated several collisions at various shock-
widths. The parameters of these computations and associated software are outlined in
Table 3.2. All initial shocks had Gaussian profiles (3.1.28) and identical transverse
energy densities proportional to u3. Thus we consider collisions in the center of mo-
mentum frame, which in the lab frame correspond to two shocks with energies p1 and
2, such that p = /uipe. For simplicity we rescaled our coordinates such that p = 1.
Our shock widths ranged between 0.075 and 0.35. Due to the damping of numerical
artifacts, as discussed above, an artificial background energy density was added whose
size ranged from 5.5% down to 1.2% of the peak energy density of the narrower shock.
Periodic boundary conditions with a period L, = [10,11,12] for [narrow, asymmet-
ric, broad] collisions were applied in the longitudinal direction. The uniformly spaced
(Fourier) grid in this direction had of up to N, = 720 points. In the radial direction,
domain decomposition with M = 22 subdomains of uniform size in the inverted radial
coordinate v = 1/r was used, with a Chebyshev-Gauss-Lobatto grid of up to N, = 13
points within each subdomain. Time evolution used RK4 as explained in Appendix
5.8 with a fixed step size ¢t = 0.002 and total time durations ranging from ¢ = 4/u to
t = 20/p (which was used in figure 3.4).

Figure 3.4 shows the energy density foo(t, z), in units of u?, for two representative

collisions. On the left is an asymmetric collision with w4 = 0.075/u and w— = 0.25/p,
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run - wy wW_ N, €0

0.35 0.35 720 {0.055, 0.066}
0.25 0.25 480 {0.039, 0.045}
0.1 0.25 660 {0.015, 0.017}
0.1 0.1 600 {0.015,0.017}

0.075 0.35 660 {0.012,0.015}

0.075 0.25 660 {0.012, 0.015}

0.075 0.075 600 {0.012, 0.015}

N O U W N

Table 3.2: Physical and computational parameters of specific computed collisions.
Shown are the incoming shock widths wy, number of longitudinal grid points N, and
background energy densities eg. Shock widths w4 are measured in units of p~!. The
background energy density €y is in units of the peak energy density of the narrower
shock, or u3w;1 /V/2m. Computed results at the two listed values of ¢y were used to
extrapolate to vanishing background energy density.

Figure 3.4: The energy density Too(t, z) plotted as a function of time ¢ and longitudi-
nal position z for an asymmetric collision (left) involving shocks of widths w_ = 0.075/p
and wy = 0.25/p (Caveat: In this example the thin shock travels in negative z-
direction. In most other examples shown and especially in table 3.2 the thin shocks
travels in positive z-direction), and a symmetric collision (right) with shock width
wy = 0.075/u. All shocks have equal transverse energy density u. In the symmetric
collision (right) one sees unphysical wrap-around artifacts at ¢ 2 5/u due to the impo-
sition of periodic boundary conditions in z. For smaller values of ¢ this compactification
does not affect the results.

while the right side plot shows a symmetric collision with wy = 0.075/u. The time
evolution in the latter case was run to late times where wrap-around artifacts from the
periodic boundary conditions in z are clearly evident at ¢ 2 5/u: The shocks collide
again and again on the compactified z-interval here displayed as a finite box.

The maxima in the energy density on each timeslice are situated on the curve
corresponding to the forward lightcone, as clearly seen in Fig. 3.2. These local maxima

lie outside the hydrodynamic region as defined below in (3.1.61). As shown in Fig. 3.5,
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Figure 3.5: Comparison of time dependent amplitudes of the energy density maxima
of the thinnest shock partner between a symmetric collision (solid red line) of two
narrow shocks of width w = 0.075 and an asymmetric collision of shocks (dashed blue
line) having widths w = 0.075 and w = 0.25, with all incoming shocks having the same
transverse energy density. Also shown (long dashed black line) is a =% asymptotic
form. Except for short time transients (¢ < 0.3), the maxima in the symmetric and
in the asymmetric case behave identically. For ¢ = 1.5 the amplitude decrease is well
described as ¢t~ as previously found in Ref. [34].

the amplitude of these local maxima decay with the same power-law time dependence
as seen in symmetric collisions, in fact they decay with the exact same rate as the

symmetric version of the thinner of both shockpartners.

3.1.5.2 Post-collision hydrodynamic flow and hydrodynamization time

Let us start this section with quantifying the proximity of our results to a hydrody-
namics description by using the introductory section 1.7.2. As for the symmetric cases
in Ref. [33], we define the spacetime region R in which hydrodynamics provides a good

description as the largest connected region within the future lightcone in which the

1
A= " \/ 0T 6T, , OTHY = TH — Tﬁ‘;’dm, (3.1.61)

measuring the difference between the holographically computed stress energy tensor

residual

and its hydrodynamic approximation (1.7.34), is smaller than 0.15.

For all the collisions we studied, both symmetric and asymmetric, with various
combinations of incoming shock widths ranging from 0.35 down to 0.075, we found
that the boundaries of the regions R differ negligibly from one another as displayed in
Fig. 3.6 61. At z = 0 we find the same minimal time for which A < 0.15 for asymmetric

510nly using a linear extrapolation to approximate a vanishing BED turned out to be insufficient
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Figure 3.6: The largest connected spacetime region R in which A < 0.15 (as defined
in Eq. (3.1.61)) for a collision of narrow symmetric shocks (w4 =w_ =0.075) on the
left, and asymmetric shocks (w4 =0.1, w_ =0.25) on the right. The black dotted line
shows the hyperbola (t — 0.5)? — 22 = 72, with 7 = 1.5. For both asymmetric and
symmetric collisions the region R starts at tnyaro ~ 2. These plots were obtained
by linearly extrapolating to vanishing BED. Another detail of this result that can be
compared with experiments e.g. at ATLAS is the slight asymmetry regarding the onset
of the hydro regime in the right figure. The time ¢ at which the left moving (broader)
blob of energy reaches the hydro regime is slightly smaller than the corresponding time
for the right moving (thinner) one. In [83] it was found that for a proton (p) on lead
(Pb) collision the hydrodynamization in Pb-direction happens slightly faster. This
qualitative trait is reflected by our simulations.

and symmetric collisions given by
thydro ~ 2. (3.1.62)

In the symmetric case this confirms results found previously in [33]. For the asym-
metric case this implies that the hydrodynamization time in the center of momentum
frame is the same as for symmetric ones. Figure 3.6 shows that the hydrodynamiza-
tion time is (almost) a proper time lying on a hyperbolic curve with a small temporal
shift 6t ~ 0.5 for both symmetric and asymmetric collisions.%? After scaling back to a
dimensionful time and z-coordinate, we have ptpydro ~ 2, where p is frame dependent.

This fits to the fact that during a peripheral collision of heavy ions, those parts of the

to give numerically reliable results for the region R plotted in 3.6 at late times 4 < ¢t. We restricted
the plots to the spacetime region in which our R for symmetric collisions is identical with the findings
in [33].

520ur setting of identical energy scales and asymmetric widths of the two colliding shocks implies
that there is no frame, in which the asymmetric collision is fully symmetric.
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Figure 3.7: The difference of the proper time component of the fluid velocity from
unity, ©” — 1, plotted as a function of rapidity at proper time 7 = 3 for the collisions
(wy = 0.075,w_ = 0.35) (black line), (w4 = 0.075,w—_ = 0.075) (red dashed line) and
(wy = 0.35,w_ = 0.35) (green dotted line) on the left and (wy = 0.075,w_ = 0.25)
(black line), (wy = 0.075,w_ = 0.075) (red dashed line) and (w4 = 0.25,w_ = 0.25)
(green dotted line) on the right As in Ref. [33] we find that v ~ 1 with a deviation
of a few parts in 1073, showing that the fluid velocity is quite well described by boost
invariant flow.

ions, that do not collide with anything (shaded gray in Fig. 3.2), should take infinitely
long to hydrodynamize.

By suitably adjusting the filtering to tackle artifacts coming from the discretiza-
tion, as discussed in the Appendix 5.11, we could decrease the background energy
density in our computations of asymmetric collisions to about 1% of the peak value of
the energy density of the narrower shock. For asymmetric collisions it turned out to be
quite challenging to achieve high precision and numerical stability with much smaller
background energy densities. We extrapolate to 0 BED by repeating our calculations

at slightly increased €y and using a linear extrapolation.

Also for asymmetric collisions one obtains for the proper time component of the fluid
velocity ©” ~ 1 as illustrated in Fig. 3.7, which implies boost invariant flow as in the
symmetric case. The deviations from u”™ ~ 1 are of order O(1073) in the tested rapidity
and proper time interval. Moreover, the rapidity distribution of the proper energy den-
sity on a surface of constant proper time 7 2 Thydaro continues to be well approximated

by a Gaussian but now with a peak which is shifted away from vanishing rapidity:
€(6,7) = Afw,,w_;7) e EEwrain)?folweuin)? (3.1.63)

Our results for the rapidity shift £(w,w_;7) are shown in Fig. (3.8) for three exam-

ples of asymmetric collisions. To a good approximation, the width dependence of the
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Figure 3.8: Left: the rapidity shift & (wy,w_;T) of the proper energy density distri-
butions, as a function of proper time 7, for asymmetric collisions with shock widths
(wy,w-) = (0.075,0.25) (dashed red line), (w4, w-) = (0.1,0.25) (solid blue line),
and (wy,w_) = (0.075,0.35) (dotted black line). Right: The coefficient function

= - . tw-
E(7) = §(wy, w—; 7) (57 ) for the same three cases.

rapidity shift has a simple factorized form for 7 2 2,

= —_ Wy —wW—
(wy, w_;T) = E(T ma

(3.1.64)
with the coefficient = = 0.07, that turned out to be constant for 7 > 2.

We find that the rapidity distribution of of the proper energy density for the asym-
metric collisions is well approximated by the shifted geometric mean of the correspond-
ing symmetric collision results, meaning that the widths of the asymmetric distributions
can be approximated by the inverse quadratic mean of the respective quantities in the
symmetric cases. We quantify the precision of this approximation regarding the widths
of the distributions by computing the relative error

o(wy,w_) —o(wy,w_)

s[o] = , (3.1.65)

o(wg,w_)

where o(w4,w_) corresponds to the asymmetric distribution, computed by solving for
the widths for which the distribution reached 1/4/e of its maximum. The quantity &

is the inverse quadratic mean of the widths in the respective symmetric cases

_ B 2
O ) =\ o)+ 1o (0

We display this comparison in Fig. 3.12. The efficacy of these relations is illustrated in

(3.1.66)

Fig. 3.9, which shows the proper energy density as a function of the rapidity £ at proper
times 7 = 2 (top) and 3 (bottom) for the case of (wy,w_) = (0.075,0.35) (left) and
(wy,w—) = (0.075,0.25) (right). In each plot the solid blue line shows the result for
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Figure 3.9: The proper energy density € as a function of rapidity £ at constant proper
time 7ipit = 2.0 (first row) and 7 = 3 (second row) for asymmetric collisions (wq =
0.075, w— = 0.35) (left) and (w4 = 0.075, w_ = 0.25) (right) displayed by the solid blue
curve. The red dashed curve shows the geometric mean of the corresponding symmetric
distributions shifted by £ given in (3.1.64). At & > 1 a small defect is visible.

the respective asymmetric collision. The red dashed curve shows the shifted geometric
mean of the symmetric results. For |£| < 1 this model fits almost perfectly. For [¢| > 1
tiny deviations from our simple description start to show.
To motivate the improved model, which handles these small imperfections, let
1/p

(X)p = [3X (w)? + 1X (wo )] (3.1.67)
denote the generalized mean with power p of some quantity X, which is an observable
in a symmetric collision of shocks with widths wy and w_. We then define p[X] as
the power for which the generalized mean of symmetric collision results gives the result

X (w4, w_) of this observable in an asymmetric collision with shock widths (w4, w_).
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Explicitly this means we solve the equation
(X)p[X] = X(wy,w_) (3.1.68)

for p[X], where the geometric mean equals the p — 0 limit.

In Fig. 3.10 we display the resulting power p[A(7)] for the amplitude A of the dis-
tributions in rapidity of the proper energy density, as a function of proper time 7, re-
sulting from collisions with widths (w4, w_) = (0.075,0.35) on the left and (w4, w_) =
(0.1,0.25) on the right.

Fig. 3.10 and 3.11 show that the improved model for asymmetric distributions
has to fulfill that its maximum is given by the geometric mean of the maxima in the
corresponding symmetric cases.

We modify our previously found model only slightly and consider

(i, w_:C,7) & \JA(w ) Alws 7)ga (=€, 7)1 §-Em) g (e g pyati 66,
(3.1.69)
where A(wy,7) is the amplitude of the distribution for the symmetric collisions of

widths w., € is given in (3.1.64) and g4 represents the normalized Gaussian
g+ = e 3 & /o(wsin)?, (3.1.70)

Thus (3.1.69) describes the weighted geometric mean of the normalized and shifted
Gaussian distributions in the corresponding symmetric cases with the amplitude that
corresponds to the geometric mean of the respective ones in the symmetric cases.53.
The simpler model, discussed above in (3.1.63) and the following paragraphs, is the
special case )

a(wy,w_;§,7) = 3 (3.1.71)

We find the function a(wy,w_; &, 7) to be remarkably insensitive to which configuration
(wy,w_) is tested and constant for 7 > 2 with good accuracy. We solved equation
(3.1.69) for the auxiliary function a(& — &) = a(& — &) x (€ =€), since at the point & = ¢,
where, by construction, the shifted and normalized symmetric distributions intersect
both with one another and with the normalized asymmetric one, the numerical solution
for a(¢ — €) would diverge. The results for @ in the cases (w; = 0.075,w_ = 0.35),
(wy = 0.075,w_ = 0.25) and (w4 = 0.1, w_ = 0.25) are displayed in Fig. 3.13. As can

be seen there, the weight functions a(§) only differ negligibly from one another and can

53Which is equivalent to considering the weighted inverse quadratic mean of the widths o(w+;T).
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Figure 3.10: The exponents p[A(7)] for the setting (w4 = 0.075, w_ = 0.35) (left) and
(wy = 0.1,w_ = 0.25) (right) defined as solutions to relation (3.1.67) for the amplitude
A as a function of proper time 7.

be well fitted by the function%*
1 1
a(wi,w_;&,7) = a(§) = 5(1 — §tanh(§)). (3.1.72)

To show the efficacy of this model and the improvement compared with the former one,
we again compared the asymmetric proper energy density profiles with the distributions
obtained from the corresponding symmetric ones inserted in (3.1.69) and using (3.1.72).

These results are displayed in Fig. 3.14.

54This corresponds to a weighted inverse quadratic mean for the widths of the symmetric distributions
of the form

9 1/2
( (1—1/2tanh(&)) + (1+1/2tanh(£)) ) :
)2

o(w_,7 o(wy,m)2

128



0.35 | ™., 0.35 |

0.3 |
0.25 |
<t
0.2 f
0.15 |
0.1 : : : 0.1 }
2 2.5 3 3.5 2 22 24 26 28 3 32 34
T T

Figure 3.11: The comparison between the maxima of broad (black dashed line), thin
(black line) and asymmetric (blue line) distributions for (w4 = 0.075,w_ = 0.35) (left)
and (wy = 0.1, w_ = 0.25) (right). The red dashed line is the geometric mean of the
respective symmetric results.
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Figure 3.12: The relative error §[o] as introduced in (3.1.65) computed for the collision
(wy = 0.075,w_ = 0.25). This specific example was chosen, since the widths in the
symmetric cases are sufficiently far apart over the plotted 7-range, such that it is the
easiest to resolve, which mean of the widths in the symmetric cases corresponds to the
asymmetric distribution. As shown, the relative error ¢ is only a fraction of a per cent.
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Figure 3.13: The auxiliary weight function a(§) = a(§)§ as a function of £ for the
cases (w4 = 0.075, w_ = 0.35) (green line), (wy = 0.075,w_ = 0.25) (red dashed line),
(wy = 0.1,w_ = 0.25) (blue dotted line) evaluated at 7 = 2. Since a is not well defined
at £ = 0 we interpolated our results over this point. The black line corresponds to the
fitting function §(1 — tanh()/2).
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Figure 3.14: The proper energy density € as a function of rapidity £ at constant

proper time Tiniy = 2.0 (first row) and 7 = 3 (second row) for asymmetric collisions

(wy = 0.075,w_ = 0.35) (left) and (w4 = 0.075,w_ = 0.25) (rigth) displayed by

the solid blue curve. The red dashed curve shows the result obtained from (3.1.69)

and the respective Gaussians distributions for the symmetric collisions. The function
1

a(wy,w—, & 1) was chosen as a(wy,w_,&,7) = a(€) = $(1 — 3 tanh(¢)) in all cases.
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Figure 3.15: Entropy production during a symmetric collision of gravitational shock-
waves of width w = 0.075. The gauge/gravity duality relates the entropy density s to
the rescaled volume element X3 of the apparent horizon [14, 81, 82] (This comes with
the caveat, that the size of the apparent horizon might be (time-)foliation dependent
in some geometries, and thus the interpretation of its volume as a physical quantity
comes with a grain of salt). To estimate the entropy production we integrate over the
longitudinal coordinate. S is given in units of u?, where p? is the transverse energy
density of the shockfronts. For intermediate times 1 < t < 6 we find an approximately
linear behaviour (The linear fit, plotted as a red dashed line, is included to guide the
eye). Ergodic systems such as classical Yang Mills theories are expected to eventually
enter a regime of linear entropy growth governed by the Kolmogorov-Sinai entropy (be-
fore slowly approaching a saturation level). Although it is unclear, whether this also
applies automatically to the corresponding quantum theories, it is still interesting to
witness such a behaviour via holography. Turning the tables, one could even argue that
this holographic calculation hints at the fact that the general behaviour of the entropy
of classical chaotic theories survives their quantization.
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Figure 3.16: Same as in Fig. 3.15. The left plot shows the entropy production for an
asymmetric collision (w4 = 0.075,w_ = 0.25). The plot on the right shows the com-
parison between the entropy production of asymmetric and symmetric collisions. The
observation made and described in the caption of Fig. 3.15 also applies to asymmetric
collisions.
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3.1.6 Concluding remarks

Our numerical simulations of asymmetric shockwave collisions provided several inter-
esting and important results. On the one hand we could verify assumptions made by
hydrodynamical models regarding the hydrodynamization time tyyqr, of the almond
shaped QGP formed after a heavy ion collision: We found that tyydro, like in the sym-
metric case [33, 34], is generally insensitive to shockwidths and in addition also to the
asymmetry of the incomming shocks. Only the transverse energy density scale p3 im-
pacts the hydrodynamization time. Since in a lens shaped, highly relativistic heavy ion
the transverse energy density only varies marginally with the transverse coordinates
(except at the outer fringes of the projectiles) this implies that assuming a constant
hydrodynamization time throughout most of the QGP is a good approximation also for
peripheral collisions. On the other hand we found a general model describing the post
collision flow during asymmetric collisions by simple means of the same during corre-
sponding symmetric collisions. This extends the model found for special symmetric
cases in [33] and allows to algorithmically construct the stress energy tensor and thus
starting conditions for hydro evolutions without the need for simulating holographi-
cally localized peripheral shockwave collisions, granted that transverse gradients are
suppressed due to highly relativistic effects. We gave a detailed and didactic descrip-
tion of the construction of our codes and concluded the discussion with an interesting
observation regarding entropy production, that demands further inspection in future:
After a certain amount of time ¢ ~ i the produced entropy enters an almost linear
regime, both for symmetric and asymmetric collisions. This coincides with a behaviour
that can be observed in classical ergodic systems that is also expected for QCD [86],
which eventually enter a regime of linear entropy growth before slowly approaching a

saturation limit in the far future.

3.2 Preparation of future work and supplementary material

3.2.1 Entanglement Entropy and non local observables in an asymmetric

collision geometry

Studying non local observables, e.g. correlators or other n-point functions from a dy-
namical holographic setup is in general a challenging task. For the two point functions
of an operator O with sufficiently large dimensional scaling A and the entanglement
entropy (EE) relations (1.4.9) and (1.4.33) allow holographic computations of these
quantities, by determining geodesics and minimal surfaces in a known (dynamical)
AdS-geometry.

Our goal is to determine the entanglement entropy corresponding to stripe-shaped

boundary regions during asymmetric shockwave collisions. To prepare this we start
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with discussing how to compute correlators, following [61], where the authors consid-
ered this problem in a symmetric setup. For this one determines the geodesics between
the boundary points (to,0,0,0, :I:%), where the geometry is given by (1.7.4) together
with our solutions for F,, B,Y and A corresponding to an asymmetric shockwave col-
lision. We solve the geodesic equation

0%t u 0x” Oxf ozt

952 "1 %0 30 = a0 (3.2.1)

with non zero Jacobian J. As pointed out in [61], working with a non affine parameter
o € [—1,1] is numerically advantageous. This, of course, stays true for asymmetric
collisions. Since we consider planar shocks and thus are dealing with a geometry that
is invariant under translations into the x and y direction, we can reduce the dimensions
of our problem to 3 and determine the solution of the geodesic equation (3.2.1) by

considering the geometry
ds? = —2Adt? + 2dtdr — 2F,dtdz + X% 2P d2?, (3.2.2)

and the points (¢,r, z) = (to,0,£l/2). As explained in section 1.4.1 we need the vacuum
solution to regularize the otherwise divergent geodesic length. In addition we can use
this solution as a starting point of the relaxation algorithm, with which we solve (3.2.1)

in the shockwave geometry. The analytic solution for the pure AdS-geometry obtained

by setting
A=17%/2, B=0, F=0, S =r (3.2.3)
is given by
1 2 1
t(o) =ty — 5(0’\/2 —02), r(o) = o2 z(o) = 5(0’\/2 —02), (3.2.4)
-0

where we set [ = 1 in this section. In practical calculation the geodesic length

L= / da( — 2A(05t(0))? 4 20,t(0)dpr(0) — 2F.05t(0)0r2(0) + 2262B(8UZ(0))2) :

(3.2.5)
is split up into two parts, one defined by choosing the integration interval o € [o_, 0]
such that oy = (1 — 2/rcut)1/2, with € = 1/7¢y; being small. A near boundary analysis
would allow to determine (3.2.5) in the remaining part of the full integration domain
o € [—1,1] in terms of % However, it is sufficient to repeat the numerical integration on

[o_, 04] for decreasing 1/7¢,: until we observe convergence [61]. The difference between
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L in (3.2.5) and the vacuum geodesic length L defined by

Lo = /U " da( —(BH(0))? + 204 (0)Dor (o) + (502(0))2) g 526

+

delivers the regularized length L™ = L — Ly. In addition we introduce the more
convenient variable u = %, as we already did in section 3.1. One caveat to consider
here is the shift parameter A determined throughout the calculation in 3.1. The geodesic
length itself is, of course, invariant under radial shifts, as the metric is covariant under
them . However, the cut ucy: feels changes in A, such that we first have to shift our

shockwave geometry back to a
U

U+ A

coordinate, for which A\ = 0, before we can compare and subtract the geodesic lengths

/L_L:

(3.2.7)

computed from the shockwave metric and the vacuum AdS-solution.

As shown in [61, 62] the computation of the entanglement entropy correspond-
ing to a stripe-shaped boundary region is equivalent to determining correlators in an
auxiliary spacetime. In the following we will explain this in greater detail and apply
this algorithm to an asymmetric shockwave collision geometry:

The entanglement entropy corresponding to a boundary region A can be computed
from the minimal surface ¥4, extending into the bulk, that spans A (see introductory
section 3.2.1, equation (1.4.33)). If A is a 3-surface with finite extent in longitudinal
direction z and infinite extent in direction x and y we can make use of an auxiliary

spacetime. The quantity we have to minimize is given by

nw v
/d3a\/det OX» 0X (3.2.8)

dot dgd I

where X*(o%) is the embedding of ¥4 into the (asymmetric) shockwave geometry,
whose metric we call g, here. The boundary conditions on X* are that 0¥ 4 = 0A. In
the aforementioned case of a stripe-shaped boundary region A the problem of finding a
minimizer of (3.2.8) reduces to finding a geodesic in the conformally equivalent auxiliary

geometry, given by Y4e2B guv- This is because (3.2.8) can be written in this case as

/dar/dy/da\/ﬂ‘leQnga;:la;:? (3.2.9)

where 0! = X! = 2 and 02 = X? = y. The factor E4eQBgW comes from the zz and

yy component of the colliding-shockwave-metric. In order to track the evolution of

the entanglement entropy corresponding to different boundary regions, parametrized

136



0.8 +

Greg 08 |

0.4

0.2

04 -02 0 02 04 06 08 1
t

Figure 3.17: The renormalized entanglement entropy per transverse volume in units
of p?, the transverse energy density, for an aysmmetric collision of shockwaves with
widths wy = 0.1, w— = 0.25. The lowest (purple) curve corresponds to a stripe-shaped
boundary region A, with longitudinal extent { = 0.2 (given in units of 1/u). The higher
lying red, blue, green, black and orange curves correspond to [ = 0.3, = 0.4, [ = 0.5,
[ = 0.6 and [ = 0.7 in this order. In [61] the authors found an interesting pattern
regarding the evolution of entanglement entropy of stripe-shaped boundary regions
for symmetric collisions: The entanglement entropy observed during collisions of thin
shocks (w =~ 0.1) exhibited a second smaller but clear peak, after the collision took
place. Intermediate (w ~ 0.25) and broad shocks (w ~ 0.5) lacked this feature. Thus,
it was argued that the entanglement entropy serves as an order parameter to distinguish
transparency (thin) and full stopping (broad) scenarios for collisions. Colliding thin
w4 = 0.1 and intermediate w_ = 0.25 shocks, as shown above, revealed that the pattern
of the evolution of the entanglement entropy is dominated by the broader shockwave.

by their longitudinal length [, during an asymmetric shockwave collision, we consider%
the regularized entanglement entropy per transverse volume V = [ dz [ dy in units of
4G5

Sreg = L — Ly, (3.2.10)

where L and Lg correspond to the lengths of the geodesics in the auxiliary spacetime
and its pure AdS-version, spanning between the endpoints of A’s longitudinal size [. We
proceed in complete analogy to the calculation of correlation functions in the beginning

of this small section. Our results are collected and analyzed in Fig. 3.17 and its caption.

55 As the authors of [61] did for symmetric collisions.
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3.2.2 Preparation for higher dimensional Codes

Collisions of localized shockwaves have manifold applications. On the one hand they
allow us to test the robustness of our general model for the post-collision flow (section
3.1.5.2 in combination with [33]), in addition they can be used to study collisions with
non negligible transverse dynamics, and in future, collisions of rotating (boosted) Kerr-
black holes, simulating spin. Here we only consider starting conditions obtained from
boosted non rotating black holes. The geometry in Fefferman-Graham coordinates,

including transverse dynamics is given by%

1
ds® = —2(—dt2 +da? 4 dz? +ds® + ha(zy, 21, 5)d22), (3.2.11)
s

with z4 = z & ¢. In order to fulfill the Einstein equations, the function h4 has to fulfill
equation (3.1.13). In addition, we want the boundary stress energy tensor, whose 00,

zz and +1 times its 0z-component is proportional to Hi with®”

= ko Z'ﬁ f ~ = 52 =
hal(@Lms) = [ oo™ T e (L, 285 B(FLLs) (3.2.12)

to be a decent model of a heavy ion. Thus, following [40], we set

Hy(Z),24)= 2A exp < — 25),:) exp ( - mw) (3.2.13)

R2

where w is width of the longitudinal extent of the lens shaped (since Lorentz-contracted)
energy density distribution, b is the impact parameter, with components in the trans-
verse direction zy, and R measures the transverse size of the localized shock. Our goal
here is to solve the integral (3.2.12) analytically®®. This will substantially facilitate the
(numerically performed) coordinate transformation, as it means, that we do not have
to solve a rather involved integral numerically on each zyz-gridpoint of the discretized
spatial coordinates. Thus, this preparation work will make it very cheap to compute

starting conditions for localized shockwave collisions.%”

56Here we use the nomenclature of [40].

5THere I denotes the Besselfunction of second kind.

580r at least find an almost perfect analytical approximation, we will make more precise what is
meant by this in the curse of this section.

%9In practical calculations, the coordinate transformation with this improvement only took a few
hours on a 16-core desktop machine.
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For this purpose we set
1 22
f:t(Z) = E exp ( - 2’[1)2) (3214)
. A (7, +b/2)? )
= - 2.1
g:t(xl) \/ﬁ ex < 2R2 (3 5)
we consider a shift b = by and focus on the integral
. dlk,|d R R -
whi(xLJLs)::/n |ij2¢k\_dgi(kL)ekL L8 Ia(kLs) (3.2.16)
1
with Y
- A k1R .
gi(kj_) = \/7771- exXp ( — J_T — Zbky)RQ. (3217)
The ¢ dependent parts of the integral (3.2.21) are give by
exp ( — iblk L |sin(¢r) + ilk L] |71 | cos(¢,)), (3.2.18)
while ¢, = ¢, — arctan ( ) =: ¢ — 0. One gets for (3.2.18)
(3.2.19)

exp (i(sin(d) — b)|l§:ﬂ sin(¢g) + Z|ELHfL’ cos () cos(¢y))

Integrating this over ¢y from 0 to 27 gives
202, 2 + (|21 |sin(8) — b)?) = 2no([RL]\/2? + (y — b)?).  (3.2.20)

27 Jy ‘kJ_‘\/COS

Such that one obtains
(3.2.21)

ﬁ dky| =
whe(#1,08) = [ BELLL(EL ) 5,0,)

2
L(lkyl,s,2,y) = vVerdo(lkL[y/2* + (y — 5)2)8|]§|12(|’ﬂ|8)-
1

Every expansion term can be integrated in

(3.2.22)

This expression is now expanded in s
(3.2.21) analytically. Together the result for (3.2.12) takes the form

A A 2w L1 (k4 2)l R\ a2 4 (y — b2\ sk
Sy 3 2 (k/2—1)! (ﬁ) ( 1 )R?k'
(3.2.23)

wle
k=0,k€2Z 1=0

27m3w?
Although exact, this expression is still useless for numerical calculations due to the sum

to infinity. However the structure of this result allows the following observation
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If 22 + (y — b)? is large, then the Gaussian forces this term to be negligible and if
2?2 + (y — b)? is small the faculties in the sum together with 1/R?* cause the terms of
order O(slirterval)) o1 higher to be negligible. The order o(interval) € 27 depends on the
size of the interval in which we consider s. For s € [0,5], R = 4 terms of order s<

smaller then 10720 for all # and y. In this case the complicated function h4 (¥, 24, s)

are

can be perfectly approximated by a polynomial times two simple Gaussians

k/2 —
_A G- § Z/: ) (5 + )'(R)’“ 2l<$2+(y—b)2>lsk+4.
V2miw? woreazizg D7 (R/2=D \V2 4 R
(3.2.24)

When we want to determine the metric of a single shock, then we can forget about
b and t and set both to 0 in the formula above. Obviously (3.2.23) then only depends

on fi, which further decreases computation time.
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Chapter 4

Conclusion

4.1 Summary and discussion

In this thesis we discussed several projects, which are linked by the endeavour to bring
AdS/CFT closer to QCD and heavy ion physics. Errors in the literature [10-12] re-
garding the deduction and final form of the higher derivative corrected EoMs of gauge
fields within AdS/CFT where found and rectified. We showed that this drastically
changes previously obtained results regarding the 't Hooft coupling corrections to the
photoemission rate, quasinormal mode spectra, the conductivity and spectral functions
[10-12, 19, 53]. The actual 't Hooft coupling corrections turned out to be one order
of magnitude smaller than previously thought. For the large frequency limit of the
photoemission rate we could resolve a conflict between predictions from weak coupling
regarding the sign of the correction factor.

We found a prescription to treat the higher derivative corrected Ramond-Ramond
five form and proved it for the case of a constant magnetic background field. We then
proceeded to determine the metric solution corresponding to o/3-corrected magnetic
black branes and studied tensor quasinormal modes in this geometry. The dual field
theoretic setting describes a quark gluon plasma in a strong magnetic field, which also
forms during actual heavy ion collisions. It was found that the magnetic background
field had a strong influence on the equilibration time of a quark gluon plasma especially,
if we include o/3-corrections. For large background fields equilibration times were con-
sistently shorter then without.

Finishing the discussion of higher derivative corrections to the AdS/CFT correspon-
dence, we presented a resummation technique, that allows us to estimate the range of
applicability of o/3-corrections and exhibits interesting properties itself:

The resummed corrections were substantially smaller and more well behaved than the
third order in o’ corrections. Resummed quasinormal mode spectra stayed within the

lower complex plane for all tested 't Hooft coupling values and maintained a pattern
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that corresponds to top-down thermalization.

The second focal point of this thesis is the construction of software to simulate
heavy ion collisions by colliding gravitational shockwaves in AdSs, pioneered by P.
Chesler and L. G. Yaffe [34, 35]. On the one hand we gave a didactical overview of
how to build shockwave collision code from scratch. On the other hand we went be-
yond the models so far and studied the collision of shockwaves of asymmetric widths,
whereby we simulate pixels of peripheral collisions. We showed that the observations
regarding boost invariant and universal flow also hold in the asymmetric case. We were
able to give a formula describing the post collision proper energy density distributions
only depending on the asymmetric widths, rapidity £ and proper time 7. With the
help of the hydrodynamic approximation, this allows to construct the stress energy
tensor of highly relativistic peripheral collisions (where we assume transverse gradients
to be negligible compared to the projectiles’ speed) without the necessity to perform

5-dimensional shockwave collisions.

4.2 Outlook

There are several ways, in which this research can be extended in the future. Here we

collected the most important and promising projects, building on this work.

o Finite 't Hooft coupling corrections to shockwave collisions: Considering the suc-
cess of AAS/CFT in dynamically modeling heavy ion collisions in the A — oo
limit, it is of special interest to determine finite 't Hooft coupling corrections to
this process, allowing to study it in a substantially more realistic setting of fi-
nite coupling. The first hurdle to overcome here is the difficult task to determine
O(d') corrections to the relation between the near boundary geometry of the AdS

space and the boundary stress energy tensor.

e Study (asymmetric) localized shock collisions: Localized shock collisions are no-
toriously difficult to simulate. However, there are several burning questions that
can be answered with this. On the one hand we could test how robust the model
found in this thesis regarding the post collision flow during peripheral heavy ion
collisions really is. On the other hand we can use such a higher dimensional
code to investigate the influence the rotating fireball has on the experimentally
measured polarization of emitted particles, by studying vorticity. Also simulating
asymmetric (so e.g. p+ Pb) heavy ion collisions with localized shocks can provide

interesting insights regarding qualitative comparison with experimental data.

o Magnetic black branes + chemical potential at finite 't Hooft coupling: Regarding
the computation of higher derivative corrections to the black brane geometry

presented in this work, it is an attractive next question to study finite 't Hooft
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coupling corrected magnetic black branes at non zero chemical potential and

investigate anomaly driven effects at finite A.

Stmulating shockwave collisions with phase transition: Another interesting setting
to explore is the model obtained from the formulation of shockwave collisions,
describing heavy ions in the boundary field theory, in theories obtained from other
sectors of string theory. Especially the Witten model, which is dual to the low
energy limit of type Ila super string theory, would be a promising candidate. Since
via this duality one can gravitationally model phase transitions, there is hope, that
the confinement/deconfinement phase transition can be at least approximated in

dynamical simulations.

Simulating heavy ion collisions with spin: This challenging task can only be
achieved via computing localized shockwave collisions as described in the second
bullet. In addition it comes with the substantial complication that now the
starting conditions would have to be derived from boosted Kerr-black holes, not
Schwarzschild black holes. Nonetheless, this should be feasible with sufficient

computational resources.

Computing shockwave collisions with constant magnetic background field: This
interesting project would allow to investigate the influence the strong magnetic
field, that forms for very short times during heavy ion collisions, has on, among
others, the post collision flow, the hydrodynamization time and entropy produc-

tion.
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Chapter 5
Appendix

5.1 Explicit higher derivative correction terms to IIb SUGRA

In the introductory chapter 1.2 we discussed higher derivative corrections to the type
ITb SUGRA action. The explicit terms, schematically collected in (1.2.12) and the

parameters n; in (1.2.13) are explicitly given by

(M3);_1..20 =(—43008, 86016, 129024, 30240, 7392, —4032, —4032, 118272,
— 26880, 112896, —96768, 1344, —12096, —48384, 24192, 2386,
— 3669, —1296, 10368, 2688) (5.1.1)

as well as

(M;)i=1,...20 =(CapcaC®! CCcqnC¥ ", CopeaC*I C™ 0y Oy 4,
CoapedC%! gC° i TN C oo P CY Tap gniy T 99
Ca bcha bef %dghij Tefghij 7 Ca bchae cf,n)eghij Tdfghij
Ca bcha ecf’ﬁ)ghdij Teghfij ) Ca bchae fg%cehij Tdfhgij )
Cabcdcaefg%cehij,rdhifgjv Cabcdcaefg,ﬁ)cfhij,rdehgijy
Cab4C 1o Toeneiy TYI COAT o b o Tea®™ R THIM i,
O e ton Tea? T T ik, O e pon Tea? TFT 9 i,
O e tan Te T TRTGI ok Tabede TN T yiiin TV, M,
%bcdefTabcghi Tdejg lef hkij 5 EbcdefTabcghdegj elefhjikl

Tavedes TN T T 401 Tabedes TP T g u T Y. (5.1.2)

5.2 Explicit components of five form solution

In section 2.1.2 we used the magnetic and electric part of the Ramond-Ramond five

form Fj in the presence of a (transversely polarized) gauge field A, in order O(a’0).
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Here we display the explicite forms:

We start with the gauge field free electric part and its Hodge dual and get

(FEO = —4,/| det(gs)|dt A du A da A dy A dz

*(Ffl)o = 44 /det(gs; )dy1 A dya A dys A dys A dys + 4\/| det(glo)|\/| det(gs)|

T

gih gt gty g aicdyr A dys A dx A dys A dys + gih gt gty g1t aigdyr A dys

TN

Adys A dz A dys + 910916 916 918" 9i6dyr A dyz A dys A dya A dw) =: (F3"9)°,

(5.2.1)

where g19 is the metric of the 10 dimensional manifold corresponding to an AdS-
Schwarzschild black hole times S5, g5 is the metric corresponding to the internal AdS
space and gg, is the metric of the five sphere. The nomenclature (F5'*/)? shouldn’t
distract from the fact that it nevertheless depends on A4, via g8, ¢1¢* and g;§°. The
electric components of the five form including the gauge field A;(u,t,z) are explicitly
given by

(B! = (FDe + (F5Die + (F5)2a (5.2.2)
with

. 20, A (u,t, 2 e
(FEhL = \/(?:)\/ | det(gs)|gs” g™ (sin(y1) cos(y1)dt A dy A dz A dyr A dys+

cos(y1)?sin(y2) cos(y2)dt A dy A dz A dys A dyy — cos(yr) sin(yy ) sin(yo)2dt
Ady Adz A dy; A dys — cos(yr) sin(yy) cos(y2)2dt A dy A dz A dyy A dys
— cos(ya) sin(yz) cos(y1)?dt A dy A dz A dya A dys), (5.2.3)

200 A5 (u,t, 2 - .
(1), =~ 2R 2 ol (snon) cos(n ) Ay A d i Ayt

cos(y1)?sin(y2) cos(y2)du A dy A dz A dys A dyy — cos(y1) sin(y1) sin(ys)2du
Ady Adz A dyy A dyy — cos(yr) sin(yr) cos(y2)2du A dy A dz A dyy A dys
— cos(y2) sin(yz2) cos(y1)2du A dy A dz A dys A dys), (5.2.4)

20, A5 (u,t, 2 I
(FEh! = —\;g)\/ | det(gs)|g5” gZ% (sin(y1) cos(y1)dt A dy A du A dyr A dys+

cos(y1)?sin(y2) cos(y2)dt A dy A du A dys A dys — cos(y1) sin(yy ) sin(y)?dt
Ady A du A dyy A dyy — cos(y1) sin(yr) cos(ya)2dt A dy A du A dyy A dys
— cos(ya) sin(y2) cos(y1)?dt A dy A du A dya A dys). (5.2.5)
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Analogously we write the magnetic part as
(Bt = (B + (F5" )i + (F5")z, (5.2.6)
with

(F"9)L, = —+/det(gs,) (sin(y1) cos(y1)gls" g¥3¥ du A dx A dya A dys A dys+
cos(y1)? sin(y2) cos(ya) 922 g¥a¥ du A dx A dyy A dys A dys — sin(y;) x
cos(y1) sin(ya)?g{s" g¥a¥ du A dx A dyz A dys A dys — cos(yq) sin(y1) x
cos(y2)?gte" g3 du A da A dya A dys A dys — cos(ya) sin(yz) cos(y1) X

20,Az(u,t, 2)

7 + O(Az(u,t,2)?), (5.2.7)

g2 gl du A dx A dyr A dys A dya)

(F5")gp = —/det(gs;) (sin(y1) cos(y1)g15" 916" dt A da A dyz A dys A dya+
cos(y1)? sin(ya) cos(ya) g2V gla¥dt A da A dyy A dys A dys — sin(y;) x
cos(y1) sin(ya)?g¥s¥ Va4 dt A dx A dya A dys A dys — cos(yr) sin(y1 ) x
cos(y2) gt g3 dt A da A dy A dys A dys — cos(ya) sin(ya) cos(yr )X

200 Az (u,t, 2)

3 O(Az(u,t,2)%), (5.2.8)

giP2 g dt A dx A dyr A dys A dys)

(FZ9)L, = —y/det(gs, ) (sin(y1) cos(yr)gth”" gl A dx A dys A dys A dya-+

cos(y1)? sin(ys) cos(y2) 9132 gi5¥ dz A dz: A dyr A dys A dys — sin(yr) x

cos(y1) sin(yg)Qg%ylg%y‘*dz Adz A dys A dys A dys — cos(y1) sin(y1) X
(y2)2g18" 915> dz A dw A dya A dya A dys — cos(y2) sin(yz) cos(y1)?
20, A, (u,t, z)
V3

cos(y2

916 2910 dz A dx A dyr A dys A dys) + O(Ap(u,t, 2)?). (5.2.9)

5.3 Important components of gp:

In section 2.1.2 we determined the higher derivative correction terms g% to the EoM

of the Ramond-Ramond five form. The most important components of the form %

are given in below:

0Fs TY1Y2Y4Y5 6v/3 (1—u?)
468uP)02 A, + 83u”92 A, + (4312u° — 5248u7)d, AL)) + O(A2)

(5.3.1)
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5W) (cos(y1)* sin(yz) cos(y2)) 6 8\ A2 415u°
AS =_ 415u8 — 415u8)920, Ay + ———
<5F5 TZY2Y4Ys ! 6\[ (( ) 4(_1 + u2)
5 261u° 4 7
0.0} Ag — == 03 A, + (32200° — 4050u")9, 0. A+
(2181u* — 3216u%)d, A;) + O(A2) (5.3.2)
61/\/) (cos(y1)* sin(yz) cos(y2)) 6 8\ a3 733u°
— = —733u” + 733u°)0;, Ay + ——+
(5F5 —— 6v/3 ( ) 4(1 — u?)
2 257“ 2 5 752
0,02 A, — 820, Ay + (—4398u° + 7330u7)92 A, +
311;1 - 16)51“ 02 A, — 11450402 A, + (—2056u* + 12162u6)0, A,)
+ O(A2%) (5.3.3)
44 9
(‘W) _ _ (eosyy)7sinys) cos(a)) (5.6 _ 733,8)520,4, + 57“ 020,A,
0F% tey2yays 6\/3
ﬂaﬂ + (548u® — 2014u7)9,0; Ay + (u* (=609 4 912u?))
4(_1 + u2) t {1z uwUt g
O Az) + O(A2) (5.3.4)

5.4 EoM for metric with backreaction of a strong magnetic field in
the infinite coupling case

In section 2.2.1 we determined the Einstein(-Maxwell) equations derived from the
Kaluza-Klein reduced type IIb action with ansatz (2.2.2), (2.2.3), (2.2.5) and (2.2.6) in
order O(a'). These EoM are explicitly given by:

0 =b?L(u)'? + 202 L(u)* + 30L(u)%e W (403U (u) L' (u)? — 1) + 30u>L(u)%eV ™
(uL (W)U (u) 4+ U (u) (2uL” (u) + L' (u)(4uV' (u) + 2uW’ (u) + 3))) + 6u*L(u)™°
W) (WU (u) 2V () + W (1)) + U (w) (4uV" (u) + V' (u) (4uW’ (1) + 6)
+ 6uV’ (u)? + 2uW” (1) + 2uW' (1) + 3W'(u))) + 12¢4V (™ (5.4.1)

0 =b2L(u)"? + 262 L(u)* + 30u’L(u)’e W L (w) (U’ (u) + 2U (w) (2V' (u) + W' (u)))
+ 30L ()% W (4uPU (w) L' (1) — 1) + 66> L(w) 0 (U (u)(2V (u)+
W (w)) 42U (w)V' (u) (V' (1) + 2W' (1)) + 12e4V @) (5.4.2)
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0 =702 L(u)"*? — 2b? L(u)* + 90L(u)3e* ™ (443U (u) L' (1)? — 1) + 1206 L(u)?e?V ™)
(2uL (w)U' (uv) + U(u)(2uL” (u) + L' (u)(4uV' (u) + 2uW' (u) + 3))) + 150>
L(w) eV @ (2wl (w) + U (uw) (4uV” (u) + V' (u) (4uW' (1) 4 6) 4 6uV’ (u)?
+ 2uW” (u) 4 2uW' (u)? + 3W' (u))) + U’ (u)(SuV’ (u) + 4uW'(u) + 3))
— 60etV (@) (5.4.3)

0 =b?L(u)'? + 202 L(u)* — 30L ()% ™ (403U (u) L' (u)? — 1) — 30u>L(w)%*V ™
(2uL’ (w)U’ (u) + U(u)(2uL” (u) + L' (v)(2uV’ (u) + 2uW’(u) + 3))) — 3u?
L(w)Pe® ) (2uU" (1) 4+ U’ (u) (4uV’ (1) + 4uW’ (u) + 3) + U (u) (4u(V" (1)

+ W (w)) + V' (u) (4uW’ (u) 4+ 6) + duV’ (u)* + duW’'(u)? + 6W' (u)))
—12e4V®) (5.4.4)

0 =b?L(u)'? + 202 L(u)* + 30L ()% W (403U (u) L' (u)? — 1) + 30u>L(w)%*V ™
(2uL! (u)U" (u) + U(u)(2uL” (u) + L' (w) (4uV' (u) + 3))) + 3u?L(u) etV @
(2(ulU" (u) + U (u) (4uV" (u) + 6uV’(u)? + 6V (u))) + U’ (u)(8uV' (u) + 3))

+ 124V () (5.4.5)

Consistently the function L(u) is solved by 1 in this order of o/.

5.5 Second expansion coefficients of the megnetic black brane geom-
etry

In section 2.2.1 we derived the magnetic black brane geometry as expansion in the
shifted radial coordinate (1 — u) (i.e. an expansion around the horizon). We give the
next order coefficients as an example of the near horizon expansion of the magnetic

black brane geometry so far without higher derivative corrections

1
1080120u

uy + 24007120 + 14400152 — 7206%138 — 67512%u3 + 405008 u; — 32400%uy

uz = — ( — 166 13" — 766" 15° — 108b* 1§ — 135b%13%u; — 5400215

— 540013 + 1080015 — 6480) (5.5.1)
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Vg = — e (11b4l34 + 11648 + 8615 + 4567122y + 45613 uq + 3067120
360130u?

— 1806%13% — 27018 %u; + 90015 — 720) (5.5.2)
1 4716 418 2714 2712 10 8
w3 = — W(QJOU% ( — 7b lo — 8b ZO — 45b lO (75} —+ 120b lo — 270l0 (75} —+ 900[0
- 720) (5.5.3)
1
Iy = — 180011%12( —126%12* 4 561180 + THMS — 456%13%uy + 450213 uy
0

— 6067120 + 1200213 — 60b%15 — 135010%u1 + 13500 uy — 270015 + 2700). (5.5.4)

5.6 Equation of motion of tensor fluctuations for b =0

In section 2.2.5 we made use of the higher derivative corrected EoM of tensor fluctu-
ations in the (coupling corrected) AdS-Schwarzschild black hole geometry without a
magnetic background field. We define the function h := hY, such that one obtains [25]

" w+1 o, o g 1—u? Y 4 22 3 2
h'(u) — wd =) 2)h (u) + (@*—q 2R 2)Qh(u) + [ (3171u" + 38406%u” + 2306u
ull —u u(l —u
— 600)uh’ (u) + ﬁ (600w2 — 30042 + 50u + (34564% — 285602 )u? 4 768u3G¢*
—Uu

+ (213602 — 65604%)u* — (7684 + 275)u’ + 3404¢%u’ + 225u7)h(u)+

& = (1 —u?)

10— h(u)) =0 (5.6.1)

from varying the higher derivative corrected action with respect to h;,. This differential

equation simplifies to

fo(u)d" () + f1(u,v, @) (u) + folu,v,0)¢" (u) =0 (5.6.2)

defining h(u) = (1 — u)_%gb(u), where we set ¢ = 0. The coefficients fy, f1, fo are
given by

Folu, vy, @) = ((—20(=2i + 4@ + v + u(—2i + 30)) + v(1 + u) (u®(—100 — 2306id)
+ 0 (450 — 3171id) — 3171iu’ — 24067 + 100iu (i 4 6&) — 120u*W(—5i + 120)
+ 2utQ(—1153i + 21364))) (5.6.3)
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fi(u,y, @) = 2(1+u)(4—2906yu" —865yub+3171yud +u? (446007 —4id) —4iuc) (5.6.4)

fo(u) = 8u(l + u)?(—1 + u). (5.6.5)

5.7 Near boundary expansions of coordinate transformation

In section 3.1.4 we gave explicit formulas to determine the transformation functions™

&, B and 4 as expansions in the radial coordinate u. The coefficients {a;}; of the near

boundary expansion (3.1.31) of & are given by

22
2 26_2172
o \/;7 (5.7.1)
15w
z2
11ze 2w?
e dn 5.7.2
ai 60+/2mw? ( |
2
37ze” 27 (22 — 3w’
" e 3 (Z w ) (573)
2016/ 27w?
22 22
as = e w2 (768w" + 23v/2me2? (3w — 6w?2? + 21)) (5.7.4)
12096 w?
22 22
0y 26w (1896uT + 7V2men? (15w — 10u?2? + 1)) (5.7.5)
216007 wl
Z2 22
e w? (—48456w° + 89736w7 2% — 67v/2me20? (15uw0 — 45wh2? + 15wzt — 26))
as = 14256007w!3
(5.7.6)

"Describing the transformation of a single shock geometry in FG coordinates to EF coordinates.
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The coefficients {b;}; of the near boundary expansion (3.1.30) of /3 are given by

22

b e 2u? (5.7.7)
O V2w )
22

ze 2w?

e 5.7.8
! 10v/2mw? o
22
e 22 (w? — 2?)
. 5.7.9
2 30v2mw? o
2

~3u7 (3w? — 22

by = ze 2% (3w” — z%) (5.7.10)
126v/27w’

22 22

py — € (11607 = 3v2men? (3w — G2 + 21)) (5.7.11)
40327w?
22 Z2
by = _2¢ 7 (31207 4 VIren? (15w — 10w%2? + 21)) (5.7.12)
8640w

The coefficients {g;}; of the near boundary expansion (3.1.32) of 4 are given by

22

e 2u?

e 5.7.13
go 5v/ 271w ( |

22

3ze 2w?
3w 5.7.14
90 2w o

z2
be 2? (w? — 2%)

B 5.7.15
g2 847/ 27wb ( |

22

11ze 207 (2% — 3w?)
o 5.7.16
93 672v/ 27" o
22
e 2me =" (3wt — Gu? + 1) (5.7.17)
576mw?
Z2 22
g5 = _ZG_F(3408w7 +13v2me2a? (15w — 10w?2” + %)) (5.7.18)
43200mw!!
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Thus, equation (3.1.26) implies for the near boundary expansion of the anisotropy

function B, where we set B = Y, Byu':

Bi=0 foriec{0,3}, (5.7.19)
2
B e a7 (5.7.20)
L 32w o
Z2
e 27 (20 \w? — 32)
Bs = 5.7.21
> 15v/2mw3 ( )
2
57 (_ 2.4 2(1 1) — 22
BGZe 202 (=50 °w?* + w?(15 2z + 1) — 27) (5.7.92)
15v/2mwd
22
B — e 207 (21002\3w0 — 63 \wt (152 + 2) + 3w?2(42)z + 5) — 523) (5.7.23)
315y 2mw?
22
e w? = 4, 8 2, 6 4 2.2
Bs = m(\/%ew (—58800A\%w® + 705672wC (5Az + 1) — 3w (2352722
+ 5607 + 15) + 10w?22(56)2 + 9) — 152") — 280w (5.7.24)
z2
e w2

z2
By (1120(6)\w9 —w'2) + V2re2w? (282240 \°w' — 14112X3w8(15\2

~ 302407w!!
+4) 4+ 72000 (78402 2% 4 280Xz + 15) — 15w 2(448)\22% + 144Xz + 7)

+ 10w?23(3602 +7) — 725)) (5.7.25)

22

e w2
4536007 w!3
w® (11760222 + 560Az + 45) + 15w5(20160032% + 9720222 + 945Xz + 14)

— 90w*22(270022% + 105Xz 4 7) + 105w?2* (92 + 2) — 142°%) — 84w (5400 2w*

z2
Bio (\/27r6272(—6350400)\6’w12 + 1905120\ w0 (3A\z + 1) — 162012

— 4w (450\z + 19) + 13727) ) (5.7.26)

5.8 Runge-Kutta methods with and without adaptive stepsize

In section 3.1.4 we made use of Runge-Kutta methods twice for two different kinds of
problems that require two slightly different versions of this algorithm. We start with
presenting the standard 4-th order Runge-Kutta method (RK4) and proceed with an
adaptive step size integrator. Given a differential equation for a R* valued field ®(t)
of the form

O®(t) = F(t,®(t)), P(ty) = Do (5.8.1)
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we can sequentially approximate its solution at the point ¢,1 = t,, + 0t from ®(t,,) by

computing
D(tpt1) =~ P(tn) + (57524: biki, (5.8.2)
i=1

where the k; are given by

kj = F(t + o;0t, ®(tn) + 0t ojkj_1), (5.8.3)
with the two vectors "t

11 1111
a:{0,§,§,1} b:{é,g,g,g}. (5.8.4)

This algorithm was used for the time evolution discussed in 3.1.4 with
® = {\ B,a®, fO1. (5.8.5)

In order to extend this method to one with an adaptive stepsize, we need a local
error estimation, i.e. we want to know how large the expected error at a given slice ¢,
is, in order to adapt the step size accordingly. The easiest way to achieve this is to split
the t-stepping in half. After each iteration (5.8.1)-(5.8.4) with step size dt,, we repeat
the calculation for 0t,,/2 two times to end up at slice ¢,,+1 as well. The calculation with
the double step suffers, of course, from a much smaller numerical error, such that we
can think of it as the ”exact” solution, with which we compare the numerical one. Let

us call the double step solution ®,, and the single step solution ®,, both on ¢,,. Let
err = max(|®, — ®,|), (5.8.6)

where the maximum is taken over all components of ®. If we allow our solution to have
a numerical error of approximately 10™%, we update the time stepping on the n-th slice

as

10-a /4
0 ) . (5.8.7)

err

5tn+l - 6tn<

The "learning rate" of this adaptive algorithm is governed by the exponent % in (5.8.7).
The justification for the specific choice of the exponent is this: Since we work with

4th order RK method, the numerical error A,, is of the size t:, for a step of size dt,,.

"'The general Runge-Kutta method works with a Butcher-tableaux instead of vectors.

"2We keep the same notation as in the beginning of this Appendix chapter for consistency, even
though the adaptive integrator was applied to solve an initial value problem for the radial coordinate
u not t.
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Thus the error A, corresponding to a stepping dt,+1 can be estimated via

StnAYA & Stpbty gy ~ Sty AV (5.8.8)

5.9 Pseudospectral Methods

In this appendix we will explain the basics of (pseudo)-spectral methods which we
used throughout the entire thesis, in chapter 3.1.5, in chapter 2.2, in chapter 2.3 and
extensively in chapter 3.1. Spectral methods allow us to transform linear differential

equations of the form
Lu=f (5.9.1)

with L being a differential linear operator, to linear algebra problems, that are easy to
handle numerically and whose precision increases rapidly, with increasing the size of
the linear system. The idea is to project a solution of (5.9.1) onto a finite dimensional

functions space with a (weighted) scalar product, spanned by orthogonal basis functions
b;
N
U uUunN = Zuquz (592)
i=0

Requiring that (5.9.2) is a good approximation of the solution u is equivalent to de-
manding that the residual R defined by

N
R=Luy—f=L> w;— f (5.9.3)
1=0

is small™. Not all systems of orthogonal functions have the desired properties that
allow us to construct good approximations. Also which system is the best can depend
on the differential operator L and the boundary conditions to (5.9.1). However, in most
cases the following rule of thumb delivers the best results:

’Always use Chebyshev polynomials or (Chebyshev) cardinal functions (further
explained below in 5.9.1), unless the boundary conditions are periodic. Then use Fourier
(cardinal-) functions’

In most cases we used the corresponding cardinal functions c¢,,, which fulfill

cm(xn) = dmn (5.9.4)

"The term ’small’ is to be understood with respect to the norm induced by the scalar product of
the infinite dimensional Hilbert space obtained by taking the N — oo limit in (5.9.2), i.e. the closed
hull of {¢n}ne[0,oo]~
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for a discrete grid z, also in the non periodic cases, since it turned out to be advan-
tageous for implementing boundary conditions. Let w be the weight function of the
weighted scalar product. For instance for Chebyshev polynomials w is given by \/ﬁ
By construction the residual vanishes on the finite dimensional Hilbert space, spanned

by ¢p,. This means for (5.9.1) generally given by

L= pr dg;‘P ’ (595)
the following relation
M N . & X
;};} /_ dapy(@)un (@) e (@) (a) = /_ daf(@)en()ula). (596)

where the cardinal functions are defined on the interval [—1,1]. Approximating a

function @ living on a general interval [a, b] is easily obtained by considering

a(“;b+ b;ax). (5.9.7)

In the case of a Gauss-Lobatto grid z,, and Chebyshev cardinal functions c,,, that
fulfill relation (5.9.4) this leads to

M N N
dcn

=0

The matrix by applying the Chebyshev-Gauss-Lobatto quadrature. Summing out the

Kronecker deltas the above equation yields the linear system

d Cn
Z Zuupp Tm) duP |z S f(zm). (5.9.9)

p=0n=0

5.9.1 Explicit expressions

If the cardinal functions corresponding to a certain discrete grid x,, are constructed
from polynomials, as in the case of Chebyshev cardinal functions, we can write them

as

ey N oy
e =1 11 : (5.9.10)
k=0 Tn T Tk pZniq In T Tk
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Thus, the differentiation matrix found in (5.9.9) can be easily computed. Here the

Gauss-Lobatto grid is given by ™

z; = cos (ZN”> i=0,....N . (5.9.11)

The Chebyshev cardinal functions can also be obtained directly from the N-th Cheby-

shev polynomial Ty in the following way

(1—2?) dIy(x)
¢N?(x — ;) dx

Cja) = (=1)"*! (5.9.12)

withcy=cy=2and ¢ =1Vi=1,...,N — 1.

Either from this equation or from (5.9.10) the differential matrices can be calculated

to give [28]
(1+2N?%)/6 i=j=0
— = ( )/ / : (5.9.13)
dx T=x; —l’j/ [2(1—1‘3)} 1=750<) <N
(1) eif [ej(wi —zj)] i#j
Higher derivatives can be obtained by taken powers of this matrix.
For Fourier polynomials the endpoint grid is given by [28]
o
ri= i=0,...2N~1 (5.9.14)
The corresponding cardinal functions are given by
C)(a) = 5 sin [N(z = )] cot | (o~ )] (59.15)
i(r) = —=sin [N(x — z;)] cot | = (z — x; 9.
J 2N J 9 J

and the differentiation matrices take the form

. 0 . — .
% _ {1 L =Y (5.9.16)
x T=x; 5(—1)1—’—] cot {5 (CL‘Z - .’L’])} 1 75 j
2 . ) L
G- {1 3200 . = (5.9.17)
T o=, 5(—=1)" 1 /sin {5(331 - x])} i ]

"Throughout the calculations using spectral methods we used a different sign convention, such that
xo corresponds to —1. We use this convention to be consistent with the source [28].
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5.10 Einstein Equations for planar shocks

In this appendix we give explicit forms for the Einstein equations (1.7.10)-(1.7.16) of
planar shocks. We follow the same notation as [34]. Since we do not have transverse
gradients and assume isotropy in the transverse direction {x,y} we can parametrize

the spatial metric g with

e 0 0
g=10¢eB 0 (5.10.1)
0 0 2B
with an anisotropy function B(u,t,z). Here we set u = % With the same argument as

given for the form of (5.10.1) also the functions F, and F, can be set to zero. From now
on we name the F, component F' for brevity. With this simplifications the Einstein’s

equations in Eddington-Finkelstein (EF) coordinates read

(2 +QsB))2=0 (5.10.2)

(02 + Pr(B, )0, + Qr[B, %)) F = Sk[B,3] ( )
(Or + Qa,x[X]) dyX = Sq,x[B, X, F] ( )

(O + Q4. B[B, X)) di B = Sq, (B, %, F,dy Y] (5.10.5)

0?A = SA[B,X,F,d.%,dyB] ( )

(O + Qa, r[B, X)) dy F = Sy, p[B, %, F,dy 3,d. B, A] (5.10.7)
dy (d4%) = S [B, %, F,dy%,dy B, A] (5.10.8)

The source terms on the right hand side of (5.10.2)-(5.10.8) are given by

Qs = $B”, (5.10.9)
Pp=2B +¥'x71, (5.10.10)
Qr =2B" + (6B'Y +4%") 271 4 3B? — 4y %2, (5.10.11)
Sp=2B,+ (4%, +6B'L,)S " +3B. B —4%'¥ . 57?, (5.10.12)
Qa,x =25'E71, (5.10.13)
62B !/ / !/ 2 " !/
Sq,xn =28+ 1223{82[F(227Z +F'Y)+F°Y' +F, 2 +%,.]
+28(FY' 4+ 5.)(8(FB + B,)+ F') —4(FY' + %..)°
+22[2F(4B, + B (1B + 4F') + F") + 2F, + 4B'F,
+ F2(4B" +TB?) + AB.F' + TB% + 4B .. + F"?] } : (5.10.14)
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Qi,p=3%'57", (5.10.15)
62B
Si,p=3B'd. 28" - 624{22 (2F,+ B'F.+ B.F' + B% + B... + F"?)
+F [2(42; +B'S.+B.Y - 2F'Y)+25*(B, + B'(B, + F') + F")

_ 82/2’2} + 2 {E(B/E/ 4 22//) + 72 (B// + B/Q) . 42/2]

4+ N(B.Y. —AF'Y, +2F.% +25.,) — 42?z} , (5.10.16)
eZB
Si=3dBB —6d, 2%/ %2 +2+ 424{ — 8% [F(Zfz +F'Y 4+ FY)

+FY, + F. % +% .4+ 2(FB +B_)(FX + E,Z)} +4(FY +%,)?

+ 52~ 7(F B +B.)* + F? —4(F(2B, + B'F') + F*B" + B'F. + B..)| } :

(5.10.17)

Qa,r =2B —25'%71, (5.10.18)
Siyp=-2A,+FA"+ A F)-2B -2 S ) FA +A,)+AF

~3dyB|F B+ B, +2(FY +£.)%7!| = 2(F (d4B) + (d4 B),:)

+dy X (3SF +4(FY +X,)) 272 —4(F (d+2) + (d4 X)) 271, (5.10.19)

2B

Sz = _% {z [FAL + F(A, + FA" + A'F') + 2(FA' + A.)(FB + B.)

+ AP+ A =2, F (FB + B.) = (44 F) . — F(dy F)|

+(FY +2,) (FA + A — d+F)} —~Ad,x+1i%d, B2 (5.10.20)

Above we used the subscript z for derivatives in the z direction and prime ’ to denote
derivatives in the radial r direction. The conditions for the horizon at a fixed radial

position (1.7.31) explicitly reads

62B

0=d S+ = (3F2 0,2 + 250, F + AF £ 9.B + 2F 8ZE)

(5.10.21)

r=rp
The stationary horizon equation derived from (1.7.32) can be written as
e2B (LB’ +25)% F* N 2B (SB +2%) (S (2F + B,) +2%,) F?

451 254
N 3d+E/F2 <623222 N 623(2F/ 4 Bz)zz N e2B(F/2 —|—4BZF/ 4 Bz2) B 6>F2

0=

2%, n4 03 4y?
_3dy3.F 3

—2By2 2 / 2%/ / X,
. SN B AL - F P28 ) 2B+

by by
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3 4%
+ Ay + (— 5B/F2 + (BZ — 2Z>F + 2Fz>d+B

| (BB + ) F? + (SEF —2B) + 25%)F — $F)d, ¥
N2

1
+ 4A( — 247282 L F?2B? 4 F? +7B,2 — AF'B, — 4B'F,

+4F (B'(F' = 2B.) — B.) — 2F, 4+ 4B,, + 24¢7285/d, %,

1
-5 ((83’2’ +6%")F? + (4F'S' — 24B.5 + 4B'S, — 4%.)F — 125'F,

16F2Y2 + 8FY, Y — 4,2
+2F'Y, —16B,Y, — SZZZ> + 0 + 8, z )

= (5.10.22)

Which is obtained by exploiting the Einstein equations (5.10.2)-(5.10.8). This elliptic

differential equation can be solved using (Fourier-) spectral methods.

5.11 Filtering

For the calculation presented in chapter 3.1 filtering our functions turned out to be
very useful for computations with low background energy density. The filters have to
be applied carefully. Applying them in the course of the calculation on one time slice
could cause precision loss. We only filter {B,a, f, A} at the end of the calculations of
each time slice. During the time evolution we only filter in z-direction. The technique
explained in the second subsection can only be applied to By, for single shock solutions,

before they are added together.

5.11.1 Fourier filter

There are several ways to introduce filtering of expansions in Fourier cardinals func-

tions {c¥(z, i) }ic{o,...N—1}- Here we consider the manipulation of the discrete Fourier

Figure 5.1: Visualization of the cut off for periodic functions. Low frequency modes
with index k such that |7 —27k/N| > % are not modified. The parameter wq is chosen
to be 0.5 in this example.
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transformation of the set {¢y }neqo,.., n—1}, Where

f(z) =3 dic"(27) (5.11.1)

is the function we wish to filter. Periodicity is ensured by identifying ¢ := ¢g. For

this set of points one defines
~ 1 Nl 2mikn
Pp=—c > fne N, (5.11.2)
N n=0

such that {ék}ke{o,...,N—l} is the discrete Fourier transformation of {¢n}nefo, .. ,n—1}-
Imagining the points {¢n }neqo,.., n—1} as a discrete map

21k /N — ¢ (5.11.3)

we can think of ¢, with k close to % as high frequencies coefficients of a Fourier
transformation. As explained in [34], due to the discretization of non linear PDEs high
frequency modes grow throughout the time evolution and cause precision loss up to the
entire breakdown. Filtering these modes turns out to be essential for the computation

of thin shock collisions. Thus we define

Fk) = ;(1 - eI‘f(Q?TkJV_ ko)) + 1(1 - erf<27rk_N+kO)) (5.11.4)

wo 2 N wo

if we want to cut off frequencies ¢y, with [N/2 — k| < [N/2 — kg|. The parameter wy is

responsible for the smoothness of the cutoff. The new grid

i = f(k)ox (5.11.5)

is transformed back to

N-l1 2nwikn
=Y lge N . (5.11.6)
=0

We continue to calculate with the filtered function
N-1
Sfatterea(2) = D tic (2,9). (5.11.7)
i=0

In the implementation of the code it is convenient to write this manipulation as a matrix
multiplication for the vector (¢x)x. This matrix can be straightforwardly obtained by
computing the outcome of the filtering of Fourier cardinal basis functions in terms of

Fourier cardinal functions.
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5.11.2 Near boundary filter

From the coordinate transformation explained in the paper we obtain a function By,

for a single shock moving in +z direction. Plotting the function 9393b|;,, with
Bli, = u?bly, (5.11.8)

close to the boundary shows non-physical noise even after filtering in z-direction. We
are tackled with the problem of getting rid of these oscillations in higher derivatives
close to the boundary, while at the same time avoiding any information loss.

This can be achieved by using the expansions (3.1.30)-(3.1.32) and equation (3.1.26).
We expand b around the horizon up to n-th order. This analytic approximation for b
close to the boundary will be called b. It only depends on w, z, u and fy. The function
By was determined in the coordinate transformation. We define a function A(u, z),
which is zero for all values of u, that are bigger then the n-th Chebyshev grid point.
On our discrete grids this means, that A(u,z) is described by n x N real numbers,

where N is the size of the Fourier grid in z-direction. We demand A to fulfill
aqu;|u=0,to = aZlb|u=07to + aqTA‘U=0,t0 (5'11-9)

for all values in z and for m < n. This gives us n X N equations, which uniquely define
A on the discrete grid. Choosing n = 7 or higher actually kills all noisy oscillations
in the vicinity of the boundary up to almost arbitrary high derivatives in » and z
direction. The new function, with which we proceed our calculations is b|¢, + Al¢,. In
contrast to standard filters in u-direction, which rely on transforming forth and back
onto a smaller Chebyshev grid, this technique is, of course, restricted to the vicinity
of the boundary. However, there is no information or precision loss, if anything we

brought the function b|;, closer to the exact solution of the coordinate transformation.
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