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SHARP UNIFORM CONVERGENCE RATE OF THE SUPERCELL
APPROXIMATION OF A CRYSTALLINE DEFECT"*

JULIAN BRAUNT AND CHRISTOPH ORTNER#

Abstract. We consider the geometry relaxation of an isolated point defect embedded in a
homogeneous crystalline solid, within an atomistic description. We prove a sharp convergence rate
for a periodic supercell approximation with respect to uniform convergence of the discrete strains.

Key words. Crystalline defect, supercell approximation, uniform convergence
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1. Introduction. The high computational cost of atomistic material models re-
quires that the numerical geometry equilibration of crystalline defects is performed in
small computational cells, employing “artificial boundary conditions” to emulate the
crystalline far-field behaviour. Aside from the model error (due to approximations in
the potential energy surface) the main simulation error is therefore the error induced
by the boundary condition. In [EOS16a] a framework was introduced to rigorously es-
timate these errors for a variety of defects and boundary conditions, including clamped
and periodic, as well as to estimate approximation errors in atomistic/continuum and
QM/MM multi-scale schemes [LOSK16, OLOVK18, CO17]. All of these works control
the error in the canonical energy-norm.

In the present work we will prove the first sharp approximation error estimate for
crystal defect equilibration in the mazimum norm for the strains in dimension greater
than one (see [OS08, DLO10] for examples of results in one dimension and [LM13]
for a result in three but in the absence of defects). To highlight the main ideas re-
quired for this extension in a transparent setting, we have chosen to restrict this work
to point defects embedded in an infinite homogeneous host crystal, under an inter-
atomic potential interaction. This system is approximated using a supercell method
with periodic boundary conditions, the most widely used scheme for simulating point
defects.

Our main motivation for this work is [BDO18], where we require a sharp uniform
convergence rate to obtain sharp convergence error estimates on the vibrational en-
tropy of a point defect, as well as [BHO] where our new results significantly simplify
the development of a multi-pole expansion theory for crystalline defects. However,
our results are also of independent interest, namely in any scenario where the defect
core geometry is of importance but not the far-field, in which case the energy-norm
severely overestimates the simulation error. Concretely, the best-approximation error
in the maximum norm is significantly smaller than in the energy norm, and moreover,
there is ample numerical evidence that the best-approximation is indeed attained.

Unsurprisingly, and similarly as for maximum-norm error estimates for numeri-
cal approximation of PDEs [RS82, Dol99], our analysis relies on ideas from elliptic
regularity theory, specifically sharp Green’s function error estimates and a discrete
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Caccioppoli inequality.

Notably, our analysis applies not only to energy minimisers but to general equilib-
ria, in particular saddle points, which are important objects in studying the mobility
of crystalline defects. For these general equilibria, our energy-norm error estimates
are new as well.

Outline: In § 2 we formulate the geometry equilibration problem, introduce the
supercell approximation, state our main convergence results, and present numerical
examples demonstrating that they are indeed sharp. In § 3 we present the proofs.

2. Results. Frequently used notation. A short overview of frequently used
notation, some of which is discussed in more detail in the following sections.

o A, APo™: atomistic lattice with and without defect

e Ry C A — ¢ is the (finite) interaction range and Ry = R is independent of ¢
away from the defect or in the homogeneous case.

e Du(f): matrix of discrete differences of u on Ry, see (2.1). We write D"
instead of D in the homogeneous case using A"™ and R.

o ||ulleprary = (ZM|u|p)1/p, ||| ¢oe (ary = supys|ul, for a discrete set M. (P(M)
also denotes the corresponding space of maps.

e W12(A): space of finite-energy displacements on A, i.e., all u : A — R with
| Dul|g2(ay < oo. And for short we will use W2 .= WL2(A), 12 = 2(A).

o WS, WR™: space of displacements with compact support and with 2NZ9-
periodicity, respectively.

e T, TX™": truncation operator used for various purposes, see (3.3).

o Shom gdef: operators that convert maps on the defective lattice to maps on
the homogeneous lattice and vice versa, compare (3.9).

2.1. Geometry equilibration of a point defect. The reference configuration
of a point defect embedded in a d-dimensional homogeneous host crystal is given by
aset A C R?, satisfying

(L) There exists Rget > 0, A € R4 invertible, such that

AN Bpg,,, is finite and A \ Bg,,, = AZ%\ Bg,.,
We assume throughout that d > 2.

A lattice displacement is a function u : A — R™, where m > 1 is the range di-
mension, typically m = d. Given an interaction cutoff radius r.,s > 0, the interaction
range at site £ is given by

Re={n—L|neA}NDB,_,.
In particular, for ¢ > 7, + Rqer this is independent of £ and we write Ry = R. The
associated finite difference gradient is given by
(2.1) Du(f) := (Dpu(ﬁ))peRl = (u(l+p) — u(é))peRe.
We assume 7y is large enough such that spanR, = R? for all £ € A and the graph
with vertices A and edges {(¢,£+ p): £ € A,p € R,} is connected.

Of particular interest are compact and finite-energy displacements described, re-
spectively, by the spaces

We = WE(A) := {u: A — R™|supp(Du) is compact } and

2.2 . ;
(2.2) Wh2 .— WL?(A) = {u A —R™ | ||DU||€2(A) < OO}’
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where

IDu(O)? :== > IDu@)  and  |[Dulle) = || |Dul]],»
PER:

)

The latter defines a semi-norm on both W¢ and W2,

The homogeneous background lattice is AM™ := AZ9, which of course satisfies
all foregoing conditions. Since we will frequently convert between a defective lat-
tice A and the associated homogeneous lattice AP™ we denote the associated finite-
difference operator by D™u(f) = (D,u(f)),er. We will normally identify We =
We(A), W2 = WH2(A) but make the domains explicit in the case of the homoge-
neous system, We(ARom) YL2(Ahom),

For each £ € A let V, € C*((R™)R¢), with V4(0) = 0, be the site-energy associated
with the lattice site £, then the total potential energy difference is given by

(2.3) E(u) = Z Vi(Du(¥)).

LeA

The re-normalisation V;(0) = 0 is made for the sake of simplicity of notation and
signals that £ is in fact an energy-difference. We assume that the interaction is
homogeneous away from the defect, i.e., V; = V for all |¢| > 7cus + Raet, and that V
satisfies the natural point symmetry V(A) = V((—A_,),er) for all A € (R™)R,

E(u) is a priori only defined for u € W¢ or, slightly more generally, for u : A — R™
with |Du| € £*(A). To define it on W2, it is proven in [EOS16a, Lemma 2.1] that
£ : W° — R is continuous with respect to the || D-||;2-semi-norm and that there exists
a unique continuous extension to W12 We still call this extension £ and remark
that, according to [EOS16a, Lemma 2.1], £ € C*(W"2). This is only to justify our
notation as we will never in fact reference the energy itself in this paper, but work
directly with its first variation,

(6€(u),v) =Y VVi(Du(l)) - Dv(t)  for v e W-.
LeA

We are interested in equilibrium configurations, §€ (%) = 0, or written as a varia-
tional formulation,

(2.4) (6&(@),v) =0  Yoe W2

We say that u € WY is inf-sup stable if 62E(u) : W2 — (W'2) is an isomor-
phism which can, for example, be quantified via

(2.5) inf sup (6% (u)v,w) > 0.
vEWDZ )12
[Dvlle2=1 | Dw]|,2 =1

Of particular interest is the stability of solutions u = 4.

In addition, our analysis requires stability of the homogeneous background crystal,
a standard assumption in solid state physics known as phonon stability [Wal98], which
in our notation can be written as

(2.6) > VEV(0)[D"u(6), D"o(0)] = col| D 0o oy Yo € WHE(AROM),
ZeAhom
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for some ¢y > 0. We assume throughout that (2.6) holds.
Under the lattice stability assumption (2.6), it is shown in [EOS16a, Thm. 1] that
any solution @ € W12 to (2.4) satisfies

(2.7) \Dia(e)| < ||t for j =1,2,3; || sufficiently large.

2.2. Supercell approximation. We consider a finite-domain approximation to
(2.4) with periodic boundary conditions, which we will call the supercell approxima-
tion. To that end, let B = (by,...,bg) € R¥*? invertible such that b; € AZ?. For each
N e N, let

Ay :=ANB(=N,N]* and AR":= (] (Ba+Ay).
a€2NZ2

Then the space of periodic displacements is given by
WRT = WRT(An) == {u: AR = R™ | u(¢ + Ba) = u(l) for a € 2NZ4}.

For u € WX and for N sufficiently large, the periodic potential energy approximation
is given by
En(u) == > Vi(Du(l))
LeEAN
and the resulting periodic supercell approximation to (2.4) by

(2.8) (6En(in),v) =0 Yo e WR.

2.3. Sharp uniform convergence rate. While W' ¢ W2, we can still
compare Du and Duy pointwise.

THEOREM 2.1. Let @ € W'2 be an inf-sup stable solution to (2.4), then there
ezists a C > 0 such that, for N sufficiently large, there are uy € WX satisfying
(2.8) as well as

||D1_1,N - Dﬁ”goo(AN) < CNid.

Remark 2.2. Since #Ayx ~ N9, applying Holder’s inequality to Theorem 2.1 we
obtain, for p’ = p/(p — 1), || Dun — Dullge(ay) < CN~U/?.

2.4. Numerical Tests. We implemented two numerical tests to confirm our
analysis:

1. A vacancy in bulk W (bce crystal structure), with interaction modelled by a
Finnis-Sinclair (embedded atom) potential [WZLH13].

2. A self-interstitial in bulk Cu (fcc crystal structure), with interaction modelled
by Morse pair-potential ¢(r) = (e=2"=1) — 2e=("=D)p (1) with stiffness
parameter o = 4 and cubic spline cut-off ¢¢yt on the interval [1.5,2.3].

In both cases, we choose a cubic computational cell: given the lattice parameter
ag (side-length of the unit cell in equilibrium) the matrix B in § 2.2 is given by B =
agl. The resulting equilibration problem (2.8) is then solved using a preconditioned
nonlinear conjugate gradient algorithm [PKM™16]. To estimate the error a numerical
comparison solution was computed with N = [2.5Nyax |, where Ny denotes the
largest NV chosen for the test.

The results are shown in Figures 1 and 2. Although in both cases there is a mild
pre-asymptotic behaviour visible, the numerical errors follow closely the predicted
rates. Note that we did not plot the errors on A with respect to the ||D - ||¢:-seminorm
since they are theoretically infinite but in practise due to the finite domain of the
comparison solution appear to converge very slowly.
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Fic. 1. Numerical confirmation of the convergence rates predicted by Theorem 2.1: vacancy
wn bulk W (bee), under EAM interaction.
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Fic. 2. Numerical confirmation of the convergence rates predicted by Theorem 2.1: interstitial
wn bulk Cu (fec), under Morse interaction.

2.5. Conclusion. We haven given the first rigorous proofs of a sharp error es-
timate in the maximum norm (for strains) for the relaxation of a crystalline defect
under artificial far-field boundary conditions.

Note that the current result is restricted to point defects with periodic boundary
conditions. This simplifies one key aspect of the analysis: the sharp error estimates
for the Green’s function. Indeed, taking a broad view of the proof detailed in Section
3, there are three fundamental ingredients in our analysis: (1) an inf-sup condition
which allowed us to treat general equilibria instead of only minima; (2) a sharp error
estimate for the Green’s function, see Lemma 3.8; and (3) a Caccioppoli-type estimate,
see Lemma 3.13. Our arguments for (1) and (3) seem to be generic and can likely
be generalised to other situations, in particular to clamped boundary conditions for
either point defects of dislocations. Extending our error estimate for the Green’s
function is likely difficult in general. However, whenever this can be achieved our
results should be readily extendable.

3. Proofs. In §§ 3.1-3.3, we establish auxiliary results, mostly adapting existing
ideas to our setting. The proof of inf-sup stability of the periodic supercell approxi-
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mation is given in § 3.4, and the proof of the sharp uniform convergence estimate in
§ 3.5.

3.1. Auxiliary results. An important technical tool that was used in [EOS16a]
for the error analysis of the supercell approximation was a set of operators that enable
us to convert functions defined in A to functions defined on Ay, and vice-versa. The
following results and their proofs are similar to those in [EOS16a)].

Let Qp := B(—R, R} and Ar := AN Qg for any R € N. For general R > 0 we
define Qg := Qrry and Ag = Arpy.

LEMMA 3.1 (Discrete Poincaré inequality). There exist rp, Rp, Cp > 0 such that
for all0 < Ry < Ry with Ry > rp, Ro— Ry >rp,2<p<o0, andu:Ap,yp, —» R™
we have

(3.1) e = € \A, o a g\, ) S R2CPID e Ay i\ Ay - )
. 1
(3.2) with (uypr = 1Y é;/ u(l).

Proof. The restriction R; > rp ensures that the defect region can be ignored.
One can then apply [EOS16b, Lemma 7.1] and its proof verbatim to cubes instead of
balls, which states that there exists a such that

lu—alle S RalDulle

ARy+Rrp\ARy—Rp)

Since @ = (u)pp,\Ap, Minimises the left-hand side, the stated result for p = 2 follows.
For p = oo, the result is elementary. For 2 < p < oo it follows from the Riesz-
Thorin interpolation theorem. 0

Let nr € C%(R%[0,1]) be a cut-off function satisfying
e nr(r) =1 for z € Qurys,
o ngr(x) =0 for z € R\ Qsry6,
o |Vingr| <CR™J for j =1,2.
Let Ar := Asgr/64rew \ MaR/6—r.,, De a lattice annulus, then, for u : Ap — R™ and
R > Rt := max{2rp,6Rp + 6.y} we can define the truncation Tru € We by

UR(K) (u(ﬁ) - <U>AR)7 l € Ag,

0, otherwise.

(33) TRu(E) = {

For R < N we can extend Tgru periodically with respect to Ay, in which case we
call it TN pu € WR™. Moreover, we set T := Tx y. The following Lemma, while
formulated in terms of T may also be applied to Ty, and TR

LEMMA 3.2. There exists C' > 0 such that, for R sufficiently large, 2 < p < oo,
uw:Arp — R™,

(3.4) | DTruller < Cl|Duller(ag)
(3.5) [DTru — Dul[er(ar) < CllDuller(Ap\Ag ) and
(3.6) ||D2TR’LL — D2U||gp(AR) < C||D2U||gp(AR\AR/2) + CR71||DUHZ2(AR\AR/2)-

Proof. Since

D,Tru(l) = nr(l + p)Dyu(l) + Dpnr(€) (u(f) — (u)ay),
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we can use Lemma 3.1 and R > Rt to see that
1

[ DTruller S | Duller(arn) + I

lu = (u)agllercag) S N1Duller(ag)-

Similarly,
D,Tru(t) = Dyu(t) = (nr(€+ p) — 1) Dyu(l) + Dpnr(€) (u(l) — (u) ag)-

Now, R > Ry ensures that nr(¢ +p) —1 = 0 for £ € Ap) as R/2 + ey < 4R/6.
Hence,

1
IDTru = Dullerary S 1Dulleran\any2) + Flu = W agllerany S I1Dulleran\ag,»)-
This establishes (3.4) and (3.5). The proof of (3.6) is analogous. 0
As an immediate corollary of Lemma 3.2 we obtain pointwise estimates on Tgra.

COROLLARY 3.3. Let @ € WY2 be a solution to (2.4), then there exists C > 0
such that for all R >0, € A and j = 1,2,

(3.7) |DITru(l)| < C(1+ Je)) 4.

Proof. The case j = 1 is a straight forward consequence of (2.7) and (3.5) with
p = oo, where the right hand sight of (3.5) is estimated by [[DullgeAp\Ap) <
(14 R/2)~¢ for any R with £ € Ag. The case j = 2 follows from (2.7) and (3.6). O

3.2. The Homogeneous Problem. The proof of the sharp uniform conver-
gence rates requires sharp estimates on the Green’s function for the homogeneous
supercell. In preparation for these, we first introduce some notation to effectively
translate between the defective and homogeneous problems.

Recall from § 2 that Aho™ = AZ<, and analogously let Ah™ = Qx N Ah™ | then
we define the associated potential energies by

gomu):= > V(D"u(r)), and  EFM(u):= Y V(D"u(0)),

ée/\hom ZEA];VDm

for, respectively, u € We(A"™) and u € WY (AR™). Of course, £M™, £ho™ have the
same regularity properties as &, listed in §2.1.
Moreover, phonon stability (2.6) can now be written as

(82E™™(0)v,v) > col| D[ Fapnomy Vo € WHE(AMO™).

As a consequence there exists a lattice Green’s function.

LEMMA 3.4. There exists a lattice Green’s function G : APo™ — R™*™ sqatisfying

(62EM°m(0)(Ge;),v) = v;(0) Yo € We(ARom), and
(3-8) (DMG(O)] < Ci(L+[€)*~47 ¥j>1,0€ A,

Furthermore, G(£) = G(—{) for all £ € Ahom.

Proof. The two claims in (3.8) are proven in [EOS16a, Lemma 12]. The point
symmetry of G is an immediate consequence of the fact that the Fourier symbol
satisfies G(k) = G(—k). d
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We remind the reader, that the homogeneous and the defective lattice only dif-
fer on Bpg,,, i.e.,, AP™\ Bg, . = A\ Bg,,. To compare displacements u of the
homogeneous and the defect problem, we can therefore define the linear operators

Shom  WRE(AN) — W (AR™) and S3eF - WRFT(ARP™) — WR(Ay) by fixing any
¢y € A\ Bg,,, and letting

0), e A\ By
stema(r) = 4 10 “ foru e WY"(Ay), and
Remu(f) {u o, et orwEWRT (), an

(
0, (eA\Bg
ety gy = 3 U0, dof for u € WP (Ahom).

W) {u(zo), (eAnBp., OTUEWNAYT)

In particular, we have the following lemma as an immediate consequence of these
definitions.

LEMMA 3.5. For some Rs > Rget+7cut sufficiently large, we have DhS]}{,"mu = Du
and DSYfu = DM for |€] > Raet + Teur as well as the estimates

|Dh51}b0mu(€)| S C”DUHZOO(BRS NAN) Ve S AhOm N BRdef+'['Cut’ and
def h
(39)  IDSEu(0)] < CID ullyw (5, oarom)  VEE AN Bryrire,-
Remark 3.6. The operators St and Sh°™ are not “optimized” for practical pur-
poses, which likely leads to poor constants in some of our estimates. However, we only

use them as a technical tool in the proofs, and are only concerned with rates. For
specific defect structures, more natural operators Sacf, Sho™ are easily constructed.

The definition and all properties in Lemma 3.5 directly translate to analogous
operators S"om : WH2(A) — WH2(Ahom) and §def . Wh2Z(ARom) 5 WL2(A) as well.

3.3. Periodic Green’s Function. We begin by recalling that phonon stability
(2.6) also ensures the stability of the homogeneous periodic problem:

LEMMA 3.7. [HO12, Thm. 3.6] For all N > 0 we have

(25 (0)0,0) > o[ DMolZ pomy Yo € WETT(AR™).

In particular, for every f : AR™ — R™ with ZéeAf;Vom f(€) = 0, there exists a
unique u € WX (AR™) with ZZGAI;VOH“ u(€) = 0 such that
(B2ER™(0)u,v) = (f,v)e2 Vv € WRT(AR™).

The periodic Green’s function Gy : Ah¥™ — R™*™ is then defined by the equation

(028 (0) (Ges), v) = 0i(0) = = 3 wi(h) Yo WA (AR

h,
AR S

1
=: ((5061‘ — 7|A51\?m‘ lei,v)P

To estimate the decay of Gy we relate G and Gy.

LEMMA 3.8. For every j > 1 there exist constants Cy,Csy, independent of N, such
that

||(Dh)jg - (Dh)jgNHeoo(Al;vom) < Oy N2, and in particular
(DY Gn(0)| < Co(1 + dist(¢,2NBZ))?>7977 v e Ahom,



UNIFORM CONVERGENCE OF THE SUPERCELL APPROXIMATION 9

Proof. First, we note that

(3.10) > (DG =0 Vj=3,

LeAbom

which is straightforward to prove due to the gradient structure. (For j < 3, (D")7G(¢)
does not decay fast enough to even define this sum.)
Fix i € {1,...,m}, and three interaction directions p1, p2, p3 € R and let

w(l) =Y D, D,,D,,G(L +2NBz)e; VL€ AM™.
z€Z4

Due to the decay (3.8), the sum exists. Moreover, w is Ah™-periodic, satisfies
(2ER™(0)w, v) = (Dp, Dy, Dpydoei,v) e

and according to (3.10) also ZKGA}I,VM w(f) = 0.
Since D,, D,,D,,Gne; solves the same equation and has average zero as well, we
can therefore deduce that

(D")3gn = > (D")*G(L + 2NBz).

z€Z4

Consequently, for j > 3 and ¢ € AR™,

|(D"G(e) — (D"gn(0)] =| > (D")g(¢+2NBz)
z€Z\{0}
S Y (L+[e+2NBe|)*
z€Z\{0}
SN>5T N BTN 4 2220
z€7Z\{0}

< N27d7j7
where we used that the series converges due to j > 3 and the estimate is uniform due
to the uniform lower bound |[B~1//N + 2z| > 1.

It remains to establish the estimate for j = 1,2, which we will obtain from a
discrete Poincaré inequality: For all g : A}]‘\?m — R™ we clearly have

l9(x) — g(y)| < ON|D"gllge(nremy Y,y € AR™
hence it immediately follows that

(3.11) llg — () Anom

where <9>A1;vom = [AR™]! ZeeAg;,om 9(6).-
Fix p,oc € R and let Ky := (D,D,G — DpDogN>A1;V0m, then combining the
estimate for j = 3 and (3.11) we obtain

h
Zoo(AlII\})m) S CN”D g||zoo(A1;\;>m),

[DpDoG — DpDsGn ||goe (pnomy < |DpDoG — DpDoGn — KN ||goo (anomy + [ K|
< N|D"D,D,G — DthDggNngw(Wm) + |Kn|
SN+ Kyl
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It thus remains to estimate K.
Periodicity of Gy implies that (D,DsGn) Atom = 0, hence,

Ky =A% Y D,D,G(0).
LeAbom
Using discrete summation by parts we see that

> DG Y Dgg(z)‘

CE(ARP™+p)\ AR CeAe™\ (A 4-p)
—d ard—1 parl—d —d
< NANIINt-d = N4

[Kn| =A™

where we used |[AR™ \ (AR™ + p)| < N9=1 and the Green’s function decay estimate
(3.8). This establishes the result for j = 2.

To prove the estimate for j = 1, we can repeating the same argument on just
D,G — D,Gn, to obtain

||ng - ngN”eOO(Al;VOI“) S N'= 4 N

> ng(@’.

LeAhe™

From here on, however, we need to argue differently and in particular exploit can-
cellations due to symmetries in the Green’s function, to avoid logarithmic terms. To
that end, we define the point symmetric extension

ALR = A" N B[-N, N]*

of Abo™ (ie., —AW = ALW) and use G(£) = G(—) to calculate

> 0,00 5| ¥ po)|+ vin
Lebem LEALR
- Y aw- ¥ e
LML+ p\AL? CeAL\ (ML)
- Y e ¥ ewfn
LML+ p\AL? (AL \ AL )
- X - ¥ e+
PN -\ CeAL\ (A )
_ 3 g(ﬁ—p)—g(ﬂ)‘-i—l

CE(ALNALR +)

< > DGl +1
LE(ARRINALR +p)

,S, Nd—lNl—d + 1

<1.

1-d
Hence, ||DpG — DpGn||goo (anomy S N* 7% -



UNIFORM CONVERGENCE OF THE SUPERCELL APPROXIMATION 11

3.4. Inf-sup stability. The first step in the error analysis of the supercell ap-
proximation is to establish that it inherits inf-sup stability (2.5). This is a generalisa-
tion of the result in [EOS16b, Theorem 7.7] that the supercell approximation inherits
positivity of the Hessian operator, a more stringent notion of stability suitable only
for minimisers.

In the stability analysis it is convenient to factor out constants from W2 and
WE. Let Wy € W2 and Wi o € W denote the m-dimensional subspaces of all
constant functions, then we define

W2 = Wh2 /Wy and  WE = WRT /Wi
The associated equivalence classes of a function u € W12, WR are denoted by [u],
however, whenever an expression is independent of constants, we will abuse notation
and identify [u] = u, for example, D[u] = Du. The inner products associated with
W2 W are then defined by

(va)WL? = (vaDw)EQ(A) and (’an)W}\’,er = (DUaDw)EQ(AN)a

and turn these factor spaces into Hilbert spaces.

For the proofs of the following results, recall that we made the standing as-
sumption (2.6) that the homogeneous reference lattice is stable. Without this (stan-
dard) assumption the negative eigenspace identified in Lemma 3.9 need not be finite-
dimensional, and this would make our strategy infeasible.

LEMMA 3.9. (i) For all u € W2, there exists a subspace Wy C W2 with finite
co-dimension such that

(0%E(u)v,v) > Leo|| Doz Yv € W.

(i) If, in addition, u is inf-sup stable (2.5) then there exists c; > 0 and an
orthogonal decomposition W2 = W_ @ W with diim(W_) = q finite and

+(6*E(u)v,v) > c1]|Dvl|7 Yo e Wa.

Moreover, we may choose W_ = span{yn,...,1,}, where 1; are eigenfunctions to
negative eigenvalues of §2&(u) in the W2 sense.

Proof. (i) Recall, that the operators S"™ S9¢f let us compare the homogeneous
and the defect case by changing the displacements in Bg,,. Let Wg = {v €
W2 | Du|g, = 0}, then for v € Wg, and for R > Ryef + Tcut,

|<525(u)v, ’U> _ <525hom(0)5homv’ Shomv>}
S Y [VPV(Du(0) - VAV (0)] [Du(6)?

~

(eA\Br
S IDulle (a\Bx) 1DV]72 S €rllDvl|7.

~

where eg — 0 as R — oo since Du € 2. Phonon stability (2.6) then implies that, for
R sufficiently large,
(0°E(u)v,v) > Leo|| Doz
Since the co-dimension of Wh is finite, statement (i) follows with Wy = Wg.
(ii) Since 62£(u) is a symmetric, continuous bilinear map on W12, there is a
unique linear, self-adjoint, bounded operator A(u) € L(W'?) with (52€(u)v, w) =
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(A(u)v,w) 2 for all v,w € W2, Inf-sup stability (2.5) implies that A(u) is an
isomorphism. Thus, the spectrum of A(u) is real, bounded, and bounded away from
0. In light of (i), the spectral subspace of the negative part of the spectrum is finite
dimensional. The negative part of the spectrum thus consists of only finitely many
eigenvalues (with multiplicity) A\; < --- < ), and associated orthonormal eigenfunc-
tions ¢;, 1 < j < ¢. Define W_ := span{¢1,...,1,} to be that spectral subspace,
and W, the orthogonal complement of W_, then (ii) follows. d

LEMMA 3.10. Suppose that u € W2 is inf-sup stable (2.5) then, for N sufficiently
large,

(3.12) inf sup  (62En (TR u)v, w) > min(cy/8,c1/4),
ﬂewper eWper
HDUH/2 1 ||Dw\|,2 1
where TN is the truncation operator introduced and discussed in (3.3) and thereafter.

Proof. Let uy = TN "u, Hy := 6*En(un) and H := §2E(u). We will consider the
orthogonal decomposition W = Wy & Wy, _, where

Wy = span{ N/21/)j j=1,. ..,q}

with 1; the negative eigenfunctions of H (cf. Lemma 3.9(ii)) and Wy 4 its orthogonal
complement. We will prove that Hy is uniformly positive on Wy  and uniformly
negative on Wy _, which implies the stated inf-sup condition (3.12).

If uy € Wy, — then vy = T}, N2 for some v € W_. In particular, Dvy(¢) =0

for £ € Ax \ An/2 and since also Duy (£) = Du(f) for all £ € Ay/p we obtain
(HNTR N o0 TR 20y = D VPVa(Dun (0) [DTRY yv, DTRCY 0]
ZEAN/Q
> VVi(Du(t))[DT /20, DTy )20]
ZEAN/Q
= <HTN/21}, TN/2U>
<I‘I’U7 ’U> + <H(TN/2’U + 1]), TN/Q’U - 1}>

—c1[|v][3 2 + Cllvllyr 2 [Ta2v — vl 2

IN

Since || Tn/2%j — ¥jllyir2 — 0 for all 1 < j < g, for a given € we obtain ||Tx/ov —
V|lyirr2 < €l[v|lyir.2 for all N large enough uniformly in v € W_. For e small enough,

—c1 + Ce
WHUNHWW < —c1/2]on[[fyee-

Next we prove uniform positivity of Hx on Wy, the complement of Wy . This
is a straightforward variation of the argument when Wy _ = {0} treated in [EOS16b,
Theorem 7.7|. First, we take an increasing sequence Ny such that

(3.13) (Hyvn,vn) < (= 01+C€)||UHW12 =

lim min (Hy,v,v) =liminf min (Hyv,v),
k—o00 UEWNk,v+ N—o0 ’UEWNF',
H'UHW];:;::l H’U'lwzp\)]cr:l

and then choose
v € arg  min (Hy,v,v).
vEWN, +
er=1
HUHW}@’C
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Next, we want to choose a second sequence Ry, 1 0o, Rr < Ny /4, and decompose
— . per per
Vg = ap + by := TNk,RkUk + (I — TNk,Rk)vk'

According to [EOS16b, Lemma 7.8] and [EOS16b, Proof of Theorem 7.7] , one can
find a subsequence of (Ny)ren (not relabelled) and Ry T oo sufficiently slowly such
that

(314) (HN,Cak,bk> — 0 and (DpakyDabk)ﬂ(ANk) —0 as k — o0,
for all p,o € R. We split
<HNkUk’ Uk> = <HNkaka ak> + 2<HNkaka bk> + <HNkbka bk>

According to (3.14), the cross-term vanishes in the limit, (Hy, ax, bg) — 0.
Since the support of Dby does not intersect the defective region it is easy to see
that
<HNk bk, bk — <525h0m hom)Shom bk, Shom >

where u}]{}’m = Shomu N, - Next, we observe that

’< 525h0m hom) 52€hom( )] Shombk’ Shom >‘

S (VD) - VAV(0)) [DSKb(0), DSE b(0)]

@EAhom \Ahom

< Gk”DShombk HeZ(ApPr hnm)
Ny
S exllbellfyger,

where, according to (3.5),

€f = max D™ )|
ZEAhOm\A];zO"}z
= max | DTw,u(l)|
LEAN, \AR,, /2

< IDTn,ullez(an, \Ag, )

< IDullezan, \Ag, ») + DTN u = Dulle2(ay, )
S 1Dulle2(an, \Ag, /2)

—0 ask— oo.

In particular, using Lemma 3.7, we obtain
(Hp, by, bi) > (62ER™(0) SR ™ b, ShO™by, ) — cek||bk||3vﬁz,
(3.15) > (co— Cek)||bk||wﬁer > cO/QkuH%Vger,
k k

for k sufficienty large.
Finally, since Day are supported in Ay, /4 we have

(Tvgak; by = (e, Ty, p¥idwrer + (Tnean, (I = T j2)t5) i 2
= (Ukan Nk/zd’])Wpe‘ - (bk,TperNk/QwJ)Wper +0

= —(bk, Nk,Nk/2¢j)W}\’,2r
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Hence, for all j =1,...,q,

(T, i)yl = |k, T,y 2w

§ mja'X”ij”p(ANk\ARk/Z) =V — 0.

Writing Ty, ax = az + a;, with a,f € W4, Lemma 3.9(ii) implies
(3.16)
(Hnyar, ax) = (HTy,ar, Trpar) = erllog [G.2 = Cllag (5.2 = enllarlfyger = Ce
In summary, combining (3.16) with (3.15) and recalling again (3.14) we conclude
that, for k£ sufficiently large,

inf  (Hpn,v,v) = (Hn, Vg, Vk)

vEWN, + .
lellwger=1 > min(eo/2, e1) ([lak [fyger + ok [fyger) = Cme

= min(cy/2, Cl)”UkH%/V}QZr —2min(cy/2,¢1) (ag, bk)W}\’,: — Cy,

> min(co/4,¢1/2).
Due to the choice of the Nj, this means that for all N large enough,

inf  (Hywv,v) > min(co/8,¢1/4). 0

As an immediate corollary of the inf-sup stability of the supercell approximation
we obtain a convergence result in the energy norm.

THEOREM 3.11. Let @ € W2 be an inf-sup stable solution to (2.4), then, for N
sufficiently large, there are un € WX satisfying (2.8) as well as

| Dy — DTX ™ al|,, S N2

Proof. The proof of this result is identical to that of [EOS16a, Thm. 2.6], re-

per —

placing positivity of §?En(Tx"u) with the new inf-sup stability result provided by
Lemma 3.10. O

3.5. Uniform Convergence. Let @ € W2 be an inf-sup stable solution to
(2.4). According to Theorem 3.11, there exists iy € WY solving (2.8) and satisfying

| Dt — Duyl|p2 < N~U2,
where we combined the truncation estimate (3.5) with the decay estimate (2.7) to see
1Dt = DIZ alea) S 1Dl S N2

Throughout the remainder of this section, we fix 4 and the sequences @y, as well

as vy 1= TN @, uhe™ 1= Shomy phom .= Ghomy,
eN = UN — UN, and ehom . — ghom _ ghom

In particular we will also assume implicitly that N is sufficiently large so that the
existence of @y is guarenteed. We will prove a uniform convergence rate for ey, from
which Theorem 2.1 will readily follow.



UNIFORM CONVERGENCE OF THE SUPERCELL APPROXIMATION 15

Recall from the definition of Tk and from Corollary 3.3 that

Dvy = Du  in Ayya, and
(3.17) . L Nz _
|D]’UN| SN 7 in AN\AN/3, j:1,2.

First, we use our Green’s function estimates to obtain an implicit estimate for
D€N.

LEMMA 3.12. There exist ro, C1 > 0 such that for all £ € Ay \ Ay,

|Den ()| < Cy (Nd+ > (dist(e—m,QNBZd)H)d(1+|m)dDeN(m)|>.

meAN

Proof. Let
o (L) = (VV(DRaR™ (0) — VV(DM0R™(0)) X By g (05

ox (€)== (VVe(Din (£)) = VVi(DN () X Raer-trewe (0);
Y (0) := —DivVVy(Dun ()
= Y Vp,Vie,(Dun(t—p)) = > Vp,Vi(Don(0)),
pPE—Re PER:

where Vp Vi(Du(l)) = 0Vy(Du(£))/0D yu(£).
A straightforward algebraic manipulation then shows that, for w € WY (Ahe™),

<55h0m( hom) 5ghom( hom)7w>
= (O3™, Dw) gz (pnomy — (08T, DSN w) 2 (a0) — (SN, SK W) 2 (a0 )-

Furthermore, for N > 6r¢,t, it is straightforward to establish that

G18) k(O] S 10" ) VE € AR 0 Bt
(3.19) oW (0)] < [Den(0)], V0 € AN N BRyytrew,  and
A
(B20) OIS S
N~ , LelAn \AN/S-

The first two estimates follow simply from the fact that V, V, € C* while (3.20) follows
from the second-order difference structure of fbdry(ﬁ) and (3.17).

Furthermore, Taylor expansions of §EX™ (aho™) and JERC™ (vhe™) about 0, and
some elementary manipulations yield

<6ghom( hom) 65h0m( hom) w>

_ <52Ehom hom / < 625h0m hom) 525hom( )] hom w> dt

+ /0 < [62ghom( hom) 628h0m< ]}{;)m)] u%/(v)m7 ’LU> dt
_ <52ghom ) hom w>
/ / 53gh0m hom) hom v?\?m7 >dt ds

/ / 535h°m )U}I{?m + sﬂkﬁ’m)e}]{?m eﬁ{?m + vRﬁ’m w> dt ds.
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We test with w(n) = D *Gx(n — £) then

(3.21) (D™ w(n)| S (dist(£ —m,2NBZ4) + 1) 7477,
hence, for |¢| > Rqef + rcut, We obtain

|[Den (0)] = [DeR™ (0)] = (S2ER™(0) (uy™ — vi™), w)

< |( hom th)ﬁ(A]‘om) + |(U?\ff7 DSdef )E?'(A | + | bdry Sjti;efw)22(AN)|

+ Y IDeR™ (m)]? |Dw(n)|

meAhom
+ > [Defe™ (m)l| Dw(m)| [Dop?™ (m))
mEAhom

:T1+T2+TJ+T4+T5

The fifth term is already of the form we require: We can employ (3.21) to bound Dw
and (3.17) to bound Dvh™. Furthermore, we use Lemma 3.5 to bound Deh¢™ by
Deyp to arrive at

Ts < > |Den(m)|(dist(£ —m,2NBZ?) + 1) (1 + [m[) 4

meARem

for |¢| > 2Rs. Using, (3.20) in combination with (3.21), as well as using || Deb?™ ||,z <
N~42 we get T3 + Ty < N~%. Finally, for T; and Ty and again, |[¢| > 2Rg, we use
(3.18) and (3.19) to estimate

Ti+Te S ) D" m)ID*G(—m)|+ ) [Den(m)[[DS* D G(L —m)

meAR™NBRg meANNBRg

< > > |Den(m)|[D*G(L - k)|
keAR™NBrg MEANNBRg

< > |Dew(m)|(dist(¢ —m,2NBZ%) +1) ", 0

~Y
T)’LEA}]]VOmﬁBRS
Next, we prove a discrete Caccioppoli estimate.

LEMMA 3.13. There exist r1,Cy > 0 such that, for ri <r < N/4,

[Denlleza, ) < CallDenllez(as\A, ) s)-

Proof. Inf-sup stability of vy established in Lemma 3.10 and the convergence
[Den|lez — O (cf. Theorem 3.11) imply that there exists ¢; > 0 such that, for all N
sufficiently large,

1
sup / (0%°En (vn + ten)z,w) dt > c1||Dz| Vz e WY
wewr Jo

| Dw|l2=1

In the rest of this proof we will write sup,, = sup,ewrer | py,,=1 - Fix r >0 and
insert z = Tk ,.en in the inf-sup condition, then we can use the fact that the supports
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of Dz and D(I — TX,.)w do not overlap to write

1
|Dz]| g2 ,Ssup/ (0%En (v + ten)z,w) dt
w Jo

1
- sup/ <525N(1)N —|—teN)z,T}\),?£Tw> dt
0

w

1
= sup (/ (6%En (on +ten)(TX . — Den, T 5,w) dt
0

w

+ <5EN(ﬁN) — (58]\/(1}]\[), T}\Jffrrw>) .
We clearly have (0€n(un), Ty 5,w) = 0. Moreover,

(6En (v ), TRS, w) = Z VVi(Duy (0) [DTRS, w]
LeNs,

= Y VVi(Du())[DTpw]
LEN2,
= <§5('EL),T27-U)> = O,

which leaves us with only the term
1
1Dzl < sup/ (0%En (vn + ten)(TxSy — Den, T g,w) dt.
w Jo
Since DTJI\),(f;rw =0 in A\ Ag, we can estimate this further by
IDzllee Ssup Y |D(TR = Den(O)] |DTR, w(e)]

Y opeNs,
S sup [ D(TR, — Den (O)llez(as,) |1 DTR o w|e2

SIDIR = Den(Dlle2(az)

17

where, in the last estimate, we used Lemma 3.2 to bound || DTx5, w2 S [|[Dwllez S 1.

Using Lemma 3.2 a second time we finally deduce that

[1Denlleza, ) < 1Pzllezany S NPT = Den(O)lez(asn
SIID(T: = Den(Olle(a,) + 1Den (O)lleaza,
S IPen (D)l azn\A, )+

d

Our main result, Theorem 2.1, will follow from the next intermediate result, which

is of independent interest.

THEOREM 3.14. Under the conditions of Theorem 2.1,

[ Denle=ay) S N7
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Proof. Let w(r) := || Den||g=(ax\a,), then according to Lemma 3.12, for r > r,

wir) SN~ sup D (dist(¢ —m, 2NBZY) + 1) (1 + |m])~%| Dey (m)|

LEANNAT meny

SN 4 +w(r) sup Z (dist(¢ — m,2NBZ?) + 1)7d(1 + |ml)~
ZEAN\AT mEAN\Ar

+ sup > (I+0—m|) "1+ [m]) " Den(m)]
LeEAN\A, meA,

SN™4wr) swp o YT 37 (1[0 m—2NB) (1 + m|)
LEAN\AS 2e{—1,0,1}4 mEAN

1/2
b s (30 (o= mh 214 ml) ) Denea,)
LeEAN\A, meA,

SN~ 44 w(r) sup max  |¢ —2NBz| log |¢ — 2NBz]|
LEAN\A, ze{-1,0,1}4

+ sup |07 Denlleza,)
LeAN\AL

SN w(r)rlog(r) + | Den|la,)-

Here we used that, for |¢| > 2,

DA+ 6=m) =41+ |m])~* < |4~ “logle], and
meA

DA+ [6=m) A+ m]) 7 S >

meA

We apply the Caccioppoli inequality, Lemma 3.13, further restricting to r1/2 <
r < N/8, to continue to estimate

w(r) S N~ +w(r)r=log(r) + [[Dexlleas\nnr ™
< N~ 4+ w(r)r_d log(r) + Td/QHDeNH@OO(A‘“\AT)T_CZ
< O3 (N~ + w(r)r=/?2).
For ry := (2C3)*/% and 7 > r3 := max{rg,r1, 72}, we thus find w(r) < 203 N~?. That
is, we have proven that |Dey (¢)| < N~% for all £ € Ay \ A,.,, where r3 is independent
of N.

It thus remains only to consider £ € A,,, a finite subdomain. Using Lemma 3.13
a second time we obtain

[Den (O] < [1Denllez(a,g) S I1Denllezai\a,,) S wlrs) S N 0

Proof of Theorem 2.1. We split

DN — Dl ay) < [[Denllexay) + [Don — Diillg(ay)
SN+ Doy — Dif|ge(ay),

where we used Theorem 3.14. For ¢ € Ay/2, Dun(€) — Du(f) = 0. Conversely, for
€ An\ Any2, (3.17) and (2.7) imply that

|Dun (€) — Du(l)| < |Dun (6)] + |Du(e)| S N~ O
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