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“ Everything should be as simple as it can be,
Says Einstein,

But not simpler.”

Louis Zukofsky (1978)
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Résumé

Etude des composantes noires de 1’Univers

avec la mission Euclid!

par Isaac TUTUSAUS LLEIXA

Le modele de concordance de la cosmologie, appelé ACDM, est un succes de
la physique moderne, car il est capable de reproduire les principales observa-
tions cosmologiques avec une grande précision et trés peu de parametres libres.
Cependant, il prédit 'existence de matiére noire froide et d’énergie sombre sous
la forme d’une constante cosmologique, qui n’ont pas encore été détectées di-
rectement. Par conséquent, il est important de considérer des modeles allant
au-dela de ACDM et de les confronter aux observations, afin d’améliorer nos
connaissances sur le secteur sombre de I’Univers. Le futur satellite Euclid,
de ’Agence Spatiale Européenne, explorera un énorme volume de la structure
a grande échelle de 1'Univers en utilisant principalement le regroupement des
galaxies et la distorsion de leurs images due aux lentilles gravitationnelles. Dans
ce travail, nous caractérisons de facon quantitative les performances d’Euclid
vis-a-vis des contraintes cosmologiques, a la fois pour le modele de concordance,
mais également pour des extensions phénoménologiques modifiant les deux com-
posantes sombres de 1’Univers. En particulier, nous accordons une attention
particuliere aux corrélations croisées entre les différentes sondes d’Euclid lors
de leur combinaison et estimons de fagon précise leur impact sur les résul-
tats finaux. D’une part, nous montrons qu’Euclid fournira d’excellentes con-
traintes sur les modeles cosmologiques qui définitivement illuminera le secteur
sombre. D’autre part, nous montrons que les corrélations croisées entre les son-
des d’Euclid ne peuvent pas étre négligées dans les analyses futures et, plus
important encore, que 1'ajout de ces corrélations améliore grandement les con-
traintes sur les parametres cosmologiques.

LCette these est basée sur, ou contient des documents non-publics du consortium Euclid
ou des résultats qui n’ont pas encore été approuvés par le consortium Euclid.
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Abstract

Study of the dark components of the Universe

with the Euclid mission?

by Isaac TUTUSAUS LLEIXA

The concordance model of cosmology, called ACDM, is a success, since it is able
to reproduce the main cosmological observations with great accuracy and only
few parameters. However, it predicts the existence of cold dark matter and dark
energy in the form of a cosmological constant, which have not been directly de-
tected yet. Therefore, it is important to consider models going beyond ACDM,
and confront them against observations, in order to improve our knowledge on
the dark sector of the Universe. The future Euclid satellite from the European
Space Agency will probe a huge volume of the large-scale structure of the Uni-
verse using mainly the clustering of galaxies and the distortion of their images
due to gravitational lensing. In this work, we quantitatively estimate the con-
straining power of the future Euclid data for the concordance model, as well as
for some phenomenological extensions of it, modifying both dark components
of the Universe. In particular, we pay special attention to the cross-correlations
between the different Euclid probes when combining them, and assess their
impact on the final results. On one hand, we show that Euclid will provide
exquisite constraints on cosmological models that will definitely shed light on
the dark sector. On the other hand, we show that cross-correlations between
Euclid probes cannot be neglected in future analyses, and, more importantly,
that the addition of these correlations largely improves the constraints on the
cosmological parameters.

2This thesis is based on, or contains non-public Euclid Consortium material or results that
have not yet been endorsed by the Euclid Consortium.
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Introduction

[Version francaise]

La cosmologie est la branche de la science qui étudie I’Univers, ou le cosmos,
dans son ensemble. Son objectif principal est d’aborder des questions fonda-
mentales pour la nature humaine, comme d’oll venons-nous, ot sommes-nous,
ou allons-nous et a quel rythme ? Fondamentalement, la cosmologie essaie
de comprendre 1’Univers dans lequel nous vivons en observant notre passé et
finalement, de prédire notre avenir. Il y a un siecle, cela ressemblait a des ques-
tions philosophiques et il semblait impossible d’y répondre par I’approche scien-
tifique. Cependant, grace a 'amélioration de nos connaissances théoriques et,
dans les dernieres décennies, 'amélioration de la technologie et des techniques
d’observation, nous sommes maintenant en mesure de proposer des modeles
théoriques pour expliquer notre Univers et, surtout, de les tester grace aux
observations. Ce fut le début de la cosmologie moderne. Une breve revue,
fournissant les bases du cadre cosmologique, est présentée dans le chapitre 1 de
cette these.

Encore plus récemment, nous avons atteint une si bonne précision sur nos
observations cosmologiques que nous pouvons dire que nous vivons dans 'ere de
la cosmologie de précision. Nous avons ainsi clairement besoin d’outils statis-
tiques robustes pour analyser les données. Nous présentons les bases des prin-
cipaux outils utilisés dans ce travail dans le chapitre2. Il est intéressant de
noter que nous disposons d'un modele théorique tres simple (avec seulement
7 parameétres), appelé ACDM, capable de reproduire presque toutes les obser-
vations actuelles avec une grande précision. Cependant, ce modele suppose
I’existence d’un fluide sombre appelé matiére noire froide et d’un second fluide
sombre appelé énergie sombre sous la forme d’une constante cosmologique. Le
premier est nécessaire pour expliquer le manque de matiere suggéré par nos
observations, tandis que le second est nécessaire pour expliquer la nature ac-
célérée observée de I'expansion de I’Univers. Le probléme est qu’il n'y a pas de
détection directe de la matiere noire froide, ou d’une constante cosmologique
et, dans le cadre du modele ACDM, ils ont une contribution d’environ 95 % de
la densité totale d’énergie de I’Univers. Il est donc impératif d’essayer de com-
prendre ces composantes sombres en proposant de nouveaux modeles théoriques
et de les tester par rapport aux observations.
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Depuis le début de la cosmologie moderne, de nombreux télescopes observent
le ciel pour obtenir des mesures pour différentes sondes cosmologiques, comme
les supernovae de type Ia, les oscillations acoustiques de baryons, le fond cos-
mologique micro-onde, le groupement de galaxies ou les lentilles faibles. Il y a
beaucoup de sondages en cours dont les données sont en train d’étre analysées
et qui semblent pointer vers des tensions dans le modele standard ACDM qui
pourraient éventuellement conduire a de la nouvelle physique. 1l existe par
ailleurs plusieurs projets qui verront le jour dans les années qui viennent avec le
but de fournir d’excellentes observations et ’espoir d’illuminer le secteur som-
bre de I'Univers. Les données de certains de ces sondages passés et actuels sont
décrites dans le premier chapitre de cette these. Mais, ce travail est largement
axé sur le futur satellite Euclid de I’Agence Spatiale Européenne, qui va sonder
un énorme volume de la structure a grande échelle de I’'Univers avec des groupe-
ments de galaxies et des lentilles faibles. Par conséquent, nous présentons la
mission de maniere beaucoup plus détaillée dans le chapitre 3 de la these.

L’objectif principal de cette theése est de prédire le pouvoir contraignant
d’Euclid pour le modele de concordance ACDM et des extensions simples au-
dela. Cependant, la principale différence par rapport a de nombreuses études
dans la littérature est le traitement spécifique que nous utilisons pour la combi-
naison des différentes sondes. Il est bien connu que la combinaison de différentes
sondes cosmologiques est un moyen tres puissant de contraindre les modeles
cosmologiques. La raison en est que les différentes sondes sont généralement
sensibles a différents aspects dans la facon dont la gravité agit dans le cos-
mos; par conséquent, les combiner peut casser certaines dégénérescences entre
différents parametres cosmologiques et améliorer sensiblement nos contraintes.
Les sondes sont généralement combinées en supposant qu’elles sont statistique-
ment indépendantes, ce qui peut étre vrai dans certains cas, mais ce n’est cer-
tainement pas le cas pour le regroupement de galaxies et les lentilles faibles si
nous sondons le méme volume de I’Univers. Dans ce travail, nous quantifions
I'impact des corrélations croisées entre ces sondes pour le futur satellite Euclid
et estimons ’amélioration de nos connaissances cosmologiques si nous prenons
ces corrélations croisées en compte. Toute cette analyse est présentée dans le
chapitre 6 de la these.

Au-dela de la prédiction de la capacité contraignante d’Euclid pour ACDM
(et certaines extensions), cette these aborde également les composantes sombres
de I'Univers au-dela du modele de concordance. Nous utilisons une approche
phénoménologique pour décrire a la fois la matiere noire et 1’énergie sombre.
En commencant par la matiére noire, on suppose généralement qu’elle est sans
collision et sans pression, méme lorsque nous considérons des modeles au-dela

de ACDM. Dans le chapitre 7, nous considérons un modele généralisé pour la
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matiere noire, ou nous lui permettons d’avoir une certaine pression et une cer-
taine vitesse du son, qui lissent essentiellement le groupement de galaxies a
petite échelle. Nous présentons les contraintes obtenues avec les observations
actuelles et nous prédisons également la capacité d’Euclid a contraindre la na-
ture de cette matiere noire.

Concernant 1’énergie sombre, nous considérons un modele phénoménologique
exotique pour lequel le taux d’expansion de I'Univers est donné par une loi de
puissance. Il y a eu quelques désaccords dans la communauté concernant ce
modele entre ceux qui prétendent qu’il peut reproduire les observations jusqu’au
redshift z ~ 2 et ceux qui prétendent le contraire. Dans ce travail, nous incluons,
pour la premiere fois, des informations provenant du fond diffus cosmologique
lors du test de ce modele. C’est le sujet du chapitre 4.

En dernier lieu, nous étudions la possible corrélation entre des systématiques
astrophysiques dans les supernovae de type la et I'information cosmologique que
nous en tirons. Plus en détail, nous étudions comment une dépendance de la
luminosité intrinseque des supernovae de type Ia avec le redshift peut influencer
nos conclusions sur la nature accélérée de 'expansion de I’Univers. Cette étude
est I'objet du chapitre 5 de cette these.

En résumé, 'objectif principal de cette these est de prédire la puissance con-
traignante du futur satellite Euclid pour le modeéle de concordance (et des exten-
sions simples, chapitre 6) et les modeles de matiere noire exotique (chapitre 7),
avec une attention particuliere portée sur l'impact des corrélations croisées
quand on combine différentes sondes cosmologiques. En plus, nous analysons
également un modele d’énergie sombre exotique ou le taux d’expansion de
I’Univers est donné par une loi de puissance dans le chapitre4 et nous étu-
dions I'impact d'une dépendance de luminosité intrinseque des supernovae de
type Ia avec le redshift sur les conclusions que nous pouvons tirer sur la nature
accélérée de 'expansion cosmique dans le chapitre 5.

Nous suivons la notation standard dans la littérature, sauf indication con-
traire. Les indices latins correspondent aux trois coordonnées spatiales, tandis
que les indices grecs correspondent aux quatre coordonnées d’espace-temps. Les
indices répétés sont sommés. Les vecteurs sont indiqués par des lettres en carac-
teres gras. Un point sur toute quantité désigne la dérivée temporelle de celle-ci.
Un indice 0 indique le temps présent et nous utilisons des unités naturelles avec
h=c=1.
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[English version]

Cosmology is the branch of science studying the Universe, or cosmos, as a
whole. Its main goal is to address questions that are fundamental to human
nature, like where do we come from, where are we, where are we going and
at what pace. Basically, cosmology tries to understand the Universe we are
living in by observing our past, and eventually predict our future. A century
ago these interrogations looked like philosophical questions and it seemed im-
possible to answer them with the scientific approach. However, thanks to the
improvement on our theoretical knowledge and, especially in the last decades,
the improvement of technology and observational techniques, we are now able
to propose theoretical models trying to explain our Universe and, more impor-
tantly, we can test them against the observations. This was the beginning of
modern cosmology. A brief review of it, providing the basics of the cosmological
framework, is presented in Chapter 1 of this thesis.

Even more recently, we have reached such a good precision on our cosmo-
logical observations that we can say we live in the precision cosmology era.
Therefore, we are in clear need of robust statistical tools to analyze the data.
We present the basics of the main tools used in this work in Chapter 2. Inter-
estingly enough, we have a very simple (only 7 parameters) theoretical model,
called ACDM, that is able to reproduce nearly all the current observations with
great accuracy. However, this model assumes the existence of a dark fluid called
cold dark matter and a second dark fluid called dark energy in the form of a cos-
mological constant. The former is needed in order to explain the lack of matter
in our observations, while the latter is required in order to explain the observed
accelerated nature of the expansion of the Universe. The problem is that there
is no direct detection of cold dark matter, or a cosmological constant, and in
the ACDM framework they have a contribution of roughly 95% of the total
energy density of the Universe. It is therefore mandatory to try to understand
these dark components by proposing new theoretical models and confront them
with the observations.

Since the beginning of modern cosmology, there have been many telescopes
observing the sky to obtain measurements for different cosmological probes, like
type Ia supernovae, baryon acoustic oscillations, the cosmic microwave back-
ground, galaxy clustering, or weak lensing. There are many ongoing surveys
whose data is currently being analyzed, and which seem to point to some ten-
sions within the standard ACDM model that could eventually lead to some new
physics. And there are several projects that will occur in the future with the
goal of providing exquisite observations, and the hope of shedding light on the
dark sector of the Universe. Data from some of these past and current surveys
is described in the first chapter of this thesis. But, this work is largely focused
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on the future Euclid satellite from the European Space Agency, which is going
to probe a huge volume of the large-scale structure of the Universe with galaxy
clustering and weak lensing. We present this mission in much more detail in
Chapter 3 of the thesis.

The main goal of this thesis is to predict the constraining power of Fuclid
for the concordance ACDM model, and simple extensions beyond it. However,
the key difference with respect to many studies in the literature is the spe-
cial treatment we use for the combination of the different probes. It is well
known that combining different cosmological probes is a very powerful way to
constrain cosmological models. The reason being that different probes are usu-
ally sensitive to different aspects of how gravity acts in the cosmos; therefore,
combining them can break some degeneracies between different cosmological
parameters and noticeably improve our constraints. Probes are usually com-
bined assuming they are statistically independent, which might be true in some
cases, but is definitely not true for galaxy clustering and weak lensing if we
probe the same volume of the Universe. In this work we quantify the impact
of the cross-correlations between these probes for the future Euclid satellite,
and estimate the improvement on our cosmological knowledge if we take these
cross-correlations into account. All this analysis is presented in Chapter6 of
the thesis.

Beyond predicting the constraining ability of Euclid for ACDM (and simple
extensions of it), this thesis also tackles the dark components of the Universe be-
yond the concordance model. We use a phenomenological approach to describe
both dark matter and dark energy. Starting with dark matter, it is usually
assumed to be collision-less and pressure-less, even when we consider models
beyond ACDM. In Chapter 7 we consider a generalized model for dark matter,
where we allow it to have some pressure and some sound speed, which essen-
tially smoothes out the clustering at small scales. We present the constraints
obtained with state-of-the-art observations, and we also predict the ability of
Euclid to constrain the nature of dark matter.

Concerning dark energy, we consider an exotic phenomenological model for
which the expansion rate of the Universe is given by a power law. There has
been some disagreement in the community concerning this model between those
claiming that it can reproduce the observations up to redshift z ~ 2, and those
who claim the contrary. In this work we include, for the first time, information
coming from the cosmic microwave background when testing this model. This
is the subject of Chapter 4.

As a last point, we study the possible correlation between type Ia super-
novae astrophysical systematics and the cosmological information we derive

from them. More in detail, we study how a redshift dependence of the type Ia
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supernovae intrinsic luminosity may impact our conclusions about the acceler-
ated nature of the expansion of the Universe. This is the subject of Chapter 5
of this thesis.

Summarizing, the main goal of this thesis is to predict the constraining
power for the future Euclid satellite for the concordance model (and simple
extensions of it, Chapter 6) and general dark matter models (Chapter 7), paying
special attention to the impact of cross-correlations when we combine different
cosmological probes. In addition, we also analyze an exotic dark energy model
where the expansion rate of the Universe is given by a power law in Chapter 4,
and we study the impact of type Ia supernovae intrinsic luminosity redshift
dependence on the conclusions we can draw on the accelerated nature of cosmic
expansion in Chapter 5.

We follow the standard notation in the literature unless stated otherwise.
Latin indices run over the three spatial coordinates, while greek indices run
over the four spacetime coordinates. Repeated indices are summed. Vectors
are indicated by letters in boldface. A dot over any quantity denotes the time-
derivative of it. A subscript 0 denotes the present time, and we use natural

units with h =¢ = 1.



Chapter 1

Cosmological framework

In this chapter we present a broad overview of the cosmological framework, with
the goal of providing the main cosmological tools required to follow the rest of
this thesis. More in particular, we divide this first chapter in four different
sections. In Sec.1.1 we introduce the standard model in cosmology focusing
on its background expansion. In Sec.1.2, Sec.1.3, and Sec.1.4 we describe
the large-scale structure of the Universe commenting both on the formation of
structures, and the distortion of light because of these structures. Finally, in
Sec. 1.5 we present the main cosmological probes used nowadays in cosmology

to constrain our models.

1.1 Modern cosmology

Cosmology is the branch of physics that studies the Universe, or cosmos, as
a whole. Its ultimate goal is to understand the origin, the evolution, and the
structure of the Universe. In order to achieve this goal, cosmology needs to
consider all the structures of the Universe on a huge range of scales; planets
orbiting stars, stars forming galaxies, galaxies gravitationally bound into clus-
ters, or even clusters within superclusters. Moreover, a lot of particle physics
are required to properly understand the origins of our Universe. Because of
it, and the difficulty of studying the Universe (theoretically or observationally),
cosmology used to be close to philosophy. However, in the past decades we have
started to be able to give quantitative answers to some of the most important
questions concerning our Universe, like why is it so smooth? Or how did struc-
tures form? We have been able to start providing these answers by combining
our knowledge on fundamental physics and the precise astronomical observa-
tions that we have nowadays. This shift from philosophy to science and our
ability to propose theoretical models that can be tested quantitatively against
observations has led us to the modern era of cosmology.

In the XIX century the Universe was considered a static system where bright
objects where fixed in the sky, because of their lack of apparent motion. In
1915 Albert Einstein published his theory of General Relativity [Einstein, 1915],
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FIGURE 1.1: Original plot of Edwin Hubble from Hubble, 1929,
showing the velocity along the line-of-sight as a function of the
distance for the observed galaxies. Notice the typographical er-
ror in the velocity units being km/s.

describing gravity as the consequence of the curvature of spacetime generated
by the distribution of mass and energy. A couple of years later, he applied his
theory to cosmology for the first time [Einstein, 1917] and, in order to get a static
Universe from it, he was forced to introduce a constant in his equations: the
cosmological constant A. However, in 1929 Edwin Hubble was able to measure
the velocity along the line-of-sight for a few galaxies with known distances, and
he found that most of these galaxies were actually moving away from us, the
faster the further they were [Hubble, 1929] (see the original plot in Fig. 1.1).
After realizing that the Universe was not static, but expanding, Einstein
retracted from the introduction of the cosmological constant, and a new the-
oretical model for the history of the Universe was developed: the Big Bang
theory, where the Universe expands from an initial extremely high density and
temperature state. This model is supported by astronomical observations, like
the photons coming from the early Universe, or the abundance of primordial
elements, and it is still one of the pillars of the standard model of cosmology.
Assuming the General Relativity theory of Einstein, the expansion of the
Universe is only sensitive to the energy content, curvature, and pressure. Thus,
for a Universe filled with matter (and radiation), there are only two final fates
for the Universe: either the gravitational interaction is larger than the expansion
originated from the Big Bang, leading to a Big Crunch where all the Universe
comes back to a singularity, or it continues expanding forever but asymptotically
converging to a static Universe (Big Chill). Surprisingly, in 1998 two different
groups measured the distances to type Ia supernovae and found out that the
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FIGURE 1.2: Intuitive interpretation of the scale factor. The co-
moving distance between points on a hypothetical grid remains
constant as the Universe expands, while the physical distance
gets larger as time evolves.

Universe is not only expanding, but in an accelerated way [Riess et al., 1998;
Perlmutter et al., 1999]. In the standard model of cosmology this acceleration
is associated to an exotic fluid that only interacts through gravity and whose
pressure is less than minus one third of its energy density. For the case where
the pressure is exactly minus the energy density this fluid is equivalent to the
cosmological constant first introduced by Einstein in 1917. More than 100 years
later we have not been able to understand the nature of this constant (or fluid),
if it is really there. This acceleration may also be due to a modification of the
theory of gravity at cosmological scales, but, if we trust the theory of Einstein,
current measurements tell us that the nature of about 95% of the energy content

of the Universe remains still unknown.

1.1.1 A smooth and expanding universe
Scale factor and the FLRW metric

Thanks to the measurements performed since Hubble [Hubble, 1929], we have
very good evidence to think that our Universe is expanding. This effect is
commonly described by the so-called scale factor a, whose present value is set
to one and was smaller in the past. In Fig. 1.2 we can see an intuitive picture of
the definition of the scale factor. Let us imagine the space as a grid expanding
uniformly as a function of time. Two different points of this grid maintain
their coordinates, so the co-moving distance (or difference between coordinates)
remains constant. However, the physical distance is proportional to the scale

factor, which evolves with time.
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In addition to the scale factor, the Universe is usually also characterized
by its geometry: flat, closed or open, that, according to General Relativity, is
related to the energy content of the Universe.

Let us first consider the geometry of a three-dimensional homogeneous and
isotropic space. Geometry is essentially encoded in the metric g;;(x) (with the
indices 4, j running over the three spatial coordinate labels), which gives the
line element di*> = g;; dz’da? (with summation over repeated indices). The
easiest metric for a homogeneous, isotropic, three-dimensional space is given
by flat space, with line element di?> = dx?. Another possibility is a spherical
(or hyper-spherical) surface in four-dimensional Euclidian (pseudo-Euclidian)
space with some arbitrary positive constant radius a. The line elements are
then given by

di? = dx® £ d2?, 224 =d . (1.1)

Rescaling these coordinates by the constant a, the line elements in the spher-

ical and hyper-spherical cases are

di? = a? [dx2 + dzZ] , 2Ext=1. (1.2)
Computing the differential of the last equation we can write the line elements
as
4 = o? [ a2 2 (1.3)
Erak .

We can then extend this to the Euclidian space by

) 2
a2 = o? [de + K(’i_d;)] , (1.4)

where

> (0 spherical,
K { <0 hyper-spherical, (1.5)
=0 Euclidian.

It can also be easily extended to the geometry of space-time by writing the

line element as

x - dx)?

ds? = —gp dat da” = dt* —a?(t) |dx* + K ( 2 | (1.6)

where a(t) is now the scale factor of the Universe presented in Fig. 1.2.
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If the Universe appears spherically symmetric and isotropic to a set of freely
falling observers, this is the unique metric of the Universe (up to a coordinate
transformation). The components of this metric are then given by

wlad

9ij = GQ(t) <5ij + Kl_KxQ> ;o 90=0, goo=—-1, (1.7)

where 20 stands for the time coordinate, and the speed of light ¢ has been set
to 1. Notice that another convention with an overall minus sign in the metric
is also used in the literature.

In spherical polar coordinates we can write

dx? = dr? +r2dQ,  dQ = db? +sinh d¢?, (1.8)
giving
ds® = dt* — d*(t) . +r2dQ) (1.9)
1— Kr? ' '
In this case the metric becomes diagonal,
_a() 20,2 202 2 .
9 =120 Yoo =0 (t)r®,  gsp = a”(t)r°sin®0, goo=—1. (1.10)

This is the so-called Friedmann-Lemaitre-Robertson-Walker (FLRW) met-
ric, and it is the standard one used in cosmology. It is important to notice that
this metric is built on the cosmological principle, which states that the Universe
is homogeneous and isotropic. Particularly, it states that the average properties

of the Universe are the same in all locations and in all directions.

Dynamics of expansion

To understand the expansion of the Universe we need to determine the evolution
of the scale factor, a, as a function of cosmic time, t. General Relativity tells us
that this evolution is sensitive to the energy content of the Universe. In order to
understand the dynamics of the expansion we need to apply the gravitational
field equations of Einstein’s theory to the Universe. These equations can be

written as
Rul} - _SWGSMV, (1.11)
where 17, is the Ricci tensor,

_ory,  or,
O T o

+ri\w IO/-/\ _F/)\u/ (/{07 (112)
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with I',. being the affine connection,

lgu)\ ag/\y ag)\/{ . agl/m
2 Ox* oxv Oz |’

and S, can be expressed as a function of the energy-momentum tensor 7},

(1.13)

[ -
run_

1
Sy =Ty — igu,,T))‘\ : (1.14)

If we take into account the standard FLRW metric, we can use several
symmetries of it and simplify these equations. For instance, the components of
the affine connection with two or three time indices all vanish, as well as the
R0 = Rp; components of the Ricci tensor. After some algebra we can write the

Ricci tensor as

Roo=3%, Rij =~ [2K + 24 + ail] 3i; (1.15)
a

where g;; is the three-dimensional metric.
In a homogeneous and isotropic universe the components of the energy-

momentum tensor must take everywhere the form

T =p(t), T"=0, TV =g"(x)a>(t)p(t), (1.16)

where p(t) stands for the proper energy density and p(t) represents the proper
pressure. We can then write the tensor S, as

1. 1 ~
Sij = Tij = 53a” (T +T%) = 50— p)agi; (1.17)
1 1
Soo = Too + (T’§C+T%> = §(P+3P)a (1.18)
Sip =0, (1.19)

and finally obtain the Einstein equations

___;: —47G(p—1p), (1.20)
?’ad — _4xG(3p+p). (1.21)

Adding three times the first equation to the second we find the fundamental
Friedmann-Lemaitre equation [Friedmann, 1922; Friedmann, 1924; Lemaitre,
1927], which provides the evolution of the expansion of the Universe as a func-

tion of the energy content
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8rGpa’
—

From the Einstein equations (Eq. (1.21) is also sometimes know as the ac-

A+ K = (1.22)

celeration equation) we can also extract the so-called conservation equation

3a
a

(p+p). (1.23)

Although Egs. (1.21,1.22,1.23) are not independent because they all come
from Einstein equations, all of them are very useful in cosmology. For instance,

p=—

given p as a function of p we can solve Eq. (1.23) to get p as a function of a,
and plug it into Eq. (1.22) to find a as a function of t.

Even without knowing the dependence of p as a function of a, we can define
from Eq. (1.22) the critical present energy density

_ 313
PO,crit = e
Independently of the contents of the Universe, the curvature constant K will

(1.24)

be > 0, equal to 0, or < 0, if the present energy density pg is greater, equal to,
or smaller than po crit-
Using Eq. (1.21) we can define the deceleration parameter today go as

_ _d(to)a(to) B 4rG
=",  3m

where the subscript 0 denotes the present value, and ¢ is the age of the Universe

(po+ 3po), (1.25)

today.

Cosmic inventory

In order to fully understand the expansion of the Universe we need to know the
evolution of p as a function of a. Although it is difficult to solve Eq. (1.23) in a
general way, we can consider some frequently encountered extreme cases. Let
us first assume that the pressure is related to the energy density through the
equation of state parameter, w

p=wp, (1.26)

and let us further assume w to be time-independent. Then Eq. (1.23) tells us
that

poca 3T, (1.27)

In particular, for cold matter (or dust) we have
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p=0=pxa?. (1.28)
For radiation we get
1 4
p:§p:>po<a : (1.29)

And for a cosmological constant

p = —p = p = constant . (1-30)

With these relations between p and a, and assuming a flat Universe, we can
use Eq. (1.22) to easily get the scale factor dependence on cosmic time. For
instance, for a cold matter dominated universe a(t) oc t2/3, while a(t) o t1/2
for a radiation dominated universe.

In general we do not have a single constituent of the Universe. For a mixture
of cold matter, radiation, and a cosmological constant, the total energy density

is given by

_ 3Hj
- 8@
where Qa, O, O, stand for the present energy density parameter of the cos-

p {QA + Opa3 + a™? | (1.31)

mological constant, cold matter, and radiation, respectively, which is defined as
the ratio of the present energy density and the critical present energy density.
We can then rewrite the Friedmann-Lemaitre equation (1.22) for an arbitrary
value of K as

H(a) = Hy [Qp + Qua™® + Q™ + (1= O = O — Q)a™?] . (1.32)

where H(a) = a/a is the Hubble parameter, and the term (1 — Qpx — Qy, —
O,)a~2 can be associated to the curvature of the Universe

K
(1—QA—Qm—Qr) ZQKE—j. (133)
HO

1.1.2 Distances in the Universe

Measuring distances in the Universe is inherently tricky since, because of the
expansion of the Universe, the distance to a given object varies with the prop-
agation time of the emitted light. Looking back at Fig. 1.2 we can immediately
see two different definitions of distance: the co-moving distance, that remains
fixed as the Universe expands; and the physical distance, which grows because
of the expansion. In the following we will present different definitions for the
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distance that will be useful depending on the observations that we have. All of
them can be calculated from the fundamental distance measure: the distance

on the co-moving grid.

Redshift

Since the speed of light is finite, when we measure the distance to a certain
object we are looking at the past. Therefore, there is in intrinsic duality be-
tween time and distance. It is characterized by a quantity called redshift. It
is an observational phenomenon that indicates that the spectrum of a source is
shifted towards red sequences because of the expansion of the Universe. It is a
very interesting quantity from an observational point of view because it can be
measured by atomic emission and absorption wavelengths. Notice that when
objects have peculiar velocities their spectra can also be shifted (red if they are
receding or blue if they are approaching us). This contribution to the redshift
is then associated to the Doppler effect.

The redshift z can be related to the scale factor a. Let us consider a light ray
emitted at time t. with wavelength \., and received at time ¢, with wavelength
Ar. Since light travels in geodesics, ds? = 0, using Eq. (1.9) we can write

I R (1.34)
te a(t)  JRVI—Kr2  Jtetre a(t)’ '

which lead to

te+Ae dt tr+Ar dt
/ 44,:/‘ < (1.35)
te a(t) tr a(t)

Assuming that the scale factor is constant over the small period of one cycle
of a light wave we can write
1 1 Ar Gy
et e —t) = —(tr+ A —t,) = L =" 1.36
ae(e+ e —te) ar(r+ r—tr) N a (1.36)
where a. = a(t.) and equivalently for .
We can now define the redshift as

(1.37)

Taking a, = ap = 1 and a, just as an arbitrary a value, the redshift is then

given by

1
1+2=—. (1.38)

S|
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Co-moving distance

The co-moving distance measures the distance between two objects in a coordi-
nate system that expands with the Universe; thus, if these objects do not have
peculiar velocities the distance between them will remain constant. We can
define the co-moving distance between an object at scale factor a and us as

to  dt/ L dd z dZ
— =/ —— =/ = 1.39
= J a(t) /| PH@) ~ o B (139)
We can see objects typically with redshifts z < 6. At these late times the

radiation content can be ignored, so for a flat, matter-dominated Universe this

integral can be solved analytically, giving
_ 2 1/2
x(a) = I [1 —a } . (1.40)

Angular diameter distance

It is relatively easy in astronomy to measure the angle # subtended by an object.
We can measure the distance to an object by measuring this angle and knowing
its physical size [. It will be given by (assuming 6 is small)

dy = . (1.41)

In an expanding universe the co-moving size of the object is [/a. The co-
moving distance to the object is given by Eq. (1.39), so the angle subtended will
be given by 0 = (I/a)/x(a), giving the angular diameter distance

dA:alejiZ. (1.42)

This expression is only valid for a flat universe. It can be generalized to

arbitrary non-vanishing values of Qg with

a sinh (\/Q_KH()X> Qg >0

dy = ——F——
Ho/|Qxk| | sin (\/—QKH()X) Qg <0

(1.43)

Luminosity distance

Another way of measuring distances in cosmology is through the flux of an
object with known luminosity. Let us first recall that the observed flux F' at a

distance d from a source of luminosity L is given by (in a static universe)

L
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since the total luminosity through a spherical shell with area 47wd? is constant.
Let us now focus on the co-moving grid again and center the source at the
origin. The observed flux will be given by

F= LX) , (1.45)
dry*(a)

where L() is the luminosity through a co-moving spherical shell of radius x(a).
Let us also assume that all photons have been emitted with the same energy.
The luminosity is then multiplied by the number of photons passing through
a co-moving spherical shell per unit time. In a fixed time interval, photons
travel farther on the co-moving grid at early times than at late times, since the
associated physical distance at early times is smaller. Therefore, the number
of photons crossing a shell in a fixed time interval will be smaller today than
at emission by a factor a. In the same way, the energy of the photons will
be smaller today than at emission. Thus, the energy per unit time passing
through a co-moving shell a distance x(a) from the source will be smaller than
the luminosity at the source by a factor a?. The observed flux will then be

La?

P=-—"_
drx?(a)’

(1.46)

where L is the luminosity at the source, and the luminosity distance will be

given by

dy,

SHPas

(1.47)

1.1.3 Dark matter

The idea of having a non-baryonic contribution to matter in our Universe was
first proposed in 1933 by Zwicky [Zwicky, 1933]. He measured the velocity
dispersion of galaxies inside the Coma cluster, and he inferred from them a mass
much smaller than the gravitational mass necessary for the galaxies random
motion. Even by considering non-luminous baryonic matter to compensate for
this deficit, it cannot be fully explained because the baryonic fraction is well
constrained by baryon acoustic oscillations (see Sec. 1.5).

Since Zwicky first proposal, there have been many observational evidence
pointing towards the existence of a contribution to matter with a non-baryonic
origin, from galactic to cosmological scales. In the following we will provide
some examples at different scales, but a detailed compilation of dark matter

evidence can be found in the review from Bertone, Hooper, and Silk, 2005.
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FIGURE 1.3: Original rotation curves of different galaxies (cir-
cular velocity as a function of the distance to the galactic center)
from Begeman, Broeils, and Sanders, 1991. The dotted, dashed,
and dash-dotted lines are the contributions of gas, disk, and dark
matter, respectively.

Galactic scales

The most convincing evidence of dark matter on galactic scales comes from
the analyses of the rotation curves of galaxies; i.e. the circular velocities of
stars (and gas) as a function of their distance to the center of the galaxy. In
Newtonian dynamics the circular velocity is given by

v(r) = —=, (1.48)

where M (r) = 4r [ p(r)r?dr and p(r) the mass density profile. The velocity
should then be falling as 1/+/r beyond the optical disk. However, it has been
observed (see Fig. 1.3 with the original rotation curves from Begeman, Broeils,
and Sanders, 1991) that v(r) is approximately constant, implying the existence
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of a halo with M(r) o< r and p o< 1/72.
Other arguments for dark matter on sub-galactic and inter-galactic scales

come from:

e Strong lensing around individual massive elliptical galaxies, which pro-
vides evidence for substructure on scales of ~ 10% solar masses [Metcalf
et al., 2004; Moustakas and Metcalf, 2003].

e Inconsistency between the amount of stars in the solar neighborhood and
the gravitational potential implied by their distribution [Bahcall, Flynn,
and Gould, 1992].

e Velocity dispersions of dwarf spheroidal galaxies, that imply mass-to-light
ratios larger than those observed in our neighborhood [Mateo, 1998; Vogt
et al., 1995].

e Velocity dispersions of spiral galaxy satellites, that suggest the existence of
dark halos around spiral galaxies behind the optical disc [Azzaro, Prada,
and Gutiérrez, 2004; Zaritsky et al., 1997].

Galaxy cluster scales

The mass of a cluster can be determined using different approaches, like ap-
plying the virial theorem to the observed distribution of radial velocities, using
weak lensing analyses, or studying the X-ray emission profile that traces the
distribution of hot gas in rich clusters.

Let us consider the equation of hydrostatic equilibrium for a spherically

symmetric system

;Cé]: = —a(r), (1.49)
where P, p, and a are the pressure, density, and gravitational acceleration of the
gas, respectively, at radius r. For an ideal gas it can be rewritten in terms of
the temperature T'. It can then be shown that for a baryonic mass of a typical
cluster the temperature should obey the relation [Bertone, Hooper, and Silk,

2005]

M, 1 Mpc
ET ~ (1.3—-1.8)k 1.
poo (G ) (M)

where k is the Boltzmann’s constant, Mg is the solar mass, and M, is the mass
enclosed within the radius . The disparity between this temperature and the

observed one (T =~ 10keV), suggests the existence of a substantial amount of
dark matter in clusters.
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These conclusions have been checked using gravitational lensing data [Tyson,
Kochanski, and Dell’Antonio, 1998]. According to General Relativity, photons
propagate along geodesics that deviate from straight lines when passing near
intense gravitational fields. Measuring the distortion of background objects due
to the gravitational mass of a cluster enables us to determine its mass.

Cosmological scales

Many different cosmological probes are sensitive to the total quantity of bary-
onic matter, or the total matter contribution to our Universe, like the photons
coming from the early Universe (the cosmic microwave background), gravita-
tional analyses at cosmological scales (weak lensing), the structure of visible
matter in the Universe (baryon acoustic oscillations), or even type Ia super-
novae analyses. All these probes will be presented in detail in Sec. 1.5. We just
focus here on one of the fundamental cosmological observations known as the
Big Bang nucleosynthesis (BBN).

Since the Universe is expanding, its temperature was higher in the past.
Just extrapolating, we can imagine a moment when the temperature was high
enough for nuclear reactions to take place, as it is the case in the core of the stars.
These nuclear reactions allow for the formation of light elements, like Helium or
Lithium, from the combination of protons and neutrons. We refer to this process
as BBN. Knowing the conditions of the early Universe and the relevant nuclear
cross-sections, we can predict the expected primordial abundances of these light
elements. In Fig. 1.4 we show the predictions of BBN for these abundances and
the agreement with the observations.

Interestingly enough, the BBN predictions for the abundances depend on
the density of protons and neutrons at that time. The combined proton plus
neutron density is the baryon density, so BBN gives us a way to measure the
baryon density in the Universe. Since we know how those densities scale as
a function of the scale factor, we can turn the measurements of light element
abundances into measures of the baryon density today. BBN measurements tell
us that nowadays baryonic matter contributes only around 5% to the critical
density of the Universe. Since the total matter density today is certainly larger

than this, BBN provides an extra evidence for the existence of dark matter.

1.1.4 Cosmic acceleration: a cosmological constant and
dark energy
Measuring distances at redshifts z > 0.1 are cosmologically interesting because

these redshifts are large enough to have a small contribution from peculiar
motions of the sources, and they are also large enough to be forced to take
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FIGURE 1.4: Original plot from the Particle Data Group 2016
(and 2017 update) Review [Patrignani et al., 2016]. The BBN
predictions for the primordial abundances of *He, D, 3He, and
"Li are shown (as bands) as a function of the baryon-to-photon
ratio. The corresponding observations are represented by yellow
boxes. The vertical narrow band corresponds to the cosmic mi-
crowave background measurement of the baryon-to-photon ratio,
while the wider vertical band represents the constraints from the
combination of the different abundance measurements.

into account the effects of the cosmological expansion when determining the
distances. In order to measure these distances we look for “standard candles”
in the sky. These are objects with known absolute luminosity, so we can extract
the luminosity distance by measuring their flux. For many years, the standard
candles used were the brightest galaxies in rich galaxy clusters, but it is now
well known that their absolute luminosity evolves significantly over cosmological
time scales.

Fortunately, type Ia supernovae (SNIa) are nice candidates to replace these
bright galaxies. SNIa are very bright objects easy to spot even at high redshifts,
and, although they are not directly standard candles, they can be standardized
by correcting for empirical effects (see Sec. 1.5.1 for a more detailed discussion
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F1GURE 1.5: Original plot from Perlmutter et al., 1999, show-
ing the effective apparent magnitude in the B-band (corrected
for variations in the absolute magnitude by SNIa light-curves)
as a function of the redshift, for the 42 SNIa observed by the
Supernova, Cosmology Project. 18 low-redshift SNIa from the
Caldn/Tololo Supernova Survey are also added into the analy-
sis. Horizontal bars indicate the uncertainty in redshift due to
an assumed peculiar velocity uncertainty of 300 km/s. Dashed
and solid lines give the theoretical predictions for cosmological
models with Qg = 0 or Q5 = 0, respectively, and different (),
values.

on their standardization). More in detail, a SNIa occurs when a white dwarf
member of a binary system has accreted enough mass to go beyond the Chan-
drasekhar limit, so the nature of the explosion does not depend too much on
when in the history of the expansion of the Universe it happens, or on the initial
mass of the white dwarf, or on the nature of the companion.

In the last years of the past century, two different groups, The Supernova
Cosmology Project [Perlmutter et al., 1999] and the High-z Supernova Search
Team [Riess et al., 1998], were the first to analyze high-redshift SNIa (z >
0.1). The Supernova Cosmology Project analyzed the relation between apparent
luminosity and redshift for 42 SNIa from z = 0.18 to z = 0.83, together with
low-redshift (2 < 0.1) SNIa available at that moment from another survey.
This group claimed (see their results in Fig. 1.5) that a vanishing (or negative)
cosmological constant contribution to the total energy density of the Universe
was ruled out with a confidence level of 99%. For a flat universe the group found
a value for (), close to 0.28, which gives a value for the deceleration parameter
close to qo = —0.58, indicating the accelerated nature of the expansion of the

Universe.
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FIGURE 1.6: Original plot from Riess et al., 1998. In the upper
panel the distance modulus (apparent magnitude minus abso-
lute magnitude) is plotted as a function of the redshift for a
sample of SNIa. The curves give the theoretical predictions for
two cosmologies with (04 = 0 and a good-fit flat cosmology with
O = 0.24 and Oy = 0.76. The bottom panel shows the dif-
ference between data and a model with ), = 0.2 and Qs = 0,
represented by the horizontal dotted line.

The High-z Supernova Search Team studied 16 high-redshift SNIa with red-
shifts ranging from 0.16 to 0.97, including 2 SNIa from the Supernova Cosmol-
ogy Project, and 34 low-redshift SNIa. They concluded that (05 > 0 at the
99.7% confidence level, without assumptions about spatial curvature (see their
results in Fig.1.6). Assuming only ();, > 0, and with a conservative fitting
method, they concluded that ¢y < 0 with a 99.5% confidence level, indicating
also that the Universe is expanding in an accelerated way.

The work of these two groups (confirmed by more precise and recent data,
and also other cosmological probes (see Sec.1.5)), provided the first empirical
evidence for the existence of an exotic fluid, with a negative pressure, that
accelerates the expansion of the Universe. It was the first observational evidence
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supporting the existence of dark energy. More precisely, a cosmological constant
A. However, the fact that the accelerated nature of the expansion relies on a
constant, which suffers from fine-tuning problems (see Sec.1.1.5), is not very
satisfying from a theoretical point of view. Because of this, a large literature
addressing different theoretical and phenomenological models for dark energy
beyond a cosmological constant has appeared in the past two decades. We just
present a few cases in the following and refer the reader to Amendola et al.,
2013, for a detailed review on dark energy models.

Phenomenological and model-independent approaches

The most common phenomenological parametrization beyond a cosmological
constant is the CPL parametrization [Chevallier and Polarski, 2001; Linder,
2003], where the equation of state for dark energy is given by

w(a) = w4+ we (1l —a) . (1.51)

In this case we do not assume any specific dark energy model. It is frequently
used to check if the data prefers a dynamically evolving dark energy fluid in
front of a cosmological constant. Notice also that it only models the background
expansion of dark energy, without specifying the perturbation behavior of the
fluid.

Alternatively, we can directly measure the dark energy density, or the expan-
sion rate of the Universe in different redshift bins [Wang and Garnavich, 2001],
which is closer to observations; or even use a principal component approach
[Huterer and Starkman, 2003] or Gaussian processes analysis [Seikel, Clarkson,
and Smith, 2012] to reconstruct any of these functions in a model-independent
way. Notice that in these cases a choice of the perturbation evolution for dark
energy is also needed (see next section).

Quintessence

We define by quintessence models the scalar field models with canonical kinetic
energy in General Relativity. Scalar fields are good candidates for dark en-
ergy because they are the simplest fields, do not introduce preferred directions,
are usually weakly clustered, and can easily provide us with an accelerated ex-
pansion. Because of all this, quintessence models [Wetterich, 1988; Ratra and
Peebles, 1988; Caldwell, Dave, and Steinhardt, 1998] are the most studied dark
energy models. They are described by the action (neglecting radiation)

1

— 4. /—
S = /d T/ —g (167TGR+£¢> + Sm , (1.52)

where
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1
Lo = —50"ub0s0—V (6), (1.5

R is the Ricci scalar, and Sy, is the matter action.
In a FLRW background, the energy density and the pressure of the scalar
field ¢ are given by

po= 3B +V(6), (1.54)
P = ;éﬁZ ~V(¢), (1.55)

which give the equation of state

2 — 2V
wy = M (1.56)
$2+2V(9)
In a flat universe, Einstein’s equations give
8tG /1.
H? = e <2¢2 + V(o) +,0M> ; (1.57)
. 871G /.
o= —T(¢2+pM +pur) - (1.58)

Notice that the condition wg < —1/3 is required in order to have late-time
cosmic acceleration. This can be translated into ¢? < V().

Concerning the perturbations (see next section), it has been shown that they
correspond to those of a fluid with sound speed equal to 1, which means that
quintessence models do not cluster significantly inside the horizon [Sapone and
Kunz, 2009; Sapone, Kunz, and Amendola, 2010].

K-essence

In the quintessence model, it is the potential energy of the scalar field which
leads to cosmic acceleration. If we ask for the kinetic energy to dominate we ob-
tain the k-essence models [Armendariz-Picon, Mukhanov, and Steinhardt, 2000;
Armendariz-Picon, Mukhanov, and Steinhardt, 2001]. They are characterized
by the action

s = [dhey=gp(s,X), (1.59)

where X = (1/2)g""V,6V,¢. The energy density of the scalar field is given
by
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dp

while the pressure is py = p(¢, X).
If we treat the k-essence scalar as a perfect fluid, its equation of state is
given by
p
Wy = ————7—. (1.61)
p—2X3%

With the appropriate choice of p, the scalar can act as dark energy.

Modified gravity

Although the terms dark energy and modified gravity are usually used in the
literature, there is no consensus on where is the line between these two classes
of models.

In general, when we consider standard dark energy models of minimally
coupled scalar fields, with standard kinetic energy in Einstein gravity, and the
scalar potential as only degree of freedom, we refer to it as quintessence. How-
ever, once we go beyond this, different models can have the same observational
signatures both at the background and perturbations levels [Kunz and Sapone,
2007].  Any modification of Einstein’s equations can be interpreted as stan-
dard General Relativity with a modified matter source containing a mixture
of scalars, vectors, and tensors [Hu and Sawicki, 2007; Kunz, Amendola, and
Sapone, 2008]. It seems therefore impossible to distinguish between dark energy
and modifications to the theory of gravity. However, a classification largely used

in the literature is the following:

e Standard dark energy: Models with standard General Relativity and dark
energy that does not cluster significantly inside the horizon. The main
example of these models is a minimally coupled scalar field with standard

kinetic energy and sound speed equal to 1, or quintessence.

e Clustering dark energy: In these models there is an extra contribution to
the Poisson equation due to the dark energy perturbations, and no extra
effective anisotropic stress. The main example is the k-essence model with

a low sound speed.

e Explicit modified gravity: Models where from the start the Einstein equa-
tions are modified. Some examples could be the scalar-tensor theories (see
e.g. Wetterich, 1988; Hwang, 1990), f(R) (see e.g. Amendola and Tsu-

jikawa, 2010), or interacting dark energy (see e.g. Kodama and Sasaki,
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1984; Amendola, 2000), in which a fifth force is effectively introduced in
addition to gravity.

Phantom crossing

One of the most important quantities that phenomenologically characterize dark
energy is its equation of state parameter w. Current observations point to the
fact that our Universe is compatible with a cosmological constant; thus w ~ —1.
However, the region of the parameter space given by w < —1 (and called phan-
tom energy) is not excluded. Although there is not any problem on allowing
w to be smaller than -1 for the background evolution, there are apparent di-
vergences that appear at the level of perturbations when a model tries to cross
the limit w = —1 (see e.g. Amendola et al., 2013). This may be a problem
when analyzing data from Euclid, since it will directly probe the perturba-
tions through measurements of galaxy clustering and weak lensing. However,
at the level of cosmological first-order perturbation theory, some regularization
can be performed to allow an effective fluid to cross the phantom divide (see
Amendola et al., 2013, and references therein for a detailed description on the
regularization of the phantom divergences).

From a more phenomenological point of view, like when we use the CPL
parametrization, the equation of state parameter for dark energy can cross the
phantom divide. Since we only specify the background evolution with this
parametrization it should not introduce any problem. However, when consider-
ing cosmological probes sensitive to perturbations, as it is the case in Euclid, we
need to take into account the perturbation behavior of our fluid. A standard
approach in the literature is to use the parametrized post-Friedmann (PPF)
framework [Hu and Sawicki, 2007] on top of our Boltzmann code. This frame-
work is based on the requirements of a metric theory, with small deviations from
the FLRW metric, and covariant conservation of the stress energy tensor. It
allows us to study models beyond a cosmological constant and capture their per-
turbation behavior inside modifications of the theory of gravity. In this way, we
can phenomenologically consider the CPL parametrization without providing a

full theoretical model for dark energy perturbations.

1.1.5 The standard model

The current standard (or concordance) model of cosmology is the so-called
ACDM model, since it is a model in which the main contribution to matter is
cold and dark; i.e. collision-less and only interacting through gravity, hence the
CDM part of the model. The other key ingredient accounts for the the majority
of the energy density of the Universe today, and it behaves like vacuum energy;
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TABLE 1.1: Values of the ACDM cosmological parameters ob-
tained from the combination of CMB, BAO, SNla, and Hj data
[Planck Collaboration, 2016b]. The CMB temperature comes
from the analysis of the CMB monopole data [Fixsen, 2009].

Parameter Symbol Value
Physical baryon density Oy h? 0.02230 £ 0.00014
Physical cold dark matter density Ocdgmh? 0.1188 £0.0010
Dimensionless Hubble constant h 0.6774 £+ 0.0046
Power spectrum amplitude In(100Ay) 3.064 £ 0.023
Power spectrum slope Ng 0.9667 4 0.0040
Re-ionization optical depth T 0.066 £+ 0.012
CMB temperature Tems [K] | 2.72548 £ 0.00057

i.e. like the cosmological constant A. The ability of this model to fit many
cosmological observations of different origin with an incredible precision has

been decisive to consider it the standard model of cosmology.

Parameters and assumptions

Being a bit more specific about the ACDM model, it can be fully parametrized
by 7 parameters, that are listed (with current constraints from the cosmic mi-
crowave background (CMB), baryon acoustic oscillations (BAO), SNIa and
Hp measurements) in Table1.1. The first two parameters correspond to the
physical densities for baryonic, Qph? and cold dark matter, Qcgmh?, while
the third parameter, h, stands for the dimensionless Hubble constant h =
Hy/100km/(s-Mpc). The following three parameters correspond to the am-
plitude of the initial power spectrum of matter fluctuations, A, the slope of
this initial power spectrum as a function of the wavenumber, ng, and the re-
ionization optical depth, 7, describing how much the primary CMB anisotropies
are scattered by the re-ionized medium at low redshifts. The last parameter
of the ACDM model is the present temperature of the CMB, Tcyg, but, be-
cause of the exquisite precision of this measurement, it is usually fixed in the
analyses giving 6 free parameters for the ACDM model. Other parameters are
usually used in the literature, like the total critical density of matter, (), or the
root mean square mass fluctuation amplitude on scales of 82~ Mpc at redshift
z = 0, og, but they can all be derived from the seven parameters presented.

It is important to notice that the ACDM model implies some assumptions,
like the cosmological principle (homogeneous and isotropic universe), spatial

flatness, dark energy behaving as a cosmological constant, or dark matter being
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collision-less and cold (see Scott, 2018, for a detailed list of the assumptions be-
hind the standard model). Many assumptions have been investigated, checking
if the data prefers a model without them, like evolving dark energy, or curved
universes. Our current measurements do not provide (yet) any evidence towards
a model beyond ACDM.

Background equations

The flat ACDM model assumes a Robertson-Walker metric and Friedmann-
Lemaitre dynamics leading to the co-moving distance, x(z), and Friedmann-

Lemaitre equation,

X(Z) = OZ Hdé/) ) (1.62)
HQH(;) =01+ 2+ (1 +2)3+ (1 -0, — Q). (1.63)
0

We can compute the radiation contribution as in Planck Collaboration,
2016b,

74N\

where Ngg is the effective number of relativistic degrees of freedom and the
photon contribution, (), is given by

Té\im 871G
O, =4-5.6704 x 1078=CMB (1.65)
7 3 3HS

Fine-tuning problems and tensions

Despite the ability of the ACDM model to fit the observations, there are some
problems around this model coming from observations. In a first place, mea-
surements from the CMB [Planck Collaboration, 2016b] tell us that our Uni-
verse is nowadays very close to being spatially flat. Extrapolating back in time,
this means that the initial density of the different components of the Universe
should have been set to a specific value with high precision. This is known as
the flatness problem. Another issue is the so-called horizon problem. We can
see, observationally, that our Universe is very homogeneous at very large scales.
These scales are so large that light has not had the time to travel from one place
to the other. One of the most accepted solutions to both problems is the cos-
mological inflation [Guth, 1981]. This would be an era just after the Big Bang
where the flatness would be forced very close to zero and the anisotropies would
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FiGure 1.7: Illustration of the history of the Universe, from
the Big Bang singularity to today. Credit: BICEP2 Collabora-
tion/CERN/NASA.

be suppressed, so that the Universe would become flat and homogenous as we
observe it now. Many observational attempts are being done to probe this era
of the history of the Universe and, although it has not been confirmed yet, all
the predictions coming from inflation are in agreement with our observations.
Also, in the past few years, different cosmological analyses using different
probes have given values for the ACDM parameters that are slightly in ten-
sion. For example, the amplitude og obtained from CMB measurements is in
tension with the value obtained from cluster abundance. Another example can
be the value of the Hubble constant, Hy. Direct measurements from SNla give
significantly higher values than the indirect value obtained from CMB data.
These tensions might be the sign of new physics beyond the standard model, or
observational systematics that are not fully under control, or even just a statis-
tical fluctuation. There is a huge effort in the community to propose theoretical
models that could explain these tensions, as well as trying to better understand
the different systematics of the measurements. We must remember that, even
if the ACDM model is able to fit the current cosmological observations, the
nature of about 95% of the content of the Universe remains still unknown.

A very brief history of the Universe

Just before finishing this first section of the chapter we provide here an intuitive
picture of the history of the Universe under the standard cosmological model.
Looking at Fig. 1.7 we can see the origin of the Universe with the Big Bang
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singularity in space-time. Nearly immediately afterwards, cosmological infla-
tion occurs, generating an exponential expansion of the Universe. With this
expansion the primordial quantum fluctuations remain in the Universe. After
inflation the Universe keeps expanding, so the temperature drops enough for
symmetries between fundamental forces to break. Successively, anti-baryons
annihilate, neutrinos decouple, and BBN takes place, forming then the first
atomic nuclei.

After these first minutes of history of the Universe, it continues to expand
and the temperature continues to drop, until the matter-radiation equality is
achieved (z =~ 3600). After that, at z ~ 1100, the temperature of the Universe
is low enough to enable the plasma of photons, electrons and protons to be no
longer in thermal equilibrium. Electrons and protons start forming hydrogen
atoms, which is called recombination, and photons start to travel freely since
they are no longer coupled to matter. This are the photons from the CMB that
we observe today.

After recombination, only the CMB radiation is emitted (dark ages), and
structures start to be formed due to gravity. At z ~ 20, highly dense regions
start to form stars and galaxies. These objects emit new light, which is able
to rip electrons from the neutral atoms (re-ionization). At lower redshifts (z ~
6) clusters of galaxies start to appear due again to gravity. At z ~ 0.4 the
contribution of matter is roughly equal to the contribution of dark energy to
the total energy content of the Universe, and the latter is increasingly more
important than the former until today.

1.2 Structure formation

The Universe is very homogeneous at very large scales, but when we look at
smaller scales (galaxy cluster, galaxy, or Solar system scales) we can see some
structures following a net with filaments, walls and voids. Look for example at
Fig. 1.8, where we can see the structures that galaxies form in the Universe from
the Sloan Digital Sky Survey data. The formation of these structures depends
on the cosmology; therefore, studying the large-scale structure of the Universe
can provide information on the underlying cosmological model.

It is important to mention that if the Universe were perfectly homogeneous
and isotropic there would not be any anisotropy in the CMB, or structures in
the low-redshift Universe. The cosmological inflation was first proposed to ex-
plain the flatness and horizon problems, but interestingly, it provides a simple
mechanism to explain these anisotropies. Intuitively, the initial quantum fluc-
tuations were magnified due to the exponential expansion from inflation, and
they were able to remain in the Universe with a cosmic size. These fluctuations



32 Chapter 1. Cosmological framework

F1GURE 1.8: Map of the galaxies in the Universe from the SDSS.
Fach dot represents a galaxy. Credit: M. Blanton and SDSS.
[http://www.sdss.org/science/orangepie/].

became then the seed of the anisotropies that we observe today in the CMB
and the large-scale structure of the Universe.

1.2.1 Two-point-correlation function, power spectrum,

and angular correlations

Before entering into the evolution of structures, we will first remind the notion of
Fourier space and define the two-point-correlation function, the power spectrum,
and angular correlations.

Let us first consider a three-dimensional field f(r) defined in real space
position . We can then define the Fourier transform of this field as


http://www.sdss.org/science/orangepie/
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k) = /]R e () (1.66)

where k is a wave vector in Fourier space. Let us also define the inverse Fourier

transform as

3
=, ((217:;3 e (k) (1.67)

Let us now consider two different fields f; and f5, and their convolution
product

(o f2)r) = [ @ filr =) falr) (1.68)

Using the fact that the Fourier transform of 1 is a Dirac delta function, it
can be shown that this convolution is equivalent to a product in Fourier space

3
(i) = [ (;’; e* (Fi- 1) (). (1.69)

For a given three-dimensional field f we can define the two-point-correlation
function (2PCF) C(r) as

C(r) = (W 40,y = [P EFE 4, (L70)

where the subscript # implies averaging over #'. The intuitive interpretation of
a 2PCF is the expectation valor of the product of two field points separated by
a distance r.

We can also define the contrast § of a field f and its variance o by

é(r) = f(r)f_—f with f = VLHEOO V/ dB3rf(r) (1.71)
o = (8%(r)), = /]R3 3ro?(r). (1.72)

We can now define the power spectrum as the average of |§(k)|? over all

directions

1 ~
sz—/dmde 1.73
which is completely equivalent to another extensively used definition

(k)5 (K)o = (27)*P(k)0) (k — K'Y, (1.74)
(3)

where 65’ stands for the three-dimensional Dirac function.
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Let us now focus on the case of the matter field, with § being the matter
density contrast of the Universe. Depending on the field, the integral from
Eq. (1.72) can diverge. When it concerns the matter field, it is convenient to
regularize this integral by filtering the field. If we denote as Wg(r) the filter
function, characterized by a physical size R, then Eq. (1.72) becomes

% (R) = (Wg*0)*(r)), . (1.75)

If Wg has a finite support we can express this new quantity as

2
P (R) = [ PHIWak)P (1.76)

For the specific case of a three-dimensional top-hat filter function with radius
R = 8Mpc/h, we obtain the commonly used og parameter, which represents
the variance of the matter density contrast smoothed with a spherical top-hat
filter of physical radius 8 Mpc/ h.

The power spectrum (or the two-point correlation function) includes infor-
mation in three-dimensions. However, sometimes we might be interested (or
forced due to the available data) to project all the information into two dimen-
sions, like in an angular survey of galaxies. The simplest statistic to be com-
puted in two dimensions is the two-point angular correlation function, w(f), or
its Fourier transform: the two-dimensional power spectrum C(¢).

Let us consider a given galaxy at co-moving distance x(z). In the plane
perpendicular to the line pointing to the center of the distribution of galaxies, a
galaxy position is determined by the two-dimensional vector 6= (61, 02); thus,
the three-dimensional position of the galaxy is given by

x(x(2),0) = x(2)(61,02,1). (1.77)
We measure all galaxies along the line-of-sight; therefore, an over-density at

0 is

5200) = [ v ()8(x(x.8)) (1.78)

where the subscript o stands for a two-dimensional contrast, and W(x) is the
selection function, containing the probability of observing a galaxy a co-moving
distance y away from us, normalized so that [;* dxW (x) = 1.

We can now express the Fourier transform of d9 (5) as

5o() = / 420e-1095,(8) . (1.79)

And we can define the two-dimensional power spectrum analogous to the

three-dimensional case
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(32(0)3(7)) = (2m)*6p(E = F)C(0). (1.80)

Integrating, we can write the C'(¢) as

C(0) = oz | 2 201550 =

_ (21)2 /d2€//dze/d29/€—ieil~§eiﬂ§’
s

[T () [T W) G0G K A)) - (181

Using the properties of the Dirac delta functions, and introducing the power

spectrum we can rewrite it as

Xoo W Xoo e dk ZANP
0(5)2/0 dx X(QX)/O de(x)/m@%P<M)eks(x )
(1.82)

With the approximation that the only modes that contribute to the integral
are those with k3 < ¢/x we can express the C(¢) by

o) = /Oxm dXWQQX)p <€> — 2/000 kP (k)2 (/i) . (1.83)

X X

1.2.2 Linear structure formation

On large scales, perturbations remain small and we can use linear theory to
derive the formation of the structures. Therefore, linear theory is enough to
analyze the observations from the large-scale structure. However, if we go to
smaller and smaller scales the perturbations become more important and the
linear theory breaks down. We will briefly discuss this regime in Sec. 1.2.3.
Let ¢ be the matter density contrast of the Universe, and let us consider the
gravitational potential in Fourier space, ®(k, a). The evolution of cosmological
perturbations can be then divided in three different stages. At early times, all of
the modes are outside the horizon and they evolve identically. At intermediate
times, the wavelengths fall within the horizon and the Universe evolves from
radiation domination to matter domination. The order of the matter-radiation
equality and the epoch of the horizon crossing have an important role on the
evolution of the modes. At late times, all the modes evolve identically again.
We mainly observe the distribution of matter at late epochs, in the third stage
of evolution, where all the modes evolve identically. However, we can relate
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the gravitational potential to the primordial one set up by inflation, ®, (k).
Neglecting anisotropic stress, the relation is given by
9 Di(a)
P(k,a) = 1Dy (K)T(K) 1Y (1.84)
a

where T'(k) is the transfer function, describing the evolution of perturbations

through the epochs of horizon crossing and radiation-matter transition, and
Di(a) is the growth factor, that describes the wavelength-independent growth
at late times.

We can now express the power spectrum of the matter distribution in terms
of the primordial power spectrum coming from inflation, the transfer function,

and the growth function. Let us remind Poisson’s equation

(1.85)

which relies the matter over-density to the potential at late times. Since the
background density of matter is py = Qmpera™ and 47Gpe = (3/2)HE we

can write

®(k,a)a 3 k?
oka) = B0 amEE ~ 5 O

In the context of inflation the primordial potential is drawn from a Gaussian

@, (k)T (k)D1(a) . (1.86)

distribution with mean 0 and variance

50r2 [k \" T, On  \°
=t (i) (o) e

where 0 stands for the amplitude of the perturbations at horizon crossing. So

the power spectrum of matter at late times is given by

Ns a 2
P(k,a) = 27r25§II;Zm+3T2(k) (1)113;(:)1)> : (1.88)

At late times (z < 10) all modes of interest have entered the horizon. Con-
sidering the Boltzmann equations governing the dark matter evolution, and
the Poisson equation we can derive a second order differential equation for the

matter perturbations

d?6  (dIn(H) 3\ ds 3QuHZ
— o205 — . 1.
da? < ) da 2 a®H? 0=0 (1.89)

da a
There are two different solutions to this equation. One is § o< H, but all
current models of the Universe have a non-increasing Hubble rate. This is the
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so-called decaying solution. We are interested in the other solution. To obtain
the growing mode we can try a solution of the form u = 6/ H

d?u din(H) 1] du
“l—=0. 1.
da? 3 l da + a] da 0 (1.90)

Integrating this first-order differential equation for du/da we obtain

jz o (aH)™3.

Integrating again, and using the initial condition that when matter still

(1.91)

dominates (z &~ 10) D; should be equal to a, we obtain the growth factor given
by

Dl(a)

_ 504 H(a) /0“ da’ (1.92)

2  Hj (a’H(a’)/Hp)3"

Concerning the transfer function 7'(k), there has been some analytic fitting
formulas provided in the literature (see e.g. Bardeen et al., 1986). But nowadays
the majority of the cosmological analyses rely on numerical Boltzmann solvers
like CAMB [Howlett et al., 2012; Lewis, Challinor, and Lasenby, 2000] or CLASS
[Lesgourgues, 2011a; Blas, Lesgourgues, and Tram, 2011; Lesgourgues, 2011b;
Lesgourgues and Tram, 2011] to derive the transfer function including not only

dark matter, but baryons, and relativistic species.

1.2.3 Non-linear regime

When we focus on smaller and smaller scales, the perturbations of the matter
density field are no longer small and the linear theory for the evolution of
structures, discussed in the previous section, starts to give biased predictions.
In the standard cosmological model, structures are formed in a hierarchical way:
small structures form around the first over-densities of the matter density field.
Because of gravity, these structures collapse into virialized dark matter halos,
and larger structures form even later from accretion of nearby mass, or merging
of different halos. Because of the different nature of dark and baryonic matter,
the latter falls into the already formed halos of dark matter. The reason being
that the temperature of cold dark matter decreases faster than the temperature
of baryonic matter. Because of the non-gravitational interactions of baryonic
matter, it is very difficult to study the evolution of structures at the scales of a
galactic halo or inside it. There are different theoretical approaches to extend
the theoretical predictions to smaller scales, but in order to reach very small
scales we need to rely on prescriptions fitted from cosmological simulations,

which will then depend on the cosmological model used for the simulations.
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Theoretical approach

The standard method to go beyond linear theory is the so-called standard per-
turbation theory (SPT) (see Bernardeau et al., 2002, for a detailed review). Let
us recall that for linear theory we can write the contrast of the matter field, 9,
as

_ Dl(z)
D1 (z)

In SPT we develop it as a power series

5(k, 2) 5: (k) . (1.93)

(k) = i a0 (k). (1.94)
n=1

Focusing on the power spectrum, we can now write its definition as

(61 + 02+ 05+ .. ) (01 + 0o+ 05+ ...)) = (27)3Pu (k)6 (k — K') . (1.95)

So the power spectrum will now be given not only by the linear part, Piq,
but also for higher-order contributions (Pi3, Ps2, ...), which introduce power
from other scales, giving what we call mode coupling. These higher-order terms
can be represented by Feynman diagrams. However, this approach is valid on
large-scales, but it breaks down when approaching the non-linear regime. One
option could be to sum up all the orders, but, depending on the slope of the
power spectrum, different orders become equally important and it is no longer
straightforward to cut the expansion. In Fig.1.9 we can observe the results
from Blas, Garny, and Konstandin, 2014, showing SPT up to three loops. The
power spectrum is represented normalized to a power spectrum without wiggles
for illustrative purposes. We can see in red the measurements from an N-body
simulation, while in solid line there is the linear prediction, which starts to be
biased quite early. In dashed line there is the 1-loop SPT prediction, which is
able to stay closer to the simulation until slightly smaller scales. Going up to
2-loops in SPT improves the prediction (dotted-dashed line), but when 3-loops
are considered (black diamonds) the prediction is completely off with respect
to the simulations, showing that different orders become equally important.

Another theoretical approach to extend our predictions into the non-linear
regime is the so-called renormalized perturbation theory (RPT) [Crocce and
Scoccimarro, 2006]. This approach can also be represented by Feynman di-
agrams where the initial conditions correspond to the perturbation spectrum,
the vertex represents the non-linearities, and the propagator describes the linear
evolution. In this approach, each loop correction to the linear power spectrum

can be classified into two classes: one corresponding to the coupling between
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FIGURE 1.9: Original plot from Blas, Garny, and Konstandin,
2014: Comparison at redshift 0.375 of SPT up to 1-loop (black
dashed line), 2-loops (black dot-dashed line), and 3-loops (black
diamonds), with N-body results of the Horizon Run 2 [Kim et
al., 2011]. The black solid line corresponds to the linear result.
In blue the results of Padé resummation are shown, which is not
discussed in this work.

modes, and another one concerning the renormalization of the propagator. The
authors in Crocce and Scoccimarro, 2006, show that the latter class of diagrams
can be resumed, implying that each term remaining in the mode-coupling class
will dominate at some characteristic scale and will be subdominant otherwise.
With this approach we can get rid of the main problem of SPT, where higher-
order terms may be as important as lower-order ones. In Fig.1.10 we can
observe a comparison of RPT to N-body simulations from Crocce, Scoccimarro,
and Bernardeau, 2012. The power spectrum (normalized to a smooth spec-
trum) is represented as a function of the wavelength for different cosmologies.
The red dashed line corresponds to the linear prediction, while the blue line
stands for RPT. We can observe that the RPT result is able to stay closer to
the simulations down to smaller scales than the linear prediction.

However, RPT breaks Galilean invariance because it only resumes the un-
equal time propagator. There are more terms in the SPT expansion that need
to be resumed in order to restore the Galilean invariance, which has led to some
extensions, like TSPT [Blas et al., 2016]. Other recent approaches are the re-
sponse functions [Nishimichi, Bernardeau, and Taruya, 2016], or the effective
field theory [Baumann et al., 2012].
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FiGurE 1.10: Original plot from Crocce, Scoccimarro, and
Bernardeau, 2012: Comparison at redshift 1 of RPT (blue
solid line) with simulation measurements (black dots). The red
dashed line corresponds to the linear result. The results of halofit
are also shown in black.

Just to summarize, in order to get an approximate idea, the best perfor-
mance we can achieve nowadays is an agreement of 1-2% on the power spectrum
down to k ~ 0.25 — 0.4 h/Mpc, depending on the redshift, and the theoretical
approach used. This is enough for the modeling of the BAO peak (see Sec. 1.3),
but it is still far from the small scales that weak lensing analyses probe.

Halofit

One of the first widely used prescriptions to model the non-linear part of the
power spectrum (called halofit) was derived in 2003 by Smith et al., 2003.
The authors measured the non-linear evolution of the matter power spectra
from a large library of cosmological N-body simulations, using power-law initial
spectra.

The halofit model is based on the halo model [Peacock and Smith, 2000;
Seljak, 2000; Ma and Fry, 2000]. The basic approach suggested by the latter
is to decompose the density field into a distribution of isolated haloes. The
correlations in the field are then originated through the clustering of haloes
with respect to each other (at large scales), and through the clustering of dark
matter particles within the same halo (at small scales). The total non-linear

power spectrum can then be decomposed into

Pni (k) = Po(k) + Pu(k), (1.96)

where Pg(k) is the quasi-linear term related to the large-scale contribution to
the spectrum, and Py (k) describes the contribution from the self-correlation of

haloes.
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Let us first focus on the quasi-linear term. Seljak, 2000; Ma and Fry, 2000;
Scoccimarro et al., 2001, proposed to use linear theory filtered by the effective
window that corresponds to the distribution of halo masses, n(M), convolved
with their density profiles, p(k, M), and a prescription for their bias with respect
to the underlying mass field, b(M). The quasi-linear term can then be expressed

as

Po(k) = By (k) [; [ anmoanyn(anaihan| (1.97)

A simpler approach was made by Peacock and Smith, 2000. The authors as-
sumed that the quasi-linear term corresponded to pure linear theory. However,
quasi-linear effects must modify the relative correlations of haloes away from
linear theory, irrespective of the allowance made for the finite size of the haloes
(see Smith et al., 2003, and references therein). halofit takes then an empir-
ical approach, allowing the quasi-linear term to depend on n, and truncating
its effects at small scales. Removing the dimensions of the power spectrum by
defining

14
(2m)?

where V' is a normalization volume, the quasi-linear term in halofit is given

by

A*(k) = Ank3P(k), (1.98)

L+ AL(R)] i)

2 __ A2

(1.99)

where y = k/k,, ky is a non-linear wavenumber related to the spherical collapse
model [Press and Schechter, 1974; Sheth and Tormen, 1999; Jenkins et al., 2001],
an and B, are coefficients sensitive to the spectra, and f(y) = y/4 + y*/8
governs the decay rate at small scales.

Let us now focus on the halo term of the power spectrum. In the halo model
it is given by

P (k) = pz(;w)g/dMn(M)]ﬁ(l@ M) (1.100)

In order to model this we can use an expression looking like a shot-noise
spectrum on large scales, but progressively reduced on small scales by the fil-

tering effects of halo profiles and the mass function. A good candidate could
be

A '(k) = any (1.101)
1+ bpy + Cnyg_fyn 7
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where (ay, by, ¢n, 7n) are dimensionless numbers that depends on the spectrum.
However, it has been shown [Cooray and Sheth, 2002] that with this expression
the halo model fails to respect low-order perturbation theory in some cases. In
order to solve this, halofit modifies Eq. (1.101) to obtain a spectrum steeper
than Poisson on the largest scales

_ AR’ (K)
1 + ,uny_l + vny~

Af (k) (1.102)

27

where p, and v, are coefficients that depend on the spectrum. In Fig.1.11
we show the original plot from Smith et al., 2003, where the full halo model
calculation (thick solid lines) is compared to CDM simulations (points), and
the halofit predictions (thin solid lines) are also shown. It is clear from the
figure that halofit is able to reproduce the measurements from simulations
more accurately, and down to smaller scales, than the halo model.

Halofit with Bird and Takahashi corrections

Although halofit seems to be able to correctly predict the non-linear matter
power spectrum down to very small scales, all the coefficients depending on
the spectrum have been determined in Smith et al., 2003, from a fit to CDM
simulations. Therefore, if we want to test cosmologies with massive neutrinos,
or go down to very small scales, where the impact of baryonic interactions is
non-negligible, halofit may provide biased predictions.

In 2012, Bird, Viel, and Haehnelt, 2012, addressed the impact of massive
neutrinos. The authors performed several N-body simulations of the matter
power spectrum incorporating massive neutrinos with masses between 0.15 and
0.6 eV. They focused on non-linear scales below 10h/Mpc at z < 3. The
authors extended the halofit approximation to account for massive neutrinos,
and they found that in the strongly non-linear regime halofit over-predicts
the suppression due to the free-streaming of the neutrinos. More in detail, the
asymptotic behavior of the non-linear term in halofit is given by A%{ ~ gy,
so the authors in Bird, Viel, and Haehnelt, 2012, altered =, fitting it to their
ACDM with massive neutrinos simulations. Moreover, they modified the non-
linear term with the ansatz

_ U
Qv = T i (1.103)
(M%) = A% (14 Qy), (1.104)

with [ and m fitted to the simulations, which led to the modification of Eq. (1.99)
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FIGURE 1.11: Original plot from Smith et al., 2003: compar-
ison of the halo model calculation (thick solid lines), and the
halofit predictions (thin solid line) to CDM data from N-body
simulations (points). The four CDM models have been separated
from each other by one order of magnitude in the y-direction for
illustrative purposes.

[1+ A3 (k)] 1)

A% (k) = A% (k 2 1.105
with
A} = A? 1+M (1.106)
L 1+ 1.5k2 '
Bn = Bn+ fo(r+sn?), (1.107)

where p,r and s are fitted to the simulations. In Fig. 1.12 we show the original
results from Bird, Viel, and Haehnelt, 2012, where the effect of massive neu-
trinos on the matter power spectrum is represented. We show only the case
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FiGURE 1.12: Original results from Bird, Viel, and Haehnelt,
2012: The effect of massive (0.15 eV) neutrinos on the matter
power spectrum is shown at z = 0. Solid lines show the ratio
between simulation with and without neutrinos for 512 Mpc/h
(red) and 150 Mpc/h (orange) boxes. The blue dashed line
shows the estimated ratio using the standard halofit correction
(left panel) and the improved version accounting from massive
neutrinos (right panel). The black dashed line represents the
prediction from linear theory.

where the mass of the neutrinos equals 0.15 €V at z = 0. The solid red and
orange lines show the measurements from N-body simulations, while the black
dashed line stands for the linear prediction. In the left panel the blue dashed
line shows the prediction from the standard halofit correction, while the same
line in the right panel represents the corrected version taking into account the
effect of massive neutrinos. We can observe that the latter is able to reproduce
the results from the simulations with neutrinos down to smaller scales.
Another recent correction to halofit was also done in 2012 by Takahashi
et al., 2012. The simulations used to calibrate halofit were already a decade
old at that time and, given the need of correctly predicting smaller and smaller
cases for future cosmological analyses, the authors of Takahashi et al., 2012, re-
calibrated the parameters of halofit using high-resolution N-body simulations
for 16 cosmological models around the WMAP best-fit cosmological parameters,
including dark energy models with a constant equation of state. This revised
version of halofit provides an accurate prediction of the non-linear matter
power spectrum down to k ~ 30 h/Mpc and up to z > 3. In Fig. 1.13 we show
the original results from Takahashi et al., 2012, where the matter power spectra
for the different WMAP models obtained from simulations (dots) are compared
to the revised halofit prediction (red solid line), the standard halofit predic-
tion (black solid line), and the linear results (black dashed line). We can clearly
see that the revised version of halofit is able to recover the measurements

from simulation down to much smaller scales.
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FIGURE 1.14: Original plot from Mead et al., 2015: hmcode and
Takahashi revised version of halofit predictions compared to
the Heitmann et al., 2014, emulator. Each line corresponds to

one node of the emulator. The average fit is shown as the thick
black line.

HaloModel and emulators

Another very recent recipe to predict the non-linear correction to the matter
power spectrum was proposed in 2015 by Mead et al., 2015, and updated to
take into account massive neutrinos and modified gravitational forces in 2016
[Mead et al., 2016], called hmcode (or HaloModel). The authors introduced
physically motivated free parameters into the halo model formalism, instead
of using empirical fitting functions, and fit these to high-resolution N-body
simulations for a variety of ACDM and wCDM models. The main difference
with respect to Takahashi or Bird corrections to halofit is that it can be
adapted to account for the effects of baryonic feedback on the power spectrum,
via fitting the halo model to hydrodynamical simulations with parameters that
govern the halo internal structure.

Even another way to make predictions for the non-linear power spectrum is
the so-called emulators (see e.g. Heitmann et al., 2014). The main idea is to run
sets of high resolution simulations at key points in the cosmological parameter
space (called nodes) in order to cover the space evenly. The emulator then
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interpolates between the measured power spectra as a function of the cosmology,
giving predictions for any set of parameters within the space.

In Fig. 1.14 we show the original plot from Mead et al., 2015, where both the
hmcode and halofit (plus Takahashi and Bird corrections) predictions are com-
pared to the emulators results for N-body simulations at different redshifts. For
the cosmological models studied both hmcode and halofit perform similarly,
although the hmcode performs slightly better.

1.2.4 The galaxy bias

The galaxy bias describes how the distribution of galaxies traces the underlying
matter distribution. The study of the structures on large scales is a powerful
cosmological probe, thanks to its dependence on the cosmological model. How-
ever, all our predictions are based on the dark matter field, and many of our
observational techniques measure the light from galaxies, so even if the rela-
tion between the galaxy and matter distributions is often considered a nuisance
parameter, it is a key ingredient to improve our cosmological knowledge.

The idea of galaxy bias first appeared when it was noticed that different
galaxy populations have different clustering strengths [Davis and Geller, 1976;
Dressler, 1980], showing that they cannot be linked to the matter distribution
in the same way. A first physical mechanism was proposed by Kaiser, 1984;
Bardeen et al., 1986, suggesting that galaxies would form in peaks of the matter
distribution, being then more clustered than it. It was later shown that galaxy
bias cannot be linear [Gaztanaga, 1992; Fry and Gaztanaga, 1993] and that it
evolves with redshift, being larger at high-redshift as the first galaxies would
have formed in the densest regions [Nusser and Davis, 1994; Fry, 1996; Tegmark
and Peebles, 1998]. Moreover, we know that the galaxy bias depends on the
scale, although this dependence is small on large scales [Mann, Peacock, and
Heavens, 1998; Crocce et al., 2015]. In the following we present some models
for the galaxy bias that are used in the literature.

Constant bias
This is the simplest model relating the mass and galaxy densities through a
constant factor, b, at location x (see e.g. Peacock and Dodds, 1994)

g (%) = b (x) . (1.108)

This linear, deterministic relation is know to be too simplistic, because it
neglects the galaxy bias dependence on the scale and redshift, but it is usually
considered in forecasts for its simplicity.
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Linear redshift evolution

A simple linear dependence on the redshift has also been used in the literature
(see e.g. Ferraro, Sherwin, and Spergel, 2015)

b(z) =bo(l+2). (1.109)

It does not have any physical motivation either, but it encapsulates a de-
pendence on the redshift.

Constant galaxy clustering

It is known from simulations [Kauffmann et al., 1999; Somerville and Primack,
1999] that the clustering of dark matter evolves and the clustering of galaxies is
approximately constant (up to z < 0.5). Assuming a constant galaxy correlation
function, since the matter correlation function grows with D?(z) in the linear

regime, we can express the galaxy bias as

b(z) = . (1.110)

Fry

Fry, 1996, proposed a simple model for the galaxy bias considering it after the
point at which galaxies form, and assuming that they evolve then under gravity,

without galaxy mergers. The expression for the bias is then given by

bo — 1

b(z) =1+ e

. (1.111)

Merging model

We know though that galaxies do merge. Matarrese et al., 1997, proposed a
model, build on Fry’s model, taking into account the merging of galaxies

by — 0.41
be(2) = 0.41 + ;])1(2)(1, (1.112)

where beg is an average of the bias over the mass range considered.

Tinker

Tinker et al., 2010, proposed a model for galaxy bias based on the halo model.
Using a large set of N-body simulations, the authors calibrated the fitting func-

tion
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FIGURE 1.15: Original plot from Clerkin et al., 2015: shift in
estimates of wy, w, introduced by modeling the galaxy bias with
a binned linear evolution (one free parameter per bin), or the
GTD model, while the true bias is given by the Tinker model.
Fiducial values for wy and w, are shown by the black cross.

—1_ L B v
b(r) =1 Aya+5g+BV +Cv7, (1.113)
where
50(2)
y(M,z) = —2e2) 1.114
(1.2 = 5 e n) (L114)

with d. the critical density for collapse, (M) the linear matter variance of the
halo, and A, «, B, 3, C,~ are constant obtained from the simulations. In order

to recover the bias as a function of the redshift we use the redshift dependence
of v(M,2)

v(z) = : (1.115)

Croom

An empirically derived expression for the bias, often used for QSO, is given by
[Croom et al., 2005]



50 Chapter 1. Cosmological framework

b(2) = b[0.53 + 0.289(1 + 2)?] . (1.116)

Generalized time dependent bias

As a last model for the galaxy bias, we present here the generalized time depen-
dent (GTD) model [Clerkin et al., 2015]. All of the previous presented models

can be encapsulated into this generalized expression

bo— ¢
Di(z)™

It is important to notice that the growth rate depends on the cosmological

b(z) =c+

(1.117)

model, thus the galaxy bias will depend on the cosmological model too. When
analyzing data, the bias should be determined together with the cosmological
parameters, instead of using a fiducial cosmology to determine the bias.

The authors in Clerkin et al., 2015, compared their GTD model to a linear
redshift evolution for the galaxy bias (see the original plot in Fig. 1.15). They
showed that if the true galaxy bias model is the Tinker one, the fact of analyzing
the data (forecast) with a GTD model (3 free parameters) for the galaxy bias
does not give biased results, while if one assumes a linear evolution, 6 bins in
redshift need to be added (6 free parameters) in order to get unbiased estimates.

Notice that the authors in Clerkin et al., 2015, use an extended Fisher matrix
formalism [Cypriano et al., 2010; Shapiro et al., 2010] to predict the shift in

cosmological parameters when an incorrect bias model is assumed.

1.3 Baryon acoustic oscillations and redshift-

space distortions

1.3.1 BAO peak

Following the Big Bang model, the Universe was much smaller and hotter in
the past. There was a time when the Universe was so hot that it was mainly
composed of a plasma of photons and baryons, which were coupled via Thomson
scattering. Due to gravity, baryons were exerting an inwards pressure, while the
radiation pressure was exerting outwards. The corresponding competing forces
generated oscillations in the plasma. If we consider a single, spherical density
perturbation, it propagated outwards as an acoustic wave with speed cs given by
Eq. (1.150). Once the expansion rate of the Universe became larger than the in-
teraction rate between baryons and photons, the photons were able to propagate
freely (giving birth to the cosmic microwave background [see Sec. 1.5.2]) and the
baryon waves froze. The characteristic radius of the spherical shell formed when
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FIGURE 1.16: Original plot from Eisenstein et al., 2005:
Redshift-space correlation function of the SDSS LRG sample
compared to different cosmological models. The magenta line
shows a pure CDM model without the acoustic peak. The BAO
peak is statistically significant.

the waves froze is imprinted as an excess on the distribution of baryons. Since
baryons and dark matter interact through gravity, the latter tends to cluster
on this scale. Therefore, there is a larger probability that a galaxy forms in the
higher density regions coming from the frozen baryon waves.

Let us consider a galaxy that formed at the center of an initial density
perturbation. Then, because of the spherical shell from the baryon wave, there
will be a bump in the 2PCF at the radius rq of the spherical shell, showing
that there is an excess of probability in finding two galaxies separated by this
distance rq (see Fig.1.16). This quantity is known as the BAO standard ruler
and is equal to the co-moving sound horizon at the redshift of the baryon drag
epoch: rq = rs(zq) [see Eq. (1.149)], zq =~ 1060 [Eisenstein and White, 2004].

The main observable used in BAO measurements is the ratio of the BAO
distance at low-redshift to this scale rq. The BAO are usually assumed to be
isotropic. In this case the BAO distance scale is given by

1/3
Dy (2) = (XQ(Z) HC(ZZ)> . (1.118)
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More recently it has also been possible to measure radial and transverse
clustering separately, allowing for anisotropic BAO [Gaztanaga, Cabré, and
Hui, 2009]. The BAO distance scales are then x(z) and ¢/ H(z).

However, there is more cosmological information in the 2PCF (or higher
order correlation functions) of galaxies than the BAO peak. In the following we

present some other probes used in this work.

1.3.2 Redshift-space distortions

Galaxies follow the peculiar velocity field arising from the over-density field. But
galaxy redshifts depend on the relative velocity of the galaxy with respect to
us; therefore, they include both the Hubble recession and the peculiar velocities
of the galaxies. This implies that if we only consider the Hubble recession when
converting from redshift to distance, we recover a distorted field, with radial
redshift-space distortions (RSD). Let us assume that the observed galaxies are
sufficiently far away, so that their separations are small with respect to the
distances between them (the so-called plane-parallel approximation). Assuming
that the growth factor does not depend on the scale, and that the continuity
equation holds, we can write (to linear order) the relation between the redshift-
space galaxy power spectrum and the real-space matter power spectrum as
[Kaiser, 1987; Hamilton, 1998]

PgZ_SPace(k,/,L) — prospace(f) (hs 4 beMZ)Q, (1.119)

where b5 is the galaxy bias, b, is the bias between galaxy and matter velocity
distributions (normally neglected), f the growth rate (dIn D;/dIna, with D
the growth factor), and p the cosine of the angle to the line-of-sight.

Comparing to the definition of the galaxy bias in Sec. 1.2.4, we can observe
that the RSDs introduce the p?-dependent term in the relation between the
galaxy and the matter spectra. There are more accurate relations between
PgsPace and ProPace (see e.g. Percival et al., 2011, and references therein),
but we limit here the description of this probe to the basics and provide the
specific implementation used in this work in Sec.6.1.2.

It is important to notice that the term introduced by the RSD signal in
Eq. (1.119) depends on the cosmology. More precisely, on the growth rate, whose
value depends on the theory of gravity used and it is well known that there are
identical background evolutions with different growth rates [Piazza, Steigerwald,
and Marinoni, 2014]. Therefore, using the RSD signal as cosmological probe
offers an additional constraint on cosmological models.

Let us recall that the linear growth factor of matter perturbations, Di, can
be obtained by solving numerically Eq. (1.89). It is important to remind here
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that this differential equation is only valid if we assume that dark energy cannot
be perturbed and does not interact with dark matter, which is the case in this
work. Once the growth factor has been obtained, we can compute the observable
weighted growth rate, fog, as

fos(z) = f(z) <08' gigg;) : (1.120)

Notice that if we want to use the derived value of og from Planck, for ex-
ample, the normalization of the growth factor, D1(0), should be given by the
Planck growth factor; i.e. the growth factor of the ACDM model with the cor-
responding Planck best-fit values for the parameters. The reason being that the
inferred value of og from the CMB is obtained at z ~ 1100 and then extrapo-
lated to z = 0.

As a last comment concerning RSDs; in this work we are also interested in
using the angular clustering of galaxies as a cosmological probe (see Sec.6.1.4).
Since RSDs affect only inferred distances and not angles, we would not expect
a large impact of the RSD signal on the angular clustering. However, RSDs
still distort the projected angular clustering of galaxy samples that have been
selected using redshift-dependent quantities. For instance, the edge of a window
function that is straight in redshift space is distorted in real-space. There have
been some works showing that we can use an estimator for the angular clustering
independent of RSDs [Nock, Percival, and Ross, 2010], or that they can even
be used as a probe selecting samples with photometric redshifts [Ross et al.,
2011]. In this work, though, we will not consider the RSD signal when using
the angular clustering of galaxies.

1.3.3 Fingers-of-God

The approach just described for RSDs is valid to linear order. However, on
small scales non-linearities arise. The dominant non-linear contribution to RSDs
is due to the virialized motion of galaxies within dark matter halos. These
velocities can be large enough, such that if they are misinterpreted as being due
to the Hubble flow, the clusters are stretched along the line-of-sight, causing
what is known as Fingers-of-God (FoG). We provide an illustration of this effect
in Fig. 1.17.

The impact of the FoG effect can be taken into account by reducing the
power on small scales in Eq. (1.119) [Peacock and Dodds, 1996] introducing the
exponential factor

1

F(k,py?) = ———s
(7lu) 1+(ko_ylu)27

(1.121)
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FiGure 1.17: Original plot from Peacock et al., 2001: 2-
dimensional redshift-space correlation function from 2dFGRS.
The correlation function across (o) and along (7) the line-of-
sight is shown in the figure. Contours show lines of constant cor-
relation function. The elongation along the line-of-sight caused
by the FoG can be appreciated.

or the Gaussian factor

F(k,p?) = exp [—(ka,,,u)ﬂ : (1.122)

Again, there are more complicated damping factors based on perturbation
theory (see Percival et al., 2011, and references therein), but we provide here
the basics on the FoG modeling and refer the reader to Sec. 6.1.2 for the specific
implementation of the FoG effect in this work.

1.3.4 Alcock-Pacyznski effect

Redshift surveys measure the angular positions of galaxies on the sky and their
redshifts. However, we need to translate these quantities to co-moving coordi-

nates before measuring the galaxy clustering and compare with our predictions
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from Eq. (1.119). If we assume a cosmological model to make this transforma-
tion which turns out not to be the real cosmology of our Universe, we can induce
anisotropic distortions that are similar to the RSD signal [Ballinger, Peacock,
and Heavens, 1996]. This is the so-called Alcock-Pacyznski effect (AP).

Let us assume that the angular and radial distances in our assumed cosmo-
logical model are different from the real ones by a factor a; = Ra/R4 and
= R,/ R,, respectively, where the hat denotes the true angular and radial
distances. We can then rewrite Eq. (1.119) as [Ballinger, Peacock, and Heavens,
1996; Simpson and Peacock, 2010]

_ 1 _ k
sz space(k,u) — 5 PII;I space (OU_\/l _|_M2<A72 _ 1))

CYHOCJ_
2
1 f
AZ4yA(1-A2)|

x [b(; + (1.123)
where p = ky/k, A = a)/ay, and b, have been set to 1, for simplicity. As
in the previous cases, we refer the reader to Sec.6.1.2 for the details of the

implementation used in this work.

1.4 Weak gravitational lensing

Measuring the formation of structures on large scales is a very useful cosmo-
logical probe, thanks to the effect of the cosmological model on the growth of
these structures. However, many observational techniques observe galaxies (or
other luminous tracers) while our predictions are with respect to the total mat-
ter distribution. As we have seen in the previous section, this implies that we
need to know the bias between the galaxy and matter distributions, in order to
extract cosmological information.

Another way to study the formation of structures is to look not only at the
position of galaxies in the sky, but their shape. General Relativity tells us that
photons follow geodesics of space-time. Therefore, light from distant objects
will bend when passing close to foreground mass-energy concentrations, thus
introducing distortions of distant galaxies due to foreground mass structures.
This effect is called gravitational lensing, and we can immediately see that if we
can measure distortions we might then be able to infer the mass distribution.
This enables us to directly compare our predictions to observations, without

the need of understanding the galaxy bias.
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FicUre 1.18: Full overview of the galaxy cluster Abell 2218
distorting the images of background galaxies. This image was
taken by the Hubble Space Telescope. Credit: NASA, ESA, and
Johan Richard (Caltech, USA).

1.4.1 Regimes of gravitational lensing

The distortion of distant images due to gravitational fields is a direct conse-
quence of General Relativity, and it was the detection of this distortion that
led to the acceptance of the theory. Dyson, Eddington, and Davidson, 1920,
measured the deflection of starlight during a solar eclipse and the magnitude of
it was in good agreement with the General Relativity prediction.

One of the most spectacular manifestations of gravitational field bending
light paths is the so-called strong regime of gravitational lensing, or strong
lensing. We enter this regime when there is a very massive foreground object
bending the light paths of a background point source. Walsh, Carswell, and
Weymann, 1979, observed a multiply imaged quasar. The light rays leaving the
quasar in different directions are focused on us by a galaxy in between. The
fraction of lensed quasars may depend on the background cosmology. Another
example of strong lensing is shown in Fig. 1.18, where foreground galaxies within
the Abell 2218 cluster distort the images of background galaxies. The distortion
is so large than circular galaxies are observed as elliptical arcs.

There are other examples of gravitational lensing that can contain cosmo-

logical information. One of them is the so-called micro-lensing, where a lens
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(foreground object) moves into the line connecting a source (background object)
and us. When it does, the image of the source is magnified, so that we observe
a variability in the distant source.

Another example is when we use background galaxies to infer the mass
distribution of clusters. In general the images are not as spectacular as in
Fig.1.18, because the magnitude of distortions is smaller. However, we can
compensate for this by the huge number of background galaxies. The idea is to
statistically average small distortions, and we call it weak lensing.

Although the mass distribution for clusters of galaxies is important for cos-
mology, we focus here on weak lensing not by a single lens (like a cluster), but
the large-scale structure in the Universe. We do not necessarily want to infer
the distribution of matter in the sky, since measuring some statistics (like the
power spectrum) can provide already very valuable cosmological information,
as theory does not predict where the over-densities and under-densities of mat-
ter are in the sky, but their statistical properties. In the following we will thus
focus on relating the distortion of galaxy images to the underlying mass power

spectrum.

1.4.2 Geodesics and shear

Let us start the mathematical description of weak lensing with the illustration
from Fig. 1.19 showing the sketch of a light ray of a source bended because of a
lens plane between the observer and the source. Let us denote the position of
the photon by x, with the x3 component equal to the radial distance x and the
transverse components equal to Xg- The observed intensity from the source is
given by

[obs (5) - Itrue(gs) ) (1.124)

where § and 0; are the apparent and actual position of the source, respectively.
Using the machinery from General Relativity, we can derive the geodesic

equation for the transverse motion of photons

d |[1d i 2 d ;
Since the derivative on a=2 from the left hand side cancels the term propor-
tional to aH on the right hand side, the equation for transverse displacement
can be expressed by
q2

dTZ( 0') =20, (1.126)
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FI1GURE 1.19: A light ray leaving a distance source is distorted
when passing through an over-dense region (lens plane).

It tells us that a varying gravitational potential changes the angular direc-
tion, while a constant one keeps it constant. If we integrate twice this equation
we can obtain the position of the image as a function of the source position

0. =0'+ 2/0X dx'® ;(x(x")) (1 — 2‘(/) : (1.127)

To describe the change between the source and observed positions we usually

define the two-dimensional symmetric matrix

Ay = % _ S 72 : (1.128)
067 —79 l—Kk+m

where k is the so-called convergence, that describes the magnification of an im-
age, and 71, y2 are the two components of the shear. Magnification is important
for gravitational lensing analyses such as multiple images or micro-lensing, but
the shear is the most important quantity for weak lensing studies [Dodelson,
2003).

Combining Eqs. (1.127) and (1.128) we can express the shear components as
a function of the gravitational potential

—Y2  —hR+m

Ajj — 0ij = ( e e ) = Q/OX dx'® i (x (X)X’ (1 - X) :
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FIGURE 1.20: Shape of the images for different values of the
ellipticities €1, €s.

1.4.3 Ellipticity as an estimator of shear

Gravitational lensing turns circular images into elliptical. In order to extract
cosmological information from it we need to define how we can measure the
ellipticity, and how we can relate it to the shear.

Let us first consider an image at the origin of the 6, — 6, plane such that it
has no dipole moment; i.e. the average over the intensity in each axis vanishes
((6z) = (0y) = 0). We can then define the quadrupole moments as

4 = [ P01 (0)65;. (1.130)

A circular image has no quadrupole moments, so we can measure the ellip-

ticity through

e = Jzz "y (1.131)
Gz + Quy
2
= —dmy (1.132)
Qzz + Qyy

In Fig. 1.20 we can observe the different values for €1, €3 and the correspond-

ing shapes for the images.
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Let us now assume that the source is spherical. Using Eq. (1.124), €; will
then be given by

f d29[true(§s) [exex — Hyey]
€] = = .
' f d29[true(95) [91933 —+ 9y9y]

For small angles we can relate the angle of the source and the observed angle
through 6; = (Afl)ijﬁsj. This leads to

(1.133)

€1

_ Zij[(Ail)mi(Ail)xj - (Ail)yi(Ail)yj] fdQQSItrue(§S)98i95j _
Zz‘j[(A_l)xi(A_l)xj + (A_l)yi(A_l)yj] fd2981true(58)95i83j

_ (A7)% — (A

(AR (A7 +2(Ag)?

(1.134)

Computing the inverse of A we can finally express the ellipticity in terms of

the shear as

Ay (1K) -
2(1— k)2 +27% + 293

where the last equality holds if all the distortions are small. A similar equality

€1 =

271, (1.135)

is true for e, showing that if we are able to measure ellipticities of background
galaxies we can then get an estimate of the shear field, which contains informa-
tion on the gravitational potential (Eq. 1.129).

It is important to mention here that not all the ellipticity of a galaxy has
a lensing origin, since galaxies can have an intrinsic ellipticity due to tidal
forces or other astrophysical effects. This is the main astrophysical systematic
in weak lensing analyses and is called the intrinsic alignment (IA) of galaxies.
In Sec.6.1.3 we detail how we model this effect and how we include it in our
analyses.

1.4.4 Weak lensing power spectrum

The simplest statistic that can be computed from the shear field is the power
spectrum. Notice that if there are no inhomogeneities, the apparent angle 6 is
equal to the source angle 65, which implies that A is equal to the identity matrix.
We can then define ¥;; = A;; — d;; as the contribution of inhomogeneities to the
distortion of the light path. This is the so-called distortion tensor. In general
we do not consider a single galaxy, but rather a distribution of them. Let us
denote it by W(x) and assume it is normalized ([ dxW (x) = 1). We can then
express the distortion tensor as
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Vi = 2/0X0o dxW (x) /OX dX'® ;i (x(x))x (1 _ Xl) —

X
= [ @ (x())90). (1.136)
where
9(x) = 2x /Xoo dy’ (1 - X/> W(x'). (1.137)
X X
Applying Eq. (1.83), it leads to
(Wi (DD (D)) = (2m)205 (0= 0)CF,,, (D) (1.138)

with the two-dimensional power spectrum

XOO X) Lil il l

X X
Using Eq. (1.128), this power spectrum for the different components of the

distortion tensor can be transformed into the power spectra for the convergence
and the shear. Let us decompose the vector /into a radial, ¢, and an angular,

¢y, part. The convergence and shear power spectra can then be given by

e () . (!
O (0) = Z/o x5 Ca <x> (1.140)
Chy (£, dp) = cos?(200)C (£) (1.141)
Chy (£, d) = sin®(2¢) i (£) . (1.142)

1.5 Background cosmological probes

In this last section of the chapter we present a brief description of the main
background cosmological probes considered in this thesis. The cosmological
probes sensitive to perturbations have already been presented in the previous

sections.

1.5.1 Type Ia supernovae

There are two main observational groups of supernovae [Filippenko, 1997a];
those whose optical spectra show the presence of hydrogen (type I supernovae),
and those without it (type I supernovae). We can further subdivide the latter by
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their absorption lines. Type Ia supernovae are characterized by strong absorp-
tion attributed to Sill, while type Ib show Hel lines, and type Ic have neither
Sill nor Hel lines. SNIa are believed to originate from the thermonuclear dis-
ruption of carbon-oxygen white dwarfs, while the other types come from core
collapse in massive supergiant stars.

It is well known [Branch and Tammann, 1992; Branch, 1998] that SNIa
may be used as distance indicators in cosmology for different reasons. In a
first place, they are very luminous objects (some times brighter than the host
galaxy itself) easy to spot at high redshifts. Also, they usually have a small
dispersion among their peak absolute magnitudes, and our understanding of
the progenitors and the explosion mechanism is on a reasonably firm physical
basis. More in detail, although there is still some uncertainty on how these
carbon-oxygen white dwarfs approach the Chandrasekhar mass limit, either by
accretion from a non-degenerate companion or through tidal disruption followed
by accretion of a degenerate companion, there has long been agreement on this
model based on well-understood physics [Hoyle and Fowler, 1960; Arnett, 1969;
Colgate and McKee, 1969]. The thermonuclear detonation of a carbon-oxygen
white dwarf with the Chandrasekhar mass yields a mass of radioactive nickel
whose energy matches that of a SNIa [Arnett, Branch, and Wheeler, 1985], and
whose modeled nucleosynthesis coincides with its spectral elements [Nomoto,
Thielemann, and Yokoi, 1984]. It has also been observed that the progenitor of
a prototypical SNIa did not exceed a radius of 2% the solar one, fully consistent
with the expected white dwarf [Nugent et al., 2011; Li et al., 2011; Bloom et al.,
2012].

Until the mid-1990s, the standard approach when using SNIa as cosmological
distance indicators was to assume that they are perfect standard candles, and
to compare the observed peak brightness with that of SNIa in galaxies whose
distance had been independently determined (using Cepheid stars for example).
However, over the past two decades it has become clear that SNIa are not a per-
fectly homogeneous subclass [Filippenko, 1997b; Filippenko, 1997a]. Phillips,
1993, after several suggestions [Pskovskii, 1977; Pskovskii, 1984; Branch, 1981]
found convincing evidence for a correlation between the shape of the light-curve
and the luminosity at maximum brightness, so that brighter SNIa last longer.
This correlation was later refined by Hamuy et al., 1995; Hamuy et al., 1996b;
Tripp, 1997 [see also Perlmutter et al., 1997; Goldhaber et al., 2001; Riess,
Press, and Kirshner, 1995]. In Figure1.21 we can see how correcting for the
stretch of different light curves provides standardized candles. By using light-
curve shapes measured through several filters, Riess, Press, and Kirshner, 1996,
were able to decrease the dispersion of SNIa even more. The standardization

of SNIa correcting for the shape of the light-curve and the color at maximum
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FIGURE 1.21: Seventeen light-curves of SNIa from the Calan-
Tololo survey [Hamuy et al., 1996a] before and after correcting
for the stretch of the light-curves. Figure from A. Kim [LBNL
Report LBNL-56164 (2004)]

brightness is well described in Tripp, 1998.

Recent analyses of large samples of SNIa [Kelly et al., 2010; Lampeitl et al.,
2010; Sullivan et al., 2010; Sullivan et al., 2011; Johansson et al., 2013] have
shown a correlation between the SNIa luminosities and the stellar mass of their
host galaxies, even after the shape and color corrections. The corrected lumi-
nosities are higher for SNIa in massive host galaxies. However, the mechanism
generating this dependence is not yet fully understood. The common procedure
to standardize the SNIa with respect to their dependence to the host stellar
mass consists on adopting a step function of the latter; i.e. an offset on the
absolute magnitude is added for the most massive galaxies, as it can be seen in

Fig. 1.22.
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F1GURE 1.22: Original plot from Betoule et al., 2014: Residu-
als from the ACDM fit of the joint light-curve analysis Hubble
diagram as a function of the host galaxy mass. Binned residuals
are shown as black squares, while the red line shows the mass
step correction, which has not been included in this fit.

Concerning cosmological analyses, SNIa are useful to measure cosmologi-
cal distances and break degeneracies among the different parameters to achieve
precise cosmological constraints. In the following we provide the standard treat-
ment of SNIa data used in this work.

The main observable used in SNIa measurements is the so-called distance
modulus,

p(2) = Slogy ("0 (7)) (1.143)

where dp,(z) = (14 z)x(z) is the luminosity distance. Notice that we have
defined the distance modulus in such a way that it is independent of the Hy
parameter, which is degenerate with the SNIa absolute magnitude.

In this work we use the joint light-curve analysis (JLA) for SNIa from Be-
toule et al., 2014. The authors assume that supernovae with identical color,
shape and galactic environment have on average the same intrinsic luminosity
for all redshifts. If we denote the time stretching of the light-curve by X; and
the color of the SNIa at maximum brightness by C', we can express the observed

distance modulus as

,U,ObS:mE—(MB—OcXXl—f—ﬁXC), (1.144)

where mgp; corresponds to the observed peak magnitude in the rest-frame B

band and « and 3 are nuisance parameters in the distance estimate. The Mp
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nuisance parameter is given by the step function,

ML if M, 101007,
MB _ { B 1 stellar < ©> (1‘145)

Mé + Ay, otherwise,

where Mé and Ayp; are nuisance parameters, in order to take into account the
dependence on host galaxy properties.

Concerning the errors and correlations on the measurements, we use the
covariance matrix ! provided by Betoule et al., 2014, where the authors con-
sider the contribution from error propagation of light-curve fit uncertainties
(statistical contribution) and the contribution of seven sources of systematic
uncertainty: the calibration, the light-curve model, the bias correction, the
mass step, the dust extinction, the peculiar velocities and the contamination of
non-type la supernovae.

1.5.2 Cosmic microwave background

Coming back to the early Universe as described in Sec. 1.3, it was essentially
composed of a baryon-photon plasma tightly coupled via Thomson scattering.
The Universe was effectively opaque, since the mean free path of photons was
very short. In these conditions, photons were in equilibrium, providing a black-
body spectral distribution. Since the Universe at that time was already ex-
panding, there was a moment when the interaction rate between photons and
baryons became smaller than the expansion rate; thus making the Universe
transparent. The photons from the plasma were then free to propagate through
the Universe, generating the radiation that we see now in all directions of the
sky, and that we call the cosmic microwave background. It was first detected by
Penzias and Wilson, 1965, when the authors detected an excess of temperature
of about 3.5 K after accounting for possible noise in their observations. But it
was not until the COBE satellite that we confirmed the nice agreement between
the CMB and a blackbody spectrum [Fixsen et al., 1996].

Even if the agreement with a blackbody spectrum is extremely high, the
CMB is not isotropic; i.e. if we look at different points in the sky there are
anisotropies (after correcting for the motion of our galaxy with respect to the
CMB rest frame) giving slightly different temperatures for the photons in those
regions. Although these anisotropies are very small (at the order of 1 part in
10°), they are caused by the density fluctuations in the early Universe, which
eventually generated the large-scale structure we see today. Therefore, there
is a lot of cosmological information imprinted in them and, more importantly,

looking at these anisotropies we can extract cosmological information from the

Ihttp://supernovae.in2p3.fr/sdss_snls_jla/
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200 pK

Ficure 1.23: All-sky map of the temperature anisotropies of
the CMB obtained with the COBE, WMAP, and Planck satel-
lites. The image shows the improvement on the angular resolu-
tion over the years and technology [Credit: J. Gudmundsson].

early Universe, which is largely complementary to the information we can ex-
tract from low-redshift probes. Since the first all-sky map of the anisotropies
by COBE (see Fig.1.23), there has been a lot of effort in probing and under-
standing them with ground-based and satellite missions, like the South Pole
Telescope 2, or the WMAP 3 or Planck * satellites.

The standard approach used when analyzing the CMB anisotropies consists
in decomposing them in spherical harmonics, Yy, (6, ¢),

ATO.0) S5 S oy, (0.6). (1.146)
T ,

{=0m=—
Using the ayy, coefficients we can write the CMB angular power spectrum
as

1 l

Ce = 20+1 =

|agm|® . (1.147)
—L

In Fig. 1.24 we show the great agreement between the measurements of the
CMB angular power spectrum and its prediction. Notice also the wiggles in the

’https://pole.uchicago.edu/spt/
3https://map.gsfc.nasa.gov
‘http://sci.esa.int/planck/
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FIGURE 1.24: Comparison between measurements of the CMB
angular power spectrum for the temperature anisotropies from
Planck and ground-based telescopes, and the theoretical predic-
tion for the concordance model of cosmology [Credit: LAMB-
DA/NASA].

spectrum, which are due to the baryon acoustic oscillations (see Sec.1.3) and
contain very important cosmological information.

Nowadays we have such precise measurements that we can not only use
the temperature anisotropies, but also the anisotropies of the E-mode (and B-
mode) polarization of the photons from the CMB. Also, we start to have enough
precision to consider the lensing of the CMB photons by the matter field between
us and the CMB when we constrain a cosmological model. However, this probe
is not used in this work and we just refer here the reader to the extensive review
from Lewis and Challinor, 2006.

When using CMB data we should use all the measurements of the different
spectra (temperature and polarizations). However, it has been shown [Wang
and Mukherjee, 2007] that a large fraction of the information contained in the
CMB fluctuations of the angular power spectra can be captured into a few num-
bers, the so-called reduced parameters: the scaled distance to recombination R,
the angular scale of the sound horizon at recombination ¢, the reduced density
parameter of baryons wy, and the spectral index ng. For a flat universe their

expressions are given by

z«  dz
R=,/0 H2/ 2
"0 o H(z)’
_mc z«  dz
rs(ze) Jo H(2)'
wbEQth,

S
S}
|

(1.148)
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where z, stands for the redshift of the last scattering epoch, and the co-moving
sound horizon at this redshift is given by

rs(24) = :O CS]gZ()Z(;Z, (1.149)
where
cs(2) = < Ry(z) = 2 (1.150)

3+ Ry (2)) dpy

with p, being the baryon density and p- the photon density. Their ratio can be
approximated [Eisenstein and Hu, 1998] by R},(2) = 3.15 x 10*Q,h205 3(1 +
2)71, with @27 = Tovp /2. 7K.

In some sections of this work we will use the reduced parameters instead
of the full measurements from Planck, for simplicity. However, in these cases
we will not use ng since it has no effect in our analyses using background cos-
mological probes. It is also important to notice that the values of the reduced
parameters obtained from Planck data assume the concordance cosmological
model; therefore, we should only use them for models that are close to ACDM.

1.5.3 The Hubble parameter

If we are interested in the background expansion of the Universe, one of the
more direct observables is the Hubble parameter as a function of the redshift.
There are two main methods to measure the evolution of H(z): the so-
called differential age method [Jimenez and Loeb, 2002] and a direct measure
of H(z) using radial BAO information [Gaztanaga, Cabré, and Hui, 2009]. The
former consists on spectroscopically measuring the age difference, At, between
two passively-evolving galaxies that formed at the same time but are separated
in redshift space by a small amount Az. From the ratio of these quantities we
can estimate the derivative dz/dt and directly measure the Hubble parameter,

1 dz
HE) =—aoa

Notice that this model provides measurements on the expansion rate of the

(1.151)

Universe without the need of specifying any cosmological model.

The direct measure of H(z) from BAO is entirely based on the BAO feature
around 110 Mpc/h. Using the peak location as a standard ruler, we can measure
the radial distance (see Sec.1.3). Notice that in this case we need to assume a
fiducial cosmology to convert redshifts to distances.

A detailed discussion on the systematic uncertainties of both these methods
can be found in Zhang and Ma, 2010. In this work, when we include the
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measurements on H(z), we use the compilation of independent measurements
from Simon, Verde, and Jimenez, 2005; Stern et al., 2010; Moresco et al., 2012;
Busca et al., 2013; Zhang et al., 2014; Blake et al., 2012; Chuang and Wang,
2013, provided in Farooq and Ratra, 2013.

1.5.4 The Hubble constant

The Hubble constant, Hy, is one of the most important parameters in modern
cosmology, since it is used to construct time and distance cosmological scales.
It was first measured by Hubble to be roughly 500 km/s/Mpc [Hubble, 1929].
Current data supports a value for Hy close to 70 km/s/Mpc. However, nearly
100 years later there is still no consensus on its value. The main approach used
nowadays consists on observing Cepheids in the host galaxies of recent, nearby
SNIa, and link the geometric distance measurements to other SNIa at higher
redshift. However, these local measurements already show some tension on
the results depending on the calibration of SNIa distances [Riess et al., 2018a;
Tammann and Reindl, 2013]. Moreover, there is also some tension between the
direct measurement of Hy and the value inferred from the CMB assuming a
ACDM model [Planck Collaboration, 2016b]. There has been many attempts
in the literature to solve this discrepancy both from an observational and a
theoretical perspective [see Bernal, Verde, and Riess, 2016; Gémez-Valent and
Amendola, 2018, and references therein for a detailed discussion on the trouble
with Hy|, but a consensus on the value of Hy or the theoretical model that could
explain the current differences has not yet been achieved.
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Chapter 2

Cosmological parameter analysis

After the general overview of modern cosmology provided in the previous chap-
ter, we focus here in the statistical methods used in cosmology. In particular,
we focus on methods used to confront theoretical models to observational data.
This chapter aims at giving the statistical basics in probability and information
(Sec.2.1), which are needed to discuss the different methods used to estimate
the values of cosmological parameters, as well as their uncertainties in Sec. 2.2.
We also give a brief review of how we can quantify the ability of a model to fit
the data in Sec.2.3. In Sec. 2.4 we present some methods to compare different
theoretical models, beyond the mere ability to fit the data. We finish the chap-
ter by discussing how we can predict the constraints on theoretical models with
future data in Sec. 2.5.

When we start talking about statistics it is nearly mandatory to talk about
philosophy. Statisticians do not agree on basic “philosophical” principles. There
are mainly two different schools: Bayesian and frequentist statisticians. The
name of the first group comes from the extended use of the Bayes theorem, while
the second group corresponds to the classical statistics approach. The Bayesian
approach is closer to everyday reasoning, where probability is interpreted as
a degree of belief that something will happen, or, closer to cosmology, that
a parameter will have a given value. The frequentist approach is closer to
the scientific reasoning, where probability stands for the relative frequency of
something happening. It is more objective, since it does not depend on the
observer, but it can only be used for repeatable phenomena.

Concerning the estimation of parameters, numerical results tend to be the
same for both approaches in the asymptotic regime, so when there are a lot of
data, and when statistical uncertainties are small with respect to the physical
boundaries. With respect to the ability of a model to fit the data (so no alter-
native method is proposed), it is essentially impossible to obtain any results in
the Bayesian approach, so we use the frequentist approach in this case. On the
contrary, when we compare two different models that are able to fit the data,
because of its fundamentally subjective nature, we usually follow a Bayesian

approach.
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2.1 Basic concepts in probability and informa-

tion

2.1.1 Definitions of probability
Mathematical probability

Let us denote () as the set of all possible elementary events X;. Let us also
assume that if the event X; occurs none of the others do. We can then define
the probability of the occurrence of X;, P(X;), as any quantity obeying the

Kolmogorov axioms

P(X;) > 0Vi,

P(XZ or Xj) :P(XZ)—FP(X]), (2.1)
Y P(X;) =1.

Q

Frequentist probability

Let us now consider an experiment for which we observe a series of events. Let
us assume that some of these events are of a type X. Let us further assume
that the total number of events is NV, and that the number of events of type X
is n. We can then define the frequentist probability that any event will be of
type X as the empirical limit of the frequency ratio

P(X)= lim . (2.2)

There are some properties arising from this definition that are worth men-
tioning. In a first place, it may seem that an infinite number of experiments is
required in order to know the probability, because of the limit in its definition.
But as long as it is always possible to perform one more experiment, any accu-
racy can be achieved, and this is enough to define the concept. In a bit more
detail, the bias on our estimation of the probability, as well as its uncertainty,
converge to 0 as we increase the number of experiments. Another property
that should be noticed is that we can only talk about frequentist probability
when the experiment can be repeated (with the same conditions). This implies
an important restriction. The conditions are never exactly the same when we
repeat an experiment, but we should try to get the same relevant conditions,
and correct for the unavoidable changes, in order to compute the frequentist

probability.
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Bayesian probability

The Bayesian probability is based on what we call degree of belief. The idea is
to determine how strongly a person believes that X will occur by determining
how much he would be willing to bet on it. Let us assume that he wins a fixed
amount if X occurs and nothing if it does not. We can then define the Bayesian
probability as the largest amount he would be willing to bet, divided by the
amount he stands to win. Notice that this definition fulfills the Kolmogorov
axions from Eq. (2.1) and is therefore a probability in the mathematical sense.

It is important to notice that this definition is as much a property of the
observer as it is of the system being observed, so its value depends on the knowl-
edge of the observer. There are other ways to define the Bayesian probability,
but this one is one of the most amenable to measurement.

2.1.2 Bayes theorem

Let us now consider two different events A and B. We can define the conditional
probability (in both schools), P(A|B), as the probability that A occurs knowing
that B has already occurred. It is given by

P(A and B) = P(A|B)P(B) = P(B|A)P(A). (2.3)

We can now present the Bayes theorem [Bayes, 1958] which links P(A|B)
to P(B|A) through
P(B|A) - P(A)
P(B)

When A or B are no longer events, but hypotheses, the meaning of the

P(A|B) = (2.4)

Bayes theorem is less trivial and here is where the two schools start to differ.
In the Bayesian approach, P() is the degree of belief in hypothesis 6. In the
frequentist approach, though, @ is not a random variable (see next subsection),
so frequentist probabilities cannot be assigned and the Bayes theorem is not
applicable. Therefore, when the Bayes theorem involves hypotheses it can only
be applied in a Bayesian framework.

Let us denote by X° the data observed. The Bayes theorem is then given
by

P(X°|0) - P(9)

P(OIX") = =5

(2.5)

where P(0|X") is called the posterior probability for hypothesis 6, given that
data X° have been observed. P(X°|f) is the probability of obtaining the ob-
served measurements X°, given the hypothesis 6. P(#) is the prior probability,
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which represents the degree of belief in different hypotheses before the experi-
ment was performed, and P(X") can be considered a normalization constant,
since the sum of P(6|X") over all values of i must be equal to 1 (if the different

hypotheses form a complete and exclusive set).

2.1.3 Random variables

A random event is defined as an event which has more than one possible out-
come. We can associate a probability with each outcome. With a random event
A we can associate a random variable X which can take different numerical
values X; corresponding to the different possible outcomes. The corresponding
probabilities P(X;) form a probability distribution.

We can now generalize probabilities of events to probability distributions of
random variables, and we can generalize from discrete to continuous random
variables. Let us imagine an experiment with 2 discrete random variables X
and Y. Let us denote by AX and AY the finite size of these variables. We can
then define the joint probability density function of X and Y as

JXY) = G PEGEX X +AX]and i€ [V, Y +AV])

AX,AY =0 AXAY (2:6)

It is normalized such that the integral over all possible values for X and Y

is equal to 1

FX,YV)dXdY =1. (2.7)
! Js

We can also define the cumulative distribution, F(X,Y), as the integrated
probability density function

X Y
F(X,Y):/X | /Y FX Y)Y dX’. (2.8)

A section through a joint probability density function is called a conditional
distribution. The normalized section through the probability density function
f(X,Y) at X = X gives the conditional distribution of Y, given that X = X
(see Eq.2.3)

a /f(XO,Y) a  9(Xo)

where g(X() is the marginal distribution of X at Xy

Ymax
g(X = Xo) = / X = X, Y)Y (2.10)
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Bayes theorem revisited

Now that we have defined the continuous random variables and their probability
density functions we can revisit the Bayes theorem. Let us consider the joint
probability density function f(X,Y") for two random variables X and Y with
marginal distributions ¢g(X) and h(Y'), and conditional distributions p(X|Y)
and ¢(Y|X). The Bayes theorem can then be written as

_ PR
a(v1x) = B s

Let us now focus on the Bayesian use of the Bayes theorem for continuous

(2.11)

random variables. Let us denote a set of continuous random variables by X,
and f;(X;|0) as the probability density function of the random variable number
i, where 6 represents the (continuous) value of a given parameter. The joint
probability density function of the N random variables X is given by

N

p(X10) = ] fi(Xi10), (2.12)

i=1
where we assume that the same parameter value 6 holds for all variables X;.
If we denote the probability density function of 6 by p(#), the Bayes theorem
takes the form

(2.13)

When we substitute the random variable X by the actual measurements X°
we obtain the form of the Bayes theorem used in Bayesian parameter estimation.
The probability density function p(6]X?) is the posterior probability density for
6, while p(X°|#) is the likelihood function (see next section). p(#) is the so-
called prior, and the denominator is just a normalization factor that can be
determined from the fact that the integral of p(6|X) over all § must be equal
to 1.

2.1.4 The likelihood function

Let us consider a set of N random variables X with probability density function
f(X16), where 0 is a set of parameters of our model. Let us denote the set of
all allowed values of X by g, where the subscript shows that () may depend
on the value of 0. Let us consider a set of N independent observations of
X: Xi,...,Xn. The joint probability density function of X is then given by
[according to Eq. (2.12)]
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N
P(X]0) = P(X1,...,Xn|0) = [] f(Xi]0). (2.14)
=1

Notice that we consider the same probability density function f for all Xj,
since they are independent observations of X.

When we replace the random variable X by the observed data X?, P(X"|0)
is no longer a probability density function, and we usually denote it by the

likelihood function

L(6) = P(X°|0), (2.15)

which only depends on 6.

2.2 Parameter and interval estimation

In this section we focus on estimating the values of our cosmological parameters,
6, and their confidence intervals from the likelihood of the data, L(6). There
are two main methods to do this: the Monte Carlo Markov Chain (MCMC)
method and the profile-likelihood approach. The former is not intrinsically a
Bayesian method, but using it from a Bayesian point-of-view allows to avoid the
difficult calculation of high-dimensional integrals. It is the standard approach
used in cosmology, and the method implemented in the mostly used cosmo-
logical parameter inference codes, like Monte Python [Audren et al., 2013] or
CosmoMC [Lewis and Bridle, 2002].The profile-likelihood approach is essentially
a frequentist method and, while it is largely used in particle physics, it is not so
common in cosmology. However, some papers have appeared recently [Planck
Collaboration, 2014b; Henrot-Versillé et al., 2015; Planck Collaboration, 2016a;
Couchot et al., 2017] using this approach with the CAMEL code [Henrot-Versillé
et al., 2016]. As it was said at the beginning of this chapter when comparing
the two schools of statistics, if we have enough data to nicely constrain our
model and we are not close to any physical boundary, both the MCMC and
the profile-likelihood approach should give similar results. However, when we
consider parameters like the sum of neutrino masses, with a physical boundary
at zero, the two approaches can give different results (see e.g. Henrot-Versillé
et al., 2016). In the following we present both approaches with a bit more of
details.

2.2.1 Monte Carlo Markov chains

Looking back at Eq. (2.13) from a Bayesian perspective, the goal is to extract the
posterior distribution of our parameters, p(6|X"), given the likelihood, L(8),
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and the prior, p(0).

Monte Carlo integration

Let us first imagine we have some probability density function 7(z) and that
we want to compute the following expectation value

:/f(x)w(x) dz. (2.16)

The brute force approach consists on numerically approximate the integral
with an equally spaced grid. However, the Monte Carlo integration suggests
to draw N identical and independent samples, {x;}i—1 . N, according to the
probability distribution 7(x) and compute the expectation value as

1 N
E[f = 2:: : (2.17)

With this approach we will have more points in the high probability region
of m(x), which is the most important region in the integral. In the follow-
ing we describe how we can generate the sample according to the probability

distribution, and how we can use it to sample a cosmological parameter space.

MCMC: basic concepts

The Monte Carlo Markov chain method provides a smarter way than an equally
space grid to sample a high-dimensional distribution 7(x) using an ergodic
Markov chain X. The main idea is to rewrite the high-dimensional version of
Eq.(2.17) as

N
B~ fy = 5 2 S0, (2.15)

where X; is the element number i of the Markov chain, and the sum is an
ergodic average. We now describe each one of these properties.

A Markov chain is a random process fulfilling the condition that each step
only depends on the previous one. In terms of probability, if we denote by X;
the step number ¢ of the Markov chain X, then

P(XZ‘ S X|X(),X1, cee ,Xz‘—l) = P(XZ‘ S X|XZ‘_1),. (2.19)

We can then define the transition probability to go from a point X; to a
point X; by

Py(k) = P(Xx = X;Xo = X;). (2.20)
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We say that the distribution of the chain X converges to a stationary dis-
tribution if it is irreducible, aperiodic, and positive recurrent. Step-by-step, a
chain is called irreducible if

Vi, 73k > 0 such that P;;(k) >0, (2.21)

which implies that we can always go from one point in the parameter space
to another with a certain number of iterations. An irreducible chain is called
aperiodic if the required number of iterations to move from one point to another
is not a multiple of an integer, so that the chain does not oscillate between
different states periodically. An irreducible chain is called recurrent if

P [min(k‘ >0: Xk = XZ'|X0 = Xz) < OO] =1, (2.22)

which implies that a finite number of steps are needed in order to come back
on a point in the parameter space. An irreducible recurrent chain is then called

positive recurrent if
Vj, k > 037(X) such that Y 7 (X;)Pij(k) = 7(Xj;), (2.23)
7

where 7(X) is the stationary distribution, and it implies that if X is sampled
from 7(X) then the following iterates will be distributed according to it. A
chain is said to be reversible if

7T(XZ')PZ']‘ = W(Xj)Pji . (2.24)

In this case the stationary distribution 7(X) is unique. If X is positive re-

current and aperiodic we call it ergodic and the following conditions are fulfilled

klg{)lo Pij(k) =n(X;)V1i, j, (2.25)
E[f(X)]] <00 = P(fy — E[f(X)]) =1. (2.26)

This latter condition is the point validating the MCMC methods according
to Eq. (2.18). However, it is very difficult to theoretically know how long we
should run our chain until its iterations are distributed according to m(X),
and we do not have any estimation on the error of fy. In the following we
will present, though, a diagnostic to know if our chain have converged to the

stationary distribution.
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Metropolis-Hastings algorithm

One of the most used algorithms for MCMC is the Metropolis-Hastings [Metropo
lis and Ulam, 1949; Metropolis et al., 1953; Hastings, 1970], since it is powerful
and easy to implement. According to it, the transition probability from a point
X; to a point Xj is given by

m(X;)g(Xi] X;)

m(Xi)q(X;[Xi) |
(2.27)

where ¢(X;|X;) is an auxiliary function such that ¢(X|X;) is the probability

P = Q(Xi|Xj) X Oé(XZ‘|X]‘) with Oz(Xi|Xj) = min |1,

density for each X ;. The Metropolis-Hastings algorithm is given by

1. Choose a starting point of the chain X and set the index i = 0.

2. Generate a candidate for the new point in the parameter space X; from
a proposal density ¢(X;|X;).

3. Compute the value of a(X;|Xj).

4. Generate a random number v uniformly distributed between 0 and 1, both
included.

5. If u < Oé(X¢|Xj) set X;j11 = X]'; else, X;4+1 = X;.
6. Set @ =i+ 1 and go back to step number 2.

With this algorithm we can run some MCMC to obtain the posterior distri-
bution p(0|X°) in Eq. (2.13). However, it is a joint distribution of all cosmolog-
ical parameters, and we are also interested in the posterior distribution of each
parameter alone. In principle, we should compute the marginalized distribution
integrating as in Eq. (2.10), but if we compute the histogram of the values of the
chain for a specific parameter we directly obtain its marginalized distribution.

The main question that arise after presenting the Metropolis-Hastings algo-
rithm is how we should choose the proposal distribution ¢(X;|X;). If the steps
from a given point X; to a candidate X; are too small, the difference between
7(X;) and 7(X;) is in general small, which will imply a too high acceptance
rate; i.e. the number of accepted points with respect to the total number of
candidates will be too high. On the contrary, if the trial steps are too large, the
chain will remain stuck at one point before accepting a step, giving a too low
acceptance rate. In both cases we explore the parameter space too slow and
inaccurately. The correct choice of the proposal distribution is not straightfor-
ward. In practice, we use a multivariate Gaussian distribution centered at the
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previous accepted point X;. Even in this simple scenario, we do not usually
know a priori which should be the covariance of the Gaussian proposal distribu-
tion. As a general rule of thumb, the acceptance rate when both the proposal
and the target distributions are Gaussian is given by [Gelman, Roberts, and
Gilks, 1996]

Oprop __ 2.4
— T 50
Otarget \/3

where o; is the square root of the diagonal elements of the proposal or target

(2.28)

covariance matrix, and d the dimension of the parameter space. For the number
of parameters that we usually deal with in cosmological analyses, the acceptance
rate should be close to 0.25. According to this expression, a good proposal dis-
tribution is given by our knowledge on the target covariance matrix. However,
if it is our fist analysis we may not have a clear idea of the errors that we are ex-
pecting, and it may be even worse for the correlations between the parameters.
The standard approach here is to run a chain with a diagonal matrix build from
a first guess of the errors of the parameters. After some time, we compute the
covariance matrix of the chain, and we then use it as proposal distribution for
a new run. This method may require an important fine tuning until we find a
good proposal distribution. Some methods have been developed to extend the
Metropolis-Hastings into an adaptive algorithm, noticeably reducing the time
needed for this fine tuning (see M. Spinelli’s thesis for a detailed explanation
on one of this methods and its application [Spinelli, 2015]).

Other algorithms

Despite the Metropolis-Hastings popularity, there are other algorithms used in
cosmology and that may be best suited to specific problems. One of them is the
Nested sampling [Skilling, 2004; Skilling, 2006], where there is a first quick ex-
ploration of the entire volume in the parameter space, and it then over-samples
the most likely regions. The samples are finally re-weighted accordingly. This
method is usually used to compute the Bayesian evidence and choose the best
model between several candidates [Bassett and Kunz, 2004]. Another example
of alternative algorithms is the affine-invariant ensemble sampler [Goodman and
Weare, 2010], whose main characteristic is the fact of being invariant under lin-
ear transformations of the parameter space. It is specially powerful on highly
skewed distributions (see Spinelli, 2015, and references therein for a detailed

description of these and other algorithms used in the literature).
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F1GURE 2.1: Two MCMC chains obtained with the Metropolig-
Hastings algorithm, using the JLA SNla likelihood, for Qcqm
and the SNIa stretch nuisance parameter . The black and red
large dots show the starting point of the chains. We can see the
burn-in period until the chains reach the relevant zone.

Chain convergence

In order for a chain to be useful we need to be sure that Eq. (2.18) is fulfilled.
We can intuitively guess that the longer our chain runs, the closer we are to
fulfill it. However, in practice we want to know when we can stop our chain
and use it for our cosmological analysis. The first thing that is usually done is
discard the first points of the chain, which are close to the starting point. In this
way, we consider only the points sampling the region around the maximum of
the distribution. This is the burn-in period. The quantity of points that should
be removed as burn-in cannot be predicted, so in general we discard around
30% of the total number of accepted points, but if we start closer or further
from the maximum of the distribution this quantity can significantly change.
See Fig. 2.1 for a graphic example of the burn-in period.

Once we have rejected the first points, we still want to know if we have
enough points to perform our analysis or we should run longer. In practice we
use not only one chain, but several of them, because thanks to this we can use
the Gelman-Rubin test [Gelman and Rubin, 1992] to check if our chains have
converged (see e.g. Spinelli, 2015, for some other tests of convergence). The
main idea of this test is to compare several sequences of points drawn from
different starting points and check if we can distinguish them. Also, this test
provides us with an idea of how much the estimate of the distribution is going
to improve if we run longer. Let us assume that we run m chains of 2n elements

each. Let us reject as burn-in 50% of these points; thus keeping the points Xg
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FiGURE 2.2: Evolution of the Gelman-Rubin R — 1 value as a
function of the length of two MCMC chains. They have been ob-
tained with the Metropolig-Hastings algorithm, using the CMB,
SNIa, and BAO likelihoods discussed in Chapter 7. We show
only the values for the cosmological parameters )y, Qc¢qm, and
h. The threshold R — 1 = 0.015 is shown with a dashed line.

withi=1,....,nand j = 1,...,m (XZ] is the ith element of the jth chain).
We can then define

e the mean of the chain X = % Sy Xij ,
e the mean of the distribution X = % > Xz-j ,
e the variance between the different chains B = 4 ZTZl(Yj - X)?,

e and the variance within a chain W = m >ij (X7 — Yj)Q .

Using these quantities we can define the factor

w8 ()

W b

where the numerator is an unbiased estimate of the variance if we sample from

R= (2.29)

the stationary distribution, while it is an overestimation otherwise. The de-
nominator is an underestimation of the variance of the target distribution if the
single chain has not yet converged. If R is high this implies that either we have
not yet reached the stationary distribution, or that we have not reached con-
vergence yet (the chains have not yet explored the entire target distribution),
or even both. If R ~ 1 we can stop our chains and consider them as converged.
The standard cut used in current cosmological analyses (see e.g. Thomas, Kopp,
and Skordis, 2016) is R —1 < 0.03 for all parameters. In all the MCMC used
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in this work, we decided to be slightly more conservative and we consider that
the chains have converged once R —1 < 0.015 for all parameters. In Fig. 2.2 we
show the evolution of the R — 1 value as a function of the length of two MCMC
chains, using the combination of CMB, SNIa, and BAO from Chapter 7, for 3
cosmological parameters: (), Qecqm, and h.

2.2.2 Profile-likelihood

As it was explained at the beginning of the section, the profile-likelihood is
an intrinsically frequentist approach, and essentially different from the MCMC
technique previously presented. Unlike the Bayesian approach, the frequentist
school does not have any priors and, by definition, the quantities we want to
measure (cosmological parameters in our case) have a true fixed value, so they
cannot be assigned a distribution. Estimating the value for the parameters
and finding the confidence interval is a two-step process. In a first place we
need to find the maximum of our likelihood. This is usually done numerically
maximizing the likelihood or, equivalently, minimizing the x> = —2In L. The
main problem resides on the complicated numerical calculations that have to
be performed if we want to estimate the maximum of our likelihood with high
precision. There are plenty of minimization softwares in the market, but not all
of them are able to extract the maximum with the required level of accuracy for
our cosmological analyses. One of the most used codes to do it is the minuit
software [James and Roos, 1975]. It has been largely used in particle physics
since the 70’s, and it has been continuously improved. minuit contains several
tools for minimizing a function and study the shape of the function around the
minimum, but here we focus only on the minimization part, which is done by
the migrad algorithm. It is based on the “switching” algorithm from Fletcher,
1970, and it belongs to the variable metric methods, which provide the expected
distance to the minimum to help quantify the level of convergence.

Once we have the values for our parameters that lead to the maximum of the
likelihood (the best-fit values), we want to estimate the confidence interval for
each parameter. The idea behind the profile-likelihood technique is to fix the
value of one of the parameters, # = 61, and minimize the y? function varying
all the remaining parameters. Once we obtain the point (61,x%(61)), we fix
the same parameter to a different value § = 6, and perform the minimization
varying all the remaining parameters again. This will give us a second point
(62,%%(62)). After we have done this for a certain amount of points in the
neighborhood of the best-fit value for 6, the profile-likelihood for € is given by
the curve {(6;,x?(#;))}. We can then compute the likelihood ratio statistic,

INot to be confused with the square of the co-moving distance
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FIGURE 2.3: Profile-likelihood (minus x2;,) on O, using the
CMB, SNIa, and BAO likelihoods from Chapter 7. The specific
points used to derive the profile-likelihood are superimposed as
blue dots. The red dot correspond to x2;,- The confidence
interval at 68% confidence level is represented with the black
vertical dashed lines. The black horizontal solid line stands for
the cut at Ax? = 1 needed to obtain the confidence interval at
68% confidence level.

A% () = x%(0) — x2;,, and obtain the confidence interval by selecting the ¢
values that fulfill Ax?(6) < x3(a), where x?(a) is the 1 — a quantile of the x?
distribution with 1 degree of freedom. So, if we want to obtain the 1o confidence
interval (68% confidence level) we only need to cut the likelihood ratio statistic
at 1 (see an example in Fig.2.3). Notice that this approach can immediately
be extrapolated to two-dimensions to give the two-dimensional contours, as it

is the case in Sec. 7.4.

2.3 Goodness-of-fit

Once we fit our model to the data, either running some MCMC or using a
profile-likelihood technique, we are interested into knowing if our model is able
to correctly fit the data. There is a large statistical literature addressing this
issue (see e.g. James, 2006). In this section, though, we only present the
approach used in the following.

Once we have the minimum value of our y? function, we can compute the
probability that a larger value for the x? could occur for a fit with v = N — k
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degrees of freedom, where N is the number of data points and k is the number

o759)

with T'(¢, z) being the upper incomplete gamma function and IT'(¢) = I'(¢,0) the

of free parameters of the model,

‘X

Y

[SIAN

P(x*, : (2.30)

vm

v
2

complete gamma function.

Obtaining a probability close to 1 implies that it is very likely to get larger
x? values, meaning that the model fits correctly (possibly too well) the data.
On the other hand, obtaining a small probability indicates that the model does
not provide a good fit to the data. It is important to add that Eq. (2.30) is valid
(strictly speaking) when the N data points come from N independent random
variables with Gaussian distributions (see Sec. 4.3, Sec.5.1.3, and Sec. 5.2.4 for
more detail concerning this independence).

2.4 Model comparison

As it was the case in the previous section, finding criteria to compare different
models and choose the best of them is an entire field of research, and there is not
a unique way to do it (see also James, 2006, and references therein, for a nice
review on different methods). In this section we follow the previous approach
and present only the model comparison criteria used in the following.

We focus on two widely used model comparison criteria: the Akaike infor-
mation criterion (AIC) [Akaike, 1973] and the Bayesian information criterion
(BIC) [Schwarz, 1978]. Both account for the fact that a model with fewer pa-
rameters is generally preferable to a more complex model if both of them fit the
data equally well.

The AIC is built from information theory. Rather than having a simple mea-
sure of the direct distance between two models (Kullback-Leibler distance 2), the
AIC provides us with an estimate of the expected, relative distance between the
fitted model and the unknown true mechanism that actually generated the ob-
served data. We must be aware that the AIC is useful in selecting the best
model in the set of tested models; however, if all the models are very poor, the
AIC still gives us the best model, which would actually be the least bad. This
is why it is important to previously check the goodness-of-fit of a model [see
Eq. (2.30)]. Given the minimum of the y? and the number of free parameters
of the model k, the AIC is given by

2The Kullback-Leibler information between models f and ¢ denotes the information lost
when ¢ is used to approximate f. As a heuristic interpretation, the Kullback-Leibler infor-
mation is the distance from g to f.
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AIC = 2, +2k. (2.31)

The AIC may perform poorly if there are too many parameters compared to
the size of the sample [Sugiura, 1978; Sakamoto, Ishiguro, and Kitagawa, 1986].
In this case, a second-order variant of the AIC can be used, the so-called AICc
[Hurvich and Tsai, 1989],

2k(k+1)
N—k—-1’

where NV is the number of data points. An extensive presentation and discussion

AICc = AIC + (2.32)

of the AIC and its variations can be found in Burnham and Anderson, 2002.

The BIC is one of the most used criterion from the so-called dimension-
consistent criteria (see Bozdogan, 1987, for a review of many of these criteria).
It was derived in a Bayesian context with equal prior probability on each model
and minimal priors on the parameters, given the model. It is given by

BIC = x2;, + kIn(N) . (2.33)

Both the AICc and the BIC strongly depend on the size of the sample.
In order to compare different models we use the exponential of the differences
AAICc/2 (ABIC/2), where AAICc=AICcs-AlCc (Id. for the BIC) and ref
stands for the reference model, since the exponential can be interpreted as
the relative probability that the corresponding model minimizes the estimated
information loss with respect to the reference model.

Given that the AIC (AICc) and the BIC can both be derived as either
frequentist or Bayesian procedures, what fundamentally distinguishes them is
their different philosophy, including the nature of their target models. Thus, the
choice of the criterion depends on their performance under realistic conditions.
A comparison of these two criteria is outside the scope of this work (see Burnham
and Anderson, 2004, for an extended and detailed comparison). In general,
though, the BIC penalizes extra parameters more severely than the AIC.

It is important to notice that when comparing two models with the same
data sample and the same number of parameters, AAIC and ABIC basically
reduce to AxZi, = X2 — X%

For the sake of completeness, it is important to mention that another method
to compare different models largely used in the literature is the Bayesian model
comparison (usually through the computation of the Bayesian evidence). Con-
trary to the model criteria presented here, it takes into account the full shape of
the likelihood, instead of only considering its maximum, but it is usually more
expensive from a computational point-of-view, and it is inherently a Bayesian
approach. However, since it is not used in this work, we just refer the reader
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to Knuth et al., 2015, for a detailed review, and to Efstathiou, 2008; Kilbinger
et al., 2010; Kunz, Trotta, and Parkinson, 2006, for some applications in cos-
mology.

2.5 The Fisher matrix formalism

In the previous sections we have provided the basic ingredients to fit a model
to some observations, quantify the ability of the model to correctly fit the data,
and choose the best model among several candidates. However, we may be
interested in quantifying the ability of a future survey, like Euclid, to constrain
our preferred model. Since we do not have the observations yet, we need statis-
tical tools to predict what will be the accuracy on the parameters of our model.
One option consists on generating mock data for our future survey and run
some MCMC (or apply the profile-likelihood technique) to predict the precision
on the parameters of the model. However, this can be very time consuming,
and not relevant to rapidly test a bunch of theoretical models beyond ACDM.
One of the most used methods to compute future forecasts is the Fisher matrix
technique.

The Fisher matrix is defined as the expectation value of the second derivative
of the logarithm of the likelihood ?

—0*(In L)
Fap = <aeaeﬁ> 7 (2:34)

where 0, and 03 are the parameters of interest. If the likelihood is Gaussian it
can be computed analytically

1
Fop=Tr

9C o1 9C
2

- Opp  ~—1y Ol
%C 20, ] +§;%(C )pqaieﬂa (2.35)
where p is the mean of the data vector, C is the expected covariance of the data,
and 0 is the vector of parameters. Tr stands for the trace. We can interpret this
Fisher matrix as the curvature of the logarithm of the likelihood, which tells
us how fast the likelihood falls around its maximum. In general, if we assume
that the data is distributed according to a Gaussian function with mean p and
covariance C, either the mean is zero, or the covariance does not depend on
the parameters of the model. In both cases, one of the terms does not vanish.
In cosmological analyses we generally assume that the covariance is parameter-
independent; therefore, we just consider the second term in Eq. (2.35). This is
the approach that we will follow in this work. Notice that, since we want to use

3This is the standard definition of the Fisher matrix from a frequentist approach. It can be
shown (see e.g. Sellentin, Quartin, and Amendola, 2014) that it is equivalent to the Bayesian
definition of the Fisher matrix when doing a forecast.
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the Fisher matrix formalism for forecasting, our data vector will be the vector
of the observables with our fiducial cosmological model, and the covariance
matrix will be a theoretical covariance of the observables based on our fiducial
cosmology, too.

Once we have the Fisher matrix, an estimate of the covariance matrix of our

parameters is given by 4

Cap = (F ap. (2.36)

The diagonal elements of the parameter covariance matrix correspond to the

square of the 1o marginalized uncertainties on each parameter

Oq = \/F"O“ (2.37)

while the un-marginalized constraints (i.e. fixing all the remaining parameters)
are given by

1
Oq,un-marg — ~—/—=— -
* " VFaa

We can define the correlation coefficient between the constraints on the

(2.38)

parameters, p, as

Cap = Papla0s - (2.39)

We might also be interested into marginalizing over some parameters (nui-
sance) but not the others (cosmology). This can easily be achieved by removing
the rows and columns of the covariance matrix corresponding to the parame-
ters we want to marginalize over, and re-invert to obtain a marginalized Fisher

matrix.

2.5.1 Visualizing the confidence regions

With the Fisher matrix formalism we can easily plot the marginalized joint
posterior probability of two parameters, ¢, and 03, assuming it is a Gaussian
distribution. The ellipses posteriors are fully specified by the semi-minor and
semi-major axes, a and b, which correspond to the larger and smaller eigenvalue
of the covariance matrix. We also need to specify the angle of the ellipse, ¢,
which is given by the ratio between the y-component and the x-component of
the eigenvector with the largest eigenvalue

4More in detail, the Cramer-Rao inequality tells us that the variance of a given parameter
cannot be smaller than the one given by the inverse of the Fisher matrix.
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FIGURE 2.4: Original plot from Wolz et al., 2012: 10, 20, and 30
contours for a supernovae survey. The filled contours correspond
to the posterior distributions obtained with MCMC, while the
solid lines show the results from a Fisher matrix analysis.
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where A is a constant factor equal to v/2.3, v/6.17, v/11.8 for two-parameter
contours at 1o, 20, and 30 confidence level, respectively.
Some times we might build a Fisher matrix using a given set of parameters,
0, but be also interested in a derived set of parameters, p(0). We can project
the primary Fisher matrix, F, into a derived Fisher matrix, S, using a Jacobian
transformation
00; 00,

Smn = —F,—. 2.43
Z'zj: Opm Japn ( )

2.5.2 Limits of the formalism

The Fisher matrix formalism is largely used in the literature to predict the
accuracy of future surveys thanks to its simplicity and its speed, compared
to MCMC techniques, for example. However, the assumption of dealing with
Gaussian posteriors is quite strong and it is not true for specific cosmological
data sets and parameters. In Wolz et al., 2012, the authors performed a rigor-
ous comparison between Fisher matrix and MCMC forecasting techniques for
SNIa, BAO, and WL data. They found that if the posterior distributions show
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highly non-elliptical shapes, the Fisher matrix technique is not able to recover
the expected constraints, as it can be seen in Fig. 2.4, and it underestimates the
marginalized errors between 30% and 70% for purely background probes. On
the contrary, when the authors consider WL data, their Fisher matrix forecast
agrees with the MCMC predictions at a 5% level, since the posterior distri-
butions are closer to a Gaussian. Moreover, the Fisher matrix technique may
provide constraints that enter physically forbidden regions (like ), < 0), and
it may suffer from numerical instabilities when computing the derivatives of
the observables with respect to the parameters. This requires a high level of
accuracy when computing the observables. However, there exist some codes in
the literature that extend the Fisher matrix formalism in order to recover the
degeneracies in the posterior distributions without the need of running time con-
suming MCMC (like DALI [Sellentin, Quartin, and Amendola, 2014; Sellentin,
2015; Sellentin and Schéfer, 2016]).
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The Euclid mission

As we have seen in Sec. 1.5, in order to extract cosmological information from
our observations we need large data sets of galaxies containing not only their
positions on the sky, but also their redshift. The so-called galaxy redshift sur-
veys are projects aiming at surveying large volumes and detect the galaxies (or
other objects like quasars), in order to probe the large-scale structure of the
Universe and extract the cosmological information from it. There have been
several galaxy redshift surveys in the past. The Center for Astrophysics Red-
shift Survey (CfA) [Tonry and Davis, 1979] was the first systematic redshift
survey which observed roughly 2,200 galaxies between 1977 and 1982. It was
later extended to the CfA2, with 15,000 galaxies, completed in the early 1990s.
These early surveys were limited in size because the redshift of galaxies could
only be measured for one galaxy at a time. More recently, technological de-
velopments enabled the measurement of several redshifts simultaneously, and
it led to larger surveys like the 2-degree Field Galaxy Redshift Survey (2dF-
GRS1!), with 221,000 redshifts, completed in 2002, and the Sloan Digital Sky
Survey (SDSS?), with roughly 1 million redshifts by 2007, which have shown
that galaxy redshift surveys can successfully probe the large-scale structure of
the Universe and improve our cosmological knowledge.

In this chapter we focus our attention to describe the future Euclid mis-
sion®, which is the main future source of cosmological information used in this
work. We first present, in Sec. 3.1, the two main approaches that can be used
when measuring redshifts in a galaxy redshift survey: spectroscopic and pho-
tometric. We then describe the mission and the satellite in Sec. 3.2. In Sec. 3.3
we present the structure of the Euclid Consortium, the single team having the
scientific responsibility of the mission, the data production, and of the scientific
instruments. Finally, in Sec. 3.4, we present the group responsible for producing
the official Fisher matrix forecasts for the consortium. A very large part of the

http://wuw.2dfgrs.net
Zhttp://www.sdss.org
3https://www.euclid-ec.org
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work done in this thesis (presented in Chapter6) has been realized within this
group.

3.1 Spectroscopic and photometric redshift sur-
veys

In this first section of the chapter we give a brief overview of the two main
methods to determine the distance of distant objects in galaxy redshift surveys.

In order to probe the large-scale structure of the Universe we look for the
three-dimensional position of the objects. The angular position of the objects
on the sky can be measured directly, but it is very difficult to infer the distance
to them (see the different definitions for distance given in Sec.1.1.2). Because
of this, we use the redshift of the objects to obtain the radial information,
but even this quantity is not straightforward to extract. The standard way to
measure the redshift of an object is by using the flux distribution of the source in
wavelength space; the so-called spectrum S()). If we can measure the spectrum
of a distant object at redshift z, S'(), z), and compare it to the spectrum in

the rest frame, S(\), we can then extract the redshift as

SA=XN/(1+z))
(1+2)? ’

where the wavelength transformation comes from the definition of the redshift,

z= (N —\)/\. The extra (1+ 2)~2 factor can be derived from a dimensional

analysis. Indeed, the spectrum has dimensions of energy divided by surface,

S(\) = S'(N,2) =

(3.1)

time, and wavelength. Since the energy of a photon is proportional to A™!, the
energy will be given by E' = E/(1+ z), giving one of the factors in Eq. (3.1).
The second factor comes from the fact that in an expanding Universe the time
between two consecutive photons is given by 7/ = (1 + z)7. It is important to
say that most detectors used nowadays are Charge Coupled Devices (CCDs),
and they are not sensitive to the energy of the detected photons, but only to the
number of photon counts. If we define the spectra in number of counts instead
of energy, we should remove one of the (14 z)~! factors in Eq. (3.1).

The galaxy redshift surveys can be mainly classified into spectroscopic and
photometric surveys, depending on how they observe the galaxies and measure
their redshifts. The spectroscopic technique uses a spectrograph to measure
redshifts with high accuracy, but it requires a large amount of time to collect
enough photons from distant objects, as well as previous knowledge of the an-
gular position of the galaxies (galaxy targeting). The photometric technique
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FIGURE 3.1: Original plot from Prakash et al., 2016: Represen-
tative spectra of Luminous Red Galaxies of eBOSS. Flux errors
are plotted in red, while the template model fits are in blue, and
black shows the observed spectra.

provides less accurate estimates of redshifts, but requires less time and can pro-
vide an estimate of the redshift for all the objects in the field of view, without

a previous targeting.

3.1.1 Spectroscopic technique

The main idea behind this technique is first to measure the spectrum of the
source, as the different spectra shown in Fig.3.1. In order to do this, the light
coming from the object is separated into several narrow bins (a few A) through
dispersion, so this implies a large amount of time to detect enough photons in
each bin. Once we have measured the spectrum of the source, we compare it to
a known spectrum of an object of the same class at rest and look for the shift
of a characteristic feature. For example, we know that Luminous Red Galaxies
(LRGs) spectra show a characteristic feature at roughly 4000 A, known as the
4000 A break in LRGs, which consists on a significant increase of the flux. The
spectra shown in Fig. 3.1 correspond to LRGs at different redshifts. If we take,
for example, the last panel of the figure we can observe that the 4000 A break
is located at roughly 8000 A. Using the definition of the redshift, we can infer
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a value z &~ (8000 — 4000) /4000 = 1. We can do the exact same thing for the
third panel and infer a redshift z ~ (7400 — 4000) /4000 = 0.85.

3.1.2 Photometric technique

The main idea of this alternative method is to use imaging instead of spec-
troscopy. The photometry of distant objects is converted into low-resolution
spectra, and we then infer the redshifts by comparing the spectra to red-shifted
template galaxy spectra for the given class of objects, or to low-resolution spec-
tra for which we already have spectroscopy. One clear advantage with respect to
the spectroscopic method is the speed of the method. Instead of dispersing the
light of the sources we use different filters which integrate all the light within
a broad (~ 100nm) wavelength band. Let us assume that each filter ¢ has a
response function that depends on the wavelength, R;(\) (see for example the
filter responses of SDSS in Fig. 3.2). Then, the fluxes of the object in each filter
will be given by

F; /0 S(, 2)Ri(A)AdA. (3.2)

Since filters are much wider than the bins used in the spectroscopic tech-
nique, a short exposure time is enough to get enough photons to reach a high
signal-to-noise ratio. Moreover, imaging detectors usually cover a larger area of
the sky than spectrographs, thus giving the redshift for many more objects, and
without targeting them a priori. The problem of this method is the accuracy
of the redshift estimation. Since we have a low-resolution spectra, the mean
uncertainty on the redshift is larger than with the spectroscopic technique.

Because of the low-resolution spectra, the redshift cannot be inferred from
a characteristic feature. There are two main ways to extract the redshift once
we have the low-resolution spectrum. One option is to use a set of theoretical
spectra for different types of objects, called templates, and integrate them using
the response functions of our filters, while red-shifting the templates. This
provides us with a set of fluxes for each band that depend on the redshift. We
then compare our fluxes with the redshifted ones from the templates and look
for the redshift that minimizes the differences. This is the so-called template-
based technique. The other option is what we call the training-based technique.
In this case we start with a set of objects for which we have both photometry
and spectroscopy, called training sample. The method consists in finding a
mapping function between the fluxes and redshift space, and then apply this
function to all the objects for which we do not have spectroscopy, called testing
sample. This mapping is usually found using machine-learning techniques, like
artificial neural networks, or random forests. See Sanchez et al., 2014, and
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FIGURE 3.2: SDSS filter responses taken from Table 4 of Doi
et al., 2010 [Original plot from the speclite documentation].

references therein, for several examples of template-based and machine-learning
techniques.

3.2 The Euclid satellite

In this section we present the Euclid mission, as well as the satellite (see an
artist view in Fig. 3.3) with the different instruments that will be onboard. The
structure of the consortium to exploit the future data will be presented in the
following sections.

Euclid is a medium class astronomy and astrophysics space mission of the
European Space Agency (ESA). It was selected in October 2011 and its launch
is planned for 2021. Euclid will try to understand the nature and properties of
dark energy, dark matter, and gravity by exploring the past 10 billion years. It
will also provide useful information on the early Universe physics and the initial
conditions of cosmic structures. Euclid will be launched by a Soyuz ST-2.1B
rocket and it will then travel to the L2 Sun-Earth Lagrangian point, where it
will operate for 6 years. In Fig. 3.4 we present the Euclid mission summary as
shown in the Euclid study definition report (Red-book) [Laureijs et al., 2011],
and we detail the different aspects of it in the following subsections. Notice
that some technical specifications in this summary may have changed during

the building phase and might also slightly evolve before launch.
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FIGURE 3.3: Artist view of the Euclid satellite [Credit: ESA].

3.2.1 Primary and secondary science

Euclid is primarily a cosmological mission focused on understanding what dark
matter and dark energy are, the initial conditions which seed the formation
of cosmic structure, and the future of our Universe, as well as understanding
the validity range of General Relativity. In order to reach these objectives,
Euclid will probe the expansion rate of the Universe and the growth of cosmic
structures using two complementary probes: weak gravitational lensing (WL)
and galaxy clustering through baryon acoustic oscillations and redshift-space
distortions (see Sec.1.4 and Sec. 1.3, respectively). BAO provide a distance-
redshift probe sensitive to the expansion of the Universe, while WL probes all
matter (baryonic and dark) but combines angular distances (sensitive to the
expansion rate) and the mass density contrast (sensitive to the growth rate
of structures and gravity). The RSD are also sensitive to the growth rate of
structures and gravity. Therefore, by combining all these probes Euclid will be
able to put strong constraints on our models for the dark sector.

Even if Euclid is mainly a cosmological mission, it will detect several billion
galaxies that will allow us to consider other complementary probes to galaxy
clustering and weak lensing, like clusters of galaxies, strong lensing, supernovae
and transients, or exo-planets, for example.
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Main Scientific Objectives

Understand the nature of Dark Energy and Dark Matter by:
* Reach a dark energy FoM > 400 using only weak lensing and galaxy clustering; this roughly corresponds to

1 sigma errors on w,, and w, of 0.02 and 0.1, respectively.

e  Measure v, the exponent of the growth factor, with a 1 sigma precision of < 0.02, sufficient to distinguish
General Relativity and a wide range of modified-gravity theories

e Test the Cold Dark Matter paradigm for hierarchical structure formation, and measure the sum of the
neutrino masses with a 1 sigma precision better than 0.03eV.

e Constrain n,, the spectral index of primordial power spectrum, to percent accuracy when combined with
Planck, and to probe inflation models by measuring the non-Gaussianity of initial conditions parameterised

by fy to a 1 sigma precision of ~2.

30 arcsec absolute pointing error

SURVEYS
Area (deg2) Description
Wide Survey 15,000 (required) Step and stare with 4 dither pointings per step.
20,000 (goal)
Deep Survey 40 In at least 2 patches of > 10 degz
2 magnitudes deeper than wide survey
PAYLOAD
Telescope 1.2 m Korsch, 3 mirror anastigmat, f=24.5 m
Instrument VIS NISP
Field-of-View 0.787x0.709 deg” 0.763x0.722 deg”
Capability Visual Imaging NIR Imaging Photometry NIR Spectroscopy
Wavelength range 550- 900 nm Y (920- J(1146-1372 | H (1372- 1100-2000 nm
1146nm), nm) 2000nm)
Sensitivity 24.5 mag 24 mag 24 mag 24 mag 310" erg em-2 5-1
100 extended source | 5o point 50 point 5o point 3.5 unresolved line
source source source flux
Detector 36 arrays 16 arrays
Technology 4kx4k CCD 2kx2k NIR sensitive HgCdTe detectors
Pixel Size 0.1 arcsec 0.3 arcsec 0.3 arcsec
Spectral resolution R=250
SPACECRAFT
Launcher Soyuz ST-2.1 B from Kourou
Orbit Large Sun-Earth Lagrange point 2 (SEL2), free insertion orbit
Pointing 25 mas relative pointing error over one dither duration

Observation mode

Step and stare, 4 dither frames per field, VIS and NISP common FoV = 0.54 deg®

Lifetime 7 years
Operations 4 hours per day contact, more than one ground station to cope with seasonal visibility
variations;
Communications maximum science data rate of 850 Gbit/day downlink in K band (26GHz), steerable HGA
Budgets and Performance

Mass (kg) Nominal Power (W)
industry TAS Astrium TAS Astrium
Payload Module 897 696 410 496
Service Module 786 835 647 692
Propellant 148 232
Adapter mass/ Harness and PDCU losses power 70 90 65 108
Total (including margin) 2160 1368 1690

FIGURE 3.4: FEuclid mission summary from the Euclid study
definition report (Red-book) [Laureijs et al., 2011].
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FI1GURE 3.5: Detailed view of the telescope on the PLM base-
plate [Credit: Airbus Defence and Space, and ESA].

3.2.2 Satellite, service module and payload module

ESA has selected Thales Alenia Space for the construction of the satellite and
its service module (SVM), and Airbus (Defence and Space) for the payload
module (PLM). The SVM includes several sub-systems, like the sunshield, the
solar panel, the electric power system, the star trackers, the slews control sys-
tems (with hydrazine and cold gas tanks), the thermal regulation system, or
the downlink communication system. The PLM comprises the telescope, the
PLM thermal control system, the Fine Guidance Sensor, the scientific instru-
ments VIS and NISP (delivered by the Euclid Consortium), and the detectors
(delivered by ESA).

The Euclid telescope will be a 1.2m on axis 3-mirror Korsch cold telescope,
that will provide a field of view of 1.25 x 0.727 deg?. The primary mirror M1 (see
Fig.3.5) will be kept below 130 K with a thermal stability better than 50 mK.
All the mirrors and structures will be made in Silicon Carbide. The design
of the telescope allows for a 3 degree-of-freedom mechanism for the secondary
mirror M2 focus and tilt correction, that will enable to reach the requirements

on the image quality for WL science.
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FIGURE 3.6: Overview of the different VIS subsystems [Credit:
Euclid Consortium/VIS team].

3.2.3 VIS and NISP instruments

There will be 2 instruments onboard the satellite: the VIS and NISP instru-
ments, built by the Euclid Consortium. VIS will be a high quality panoramic
visible imager, while NISP will have a near infrared 3-filter (Y, J, and H) pho-
tometer (NISP-P) and a slit-less spectrograph (NISP-S).

The VIS instrument will be used to measure the shape of galaxies in order
to perform the WL analyses. It will be composed of the different subsystems
shown in Fig. 3.6. The VIS focal plane will consist of a 6 x6 matrix of 12-micron
CCDs with a resolution of 4096x4132 pixels, and it will cover a field of view
of 0.57 deg? with 0.1 arc-second pixels. The VIS instrument will be equipped
with one single broad band filter covering the wavelength range from 550 nm to
900 nm with a mean image quality of ~ 0.23 arc-seconds.

The NISP instrument will provide near infrared (between 900 nm and 2000 nm)
photometry for all the galaxies observed with VIS, and near infrared low-
resolution spectra of millions of galaxies. The near infrared photometry will be
combined with VIS data to derive the photometric redshift of the VIS galaxies.
The near infrared spectra will be used to determine the spectroscopic redshifts
of millions of galaxies in order to perform the galaxy clustering analyses. The
NISP focal plane will be composed of a 4 x4 matrix of 18-micron detectors with a
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FIGURE 3.7: Overview of the different NISP subsystems. The
top panel shows the calibration unit (NI-CU), the camera lens
assembly (NI-CaLA), the structure assembly (NI-SA-ST, NI-SA-
HP), the corrector lens assembly (NI-CoLA), the detector system
(NI-DS), the filter wheel assembly (NI-FWA), and the grism
wheel assembly (NI-GWA). The central panel shows the NISP
focal plane with the elements of the NISP detector system. The
bottom panel shows the filter positions, the transmission curves
of the Y, J, and H filters, and the blue and red grisms, as well as
the grism positions. [Credit: Euclid Consortium/NISP team].
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resolution of 2040 %2040 pixels, and it will cover a field of view of 0.53 deg? with
0.3 arc-second pixels. The photometric channel will have 3 broad band filters:
Y [900-1192] nm, J [1192-1544] nm, and H [1544-2000] nm, with a mean image
quality delivering 50% encircled energy within 0.3 arc-seconds and 80% encir-
cled energy within 0.7 arc-seconds. The spectroscopic channel will be equipped
with 4 low-resolution grisms (3 red [1250-1850] nm with different orientations
and 1 blue [920-1250] nm). The different NISP subsystems are shown in Fig. 3.7.

3.2.4 Ground segment

As we saw in the previous section, Euclid photometry will include the near
infrared bands Y, J, and H, and only one optical band from VIS. The remain-
ing bands in the optical domain, g, r, i ,z (see Fig.3.2) that are required to
estimate accurate photometric redshifts will be obtained from ground-based
surveys. Therefore, in addition to the large data volume that Euclid will pro-
vide, there is the challenge to process, analyze, and mix heterogeneous data sets
coming from different space and ground-based surveys, with different depth and
resolution.

The Science Ground Segment (SGS) of Euclid is composed of the Science
Operation Center (SOC) and the Euclid Consortium Science Ground Segment
(EC SGS). The SOC is in charge of the survey planning, managing the down-
linked data and providing the Euclid Consortium with the data to perform
further processing of the science data. The scientific processing of the data
down to the production of the scientific results will be done in the EC SGS.
The processing of the data will take place in the Science Data Centers (SDCs).
Two of these SDCs will monitor the instruments performance, while others will

be responsible for providing large external data sets from ground-based surveys.

3.2.5 Surveys

Once Euclid reaches the L2 Sun-Earth Lagrangian position, it will start two
different surveys that will take 6 years to be completed. One of these surveys is
called the Euclid Wide Survey, and it will cover 15,000 deg? of the sky down to
a magnitude of 24.5 for VIS and 24 for NISP (see Fig.3.4). It is nearly all the
sky once the contamination from our Galaxy and our Solar System has been
removed. This will be the core of the mission where most of the weak lensing
and galaxy clustering signal will come from. The other survey will consist on 3
Euclid Deep Fields about 2 magnitudes deeper than the wide survey. They will
cover in total around 40 deg?. These surveys will be basically used to calibrate
the wide survey data, and observe high-redshift galaxies, quasars, and Active
Galactic Nuclei (AGNs). In Fig. 3.8 we show a survey model for the mission.



102 Chapter 3. The Euclid mission

FiGURE 3.8: Portion of the sky covered by Euclid after 6 years
of observations in ecliptic coordinates. [Credit: Euclid Consor-
tium/ESA /Science Survey Working Group].

The colored areas of the sky correspond to the observed field (one color per
year of observations). Each patch correspond to a 0.54 deg? field of view (VIS
and NISP shared field of view). The isolated patches over the galactic plane
correspond to calibration fields. The methodology of observation will consist
on waiting for both VIS and NISP observations in a field before moving to the
following one. According to this, Euclid will be able to observe a strip of about
~ 15 deg long per day, which will imply patches of ~ 400 deg? per month. Every
6 months the telescope will be pointed toward the opposite direction to survey
the other hemisphere. After the 6 years of observations, Euclid will provide the
shape and photometric redshifts of about 1.5 x 10? galaxies (photometric Euclid
survey), and the spectroscopic redshift of about 5 x 107 galaxies (spectroscopic

Euclid survey).

3.3 The Euclid Consortium

The Euclid Consortium (EC) is the single official scientific consortium (selected
by ESA in June 2012) with the responsibility of the scientific instruments, the
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F1GURE 3.9: Top level organization of the EC from the Euclid
Red-book [Laureijs et al., 2011].

production of the scientific data, and its scientific exploitation during all the
duration of the mission. Because of this, it comprises researchers in theoretical
physics, particle physics, astrophysics and space astronomy, as well as engineers,
technicians, management, and administrative staff. In total there are around
1500 members in the EC. To date, in the EC there are national space agencies,
national research organizations and research laboratories from 14 European
countries (Austria, Belgium, Denmark, Finland, France, Germany, Italy, the
Netherlands, Norway, Portugal, Romania, Spain, Switzerland, and the United
Kingdom), Canada, and the USA (through NASA and a few US laboratories).

More in detail, the EC is responsible for the definition of the scientific goals,
the mission concept, the science requirements, and the survey. It is also the
responsibility of the EC to design, build, test, integrate, and deliver the VIS and
NISP instruments to ESA (blue and red panels, respectively, in Fig.3.9). The
EC SGS (green panel in Fig. 3.9) is the group within the EC responsible for the
design, test, integration and operation of the data processing tools, pipelines and
SDCs. It comprises different Organizational Units (OUs), each one dedicated
to a specific task, like providing the photometric redshifts, or measurements
of the spectral features. The EC Science Working Groups (SWGs) (purple
panel in Fig.3.9), together with the EC SGS, have the responsibility of the
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scientific production and delivery of Euclid data releases, and essentially their
scientific exploitation. There are 3 types of SWGs: the cosmology SWGs (like
weak lensing, galaxy clustering, or clusters of galaxies), the legacy SWGs (like
planets, or the Milky Way), and the cosmological simulations SWG. The EC
is led by the Euclid Consortium Lead (ECL) and a Euclid Consortium Board
(ECB) (yellow panels in Fig.3.9), which are also the primary contact points
between the EC members and ESA.

3.4 The Inter-Science Taskforce for Forecast-
ing

The Inter-Science Taskforce for Forecasting (IST) is an inter-SWG of the EC
that was created to respond to the general need of a common forecasting
pipeline. Before the IST, each SWG was producing their own forecasts, but
it became clear that in order to have official, validated, and combined forecasts,
a specific task-force between the different SWGs was needed. The IST started
in February 2015, and its aim is to provide the official Fisher matrix forecasts
for Euclid, after a detailed procedure of validation. The IST will end before
the end of 2018 because its goal has been achieved (see Chapter6), and it will
lead to the creation of 2 new ISTs. One of them is the IST: Likelihood, with
the responsibility of building the common likelihood for Euclid and prepare the
pipeline for the future data, as well as providing more realistic forecasts than
those using a Fisher matrix technique. The other one is the IST: Non-linear,
with the responsibility of providing the non-linear recipe that should be used
to correct for non-linearities in our predictions.

The IST is basically composed of 3 groups: the spectroscopic galaxy cluster-
ing (GCs) group, which focus on the galaxy clustering probe from the spectro-
scopic Euclid survey, the weak lensing group, and the cross-correlations (XC)
group, which is responsible for the galaxy clustering of the photometric Eu-
clid survey and the combination of all the probes taking into account their
cross-correlations. Each group is then divided into 2 subgroups called recipe
and baseline. The former is responsible for establishing the recipe that should
be used when computing a Fisher matrix forecast for the specific probe, while
the latter is responsible for the implementation of the recipe into several in-
dependent codes, and performing the code comparison to validate the results.
A detailed description of the recipe and the code comparison for the different
probes is presented in Chapter 6.
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Chapter 4

Ry = ct and power law
cosmologies confronted to CMB
data

In this chapter we focus our interest on the so-called R}, = ¢t model, where
the Universe is expanding without acceleration, and more general power law
cosmologies, where the expansion of the Universe is given by a power law; i.e.
we consider cosmologies in which the scale radius of the Universe evolves as a
power law of cosmic time, R(t) o< ¢". This kind of models, even if not being
widely recognized in the community, have been proposed as an alternative to
the standard cosmological model. It has even been claimed that they can fit
the low-redshift observations better than the cosmological concordance model,
ACDM (see next section). We examine here these models, introducing, for
the first time, information coming from the cosmic microwave background, in
addition to low-redshift data. In order to be as conservative as possible, we
also allow for a redshift dependence of type la supernovae intrinsic luminosity.
All the results presented in this chapter have been published in Tutusaus et al.,
2016b.

4.1 Context

The cosmological concordance model framework offers a simple description of
the properties of our Universe, but, since the dark contents of the Universe
remain unidentified, alternative models still deserve to be investigated. A no-
table alternative to the ACDM model is the so-called power law cosmology,
where the scale factor a(t) evolves proportionally to a power of the cosmic
time: a(t) o ¢". This class of models may for instance emerge when classical
fields couple to spacetime curvature [Dolgov, 1997]. Predicted abundances by
primordial nucleosynthesis seem problematic [Kaplinghat et al., 1999; Kapling-
hat, Steigman, and Walker, 2000], but the confrontation to low-redshift data,
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type la supernovae and the baryon acoustic oscillations may not be as problem-
atic [Dolgov, Halenka, and Tkachev, 2014], although there is some controversy
in the literature concerning the ability of the power law cosmology to fit these
data [Shafer, 2015; Rani et al., 2015]. It seems therefore interesting to compare
the performance of the standard ACDM model to those of power law models
taking into account all standard cosmological probes.

Among these power law models stands the so-called Ry, = ¢t cosmology
[Melia and Shevchuk, 2012], where Ry, = ¢/ H(t) is the Hubble radius and H(t)
the Hubble parameter. This model, which is characterized by a total equation
of state p 4+ 3p = 0 (that is to say a total zero gravitational mass), turns out to
be a particular case of the power law cosmology with exponent n = 1. From a
theoretical point of view, there is some controversy on the motivation for such
models [Melia, 2016b; Kim, Lasenby, and Hobson, 2016; Melia, 2017; Lewis,
2013; Lewis, Barnes, and Kaushik, 2016]. As in the general power law case,
some studies claimed that this model is ruled out by observations [Bilicki and
Seikel, 2012; Shafer, 2015], while some others claimed that R}, = ct is able to fit
the data even better than ACDM [Wei, 2015], and that it can explain a large
amount of physics like the epoch of re-ionization [Melia and Fatuzzo, 2016],
the high-redshift quasars [Melia, 2013], the CMB multipole alignment [Melia,
2015a] or the constancy of the cluster gas mass fraction [Melia, 2016a]. Again,
as it is the case on the power law cosmologies, even if there is some controversy
about this model and its ability to fit the observations, it is interesting to study
it including new probes, and to test the concordance model against it.

In the following, we examine how the flat ACDM and power law models
compare to the main cosmological probes, using robust model selection criteria.
In this work, contrary to previous studies in the literature, we also allow for
some SNIa intrinsic luminosity dependence with the redshift. Moreover, we
consider the implication of the CMB properties, which certainly represents the
most impressive success of the standard model, and use it in combination with

the above-mentioned low-redshift probes.

4.2 Models

In this section we present the models studied in this chapter: the power law
and the Ry = ct cosmologies. We recall that the standard equations for the
background expansion in the flat ACDM model have been given in Sec.1.1.5.
Let us just mention that we fix! Neg = 3.04 [Planck Collaboration, 2016b],
the effective number of neutrino-like relativistic degrees of freedom, Hy =
67.74kms 'Mpc ! [Planck Collaboration, 2016b] and Teyp = 2.725 [Fixsen,

We have checked that small variations on these parameters do not affect the results.
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2009], the temperature of the CMB today. Notice that we only fix Hy for the
radiation contribution. It is left free in the rest of the chapter.
The main assumption in power law cosmologies is that the scale factor

evolves as a power of the cosmic time,

a(t) = (t>n | (4.1)

to
where n is the power of the model and a(tp) = 1. This provides us with the
Hubble parameter,

H(z) = Hy(1+ 2)'/", (4.2)

which leads to the co-moving distance,

(1+42) /-1
)= x] T nA L (4.3)
Hy In(l+2z2), n=1.

Notice that an expanding Universe requires 0 < n < oo. If n > 1, the
expansion is accelerated, while it decelerates if 0 < n < 1. The special case
n = 1 corresponds to the Ry, = ct cosmology. Indeed, this model states that the
Hubble radius R}, = ¢/ H () is proportional to time, so we can write H (t) = ¢t~
and therefore a(t) o ¢, for this model.

Figure4.1 shows the variation with redshift of the Hubble parameter H(z)
for these three models. The matter and radiation contributions have been fixed
to 0.3 and 8 x 1079, respectively, while the Hubble constant has been fixed to
68 kms~'Mpc ™1, for illustrative purposes.

4.3 Method

In this section we review the statistical tools used to quantify the goodness-of-fit
and to compare the models under study.

4.3.1 Goodness-of-fit and effect of correlations

To quantify the capacity of a model to fit the data we minimize the common
x? function,

X2 = (M - udata)TC_l(u - udata) y (44)

using the migrad application from the iminuit Python package 2, designed for

finding the minimum value of a multi-parameter function and analyzing the

’https://github.com/iminuit/iminuit
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FIGURE 4.1: Hubble parameter as a function of the redshift
for ACDM, Ry = ct cosmology and two different power law
cosmologies. O, O, and Hy have been fixed to 0.3, 8 x 107°
and 68 kms~"Mpc™?, respectively, for illustrative purposes.

shape of the function around the minimum. This code is the Python implemen-
tation of the former minuit Fortran code [James and Roos, 1975] (see Sec. 2.2.2
for a more detailed description of minuit). In Eq. (4.4), u stands for the model
prediction, while #g,, and C~! hold for the observables and their inverse co-
variance matrix, respectively. We then compute the probability, P (XQ, v), that
a larger value for the y2 could occur for a fit with v = N — k degrees of freedom,
where NN is the number of data points and k is the number of free parameters
of the model [Eq. (2.30)]. When combining different probes, we minimize the
x? function given by the sum of the individual y?’s, i.e., we assume that the
probes are statistically independent.

It is important to notice that Eq.(2.30) is only valid when we work with
N data points coming from N independent random variables with Gaussian
distributions. However, in this work we consider the correlation within probes;
i.e. we take into account the correlations between SNIa measurements, as well as
the correlations between BAO measurements. Thus, the data points come from
non-independent Gaussian random variables, even if we neglect the correlations
between different probes. In order to check the impact of correlations on this
probability we compute the histogram of x? through Monte Carlo simulations
with and without correlations. First of all, we generate a vector v = u —
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FIGURE 4.2: Histograms of x? for Monte Carlo simulations [to
study the impact of correlations in Eq. (2.30)] using correlations
(green) and neglecting them (purple). The analytic distribution
is also represented for further comparison (thick black solid line).
The compatibility of the three distributions in each plot shows
that Eq. (2.30) can be used in this work. The measured values of
the minimum of the y? are also represented, only for illustrative
purposes, for each model and each combination of probes used
(see Table4.2. Black solid line, ACDM; blue dotted line, power
law cosmology; red dashed line, Ry, = ct cosmology). Top plot:
BAO+CMB covariance matrix with M=10000 iterations. Bot-
tom plot: SNIa+BAO-+CMB covariance matrix with A/ =10000
iterations.
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Udata from an N-dimensional Gaussian distribution centered at 0 and with the
corresponding covariance matrix C' for the probes used. Notice that we save
computation time by directly generating the difference u — ug,ta, since we do
not need then to fit a specific model each time we compute a y2. Notice also
that there are no parameters in this case; thus, £k = 0 and v = N. We then
compute the x? using Eq. (4.4) and we repeat M times to obtain the histograms
shown in Fig.4.2. When neglecting correlations, we consider only the diagonal
terms of C' both when generating the # — ug,t, vector and when computing the
x2 value.

In the top plot we use the covariance matrix for BAO and CMB data. We
can clearly observe that the histogram obtained with correlations (green) is
completely consistent with the histogram obtained neglecting any correlation
(purple). Moreover, both of them are consistent with the analytic distribution
(thick black solid line), which is given by the derivative of Eq. (2.30) with respect
to x2. Notice that we have neglected here the number of free parameters of
the model because we are directly generating several realizations of the vector
U = U — Ugatn- The fact that the three distributions are essentially the same
implies that the correlations in the BAO+CMB covariance matrix do not affect
Eq. (2.30) and we can safely use it. In the bottom plot of Fig.4.2 we have the
equivalent results using the covariance matrix for SNIa, BAO and CMB. As
before, the three distributions are completely consistent, implying that we can
use Eq.(2.30) with these correlations. A particularity in this case is that the
covariance matrix is not completely independent of the cosmology: as discussed
in the following sections, the covariance matrix depends on two SNla nuisance
parameters. In order to correctly predict the effect of these correlations, we
need to consider these nuisance parameters and determine them when fitting
each model under study to the M mock data samples. However, we keep the
approach of generating realizations of # — uqat,, due to the fact that the two
SNIa nuisance parameters remain very close to o = 0.14 and g = 3.1, as can
be seen in Table4.1.

In Fig. 4.3 we show, for completeness, the correlation matrices for SNIa and
BAO measurements. We can see for the former probe that even if some SNIa
are correlated (~ 30 %), the mean correlation (after removing the diagonal is
of only ~ 6%. We can also observe that only two pairs of data points are
correlated for BAO, with a percentage close to 50 %.

4.3.2 Model comparison

In this section we consider the two widely used criteria to compare the models
under study presented in Sec.2.4: the Akaike information criterion [Akaike,
1973] and the Bayesian information criterion [Schwarz, 1978].
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FI1GURE 4.3: Correlation matrices for the cosmological measure-
ments used in this chapter. Left panel: 740 SNIa measurements
ranging from 0 to 739, with the SNIa nuisance parameters o
and f fixed to 0.14 and 3.1, respectively. Right panel: 7 BAO
measurements ranging from 0 to 6, increasing the redshift. The
last two pairs of data points are the only ones showing some
correlation.

Let us recall that the second-order AIC (AICc) and the BIC strongly de-
pend on the size of the sample. Therefore, in order to compare different
models we use the exponential of the differences AAICc/2 (ABIC/2), where
AAICc=AICcpcpm-AlCe (Id. for the BIC), which can be interpreted as the
relative probability of preference of one model with respect to ACDM. Let
us also point out that if we compare two models with the same data sam-
ple and the same number of parameters, as it is the case for ACDM and
power law with SNla data (N = 740, £k = 5), AAIC and ABIC basically
reduce to Ay2,., = X?\CDM — x2. This leads to the same numerical values for
exp(AAICc/2) and exp(ABIC/2) for ACDM and power law models in Ta-
ble4.2.

4.4 Cosmological probes

In this section we describe the cosmological probes and the corresponding data
sets used to compare the different models presented. We only describe the
specificities concerning this chapter. The general description of the different
probes has already been provided in Sec. 1.5.

4.4.1 Type Ia supernovae

In this work we use the joint light-curve analysis for SNIa from Betoule et
al., 2014. It is important to stress that the covariance matrix provided by
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the authors depends on the stretch and color nuisance parameters, o and 3
respectively, so we recompute the covariance matrix at each step of the y?
minimization with the corresponding values for these parameters.

In some specific cases during this chapter, we relax the redshift independence
assumption made in Betoule et al., 2014. In order to account for a possible SNIa
luminosity dependence (SNIa+ev) with redshift (caused by some astrophysical
procedures, for example) we add an extra nuisance parameter € to the distance
modulus estimate [see Eq. (1.144)],

fobs =mp — (Mg —ax X1+ 8xC—exz). (4.5)

A much more detailed study concerning SNIa intrinsic luminosity depen-
dence on the redshift is presented in the next chapter.

When using SNTIa data, we consider the following set of nuisance parameters:
{a, B, M, Ay, €} (see Sec. 1.5.1). For ACDM and the power law cosmology
we consider the matter energy density, (), and n, respectively, as cosmological
parameters. Notice that there is no free cosmological parameter when using
SNIa data with the R}, = ¢t cosmology.

4.4.2 Baryon acoustic oscillations

In the ACDM model, the BAO come from the sound waves propagating in
the early Universe and the standard ruler rq is equal to the co-moving sound
horizon at the redshift of the baryon drag epoch: rq = r5(zq), 29 =~ 1060. For
models differing from the ACDM model, rq does not need to coincide with
rs(zq) [Verde et al., 2017b]. In order to be as general as possible, we do not
delve into the physics governing the sound horizon r4, so we consider rq as a
free parameter.

In this chapter, we follow Aubourg et al., 2015, in combining the measure-
ments of 6dFGS [Beutler et al., 2011], SDSS [Main Galaxy Sample (MGS)] [Ross
et al., 2015], BOSS (CMASS and LOWZ samples - Data Release 11) [Tojeiro
et al., 2014; Anderson et al., 2014] and BOSS Lyman-« forest (Data Release
11) [Delubac, T. et al., 2015; Font-Ribera et al., 2014]. As in Shafer, 2015,
we assume that all the measurements are independent, apart from the CMASS
anisotropic measurements (correlated with coefficient -0.52) and the Lyman-«
forest measurements (correlated with coefficient -0.48).

According to Bassett and Afshordi, 2010, when we want to constrain param-
eters to a high confidence level or when we want to claim that a model is a poor
fit to the data, we should take into account that BAO observable likelihoods
are not Gaussian far from the peak. In this work we follow the same approach
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FIGURE 4.4: Free electron function X, as a function of the red-
shift for ACDM, R}, = ct cosmology and two different power law
cosmologies. The parameters relevant for re-ionization have been
fixed to the Planck 2015 values for illustrative purposes [Planck
Collaboration, 2016b] (helium mass fraction, CMB temperature
at 2z =0, Qun, O, Ok, h and Neﬂ‘).

and account for this effect by replacing the usual expression for a Gaussian
likelihood observable, AX2G = —2InLg, by

M
St s (5)

where S/ N is the corresponding detection significance, in units of o, of the

sz

(4.6)

BAO feature. Following Shafer, 2015, we consider a detection significance of
240 for 6dFGS, 20 for SDSS MGS, 40 for BOSS LOWYZ, 60 for BOSS CMASS
and 40 for BOSS Lyman-a forest.

When using BAO data, we consider the following set of cosmological param-
eters: {rq x Ho/c, O, n}. The latter two only apply for ACDM and power
law cosmology, respectively. We do not consider any nuisance parameter.

4.4.3 Cosmic microwave background

In this section we present the high-redshift probe used, the cosmic microwave
background, and the approach we follow in order to consider this probe in our
study, including power law models.
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FIGURE 4.5: Visibility function as a function of the redshift
for ACDM (black), Ry = ct cosmology (red) and n = 0.8, 1.4
power law cosmologies (blue and green, respectively). We show
the redshift of the CMB computed with two different definitions
(see the text for details).

In standard cosmology, the physics governing the sound horizon at the early
Universe is that of a baryon-photon plasma in an expanding Universe. The
observed angular scale of the sound horizon at recombination, ¢, [Eq. (1.148)],
then depends on the angular distance to the CMB, a physical quantity sensitive
to the expansion history up to the redshift of the last scattering, and thereby
to the background history of models [Blanchard, 1984]. Notice that ¢, roughly
corresponds to the position of the first peak of the temperature angular power
spectrum of the CMB. Although this is only one parameter, it is well known
that reduced parameters capture a large fraction of the information contained
in the CMB fluctuations of the angular power spectra [Wang and Mukherjee,
2007]. We use the value provided by the Planck Collaboration [Planck Col-
laboration, 2016¢|: ¢, = 301.63 £ 0.15 and, in the following of this chapter,
we refer to this information as CMB data. It has been obtained from Planck
temperature and low-¢ polarization data?®. Marginalization over the amplitude
of the lensing power spectrum has been performed, since it leads to a more

conservative approach.

3 Although ¢, is one of the reduced parameters of the CMB and therefore its value from
Planck data has been obtained assuming the ACDM model, it is the most model independent
reduced parameter.
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FIGURE 4.6: Drag visibility function as a function of the redshift
for ACDM (black), Ry = ct cosmology (red) and n = 0.8, 1.4
power law cosmologies (blue and green, respectively). The red-
shift of the drag epoch computed with two different definitions
is presented (see the text for details).

Although the computation of ¢, is simple in the concordance model (see
Sec. 1.5.2), it can be not straightforward for exotic models significantly differing
from ACDM. In the following we present in detail how we compute this quantity,
and how we add add it into the analysis.

According to Melia, 2015b, the Ry = ct universe assumes the presence of
dark energy and radiation in addition to baryonic and dark matter. The only
requirement of this model is to constrain the total equation of state by requiring
p+ 3p = 0. Following this definition, and extending the idea to the power
law cosmology, we infer that the physics governing the sound horizon at the
early Universe is the same as for ACDM, since we are again essentially dealing
with a baryon-photon plasma in an expanding universe. This assumption has
already been made in the literature. In Benoit-Lévy and Chardin, 2012, for
example, the authors considered the Dirac-Milne universe (a matter-antimatter
symmetric cosmology) and kept the same expression for the co-moving sound
horizon at the last scattering redshift, 74(z,) [see Eq. (1.149)], as in the ACDM
case.

Starting with ACDM, in order to compute ¢, we first need to obtain r4(z),
which requires the baryon density in the Universe. We use the value provided
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in Planck Collaboration, 2016b, for Qph? = 0.02230 and we use Eq. (1.65) for
the radiation contribution.
For a power law cosmology,

00 1/2

rs(24) o /Z* mdz (4.7)
converges only for n < 2/3; therefore, there is already a fundamental prob-
lem in these theories when describing the early Universe. This divergence also
exists for the sound horizon 75(2q) in the BAO. Given that the Big Bang nu-
cleosynthesis already suffers from a problem in the early Universe in this model
[Lewis, Barnes, and Kaushik, 2016], one might imagine that the physics of the
early Universe allows us to solve this issue, essentially by restoring the standard
model in the very early Universe, keeping the sound horizon finite. In other
words, we might assume that the standard ruler rq is finite and a free param-
eter of our model. Since it is now an unknown quantity, we have to obtain its
value by fitting it to the data. We can then develop rs(z,) as
© ¢5(z) dz # cg(2) dz

. HG) L THG) (48)

rs(z) =

where the sound speed, ¢s(z), is given by Eq. (1.150).

In Benoit-Lévy and Chardin, 2012, the authors also had to deal with this
divergence near the initial singularity. They opted for putting upper and lower
bounds to the integral on physically motivated grounds, while we allow the data
to determine rq and avoid the divergence.

We now need to determine zq and z, for all the models. A common definition
of the redshift of the CMB is given by the maximum of the visibility function
[Hu and Sugiyama, 1996],

g(z) = #(2)e ™), (4.9)
where 7(z) is the optical depth [Liu et al., 2016a],

z

T(z) = UT/O ne(z’)WC)H(zl)dz’, (4.10)
with op being the Thomson cross section and n, the free electron number
density. This definition is well motivated because the visibility function can
be understood as the probability of the last photons of the CMB to scatter;
thus, the maximum provides us with the most probable redshift of this last
scattering. In order to obtain n. we need to calculate the free electron fraction
X and further multiply it by the hydrogen number density,



117

Cosmological probes

4.4.

9F0°0 F LL2'0— | €20°0 F2L0°0— | 2200 F OFTFE | 180°0 F 00T°E | 9900°0 F COFT'0 | 9£0000°0 F 0LLESO0 - - GIND+OVI+20+¥INS
- €60°0 F LL0°0— | LTO'0 F 0£ZFZ | 080°0 F €L0°€ | 9900°0 F ZSET'0 | 9£0000°0 F 0LLES0"0 - - GIND+OVI+YINS
- - - - - 9€0000°0 F 0LLES0'0 - - amo+ovd
9F0°0 F LLZ'0— | €60°0 F 2L0°0— | 220°0 F OFTFZ | 180°0 F 00T°E | 9900°0 F SOPT'0 |  T€000°0 F GHOE00 - - OVd+A-+RINS o
9F0°0 F LL3'0— | €20°0 F 2L0°0— | 2200 F OFT'FZ | 180°0 F 00T°E | 9900°0 F GOFT'0 - - - AO+EINS
- €20°0 F LL0°0— | LTO'0 F0STFT | 080°0 F €L0°E | 9900°0 FESET'0 | T€000°0 F GH0L0°0 - - OVI+eINS
- - - - - 1€000°0 F GF0€0°0 - - ovd
- €20°0 F LL0°0— | LT0'0 F0£ZFS | 080°0 F €L0°E | 9900°0 F G310 - - - ®INS
L0 F 2620 | €200 F1L00— | €200 F 0ZTFE | 180°0 F 00T°E | 9900°0 F 60710 890°0 F610°T 680°0 T 0£€'€ - GIND+OVI+20+¥INS
- €60°0 F 1L0°0— | 6T0°0 F 0T | 080°0 F 00T°E | 9900°0 F S0¥T'0 750°0 F 2070 L90°0 F GPCGT - GIND+OVI+YINS
- - - - - 63000°0 F 8GL50°0 | S00°0 F GFEL0 - anp+ovd
6V0°0 F $C€°0— | €60°0 F 2L0°0— | 220°0 T 0STFZ | 180°0 F 00T°E | 9900°0 F POFT'0 | 0F000°0 F L9630°0 | 610°0 F 0T6°0 - OVd+Ao-+RINS
CCOTFIC0 | €600 F 1L0°0— | ¥20°0 F0ZT'Fe | 180°0 F00T'E | 9900°0 F OTFT0 - ISFLE - soteryg | od
- €20°0 F 2L0°0— | €200 FOFT'FC | 080°0 F¥60°€ | 9900°0 FFOFT'0 | 65000°0 F £TEE0°0 TTOFOFT - OVI+eINS
- - - - - 070000 F €9620°0 | 610°0 F 806°0 - ovd
- €60°0 F 1L0°0— | €20°0 F 0LT'FE | T80°0 F 00T'E | 9900°0 F SOFT'0 - CTOFeCT - ¥INS
670°0 FF20°0— | €20°0 F 0L0°0— | €200 F OTTFE | 180°0 F €0T°E | 9900°0 F EIFT°0 | 67000°0 F SPEE00 - 110°0 7800 | AIND+OVI+a0-+BINS
- €20°0 F 0L0°0— | 8TO'0 FOTTFZ | 030°0 F860°¢ | 9900°0 F ITFT'0 | SF000°0 F £G€€0°0 - 0T0°0 F 90€'0 GIND+OVI+YINS
- - - - - 6F000°0 F SFEE0°0 - 110°0 F 200 anp+ovd
G600 F T00°0— | €60°0 F 0L0°0— | 220°0 FOTTFZ | 180°0 F €0T'E | 9900°0 F €TPT'0 | 250000 F ELEE00 - 120°0 F 162°0 OVd-+Ao-+eINS
6T°0F €2°0— | €80°0 F 0L0°0— | S20°0 FOZTFE | 180°0 F 00T'E | 9900°0 F OTFT'0 - - LT0OF 670 soreryg | OV
- €20°0 F 0L0°0— | 6T0°0 FOTTFZ | 030°0 F €0T'E | 9900°0 F ETFT'0 | 05000°0 F £LEE0°0 - 8T0°0 F 1620 OVI+eINS
- - - - - L5000°0 F LLEEO0 - 120°0 F 6820 ovd
- €60°0 F 0L0°0— | €20°0 F OTT'F | T80°0 F T0T'E | 9900°0 F ZTFT0 - - 7E0°0 F G620 ¥INS
2 Ny S0y d 0 2/0H X Pu u 6
[GIND pue ‘OVd ‘(Ad+)RINS] PaIepisuod saqoid [BIISO[OWSOD JUSISPIP oY) M (serdojowsod 30 = Uy
pue “ksﬂ Jomod nzmo<v S[epown poIp1mis a9y} JO mm@uwadﬁmg oouesInu pue MdowwOMOEmOo o[} I0J somfeA 1g-1Soyd 1§y HTAV],




118 Chapter 4. Ry = ct and power law cosmologies confronted to CMB data

TABLE 4.2: Goodness-of-fit and model comparison between the
models studied (ACDM, power law, and R}, = ct cosmologies)
with the different cosmological probes considered [SNIa(+ev),
BAO, and CMB|. The last two columns for ACDM and
power law cosmology are combined because exp(AAICc/2) =
exp(ABIC/2) in these cases (see the text for details).

BN | i | P0G | exp(8AICe/2) | exp(ABIC/2)

SNIa 5 | 740 | 682.89 0.915 1
BAO 20 7 | 957 0.088 1
SNIa+BAO 6 | 747 | 692.49 0.898 1

ACDM SNla+ev 6 | 740 | 681.90 0.916 1
SNIa+ev+BAO 7 | 747 | 692.48 0.893 1
BAO+CMB 2 8 | 10.36 0.110 1
SNIa+BAO+CMB 6| 748 | 693.36 0.899 1
SNIa+ev+BAO+CMB | 7 | 748 | 693.13 0.895 1
SNIa 5| 740 | 682.90 0.915 0.998
BAO 2 7 | 413 0.531 15.198
SNIa+BAO 6 | 747 | 703.71 0.833 0.0036

Porer L SNIatev 6 | 740 | 682.20 0.914 0.860
SNIa+ev+BAO 7 | 747 | 690.03 0.905 3.421
BAO+CMB 21 8 | 2207 0.0012 0.0029
SNIa+BAO+CMB 6 | 748 | 760.61 0.310 2.501x10715
SNIa+ev+BAO+CMB | 7 | 748 | 759.93 0.307 3.127x10~15
SNIa 4 | 740 | 721.22 0.644 1.308x1078 1.291x1077
BAO 1| 7 | 1568 0.016 0.385 0.125
SNIa+BAO 5| 747 | 736.90 0.546 6.251x10710 | 6.184x107"

By =l SNla+ev 5 | 740 | 685.00 0.906 0.588 5.793
SNIa+ev+BAO 6 | 747 | 700.67 0.853 0.046 0.455
BAO+CMB 1| 8 | 77.53 | 4.39x107M | 1.680x1071* | 7.349x1015
SNIa+BAO+CMB 5| 748 | 798.75 0.077 3.598x107% | 3.562x10722
SNIa+ev+BAO+CMB | 6 | 748 | 762.52 0.293 2.363x1071° | 2.332x10714
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SHZO,,

1 3 4.11

ne(z) = Xe(2)

where myy is the mass of the hydrogen atom and p = 1/(1 —Y) with ¥ being
the helium mass fraction.

The free electron fraction, or ionization history, X¢(z) depends on the ex-
pansion rate. In order to obtain it we use the Recfast++ [Chluba and Thomas,
2011] code?, based on the C version of Recfast [Seager, Sasselov, and Scott,
1999], adapting the expansion history to the corresponding one for each model.
This new version includes recombination corrections [Chluba and Thomas, 2011;
Rubino-Martin et al., 2010] and allows us to run a dark matter annihilation
module [Chluba, 2010]. It also includes a new ordinary differential equations
solver [Chluba, Vasil, and Dursi, 2010]. More details about this code can be
found in Switzer and Hirata, 2008; Grin and Hirata, 2010; Ali-Haimoud and
Hirata, 2010. Figure4.4 provides a comparison between X, for the different
power law cosmologies and ACDM. We have neglected the recombination cor-
rections and dark matter annihilations because this level of precision in the X,
determination is not needed for our purposes.

Another definition for the redshift of the CMB is the one adopted by the
Planck Collaboration [Planck Collaboration, 2016b] by determining the redshift
when the optical depth equals 1. We denote zcyp the redshift obtained with
the first definition [Eq. (4.9)] and z, the redshift obtained with the Planck Col-
laboration convention. Although we use z, for consistency with Planck when
performing our analyses, we have defined zcyp for illustrative and comparative
purposes.

In Fig.4.5 we show the visibility functions for ACDM, Ry = ct cosmology
and two power law cosmologies (n = 0.8 and n = 1.4). In this case we have fixed
the cosmological parameters to ACDM present-day values: Y = 0.249, O, =
0.3089, O, = 0.0485976, Nog = 3.04 and Hy = 67.74kms 'Mpc™! [Planck
Collaboration, 2016b]. However, we have checked that any variation of 25% in
one of these parameters has a negligible impact on the redshift of the CMB (less
than 0.6%) for a fixed model and that it has no influence in our study. Even
if the redshift of the CMB does not change significantly with the parameters,
it does change with the model; therefore we fix z, = 1090.71 for ACDM and
zx = 1055.05 for the R}, = ct cosmology. Concerning the power law cosmology,
since the redshift changes significantly with n, we interpolate z, as a function
of n.

The redshift of the baryon drag epoch can be defined in two analogous

‘http://www.cita.utoronto.ca/~jchluba/Science_Jens/Recombination/Recfast+
+.html
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FIGURE 4.7: Fit from the three models under study to the SNIa
data. All the plots show the residuals with respect to the pre-
diction from ACDM with the best-fit values. Top panel: SNla
measurements standardized to ACDM (black) and ACDM pre-
diction (red) as a function of the redshift. Central panel: SNIa
measurements standardized to power law cosmology (green) and
power law cosmology prediction (blue) as a function of the
redshift. Bottom panel: SNIla measurements standardized to
Ry = ct cosmology (purple) and Ry = ct cosmology predic-
tion (orange) as a function of the redshift. For each model we
marginalize over the nuisance parameters.

ways. We first consider the definition given by a drag visibility function [Hu
and Sugiyama, 1996],

ga(z) = %d(z)e_Td(z) , (4.12)

where the drag optical depth is given by,

i
0 Rb(z’ )
with R}, defined in Eq. (1.150). We denote the maximum of this drag visibility
function zqrag. The second definition (the one adopted by the Planck Collabo-
ration [Planck Collaboration, 2016b]) is given by the redshift at which the drag
optical depth equals 1. We denote it zq. As before, we use zq to be consis-

Ta(z) = (4.13)

tent with Planck, but we keep both definitions for illustrative and comparative
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FIGURE 4.8: Fit from the three models under study to the
BAO data. Each plot shows the residuals with respect to the
corresponding model. The isotropic measurements of the BAO
are represented with a circle and their observable is Dy (z)/7q,
while the stars stand for the radial measurements with observ-
able x(z)/rq and the squares stand for the transverse measure-
ments with observable ¢/ (H(z)rq). Top panel: BAO measure-
ments (black) and ACDM prediction (red) as a function of the
redshift. Central panel: BAO measurements (green) and power
law cosmology prediction (blue) as a function of the redshift.
Bottom panel: BAO measurements (purple) and Ry = ct cos-
mology prediction (orange) as a function of the redshift.

purposes.

In Fig. 4.6 we show the drag visibility functions for the same models that
appear in Fig.4.5. The cosmological parameters are fixed to the same present-
day values [Planck Collaboration, 2016b] and we have also checked that any
variation of 25% in one of the parameters does not lead to significant changes
in our results. Therefore, we fix zq = 1060.61 for ACDM and zq = 1031.85 for
the Ry, = ct cosmology. As for z,, we observe that zq changes significantly with
the exponent of the power law cosmology; thus, we interpolate zq as a function
of n.

No extra cosmological or nuisance parameters are considered when including

the CMB data.
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FI1GURE 4.9: Fit from the three models under study to the SNIa
and BAO data; i.e. the parameter values of the models are the
best-fit values from SNIa+BAO data. Top plot: SNla residuals
with respect to the prediction from ACDM with the best-fit
values, for the three models under study (see Fig.4.7). Bottom
plot: BAO residuals with respect to the model under study (see
Fig.4.8).
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FIGURE 4.10: Fit from the three models under study to the
SNIa data allowing for some evolution with the redshift. All
the plots show the residuals with respect to the prediction from
ACDM with the best-fit values (see Fig.4.7). The introduction
of some evolution with the redshift modifies the observed p(2)
giving a good fit for all the models.

4.5 Results

After having presented the different cosmological probes used in this analysis
(distance modulus for SNIa, isotropic and anisotropic BAO measurements, and
¢, for the CMB), we focus here on the results obtained. In Table4.1 we present
the best-fit values obtained for the different cosmological and nuisance parame-
ters of the models studied with the different probes used. In Table 4.2 we show
the results of the goodness-of-fit and model comparisons. More specifically, we
report the number of parameters of the model, the number of data points used,
the minimum value for the y? function, the goodness-of-fit statistic and the
exponential of the differences AAICc/2 and ABIC/2.

Focusing first on SNIa alone, Fig. 4.7 provides the residuals to the best-fit
(normalized to the ACDM model) for each model. ACDM provides a very
good fit to the data (P(x?,v) = 0.915), as well as the power law cosmology
(P(x% v) = 0.915, with n = 1.5540.13). Although the R}, = ct cosmology
provides a slightly worse fit (P(x? v) = 0.644), it is still acceptable. How-
ever, it is highly disfavored when considering the model comparison statistics
(exp(AAICc/2) = 1.308 x 10~® and exp(ABIC/2) = 1.291 x 10~7). Despite
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FiGURE 4.11: Fit from the three models under study to the
SNIa and BAO data allowing for redshift evolution for the SNIa;
i.e. the parameter values of the models are the best-fit values
from SNIa+evolution+BAO data. Top plot: SNIa residuals with
respect to the prediction from ACDM with the best-fit values
(see Fig.4.7). Bottom plot: BAO residuals with respect to the
model under study (see Fig.4.8). Allowing for some redshift
evolution for SNIa provides a good fit for the three models to
both SNIa and BAO data.
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FIGURE 4.12: Fit from the three models under study to the
BAO and CMB data. All the plots show the BAO residuals with
respect to the model under study (see Fig. 4.8). The introduction
of the CMB data strongly degrades (notice the increase in the
Y-axis limits and the small size of the error bars) the fit to BAO
data for the power law and the Ry = ct cosmologies.

the fact that the Ry = ct model has fewer parameters than ACDM, the y?
difference is large enough (Ax? = 38.33) to compensate for the preference of
the Ry = c¢t model coming from the Occam factor of the AIC and the BIC. By
Occam factor we mean here the non-x? term in Eqs. (2.32) and (2.33).

In Fig.4.8 we present the residuals of the fit to the BAO data alone from
the three models under study. From the top panel we immediately see that
ACDM is not a good fit to BAO data (P(x?,v) = 0.088). This tension has
already been noted in the literature [Aubourg et al., 2015; Shafer, 2015] and
is due to the anisotropic Lyman-a forest BAO measurements at high redshift
(z = 2.34). Since SNIa and BAO prefer similar values of ), no extra tension
appears when combining these probes. The power law cosmology provides a
better fit to BAO data than ACDM (P(x?,v) = 0.531) implying preference
of the power law cosmology over ACDM from the model comparison statistics
(exp(AAICc/2) =exp(ABIC/2) = 15.198). Regarding the Ry, = ¢t model, the
fit is worse than for ACDM (P(x?,v) = 0.016), but the difference of x? with
respect to ACDM is nearly compensated by the Occam factor, so that the model
has commensurate values of the AICc and the BIC: exp(AAICc¢/2) = 0.385 and
exp(ABIC/2) = 0.125, respectively.
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TABLE 4.3: Value of ¢, for the different models under study
(ACDM, power law, and Ry, = ct cosmologies), with the best-fit
values coming from the different combinations of data sets used.
The Planck 2015 value has been added for comparison.

¢, Planck 2015 | ¢, ACDM | ¢, Power law | ¢, R, = ct
BAO+CMB 301.63+0.15 301.651 301.677 301.649
SNIa+BAO+CMB 301.63 £0.15 301.591 301.856 301.649
SNIa+ev+BAO+CMB | 301.63 £0.15 301.529 301.415 301.649

In Fig.4.9 we show the results from fitting the three models to SNIa and
BAO data simultaneously. In the top plot we present the fits from the models
to SNIa data using the best-fit values obtained from both SNIa and BAO data.
These results are very similar to the ones obtained for SNIa alone (Fig.4.7),
showing that adding the BAO does not affect the SNla-related parameters. In
the bottom plot of Fig. 4.9 we show the fit from the models to BAO data, using
the SNIa+BAO best-fit values for the parameters. We notice that the power
law cosmology provides a slightly worse fit than when considering BAO data
alone (Fig.4.8). Looking at the goodness-of-fit for SNIa and BAO data, we
find that the power law cosmology provides a slightly worse fit (P(x?,v) =
0.833) than ACDM (P(x?,v) = 0.898), which is also the case for the Ry, = ct
cosmology (P(x2,v) = 0.546). Despite the small difference between the power
law cosmology and the ACDM fits, the model comparison statistics tell us
that the latter is preferred (exp(AAICc/2) =exp(ABIC/2) = 0.0036). The
Ry, = ct cosmology is even more strongly disfavored with respect to ACDM
than when considering SNIa data alone (exp(AAICc/2) = 6.251 x 1071 and
exp(ABIC/2) = 6.184 x 107Y).

From these results (the best-fit values are nearly all consistent with Shafer,
2015, within 1o) we deduce that Ry, = ct is very disfavored with respect to
ACDM, while the power law cosmology is slightly disfavored with respect to
ACDM.

We now present the results when allowing for some SNIa evolution with the
redshift [Eq. (4.5)]. In Fig.4.10 we have the results for SNIa data. We can ob-
serve that now all the models provide a very good fit to the data. Interestingly,
the evolution nuisance parameter is nearly consistent with 0 for ACDM and
the power law cosmology, while it is clearly non-null for the Ry = ¢t cosmology.
This is completely consistent since the ACDM and the power law cosmology
were already able to provide a good fit without evolution, while the Ry, = ct

needed this nuisance term in order to correctly fit the data. From the model
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FIGURE 4.13: Fit from the three models under study to the
SNIa, BAO and CMB data; i.e. the parameter values of the
models are the best-fit values from SNIa+BAO+CMB data. Top
plot: SNIa residuals with respect to the prediction from ACDM
with the best-fit values (see Fig.4.7). Bottom plot: BAO resid-
uals with respect to the model under study (see Fig.4.8).
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comparison statistics we can deduce that there is no clear preference for one
model over another.

Now we can combine the SNIa data (allowing for evolution) with the BAO
data. The results are shown in Fig.4.11. Contrary to what we have seen in
Fig. 4.9, adding the BAO does modify the SNIa-related parameter values, but
we still obtain a very good fit to SNIa data using the best-fit values obtained
from SNIa+BAO data and allowing for evolution. Concerning the fit to BAO
data, using this combination of data to determine the best-fit values, we recover
the results obtained with BAO data alone (Fig. 4.8). This shows that when we
relax the redshift independence for SNIa, the power in model selection from
the combination of SNIa and BAO weakens. As the power law cosmology was
slightly preferred over ACDM when considering BAO data alone, it is not sur-
prising that it is also the case here (exp(AAICc/2) =exp(ABIC/2) = 3.421).
Concerning the Ry = ct cosmology, the Occam factor is nearly as important
as the y? difference and it leads to only a marginal preference for ACDM
(exp(AAICc/2) = 0.046 and exp(ABIC/2) = 0.455).

From these results we can deduce that adding a redshift evolution in SNIa
as a nuisance parameter leads to no clear preference of one model over another.

We now consider the addition of CMB data. Let us recall that these high-
redshift data are very complementary to low-redshift observations like SNIa
or BAO and, thanks to their high precision, adding the CMB can provide ex-
tra important information when comparing different cosmological models (see
Sec. 1.5.2). Notice that in this work we cannot combine CMB and SNla data,
since we rely on the BAO scale to introduce the CMB scale (see Sec.4.4.3);
therefore we always need to consider BAO data when including the CMB. The
results for BAO and CMB data are shown in Fig.4.12 and in Table4.3. In
the plot we have the results for BAO data with the best-fit values obtained
with BAO and CMB data. In the table we present the value of ¢, for each
model with the BAO and CMB data best-fit values. We can see that there
is no evolution in the ACDM BAO fit when we add the CMB information to
determine the best-fit values, as expected. However, adding the CMB infor-
mation is crucial for the power law and the Ry = ct cosmologies, since the fit
to the BAO data is strongly degraded [P(x?,v) = 1.2 x 1073 and P(x?,v) =
4.4 x 10~ respectively]. From the model comparison point of view, the power
law cosmology is disfavored (exp(AAICc/2) =exp(ABIC/2) = 0.0029) and the
Ry, = ct cosmology is strongly disfavored (exp(AAICc/2) = 1.680 x 10~ and
exp(ABIC/2) = 7.349 x 10~19) with respect to ACDM.

We can now combine the information from the three probes: SNIa, BAO and
CMB. The results are presented in Fig.4.13 and in Table4.3. From the top plot
we can see that adding the CMB information does not affect the fit to SNIa (see
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FIGURE 4.14: Fit from the three models under study to the
SNIa, BAO and CMB data and allowing for redshift evolution
for SNIa; i.e. the parameter values of the models are the best-
fit values from SNla+ ev +BAO+CMB data. Top plot: SNla
residuals with respect to the prediction from ACDM with the
best-fit values (see Fig.4.7). Bottom plot: BAO residuals with
respect to the model under study (see Fig.4.8). Allowing for
some redshift evolution for SNIa is not sufficient to compensate
for the effect of the CMB, and we remain with a poor fit for the
power law and Ry = ct cosmologies.
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the top panel of Fig.4.11). However, it completely degrades the fit to the BAO
data for the power law and the R}, = ct cosmologies (see the bottom panel of
Fig.4.11 and Fig. 4.12). In terms of model comparison, the power law cosmology
is very disfavored (exp(AAICc/2) =exp(ABIC/2) = 2.501 x 1071°) and the
Ry, = ct cosmology is extremely disfavored (exp(AAICc/2) = 3.598 x 10723
and exp(ABIC/2) = 3.562 x 10722) with respect to ACDM. It is important
to notice here that the y? and the P(x?,v) obtained for the Ry, = ct and the
power law cosmologies are acceptable, but the model criteria tell us that these
models are highly disfavored. This is due to the introduction of SNIa data.
Both models provide an acceptable fit to these data; so, when including so
many data points, the global fit is still acceptable. However, the model criteria
are essentially sensitive to the exponential of the difference of y2, so they can
distinguish between different models approximately fitting the data. It is a clear
example between the difference of correctly fitting the data and being better
than another model.

We finally present the results when we also allow for some redshift evolution
of SNTa intrinsic luminosity in Fig.4.14 and in Table4.3. From the top plot we
notice that adding the evolution leads to very good fits to SNIa data. However,
from the bottom plot we can see that the redshift evolution in SNIa is not
sufficient to compensate for the effect of the CMB; thus the power law and
Ry, = ct cosmologies are not able to correctly fit the BAO data. The results from
the model comparison still remain clear, showing that ACDM is very strongly
preferred over the power law (exp(AAICc/2) =exp(ABIC/2) = 3.127 x 10~19)
and the Ry, = ct (exp(AAICc/2) = 2.363 x 1071 and exp(ABIC/2) = 2.332 x
10~) cosmologies.

4.6 Summary

In this chapter we have studied the ability of three different models, ACDM,
power law cosmology and R), = ct cosmology, to fit cosmological data and we
have compared these models using two different model comparison statistics:
the Akaike information criterion and the Bayesian information criterion. We
have seen that all three models are able to fit SNIa data, but R, = ct is
disfavored with respect to ACDM and the power law cosmology, from a model
comparison point of view. Considering BAO data alone, we have observed that
ACDM does not provide a good fit to data, due to the anisotropic measurement
of the Lyman-« forest, and we have seen that the power law cosmology is slightly
preferred over ACDM (and significantly preferred over the R}, = ct cosmology).
However, when combining SNIa and BAO data, the ACDM is preferred over the
other models. We have then considered a possible redshift evolution in SNIa.
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This has led to an excellent fit to SNIa for all the models and, even when adding
the BAO data, there is no clearly preferred model. We have finally considered
the scale information coming from the CMB. In order to use this information we
have made one assumption: the physics driving the co-moving sound horizon at
the early Universe in the R}, = ct and power law cosmologies is the same as in
the ACDM model. This assumption is justified by the existence of radiation and
baryon components in the power law and R} = ct cosmologies, which should
lead to an early universe photon-baryon plasma similar to the one predicted by
ACDM. When adding the scale information from the CMB to BAO and SNIa
data we have observed that the goodness-of-fit remains the same for ACDM,
but it is completely degraded for the other models. Even accounting for some
evolution of SNIa intrinsic luminosity, we have seen that it is not sufficient
to compensate for the effect of the CMB. This degradation shows the tension
present in the power law and Ry = ct cosmologies between the BAO scale and
the CMB scale, coming from the first peak of the temperature angular power
spectrum.

In conclusion, even accounting for some SNIa intrinsic luminosity evolution
as a function of the redshift, the addition of CMB data shows that ACDM is
statistically very strongly preferred over power law and Rj = ct cosmologies.
Therefore, these models are essentially ruled out by current observations.
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Chapter 5

Cosmic acceleration and SNla

luminosity-redshift dependence

In this chapter we focus our interest on the expansion of the Universe and its
accelerated nature. In particular, we pay special attention to the role of type
[a supernovae in the final conclusions that can be drawn with respect to the
nature of the late-time expansion, and we study if a non-accelerated expanding
universe can fit the main cosmological observations.

The evidence for an accelerated expansion, coming from the SNIa Hubble
diagram [Riess et al., 1998; Perlmutter et al., 1999], was key to consider ACDM
as the cosmological concordance model. But there has recently been a debate
in the literature wondering whether SNIa data alone, or combined with other
low-redshift cosmological probes, can prove the accelerated expansion of the
Universe [Nielsen, Guffanti, and Sarkar, 2016; Shariff et al., 2016; Rubin and
Hayden, 2016; Ringermacher and Mead, 2016; Dam, Heinesen, and Wiltshire,
2017; Lonappan et al., 2017; Haridasu et al., 2017; Lin, Li, and Sang, 2017;
Lukovi¢, Haridasu, and Vittorio, 2018]. For instance, the authors in Nielsen,
Guffanti, and Sarkar, 2016, claim that, allowing for the varying shape of the light
curve and extinction by dust, they find that SNIa data are still quite consistent
with a constant rate of expansion, while the authors in Rubin and Hayden,
2016, claim, redoing this analysis, a 11.20 confidence level for acceleration with
SNIa data alone in a flat universe.

It is commonly assumed that two SNla in two different galaxies at different
redshifts, with the same color, stretch of the light-curve, and host stellar mass,
have in average the same intrinsic luminosity (see Sec.1.5.1). Although there
are theoretical models for the mechanism of SNIa detonation that are nicely
compatible with the observations, the difficulty of observing the system before
becoming a SNla leaves enough uncertainty to wonder whether considering a
luminosity dependence with the redshift may have an effect on the cosmological
conclusions we can extract from them [Riess et al., 2018b]. A varying gravita-
tional constant, a fine structure constant variation, or any redshift-dependent
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astrophysical systematic could generate such luminosity dependence on the red-
shift, but our approach here is just to relax the redshift independence hypoth-
esis and consider phenomenological models to explore the degeneracy of SNIa
distance-dependent effects with the cosmological information.

We divide this chapter into two sections corresponding to the results of the
articles Tutusaus et al., 2017, and Tutusaus, Lamine, and Blanchard, 2018b,
respectively.

In the first section, we only consider low-redshift data in order to focus
on the era of cosmic acceleration, and study luminosity-redshift dependence
models in the redshift range where we actually have SNIa data. We consider
a flat, non-accelerated power law expansion of the Universe, R(t) o ¢" with
n < 1. Notice that this corresponds to the power law cosmology discussed in the
previous chapter. Although we have proven that these models are completely
ruled out if we extend them up to the cosmic microwave background era, there
is nothing preventing us to use them as a null test for cosmic acceleration at
low-redshift, since the behavior of our cosmology at high-redshift is irrelevant
for the cosmological probes considered.

In the second section, we extend the previous analysis by including the CMB
data, and, instead of testing a specific model for the expansion, we perform a
model-independent reconstruction of the expansion rate of the Universe through
a cubic spline interpolation. Again, we assess the impact that any dependence
between the SNIa intrinsic luminosity and the redshift may have on the con-
clusions we extract concerning the accelerated nature of the expansion of the

Universe.

5.1 Non-accelerated expansion at low-redshift

5.1.1 Context

In this section we examine whether the accelerated nature of the expansion
can be firmly established based not only on SNIa data, but also on the other
low-redshift cosmological probes: the baryon acoustic oscillations, the Hubble
parameter as a function of the redshift (H(z)), and measurements of the growth
of structures (fog(z)). We relax the SNIa luminosity-redshift independence hy-
pothesis by considering a large variety of luminosity evolution models, in order
to be as general as possible. Relaxing this assumption has also been considered
in other analyses [Wright, 2002; Drell, Loredo, and Wasserman, 2000; Nordin,
Goobar, and Jonsson, 2008; Ferramacho, Blanchard, and Zolnierowski, 2009;
Linden, Virey, and Tilquin, 2009]. We discard for the moment high-redshift
data, such as the CMB, because the goal in this section is to assess whether
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measurements of the local Universe are sufficient to prove the accelerated ex-
pansion of the Universe, which, at least in the standard cosmological model,
appears at low-redshift (see next section for the inclusion of the CMB). In or-
der to do this, we consider a simple model behaving as a non-accelerated power
law cosmology at low-redshift. We denote it by NALPL (non-accelerated lo-
cal power law). Let us stress again that NALPL should not be confused with
the standard power law model, since it behaves like it at low-redshift, but can
significantly differ from a power law at high-redshift.

The models considered in this section, as well as the methodology used to
fit the data have been already described in Sec. 4.2 and Sec. 4.3.

5.1.2 Cosmological probes

In this subsection we present the low-redshift probes and the specific data sam-
ples used in this section, specifying the differences with respect to the general
introduction presented in Sec. 1.5. The treatment and data used for BAO and
H(z) is exactly the same as what has been presented in Sec.4.4.2 and Sec. 1.5.3,

respectively L.

Type Ia supernovae

In this chapter we also use the joint light-curve analysis for SNIa from Betoule
et al., 2014, including their covariance matrix for the observations. We relax the
assumption that the intrinsic luminosity of SNIa is independent of the redshift,
as in the previous chapter [see Eq. (4.5)], by considering an extra nuisance term,
Ameyo(2), accounting for a possible evolution of the supernovae luminosity with
the redshift,

tobs = mp — (Mg — aXi 4 BC 4+ Ameyo(2)) - (5.1)

However, this time the function Ameyo(2) is more general than the linear
model used in the previous chapter.

Different phenomenological models for Ameyo(z) can be found in the lit-
erature [see for example Drell, Loredo, and Wasserman, 2000; Linder, 2006;
Nordin, Goobar, and Jonsson, 2008; Ferramacho, Blanchard, and Zolnierowski,
2009; Linden, Virey, and Tilquin, 2009]. In the absence of any clear physics

governing this evolution, one stays at a phenomenological level and considers a

!Notice that some of the H(z) measurements have been obtained with anisotropic BAO
analyses. Therefore, there could be some correlations between the BAO and the H(z) data
sets used in this section that has not been taken into account. A more detailed analysis
including the correct correlations or discarding the H(z) measurements obtained from the
BAO should be done. However, given the precision of the current measurements of H(z) we
do not expect any significant change in the conclusions of this section.
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TABLE 5.1: Different luminosity evolution models considered
for SNIa. All models have two different parameters, € and 6.

Model | Ameyo(z) Reference
A e {(1 + 2)% — 1} -
B €29 Linden, Virey, and Tilquin, 2009
C e[In(1+ z)](S Linden, Virey, and Tilquin, 2009
D € <m>§ Ferramacho, Blanchard, and Zolnierowski, 2009

bunch of different models. We can embed all the models studied in this section
into four categories, which are summarized in table5.1. These categories all
possess two parameters, € and 9.

Model B is equivalent to model 2 in Linden, Virey, and Tilquin, 2009, while
model C is a generalization of model 1 in Linden, Virey, and Tilquin, 2009.
Model D is a generalization of Ferramacho, Blanchard, and Zolnierowski, 2009.
Models C and D were initially motivated from a parameterization of the intrinsic
luminosity £ — £(1+ z)~¢ [Drell, Loredo, and Wasserman, 2000], while models
A and B are more general to study the contribution of powers in z to the results.

Let us observe that when 6 — 0, Ameyo(2) becomes strongly degenerate with
Mé. Therefore, to avoid this kind of parameter degeneracies, we consider three
sub-models fixing 6 = 0.3, 0.5, and 1. We denote these sub-models A1, A2,
A3, B1, B2, B3, and so on (notice that the model used in the previous chapter
corresponds to B3). If ¢ is small, the luminosity evolution is more prominent
at low redshift, while a higher § leads to a luminosity evolution dominating at
high redshift.

When SNIa data are taken into account, the set of nuisance parameters con-
sidered is {«, 03, Mé, A, €}. We consider the matter energy density, Qp,, and n
as cosmological parameters for the ACDM and the NALPL model, respectively.

Growth rate

Let us recall (see Sec.1.3) that the observable weighted growth rate, fog, can
be expressed as

fos(z) = f(2) (as : gigég) , (5.2)

where D1 stands for the growth factor and og accounts for the root mean square
mass fluctuation amplitude on scales of 8h~'Mpc at redshift z = 0. We do not
use the value for og deduced from the CMB since it requires some assumptions
about the early Universe physics (the value derived from the CMB is determined
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at z ~ 1100 and then extrapolated at z = 0). Instead, we let the low-redshift
observations choose the preferred value for the og/Dj(0) ratio.

In this section we use the measurements of fog(z) from Beutler et al., 2012;
Samushia, Percival, and Raccanelli, 2012; Tojeiro et al., 2012; Blake et al.,
2012; de la Torre et al., 2013, provided in Macaulay, Wehus, and Eriksen, 2013,
together with their correlations. When using these measurements we add the
K = 03/ D1(0) parameter to our set of parameters under consideration. Notice
that we also need to add the (), parameter for the NALPL model, since we need
to specify the quantity of matter in the Universe to compute the growth factor.
In other words, when we add the measurements of fog(z) into our analysis, we
allow for the existence of some matter, (), and we consider that the uncoupled
and non-perturbed dark energy fluid evolves to provide the required power law

expansion at low-redshift.

5.1.3 Goodness-of-fit and effect of correlations

Although in this section we follow the methodology described in Sec. 4.3, some of
the data sets used here are different than the ones used in the previous chapter.
Therefore, we test again whether the impact of correlations within each probe
is negligible when we compute the probability, P(x?, v), that a larger x? value
could occur for a fit with v = N — k degrees of freedom, with N the number
of data points and k the number of free parameters [Eq.(2.30)]. We recall
that Eq. (2.30) can, in principle, only be used when the data points come from
independent random variables with Gaussian distributions, so we need to assess
whether we can still use this equation in our case.

In the left panel of Fig. 5.1 we present the x? histograms of the Monte Carlo
simulations computed with (green) and without (purple) correlations when we
use all the probes of this section (see Sec. 4.3 for the details of the simulations).
As it was the case in the previous chapter, the distributions are completely
equivalent and compatible with the theoretical prediction. Therefore, we can
safely use Eq.(2.30) in this section, too. For completeness, we present the
correlation matrix of the fog(2) measurements in the right panel of Fig. 5.1. We
can see that most of the points are uncorrelated, and only three of them show
a correlation of ~50%. The correlation matrices for the other probes (SNla
and BAO) were already provided in Fig.4.3, and the H(z) measurements are
uncorrelated.

5.1.4 Results

We present the results of this section in two different steps. In the first place we
focus on low-redshift background probes, namely SNIa, BAO, and H(z), and in
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fog(z) correlation matrix

= Analytic 0
[ SNla+BAO+H(z)+fog(z)
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FIGURE 5.1: Left plot: histograms (with 10000 iterations) of x>
for Monte Carlo simulations using correlations (green) and ne-
glecting them (purple). The analytic distribution is represented
with a thick black solid line. Right plot: correlation matrix of
the fog(z) measurements (ranging from 0 to 10) used in this
section.

the second step we add the measurements of the growth of matter perturbations.

Background probes

The results obtained from low-redshift background probes only are presented
in Fig. 5.2. In the top panel we show the best-fit values obtained for the O, n,
rq X Ho/c and Hy cosmological parameters, as well as the € nuisance parameter
for the different cosmological and luminosity evolution models under study. The
blue region of the left panel corresponds to the value, and the error, obtained
for )y, in the standard ACDM case, i.e., with no luminosity evolution. We can
observe that all the obtained values for (), are completely compatible with the
standard ACDM value.

In the second panel we plot the exponent n of NALPL for each model,
together with a colored band corresponding to the allowed values when no
evolution is imposed. We can observe that all the obtained values are compatible
with a slightly lower value than in the no evolution case.

In the third panel we present the nuisance parameter associated with the
luminosity evolution for all the models under consideration. As expected, all the
ACDM models are perfectly compatible with 0. On the contrary, the NALPL
models clearly need some positive luminosity evolution to fit the data, which
implies that the luminosity decreases with the redshift.

Concerning the rq x Hy/c cosmological parameter, we can observe that the
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FIGURE 5.2: Results obtained from low-redshift background
probes. Top panel: best-fit values for O, n, €, rq X Hy/c, and
Hy parameters for all the cosmological and luminosity evolution
models under consideration. The values for these parameters
when no luminosity evolution is allowed are represented with
bands as a reference. Bottom panel: goodness-of-fit statistics
and difference of the x? values, Ax? = X?\CDM — X% ALpL, for the
luminosity evolution models under study. The vertical solid line
in the left plot illustrates the goodness-of-fit statistics for the
standard ACDM imposing no luminosity evolution. The vari-
ous gray bands in the right plot show the strength of Ax? given
by the Jeffrey scale (see the text for details).
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ACDM values are compatible with the no evolution case, while the values ob-
tained for the NALPL models are compatible with a lower value. This is also
the case for the Hy parameter, as we can see in the last panel.

Focusing on the ability of these models to fit the data, all of them provide a
very good fit to the data with a goodness-of-fit statistic value of P(x2,v) > 0.9,
as we can see in the left plot of the bottom panel of Fig.5.2. We present the
difference of x? values given by Ax? = X?\CDM — X&aLpy, 0 the right plot
of Fig.5.2 bottom panel. Let us mention that in this case, Ax? is equal to
the difference of widely used standard model comparison criteria, such as the
Akaike information criterion [Akaike, 1973] or the Bayesian information crite-
rion [Schwarz, 1978], because both ACDM and NALPL have the same number
of free parameters and we are using the same data for the fits. However, we
are only interested in the ability of NALPL to fit the data, and we are not in
search of performing a model comparison against ACDM. In the plot we also
show the standard Jeffrey scale [following Nesseris and Garcia-Bellido, 2013] to
provide a qualitative idea of the strength of the Ay? variation. We consider
0 < Ax? < 1.1 as a weak variation (thus compatible x? values), 1.1 < Ax? < 3
as a definite variation, 3 < Ax? < 5 as a strong variation, and 5 < Ay? as a
very strong variation.

From these results, we can observe that most NALPL models (A1, B1, B2,
C1, C2, C3, D2, and D3) are not only able to fit the data with a very high
goodness-of-fit statistic, but their x? value is also compatible with that obtained
for ACDM. We can conclude that a non-accelerated model is perfectly able
to fit the main low-redshift background cosmological probes if SNIa intrinsic

luminosity depends on the redshift.

Background probes and growth rate of matter perturbations

We now consider the results when adding the measurements of the growth of
matter perturbations to the analysis. As described in Sec. 1.3, when we use
the redshift-space distortions as a cosmological probe we need to assume a
cosmology in order to translate from redshift to co-moving coordinates, which
introduces the Alcock-Pacyznski effect. Nowadays, the majority of the fog
measurements have been obtained by marginalizing over this effect, in order
to be as cosmology independent as possible. Even if the fog measurements
may still rely on simulations (that depend on the cosmology), they can account
for variations with respect to the concordance model. In this work we use the
measurements of the growth rate without any further treatment with respect
to the cosmological model.

In Fig. 5.3 we present the results obtained when adding the measurements

of the growth of matter perturbations to the low-redshift background probes.
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FIGURE 5.3: Results obtained from low-redshift background
probes combined with measurements of the growth of matter
perturbations. Top panel: best-fit values for O, n, €, rq X Hy/c,
and Hy parameters for all the cosmological and luminosity evo-
lution models under consideration. The values for these param-
eters when no luminosity evolution is allowed are represented
with bands as a reference. Bottom panel: goodness-of-fit and
Ax? = X?\CDM — XIQ\IALPL values for the luminosity evolution
models under study (see Fig.5.2).
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In the top panel we show the best-fit values for the cosmological and nuisance
parameters. The obtained values for the ACDM models are completely com-
patible with the no luminosity evolution case, as in the previous case (Fig. 5.2).
The only difference here are slightly smaller error bars due to the introduction
of more data points. Concerning the NALPL models, we have an extra cosmo-
logical parameter, (), (see Sec.5.1.2), which is very well constrained, but the
other parameters remain qualitatively compatible with the results from Fig. 5.2:
the cosmological parameters n, rq X Hy/c and Hy are compatible with lower
values than those obtained when no luminosity evolution is allowed, while € is
clearly not compatible with 0.

In the bottom panel of Fig. 5.3 we provide the results for the goodness-of-fit
statistic and the variation of the x? values. In the first plot we can observe
that all models provide a very good fit to the data (P(x?, v) > 0.93), while in
the second panel we show that most NALPL models (A1, B1, B2, C1, C2, C3,
D2, and D3) have a x? value compatible with (or slightly better than) those
provided by ACDM. From a model criteria point of view it is clear that NALPL
is slightly disfavored because of the introduction of the extra (), parameter.
However, the importance of the Occam factor depends on the model criteria
used and, as discussed before, our goal is not to test the NALPL model against
ACDM, but simply to show that it can fit the observational data extremely
well.

It is important to stress that the best-fit values of both ), and Hy are
significantly smaller than the concordance ACDM values. Although this is not a
problem to fit the low-redshift probes (as shown in the bottom panel of Fig. 5.3),
this could be a problem when trying to fit the CMB, given the discrepancy with
the concordance values. In Sec.5.2.5 we discuss in more detail how variations
on these parameters can still reproduce the CMB measurements, but we just
recall here that the extrapolation of the power law model to the CMB era was
already ruled out in the previous chapter. Therefore, it is not surprising that
we find values not compatible with the concordance ones that reproduce the
CMB measurements. Since the goal of this section was to focus on low-redshift
data, we leave the discussion on the CMB for the following section.

In Fig. 5.4, just for completeness and illustrative purposes, we present the
prediction for all probes using the best low-redshift power law model (B2),
ACDM B2, and ACDM imposing no luminosity evolution. We used the global
best-fit values for the cosmological and nuisance parameters. It is clear that all
three models are able to reproduce the observations extremely well.

To conclude, taking all the low-redshift probes into account (SNIa, BAO,
H(z), and fog(z)), a NALPL model is perfectly compatible with the data for
several luminosity evolution models. This points to the fact that low-redshift
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FIGURE 5.4: Model predictions vs. observations for the best lu-
minosity evolution model, ACDM B2 and NALPL B2 (together
with the standard ACDM prediction, for illustrative purposes)
for all the cosmological probes considered. In each prediction,
we used the best-fit values obtained from the global fit. Top
left: residuals of SNIa data with respect to the corresponding
model. Top right: residuals of BAO data with respect to the
corresponding model. The isotropic measurements of the BAO
are represented with a circle and their observable is Dy (2)/rq,
while the stars stand for the radial measurements with observ-
able x(z)/rq and the squares stand for the transverse measure-
ments with observable ¢/ (H (z)rq). Bottom left: measurements
of H(z)/(1+ z) together with the model predictions. Bottom
right: measurements of fog(z) and the different model predic-
tions.
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probes do not definitively prove the acceleration of the Universe, if we relax the
luminosity-redshift independence assumption, and that we need more precise

low-redshift measurements to claim this acceleration firmly.

5.1.5 Summary

In this section we have examined the ability of the low-redshift probes (SNla,
BAO, H(z), and fog(z)) to prove the accelerated expansion of the Universe.
More precisely, we have considered a non-accelerating low-redshift power law
cosmology and checked its ability to fit these cosmological data. Using only the
low-redshift background probes, and not imposing the SNIa intrinsic luminosity
to be redshift independent (accounting for several luminosity evolution models),
we find that a non-accelerated low-redshift power law cosmology is able to fit
very well all the observations, for all the luminosity evolution models considered.
Moreover, most of the NALPL models provide a value for the x? perfectly
compatible with that obtained for ACDM.

When we add the measurements of the growth of matter perturbations, a
non-accelerated low-redshift power law cosmology is still able to fit all the data
extremely well for all the luminosity evolution models considered. As in the
previous case, most of the NALPL models provide y? values that are perfectly
compatible (or even slightly better) than those coming from ACDM.

The main conclusion of this section is that if we do not impose the SNla
intrinsic luminosity to be independent of the redshift, the combination of low-
redshift probes is not sufficient to firmly prove the accelerated expansion of the

Universe.

5.2 Model-independent reconstruction of the

expansion rate

5.2.1 Context

In this section we follow the approach of the previous one; we relax the as-
sumption of SNIa luminosity-redshift independence by allowing SNIa to have
different intrinsic luminosities as a function of the redshift. In the previous
section it was shown that a non-accelerated power law cosmology was able to
fit the main low-redshift cosmological probes: SNIa, BAO, H(z), and fog(z),
when some intrinsic luminosity redshift dependence is allowed. Nevertheless,

this specific power-law model is excluded if we extend it up to the CMB era, as
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it was shown in the previous chapter, or if we consider the latest SNIa observa-
tions at z > 1 [Riess et al., 2018b], even when accounting for some luminosity
evolution.

In this section we extend our previous study with a model-independent anal-
ysis, and we include the latest BAO observations as well as the complementary
high-redshift CMB data, with the assumption of a matter and radiation domi-
nated early universe. In order to be as model-independent as possible, we follow
the approach of Bernal, Verde, and Riess, 2016, and reconstruct the expansion
rate at late times through a cubic spline interpolation. Notice that this ap-
proach introduces many more free parameters than a specific power law model,
for example, so any reconstruction will be obviously disfavored with respect to
the concordance model. However, our goal is to let the data choose the preferred
expansion and study the impact of luminosity-redshift dependence on cosmic

acceleration; not to propose a cosmological model to confront ACDM.

5.2.2 Cosmological probes

In this subsection we present the different cosmological probes considered in the
analysis, as well as the specific data sets used, paying special attention to the

differences with respect to the general introduction in Sec. 1.5.

Type Ia supernovae

In this section we consider again the joint light-curve analysis for SNIa from
Betoule et al., 2014. With respect to the SNIa luminosity dependence on the
redshift, we only consider here Model B from the previous section, that has
also been used in Riess et al., 2018b, where Ameyo(2) = €29, We recall that a
lower 6 value models a luminosity evolution dominant at low-redshift, while a
higher ¢ value leads to a luminosity evolution dominating at high-redshift. In
this section we consider not only € but also § as free parameters. Since § must
be greater than 0, in order not to be degenerate with Mé, we restrict ourselves

to 0 € [0.2,2] when sampling the parameter space.

Baryon acoustic oscillations

As already said in Sec. 4.4.2, models differing from the standard ACDM frame-
work may have a value for the BAO standard ruler, rq, that is not compatible
with the co-moving sound horizon at the redshift of the baryon drag epoch,
rs(2q) [Verde et al., 2017b]. It has also been shown that the computed value of
rq may depend on the physics of the early Universe, and that adding dark radi-

ation at early times could alleviate the tension between the local measurement
and the CMB-derived value of Hy [Bernal, Verde, and Riess, 2016]. Moreover,
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there has recently been some analyses computing rq without any dependence
on late-time Universe assumptions, thanks to the fact that late-time physics
only affect the CMB through projection effects from real space to harmonic
space, the late integrated Sachs-Wolfe effect 2, and re-ionization (see Verde et
al., 2017a, and references therein for all the details). Because of all this, in this

section we consider three different methods to include BAO data:
1. compute rq with Eq. (1.149) replacing z, by zq,
2. let rq free,

3. include the prior rq = 147.4 £ 0.7 Mpc from Verde et al., 2017a.

However, we only compute rq when we consider SNIa, BAO, and CMB data
together, since it is the only case for which we specify the expansion rate of the
Universe up to very high redshift (see next subsection).

In this section we use the isotropic measurements provided by 6dFGS at z =
0.106 [Beutler et al., 2011] and by SDSS - MGS at z = 0.15 [Ross et al., 2015],
as well as the results from WiggleZ at z = 0.44, 0.6, 0.73 [Kazin et al., 2014]. We
also consider the anisotropic final results of BOSS DR12 at z = 0.38,0.51,0.61
[Alam et al., 2017], and the new anisotropic measurements from the eBOSS
DR14 quasar sample [Gil-Marin et al., 2018] at z = 1.19,1.50,1.83. These
results have been obtained by measuring the redshift-space distortions using the
power spectrum monopole, quadrupole and hexadecapole. The authors in Gil-
Marin et al., 2018, have shown that their results are completely consistent with
different methods used for analyzing the same data [Hou et al., 2018; Zarrouk
et al., 2018]. We finally consider the latest results from the combination of the
Ly-a forest auto-correlation function [Bautista, J. E. et al., 2017] and the Lya-
quasar cross-correlation function [du Mas des Bourboux, H. et al., 2017] from
the complete BOSS survey at z = 2.4. We take into account the covariance
matrix provided for the measurements of WiggleZ, BOSS DR12, eBOSS DR14,
we consider a correlation coefficient of -0.38 for the Ly-a forest measurements,
and we assume measurements of different surveys to be uncorrelated ®. In order
to take into account the non-Gaussianity of the BAO observable likelihoods far
from the peak, we follow the approach presented in Bassett and Afshordi, 2010,
and already used in the previous chapter. We consider a detection significance
(S/N) of 2.40 for 6dFGS, 20 for SDSS-MGS and WiggleZ, 90 for BOSS DR12,
40 for eBOSS DR14, and 50 for the Ly-a forest. Some of these values are
slightly lower than the quoted ones by the different collaborations in order to

2The large-scale gravitational potential energy wells and hills are modified due to a dark
energy dominated expansion, which changes the energy of the CMB photons passing through
them.

3In particular, we neglect any correlation between the WiggleZ and BOSS measurements.
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follow a conservative approach, and in case the likelihood becomes non-Gaussian
at these high confidence levels.

Cosmic microwave background

In this section we include the CMB data through the reduced parameters: the
scaled distance to recombination R, the angular scale of the sound horizon at re-
combination /4, and the reduced density parameter of baryons wy, [Eq. (1.148)].
We consider the data obtained from the Planck 2015 data release [Planck Col-
laboration, 2016¢|, where the compressed likelihood parameters are obtained
from the Planck temperature-temperature plus the low-¢ Planck temperature-
polarization likelihoods. We specifically consider the reduced parameters ob-
tained when marginalizing over the amplitude of the lensing power spectrum
for the lower values, since it leads to a more conservative approach, together
with their covariance matrix.

It is important to recall that the reduced parameters can only be used for
models close to ACDM, since this is the model assumed to derive the values of
the reduced parameters from Planck data. In the previous chapter we consid-
ered a very exotic model for which the reduced parameters could not be used.
Therefore, we limited ourselves to the use of ¢,, which is the most model in-
dependent parameter. In this section we allow for a general expansion rate at
low-redshift, but we consider a concordance early universe dominated by matter
and radiation (as will be explained in the following); therefore, although not

being perfectly model independent, we consider here all the reduced parameters
of the CMB.

5.2.3 Expansion rate reconstruction method

In this subsection we first present the reconstruction method used to obtain
the expansion rate as a function of the redshift, and we then give a detailed
explanation of how we introduce each cosmological probe in the analysis. The
ACDM model (used as a reference) and the method used to determine the
best-fit values of the parameters have already been described in Sec.1.1.5 and
Sec. 4.3, respectively.

We want our reconstruction to be as model-independent as possible, and we
impose a smooth and continuous expansion rate. Several model-independent
reconstruction methods have been used in the literature to reconstruct the dark
energy equation of state parameter, or even the Hubble parameter. Among
them let us mention the principal component analysis [Huterer and Stark-
man, 2003; Crittenden, Pogosian, and Zhao, 2009; Liu et al., 2016b; Said et
al., 2013; Qin et al., 2015], the Gaussian processes [Clarkson and Zunckel,
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TABLE 5.2: Summary of the cosmological probes and param-
eters present in the different cases considered. The i-index on
FE; goes from 1 to 5 for SNIa data alone, while it goes up to
6 when BAO data is included. When working with coasting
reconstructions we only consider the last two knots F;.

Case Cosmological probes | Cosmological parameters | Nuisance parameters
SNIa SNIa E; a, B, M, Ayt
SNIa+BAO free Horq SNIa+BAO E;, Horgq a, B, ME, Ayt
SNIa+ev+BAO free Hyrq SNIa+BAO E;, Hyrq a, 8, ]\/[[137 Ay €, 0
SNIa+BAO prior r4 SNIa+BAO E;, Hy,rq a, B, M, Ayt
SNIa+ev+BAQO prior rq SNIa+BAO E;, Ho,rq o, B, ]Wé, Ay €, 0
SNIa+BAO free rq+CMB SNIa+BAO+CMB | E;, Hy, rq, Om,wp a, 8, ]W[l;7 A, 2
SNIa+ev+BAO free rq+CMB SNIa+BAO+CMB | E;, Hy,rq, Om, wh a, B, ﬂ/[é, AN, 24, €,0
SNIa+BAO prior rq+CMB SNIa+BAO+CMB | E;, Hy,rq, Om, wp a, 8, ]Wé7 A, 24
SNIa+ev+BAO prior rq+CMB SNIa+BAO+CMB | E;, Hy, rq, Om, wp a, 5, ]Wé, A, 24, €,0
SNIa+BAO compute r4+CMB SNIa+BAO+CMB | E;, Hy, O, wy, a, B, M, A, 24, 24
SNIa+ev+BAO compute rq+CMB | SNIa+BAO+CMB | E;, Hy, O, wh, a, B, M, A, 24, 24, €, 0

2010; Holsclaw et al., 2010; Seikel, Clarkson, and Smith, 2012; Yu, Ratra, and
Wang, 2017; Busti, Clarkson, and Seikel, 2014; Wang and Meng, 2017], or,
very recently, the Weighted Polynomial Regression method [Gémez-Valent and
Amendola, 2018]. In this work we follow the approach from Bernal, Verde,
and Riess, 2016, reconstructing the late-time expansion history by express-
ing E(z) = H(z)/Hy in piece-wise natural cubic splines. When we consider
SNIa data alone, E(z) is specified by its value at 5 different “knots” in redshift:
2z =10.1,0.25,0.57,0.8,1.3%. Therefore, our reconstruction when analyzing SNIa
data considers the following set of parameters {E;, o, 3, M, Ay, €, 6} with E;
for i € [1,5] being the 5 knots in redshift, o, 3, M, Ay the standard SNTa nui-
sance parameters, and €, the SNIa intrinsic luminosity evolution parameters.

When BAO data is added into the analysis we consider an extra knot in
our reconstruction at z = 2.4°. We follow two different approaches to in-
clude the BAO measurements: first we consider the product Hyrq as a free
parameter, and secondly we add information coming from the early Universe
through the prior on rq from Verde et al., 2017a, rq = 147.4 £ 0.7 Mpc. In
the first case, the set of parameters considered in our reconstruction of E(z) is
{E;, a, B, Mg, Ayi, Horg, 6,0} with E; for i € [1,6] being the 6 knots in redshift,

4These values have been chosen such that the expansion rate has a significant amount of
freedom at low-redshift, and because this is the interval for which SNIa data are available. A
more detailed analysis on the number of knots and their position is left for future work.

5Tt corresponds to the redshift of the Ly-a forest measurements.
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while in the second case we consider Hy and rq separately { E;, a, 3, Mé, Ant, Ho,
r4,€,0}. It is important to comment here that our statistical approach in this
chapter is frequentist (see Sec.4.3); therefore, by prior we mean here that we
add a Gaussian likelihood centered at the corresponding value (of rq in this
case) with the corresponding lo error to our full likelihood before minimizing
the x? function. Rigorously, we are modifying the likelihood, from a frequentist
approach.

When we finally add the reduced parameters for the CMB we need to specify
E(z) up to early-times. In order to do this we add the seventh knot at z = 2.7
computed according to a matter dominated model (with flat Robertson-Walker
metric and Friedmann-Lemaitre dynamics) with free Hy and Q)y,, parameters [see
Eq. (1.63)], and we extend the model up to very high-redshift. The main idea in
this reconstruction is to start at early-times following a matter dominated model
(plus radiation and a negligible contribution of dark energy through a cosmolog-
ical constant) and, when we start to have late Universe data and a cosmological
constant is still negligible with respect to the quantity of matter present in the
Universe, we reconstruct E(z) through a cubic spline interpolation; in this way
we give our reconstruction the freedom to choose the preferred expansion with-
out specifying a particular model for dark energy. When analyzing the data we
consider three different cases, depending on the way of introducing the BAO
measurements. First, we consider rq as a free parameter, while, in a second
place, we add the prior on rq from Verde et al., 2017a (rq = 147.4 £ 0.7 Mpc).
In both cases, the set of parameters that enters into the reconstruction is given
by {E;, a, 8, Mg, Ay, Ho, ma; Qs 24, wh, €, 0}, and we add the prior on the last
scattering redshift z, = 1089.90 4 0.23 [Planck Collaboration, 2016b]. As a last
case we compute the value of rq using Eq. (1.149) with zq . In this case the
set of parameters is given by {E;, a, 8, Mg, Ay, Ho, Qum, 24, Wh, 2, €, 6}, and we
add the prior on zg = 1059.68 + 0.29 [Planck Collaboration, 2016b].

In order to test the degeneracy between a SNIa intrinsic luminosity evolution
and cosmic acceleration, we consider different cases with and without luminosity
redshift dependence, so € and § can be removed from the analysis. Finally,
we also consider the so-called coasting reconstructions, in which the universe
has a late-time constant expansion rate. More specifically, we fix the first 4
knots % (since it is roughly the region where the expansion is accelerated in the
concordance model) such that E(z) is equal to (1 4 z) at these points. Let us
recall that E(z) o< H(z) = a/a; therefore,

6When using SNIa data alone we only fix the first 3 knots because there is not a lot of
data beyond z ~ 0.8, but we have checked that fixing the first 4 knots leads to equivalent
conclusions.
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FIGURE 5.5: Left plot: histograms (with 10000 iterations) of x>
for Monte Carlo simulations using correlations (green) and ne-
glecting them (purple). The analytic distribution is represented
with a thick black solid line. Right plot: correlation matrix of
the BAO measurements (ranging from 0 to 18) and CMB mea-
surements (ranging from 19 to 21) used in this section.

E(z):(1+z):>go<(1—|—z):%, (5.3)

which implies that @ is a constant, giving a coasting universe. See Table 5.2 for
a summary of the different cases considered and the cosmological and nuisance

parameters present in them.

5.2.4 Goodness-of-fit and effect of correlations

As it was the case in Sec.5.1.3, we follow the methodology of Sec. 4.3 to deter-
mine the goodness-of-fit, but we use different data sets, so we test again the
impact of the correlations within probes when we compute P(x2,v) [Eq. (2.30)].

In the left panel of Fig.5.5 we present the x? histograms obtained from
the Monte Carlo simulations with the correlations within probes (green) and
neglecting them (purple) for the cosmological data sets used in this section.
Both distributions are equivalent and compatible with the analytic prediction.
Therefore, we can still use Eq. (2.30) to compute P(x?,v). We also show, for
completeness, the correlation matrix of the BAO and CMB measurements in the
right panel of Fig. 5.5. We can observe that some BAO points show correlations
of the order ~50%, but the majority of them are only slightly correlated or
uncorrelated. However, we can also observe that the CMB reduced parameters
are significantly correlated (between 55% and 75%). The SNla correlation
matrix was already provided in Fig. 4.3.
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TABLE 5.3: Best-fit values with the corresponding 1o error bars
for the cosmological and nuisance parameters of the first case:

SNIa data.

The values in parentheses show the fixed knots.

The values of ACDM are added as a reference. The reduced x?
and the probability P(x?,v) are also provided for the different

models.
Case SNIa
Model ACDM Splines CS (3 knots)
Eq — 1.041 £ 0.022 (1.10)
Es — 1.141 £0.023 (1.25)
E3 — 1.344 £0.071 (1.57)
Ey - 1.46 +0.13 1.69 £ 0.15
Es — 1.90 4= 0.90 1.2740.58
O 0.295 £0.034 — —
o 0.1412 4+ 0.0066 | 0.1414 £ 0.0066 | 0.1385 % 0.0066
B 3.101 £ 0.081 3.106 £ 0.082 3.075 £ 0.081
M} 24.110£0.023 | 24.110£0.032 | 24.230 £0.017
Am —0.070 £0.023 | —0.0704+=0.023 | —0.077 £0.023
x%/d.o.f 682.89/735 681.38/731 717.60/734
P(x2,v) 0.915 0.905 0.661

5.2.5 Results

In this subsection we present the results of the reconstruction of the expansion
rate of the Universe as a function of the redshift for different sets of cosmological
probes: SNIa, SNIa combined with BAO, and SNIa combined with both BAO
and CMB data. We also comment on the linear growth of structures measure-
ments, and the importance of the value of the Hubble constant, Hy, to draw

conclusions on the accelerated nature of the expansion of the Universe.

Case 1: SNIa

We first start considering only SNIa data without any luminosity evolution as
a function of the redshift. We present this case as an illustration of the re-
construction method used for E(z) = H(z)/Hy. The best-fit values for the
cosmological and nuisance parameters are presented in Table 5.3 together with
the 1o error bars, and the reconstructions are shown in Fig. 5.6. We show three
different models in this case: the reconstruction through cubic splines (red),
the reconstruction for a coasting universe (labelled CS) at low-redshift (fixing
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FIGURE 5.6: Reconstruction of the expansion rate, F(z)/(1+
z), as a function of the redshift using SNIa data alone. The black
line represents the ACDM model, while the red band shows the
reconstruction with Ax? < 1 with respect to the best reconstruc-
tion (red line). The green band stands for the reconstruction of
a coasting universe at low-redshift. See the text for the details
of the reconstruction.

the first 3 knots - green), and ACDM as a reference (black). In Table5.3 we
also provide the reader with the ratio of the x? over the number of degrees of
freedom, and the probability P(x?,v) from Eq.(2.30). In order to obtain the
bands for the reconstructions we generate 500 splines from an /N-dimensional
Gaussian centered at the best-fit values and with the covariance matrix ob-
tained from the fit to the data. We further require each spline to have a Ay?
value smaller or equal than 1 with respect to the best-fit reconstruction. We
recall that the derivative of E(z)/(1+ z) is proportional to d; therefore, a de-
creasing F(z)/(1 + z) as a function of the redshift implies acceleration, while
an increasing one implies deceleration.

In Table 5.3 we can clearly see that all the SNIa nuisance parameters values
(o, B3, Mé, Ayp) are compatible for the three models, and that a coasting universe
shows a lower expansion rate when we increase the redshift with respect to the
standard spline reconstruction. This is confirmed from Fig. 5.6 where we see that
the expansion rate drops above z ~ 0.8. We can also observe in this figure that

the bands increase when we increase the redshift, as expected, since there are
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less data points in this region. Comparing the three models, we observe that the
spline reconstruction provides a slightly smaller x? value (681.38) than ACDM
(682.89), but the former has many more parameters in the model, so the ability
of these models to fit the data is roughly the same, being slightly better for
ACDM (P(x?,v) = 0.915) than the spline reconstruction (P(x?,v) = 0.905,
see also the reduced x? values in Fig.5.6). However, the x? value obtained for
the coasting reconstruction (717.60) is much larger than the previous values,
which also implies that this model is less able to nicely fit the data (P(x?,v) =
0.661). A detailed model comparison is beyond the scope of this work, since
we are interested in studying the accelerated expansion of the Universe and the
relation it may have with SNIa luminosity, not in proposing a new cosmological
model to confront against ACDM. However, the coasting reconstruction has a
relative probability of exp(—Ax?/2) ~ 1.4 x 1079 %, showing that a coasting
universe at low-redshift is highly disfavored (> 50)7, even using SNIa data
alone, when SNIa intrinsic luminosity is assumed to be redshift independent (see
also the previous chapter). Notice also that, even if we ask the reconstruction
to be non-accelerated at low-redshift by fixing the first knots, the data prefers
to add some acceleration (decreasing E(z)/(1 4+ z)) at earlier times (above
z 7~ 0.8) than just having a constant velocity expansion.

Case 2: SNIa+BAO

After having shown how the reconstruction method works, and having applied
it to SNIa data alone, we focus on the combination of SNIa and BAO data. As
it is shown in Table 5.2, we consider two different ways to combine these data
sets: we either let the product Hyrq free, or we add a prior on rq. Since we
consider the models with and without SNIa intrinsic luminosity evolution, and
we always add ACDM into the analysis as a reference, we finally have 4 different
sub-cases with the corresponding three models per sub-case. The best-fit values
and errors of the parameters for all these cases are shown in Table 5.4.

Let us first focus on the case where Hgrq is treated as a free parame-
ter. As it was the case with SNIa data alone, all the SNIa nuisance parame-
ters (a, f3, Mé, Ayp) have compatible values for the different models considered.
However, the coasting reconstruction now does not show a reduced expansion
rate at high-redshift (adding or not SNla luminosity evolution), due to the ad-
dition of the BAO data points above z ~ 0.8. We can also see that the value of

"Notice that we do find more than a 50 preference for cosmic acceleration (when SNIa
luminosity does not evolve with the redshift), contrary to the results of Nielsen, Guffanti,
and Sarkar, 2016, because we consider the standard SNIa systematics, instead of the extra
systematics proposed by these authors. However, we are still far from the 11.20 detection
from Rubin and Hayden, 2016, because we use a model-independent reconstruction with many
more degrees-of-freedom than a fixed non-accelerated model.
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TABLE 5.4: Best-fit values with the corresponding 1o error bars for the cosmological and nuisance parameters of the second
case of: SNIa and BAO data. The values in parentheses show the fixed knots. The values of ACDM are added as a reference.
The reduced y? and the probability NUAXMV v) are also provided for the different models. Hy is expressed in km/s/Mpc, rq
in Mpc, and their product Horq in km/s.

Case SNIa+BAO free Hyrq SNIa+ev+BAO free Hyrq SNIa+BAO prior rq SNIa+ev+BAO prior rq
Model ACDM Splines CS (4 knots) ACDM Splines CS (4 knots) ACDM Splines CS (4 knots) ACDM Splines CS (4 knots)
Ey - 1.050 £ 0.020 (1.10) — 1.118 £ 0.044 (1.10) - 1.050 £ 0.020 (1.10) — 1.048 +0.021 (1.10)
By - 1.133 £ 0.020 (1.25) - 1.241 + 0.065 (1.25) - 1.133 £ 0.019 (1.25) - 1.149 + 0.023 (1.25)
E3 — 1.385 4+ 0.035 (1.57) — 1.510 £0.078 (1.57) — 1.385 £0.032 (1.57) — 1.410 £+ 0.039 (1.57)
Ey - 1.501 + 0.074 (1.80) - 1774013 (1.80) - 1.591 + 0.073 (1.80) - 1.671 + 0.095 (1.80)
Es — 2.15+£0.14 2.33+£0.15 — 2.34£0.18 2.38£0.15 — 2.15+0.14 2.33+£0.15 — 2.20£0.15 2.38 £0.16
Es - 3.43£0.10 3.768 £ 0.098 - 3.70£0.19 3.760 £ 0.090 — 3.43 £0.10 3.768 £ 0.098 - 3.46 £0.11 3.759 £ 0.097
Hyrq 10120 + 126 10040 £ 174 9144 4+ 69 10120 4+ 137 9286 £ 420 9140 + 64 — — — — — —
Hy - - - — — - 68.66 £ 0.91 68.1+1.2 62.04 £0.55 68.48 +0.97 67.3+1.3 62.01 £0.55
rq - — — — - - 147.40 £ 0.70 147.40 £ 0.70 147.40 £ 0.70 147.40 £ 0.70 147.40 £ 0.70 147.40 £ 0.70
O 0.292 £0.017 - - 0.292 £0.019 — — 0.292+£0.017 - — 0.296 £0.019 — -
« 0.1413 £ 0.0066 | 0.1410 £ 0.0066 | 0.1382 4 0.0066 | 0.1413 &+ 0.0066 | 0.1414 £ 0.0066 | 0.1416 £ 0.0064 | 0.1413 £ 0.0066 | 0.1411 & 0.0066 | 0.1382 £ 0.0066 | 0.1414 £ 0.0066 | 0.1413 £ 0.0066 | 0.1416 & 0.0066
s 3.102 +0.080 3.099 + 0.081 3.073 £ 0.080 3.103 £ 0.080 3.101 £0.081 3.104 £ 0.081 3.103 £ 0.080 3.099 +0.081 3.073 £ 0.080 3.105+0.081 3.101 +0.081 3.104 £ 0.081
;imw 24.110£0.019 | 24.120 £0.030 | 24.230£0.017 | 24.11040.058 23.94+£0.11 24.050 £0.081 | 24.110£0.019 | 24.120£0.029 | 24.2304+0.017 | 24.110+£0.020 | 24.110£0.031 | 24.050 £ 0.094
Ay —0.070+£0.023 | —0.070£0.023 | —0.077£0.023 | —0.070 £0.023 | —0.0704+0.023 | —0.070+£0.022 | —0.070 £0.023 | —0.070 £0.023 | —0.077 £0.023 | —0.070+0.023 | —0.070+£0.023 | —0.070 £ 0.023
€ — — — 0.001 £ 0.080 0.39+0.22 0.322£0.075 — — — 0.029 £ 0.052 0.094 + 0.065 0.322£0.078
0 - — — 0.20£0.19 0.20 £0.16 0.41£0.20 — - - 20£1.7 20£1.5 0.41+£0.24
x%/d.of 698.64/753 696.46/748 739.91/752 698.64/751 694.21/746 698.95/750 698.64/753 696.46,/748 739.91/752 698.35/751 694.37/746 698.95/750
NUCAN;\V 0.922 0.911 0.616 0.914 0.912 0.909 0.922 0.911 0.616 0.915 0.912 0.909
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FIGURE 5.7: Reconstruction of the expansion rate, F(z)/(1 +
z) (top) and H(z)/(1+ z) (bottom), as a function of the red-
shift using the combination of SNIa and BAO data. In the top
panel the data sets have been combined considering Hgrq a free
parameter, while in the bottom panel a prior on rq has been
added. In both panels the black and grey lines represent the
ACDM model (without and with SNIa luminosity evolution, re-
spectively), while the red band shows the reconstruction with
Ax? < 1 with respect to the best reconstruction (red line). The
green band stands for the reconstruction of a coasting universe
at low-redshift when SNIa intrinsic luminosity is allowed to vary
as a function of the redshift.
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Hyrq obtained from the spline reconstruction is more or less compatible with
the one obtained with ACDM, but it is lower for the coasting reconstruction,
adding SNIa intrinsic luminosity or not. Concerning the ability of the models
to fit the data, the 2 of the spline reconstruction is always slightly smaller than
the ACDM one (696.46 against 698.64, and 694.21 against 698.64 when we allow
the SNIa luminosity to vary). But as it was the case before, the probability of
providing a good fit is roughly the same for both models, being slightly better
for ACDM (0.911 against 0.922, and 0.912 against 0.914 when we account for
evolution). It is also what can be seen in the reconstruction plot on the top
panel of Fig.5.7. With respect to the coasting reconstruction, we can see in
Table 5.4 that, when SNIa intrinsic luminosity is allowed to vary, we obtain a
2 value very close to the ACDM one, thus giving also a good probability to
correctly fit the data (0.909 against 0.912, for the standard reconstruction, and
0.914, for ACDM).

Let us now focus on the combination of SNIa and BAO data with a prior
on rq (last columns of Table 5.4 and the bottom panel of Fig.5.7). It allows us
to obtain a constraint on Hy, so we represent in this case the expansion rate by
H(z)/(1+ z). All the best-fit values of the parameters are very close to the
previous case, with nearly the same y? values and the same probabilities, since
we have only added one data point and one parameter in the analysis. As before,
a coasting universe provides a good fit to the data with a probability of 0.909
against 0.912, for the standard spline reconstruction, and 0.915 for ACDM,
when SNIa luminosity is allowed to vary. The interesting result from these cases
is that the value found for Hy for the spline reconstruction is always smaller
than the one obtained for ACDM, but still compatible (67.3 £ 1.3km/s/Mpc
compared to 68.48 £0.97 km/s/Mpc, when SNIa luminosity is allowed to vary);
nevertheless, it is significantly smaller for the coasting reconstruction, as it
can be seen in the bottom plot of Fig.5.7 (62.01 £ 0.55km/s/Mpc compared
to 68.48 + 0.97 km/s/Mpc, when SNla luminosity is allowed to vary). This is
consistent with the lower value found for Hyrq in the previous cases for the

coasting reconstruction.

Case 3: SNIa+BAO+CMB

Let us recall that the addition of CMB data is a key ingredient when studying
cosmological models thanks to its complementarity with low-redshift cosmolog-
ical probes. An example of the constraining power of the CMB was provided in
Chapter 4, where only one reduced parameter of the CMB was enough to rule
out power law cosmologies. Therefore, as a last case in this section we consider

the combination of the three main background expansion cosmological probes:

SNIa, BAO, and CMB.
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We have already presented two different ways to combine SNIa and BAO
data, so when we add CMB data (the reduced parameters ¢,, R, and wy,) we keep
this approach and, since we now include the physics of the early Universe, we add
a third way consisting on computing the explicit value of rq (see Sec.5.2.2). The
best-fit values, with the 1o errors, of the parameters for these three sub-cases
are presented in Table 5.5, and the corresponding reconstruction in Fig. 5.8. Let
us mention that even if z, and zq in Table 5.5 seem to be fixed, both of them
have been fitted each time adding the Planck priors, as explained in Sec. 5.2.3;
however, the best-fit values are very stable and they are identical in the table
given the number of decimals presented.

Let us start with the combination considering rq a free parameter. Both
assuming the SNIa intrinsic luminosity to be redshift independent or allowing
it to vary, the three models provide compatible values for all the parameters
except Hp, which is significantly smaller for the coasting reconstruction, as it
was already shown in the combination of SNIa and BAO data, and which is
compensated by a larger (),,. Notice that the CMB is sensitive to the physical
matter energy density Q,h%, which is roughly equal to 0.14 for all models. So
even if the value of Hy is smaller than in the concordance model, if the value of
)y, is large enough, the coasting reconstruction can perfectly fit the CMB too.
When SNIa luminosity is allowed to vary, a coasting reconstruction provides
roughly the same x? (699.44) as ACDM (698.66) with a slightly smaller proba-
bility (0.906 against 0.918), showing that a non-accelerated expanding universe
can fit the three main background probes when SNIa intrinsic luminosity is
allowed to vary.

In a second place we add a prior on rq [Verde et al., 2017a] obtained without
assumptions on the late-time Universe (see Sec. 5.2.2). All the best-fit values are
compatible between the different models as before, except for Hy and (y,, which
are smaller and larger for a coasting reconstruction, respectively, accounting for
SNIa luminosity evolution or not. The obtained x? values are very similar,
leading to very similar P(x?,v), and they show that a coasting reconstruction
can correctly fit the data when SNIa luminosity evolution is accounted for. In
the last place we compute rq using Eq. (1.149) with zq. All the best-fit values
are compatible with the previous results, and compatible between the different
models, except for Hy and Q. It is also the case for the y? values and the
corresponding probabilities.

We conclude that, if we account for a redshift dependence in the intrinsic
luminosity of SNIa, the main cosmological probes cannot firmly prove the ac-
celerated nature of the expansion of the Universe in a model-independent way,
since a non-accelerated reconstruction can correctly fit the observations.

For completeness, we present in Fig.5.9 the residuals to SNIa and BAO
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TABLE 5.5: Best-fit values with the corresponding 1o error bars for the cosmological and nuisance parameters of the third
case of: SNIa, BAO, and CMB data. The values in parentheses show the fixed knots. The values of ACDM are added as

a reference. The reduced x? and the probability P(x2,v)

km/s/Mpc, and rq in Mpc.

are also provided for the different models. Hj is expressed in

Case SNIa+BAO free rg+CMB SNIa+ev+BAO free rg+CMB SNIa+BAO prior rq+CMB SNIa+ev+BAO prior rq+CMB SNIa+BAO compute rq+CMB SNlatev+BAO compute rq+CMB
Model ACDM Splines CS (4 knots) ACDM Splines CS (4 knots) ACDM Splines CS (4 knots) ACDM Splines CS (4 knots) ACDM Splines CS (4 knots) ACDM Splines CS (4 knots)
E - 1.050 £ 0.020 (1.10) - 1.049 % 0.021 (1.10) - 1.050 = 0.020 (1.10) - 1.049 £ 0.021 (1.10) - 1.050 £ 0.020 (1.10) - 1.049 £ 0.020 (1.10)
Es - 1.133 £ 0.020 (1.25) - 1.149 £ 0.023 (1.25) - 1.133 £ 0.020 (1.25) - 1.149 +0.023 (1.25) - 1.133 £ 0.020 (1.25) - 1.149 +0.023 (1.25)
E3 - 1.386 % 0.034 (1.57) B 1.410 % 0.039 (1.57) B 1.385 % 0.034 (1.57 B 1.410 £0.038 (1.57) B 1.385 +0.034 (1.57) B 1.410 £ 0.039 (1.57)
Ey - 1.592 £ 0.075 (1.80) - 16710 (1.80) - 1.595 % 0.074 (1.80) - 1.670 £ 0.092 (1.80) - 1.595 £ 0.074 (1.80) B L6T1£0. (1.80)
Es - 2.14+0.15 2.20+0.16 - 2.18+0.16 236 +0.17 - 2166 = 0.096 50 - 2.374%0.090 - 21710096 | 2.362=0.087 - 2,180 £ 0. 2.380 +0.091
Es - 3.45%0.10 3.795 % 0.096 B 348 £0.10 3.783+0.095 B 345+0.10 3.792%0.095 B 34840.10 3.7820.094 B 345010 | 3.792+0.094 B 348010 | 3.782+0.094
Hy 69.14 4 0.93 684+15 62.5+ 1.1 69.11+0.97 67.3+1.7 622+ 1.1 68.60 0.7 68.2+1.2 62.00 % 0.53 68.65 % 0.75 67.3+1.3 62.02+0.53 | 68.55+0.59 68.1+1.2 62.04+047 | 68.5140.60 67.3+£1.3 61.98 +0.50
146.2+ 1.4 146.7+2.5 1462425 146.2+ 1.4 147.5+26 147126 147.20+0.63 | 14740+0.68 | 147.30+0.67 | 147.20+0.63 | 147.40+0.68 | 147.40+0.67 - - - - - -
0.293+0.011 | 030040015 | 03590014 | 02940012 | 03100017 | 0.364+0.015 | 0.29860.0090 | 0.302%0.011 | 0.36440.0085 | 0.2991+0.0093 | 0.310=0.013 | 0.3650=0.0085 | 0.3006+0.0071 | 0.303=0.011 | 0.3655=0.0063 | 0.3010%0.0073 | 0.310+0.012 | 0.3657 % 0.0065
22640025 | 2263+0029 | 2264+0029 | 2264+0.025 | 2263+0.029 | 2263+0.029 | 225540021 | 22620028 | 22610028 | 22540022 | 22640028 | 2263+0.028 | 22540022 | 22610028 | 22600027 | 2253+0.022 | 2263£0.028 | 2262+0.028
a 0.1412 £ 0.0066 | 0.1410 £ 0.0066 | 0.1382 £ 0.0066 | 0.1413 £ 0.0066 | 0.1413 £ 0.0066 | 0.1416 £ 0.0066 | 0.1412 £ ¢ 0.1410 £ 0.0066 | 0.1382 £ 0.0066 | 0.1413 £ 0.0066 | 0.1413 £ 0.0066 | 0.1416 +0.0066 | 0.1411 £ 0.0066 | 0.1410 £ 0.0066 | 0.1382 £ 0.0065 | 01413+ 0.0066 | 0.1413 -+ 0.0066 | 0.1416 + 0.0066
8 310240080 | 3.099+0081 | 3.073£0080 | 3.103+£0081 | 310140081 | 31040081 | 3.101+0.080 | 3.099=+0.081 | 3.073+0.080 | 3.102+0.081 | 3.101=0.081 | 3.104=0.081 | 3.100+0.080 | 3.099=0.081 | 3.073=0.078 | 3.103£0.081 | 3.101=0.081 | 3.104=0.081
My | 2411040018 | 24.120+£0.030 | 24.230£0.017 | 24.11040.056 | 24.110£0.031 | 24.050+0.089 | 24.110+0.018 | 24.120+0.030 | 24.230%0.017 | 24.100£0.056 | 24.110+0.030 | 24.050 +0.095 | 24.110-£0.018 | 24.120+0.030 | 24.230 £0.017 | 24.100+0.056 | 24.11040.030 | 24.050 £ 0.095
Av | —0.070£0.023 0+ 7+0.023 070 +0.023 | —0.070 £0.023 | —0.070 £ 0.023 070 +0.023 70+ 0.023 740,023 0,023 | —0.070+0.023 | —0.0700.023 | —0.0700.023 | —0.0700.023 | —0.077+0.023 | —0.0700.023 | —0.0700.023 070 £ 0.023
P 1 )+0.23 +0.23 | 1 1090.00 = )+0.23 1 )+ +023 | 1 + 1« +0.23 | 1090.00 = 1090.00 +0.23
24 - - - - - - - - - - - - 1060.00 £0.29 | 1060.00+0.29 | 1060.00+£0.29 | 1060.00+0.20 | 1060.00+0.20 | 1060.00 +0.29
3 - - B 0.005+0.075 | 0.094+0.064 | 0.3220.074 B B B 0.015+0.073 | 0.094%0.063 B E B 0.019+0.073 | 0.094+0.063 | 0.3220.078
5 - - - 020+ 20+16 041+0.24 - - - 02+17 20+16 - - - 02+18 20+14 0.41+0.25
\2/dof | 698.67/754 697.01/748 740.32/752 698.66/752 694.93/746 699.44/750 699.21/755 697.07/749 740.51/753 699.17/753 694.93/747 699.46/751 699.31/755 697.09/749 740.55/753 699.24/753 694.93/747 699.47/751
P(x%v) 0.926 9 612 0918 0.909 0.906 0927 0913 0.620 0.920 0913 911 0.927 0.912 0.620 0.920 0.913 0.911
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FIGURE 5.8: Reconstruction of the expansion rate, H(z)/(1+
z), as a function of the redshift using the combination of SNIa,
BAO, and CMB data. In the top panel the data sets have been
combined considering rq a free parameter, while in the central
panel a prior on rq has been used, and it has been explicitly
computed in the bottom panel. In all panels the black and grey
lines represent the ACDM model (without and with SNIa lu-
minosity evolution, respectively), while the red band shows the
reconstruction with Ax? < 1 with respect to the best reconstruc-
tion (red line). The green band stands for the reconstruction of a
coasting universe at low-redshift when SNIa intrinsic luminosity
is allowed to vary as a function of the redshift.
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TABLE 5.6: Prediction of the different models for the CMB
quantities R, ¢,, wy, for the combination of SNIa, BAO, and
CMB data computing rq explicitly, and accounting for SNIa in-
trinsic luminosity evolution as a function of the redshift when
dealing with a coasting reconstruction. The measured values are
added as a reference.

Parameter | Measured value | ACDM | Splines | CS (4 knots)+ev
R 1.7382 +£0.0088 | 1.7414 | 1.7385 1.7382
ly 301.63£0.15 | 301.68 | 301.67 301.65
10%wy, 2.262 £ 0.029 2.254 2.261 2.262

observations for three different models: ACDM (black), the reconstruction
through cubic splines (red), and the non-accelerated model using a coasting
reconstruction (green) taking into account SNla intrinsic luminosity evolution.
We also provide the predictions for the CMB quantities R, ¢,, and wy, in Ta-
ble5.6. All these predictions have been computed using the best-fit values of
the parameters obtained from the global fit to the combination of SNIa, BAO,
and CMB data, computing explicitly the value of rq using Eq. (1.149) with zq4.
From these results (Fig. 5.9 and Table5.6) we can graphically see that all three
models are perfectly able to fit the data; including the coasting reconstruction
with SNIa luminosity evolution. As it can be seen in Table 5.5, a different ap-
proach when combining SNIa, BAO, and CMB data (free rq or prior on rq)
gives nearly the same values for the parameters of the reconstruction, which
leads to nearly the same predictions for the observables.

Growth rate

Let us first recall (see Sec.1.3) that we can express the observable weighted
growth rate fog as

fos(=) = 1(2) <8M> | (5.4)

where oy, . stands for the ACDM observed value (with Planck) of o (fixed to
0.8159 in this section [Planck Collaboration, 2016b]), and Dpiane, represents the
ACDM Planck growth factor [Planck Collaboration, 2016b]. In this section we
consider the measurements of the weighted growth rate from the 6dFGS survey
[Beutler et al., 2012], the WiggleZ survey [Blake et al., 2012], and the VIPERS
survey [de la Torre et al., 2013], as well as the different SDSS projects: SDSS-11
MGS DR7 [Howlett et al., 2015] (with the main galaxy sample of the seventh
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FIGURE 5.9: Residuals between the observations and the predic-
tion of the different models, ACDM, spline reconstruction, and
coasting reconstruction with SNIa intrinsic luminosity evolution,
for the SNTa and BAO observables. The predictions have been
computed using the best-fit values for the parameters obtained
from the fit of the combination SNIa+BAO+CMB computing
rq explicitly. Top plot: residuals of the SNIa distance modulus
for the three different models: ACDM (black top panel), spline
reconstruction (red central panel), and coasting reconstruction
(green bottom panel). The residuals have been normalized with
respect to the prediction for each model. Bottom plot: residuals
of the BAO measurements following the same color convention
as in the top plot. The residuals have been normalized with
respect to the prediction for each model.
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FIGURE 5.10: Prediction of the different models, ACDM, spline
reconstruction, and coasting reconstruction with SNIa intrinsic
luminosity evolution, for the growth of matter perturbations fog
observable. The predictions have been computed using the best-
fit values for the parameters obtained from the fit of the combi-
nation SNIa+BAO+CMB computing r4 explicitly. Therefore, it
is not a fit to the fog measurements. We follow the same color
legend as in the previous figures: black for ACDM, red for the
spline reconstruction, and green for the coasting reconstruction.

data release), SDSS-IIT BOSS DR12 [Alam et al., 2017] (with the LRGs from the
12th BOSS data release), and SDSS-IV DR14Q [Gil-Marin et al., 2018] (with
the latest quasar sample of eBOSS). We follow the approach of the previous
section in not modifying the fog values provided by the different papers, since
they have already been obtained marginalizing over the cosmological model (see
Sec.5.1.4).

We have not included this data set in our fitting analysis for simplicity, but
we show in Fig. 5.10 that, using the best-fit values for the parameters from the
SNIa+BAO+CMB fit, the prediction for the three models considered (ACDM,
spline reconstruction, and coasting reconstruction with SNIa luminosity evolu-
tion) is in very good agreement with the observations. Notice that the values for
the parameters used in Fig. 5.10 have been obtained computing the value of rq,
but the results are equivalent using the other approaches for the combination

of our three main data sets.
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The Hubble constant

We conclude this section by considering two very recent model independent
measurements of Hy in order to check its effect on the conclusions we can
draw concerning cosmic acceleration. We first consider the value obtained from
the Hubble Space Telescope observations in Riess et al., 2018a (R18 in the
following), Hy = 73.45 + 1.66 km/s/Mpc. We then consider the value obtained
with Gaussian Processes using SNIa data, and constraints on H(z) from cosmic
chronometers in Gémez-Valent and Amendola, 2018 (GVA18 in the following),
Hy = 67.06 £ 1.68 km/s/Mpc. This last value is closer to the one derived with
an “inverse distance ladder” approach in Aubourg et al., 2015, Hy = 67.3 +
1.1 km/s/Mpc, where the measurement assumes standard pre-recombination
physics but is insensitive to dark energy or space curvature assumptions. It is
also closer to the value derived from the CMB observations using a flat ACDM
model, Hy = 67.51 +0.64 km/s/Mpc [Planck Collaboration, 2016b)].

In Fig.5.11 we represent the profile likelihood (minus 2, and assuming
Gaussian likelihoods) for both the observed values of Hy, R18 (black) and
GVA18 (blue), and the values derived from the non-accelerated reconstruction
for the combination SNIa+BAO+CMB taking into account the SNla intrinsic
luminosity evolution. We present the three values obtained for the three ap-
proaches followed when combining the data sets: consider rq a free parameter
(green), add a prior on it (yellow), or compute it explicitly (purple). From the
figure alone it is clear that the Hy value for the non-accelerated reconstruction is
in tension with R18 at more than 50, independently of the approach used when
combining the data sets. More precisely, a non-accelerated reconstruction is
ruled out if we consider the R18 measurement at 5.650 (free rq, Hy = 62.2+ 1.1
km/s/Mpc), 6.560 (prior rq, Hp = 62.02 £ 0.53 km/s/Mpc), or 6.620 (compute
rq, Hp = 61.98 £ 0.50 km/s/Mpc), showing that, with the R18 measurement,
cosmic acceleration is proven even if some astrophysical systematics evolving
with the redshift modify the intrinsic luminosity of SNIa. However, we can also
see from the figure that if we consider the measured value from the Gaussian
Processes, a non-accelerated reconstruction shows a bit less than a 3o tension.
More precisely, there is a tension of 2.420 (free rq), 2.860 (prior rq), or 2.90c
(compute 74). In this case, the measured value of Hy points towards ruling out
these reconstructions, but the tension is still far from the usually recognized 50
threshold.

5.2.6 Summary

The impact of SNIa luminosity evolution on our cosmological knowledge has
already been addressed before [Wright, 2002; Drell, Loredo, and Wasserman,
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FIGURE 5.11: Profile likelihood (minus 2, and assuming
Gaussian likelihoods) of different values for the Hubble con-
stant. The black line corresponds to the value measured from
the HST (R18), while the blue one stands for the measured value
from SNIa and H(z) data using Gaussian Processes (GVA18).
The other three profiles represent the predicted value from a
non-accelerated reconstruction (with SNIa intrinsic luminosity
evolution) with different approaches to combine the three main
data sets of this work (SNIa, BAO, and CMB): consider rq a
free parameter (green), add a prior on it (yellow), or compute it
explicitly (purple). The 1o, 30, and 50 lines are represented as
a reference.

2000; Linden, Virey, and Tilquin, 2009; Nordin, Goobar, and Jonsson, 2008;
Ferramacho, Blanchard, and Zolnierowski, 2009], but in this section we have
extended the analysis by including the physics of the early Universe (z =~ 1100),
and thus considering the main background cosmological probes: SNIa, BAO,
and the CMB. In order to be as general as possible, we have not imposed
a cosmological model, but we have reconstructed the expansion rate of the
Universe using a cubic spline interpolation.

We have first applied, as an illustration of the method, the reconstruction
to SNIa data alone with the standard SNIa luminosity-redshift independence
assumption. We have shown that with this assumption cosmic acceleration is
definitely preferred against a local non-accelerated universe. However, in the
previous section of this chapter we showed that if SNIa intrinsic luminosity does
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evolve, a non-accelerated universe can perfectly fit the data.

In a second step we have added the latest BAO data to our analysis. We
have considered two different ways to combine it with SNIa data: either we
have considered Hgrq as a free parameter, or we have added a prior on rq
coming from CMB observations, without any dependence on late-time Universe
assumptions. In both cases we have seen that a non-accelerated universe is able
to fit the data nearly as nicely as ACDM, when we allow the SNIa intrinsic
luminosity to vary as a function of the redshift.

Next, we have extended the data sets in the analysis by adding the infor-
mation coming from the CMB through the reduced parameters. In order to
deal with this information we have been forced to specify the model up to very
high redshifts. We have decided to follow a matter-radiation dominated model
from the early Universe down to z ~ 3, where we start to have low-redshift
data. We have then coupled the model to our spline reconstruction. In other
words, we consider a matter-radiation dominated model at the early Universe
and, when we enter the redshift range where we have low-redshift data and a
cosmological constant is still negligible, we allow the expansion rate to vary
freely without specifying any dark energy model. When adding the CMB data
we follow three different approaches: treat rq as a free parameter, add a prior on
it, or compute it assuming that the BAO and the CMB share the same physics.
For simplicity we have not added the fog measurements of the growth rate of
matter perturbations, but we have checked that using the best-fit values from
the global fit SNIa+BAO+CMB we are able to correctly predict the latest fog
measurements.

In all three cases considered we have seen that a non-accelerated model is
able to nicely fit the data, when SNIa intrinsic luminosity is allowed to vary,
including the information on the early Universe coming from the CMB. This
shows that a non-accelerated expanding universe can fit all the main back-
ground cosmological probes, and even be compatible with the growth of matter
perturbations, if SNIa intrinsic luminosity depends on the redshift.

After this conclusion, we focus on the impact that the Hubble constant may
have on this question. We have considered two different model independent
recent measurements of Hy: 73.45 4+ 1.66 km/s/Mpc (R18) from Riess et al.,
2018a, and 67.06 + 1.68 km/s/Mpc (GVA18) from Goémez-Valent and Amen-
dola, 2018. We have shown that if we consider the R18 value, cosmic acceler-
ation is proven at more than 5.650 for a general expansion rate reconstruction
[for which we get Hy = 62.2 £+ 1.1 km/s/Mpc (free rq), Hy = 62.02 £ 0.53
km/s/Mpc (prior rq), and Hyp = 61.98 £ 0.50 km/s/Mpc (compute 74)], even if
SNIa intrinsic luminosity varies as a function of the redshift due to any astro-

physical unknown systematic. It is important to say, though, that if we consider
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the GVA18 value, a non-accelerated reconstruction for the expansion rate is at
a 3o tension with the measurement, but still below the 50 detection.

In conclusion, if SNIa intrinsic luminosity varies as a function of the red-
shift, a non-accelerated universe is able to correctly fit all the main background
probes. However, the value of Hy turns out to be a key ingredient in the conclu-
sions we can draw concerning cosmic acceleration. If we take it into account we
are close to claim an accelerated expansion of the Universe using an approach
very independent of the cosmological model assumed, and even if SNIa intrinsic
luminosity varies. A final consensus on a direct measurement of Hy and its
precision will be decisive to finally prove the cosmic acceleration independently
of the cosmological model and any redshift dependent astrophysical systematic
that may remain in the SNIa analysis.
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Chapter 6

Euclid forecasts: large-scale

structure probe combination

In this chapter we focus on the results of the Inter-Science Taskforce for Fore-
casting of the Euclid Consortium presented in Sec. 3.4. Its main objective is to
provide rigorously validated Fisher matrix forecasts for the different cosmolog-
ical probes of Euclid, as well as their combination. Since the Euclid forecast
presented in the Red-book [Laureijs et al., 2011], there have been many inter-
esting works computing Euclid forecasts for ACDM or models beyond it (see
e.g. Amendola et al., 2013; Hamann, Hannestad, and Wong, 2012; Di Porto,
Amendola, and Branchini, 2012; Majerotto et al., 2012; Wang, 2012; de Put-
ter, Doré, and Takada, 2013; Casas et al., 2017). The main difference of this
work with respect to these previous forecasts is the detailed code comparison
performed before providing the final results, and the fact that all the required
details to reproduce the forecasts are provided. Moreover, if we compare this
work to the results presented in the Red-book, there are significant changes in
several aspects of the survey specifications or the modeling, like the target popu-
lation for the spectroscopic galaxy clustering, the non-linear prescription, or the
treatment of weak lensing intrinsic alignments. However, we do not include sys-
tematic effects due to the instrument design (instrumental effects), foreground
contamination, or the data reduction pipeline. Just to give some examples, we
do not consider the impact of the mask on the final results: holes or shallower
regions in the observed area could lead to a non-isotropic galaxy distribution
as a function of the redshift, and it could change the shot-noise that we are
considering. Also, we do not take into account the systematics related to the
measurement of the shape of galaxies (like the point spread function quantifying
how a point source is spread due to the instrument optics), neither the quality
cuts that need to be applied to the galaxy catalogs for GCp and WL, which
could lead to different galaxy distributions for the different probes. We do not
take into account the foreground contamination by stars, zodiacal light, or even
our own galaxy. The Euclid footprint will be optimized to minimize these ef-
fects (see Chapter 3) but they could still have a significant effect in Fuclid data.
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As a last example, we assume we perfectly know the galaxy distribution and
the photometric redshifts performance, so we do not consider any systematic
related to the heterogeneity of the ground based data sets that will be used
for the Euclid photometric redshifts (see Chapter 3). All the results presented
here should be updated in the future taking into account all these effects, in
order to obtain the best predictions (as realistic as possible). However, some of
these systematics will not be known until the satellite is fully build. The results
presented here are therefore the best case realistic Euclid forecasts, while the
forecasts including the different systematics are left for future work.

As described in Chapter 3, Euclid will conduct a spectroscopic survey and a
photometric survey. The former will enable us to study the large-scale structure
of the Universe with the spectroscopic galaxy clustering probe, while the latter
will give us the opportunity to use the weak lensing probe. However, since the
latter will provide the position and photometric redshifts of more than a billion
of galaxies, we can also consider the photometric galaxy clustering probe (GCp).
In this chapter we present the Euclid forecast for each one of these probes.

One of the most powerful ways to constrain a cosmological model is to com-
bine several observations coming from different cosmological probes, because
different probes are, in general, sensitive to different aspects of how gravity acts
in the cosmos. For instance, WL is used to probe the total matter distribution
(visible and dark) via the deflection of the light-rays, while GC quantifies the
distribution and peculiar velocities of galaxies in the cosmic web. Combining
both probes we can remove degeneracies, and it can provide us with significantly
better constraints on the cosmological parameters under study (see e.g. Laureijs
et al., 2011), not only for ACDM but especially for cosmological models going
beyond it.

The power of combining different probes has already been shown in the
last years (see e.g. Simpson et al., 2013), but in these analyses we usually
assume that the different probes are statistically uncorrelated. This may be an
acceptable assumption when combining data coming from the cosmic microwave
background (without lensing) and low-redshift data (like type Ia supernovae),
since we are looking at different epochs of the Universe history. However, the
combination of GC and WL data may be using the same volume of the Universe
(as it will be the case for GCp and WL in Euclid). Adding the correlations
between these probes may provide us with extra information leading to even
better constraints on the cosmological parameters, and better knowledge of the
Universe. The effect of these correlations on state-of-the-art observations is
already non-negligible [Blake et al., 2016; DES Collaboration, 2017b; Reyes et
al., 2010; Zhang et al., 2007], but it is mandatory for the upcoming surveys,
like Euclid, to determine the effect of correlations in order to extract all the
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available information from the future precise observations. Therefore, we will
pay special attention in this chapter to the effect of cross-correlations when we
combine the different cosmological probes for Euclid.

This chapter is structured as follows: in the first section (Sec. 6.1) we present
the recipe used to compute the Fisher matrix forecast for GCs, WL, and GCp,
as well as the recipe for the combination of all probes. In Sec.6.2 we present
the CosmoSIS! code [Zuntz et al., 2015] used for computing the predictions.
We then show the results and the validation of the forecasting code in Sec. 6.3
and Sec. 6.4 for WL and GCp, and Sec. 6.5 and Sec. 6.6 for the combination of
all probes.

The baseline results presented here will appear in Euclid Collaboration, in
prep. It is important to mention that all the results of the IST have been
obtained thanks to the contribution of 11 different codes and many people.
Therefore, we will describe all the probes for completeness, but we will spend
most of the time on WL, GCp and their cross-correlations, since it is where I
have been strongly involved. More in detail, we will show the results obtained
with the CosmoSIS code, for which I have been the contact person within the
IST. Concerning the GCs probe, we will present the results obtained with the
SpecSAF code, where I have been partially involved (it is the improved version of
the forecasting code used in Sec.7.4), in order to eventually combine all Euclid
probes. Notice that the majority of results presented in this chapter beyond the
baseline cases will not appear in Euclid Collaboration, in prep. but they have
been obtained with the validated CosmoSIS code.

6.1 Forecasting recipe

In this section we first present some general ingredients common to all probes,
like the fiducial cosmology chosen, and we then describe the recipe used to
compute the Fisher matrix forecast for the different probes.

6.1.1 General ingredients
Cosmological context

We start by briefly presenting the cosmological context and the different models
under consideration in this chapter. Let us remind that using Einstein’s field
equations of General Relativity (Eq.1.11) together with the Robertson-Walker
metric (Eq.1.10) we can obtain the Friedmann-Lemaitre equation

https://bitbucket.org/joezuntz/cosmosis/wiki/Home
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N
(HyE(2))? = H? = (Z) = &;Gp—ig, (6.1)
where a is the scale factor, K the curvature parameter, and p the total en-
ergy density. This chapter is focused on predicting the accuracy of Euclid to
constrain the parameters of the standard cosmological model, as well as the al-
ternative scenario where dark energy evolves dynamically and is parametrized
using the fluid description. We consider here the standard CPL (see Sec.1.1.4)
parametrization of the equation of state parameter for dark energy given by

w(z) = wo + wq (6.2)

_c
1+2
Therefore, the Hubble parameter is given by

H(z) = Ho/Qu(1+2)3 + Qe(1+ 2)1 + Qe fuol2) + Qi (1 +2)2,  (6.3)

where we already express the density of the different components as density

parameter, the curvature term fulfills the closure relation Qg = 1 — Oy, —
O — Oge, and finally
fae2) 1 if de = A,
Z) = z
ae (14 z)3(+wotwa) g =3Wa Tz if de = dynamical .

Another important quantity for the computation of the forecasts is the an-

gular diameter distance (see Sec.1.1.2)

s == sin (v/1Qx f§ dz Be7) s Q<0
da(z) = LL Z dz if O =0 (6.4)
A T+z Hy 40 B(7) ° if Qg =0,
%H&fsmh(\/ K Jo & dz ), if Qg >0,

which enables us to compute the proper volume of a survey bin as

Voroper (2i, 2j) = Q/: di(z)(lJrj)zH(Z)a (6.5)

where () is the solid angle in steradian. Since the co-moving volume is related
to the proper volume through dVeomoving = (1 + 2)3 AVproper; the co-moving
volume of a shell is given by

5 dz
H(z)

Veo- moving 217 Z_] Q/ dA 1 + Z) (66)
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Until now we have provided a few details concerning the background cos-
mological context, but Euclid will also probe the growth of structures with GC
and WL. Therefore, we also present the context of linear perturbations used in
this chapter.

First of all, when we consider a dynamically evolving dark energy, we need
to specify how it evolves at the level of perturbations. We follow the stan-
dard approach of using a minimally-coupled scalar field, called quintessence (see
Sec. 1.1.4), with a sound speed equal to the speed of light, and no anisotropic
stress. This implies that we can neglect the fluctuations related to the dark en-
ergy fluid in our analysis. Moreover, we allow for the equation of state of dark
energy to cross -1. In practice, we use the PPF prescription [Hu and Sawicki,
2007; Fang, Hu, and Lewis, 2008] to do this.

Let us also recall (see Sec.1.2.1) that given the density contrast of a generic

species

, 6.7
pi(2) (67)
we can define the power spectrum by

(5i(k,2)8i(K' . 2)) = (27)°6 (k + K') Py,5, (k. 2). (6.8)

Concerning the growth rate of matter perturbations, we recall that it is given
by

dln Dq(a
Jla) = dlnlcf)

where Dj(a) stands for the growth factor (Eq.1.92). In presence of massive

(6.9)

neutrinos, the linear growth rate depends not only on redshift, but also on
the scale, k. However, this dependence is small and we will neglect it in the

following.

Fiducial cosmology and main survey specifications

Since we want to compute forecasts, we need to specify the fiducial cosmological
model 2. We consider the baryon and total matter critical densities (), and Oy,
respectively), the wg and w, parameters of the dark energy equation of state,
the reduced Hubble constant, h, the spectral index of the primordial density

2Let us recall that the standard Fisher matrix approach only allows us to get an estimate of
the constraints on the parameters. A generalized version of the Fisher matrix method can also
quantify the bias on the parameters if the fiducial has been obtained with a given cosmology
and the analysis is performed assuming a different cosmology [Cypriano et al., 2010; Shapiro
et al., 2010]. In this work we focus on estimating the constraints on the different cosmological
parameters, while the study of their biases is left for future work.
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power spectrum, ng, and the root mean square of the density fluctuations in
spheres of 8h~! Mpec, oy, as primary parameters with the following values

P = {Qma Qb7 wo, Wy, h7 ns, 0-8} (610)
= {0.32, 0.05, —1.0, 0.0, 0.67, 0.96, 0.816} .

We fix the re-ionization optical depth 7 = 0.058, because Euclid is not
sensitive to it 3. Moreover, we fix the sum of neutrino masses to > m, = 0.06 eV,
and check the impact of massless neutrinos on the final results. In some cases
we also consider non-flat universes by allowing Q) # 0, which is equivalent
to allowing Qge # 0.68 in our fiducial cosmology. All these fiducial values
correspond to those of Planck 2015 [Planck Collaboration, 2016b].

We also summarize here the main specifications for the photometric and
spectroscopic Euclid surveys. In both cases they will cover 15000 square degrees
of the sky. The spectroscopic survey will have a spectroscopic redshift precision
of o, = 0.001(1 + z), while the photometric redshift precision will be of o, =
0.05(1+ z). The spectroscopic survey will have 9 redshift bins of width 0.1 from
z = 0.9 up to z = 1.8, while the photometric survey will consist on 10 equi-
populated redshift bins from z = 0.001 up to z = 2.5. The photometric survey
will detect 30 galaxies per arcmin?, and the galaxy distribution, as well as the

galaxy bias fiducial for the spectroscopic survey are presented in Table A.1.

Figure of Merit

When interpreting the results of the forecasts we can look at each parameter
constraint, and their two-dimensional contours. But sometimes we want to
have a single number quantifying the constraining power of a future survey.
This quantity is usually represented by the Figure of Merit (FoM) [Albrecht et
al., 2006]. In our case, we define it as the inverse of the area of the 20 contour in
the marginalized parameter plane for two parameters o and 5 (assuming that
both likelihoods are Gaussian),

FoMyg = /det (Fog), (6.11)

where F’a/g is the Fisher matrix for o and 3 once we have marginalized over all
the remaining parameters. In the following, when we refer to the FoM it will
concern the case @ = wg and = w,, providing the dark energy equation of
state FoM.

3We have checked that changing its value by more than 50 % has no effect on the final
results.
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6.1.2 Spectroscopic galaxy clustering recipe

When considering the spectroscopic galaxy clustering probe, the main observ-
able is the full, anisotropic, and redshift-dependent galaxy power spectrum. In
order to provide a Fisher matrix for the baseline parameters from Eq. (6.10) we
follow a two-step process by first computing a Fisher matrix on the following

parameters

e power spectrum broadband (shape-parameters): {wp, wm, h, ns},
e non-linear nuisance parameters: {op, oy},

e redshift-dependent parameters:

{Inda(z), In H(z), In fog(z;), Inbog(z;), Ps(z)},

and then converting it to a baseline parameters Fisher matrix using a Jacobian
projection (see Sec.2.5).

The first set of parameters, given by the physical densities of baryons and
total matter (wy, = Qph? and wy, = Qh?, respectively), h, and ng, determines
the shape of the linear matter power spectrum, while the second takes into
account the uncertainty in our non-linear correction, which cause the fingers-
of-God effect of redshift-space distortions (see Sec.1.3). Anisotropies around
the line-of-sight in the power spectrum can be parametrized by the angular
diameter distance and the Hubble parameter (to quantify the Alcock-Pazcynski
effect), and the linear growth rate of structures (to quantify the RSD). See also
Sec. 1.3. These three parameters are considered in the third set of parameters.
We consider however the product of the linear growth rate and og(z) as a
parameter, since we do not expect to break their degeneracy with GCs alone.
We also consider the galaxy bias b (see Sec.1.2.4), and the residual shot-noise
P, as parameters. Notice that all the parameters in the third set depend on
the redshift, so we will have one parameter per redshift bin. In the following
we detail how we take into account the different effects, and what is the role of
the different nuisance parameters.

Observable

The main observable of the GCs probe is the galaxy power spectrum P(k, i; z),
where k is the modulus of the wave mode in Fourier space, p is the cosine
between the wave mode and the line-of-sight vector, and z stands for the effective
redshift of each bin. In order to correctly model the power spectrum we need
to take many observational effects into account. We first need to consider the
galaxy bias, which corresponds to the bias of Ha-emitting galaxies for GCs.
We also need to take into account the spectroscopic redshift uncertainty, and
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the residual shot-noise that remains after the Poisson sampling noise by galaxy
targeting has been removed. Moreover, we need to consider the anisotropy
effects due to the AP effect and RSD.

Concerning the galaxy bias, we use a linear model where the galaxy power
spectrum is given by the matter power spectrum, Py, (k;2), times b%. Also, the
redshift uncertainty introduces a smearing of the galaxy density field that can

be modeled by adding an exponential factor [Seo and Eisenstein, 2003]

k2 p2ooc(1 + z)> | (6.12)

F.(k,puz) =exp|—
2(k,p;2) = exp ( 76
where op = 0.001 is the spectroscopic redshift accuracy at z = 0.

If we also take into account the shot-noise, we can express the galaxy linear

power spectrum as

Py 1in(k, 113 2) = 0*(2) P (k; 2) Fo (K, 115 2) + Ps(2) . (6.13)
We consider a fiducial of Ps(z) = 0 for all the redshift bins.

We can express the angle to the line-of-sight as
g

2
=1 14

where k| and k) are the wave-numbers perpendicular and along the line-of-sight,
respectively. With respect to the AP effects, assuming an incorrect cosmology

when converting redshifts to distances leads to a rescaling of these components

da vef(2) H(z)
f = CArBE d k="
+ dA(Z) el o | Href(z) I xef

With these expressions we can model the (future) observed real-space power

(6.15)

spectrum in terms of the assumed geometry, kyof, firef, and the spectroscopically
measured redshift z. The matter power spectrum from Eq. (6.13) will then be

given by

H(Z)di, ref(z)
Href(z)d%&(z)

Finally, concerning the anisotropy due to RSD, the peculiar velocity dis-

Pm,AP(krefuuref;Z) = Pm(k(kreﬁuref);z) . (616>

placements of galaxies are proportional to the growth rate f(z), so we modify

the real-space galaxy power spectrum by (see Sec. 1.3)

Py tin,r8D (K, 413 2) = (b(2)s(2) + f(2)os(2)”)
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Combining all the previous modeling of observational effects, we can write
the full linear observed power spectrum for our galaxies as

B ()
Href(z)d%(z)

x (bog(z) + fos(2)p”)

Pobs(krefa Href; Z) -

2%@(/{#; z) + Ps(2),
o5(z)

(6.18)

where all k = k(kpef, pire) and p = pu(kyef, fref)-

In order to add the non-linear effects into our analysis, we follow the phe-
nomenological approach used in Wang, Chuang, and Hirata, 2013. The first
implication of non-linearities is that the RSD factor gains an extra line-of-
sight factor that accounts for the FoG effect. We model it with the factor
[1+ (f(2)kuop(2))?] L, where o}, is a new nuisance parameter. The second ef-
fect due to non-linearities is a damping of the BAO feature. We account for this
with an extra exponential damping factor. Therefore, we can rewrite Eq. (6.17)
as

1
Py non-i kop;z) =
g, non: hn,RSD( y 15 Z) 1+(f(z)kﬂap(z))2

X

< (b(z)os(=) + f(Z)Us(Z)ﬁ)ZW, (6.19)

where the “de-wiggled” power spectrum, Py (k, i; 2) is given by

Paw(k, 15 2) = Py (k; z)e—gﬂk2 + Pow(k, p; 2) {1 — e—g#kz] : (6.20)

with

gk, piz) = o3(2)[1 =i + 12 (1+ f(2))°] (6:21)

and P,y stands for the power spectrum without wiggles; i.e. with only cold dark
matter (no BAO or RSD effects). We have introduced oy as another nuisance
parameter.

So we can finally write the full non-linear observed power spectrum for our

galaxies as
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. _H(Z)dQA,ref(Z) 1
Follets1232) = VB G) (15 (ko ()7
x (bog(z) + fag(z)u2)2WFz(ka 1 2) + Ps(2) .

(6.22)

Observable covariance matrix

The statistical errors on the observable can be estimated with the number of
galaxies that will be observed, as well as the volume of the survey. In this
chapter we use the expected differential number density of galaxies given in
Table A.1. We can directly obtain the number density per bin (shown in Fig. 6.1)
as

dn
n(z) = v

where dz = Zmax — Zmin for each bin, and the volume of each bin is given by

dz, (6.23)

rm 1+ Zmax 3d Zmax 3 — 1+ Zmin 3d Zmin 3
avy, = T )’ = (L zmin) 'l (eoin)’]
A (180)

s

We can then define the effective volume of the survey, V.g, as

2
npobs(kref7 Href; Z) ]
nPobs(krefa Href Z) +1 7

where Veo-moving [Eq. (6.6)] is the co-moving volume of the survey. In the Fisher

‘/eﬂ“(kreﬁ Href; Z) = ‘/co—moving [ (625)

formalism, as we will see in the following, the effective volume of the survey
plays the role of the inverse of the covariance matrix (for the logarithm of the
power spectrum). Notice that the redshift error contributes to the covariance
via the exponential damping F,(k, u; z). The covariance matrix is evaluated at
the fiducial cosmology. It is important to recall that no systematics errors are
considered here. The impact of errors in the number density, for example, on
the final FoM is definitely of interest, but left for future work.

Fisher matrix

The Fisher matrix for the observed power spectrum in redshift bins can be
written as [Tegmark, 1997; Seo and Eisenstein, 2003]
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. IR fmax Oln Pys(k : %)
bi o 2 obs \Rref, Href; %4
PR () =5 /_ A /k S dk o x

o Oln Pobs(krefa Href Zl)
Ipg

‘/eff(krefa Href; Zz) 5 (626)

where p, and pg run over the cosmological (and nuisance) parameters. The
total Fisher matrix is then calculated as the sum of the Fisher matrices for each
bin

Nbin .
Fap =Y FY(z). (6.27)
1=1

For the redshift-dependent parameters, we assume that different redshift

bins are independent.

6.1.3 Weak lensing recipe

When considering the weak lensing probe, the distortions induced in the images
of galaxies can be decomposed into convergence and shear, v. In this work we
focus on the coherent correlation of galaxy shapes, which corresponds to the
cosmic shear. Its information can be obtained working in real space (with
two-point correlation functions), or in Fourier space (with the angular power
spectrum). In this work we consider the latter space and split the volume
of the survey in redshift slices (tomographic cosmic shear) in order to extract
some information about the three-dimensional shear field. Contrary to GCs, we
directly use the baseline parameters of Eq. (6.10) as primary parameters, so we

do not use any Jacobian projection.

Observable

The main observable used in this analysis is the tomographic cosmic shear
angular power spectrum. In order to correctly obtain the observable, we need
to model several observational effects beyond the linear matter power spectrum.
In a first place we need to obtain the power spectrum corresponding to the
cosmic shear, as well as the power spectrum related to the main astrophysical
systematic effect: the intrinsic alignment of galaxies. Moreover, WL probes very
small scales, so we need to correct our predictions for the non-linearities arising
at these scales. Also, we need to take into account the photometric redshift

accuracy, and the shot-noise due to Poisson sampling by galaxy positions of the

shear field.
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Let us start with the cosmic shear power spectrum. Although its compu-
tation is far from being straightforward [Taylor et al., 2018], we can use the
properties of spherical Bessel functions under the flat-sky * and Limber approx-
imations (it is expected to be valid at angular scales ¢ > 100) [Kitching et al.,
2017; Kilbinger et al., 2017; Lemos, Challinor, and Efstathiou, 2017] to get the

simple form (for a pair of redshift bins ¢ and j)

iy — € Wﬂ(z)W](z) (+1/2
Gy (6) = O/dZ B2 (2) P55< ) ,z> , (6.28)

where x(z) is the co-moving distance, Pss(k, z) is the matter power spectrum
evaluated at k = (¢ +1/2)/x(z) due to the Limber approximation, and W7 (z)

is the window function given by

WZ’Y(Z) _ 2]?01(11(1 n Z))Z(z) /szax dz’ nl(z’) (1 — ;féj%) , (6.29)

where zpax is the maximum redshift of the survey, and ¥(z) = x(z)/(Ho/c),
showing that the window function only depends on the Hubble constant through
the multiplicative factor Hy/c.

Let us now focus on the IA power spectrum. The change on the observed
ellipticity of a galaxy can be expressed as

e=r+e, (6.30)

where ~ corresponds to the cosmic shear just presented, and €’ is the intrinsic
(un-lensed) ellipticity of the galaxy. This intrinsic ellipticity may be induced
from tidal processes during the formation of galaxies, and it cannot be com-
pletely removed by observational strategies; therefore, we need to take it into
account when we model the total observed ellipticity. If we take the two-point
correlation function of Eq. (6.30) we obtain

€€ _ I 1 11
Cis(0) = G (0) + CJ (0) + CF () + Cy5(0) - (6.31)

Since we do not expect a foreground shear to be very correlated with a
background ellipticity, we remove C’%I (¢) from Eq. (6.31) and include this small
contribution into the dominant cross-correlation C’ZI] So the TA power spectrum
consists then of two terms: the auto-correlation (II) and the cross-correlation
with the shear (Iy). Following the so-called linear-alignment model [Catelan,

4Tt consists on replacing the expansion in spherical harmonics by an expansion in Fourier
modes. This approximation is valid when we work with distant objects in a patch of the sky.
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Kamionkowski, and Blandford, 2001; Hirata and Seljak, 2004], we can write
these terms analogously to the cosmic shear angular power spectrum as

ng(é) _ I;O/dZW](z)W]IA];Z;;/g;(z)WjV(z)PM (6;(1)/2;2«) (632)
e hcfo / deiﬁ((j))gf(t)(z)PH (6 :(Z 2;z> , (6.33)
(6.34)

where the TA window function is given by
WA () = hcroni(z)E(z), (6.35)

and Ps; and Py stand for the IA power spectra. There are many models to
relate these spectra to the matter power spectrum, Pjs, but we follow here a
simple, observationally motivated model

Psi(k,z) = _AIACIAQmi;IIA(f))PM(ka z), (6.36)
2
Puk2) = (A TN ) Pl ), (6:37)

with Cia and Aja being parameters of the IA model, and

1 if NLA |
Fia(z) = (14 z)Mma if ANLA | (6.38)
(14 z)ma [%j((j))]ﬁ“ if eNLA
where n1p and 15 are two extra parameters of the IA model.

The first case, NLA, corresponds to the so-called non-linear alignment model
for TA [Blazek, Vlah, and Seljak, 2015], while the second model, dNLA, is the
one used in the recent DES analysis [Baxter et al., 2018], where they model the
dependence on the redshift through a power law. The third model, eNLA, is
our baseline, where we extend the previous approaches by including the lumi-
nosity dependence of the IA hinted by low-redshift studies and hydrodynamical
simulations. (L) (z) and L.(z) stand for the redshift-dependent mean and the
characteristic luminosity of source galaxies, respectively. We use the interpola-
tion of the values for this ratio present in Table A.2, and the following values as

fiducial for the different parameters

{Cia, Ara, mia, Bia}t = {0.0134,1.72, —0.41,2.17} . (6.39)
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FI1GURE 6.1: Number of galaxies as a function of the redshift for
the spectroscopic sample (black thick solid histogram) and the
photometric sample. The n(z) for each bin in the photometric
sample is represented in a different color. All these distributions
have been normalized such that their integral over the redshift
range is equal to 1. The addition of the photometric n(z) dis-
tributions is shown with a black thick dashed line.

However, only Ara, ma, Sia are allowed to vary. Indeed, Crp could be ab-
sorbed into Aja, but we keep it only for historical reasons.

Let us now consider the photometric redshift accuracy and the number den-
sity of galaxies. The number density in a redshift bin ¢, in the presence of
photometric redshifts, can be written as

2t
Az n(2) ppu(pl2)
ni(z) = ZmaxZi — , (6.40)
/zmin dz dzp n(2) ppn(2pl2)

where z; and z;L stand for the lower and higher edges of the ith redshift bin,
respectively. Notice that the underlying true distribution of sources, n(z), is
convolved with the probability density function, ppn(2p|2), describing the prob-
ability that a galaxy with true redshift z has an estimated photometric redshift
zp. In order to be very accurate we should parametrize this probability density
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function using simulations adapted to the future Euclid specifications. How-
ever, we limit ourselves here to a general analytical parametrization, where this

distribution is assumed to be

2 2
1— fout _%(m) Fout 4(%)
Zpl2) = e op(1+z) 4o 2 ool '
Pph( pl2) /_27Wb(1 T 2) —27T00(1 )
(6.41)

This parametrization allows us to include a multiplicative and an additive
bias in the photometric estimation of a fraction of sources 1 — fout with reason-
ably well estimated redshifts, while we consider a fraction, fout, of catastrophic
outliers, for which the estimation of the redshift is far from the true value. We
fix the following values for the parameters specifying the photometric probabil-
ity density function

{¢b, b, O, Cos Zo0, Tos four} = {1.0,0.0,0.05,1.0,0.1,0.05,0.1} . (6.42)

Looking back at Eq. (6.40), in order to have the number density of galaxies
in each redshift bin we also need the true redshift distribution. Following the
Red-book [Laureijs et al., 2011] we use

n(z) (;0)2 exp [— (;0)3/2] , (6.43)

where 29 = 2, /+/2 being the median redshift (z, = 0.9). The surface density
of galaxies, according to the Red-book, is 30 galaxies per square arc-minute;
therefore, we can split the redshift range of the Euclid photometric survey into
10 equi-populated redshift bins, with edges

Zedges = 10.001,0.418,0.560, 0.678,0.789,0.900, 1.019, 1.155, 1.324, 1.576, 2.500} .
(6.44)

We represent the number density n;(z) for all these bins, as well as the
global photometric distribution in Fig.6.1.

Concerning the shot-noise modeling, the uncorrelated part of the un-lensed
ellipticity field adds a shot-noise term in the observed power spectrum. It van-
ishes for cross-correlations between different redshift bins, since the un-lensed
ellipticities of different galaxies are uncorrelated. However, it is important for
the auto-correlations within a redshift bin. It can be expressed as
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2
g
Nj(0) = . /61055, (6.45)

where the galaxy surface density per bin, 71z /10, has to be expressed in inverse
steradians, 5% is the Kronecker delta, and o2 is the variance of the observed
ellipticities, which we fix at ¢ = 0.32.

Finally, the full cosmic shear tomographic angular power spectrum (using
the flat-sky and Limber approximations) is given by

€€ _ 11 I €

which can be expanded into

O =,/ et

Hy E(Z)X2(z) 81 )
¢ WIAWIA(z)  (1+1/2) )
Hy /d E(z)x%(2) P ( (z) ) + N (0) . (6.47)

Notice that the integrals should go up to the redshift of the horizon, but
there is no contribution beyond 2y ax, so we limit the integrals up to zmax = 3.7.

Looking back at the beginning of the section, we can see that there is only
one effect missing that we should take into account: the non-linear correction at
small scales. WL probes very small scales, deeply entering into the non-linear
regime. In order to correct our predictions for this effect, we follow the standard
approach of modeling the non-linear matter power spectrum as a correction on
top of the linear matter power spectrum. As we saw in Sec. 1.2.3, theoretical
corrections allow us to extend our predictions beyond linear scales, but we need
to extend them deep into the non-linear scales for WL. Therefore, we need
corrections obtained from simulations. In this chapter we consider the halofit
prescription with the Takahashi and Bird corrections, as well as the HaloModel

prescription (see Sec. 1.2.3 for a description of both approaches).

Observable covariance matrix

The error on the observed tomographic cosmic shear angular power spectrum

can be expressed as

2

AC5(0) = \ GG (6.48)
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where fq, stands for the fraction of the sky of the survey, and Af is the multipole
bandwidth. The last term of Eq. (6.47) stands for the Poisson noise, while the
first three terms correspond to the cosmic variance contribution to the errors.
The factor in front the Cf5(¢) in Eq. (6.48) accounts for the limited number of
available independent modes, and the observed fraction of the sky.

It is important to notice that Eq. (6.48) correspond to a Gaussian covariance.
However, because of the small scales probed in WL, non-Gaussian terms in the
covariance may also be important. Their contribution is not straightforward to
compute and, although an approximated analytical approach can be given by
the halo model formalism [Kayo, Takada, and Jain, 2013], we decide here not to
implement them and perform a conservative cut to remove the smallest scales
from the analysis. We use £yax = 1500 and /i, = 10 as baseline.

Fisher matrix

The Fisher matrix for tomographic cosmic shear angular power spectrum can

be written as
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[ G (6.49)
where summation over repeated indices is assumed (the indices run over all
unique pairs of tomographic bins). Notice that different ¢ modes are uncorre-

lated, which is true under the Gaussian covariance assumption.

6.1.4 Photometric galaxy clustering recipe

We focus now on the galaxy clustering probe using the Euclid photometric
survey. Since we do not have very accurate estimates of the redshift, as it
is the case in GCs, we do not use a three-dimensional analysis, but rather a
tomographic one with the angular galaxy clustering power spectrum. Also, since
we will be using the same galaxies as in WL, we use the same tomographic bins,
with the exact same number density in each redshift bin, n;, given by Eq. (6.40)
(and Fig. 6.1), and the angular galaxy density, 71;, given by the integral of n; over
the redshift. It is important to say that in practice the catalogs that will be used
for GCp and WL will not be exactly the same, since there are several quality
cuts that needs to be applied (concerning the shape of galaxies, for instance)
when using galaxies for WL or GCp analyses. However, we assume here that
both catalogs are the same. The GCp window function can be expressed as
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FIGURE 6.2: Fiducial galaxy bias as a function of the redshift
for GCs (black histogram), the binned galaxy bias model for
GCp (red histogram), and the GTD galaxy bias model for GCp
(green line).

ni(z(x)) dz

W% (ks x) = bi(k, 2(x)) A dy (6.50)

where d; denotes the angular density contrast of galaxies, and b; is the galaxy
bias in the tomographic bin . We assume a constant galaxy bias per redshift
bin, leading to 10 nuisance parameters. Its fiducial is given by

bi(z) = VItz, (6.51)

where Z stands for the mean redshift of each bin. We represent the fiducial
galaxy bias in Fig.6.2.

Using the Limber approximation, we can express the galaxy clustering to-
mographic angular power spectrum as

dg (0+1/2 Og ((+1/2
Wi (5555 x) Wi (5552 x (+1/2
) i
Cit™(0) = / dy ( X 12 J ( X )P&; <;z(x)> . (6.52)

Concerning the correction for the non-linear scales, we follow the exact same
approach as in WL, by using the halofit (with the Takahashi and Bird cor-

rections) and HaloModel prescriptions.
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With respect to the error on the observable, we use the Gaussian expression
analogous to the one used for WL

ACE () = \/ @it 12) AFos (o (0) + NE(D)) (6.53)
where the shot-noise is given by
N (0) = % (6.54)
! Ng /10

As it was the case for WL, we consider a Gaussian covariance matrix, but
non-Gaussian terms could have an impact on the final results. Following the
previous approach, we consider not to implement these non-Gaussian terms
which are difficult to model, and instead discard the smallest scales from the
analysis. However, we expect GCp to be more sensitive to non-Gaussian terms
than WL due to the fact of sampling high-density regions instead of total matter,
and because shot-noise is subdominant for GCp, while it is not the case on WL.
Therefore, we consider an even more conservative approach than in WL and we
discard the scales beyond /,,x = 750 as baseline.

Finally, we can express the Fisher matrix for GCp by analogy to Eq. (6.49)

L dglg
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Faﬁ :fsky Z <€ —+ 2) Agiaj ( ) |:<C5g5g (ﬁ) + Nég(€)> ) X
‘€:‘€min pa Jm
Ogdg
OChin® (0) [/ ses 5g(p\) "1
s [(c % () + NP (()) L , (6.55)

where again the indices run over all unique pairs of tomographic bins.

6.1.5 Probe combination

We now focus on the combination of the different probes. In this work we only
consider the three main probes of Euclid: GCs, GCp, and WL. Starting with
the last ones, since we use the same approach to model the observables, we
can combine the probes taking into account their cross-correlations in a simple,
coherent way. The idea is to model the angular power spectra for WL, GCp,
and their cross-correlations with CAB(¢), where A and B run over WL and
GCp observables. This provides us with a data vector composed of three sets
of observables. We include then the covariance between these three sets as
fourth-order correlations, Cov(CAB(¢), CA'B'(¢/)).

Let us redefine the noise-less cosmic shear tomographic angular power spec-
trum, Cff () — N ((), as
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where we already include the IA effects through
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So in the following, when we refer to cosmic shear v we will assume that all

(6.57)

the intrinsic alignments are already included in the analysis.
Redefining the GCp window function as

g (+1/2
Wi (L2 i
W = ! (%) , (6.58)
X
we can rewrite the GCp observable, given in Eq. (6.52), as
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X X
(6.59)
The three observables will then be given by Eq. (6.56) (for WL), Eq. (6.59)
(for GCp), and their cross-correlations

+1/2 (+1/2
ijg’Y(g) :/dXng< +X/ ,X> W] (x) P66< +X/ ;Z(X)) . (6.60)

Notice that we do not specify the cross-correlations Czj&g (¢) because their
contribution is already included if we compute ijg“Y (¢) for all the redshift pairs
17, and not only for unique pairs of tomographic bins.

In order to be consistent, we correct (in the three observables) for the
non-linearities using the halofit (plus Takahashi and Bird corrections) and
HaloModel prescriptions.

In order to take into account the covariance between the three probes, we

use the expression

or
(20+1) fug AL
< [(CAY(0 + NN () - (CRF () + NEF (1))
+ (CAF () + NP (0) - (CBY (0) + NBM (0)]
(6.61)

Cov(CAP(0),Ci® (¢)) =
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where A, B, A’, and B’ run over v, dg; 4,7, k.l run over the redshift bins
(unique pairs of tomographic bins for GCp and WL, and all pairs for their
cross-correlations), and the shot-noise is given by

K 2
i A=B=r,
AB(py _ ) 5K
Nij~(0) = 77_1:710 if A=B=6, . (6.62)
0 ifA+£B.

Notice that we assume that the shot-noise of cosmic shear and galaxy clus-
tering are uncorrelated. This is true as long as there are no systematic effects
contributing to the error of both probes.

The combined Fisher matrix for GCp, WL, and their cross-correlations is
then given by

lmax AB I/ —1 AIB/ /
Fop = Z ZZ W {COV(CAB(E), cAB (5/))} W ) (6.63)

where we recall that p, and ps run over the cosmological (and nuisance) pa-
rameters of the analysis.

In addition to the combination of GCp and WL, we want to combine with
GCs. The computation of the cross-correlations in this case is far from being
straightforward, since we combine two-dimensional with three-dimensional data.
However, the spectroscopic Euclid survey will probe galaxies at redshift z > 0.9,
having a small overlap with the lensing kernel. Therefore, we expect the cross-
correlations between GCs and WL to be small, and we will neglect them in the
following. Concerning the cross-correlations between GCs and GCp, they might
still be important, because there will be many galaxies from the photometric
catalog that will be used for clustering and will enter into the spectroscopic
redshift range. Therefore, as conservative baseline, when we combine GCs and
GCp we only select galaxies for the latter below z = 0.9. Neglecting the scatter
from high-redshift galaxies due to the photometric redshifts, these two probes
are then uncorrelated. Finally, the Fisher matrix for the combination of all
probes will be given by the sum of the GCs matrix and the matrix coming from
Eq. (6.63). In Sec.6.6 we provide more details on how we combine all Euclid

primary probes.
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6.2 Forecasting in practice: the CosmoSIS code

In this section we briefly review the code used in 