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LINEAR HYPOTHESIS TESTING FOR HIGH
DIMENSIONAL GENERALIZED LINEAR MODELS

By CHENGCHUN SHI*, Rul SONG*, ZHAO CHEN', AND RUNZE Lif

North Carolina State University and Pennsylvania State University

This paper is concerned with testing linear hypotheses in high-
dimensional generalized linear models. To deal with linear hypothe-
ses, we first propose constrained partial regularization method and
study its statistical properties. We further introduce an algorithm for
solving regularization problems with folded-concave penalty functions
and linear constraints. To test linear hypotheses, we propose a par-
tial penalized likelihood ratio test, a partial penalized score test and
a partial penalized Wald test. We show that the limiting null dis-
tributions of these three test statistics are x? distribution with the
same degrees of freedom, and under local alternatives, they asymp-
totically follow non-central x? distributions with the same degrees
of freedom and noncentral parameter, provided the number of pa-
rameters involved in the test hypothesis grows to co at a certain
rate. Simulation studies are conducted to examine the finite sample
performance of the proposed tests. Empirical analysis of a real data
example is used to illustrate the proposed testing procedures.

1. Introduction. During the last three decades, there are many works
devoted to developing variable selection techniques for high dimensional re-
gression models. Fan and Lv (2010) presents a selective overview on this
topic. There are some recent works for hypothesis testing on Lasso estimate
(Tibshirani, 1996) in high-dimensional linear models. Lockhart et al. (2014)
proposed the covariance test which produces a sequence of p-values as the
tuning parameter, \,, decreases, and features become non-zero in the Lasso.
This approach does not give confidence intervals or p-values for an individ-
ual variable’s coefficient. Taylor et al. (2014) and Lee et al. (2016) extended
the covariance testing framework to test hypotheses about individual fea-
tures, after conditioning on a model selected by the Lasso. However, their
framework permits inference only about features which have non-zero coef-
ficients in a Lasso regression; this set of features likely varies across samples,
making the interpretation difficult. Moreover, these work focused on high di-
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mensional linear regression models, and it remains unknown whether their
results can be extended to a more general setting.

This paper will focus on generalized linear models (GLM, McCullagh and
Nelder, 1989). Let Y be the response, and X be its associate fixed-design
covariate vector. The GLM assumes that the distribution of Y belongs to
the exponential family. The exponential family with canonical link has the
following probability density function

YBi X —b(ﬂgX)>
%0 c(Y),

where (g is a p-dimensional vector of regression coefficients, and ¢q is some
positive nuisance parameter. In this paper, we assume that b(-) is thrice
continuously differentiable with v”(-) > 0.

We study testing linear hypothesis Hq : C B8y p = t in GLM, where By
is a subvector of By, the true regression coefficients. The number of covariates
p can be much larger than the sample size n, while the number of parameters
in By a is assumed to be much smaller than n. Such type of hypotheses is
of particular interests when the goal is to explore the group structure of 3.
Moreover, it also includes a very important class of hypotheses Bo a1 = O
by setting C to be the identity matrix and ¢ = 0. In the literature, Fan and
Peng (2004) proposed penalized likelihood ratio test for Hy, : CBys = 0
in GLM, where B¢ s is the vector consisting of all nonzero elements of By
when p = o(n'/®) where n stands for the sample size. Wang and Cui (2013)
extended Fan and Peng (2004)’s proposal and considered a penalized likeli-
hood ratio statistic for testing Hop : 8o m = 0, requiring p = o(n'/?). Ning
and Liu (2017) proposed a decorrelated score test for Ho. : Bom = 0 un-
der the setting of high dimensional penalized M-estimators with nonconvex
penalties. Recently, Fang, Ning and Liu (2017) extended the proposal of
Ning and Liu (2017) and developed a class of decorrelated Wald, score and
partial likelihood ratio tests for Cox’s model with high dimensional survival
data. Zhang and Cheng (2017) proposed a maximal type statistic based on
the desparsified Lasso estimator (van de Geer et al., 2014) and a bootstrap-
assisted testing procedure for Hyg : Bo m = 0, allowing the cardinality of M
to be an arbitrary subset of [1,...,p]. In this paper, we aim to develop the-
ory of Wald test, score test and likelihood ratio test for Hy : CBy pq = t in
GLM under ultrahigh dimensional setting (i.e., p grows exponentially with

It is well known that the Wald, score and likelihood ratio tests are equiv-
alent in the fixed p case. However, it can be challenging to generalize these
statistics to the setting with ultrahigh dimensionality. To better understand

(1.1) exp (
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this point, we take the Wald statistic for illustration. Consider the null hy-
pothesis Hy : 8o v = 0. Analogous to the classical Wald statistic, in the high
dimensional setting, one might consider the statistic BA%{C/&/(BM)}_I,@M
for some penalized regression estimator 3 and its variance estimator C/O\V(B)
The choice of the estimators is essential here: some penalized regression es-
timator such as the Lasso, or the Dantzig estimator (Candes and Tao, 2007)
cannot be used due to their large biases when p > n. The non-concave pe-
nalized estimator does not have this bias issue, but the minimal signal con-
ditions imposed in Fan and Peng (2004) and Fan and Lv (2011) implies that
the associated Wald statistic does not have any power for local alternatives
of the type H, : Bom = hy for some sequence h,, such that ||hyll2 < Ay
where || - ||2 is the Euclidean norm. Moreover, to implement the score and
the likelihood ratio statistics, we need to estimate the regression parameter
under the null, which involves penalized likelihood under linear constraints.
This is a very challenging task and has rarely been studied: (a) the associated
estimation and variable selection property is not standard from a theoretical
perspective, and (b) there is a lack of constrained optimization algorithms
that can produce sparse estimators from a computational perspective.

We briefly summarize our contributions as follows. First, we consider a
more general form of hypothesis. In contrast, existing literature mainly fo-
cuses on testing By 4 = 0. Besides, we also allow the number of linear con-
straints to diverge with n. Our tests are therefore applicable to a wider range
of real applications for testing a growing set of linear hypotheses. Second,
we propose a partial penalized Wald, a partial penalized score and a par-
tial penalized likelihood-ratio statistic based on the class of folded-concave
penalty functions, and show their equivalence in the high dimensional set-
ting. We derive the asymptotic distributions of our test statistics under the
null hypothesis and the local alternatives. Third, we systematically study the
partial penalized estimator with linear constraints. We derive its rate of con-
vergence and limiting distribution. These results are significant in their own
rights. The unconstrained and constrained estimators share similar forms,
but the constrained estimator is more efficient due to the additional in-
formation contained in the constraints under the null hypothesis. Fourth,
we introduce an algorithm for solving regularization problems with folded-
concave penalty functions and equality constraints, based on the alternating
direction method of multipliers (ADMM, cf. Boyd et al., 2011).

The rest of the paper is organized as follows. We study the statistical
properties of the constrained partial penalized estimator with folded con-
cave penalty functions in Section 2. We formally define our partial penalized
Wald, score and likelihood-ratio statistics, establish their limiting distribu-
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tions, and show their equivalence in Section 3. Detailed implementations
of our testing procedures are given in Section 3.3, where we introduce our
algorithm for solving the constrained partial penalized regression problems.
Simulation studies are presented in Section 4. The proof of Theorem 3.1
is presented in Section 5. Other proofs and addition numerical results are
presented in the supplementary material (Shi et al., 2018).

2. Constrained partial penalized regression.

2.1. Model setup. Suppose that {X;,Y;}, i =1,--- ,n is a sample from
model (1.1). Denote by Y = (Y1,...,Y,) the n-dimensional response vector
and X = (Xq,---, Xn)T is the nxp design matrix. We assume the covariates
X, are fixed design. Let X7 denote the jth column of X. To simplify the
presentation, for any r X ¢ matrix ® and any set J C [1,2,...,q], we denote
by ®; the submatrix of ® formed by columns in J. Similarly, for any g¢-
dimensional vector ¢, ¢ stands for the subvector of ¢ formed by elements
in J. We further denote @, ;, as the submatrix of ® formed by rows in J;
and columns in Jy for any J; C [1,...,r] and Jo C[1,...,¢|. Let |J| be the
number of elements in J. Define J¢ = [1,...,¢] — J to be the complement
of J.

In this paper, we assume logp = O(n®) for some 0 < a < 1 and focus on
the following testing problem:

(21) HO . C/BO,M = t,

for a given M C [1,...,p|, an r x |M| matrix C and an r-dimensional vector
t. We assume that the matrix C' is of full row rank. This implies there are
no redundant or contradictory constraints in (2.1). Let m = | M|, we have
r<m.

Define the partial penalized likelihood function

1 n
Qn(B,)) = > {¥iB"X; ~ b(B"Xi)} = D pallB)])-
i=1 jEM
for some penalty function py(-) with a tuning parameter A. Further define
(2.2) By = arg mﬁax Qn(B, An ) subject to CBr = t,

(23) /éa = argmg’XQn(ﬂa)\n,a)-

Note that in (2.2) and (2.3), we do not add penalties on parameters involved
in the constraints. This enables to avoid imposing minimal signal condition
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on elements of By r¢. Thus, the corresponding likelihood ratio test, Wald
test and score test have power at local alternatives.

We present a lemma to characterize the constrained local maximizer BO
in the supplementary material (see Lemma S.1). In Section 3, we show that
these partial penalized estimators help us to obtain valid statistical inference
about the null hypothesis.

2.2. Partial penalized regression with linear constraint. In this section,
we study the statistical properties of Bo and Ba by restricting py) to the
class of folded concave penalty functions. Popular penalty functions such
as SCAD (Fan and Li, 2001) and MCP (Zhang, 2010) belong to this class.
Let p(to,A) = pa(to)/A for X > 0. We assume that p(tp,\) is increasing
and concave in ty € [0,00), and has a continuous derivative p'(tg, \) with
p'(04,) > 0. In addition, assume p/(tg, \) is increasing in A € (0, 00) and
p'(0+, A) is independent of . For any vector v = (v1,...,v,)T, define

p(v,A) = {sgn(v)p'([n1], A), - sgn(vg)p (lvgl, M)},
() = {V'(v1), ...,V (vg)}, B(v) = diag{d"(v1),...,0"(vy)},

where sgn(-) denotes the sign function. We further define the local concavity
of the penalty function p at v with ||v]jp = ¢ as

! t ))\ — t ,)\
H(pa'l%)\) = lim max sup _P ( 2 ) P( 1 )
=0T 1STS0 4y <t e(|vj|—e,|vj|+e) ty — 1

We assume that the true regression coefficient By is sparse and satisfies
CBo, m—t = h,, for some sequence of vectors h,, — 0. When h,, = 0, the null
holds. Otherwise, the alternative holds. Let S = {j € M®: By ; # 0} and
s = |S]. Let d,, be the half minimum signal of By g, i.e, d, = minjcg |B;]/2.
Define o = {8 € R? : [|Bsum—Bo,sumllz < /(s + m)log(n)/n, Brsumye =
0}. We impose the following conditions.

(A1) Assume that

max | X/l = O (V/log(p)),  max | X7||, = O(v),

1<j<p 1<j<p
inf Amin (XguMz(Xﬁ)XSUM) > cn,
BeNo

Amax (XEumE(XBo) Xsum) = O(n),
HX(TS‘U/\/[)CE(XT/BO)XSUMHZ,OO = O(n),

max sup Amax (X, vdiag{|X7| o [b"(X X =0(n),
s Sub A (X8 aqdiag{| X7 o 10" (XB)] | Xsm) = O
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for some constant ¢ > 0, where for any vector v = (vy,...,v,)7, diag(v)
denotes a diagonal matrix with the j-th diagonal elements being v;, |v| =
(Jv1l, -, Jvg))T, and || Bl|2.00 = SUDy:|lv||l,=1 |[B|| for any matrix B with ¢
rOwWS.

(A2) Assume that d,, > A, j > max{\/(s +m)/n,/(logp)/n}, p')\w (dp) =
o((s +m)~2n=1/2) X\, jroj = o(1) where kg ; = maxgen, £(p, 3, An ), for
j=0,a.

(A3) Assume that there exist some constants M and vy such that

Vi — n(BE X)| Vi — n(BE X)| 9 _ Vo
E -1- M™< .
122 {eXp< M M =7

(A4) Assume that |||z = O (\/min(s P /n), and Apay ((CCT)™1) =
o(1).

In Section S4.1 of the supplementary material, we show that Condition
(A1) holds with probability tending to 1 if the covariate vectors X1, ..., X,
are uniformly bounded or realizations from a sub-Gaussian distribution.
The first condition in (A2) is a minimum signal assumption imposed on
nonzero elements in M€ only. This is due to partial penalization, which
enables us to evaluate the uncertainty of the estimation for small signals.
Such conditions are not assumed in van de Geer et al. (2014) and Ning and
Liu (2017) for testing Hp : Bo m = 0. However, we note that these authors
impose some additional assumptions on the design matrix. For example, the
validity of the decorrelated score statistic depends on the sparsity of w*. For
testing univariate parameters, this requires the degree of a particular node
in the graph to be relatively small when the covariate follows a Gaussian
graphical model (see Remark 6 in Ning and Liu, 2017). In Section S4.3 of the
supplementary material, we show Condition (A3) holds for linear, logistic,
and Poisson regression models.

THEOREM 2.1.  Suppose that Conditions (A1)-(A4) hold, and s +m =
q(\/ﬁ), then the following holds: (i) With probability tending to 1, By and
Ba defined in (2.2) and (2.3) must satisfy Bo(sumye = Ba,sumye = 0.
(it) |Ba,sum — Ba.sumllz = Op(v/ (s +m)/n) and ||Bo,sum — Bo,sumllz =
O0,(\/(s +m —7r)/n). If further s +m = o(n'/?), then we have

Bam — Bom L XF
L= THRETAIC Je——



~ B T
(B an) = R P () 0 - k)

T Ty\—1
o \/ﬁKgl/QPnKEI/Q ( C (CCO ) hn > +Op(1);

where I is the identity matriz, K, is the (m + s) x (m + s) matriz

o -1 ( XUE(XBo)Xm XE(XBo)Xs )
"o\ XIS(XBo) XM XLS(XBo)Xs )

and P, is the (m X s) X (m X s) projection matrix

-1

1 CT o CT —1/2

P=K " 5r ){(CO K or (COrs) K2,
XS

7 TXS

where Orxs 18 an r X 8 zero matrix.

REMARK 2.1.  Since dy, > +/(s +m)/n, Theorem 2.1(ii) implies that

each element in ,@0’5 and B@S is nonzero. This together with result (i) shows
the sign consistency of By pme and Bg age-

REMARK 2.2. Theorem 2.1 implies that the constrained estimator By
converges at a rate of Op(v/s +m —r/y/n). In contrast, the unconstrained
estimator converges at a rate of Op(v/s +m/+/n). This suggests that when
h,, is relatively small, the constrained estimator ,30 converges faster than
the unconstrained 3, defined in (2.3), when s + m —r < s+ m. This result
is expected with the following intuition: the more information about By we
have, the more accurate the estimator will be.

REMARK 2.3. Under certain regularity conditions, Theorem 2.1 implies
that

Vi{(Bom = Bo) "5 (Bos — Bos)'} = N(—&0, Vo),
where &y and Vj are limits of \/ﬁKgl/QPanl/Q(hZ, 07)T and K;l/z(I —
P,)K, 1 2, respectively. Similarly, we can show

Vi{(Bar — Bo) T, (Bas — Bos)T} — N(0, VL),

where V, = lim,, K,{l. Note that a’ Vpa < a’ V,a for any a € R*T™. Under
the null, we have £y = 0, which suggests that Bo is more efficient than B,
in terms of a smaller asymptotic variance. Under the alternative, ,[90’ M s
asymptotically biased. This can be interpreted as a bias-variance trade-off
between ,C:IO and Ba.
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3. Partial penalized Wald, score and likelihood ratio statistics.

3.1. Test statistics. We begin by introducing our partial penalized like-
lihood ratio statistic,

(3'1) 17 = Qn{Ln(Ba) - Ln(,éo)}/¢37

where L,(8) = Y,{ViBT X; — b(BTX;)}/n, Bo and B, are defined in (2.2)
and (2.3) respectively, and  is some consistent estimator for ¢ in (1.1). For
Gaussian linear models, ¢ corresponds to the error variance. For logistic or
Poisson regression models, ¢g = 1.

The partial penalized Wald statistic is based on \/ﬁ(C’Ba, M — t). Define
Q, =K, 1 and denote Q,,, as the first m rows and columns of €2,. It
follows from Theorem 2.1 that its asymptotic variance is equal to C,m CT .
Let S, = {j e M Ba,j # 0}. Then, with probability tending to 1, we have
§a = 5. Define

o  XuS(XB)Xm XEE(XB)X5 \
T\ XTB(XBa) X XIB(XBa)Xg, ’

and ﬁa,mm as its submatrix formed by its first m rows and columns. The
partial penalized Wald statistic is defined by

(32) T = (Cluni — )" (cﬁa,mch)*l (CBori —1)/6.

Analogous to the classical score statistic, we define our partial penalized
score statistic as

(3:3)Ts = {Y — u(XBo)}" ( fcf > % ( )?24

T
) O ux)/
where Sy = {j € M : Boj # 0}, and

- - -1
& —n XB(XBo)Xm X 33(XBo)Xg,
’ XIS(XPo)Xm XLS(XPo)Xg )

3.2. Limiting distributions of the test statistics. For a given significance
level o, we reject the null hypothesis when T' > x2(r) for T = Ty, Ty or
Ts where x2(r) is the upper a-quantile of a central y? distribution with
degrees of freedom and r is the number of constraints. Assume r is fixed.
When gﬁ is consistent to ¢g, it follows from Theorem 2.1 that Ty, Ty and T
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converge asymptotically to a (non-central) x? distribution with r degrees of
freedom. However, when r diverges with n, there is no such theoretical guar-
antee. This is because the concept of weak convergence is not well defined
in such settings. To resolve this issue, we observe that when the following
holds,

sup [Pr(T < z) — Pr(x*(r,ym) < z)| =0,
xT
where x2(r,v,) is a chi square random variable with r degrees of freedom

and noncentrality parameter 7, which is allowed to vary with n, our testing
procedure is still valid using y? approximation.

THEOREM 3.1.  Assume Conditions (A1)-(A4) hold, s+m = o(n'/?),
and | — ¢o| = 0p(1). Further assume the following holds:

1/4 n

Then, we have

(3.5) sup |Pr(T < x) — Pr(x*(r,ym) < m)| — 0,

for T =Ty, Ts or Ty, where v, = nhl (CﬂmmCT)fl hy,/oo.
REMARK 3.1. By (3.5), it is immediate to see that

sup |Pr(Th < z) — Pr(Tz < z)| — 0,
x

for any T1,T» € {Tw,Ts,Tr}. This establish the equivalence between the
partial penalized Wald, score and likelihood-ratio statistics. Condition (3.4)
is the key to guarantee x? approximation in (3.5). When r = O(1), this
condition is equivalent to

1 - — 3/2
372 S {(Xiwus) K7 X pos 0,
-

which corresponds to the Lyaponuv condition that ensures the asymptotic
normality of By pmus and Bg pmus. When 7 diverges, (3.4) guarantees that
the following Lyaponuv type bound goes to 0,

sup |Pr ((CnmmCT)*l/Q(CBa,M — )/, € c) —Pr(Z €C)| =0,
C
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where Z represents an r-dimensional multivariate normal with identity co-
variance matrix, and the supremum is taken over all convex subsets C in R™.
The scaling factor r1/4
type estimate on the dimension and it remains unknown whether the factor
/% can be improved (see related discussions in Bentkus, 2004).

accounts for the dependence of the above Lyaponuv

REMARK 3.2. Theorem 3.1 implies that our testing procedures are con-
sistent. When the null holds, we have h,, = 0 and hence v, = 0. This
together with equation (3.5) suggests that our tests have correct size under
the null. Under the alternative, we have h, # 0 and hence =, # 0. Since
x2(r,0) is stochastically smaller than x2(r,7,), (3.5) implies that our tests
have non-negligible powers under H,. We summarize these results in the
following corollary.

COROLLARY 3.1.  Assume Conditions (A1)-(A3) and (3.4) hold, s +m = o(n'/3),
Amax((CCT)™1) = O(1), and |¢ — ¢o| = 0,(1). Then, under the null hypoth-
esis, for any 0 < a < 1, we have

lim Pr(T > x2(r)) = a,
n
for T = Ty, Ty, and Ts, where x2(r) is the critical value of x?-distribution
with v degrees of freedom at level . Under the alternative CBy pq —t = hy,

for some h, satisfying h, = O(\/min(s +m —r,r)/n), we have for any
O<a<l,andT =Tw,Ts and Ty,

lim | PA(T > x2(r) — PrOC(r10) > ()] = 0,

where vy, = nhl (C'QmmC'T)_1 hy./ 0.

REMARK 3.3. Corollary 3.1 shows that the asymptotic power functions
of the proposed test statistics are

(3.6) Pr(x*(r,vn) > x2(r)).

It follows from Theorem 2 in Ghosh (1973) that the asymptotic power func-
tion decreases as r increases for a given ~,. This is the same as that for
traditional likelihood ratio test, score test and Wald’s test. However, h,, is
an r-dimensional vector in our setting. Thus, one may easily construct an
example in which ~,, grows as r increases. As a result, the asymptotic power
function may not be monotone increasing function of r.

In Section S3 of Shi et al. (2018), we study in depth that how the penalty
on individual coefficient affects the power, and find that the tests are most
advantageous if each unpenalized variable is either an important variable
(i.e., in §) or a variable in M.
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REMARK 3.4. Notice that the null hypothesis reduces to By o = O if
we set C to be the identity matrix and t¢ = 0. The Wald test based on the
desparsified Lasso estimator (van de Geer et al., 2014) and the decorrelated
score test (Ning and Liu, 2017) can also be applied to testing such hypothe-
sis. Based on (3.6), we show that these two tests achieve less power than the
proposed partial penalized tests in Section S1 of Shi et al. (2018). This is
due to the increased variances of the de-sparsified Lasso estimator and the
decorrelated score statistic after the debiasing procedure.

3.3. Some implementation issues.

3.3.1. Constrained partial penalized regression. 'To construct our test statis-
tics, we need to compute the partial penalized estimators BO and Ba. Our
algorithm is based upon the alternating direction method of multipliers
(ADMM), which is a variant of standard augmented Lagrangian method.
Below, we present our algorithm for estimating ,E:}o. The unconstrained esti-

mator ﬁa can be similarly computed. For a fixed regularization parameter
A, define

B = argmin | ~Ln(8)+ > pa(I65]) |, subject to Chu =1t
jeEMS®

The above optimization problem is equivalent to

BERP
@cRP—™

subject to CByp =t, Bre = 6.

p—m
(3.7) (83,00) = arg min | —Ln(8)+ >_ pa(l0;]) |,
j=1

The augmented Lagrangian for (3.7) is

p—m C B
LiB.00) = ~Lu@)+ Y mo)+o" ( GR))

P P
+ 2ICBm — tl + LB — 013,

j=1
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for a given p > 0. Applying dual ascent method yields the following algo-
rithm:

. CBy —t pll CBum—t
k1 kT M 4 M
p —argrrgn{(v ) <,@Mc—0k ) 2 H Bage — 0%

2

- LTL(IB)} )
2

p—m

k41 : P ak+1 2 wmr [ CB =t
0¥ = argmin ¢ > pa(16;]) + 18K — 0115 + (v*) e
0 2 B — 0

j=1

k+1
k k CBy —t
ot — o +p<ﬁf\j[c1M—9k+l>’

for the (k + 1)th iteration.

Since L, is twice differentiable, 8*T! can be obtained by the Newton-
Raphson algorithm. 81 may have a closed form for some popular penalties
such as Lasso, SCAD or MCP penalty. In our implementation, we use the
SCAD penalty,

1851 a\ —
p)x(rBjD:)\/O {I(tS)\)+MI(t>>\)}dt,

a—1

and set a = 3.7, p = 1.

To obtain Bg, we compute Bé‘ for a series of log-spaced values in [—Apmin, Amax]
for some Amin < Amax. Then we choose ,30 = Bé by minimizing the following
information criterion:

A = argmin (=nLu(3) + eall3*o)

where ¢, = max{logn, log(log(n))log(p)}. Using similar arguments in Schwarz
(1978) and Fan and Tang (2013), we can show such information criterion is
consistent in both fixed p and ultrahigh dimension setting.

3.3.2. Estimation of the nuisance parameter. It can be shown that ¢g =
1 for logistic or Poisson regression models. In linear regression models, we
have ¢g = E(Y; — B¢ X;)%. In our implementation, we estimate ¢ by
R B T £ %%
- ~ (2 a 7 Y
n—|Sa| —m
where 3, is defined in (2.3).
_ In Section S2 of the supplementary material (Shi et al., 2018), we show
¢ = ¢o + Op(n_l/ 2), under the conditions in Theorem 2.1, which implies
selection consistency. Alternatively, one can estimate ¢g using refitted cross-
validation (Fan, Guo and Hao, 2012) or scaled lasso (Sun and Zhang, 2013).
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TABLE 1
Rejection probabilities (%) of the partial penalized Wald, score and likelihood ratio
statistics with standard errors in parenthesis (%), under the setting where
3= {0.5'27]‘}2‘,]':1 ..... p -

p =150 p = 200
1 Tw Ts 1 Tw Ts

(D HY

0 4.33(0.83)  4.33(0.83)  4.67(0.86)  5.67(0.94)  5.67(0.94)  5.67(0.94)
0.1 13.17(1.38) 13.50(1.40) 13.50(1.40) 11.67(1.31) 11.67(1.31) 11.67(1.31)
0.2 39.83(2.00) 40.17(2.00) 40.00(2.00) 39.67(2.00) 39.67(2.00)  39.67(2.00)
0.4  92.33(1.09) 93.17(1.03) 93.17(1.03) 92.67(1.06) 92.67(1.06)  92.67(1.06)

(2 e

0 5.17(0.90)  5.17(0.90)  5.67(0.94)  5.33(0.92)  5.33(0.92)  5.33(0.92)
0.1  11.00(1.28)  11.00(1.28) 11.33(1.29) 12.50(1.35) 12.50(1.35) 12.50(1.35)
0.2  30.67(1.88) 30.67(1.88) 31.00(1.89) 33.67(1.93) 33.67(1.93) 33.67(1.93)
0.4  85.17(1.45) 85.00(1.46) 85.00(1.46) 87.83(1.33) 87.83(1.33) 87.83(1.33)

h(2) H®

0  6.50(1.01)  6.33(0.99)  6.50(1.01)  5.67(0.94)  5.67(0.94)  5.67(0.94)
0.1 11.83 (1.32) 11.67(1.31) 11.67(1.31) 11.00(1.28) 11.00(1.28)  11.00(1.28)
0.2 3167 (1.90) 31.50(1.90) 31.67(1.90) 33.17(1.92) 33.17(1.92) 33.17(1.92)
0.4 8433 (1.48) 84.17(1.49) 84.50(1.48) 86.00(1.42) 86.17(1.41) 86.17(1.41)

4. Numerical Examples. In this section, we examine the finite sample
performance of the proposed tests. Simulation results for linear regression
and logistic regression are presented in the main text. In the supplementary
material (Shi et al., 2018), we present simulation results for Poisson log-linear
model and illustrate the proposed methodology by a real data example.

4.1. Linear regression. Simulated data with sample size n = 100 were
generated from

Y =2X; — 24+ M) Xo + B X5 4 ¢

where € ~ N(0,1) and X ~ N(0,,X), and h(!) and h(? are some constants.
The true value By = (2, —2—h(M), h(), 05_3)T where 0, denotes a zero vector
of length q.

4.1.1. Testing linear hypothesis. We focus on testing the following three
pairs of hypotheses:

HY : o1+ o2 =0, vs HY: Gy + oz #0.
H(()2) : Boz+ Bos = -2, v.s a? . Bo2 + Bos # —2.
H(()g) :Bos+Boa=0, v.s HP : Bos+Boa #0.
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These hypotheses test linear structures between two regression coefficients.
When testing H(()l), we set h(?) = 0, and hence H(()l) holds if and only if
h(Y) = 0. Similarly when testing Héz) and Hég), we set A1) = 0, and hence
the hull hypotheses hold if and only if A(?) = 0.

We consider two different dimensions, p = 50 and p = 200, and two differ-
ent covariance matrices 3, corresponding to ¥ = I and 3 = {0.5“*3"}2»7]-:17“@.
This yields a total of 4 settings. For each hypothesis and each setting, we
further consider four scenarios, by setting k() = 0,0.1,0.2,0.4. Therefore,
the null holds under the first scenario and the alternative holds under the
rest three. Table 1 summarizes the rejection probabilities for H(()l), H(g2) and
H(g3) under the settings where X = {0.5/°=71}. Rejection probabilities of the
proposed tests under the settings where 3 = I are given in Table S1 in the
supplementary material. The rejection probabilities are evaluated via 600
simulation replications.

Based on the results, it can be seen that under these null hypotheses, Type
I error rates of the three tests are well controlled and close to the nominal
level for all four settings. Under the alternative hypotheses, the powers of
these three test statistics increase as h!) or h(?) increases, showing the con-
sistency of our testing procedure. Moreover, the empirical rejection rates
between these three test statistics are very close across all different sce-
narios and settings. For example, the rejection rates are exactly the same
for testing H(()l) and H(()Q) when p = 200 in Table 1, although we observed
that the values of these three statistics in our simulation are slightly differ-
ent. This is consistent with our theoretical findings that these statistics are
asymptotically equivalent even in high dimensional settings. Figures S1, S2
and S3 in the supplementary material depicts the kernel density estimates
of three test statistics under Hél) and H(g2) with different combinations of p
and the covariance matrices respectively. It can be seen that these three test
statistics converge to their limiting distributions under the null hypotheses.

4.1.2. Testing univariate parameter. Consider testing the following two
pairs of hypotheses:
4
HY : Bop = =2, vis HY : oo # —2.
5
H(g ) : 6073 = 07 v.s Hég) : /80’3 # O'

We set h(?) = 0 when testing Hé4), and set h)) = 0 when testing H(g5).

Therefore, H(g4) is equivalent to A(!) = 0 and Hé5) is equivalent to h(? = 0.
We use the same 4 settings described in Section 4.1.1. For each setting,
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TABLE 2
Rejection probabilities (%) of the partial penalized Wald, score and likelihood ratio
statistics, the Wald test statistic based on the de-sparsified Lasso estimator and the
decorrelated score statistic under the settings where 3 = {0.5“7‘7‘}17]‘:1
standard errors in parenthesis (%).

,,,,,

Tr Tw Ts D TP

XE3) Hé4) and p = 50

0  5.17(0.90)  5.33(0.92)  5.50(0.93)  12.67(1.36)  7.00(1.04)
0.1 15.67(1.48) 16.00(1.50) 16.00(1.50)  6.00(0.97)  14.67(1.44)
0.2  41.00(2.01) 41.33(2.01) 41.50(2.01) 14.83(1.45) 38.83(1.99)
0.4  92.50(1.08) 93.00(1.04) 93.00(1.04) 67.67(1.91)  88.67(1.29)

H{Y and p = 200

0  4.83(0.88)  4.83(0.88)  4.83(0.88)  21.83(1.69)  5.50(0.93)
0.1 11.00(1.28) 11.00(1.28) 11.00(1.28)  5.83(0.96)  10.83(1.27)
0.2 40.50(2.00) 40.50(2.00) 40.50(2.00)  6.17(0.98)  37.83(1.98)
0.4 91.50(1.14) 91.50(1.14) 91.50(1.14) 49.33(2.04)  88.00(1.33)

R H®) and p =50

0  633(0.99) 6.0000.97)  6.50(1.00)  5.33(0.92)  3.00(0.70)
0.1  13.67(1.40) 13.50(1.40) 14.00(1.42) 5.33(0.92)  9.17(1.18)
0.2 40.17(2.00) 40.33(2.00) 40.50(2.00) 15.67(1.48) 28.50(1.84)
0.4 90.83(1.18) 91.33(1.15) 91.67(1.13) 69.17(1.89) 83.33(1.52)

HS® and p = 200

0  5.67(0.94) 5.67(0.94)  5.67(0.94)  6.50(1.01)  2.67(0.66)
0.1 13.67(1.40) 13.67(1.40) 13.67(1.40)  3.67(0.77)  8.17(1.12)
0.2 39.17(1.99) 39.17(1.99) 39.17(1.99)  9.67(1.21)  24.67(1.76)
0.4 91.50(1.14) 91.50(1.14) 91.50(1.14) 51.33(2.04)  80.50(1.62)

we set A = 0.1,0.2,0.4 under HY and h® = 0.1,0.2,0.4 under H.
Comparison is made among the following test statistics:

(i) The proposed likelihood ratio (77), Wald (Tyy) and score (Ts) statistic.
(ii) The Wald test statistic based on the de-sparisfied Lasso estimator (T}").
(iif) The decorrelated score statistic. (T2).

The test statistic TV’?, is computed via the R package hdi (Dezeure et al.,
2015). We calculate TZ according to Section 4.1 in Ning and Liu (2017).
More specifically, the initial estimator ,é is computed by a penalized linear
regression with SCAD penalty function, and @ is computed by a penalized
linear regression with /; penalty function (see Equation (4.4) in Ning and
Liu, 2017). These penalized regressions are implemented via the R package
ncvreg (Breheny and Huang, 2011). The tuning parameters are selected via
10-folded cross-validation. The rejection probabilities of these test statistics
under the settings where 3 = {0.5°791} are reported in Table 2. In the
supplementary material, we report the rejection probabilities of these test
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TABLE 3
Rejection probabilities (%) of the partial penalized Wald, score and likelihood ratio
statistics with standard errors in parenthesis (%), under the settings where
Y= {0.5'27]‘}2‘,]':1 ..... p -

p =50 p = 200

Ty, Tw Ts Ty Tw Ts

(D H

0 4.83(0.88) 4.50(0.85) 4.67(0.86) 4.83(0.88) 4.83(0.88) 4.83(0.88)
0.2 28.17(1.84) 28.17(1.84)  28.50(1.84)  28.50(1.84)  28.50(1.84)  28.50(1.84)
0.4  80.33(1.62)  80.17(1.63)  80.33(1.62)  79.83(1.64)  79.83(1.64)  79.83(1.64)
0.8  99.83(0.17)  100.00(0.00)  100.00(0.00)  100.00(0.00)  100.00(0.00)  100.00(0.00)

R Hé7)

0 4.50(0.85) 4.50(0.85) 4.50(0.85) 5.00(0.89) 5.00(0.89) 5.00(0.89)
0.2 18.17(1.57)  18.33(1.58)  18.33(1.58)  18.33(1.58)  18.33(1.58)  18.33(1.58)
0.4  53.83(2.04)  54.17(2.03)  54.00(2.03)  57.33(2.02)  57.33(2.02)  57.33(2.02)
0.8  98.50(0.50)  99.00(0.41)  99.00(0.41)  98.50(0.50)  98.50(0.50)  98.50(0.50)

h(1) H®

0  5.17(0.90)  5.00(0.89) 5.17(0.90) 5.67(0.94) 5.67(0.94) 5.67(0.94)
0.2 1433 (1.43) 14.33(1.43)  14.33(1.43)  13.67(1.40)  13.67(1.40)  13.67(1.40)
0.4 4200 (2.01) 42.17(2.02)  42.17(2.02)  41.67(2.01)  41.67(2.01)  41.67(2.01)
0.8 92.83 (1.05) 92.83(1.05)  92.83(1.05)  93.00(1.04)  93.00(1.04)  93.00(1.04)

statistics under the settings where 3 = I in Table S2. Results are averaged
over 600 simulation replications.

From Table 2, it can be seen that T; WQ failed to test H(()4) under the settings
where 3 = {O.5‘i_j |}. Under the null hypotheses, the Type I error rates of
T VB are greater than 12%. Under the alternative hypotheses, the proposed
test statistics and the decorrelated score test are more powerful than Tvl‘),
in almost all cases. Besides, we note that 17, Ty, Ts and TSD perform
comparable under the settings where 3 = I. When X = {0.5/"~71} however,
the proposed test statistics achieve greater power than Tb’? . This is in line
with our theoretical findings (see Section S1 of the supplementary material
for details).

4.1.3. Effects on m. In Section 4.1.1, we consider linear hypotheses in-
volving two parameters only. As suggested by one of the referee, we further
examine our test statistics under settings where more regression parameters
are involved in the hypotheses. More specifically, we consider the following
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three pairs of hypotheses:
4 4
H(()G) : 2507]' = 0, V.8 Hfgﬁ) : Zﬂo’j 7& 0.
j=1 J=1
8 8
H(g?) : ZﬁOJ = O, V.S Hcg7) : Zﬁgd 7& 0.
j=1 J=1

19 12
HY > bo;=0, vs HP:Y foj#0.
i=1 =t

The numbers of parameters involved in HO(G), 57) and H(()S) are equal to 4,

8 and 12, respectively. We consider the same 4 settings described in Section
4.1.1. For each setting, we set R =0,0.2,0.4,0.8 and h(? = 0. Hence, the
null hypotheses hold when A1) = 0 and the alternatives hold when 2(!) > 0.
We report the rejection probabilities over 600 replications in Table 3, under
the settings where 3 = {0.5|i_j ‘}. Rejection probabilities under the settings
where 3 = I are reported in Table S3 in the supplementary material.

The Type I error rates of the three test statistics are close to the nominal
level under the null hypotheses. The powers of the test statistics increase as
h(Y) increases, under the alternative hypotheses. Moreover, we note that the
powers decrease as m increases. This is in line with Corollary 3.1 which states
that the asymptotic power function of our test statistics is a function of r
and y,. Recall that ~, = nhg (C'QmmC'T)f1 h,,/¢o. Consider the following
sequence of null hypotheses indexed by m > 2: C),8p = 0 where C), =
(1, ,1,0pm). Let Ynm = nhZ (CrpQnmCL) ™" hy/do. Under the given
settings, we have €, = (w;j) is a banded matrix with w;; = 0 for |i — j| >
2, wij = —1/(1 = p?) for i — j| = 1, w11 = Wmm = 1/{p(1 — p?)}, and
wjj = (14 p?)/{p(1 — p?)} for j # 1 and m, where p is the auto-correlation
between X; and Xs. It is immediate to see v, ,, decreases as m increases.

4.2. Logistic regression. In this example, we generate data with sample
size n = 300 from the logistic regression model

logit{Pr(Y = 1| X)} = 2X;1 — 2+ hV) X, + hP X5,

where logit(p) = log{p/(1 — p)}, the logit link function, and X ~ N(0,,X).



18 SHI, SONG, CHEN AND LI

4.2.1. Testing linear hypothesis. We consider the same linear hypotheses
as those in Section 4.1.1:

H  Bo1+ o2 =0, vs HY: By + Bos #0.
H(g?) : Boz+ Bos = -2, v.s HP Bo,2 + Bos # —2.
HY : fos+Poa=0, v.s HP : Bos+ foa #0.

Similarly, we set h(2) = 0 when testing Hél), and set h() = 0 when testing
HSQ). Therefore, Hél) is equivalent to hY) = 0 and HéQ) is equivalent to
h(?) = 0. We use the same 4 settings described in Section 4.1.1. For each of
the four settings, we set h\9) = 0.2,0.4,0.8 under HC(Lj).The rejection proba-
bilities for Hél) and HSQ) over 600 replications are given in Table S4 in the
supplementary material. We also plot the kernel density estimates of three
test statistics under H(gl) and Hé2) in Figures S4, S5 and S6 in the sup-
plementary material. The findings are very similar to those in the previous
examples.

4.2.2. Testing univariate parameter. To compare the proposed partial
penalized Wald (Ty ), score (Ts) and likelihood ratio (77) test statistics
with the Wald test based on the de-sparsified Lasso estimator (TI?,) and the
decorrelated score test (T2), we consider testing the following hypotheses:

H(g4) :Bop=—2, v.s H¢54) o2 # 2.
H(g5) :Bos =0, vs HY : oz 0.

Similar to Section 4.1.2, we set h(2) = 0 when testing H[()A‘), and set h() =
when testing H[()5). We set h() = 0 under H(()4), h(M) =0.2,0.4,0.8 under ng

and set h(2) = 0 under Hé5), h(® =0.2,0.4,0.8 under Hc(f)). We consider the
same 4 settings described in Section 4.1.1. The test statistic Tvg is com-
puted via the R package hdi and Tg is obtained according to Section 4.2 of
Ning and Liu (2017). We compute the initial estimator B in T2 by fitting
a penalized logistic regression with SCAD penalty function, and calculate
w by fitting a penalized linear regression with [; penalty function. These
penalized regressions are implemented via the R package ncvreg. We re-
port the rejection probabilities of TW,TS,TL,TV?, and Tg in Table S5 in the
supplementary article, based on 600 simulation replications.

Based on the results, it can be seen that the Type I error rates of Tvl‘),
and TSD are significantly larger than the nominal level in almost all cases for

0
4)

testing H(g4). On the other hand, the Type I error rates of the proposed test
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statistics are close to the nominal level under H(g4). Besides, under H,SS), the
powers of the proposed test statistics are greater than or equal to TV’?, and
Té? in all cases.

4.2.3. Effects onm. Asin Section 4.1.3, we further examine the proposed
test statistics by allowing more regression coefficients to appear in the linear
hypotheses. Similarly, we consider the following three pairs of hypotheses:

4

(6):2607j20, V.8 H 2,6’0]750
j=1
8

7)22607]‘20, V.S H 2,80]750
j=1

12
8)2250,j:0, vs HE Zﬂo;#o
j=1

We set h? = 0, and set () = 0 under the null hypotheses, h) =
0.4,0.8,1.6 under the alternative hypotheses. The same 4 settings described
in Section 4.1.1 are used. The rejection probabilities of the proposed test
statistics are reported in Table S6 in the supplementary article. Results are

averaged over 600 replications. Findings are very similar to those in Section
4.1.3.

5. Technical proofs. This section consists of the proof of Theorem 3.1.
To establish Theorem 3.1, we need the following lemma. The proof of this
lemma is given in Section 5.1. For any symmetric and positive definite matrix
A € R4, it follows from the spectral theorem that A = UTAU for some
orthogonal matrix U and diagonal matrix A = diag(A1,..., ). Since the
diagonal elements in A are positive, we use A/2 and A=/2 to denote the di-
agonal matrices diag(\; /2 . 7)\(/ ) and diag(A; 1/27 cel )\;1/ ), respectively.
In addition, we define Al/2 UTAY2U and A=12 =UTAV2U.

LEMMA 5.1.  Under the conditions in Theorem 3.1, we have

maX(K ) = 0(1)7
max(KGY/?) = O(1),

max (K, %) = O(1),

max ((CﬂmmCT) ) O<1)7
1e=2C|2 = 0(1),

(5. A
(5. A
(5. A
(5. A
(5.

v ot ot Ot ot
S S N JUR O

)
)
)
)
)
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. w2(0Q,.,, Ty w2 |, = s+m
= s+m
5:7) I~ KPR K =0, (1),

where ¥ = CQymCT and

7o 1 ( XLB(XBo) X XE(XBo)Xs )

K = — ~ ~
T\ XIZ(XB0)Xm XLIE(XB0)Xs

We break the proof into four steps. In the first three steps, we show Ty /r,
Tg/r and Tp,/r are equivalent to Ty /7, respectively, where

Ty = ;(wn + \/ﬁhn)T(CQmmCT)il(wn + \/ﬁhn)y
0

and

In the final step, we show the x? approximation (3.5) holds for Ty, Ts and
Ty

Step 1: We first show that Ty /r is equivalent to Tp/r. It follows from
Theorem 2.1 that

3 _ T
Fgaan) = et (3 ) o - n

for some vector R, that satisfies

(5.8) |Rall2 = 0,(1).

Therefore, we have

(5.9) VnC(Bam — Bom) = wn + CRy g,

where Jy = [1,...,m]. Since CBy pm =t + hy, it follows from (5.9) that
V(CBapm —t) = wn + CRy g, + Vb,

and hence

(5.10) V@ V2(CBum —t) = ¥V%(w, + CR, 5, + Vthy).
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By (5.8) and (5.5) in Lemma 5.1, we have
1€ 2C Ra g ll2 < 127 2C || Rasoll2 < [ 2Cll[| Rallz = 0,(1).
This together with (5.10) gives
(5.11) V@ VA(CBum — t) = T (W, + Vihy) + 0p(1).
Note that
B[/ 2w, |2 = tr (xp—l/QEwnwfxp—l/?) = gotr (xp—l/ZxInIrW) = rdo.
By Markov’s inequality, we have
(5.12) 121 2wll2 = Op(Vr).

Besides, it follows from (5.4) in Lemma 5.1 and Condition (A4) that

(5.13) IVr® 2R, |l = O(v/r).
This together with (5.11) and (5.12) implies that
(5.14) IVR®™2(CBam — t)l|2 = Op(V7).

Combining this together with (5.6) in Lemma 5.1 gives

{v/n® ™ 2(CBapt — )} {8 H(CQumm CT) 12 — D@ 2(CBapa — £)}3

< I{Vn®2(CBum — O} I (CQupmmCT) T 2 — I} |2 = O, <T(S+ﬁm)> .

The last term is o,(r) under the condition s+m = o(n'/3). By the definition
of Ty, we have shown that

(5.15) S| Tw — Twol = op(r),
where

n(CPBupm — )T O HCPBopm — t)
; .

Under the conditions in Theorem 3.1, we have ¢ = ¢ + op(1). Since ¢g > 0,
we have

(5.16) 1/6=0,(1),

Twyo =
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which together with (5.15) entails that Ty = Ty, + op(7).
It follows from (5.10)-(5.13) and the condition s + m = o(n'/?) that

~ 2
(5.17)  ¢Two = H\I:—l/zwn + Ve V2h, + 070(1)H2

2
= || e 2w+ VR |+ 0,(1) + o, (\11—1/2(% + \/ﬁhn)>

2
= | Pwn + VT P+ 0p(1) + 0p(1)

2 ~
= ||T7 2w, + /n¥"2h, , tow(r) = ¢Tw + op(r),

[ @20, + /12,2
3 .
By (5.16), we obtain Tyw,0 = Tw,1 + 0p(r) and hence Ty = Tw,1 + op(r). In

the following, we show Ty,1 = Ty + op(r).
Observe that

Twa =

— ¢ 2
(518)  [Twa—Ty = 22— H\Irl/%n + \/ﬁ\Il‘l/thH .
P¢o 2
It follows from (5.12), (5.13), (5.16) and the condition |¢ — ¢g| = op(1) that
right-hand side (RHS) of (5.18) is of the order op(r). This proves Ty =
To + Op(T).

Step 2: We show that Ts/r is equivalent to T /r. Based on the proof of
Theorem 2.1 in Section S5.1 of the supplementary article, we have

1 T “ 1 T T
(5:19) —= ( féf ) {Y — u(XBo)} = N ( ))((ZTA ) {Y — u(XBo)}
L (X% X7\ Borm — Bom
vn ( X/;T/t )2<Xﬁo) ( X/;TA > ( Bo,s — Bo,s > +op(l),
and
Bom — Bom R - _ xXT
Vﬁ( Brs— Bos ) = KT - PR ( X! ) {Y — u(XP0)}

(5.20) - VoK' < (fTT

TX$8

> U th, +0,(1).
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Combining (5.1) with (5.20) gives

~ B 1 T
i (Gt ) = - B (3 ) - )
cT -1
vn or ¥ h, +0p(1),

which together with (5.19) implies that

jn(ﬁg){Yuuﬁw%=;(§@)Tﬂffxxm»+%ﬂ>
- R i (R ) O -+ v (gr ),

_ \}ﬁKglmangl/Q < XM ){Y H(Xﬂo)}Jr\f( ; >\IJ—1hn+op(1).

By (5.3), we have

T ) T
G () o ) = parc e () (v - ux)
(5.21) +vnK; /2 ( OC:',Z ) T h, + 0p(1)

It follows from (5.5) and (5.13) that

(G, o

This together with (5.3) yields

K71/2 < OC,}T ) \I’ilhn

n
rXSs

<[ CTE 2o 2R |2 = Op(Vr/n).
2

(522 = Op(V7).

2

Notice that

2
= tr(P,) = rank(P,) = r.

o e (38 )

It follows from Markov’s equality that

= Op(V7).

Pt () O - u(x0))
2

|7
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Combining this with (5.21) and (5.22) yields

(5.23 = 0,(\/7).

K2 (XY (v - wx B
n )(g1 M 0 )

) 1
NG
This together with (5.7) and the condition s 4+ m = o(n'/3) gives that

<

T ~
e ( ‘fcff ){Y — (X Bo)}

’ 1/275-1 g-1/2 r(s +m)
n HI - Kn Kn,OKn H2 = OP = OP(T’).
2

vn

When Sp = S, we have

ors = (e Yo —woxan | & () o - uoxa)

n

Since Pr(Sp = S) — 1, we obtain ¢|T — Ts0| = op(r), where

Tso = 1@;} {( ff% ) {y - H(XBO)}}TKﬁl < );/ET/‘ ) {Y — pu(XBo)}-

n

This together with (5.16) implies that [Ty — T's| = op(r). Using similar
arguments in (5.17) and (5.18), we can show that Tg/r is equivalent to
Ts,1/r, where Tg is defined as

2

L L ez (X ) (v - pxo + vk 2 (G ) eta
go |[vn " Xg " O "Il

we have

1 2

%o
Ll —1/2 —12p |12

- —H\IJ Wy + /0¥ hnH — T
%o 2

T T
Ts; = K, '? ( OCT )w—lwn+\/ﬁK;1/2 < OCT >\If‘1hn

2

This proves the equivalence between Tg/r and Ty /r.
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Step 3: By Theorem 2.1, we have
BaM_BOM ) 1 -1/2 _1/2< X}\i{ >
" 3 3 = 7Kn PnKn Y - X
f( Ba,s — Bo,s NG X7 { u(XBo)}
T Ty—1
+ VnK;'?P,K;\? ( C (C% )~hy, > t o).

Notice that

K-12p K—1/2( ct(cc?) n, >
n n-t*n 0

T T T T Ty—1 T
ket (G ) (&) (T Y it (& Ywn,

] TX$8

It follows that

Barm — Borm R S L X%
\/ﬁ< Bas — Bos ) B \/EK” P K, < X/: {Y — u(XBo)}
(5:24) + VK, ( OCTT > T hy, + 0p(1).

Similar to (5.23), we can show that

(5.25) nHBa,MUS - BO,MuSH% = Op(r).

Under the event ,307 MUS = Ba, Mmus = 0, using third-order Taylor expan-
sion, we obtain that

5 1 50/\4 5aM TxT 5
Lo(Bo) — I n( B ) ()Y - uxB)
_ Bo.m — Bam 2 (X )T < Bo.m — Bam )
2“( Bo.s — Buas ) ( )E(Xﬁa>( X4 Bo,s — Ba,s
ﬁOM ﬁaM
( ﬂOS BaS ) R

where n||R||~ is upper bounded by

max ’(BO,MUS — Bamus) T X husdiag{| X 7| o |0 (X B*) [} X mus(Bomus — Ba,MUS)}

JEMUS
< ||BO,MUS - Ba,MUSH% jén/\/aliJ(S )\max (Xﬂusdlag{|Xj| o |b”/(Xﬂ*)‘}XMU5) ,



26 SHI, SONG, CHEN AND LI

for some B* lying on the line segment between Ba and ,30. By Theorem 2.1,
we have B[, = 0 and 1B s — Bomusllz < /(s +m)logn/n with
probability tending to 1. By Condition (A1), we obtain

IRl =0, ()

This together with (5.25) yields that

. . T
||< Ba,m = Bom > R

< Bois — Bontos || Blo = 0, (
2

The last term is o,(1/7/n) since 7 < s +m and s +m = o(n'/3).
Similarly, we can show

- - T T ~ ~
Ba.m = Bo.m X7t ) $(X 3 ( Xt > ( Ba.m — Bo.m > _
H < Bas —Bos ) ( X3 (Xe) X3 Ba,s — Bo,s

Ba,s — Bo,s

~ ~ T T ~ ~
Ba.m = Bom X ) < X > < Ba.m = Bom ) B
( Ba,s — Bos ) < X3 Z(X o) > ¢ Ba,s — Bo,s 2 =V
As a result, we have
- N T
3 s — [ Boam—Bam X7, > R
Ln(Bo) = Ln(Ba)} = 5 5 Y — u(XB,
o{LalBo) — (B} = (MG ) (R ) - i)
~ ~ T ~ o
_ n( Bom = Bam Bo.m — Ba,m
(520 2 ( Bo,s — Ba,s > Ko < Bo,s — Ba,s ) (V).

Recall that B, is the maximizer of nL,(3) —n > j¢MmPrna(1B5). By The-

orem 2.1, we have with probability tending to 1 that minjcg ]Ba,j| > d,.
Under the condition p)\ (d,) = o((s + m)~2n=1/2), we have

(% ) -nxan=n( 5% )=o)
Xg: ﬁ(/@a,Sy )\n,a) P
This together with (5.25) yields

A N T
Bo,m — Ba,m xT .

< Bo.s — Bas > < X/;TA ) 1Y — u(XBa)} = 0p(V7).
By (5.26), we obtain that

~ ~ T ~ ~
n{ZaBo) ~ LB} = = (M 75 ) g, (PTG o).



27

In view of (5.24), using similar arguments in (5.17), we can show that

~ ~ T ~ ~
n < Bo.m = Ba.m > K ( Bom = Ba.m >
Bo,s — Ba,s "\ Bos—Baus

1 2

n

= op(VT).

P12 [ X {Y — (X Bo)} + nK;/? " NVoin

XS

2

As a result, we have

1 2

n

P -2 X7 1 CF —1p
nitin Xg: {Y_H’(XBU)}_'_nKn OT v n

TX$8

2
_2n{Ln(Ba) - LH(BO)} = Op(\/;)'
By (5.16), this shows

o

TL — ETO = OP(T).

Under the condition |¢ — ¢g| = 0,(1), we can show |Tp(1 — do/d)| = op(r).
As a result, we have T, = Ty + op(r).

Step 4: We first show the x? approximation (3.5) holds for T' = Tp. Recall
that
= L, 4 Vn®1/2p i
(Z)O \/ﬁ n n

By the definition of w,,, we have

To

2

gy, = L \1r1/2< o >TK1(XAT4 ){Y—u(xﬁ )}
Voo " Vngo ol " X 0
o~ 1 CT )T v ATy <Xi,/\/l>_ .
- ;mq’ <OZXS Kn {Y; :U’(ﬁOXZ)} Xi,S —ggz

With some calculation, we can show that
(5.27) > cov(g) = I

It follows from Condition (A3) that
<‘Y; - N(ﬁgXi)’3M2>

max E
i=1,...,n

6M3
B E{exp <|n —u(ﬂ(?x»!) o,y —u(ﬂ(?x»!}MQ <o

i=1,...,n M M
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This implies max;—1, , E|Y; — ,LL(,B(:)FXi)P =0(1).
Hence, with some calculations, we have

7“1/42E\|€i||§

3
cT \" _
n¢ (ngo)3/2 ZE vl < or > K ' X mus{Yi — n(B) Xi)}
0 rXSs )
T T 3
) n¢o (ndo)?2 Z H 1/2 o,TXs ) K Ximus|| BIY: = (85 X)
2

3
_p CT —
o7 K, " X mus
XS

T

n<750

2

3
ri/t . —1/2 c’ g —1/2
< O 3/2§‘:|\1; / (OT ) KoY

rX$s

3
X,

174

< 0(1) (7’L¢0 3/2 Z{ zMUS) K Xz MUS}3/2

o(1),

where O(1) denotes some positive constant, the first inequality follows from
Cauchy-Schwarz inequality, the last inequality follows from the fact that

cT \7* cT \* cT
w-1/2 ( ) K;l/Q — Ay 4 W12 ( ) K;l < > w120 _ 1,
|| OTXS OTTXS O'I"_‘FXS

T
and the last equality is due to Condition (3.4).
This together with (5.27) and an application of Lemma S.3 in the supple-
mentary material gives that

2

2

(5.28) sup
C

Voo

where Z € R” stands for a mean zero Gaussian random vector with identity
covariance matrix, and the supremum is taken over all convex sets C € R".
Consider the following class of sets:
)
2

n
z— | —w12p,
\ o

1
Pr <‘II_1/2w0 € C) —Pr(Z e C)’ — 0

CI:{ZGRTZ
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indexed by x € R. It follows from (5.28) that

1
sup |Pr [ —=¥"124 e ) —Pr(Z eC,)| — 0.
ofer (g ) ~rez ey
Note that \/n%%@_lwo € C, is equivalent to Ty < x, and Pr(Z € C,) =

Pr(x2(r,v,) < x) where v, = nhgllfl/th/dm. This implies

(5.29) sup |Pr(7Tp < z) — Pr(x2(r, ) < x)| = 0.
X

Consider any statistic T* = Ty + op(r). For any = and € > 0, it follows
from (5.29) that

(5.30)Pr(x*(r,vn) < 2 —re) + 0(1) < Pr(Ty < = —re) + o(1)
< Pr(T* <) <Pr(Typ <z +re) +o(1) < Pr(x*(r,vn) <z +re) + o(1).

Besides, by Lemma S.4, we have

(5.31)1111(1) limsup |Pr(x%(r, vn) < = + 7€) — Pr(x2(r, 1) < & —re)| = 0.
e— n

Combining (5.30) with (5.31), we obtain that

(5.32) sup |Pr(T* < z) — Pr(x2(r, v,) < )| — 0.
X

In the first three steps, we have shown Ty = Ts + 0,(1) = Tw + 0,(1) =
Ty, + o0p(1). This together with (5.32) implies that the x? approximation
holds for our partial penalized Wald, score and likelihood ratio statistics.
The proof is hence completed.

5.1. Proof of Lemma 5.1. Assertion (5.1) is directly implies by Condi-
tion (Al). This means the square root of the maximum eigenvalue of K,
is O(1). By definition, this proves (5.2). Under Condition (Al), we have
Amax (K1) = O(1). Using the same arguments, we have /\maX(K,jl/2) =
O(1). Hence, (5.3) is proven. We now show (5.4) holds. It follows from the
condition Apax ((CCT)™!) = O(1) in Condition (A4) that lim inf, Ayin(CCT)™! >
0, and hence

A . .. .
ap = liminf  inf |CTa|3 =liminf inf a’CCTa>o0.
n acR:|afz=1 n acR™:|afa=1

This implies that for sufficiently large n, we have

(5.33) ICTalls > v/ao/2||all2, Va # 0.
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By (5.1), we have liminf,, Apin (€25,) > 0, or equivalently,

inf liminf a’ Q,a > 0.
acR™ts:lall2=1 7

Hence, we have

inf liminf a” Q,a > 0,
aeRm+S:||a||2=1,ajO:0 n

where Jy = [1,...,m]. Note that this implies

inf liminf a’ Q,,ma > 0.
acR™ts:|lall2=1 n

Therefore, we obtain

(5.34) lm inf Amin (Qmm) > 0.

Combining this together with (5.33) yields

inf  liminfa’ CN,,,,CTa > inf liminf a’ Q,,,;,a > 0.
acR™|al2=1 7 acR™:|alla=+/a0/2 "

By definition, this suggests
lim inf M nin (CRmn CT) > 0,
or equivalently,
Amax ((CQmmCT)™1) = O(1).

This gives (5.4).
Using Cauchy-Schwarz inequality, we have

I(CRnCT)"2C |2 < |(CRmmCT) ™ 2O 2 Iz |’z
———

I Ip)

Observe that
(5:35) I? = Amas ((CRpnCT) /2CR CT (CRpnCT)V2) = 1.
Besides, by (5.34), we have

I3 = Amax () ™) = O(1),

which together with (5.35) implies that I; I = O(1). This proves (5.5).
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We now show (5.6) holds. Assume for now, we have

> s+m
5.36 K,—K,ul2=0, ——— |,
(5.36) I~ Roalla = 0, ()
where
7 -1 ( XfTAz(X@a)XM X%E(X@G)Xg ) .
7 n XSE(XB(I)XM XSZ(X,@a)XS
Note that
lim inf )\min(f{\nﬂ) > liminf inf a’K,a—limsup sup \aT(En,a - K,)a|
n n Cﬁe]ﬁmT n aERerS
all2= lal2=1

> limninf Amin (Kp o) — limsup || K, — k\n’aHQ.
n
Under Condition (A1), we have lim inf,, Apin(K,) > 0. Under the condition
max(s,m) = o(n'/?), this together with (5.36) implies
(5.37) lim inf Amin(Kn.a) > 0,
with probability tending to 1. Hence, we have
(5.38) 1K = Kl = 1K (K~ K o) K

_ - —=_ s+m
< )\maX<Kn 1)HKn - Kn,a”Q)\max(Kn 1) = Op (\/ﬁ> .

By Lemma S.2, this gives

sup la” (K ! — f{\_l)a\ =0, <s+m) ,

n n,a
acR™ts:||a|l2=1

and hence,
sup o (K - K, La| = O, <S+m> :
acRm+s:al|2=1,a5 =0 ’ Vn
where Jy = [1,...,m]. Using Lemma S.2 again, we obtain
_ =_ s+m
539 I s - Bl =0, ()

n

By definition, we have ,,,, = (K1) Jo.Jo- According to Theorem 2.1, we
have that with probability tending to 1, S, = S where S, = {j € M° :
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Ba,j # 0}. When §a = S, we have f(\;}l = ﬁa and (f{\n_’é)JO’JO = ﬁa,mm.
Therefore, by (5.39), we have

~ sS+m
Qmm_ﬂamm =0 - ] -
H sl =0, (521

Using Cauchy-Schwarz inequality, we obtain
(5-40) Hﬂ;n%z(ﬂmm - ﬁaﬂnm)ﬂ;rméz’b

_ ~ s+m
< 1B — Rz = 0, ().

by (5.34). Let ¥ = C$2,,,,, CT, we obtain
(5.41) [ ~2C(Qmm — Qo) CT® 2|y
< 2O Q0 Qi — Qanin) Ryt 2, O

mm mm

< ORI R o2 = 0, ().
n

by (5.40) and that

|91 2CRU2 13 = A (720 0712) = 0(1).
Similar to (5.37), by (5.41), we can show that
(5.42) lim inf Ao (\11—1/2Cﬁa,mmCT\Ir1/2) > 0.

Combining (5.41) together with (5.42), we obtain

H(‘PilmCﬁa,mmCT‘I’ilm)il _ Im”?
(@ 2O T2 o[ @2 C (R = Q) CTE 2

s+m
- o ()
This proves (5.6).
Similar to (5.38), we can show

_ — s+m
1K, = K, 5l = O, <\/ﬁ> :

IN

By (5.2), we obtain

— 1 = s+m
I~ KK Kl < K22 K = Kl K2 = Oy ( Vn > '
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This proves (5.7).
It remains to show (5.36). Since K,, and K, , are symmetric, by Lemma

S.5, it suffices to show
s+m
=0, —— | .
g < Vv )
By definition, this requires to show

masx [[(X)T{S(XA.) — B(XB0) Xmusll = O (Vs +m)

—~
1K — Ko,

For any vector a € R?, we have ||all; < \/q||a|2. Hence, it suffices to show

(5.43)

max [[(X)T{Z(XB,) ~ B(XBo)} Xuslla = O (Vals )

Using Taylor’s theorem, we have
(5.44)  (X)T{Z(XBa) — 2(XBo)} X mus

1
< /0 (Ba — Bo)T X diag {XJ’ o 0" (X {tBa + (1 — t)ﬁo})} X vusdt.

By Theorem 2.1, we have Pr (,@a € Ng) — 1. Hence, we have

Pr U {tBa+(1—t)ﬁo€No} — 1.

te(0,1]

By Condition (A1),

SUP Amax {XMugdiag (Xj o b (X {tB, + (1 — t)Bg})> X MUS} = 0,(n).
te[0,1]

By Cauchy-Schwarz inequality, we have

(X)) {=(XBa) — B(XBo)} X muslz

< sup H — Bo TXdlag{X] o b (X {tB, + (l—t)ﬁo})}XMuSHQ
te(0,1]
< 1Be = Bolls 3up s { Xauisdiog (X7 06" (X{tBa+ (1 = )80} ) Xaus }

= Op(vn(s+m)).

This proves (5.43).
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SUPPLEMENTARY MATERIAL

Supplement to “Partial penalization for high dimensional test-
ing with linear constraints”:
(doi: COMPLETED BY THE TYPESETTER; .pdf). This supplemental
material includes power comparions with existing test statistics, additional
numerical studies on Poisson regression and a real data application, dis-
cussions of Condition (Al)-(A4), some technical lemmas and the proof of
Theorem 2.1.
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