View metadata, citation and similar papers at core.ac.uk

brought to you by .{ CORE

provided by Memorial University Research Repository

Graded modules over the simple Lie algebra sly(C)

St. John’s

by

(© Abdallah A. Shihadeh

A thesis submitted to the

School of Graduate Studies

in partial fulfilment of the
requirements for the degree of

Doctor of Philosophy

Department of Mathematics and Statistics

Memorial University of Newfoundland

2019

Newfoundland


https://core.ac.uk/display/237205472?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Abstract

This thesis provides a contribution to the area of group gradings on the simple
modules over simple Lie algebras. A complete classification of gradings on finite-
dimensional simple modules over arbitrary finite-dimensional simple Lie algebras over
algebraically closed fields of characteristic zero, in terms of graded Brauer groups, has
been recently given in the papers of A. Elduque and M. Kochetov. Here we concen-
trate on infinite-dimensional modules. A complete classification by R. Block of all
simple modules over a simple Lie algebra is known only in the case of sly(C). Thus,
we restrict ourselves to the gradings on simple sly(C)-modules. We first give a full
description for the Z- and Z32-gradings of all weight modules over sly(C). Then we
show that Z-gradings do not exist on any torsion-free sly(C)-modules of finite rank.
After this, we treat Z3-gradings on torsion-free modules of various ranks. A construc-
tion for these modules was given by V. Bavula, and J. Nilson gave a classification of
the torsion-free sly(C)-modules of rank 1. After giving some, mostly negative, results
about the gradings on these latter modules, we construct the first family of simple
Z3-graded sly(C)-modules (of rank 2). We also construct a family of graded-simple
torsion-free modules of rank 2. For each of the modules in these families, we give a
complete description of their tensor products with simple graded finite-dimensional

modules.
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Introduction

Gradings are an important topic in mathematics. A lot of modern literature is de-
voted to various aspects of this topic. To mention just a few, we list [ABFP08, BK10,
BS19, BM04, BSZ01, DEK17, DV16, EK13, EK15, EK15b, EK17, Eld16, Koc09,
MZ18, PP70, Smi97]. In [EK15], [EK15b] and [DEK17] the authors gave the classifi-
cation of graded simple finite-dimensional modules over simple finite-dimensional Lie
algebras most types over algebraically closed fields of characteristic zero.

The algebra sly(C) is the smallest simple Lie algebra, with dim sly(C) = 3. It
is the only semisimple Lie algebra which has a full classification of simple modules,
both finite- or infinite-dimensional. The first paper on the classification of sly(C)-
modules is due to R. Block in [Blo81]. This paper was followed by a number of papers
devoted to various aspects of this classification. V. Bavula reduced the classification
of sly(C)-modules to the modules over certain associative algebras, called generalized
Weyl algebras. The monograph of V. Mazorchuk [Maz09] is completely devoted to
this topic. In [MP16], the authors introduced examples of torsion-free sly(C)-modules
for any finite rank. The torsion-free sly(C)-modules of rank 1 have been classified in
[Nil15]. Actually, the author of this latter paper has classified all torsion-free modules
of rank 1 over the simple Lie algebras sl,,,1(C), for any n € N.

This thesis is concerned with the gradings on the simple sly(C)-modules, both
finite- and infinite-dimensional. Chapter 1 recalls the basic concepts of Lie algebras
and their gradings. We focus on the universal enveloping algebras and the root space
decomposition, which produces the first main grading, namely the Cartan grading.

Section 1.2 provides general context about gradings.
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In Chapter 2 and Chapter 3 we introduce the weight and torsion-free sly(C)-
modules. Note that, any weight sly(C)-module has a grading compatible with the
Cartan grading on sly(C), the graded components are the weight subspaces of the
module.

Our results start in Chapter 4, where we discuss the Z2-gradings on the weight
5l3(C)-modules. Furthermore, we will give an explicit Z-grading for each simple
weight sly(C)-module. In Chapter 5, we treat torsion-free sly(C)-modules. First, we
establish a simple, yet significant result about the Z-gradings on simple torsion-free
sly(C)-module of finite rank:

Theorem 5.1.1. No simple L = sly(C)-module which is torsion-free of finite rank
with respect to a fixed Cartan subalgebra can be given a Z-grading compatible with the
Cartan Z-grading of L, defined by this subalgebra.

Then we deal with the modules constructed by Bavula, V. in [Bav92]. The last
section of this chapter gives the following result:

Theorem 5.2.2.Torsion-free L = sly(C)-modules of rank 1 cannot be given a
Z3-grading, compatible with the respective Pauli Z3-grading of L.

In Chapter 6, we construct a family of Z3-graded sly(C)-modules. The family

consists of the modules M{ where,
M =U(1))/U(I,)C, M eC.

The main results of this chapter are:
Theorem 6.1.1. Let A € C\2Z. Then M{ is a simple sly(C)-module.
Theorem 6.2.3. Let \ € 2Z. Then M has a unique mazimal (graded) submodule

N¢ such that N = P & Q, where P and Q are simple sly(C)-module of rank 1.



In Chapter 7, we discuss the tensor products L2, of the modules M f with
simple finite-dimensional Z3-graded modules V' (2n). The main result in this chapter
is this:

Theorem 7.2.2. Let p € C\{—1,0} . Then

2n
L ~ V¢
(A\2n) = A+2n—2i-
i=0



Chapter 1

Lie algebras and their gradings

1.1 Lie algebras

In this section we briefly introduce Lie algebras in general, in particular, classical
Lie algebras (see e.g. [EW11, Hum78, Jac79, Ser09]). The first section deals with
Lie algebras, simple and semisimple Lie algebras, general Lie algebras and classical
Lie algebras of types A, B,C, and D. Representations and modules for Lie algebras
are presented in Subsection 1.1.3. In Subsection 1.1.4 we recall universal enveloping
algebras.

The last section in this section treats root systems of semisimple Lie algebras,
the Killing form, Dynkin diagrams, Cartan integers and Cartan matrices for classical

simple Lie algebras.



1.1.1 Definitions and basic concepts

Definition 1.1.1. A Lie algebra L over a field Fis a vector space over this field

equipped with a bilinear map [-,-] : L x L — L such that:
(i) [z,2] =0 for allx € L,
(i) [z, [y, 2] + [y, [z, 2] + [2: [z, y]] = O for all z,y,z € L.

The bilinear operation [-, -] in Definition 1.1.1 is called Lie bracket (or commuta-
tor), and the second condition above is called the Jacobi identity.
Note that condition (i7) implies that [x,y] = — [y, x| for all z, y € L. This property

called the anti-symmetry condition.

Definition 1.1.2. A subspace M of a Lie algebra L is called a Lie subalgebra of L

if , given x,y € M, one has also has [z,y| € M.

Definition 1.1.3. Let L be a Lie algebra, then the subspace I of L is an ideal of L

if for all x € L, a € I, we have [z,a] € I.

Definition 1.1.4. A Lie algebra L is called simple if it is non-abelian and has no

proper (that is, different from L) nonzero ideals.

Proposition 1.1.5. If I is an ideal of a Lie algebra L, then the quotient space L/I

equipped with the bracket operation

[+ 1y+I)=[z,y|+ 1 forallz,y € L (1.1)

15 a Lie algebra, called the quotient Lie algebra modulo the ideal I.



Definition 1.1.6. Let Ly and Ly be two Lie algebras. A linear map ¢ : L1 — Ly is
said to be a Lie homomorphism if p([z,y]) = [p(z), (y)], for all z,y € L,.
In addition, if ¢ is a bijection, then we call it a Lie isomorphism. In this case we

say that Ly isomorphic to L. If Ly is isomorphic to Lo, we write L1 =2 L.

Definition 1.1.7. Let L be a Lie algebra, then the derived series of L is the series
of ideals

LO>ILWDL® D, .,
where LY = [L, L], and L™ = [L(kfl), L(kfl)} fork > 1.
One often writes L) = L.
Definition 1.1.8. A Lie algebra L is called solvable if L™ = 0 for some n € N.

Any subalgebra and quotient-algebra of a solvable Lie algebra is itself solvable.
If L has a solvable ideal I such that L/I is solvable then L is solvable. By Lie’s
Theorem, any finite-dimensional solvable Lie algebra over an algebraically closed field
F of characteristic zero is isomorphic to a subalgebra of the Lie algebra of upper (or

lower) triangular matrices of some order n over F, which is itself solvable.

Definition 1.1.9. The maximal solvable ideal of L is called the radical of L. We

denote the radical of L by Rad(L).
Definition 1.1.10. A Lie algebra L is called semisimple if Rad(L) = 0.

Hence, any simple Lie algebra is semisimple.



1.1.2 Classical Lie algebras

Let A be an associative algebra, then the commutator

[2,y] =2y —yx (1.2)

satisfies the identities in Definition 1.1.1. We denote by A(7) the Lie algebra with the

same underlying vector space A, equipped with the commutator operation.

Definition 1.1.11. Let V be a vector space, and End(V') is the associative algebra
of all endomorphisms of V. The Lie algebra End(V)™) is called the general linear
algebra. We denote the general linear algebra of V' by gl(V'). Any subalgebra of gl(V)

1s called linear.

Let V' be a finite dimensional vector space. Then we can identify End(V') with the
set of all n x n matrices. Hence we can identify gl(V') with the Lie algebra M, (F)().

We denote this algebra by g, (F).

Definition 1.1.12. The special linear algebra s, (F) (or sl(V')) is the subalgebra of

gl,,(F) consists of all n x n matrices (endomorphisms) of trace zero.
Proposition 1.1.13. The special Lie algebra s\, (F) is an ideal of gl,(F). Hence,
gl,,(F) is not simple.

The algebra sl 1(IF), » > 1, is called the Lie algebra of type A,.
Definition 1.1.14. The symplectic Lie algebra sp,,. (F) is a linear Lie algebra iden-
tified with the set of all 2r x 2r matrices of the form

A B
: (1.3)

Cc —-A



where B and C' are symmetric matrices.

The algebra sp,,.(F), r > 3, is called the Lie algebra of type C.,.

Definition 1.1.15. The orthogonal Lie algebra 09,,1(F) is the linear Lie algebra

identified with the set of all (2r + 1) x (2r + 1) matrices of the form

0 a b
¥ A B |, (1.4)
—at C —A

where B and C' are skew symmetric matrices of order r.
The algebra 09,,1(F), 7 > 2, is called the Lie algebra of type B,.

Definition 1.1.16. The orthogonal Lie algebra 0y,.(IF) is the linear Lie algebra iden-

tified with the set of all 2r x 2r matrices of the form

A B
(1.5)

Y

Cc —A
where B and C' are skew symmetric matrices.
The algebra 0q,.(IF), r > 4, is called the Lie algebra of type D,..

The Lie algebras of types A,., B,,C,., and D, are called the classical Lie algebras.

Note that all of the classical Lie algebras are simple, see e.g. [Hum78, §1.2].

1.1.3 Representations of Lie algebras

Definition 1.1.17. Let V' be a vector space over a field F. A Lie homomorphism p :
L — gl(V') is called a representation of the Lie algebra L by linear transformations

of V.



Example 1.1.18. Let V = L. Consider the representation

ad: L — gl(L)

r > adx

defined by adx(y) = [z,y]|. This representation is called the adjoint representation of

L.

Definition 1.1.19. A module over the Lie algebra L is a vector space V equipped

with an operation

LxV —V

(x,0) =z
such that:
(i) (axy + bxa).v = a(z1.v) + b(x2.0),
(i) z.(avy + bvg) = a(z.vy) + b(z.v9),
(iil) [z1, 22] v = 21.(22.0) — 22.(271.0).
Here a,b € F, x,x1,29 € L, v,01,05 € V.

Given a representation p : L — gl(V'), setting z.v = p(x)(v) for v € L and v € V,
makes V' an L-module. Conversely, if V' is an L-module, sending x — p,, where
pz(v) = z.v defines a homomorphism from L to gl(V'), which is a representation of L

by linear transformations of V.

Definition 1.1.20. Let L be a Lie algebra. A representation ¢ : L — gl(V') is said

to be faithful if ¢ ws 1 — 1.



Definition 1.1.21. A subspace W of an L-module V' is called a submodule if for all

x € L and allw € W, we have x.w € W.

Definition 1.1.22. A module V' over a Lie algebra is said to be simple if it has no

proper nonzero submodules.

Definition 1.1.23. A module V over a Lie algebra is called semisimple if it is a

direct sum of simple submodules.

Definition 1.1.24. Let V}, V5 be two L-modules, where L is a Lie algebra. The linear
map o : Vi — Vs is said to be a homomorphism of L-modules if for all x € L and

all v € Vi, we have ¢ (z.v)=x.0(v).

Although some of the results and definitions given here are valid over various
fields, in this thesis, we will be concerned with Lie algebras over the field of complex
numbers. Hence, from now on, we work over the complex numbers, unless stated

otherwise.

Definition 1.1.25. The center of a Lie algebra L is defined by
C(L)={z€L|[?,al=0forallae L}. (1.6)

Theorem 1.1.26 (Schur’s Lemma). Let V' be a simple finite-dimensional L-module.

A map ¢ : V. — V is a Lie homomorphism if and only if ¢ is a scalar map.

Corollary 1.1.27. Let V be a simple L-module, z € C(L). Then, there is a € C

such that z.v = av for allv € V.

Theorem 1.1.28 (Weyl’s Theorem). Any finite dimensional L-module for a semisim-

ple Lie algebra L is semisimple.
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Note that this theorem is not true for infinite-dimensional modules, as will be
seen, for example, from some of our results in Chapter 6. In the case of the fields of

positive characteristic, this theorem is not true even for finite-dimensional modules.

1.1.4 The universal enveloping algebra

Definition 1.1.29. A wuniversal enveloping algebra of a Lie algebra L is a unital

associative algebra U together with a Lie homomorphism
e: L — U, (1.7)

satisfying the following condition:

For any unital associative algebra A, and any Lie homomorphism
§: L — A,
there exists a unique homomorphism of associative algebras
U — A
such that §oe = 4.

It is well known, that the universal enveloping algebra of L exists and is unique
(up to an isomorphism that is identical on L). We denote the universal enveloping
algebra of L by U(L).

In order to give an explicit construction of U(L)( see e.g. [Hum78, §17.2]), we
start with the tensor algebra 7 (L).

First we consider the n'" tensor power of the vector space L by:

11



T L)=L*"=L®L®..®L. (1.8)

n times
The tensor algebra 7 (L) defined as:
TL)=PT"(L)=CoLla(lel)e.... (1.9)
n=0

Now consider the ideal [J of T(L) generated by the elements
[T,y —r@y+y®z, foral x,y € L.
Finally, to obtain the universal enveloping algebra of L one sets
UL)=T(L)/JTJ. (1.10)

The following theorem is called the Poincaré-Birkhoff-Witt theorem, or PBW-

Theorem.

Theorem 1.1.30 (PBW Theorem). Let {x,x9,23,...} be an ordered basis of L.

Then the element 1 together with all the monomials of the form
form a basis of U(L).

It follows from the PBW Theorem that the map ¢ is injective. Hence we may
identify the algebra L with it is image in U(L), using monomorphism &, and write

e(z) = x. In this case the basis of U(L) takes the form of the set of all monomials

Ti(1)Ti(2) = * Ti(k)> k€N, and 2(1) < 2(2) <... < Z(/{)

The next fact describes the relation between the L-modules and the U(L)-modules,

(see e.g. [Dix77, EW11]).

12



Proposition 1.1.31. Let L be a Lie algebra. Any L-module is a U(L)-module, and

vice versa.
The following subalgebra of U(L) will play an important role in our future text.

Definition 1.1.32. The center of the universal enveloping algebra Z(L) is the set of

all elements commuting with all x € U(L).

If V is a simple L-module then by Schur’s Lemma, for any z € Z(L) there exists

a complex number A\(z) € C such that z.v = A(2)v, for any v € V.

1.1.5 Root space decomposition

Let L be a Lie algebra. An element s € L is called semisimple if ads : L — L
is a semisimple (diagonalizable) linear transformation. An element n € L is called
nilpotent if adn : L — L is a nilpotent linear transformation. Every element z € L
can be uniquely written as © = s+n, where s is semisimple, n nilpotent and [s, n] = 0.
This is called the Jordan decomposition of x (see [Hum78, §6.4]).

1.1.5.1 Cartan subalgebras

Now let L be a semisimple Lie algebra.

Definition 1.1.33. A toral subalgebra of L is a subalgebra consisting of semisimple

elements.
Proposition 1.1.34. Any toral subalgebra of L is abelian.

Definition 1.1.35. A mazimal toral subalgebra of L is called a Cartan subalgebra.

13



Definition 1.1.36. Let V' be an L-module, and fiz a Cartan subalgebra H of L. Then,

for X € H*, consider the subspace
Vii={veV|hv=Ah)v, Yhe H}.

If V\ # 0, then it is called the weight space of V' of weight X\. The set of all weights

1s the support of V,
Supp(V) = {A € H* | V3 # 0}.
V' is called a weight module if

V=@ V.

AeH*

The elements of V\ are called the weight vectors of weight \.

Simple weight modules over semisimple Lie algebras satisfying dim V) < oo for
all \ are completely classified (see [Mat00]).

It is well known that any finite-dimensional L-module is a weight module.

In general, we can mention that any submodule, quotient, direct sum, and finite
tensor product of weight modules is a weight module again (see e.g. [Hum?78, HumO08,

Fer90]).

1.1.5.2 Root systems

In this section, we will consider the case of the adjoint module, that is V = L,
equipped with the adjoint action defined in Example (1.1.18). The nontrivial weight
subspaces

Lo={zx€L]|[hx]=a(h)rforallhe H}, (1.11)

14



for o € H*, are called root spaces.

The weights o € Supp(L) are called roots. The set of all nonzero roots & is called
the root system of L with respect to the Cartan subalgebra H. It is well known (see
e.g. [Hum78, §8.2]) that Ly = H and dim L, = 1 for a« € ®. Moreover,

L=Ho L. (1.12)

aced
Definition 1.1.37. A subset A C ® is a base of ¢ if

1. A is linearly independent;

2. Any o € ® can be written as

o= ZZBB, where f € A and z3 € 7
BeA

such that the values of the integers zg are either all non-negative (o > 0) or all

non-positive (o < 0).
We write « < B if a — 5 < 0.

The elements of A are called simple roots. It is known that A is a basis of H*.

The number of elements in A is called the rank of ®.

Definition 1.1.38. Fiz a base A C ®. Let N = N(A) := @ L,, and N~ := P L,,

a>0 a=<0
then L =N~ @& H & N. This is called the triangular decomposition of L determined

by H. The subalgebra B = B(A) := H & N is called the standard Borel subalgebra
of L.

15



Definition 1.1.39. A vector v of weight A (A € H*) is a maximal vector if L,.v =0
for all a = 0. V is said to be a highest weight module of weight \ if there is a

mazimal vector v such that V = U(L).vy.

Definition 1.1.40. Let B = B(A) = H @ N be the standard Borel subalgebra of a
semisimple Lie algebra L. For each N\ € H*, let Dy be a 1-dimensional B-module,

with trivial N-action and H acting through X\, and set Z(\) = U(L) ®,,... Dx. Then

U(B)
Z(A) is a U(L)-module called the Verma module of weight A.

1.1.5.3 Killing form and classical Lie algebras

Definition 1.1.41. Let L be a Lie algebra. Define the symmetric bilinear form k on
L by:

k(xz,y) :=tr(ad z ad y). (1.13)

k 1s called the Killing form of the Lie algebra L.

The next result is the Cartan criterion of semisimplicity for arbitrary Lie algebras.

Proposition 1.1.42. [Hum78, Theorem 5.1] The Lie algebra L is semisimple if and

only if the Killing form of L is nondegenerate.

We will return now to our assumption in this section, that is L is a semisimple

Lie algebra.

Proposition 1.1.43. [Hum?78, Corollary 8.2] The restriction of the Killing form to

the Cartan subalgebra H 1is nondegenerate.

16



It follows from Proposition 1.1.43, that we can identify the Cartan subalgebra H
with H*.
If X € H*, then there is a unique element ¢, € H such that k(ty, h) = A(h) for all

h € H. Hence we can define a symmetric bilinear form in H* by:

(o, B) = k(ta,ts)- (1.14)

For any a € ®, define the element h, € H by:

2t,,
hy = . 1.15
E(ta,ts) ( )

Fix a base A = {aj,as,...,a,} of the root system ®. Since A is a basis of H*,
the elements {ha,, hay, .-, he, } form a basis of H. Note that for any o € ® and
any 0 # z, € L,, there exists y, € L_, such that [Ta,¥a] = ha ( see e.g. [Hum78,
Proposition 8.3]).

The rank of the semisimple Lie algebra L is the dimension of the Cartan subalgebra
H. Note that, when L is semisimple, the rank of L coincides with the rank of the

root system ® ( see e.g. [Hum78, §16.4]). For «, B € ®, an important number is

2(8,0)

(@, )

(o, B) =

Note that the number (o, 3) defined above is always integer (see e.g. [Hum?78, §8]).

Definition 1.1.44. Fiz a base A = {ay, g, ..., .} of the root system ®. The matriz
({(ay, aj)) is called the Cartan matrix of ®, and it’s entries are called the Cartan

integers.

Lemma 1.1.45. [Hum78, §9.4] For any o, B € ®, the value (a, f) (f,a) = 0,1,2, or 3.
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Definition 1.1.46. Let ® be a root system of rank r. The Coxeter graph of ® is the

graph having r vertices, the i™ vertex joined the j™ vertex by {a;, a;) (o, i) edges.

In the case when we have more than one edge, we can add an arrow pointing
towards the longer root (based to the Definition 1.1.37). This graph called the Dynkin

diagram of the root system .

The following graphs are the Dynkin diagrams of the classical Lie algebras of rank

Ar (T’ > 1) aq a2 a3 Qp—1 (673

BT (’]" > 2) a (D) a3 Qp—1 (73

CT (r > 3> aq a2 a3 Apr—1 (673

D, (r>4) .
aq a9 [o %} Q2

Qi

1.1.5.4 Root system of s[,(C)

Through this section, L will stand for the Lie algebra L = s, 1(C), the Lie algebra
of type A,. Consider the subalgebra H of L consisting of all diagonal matrices in
L with trace zero. Then, H is a Cartan subalgebra of L. Define the linear function
g; € H* where g;(h) is the i*" entry of h. Then,

L=HoEPL., ., (1.16)
i#]
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where 1 <i,5 < n -+ 1. Hence,

The root system ® has a base
A={a;|1<i<n}, (1.18)
where o; = ¢; — €441.
For a = ¢; — ¢, set
T :Eij Z#]v (119)

where F1j the standard matrix units. The set of all elements of the form
hz‘ = Ez — Ei—l—l,i-l—l (120)

forms a basis of the Cartan subalgebra H.

Let y,, = x_,,, and denote z; = z,, and y; = y,,. Then

K3

[, yi] = hi, (1.21)
[hmxz] - 21:7;7
[hivyi] = —2y;.

Example 1.1.47. Consider the simple Lie algebra L = sly(C). The standard basis

of slo(C) consists of the elements

T = , h = , Yy = , (122)

where

[z,y] = h, [h,z] =2, [h,y] = —2y.
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Through this thesis we will fiz the Cartan subalgebra of sly(C) with H = (h).

Since dim(H) = 1, we can think of H* as C. Hence
L=L,&H® L, (1.23)

where Ly = (x) and L_s = (y).
Later we will need another basis of slo(C), consists of
A= =h, B= , C= : (1.24)
0 —1 10 -1 0
Note that the subalgebras (B) and (C), are some other Cartan subalgebras of

sly(C). Actually, this is true for the linear span of any semisimple element of sly(C).

Let L = sl,(C), then the subalgebra spanned by the elements z;, h;, y; in (1.21) is

isomorphic to the algebra sly(C), see e.g. [Hum78, Proposition 8.3].

1.2 Gradings

In this section, we recall the basic concepts of gradings of and modules Lie algebras
(see e.g. [ABFP08, BK10, BSZ01, DEK17, EK13, EK15, MZ18, Koc09]). The main
goal is to establish the gradings of the simple Lie algebra sly(C) in Section 1.2.3. The

main reference in this section is [EK13].

1.2.1 Gradings on simple Lie algebras

Definition 1.2.1. Let G be a non-empty set. A G-grading on a vector space V' over

a field F 1s a direct sum decomposition of the form

V=, (1.25)

geG
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We will sometimes use Greek letters to refer to gradings, for example, we may

write I' : V.= @ V. If such a grading is fixed, V is called G-graded.

geG
Note that the subspaces V, are allowed to be zero.

Definition 1.2.2. The subset S C G consisting of those g € G for which V, # {0}
1s called the support of the grading I' and denoted by Supp I’ or Supp V.
The subspaces V, are called the homogeneous components of I', and the non-zero

elements in V, are called homogeneous of degree g (with respect to I').

Definition 1.2.3. A graded subspace U C V is an F-subspace satisfying

U= uny,

geG

so U itself becomes G-graded.

Definition 1.2.4. Let T': V = @V, and I" : V = P V, be two gradings on V
geG g'ei

with supports S and S’, respectively. We say that T' is a refinement of IV (or I is

a coarsening of I'), if for any s € S there exists s € S’ such that Vs C V... The

refinement is proper if this inclusion s strict for at least one s € S.

Definition 1.2.5. An F-algebra A (not necessarily associative) is said to be graded
by a set G, or G-graded if A is a G-graded vector space and for any g,h € G such

that AgAy, # {0} there is k € G (automatically unique) such that
AyAy C Ay (1.26)

In this thesis, we will always assume that G is an abelian group and k in Equation
(1.26) is determined by the operation of G. Thus, if G is written additively, then

Equation (1.26) becomes AjA;, C Agyp. If G is written multiplicatively, then it
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becomes A;A;, C Agyy,. In particular, Definition 1.2.5 applies to Lie algebras: L is a
G-graded Lie algebra if L = € L, such that [L,, L] C Ly, for all g, h € G.
geG

Let V' be a G-graded vector space, U a G-graded subspace of V, then V/U is

G-graded with V/U = @ (V/U),, where (V/U), = (V,+U)/U.

geG
Definition 1.2.6. A grading on A is called fine if it does not have a proper refine-

ment.

Note that this concept depends on the class of gradings under consideration: by
sets, groups, abelian groups, etc. It is well known that the latter two classes coincide

for simple Lie algebras, see e.g [EK13].

Definition 1.2.7. Given a gradingl’ : A = @ A, with support S, the universal group
geG
of I', denoted by G*, is the group given in terms of generators and defining relations

as follows: G* = (S | R), where R consists of all relations of the form gh = k with

{0} £ A, A4, C Ay

If ' is a group grading, then S is embedded in G* and the identity map idg extends
to a homomorphism G* — G so that I' can be viewed as a G“-grading I'".
In fact, any group grading IV : A = G}G A}, that is a coarsening of I' can be induced
v
from I'* by a (unique) homomorphismgl/ : G* — G’ in the sense that A}, = Q? Ay
for all ¢’ € G'. e
In this situation, one may say that I is a quotient of I'*. In the above consid-

erations, we can replace “group” by “abelian group” and, in general, this leads to a

different G*. However, there is no difference for gradings on simple Lie algebras.
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Example 1.2.8. Choose the elements

0 1 1 0 0 0
Tr = 7h: ’y:

00 0 -1 10

as a basis of L = sly(C) and consider the following grading by G = Zs:
I': Ly =(x), Lo =(h), Ly = (y).
The support of I' is G itself, the universal group is Z, and
[ LY = (x), Lg = (h), Ly = (y).
The following grading by G’ = Zs is a coarsening of I':
I': Ly = (2,y), Ly = (h).
Both T and " are quotients of T, while I is a coarsening but not a quotient of T'.

Definition 1.2.9. Let G, G’ be two abelian groups. Let L be a G-graded algebra, and

M a G'-graded algebra:

I L=@L, and T': M= @ M,
geG heG’

A linear map ¢ : L — M s graded if for any g € G there is h € G such that
©(Ly) € My. An isomorphism ¢ is called an equivalence of graded algebras if ¢ and
1

ot are graded maps. If such o exists then we say that T' and T are equivalent and

that ¢ is an equivalence of I' and I".

Definition 1.2.10. G-graded algebras L and M are said to be isomorphic if there

exists an isomorphism ¢ : L — M such that o(L,) = M, for all g € G.
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1.2.2 Graded modules

Definition 1.2.11. IfI' : L = @ L, is a G-grading on L, and oo : G — G’ is a

geG
group homomorphism, then the decomposition °T': L = @ L}, where
heG’
L?z = @ Ly,

g€G: a(g)=h
is a G'-grading on L. We say that ®T" is the grading induced from I' by the homo-

morphism «.

Definition 1.2.12. A left module M over a G-graded associative algebra A is called

G-graded if M is a G-graded vector space and

AgMy, € Mgy, for all g,h € G.

Definition 1.2.13. A G-graded left A-module M 1is called graded-simple if M has no

graded submodules different from {0} and M.

Graded modules and graded-simple modules over a graded Lie algebra L are de-
fined in the same way.

If a Lie algebra L is graded by an abelian group G, then its universal enveloping
algebra U(L) is also G-graded. Every graded L-module is a graded left U(L)-module

and vice versa. The same is true for graded-simple modules.

Definition 1.2.14. A module M over a G-graded Lie (or associative) algebra L is

called a G-graded module if M = @ M, such that Ly. M, C M.}, for all g,h € G.
geG

An L-module homomorphism ¢ : M — N 1is said to be homogeneous of degree h € G

if o(My) C Ngyp, for all g € G. The L-modules are graded isomorphic if there is an

isomorphism of degree 0 between them.
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In the case of gradings by finitely generated abelian groups, there is a close con-
nection between the gradings of algebras by groups and the actions on algebras by
automorphisms (see [EK13, §1.4]).

Let L be a G-graded finite-dimensional Lie algebra over C, and Aut(L) be the
group of all automorphisms of L. Let GG be a finitely generated abelian group. We de-
note by G the group of multiplicative characters of G, with values in the multiplicative

group of C. We can define a G-action on L by:
xoz=x(g)z foral z e L,, x¢€ G. (1.27)

This action defines a homomorphism G — Aut(L) sending y — a, where a,(z) =
x o z for all z € L. This action extends uniquely to an automorphism of U(L).
Conversely, consider the G-action on L, sending (x, z) — x o z. The grading induced

by this action is given by:

L=@EpL,

geG

where

Lg:{zeL|onzx(g)zforallxe@}. (1.28)

There is a correspondence between the G-gradings on L and the set of all homomor-

phisms of algebraic groups G — Aut(L), see [EK13, Proposition 1.28].
{G-grading on L} <= {@—actz’on on L} (1.29)

Let V be a G-graded L-module, and y € G. Then G also acts on V. If X € @,

then we can define the action on V' by:
x*v=x(gviorallveV, xe€ G. (1.30)
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If x € G , let ¢, denote the linear transformation of V' defined by

Px(v) = x *v. (1.31)

Since V' is a G-graded L-module, it follows that

0y (2.0) = oy (2)py (V). (1.32)

There is a correspondence between graded subspaces of a module and submodules
invariant under all linear transformations ¢,, x € @, that satisfy the condition
(1.32). That is, if U is a submodule of the graded module V', which is invariant
under ¢, , for all x € é, then U is GG-graded. The converse is also true: any graded
submodule is invariant under ¢,, for all x € G. In what follows, we will need the

following result.

Proposition 1.2.15. Let U be a unique maximal submodule of a G-graded L-module

V. Then U is a G-graded L-submodule.

Proof. Consider that x € G and u € o, (U). Let z € L. Without loss of generality,
assume that z is a homogeneous element of degree g. Since u € ¢, (U), there exists

v € U such that u = ¢, (v). Now

Hence ¢, (U) is a submodule of V', which is automatically maximal. Since the maximal

submodule of V is unique, it follows that ¢, (U) = U. Hence U is graded. O
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Definition 1.2.16. For any g € G, the shift 9V of a G-graded module V equals V' is
the same as the G-graded space V where the homogeneous components Vj, have degree

g+ h, that is, WV, .=V, for all h € G.

Definition 1.2.17. Let L = @ L, be a G-graded algebra. An ideal I of L is a
geG

G-graded ideal if

I=EP(A,NT). (1.33)

geG

It follows from the above definition, that the ideal I is G-graded if it is generated
by homogeneous elements. In other words, I is graded if and only if for any 2z € I
with 2z = 24, + 24, + -+ + 2,,, for some homogeneous elements z,, € L, it follows
that z,, € I.

Let I be a G-graded ideal of the G-graded algebra L. Then L/I is G-graded,

where

L/T=@D(L, +1)/1. (1.34)

geG

We now consider some examples of gradings on the matrix algebra M, (C) and its

Lie subalgebra L = sl,,(C) .

Example 1.2.18. Let H = {x € M,(C) | 2 =z}, K ={z € M,(C) | 2* = —x}, and
let G =Zs. Lo =KNL, and Ly = HNL. Then L = Ly & Ly is a G-grading on
L. Note that, although M, (C) = K & H, this is not a G-grading on the associative

algebra M, (C).

Example 1.2.19. For any abelian group G and any n-tuple (g1, go, - - ., gn) € G™, we

obtain a G-grading on the matriz algebra R = M, (C) by setting

Ry = Span{E;; | g; — g; = g},
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where Ej; are the matriz units.

Definition 1.2.20. A grading I' : R = @ R, on the matriz algebra R = M, (C) is
geG

called
e clementary if it is isomorphic to a grading as in Example 1.2.19;

e ¢ division if every non-zero homogeneous element is invertible. This 1s equiva-

lent to the condition dimR, < 1 for all g € G (see e.g. [EK13, p.38]).

Example 1.2.21. Ife € C is a primitive n-th root of 1, consider the n X n matrices:

=l -0 10 O-

0 e 001 0
X = and Y =

0 0 0 e 0 000 01

0 0 0 01 1 00 00

Note that XY =Y X and X" =Y" =1, so that
R = @ Ry where R = Span {Xle}
0<k,l<n
is a Z2-grading on R = M, (C), called the Sylvester grading. If n = 2 this grading is

also called Pauli grading.

Example 1.2.22. Let L be a semisimple Lie algebra over C, let H be a Cartan
subalgebra, and let ® the root system of L with respect to H. Then the root space
decomposition (1.12) is a grading over the free abelian group G = (A). This grading

15 called the Cartan grading.
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The classification, up to isomorphism, of abelian group gradings on M,,(C), s[,(C)
and other classical simple Lie algebras are obtained in (see e.g. [BSZ01, BK10, EK13,
EK15b, Koc09]).

For the Lie algebra sl,,(C), we have two types of gradings, Type I and Type II.

Type I grading on sl,(C) comes as the restriction of a grading on the matrix
algebra M, (C). Type II grading of sl,(C) by a group G comes as a refinement of a

grading of M,,(C) by a proper factor group G of G, see e.g. [ABFP08, EK13].

1.2.3 Group gradings of sl,(C)

All group gradings on sly(C) are well known, see e.g [EK13]. We will use the bases
in of sl5(C) mentioned in (1.22) and (1.24).
Up to equivalence, there are precisely two fine gradings on sly(C) (see [EK13,

Theorem 3.55)):

e The Cartan grading with the universal group Z,

1
FS [o

15[2(((:) = L_l@Lo@Ll, (135)

where Lo = (h), Ly = (x), L1 = (y).

e The Pauli grading with the universal group Z3,

2, :81(C) = L) @ Log) ® L, (1.36)

where L(10) = (A), L) = (B), Layy = (C).
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Hence, up to isomorphism, any G-grading on sly(C) is a coarsening of one of the two
gradings: Cartan or Pauli.

Note that any grading I" of a Lie algebra L uniquely extends to a grading U(I")
of its universal enveloping algebra U(L). The grading U(I") is a grading in the sense
of associative algebras but also as L-modules where U(L) is either a (left) regular L-
module or an adjoint L-module. In our study of gradings on sly(C)-modules we will
often consider a Zs-coarsening of U (F§12)7 in which the component of the coarsening
labeled by 0 is the sum of components of the original grading labeled by (0,0) and
(1,0) while the component labeled by 1 is the sum of components labeled by (0, 1) and
(1,1). Moreover, we will consider a Z,-coarsening of U (T’ ), in which the component
of the coarsening labeled by 0 is the same component labeled by 0 while the component

labeled by 1 is the sum of components labeled by 1 and —1.
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Chapter 2

Weight sl5(C)-modules

In this chapter we recall the weight sly(C)-modules (see [Bav90, Blo81, EW11, Fer90,
Hum?78, Hum08, Jac79, Mat00, Maz09]). We treat finite dimensional sly(C)-modules,
Verma modules, anti-Verma modules, and Dense modules.

Moreover, we recall the classification of simple weight sly(C)-modules.

2.1 Simple weight sl;(C)-modules

In this section we will describe all simple weight sly(C)-modules. Thus, we customize
Definition 1.1.5.1 to the sl(C) case.

Let V be an sly(C)-module, H = (h) be the Cartan subalgebra of sl,(C). We call
V,={veV|hv= v}, for p e C,

the weight spaces for V', and if V, is nontrivial we call u € C the weight of V. It V
is the direct sum of these weight spaces, we say that V is a weight module. The set

of all weights is called the support of V. We denote the support of V' by Supp(V).
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In the case of a weight module, if A € Supp(V') and A + 2 ¢ Supp(V), A is called
the highest weight of V', and the elements of the space V) are called highest weight
vectors. Similarly, if A € Supp(V) and A — 2 ¢ Supp(V'), then A is called the lowest
weight and the elements of the space V) are called lowest weight vectors. If the weight
module is generated by vy, where v, is a highest (resp., lowest) weight vector, then
V' is called highest (resp., lowest) weight module of weight A.

Not all weight modules are highest or lowest weight modules, for example the
weight dense modules (in Section 2.5) are neither highest nor lowest weight modules.

The proof of the next lemma will follow the steps of [Maz09, Proposition 3.8].

Lemma 2.1.1. Any h-invariant subspace of a weight sly(C)-module is spanned by

weight vectors.

Proof. Let V be a weight sly(C)-module and let W be an h-invariant subspace of V.
Let w € W C V, and write w = vy + v + - -+ + v;, where v; is a nonzero weight
vector of weight y; € C, for all i = 1,2,..., k. We may assume that pq, po, ...,y are

distinct. Define the elements h; € U(H),i=1,...,k, by

hi = [1(h — ).

I#i

Then

0 if © # j;

hi.Uj =

[T(w — v ifi=j.

I#i
Hence,

k
W > h,w = Zhi.vj = hzvz = H(Mz - ,LL[)’UZ‘,
j=1 I£i

which means that v; € W. O
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2.2 Simple finite-dimensional sl;(C)-modules

In this section we will describe all simple finite-dimensional sly(C)-modules (see e.g.
[Hum78, §7.2]).
Let V' be any simple finite-dimensional sly(C)-module. Since h is diagonalizable,

then

V=@V, (2.1)

neC

The following lemma describes the behavior of the action by the basis elements of
5l5(C). The proof of this lemma can be found in (e.g. [Hum78, Lemma 7.1] or [Maz09,

Lemma 1.15]).

Lemma 2.2.1. Let V = @V, be any simple finite-dimensional sly(C)-module. Let
neC

we C, then

1. .T.VM g VM+27

Moreover, there exists A\, Ay € C such that Vy, # 0 but Vy,12; =0 for allv € N, and

Vi, # 0 but Vy,_9; =0 for all i € N. O

Consider V' be a simple finite-dimensional sly(C)-module, and A; as in Lemma
(2.2.1). Let vy € V,, and let n be the minimal natural number where y" .1y = 0. Set
v; = il!yi.vo fori=1,2,...,n. Since the sum in (2.1) is direct, the vectors v;’s are lin-

early independent. Consider V' (n) be the subspace with the basis {v; | i =0, 1,...n}.
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Lemma 2.2.2. [Hum78, Lemma 7.2 | Let v; € V(n), then
hov; = (n — 2i)v;;
yv; = (1 + 1)vigq; (2.2)
(n—0G—1))v1 if i>1,;

0 if i=0.

a

It follows from the above lemma that V'(n) is a non-zero submodule of the simple

module V', hence V =V (n).
Theorem 2.2.3. Let n € Ny, then
1. The module V(n) is a simple sly(C)-module of dimension n + 1. Moreover,
Vin) =V, @V, 0® - ®V_(_2) & V.
where dim(V;) =1 fori=n,n—2,..., —n.

2. Any simple finite-dimensional sly(C)-module of dimension n + 1 is isomorphic

to the module V (n). O

For the proof of Theorem 2.2.3, see e.g. [Hum?78, §7.2] or [Maz09, Theorem 1.22].

2.3 Verma sly(C)-modules

Now we will turn to the first family of infinite-dimensional weight sly(C)-modules.
The general construction for the Verma modules over a semisimple Lie algebra L is

given by Definition 1.1.40. In the case of L = sl3(C), we have B = B(A) = (h, z) and
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N = (x). In view of the general definition of the Verma module, Verma sly(C)-module

of highest weight A € C, is
Z(A) = U(s(C)) ®u(s) Da, (2:3)

where D, is a one-dimensional B-module, such that x.v = 0 and h.v = Av, for all

’UED)\.

Proposition 2.3.1. [Hum78, §20.3] Let A € C, and consider the left ideal I(\) of

U(sly(C)), generated by x and h — X. Then
Z(\) 2 U(slh(C))/I(N). (2.4)

In order to give an explicit construction of Z(\)( see e.g. [Hum78, Exercise 7.7,
Exercise 20.4] or [Maz09, §3.2]), we use mathematical induction to generalize the
case of simple finite-dimensional sly(C)-modules to the Verma sly(C)-modules. We

set v; = %yi.vo, for ©+ € Ny. Then
Z()\) = <Uo, U1,V2, .. >
and the action is given by the formulas (2.2) with n replaced by A. Thus,

Z(\) = D Vi,

i€Np

where V) _y; = Cu;.

Theorem 2.3.2. [Maz09, Theorem 3.16]

The module Z(\) is a simple sly(C)-module if and only if X ¢ No. If n is a
non-negative integer, then Z(n) has a unique nontrivial submodule Z(—n — 2), with
Z(n)/Z(—n —2) =V (n).
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Theorem 2.3.3. [Maz09, Corollary 3.18] Let A € C. Then up to isomorphism, there

is a unique simple highest weight sly(C)-module L(\) with highest weight . Moreover,

Z(\) if A € C\Ny;
L)) = (2.5)

V(A if A€ N,

2.4 Anti-Verma sl,(C)-modules

In this section, we deal with one of the lowest weight sly(C)-module. This module is

very close to the Verma module, with some differences in the actions.

Proposition 2.4.1. Let V' be a vector space with the basis {v; | i € No}. Define the

sly-action on' 'V for A € C as:

h.v; = (A + 2i)v;;

TU; = Vg1, (2.6)
—iA+i— Doy if i1
0 if i=0.

Then, the formulas in (2.6) define a lowest weight sly(C)-module with lowest weight

A. We denote this module by Z(\) and call it the anti-Verma module.
The support of the anti-Verma module is

Supp(Z(\) = {\+2i | i € Ny}
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Proposition 2.4.2. The module Z()\) is a simple sly(C)-module if and only if —\ ¢
No. Ifn is a negative integer, then Z(n) has a unique mazimal submodule Z(—n+2),

with Z(n)/Z(—n +2) = V(n).

Theorem 2.4.3. [Maz09, §3.2] Let \ € C, then up to isomorphism, there is a unique

simple lowest weight sly(C)-module with lowest weight X\, say L()\). Moreover,

_ Z(\) if — X e C\Ny;
L(X)

1%
~~
g
\]
~—

V() if —AeN,.

2.5 Simple dense sl;(C)-modules

Definition 2.5.1. A weight sly(C)-module is called a dense module if Supp(V) =

A+ 27 for some A € C.

It is clear that no dense module has a highest or a lowest weight. For the existence
of these modules, consider the following module:

Let Z(A\) = (vg, vy, ...) be the Verma module with highest weight A\. Z(\ +2) =
{(wg, wy, . . .) be the anti-Verma module of lowest weight A+2. Let V = Z(\)®Z(\+2)
be the vector space of the external direct sum of Z(\) and Z(\ + 2). Consider the
sly-action on V' by y.(0,wy) = (vo,0), and otherwise, use the usual action of the
Lie algebra on an external direct sum of Lie modules. This action defines a dense
5l (C)-module with Supp(V') = A + 2Z.

Now we will study a large class of dense modules.

For ¢ € C/2Z and 7 € C, consider V to be a vector space with the basis
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{v, | v € &}. Define the action on V as:

h.v, = poy,,
1
T, = Z(T — (4 1)*)v 40, (2.8)

y.Uu = UM,Q,

This action makes V' a dense weight sly(C)-module with Supp(V) = £. We denote

this module by V (£, 7).

Proposition 2.5.2. The module V (&, 7) is simple if and only if T # (A + 1)? for
all X\ € €. If the module V (&, 7) is not simple, then it contains a unique mazximal

submodule isomorphic to a Verma module for some highest weight.
Now we are ready to give a classification of simple weight sl5(C)-modules.

Theorem 2.5.3. [Maz09, Theorem 3.32] Up to isomorphism, any simple weight

sl (C)-module is one of the following modules:
1. V(n) for some n € N.
2. Z(X\) for some A € C\Ny.
3. Z(\) for some —\ € C\N

4. V(E,7) for some £ € C/2Z and 7 € C, with T # (A + 1)2, for all X € €.
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Chapter 3

Torsion-free sly(C)-modules

In chapter, we recall torsion-free sly(C)-modules. Thus, we have to recall the concept
of the algebra U(I)), which plays an important role in the torsion-free modules. See
[AP73, BS19, BM04, Bav90, Bav92, Blo81, Cat98, Dix77, Hum78, MP16, Maz09,

Nil15).

3.1 The algebra U(I))

The goal of this section is to study the algebra U(I,) in (3.7). We recall the central
character, the Casimir element and it’s action, the primitive ideal, the center of the

universal enveloping algebra of sly(C), the algebra U(/,) and it’s basis.

3.1.1 The Casimir element

Recall that Z(L) denotes the center of universal enveloping algebra U(L) of a Lie

algebra L.
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Definition 3.1.1. Let L be a semisimple Lie algebra, let {x1,...,x,} a basis of L,
and let {y1,...,yn} be its dual basis with respect to the nondegenerate bilinear form
B(x,y) = tr(e(x)e(y)), where ¢ : L — gl(V') is a faithful representation of L. The

Casimiar element of the representation ¢ is the element c, defined by:

Cp = Zs@(l’i)s@(yi)- (3.1)

If the representation (module) is fixed, we always use the notation c instead of c,,.

It is known that the element c, is an endomorphism commuting with (L)

( see e.g. [Hum78, 6.2] ).

Theorem 3.1.2. [Hum78, §6.2] Let L be a semisimple Lie algebra. Then for any

simple L-module V', the Casimir element ¢ acts as a scalar on V.
We will use the term Casimir constant to refer to the scaler in Theorem 3.1.2.

Proposition 3.1.3. [Maz09, §3]
Let V' be one of the weight sly(C)-modules, which we studied in Chapter 2. Then

the Casimir constant . of V' is given by:

(n+1)? ifV=V(n), neN
A+1)?2 ifV =20\, \eC,
o, = (3.2)
A=1)?% ifV=2Z\), \eC,

T ifV=V,r1), 1€C, ¢ € C/2Z.

\

The Casimir element for U(sly(C)) with respect to the Z-homogeneous basis

{h,x,y} can be written as

c=(h+1)?+4yx =h>+1+ 2zy + 2yx. (3.3)
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This Casimir element with respect to the Z3-homogeneous basis {h, B,C'} can be

calculated by

B B —
c = 2:L'y—|—2yx—|—h2+1:2( ;C)( 2O>

+ 2(850) <B;C)+h2+1

1 1
= §(B2+CB—BO—C2)+§(B2+BC—C’B—O2)+h2+1,

thus

c=B>-C*+h*+1. (3.4)

3.1.2 The algebra U(!,)

Let R be an associative algebra (or just an associative ring), and V be a left R-
module. The annihilator of V', denoted by Anng(V), is a two-sided ideal of R defined

as the set of all elements r in R such that, for all vin V, r.vo =0
Amgr(V)={re R|rv=0forallveV}.

Lemma 3.1.4. Let R be a graded algebra and M be a graded R-module, then Anng(M)

18 graded.

Proof. Let I = Anng(M) = {r € R|x.M =0}, and 0 # x € I C R, then o =
x1 + o9 + -+ - + x, where z; are homogeneous elements in R (belonging to different
homogeneous components ). Let v € M be an arbitrary homogeneous element, then
0 =2xzv =219+ 2.0 + -+ + xx.v. Since the components x;.v belong to different
homogeneous subspaces, it follows that z;.v = 0 for all 7. Since v is an arbitrary

homogeneous element, it follows that x; € I for all i. O
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Definition 3.1.5. An ideal I of the universal enveloping algebra is said to be primitive
if I is the annihilator of some simple sly(C)-module. If I is a primitive ideal, then

the quotient algebra

U(I) = U(slx(C))/1, (3.5)
1s called the primitive quotient of the primitive ideal I.

The center of the universal enveloping algebra of sl5(C) is described in the follow-

ing way (see e.g [Maz09, Theorem 2.32]).

Theorem 3.1.6. Z(sly(C)) is the polynomial algebra in one variable ¢, the Casimir

element, that s

Z(s1,(C)) = C[d]. (3.6)

|

Given A € C, Consider the two-sided ideal I of U(sly(C)), generated by the

central element ¢ — (A + 1)%.

Theorem 3.1.7. [Maz09, Theorem 4.2] The annihilator of the Verma module with

highest weight X\ is the ideal Iy. O

Note that, if \; # Ay, then the ideals I, and [, are equal if and only if \; =

-y — 2.
Proposition 3.1.8. The ideal I is both Z - and Z3-graded ideal.

Proof. Since ¢ — (A4 1)? is homogeneous of degree 0 (resp., (0,0)) with respect to the

Z-grading (resp., Z3- grading), it follows that I, is graded. O
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The next results (see e.g. [Maz09]) provide a strong relationship between the

primitive ideals I, and the annihilators of simple sly(C)-modules.

Theorem 3.1.9. For any simple U(sly(C))-module M, there exists A € C such that

I, C AHHU(5[2(C))(M). O
Hence the ideals I, A € C, are the minimal primitive ideals of U(sly(C)).

Proposition 3.1.10. [Maz09, §4.1] Let J, := Anny e,y (V(n)), where V(n) is a

finite-dimensional simple sly(C)-module. Then
1. 1, C J,.
2. AnnU(S[g(C))<7<>\)) = I/\_Q.

3. Let £ € C/2Z and T = (A +1)* € C, then Annysi,c))(V(E, 7)) = L.

Moreover, any primitive ideal of U(sly(C)) coincides with I or J,, for some

AeCorneN |
Now for any A € C, the primitive quotient of the primitive ideal I, is

This quotient algebra plays an important role in the theory of torsion-free modules.
Using Proposition 3.1.8, U(I)) is a Z-graded algebra and Z2-graded algebra.
It is well known (see e.g. [Maz09, Theorem 4.15]) that the algebra U([,) is a free

C[h]-module with basis

BOZ {17x7y7x27y277x37y3a"'}7 (38)
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and so it is free over C with basis
B={1,hn...} By. (3.9)

In the next result, we construct a basis of U([,) with respect to the basis {h, B, C'},

that is a basis of Z3-homogeneous elements.

Proposition 3.1.11. Set By = {1,B,C,BC, B>, B*C,B3 B3C,...}. Then B =

{1,h,h2,...} - By is a Z2-homogeneous basis of U(I,).

Proof. Consider the natural ascending filtration {U™ | n =0,1,2,...} of U(sly(C)),
where U™ is the linear span of monomials of the form eje, - - - e where e; € sl5(C) for
all i and k < n. Using PBW Theorem, if { f1, fa, f3} is an ordered basis of sl5(C), then
this filtration is a linear span of the standard monomials of degree less than or equal
n, that is the monomials of the form f; fg ft where the degree of a monomial is the sum
of the exponents of its variables. Consider now the filtration {I™ |n =0,1,2,...}
of U(I,) induced by the natural filtration of U(sly(C)). Using the above basis B, we

can write that the basis of 1™ as the set
{(RFaf o<k 0<n k+0<nyU{hy' |0<k<nk+(<n} (3.10)

Now using (1.24), we may assume that a basis of I™ is formed by some of the
monomials in the set {R*B!C™ | k+ 1+ m < n}.

We prove that 1™ is spanned by those monomials with m = 0 or 1. Let us use
induction on n, with an obvious basis, and use the relation C? = h? + B? — u, where
=A%+ 2\, holding in U(l,). As a result, it is sufficient to deal with the elements

h*B!C? with k + ¢ + 2 = n. We write
h*B'C?* = h*B'(h* + B* — ju) = h*(B'A? + B'"*? — uBY).
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Since
thlh2 — hk+2Bl + hk[Bl, hZ]
where the second term belongs to I(®) for some s < n, we can use the inductive step

and write h* B'C? as a sum of terms of the desired form. Now it follows that I is

spanned by the set of monomials

(W*B'C™ | k+1+m <nand m=0,1). (3.11)

n

Using the basis (3.10), we find that the dimension of 1™ equals > (2i + 1). Clearly,
i=0

the number of elements in (3.11) is the same and hence a basis of U(I}) is formed by

the monomials {h*B‘} U {h*B‘C} where k, ¢ =0,1,2,... O

In the following relations, we follow [AP74]. Let p(t) = $((A*+2X)—2t—¢?) € Clt].

Then, inside U(1,) , for any ¢(t) € C[t], we have the following relations:
wq(h) = g(h — 2k)*,
ya(h) = q(h + 25)y.
If £ > j then
akfyl = p(h —2k) - p(h —2(k — j 4+ 1))2* 9,
yat =p(h+2(j — 1)) p(h)z*~.
If 7 > k then
a*y) = p(h —2k)---p(h — 2)y7~*,
Yk =ph+2(5 —1))---plh+2(j — k)’

Moreover, U(1,) is a generalized Weyl algebra (see e.g [Bav92]) and has the following

properties, (see e.g. [Maz09, Theoram 4.15]).
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Theorem 3.1.12. 1. U(I,) is both left and right Noetherian.
2. U(1)) is a domain.

3. The algebra U(1y) is simple for all A € C\ Z.

One more property that is important for us is the following.

Theorem 3.1.13. [Maz09, Theorem 4.26] For any non-zero left ideal I C U(I)), the

U(Iy)-module U(Iy)/1I has finite length. O

3.1.3 Central characters and graded modules
In this section L denotes a semisimple Lie algebra.

Definition 3.1.14. An associative homomorphism x : Z(L) — C is called a central

character of U(L).

Definition 3.1.15. Let x be a central character. One says that an L-module M

admits a central character y if
z.m = x(z)m for allm € M and z € Z(L).

In this case, x is called the central character of M. We denote the central character

of M by xn-

Definition 3.1.16. Let x be a central character, the two-sided ideal I, of U(L) is the
ideal generated by the elements z — x(z), z € Z(L). For an ideal I,,, one can define

the quotient algebra



Recall Definition 1.1.40 of the Verma module M () for any semisimple Lie algebra
L. Then for any L-module V' admitting a central character yy, there is A € H* such
that xv = X

Thus, the study of simple modules over a semisimple Lie algebra L reduces to
the study of the simple modules over an associative algebra U(1,,), for an appropriate
central character of U(L). Thus, it is important to know, given a grading by a group G
on a semisimple Lie algebra L, whether this grading induces a grading of the algebra
U(1y).

In [BM04], a family of central elements have been constructed for certain simple
Lie algebras admitting a division grading, that is, a grading that comes as a restriction
of the division grading on the respective matrix algebra. In particular, this is possible
for the Lie algebras sl,,, 0on, and sp,.. FEach of these algebras can be considered as a
Lie subalgebra of a suitable matrix algebra M (C), k = n in the first case and 2" in
the last two cases.

Let L be a Lie algebra admitting a division grading by a finite abelian group
G. Hence, each nontrivial homogeneous component is 1-dimensional, see Definition
1.2.20. For each g € S := Supp (L), choose a non-zero element X, € L,. Hence, for

any gi, go € S, there is a number o(g;, g2) € C such that

Xg1X92 = 0(91792)Xg1+92- (312)

Hence,
[Xnggz] = (‘7(91792> - ‘7<92791))Xg1+gz- (313)

Note that, the map o : S x S — C* is a 2-cocycle, that is

o(91,92)0(g1 + g2, 93) = (g2, 93)0(g1, 92 + g3), (3.14)
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for all g1, 92,93 € S.

Set By = X,, and for k > 2 write

1
B, = - X, X,,. (3.15)
91+92+Z'“gk=e I_Ile1 U(gia git1 +- gk‘) i

Clearly, our Casimir element for sly(C) in the form (3.4) is one of the elements

(3.15).

Theorem 3.1.17. [BM0/J, Theorem 4.1] The elements By are central elements of

U(L), for all k € N.

Moreover, the authors indicate that, in the case when L = sl,, these central
elements generate Z(sl,,).

It is clear that the central elements above are homogeneous of degree e. Hence, if
X is a central character of U(L), then all the elements By — x(Bj) are homogeneous

of degree e.

Proposition 3.1.18. Suppose L = sl,,(C) admits a division grading by a finite abelian
group G, and assume that x is a central character of U(L). Then the ideal I, and

the quotient algebra U(1,) are G-graded.

As a consequence, if a is a graded elements of U([y), then U(Ix)/U(Ix)a is a
graded sl,-module. We will use this idea in the particular case n = 2 to construct
simple graded torsion-free modules for the Pauli grading of sly(C).

In conclusion, note the following important classical result.

Proposition 3.1.19. If L is a complex finite-dimensional semisimple Lie algebra,
then

Z(L) = (C[Zl,ZQ, Ce ,ZT],
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where the z; are algebraically independent central elements, and r is the rank of L.

For the proof of the above theorem, see e.g. [Kos75].

3.2 Torsion-free modules over sl,(C)

In this section we will recall the torsion-free sly(C)-modules. In particular, we discuss

the classification of torsion-free sly(C)-modules of rank 1, see [Nill5].

Definition 3.2.1. Let M be an sly(C)-module. The module M is called torsion if for
any m € M there exists non-zero p(t) € Clt] such that p(h).m = 0. The module M is
torsion-free if M # 0 and p(h).m # 0 for all0 # m € M and all non-zero p(t) € Cl[t].
If M is a free Clh|-module of rank n, we say that M is a torsion-free sly(C) module

of rank n.

Theorem 3.2.2. [Maz09, Theorem 6.3] A simple sly(C)-module is either a weight or

a torsion-free module. |

It follows from Theorem 3.2.2 that if h has at least one eigenvector on a simple
module M, then M is a weight module. As a consequence of Theorem 3.1.9, the
description of simple sly(C)-modules reduces to the description of simple torsion-free
U(Iy)-modules (see e.g [Maz09, §6.1]).

A further reduction can be achieved as follows. Let us consider the field of rational
functions in h, K = C(h), and set A to be the algebra of skew Laurent polynomials

over K, that is

A=K[X, X! o] = {Zqi(h)Xi | ¢;(h) € K, almost all ¢;(h) = O},

1€Z
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with the usual addition and scalar multiplication, and the product

(D _p(MXHQ_a(WX7) =Y pih)o(g;(h) X,

i€Z JEZ i,jEZ

where o(h) = h — 2. Note that A is an Euclidean domain and it is isomorphic
to ST'U(I)), the localization of the generalized Weyl algebra U(I)), where S =
C[h]\ {0}. An embedding of ®, : U(I,) — A is the unique extension of the following

map:
A+1)2—(h+1)2
4

(I))\<h) = h, (I)/\(]}) = X, CD)\(y) = Xﬁl.

Thanks to this embedding, A becomes a A — U([,)-bimodule and given an U(Iy)-

module M, one can define an A-module F(M) by

./T"(M) = A®U(I>\) M.

Theorem 3.2.3. [Maz09, Theorem 6.24] The following are true.

(i) The functor F induces a bijection F from the isomorphism classes of sim-
ple torsion-free U(Iy)-modules to the set of isomorphism classes of simple A-

modules;

(ii) The inverse of the bijection from (i) is the map that sends a simple A-module

N to its U(Iy)-socle socyr,)(N).

Theorem 3.2.4. [Blo81, Corollary 4.4.1] Let M be a simple torsion-free U(Iy)-
module. Then M = U(I,)/(U(I)) N A«a), for some o € U(Iy) which is irreducible as

an element of A.
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Many examples of torsion-free sly(C)-modules have been introduced, see e.g [Maz09,
MP16, Nill5].

In [MP16], the author produced torsion-free modules of arbitrary finite rank.

Theorem 3.2.5. [MP16, Theoram 6.1] Let « = 2" —p(h)x" ' —ag € U(I)), with ag €
C\ {0}, and p(h) is a non-constant polynomial in h. Then the module U(I)/U ()«

is a simple torsion-free sly(C)-module of rank n.

Now we will highlight the torsion-free sly(C)-modules for which we can decide if
those modules are graded or not.
Let us define a family of U(I))-modules modules, as follows. Given two polyno-

mials p(t), g(t) € Clt], we set

M(p(t), g(t),A) := U(1x)/U(Ix)(g(h)x + p(h))

and

M'(p(t), g(t), A) := U(1x)/U(1x)(g(h)y + p(h)).

Theorem 3.2.6. [Maz09, Theorem 6.50] Let A € C, and g(t), p(t) be non-zero poly-

nomials in C[t], such that if r € C is a root of p(t). If
1. r+n is not a root for g(t) for alln € Z.
2. A+ 1) #£ (r+n+1)% foralln € Z.
Then the U(Iy)-modules M(p(t), g(t),\) and M'(p(t),g(t), \) are simple. O

The so called Whittaker modules are a special case of Theorem 3.2.6. They are

defined as follows:
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Definition 3.2.7. Let « € C\ {0} and A € C. The Whittaker modules are the

modules M, = U(I)/U(Ix\)(1 — az) = U(I))/U(\)(1 - §B - 5C).

A full description of torsion-free sly(C)-modules of rank 1 (over C[h]) was given

in [Nil15).

Definition 3.2.8. Let 0 # o € C and 8 € C. Let us define an sly(C)-module N(a, ()

as the vector space C[h] equipped with the following action: for f(h) € C[h]

hT(h) = hf(h),
x.f(h) :a(g+6)f(h—2), (3.16)
y1(R) = (2~ B)f(h+2).

Proposition 3.2.9. [Nil15, Lemma 12] Let 0 # o € C. Then the module N(«, () is

simple if and only if 25 ¢ Ny.

Definition 3.2.10. Let 0 # o € C and p € C. Let us define an sly(C)-module

N'(«, B) as the vector space C[h] equipped with the following action: for f(h) € C[h]

h-f(h) = hf(h),
z.f(h) =af(h—2), (3.17)

v 1) = (2 B4 1~ B)f(h+2)

Proposition 3.2.11. [Nil15, Lemma 11] Let 0 # « € C and 8 € C. Then the module

N'(«, B) is simple.
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To have pairwise non-isomorphic simple modules N'(«, ), consider the condition

that Re(B3) > —1.

[\

Definition 3.2.12. Let 0 # a € C and p € C. Let us define an sly(C)-module

N(a, ) as a vector space C[h] equipped with the following action: for f(h) € C[h]

h.f(h) = =hf(h),

1 h h
x.f(h) = E(§+5+1)(§—5)f(h+2)7 (3.18)
y.f(h) = —af(h—2).

Proposition 3.2.13. [Nil15, Lemma 11] Let 0 # « € C and 8 € C. Then the module

N(a, B) is simple.

Similarly, to have pairwise non-isomorphic simple modules N'(«, ), consider the
condition that Re() > —%. Note that the Whittaker modules are torsion-free sly(C)-

modules of rank 1 with type N'(%,3).

o’

Theorem 3.2.14. [Nil15, Theorem 9, Lemma 11, Lemma 12 | Any simple torsion-
free sly(C)-module of rank 1 is isomorphic to one of the following (pairwise non-

isomorphic) modules:
1. N(«, ) for some 0 # « € C and 5 € C with 25 ¢ Ny.
2. N'(«, B) for some 0 # a € C and § € C with Re(8) > —3.

3. N(a, B) for some 0 # a € C and g € C with Re(8) > —1.
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Chapter 4

Gradings on the weight

slo(C)-modules

In this chapter we study the gradings on the simple weight sly(C)-modules.

4.1 Gradings on simple finite-dimensional sl,(C)-
modules

Every simple finite-dimensional module of sly(C) is a weight module, that is, de-
composes as the direct sum of weight spaces and this decomposition is a grading
compatible with the Cartan grading on sly(C). In [EK15], the authors gave a com-
plete classification of the highest weights A for any graded finite-dimensional simple
Lie algebra L such that the simple highest weight module V(\) admits a grading
compatible with the grading of L. In particular, it was shown that the simple module

V(n) for L = sly(C), equipped with the Pauli grading, can be made a graded module
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if and only if n is an even number. The proof in [EK15] does not provide the explicit
form of the grading on V'(n). This is our goal in this section.

Let V = V(n) be a simple sly(C)-module with an even highest weight n and the
canonical basis {vg,v1,...,v,} (see Section 2.2).

To construct a Zz2-grading on V', we first define a new basis of V as follows.

Set €; = V; + Up—i, for 1 = 071,.,,7%, and dz = V; — Up—; for 1 = 0717'__,%_1'
Then {60,61, coenydo,dyy . dg—l} is a basis of V' and the module action is given
by:

( h.e; = (n — 2i)d;, for i = 0,1,...,;
(n—i+ e+ (i+ Ve, ifi=0,1,...,2—1;
B.e; = <
(
(n—i+1)dioy — (i + )di1, ifi=0,1,...,2 1
C'.ez- =
2(5 +1)dz_y, if i = 2
h.d; = (n — 2i)e;, for i = 0,1,...,5 — 1;
Budi=(n—i+1)diy + (i +1)digq, if i =0,1,..., 5 = 1;

C’dZ:(n—z—i—l)ez_l—(z—kl)ezﬂ,1fz=0,1,,%—1

Let ‘/2070) = <6i | 118 6V6H>, Vv(()71) = <6i | 118 Odd>, Vv(LQ) = <dz ’ 1 1S even >, and ‘/(1’1) =

(d; | i is odd). One now easily checks the following.

Proposition 4.1.1. The above formulas provide a Z3-grading T : V = @V, on V
g€Z3
compatible with the Pauli grading on sly(C). a
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4.2 Gradings on Verma sly(C)-modules

As we mentioned before, any weight sly(C)-module has a grading compatible with the
Cartan grading on sly(C) via the decomposition into weight spaces of this module. As
a special case, we will explicitly describe the Cartan gradings on the Verma modules.

Let {vg,v1,...,vk,...} be a basis of V()), as described in Section 2.3. Consider
the canonical basis {z, y, h} of slo(C) with the Cartan grading by Z, that is, deg(x) =

1, deg(y) = —1, deg(h) = 0. The action of sly(C) on V is the following:

vo | v Vg co | vk
bl dvog | (A=2)vy | A=4)vg | ... | (A—2k)vy
z |0 Avg A=Dvy | ... | A=k+1Duvg
y |l v1 | 209 3v3 oo | (B 4+ Doy

Let Vi = (vg) for k = 0,1,2,..., and V}, = 0 for £ = 1,2,.... Then the grading

V = @V_, makes V a graded sly(C)-module.
k=0

Theorem 4.2.1. Let V' be a Verma sly(C)-module with highest weight X € C\2Nj.

Then V is not a Z3-graded sly(C)-module.

Proof. Let V = G?C V., with a maximal vector v € V). Then V has a basis
{vo, v1,v9, ...} givgrel in Section 2.3. Assume that V has a grading compatible with
the Pauli grading on sly(C), so it can written as V' = Vg0 ® V(1,0) ® Vio,1) ® V(1,1
Now let V9 = Vio,0) ® Viu,0), and V= Vo, @ Via,n- V9 and V! are thus h-invariant,
with the action of B sending V° to V! and vice versa. By Lemma 2.1.1, V°? and V!

are spanned by weight vectors. Since V), = Cuvy, we must have vy € V° or vy € V1.

Without loss of generality, suppose vy € V° (otherwise apply the shift of grading).
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Then V! 3 By = vy, so v; € V1. Hence V° 3 B.vy = Mg + 2vy. Since vy € V0 we
get vy € V0. Again V! 3 B.vy = (A—1)v; +3v3, which implies v3 € V!, and so on. We
have shown that V? is spanned by the set {vg, vo, vy, ...} and V! by {vy,v3, 05, ...}

Now let 0 # v € V(g0 C V9. Then v can be written as v = agvg + QaUs + - - - 4+ Qi Vak,
for some non-negative integer &, and some non-zero o; € C. Since V(g ) is h2-invariant,

the elements

h2.U = Oég)\zvo + Ofg()\ — 4)2’02 + -+ Oégk()\ — 4l€)2’02k,

o = aghvg + as(A — 4) vy + -+ aor (N — 4k) g,

o = aghog + as(A — 4)2kU2 + o+ ag(A — 4k)2kU2k

all belong to V(g,0). In order to use the Vandermonde’s argument, we have to show that
A (N—=4)2, ... (A—4k)? are all distinct. Assume that we have two different weights,
(A —4n) and (A — 4m) such that (A —4n)? = (A — 4m)?. Then |\ — 4n| = |\ — 4m].
Hence either A — 4n = A — 4m or A — 4n = 4m — A, the first case being obviously

impossible. This means that A = 2(n + m) € 2Ny, which is a contradiction. Hence,

1 1 1

A2 (A—4)2 L (\—4k)?
(A—4) A=t

AE (A= 42\ — A

As a result, V(o) is spanned by weight vectors, which means that there is v, € V(g )

for some s. Then h.vy; = (A — 2s)v, € V(19), a contradiction. O

Corollary 4.2.2. Let V be a Verma sly(C)-module with a non-negative even integer

highest weight n. Then V' cannot be a Z3-graded module.

57



Proof. Assume that V is Z32-graded module. Since the highest weight is an integer
number, it follows that V' is not simple and has a unique maximal submodule Z(—n—
2). By Proposition 1.2.15, this must be a graded submodule. But (—n—2) is a negative

number, a contradiction with Theorem 4.2.1. O

4.3 Gradings on anti-Verma sl;(C)-modules

As we mentioned about the grading of weight modules over Z. The anti-Verma
module V = Z(\) with basis {vg, V1, s, ...} introduced in section 2.4, is a Z-graded
sly(C)-module. Let V = Z(\) with the basis {vo,v1,...,v,...}, and consider the
basis {z,y, h} of slo(C) with a Cartan grading over Z, that is, deg(x) = 1, deg(y) =

—1, deg(h) = 0. The action of sl5(C) on V is the following:

Vo U1 U e | Ug
bl dvg | (A+2)vy | (A+4)vy co | OV 28) vy,
x || V1 () U3 ceo | Ukt
y |0 —Avg 20+ Dy | ... | —kA+Ek—=1)vp

Taking Vi, = Cvy, for k =0,1,2,..., and V}, =0 for k = —1,-2,... makes V = @V,

k=0
into a Z-graded sly(C)-module.

Theorem 4.3.1. Let V' be an anti- Verma sly(C)-module with the lowest weight A € C.

Then V' cannot be a Z3-graded sly(C)-module.

Proof. Write V.= @V}, where V}, = Cuy for k = 0,1,2, ..., as above, and assume that
k=0

{vo,v1, va, ...} be the basis of V. Assume that V' has a grading compatible with the
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Pauli grading on sl,(C), so it can be written as V' = Vig0) @ V(1,00 ® Vio1) ® V(1,1)-
Denote V° = Vg0)®V{1,0), and V! = V(g 1)®V(1,1). Then V? and V! are V h-invariant,
with the action of B sending V° to V! and C sending V! to V°. By Lemma 2.1.1,
V0% and V1 are spanned by weight vectors. Since V = Cuvy, we must have vy € VO or
vy € V1.

Without loss of generality, suppose vy € V' (otherwise apply the shift of grading).
Then V! > B.ayg = v, so vy € VL. Hence V? 3 B.uy = vy — Avyg. Since vy € V° we get
vg € V. Again V! 3 B.vy = v3 — 2(\ + 1)vy, which implies v3 € V!, and so on. We
have shown that V? is spanned by the set {vg, vo, vy, ...} and V! by {vy,v3, 05, ...}

Now let 0 # v € V(o) C VY. Then v can be written as v = qvo+QaUa+- - -+ QopVas
for some non-negative integer k and some non-zero o; € C. But since V(o) is h?-

invariant, the elements

RPv = ap vy + ag( A+ 4)%0s + - - - + agr (X + 4k) vy,

o = agh\vg + aa(A +4) vy + -+ g\ + 4k) g,

R 0 = ag vy 4+ aa(A +4) vy + -+ ag( N + 4k)* vy,

all belong to V{g,0). Now we have two cases:

Case 1 Assume that —\ ¢ 2Nj. In order to use the Vandermonde’s argument,
we need to show that A%, (A\+4)%, ..., (A +4k)? are all distinct. Assume that we have
two different weights, (A +4n) and (A +4m) such that (A +4n)* = (A + 4m)?. Then
|A + 4n| = |\ + 4m|. Hence either A +4n = XA +4m or A + 4n = —4m — A, but the

first case is impossible. Therefore —\ = 2(n + m) € 2Ny, a contradiction. Hence,

59



1 1 1
A2 (A4 (A4 4k)?

( ( ) 0
AF N+ 4%k (N 4k)*

It follows that V(o) is spanned by weight vectors, which means that v, € V(o) for
some s. Then h.vy = (A + 2s)v, € V(19), a contradiction.

Case 2 Assume that —\ € 2Ny. Then V is not simple and has a unique maximal
submodule Z(—\ + 2). If V is graded by Z2, then the unique maximal submodule of

V must be graded. However, this contradicts Case 1 since —(—X\ + 2) ¢ 2N. O

4.4 Gradings on dense sly(C)-modules

As usual, the weight modules are graded by Z, which is compatible with the Cartan
grading of sly(C). Let £ € C/2Z and 7 € C, and let {v, | u € £} be the basis of
V =V({7), as in Definition 2.5. As usual, the basis {z,y, h} of sl3(C) is endowed
with a Cartan grading by Z by setting deg(z) = 1, deg(y) = —1, deg(h) = 0.

Since £ € C/2Z it follows that & = A + 2Z for some A € C and hence, for any
e & p=X\+2ifor somei € Z. Let V; = Cuyyo;, @ € Z. Then V = G}ZV} is a
Z-graded sly(C)-module with deg(V;) = 1. -

As for the grading by Z2, some of the dense modules can be graded and some

others can not. Let us study the case where & = 0.

Proposition 4.4.1. Let 7 € C be such that the module V =V (0, 1) is simple. Then

V' admits a Z3-grading compatible with the Z3-grading of sly(C).
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Proof. Since & = 0, we can choose A = 0 € £&. Then V = @V;, where V; = Cuvy;, and

i€Z
{vo; | i € Z ...} being the basis of V. We set ey = vg,e_1 = 0 and ¢ = 4%(]_[?:0(7 —
(25 —1)2))var,+v_or We also set dg = 0, d_; = 0 and dj, = 4%(]_[?:1(7'— (25 —1)2))vgp, —

v_o, for k € N. Since V is simple, the set {eg, €1, ...,d1,ds,...} is a basis for V with

a module action given by:

h.e, = 2kdy,
h.dy, = 2key,
B.ep = ep1 + 5(17 — (2k — 1)%)eyq,
B.dy = dys1 + 3(7 — (2k — 1)?)dk_1,
Clep = diyy — H(r — (2k — 1)) dy_1,
Cudy, = epy1 — 1(7 — (2k — 1)?)ep,

Let Vio,o) = (e; | i is even), Vio1) = (&; | 7 is odd), V{1,0y = (d; | i is even ), and V{y 1) =

(di | iis odd). ThenT': V = @V, is a Z3-grading of V. O

9€73
Theorem 4.4.2. Let 0 # & € C/2Z and T € C be such that the module V =V (£, 1)

is simple. Then V is not a Z3-graded sly(C)-module.

Proof. If X € &, then V = keaz‘/k’ where Vi, = Cuyior. Here {vyi9; |7 € Z} is the
basis of V' given in Deﬁnitione 2.5. Assume that V' has a grading compatible with
the Pauli grading on sl;(C), and write V' = V(o) @ V(1,0) ® Vio1) ® V(1,1). Denote
VO = Vo0 @ Vi1,0), and V! = V(g 1)@ V(1,1). Then V? and V! are h-invariant, with the
action of B sending V' to V! and the action of C' sending V! to V°. By Lemma 2.1.1,

V0% and V! are spanned by weight vectors. Since Vy = Cuvy, we must have vy € V0 or

Uy € Vi
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Without loss of generality, suppose vy € VY (otherwise apply the shift of grading).
Then V! 2 By = 1(1— (A+1)H)vye+vaoand VI 2 Cloy = (7 — (A + 1)) vy —
Uxr_2. Since V is simple, it follows that (7 — (A + 1)? # 0 and hence vy 42, vy_o € V%
Now B.uyts = 3(7 — (A4 3)?)uata + vy and B.y_o = 1(7 — (A — 1)?)vy + vr_4 are
both in V. Since V is simple and vy € VO, it follows that vy, 4,vs_s € V'. Apply
B again to vy, Ua_4 to get that vyie,va_g € V!, and so on. We have shown that
V0 is spanned by the set {...,vx_g,Ur_4,Vx, Uria,Uris,---} and V! is spanned by
{- ., Ur_6,Ur—2, Urt2, UrtGy - - - }-

Now let 0 # v € Vigp) € V° Then v can be written as v = a_p,Ur_gm + -+ +
Q_1UA_4F+ Uy + - - -+ UN14n fOr SOme non-negative integers m, n and some non-zero

a; € C. But since Vg ) is h2-invariant, the following elements are in V0,0

RPv = a_pm(N—4m)?vs_am + -+ ooy + -+ (A F 4n)20s L an,

Rro = a_pm(\—4m)*os_gm + -+ apX oy 4 -+ an (A + 4n) oy pan,

R0 = (A= 4m)? oy g e agAP Ty

+an (A + 4n) 2y .

Now, to use the Vandermonde’s determinant we have to show that (A —4m)?, ...,
A (A+4)% ..., (A +4n)? are all distinct. Assume that we have two different weights,
(A+4k;) and (A +4ky), such that (A\+4k;)? = (A +4ky)?. Then |\ + 4k | = |\ + 4ky|.
Hence either A + 4k = A+ 4ky or A+ 4k, = —4ko — A, but the first one is impossible.

This means that A = —2(k; + ko) € 27Z, which is not the case since £ # 0. Hence,

62



1 1 1
()\—4777,2 )\2 ()\_|_4n2
) ) £ 0.
(A — Am)20m+n) o \2mn) () ) 2men)

It follows that V(o) is spanned by weight vectors, which means that there is vy 4, €

Vio,0) for some s € Z. Then h.vy = (A + 4s)vs € V{10), a contradiction. O

Corollary 4.4.3. Let 0 # ¢ € C/2Z and 7 € C. Then the module V. = V (&, 7)

cannot be a Z%-graded sly(C)-module.

Proof. Theorem 4.4 covers the case where V is simple, so it is enough to prove this
fact when V' is non-simple. Suppose that V' is a non-simple Z3-graded sly(C)-module.
Then V' has a unique maximal Verma submodule (see e.g. [Maz09, Theorem 3.29]),
which has to be graded; this is a contradiction since Verma modules cannot be a

Z3-graded sly(C)-modules. O
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Chapter 5

Gradings on torsion-free

slo(C)-modules

In this chapter, we study the gradings on the simple torsion-free sly(C)-modules

introduced in Chapter 3.

5.1 Z-gradings of torsion-free sl;(C)-modules of fi-
nite rank.

In this section, we prove the following.

Theorem 5.1.1. For L = sly(C), no simple L-module which is torsion-free of finite
rank with respect to a fixed Cartan subalgebra can be given a Z-grading compatible

with the Cartan Z-grading of L, defined by this subalgebra.

Proof. Let M be any simple torsion-free sly(C)-module of finite rank n. Assume that
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M is a Z-graded sly(C)-module, that is, M = G}ZM, Since h has degree 0 in U (sl3(C)),
it follows that C[h|M; C M, for all i € Z. Heilce M, is also C[h]-submodule of some
finite rank n; < n, which implies that M = @IMi, where [ = {i € Z | M; # {0}},
where |I| = r for some positive integer r SE n. Let t € I be maximal. Then
x.My € My 1 = 0. For any 0 # v € M,;, we have that z.v = 0, that is yz.v = 0.
Since M is simple, it follows that the Casimir element ¢ act as a scalar on M. Hence

cv=((h+1)?+4yz)v = (h+1)%v = av, for some a € C, which implies that M is

a torsion module. A contradiction. O

5.2 Gradings of torsion-free sl;(C)-modules of rank 1

Now we will study the gradings of the torsion-free modules of rank 1.

Lemma 5.2.1. Let M be a G-graded torsion-free sly(C)-module, p(h) € Clh| a ho-
mogeneous element in U(sly(C)), and v € M a non-homogeneous element. Then the

element p(h).v € M is not homogeneous.

Proof. Since p(h) is homogeneous, it follows p(h) € (U(sly(C))), for some g € G.
Since v is non-homogeneous, it follows that v = v,, + vy, + - -+ 4+ v,, for some k > 1
and g1, g2, . . ., gi are distinct in G, where vy, € M,,, at least two of them non-zero
(say vg,, vy, are non-zero). Now p(h).v = p(h).vy, + p(h).vg, + -+ + p(h).v,, , where
p(h).vg, € My, 4+, But g1 +9,92+ 9, ..., gx + g are distinct in G. Since M is torsion-

free, p(h).vg,, p(h).vy, are non-zero, which means that p(h).v is non-homogeneous. [

Theorem 5.2.2. For L = sly(C), no torsion-free L-module of rank 1 can be given a

73-grading compatible with the Pauli Z3-grading of L.
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We prove this theorem on a case-by-case analysis for each kind of torsion-free

modules of rank 1. A useful property is the following.

Lemma 5.2.3. Let M be a torsion-free sly(C)-module, and 0 # v € M. Then one of

Tr.v ory.vw 1S MON-2€r0.

Proof. Assume that z.v = 0 and y.v = 0, then 0 = (zy — yx).v = h.v, which means

that h.v = 0, a contradiction. O

Proposition 5.2.4. The module N (o, 3), as in Definition 3.2.8, is not a Pauli Z3-

graded sly(C)-module.

Proof. Assume that N = N(«, ) is a Z3-graded sly(C)-module, so that N = N o) &
N0y ® N1y @ Napy. Given a non-zero homogeneous element f(h) € N, we de-
fine f(h) to be the same as f(h) but computed in the algebra U(sly(C)). Now
f(Rh) can be written as the sum of a combination of monomials in A2+, for k =
0,1,2,..., and a linear combination of the monomials h?*, for k = 0,1,2, ..., of de-
grees (1,0) and (0,0), respectively. As a result, f(h) is a homogeneous element in

U(sly) of degree 0 with respect to the Zs-grading on U (sly) given by
Ulsly) = (U(sh))’ @ (U(s))',
where
(U(sh))" = (U(sh))0,0) @ (U(sla))1,0)
and
(U(sla))' = (U(sla)) 0,1y @ (U(sla))1,1).

Since f(h) is homogeneous with respect to the Z3-grading, it will remain homogeneous

relative to the coarserZy-grading N = N° & N*', where N = Ngg) + N0 and
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N' = Ny + Nayy. Thus either f(h) € N° or f(h) € N'. But f(h).1 = f(h).
Since f(h) is homogeneous in U(sly(C)), with respect to the Z,-grading, and f(h) is
homogeneous in N with respect to the Zy-grading, using Lemma 5.2.1 we conclude
that 1 is homogeneous in N with respect to the Z,-grading. Now either 1 € N or 1 €
N*'. Without loss of generality assume that 1 € N°, which means that N = N° and
N'is trivial. Using Lemma 5.2.3, we have either B.1 # 0 or C.1 # 0. These elements

belong to N!, which provides the desired contradiction. O

Proposition 5.2.5. The module N'(c, ) as in Definition 3.2.10 is not a Pauli Z3-

graded sl (C)-module.

Proof. Assume that N = N'(«, 3) is a Z3-graded sly(C)-module. Let f(h) € N be a
non-zero homogeneous element, and define f(h) to be the same as f(h) but computed
in the algebra U(sly). It follows that f(h) is a homogeneous element in U(sly(C))
of degree 0 with respect to the Zs-grading on U(sly(C)). We know that f(h) is
homogeneous with respect to the coarsening grading by Z,. Now either f(h) € N° or
f(h) € N*, and f(h).1 = f(h). But f(h) is homogeneous in U (sly(C)) with respect to
the Zg-grading, and f(h) is homogeneous in N with respect to the Zs-grading. Using
Theorem 5.2.1, it follows that 1 is homogeneous in N with respect to the Z,-grading.
Hence either 1 € N° or 1 € N!'. Without loss of generality assume that 1 € N°,
which means that N = N° and N! is trivial. Using Lemma 5.2.3, we have either

0# B.1€ N!'or0+#C.1€ N acontradiction in both cases. O]
Proposition 5.2.6. The module N(«, ) is not a Pauli Z2-graded sly(C)-module.

Proof. Use the argument from the proof of Proposition 5.2.4 and Proposition 5.2.5.

O
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Using the above results and Theorem 3.2.14 we can conclude that the proof of
Theorem 5.2.2 is complete.
As a consequence of Theorem 5.2.2 we can derive the following corollary about

the gradings of the Whittaker modules.

Corollary 5.2.7. The Whittaker modules cannot be Z3-graded sly(C)-modules.
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Chapter 6

Graded sly(C)-modules of rank 2

In this chapter we will deal with the graded torsion-free sly(C)-modules of rank 2.
We will construct a family of simple Z2-graded sly(C)-modules of rank 2, and another

family of Z3-graded simple sly(C)-modules.

6.1 New family of torsion-free sl;(C)-modules of

rank 2

In this section we will construct the first family of simple Z3-graded torsion-free
sly(C)-modules of rank 2.

Given any A € C, we consider the U(Iy)-module M{ = U(Iy)/U(I,)C. For
u,v € U(sly(C)), we say that u is equivalent to v, and write u = v, when u+U (I,)C =
v+U(I,)C. All elements of the form h* B'C' are equivalent to 0. Moreover B = p—h?

where = A% + 2\ . Hence
thQ = hk(,u o h2) — ,Uhk o hk+2,
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which implies that any element of M{ can be written as a linear combination of
elements of the form h*B™ where m = 0,1. This means that M{ is a torsion-free
5ly(C)-module of rank 2, with basis {1, B} as a C[h]-module. One can identify M{
with the C[h]-module M{ = C[h] ® C[h]B. Note that M{ is Z2-graded module since

U(I,)C is a Z3-graded left ideal.

Theorem 6.1.1 (Main Theorem 1). Let A € C\2Z. Then MY{ is a simple sly(C)-

module.

The proof of Theorem 6.1.1 is given at the end of this subsection. Before that we
need to perform some necessary calculations and establish certain relations.

Let f(h) € C[h] C M{. Then

C.f(h) = (z—y)f(h)
= f(h=2)z— f(h+2)y

S(F(h—2) — F(h+2)B. (6.1)

B.f(h) = (z+y)f(h)

= f(h—=2)z+ f(h+2)y

%(f(h—?) + f(h+2))B. (6.2)
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Note that

B = —(B? + CB)

(B* + BC + 2h)

N~ N~ N~

(:u - h‘2 + 2h)7

and

<@
oyl
|

(B*> - CB)

(B* — BC — 2h)

N — N~ N~

(. — h?* —2h).

Using (6.1), (6.3), and (6.4), we write

?

S(h) =5 (& —y)(f(h=2) = f(h+2))B

=~ N~ DN

+(=h* = 2h+ p) f(h+4)) .

Hence

SN,

C?.f(h) = —

+2(p = 1) f(h) + (h* +2h — p) f (R +4) ).
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((=h*+2h+ p) f(h —4) — 2(u — h®) f(h)

(7 =2h—p)f(h—4)

(6.4)

(6.5)



In particular, if f(h) = A", then
(h*—=2h — p)(h — 4)™ = h""? — 2(2n + 1)h"H!
n—2
n n
. —4 k 9 —4 k+1
e Calp)ent =21 e

TR

(= pn(=4)" = 2(—4)")h — p(—4)".

And,
(R*4+2h — p)(h +4)" = K" — 2(2n + 1)h" !
n—2
n n
. 4 k 9 4 k+1
N u(P)are(, )
n
AYkH+2 )k
(2o
+ (—pn(4)" 7+ 2(4)")h — p(4)".
Hence
C?.h" = a,h™ + apoh™ 2+ -+ ag
where

a, = —4n?.

Also, for k =2,4,...,n—3 (or n — 2) we have,

1 T\ K n k+1 n k+2
= —= - 2 4 a2
fin=k 2( “(k)4 T (k+1) VS

Except a; (or ag), all other coefficients equal zero.

One more relation that we will need refers to CB.h™.
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Let f(h) € C[h] € ME. Using (6.2), (6.3), and (6.4), we can write

CB.f(h) =5 ) (F(h—2) + f(h +2)) B

=2 (F(h = 4B+ F(R)aB — f(h)yB — f(h+4)yB).

Hence

CB.f(h) =

-

In particular, if f(h) = A", then

((=h*4+2h+pu)f(h—4) +4hf(h) + (R* +2h — p)f(h+4)).

(=h*42h + p)(h — )" = —h""2 4+ 2(2n + 1)

+Z(u( ) +2<k+1>(—4)k+1
(e

+ (pn(=4)"" 4+ 2(=4)" ) b+ p(—4)",

= A" 4 2(2n + 1AM

2. _“Cfl) +2(k+1)<4)k“+ (kfiQ)( i+ ) ok

2(4)" ) h — p(4)".

CB.h" = an+1hn+1 -+ an_lh”_l +---+ah

and
(R*4+2h — ) (h + 4)"
n—2
+ (= pn(4)" 1 +
Hence
where

An+1 = 2(n -+ 1)

for k=1,3,...,n—2 (or n—1) we have,
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_1 T gk n k+1 n k42
a""“_2( “(k)4 +2<k+1>4 T let2)? '

Except a; (or ag), all other coefficients equal zero.

Lemma 6.1.2. Let A € C\2Z. Consider a non-zero submodule N of MY . If there is

a non-zero element 0 # f(h) € N, then 1 € N.

Proof. Let 0 # v = f(h) € N; our claim is to show that 1 € N.
We prove this by induction on the degree of f(h), assumed monic. When i = 1,

we have 0 # v =h 4+ a € N, where a € C. If a # 0, then
C*v=—-4heN
which implies that 0 Za € N. If a =0, then v =h € N and
CB.w=4h®>—-2u € N,

and since h € N it follows that h*> € N. Thus, 0 # u € N, hence 1 € N.

For the inductive step, suppose n > 1 and let
v=f(h) =h"+ by h" '+ by_oh" %4 -+ Dby € N.

Using (6.6), for n > 3, we have

1 n n n
2y =__ 2pn _ 2 3 4\ pn—2
C v = 2(8nh + ( u(2>4 +2(3>4 +<4)4 )h
4o+ 8by g (n— 1A e 4+ 8, a(n — 2)PR" TR 4 )
For n = 2,3 we have
C?.(h* + byh + by) = —16h* — 4byh + 8,

and
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C%.(h3 + byh? 4+ bih + by) = —36h> + (244 — 64 — 4by)h + Sbypu

Now consider vy = fi(h) := C?.v + 4n*.v € N. Then f;(h) is a polynomial of degree
less than n. If C%.v # —4n?.v, then the result follows from the inductive hypothesis

applied to fi(h). Otherwise, we have
—4n?b, 1 = —4(n — 1)?b,_1,
which implies that b,_1 = 0. For n > 3 we have

—u (Z) 42 42 (Z) 84 (D 4%+ 8by_o(n — 2)% = 8b,_yn?

which implies that

by 6.9
? 2(n — 1) (6.9)
For n = 2 we have
1
bo = —§,u
For n = 3 we have
8—3
b= — al

If we have failed to produce a non-zero polynomial of degree less than n using v, we

can use another action to get such element. Using (6.8), for n > 2, we have

1
CB.w =5 <4(n + DA™ 4 (= dnp + 2(2) 4?2 4 (g)43 )R
oAby a(n— DAV
For n =2

CB.(h* + by) = 6h* + (16 — 4y + 2bo) h.
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Now consider the element vy = f3(h) := CB.w — 2(n + 1)h.v. Then fo(h) is a
polynomial of degree less than n. If CB.w # 2(n + 1)h.v, then we have found a
non-zero polynomial of degree less than n in N, so induction applied to fo(h) yield

the result. Otherwise, for n > 2
ny 9 ny 3
—4dnp + 2 5 4 + 3 4° + 4b, o(n — 1) =4(n+ 1)b,_o,

which implies that

by = . (6.10)

For n = 2 we have

by =4 — p. (6.11)

In fact, v; and vy cannot be zero at the same time. To see this, assume that v; and

v9 are both zero. Using (6.9) and (6.10), for n > 3 we have

() +8() +160) 4 8(3) +16(3)

2(n — 1) 2

Multiplying both side by 12, we have

—3np + 8n(n — 2) + 4n(n — 2)(n — 3)

= —6nu + 24n(n — 1) + 16n(n — 1)(n — 2)
and so
—3np + 4n® — 12n% + 8n = —6nu + 160> — 24n* + 8n.

Hence

3nu = 12n° — 12n.
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Since n > 3, we have

and so
A= —2n,2n—2,

which is not the case.

For n = 2 we have

1
—§M:4—uhenceu:8.

Then A = —4, 2 which is not the case.
For n = 3 we have

8—3u  —3u+40
4 2

hence p = 24.

Then A = —6,4, which is again not the case. Thus 1 € N

(6.12)

]

Corollary 6.1.3. Let A\ € 27Z. Then there is a uniquely determined monic non-

constant polynomial of degree n (as in (6.12)), say r(h) € MY, such that

C%r(h) = —4n’r(h),
CB.r(h) =2(n+ 1)hr(h),
BC.r(h) = 2nhr(h),

B*.r(h) = (=h?® — 4n)r(h).
Proof. Using the relations (6.5) and (6.7), it easy to see that the element

r(h) = ﬁ(h Y on — 4i+2),

=1

satisfies the above conditions, which is uniquely determined.

7
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Corollary 6.1.4. Let A\ € 2Z, and r(h) as in Corollary 6.1.3. Let N be any non-zero

submodule of M. If f(h) € N with f(h) # yr(h) for all v € C, then

1. Ifdeg(f) <n, then N = MY,

2. If deg(f) > n, then either r(h) € N or N = MY . O

Note that, if A € 2Z, then the polynomial r(h) (as in (6.1.3)) has degree n, where
where
_TA itA<0
% it A >0,
Note that, A € 2Z if and only if u = 4(n* — n).
Next, we can argue in the same way as above, to evaluate the action on the element
g(h)B € M.

Let g(h)B € C[h]B C M{. Then

Cyg(h)B = (z—y)g(h)B

= g(h—2)xB —g(h+2)yB

% ((u—nh*+2h)g(h —2)+ (—pu+h*+2h)g(h +2) ). (6.15)
Using (6.15), we can write
C2.g(h)B =5(z —y) ( (= ">+ 2h)g(h — 2) + (—p + h* + 2h)g(h +2) )

((p—8—h*+6h)g(h —4)x + (—p+ h* —2h)g(h)x

N~ N -

— (n—h*—=2h)g(h)y — (—p+ 8+ h* +6h)g(h +4)y )

((=h?+6h+ u—8)g(h —4) +2(h* — p)g(h) (6.16)

| =

— (h* +6h —n+8)g(h+4)) B.
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In particular, if g(h) = h!, then

C%’WB = (qh' + ai_oh"> 4+ -+ ay)B (6.17)

where
a; = —4(l + 1)2

Also, for k =2,4,...,1 —3 (or [ — 2) we have,

1 [ [ l
= . 4k 4k+1 4k+2 )
an =5 (8 “)(k> %_6<k-+1> +_(k-+2) )

Another relation that we will need refers to CB.(h!B). Let g(h)B € C[h]B C M{.
Then

B.g(h)B = % ((n—h*+2h)g(h—2) — (—p+h*+2h)g(h+2)). (6.18)

Using (6.3), (6.4), and (6.18), we can write

CB.g(h)B = 3w —y) ((u— 1+ 2M)glh —2) — (~p+ * + 2h)g(h +2))
_ % (1= B2 + 6h — 8)g(h — d)z — (—pu + h2 — 2h)g(h)a
—(=p—h*=2h)g(h)y — (—p+ h* +6h+8)g(h +4)y ).
Hence
CB.g(h)B = i( (= B2 +6h+p—8) glh — 4) + 4hg(h) (6.19)

+(h*+6h—pn+8)g(h+4))B.

In particular, if g(h) = h!, then

CB.(WB) = (1A + a1 + -+ +a1h)B (6.20)

where
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a1 = 2(l + 2)a

for k=1,3,...,1—2 (or [ — 1), we have,

1 l l l
=5 (8- 4* Akt 42
ax =5 ((8 “)<k) +6(k:+1) +<k+2) )

Lemma 6.1.5. Let A € C\2Z. Suppose N is a non-zero submodule of M. If there

is a non-zero element 0 # g(h)B € N, then B € N.

Proof. Let A € C\2Z and assume that N is a non-zero submodule of M. If 0 #
u = g(h)B € N, then we are going to prove B € N. We will prove this fact by
induction on the degree [ of g(h). For the base of induction, we will consider | = 1.

Let 0 #u = (h+a)B € N, where a € C. If a # 0 then
C?u = (—16h — 4a)B € N,

which implies that 0 # (12a)B € N. If a = 0, then v = hB € N and
CB.u = (6h*+4(8 —pn))B.

Since hB € N it follows that k2B € N. But A is not an even integer, so that
0+#4(8—pu)B € N, hence B € N.
For the inductive step, suppose | > 1 and let u = g(h)B = ( h'+bih =t +b_oh! =2+
+++4+0by)B € N. Using (6.17), for [ > 3, we will have
C?u=— % (8(1+1)*n' + ( (8 — ) (;)42 + 6(@)43 + (51)44 ) b2

4 8 (DR 8 (I - 1)*R R ) B
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For [ = 2,3, we will have

C?.(h* 4+ bih + by) B = ( — 36h* — 16b,h — (8(8 — ) + 4by) ) B
02(h3 + b2h2 + blh —+ bg)B = ( — 64h3 — 36b2h2

— (24(8 — 1) + 192 + 16b)h — (8(8 — p)by + 4bo) ) B

Let u; = fi(h)B := C?.u— (—4(l+1)*>.u) € N. Then f;(h) is a polynomial of degree
less than [. If C%.u # —4(l + 1)%.u, then we have found a non-zero polynomial of
degree less than [, so induction applied to u; yields the result.

Otherwise

—4([ + 1)2bl_1 = —4([)2bl_1,

which implies that b;,_; = 0, and for [ > 3 we have

(8 — p) (é) 42 + 6<é> 43 + <i> 4% 4 8by_o(1 — 1) = 8by_y(1 + 1),

which implies that
(8 — 1) (3) +24(5) +16(y)
2(1)

by = (6.21)

For | = 2 we have

For [ = 3 we have

16 — p

b= —

Now if we failed to produce a non-zero element with polynomial has a degree less

than [ using u;, we can use another action to get such element. Using (6.20), for
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[ > 2, we have

—_

CB.u =5 (4l +2)h" + (4n(8 — p) + 6@ £+ @ 4% ) i

[\

44 db_nh! Tt + .- ) B,
If | =2, we have
CB.(h? +by) B = (8h” + (48 + 4(8 — 1) + 4by)h) B.

Now we can consider an element uy = fo(h)B := CB.u — 2(l + 2)h.u. We have that
f2(h) is a polynomial of degree less than I. If CB.u # 2(l + 2)h.u, then we have
found a non-zero element in N with polynomial of degree less than [, so our induction
applied to uy yields the result.

Otherwise,

4n(8 — ) +6 <é> 42 + <;> 43 4+ 4by_o(1) = 4(1 + 2)by_s,

which implies that
(8 — p)l +24(;) +16(y)

> (6.22)

bi_o =

Forl =2
by = 20 — p. (6.23)

In fact u; and us cannot be both zero. To see this, assume that v; and vy are both
zero. Using (6.21) and (6.22), for [ > 3 we have

=) +24() +16() (8 —mi+24(}) +16(})

2(1) 2 ”

Multiplying both sides by 12, we will have

161° + 241% + 81 — 61y = 41° — 41 — 3l + 3
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which implies that
(14 1) = 41 + 1)

Since | > 0, we have u = 4(I? + 1), which means that \ is an even integer, and this is
not the case.

For [ = 2 we have

8_
T":zo—u, hence y1 = 24.

It follows that A = 4, —6, which is not the case. For [ = 3 we have

16— —3p+112
2 2

, hence u = 48,

which means that A = 6, —8, which is again not the case. Hence if 0 # v = g(h)B € N,

it follows that B € N. O

We can see from the previous proof that the system of equations u; = 0 and uy = 0
has a unique solution (up to the scalar multiplication) when A € 2Z. Moreover, if
r =r(h) + g(h)B such that C?.r = —4n?r and CB.r = 2(n+ 1)hr, then g(h) has the

degree | =n — 1.

Corollary 6.1.6. Let A € 27Z. Then there is a uniquely determined monic polynomial

r*(h) € M{ of degree | =n — 1 such that
C?r*(h)B = —4(1 + 1)*r*(h) B,
CB.r*(h)B =2(1+2)hr*(h)B,
BCO.*(h)B = 2(1 + 1)hr*(h) B, (6.24)
B*r*(h)B = (=h* = 4(1 + 1))r*(h)B.
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Proof. The element C.r(h), where r(h) is the polynomial defined Corollary 6.1.3,
satisfies the above conditions, where | = n—1, and since r*(h) is uniquely determined,

so we can take r*(h) = C.(r(h)). O

Corollary 6.1.7. Let A € 27, r(h) as in Corollary 6.1.3, and let N be any non-zero

submodule of M. If g(h)B € N with g(h) # ~C.r(h) for all v € C, then
1. If deg(g(h)) <n —1, then N = M¢.
2. If deg(g(h)) > n — 1, then either C.r(h) € N or N = M{. 0

Corollary 6.1.8. Let A € 2Z. Then the elements u(, ay) = car(h) + az(C.r(h)),

where oy, an € C, are the only elements in MY, such that

CQ‘U(m,az) = _4n2u(04170‘2)’
CB.U(O“’OQ) =2(n+ l)hu(al,w)?

BC.U(QLQZ) = 2nhu(a1,a2); (625)

BQ-U(al,az) (—h2 — 4n)u(a17a2).

where r(h) and n as in (6.1.3). O

Now we are ready to prove Theorem 6.1.1.

Proof of Theorem 6.1.1. Assume that N is a non-zero submodule of M{. Choose a
non-zero element v € N
Case 1: 1f 0 # v = f(h) € N then by Lemma 6.1.2, 1 € N, hence N = M{.
Case 2: For the remaining case, write v = f(h) + g(h)B € N with g(h) # 0 and

the degree of f(h) is minimal. If deg(f(h)) #, we can apply the actions by C? or CB
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and reduce the degree of the polynomial f(h). Hence, f(h) must be constant and we
may assume that v = v + g(h)B, where 7 € C and g(h) # 0.
We have

B.w=~vB+q(h)
where,

q(h) = B.g(h)B = =(g(h — 2)(u — h* + 2h) + g(h + 2)(u — B> — 2R)),  (6.26)

N | —

and deg(q(h)) > 2. If v = 0 then 0 # B.w = q(h) € N, leading to Case 1. If 0 # ~,

then
1 1
0# w(h) = ;g(h)B-v —v= ;g(h)Q(h) —7 €N, (6.27)
which also reduces to the first case. As a result, MY is a simple module. O

Corollary 6.1.9. Let A\ € C\2Z. Then M is a simple Z3-graded sly(C)-module of

rank 2. O

6.2 The submodule NAC

Now assume A € 2Z, and consider the subspace

NS = C[h]r(h) @ C[h](C.r(h))

= C[)r(h) @ C[h)(r(h — 2) — r(h + 2))B.

Lemma 6.2.1. Let A € 2Z. Then NY is a submodule of the module M .
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Proof. Let 0 # u = f(h)r(h) + g(h)(C.r(h)) € N¢. Tt is clear that the action of h

leaves N f invariant. Now
B =Bf(h)r(h)+ Bg(h)(C.r(h))
=(f'(h)B + f"(h)C)r(h) + (¢'(h) B + ¢"(h)C)(C.r(h))
=f'(h)B(r(h)) + f"(h)C(r(h)) + ¢'(h)B(C.r(h))

+¢"(h)C(C.r(h))

=f'(h)B(r(h) + f'(h)C(r(h)) + ¢'(R) BC.r(h) + ¢ (h)Cr(h)

by (6.13) =f'(h) ( B.r(h))+ f"(h) (C.r(h))
+ (2nhg'(h) — 4n*g"(h) ) r(R), (6.28)
where
F0) = 50 (h=2)+ f(h+2))
: (6.29)
f(h) = 5(f(h=2) = f(h +2)).

Similar equations hold for ¢’(h) and ¢”(h).
Note that the second and third terms in (6.28), are in N{'. Hence, it is enough to
show that B.r(h) = % (r(h—2)+r(h+2))Bis in NY.

Using (6.5), (6.13), and u = 4(n? — n), we find that

C2r(h) = — i((hQ o — pyr(h = 4) + 20— B2)r(h)
+ (h? + 2h — p)r(h +4))

= —4n’r(h).
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It follows that

(h* —2h — p)r(h — 4) + (h? + 2h — p)r(h + 4)

= (8n* + 8n + 2h*)r(h). (6.30)
Similarly, using (6.7), (6.13), and u = 4(n* — n), we get

CB.r(h) zi((—fﬂ +2h + p)r(h — 4) + 4hr(h)
+ (h* +2h — p)r(h + 4))

=2(n+ 1)hr(h).
Thus

(h* = 2h — p)r(h — 4) — (h? + 2h — p)r(h + 4)) (6.31)

— (—8nh — 4h)r(h).

Adding (6.30) and (6.31), and canceling out 2, we get
(h* = 2h — 4(n* —n)) r(h — 4) = (K* — (4n + 2)h + (4n® + 4n)) r(h)
(h —2n)(h + (2n — 2))r(h — 4) = (h — 2n)(h — (2n + 2))r(h),

which implies that

(h+ (2n —2))r(h —4) = (h— (2n + 2))r(h). (6.32)
If we replace h by h+ 2 in (6.32), we get the relation

(h+2n)r(h —2) = (h — 2n)r(h + 2) (6.33)
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Using (6.33), we obtain

—%(h —2n)(r(h—2)—r(h+2))= —ﬁ((h —2n)r(h —2) — (h —2n)r(h +2))

by (633) = ——((h—2n)r(h—2) — (h + 20)r(h — 2))

dn

= r(h—2). (6.34)

Similarly,

(e 20)(r(h = 2) — 7+ 2)) =~ ((h+ 2m)r(h — 2) — (b + 20)r(h + 2))

4dn n
by (633)  — —%((h — o) (h+2) = (h+ 2n)r(h +2))
=r(h+2). (6.35)
As a result,
Bor(h) :% (r(h—2)+r(h+2))B
= (C 0 am) (rh-2) -~ r(n42)) B
+ ;—nl)(h +2n)(r(h —2) —r(h+2))B)
by (6.1) = % ( ;—nl)(h —2n)(2C.r(h)) + %(h +2n)(2C.r(h)) )
z;—nl)h(c.r(h)) € Ny. (6.36)
A similar calculation shows that C.u € N{. Hence N{ is a submodule of M{. [0

Remark 6.2.2. If the first two relations in Corollaries (6.1.3), (6.1.6), and (6.1.8)

hold true, then so do the last two.

Theorem 6.2.3 (Main Theorem 2). Let A € 2Z. Then M{ has a unique mazimal
(graded) submodule N such that N = P @ Q, where P and Q are simple sly(C)-

modules of rank 1.
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Proof. Let W be a non-zero submodule of M{. Choose a non-zero element u =
f(h) + g(h)B € W. We can apply the actions by C? or C'B and reduce the degree
of the polynomial f(h) until we get either a constant or r(h) plus g(h)B in W, for
some polynomial g(h). Hence we can reduce the cases for the element u, up to the
scalar multiplication, to the following cases: u = f(h), u = g(h)B, u = 1 + g(h)B,
and u = r(h) + g(h) B, where g(h) # 0 in Cases 2,3 and 4.

Case 1: If 0 # u = f(h) € W, then by Corollary 6.1.4, either W = M{ or
W = NC.

Case 2: If u = g(h)B where g(h) # 0, then, by (6.26), we have that B.u is a
non-zero element in C[h] in W, which returns us to Case 1.

Case 3: If u = 14g(h)B with g(h) # 0, then by (6.27), we have that g(h) B.u—u is
a non-zero element in C[h] in W, which also means that either W = M{ or W = N{.

Case 4: If u=r(h) 4+ g(h)B and g(h) # 0, then
C?u — (—4n*u) = g*(h)B € W,

for some polynomial g*(h). If g*(h) # 0, then by Case 2, either W = M{ or W = N{.

Otherwise, C?u = —4n?u, so that we can try again the element
CB.u—2(n+ 1)hu=g"(h)BeW,

for some polynomial ¢g**(h). If g**(h) # 0, then by Case 2, either W = M{ or
W = N¢. Otherwise, CB.u = 2(n + 1)hu, which means by Corollary (6.1.8), that
u = r(h) + a(C(r(h))) where a € C*. In this case, aC.u = aC(r(h)) — 4n*a*r(h) €
W, which implies that aC.u +u = (4n*a® + 1)r(h) € W. If (4n*a® + 1) # 0,

then r(h) € W, which implies that W = N¢ or W = M. Hence, the only case
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remaining is v = 7(h) + a(C(r(h))) and (4n’a* + 1) = 0, in other words, when
u=r(h) £ = (C.r(h)).
Lemma 6.2.4. Let A € 27, and r(h) as in Corollary 6.1.53. Then

P = C[h] (r(h) + &= (C.r(h))) and Q = C[h] (r(h) — L= (C.r(h))) are submodules

of M, which are torsion-free modules of rank one.

Proof. Using Corollary (6.1.3) and (6.36) we have,

B.(r(h) + %(C.T(h}) ) =B.r(h) + %(BC.r(h))
EﬂhC.T(h) + ihr(h)
QC.r(h) +r(h))

=ih (r(h) + %C’.r(h) )

and

C.(r(h) + %(C.r(h))) _Cr(h) + %(C%(h})

—Cr(h) + 21(—4n2r(h))

n

=(C.r(h) —i(2nr(h)))

= oni (r(h)+ %Gr(h) )

For arbitrary elements, let u = f(h)(r(h)+ 5= (C.r(h))). It is clear that the action
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by h is invariant. Now

Ba=B( f(h) (r(h) + 2 (Cr(h))))

2n
= (f(W)B+ f”(h)C ) (r(h) + 5= (Cr(h)))
=in ' (B)(r(h) + 5= Cor (1) — 2mi ()7 (1) + 5= C.r(h)

2n
= (ihf'(h) — 2nif"(h) ) (r(h) + —nC’.r(h) )

where f’(h) and f”(h) as in 6.29. Also
Cu=C( f(h)(r (h)+%(07”( )))

(S (R)B+ f(R)C) (r(h) + 5-(Cor(h)))

=i () (h) + 5=Cr () — 20if (B)(r(B) + o-C.r(h)

= (ihf"(h) — 2nif'(h) ) (r(h) + %C'T(h) )

which belongs to P. Hence P is a submodule of NC. A similar calculation shows that
Q is also another submodule of N¢.

]

Hence M{ has exactly 3 proper submodules, N¢, P, and Q. Moreover, N{ is the
unique maximal submodule of the module M{. Tt is clear that N = P+ @Q; suppose
that 0 # v € PN Q. Then v can be written as v = f(h) (r(h) + 2 (C.r(h))) for some
0 # f(h) € C[h], and v = g(h) (r(h) — 5= (C.r(h))). It follows that f(h)g(h)r(h) €
PN Q, which means that P N Q is either M{ or N¢. This is a contradiction and so

NS =PaQ.
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Corollary 6.2.5. Let A\ € 2Z. Then N¢ is a Z3-graded simple sly(C)-module.

Proof. Since P and () are of rank 1, it follows that they are not graded submodules,
see [BS19], which are the only submodules of N¢. Since N¢ is the unique maximal
submodule of the graded module MY, it follows that N{ is a graded module which

has no graded proper submodules. Hence N{ is graded-simple. O

Remark 6.2.6. Given \ € 27, let us consider the quotient module V = M /N¢ =
C[h] ® C[h]B/C[h]r(h) ® C[h]r*(h)B, where r*(h)B = C.r(h). Since the polynomials
r(h), r*(h) have degrees n, n — 1, respectively, the module V' is a finite-dimensional
sl (C)-module, with dim(V') = 2n — 1, hence a weight module. Moreover, since the

module N is mazimal in MS, V is simple. Using [Maz09, Theorem 3.32], we have

V(A If A =0,

V(-(A+2)) Ifa<0.
Remark 6.2.7. Note that, the classification of the sly(C)-modules, depends on the
choice of the Cartan subalgebra. That is, if we change the Cartan subalgebra, a

torsion-free sly(C)-module may become a weight sly(C)-module, and vice versa. Two

examples of this phenomenon are given below.

Example 6.2.8. If we change our reqular Cartan subalgebra H = (h), to the Cartan

1

subalgebra Hy spanned by the element h + 4y, then the simple module N (2, —3) in

3.2.8, becomes a weight sly(C)-module, see [Nill5, Remark 10].
Another example is our module M.

Example 6.2.9. Assume V = M. Let us choose A & 27 to ensure the simplicity of

M¢. Consider the Cartan subalgebra Hy spanned by the element C. Since C.1 = 0,
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it follows that 1 is an eigenvector for C. By Theorem 3.2.2, we conclude that M{ is

a weight sly(C)-module, with respect to the new Cartan subalgebra. Furthermore,

V =PVar (6.37)

kEZ

where the weight space Vyy 1is

((B+ih)*) if k>0,
Vaor, = (6.38)
((B—ih)*) ifk <0.

Thus, Supp (V) = 27, which implies that V is a simple dense module, that is V =

Ve, 7), where e =0 and 7 = (A + 1)2.
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Chapter 7

Tensor products of ]\4)(\J with simple
graded finite-dimensional

slo(C)-modules

In this Chapter, we study tensor products of M{ with simple graded finite-dimensional
5ly(C)-modules. We first decompose M{ @ V(2), as the sum of simple graded sub-

modules. Then we use this result to find the decompositions of MY @ V(n).

7.1 Tensor products of M{ and V(2)

We start with studying the tensor product of the module M{ and V(2). We chose
V(2) because the simple decomposition M{ ® V(2) could provide us with new simple
graded sl,(C)-modules, in addition to M. Without loss of generality, we will consider

the module V(2) as the adjoint module of sly(C). Clearly, this inherits a Z3-grading
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from sly(C) itself. Actually, each V(2n) can be endowed by a Z,-grading, as shown
in [EK15]. In Section 4.1 we gave an explicit description of these gradings.

Recall that we use the term ” Casimir constants” to refer to the Casimir eigenval-
ues.

We will use the standard basis {z, h,y} of sly(C) as the basis of V(2). If A € C,

then we define the module
Lo == M{ @ V(2). (7.1)
Hence, any element z € Ly 2y, z can be written as

2= fi(h) @ x+fo(h)B®x + f3(h) @ h+ fy(h)B® h (7.2)

+f5(h) @y + fe(h)B®y.

For simplicity, we will write the element z in (7.2) as

z=( fi(h), fa(h), f3(h), fa(h), f5(h), fe(h) ).

Occasionally, we will use both notations, as needed.

An important fact which we will be using is the following theorem due to

B. Kostant [Kos75, Theorem 5.1].

Theorem 7.1.1. Let ¢ be the Casimir element of U(sly(C)), and let M be an sly(C)-
module on which ¢ acts as the scalar p. Then for any finite dimensional module V (n),

the element
11 (c— (Vp+m)?)

annihilates the module M @ V (n). O
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7.1.1 Actions on L9

The action of the elements h,z,y € sl;(C) on the module L, are given by the

following :

Next,

h.(fu(h), fa(R), f3(h), fa(h), f5(h), fe(h)) =

h.(fi(h) @z + fa(h)B®@x + f3(h) @ h+ fy(h)B® h
f3(h) @y + fs(h)B @ y)

hfi(h) @z +2f1(h) @ z + hfs(h)B ® x

2fo(h)B @ x + hfs(h) @ h+ hfy(h)B® h

hfs(h) @y —2f5(h) @y + hfs(h)BRy —2fs(h)B @y
(h+2)fi(h) @2+ (h+2)fo(h)B® x + hfs(h) @ h
hfs(h) B@h+ (h—2)fs(h) @y + (h—2)fs(h)B®y
((h+2)fi(h), (h +2) f2(h), hfs(h), hfa(h),

(h = 2)f5(h), (h = 2) fs(h)).

z. (fi(h), fa(h), fa(h), fa(h), f5(h), fe(h))
z.(fi(h) @z + fo(h) B®x + f3(h) @ h+ fs(h)B® h

fs(h) @y + fe(h)B ®y)
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(1= B2 4 21 folh — 2) — 2f3(h)) o

g
0

T <§W T on)flh—2)

N~ N~

filh—2) —2f4(h)> Bos

+/5(h ))®h+ h—2)+ fo(h )B@h
(

fs(h —2)) B®y)

N | —

1
+ (2(u h? + 2h) fo(h — 2)®y+

(1= 12 2) folh — 2) = 2f5(R), 3 filh — 2) = 20208
(uh® + 20) fy(h = 2)+ Fo(h). & Fo(h —2) + fo(h)
(= 1 2l = 2). 3l = 2)).

N — N — -~/
DN | —

Finally,

y. (fi(h), fa(h), f3(h), fa(h), f5(R), f6(h) ) =
z.(fi(h) @z + fo(h)B®@x+ f3(h) @ h+ fa(h)B® h
+ f5(h) @y + fo(h)B ®@y)

(=B =) f(h 4 ) @+ S+ )BEw

(k= W) fy(h+2) = i) @ b+ (5 fslh+2) — H(R)B b

Hg(n—1? =20 falh+2) + 2f5(B) @ y

Hhlh+2) + 26 (1) B oy
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= (5l W =2 ol +2), ol +2),
(= 20) ul+2) = fi(h), 3 +2) — folh),
%(u B2 =20 fulh £ 2) + 2f5(h), %fg)(h L)+ 2fu(h)). (7.3)

The action of yx is also needed, which help us determine the action of the Casimir

element c¢. Using our previous computations, we have:

Ay ( fr(h),f2(h), f3(h), fa(h), f5(h), fe(h))
=((n—"N*=2h) fi(h) = 4(u — h* = 2h) fu(h + 2),
(10— h* = 2h) fo(h) — Afs(h + 2),
(n—h* —2h + 8) f3(h) + 2(u — h* — 2h) fo(h + 2)
— (. — h?® +2h) fo(h — 2), (7.4)
(0 —h* = 2h +8) fs(h) + 2fs(h +2) — 2f1(h — 2),
(10— h* = 2h +8) fs(h) +4(p — h* + 2h) fa(h — 2),

(b —h* =20+ 8) fo(h) + 4f3(h —2) ).
Hence

c.( fi(h),f2(h), f3(h), fa(h), f5(h), fs(R) ) (7.5)
= ((4h+p+9)fi(h) = 4(p — h* = 2h) fa(h + 2),

(4h + p+9) fa(h) — 4f3(h +2),
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(e +9) f3(h) +2(n — h* = 2h) fo(h + 2)

= 2(p = h* +2h) fa(h - 2),

O+ w) fa(h) +2f5(h +2) = 2f1(h - 2),

(—4h + 4 9)f5(h) +4(p — h* + 2R) f4(h — 2),

(=4h + p+9)fe(h) +4fs(h —2)).

Let L be a maximal submodule of L 2) where ¢ acts as a scalar a. Then for any

fi(h), ..., fe(h) € C[h] such that

(fl(h>’f2(h)7fS(h)7f4(h)=f5<h)7f6(h> ) e L”

we must have

(c—a).( fi(h), fo(h), f3(Rh), fa(h), f5(h), fe(h) ) = 0. (7.6)

Using (7.5) and (7.6) we have the following two systems of equations,

(4h + pu+9 —a)fi(h) —4(p — h* — 2h) fu(h +2) = 0, (7.7)
(1 +9—a)fs(h) +2fs(h+2) — 2fi(h —2) = 0, (7.8)
(—4h +p+9—a)fs(h) +4(u — h? +2h) fo(h — 2) = 0, (7.9)
and
(4h + 4+ 9 — ) fo(h) — 4fs(h +2) = 0, (7.10)

(n+9—a)fs(h) +2(u — h* — 2h) fo(h +2) — 2(pn — h* +2h) fo(h — 2) = 0, (7.11)

(—4h + p+9 — a) fs(h) + 4fs(h —2) = 0. (7.12)
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By equation (7.7) we have

_ 4(p = h* +2h) fu(h)
hith=2) = 4h+p+1—a

and by (7.9) we have

—4(p = h* = 2h) fa(h)
—4dh+p+1l—a

Let fy(h) # 0. Applying (7.13) and (7.14) to (7.8) we have

fo(h+2) =

o — (Bu+11)a* + (3u® + 6+ 19)a — (u* — 5p* + 3p +9) =0,

which implies that we have three solution of (7.15)

ar=p+1=(p+1+0)%
ay=p+5+4/p+1=(/p+1+2)%
az=p+5—4\/u+1=(/p+1-2)7>2~

This is in agreement with the values in Theorem 7.1.1.

In this case, we have

( — h* = 2R) fy(h + 2)
4h +p+9 -«

fl(h>: !

)

and
A= B2 2) fa(h — 2)
fa(h) = —dh+p+9—a

(7.13)

(7.14)

(7.15)

(7.16)
(7.17)

(7.18)

(7.19)

(7.20)

Similarly, solving the second system of equations, we will get the same values of

a1, g, and az. Moreover, we have

_ 4f3(h+2)
f2(h) = 4h+p+9—a’
and
_ —Af3(h—2)
Jolh) = —dh+p+9—a’
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7.1.2 The submodule Eo where c acts as a scalar p+ 1

Let pn # 0, and o = p+1 (the Casimir constant related to the weight 0). In this case,

we have

(= h%—=2h)fi(h +2)

fi(h) = ) : (7.23)
fo(h) = = e Zz_h)f(h -2 (7.24)
fuy = A2 (7.25)
fo(h) = % (7.26)

Since p # 0 and f1(h), fa(h), f5(h), fe(h) € C[h], it follows that f3(h) and fi(h) must
belong to C[h].h.
Let Ly = L**! be the submodule of L)) consisting of all eigenvectors of ¢ with

eigenvalue 4+ 1. Then any v € EO must be written as

v=_(u—h*>—=2h)g(h+2), f(h+2),hf(h), (7.27)

hg(h), (1 — h* +2h)g(h — 2), f(h - 2) )
for some f(h), g(h) € C[h].

Proposition 7.1.2. Let i # 0. Then EO is isomorphic to M{.
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Proof. Define ¢ : M — Lo, where

p(f(h) +g(h)B) =((n—N* = 2h)g(h +2), f(h+ 2), hf(h), (7.28)

hg(h), (= h* + 2h)g(h — 2), f(h = 2) ).

It easy to show that ¢ is a linear bijective map, hence it is enough to show that ¢ is

a module homomorphism. Let f(h),g(h) € C[h], we have

Also,

v.p(f(h) + g(h)B) = . (((u— h* = 2h)g(h+2), f(h+2), hf(h),

hg(h), (= h* + 2h)g(h — 2), f(h = 2) ))

= (51— — W) (R), 5 — * — 2h)g(h), Shu — 1+ 2R)g(h —2),

N = N =

AF(h—2), 50— 0+ 20) f(h — 4), 5(u — B* + 6~ 8)g(h — 4) )

=p(x.(f(h) + g(h)B)).

Now

Py (f() + 9(W)B)) = (5 (1 — W — 2M)g(h +2) + o f(h + 2)B)
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= (5= 2 = 20)f(h+ 4), 5(n — 12 = 6h = 8)g(h + 1),

B — B2 — 2h)g(h + 2). %hf(h +9),

N~ N~ N~

(1= 12 2H) F(B), 5 — I+ 20)g(h) )

yp(f(h) +g(h)B) =y (((n—h*—2h)g(h +2), f(h+2), hf(h),

hg(h), (i —h*+2h)g(h —2), f(h—2) ) )

(11— b2 — ) F(h +4), %(u C B2 = 6h— 8)g(h+ 4), ~h(u — h% — 2h)g(h +2),

= ( .

N = N =

RF(h+2), 1 — 2+ 20)F(R), (1 — 0 + 2R)g(h) )

=¢(y-(f(h) + g(h)B)).

Again,
p(h.(f(h) +g(h)B)) = ¢(hf(h) + hg(h)B)
=((n—=h*=20)(h+2)g(h+2), (h+2)f(h+2),h*f(h),
W2 g(h), (u— 0?4 2h)(h = 2)g(h = 2), (h = 2) f(h — 2) )
=h.o(f(h) + 9(h)B)
Hence ME = L. O

7.1.3 The submodule L, where ¢ acts as a scalar w+5+4/ i+ 1

Let o = pu+ 5+ 4y/p + 1 (the Casimir constant related to the weight 2). Note that
(p—h"+2n)=—(h—1—/p+1)(h—1+/p+1),
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and

(p—h*=2h)=—(h+1—/u+1)(h+1+/p+1).

Hence, in this case we have

filh) == (h+ 1+ /u+ 1) fo(h+2), (7.29)
fs(B) == (h =1 = /u+1)fu(h - 2), (7.30)
fah) = +fi(f T/i)—ﬂ (7.31)
ﬁmﬁwfﬁ%;??T (7.32)

Since p # 0 and fa(h), fo(h) € C[h], it follows that f3(h) must belongs to C[h].(h —
1— e+ D) (h+1+/u+1).

Let Ly = LFH+4ViFT he the submodule of L2y consisting of all eigenvectors of ¢

with eigenvalue 4+ 5 + 44/ + 1. Then for any v € Zg, v must be written as

—(h+14+/pu+1)gh+2),(h+3+/pu+1)f(h+2), (7.33)
(h=1—=p+1)(h+1+/p+1)f(h),g(h)
—(h=1=p+1)gh=2),(h=3—-/pu+1)f(h-2))

for some f(h), g(h) € C[h].

Proposition 7.1.3. Let i # 0. Then Ly is isomorphic to M¢ .
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Proof. Note that in M{,,, the value

=(A+2)*+2(A+2)
=)+ 6\ +8

=p+4/p+1+4.

Define ¢ : M, , — Ly, where

e(f(h)+g(h)B) =(— (h+1+/u+1)f(h+2),
—(h+34u+1)gh+2),
—(h=1=/u+1(h+ 1+t 1)g(h), f(h)
—(h=1=\/p+1)f(h-2),
—(h=3—=/u+1)g(h-2)).

It easy to show that ¢ is a linear bijective map, hence it is enough to show that ¢ is

a module homomorphism. Let f(h), g(h) € C[h]. Then

ol (F(R)+a()B)) = @5 (1 — 1+ 2M)g(h —2) + = f(h — 2)B)

—( —%(h + 14+ 1) —h* = 2h)g(h),
_gh+3+vﬂiivm>
_%(h 1=t Db+ 1+t D) f(h -
S0 — 17 4 2m)g(h ),

_%(h 1= /u T D) — h?+ 6h — 8)g(h — 4),
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=3 EE D 4)).

and

z.0(f(h)+g(h)B) = (h+14+u+1)f(h+2),
—(h+3+u+1)gh+2),
~(h=1=/u+1)(h+1+/u+1)g(h)
(), =(h =1 = u+1)f(h —2),
~(h=3—Vu+1)g(h~2))

= (gt T D 1 = 24+ 4 ()
—%(h +34+u+1)f(h)
N N (RS eV e O
—%(h 3= Vu+D(h+1+/u+1)gh—

1

5 (=5 = /uF D) — 1+ 2h)g(h — 4).

_;h_g_vﬁiiﬁm—4w

Note that, in the first components,

W —h*—2h = (u+4\/pu+1+4—nh*—2h).

Also,

W —h*+2h=—(h—1—/p/+1)(h—1+/i/+1)
—(h=3—=/u+D)(h+1+/u+1).
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Moreover,

(1 —h*+6h —8) =(u+ 4/ +1—h*+6h —4)

=—(h=1+/u+1)(h—5-/u+1)

which make the fifth components in both equations equal. Hence ¢(z.(f(h+g(h)B))) =
z.p(f(h) + g(h)B). Now

P (F(h)+9(R)B)) = o5 (' 1~ 2M)g(h+2) + S f(h+2)B)

2
1
:(——(h+1+\/u+ )i’ — h? — 6h — 8)g(h + 4),
h+3+\/u+ f(h+4),
1

1
5 (W = 1> =2h)g(h +2),

_%(h —1—+/u+ 1) — h*+2h)g(h),

5 (b =3 VuT i),

y.o(f(h)+g(h)B) =y ( — (h+1+~/u+1)f(h+2),
—(h+3+/u+1)gh+2),
~(h=1=/p+1)(h+1+/u+1)g(h)
f(h),=(h=1=/u+1)f(h=2),

—(h=3—=+vp+1)gh-2))
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- —lh—|—5—i—\//LT (11— h* — 2h)g(h + 4),
2h+3+\/;7 f(h+4),
—%(h—l—\/— (h+1+/u+1Df(h+2),
53+ A D~ 1V Dl +2),
—%(h—l—\//m)(p—h2+2h+4+4\/m)g(h)
_;h_g_vﬂiﬂfmn-

Again, when we return to the value of p/ = pu + 4v/u + 1 + 4, we find that

e(y.(f(h+g(h)B))) = y.p(f(h) + g(h)B).

Finally,

p(h.(f(h) + g(h)B)) =p(hf(h) + hg(h)B)
—(h+ 1+ +D)(h+2)f(h+2),
~(h+3+Vu+1)(h+2)g(h+2),
~h(h—=1—=\/p+1)(h+1+/u+1)g(h)
hf(h),=(h =1 —=~/p+1)(h=2)f(h-2),
~(h=3—/u+1)(h—2)g(h—2))

—h.p(f(h) + 9(h) B)

C o~ T
Hence My , = Lo.
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7.1.4 The submodule Z_Q where c acts as a scalar u + 5 —

4/ p+1

Let p# 0 and let & = p+ 5 — 4/ + 1 (the Casimir constant related the the weight

—2). Since

(pn—h*+2n)=—(h—1—/p+1)(h =1+ /pu+1),

and

(p—h*=2h) = —(h+1—\/u+1)(h+1+/p+1),

it follows that,

filh) = =(h+ 1= /p+1)fa(h +2), (7.34)
fs(h) = =(h =14 /u+1) fa(h - 2), (7.35)
fah) = 5 fi(iir/%, (7.36)
fo(h) = + _fi(ﬁ ?/i)—ﬂ (7.37)

Since fa(h), fe(h) € C[h], it follows that

f3(h) € CIAl.(h =1+ /p+1)(h+1—+/pu+1).

Consider that L o = LF54VEFT he the submodule of L2 consisting of all

eigenvectors of ¢ with eigenvalue p + 5 — 44/ + 1. Then for any v € Z_g, v must be
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written as

v=(—(h+1—+/p+1)gh+2),(h+3—+/pn+1)f(h+2), (7.38)
(h=14+p+1)(h+1—=/u+1)f(h),g(h),
—(h—=14++/pu+1)gh—=2),(h—=3+/u+1)f(h—2))

for some f(h), g(h) € C[h].
Proposition 7.1.4. L_, is isomorphic to M¢ .
Proof. Note that in M{ ,, the value

w=(A—2)%+2(\-2)

=N —22=pu—4/p+1+4

Define ¢ : M{ , — L_,, where

p(f(h)+9(M)B) = (= (h+1—\/u+1)f(h+2),
—(h+3—/u+1)g(h+2),
—(h=14+ i+ 1)(h+1—/u+Dg(h), f(h),
—(h=1+/u+1)f(h-2),
—(h =3+t g(h—2)).

It easy to show that ¢ is a linear bijective map, hence it is enough to show that ¢ is
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a module homomorphism. Let f(h), g(h) € C[h], we have that

L (£ + g0B)) =l (0~ 2Wh —2) + 51~ 2)B)
:(_;h+1—vﬂiﬂuw—ﬁ—2mmm,
53— D),
_;h_1+¢ﬁihm+1—wﬂ?ﬁﬂh—%>
S0¢ — 2 2h)g(h —2),

_%@_1+,M+1m/—ﬁ+ﬁh—&ﬂh—®,

—;h—3+VM+Uﬂh—®)

and

2. o(f(R)+g(h)B) =2.( — (h+1—/u+ 1)f(h+2),
—~(h+3—/u+1)g(h+2),
—(h=1+/u+)(h+1—/u+ Dg(h),

Fh),—(h =1+ /u+1)f(h—2),

—~(h =3+ /u+1)g(h—2))
:(_;h+1_v@:ﬁmk-w—2h+4—4¢ﬁibﬂm,

53— (),

_;h—1+¢ﬁibm+1—v@?7ﬁ@—2%

_%m_3+¢ﬂibw+1—vﬂiﬂﬂh—%7

5 (=54 D)~ 4+ 20)g(h — 4),

5 =3+ A D)k~ 4))
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Note that, in the first components,

W= h*—2h = (p—A4\/ i+ 1+4—h*>—2h).

Also,

p—=h*+2h=—(h—1++/W+1)(h—1—/p/+1)

Moreover,

=—(h=3+Vu+1)(h+1—\/u+t1).

(W — h* +6h —8) =(u — 4\/pp+ 1 — h*> +6h — 4)

——(h=1—=/u+1)(h=5+/pn+1)

which make the fifth components in both equations equal. Hence

Now

p(z.(f(h+g(h)B))) = z.o(f(h) + g(h)B).

Py (F (R +9(R)B) = @l — W — 20)g(h +2) + 3 f(h +2))

=

2
1
—i(h +1—+/pu+ 1) —h*—6h—8)g(h+4),

_%(h+ 3—\Vu+1)f(h+4),
_%(h —1+Vp+D)(h+1—/u+1)f(h+2),

1
S =% = 2)g(h +2),

1

—5(h—1+ Vi D) — h? 4+ 2h)g(h),

=3+ ET DI,
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y.p(f(h)+g(h)B) =y ( —(h+1—+/p+1)f(h+2),—(h+3 -+ pu+1)g(h+2),

(- 1+ EF D~ T Dgh), ),
—(h =1+ /D —(h =3+ /1+ 1)g(
:(_%(h+5—\//m)(u—hQ—%)g(hH%
_%(h+3—\/ﬁ)f(h+4)>
_%<h_1+\/,m)(h+1—\/m)f(h+2)7
—%(h+3—\/ﬁ h—1+/u+1)g(h+2),
_%(h_1+\//m)(u—h2+2h+4—4\/m)g(h)

(=3 D).

Again, when we return to the value of p/ = u — 4/ + 1 + 4, we find that

o(y.(f(h+g(h)B))) = y.p(f(h) + g(h)B).

Finally,

p(h.(f(R) + g(h)B)) =p(hf (h) + hg(h)B)
= (=(h+1=Vu+1)(h+2)f(h+2),
—(h+3—p+1)(h+2)g(h+2),
—h(h =1+ 1) (h+1 = /u+1)g(h),
hf(h), —(h =1+ /u+1)(h=2)f(h - 2),
—(h =3+ \/u+1)(h—2)g(h —2))

=h.p(f(h) +g(h)B)

C ~T
Hence My , = L_,.
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Note another important result due to Kostant [Kos75, Corollary 5.5]):

Lemma 7.1.5. Let ¢ be the Casimir element of U(sly(C)), and let M be an sly(C)-

module where ¢ acts as the scalar p. Assume that the values of the Casimir constant
{ai:=(/p+20)|i=-n—n+1,...,n—1n}
are all distinct. Define
P={zeM®V(n)| cz=aq2z},

such that if 0 # P;, P; is the maximal submodule of M ® V(n) in which ¢ acts as the

scalar a;. Then

M®V(n)= épi.

i=—n

|

Note that the values of the Casimir constant are not distinct in the cases when
w=-—1,0.

The following theorem summarizes all results we had so far in this section.

Theorem 7.1.6. Let u € C\{—1,0} . Then

Loy =L@ Lo® L o= MC, @ M{ @ M,

7.1.5 Particular cases

If = 0, then all previous calculations of ZO, Ez, and E_Q still work. The submodule

Zz is still the maximal submodule of L, 2) on which ¢ acts as the scalar p + 5 +
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4/ + 1 =9, but the difference is that ZO, and Z_Q are not maximal with respect to
the action of ¢. Our goal now is to find the maximal submodule on which ¢ acts as

the scalar 1. In this case we have

fi(h) = =hfs(h+2), (7.39)
Folh) = —hfulh —2), (7.40)
fa(h) = f?’,(lh:;), (7.41)
falhy = B, (7.42)

Since f5(h), fo(h) € C[h], it follows that f3(h) must belong to C[h].h. Let L1 be the
submodule of L, 2) consisting of all eigenvectors of ¢ with eigenvalue 1. Then for any

v € L', v must be written as

v={(—hg(h+2), f(h +2), hf(h), (7.43)
g(h), —=hg(h —2), f(h —2))

for some f(h), g(h) € C[h]. It is clear that Ly and L_, are submodules of the module
Ll

The second particular case is when = —1 (A = —1). All of the previous cal-
culations for ZO, Zg, and Z_Q work also in this case. The submodule ZO is still the
maximal submodule of L) 2y on which ¢ acts as the scalar y1+1 = 0. The modules ZQ,

and Z_Q have the same Casimir constant equal to 4. Now we will find the maximal

submodule on which ¢ acts as the scalar 4. We have
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fi(h) = =(h+ 1) fa(h +2), (7.44)

() = —(h = D) falh — 2), (7.45)
) = P2, (7.46)
and
ﬁw%=é%f§2 (7.47)

Since fo(h), fs(h) € C[h], also f3(h) must belong to C[h].(h—1)(h+1). Let L be the
subset of Ly ) of all elements such that c acts as the scalar 1. Then for any v € ZZ,

v must be written as

v=_—(h+1)gh+2),(h+3+)f(h+2), (7.48)
(h=1=)(h + 1+ u+1)f(h), g(h),

—(h=1g(h=2),(h=3)f(h—2))

for some f(h), g(h) € C[h]. which means that I'=1,=1_,.

Indeed, in the case when p = —1, it is easy to find an element v € L, 2) such that
c(c —4).v # 0 (for example let v = 1 ® h), which implies that L) cannot be the
direct sum of ZO and ZQ.

The detailed structure of this module is as follows. Consider the submodule
U = c.L(r2. Then U has the Casimir constant 4. Then (¢ — 4).U # 0. Hence
W = c(c—4).L)2) is a non-zero submodule of U which also has the Casimir constant
4, that is, (c—4).W = 0. Indeed, the submodule W is just the submodule Ly( or L_s),

which is a simple submodule. Now consider the submodule T" = (¢ — 4).L( 2). Then
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Figure 7.1: Submodules of L)) when p = —1

T admits two of the Casimir constants, 0 and 4. The submodules S = (¢ — 4)?. L, )
and W are simple submodules of T, which are isomorphic to Lo, Ly respectively.

Moreover, Liyo) =U @ S.

Remark 7.1.7. This example shows that if we have Casimir constants which are not
distinct (that is, the hypotheses of Kostant’s Lemma 7.1.5 are not satisfied), then the
module may decompose as a decomposition of root spaces but not as a decomposition

of eigenspaces, see the enclosed picture.

The lattice of submodules of Ly ) when p = —1 is shown in Figure 7.1.5.

7.2 Tensor products of M{ and V(2n)

In this part, we will give a general result about the tensor products of the module
M¢ and a simple finite dimensional module whose highest weight is even. First we

quote a classical result (see, for example, the proof in [Maz09, Theorem 1.39]).
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Theorem 7.2.1. Consider simple finite dimensional modules V(n) and V(m), where

m <n. Then

V(n)®V(m) = PV (n+m— 2i).
i=0
O
Now let us define the module
Linony = MY @ V(2n), (7.49)

Our next theorem is a generalization of Corollary 7.1.6 to the module L, ,,). The proof
of this theorem will follow the steps of [Maz09, Theorem 3.81] and [Nill5, Corollary

18].

Theorem 7.2.2. Let u € C\{—1,0} . Then

2n
L ~ (OME
(A2n) = A2n—2i"
i=0

Proof. Consider L = L2, with A € C\ {-2,—-1,0}. We will prove our theorem
using induction on n. For n = 1 the result follows directly from Theorem 7.1.6.

For n > 2, using Theorem 7.2.1, we have
V)@ V(2n—-2)2V(2n)dV(2n —-2)dV(2n —4). (7.50)
Now using (7.50), we have

M{@V(2)@V(2n —2) 2M{ @ (V(2n) @ V(2n — 2) @ V(2n — 4)) (7.51)
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MY ®@V(2n) & MY ®@ V(2n — 2)

© My @V (2n —4)

2n—2

(by induction step ) =M{ ® V(2n) @ EBMACanzf%
i=0

2n—4

C
@ @ My on—4—2i
i=0

=M @V (2n) ® M9, o ® - ® My 4,
B M g s ® Myyg, 6 -

& M)\C—Zn—&-G © M§—2n+4
Now using Theorem 7.1.6, we have
M{®V(2)®@V(2n —2) 2(M{, & M{ & MY ,)®V(2n —2)
MY, @V (2n—2) & MY @ V(2n — 2)
SMy , ®V(2n —2)

2n—2 2n—2

(by induction step) %@Mf+2n_2i & @M/\CJrQn_z_zl-
i=0 i=0

2n—2
c
D @MA+2n—4—2i
i—0
_asC C C
=Mi0p 2@ B M) 5,60 My 5,4
c c c
B Mm@ O M oy ® My 5,10

D M)?+2n—4 D M§—2n+2 D M)\C—2n

(7.52)

By Theorem 3.1.13, M{ has a finite length (hence both Artinian and Noetherian).
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Then, Krull-Schmidt theorem applies (see e.g. [Jac09]). To complete the proof, it

remains to compare (7.51) and (7.52). O
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