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ABSTRACT
Essays in High Dimensional Time Series Analysis

Kashif Yousuf

Due to the rapid improvements in the information technology, high dimensional
time series datasets are frequently encountered in a variety of fields such as macroe-
conomics, finance, neuroscience, and meteorology. Some examples in economics and
finance include forecasting low frequency macroeconomic indicators, such as GDP or
inflation rate, or financial asset returns using a large number of macroeconomic and
financial time series and their lags as possible covariates. In these settings, the num-
ber of candidate predictors (pr) can be much larger than the number of samples (T'),
and accurate estimation and prediction is made possible by relying on some form of
dimension reduction. Given this ubiquity of time series data, it is surprising that few
works on high dimensional statistics discuss the time series setting, and even fewer
works have developed methods which utilize the unique features of time series data.
This chapter consists of three chapters, and each one is self contained.

The first chapter deals with high dimensional predictive regressions which are
widely used in economics and finance. However, the theory and methodology is mainly
developed assuming that the model is stationary with time invariant parameters.
This is at odds with the prevalent evidence for parameter instability in economic
time series. To remedy this, we present two Lo boosting algorithms for estimating
high dimensional models in which the coefficients are modeled as functions evolving
smoothly over time and the predictors are locally stationary. The first method uses
componentwise local constant estimators as base learner, while the second relies on
componentwise local linear estimators. We establish consistency of both methods,

and address the practical issues of choosing the bandwidth for the base learners and



the number of boosting iterations. In an extensive application to macroeconomic
forecasting with many potential predictors, we find that the benefits to modeling
time variation are substantial and are present across a wide range of economic series.
Furthermore, these benefits increase with the forecast horizon and with the length of
the time series available for estimation. This chapter is jointly written with Serena
Ng.

The second chapter deals with high dimensional non-linear time series models, and
deals with the topic of variable screening/targeting predictors. Rather than assume a
specific parametric model a priori, this chapter introduces several model free screening
methods based on the partial distance correlation and developed specifically to deal
with time dependent data. Methods are developed both for univariate models, such
as nonlinear autoregressive models with exogenous predictors (NARX), and multi-
variate models such as linear or nonlinear VAR models. Sure screening properties are
proved for our methods, which depend on the moment conditions, and the strength
of dependence in the response and covariate processes, amongst other factors. Finite
sample performance of our methods is shown through extensive simulation studies,
and we show the effectiveness of our algorithms at forecasting US market returns.
This chapter is jointly written with Yang Feng.

The third chapter deals with variable selection for high dimensional linear station-
ary time series models. This chapter analyzes the theoretical properties of Sure In-
dependence Screening (SIS), and its two stage combination with the adaptive Lasso,
for high dimensional linear models with dependent and/or heavy tailed covariates
and errors. We also introduce a generalized least squares screening (GLSS) proce-
dure which utilizes the serial correlation present in the data. By utilizing this serial
correlation when estimating our marginal effects, GLSS is shown to outperform SIS

in many cases. For both procedures we prove two stage variable selection consistency



when combined with the adaptive Lasso.
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Chapter 1

Boosting High Dimensional Predictive Regressions with Time

Varying Parameters

1.1 Introduction

Due to the rapid improvements in the information technology, high dimensional
time series datasets are frequently encountered in a variety of fields in economics and
finance (see Fan et al. (2011c); Shapiro (2017) for examples). In these settings, the
number of candidate predictors (pr) is much larger than the number of samples (T),
and accurate estimation and prediction is made possible by relying on some form of
dimension reduction. Ng (2013) puts the methods used in high dimension predictive
regressions into two classes: a dense class which assumes that the covariates have a
low rank representation that can be exploited for subsequent modeling, and a sparse
class which assumes that the number of relevant predictors is far smaller than the
number of predictors available. Research within the first class usually assumes a
linear latent factor model which is estimated by principal components or partial least
squares.! The second class treats the problem as one of variable selection in high

dimension. Prominent methods in this class include screening, penalized likelihood,

1Stock and Watson (2002b); Bai and Ng (2002) and Kelly and Pruitt (2015).



lasso, and boosting methods.

This paper contributes to the literature in the second class. A key assumption
made in the vast majority of works on sparse modeling is of a stationary underlying
model with time invariant parameters.” The assumption is very restrictive in practice,
as empirical evidence of parameter instability and time varying effects have been well
documented in macroeconomics.®> Parameter instability can be driven by structural
changes in technological advancements, government or monetary policy changes, and
preference shifts at the individual level (Chen and Hong, 2012). Ignoring these in-
stabilities can lead to large forecasting errors, with Clements and Hendry (1996) and
others even arguing that these instabilities are the main source of error for forecasting
models.

Consider a high dimensional linear time varying parameter (TVP) model:

K:,Btmt_h—FEt fOI't:l,...,T, (11)
where Y; is the response, @y = (X1 4—p, ..., Xpp1—n) 1S @ pr-dimensional vector of
predictors (with pr >> T'), B = (B4, - - ., Bpyt) is a vector of time varying parameters,

and ¢, are errors; the precise assumptions on the model will be stated in section
1.3. Given the evidence for parameter instability, the question remains on how to
best represent and model this change, especially when dealing with high dimensional

predictors. Parameter instability is most commonly represented in the econometrics

2Examples include Medeiros and Mendes (2016), Kock and Callot (2015), Han and Tsay (2017),
and Basu and Michailidis (2015) which focus on the Lasso or the adaptive Lasso, and Lutz and
Biithlmann (2006) which focuses on Lo boosting for stationary VAR models.

3See (Stock and Watson, 1996; Rossi, 2013; Hamilton, 1989), asset pricing (Goyal and Welch,
2003; Paye and Timmermann, 2006; Rapach et al., 2010; Dangl and Halling, 2012), and exchange
rate prediction (Schinasi and Swamy, 1989).



literature by random walks or by one or more discrete structural breaks.* Modeling
variations by random walks can be quite restrictive as it imposes a specific structure
on the evolution of the parameters. Discrete breaks require knowledge of the break
dates, and not all time variations are well characterized by discrete shifts. Technology
and taste shifts are arguably evolving slowly over time. Smooth transition models as
in Terasvirta (1994) are still tightly parameterized. Furthemore, these methods are
mainly designed for a fixed pr. A third approach is to use rolling-window estimation
to capture the smooth change in the parameters. As will soon be clear, rolling-window
estimation is a special case of our proposed approach with a particular choice of kernel
and bandwidth.

In this paper, we model these high-dimensional parameters as smooth functions of
time whose functional forms are unknown and are estimated non-parametrically. We
present two Lo boosting algorithms which differ in their choice of base learners; the
first uses componentwise local constant estimators as base learners, while the second
relies on componentwise local linear estimators as base learners. We consider the use
of local linear estimators since they have been shown to be a superior estimator the-
oretically, with smaller asymptotic bias at the boundaries of the sample (Cai, 2007).
We establish consistency of both our methods when dealing with high dimensional
locally stationary predictors and errors with only polynomially decaying tails. Al-
though we focus on linear time varying parameter models, L, boosting methods can
easily be adapted to fit more general non-linear models by considering alternative
base learners such as regression trees with varying degrees of depth. This makes

the Ly boosting framework more flexible than the often used ¢; penalized likelihood

4The first approach has a long history in macroeconomics, some examples include Cogley and
Sargent (2001); Primiceri (2005); Koop and Korobilis (2013). For the literature on structural breaks,
see Perron et al. (2006); Casini and Perron (2018) for surveys.



approaches.

The smooth TVP model considered in this paper has been studied in the econo-
metrics literature for the case when the number of predictors is fixed and assumed
known. Under this assumption, Robinson (1989, 1991) studied the asymptotic prop-
erties of the local constant estimator of the coefficient functions. The theory was
further developed in several directions.” To our knowledge, there were only two
attempts at modeling sparse high dimensional smooth TVP models, both dealing
with locally stationary sub-Gaussian predictors, and rely on [; regularization meth-
ods along with kernel smoothing to estimate the coefficient functions. In particular,
Ding et al. (2017) deals with locally stationary sparse VAR processes, and proposes
a hybrid estimator which combines [; regularization with local constant estimation.
Lee et al. (2016) deals with models where the set of non-zero coefficient functions
does not change with over time, and proposes a computationally intensive penalized
local linear estimation method. Our work adds to this line of research by proposing
Ly boosting algorithms for high dimensional smooth TVP models characterized by
(1.1).

Our methods compare favorably to more commonly used alternatives for modeling
time varying parameters such as assuming the coefficients are stochastic and generated
by a random walk, or using a rolling window estimator with a fixed window length.
These models are typically estimated via MCMC, or other computationally intensive

methods, which excludes the use of high dimensional datasets. Rolling window fore-

5 Some examples include: Orbe et al. (2005, 2006) considered shape restricted estimation. Cai
(2007) analyzed the asymptotic properties of the local linear estimator. Inoue et al. (2017) considered
the question of optimal bandwidth selection for the local constant estimator when using the uniform
kernel. Zhang et al. (2015), Hu et al. (2018), and Vogt et al. (2012) allow for non-stationary predic-
tors and non-linear time varying functions of these predictors. Zhou and Wu (2009); Zhou (2010)
considered local linear quantile estimation, Phillips et al. (2017) obtained results for cointegration
models, and Chen (2015) dealt with models with endogenous predictors.



casts, although they are usually not presented this way, are actually equivalent to
using a local constant estimator using a uniform kernel and a fixed bandwidth. This
choice of fixed bandwidth is arbitrary and can lead to larger forecast errors vs using
the optimal bandwidth (Inoue et al., 2017). Additionally, local constant estimators
have higher asymptotic bias at the boundary of the sample vs local linear estimators.
In contrast, our Ly boosting algorithms are capable of variable selection and estima-
tion simultaneously at a very low computational cost even for very high dimensional
data. Also, using non-parametric methods to estimate the time varying coefficient
functions allows our method to perform well even under model misspecifications such
as discrete breaks, stochastic coefficients generated by a random walk, and time in-
variant coefficients; see Giraitis et al. (2013); Inoue et al. (2017) and our simulations
section for more details.

On the empirical side we include an extensive application to macroeconomic fore-
casting. Although parameter instability has long been established in the econometrics
literature (Stock and Watson, 2003, 2009; Breitung and Eickmeier, 2011), the ques-
tion of whether one can exploit this instability to improve macroeconomic forecasts
is far less clear (see section 1.7 or Rossi (2013) for more details). Some issues which
have hindered the utility of modeling time variation are: 1) the bias-variance tradeoff
encountered when using a reduced sample for modeling, 2) misspecification and/or
estimation error incurred when trying to estimate the nature of time variation, and
3) computational constraints restricting the use of high dimensional predictors when
estimating traditional TVP models with stochastic coefficients.

To analyze the effectiveness of modeling time variation with our methods, we use
a panel of 123 monthly series from the FRED-MD database and focus on forecasting 8
major macroeconomic series over a range of forecast horizons. Using an out of sample

period of over 47 years, we find that: 1) the benefits of modeling time variation with



our methods are substantial, especially when considering longer forecast horizons,
2) the benefits of using our time varying boosting models vs their time invariant
counterparts increases as the length of the available sample increases, and 3) the
benefits of modeling time variation appear to be confined to the high dimensional
setting, as we confirm the results in Stock and Watson (1996) that modeling time
variation in AR models offers little to no benefits for the majority of series.

The rest of the paper is organized as follows. Section 1.2 reviews the locally sta-
tionary framework, along with the functional dependence measure which will be used
to quantify dependence. We also discuss the assumptions placed on the structure of
the covariate and response processes; these assumptions are very mild, allowing us
to represent a wide variety of stochastic processes which arise in practice. Section
1.3 introduces our boosting algorithms for both local constant or local linear least
squares base learners, and studies the asymptotic properties of these procedures. The
asymptotic properties, and the number of predictors allowed depend on the strength
of dependence, and the moment conditions of the underlying processes. Section 1.6
presents results from Monte Carlo simulations, and section 1.7 contains our applica-

tion to macroeconomic forecasting. Lastly, concluding remarks are in section 1.9.

1.2 The Econometric Framework

We first start with a review of locally stationary processes which were first in-
troduced by Dahlhaus (1996); Dahlhaus et al. (1997) using a time varying spectral
representation. This was expanded in Dahlhaus et al. (2018) to a more general def-
inition which facilitated theoretical results for a large class of non-linear processes;
see Dahlhaus (2012) for a partial survey of the results pertaining to locally station-

ary processes. Heuristically speaking, a locally stationary process is a non-stationary



process which can be well approximated by a stationary process locally in time. This
is a convenient framework to model non-stationarity induced by smooth time varying
parameters. Consider the model (1.1), with B, being a vector of unknown determin-
istic smooth functions of time, as a consequence Y; in (1.1) is clearly non-stationary.
Due to this non-stationarity, letting 17" — oo will not lead to consistent estimates of
3;, since future observations may not contain any information about the probabilistic
structure of the process at the present time t. Therefore, it is common to work in
the infill asymptotics framework with rescaled time t/T € [0, 1], with 8, = B(¢/T)
(Dahlhaus et al., 1997; Robinson, 1989; Cai, 2007). Letting 7" — oo now implies that
we observe 3(t/T) on a finer grid within the same interval, thereby increasing the
amount of local information available. Although this setting is not commonly seen in
forecasting time series, a prediction theory is still possible. For example, we can view
our data as having been observed for t = 1,...,7/2 (i.e. on the interval [0,1/2]), and
we are forecasting the next few observations (see Dahlhaus et al. (1997); Dahlhaus
(1996)).

For a formal description of locally stationary processes we use the definition and

assumptions stated in Dahlhaus et al. (2018) and Richter and Dahlhaus (2018):

Definition 1.2.1. Let ¢ > 0, and ||W]|, = (E|W|9)Y4. Let Yir,t = 1,...,T be a
triangular array of stochastic processes. For each u € [0, 1], let Y;(u) be a stationary

and ergodic process satisfying:
L. Dy = max{sup,efo,y |[Yi(w)llg: suprey supi—y _r ||Yerlls} < oo

2. There exists Cg > 0 such that uniformly in ¢t =1,...,7 and u,v € [0, 1]:

1Yi(w) = Yi()lly < Cplu—vol, [[Yir = Yo(t/Dll, < C6TH (1.2)



From the second assumption we obtain: ||Y; 7 —Y;(u)||, < O(|t/T —u|+T~1), thus
for rescaled time points ¢/7" near u, the process Y;r can be approximated by a sta-
tionary process }N/t(u) with asymptotically negligible error. Consider the model used
in Robinson (1989); Cai (2007): Y;r = B(t/T)X; + €, where X, ¢, are stationary
processes, and 3(-) is a lipschitz continuous function. Under these conditions Y; r is
a locally stationary process, with stationary approximation: fft(u) =B(u)X; + €. A
slightly more complicated example is a tvAR(1) process: Yir = a(t/T)Y;o11r + € =
> W 1oz( )]e:—;. Intuitively one can see that if we assume a(-) is lipschitz
continuous then the process is locally stationary with stationary approximation:
Yi(u) = a(u)Yi_1(u) + ¢, and [|Yir — Yi(u)||, < O(t/T — u| + T~1).° The sta-
tionary approximation is the key to estimation and formulating an asymptotic theory
when dealing with locally stationary processes. Estimation of parameters such as
a(u) and local covariances is carried out by assuming, for each rescaled time point u,
that the process is essentially stationary on a small window around u. We then carry
out estimation via stationary methods using observations within this window.”

In order to establish asymptotic properties of our L, boosting procedures, we
rely on the functional dependence measure used in the context of locally stationary
processes in Dahlhaus et al. (2018); Richter and Dahlhaus (2018). We first introduce
the following notation: Let {e;},cz be a sequence of iid random variables, and let F;, =
(et,e0-1y...), Ff = (e, €1-1,...,€5,€6-1,...) with ef, e;,t € Z being iid. Additionally,
let Hy = (e, -1, .-.), Hf = (M, -1y, MG, M1, .. .) With i, m, t € Z being iid

random vectors. Throughout this paper, we assume the following structure for the

6Under appropriate conditions, more general non-linear time varying processes which satisfy
the recursion: Yir = G¢,(Yic1,7, ..., Ye—pr,max(t/T,0)), for t < T, can be shown to be locally
stationary (Dahlhaus et al., 2018). Examples of such processes include time varying ARMA, time
varying GARCH, time varying VAR, and time varying random coefficient processes.

"We note that assuming approximate stationarity on a small window is essentially the justification
of the commonly used rolling window estimators.



stationary approximation for univariate processes (such as the response and error

processes), and multivariate processes (such as the covariate process) respectively:

Yi(u) = g(u, Fy) and &,(u) = h(u, Hy) = (ha(u, He), .. - hypp (u, He)), (1.3)

where g(-,-), and h(-,-) are real valued measurable functions. These representa-
tions allow us to define the functional dependence measure as: (53/ ) (t) = ||Y;(u) —
g(u, F})|l4, and 55@(@ (t) = [|X;e(u) — hj(u, H)||,- Additionally, we assume short

range dependence of the form:

Ag/’q = Z sup 55(“)(16) < o0, and Cbgcvq = max sup 55(3'(“)(1{:) < o0, (1.4)
o u€[0,1] J<pr o u€[0,1]

for some g > 2 to be specified in the next section.

We place assumptions on the stationary approximation rather than directly on
the process itself. This leads to results using weaker assumptions, and to more in-
terpretable dependence measures. For an intuitive explanation of this measure, we
consider the stationary approximation at time uy (Y;(ug)) and we obtain 65 (UO)(k) =
Vi (o) — g(uo, Fi)|lg- We can view 53/(%)(]6) as measuring the dependence of Y;(ug)
on the innovation €y, which for weakly dependent processes decreases suitably quickly
as k — oo. For a concrete example, consider a stationary AR(1) process Y;(ug) =
> o2 alug) e, with e; iid, then 53/(“0)(1{:) = |a(uo)*|||eo — €}]l4, and A(};((Iuo) = |leg —
edlla Yoo la(ug)¥|. Now in the locally stationary setting, we take the supremum over
the rescaled time interval to account for the non-stationarity of the processes, thereby
obtaining Agfq = [leo — €8llq SuPyepo.1) 2oneo la(w)*]. A very wide variety of locally sta-
tionary processes encountered in practice including time varying linear processes,

tv-ARMA, tv-GARCH, tv-TAR, and tv-VAR, and time varying random coefficient
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processes have stationary approximations which satisfy (1.4), and have geometrically

decaying functional dependence measures (see Dahlhaus et al. (2018)).

1.3 Boosting High Dimensional TVP Models

Ever since the introduction of AdaBoost in the 1990’s (Freund and Schapire,
1997), boosting algorithms have been one of the most successful and widely utilized
machine learning methods (Friedman et al., 2001). AdaBoost, which was developed
for classification, consisted of iteratively fitting a series of weak classifiers or learners
onto reweighted data and taking a weighted average of the predictions from each of
these simple models. The success of AdaBoost was originally thought to originate
from averaging many weak classifiers and from a reweighting scheme which placed
large weights on heavily misclassified observations. Later work by Friedman (2001),
and Friedman et al. (2000) established AdaBoost as a gradient descent algorithm in
function space using an exponential loss function. This functional gradient descent
view connected boosting to the common optimization view of statistical inference,
and led to extensions of boosting beyond the realm of classification. Friedman (2001)
proposed several new boosting algorithms using alternative base learners and loss
functions including squared error loss, leading to Lo boosting. Additionally, Efron
et al. (2004) and Friedman et al. (2001), made connections for linear models between
Ly boosting and common statistical procedures such as the Lasso and forward stage-

9

wise regression.® These insights shed light on Ly boosting as a method which

performs variable selection and shrinkage leading to sparse models. For an excellent

8For theoretical connections one can consult Chapter 16.2 of Friedman et al. (2001), and addi-
tional works such as Hastie et al. (2007); Rosset et al. (2004)

9Empirical comparisons between boosting with linear least squares learners and the lasso have
shown close performance with boosting performing slightly better in the case of high correlated
predictors Hastie et al. (2007); Hepp et al. (2016).
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survey of the statistical view of boosting and results pertaining to several common
boosting algorithms, one can consult Buhlmann and Hothorn (2007). '°

We are interested in estimating the following model:
}/;S,T :ﬂ/(t/T)a'}t_h,T—i—Gt’T fOI' t= 1,...,T, (15)

where Y}  is the response, @;_p 7 = (X14-n7, - - ., Xppt—nr) i a pr-dimensional vec-
tor of locally stationary predictors (with pr >> T'), B'(t/T) = (B1(t/T), ..., Bpr(t/T))
is a vector of unknown functions of time defined on the grid [0, 1], which becomes finer
as T — o0, and ¢, r denotes the locally stationary error process with E(e;r@i—nr) =
0V ¢, T. We denote the stationary approximation of the response as Y;(u) = B (u)&,_p,(u)+
€:(u). To simplify notation, we discuss estimation at the boundary point uw = T/T =
1. Before we introduce our boosting algorithms, it helps to first introduce the pop-
ulation version of componentwise Lo boosting with linear base learners as applied to

the stationary approximations (Yr(u), Zr_p(u)):

Algorithm: Population level L, Boosting

1. Set FO (u, &p_p(u)) = BE(Yp(u))

2. Form=1,..., My, where Mr is some stopping iteration, do:

(a) Compute U™ (u) = Yi(u) — F =D (u, &p_y(u)).

(b) Let S,,, = argmin

J<pr

E(UF™ (u) — o™ (u) X z-n(u))?,
where o (u) = E(X;r(u)Uf" (u)) /E(X27_,(w))-

J

10 Additionally, one can consult Buhlmann (2006) for extensions of boosting to stationary VAR
processes, and Bai and Ng (2009); Ng (2014) for applications to macroeconomic forecasting and
recession classification respectively.
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(c) Update F™ (u,@r_p(u)) = FO D (u, Ep_p(u)) + v - 0459 (u)Xs, 7n(u),

where v € (0, 1] is a step length factor.
3. Output FMD) (y, &p_(u)) = FO (u, &p_p(u) + 0 M7 ozs )(u ) Xs, rn(u)

Although we use linear base learners, we note that our methods can be ex-
tended to a broader class of models by using a more general base learner, such as
9i(u, X;7 n(uw)) = BE(Yr(u)|X;7_n(u)), and estimating using kernel regressions or
smoothing splines. For the corresponding sample version of Ly boosting with linear
base learners, it is informative to consider the case of stationary response and predic-
tor processes. In the stationary setting, we can remove the dependence on T" and the
sample version of our algorithm simplifies to S, = argmin; Zthl(Ut(m) — dj(-m) Xi4)?,
where @§m) =TT X, nUM™, assuming E(X,), E(Y;) = 0, and E(X2) = 1. For
the case of locally stationary response and predictor processes the situation is more
complicated as the above estimator is inconsistent for a§m)(u). Intuitively, this incon-
sistency arises since observations “far" from rescaled time u contain little information
about the probabilistic structure of the processes at time wu.

To proceed with estimation in the locally stationary setting, Vm and j < pp, we
have UtT = a ™ (t)T)X jt—hT T €541,
where a (t/T) E(X;, n(t/T)U m)(t/T))/E(Xft ,(t/T)).'" By local stationarity

and assuming appropriate smoothness conditions, we have the following expansion:
" (t/T) = o\ (u) + &™) (W) (/T — u) + @™ () (/T — u)?, (1.6)

where &(-), @&(-) denote the first and second derivative respectively of the function,

with ¢ between u and t/T. To compute the local constant estimate for Oz](m) (u), we

HRecall that B(X; TUt e )/E(ijt hr) = a (t/T + O(T~1) by local stationarity.
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ignore the linear term in the Taylor expansion to obtain the following approximation:
Ut(?) R~ ozg-m) (u) X —n1+€; 7 for t/T near u. The local constant estimator for oz;m) (u)

is then

SE(t/T - U)in—hyTUt(Z})
Zthl Ky(t)T — U)ij,tfh,T

&) (u) = , (1.7)

where Ky(z) = b"'K(z/b), is a kernel function and b is the bandwidth. Therefore,
dl(:’? (u) is a weighted least squares estimate, with the weights given by the kernel
values. For now, one can think of this estimator as aiming to use information from
observations “near" time 7', while discounting information from distant points. A
simple example of the local constant estimate is the rolling window estimate: using
the uniform kernel K'(x) = 1,,<1, with a fixed bandwidth b = by, we obtain a rolling
window estimate which uses the last byT" observations in our sample.

The local constant estimate is widely used for estimating time varying effects,
however the Taylor expansion of aj(»m) (t/T) suggests we can obtain a better ap-
proximation by using the linear term in the expansion (1.6). This was analyzed
rigorously in Cai (2007), which showed that for boundary points the local linear
estimator is theoretically superior to the local constant estimator. Using the ex-
pansion (1.6), we obtain: Ut(f;) ~ agm)(u)vat_h,T + d;m) (W)X t—nr(t/T —u) + €11,
for t/T near u. Let Zj,t,h7T0§m)(u) where Z;; pr = (Xjimnr, Xj-nr(t/T — u)),
Bgm) (u) = (agm) (u), c’v;m) (u))’. The local linear estimate is obtained by minimizing a

weighted least squares criterion:

07" (u) = (617 (w), &y (u)) = axgmingm () > Ko(t)T — w) (U7 — Zoy.6]"™ (u))?

HMH

(1.8)
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Using these estimators we can formulate our Ly boosting algorithm for (1.5) using
local constant, and local linear estimators as base learners. We first start with our

first algorithm which uses local constant estimators:

Algorithm 1: Local Constant Ly Boosting (LC-Boost)

1. Set B (u,a0) = TS0 0y Ko(i/T —w)Yig, for t =1,..., T —h

2. Form=1,..., My, where Mr is some stopping iteration, do:

(m—1)

(a) Compute the residuals Ul(?) =Yir— ﬁ’l (u,xi—pr) fori=h+1,...,T.

(b) Let S, = argmin;, S0, Ky(i/T — u)(U7 — &) (w) X ionr)?

le,j
(¢) Update E™ (u, @i pg) = E" D (u, @ip1) + U@l(ggm(u)Xgmﬂ;hyT, where

[

v € (0,1] is a step length factor.

3. Output M (w, zr_pr) = B (w,200) + 0 M0 6472 (w) X, it

c le

Let zi 1 = (1, @1 7(t/T —u)), our boosting algorithm using local linear estimates

as base learners is:

Algorithm 2: Local Linear L, Boosting (LL-Boost)

1. Set By (u, 2 pr) =T S0, Ko(i/T —w)Yip, fori=h+1,...,T
2. Form=1,..., My, where My is some stopping iteration, do:

(a) Compute the residuals Ufg’f) =Yr— Flﬁm*”(mi,w) fori=h+1,...,T.

(b) Let S, = argmin;,, S0 Ky(i/T — u)(UF — Z;; .00\ (u))2.
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(c¢) Update ﬁ}gm)(u,mi_hﬂﬂ) = ﬁ’lgm_l)(u,zi_hj) +v- ZSm,i—h7TééTn)(u)7 where

v € (0,1] is a step length factor.
3. Output By (w,@r ) = By (w, @i nr) + 0 00, Zs, 00105, ()

We see that boosting is a stagewise estimation procedure, where at each stage
only one learner is updated and the previously selected terms are unchanged. This
stagewise fitting procedure induces regularization through limiting the number of
steps (My), and the step length factor (v). We usually fix the the step-length factor
(v) to a low number such as v = .1, making the stopping iteration (M) akin to the
regularization parameter of the Lasso.'? In light of this, boosting can be thought of
as a close relative of the lasso, with the advantage of being able to approximate the ¢;
penalized solution in situations where it is impossible or computationally burdensome
to compute the Lasso solution (Friedman et al., 2004).

By viewing boosting as a general regularized function estimation procedure, we
can formulate a generic local constant boosting procedure which can be easily be
computed for a wide variety of base learners and (almost everywhere) differentiable

loss functions (L(-,-)).

Algorithm 3: Generic Local Constant Boosting

1. Set ﬁ’((;o)(u, xyr) = argmin T ~! Z?:hﬂ Ky(i/T—u)L(Y;7,c),fort =1,...,T—h

2. Form=1,..., My, where My is some stopping iteration, do:

(a) Compute the pointwise negative gradient:

U = LL(Y,r, F) evaluated at i = h+1,...,T.

F:Fé:m_l>(u7wi—h,T)

12Given that each predictor can be selected multiple times, especially for low values of v, the
number of predictors in the estimated model is < My, and all predictors which have not been
selected by step M have an effect of zero.
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(b) Let S, = argmin;, S, . Ky(i/T — u)(U;p — 3" (u, Xjionr))?

(c) Update FS"(u, @i pr) = FS" N (u, zionr) + Uf]gz)(u, Xs, i_nT), Where

v € (0,1] is a step length factor.

3. Output F((;MT)(U, Tr_pr) = Féo) (u, 1) + v ZMT ?]\é”;) (u, Xs,, 7—n1)

m=1

The algorithm can be modified to allow g;(u,-) to be a function of several variables

e.g. a predictor along with a number of its lags.

1.4 Implementation

Implementation of these algorithms is very simple and can be carried out using ex-
isting software packages. We first discuss the choice of the kernel function K(-), band-
width (b), stopping iteration (Mz), and step length factor (v). We set v = .1, which
is the default choice in statistical software packages and applied work (Buhlmann
and Hothorn, 2007; Friedman, 2001; Hofner et al., 2014). In non-parametric statistics
and machine learning the most commonly used kernels are the Gaussian Kernel and
the Epanechnikov kernel K (u) = .75(1 —u*)1},<1, while in econometrics the uniform
kernel 1},/<; is more widely used. Both the uniform kernel and the Epanechnikov
Kernel use a subset of the sample, with the Epanechnikov kernel also downweighting
more distant observations within this subset. The Gaussian kernel does not truncate
the sample, instead it smoothly downweights more distant observations. It has a
much smoother downweighting scheme than the Epanechnikov kernel, which can be
beneficial in many applications.'® In general however, the choice of a kernel does not
have much impact on the performance, as opposed to the selection of the bandwidth

parameter which is crucial.

13We decide to use the uniform kernel in our applications due to its close connections with the
rolling window estimator. Using the Gaussian Kernel gave us similar results.
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We first discuss bandwidth selection for an out of sample forecasting exercise.
To help with exposition, we use a concrete example: assume we have monthly data
ranging from 1960:1 to 2018:8, giving us about ~ 700 observations. We begin our
forecasts on 1970:1 and move forward utilizing an expanding window framework. We
use one-sided kernels to avoid looking into the future. We choose our bandwidth
parameter using a cross validation approach. We first form a grid of values B =
(b1,...,b,) from which to select the bandwidth parameter. For each forecast, our
cross validation procedure uses the last w (where w is chosen by the researcher)
observations of our sample for an out of sample forecasting exercise. We then choose
the bandwidth which minimizes the MSFE over this sub-sample. Therefore, the

selected bandwidth is:

To—h
by, = argmin, cpw " Z (Yrr — FT(%T)(T/T, x, nr))’,
7=To—w

where FT(%T) (1/T, 2,1 ) refers to the LC-Boost or LL-Boost estimate of @, r5(7/T)
using only observations until time 7, and the bandwidth b;. For our first out of sam-
ple forecast we set Ty = 120, which is the length of the sample available at the time,
and for each additional forecast we increment Ty by 1 until we reach the end of the
sample. In the special case of using LC-Boost with a one sided uniform kernel, we
are selecting the optimal window size at each time point, via cross validation, for a
rolling window forecast. With the bandwidths representing the fraction of the sample
we are using for estimation.

For in-sample estimation problems, two sided kernels are used in our algorithms

with a weighted leave one out cross validation procedure to select the bandwidth.
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The procedure is as follows:

T
by, = argming, T~ (Vo — }Q{Tgbi(T T, 07 p1))* Ky, ()T — TpT),
T=h

(c]\ﬁ)b (1/T,x,_p 1) refers to the estimate of x,_,3(7/T), which uses all ob-

where Fz
servations except (Y, 7, @,_n 7). The kernel in the above equation discounts errors far
away from the time point ¢, when selecting the optimal bandwidth. This procedure
gives us a bandwidth for each time point in the sample, and if one wants a single
bandwidth for all time points, the kernel can be removed.

To select the stopping iteration Mr, we specify an upper bound for the number

of iterations M,,, (we set M,,, = 100), where My < M,,,. The stopping iteration is

then selected using the corrected AIC (AIC,) statistic given in Buhlmann (2006):
My = argmin,, <, AIC.(m),

where AIC.(m) is the AIC of the model using m iterations.'"

Our methods can be computed extremely quickly using the existing R package
mboost. Our base learners are univariate or bivariate weighted least squares esti-
mates which can be implemented through existing functions in the package once we
specify the kernel values as weights. We can also implement the generic local con-
stant boosting algorithm for wide a variety of base learners and loss functions such

as absolute loss, Huber loss and quantile loss.!” As an example, to obtain quantiles

4 Alternatively, we can jointly select My and the bandwidth b7, by forming a two dimensional
grid and selecting the optimal combination using the cross validation procedure described earlier.
We decide to use the AIC, statistic in this work. We note that when dealing with very large sample
sizes and/or more complicated base learners which are a function of more than one variable, using
cross validation to select My, using a moderately sized grid, can often be quicker since calculation
of the corrected AIC requires computing the trace of the Hat matrix.

15We refer the reader to Hofner et al. (2014) which provides an excellent introduction and tutorial
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for our forecasts, we specify the quantile loss for a given quantile'®, and compute
the optimal bandwidth for our base learners by using the cross validation procedure
mentioned above. A density forecast can be obtained from these estimated quantiles

by using the procedure outlined in 7.

1.5 Asymptotic Theory

In order to prove our asymptotic results, we need the following assumptions:
Condition 1.5.1. Assume sup,p 1y |B3(u)]1 < oo

Condition 1.5.2. Assume the error and the covariate processes are locally stationary
and have representations given in (1.3). Additionally, we assume the following decay
rates ®F = O(m™*), A5, = O(m™), for some a,,ac > 0, ¢ > 2,7 > 4 and

T = > 2.

ar
q+tr
Condition 1.5.3. Let X;(u) = E(&;(u)@:(u)) be the covariance matrix function.

For u € [0, 1], assume that B(u),X;(u) € C?[0, 1], where C?[0, 1] denotes the class of

functions defined on [0, 1] that are twice differentiable with bounded derivatives.

Condition 1.5.4. The kernel function K(u) is bounded and symmetric, and of
bounded variation with compact support. Additionally, the bandwidth (b) satisfies
VT = Ry = O(T?), where ¢ € (0,1).

Condition 1.5.1 requires ¢, sparsity of the time varying coefficients, and allows the
active set of predictors to change over time. Our asymptotic results do not require

sparsity in the number of non-zero coefficients (¢, sparsity). Condition 1.5.2 assumes

to the mboost package. It also lists the wide variety of base learners and loss functions supported
by the package.

16GSee ? for more details on the quantile boosting algorithm.
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the covariate and error processes are locally stationary, and presents the dependence
and moment conditions on these processes, where higher values of a,,a, indicate
weaker temporal dependence. We assume our predictor and error processes have at
least » > 4 and ¢ > 2 finite moments respectively. Examples of processes satisfying
condition 1.5.2 were given in section 1.2.

Given that x;_; can contain lags of Y, r, an example of a model which satisfies
the above conditions is as follows: Let Wy = (Y1, 2z: 1), where 2z, 1 represents our
exogenous series, and Wy = Zle A;(t/T)W;_; 7 +mn:. Then the stationary approx-
imation is ﬁ%(t/ T) =S At/ T)I//‘V/t,i(t/ T) + n, with cumulative functional de-
pendence measure CIJXT: = SUD,c0.1] Do O(Amax(A*())*)(Chen et al., 2013), where
A*(u) is the companion matrix. We can then define ;17 = (Wi r,..., Wiir),
and B(t/T) as the first row of the companion matrix A*(u). We weaken the assump-
tions placed in the works Cai (2007); Robinson (1989); Chen and Hong (2012) which
restricted the predictors and errors to be stationary, thus ruling out models with
lagged dependent variables. Compared to previous works on high dimensional TVP
models, such as Ding et al. (2017); Lee et al. (2016), we use a different dependence
framework, and allow the predictors and errors to have polynomially decaying tails.

Condition 1.5.3 is a sufficient condition to guarantee that the expansion (1.6) ex-

ists, i.e: a§m)(u) € (3]0, 1],Vm and j < pyp. Sufficient conditions needed for smooth-
ness of the covariance matrix function were given in Ding et al. (2017) for the case
of locally stationary VAR processes, and one can consult Dahlhaus et al. (2018) for
sufficient conditions for more general processes. Condition 1.5.4 is a standard con-
dition and it includes the commonly used Epanechnikov (K (u) = .75(1 — u®)Ljy<1)

and uniform (K (u) = 1j,<1) kernels. It also places the standard conditions on the
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effective sample size Rp. Let
ap = R;r+m+1 _|_pTR;r/2+rn+1 1 prexp (—R%*QH) T exp (—R%*QH)

The following two theorems presents the consistency of LC-Boost and LL-Boost.

Theorem 1. Let o7} _;, 7 denote a new predictor variable, independent of and with
the same distribution as xr_pr. Let k € (0,1/2) be such that k < =" — 1, Suppose

that conditions 1.5.1, 1.5.2, 1.5.3, and 1.5./ hold. Then

a. on a set with probability at least 1 —O(prar), our LC-Boost estimate FlEMT)(, )
satisfies: E(|F" (u, @y 1) — B' (W) Ty r|?) = 0,(1) (I — 00) for some

sequence My — oo sufficiently slowly,

b. on a set with probability at least 1 — O(prar), our LL-Boost estimate FlEMT)(-, )
satisfies E(|E"™ (w, @5y, 1) — By 7)) = 0,(1) (T — o0) for some

sequence My — oo sufficiently slowly,

This is an extension of theorem 1 in Buhlmann (2006) to the locally stationary
time series setting with local constant or local linear base learners. From the above
theorems, we see the range of pr depends primarily on the moment conditions, the
effective sample size Ry, and k. For example, if we assume only finite polynomial

T’T/4—W/4_1/2) for our estimates to

moments with r = ¢, « > 1/2 — 2/r then, pr = o(R
be consistent. If we assume, subgaussian or subexponential predictors for example
we have pr = o(T?) for arbitrary ¢ > 0. This is the same range Buhlmann (2006)
obtained for iid sub-Gaussian predictors and errors. Given the O(7T~!) encountered
when approximating a locally stationary process by a stationary distribution, we are

unable to extend the theory to the ultra-high dimensional setting i.e pr = o(exp(n°))

for ¢ < 1.
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We also provide results for the stationary time series with time invariant pa-
rameters. In this setting, we use the linear least squares base learner and use the
entire sample for estimation. For the case of only a finite number of moments, the
results in theorem 1 easily carry over to the stationary time invariant setting (i.e
B(t/T) = B Vt,T), by letting Ry = T, and computing the relevant functional de-
pendence measures. However, we can obtain a larger range for pr, if we assume a

stronger moment condition such as:

Condition 1.5.5. Assume the response and the covariate processes are stationary
and have representations given in (1.3). Additionally, assume v, = sup, >, q % oF, <

00 and ve = Sup,>q q_deAaq < 00, for some a,, a, > 0.

Condition 1.5.5 strengthens the moment condition 1.5.2, and requires that all
moments of the covariate and response processes are finite. To illustrate the role of
the constants &, and a,, consider the example where ¢, = Z;io a;e,—; with e; iid,
and 3 77 |a;| < oo. Then Af, = |[leo — ejllg 272 a;|- Now if we assume g is sub-
Gaussian, then a. = 1/2, since ||eo||; = O(1/q), and if ¢; is sub-exponential, we have
a, = 1.

The following corollary states the corresponding results for the stationary time

2
142042607

T1/2-% ¥ T1/2-8\ ¢
br = |exp (— ) -+ prexp (— 5 ) ,
Uz Ve v2

and let F (Mr)(g,) denote our Ly boosting estimate for Y;, we then have:

® = —2—, and let

series setting. We define ¢ = T

Corollary 2. Let k € (0,1/2), and x}._, denote a new predictor variable, independent
of and with the same distribution as xp_p,. Suppose conditions 1.5.1, 1.5.4, and 1.5.5

hold. Then on a set with probability at least 1 —O(prbr), we have that our Ly Boosting
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estimate FM7)(.) satisfies:

E(|FM (@5_,) — Brr_yl?) = 0p(1) (T — o0).

We see that in the stationary setting our theorems improve upon previous results

by providing a more detailed and larger range for pr. For example, assuming sub-

Gaussian predictors and errors we obtain pr = o(exp(T 3" )), and pr = o(exp(T"5"))

for subexponential predictors and errors. As a comparison Buhlmann (2006) obtained
pr = o(T?), for arbitrary ¢ > 0, when applying L, boosting for stationary sub-

Gaussian time series.

1.6 Simulations

In this section, we evaluate the forecasting performance of our algorithms in a
finite sample setting. Let Y, r denote our response, and let
ir = Yiir, ..., Yisr, Zio1r, - ., Z1—3,7) represent our potential set of predic-
tors, where z;_; 1 € RIT represents our dr exogenous series at time t. We fix 7" = 200,
and dr = 100, giving us pr = 303 potential predictors. We consider 14 DGPs and

our general model is, for t =1,...T,

4
Yir = pYiar+ Z(b + Bi(t/T))zje17 + &

=1

zir = Alt/T)ziir +me

and it is assumed that p = .6, b = 0.5. For DGPs 1-12 we let A(t/T) = {.4li=71+1}, ., |
and for DGPs 13 and 14 we let A(t/T) = (1 —t/T)A; + (t/T)A,, where the ma-

trices A; = {20791}, iy, Ay = {AliZIHY o, Define LGT(v,¢,t/T) = (1 +
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exp(—y(t/T — ¢))~!, time variation in the coefficients is modeled as follows:

DGP | Description B1(t)T) B2(t/T)  Bs(t/T) Ba(t/T) ZeT

1 constant 0 0 0 0 stationary

2 break in error variance | 0 0 0 0 stationary

3 early break, T, = 50 —1(t > Typ) stationary

4 mid break, T, = 100 —1(t > Ty) stationary

5 late break, T3 = 150 —1(t > Typ) stationary

6 small random walk AB;(t/T) ~ N(0, \/—% stationary

7 big random walk AB;(t/T) ~ N(0, ﬁ stationary

8 smooth, ¢ = .25 LcT(10,c) LGT(5,c) LGT(20,c) LGT(10,c) stationary

9 smooth, ¢ = .75 LaT(10,c) LaT(5,c) LaT(20,c) LGT(10,c) stationary

10 smooth, ¢ = .90 LaT(10,c) rLaT(5,c) LaT(20,c) LaT(10,c) stationary

11 steep —3(%)? (%) —4(%) % stationary

12 exotic 0 0 3cos(2Ft) 24 sin(2mk) | stationary

13 smooth, ¢ = .75 LcT(10,c) LGaT(5,¢) LGT(20,c) LGT(10,c) locally stationary
14 late break, T, = 150 —1(t > Typ) locally stationary

For all DGPs, we report results when generating the innovations as YN (0, I4,.)

or from a t5(0,3/5 % I,,.). For DGP 2, we have a break in the error variance: ¢ =

D(0,1)(t < 150) + D(0,2.5)(t > 150), where the distribution D is either a normal or

itd

itd

t5 distribution. For the remaining DGPs ¢, ~ N(0, 1) or ~ ts.

1.6.1 Methods and Forecast Design

e L.C-Boost, LL-Boost.

We consider the forecasting performance of the following methods:

e [, Boosting, with time invariant coefficients estimated on the full sample.

e Lasso, AR(3) both estimated on the full sample.
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e Rolling window Ly Boosting, Rolling window AR(3) model both with window
length T'/5.

AR and rolling window AR models are commonly used benchmarks in macroeconomic
forecasting. Models estimated on the full sample assume time invariant parameters,
or more generally assume the time variation is small. Estimation using LC-Boost, LL-
Boost or a rolling window approach involves using a subsample of the data leading to
a bias-variance tradeoff. Due to this tradeoff, methods accounting for time variation
are not guaranteed to outperform their time invariant counterparts in a finite sample
setting.

All boosting models are computed using the R package mboost, and the lasso
model is computed using the R package glmnet. For LC-Boost and LL-Boost, we use
the uniform kernel and we estimate the bandwidth via the cross validation procedure
described in section 1.4, with w = 20, and B = [.3, 4, ..., 1]. The number of steps in
all boosting models is determined using AIC with the maximum number of steps set
to M,,, = 100. Lastly, the penalty parameter in the Lasso model is estimated using
the BIC statistic.

For each simulation, and for all methods, we forecast Y7 and compute the out
of sample forecast error, which is then averaged over 1000 simulations. Specifically,
k)

for a given simulation, let YT(T represent the out of sample forecast of Yrr. We

~

then compute MSFE= - 1000 (YiﬁkT) — Y:F(ffT))Q, for each method. We report this

MSFE relative to the MSFE obtained from Ls boosting model with time invariant

coeflicients.
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1.6.2 Results

The results for Gaussian innovations are in table 1.1. The results for ¢5 innovations
are contained in the appendix. We first dicuss results for the Gaussian case. DGP
1 and 2 contain time invariant coefficients, with DGP 2 having a structural break in
the variance of the noise. In both these DGPs using the full sample yields the best
estimator. LLC-Boost only has a minor error inflation compared to using the whole
sample, whereas LL-Boost does worse than LC-Boost in this setting. The under per-
formance of LI1.-Boost vs LC-Boost in these settings is likely due to the bias-variance
tradeoff when using local linear vs local constant methods. If the time variation is
non-existent or mild, as is the case here, the additional variance incurred by estimat-
ing more parameters can cancel out any benefit obtained from bias reduction. DGP
3,4,5 all contain a discrete structural break, and we see that both LC-Boost and
LL-Boost outperform other methods. When the structural break occurs near the end
of the sample, LL-Boost has large gains over LC-Boost.

DGP 6 has a slowly varying random walk, and we observe that LC-Boost and
LL-Boost perform slightly better than using the full sample. DGP 7 has larger time
variation in the coefficients, and we see that LL-Boost and LC-Boost easily outper-
forms the other methods. DGP 8, 9 and 10 have smooth transition logistic functions,
where c is the analogous to the breakpoint in a discrete break model, and v represents
smoothness of the transition.'” Out of the three DGPs, time varying methods per-
form best when ¢ = .75, with the performance deteriorating in the other two cases as
the time variation occurs either too close to the forecast date or too far away. DGP
11 and 12 contain coefficient functions which are highly non-linear, and LL-boost

shows very large improvements vs LC-Boost. DGP 13 and 14 show that adding lo-

1"We note that setting 7 to infinity results in a discrete break model.
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cally stationary predictors leads to only slight change in the results vs DGP 9 and 5
respectively.

When we have t5 innovations, the results generally follow the conclusions stated
earlier, except the improvements are noticeably smaller in many cases. The presence
of additional noise in the data likely impacts our method in two ways: due to the
additional noise in the data, the bias-variance tradeoff is less favorable to using a
subset of the full sample. Additionally, the noise in the data makes the cross validation
error estimate less reliable, leading to errors in estimating the optimal bandwidth
parameter.'®

The results suggest the following conclusions:

1. When the time variation in the coefficients is non-existent or minor, using the
full sample often gives the best performance. The performance of LC-Boost is
only marginally weaker than using the full sample, while the performance of

LL-Boost takes a more significant hit.

2. LL-Boost and LC-Boost forecasts both seem to underperform forecasts using
the full sample when there is a break of in the conditional variance rather than

the conditional mean.

3. Using LL-Boost leads to large improvements in forecasting performance vs LC-
Boost when we have significant time variation in the coefficients. This is espe-
cially true when the time variation occurs closer to the forecast date and/or the

coefficient functions are highly non-linear.

4. Time varying methods are likely to be less useful when we have a low sample

8We also repeated each of the simulations using the Gaussian kernel instead of the uniform kernel.
In general we found very similar performance between the two kernels. For the case of t5 innovations
and little to no time variation in the coefficients, we found the Gaussian kernel was more effective
for LL-Boost. Given the close similarities between the kernels, we omit the results.
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Table 1.1: Relative MSFE, Gaussian Innovations

DGP | AR (3) | Rolling AR (3) | Rolling Boost | LC-Boost | LL-Boost | Lasso
1 2.22 2.41 1.92 1.05 1.19 1.06
2 1.79 1.79 1.42 1.08 1.16 1.23
3 1.16 1.24 1.01 .61 .67 1.14
4 91 .98 .80 .95 .58 1.02
) 72 .78 .63 .76 53 .92
6 5.25 5.93 1.62 91 90 1.06
7 3.47 3.75 .96 .68 .60 1.06
8 4.92 5.30 1.53 .59 .56 1.13
9 1.94 2.08 .73 .52 .35 1.20
10 1.77 1.88 .95 .79 .53 1.22
11 2.81 3.10 99 .75 .61 1.15
12 1.04 1.09 .32 .63 .16 1.15
13 2.11 2.20 .83 .63 .39 1.20
14 73 .78 .67 .80 52 97

size coupled with high noise. Some of the difficulties in this setting may be
overcome by selecting the bandwidth parameter using a larger validation set

along with a finer grid of bandwidth values.

1.7 Application to Macroeconomic Forecasting

As discussed in the introduction, the parameter instability of various macroeco-
nomic series has long been established in the econometrics literature. Some examples
include Stock and Watson (1996, 2009); Breitung and Eickmeier (2011), all of which
find instability in either the univariate relationship of a large number of series or
in the factor loadings of a dynamic factor model of a large panel of macroeconomic
series. Similarly, Stock and Watson (2003) and Rossi and Sekhposyan (2010) have
found evidence of instability in the predictive ability of various series in forecasting
output and inflation. However, the question of whether forecasts can be improved by

modeling parameter instability, especially when using high dimensional predictors, is
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far less clear.

Proponents of modeling parameter instability include works such as Clements and
Hendry (1996) which argue that ignoring these instabilities are the main sources of
forecast breakdowns. On the other hand, empirical evidence in favor of ignoring
instabilities include Stock and Watson (1996) which had shown there is little benefit
to modeling time variation in a wide range of autoregressive and bivariate forecasts,
and Kim and Swanson (2014); Koop (2013) which showed forecasts estimated by
recursive estimation (using the full sample) performed as well as or better than rolling
window forecasts for a range of models estimated from a large panel of macroeconomic
series. Additionally, a number of works such as Pettenuzzo and Timmermann (2017);
Koop and Korobilis (2013); Eickmeier et al. (2015), have estimated TVP models
using Bayesian methods and their results suggest that TVP models offer only minor
improvements in the accuracy of point forecasts when compared to low dimensional
constant parameter models.'” Lastly, on the theoretical side, Bates et al. (2013) has
shown the standard principal components estimator remains consistent even in the
presence of “small" breaks and/or mild time variation in the factor loadings of a
dynamic factor model.

To illustrate the difficulty of exploiting parameter instability, consider a simple
example where there is a single discrete structural break in the forecasting model.
Even if the researcher knew the precise date of the break and decided to use only
post break observations for estimation there is a bias-variance trade off in using less

data for estimation (Pesaran and Timmermann, 2007). Therefore in the presence of

9These works did find TVP models produced larger improvements to density forecasts. We
note that works such as Koop and Korobilis (2012); Groen et al. (2013); Chan et al. (2012) have
also estimated TVP models using Bayesian methods and found significant improvements to point
forecasts when compared to a low dimensional constant parameter benchmark. However, these works
are restricted to forecasting inflation with low dimensional predictors.
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small instabilities, such as small breaks or very slowly varying coefficients, using the
entire sample through recursive estimation can be more beneficial than using only a
subset of the data. Due to this bias-variance tradeoff and the uncertainty around the
precise nature of time variation, the majority of works on macroeconomic forecasting
tend to use the full sample available when forecasting. Furthermore, these issues are
more severe when using high dimensional predictors.

Given the above discussion, we use the methods developed in this paper to answer

a number of questions such as:

e Does modeling parameter instability improve macroeconomic forecasts?
e Which models are best able to deal with underlying parameter instability?

e Which variables and forecast horizons benefit most from the use of time varying

parameter models?

e During which time periods do time varying methods perform best?

To answer these questions, we use the August 2018 (2018:8) vintage of the FRED-
MD database which contains 128 monthly macroeconomic series collected from a
broad range of categories. See McCracken and Ng (2016) for a more detailed descrip-
tion of each series, as well as transformations needed to achieve approximate station-
arity.”’ We remove 5 series which contain large amounts of missing values, leaving
us with 123 monthly macroeconomic series which run from January 1960 to August
2018. We focus our analysis on 8 major macroeconomic series: Industrial Production
(IP), Total Nonfarm Payroll (PAYEMS), Unemployment Rate (UNRATE), Civilian
Labor Force (CLF), Real Personal Income Excluding Transfer Receipts (RPI), Con-
sumer Price Index (CPI), Effective Fed Funds Rate (FF), and Three Month Treasury

20We depart from the recommended transformations for the housing series (Group 4) which we
treat as I(1) in logs.
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Bill (TB3MS). For each series, we compare the out of sample forecasting performance

of several models at the h = 1, 3,6, 12 month forecasting horizons.

1.7.1 Methods and Forecast Design

For all the methods we consider, let ¥}, denote our h-step ahead target variable to
be forecast. As an example, for CPI our target variable is Y}, = &}?Olog(%), and
we define the target similarly for the rest of the series except FEDFUNDS and TB3MS
which are modeled as I(1) in levels (i.e. Y}, = 22(FEDFUNDS, — FEDFUNDS,_},)).
Next let z;_j 1 denote the rest of our 122 predictor series at time ¢ — h, and let
xn=Yienr, - Yieh-3, Zt—h,1, - - -, Zt—h—s,7) Where Y, p =Y, .

For all time varying methods we estimate the bandwidth using the cross validation
procedure detailed in section 1.4. For selecting the bandwidth we use a grid of values
from .3 to 1 with increments of .025 i.e. B = [.3,.325,....,1], and we use the last
w = 60 observations as our validation set.?! Additionally, we estimate all models
under consideration using time invariant methods in order to assess the benefits of

directly modeling time variation. We evaluate the forecasting performance of the

following methods:

Method Parameter Predictors considered

AR time invariant | (Yi—n1,...,Yi—n—3)

TV-AR local constant | (Yi—p1,...,Yi—p—3)

Boost time invariant | xi_p

Lasso time invariant | xy_p

LC-Boost local constant | x¢_p

LL-Boost local linear Ti_p

LC-Boost-Factor | local constant | (Yi—p1,...,Ysep—3, Ft—n1,..., Ft_h_31)
LL-Boost-Factor | local linear Yinas-Yeeh—3, Fe—n1,- s Ft—h—3,1)
DI time invariant | (Yi—p7,...,Yi—p—3, Fr—n,1)

Boost Factor time invariant | (Yi—p7,...,Yien—3, Fy—no1, .- Ft—h—3.1)

21For all local constant methods we report results using the uniform kernel, the results are very
similar if we use the Gaussian kernel. For local linear methods we use the Gaussian kernel.
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The last four methods are of the following form:

3 1
Vi =a®t/T)+ > a;(t/T)Yron_jor+ Y Bit/T)Frnjr + €, (1.9)
§=0 3=0
where Fi_pr = (Fi4—nr,- .-, Fri—nr) is a k-dimensional vector of factors which are

estimated using the principal components of our 122 predictor series z;_, 7. We
ignore possible time variation in our predictors when estimating our factors, and rely
on results showing the consistency of the principal components estimator under mild
time variation and structural breaks in the factor loadings (Bates et al., 2013). We
instead focus on modeling the time variation in the coefficients of the forecasting
equation (1.9). As an example, for LC-Boost Factor we set k = 8, [ = 3 and estimate
the model using our LC-Boost algorithm. And for DI we set k = 4, [ = 0 and estimate

the model assuming time invariant coefficients and utilizing the full sample.?”

Remark 1. We note that constant parameter versions of high dimensional methods
(e.g. Boost, Boost Factor, Lasso) have greater adaptability to time variation than low
dimensional regressions which assume the set of relevant predictors/factors is fixed
over time. The idea is that by combining information from a large set of predictors
our forecasts are more robust to instabilities which occur in a specific predictor’s
forecasting ability.” When combined with a recursive window forecasting scheme,
these methods indirectly capture at least some of the time variation present in the

data.

We use an expanding (recursive) window scheme designed to simulate real time

22 Additionally, Stock and Watson (2009) conjectured, for macroeconomic data, that the time
variation in the coefficients B(¢/T) is far more important than possible time variation in the factors.
Their empirical results showed in sample estimates of the factors as well in-sample forecasting results
were little changed by allowing for a one time break in the factors.

ZEmpirical evidence of this was provided in Carrasco and Rossi (2016).
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forecasting. Our out of sample forecasting period starts in 1971:9 and ends in 2018:8
for a total of 564 months (47 years). To construct the first forecast of time t=1971:9
we estimate the factors, the coefficients, and select the hyperparameters using data
available only until time 1971:9-h. We then expand our window by one observation
and estimate the forecast of time t+1=1971:10 using information available until time

t — h + 1, and so on until we reach the end of our sample.

1.8 Results

Our benchmark model for all series and forecasting horizons is an AR(4) model
with time invariant parameters. Due to space considerations we report some of our
results in the appendix. We start by giving an overview of the results for the full out
sample period, which are reported in table 1.2 for h = 12 and in the appendix for
h =6, 3,1, before analyzing how performance varies over time. For the time varying
methods we observe the following: the TV-AR model fails to improve upon the
benchmark AR model for the vast majority of series and forecast horizons, confirming
the results of Stock and Watson (1996) on an expanded sample. Out of our four
time varying Boosting methods, LC-Boost Factor appears to perform best. LC-Boost
Factor outperforms the benchmark for all series and forecast horizons, it also performs
best, out of all models, the majority of times. In contrast, our LL-Boosting methods
appear to perform poorly relative to LC-Boost.?* Given the results in section 1.6,
this suggests that the parameters as a function of time may not be sufficiently curvy
enough for local linear methods to benefit. For time invariant methods we observe
the following: Boost-Factor and Boost performs similarly and generally outperform

DI and Lasso models.

24We omit the performance of LL-Boost as it was outperformed by both LL-Boost Factor and
both LC-Boost methods.
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Comparing across forecast horizons: we observe that, for all high dimensional
methods, improvements to the benchmark are greater as we increase our forecast
horizon. For h = 1, many of the methods appear to perform similarly, with Boost
Factor and LC-Boost Factor appearing to perform best. For longer forecast horizons,
LC-Boost Factor is the best performing model the majority of the time, with the gap
between LC-Boost Factor and its competitors widening as we increase the forecast
horizon. Additionally, the benefits to modeling time varying parameters are more

apparent at longer forecast horizons.

1.8.1 Analyzing Performance Over Time

Relying only on the aggregate performance of a model over the entire out of sample
period can hide many important details and lead to misleading conclusions. We rely
on two methods to analyze how performance varies over time; the first is to plot
the MSFE as a function of the start date for the out of sample forecasting period.
More specifically, let T7 denote the start forecast date, then for a given method 7 and

horizon h, we calculate

T2 22

t=T1 €t,(i)
T 2 ’
t=Ty €t,(AR)

MSFE[(Ty,Ty) = with Ty = 2018 : 8. (1.10)

The second method is to analyze the forecasting performance over three important
subperiods. The first subperiod, which we refer to as “Pre-Great Moderation", con-
sists of 136 observations, 1971:9-1982:12, and corresponds roughly to the period before
the start of the “Great Moderation". The second subperiod is from 1983:1-2006:12,
and corresponds roughly to the “Great Moderation", a period where the volatility of
a large number of macroeconomic series was significantly reduced (Stock and Watson,

2002b). The third subperiod is from 2007:1-2018:8, which we refer to as “Post Great
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Moderation", covers the period right before the great recession and takes us to the
end of our sample.

For the first method, we let T vary from 1971:9 until 2006:12. We plot the MSFE
by 17 for the top 5 performing methods: LC-Boost Factor, LC-Boost, Boost, Boost
Factor, and DI. The figures 1.1-1.3; contain the results for horizons h = 12,6, 1 re-
spectively.?” Looking at figures 1.1-1.3, we see that LC-Boost Factor is easily the best
performing method for horizon h = 12,6, and to a lesser extent h = 1. Comparing

across all horizons, we notice:

e The performance improvements for LC-Boost factor, relative to its time invari-

ant counterparts, are more apparent as we increase the forecast horizon.

e As we increase T7, the gap between LC-Boost Factor and the time invariant
methods widens. In particular we notice a large separation in performance

starting during great moderation period.

Additionally, we also observe that the commonly used DI model loses much of its
predictive ability during the Great moderation and performs worse than the bench-
mark for about half of the series. This result suggests that DI gained most of its
predictability vs the benchmark during the “Pre-Great Moderation" period.

Table 1.2 contain the results for each of the subperiods for horizon h = 12; the
corresponding results for h = 6,3, 1 are found in the appendix. For each subperiod
we report the MSFE, relative to the MSFE of the benchmark AR(4) model. We start
with the “Pre-Great Moderation" period, and note that with the exception of TV-AR
models, all other models strongly outperform the benchmark model the majority of
the time during this period. Time invariant methods such as Boost Factor and DI

models perform best, and their performance is strongest when forecasting at longer

25The corresponding results for h = 3 are reported in the appendix.
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horizons. LC-Boost factor appears to be slightly lag behind these two methods during
this time period. As we enter the “Great Moderation" period, the performance of all
models generally declines relative to the AR benchmark. In particular, time invariant
methods such as DI and Boost take a large hit and underperform the benchmark in
many cases, especially for h = 12. LC-Boost Factor undergoes a much smaller decline
compared to the rest of the models, and emerges as the best performing model during
this time period. Importantly, we also observe that LC-Boost performs at the same
level or worse than its time invariant counterpart Boost in the majority of cases.
This suggests that although there seems to be a large amount of time variation in
this period, the bias variance tradeoff in modeling it is not favorable to a model with
a large amount of potential predictors (~ 500 predictors).

During the “Post Great Moderation" period we notice two interesting develop-
ments: The performance of LC-Boost methods show large improvements over both
the benchmark AR model, and their time invariant counterparts, for all forecast hori-
zons, with the improvement being greatest for longer horizons. On the other hand,
time invariant methods experience smaller improvements, and in many cases their

performance worsens compared to the Great Moderation period.

1.8.2 Assessing Benefits of Modeling Time Varying Parame-

ters

In order to assess the benefits of directly modeling parameter instability, we com-
pare the performance of LC-Boost Factor vs Boost-Factor. These also happen to be
the best time varying and time invariant methods respectively. We start our anal-
ysis by first plotting the MSFE of LC-Boost Factor, relative to the MSFE of Boost

Factor, as a function of the start date for the out of sample forecast period, i.e.
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MSFE(1¢BoostFactor) (11, 1) /M SF E(BoostFactor) (11, T2). The results are in figure 1.4.
We observe that for all series and forecast horizons LC-Boost Factor almost never
performs worse than Boost Factor, and outperforms it the vast majority of the time.
Furthermore, the gap between the two methods widens as we increase the start date
of the out of sample period, and as we increase the forecast horizon. For example, if
we consider horizon h = 12, and we start the out of sample period in the early 1990’s,
LC Boost offers, on average, over a 20 percent improvement over Boost-Factor. We
observe similar patterns, although the improvements are not as large (~ 10-15 percent
on average), for horizons h = 3,6. An exception seems to be for h = 1, which shows
little improvements for the majority of series, with the exceptions coming from the
two interest rate series and EMS.

Next, we attempt to get a finer look at how the benefits of modeling parameter
instability vary over time. We first define the local MSFE (L-MSFE), of method i at

time ¢y as :

to+A A2

=to—A €, L-MSFE;(t
L-MSFE;(ty) = <prn A;“ . RL-MSFEi(t) = rores (to) @) (1.11)

t=tg—T0 et,(AR) - BoostFactor \ L0

with the convention that € ;) = 0 for ¢ < 0,£ > T. This amounts to us-
ing a uniform kernel to weight the forecast errors with a bandwidth chosen such
that the window size has A = 70 observations. We then plot RL-MSFE;,(¢,) for
1t =LCBOOSTFACTOR, for ty = 1977:3,...,2012:10 for all series and forecast hori-
zons. The endpoints are chosen so that the first and last values in the plot correspond
to the RL-MSFE during the “Pre-Great Moderation" and “Post-Great Moderation"
periods respectively.

The results are in figure 1.5, and we observe that the first value is usually near or

above one for all variables except for CLF (Civilian Labor Force). This suggests that
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during the “Pre-Great Moderation" there seems to be little or no benefit to modeling
time variation. This can reflect either a lack of underlying parameter instability
during this time period, or the relatively low sample size available combined with
high volatility made it difficult to exploit the time variation present. During the
Great Moderation period, almost all series experience large declines in RL-MSFE,
with the exact timing of the decline differing by series. For IP and RPI the benefits
to modeling parameter instability appear to decrease from their mid 1990’s levels,
while for the rest of the series we see further improvements until the end of the
sample. These results suggest that there is a large amount of parameter instability
which started during the Great moderation period and continued though the sample.

Lastly, we attempt to examine the degree and timing of time variation by examin-
ing the bandwidth values selected. We define the local bandwidth of LC-Boost Factor

as:

to+A

LBW(tg) = > by,/(24), (1.12)
t=to—A
with the convention that b, = 0 for t < 0,¢ > T. Recall that b, is the bandwidth
chosen at time ty. Since we are using the uniform kernel, l;to represents the fraction
of the sample available at time to that we are using for estimation. As as example, at
time t,=1977:3 we have a total of 196 observations available for estimation, therefore
a value of b, = .61 for t,—1977:3 implies we are using ~ 120 observations. We
set A = 70 observations, and then plot L-BW(¢y) for ¢, = 1977:3,...,2012:10 for
all series and forecast horizons. As an additional comparison we also plot the local
bandwidth implied by a rolling window estimator which uses a fixed window length
of 120 observations.

The results are seen in figure 1.6, and we notice that for the pre Great Moderation
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period the local bandwidths are usually between .7-.8 for most series. As we enter
the Great Moderation we notice that the local Bandwidths generally tend to increase
initially before declining. However, we notice the timing and degree of declines differs
by series. For some series such as IP and RPI, the local BW tends to increase after
reaching their lows in the mid 1990s, whereas for other series such as UNRATE,
FEDFUNDS, and TB3MS the local BW start their decline in the 1990s. In contrast,
we see that using a fixed rolling window of 120 observations implies a monotonically
decreasing bandwidth and assumes the same bandwidth regardless of series or horizon.
To determine the importance of estimating the optimal bandwidth via cross valiation,
we compare the local MSFE of LC-Boost Factor to Boost Factor estimated using a
120 observation rolling window in the appendix. The results show that for the vast
majority of series and horizons the rolling window estimator is strongly outperformed
by LC-Boost Factor with the largest out performance occurring during the Great
Moderation period.

Overall our results suggest the following conclusions:

1) Parameter instability starts to appear around the beginning of the Great Mod-
eration period. This instability seriously deteriorates the relative forecasting
performance of time invariant methods; with the effect being more severe for

longer horizon forecasts.

2) Due to the large improvements in point forecasts from our methods, it is likely
that this instability has a substantial impact on the conditional mean as well

as the variance of various economic series.

3) Lastly, there are large benefits to modeling parameter instability if done prop-
erly. Given the high bias variance tradeoff encountered in using a reduced

sample size, these benefits can easily be missed. For example, models such as
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LC-Boost have more difficulty in learning the time variation in the data due to

the large amount of potential predictors.

4) The commonly used rolling window estimation method can understate the ben-
efits of modeling parameter instability by failing to account for differences in

the degree of parameter instability by series, forecast horizon, and time period.

To elaborate more on point 3) above, we compare the L-MSFE of the following
models in the appendix: LIL-Boost vs LC-Boost, LC-Boost vs LC-Boost Factor, and
LC-Boost vs Boost. We see from the results that LL-Boost Factor was strongly
outperformed by LC-Boost Factor in the earlier parts of the sample, suggesting that
there was little time variation during the pre-great Moderation period. As our sample
size available for estimation increases we see the performance of LL-Boost factor
improve to the point where it does as well as or outperforms LC-Boost factor in about
half of the series, especially for longer horizons. Compared to LC-Boost Factor, we
observe that the benefits of modeling time variation via LC-Boost are smaller and are
realized far later in the sample. As an example, for h = 12 we notice that LC-Boost
performs worse than Boost during most of the Great moderation period. Additionally,
for many of the series, the improvements of LC-Boost over Boost start to occur near
the end of the great moderation period. In contrast, LC-Boost Factor is able to adapt
to the time variation far earlier as a result of having a more favorable bias variance

tradeoff.

1.9 Conclusion

In this work, we have presented two Lo Boosting algorithms for estimating high
dimensional predictive regressions with time varying coefficient. We proved the con-

sistency of both of these methods, and showed their effectiveness in modeling the pa-
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rameter instability present in macroeconomic series. Compared to other TVP meth-
ods, our methods are very efficient computationally even for high dimensional data; a
single LC-Boost forecast, including implementing the cross validation procedure, can
be estimated within a matter of seconds. Additionally, they can be implemented by
researchers and practitioners using the easy to use R package mboost. Furthermore,
the boosting framework can be easily adapted to fitting more complex non-linear
models.

There are many topics available for further study, one such topic is in selecting
the important bandwidth parameter for our models. Although our cross validation
procedure seems to perform adequately, we welcome further improvements to this
methodology. Lastly, although our empirical example focused on forecasting, our

models are applicable in a far broader range of settings.
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Full Out of Sample Period 1971:9-2018:8
IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.04 .99 1.1 .64 .99 .86 1 1.07
DI .79 .79 .69 .99 .84 .94 .87 91
Lasso 77 .81 .75 17 .93 .96 .76 .89
Boost .78 .73 .73 .74 .85 .88 .79 .88
Boost Factor .75 .81 .62 .96 .80 .89 78 .85
LC-Boost 74 .73 .62 .66 .88 .80 .85 .92
LC-Boost Factor | .62 .64 .58 .63 .75 77 .84 .90
LL-Boost Factor | .74 .85 .70 .76 .76 .82 | 1.20 1.37
“Pre-Great Moderation" 1971:9-1982:12
IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.07 1 1.15 .71 96 | 1.11 | 1.01 1.14
DI .38 .49 .48 1.51 | .61 82 .88 .89
Lasso .30 .51 41 1.27 | .71 | 1.13 | .76 77
Boost 27 44 .43 1.24 | .67 .92 .72 .75
Boost Factor .32 .50 43 1.34 | .65 .84 .74 .80
LC-Boost .29 .44 .38 .86 77 | 1.03 | .70 .79
LC-Boost Factor | .31 .54 .43 .60 .66 .94 77 .81
LL-Boost Factor | .41 .83 .66 .86 .80 | 1.04 | 1.28 1.57
“Great Moderation" 1983:1-2006:12
IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.12 1 1.11 .65 | 1.06 | 1.07 | 1.04 1.03
DI 1.18 1.08 .75 .88 1 1 .85 .92
Lasso 1.23 1.32 .97 .85 | 1.10 | .90 .80 1.03
Boost 1.36 1.20 .95 .81 | 1.08 | .91 .85 1
Boost Factor 1.25 1.16 .67 .89 1 .90 .80 .90
LC-Boost 1.43 1.26 .97 .82 | 1.16 | .90 | 1.07 1.05
LC-Boost Factor | .99 .89 .71 .71 .89 1 .97 1.01
LL-Boost Factor | 1.03 1 .79 .90 86 | 1.14 | 1.16 1.22
“Post Great Moderation" 2007:1-2018:8
IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR .96 .98 1 .58 .96 41 .79 .83
DI 1.10 1.02 91 .76 .88 | 1.02 | .94 1
Lasso 1.15 .76 .99 .36 .95 .79 .89 1.07
Boost 1.13 .72 91 .33 .81 .81 | 1.13 1.25
Boost Factor 1.04 .98 .82 .79 7 .94 1 1.01
LC-Boost .94 68 .60 .38 .73 48 | 1.29 1.21
LC-Boost Factor | .82 .54 .66 D7 .72 42 .92 .98
LL-Boost Factor | 1.01 .69 .66 .55 .66 .33 .56 .67
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Figure 1.1: MSFE by start date of out of sample period. Horizon h = 12. More specifically
we plot: MSFE(lf) (Th,Tz) = ZtTiTl é?,(i)/ ZfiTl €f)(AR), where we T} vary from 1971:9 until 2006:12,
with T5=2018:8. Shaded regions represent NBER recession dates.
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Figure 1.2: MSFE by start date of Out of sample period. Horizon h = 6. See notes to

figure 1.1.
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Figure 1.3: MSFE by start date of out of sample period. Horizon h = 1. See notes to

figure 1.1.
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Figure 1.4: MSFE of LC-Boost Factor (LC-BF) relative to MSFE of Boost Factor (BF)
by start date of out of sample period: See notes to figure 1.1 or equation (1.10) for details.

Colored lines represent the different horizons.
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Figure 1.5: Local MSFE of LC-Boost Factor relative to Local MSFE of Boost Factor:

See (1.11) for details.
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Appendix A: Proofs

Proof of Theorem 1.

The proof follows the framework of Buhlmann (2006), which handled the case of
boosting for iid data using linear least squares base learners.?® The proof depends on
an application of Temlyakov’s result (Temlyakov, 2000) for the population version of
Ly boosting known as “weak greedy algorithm". To simplify the notation, we work
with the uniform kernel and show the proof for the rescaled time point u = T/T = 1.
The proof is almost exactly the same for more general kernels satisfying condition
3.6, and for other rescaled time points. We start by considering a step size of v = 1,
and smaller step sizes can be handled as in section 6.3 of Buhlmann (2006).

We introduce the following notation: Let &r_j(u) and Y7 (u) be the stationary
approximation to @r_, r and Y77 respectively with approximation error O,(T~1) —
0. Let the inner product (Xj(u), Xii(u)) = E(X;(u)Xk(u)) with ||X;(u)||* =
E(Xf(u)) For ease of presentation let || X;(u)||> = 1, Vj < pp. Let f(u, ®p_n(u)) =
Zr_pn(u)B(u) be the stationary approximation to f(u,@r_pr) with approximation

error O,(T~"). For readability, we define, for any rescaled time point ug € [0, 1]:

f(iuonh(UO)) = f(uo, £u0T7h<u0))a and f(wuonh,T) = f(uo, quTfh,T)-

We now define a sequence of remainder functions for the population version of Lg

26Since we refer to Buhlmann (2006) during our proof, we try, when its possible, to keep the
notation consistent with their work.
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Boosting:

RO f(@p_n(u) = f(@r_n(u)),

R™f(@p-n(u)) = R™ f(@r_n(uw) — (R™ " f(@r-n(u)), Xs,, 1-n(w)) Xs, r-n(u),

Where S, = argmaijRm_lf(:ET,h( ]T n(u >| Given that this criterion is
sometimes infeasible to realize in practice, a weaker criterion is: Choose any S,

which satisfies:

(R f(@r (), K, ()] 2 b sup | (R - ()), K, ()], for some b e (0,1]

(1.13)
We then obtain:
mT h Z<R] mT h X37+1 )> + Rmf(i:T—h(u)>7
IR™ f(@r-n(u)|[* = [|R" f(@r—n(w)[|* = [(R™ " f(Zr-n(u (u))[?

If (1.13) is met, then we have the following bound, for the population version of Ly

Boosting, provided by Temlyakov (2000):
1R f (@r-n ()| < B(L+ mb?) i (1.14)

with as defined in (1.13), and sup,e( 17 [8(u)| < B < oo.

To analyze the sample version of our LC-Boost algorithm, we introduce the fol-
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lowing notation:

T T
(X1, ch,-,T>(T) = Z Ky(t/T —u) X4 n1Xei—nr = Sp' Z Xit-n1Xkt—nr
t=1

t=T—-Sr

T T
(f, Xk,-,T>(T) = Z Ky(t)T —u) f(xe—n) Xpsnr = Sp' Z f@i—n) Xk t—nr
t=1

t=T-Sr

T
HX',-,TH%T):SE1 Z X]?,tfh,T

t=T—-S1

As previously, we can define the sequence of sample remainder functions as:

R%f(wah,T) = f(wah,T%

Ry f(wr ) = R fwr o) — (R Xs, )i Xsur i m =12,

where: S, = argmax;[(Y.r, X;.r)| and S = argmaxﬂ(f%%‘f, X;.r)|. Therefore,
R?f(a:T_h,T) = f(xr_nr) — FI(CMT)(U, xr_pnr), is the difference between f(xr_p 1)
and its LC-Boost estimate.

Lastly, to proceed with the proof, we define a sequence of semi-population version

remainder functions as:

RYf(@r-n(u) = f(@r_n(u)),

R f(&r-n(w) = R~ f(@r—n(u) — (RF ™ f(@r-n(w), X5, p_p () Xg, 7 (w).

The difference between the population and the semi-population remainder functions,
is that the semi-population version uses selectors S, estimated from the sample.
The strategy of the proof is: first we establish that the selectors S,, satisfy a finite
sample analogue of (1.13), which allows us to apply Temlyakov’s result (1.14) to the

semipopulation version. Lastly, we analyze the difference between the sample and the



52

semipopulation versions: R f(@p_p.1) — R f(Er_p(u)).

We need the following lemma:
Lemma 1. Under conditions 1.5.1, 1.5.2, 1.5.3, 1.5.4, and for k as defined in The-

orem 1, the following hold:

1.8up; e 157" gy Xjer Xier — E(Xjr(u) Xz (u)| = (o = Op(S5")
2. Sup;<,, |S:F1 ZZ:T_ST Xji-nrer| = (ra = Op(Sr")
3. Sup;<,, |S5! Z;F:T,ST Xjurf(zyr) — E(Xj,T(U)f(i'T(u)m = (4 = 0p(57")

4o supic, 1S S g XjenaYer) — BE(Xjrn(u)Yr(w)))| = Cra = Op(S7")

Let ¢r = max((r1,(r2, (r3,Cra) = O,(S:") and denote by w a realization of
all ST sample points involved in estimation. The next lemma bounds the difference

between the sample and population learners at step m.

Lemma 2. Suppose conditions 1.5.1, 1.5.2, 1.5.3, and 1.5.4 hold. Then for k as

defined in Theorem 1 and on the set Ar = {w : (r(w) < 1/2}, we have:

sup [(R™'f, X; ) (1) — (R™ 7 f(@r_n(w)), Xjr_n(u))| < C(5/2)"Cr,

J<pr
where C' does not depend on m,T.

It’s clear from lemma 1, that P(Az) — 1. Which gives us the following lemma:

Lemma 3. Suppose the conditions needed for lemma 1 hold, then for m = mqy — o0
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slow enough we have:

1R f(@r-n(u))l] = 0,(1)

We now analyze the term: RZ f(@r_p1) = f(®r_pr) — F(MT)(u, xr_n7). By the

le

triangle inequality we obtain:

187 f (@r—no)l| < ||BE f(@r-n ()| + | RF f(@r-nr) = B f(@r-n()||  (1.15)

the first term can be handled with lemma 3. For the second term, let Ar(m) =
\|R2 f(xp_nr) — Ry f(&p_n(w))||. Using the definitions of the remainder functions,

we then have a recursive relation:

Ap(m) < Ap(m —1) + |<ém_1f7 X§m,.,T>(T) - <Rm_1fa XAm,T—h>|||XAm,T—h,T||

KR, X, o)X s, o — Xs, ron ()]

< Ap(m —1)+ C(5/2)"(r + O(1/T) on the set Ar

Where the last inequality follows from local stationarity and lemma 2. By the above
recursive equation we obtain: ||R%f(zr_pr) — R f(@r_p(w))|| < 3"¢rC. If we
choose m = myp — oo slow enough (e.g mr = o(log(T))), then along with lemma 3

and (1.15) we obtain:

|RE f(@r—n)l| = [|f(@rnr) — B8 (w, 20 nr)]| = 0p(1)
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Proof of Lemma 1.

We start with (i), and we bound:

T
P(IS" Y XjurXear — BE(Xjr(w) Xir(w)| > Sp7) (1.16)
t=T—-Sr
T
< P(|ST1 S (X Xear — B 0rXier)] (1.17)
t=T—-Sr
T ~ ~
+1S7" Y B(XjurXeer) — B(Xr(u) X (u)| > s;m) (1.18)
t=T—Sr

We deal with the second term, which can be thought of as the bias. The product
process X, 7 Xy 7 is locally stationary with the stationary approximation at rescaled

time t/T being X,,(t/T)Xy.(t/T). One can see this by noting;:

17 (w) Xz (1)) = Xjr (0) X (0)) 2 < (X ()| X (1) = X ()]
X (@)1 X0 (w) = Xz (0)]]:)

< C(fu—vl)

We can employ the same techniques to that ||X;,7Xp.r — X0 (t/T) X (t/T)]| <
C(T™).
Therefore by local stationarity we obtain:
T
1S58 Y E(XjurXeer) — BE(Xjr(u)Xyr(u)| < O(Sr/T) (1.19)
t=T—-Sr
Note that if u is an interior point (i.e u € (br, 1 —by) where by is the bandwidth), the

bound improves to O((Sp/T)?). Let djx(u) = E(X;4(u) Xy (u)), then by condition
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1.5.3, we obtain:
G1(t/T) = Gj(u) + oju(uw)(t/T — u) + O(b7)

where 7 (u) refers to the derivative of the covariance matrix w.r.t the rescaled time

index. This gives us:

Tu+St

1578 Y E(XjurXeer) — B(Xjr(w) Xer(u)] < O((Sr/T)?) (1.20)
t=Tu—Sr

Now we deal with the term (1.17), note that the functional dependence measure

of the stationary approximation Using this we compute the functional dependence

measure of X; 7(u) Xy r(u)) as:

sup || X7 (u) Xir(w) — X (w) X5 o (w)|lr2 < sup (X0 (w)| | Xer(w) — Xer(u)|r

uel0,1] uel0,1]

(1.21)

+ sup || Xz (u)| |1 X7 (u) — X7 (u)|],)

u€(0,1]

Therefore, the X 7(u) Xy r(u)) has a finite cumulative dependence measure by the
weak dependence condition imposed on &;(u). Taking into account (1.19), and the

above we can then apply theorem 2.7 (iii) in Dahlhaus et al. (2018) to obtain:

T
P(1Sp" Y XjaarXear — B(Xr(u) Xy r(w)| > S5%)

t=T—-S1

<05, + O(exp(=577)

Applying the union bound then completes the proof.
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For (ii), we proceed similarly. We bound:

T
P(1Sp" Y Xjenrer — E(Xjron(u)ér(u)| > Sp7) (1.22)
t=T—Sp
T
< P(|s;1 S Knreor] + 0] > s;”) (1.23)
t=T—-Sr

Given that F(X;, rer) =0, Vj. We have that E(X;7_p(u)ér(u)) = O(T™1). Now

we apply the same procedure as previously. We have that:

S%pl}llXj,t(U)gt(U))—Xﬁt(U)gf(U))llfS SL[1Op1](|!)~<j,t(u)||r||€t(u)—€t(u)*||q (1.24)
ue|0, u€|0,

+ sup [[& ()]l X (w) = X (w)"[];)

u€(0,1]

This has a finite cumulative functional dependence measure by the weak dependence
conditions imposed. Once again, by applying theorem 2.7 (iii) in Dahlhaus et al.

(2018) we obtain:

T
P(IS7" Y Xjenrer — E(Xjron(wér(w)] > S07) (1.25)
t=T—-S1
< O(S7™41) + O(exp(S™) (1.26)

Applying the union bound gives the final result.

For (iii), we note that f(¢t/T,x:7) = f(a;r) is a locally stationary process with
stationary approximation f(t/T,&,(t/T)). And the stationary approximation has
cumulative functional dependence measure sup,co 1 |8(u)|®F,. We can then com-

pute the cumulative dependence measure of the product process f(&:(¢t/1))X;+(t/T)
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similarly as for part (i). We then obtain

P(|S;! Z jerf (@r) = E(Xjr(u) f(Zr(u)))] > S5")

t=T—-Sr

< O(Sy*T ) + Ofexp(=S17)

We can handle the bias term, in the same way we did for part(i), given that the
product process f(x; )X, is locally stationary with the stationary approximation
being twice differentiable w.r.t to the rescaled time index. Taking the union bound

then gives us the result.

The result for (iv) follows immediately from parts (ii) and (iii). O

Proof of Lemma 2.

Recall that:

Ry f(@r_n(w) = R™ f(@r-n(u) — (R™ 7 f(@r_n(u), Xg, 7 (w)Xg, 7y(w),

Rg“nf(wah,T> = Rmilf(wah,T> - <Rm71f7 Xgm,~,T>(T)X§m,T—h,T

We denote: Ar(m,j) = <J%m_1f, Xj":T>(T) — (R™71f, X;7_1,). We proceed with a

recursive analysis. Note that for m = 0, the result follows from lemma 1. By using
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the above definitions we get the following recursive relation:

AT(maj) S AT(m - 17.])

- (<Rm_lfv Xgm,T—h>) (<X§m,~,T>XJ'=wT>(T) - <X§m,T—h(“)’Xj=T—h(u)>)
~ (4B X )y~ (R K 1)) s Kt

=Ar(m —1,5) — Irm(J) — L rm(7)

Now we have that sup; [I7m(j)] < [[f(Z7-1)[|¢r, by lemma 1, and the norm
reducing property of the remainder functions. Similarly, sup; [II7,,(j)] < (1 +

¢r)sup; Ap(m — 1, 7). The rest of the proof follows from Buhlmann (2006).

Proof of Lemma 3.

The proof closely follows the one laid out in Buhlmann (2006), therefore we omit

the details here. O]

Proof of Corollary 3.

We only need to change lemma 1, from the proof of theorem 1. The rest of the proof
is essentially the same, if we switch we replace the locally stationary variables with
stationary ones. We borrow some arguments from the proof of theorem 2 in Yousuf
(2018). The main technical tool we use is theorem 3 in Wu and Wu (2016). For that,
we first define the predictive dependence measure introduced by Wu (2005). The

predictive dependence measure for stationary univariate and multivariate processes
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is defined respectively as:

04(ei) = ||E (€| Fo) — E (e:[ F-1) g

04(X3) = 1B (X4lHo) — B (X7 I (1.27
With the cumulative predictive dependence measures defined as:
Opq(x) = max ¥ 0,(X;;), and Ogy(e) = H  b,(e:).
=0

By theorem 1 in Wu (2005), we have ©g 4(z) < ®f ,, and similarly ©g4(€) < Af .
Where ®F , Af, represent the cumulative functional dependence measures. From

Section 2 in Wu and Wu (2016): || Xl < OF

5 and ||e]]; < AF,. We only discuss

parts (i) and (ii) from lemma 1, the others can be done similarly. We now define
ij = (Gl,jk7 ey GT,jk) where Gi,jk = Xj,iXk,ia and let Rj = (RLJ‘, ey RTJ') where
R; = X, ¢;. We need to bound the sums: Y1 (G — E(Gy1))/T and S, R ;/T.

As previously, we have (by Holder’s inequality)

Z X6 Xkt — Xj*,tXZ,th (1.28)
t=0

< D Xl egl 1 X = X glloq + 11Xkl gl [ XG0 = XGilla) < 2055, (x)  (1.29)
t=0

Using these, along with Condition 4.5, we obtain:

sup ¢ %0, (Gji) < sup2q 2 df, () < oo (1.30)
q=4 q=4
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Combining the above and using Theorem 3 in Wu and Wu (2016), we obtain:

1—k 1/2—k\ &
P< >(ﬂ; >5§C@m<—71 ) (1.31)

02
Similarly, using the same procedure we obtain:

-+ T1/2-5\ ¢
P( > & )SC%pQ— ) (1.32)

2 VU
We can use the same procedure to get the corresponding bounds for the terms in

> (Grjk — E(Gijn))

t=1

T
E Ry ;
t=1

lemma 1 (iii) and (iv). Now using the above bounds and following the steps in the

proof of Theorem 1 we obtain the result.

Proof of Theorem 2.

The proof of the LL-Boost is more complicated than the LC-Boost case due to the
additional linear term. Fortunately, the population version stays the same between
both versions. This allows us to use the same framework as previously, where we relied
on Temlyakov’s result on weak greedy algorithms. We do need to make a number
of changes from the proof of theorem 1, and we start by introducing the following

notation: let Z;,r = (X;¢7, Xj1r(t/T —u)), and let:

h(Y.r, X;.0) = (h(Yor, X;. 1), ho(Yor, X;.17))
T
= argminthl Z (Y;,T — hlej,t—h,T — h2Xj,t—h,T<t/T — u))2
t=T—-Sr
il(Xk,~,T7Xj,-,T) = (ibl(Xk,-,T, X;.1)s iL2(Xk,~,T;Xj,-,T)>

T

= argminthl Z (Xk,tfh,T — hlxj,tfh,T — hZXj,tfh,T@/T - u))2
t=T—Sp
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represent the estimated local linear regression coefficients. The arguments to the
function hA(-,-) refer to the dependent and independent variables respectively. These
functions are linear functions of the first argument. We also let h(Y, X;), h(Xy, X;)
represent the population version of these coefficients.”” We then define our selectors

as:
Sl = argmaxj | |iL(Y’T, Xj,-,T)Zj,~,T| |(T)7 ey Sm = argmanHiL(}A%gff, Xj,~,T)Zj,-,T||(T)
Where the sample remainder functions are defined as:

ff%f(fl?:r’—h,:r) = f(mT—h,T)a

Ry f(@r_nr) = Ry f@r_ng) — MBPf, Xs, )25, . 7om=1,2,...

Therefore, f%{,,”f(mfp_h) = f(mT_h)—F’l(lMT)(u, Tr_pr), is the difference between f(xr_)
and its LL-Boost estimate. Now the semipopulation version has the same form as in
theorem 1 except it uses the selected base learners S, as defined above. Recall that
Yir= oz;m) (t/T)X;1—n1 + €j1,7, Where

a;(t/T) = E(f(j,t,h(t/T)ffT(t/T))/E(X'j%t_h(t/T)). We also define the following:

Xj?tj = Oéjk(t/T)Xk,t_h,T + €kt (133)

where o™ (t/T) = E(X; ¢ n(t/T) Xironr(t/T)) /E(XZ,_,(t/T)) (1.34)

We now need the following lemmas:

Lemma 4. Under conditions 1.5.1, 1.5.2, 1.5.5, 1.5.4, and for k as defined in The-

orem 2, the following hold:

2"We note that h is also a function of the rescaled time point u, but we ignore this for now.
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1.sup; e 157 Y r g, lXj,t,TXk,t,T(t/ T —u) — E(Xj0Xeur(t/T — U)i)} | =
O, (S7" /T fori=1,2

2. sy [S7' Yir s, [X}ft,T(t/ T —u)® — B(X}, (/T - U)"'z)}l = (Tivis =
O,(S;"2 /T2) for iy = 1,2 and iy = 1,2,3.

3. SUD; pcpr | ST Do gp Xjt—n €t (t/T — u)' —

E(S;* ZtTZT_ 5y Xit—n 1€k (t/T —u)')| = O, (ST fori=0,1

4o supje, 1S S g Xjaenr€iar(t/T—u)—E(Se" St g Xjeonrejar(t/T—
w))| = O, (87" /T*) fori=0,1

Lemma 5. Under conditions 1.5.1, 1.5.2, 1.5.3, 1.5.4, and for k as defined in The-

orem 2, the following hold:
1. sup; ey, 1R(Xjm, Xiow) — h(X;, X3)| = Cra = Op(S7")
2. supj<,, |hle.r, Xj.1) — h(€,X;)| = (12 = O,(S7")

3. sup;<,, [R(f, Xj.1) — h(f. X;)| = Crs = Op(S")

4. supjc, |A(Y 7, Xj.7) — h(Y, X;)| = Cra = Op(S7")
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We introduce the following notation for the next lemma. Let

h(Xp.r(-/T =), Xj.7) = (hi(Xp, 20 (-/T = w), X 1)y ho( Xy (/T — ), X;.7))
T
= argminthl Z (Xk,t—h,T(t/T — u) — thj,t—h,T — hQXj’t_hyT(t/T — u))2

t=T—-Sr

Recall that h(Xy,.7(-/T —u), X,.7) = A * B, where:

-1

_ T — T
A ST1 Zt:T—ST XjQ,t—h,T ST1 Zt:T—ST ij,t—h,T(t/T —u)
1T 1T
STl Zt:TﬂS‘T ij,t—h,T(t/T —u) STl Zt:TﬂS‘T ij,t—h,T(t/T - U)2
B_ St S sy Xjna Xea—nr(t/T — u)
St S sy Xjna Xea—nr(t/T — u)?

We then let h(Xy .7 (-/T —u), X;.r) = A* B:

- —1
A St ZtT:T—ST E(XF 1) St ZthT—sT E(XF, r)t/T —u)
_Sfl ZthTfsT E(XjQ,t—h,T)(t/T —u) Sfl Z?:T—ST E(XJZ,t—h,Txt/T - U)2
g_ |5 sy EXGn g Xieona) (/T — )
St S sy B(XjuonXugng) (/T — u)?

Lemma 6. Under conditions 1.5.1, 1.5.2, 1.5.3, 1.5.4, and for k as defined in The-
orem 2, the following hold:

1. sup; ey [ (X (-/T — ), Xj.0) — ha(Xpoo o (/T — ), X 7))
= (15 = O0,(S;:"HYT)
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2. 8up; pepy |12 (X o (/T — 1), Xjo7) — ho( Xy (/T — w), Xy,
= CTvﬁ - OP<S;H)

Let (7 = max(Cr1, (12, (13, Cra, Cre) = Op(S;") and denote by w a realization of
all St sample points involved in estimation. The next lemma bounds the difference

between the sample and population learners at step m.

Lemma 7. Suppose conditions 1.5.1, 1.5.2, 1.5.3, and 1.5.4 hold. Then for k as de-
fined in Theorem 2 and on the set Ap = {w : (r(w) < 1/2,(r5(w) < Sr/T, (raa(w) <
S2/T?}, we have:

sup || Z;. rh(Ry £, X;) — (R™ 7 f(@r—n(w)), Xjr—n (W) X ron(w)||ry < C(5/2)"Cr,

J<pr
where C' does not depend on m,T.

Lemma 8. Suppose the conditions needed for Theorem 2 hold, then form = mp — o0

slow enough we have:

1R f(@r-n(u))l] = 0,(1)

With the above lemmas we are now ready to analyze the term: R? fer_pr) =

fler—nr) — FIEMT)(u, xr_pr). By the triangle inequality we obtain:
IR f(@r—n)|| < | REf(@r—n()| + [|RY f(@r_nr) — Ry f(@r_n(u)|]  (1.35)

the first term can be handled with lemma 8. For the second term, let Ar(m) =

\|R7 f(xr_n1) — Ry f(&r_n(w))||. Using the definitions of the remainder functions,
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we then have a recursive relation:

Arp(m) < Ap(m —1) + ‘<émilfv X§m,.,T>(T) - <Rm71f’ Xgm,T—h>H’X§m,T—h,TH
+ H<Rm’1f, X§m,T—h>H|’X§m,T—h,T - X§m,T—h<U)H

< Ar(m —1)+C(5/2)"(r + O(1/T) on the set Ap

Where the last inequality follows from local stationarity and lemma 7. By the
above recursive equation we obtain: ||Ry f(zr_pnr) — Ry f(@r_n(u))|| < 37¢rC. If
we choose m = mp — oo slow enough (e.g my = o(log(T))), then along with lemma

3 and (1.35) we obtain:

RS f(@r—nr)|| = | f(@r—nr) — B (u, 2r_n7)]] = 0,(1)

Proof of Lemma 4.

We start with (i), and we bound:

|: Z tTthTt/T—U Z tTthTt/T—U)) |>S H_H/TZ)

t=T—-Sr t=T—-Sr

(1.36)

We have a sum similar to that in lemma 1, except we have weights (¢/T — u)’. Now
given that 3/, g, (t+1)"/T" =t /T* < C(S7/T"). Additionally, since we had shown
in the proof of lemma 1 that the product process XX} r is locally stationary and

satisfies the weak dependence condition, we can use theorem 2.7 (iii) in Dahlhaus

28 Although not the exact statement of 7, the proof handles the specific term we need.
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et al. (2018) directly to obtain:
(1.36) < O(S7"*77" ™) + Ofexp(=557)

Part (i) can be handled similarly. For part (iii), we have that €57 = X1 —
o,k (t/T) Xy t—nr, therefore is locally stationary and its stationary approximation sat-
isfies the weak dependence condition, and has r finite moments. Therefore, we get
the same result as for (iii). For (iv), note that by definition €;,r has min(r, ¢) finite

moments, and is locally stationary. Now if we let 7 = min(r,q) we get the same

result as for part (i) with r; instead of r . O

Proof of Lemma 5.

We mainly discuss the proof for part (i), the rest can be handled similarly.
Note that Xp, nr = h(X;, Xi)Znr + h (X5, X0)(©)(t/T — u)* + €jp00. Where

hy (X, X3)(-) refers to the second derivative of hy (X, X;)(-). Therefore we have:

~ ~ ~ A~

\h(X;. 1, Xp.1) — h(X; A'«B+A '« C

<
S

Eod

-
I
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where

-1

_ T _ T
i1 S:r1 Zt:T—ST Xl%,tfh,T STl Zt:T—ST Xlg,t—h,T@/T —u)

_ T _ T
STl Zt:TfST Xlz,t—h,T(t/T —u) STl Zt:TfST Xlz,t—mT(t/T - U)2

B Sfl ZZ:T—ST Xi—nr(t/T — u)?
St Y iersy Xjonw(t/T — u)?
- St ZtT:T—ST Xk t—h,TE€jkt—h,T
St Y i—rgy Xi-nrejea-nr(t/T — u)
And let
~1
Al St! Z?:T—ST E(Xl%,tfh,T) St Z:{:T—ST E(Xlg,tfh,T)(t/T —u)

St sy B o) /T — ) S5t 3 g5, B(XR ) (t/T — )

B— Syt ZtT:T—ST E(Xk-nr)t/T — u)?
St Yy E(Xjaonr)(t/T — u)?
C_ Sy ZtT:T—ST E( Xy t—n.1€jkt—h,T)
St sy BE(Xuonreinenr)(t/T — u)
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Given A is a 2 by 2 matrix we can calculate its inverse directly:

— — T
_A_l . d_l STl Z?:T*ST Xz,t—h,TOf/T - 'LL)2 STl Zt:Tf.S'T _Xlg,t—h,T<t/T - U’)
(]
_ T — T
STI Zt:T—ST _Xlitfh,T(t/T - U) STI Zt:T—ST X’?,tfh,T

where ay = [411/122 - A12A21]

We first handle hy(X;. 7, Xi.7), and ho(X. 7, X ) can be handled similarly.

From the above equations we obtain:

P(|hn (X, Xpoo) — ha(Xj, 1 Xper)| > S77)
< P(|A' By + A By — (A7 By + A7y By)| > ¢S7")

< P(|A1_11B1 — Ay Bi| > ¢Sp7) + P(|A1_21B2 — Ay By| > ¢S")
For the first term, we let:

T
Q1= By * Sfl Z Xlz,t—h,T(t/T - U)Qa
t=T—Sr
T

and Q; = By * Sy Z E(Xlg,t—h,T)(t/T — u)?

t=T—-Sr

we then have: |A7!By — A7'By| = |Qiag" — Qiagt| = |(ag"' — ag)(Q1 — Q1) +
(Q1 — Q1)agt + (ag' — agt)Q1|. We have that ag = O(S2/T?), and Q = O(S4/T*).
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Therefore:

P(JA7' By — A7l Bi| > ¢S7%) < P(|(a5" — ag)(Q1 — Q1) > con™"/3)  (1.37)
+ P(|(Q1 — Q1)ag'| > ¢Sz"/3)) (1.38)

+ P(|(ag" — ag")Q1] > ¢S77/3). (1.39)
For the RHS of (1.37), we obtain:

P(|(ag" — ag) (@1 — Q1)] > en™"/3) < P(|Q1 — Q1| > CS:"™?)

+ P(lagt = ag| > CS7?).

Therefore we can focus on the terms (1.38),(1.39). We can handle (1.38) directly
using the fact that ag = O(S%/T?) along with lemma 5. For (1.39), note that Q =

O(S%)T*), and |ag' — ag'| = (o — ag)/(@oag). We then obtain:
(1.39) < P(|ag — ao| > CS;"DrSF/T?) + P(la| < Dr)

We can now choose Dy < ming<,, ao * (log(St))™'. And we obtain the bound by
applying lemma 4. For P(|A7; By — A7} By| > ¢S;*) we obtain a bound in similar
fashion. Applying the union bound gives us the result.

O

The proof for lemma 6 can be obtained similarly to the proof of lemma 5. The
proofs for lemmas 7 and 8 follow the same steps as in theorem 1, therefore we omit

the details.
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Appendix B: Additional Empirical Results:

In this section we first include the MSFE by start date of the out of sample period
for horizon h = 3. We then include results comparing: 1) LC-Boost vs Boost, 2)
LC-Boost vs LC-Boost Factor, 3) Boost Factor estimated using a 10 year rolling
window vs LC-Boost Factor, 4) LC-Boost Factor vs TV-DI and 5) LL-Boost Factor
vs LC-Boost Factor . The TV-DI model uses 4 factors along with lags of Y, 7 like the
DI model, but estimates the model using local constant estimation. Our method of
comparison is to plot the relative local MSFE of the two methods being compared.

We also include the relative MSFE for horizons h = 6, 3,1 for all methods used in

the main text. Lastly we include the simulation results using ¢5 innovations.



Table 1.3: Relative MSFE h =6

71

Full Out of Sample Period 1971:9-2018:8

IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.1 1.01 1.08 77 1 .83 1 .99
DI .81 .81 73 .98 .86 96 | 91 .92
Lasso .82 78 .72 .85 91 .90 | .80 .93
Boost .79 77 .73 .79 .90 .87 | .86 .93
Boost Factor .79 .83 .69 .92 .81 .89 .79 .87
LC-Boost .76 .76 .69 .79 .89 .89 | .94 .98
LC-Boost Factor | .73 74 .67 73 .80 .80 | .78 .90
LL-Boost Factor | .88 .95 .84 .79 .79 79 | .97 1.37

“Pre-Great Moderation" 1971:9-1982:12

IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.08 1 1.12 .88 .97 | 1.07 | 1.06 1.05
DI .56 .64 .61 1.40 | .76 .88 91 .88
Lasso .55 .62 .56 1.20 | .80 | 1.03 | .77 .93
Boost .55 .64 .63 1.20 | .78 .95 .79 .83
Boost Factor .59 .71 .64 1.14 | .75 .88 .76 .86
LC-Boost .55 .64 .59 .93 98 | 1.12 91 .90
LC-Boost Factor | .60 .76 .66 .85 82 | 1.02 | .78 .94
LL-Boost Factor | .73 .99 .88 .88 .80 .94 .95 1.01

“Great Moderation" 1983:1-2006:12

IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.08 .98 1.04 .81 | 1.02 | .93 .86 .88
DI 1.07 1.03 .82 .89 .96 .96 .86 .96
Lasso 1.06 1.11 .88 90 | 1.03 | .86 .87 .93
Boost 1.08 1.09 .85 .80 1 .86 | 1.01 1.08
Boost Factor 1.04 .99 .70 .87 .93 .83 .82 .85
LC-Boost 1.14 .99 .85 .89 .95 .74 | 1.04 1.1
LC-Boost Factor | .98 .80 71 .80 .85 .83 .80 .76
LL-Boost Factor | 1.04 .98 .84 .92 97 .88 | 1.06 1.05

“Post Great Moderation" 2007:1-2018:8

IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.18 1.09 1.06 .64 .98 .59 .72 .76
DI 1.12 1 .84 .78 .83 | 1.01 | 1.21 1.16
Lasso 1.21 .86 .86 .52 91 .82 1 1.02
Boost 1.05 17 .79 .45 77 .82 | 1.53 1.43
Boost Factor 1.01 .98 78 .79 .76 94 | 1.37 1.12
LC-Boost .89 .80 .70 .54 17 .58 .93 1.32
LC-Boost Factor | .82 .61 .67 .54 .75 .64 .69 .95
LL-Boost Factor | 1.07 .80 .74 .53 .62 .62 .75 .92




Table 1.4: Relative MSFE h = 3

72

Full Out of Sample Period 1971:9-2018:8

IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.04 1.01 1.01 .86 | 1.01 | .91 | .98 .98
DI .84 .81 .78 .98 .85 96 | .90 .94
Lasso .89 .83 .82 1.03 | .87 97 | .84 .96
Boost .89 .78 .75 .89 .86 87 | .93 1.04
Boost Factor .80 .83 .76 .96 .81 90 | .82 .89
LC-Boost .79 77 .73 .87 .85 .85 | .88 1.02
LC-Boost Factor | .77 .78 7 87 .80 87 179 .89
LL-Boost Factor | .84 .82 .82 .90 .81 87 | .92 1.05
“Pre-Great Moderation" 1971:9-1982:12
IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.05 1 1 97 | 1.01 | 1.01 1 1.01
DI .72 72 72 1.29 | .87 .87 | .89 .88
Lasso 73 .74 .74 1.44 .85 | 1.09 | .84 .98
Boost 77 .89 74 1.14 | .95 91 | .92 1
Boost Factor .71 78 .78 1.15 .80 .83 | .80 .86
LC-Boost .78 .69 .75 1.02 | .95 .88 | .89 1.02
LC-Boost Factor | .74 .82 .84 1.03 .85 97 | .78 .89
LL-Boost Factor | .84 .93 .90 1.05 94 87 | .87 1
“Great Moderation" 1983:1-2006:12
IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.06 1.06 1.03 .90 1 .83 .85 .88
DI .92 .95 .86 91 .87 97 .88 1.16
Lasso .96 1.04 91 .98 .92 .90 .78 .88
Boost .97 .96 .84 91 .90 .90 .89 1.12
Boost Factor .89 .89 .76 .94 .87 .89 .86 .95
LC-Boost .94 .96 .81 .94 .88 .83 .86 1
LC-Boost Factor | .86 .78 .79 .92 .84 .83 .84 .89
LL-Boost Factor | .94 .85 .85 .97 .90 .86 | 1.23 1.28
“Post Great Moderation" 2007:1-2018:8
IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1 .98 1.08 .70 1 .92 .74 .86
DI 1.03 .95 78 .83 .82 1 1.37 1.28
Lasso 1.19 .81 .87 .75 .83 .83 .79 97
Boost 1.07 .84 .68 .66 .79 .84 | 1.36 1.41
Boost Factor .92 .90 .70 .83 .76 95 | 1.45 1.20
LC-Boost .66 .74 .60 .65 77 .83 .65 1.06
LC-Boost Factor | .73 .66 .64 .68 .75 .84 .78 .93
LL-Boost Factor | .76 .67 .63 .68 .68 .89 .87 1.05




Table 1.5: Relative MSFE h =1

73

Full Out of Sample Period 1971:9-2018:8

IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.04 1.04 1.01 96 | 1.06 | .96 | .99 1.02
DI .92 .87 .87 1.04 | .92 93 | .92 .95
Lasso 1.06 .92 .94 1.26 | .94 1 .88 .98

Boost 91 .88 .82 1.03 | .98 94 | .86 1
Boost Factor .86 91 .84 1.02 .90 90 | .85 .88
LC-Boost .94 91 .85 1.1 .96 95 | .84 .99
LC-Boost Factor | .85 .87 .85 1.02 | .89 91 | .84 .84
LL-Boost Factor | .92 .95 .88 1.04 | .98 93 | .91 .88
“Pre-Great Moderation" 1971:9-1982:12

IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.08 1.02 1.06 99 | 1.03 | .99 1 1.03
DI .86 .76 .75 1.18 | 1.01 | .97 | .90 .94
Lasso 1.21 .83 1.05 1.95 | 1.15 | 1.22 | .89 .97
Boost .90 .78 77 1.19 | 1.12 | 1.10 | .84 .97
Boost Factor .80 .86 .80 1.15 .97 91 | .82 .81
LC-Boost .96 .82 77 1.30 | 1.08 | 1.14 | .82 .96
LC-Boost Factor | .81 .86 .79 1.19 | .96 | 1.02 | .82 .78
LL-Boost Factor | .95 .96 .87 1.20 | 1.12 | 1.04 | .85 .75

“Great Moderation" 1983:1-2006:12

IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1 1.1 .99 98 | 1.08 | .92 .92 .97
DI .94 .96 .96 .98 .93 .89 | 1.01 .98
Lasso 91 1 .93 .98 .92 .94 .82 1.11
Boost .88 .98 .90 1 .94 .89 | 1.02 1.25
Boost Factor 91 .97 91 .99 91 .93 | 1.03 1.31
LC-Boost 91 1.04 .93 .97 .90 .79 .98 1.24
LC-Boost Factor | .91 .95 94 97 .88 .84 1 1.30
LL-Boost Factor | .90 .99 94 1.01 .96 .84 | 1.50 1.84

“Post Great Moderation" 2007:1-2018:8

IP | PAYEMS | UNRATE | CLF | RPI | CPI | FF | TB3MS
TV-AR 1.04 .94 .99 87 | 1.05 | .97 .84 .96
DI .98 1.05 .90 .95 .89 95 | 1.67 1.33
Lasso 1.05 1.02 .81 .93 .90 .88 77 .96
Boost .94 .93 .75 92 | 1.01 | .85 | 1.35 1.24
Boost Factor 87 .95 .79 .94 .87 .86 | 1.46 1.35
LC-Boost .96 .83 .79 1.1 1 .95 .89 .94
LC-Boost Factor | .84 71 .79 .89 .87 .89 94 .96
LL-Boost Factor | .88 .75 .78 .88 .98 .94 .85 1.06
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Figure 1.7: MSFE by start date of out of sample period. Horizon h = 3. See notes to
figure 1.1.
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Figure 1.8: L-MSFE of LC-Boost relative to L-MSFE of Boost: This figure uses a window
size of 70 observations to calculate the rolling MSFE, see section 1.8.2 for details.
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Figure 1.9: L-MSFE of LC-Boost relative to L-MSFE of LC-Boost Factor: This figure
uses a window size of 70 observations to calculate the rolling MSFE, see section 1.8.2 for details.
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Figure 1.10: L-MSFE of Boost Factor using 10 year rolling window relative to L-MSFE
of LC-Boost Factor: This figure uses a window size of 70 observations to calculate the rolling
MSFE, see section 1.8.2 for details.
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Figure 1.11: L-MSFE of TV-DI relative to L-MSFE of LC-Boost Factor: This figure uses
a window size of 90 observations to calculate the rolling MSFE, see section 1.8.2 for details.
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Figure 1.12: L-MSFE of LC-Boost Factor relative to L-MSFE of LL-Boost Factor: We
use a window size of 70 observations, see notes to figure 1.5 for details. Colored lines represent the
different horizons.



Table 1.6: DGP 1-14 : Relative MSFE, t5 Innovations

DGP | AR (3) | Rolling AR (3) | Rolling Boost | LC-Boost | LL-Boost | Lasso
1 1.67 1.84 1.80 1.06 1.21 1.03
2 1.24 1.26 1.26 1.12 1.12 1.18
3 1.13 1.22 1.10 .76 77 1.09
4 .96 1.04 94 .72 .68 1.02
5 N .83 .76 .87 .68 .92
6 4.23 4.78 1.85 1.00 1.03 1.05
7 3.58 3.85 1.33 .90 .83 1.09
8 3.73 4.19 1.92 .72 .70 1.11
9 1.81 1.97 1.03 .71 .49 1.18
10 1.67 1.82 1.24 .92 .68 1.20
11 2.20 2.37 1.18 .85 .75 1.10
12 1.08 1.21 42 .76 21 1.13
13 1.99 2.05 1.06 .75 .04 1.21
14 .81 .89 .85 .92 71 1.02

80
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Chapter 2

Targeting Predictors via Partial Distance Correlation with

Applications to Financial Forecasting

2.1 Introduction

High dimensionality is an increasingly common characteristic of data being col-
lected in fields as diverse as genetics, neuroscience, astronomy, finance, and macroe-
conomics. In these fields, we frequently encounter situations in which the number of
candidate predictors (p,) is much larger than the number of samples (n), and one of
the common ways statistical inference is made possible is by relying on the assump-
tion of sparsity. The sparsity assumption, which states that only a small number
of covariates contributes to the response, has led to a wealth of theoretical results
and methods available for identifying important predictors in this high dimensional
setting. These methods broadly fall into two classes: screening methods and penal-
ized likelihood methods; we focus on the screening approach in this work. For the
case where p,, is much larger than n, variable screening is usually used as a first stage
method, which can then be followed by a second stage method, such as penalized like-
lihood methods, or principal components regression on the set of targeted predictors

selected at the screening stage. This two stage procedure in many cases is computa-
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tionally more feasible and lowers estimation error, especially if the dimensionality is
very high at the first stage.

Fan and Lv (2008) proposed Sure Independence Screening (SIS) for the linear
model, and it is based on ranking the magnitudes of the marginal Pearson correla-
tions of the covariates with the response. A large amount of work has been done
since then to generalize the procedure to various other types of models including:
generalized linear models (Fan and Song, 2010), nonparametric additive models (Fan
et al., 2011a), Cox proportional hazards model (Fan et al., 2010), linear quantile
models (Ma et al., 2017), and varying coefficient models (Fan et al., 2014) '. The
main theoretical result of these methods is the so called “sure screening property",
which states that under appropriate conditions we can reduce the dimension of the
feature space from size p, = O (exp (n®)) to a far smaller size d,,, while retaining all
the relevant predictors with probability approaching 1. We note that variable screen-
ing methods are closely related to the targeted predictors framework more commonly
used in econometrics. As introduced in Bai and Ng (2008), the targeted predictors
framework was focused on selecting predictors using linear dependence measures for
the specific setting of forecasting from a second stage principal components regression.
This can be thought of as a specific type of variable screening with linear dependence
measures.

Although there has been a large amount of interest in developing screening meth-
ods, it is surprising to see that almost all of the works operate under the assumption

of independent observations. This is even more surprising given the ubiquity of time

In addition, model-free screening methods, which do not assume any particular model a priori,
have also been developed. Some examples include: a distance correlation based method in Li et al.
(2012b), the fused Kolmogorov filter in Mai et al. (2015), a conditional distance correlation method
in Liu and Wang (2017), and a smoothing bandwidth based method in Feng et al. (2017). For a
partial survey of screening methods, one can consult Liu et al. (2015).
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dependent data in many scientific disciplines. Some examples in economics and fi-
nance include forecasting low frequency macroeconomic indicators, such as GDP or
inflation rate, or financial asset returns using a large number of macroeconomic and
financial time series and their lags as possible covariates (Stock and Watson, 2002a;
Bai and Ng, 2009; Gu et al., 2018). These examples, amongst others, highlight the

importance of developing screening methods specifically for time dependent data.

2.1.1 Ouwur Contributions

In creating a screening method for stationary short range dependent time series,
we aim to account for some of the unique features of time series data such as:
e A prior belief that a certain number of lags of the response variable are to be
in the model.
e An ordered structure of the covariates, in which lower order lags of covariates
are thought to be more informative than higher order lags.
e The frequent occurrence of multivariate response models such linear or nonlinear
VAR models.
We also aim to have a model free screening approach which can handle continuous,
discrete or grouped time series. Using a model free approach allows us to avoid
placing assumptions on the structure of the model (i.e linearity) thereby making
our methods robust to model misspecification at the screening stage. This gives us
full flexibility to select a non-linear or non-parametric second stage procedure. Our
goal is thus to extend the targeted predictors framework to more general non-linear
or non-parametric models while accounting for some of the unique features of time
series data. This is especially useful given that recent work has shown the benefits of

considering non-linear and non-parametric models in forecasting macroeconomic and
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financial time series.” Lastly, using a non-linear dependence measure is helpful even
when we aim to fit a second stage linear model, as the marginal relationship between
the predictors and the response can be highly non-linear.

To achieve our goals, we will introduce several distance correlation based screening
procedures. Distance correlation (DC) was introduced by Székely et al. (2007), for
measuring dependence and testing independence between two random vectors. The
consistency, and weak convergence of sample distance correlation has been established
for stationary time series in Zhou (2012) and Davis et al. (2016b). DC has a number
of useful properties such as:

e The distance correlation of two random vectors equals to zero if and only if

these two random vectors are independent.

e Ability to handle discrete time series, as well as grouped predictors.

e An easy to compute partial distance correlation has also been developed, allow-
ing us to control for the effects of a multivariate random vector (Székely and
Rizzo, 2014).

The first property allows us to develop a model free screening approach, which is
robust to model misspecification. The second property is useful when dealing with
linear or nonlinear VAR models for discrete or continuous data. The third property
will allow us to account for the first two unique features of time series data mentioned
previously.

Broadly speaking, we will be dealing with two types of models: univariate response
models, some examples of which include linear or nonlinear autoregressive models

with exogenous predictors (NARX), and multivariate response models such as linear

2Some examples include Gu et al. (2019, 2018) which showed that non-linear methods such as
regression trees and neural networks are the best performing methods at forecasting asset returns.
Additionally, in macroeconomics the sufficient forecasting framework (Fan et al., 2017) has shown
improvements over using linear principal components regression.
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or nonlinear VAR models. In both settings, we rely on partial distance correlation to
build our screening procedures. Partial distance correlation produces a rich family of
screening methods by taking different choices for the conditioning vector. In many
applications, it is usually the case that researchers have prior knowledge that a certain
subset of predictors is relevant to the response. Utilizing this prior knowledge usually
enhances the screening procedure, as shown in the case of generalized linear models in
Barut et al. (2016). Therefore our procedure can be viewed as a model free adaption
of this principle to the time series setting. We discuss approaches for choosing the
conditioning vector of each predictor, and we usually assume at least a few lags of
the response variable are part of the conditioning vector of each predictor. We also
discuss ways in which we can leverage the ordered structure of our lagged covariates
to add additional variables to our conditioning vectors.

To motivate the multivariate response setting, consider a linear VAR(1) model:
x; = Bix;_1+m;, where x, is a p-variate random vector. The number of parameters to
estimate in this model is p?, which can quickly become computationally burdensome
even for screening procedures. In many cases however, there exists a certain group
structure amongst the predictors, which is known to researchers in advance, along
with a sparse conditional dependency structure between these groups (Basu et al.,
2015). For example, in macroeconomics or finance, different sectors of the economy
can be grouped into separate clusters. Using this group structure, we can apply the
partial distance correlation to screen relationships at the group level, thereby quickly

reducing the number of variables for a second stage procedure.
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2.1.2 Comparisons to Existing Work

To the best of our knowledge there have been only two works, Chen et al. (2017)
and Yousuf (2018), dealing with the issue in a stationary time series setting, both of
which dealt with models with a univariate response. The former work extended the
nonparametric independence screening approach used for independent observations to
the time series setting. However, the method does not utilize the serial dependence
in the data, or account for the unique properties of time series data we outlined.
The latter work (Yousuf, 2018) extended the theory of SIS to heavy tailed and/or
dependent data as well as proposing a GLS based screening method to correct for
serial correlation. However, this work is limited to linear models and the other unique
qualities of time series data outlined above are ignored.

Compared to the recent works on screening using distance correlation based meth-
ods (Wen et al., 2018; Liu and Wang, 2017), our work differs in a number of ways.
First, our work deals with the time series setting, where both the covariates and re-
sponse are stationary time series, and can have polynomially decaying tails. Second,
our screening procedures are developed specifically in order to account for certain
unique features in time series data mentioned previously. Lastly, we choose to rely
on partial DC, instead of conditional DC (Wang et al., 2015), when controlling for

confounding variables.

2.1.3 Organization

The rest of the paper is organized as follows. 2.2 reviews the distance correlation
based methods we use for our algorithms. Sections 2.3 and 2.4 introduces our screen-
ing procedures for univariate response and multivariate response models respectively,

along with their sure screening properties. Section 2.5 covers simulation results. We
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present an application to forecasting monthly US market returns in Section 2.6. Sec-
tion 2.7 covers the asymptotic properties of our methods. The concluding remarks are
in Section 2.8. Lastly, the proofs for all theorems, along with additional simulations

are placed in the supplementary material.

2.2 Review of Distance Correlation Based Methods

2.2.1 Preliminaries

We start with a brief overview of the distance covariance, distance correlation,

and partial distance correlation measures.

Definition 2.2.1. For any random vectors u € R%, v € RP, let ¢, (1), ¢»(s) be the
characteristic function of w and v respectively. The distance covariance between u

and v is defined as Székely et al. (2007):

dcov*(u,v) = / |uw(ty 8) — du(t)du(8)Pw (¢, 8)dtds,

Rpr+a

where the weight function w(t, s) = cycg|t];™?|s[i19, where ¢, = %. Through-

out this article |a|, stands for the Euclidean norm of a € R”.

Given this choice of weight function, by Székely et al. (2007), we have a simpler
formula for the distance covariance. Let (u,v), (u’,v’), (u”,v”) be iid, each with

joint distribution (u,w), and let:
S1 = E(lu—u'|,lv—v']y), S2 = E(lu—u'[)E(jv—v'|y), S5 = E(lu—u'[,)E(Jlv—0"]y).

Then, provided that second moments exist, we have by remark 3 in Székely et al.

(2007), dcov?(u,v) = S;+ Sy —2S3. We can now estimate this quantity using moment
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based methods. Suppose we observe (u;,v;)i—1.. ., the sample estimates for the

distance covariance and distance correlation are:

2 d/c&)(u, v)

\/@J(u,u)@](ij,v)

n n n
where S = n~? Z lwi — wjlplvi —vily, Sy =n"? Z lu; — wjl,n? Z lvi — vjlq,

1,j=1 1,j=1 i,j=1

deov” (w,v) = Sy + S5 — 2853, and @"(u, v) =

b

Sy=n"" > fui — wlp|v; — vl
irj,l=1

As shown in Székely et al. (2007), the distance covariance given above has the
property that dcov(u,v) = 0 if and only if u, v are independent. Additionally, they
prove consistency and weak convergence of the sample distance correlation estima-
tor in the iid setting. These results were extended to strictly stationary a-mixing
processes in Zhou (2012); Davis et al. (2016b) and Fokianos and Pitsillou (2017) .

Partial distance correlation (PDC) was introduced in Székely and Rizzo (2014),
as a means of measuring nonlinear dependence between two random vectors u and v
while controlling for the effects of a third random vector Z. We refer to the vector
Z as the conditioning vector. Szé¢kely and Rizzo (2014) showed that the PDC can be

evaluated using pairwise distance correlations. Specifically, the PDC between u and

v, controlling for Z, is defined as:

dcor®(u,v) — dcor®(u, Z)dcor*(v, Z)

dcor(u,v; Z) = ;
pdcor (u, ) V1 — dcor*(u, Z)+/1 — dcor*(v, Z)

if dcor(u, Z),dcor(v, Z) # 1, otherwise pdcor(u,v; Z) = 0. The sample PDC
(pd&or(u, v; Z)), is defined by plugging in the sample distance correlation estima-
tors in the above definition. We note that theorem 3 in this work also establishes

concentration bounds, in the time series setting, for the sample DC and PDC, which
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should be of independent interest. For more details about the PDC measure, one can

consult Székely and Rizzo (2014).

2.2.2 Partial DC vs Conditional DC

As we noted in the introduction, we have chosen to use partial DC instead of
conditional DC in our screenign algorithms. There are a number of reasons for this:
First, partial DC can be easily computed using pairwise distance correlations, and
is much more computationally tractable when dealing with large numbers of predic-
tors. Computing conditional DC is more complicated, therefore using conditional
DC based screening procedure has a much higher computational burden. More im-
portantly, the computation of conditional DC involves the choice of a bandwidth
parameter to compute a kernel density estimate of the conditioning random vector.
Selecting this bandwidth matrix is difficult in practice, especially for multivariate
conditioning vectors where the curse of dimensionality rapidly deteriorates the qual-
ity of our estimates. In order to illustrate these effects, consider the following simple
example: We generate n = 100 random samples from Y; = Z§:1 BjXi—1,; + €, where
& ~ N(0,1), and ; = .75,7 = 1,...,6 and 0 otherwise. And X; ~ N(0, [,), where
p = 500, and let our conditioning vector Z; 1 ~ N(0,I,) be independent of both
Y;, X;_1. To implement a simple conditional DC screening and partial DC screen-
ing procedure, we first compute the partial DC and conditional DC between each
covariate (X;_; ;) and the response (Y;), using Z;_; as our conditioning vector.

We run 200 simulations and report the median minimum model size, i.e minimum
size of the screened subset needed to include all the relevant covariates. The results
are displayed in table 1, which show that as we increase r, the dimension of our

conditioning vector, the performance of conditional DC screening completely breaks
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Table 2.1: Median Minimum Model Size

r=1|r=2|r=3|r=4|r=>5
PDC | 19.5 21 18 20.5 | 20.5
CDC | 26.5 90 308 338 372

down, while partial DC screening retains its performance. From this simple example,
we see that using conditional DC in place of partial DC is not an option when dealing
with multidimensional conditioning vectors. We note that for time series models it
is usually the case that we are dealing with multivariate conditioning vectors or even
high dimensional conditioning vectors as in the case of VAR models.

Due to the reasons given above, using conditional DC is not a feasible option for
screening when dealing with time series data. On the other hand, we note that unlike
conditional DC, partial DC is not a measure of conditional independence, therefore a
partial DC of zero does not imply conditional independence. Fortunately, it appears
that in practice we rarely encounter the situation in which the variables are condi-
tionally dependent but our partial DC gives us a value statistically indistinguishable
from zero. In the supplementary material, we rerun all the simulations, given in the
original conditional DC paper (Wang et al., 2015), where conditional dependence ex-
ists, and observe that partial DC has at least as much power as conditional DC in

detecting this conditional dependence.

2.3 Screening Algorithms

We first review some basic ingredients of screening procedures. Let y = (Y7, .. ., Yn)T
be our response time series, and let &;_3 = (X;—11, ..., X¢—1m,) denote the m,, pre-
dictor series at time ¢t — 1. Given that lags of these predictor series are possible

covariates, we let z;_1 = (Tt—1,Tt—2y+.++sTt—n,) = (Zi-11,---, Zi—1p,) denote the
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length p,, vector of covariates, where p,, = m,, x h,,. Now we denote our set of active

covariates as:

M, ={j <pn: FYi|Yi_1,...,Yip,, ze—1) functionally depends on Z,_; ;},

where F(Y;|-) is the conditional cumulative distribution function of Y;. The value h,,
represents the maximum lag order we are considering for our response and predictor
series. This value can be decided beforehand by the user, or can be selected using a
data driven method. We note that we can let the value h,, differ between predictors,
however for simplicity of presentation we assume the same value h,, for all predictors.
Variable selection methods aim to recover M, exactly, which can be a very difficult
goal both computationally and theoretically, especially when p, > n. In contrast,
variable screening methods have a less ambitious goal, and aim to find a set S such
that P(M, C S) — 1 as n — oo. Ideally we would also hope that |S| < p,, thereby
significantly reducing the dimension of the feature space for a second stage method.

When developing screening algorithms for time series data, we would like to ac-
count for some of its unique properties as mentioned in the introduction. For models

with a univariate response, these would be:

e A prior belief that a certain number of lags of the response variable are to be
in the model.
e An ordered structuring of the covariates, in which lower order lags of covariates

are thought to be more informative than higher order lags.

The first property can be easily accounted for, and there are many different ways
to account for the second property. In this section we present two partial distance
correlation based screening algorithms, which attempt to account for the ordered

structure of our covariates.
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2.3.1 Screening Algorithm I: PDC-SIS

In our first algorithm, PDC-SIS, we define the conditioning vector for the [ lag

of predictor series k (X ) as:
Sk,l = (}/;5717 cee 7K7hn7 thl,ku s 7Xt7l+1,k)7

where 1 < [ < h,,. Since we are assuming a priori that a certain number of lags of Y}
are to be included in the model, {Y;_1,...,Y; 5, } is part of the conditioning vector
for all possible covariates. Our conditioning vector also includes all lower order lags
for each lagged covariate we are considering. By including the lower order lags in the
conditioning vector, our method tries to shrink towards sub-models with lower order
lags. To illustrate this, consider the case where Y; is strongly dependent on X;_ ;
even while controlling for the effects of Y;_q,...,Y,_4,. Under this scenario, if X;_ ;
has strong serial dependence, higher order lags of X;_;; can be mistakenly selected
by our screening procedure even if they are not in our active set of covariates.

For convenience, let C = {S11,...,Sm,.1:512,- - Sm,.h, | denote our set of con-
ditioning vectors; where Cii(_1)sm, = Sk, is the conditioning vector for covariate

Zi1,(1—1)smntk- Our set of targeted predictors is:

~

M'Yn = {j € {17 s 7pn} : ‘pdcor(Yﬁthl,j;Cj” Z an} 3

and we discuss how to select 7, in section 2.3.3.
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2.3.2 Screening Algorithm II: PDC-SIS+

As we have seen, the time ordering of the covariates allows us some additional
flexibility in selecting the conditioning vector compared to iid setting. Our previous
algorithm attempted to utilize the time series structure of our data by conditioning
on previous lags of the covariate. However, rather than simply conditioning only on
the previous lags of a covariate, we can condition on additional information available
from previous lags of other covariates as well. One way to attempt this, and to
potentially improve our algorithm, is to identify strong conditional signals at each
lag level and add them to the conditioning vector for all higher order lag levels. By
utilizing this conditioning scheme we can pick up on hidden significant variables in
more distant lags, and also shrink toward models with lower order lags by controlling
for false positives resulting from high autocorrelation, and cross-correlation.

We now give a formal description of PDC-SIS+. The conditioning vector for the
first lag level of predictor series k is: Sy1 = (Yi—1,...,Yi—p,), which coincides with
the conditioning vector for the first lag level of PDC-SIS. Using the representation
zi-1 = (T4—1,...,T4_p, ), we denote the strong conditional signal set for the first lag
level as:

1/71" = {j e{1,...,my} : |pdcor(Yy, Z1_1,;;S;1)| > Fn}.

We then use this information to form our next conditioning vector:

Sk,Q = (E—la s 7}/;5—hn7 Xt—Lk:) zt_L];{tllTLl) )

where z, G is a sub-vector of z;_; which is formed by extracting the indices con-
tained in L?lr ". We note that any duplicates which result from overlap between X;_; j

and z are deleted. For convenience, we define

t—1,Ulm
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C=(S11,--sSm,1:S12,- - Sm,.h,) as our vector of estimated conditional sets. We

then use (S’kg) k<m, to compute the strong conditional signal set for the 2" lag level:
U™ = {j € {ma+1,...,2ma} « [pdeor(Yi, Z1,53 C5)| = T }
Repeating this procedure we obtain:

Sk‘,l = <}/t—17 s 7K—hn7 Xt—l,k‘» s aXt—H-l,k:a Zt—l,l:{f"’ s ’Zt_17af—n1> :

We can also vary the threshold I'), for each lag level; for simplicity we leave it the same

for each of our levels here. Our subset of predictors obtained from this procedure is:

M, = {j e{l,....pn}: |pdcor(Yt,Zt_1’j;CA'j)| > %} )

We denote U = {U{", e 7“}1;:71} as the population version of the strong condi-
tional signal sets. Although the hope is that ' C M., this is not necessary for the
success of the algorithm. As seen in Barut et al. (2016) for the case of generalized
linear models, conditioning on irrelevant variables could also enhance the power of
a screening procedure. We will discuss how to choose the threshold I',, for U™ in
section 2.3.3. In practice we would prefer not to condition on too many variables,
therefore the threshold for adding a variable to 4" would be high.

Now, we have presented two classes of PDC screening methods. In the first class
of methods, the conditional set of each covariate is known as a priori, while in the
second class the conditional set is estimated from the data. We can easily modify our
algorithms for both procedures depending on the situation; for example we can screen
groups of lags at a time for certain covariates in PDC-SIS, or allow the lag length A,

to vary by predictor. Additionally, for either procedure we can condition on a small
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number of lags of Y;, and leave the higher order lags of Y; as possible covariates in

our screening procedure.

2.3.3 Threshold Selection

We first discuss how to select the parameter I',, for PDC-SIS+. For simplicity we
will only use a single threshold for all lag levels. The idea is to create pseudo data
{(z,Y]) }i=1,..n, where {Y,*},=y ., is formed using a stationary bootstrap. This
resampling procedure creates a null model, where
o = pd&or(Yt*,Xt,u;Y;’il,Yt’iQ, ..., Y2, ), is a statistical estimate of zero, since
asymptotically we have independence between (Y;*,Y;" ..., Y, ) and X; ;. We
can then choose the o = .99 quantile of &y, ..., w; . Given that this threshold depends
on a one resampling, we stabilize this threshold by constructing K (we choose K = 5)
bootstrap samples.

Our procedure is as follows: we first form K bootstrap samples y™M*, ... 4y
and compute (I)J(-i)* = pd&or(Yt(i)*, X1 Y;(_i)l*, . ,Yt(_l);n) fort < K, j <p,. We then
select the a@ = .99 quantile of these values. In order to avoid conditioning on too many
variables, an upper bound of [n'/?] variables can be added to our conditioning vector
at each lag level. The idea of this procedure is that covariates above this threshold
have a partial distance correlation easily distinguishable from zero. This procedure
is similar to the random decoupling approach used in Weng et al. (2017) and Barut
et al. (2016) for the iid setting.

For both PDC-SIS and PDC-SIS+ we also need to select a threshold ~, to form
our targeted set of predictors. We give three possible methods to select this threshold.

The first is to use the bootstrap resampling procedure detailed above, which is a data

driven method to select ~,. Given we used a = .99 to select I';,, we would want to use
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a quantile between .95 and .99 to select ~y,,. This is similar in spirit to thresholding by
using a cutoff for the t-statistics of each marginal correlation measure used in Bai and
Ng (2008). The second approach, which is more commonly used in the literature, is
to select the top d,, predictors as ranked by our screening algorithm. When p,, > n,
d, = n/log(n) or d,, = n— 1 are common choices used in the literature. Alternatively,
d,, can be set by the researcher using prior knowledge of the data.® The above two
methods can be used without having decided on a second stage procedure beforehand.
If one already has decided on the second stage modeling procedure, then -, can be

selected by cross validation.

2.4 Screening for Multivariate Time Series Models

Multivariate time series models, such as linear VAR models, are commonly used
in fields such as macroeconomics (Liitkepohl, 2005), finance, and more recently neu-
roscience (Valdés-Sosa et al., 2005), and genomics. VAR models provide a convenient
framework for forecasting, investigating Granger causality, and modeling the tempo-
ral and cross-sectional dependence for large numbers of series. Since the number of
parameters grows quadratically with the number of component series, VAR models
have traditionally been restricted to situations where the number of component series
is small. One way to overcome this limitation is by assuming a sparse structure in our
VAR process, and using penalized regression methods such as the Lasso and adaptive
Lasso (Zou, 2006b) to estimate the model. Examples of works which pursue this direc-
tion include Basu and Michailidis (2015), Basu et al. (2015), Kock and Callot (2015),
and Nicholson et al. (2016). However, due to the quadratically increasing nature of

the parameter space, penalized regression methods can quickly become computation-

3If the number of targeted predictors is selected beforehand, then one can set an upperbound of
d,, variables which can added to the conditioning set in PDC-SIS+.
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ally burdensome when we have a large panel of component series. For example, in
a VAR(k) process: x; = Zle B;x;_; + m¢, where x; € R™, m, = 1000,k = 5,
the number of parameters to estimate is 5 x 10%. Additionally, these methods are
restricted to linear VAR models, whereas there is considerable evidence of non-linear
effects such as the existence of thresholds, smooth transitions, regime switching, and
varying coefficients in fields such as macroeconomics and finance (Kilian and Liitke-
pohl, 2017).

Screening approaches can be used in this setting, and one option would be to
screen separately for each of the m,, series. This can be computationally prohibitive
since it requires estimating km?2 correlations. However, if we assume a group structure
in the component series and a sparse conditional dependency structure between these
groups, we can quickly reduce the feature space by screening at the group level using
distance correlation based methods. To be more precise, let @; be a non-linear VAR (k)
process:

x; = g(xi_1,...,2) + M, where x; € R™", n, iid. (2.1)

For simplicity, we let all groups be of size g,, let e, = m,, /g, denote the total number
of groups for a given lag level, and denote our groups (Gy_1,1,.-.,Gi—ke,). To get
a sense of the computational benefits of screening on the group level, assume for
example, m,, = 500,k = 1, and we have 25 groups all of size g, = 20. For this
linear VAR (1) model, when n = 200, we note it takes about 350 times longer to
compute all mi = 500% pairwise distance correlations {chor(XtJ, th’k)}j<mn,k<mn
vs. computing all €2 = 25% group pairwise distance correlations. After tile gr;)up
screening, examples of second stage procedures include: screening at the individual

series level using partial distance correlations, or using a group lasso type procedure

(Yuan and Lin, 2006) which can handle sparsity between groups and within groups
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for a linear VAR model (Basu et al., 2015).

We now present the details of our group PDC-SIS procedure. We decide to condi-
tion on only one lag of the grouped response in our procedure, however this number
can also be selected using a data driven procedure. Let
AD ={(i,k,j):ke{t—1,....,t —h,},j <e,}\(i,t—1,i), refer to the set of possi-
ble group connections for Gy ;. We remove the entry (7, —1,4) from AW since we are
conditioning on G_;; and it will not be screened. Let the active group connections

for group 7 be denoted as:

t—1
MO = {(@7k7j) cAD . F <Gt,z‘|Gt—1,ia U {Gr,l}z<en>

r=t—hn

functionally depends on Gk,j}-

€n .

Now let the overall active group connections set be denoted as M, = | /\/lf.f). Simi-
i=1

larly, our overall screened set is now:

./\;l% = U./\;I(VQ = { ik, j) U.A |pdcor Gri, Grjs Gic14)| = Yo, }

The sure screening properties of our group PDC-SIS procedure are similar to the ones
presented in theorem 1, and are presented in the supplementary material. From these
results, we can infer the maximum size of the groups is o(n'/27%). Given this bound on
the group size, our group PDC-SIS procedure is most advantageous when the number
of component series (m,,) increases polynomially with the sample size. This is usually
the case in most VAR models seen in practice. A group version of PDC-SIS+ can
also be developed similarly to the procedure in section 3, however we do not pursue

this direction, as it usually leads to situations where we are conditioning on large
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numbers of variables.

2.5 Simulations

We now evaluate the performance of PDC-SIS and PDC-SIS+. We also include
the performance of 4 other screening methods whose properties have been investi-
gated in the time series setting, these include: marginal Pearson correlation screening
(SIS), nonparametric independence screening (NIS), generalized least squares screen-
ing (GLSS), and distance correlation screening (DC-SIS). We also include the perfor-
mance of a conditional DC screening approach (CDC-SIS), which uses the conditional
DC in place of partial DC in our PDC-SIS algorithm.

We use the R package energy to compute the partial DC and the R package cdc-
sis, which was used in Wen et al. (2018), to compute the conditional DC. The cdcsis
package computed the kernel density estimate of the conditioning vector (which is
required to estimate the conditional DC) by estimating a diagonal bandwidth matrix
using the plug-in method. The NIS estimator is computed using the R package mgcv,
and the distance and partial distance correlation estimators are computed using the R
package energy. For computational efficiency, the GLSS estimator is computed using
the nlme package using an AR(1) approximation for the residual covariance matrix.
Simulations for our group PDC-SIS procedure are contained in the supplementary
material.

Unless noted otherwise, we fix our sample size n = 200, maximum number of
lags considered h,, = 3, and the conditioning vector always includes three lags of our
response. We vary the number of candidate series, m,,, from 500 to 1500, so the
number of total covariates, p,,, varies from 1500 to 4500. We repeat each experiment

200 times, and report the median minimum model size needed to include all the
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relevant covariates from z; 1 = (®4—_1,...,2;—3). We note that for all procedures
being considered, we will not be screening the lags of Y;. In the supplementary
materials, we also report the median rank of our relevant covariates for each procedure.
Weset Yo=Y 1 =... =Y_(;,41) = 0, and generate n + 200 samples of our model.
We then discard the first 200 — h,, samples. To ensure stationarity when generating
a nonlinear autoregressive model with exogenous predictors (NARX), we use the

sufficient conditions provided in Masry and Tjgstheim (1997).

2.5.1 DGP’s

Model 1:

6
Y, = Zﬁth—l,j + e, and oy = Ay + 14, (2.2)

J=1

where Ay = .6 % I, and n; w N(0,%,), or m; w t5(0,3/5 % %,). For this model, we set

¥, = {311}, j<m,.. For the error process, we have an AR(1) process: ¢ = ae;_1 + ¢
iid iid

where a = .6, and let e; ~ N(0,1) or e; ~ t5.

Model 2:

YVi=0g1(Yi-1) + 92(Yi2) + g3(Yi3) + f1(Xe-11)

+ fo(Xi—o1) + f3(Xio12) + fa(Xi—o2) + €,
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where the functions are defined as:

g1(z) = 252, go(x) = wexp(—2?/2), gs(x) = —.6x + .3z(z > 0),
fi(z) = Loz + 4z(x > 0), falx) = —x, f3(x) =120+ 4x(z > 0),

fa(z) = 2?sin(2mx).

The covariate process is generated as in (2.2), with 4; = {4941}, . and we

set X, = I, with o u N(0,%,) or m; u t5(0,3/5 * 3,). Additionally, we set

e N(0,1) or t5.

Model 3:

Yi=0nYie1)+9(Yieo, Yio1) + 93(Yis, Yicq) + f1( X110, Xi14)
+ fo( X001, Xi—14) + f3( X120, Xy14) + fa(Xio2, Xio14)

+ f5(Xio13, Xom1a) + f6(Ximra) + (X1 3, Xy14) + €,
where the functions are defined as:

g1(z) = 2z + 2z(x > 0), gox,y) = 20+ .1z(y > 0),

gg(x,y) = $€Xp<—y2/2),f1(l',y) = fg(ﬂ?,y) = f4<x7y) =z (1 + 1+ .5elxp(—y)> )

f3(z,y) =2 (2 -+ T .5exp(—y)> , f5(x), fo(x) = 2.

o -o(1+ 1)

1+ exp(—y)

The covariate process is a VAR(2) process: &, = Ajx; 1 + Asxy o + 1y, where Ay =
{-3|i_j|+1}i,j§mn7 AQ = {.Q‘i_j|+1}i7j§mn, and 277 = {-3'1_]‘}2,]§mn AS before, un lf\J

N(0,%,) or 7 < t5(0,3/5 % ).
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Model 4:

Y, = .25Y, 1 + 3Y, 0 + 3Y 3 + [i(Xim11) + fo(Xi—a1)
+ Biaf3(Xio12, Xic13) + Boi fa(Xi—o2, Xi—o03) + B34 f5(Xi1,3)

+ Barfo(Xi—os) + fr(Xi—12) + fs(Xi—22, Xi—12) + €,

where the functions are defined as:

fi(z), fr(z) = 1.5z + Ax(z > 0), fo(x) = 1.2z, f3(x,y) = fa(z,y) = xy,

iid ;.
f5(2), fo(z) =z, fs(x,y) = 1.22 + 4x(y > 0), Biy, Bat, Baty Bas ~ Unif(.5,1) Vt,
The covariate process is generated as in (2.2), with A; = {4=+1}, . “and &, =
{—.36731}; ;<. As in the previous examples, 17, % N(0,5,) or 1, < £5(0,3/5 % %,).

We also note that the coefficients 31, 82+, 85+, Bat, are random at each time ¢.

Model 5: Y; = .251/;_1 + .3}/;5_2 + .3Y;5_3 + Xt—l,l — Xt_271 + .5Xt_172 + .5Xt_272 + €.

The covariate process is generated as in (2.2), with A; = {4F=H1}, . and

we set X, = I, with n, b N(0,%,) or n i t5(0,3/5 x 2,)). Additionally we set

e L N(0,1) or t5.

2.5.2 Results

The results are displayed in table 2.10, and the entries below “Gaussian" corre-
spond to the setting where both e; and 7; are drawn from a Gaussian distribution.
Accordingly the entries under “¢5" correspond to the case where e; and n; are drawn
from a t5 distribution. For DGP 1, We see that all methods besides CD-SIS perform

well in this scenario, with GLSS performing best and PDC-SIS following closely even
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though the lags of Y; are not significant variables in this example. The results also
show that including heavier tails deteriorates the performance of all methods for this
model. As we seen previously, CDC-SIS is not able to hand conditional sets larger
than 1 or 2 predictors, and as such performs very poorly for all DGPs. As for the
computational burden of CDC-SIS, when m,, = 500, PDC-SIS takes about 15 seconds
to compute, while CDC-SIS takes nearly 20 minutes to compute.

For DGP 2, the nonlinear transformations used are mainly threshold functions
which are popular nonlinear transformations for time series data (Terdsvirta et al.,
2010). We see that our method clearly outperforms the other methods across all
scenarios. As seen in table 4 of the supplementary file, the covariate X; o, seems
to be the most difficult to detect for the competing methods, and it appears our
conditioning scheme greatly improves the detection of this signal. For DGP 3, we
apply a logistic smooth transition function to the covariates, and for the autoregressive
terms we mainly employ a hard threshold function. The results are displayed in table
2.10, and the median ranks of each of our significant variables can be found in table
5 of the supplementary file. The variable which appears to be the most difficult
to detect seems to be the transition variable, X; ;4. DGP 4 contains a mix of
threshold functions, interactions, and random coefficients. Looking at table 6 in the
supplementary file, we notice that the covariates X; 13, X; 23, which only appear
through random coefficient effects, are the most difficult to predict. Overall, we see

that for models 1-5, PDC-SIS+ does as good and in most cases better than PDC-SIS.

2.6 Real Data Application: Forecasting Portfolio Returns

In this section, we present an application to forecasting US monthly equity port-

folio returns. We first focus on forecasting market returns as measured by the CRSP
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Table 2.2: Median Minimum Model Size

Gaussian, p,, = 1500
Model 1 | Model 2 | Model 3 | Model 4 | Model 5
PDC-SIS 7 61 76 42 24
PDC-SIS+ 7 34 41 40 14.5
CDC-SIS 1150 1000 418 439 1010
DC-SIS 11 488 124 306.5 650
NIS 11 488 135 275 709
SIS 10 343.5 92 234.5 630
GLSS 6 179.5 194 800.5 1500
Gaussian, p, = 4500
Model 1 | Model 2 | Model 3 | Model 4 | Model 5
PDC-SIS 11 149 239 100.5 59
PDC-SIS+ 9 84 114.5 79 37
CDC-SIS 3424 2991 1257 1269 1009
DC-SIS 19 1051 444 842.5 1918
NIS 16 861 405 704 1950
SIS 13 722 326 588 1691
GLSS 6 592 1257 2214 4500
ts, pp = 1500
Model 1 | Model 2 | Model 3 | Model 4 | Model 5
PDC-SIS 13 79.5 56 51 52
PDC-SIS+ 12 77.5 49.5 36.5 28.5
CDC-SIS 1208 522 418 415 3041
DC-SIS 20 408.5 146 306 680
NIS 33 513.5 172 328 681
SIS 21.5 447 148 265 647
GLSS 6 450.5 522 891.5 1500
ts, pp = 4500
Model 1 | Model 2 | Model 3 | Model 4 | Model 5
PDC-SIS 36.5 275.5 92 104 162
PDC-SIS+ 31.5 121.5 85.5 99 78
CDC-SIS 3548 1930 1249 1237 3010
DC-SIS 68 951.5 314 814.5 1565
NIS 114 1100.5 413 851.5 1732
SIS 66.5 905 350 761 1567
GLSS 7 1386.5 1277 2843.5 4500
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value weighted index, and the SP500 index. Additionally, we also focus on forecast-
ing returns from 5 Fama-French portfolios sorted on Market Cap. For our predictor
series we use book to market valuation ratios for Fama-French (FF) size and value
sorted portfolios, in which U.S. stocks are divided into 25 or 100 portfolios sorted by
market cap and book to market ratios. Kelly and Pruitt (2013) build on the present
value identity and argue both theoretically and empirically that this cross section
of disaggregated valuation ratios is predictive of future market returns. We use the
same dataset which was originally analyzed in Kelly and Pruitt (2013), and can be
obtained from the second author’s website.*

Let x; denote the 100 (or 25) FF portfolios at time ¢, and let Y;;; denote the
portfolio return at time ¢t+1. Given that there seems to be some slight autocorrelation
in the returns, we treat Y; as a possible predictor and set it as a conditioning variable
in PDC-SIS and PDC-SIS+. We also expand our predictor set to include z; =
(x¢, @41, Ti—2, @1—3). The linear factor augmented autoregression model in which the
factors are estimated by principal components is very commonly used in econometrics
(Stock and Watson, 2002a). Rather than estimating the principal components over
the entire set of predictors z;, Bai and Ng (2008) and Bair et al. (2006) among others
have shown that estimating the principal components on a targeted set of predictors
can often lead to greater predictive accuracy. This procedure is sometimes known as
supervised principal components, especially when marginal correlation screening is
used to form our targeted set of predictors. This procedure can possibly be improved
by using additional conditioning predictors, and non-linear measures of association,
given that the marginal relationship between the response and individual predictors

can be non-linear even when the joint relationship is linear.

4There were a small number of missing values (~ 1 percent for 100 portfolio dataset), which we
imputed using the cross sectional median of the time period.
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Given the above discussion, we report the forecasting performance of 8 different
models. The first is a linear AR(1) model: Ytﬂ = Qo+ aY;. We then combine each of
the six screening methods under consideration (we exclude CDC-SIS due to its poor
performance in simulations) with a second stage Factor augmented autoregression
(FAAR). For each of the screening methods we select the top d,, = p,/10 predictors
of z;, and add Y; to form the screened subset of predictors. Using this subset of
predictors, our forecasts are: }A/Hl = Bo + &Y, —I—’S/Ft, where Ft = (Ft,l, . 7Ft,k) are k
factors which are computed as the first k principal components of the top d,, = p,,/10
predictors of z;, as ranked by the screening procedures. We select k using BIC and
we allow for values between 2 and 5. Lastly, we include the performance of a factor
augmented autoregression estimated using the full set of predictors.

We form expanding window out of sample forecasts , where the first out of sample
forecast is for the time period 1980:1 (January 1980), and the last forecast is for
time 2010:11. To construct the forecast for 1980:1, we use the observations between
1930:1 to 1979:11 to estimate the factors, and model parameters. Therefore for the
models described previously, ¢ =1930:1 to 1979:10. We then use the predictor values
at t =1979:11 to form our forecast for 1980:1. The next window uses observations
from 1930:1 to 1980:1 to forecast 1980:2. We use the same data split point for our
out of sample forecasts as Kelly and Pruitt (2013), which gives us a total of 372 out
of sample forecasts. For each of our 8 models, predictive ability is assessed through

the out of sample R? which is defined as:

Y - Y»?) 23)

R: .=100% |1 =& =
oos ( SRt (Y - v,

where Ty =1980:1 and Y; = >'_, Y/t is the prevailing mean at time t. The R2,

ranges from (—oo, 100], where 100 indicates a perfect out of sample fit, and negative
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values indicating that the method is outperformed by using a simple mean forecast.

We report the results when forecasting the SP500 and CRSP market index using
either 25 FF portfolios and 100 FF portfolios in table 2.3. We observe that in both
cases that finding targeted predictors via PDC-SIS and PDC-SIS+ easily outperform
the alternatives, with the next best model is formed using DC-SIS. On the other
hand, linear screening procedures such as SIS and GLSS underperform a factor model
estimated on all the predictors, and underperform the mean forecast as well. From the
results, we see that even non-linear screening methods all outperform linear methods.
Given that DC-SIS does not condition on any predictors, this suggests that accounting
for non-linearities in marginal relationships is important even when using linear second
stage procedures. In order to assess the predictive ability of the models without the
AR(1) term, we estimate our second stage forecasts using only the k factors. This
makes our results directly comparable to previous works which ignored the AR(1)
term. The results are in table 2.4, and although we have lower R%,¢ values, we
observe that our PDC methods easily outperform their competitors.

In table 2.5 we report the results when forecasting the 5 FF size sorted portfolios,
and table 2.6 contains the results when excluding the AR(1) term.?. The first quintile
corresponds to small cap stocks, and we see distance correlation methods strongly
outperform other methods for this portfolio. Interestingly, in contrast to Kelly and
Pruitt (2013), we obtain the highest predictability for this portfolio. And we generally
find portfolios corresponding to smaller cap stocks easier to forecast than larger cap
stocks using distance correlation methods, and we observe that the other methods we
consider have the opposite trend.

As stated previously, we used a sample split date of 1980:1 for our out of sample

5We used the 25 FF portfolios as possible predictors along with their lags. The results were qual-
itatively similar for the 100 FF portfolio setting, thus we omit its results due to space considerations.
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CRSP SP 500
25 FF Portfolios | 100 FF Portfolios | 25 FF Portfolios | 100 FF Portfolios
AR (1) 1.17 1.17 .15 .15
SIS FAAR 12 -2.17 -3.84 -1.80
PDC-SIS FAAR 1.95 2.02 .70 71
DC-SIS FAAR .88 1.18 -.54 -.29
PDC-SIS+ FAAR 1.55 1.97 .70 .71
NIS FAAR 1.42 .85 -1.44 -1.06
GLSS FAAR .05 -2.01 -3.33 -1.78
FAAR 1.45 -.22 .04 -.07
Table 2.4: R%,4(%), Excluding AR(1) Term
CRSP SP 500
25 FF Portfolios | 100 FF Portfolios | 25 FF Portfolios | 100 FF Portfolios
SIS Factor -1.25 -3.75 -2.10 -4.63
PDC-SIS Factor .61 7T .56 .56
DC-SIS Factor -.04 14 -.66 -.85
PDC-SIS+ Factor .26 .64 .56 .56
NIS Factor .26 -.35 -1.41 -1.89
GLSS Factor -1.19 -3.59 -2.00 -4.01
Factor .38 -2.46 -.25 -1.82

forecasts. In order to show the robustness of our results to this choice of split date, we
plot the R% ¢ for the range of sample split dates between Ty = 1960:1 to Ty = 1995:1
in figure 2.1. We plot this for both the CRSP index and the SP 500 index, using 100
FF portfolios as predictors. For convenience of presentation we omit the performance
of GLSS-FAAR and PDC-SIS+ FAAR models in our plot, given their very close
performance with PDC-SIS FAAR and SIS-FAAR respectively. We see from the
plot, that PDC-SIS Factor models outperform the alternatives over almost the entire
range of sample split points. We also observe using a factor model estimated on all
the predictors, along with linear screening rules underperform the historical mean
forecast over the range of sample split points. Taken together, the results in this

section show the benefits of screening using distance correlation based measures even

for linear factor models.
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Figure 2.1: R?%,¢ by Sample Split Date. We select each date between 1960:1-1995:1 as our
sample split point and plot the corresponding R%,s. We omit the values for GLSS-FAAR and
PDC+-FAAR due to having very close results to SIS-FAAR and PDC-FAAR respectively. We used
100 FF portfolios and their lags as possible predictors.
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Table 2.5: R,5(%), Size Sorted Portfolios

Q(ngf;lf)l Quintile 2 | Quintile 3 | Quintile 4 Q(‘Ezﬁgs)f’
AR(1) 5.12 1.69 1.83 1.45 .16
SIS FAAR 3.42 .07 1 -.86 -1.4
PDC-SIS FAAR 5.42 2.85 2.63 1.57 -.6
DC-SIS FAAR 5.74 2.64 2.73 1.34 -.63
PDC-SIS+ FAAR 5.80 2.92 2.54 1.13 -.39
NIS FAAR 2.88 .26 .35 -.66 -.42
GLSS FAAR 4.0 1.26 .58 -.54 -1.47
FAAR 4.11 1.28 1.38 b7 .03

Table 2.6: R ,g(%), Size Sorted Portfolios

Q(lélgzllf) 1 Quintile 2 | Quintile 3 | Quintile 4 Q&Efggf
SIS Factor -2.16 -1.92 -2.4 -3.01 -1.74
PDC-SIS Factor 1.95 -.02 .62 -.05 -.60
DC-SIS Factor 3.23 -.09 -.57 -1.02 -.43
PDC-SIS+ Factor 2.48 .95 1.63 1.19 -.49
NIS Factor -2.52 -2.01 -1.91 -2.61 -.68
GLSS Factor -2.24 -2.45 -2.28 -2.89 -1.63
Factor -1.14 -.69 -.57 -1.09 -.16

2.7 Asymptotic Properties

2.7.1 Dependence Measures

In order to establish asymptotic properties, we rely on two widely used dependence
measures, the functional dependence measure and S-mixing coefficients. We give an
overview of the functional dependence measure framework here, and one can consult
(Davidson, 1994) for an overview of S-mixing coefficients. For univariate processes,
(Y; € R)icz, we assume Y; is a causal, strictly stationary, ergodic process with the

following form:

Y; :g(...,ei_l,ei), (24)

where ¢(-) is a real valued measurable function, and e; are iid random variables. And

for multivariate processes, such as the covariate process (x; € RP");cz, we assume the
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following representation:

;= h ( <oy Mi-1, "h’) . (2'5>

Where n;, @ € Z, are iid random vectors, h(-) = (h1(-) ..., by, (), i = (X1, - -, Xip,,),
and X;; = h;(...,mi—1,m).

Processes having these representations are sometimes known as Bernoulli shift
processes (Wu, 2009), and include a wide range of stochastic processes such as linear
processes with their nonlinear transforms, Volterra processes, Markov chain models,
nonlinear autoregressive models such as threshold auto-regressive (TAR), bilinear,
GARCH models, among others (Wu, 2011, 2005). These representations allow us
to quantify dependence using a functional dependence measure introduced in Wu
(2005). The functional dependence measure for a univariate process and multivariate

processes is defined respectively as:

0,(Y:) = IIYi = g (F) lly = (BIY: = g (F) D),

04(Xij) = 1Xs5 — hy (W) |l = (EIXi5 — hy (H7) |7)19, (2.6)

where F = (...,e_1,€},e1,...,¢e;) with ef,e;,j7 € Z being iid. And for the multi-
variate case, H = (..., m-1,m, M, ..., n;) with 0§, n;, j € Z being iid. Since we are
replacing ey by e, we can think of this as measuring the dependency of y; on ey,
since we are keeping all other inputs the same. We assume the cumulative functional

dependence measures are finite:

Ao,y Z 9,(Y;) < o0, and @, 4( = max Z (2.7)

J<pn *
i=m

This short range dependence condition implies, by the proof of theorem 1 in Wu and
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Pourahmadi (2009), the auto-covariances are absolutely summable.

We note that compared to functional dependence measures, S-mixing coefficients
can be defined for any stochastic processes, and are not limited to Bernoulli shift
processes. On other hand, functional dependence measures are easier to interpret
and compute since they are related to the data generating mechanism of the under-
lying process. In many cases using the functional dependence measure also requires
less stringent assumptions (see Wu and Wu (2016), Yousuf (2018) for details). Al-
though there is no direct relationship between these two dependence frameworks,
fortunately there are a large number of commonly used time series processes which
are $-mixing and satisfy (2.7). For example, under appropriate conditions, linear
processes, ARMA, GARCH, ARMA-ARCH, threshold autoregressive, Markov chain
models, amongst others, can be shown to be S-mixing (see Pham and Tran (1985),

Carrasco and Chen (2002), An and Huang (1996), Lu (1998) for details).

2.7.2 Asymptotic Properties: PDC-SIS
To establish sure screening properties, we introduce the following conditions.

Condition 2.7.1. Assume |pdcor(Yy, Zi—14;Ck)] > cn™ for k € M, and Kk €
(0,1/2).

Condition 2.7.2. Assume the response and the covariate processes have representa-
tions (2.4) and (2.8), respectively. Additionally, we assume the following decay rates
D, () = O(m™ ), Ay, 4(y) = O(m~), for some a,, o, > 0, ¢ > 2,7 > 4 and

T = > 2.

qr
q+r
Condition 2.7.3. Assume the response and the covariate processes have representa-

tions (2.4) and (2.8) respectively. Additionally assume

U, = SUD,>o ¢ % Pp4(x) < 0o and v, = SUD, >0 N 4(y) < oo, for some @, a, > 0.
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Condition 2.7.4. Assume the process {(Y;, z;)} is f-mixing, with mixing rate 8,,(a) =

O(exp(—a™)), for some A\; > 0.

Condition 2.7.1 is a standard population level assumption which allows covari-
ates in the active set to be detected by our screening procedure. Condition 2.7.2
is similar to the one used in Yousuf (2018) and Wu and Wu (2016), and assumes
both the response and covariate processes are causal Bernoulli shift processes, and
have at least 2 and 4 finite moments respectively. Additionally it presents the
dependence conditions on these processes, where higher values of «,, . indicate
weaker temporal dependence. Examples of response processes which satisfy condi-
tion 2.7.2 include stationary, causal, finite order ARMA, GARCH, ARMA-GARCH,
bilinear, and threshold autoregressive processes, all of which have exponentially de-
caying functional dependence measures (see Wu (2011) for details). For the covariate
process, assume x; is a vector linear process: x; = E?io Ami—. where {A4;} are
my, X m, coefficient matrices and {m; = (91, ..., Mim, )} are iid random vectors with
cov(n;) = X,,. For simplicity, assume {n; ;,j = 1,...,m,} are identically distributed,

then §,(Xi;) = [|Ai im0 — Aiymslly < 2|A4:;

1m0.1ll4, Where A;; is the j% column of

A;. Define ||A;]|o as the maximum absolute row sum of A;, then if ||4;||. = O(i77)
for B > 1, we have ®,,,(x) = O(m~P). Other examples include stable VAR
processes, and multivariate ARCH processes which have exponentially decaying cu-
mulative functional dependence measures (Wu and Wu, 2016; Yousuf, 2018). We note
that it is clear that if x; satisfies condition 2.7.2, then z; trivially satisfies it as well.
Condition 2.7.3 strengthens the moment requirements of condition 2.7.2, and requires
that all moments of the covariate and response processes are finite. To illustrate the

role of the constants &, and &, consider the example where y; is a linear process:

Yi = >, fieij with e; iid and Y27 [ fi| < 0o, then Ag4(y) = [leo — egllg Do 1 fil-



114

If we assume ¢y is sub-Gaussian, then &, = 1/2, since [|eg|, = O(,/q). Similarly, if
e; is sub-exponential, we have &, = 1.

To understand the inclusion of condition 2.7.4, consider the U-statistic:

UT(Stl,...,StT):C) S h(Sus-.. ),

t1<t2<...<tr<n

which aims to estimate 6(h) = [ h(Sy,...,S:)dP(S1)...dP(S;). When Si,...,S,
are iid, the U-statistic is an unbiased estimator of §(h), however for r > 1 the U-
statistic is no longer unbiased if S; is serially dependent. Since our sample distance
correlation estimate can be written as a sum of U-statistics (Li et al., 2012b), condition
2.7.4 is needed to control the rate at which the above bias vanishes as n — oo.
Conditions 2.7.2 and 2.7.4 are frequently used when dealing with time series data
(Wu and Pourahmadi, 2009; Xiao and Wu, 2012; Davis et al., 2016b).

Throughout this paper, let @ = min(a,,ay), and o = 1, if a, > 1/2 — 2/r,
otherwise o = r/4 — a,r/2. Let « = 1 if a > 1/2 — 1/7, otherwise ¢« = 7/2 — Ta,
and let ¢ = 1, if oy, > 1/2 — 2/q, otherwise ( = ¢/4 — a,q/2. Additionally, let
Ky q=sup,,so(m+1)*Ay, ,(y), and K, = sup,,~q(m+1)*®,(x). Given condition

2.7.3, it follows that K., K., < oo. Let t, = max;dim(C;), be the maximum

2 N N
1726.128, P = Traa.0 & = T74a, -

dimension of the conditional vectors. We define 1) =

Lastly, for ease of presentation, let w = (@1,...,wp,), w = (wi,...,w,,), where



115
wg = pdcor(Yy, Zy—1 1 Ck), Wi, = W(Yt, Zi—1x; Cr). In addition, let

nl/2—r\ @ nl/2—r ¥ nl/2—r\ ¢
an = n? exp | — 5 +exp | — +exp | — 3 ,
thv, LU,y 12

NELELE L
-

nr/2-rk/2 nr/2-r/2k nr/2-rk/2

n172/<; n172n n172n
+ ex ——— | +ex ———— | +ex — s
p( tzK;{) p( tzK;TK;T) p( t%K;)

/2 gy r/2 7-1)2 1-1/2 /2 1 p
_n Ky,r n KZJ’ Ky,r n Kz,r
Cn = nr/A-rK/2 nr/4-r/2x nr/d-re/2°

For simplicity and convenience of presentation, we assume ¢ = r, and one can con-
sult the proof for the general case. The following theorem presents the sure screening

properties of PDC-SIS.

Theorem 3. 1. Suppose conditions 2.7.1, 2.7.3, and 2.7./ hold. For any cs > 0,
we have:

P(IE&X | — wi| > can™") < O(pnan).
JI=Pn

2. Suppose conditions 2.7.1, 2.7.3, and 2.7.4 hold. For ~, = csn™" with c3 < ¢1/2,
we have:

P (M* C M7n> >1—0(span).

3. Suppose conditions 2.7.1, 2.7.2, and 2.7.J hold. For any cy > 0, we have:

if r < 12, P(niax |0; —wj| > can™) < O(pncy);
JI=Pn

if r > 12, P(niax |op — wi| > can™) < O(pnbn).
JISPn

4. Suppose conditions 2.7.1, 2.7.2, and 2.7./ hold. For ~, = csn™" with c3 < ¢1/2,
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we have:

if r < 12, P (M* C /\?l%> >1—0(spcn);

ifr>12, P </\/l* c M%) >1— O(spby).

From the above theorem, we observe that the range of p,, depends on the temporal
dependence in both the covariate and the response processes, the strength of the
signal (k), and the moment conditions. We also have two cases for finite polynomial
moments, one for r < 12 and one for » > 12. This is due to our proof technique
which relies on both Nagaev and Rosenthal type inequalities. For the case of low
moments, we obtain a better bound using a Rosenthal type inequality combined with
the Markov inequality, whereas for higher moments Nagaev type inequalities lead
to a better bound; more details can be found in the proof which is provided in the
supplementary file.

For example, if we assume only finite polynomial moments with r = ¢ and r < 12,
then p, = o(n™/47%/2). If we assume a > 1/2 — 2/r and r > 12, p, = o(n™/27™/273),

The constants K., and K

v.q» Which are related to the cumulative functional depen-

dence measures, represent the effect of temporal dependence on our bounds when
a > 1/2—2/r. However, when using Nagaev type inequalities, there is an additional
effect in the case of stronger dependence in the response or covariate process (i.e.
a < 1/2—2/r). For instance, if a, = a, and ¢ = r, the range for p, is reduced by a

r/4d—ar/2

factor of n in the case of stronger dependence. We observe that if the response

and covariates are sub-Gaussian, p, = o(exp(n' 3" )), and if they are sub-exponential,
1-2kK
pn = o(exp(n™s )).
By choosing an empty conditional set for all the variables, our procedure reduces

to the distance correlation screening (DC-SIS) introduced in Li et al. (2012b) for

the iid setting. Assuming sub-Gaussian response and covariates, Li et al. (2012b)
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obtained p, = o(exp(n%)) for DC-SIS, which matches our rate. In the iid setting
with finite polynomial moments, we can use the truncation method in their proof
and combined with the Markov inequality to obtain p, = o(exp(n™/4=m/271)). Our
results, which rely on a different proof strategy than the truncation method, provide

a better bound even in this setting.

2.7.3 Asymptotic Properties: PDC-SIS+

To show the asymptotic properties associated with PDC-SIS—+, we denote

Sk,l = (Y;f—la s 7}/75—hn7 Xt—l,ka s 7Xt—l+1,k7 ztfl,ul)‘"’ s 7zt,1,ulinl> )

as the population level counterpart to Sk,l. In addition, let the threshold I', =
)\n + cln_”‘, C = {8171, . ;Smn,la 81’2, e 7Smn,hn}7 and

Ulr_"l = {(l —m, + 1< 5 <Umy, : |pdeor(Yy, Zi—15;C5)| > A+ G075},

represent the population level strong conditional signal set and the population level
set of conditioning vectors, respectively. One of the difficulties in proving uniform
convergence of our estimated partial distance correlations in this algorithm is the
presence of an estimated conditioning set C. This issue becomes compounded as we
estimate the conditioning vector for higher lag levels, since these rely on estimates
of the conditioning vectors for lower ones. To overcome this, we first denote the
collection of strong signals from lag 1 to h, — 1 as: U™ = {Z/llr", e ,U,f:_l}. We will

assume the following condition:

Condition 2.7.5. For any j € {1,...,(h, — 1) xm,} \ U*", assume

\pdcor (Y, Zi—1 5, C;)| < A, where A,n" — oo.
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Condition 2.7.5 assumes the variables in the strong conditional signal set, U, are
easily identifiable from the rest of the covariates. This separation in the signal strength
will allow us to ensure with high probability that our estimated conditional sets match
their population level counterparts. The assumption A\,n" — oo, is introduced to
ensure d, = |/K/lv%| > |[U*]. Although the hope is that U* C M,, this is not
required to prove sure screening properties of our algorithm. The sure screening
properties for PDC-SIS+ are similar to PDC-SIS, but for the sake of completeness,

we state the theorem in full.

Theorem 4. 1. Suppose conditions 2.7.1, 2.7.3, 2.7.4, and 2.7.5 hold. For ~, =

K

csn™" with ¢35 < ¢1/2, we have

P (M* C /T/l/%) >1—0(span).

2. Suppose conditions 2.7.1, 2.7.2, 2.7/, and 2.7.5 hold. For ~, = c3n™" with

c3 < ¢1/2, we have
if r <12, P (/\/l* C MV%) >1—0(spcn);

ifr>12, P <M* c /\7%> > 1~ O(spby).

2.8 Discussion

In this work, we have introduced two classes of partial distance correlation based
screening procedures, which are applicable to univariate or multivariate time series
models. These methods aim to utilize the unique features of time series data as

an additional source of information, rather than treating temporal dependence as
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a nuisance. The methods introduced can be easily utilized by researchers, given
that distance correlation methods are easily computable at low computational cost
by existing statistical packages. Lastly, by using a model free first stage procedure
we are able to expand the choice of models which can be considered for a second
stage procedure. This is especially helpful for the case of nonlinear or non-parametric
models where estimation in high dimensions can be computationally challenging.
There are many opportunities for further research, such as developing a theoretical
or data driven approach to selecting the number of lags considered in our algorithms.
Additionally, we can develop screening algorithms for time series data using measures
which are more robust to heavy tailed distributions. Lastly, our procedures were
developed under the assumption that the underlying processes are weakly dependent
and stationary. Although these assumptions are satisfied for a very wide range of
applications, there are many instances where they are violated. For example, non-
stationarity is commonly induced by time varying parameters, structural breaks, and
cointegrated processes, all of which are common in the fields of macroeconomics and
finance. Therefore, developing new methodologies for certain classes of non-stationary

processes, such as locally stationary processes, would be particularly welcome.

2.9 Appendix A

The Appendix is organized as follows: Section 2.9.1 compares the empirical power
of the Partial DC and Conditional DC measures, section 2.10 contains the sure screen-
ing properties, simulations, as well as a real data application of our group PDC-SIS
procedure. Section 2.11 contains the proofs of theorems 1 and 2 found in our main
paper. Lastly section 2.12 provide more detailed results of the simulations in section

5.1 of our main paper.
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2.9.1 Comparing Partial DC vs Conditional DC

In this subsection we will compare the power of Partial DC vs Conditional DC in
detecting conditional dependencies. We repeat examples 5-12 in Wang et al. (2015),
as these were the examples in their work in which there existed a non-zero conditional
distance correlation. For each example, we run 500 simulations, and for each simu-
lation we test the significance of W(Y, X|Z) at the .05 level using the R package
energy. The empirical power for Conditional DC for each of the examples is obtained
directly from the results in Wang et al. (2015). We report the empirical power of Par-
tial DC and Conditional DC for each example in Table 2.7. We reprint the details
of examples 5-12 for completeness , and to avoid confusion we use the notation used
in the original work by Wang et al. (2015). For more details on Conditional DC, we
refer readers to Wang et al. (2015).

Example 5:

X, Y, Z have a multivariate normal distribution with mean vector 0, and covariance

matrix:
1 7 6
YX=|71 6
6 6 1

Therefore, the Y, X are conditionally dependent given Z.
Example 6:
X1, Z ~iiq Binomial(10,.5), and define X = X; + Z, Y = (X; = 5)* + Z

Example 7:
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X17 }/1, Z, € ~iid N(O, 1), and define:

7y =5(Z3 T+ Z)2),Zy = (Z°)2+ Z) /3, Xo = Z1 + tanh(X,), X3 = Xo + X5/3

Yo =75+ Y1,Ys = Ys + tanh(Ys/3)

We then standardize X3,Y3 and define X = X3 = cosh(e), and Y = Y3 + cosh(e?).
Therefore, X and Y are not conditionally independent given Z.

Example 8:

X1, 21, Zy ~q Binomial(10,.5), and define X = X; + Z; + Z,, Y = (X; — 5)* +
Ty 4 Ty Z = (20, Z).

Example 9:

Suppose Zi,...,Zg ~iq t(1), the t distribution with 1 degree of freedom, and
define:

6
Xi:Ziui:172737 X4:Z4+Z5JYIZZi

i=1

Therefore X = (Xj,...,X5), and Y are not conditionally independent given Z =
Zs
Example 10:

Suppose Z1, ..., Z13 ~q t(1), and define:

Xi=Zj,i=1,...,9. Xy0 = Zio + 211, Y1 = 217y + Z3Z4 + Zs 211 + Zso,

Yo = ZgZn + ZgZy + Z10Z11 + Zi3
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Therefore X = (X1,...,X30) and Y = (Y1, Y2) are not conditionally independent
given Z = 71
Example 11:

Suppose Z1, ..., Zy ~iiq t(2), and define:

Xi=Zyi=1,...,4. Y, =sin(Z;) + cos(Zy) + Z3 + 73,

Yo=22+224 Zs+ Z4

Therefore, X = (X3, Xo, X3, X4) and Y = (Y7, Y5) are not conditionally indepen-
dent given Z = (73, Zs).
Example 12:

Suppose Z1, ..., Zy ~iq t(2), and define:

X,L:Z,L,Zzl,,45/1:Z122+Z§+Z42,

Yo =17} + 23+ Z37,

Therefore, X = (X1, Xs, X3, Xy) and Y = (Y7, Y5) are not conditionally indepen-
dent given Z = (73, Zs).

We see from the results in Table 2.7, that partial DC is very effective at detect-
ing the conditional relationship in all the examples given. Additionally, for Examples
5,9,10,11, and 12 partial DC has more power to detect the conditional relationship,

whereas only for example 6 does conditional DC outperform partial DC.
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Table 2.7: Partial DC (PDC) vs Conditional DC (CDC): Empirical Power

n = 50 n = 100 n = 150 n = 200

PDC | CDC | PDC | CDC | PDC | CDC | PDC | CDC
Ex 5 1 .898 1 993 1 1 1 1
Ex6 | .405 | 752 | .795 | 995 | .975 1 1 1
Ex7 | 99 | 918 1 998 1 1 1 1

Ex 8 | .365 | .361 71 31| 925 | 949 | 995 | 977

Ex 9 1 .802 1 955 1 975 1 983
Ex 10 1 .355 1 789 1 912 1 935
Ex11| 95 | .768 | .995 | .973 1 994 1 995
Ex12| 99 | .812 1 .956 1 976 1 995

2.10 Appendix B: Group PDC-SIS

2.10.1 Sure Screening Properties for Group PDC-SIS

As in our main paper, we assume the multivariate response process has the rep-

resentation:

i =h(.. ni1,m). (2.8)

Where n;,7 € Z, are iid random vectors. To prove sure screening properties of our

group PDC-SIS procedure, we need the following conditions:

Condition 2.10.1. Assume |pdcor(Gy;, G j; Gi—1,)| > can™ for (i,k,j) € M, , k €
(0,1/2).
Condition 2.10.2. Assume our multivariate response process has the representation

(2.8). Additionally, we assume the following decay rate @, ,(x) = O(m~), for some

a, >0, r>4.

Condition 2.10.3. Assume our multivariate response process x; has the represen-

tation (2.8). Additionally assume v, = sup >, ¢~* ®g4(x) < oo, for some @, > 0.
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Condition 2.10.4. Assume the process {x;} is f-mixing, with mixing rate f,(a) =

O(exp(—a™)), for some A\; > 0.

Let o = 1, if o, > 1/2 — 2/r, otherwise o0 = r/4 — a,r/2. And let K,, =

sup,,so(m + 1)**®,.(x). Recall that ¢, = max; dim(C};) is the maximum dimension

2

e The results are similar to those in

of the conditional vectors. Lastly let ¢ =

theorem 1, but for the sake of completeness we present them here as well:

Corollary 5. 1. Suppose conditions 2.10.1, 2.10.3, 2.10.4 hold. For ~, = csn™"

with ¢ < ¢1/2, we have:

. 1/2-k\ %
P (/\/l* C /\/l%> >1-0 (saneXp <_nt 2 ) > )

z

2. Suppose conditions 2.10.1, 2.10.2, 2.10./ hold. For ~, = csn™" with c3 < ¢1/2,
we have
VK,

nm);

ifr <12, P</\/l* c M%> >1-0(s

. , ek nl—2s
Zf?“ Z 12, P <M* C Mfyn) 2 1—0 SpM n7"/2——7“n/é + exp <—%) .
From the above results we can infer the maximum size of the groups is o(n!/27%).
The proof for this corollary is very similar to the proof of theorem 1, therefore we

omit the details.

2.10.2 Simulations for group PDC-SIS

We consider the following VAR(1) process,
Model 6:

= A1 + M, (2.9)
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and assume we have 25 groups at each lag level (e, = 25) with equal size g, = 20.

We assume a block upper triangular structure for A;, with two scenarios.

B 0 C 0

Ay = oo o). (2.10)
0
_0 B_

We set the number of lags considered, h = 2, therefore we have to compute 1225 group
distance and partial distance correlations for each scenario. In the first scenario we
set the main diagonal blocks to B = {.311=71+1}, . the second upper diagonal blocks
to O = {.2li=1*+1}, . and the rest of the matrix to zero. In the second scenario, we
assume the same number of groups and group size, but we set the diagonal group B =
{.3li=31+1}, .16, and the second upper diagonal block to C' = {.2!=7F1}, .. We can
view this scenario as one in which we have misspecified the groups (Basu et al., 2015),
or one in which we have sparsity within each group. We set ¥, = {.41=7+1}, . or
¥, = {—4=i+1), . And lastly, n; P N(0,%,) or my “ t3(0,1/3 % %,).

Since we are assuming the first lag for each group is in the model, we have 23
off-diagonal group connections we want to detect for each scenario. As in our main
paper, the sample size is n = 200, and we report the median MMS for group DC-SIS,
and group PDC-SIS procedure for each scenario in Table 2.8. The MMS in this case
is defined as the minimum number of group connections which need to be selected
for M, to be captured. In order to ensure a fair comparison, we do not evaluate

dcor(Gy;, Gi-1;) for each group i when using group DC-SIS. The results show that

the procedures are robust to the level of sparsity within each group, and our group



Table 2.8: Model 6

Scenario 1 | Scenario 1 | Scenario 2 | Scenario 2
PDC-SIS | DC-SIS | PDC-SIS | DC-SIS
N(0,%, = {47+ 33 53 32 52
N(0,%, = {—.4li=7F1}) 68 139.5 66 140
ts, Oy = {41 38 46.5 37 45
ts, By = {—.41IF1) 89 159.5 83.5 145.5
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PDC-SIS procedure significantly outperforms the group DC-SIS for all scenarios.

2.10.3 Real data application: Group PDC-SIS

For the multivariate response setting, we focus on the group selection performance.
We partition the 132 economic series into 8 broad economic groups: 1) Output and
income (17 series) 2) Labor Market (32 series) 3) Housing (10 series) 4) Consumption,
Orders, and Inventories (14 series) 5) Money and Credit (11 series) 6) Bonds and
Exchange rates (22 series) 7) Prices (21 series) 8) Stock market (4 series). We then
supplement this with 300 additional exogenous series (v;) partitioned into groups of
size 10. Where v, = Ajv, 1 + ny, A1 = a * I, where we vary «a from .4 to .8, and
we 1, N(0,1I) or n; w t3(1/3 % I). We have 38 groups for each lag level, and we
set the number of lags considered, h = 2, giving us about 2900 group comparisons to
compute. Let @; represent our 132 economic series, and let z; = (x, v;) with v, being

independent of x;. We assume the following one step ahead forecasting strategy:

Zy = f(zt_l, Zt_Q) + €. (211)

We utilize a rolling window scheme similar to the one described previously, except
we are not computing out of sample forecasts. For the first window we use data from

t =1984:3 to t =1999:12 to compute our correlations. We then move the window for-
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Table 2.9: Group Selection

PDC-SIS | DC-SIS
Gaussian, a = 4 37 34
Gaussian, a = .6 32 25
Gaussian, o = .8 22 9
t3, 0 = .4 36 31
t3, @ = .6 31 21.5
t3, . = .8 23 8

ward by one month, which gives us 144 windows in total and 191 observations for each
window. As discussed in section 4 of our main paper, for each group G, we condition
on the first lag G;_;; for PDC-SIS. Let {Gt,j}jgg represents the 8 economic groups
at time ¢, and let B = {(i,k,7) :4,j <8 ke {t—1,t —2}}\{(i,t — 1,7) : i <8} de-
notes the set of possible group connections between the 8 economic groups minus
the connection between a group and its first lag. For each window, we select the
top [n/log(n)] = 37 group connections, and record the number of group connections
which belong to B. We note that all group connections which are to be screened and
do not belong to B are spurious connections by construction.

The results are in Table 2.9, and we report the median number of group connec-
tions which belong to B over the 144 windows. In order to ensure a fair comparison
between group DC-SIS and group PDC-SIS, we do not evaluate dcor(Gy;, Gi—1;) for
each group ¢ when using group DC-SIS. We see that when o = .4 and the noise is
Gaussian, both group PDC-SIS and group DC-SIS are very effective at selecting con-
nections between economic groups. When the dependence increases and heavy tailed
variables are introduced, the performance of group DC-SIS greatly deteriorates with

many spurious group connections selected, whereas group PDC-SIS remains effective.
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2.11 Appendix C: Proofs of Theorems 3 and 4

Proof of Theorem 5.
We start with part (iii) first. The population version of the partial distance correlation

is defined as:

deor®(Yy, Zy_1 1) — deor®(Yy, Cy)dcor®(Z;_1 1, Cy,)
\/1 — deor*(Y;, C’k)\/l — dcor*(Zy—1 1, Cy,) '

pdcor(Yy, Zy—1x; Cx) = (2.12)

To estimate this quantity, Székely and Rizzo (2014) proposed an unbiased estimator
of the distance correlation to serve as the plug-in estimate. This estimate is different
from the estimator proposed for the distance correlation in Székely et al. (2007),
which is a biased but consistent estimate. In proving asymptotic properties we can
use either estimate, and we will use the original estimator given in Székely et al.
(2007).

To obtain a bound for |ﬁco\r(Yt, Zy_1k; Cx) — pdeor(Yy, Zy_1 ; Cy)|, we start with

— 2
|dcor (Y3, Zy_11) — deor®(Yy, Z;_1)| in the numerator of (2.12). Recall that:

—2
dcov (Yi, Zt—l,k)

2
deor (Yi, Zi-14) = = — :
deov(Ys, Yy)deov(Zy—1 oy Zi—1 1)

(2.13)

~ —2 ~ — —
Let Ty = dcov (Y, Zi—1 1), 15 = deov(Yy, Yy)dcov(Zy_y g, Zi—1 1),
and Ty = dcov?(Yy, Zy_1 1), To = deov(Yy, Yy)dcov(Zy 1 g, Zr—14), then

——9 ~
\dcor (Yy, Zy_11) — deor®*(Ye, Zy11)| = |TT _ 4

2

= (T =TT = 1) + (T = 1)/ To + (T =TT (2.14)
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Therefore
Tl T —K H—1 —1\ /T —K
P(l=—= = =|>en™™) < P(|(Ty" =Ty )Ty — Th)| > can™"/3) (2.15)
Tg T2
+ P((Ty = T))/Ts| > ean™"/3)|) (2.16)
+ P([(T5 = Ty DT > eon™/3). (2.17)

For the RHS of (2.15), we obtain:

~

P(|(Ty' =TTy = T0)| > en™"/3) < P(ITy — E(TY)| > Cn™"/?)

+ P(|Ty ! — E(Ty) 7Y > Cn~"/?).

So we focus on terms (2.16) and (2.17). For (2.16), recall that:

dC&’UZ(Yz, thl,k> = Skl + SkQ — 2Sk3, (218)
where
Si=n"2Y "> Vi =Yil|Zix — Zisl,
j=1 i=1
Sk2 =n"? Z Z Y = Yj[n~? Z Z | Zike — Zjl,
j=1 i=1 j=1 i=1

n n n

S’kg:n_3222|n—§?||2i7k—217k|. (219)

j=1 i=1 I=1

We begin with the term |§k1 — S, let

Sty = Inln = D17 Y 1Yi = YillZik — Zial,
i
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then by equation (B.1) in Li et al. (2012b):
P(|Sp1 — Si1| > Cn™") < P(|Sf, — S| > Cn™%). (2.20)

We also have the following decomposition:
’321 - Skl‘ < ’Sl;kl - E(g;&)‘ + |E(§Z1) - Sk1’~ (2-21)

Observe that 5’,:1 is a U-statistic, and is a biased estimate of Sy; due to temporal
dependence. By condition 3.4, we can control this bias, and we have |E(S%, — Si1)| =
O(n~2) by Yoshihara (1976). Obtaining a bound on P(|S;, — S| > Cn~*) is difficult
in a time series setting. Borisov and Volodko (2009) and Han (2016) introduced
exponential inequalities for U-statistics in a time series setting under uniform mixing
type conditions, in addition to restrictions on the kernel function. These restrictions
are often too strict and rule out most commonly used time series. For example, even
AR(1) processes where the innovations have unbounded support are not uniform
mixing (see example 14.8 in Davidson (1994)).

As a result, we will instead rely on Nagaev and Rosenthal type inequalities (Wu
and Wu, 2016; Liu et al., 2013) to obtain our bounds. We first show the bounds
obtained by using Nagaev inequalities, and then we show the results obtained using
Rosenthal type inequalities. Let ¢; = (e;,m;) and H;; = |Y; — Y;||Zix — Z; 1| We

have

n—1 n—I

Hij= f(..., %0, Ymax(iy) and Spy =2[n(n — DI Y > Hi. (2.22)

=1 i=1
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We can then write:

n—1 n—lI

P(1> Y (Hiin — E(Hii))| > Cn®™") (2.23)
=1 i=1

n—1 n—I

IN

P(| Y (Hig — E(Hii))| > Cn' "),
=1

(2.24)

Note that for any fixed [, { H;;4:},. 5 is a Bernoulli shift process, and we can compute

the cumulative functional dependence measure as:

o)
D Y=Yl Zi = Zisasl = Y7 = Vil Zik = Ziaslll-
i=m

oo
< D Y= Yaullbll|Zigk = Zivial = 125 = Ziillla

i=m

00
+ ) 1Z5 = ZrapllalllYe = Vi) = 1Y = Yl
=m
00
< S Vi =YiullellZin = Z54l + 1 Ziaw — Ziaslllg
i=m
00
+ > 2 = Zapllal1Yi = Y| + Vi = Yol
i=m

S 2AO,Q<y>(I)m,r<m> + 2Am,(1(y)q)0,7“(w>

O(m~). (2.25)

The last inequality holds since || Zi ||, < ®o.(x), by section 2 in Wu and Wu (2016).
Therefore,

sup(m + 1)* Z Y =Yl Ziw — Ziganl = 1Y — Y:HHZZk - Z;l,kIHT <AK,, Ky,4

i=m

(2.26)



132

Using the above result, and theorem 2 in Wu and Wu (2016), we obtain:

n—I
. n'KT KT nl—2k
P(|> (Hij— E(H; )| > Cn' ™) < O(’—M)JFO(GXP(—W))- (2.27)
zZ,T yq

=1

nToTk

Using condition 3.4 along with (2.20),(2.21),(2.24), and (2.27), we obtain:

L T T 1—2k
'K, Ky, n

P(|Sk1 — Ski| > Cn™F) < O(n %)+ O(nexp(——5—-))- (2.28)
z,r y,q

nT—Tk

Next let gkg = §k271§k272, where
Sz = n 230 Y Y = Y| and Spop = n72 Y ST |Z; — Z;|. Using this

representation we obtain:

P(|Sk2 - SkQ‘ > Cnin) S P(’(S’kg,l — Sk‘Z,l)SkQ,Z’ > Cnf"i)
+ P(|(Sk22 — Sk22)Skz| > Cn™")

+ P(‘(ngJ — Skg’l)(gkgjg — Sk2,2)| > C’n*“). (229)

Using the same methods as used for S’kl, we obtain:

. n°K’, nl=2w
P(|Sk2 — Ska| > Cn™) < O(n nr_w; )+ O(nexp(— e )
K4 1—éf€
+OM=2Y9Y 4 O(nexp(— ). (2.30)

nd—as

2
Ky?q
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We now proceed to Sgs. As in Li et al. (2012b), we define:

Sis = [n(n = 1)(n =217 > [1Za — ZllY; = Yl + | Zir. — Zul|Y; — Vi

i<j<l
+ | Zir — Zi||Ys = Vil + | Zie — Zji| |Yi = Y|

+ 1 Zu — Z||Ys = Y5 + 1 Zu — Za||Ys — Y] (2.31)

Note that 5’23 is a U-statistic. Using condition 3.4 and Yoshihara (1976), we can

control its bias: |E(S;5 — Sks)| = O(n~2). By equation (A.15) in Li et al. (2012h):

P(|Sks — Sis| > Cn™") < P(|Si5 — Ss| > Cn™") (2.32)

+ P(|8%, — Spa| > Cn ™). (2.33)

We have already dealt with (2.33), so we will proceed to (2.32). It suffices to deal
with the first term in (2.31), since the rest can be bounded similarly. Let H,;; =

| Zit — Zi||Y; = Y1l = (.. %o, - -, Ymax(ij)- We can then represent

n—2n—l—1n—j—I1

1 Ziu = ZpllV; =Yl =Y" > > Hiajirjur (2.34)

i<j<l =1 j=1 =1

Note that for fixed j,l, { H; 1 jitj+1},cz is @ Bernoulli shift process, whose cumulative

functional dependence measure is the same as (2.25). We can then write:

3

—2n—Il—-1n—j—1

P(] Hiijivin — E(Hiipjarin)]| > Cn’™)

=1 j=1 =1
n—2n—Il—1 n—j—l

Z P(] Z iitgiritt — B(Higpging)]| > Cn'™"). (2.35)
=1 j=1 i—1

Using condition 3.4, along with (2.28),(2.31),(2.32),(2.33),(2.35), and theorem 2 in
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Wu and Wu (2016), we obtain:

nKT® KT 1-2k
— = %9) 4+ O(n? exp(— n

N k 2
P(lSkg - Sk3| >Cn ) < O<n nToTkR m))

(2.36)

This gives us a bound for (2.16). For (2.17): [Ty — Ty Y| = ]%] and 715 is finite

by condition 3.4. Using this, we obtain:

P(|T; =Ty > Cn™) < P(|Ty — Ty| > |To|Cn™")

< P(|Ty — Ty| > CMn™) + P(|Ty| < M). (2.37)

We will deal with the first term in (2.37) and the second term can be handled
similarly. Using the definition of T 5, Ty and the decomposition we used in (2.29), it

suffices to analyze

P(|dcov(Ys,Y,) — deov(Yy, Y;)| > Cn™") (2.38)
and P(|dcov(Zy_v 4, Zi-14) — deov(Zy_14, Zo_1i)| > Cn"). (2.39)

For (2.38) and (2.39), note that for a > 0,b > 0 we have |\/a — V/b| = \/lg:% < |a\;gb|.

Using this, along with (2.37) and the methods used to bound T 1, we obtain:

. y B , nCK;,, ) nl—2x
PO =171 > On) < Ot oramis) + O exp(= =)
o 1-2k
FOM ) O exp(— ). (240)

7)}1/2*‘1“/2
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By (2.28),(2.30),(2.36),(2.40), we obtain:

TI T, B ) nCK;"r ) nl—2r
P(l—— =] > <O *————=)+ 0 —
(7, = 71 > on™) < O i) + O expl =)
+O(n2m/2—j:’/2)+0(n2exp(— 2 )
9,9
nLKT KT 1-2k
+ O(n* —="21) + O(n* exp(— n (2.41)

o))
KZ2,K3,

nToTk

The other terms in (2.12) deal with the conditioning vectors C;, and we need to
account for the maximum dimension of the conditioning vectors max;[dim(C;)] =
t,. This comes into effect when computing the cumulative functional dependence
measure. Recall that Ciq(4—1)«m, = Sk, and for analyzing the cumulative functional

dependence measure, we define
Sk,h(i) = {}/;717 s e 7}/;'7h7 Xifl,ka s 7Xifh+1,k} ) (242)

as the conditional vector of the h'" lag of series k at time i. Additionally recall that

la|, stands for the Euclidean norm of @ € R?. Assume dim(Sy,) = t, and ¢ = r, we
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therefore have:
o0

3 (||rsk,h<z'> = St Dl Senli) = Senli + Dl (2.43)

i=m

1S (0) = Sl + e dSEn (D) = Stali+ )l |q/z)

< D Skn(@) = Skl + DleallalllSkn (@) = Skni + ), = 1S540 = Siali+ Dleallg

+ 3 MSEAE) = Sinli + DlealallISkn() = Skni + Dlew = 1S4 () = Sinli + Dl

< MISkw (i) = Skn(i + 3) e gl Skn (@) — Spp(@)]en + Skn (@ + ) — Spp(i + 5)ellg
Y 1871 (1) = St i+ D)l [1Skn (D) = St (e + 1Skn (i + 5) = St i+ )leallg

< tu(Dog(y) + Prg(@)).

To explain the last inequality, we analyze the term:

> 1Skn () = Sin()ellg = st}ch —Sia® 55

< (ta/2)'(D04(y) + Pog(@)). (2.44)

Where the last inequality follows from Minkowski’s inequality and the definition of

Sk.n(1). Using this, the rest of the terms in (2.12) can be handled as done previously.

We now show the bounds obtained using a Rosenthal type inequality. We follow

the same steps as previously, and it suffices to consider (2.32). As before we focus on
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the following term

n—2n—Il—1n—j—1

Z | Zir, — jk”Y Y] = Hiitjitjti- (2.45)

1<j<l =1 j= i=1

—_

Let Q = [(n— 1)(n — 2)]7 ' 317 Z?;{fl SV Hyijivsu- Then by Markov's in-

equality we obtain:

Q— E(Q)I7
P(Q ~ B(Q)| > en'™) < 19~ EIDIE (2.16)
Then using Minkowski’s inequality, we obtain:
1Q = E@)l- < 1Y Hiirie2 — E(Hii1,i00)|l-- (2.47)
i=1

As we stated previously, for fixed 7,1, {H;;+jit+j+i},o= 15 a Bernoulli shift process

€2
whose cumulative functional dependence measure is the same as (2.25). By theorem

1 in Liu et al. (2013), we have:

| Z Hiivrive — E(Hiiyriv2)llr < O, Ky gn?). (2.48)

Combining the above with (2.47), we obtain:

K7, K] n®
P(|Q — E(Q)| > en' ") < O(—221_), (2.49)

nToTk

By repeating the same techniques we obtain:

. . Kg ni KI K7 n® KT, ni
P(lor —wi| > con™) < O(—5=——F%) + O(———) + O(—

nda/2—qx/2 nToTk nr/ern/Q)'

(2.50)
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For simplicity we assume r = ¢, and we now compare the above result to (2.41), which
was obtained using Nagaev type inequalities. Note that when ¢ = r the above bound
is of the order O(n"/4="%/2). Using Nagaev type inequalities leads to the bound at
most O(n"/277%/2=3) Therefore, when r < 12, (2.50) provides a better bound. When
r > 12, the comparison depends on the values of p, ¢, which are related to the de-
pendence of the covariate and response processes. Applying the union bound gives

us the desired result.

pr— pr| < 221} On the set A, by condition 3.1,

For part (iv), let A,, = {maxyea,
we have:

k] = |kl = 1k = p| = exn™ /2, Yk € M. (2.51)

Hence by our choice of v,, we obtain P (./\/l* C /\;l«,n> > P(A,). By applying part

(1), the result follows.

For part(i), we first define the predictive dependence measure introduced by Wu
(2005). The predictive dependence measure for a univariate process and multivariate

processes is defined respectively as:

0q(yi) = |IE (yil Fo) = E (il F-1) [l

04(Zi;) = ||E (Zi;|Ho) — E (Zij|H-1) [lo- (2.52)

With the cumulative predictive dependence measures defined as:

o0

Oa() = max Y"5,(Z:), and O, (€) = 3 5y(e) (2.53)
= i=0 i=0



139

—2
We follow the steps of the proof of part (iii). For |dcor (Y;, Z;_1x) —dcor®(Yy, Zy14)|,

it suffices to provide a bound for (2.35). Note that for fixed j, [, we have:

sup ¢~ (%= +%) Z Oy(Hyitjivjt) < supq @+ Z Oq(Hiitji+j+t)
=4 i=1 =4 i=1

< sup CI_(&ZJde)Ao,q(y)(I)o,q(m) < 09, (2.54)

q=>4

where the first inequality follows from theorem 1 in Wu (2005), and the last inequality

follows from condition 3.3. Using the above we have by theorem 3 in Wu and Wu

(235)5;c><n2@q)(—7ﬂﬂ_ﬁ>¢>. (2.55)

We now provide a bound for (2.38) in a similar way. Let S;;; = |Y; = Yj||Y; = Y| =

(2016):

il €05, emax(ij). We then have:

e} o
sup g~ Z 04(Siijitivt) < Slilz q Z Og(Shijiti+i)
q=

q=4 i=1 i=1

<supq *A] (y) < oo. (2.56)
q>4

Then by theorem 3 in Wu and Wu (2016):

n—2 n—Il—1 n—j—l

P(] Z (Siitgititt — E(Siiyjirip))l > Cn'™)

=1 j=1 i=1
) nl/2—x @
<O ([ n“exp (— 72 ) . (2.57)

A similar result holds for (2.39). Following the steps in the proof of part (iii), and
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using the results above we obtain:

nl/2—x\ @
P(max |w, — wg| > con™) < p, {O(n2 exp (— ) )

J<pn 'Ug
n1/27,‘€ b
+ O(n?exp <— > )
U, Uy
1/2—k\ ¢
2 n
+ O(n” exp (— 02 > )}

The proof for part (ii) is similar to the proof for part (iv) and we omit its details. [

Proof of Theorem /.

For simplicity we only prove part (i), and the proof for part (iii) follows similarly.
Let @ = (@1,...,&p,), Where &y = m(Yt, Zy_1.4;Cy). We will work on the following

set,
A, = {max & — wy| < D~
n k<pn k kl > 9 .

The main difference in the proof for this procedure vs. PDC-SIS lies in the randomness
which results from estimating the conditional sets at each lag level. We claim that on
the set A, C = C. To see this, note that on the first lag level: maxg<,, | —wi| <
Sn~", which implies U = UM. Now due to UM = UM, we have éj = C; for
ke m,+1,...,2m,, which implies &, = @, for kK € m,, +1,...,2m,. Continuing

this argument we see that on the set A, we have C = C, and therefore & = &. The

result then follows from the results in theorem 1. ]
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2.12 Appendix D: Tables for Section 2.5

Tables 2.10-2.13 provide more detailed results of the simulations in section 5.1.
As stated in our main paper, tables 2.10-2.13 report the median minimum model
size needed to include all the relevant predictors, as well as the median rank of the

significant covariates for each procedure.



Table 2.10: Model 1

Gaussian, p, = 1500

MMS | Xi 10 | Xe1p | Xz | Xoowa | Xeas | Xeoue
PDC-SIS 7 6 3 2 2 3 5
DC-SIS 11 7 3.5 2 2 3 5.5
NIS 11 6 3 2 2 3 6
SIS 10 6 3 2 2 3 6
GLSS 6 5 3 2 2 3 5

Gaussian, p,, = 4500

MMS | Xi 10 | Xeap | Xeoas | Xoowa | Xeas | Xeoue
PDC-SIS | 11 5 3 3 3 3 5
DC-SIS 19 6 3 3 3 3 6
NIS 16 6 3 3 3 3 6
SIS 13 5 3 2.5 3 3 6
GLSS 6 5 3 2 2 3 5

ts, p, = 1500

MMS | Xy 10 | Xic1o | Xec1s | Xooaa | Xoois | Xiag
PDC-SIS | 13 5 3 3 3 3 5
DC-SIS 20 6 4 3 3 3 6
NIS 33 7 4 3 3 3 6
SIS 21.5 6 3 3 3 3 5
GLSS 6 5 3 2 2 3 5

ts, pn, = 4500

MMS | Xy 11 | Ximio | Xicig | Xicra | Xio1s | Xicag
PDC-SIS | 36.5 7 4 2 2 3 5
DC-SIS 68 10.5 4 2 3 3 7
NIS 114 16.5 4 2 3 4 9
SIS 66.5 10.5 4 3 3 4 7
GLSS 7 5 3 2 2 3 5
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Table 2.11: Model 2

Gaussian p,=1500

MMS | X; 11 | Xe o1 | X1 | Xioo
PDC-SIS 61 1 40.5 2 5)
DC-SIS 488 1 488 2 3

NIS 488 1 488 2 3

SIS 343.5 1 341.5 2 3

GLSS 179.5 1 160.5 2 6.5
Gaussian p,,=4500

MMS | Xi 11 | Xeo1 | X1 | Xioo
PDC-SIS | 149 1 141 2 4
DC-SIS 1051 1 1051 2 3

NIS 861 1 861 2 3

SIS 722 1 722 2 3

GLSS 592 1 412.5 2 8
t5 p,=1500

NIMS [ X;11 | Koo | Xiova | Xi2o
PDC-SIS | 79.5 1 57.5 2 5
DC-SIS | 408.5 1 408.5 2 3

NIS 513.5 1 492 2 4

SIS 447 1 440 2 4

GLSS 450.5 1 330.5 2 22
ts p,=4500

MMS | Xy 11 | Xiog | X1 | Xioo
PDC-SIS | 275.5 1 239.5 2 5
DC-SIS | 951.5 1 951.5 2 3
NIS 1100.5 1 984 2 4

SIS 905 1 859.5 2 3
GLSS 1386.5 1 995 2 18.5
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Table 2.12: Model 3

Gaussian, p, = 1500
MMS | Xi 11 | Xpo1 | X1 | Xioo | Xi13 | Xi1a
PDC-SIS 29 2 4 4 3 7 11
DC-SIS 112 8 4.5 8 4 19 34.5
NIS 119.5 8 4 8 3 18 48.5
SIS 100.5 7 4 7 3 16 42
GLSS 813 14.5 164 | 535.5 13 2 18
Gaussian, p,, = 4500
MMS | X; 11 | Xpo1 | Xe1o | Xpop | X1z | Xi1a
PDC-SIS | 78.5 3 4 3.5 2 10 20
DC-SIS 337 15 6.5 10 3 19 34.5
NIS 309 14 6 9 3 39 137
SIS 281 11.5 5 8 2 31 130
GLSS | 2325.5 | 30.5 364 | 1709.5 | 36.5 2 73.5
ts, p, = 1500
MMS | Xy 11 | Xeon | X1 | Xioo | Xp13 | Xi1a
PDC-SIS | 43 3 3.5 4 3 6.5 16
DC-SIS 114 8 5 9 4 16 64.5
NIS 167 9 4 11 4 15 51
SIS 166.5 8 4 10 4 18.5 71
GLSS 969.5 42 202 453 60.5 3 44
ts, p, = 4500
MMS | Xy 10 | Xiog | Xec1o | Xeoo | Xp13 | Xi14
PDC-SIS | 78 2 5 4 3 11 24.5
DC-SIS | 301.5 | 14.5 8 11.5 4 33 113.5
NIS 436.5 | 14.5 8 14 4 33.5 124
SIS 438 13 7 13 4 33 149.5
GLSS 3008 | 85.5 690 1362 | 99.5 9 117.5




Table 2.13: Model 4

Gaussian, p, = 1500

MMS | Xi 11 | Xpo1 | X1 | Xiop | Xi13 | Xio3
PDC-SIS | 42 5 5 3 2 20 10
DC-SIS | 306.5 | 114.5 53 64 22.5 | 162.5 73
NIS 275 | 105.5 47 46 16 149 80
SIS 234.5 95 42 41 15 129.5 72.5
GLSS 800.5 1 12 5.5 10 552.5 103
Gaussian, p,, = 4500
MMS | Xi 11 | Xeo1 | X1 | Xiop | Xiaz | Xiog
PDC-SIS | 100.5 8 6 4 2 33 16
DC-SIS | 842.5 | 338 144 148 53 350 181
NIS 704 | 255.5 | 104.5 119 38 322 158
SIS 588 224 95.5 | 103.5 35 307 142
GLSS 2214 1 29 13.5 22 1490.5 | 291.5
ts, p, = 1500
MMS | Xy 1 | Xoon | X1 | Xioo | Xp13 | Xiog3
PDC-SIS | 51 4 5 5 4 19 9
DC-SIS 306 | 108.5 | 54.5 75 34.5 132 59
NIS 328 90.5 39 70 27 136 61
SIS 265 79.5 33 62.5 24.5 133 57
GLSS 891.5 3 48.5 47.5 43 476 162
ts, pp, = 4500
MMS | X 11 | Xi—on | Xecio | Xeoo | Xoi3 | Xi—a3
PDC-SIS | 104 8 8 4 3 33 18.5
DC-SIS | 814.5 322 157 | 155.5 | 61.5 395 196
NIS 851.5 283 139.5 144 54.5 418.5 181
SIS 761 249 120 120.5 46 372 181
GLSS | 2843.5 5 137 81 80 1760 | 554.5
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Chapter 3

Variable Selection for Linear High Dimensional Time Series

Models

This chapter is based on the article Yousuf (2018) with the title "Variable Screen-
ing for High Dimensional Time Series", authored by Kashif Yousuf. It is published

in the Electronic Journal of Statistics.

3.1 Introduction

With the advancement of data acquisition technology, high dimensionality is a
characteristic of data being collected in fields as diverse as health sciences, genomics,
neuroscience, astronomy, finance, and macroeconomics. Applications where we have a
large number of predictors for a relatively small number of observations are becoming
increasingly common. For example, in disease classification we usually have thousands
of variables, such as expression of genes, which are collected, while the sample size
is usually in the tens. Other examples include fMRI data, where the number of
voxels can number in the thousands and far outnumber the observations. For an
overview of high dimensionality in economics and finance, see Fan et al. (2011b). For

the biological sciences, see Fan and Ren (2006); Bickel et al. (2009a) and references
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therein. The main goals in these situations according to Bickel (2008) are:
e To construct as effective a method as possible to predict future observations.

e To gain insight into the relationship between features and response for scientific

purposes, as well as hopefully, to construct an improved prediction method.

More formally we are dealing with the case where

y=XpB+e€ (3.1)
with y = (Y1,...,Y,)" being an n-vector of responses, X = (1,...,x,)" being an
n X p, random design matrix, and € = (e, ... ,en)T is a random vector of errors.

In addition, when the dimensionality of the predictors (p,) is large we usually make
the assumption that the underlying coefficient vector (3) is sparse. Sparsity is a
characteristic that is frequently found in many scientific applications Fan and Lv
(2008),Johnstone (2009). For example, in disease classification it is usually the case
that only a small amount of genes are relevant to predicting the outcome.

Indeed, there are a wealth of theoretical results and methods that are devoted
to this issue. Our primary focus is on screening procedures. Sure Independence
Screening (SIS) as originally introduced in Fan and Lv (2008), was applicable to
the linear model, and is based on a ranking of the absolute values of the marginal
correlations of the predictors with the response. This method allows one to deal
with situations in which the number of predictors is of an exponential order of the
number of observations, which they termed as ultrahigh dimensionality. Further
work on the topic has expanded the procedure to cover the case of generalized linear
models Fan and Song (2010), non-parametric additive models Fan et al. (2011a), Cox

proportional hazards model Fan et al. (2010), single index hazard rate models Gorst-
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Rasmussen and Scheike (2013), and varying coefficient models Fan et al. (2014).
Model-free screening methods have also been developed. For example; screening
using distance correlation was analyzed in Li et al. (2012b), a martingale difference
correlation approach was introduced in Shao and Zhang (2014), additional works
include Zhu et al. (2011), Huang and Zhu (2016) among others. For an overview of
works related to screening procedures, one can consult Liu et al. (2015). The main
result introduced with these methods is that, under appropriate conditions, we can
reduce the predictor dimension from size p,, = O (exp (n%)), for some o < 1, to a size
d,, while retaining all the relevant predictors with probability approaching 1.

Another widely used class of methods is based on the penalized least squares ap-
proach. An overview of these methods is provided in Fan and Lv (2010) and Bickel
et al. (2009a). Examples of methods in this class are the Lasso Tibshirani (1996),
and the adaptive Lasso Zou (2006a). Various theoretical results have been discov-
ered for these class of methods. They broadly fall into analyzing the prediction error
|X (5 — B)|2, parameter estimation error |3 — 8|1, model selection consistency, as
well as limiting distributions of the estimated parameters (see Buhlmann and Van de
Geer (2011) for a comprehensive summary). Using screening procedures in conjunc-
tion with penalized least squares methods, such as the adaptive Lasso, presents a
powerful tool for variable selection. Variable screening can allow us to quickly reduce
the parameter dimension p,, significantly, which weakens the assumptions needed for
model selection consistency of the adaptive Lasso Huang et al. (2008); Medeiros and
Mendes (2016).

A key limitation of the results obtained for screening methods, is the assumption
of independent observations. In addition, it is usually assumed that the covariates
and the errors are sub-Gaussian (or sub-exponential). However, there are many exam-

ples of real world data where these assumptions are violated. Data which is observed
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over time and/or space such as meteorological data, longitudinal data, economic and
financial time series frequently exhibit covariates and/or errors which are serially cor-
related. One specific example is the case of fMRI time series, where there can exist
a complicated spatial-temporal dependence structure in the errors and the covariates
(see Worsley et al. (2002)). Another example is in forecasting macroeconomic indi-
cators such as GDP or inflation rate, where we have large number of macroeconomic
and financial time series, along with their lags, as possible covariates. Examples of
heavy tailed and dependent errors and covariates can be found most prominently in
financial, insurance and macroeconomic data.

These examples stress why it is extremely important for variable selection meth-
ods to be capable of handling scenarios where the assumption of independent sub-
Gaussian (or sub-exponential) observations is violated. Some works related to this
goal for the Lasso include Wang et al. (2007), which extended the Lasso to jointly
model the autoregressive structure of the errors as well as the covariates. However,
their method is applicable only to the case where p, < n, and they assume an au-
toregressive structure where the order of the process is known. Whereas Wu and
Wu (2016) studied the theoretical properties of the Lasso assuming a fixed design in
the case of heavy tailed and dependent errors. Additionally 7, and Kock and Callot
(2015) investigated theoretical properties of the Lasso for high-dimensional Gaussian
processes. Most recently Medeiros and Mendes (2016) analyzed the adaptive Lasso
for high dimensional time series while allowing for both heavy tailed covariate and
errors processes, with the additional assumption that the error process is a martingale
difference sequence.

Some works related to this goal for screening methods include Li et al. (2012a),
which allows for heavy tailed errors and covariates. Additionally Chang et al. (2013),

Wu et al. (2014), and Zhu et al. (2011) also relax the Gaussian assumption, with the
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first two requiring the tails of the covariates and the response to be exponentially
light, while the latter allows for heavy tailed errors provided the covariates are sub-
exponential. Although these works relax the moment and distributional assumptions
on the covariates and the response, they still remain in the framework of independent
observations. A few works have dealt with correlated observations in the context of
longitudinal data (see Cheng et al. (2014),Xu et al. (2014)). However, the dependence
structure of longitudinal data is too restrictive to cover the type of dependence present
in most time series. Most recently Chen et al. (2017) proposed a non-parametric ker-
nel smoothing screening method applicable to time series data. In their work they
assume a sub-exponential response, covariates that are bounded and have a density,
as well as assuming the sequence {(Y;,x;)} is strong mixing, with the additional as-
sumption that the strong mixing coefficients decay geometrically. These assumptions
can be quite restrictive; they exclude, for example, heavy tailed time series, and dis-
crete valued time series which are common in fields such as macroeconomics, finance,
neuroscience, amongst others Davis et al. (2016a).

In this work, we study the theoretical properties of SIS for the linear model with
dependent and/or heavy tailed covariates and errors. This allows us to substantially
increase the number of situations in which SIS can be applied. However, one of
the drawbacks to using SIS in a time series setting is that the temporal dependence
structure between observations is ignored. In an attempt to correct this, we introduce
a generalized least squares screening (GLSS) procedure, which utilizes this additional
information when estimating the marginal effect of each covariate. By using GLS
to estimate the marginal regression coefficient for each covariate, as opposed to OLS
used in SIS, we correct for the effects of serial correlation. Our simulation results show
the effectiveness of GLSS over SIS, is most pronounced when we have strong levels

of serial correlation and weak signals. Using the adaptive Lasso as a second stage
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estimator after applying the above screening procedures is also analyzed. Probability
bounds for our combined two stage estimator being sign consistent are provided, along
with comparisons between our two stage estimator and the adaptive Lasso as a stand
alone procedure.

Compared to previous work, we place no restrictions on the distribution of the
covariate and error processes besides existence of a certain number of finite moments.
In order to quantify dependence, we rely on the functional dependence measure frame-
work introduced by Wu (2005), rather than the usual strong mixing coefficients. Com-
parisons between functional dependence measures and strong mixing assumptions are
discussed in section 3.2. For both GLSS and SIS, we present the sure screening prop-
erties and show the range of p, can vary from the high dimensional case, where p,
is a power of n, to the ultrahigh dimensional case discussed in Fan and Lv (2008).
We detail how the range of p, and the sure screening properties are affected by the
strength of dependence and the moment conditions of the errors and covariates, the
strength of the underlying signal, and the sparsity level, amongst other factors.

The rest of the paper is organized as follows: Section 3.2 reviews the functional and
predictive dependence measures which will allow us to characterize the dependence
in the covariate (x;,7 = 1,...,n) and error processes. We also discuss the assumptions
placed on structure of the covariate and error processes; these assumptions are very
mild, allowing us to represent a wide variety of stochastic processes which arise in
practice. Section 3.3 presents the sure screening properties of SIS under a range of
settings. Section 3.4 introduces the GLSS procedure and presents its sure screening
properties. Combining these screening procedures with the adaptive Lasso will dis-
cussed in Section 3.5. Section 3.6 covers simulation results, while section 3.7 discusses
an application to forecasting the US inflation rate. Lastly, concluding remarks are in

Section 3.8, and the proofs for all the results follow in the appendix.
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3.2 Preliminaries

We shall assume the error sequence is a strictly stationary, ergodic process with

the following form:

€ =g ( .61, €i) (32)

Where g(-) is a real valued measurable function, and e; are iid random variables.
This representation includes a very wide range of stochastic processes such as lin-
ear processes, their non-linear transforms, Volterra processes, Markov chain models,
non-linear autoregressive models such as threshold auto-regressive (TAR), bilinear,
GARCH models, among others (for more details see Wu (2011),Wu (2005)). This
representation allows us to use the functional and predictive dependence measures
introduced in Wu (2005). The functional dependence measure for the error process
is defined as the following:

Sy(€) = llei = g (F) lg = (Blei — g (F7) 1)1 (3.3)

7

where F = (..., e_1,¢€g,€1,...,€;) with ef, e;,j € Z being iid. Since we are replacing
ep by ej, we can think of this as measuring the dependency of ¢; on ey as we are
keeping all other inputs the same. The cumulative functional dependence measure is

defined as A, ;(€) = >~ 9,(¢;). We assume weak dependence of the form:

Ao, (€) = Zéq(ei) < 00 (3.4)

The predictive dependence measure is related to the functional dependence measure,
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and is defined as the following:
0q(er) = [|E (et Fo) — E (& F-1) [lg = [[Poeillq (3.5)

where F; = (...,e_1,€ep,€1,...,6¢;) with e;,7 € Z being iid. The cumulative predictive
dependence measure is defined as ©,(e) = > ;7 0,(¢;), and by Theorem 1 in Wu
(2005) we obtain ©,(€) < Ag,(€).

Similarly the covariate process is of the form:

z" =h ( o™, n§")> (3.6)

Where ni(n) € RPr, i € Z, are iid random vectors, h(+) = (hi(:)..., hy,(+)), a;gn) =
(Xi1, ...y Xip, ) and X;; = hj(...,ni(ﬁ)l,ni(n)). The superscript (n) denotes that the di-
mension of vectors is a function of n, however for presentational clarity we suppress the
superscript (n) from here on and use ; and n; instead. Let H = (..., m_1, M, M1, - -, ;).
As before the functional dependence measure is §,(X;;) = || Xi; — hj (H}) ||, and the

cumulative dependence measure for the covariate process is defined as:

o0

D, () =) maxd,(X;;) < oo (3.7)

4 J<pn
=m

The representations (3.2), and (3.6), along with the functional and predictive de-
pendence measures have been used in various works including Wu and Pourahmadi
(2009),Xiao and Wu (2012), and Wu and Wu (2016) amongst others. Compared to
strong mixing conditions, which are often difficult to verify, the above dependence
measures are easier to interpret and compute since they are related to the data gen-
erating mechanism of the underlying process Wu (2011). In many cases using the

functional dependence measure also requires less stringent assumptions. For exam-
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ple, consider the case of a linear process, ¢ = Z;’io fiei—;, with e; iid. Sufficient
conditions for a linear process to be strong mixing involve: the density function of
the innovations (e;) being of bounded variation, restrictive assumptions on the de-
cay rate of the coeflicients (f;), and invertibility of the process (see Theorem 14.9
in Davidson (1994) for details). Additional conditions are needed to ensure strong
mixing if the innovations for the linear process are dependent Doukhan (1994).

As a result many simple processes can be shown to be non-strong mixing. A
prominent example involves an AR(1) model with iid Bernoulli (1/2) innovations:
€; = pei_1 + e; is non-strong mixing if p € (0,1/2] Andrews (1984). These cases
can be handled quite easily in our framework, since we are not placing distributional
assumptions on the innovations, e;, such as the existence of a density. For linear
processes with iid innovations, representation (3.2) clearly holds and (3.4) is satisfied
if Z;io |fj| < oo. For dependent innovations, suppose we have: e; = h(...,a,_1, a;),
where h(-) is a real valued measurable function and a;,7 € Z, are iid. Then ¢; =
Y=o fiei-j, has a causal representation, and satisfies (3.4) if: 2%, d,(e;) < oo, and

> oo [ fil < 0o (see Wu and Min (2005)).

3.3 SIS with Dependent Observations

Sure Independence Screening, as introduced by Fan and Lv Fan and Lv (2008), is
a method of variable screening based on ranking the magnitudes of the p, marginal
regression estimates. Under appropriate conditions, this simple procedure is shown

to possess the sure screening property. The method is as follows, let:

p=(p1,- . pp.), where p; = O X2) 'O XyYh) (3.8)
t=1 t=1
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Therefore, p; is the OLS estimate of the linear projection of ¥; onto X;;. Now let
M, ={1<i<p,: 0 #0} (3.9)

and let |[M,| = s, << n be the size of the true sparse model. We then sort the

elements of p by their magnitudes. For any given ~,,, define a sub-model

~

Mo, ={1<i <po:|pi] = ) (3.10)

and let |/\;l%| = d, be the size of the selected model. The sure screening property

states that for an appropriate choice of ~,,, we have P (M* C /\>l%> — 1.

Throughout this paper let: Y; = >0 X4, 0 + €, ¢ = (X1, ..., Xpp,), & = cov(my),
and X} be k™ column of X. In addition, we assume Var(Y;),Var(X;;) = O(1),
V3 < pn. Note that x; can contain lagged values of Y;. Additionally, let p; =
(B(X7)'B(Xy;Y,), and M, = {1 <i < p: |p| >} Foravectora = (ai, ..., an),
sgn(a) denotes its sign vector, with the convention that sgn(0) = 0, and |a|}) =
Yoy ]ailP. For a square matrix A, let Apin(A) and Apax(A), denote the minimum
eigenvalue, and maximum eigenvalue respectively. For any matrix A, let || Al|o, and
||Al|2 denote the maximum absolute row sum of A, and the spectral norm of A
respectively. Lastly we will use C, c to denote generic positive constants which can

change between instances.

3.3.1 SIS with dependent, heavy tailed covariates and errors

To establish sure screening properties, we need the following conditions:
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Condition A: |py| > eyn~" for k € M,, k < 1/2

Condition B: E(¢;), E(Xy)), E(Xije) = 0 V5, ¢t

Condition C: Assume the error and the covariate processes have representations
(3.2), and (3.6) respectively. Additionally, we assume the following decay rates
D, () = O(m™ ), Ay q(€) = O(m™), for some oy, e > 0, ¢ > 2,7 > 4 and

T = > 2.

pas
Condition A is standard in screening procedures, and it assumes the marginal
signals of the active predictors cannot be too small. Condition B assumes the covari-
ates and the errors are contemporaneously uncorrelated. This is significantly weaker
than independence between the error sequence and the covariates usually assumed.
Condition C presents the structure, dependence and moment conditions on the covari-
ate and error processes. Notice that higher values of a,, a, indicate weaker temporal
dependence.

Examples of error and covariate processes which satisfy Condition C are: If ¢;
is a linear process, ¢; = > =~ fie;—; with e; iid and > 72 [f;| < oo then d,(e;) =
|fillleo — edllq- If fi = O@iP) for B8 > 1 we have A,,, = O(m™1) and a. = 8 — 1.
We have a geometric decay rate in the cumulative functional dependence measure,
if €; satisfies the geometric moment contraction (GMC) condition, see Shao and Wu
(2007). Conditions needed for a process to satisfy the GMC condition are given in
Theorem 5.1 of Shao and Wu (2007). Examples of processes satisfying the GMC
condition include stationary, causal finite order ARMA, GARCH, ARMA-GARCH,
bilinear, and threshold autoregressive processes, amongst others (see Wu (2011) for

details).
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For the covariate process, if we assume x; is a vector linear process: x; =
Yoo Aimizi. Where A; are p, x p, coefficient matrices and 1; = (71, ..., 7ip,) are
iid random vectors with cov(n;) = X,. For simplicity, assume 7, ;(j = 1,...,p,) are

identically distributed, then
0q(Xi5) = [[Aigmo — Aijmolle < 2[4 ;[ Im0alq (3.11)

where A;; is the j” column of A;. If ||Ai]lc = O@P) for 8 > 1, then ®,,, =
O(m=P+1).

In particular for stable VAR(1) processes,
T = Bixi_1+ 1, oy y() = O(]|Amax(B)1]™) Chen et al. (2013). For stable VAR(k)
processes, x; = Zle Bix;_; + 1y, we can rewrite this as a VAR(1) process, &, =

Bi&,_1 + 7y, with:

T B,y - Bi_1 By Ur
T - I e 0 0 0
g=| Bi=|" T (3.12)
_wt_k—’_l- kpx1 0 o Ipn 0 kpxkp —0- kpx1

And by section 11.3.2 in Liitkepohl (2005), the process &, is stable if and only if
x, is stable. Therefore if B is diagonalizable, we have ®,,,(x) = O(a™), where a
represents the largest eigenvalue in magnitude of B;. And by the stability of @, a €
(0,1). Additional examples of error and covariate processes which satisfy Condition
C are given in Wu and Pourahmadi (2009) and Wu and Wu (2016) respectively.

Define o = min(ay, ) and let w = 1if a, > 1/2—2/r, otherwise w = r/4—a,r/2.

Let ©+ = 1if o > 1/2 — 1/7, otherwise ¢+ = 7/2 — 7. Additionally, let K., =
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supmzo(m + 1) A, 4(€) and K,, = max;<,, supmzo(m + 1) 3% 6.(Xi;). Given

i=m T

Condition C, it follows that K. ,, K, < co. For ease of presentation we let:

snn‘”Kg’;m nLK;,rK;q nl—Qn n1—2n
= fsyrr T e TP g ) e T ) B9

67q

The following theorem gives the sure screening properties, and provides a bound

on the size of the selected model:
Theorem 6. Suppose Conditions A,B,C hold.

(1) For any cy > 0, we have:

P (max ‘,5] - pj] > CQTLH) < O(pnﬁn>
J<pn

R

(i1) For 7y, = csn™" with c3 < ¢1/2, we have:

P <M* c M%) > 1~ O(s,0,)

K

(11i) For ~y, = csn™" with c3 < ¢1/2, we have:

P (IM5,] £ O A pas(2)) 2 1= O(pat)

In Theorem 6 we have two types of bounds, for large n the polynomial terms dom-

inate, whereas for small values of n the exponential terms dominate. The covariate

sn(n/sn)T/Q—M/Q .

nw 7 nL

dimension (p,) can be as large as o(min( )). The range of p, de-

pends on the dependence in both the covariate and the error processes, the strength
of the signal (), the moment condition, and the sparsity level (s,). If we assume

s, = O(1),r = ¢, and o > 1/2 — 2/r then p, = o(n"/>7"/271). For the case of iid
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errors and covariates, we would replace K ,, K. 4 in Theorem 6 with max;<p, || Xi;||,/2
and |||, respectively. Therefore for the case of weaker dependence in the covariate
and error processes (i.e. o, > 1/2 —2/r and a > 1/2 — 1/¢), our range for p, is
reduced only by a constant factor. However, our range for p,, is significantly reduced
in the case of stronger dependence in the error or covariate processes (i.e. either
a, < 1/2—=2/r or ae < 1/2—2/q). For instance if o, = c and ¢ = r, our range for

Py, is reduced by a factor of n™/4-r/2

in the case of stronger dependence.

In the iid setting, to achieve sure screening in the ultrahigh dimensional case, Fan
and Lv (2008) assumed the covariates and errors are jointly normally distributed.
Future works applicable to the linear model, such as Fan and Song (2010),Fan et al.
(2011a) among others, relaxed this Gaussian assumption, but generally assumed the
tails of the covariates and errors are exponentially light. Compared to the existing
results for iid observations, our moment conditions preclude us from dealing with
the ultrahigh dimensional case. However, our setting is far more general in that it
allows for dependent and heavy tailed covariates and errors. In addition, we allow

for the covariates and error processes to be dependent on each other, with the mild

restriction that E(X;je;) =0, V5 < p,.

3.3.2 Ultrahigh Dimensionality under dependence

It is possible to achieve the sure screening property in the ultrahigh dimensional
setting with dependent errors and covariates. However, we need to make stronger
assumptions on the moments of both the error and covariate processes. Until now we
have assumed the existence of a finite gth moment, which restricted the range of p to
a power of n. If the error and covariate processes are assumed to follow a stronger

moment condition, such as Ay, (€) < oo and ¢ ,(x) < oo for arbitrary ¢ > 0, we
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can achieve a much larger range of p,, which will cover the ultrahigh dimensional case

discussed in Fan and Lv (2008). More formally, we have:

Condition D: Assume the error and the covariate processes have representations
(3.2), and (3.6) respectively. Additionally assume v, = sup,, ¢~ ®gq(x) < co and

Ve = SUPy>y ¢~ * Agq(€) < 00, for some Gy, de > 0.

By Theorem 3 in Wu and Wu (2016), Condition D implies the tails of the covariate
and error processes are exponentially light. There are a wide range of processes which
satisfy the above condition. For example, if ¢; is a linear process: ¢; = 2;0:0 fiei—;
with e; iid and Y2, | fi| < oo then Ag (&) = |leo — €fllg Doiop |f1]- If we assume e is
sub-Gaussian, then @, = 1/2, since ||eo||, = O(,/q). Similarly if e; is sub-exponential
we have @, = 1. More generally, for ¢, = > 77 fjel ;, if e; is sub-exponential, we
have &, = p. Similar results hold for vector linear processes discussed previously.
Condition D is primarily a restriction on the rate at which ||¢;||,, max;<,,. ||.X;;llq
increase as ¢ — oo. We remark that, for any fixed ¢, we are not placing additional
assumptions on the temporal decay rate of the covariate and error processes besides
requiring Ag ,(€),Po4(x) < co. In comparison, in the ultrahigh dimensional setting,
Chen et al. (2017) requires geometrically decaying strong mixing coefficients, in addi-
tion to requiring sub-exponential tails for the response. As an example, if we assume
€ = Z;io fjei—;, geometrically decaying strong mixing coefficients would require the
coefficients, f;, to decay geometrically. Whereas in Condition D, the only restrictions

we place on the coefficients, f;, is absolute summability.

Theorem 7. Suppose Conditions A,B,D hold. Define &' = m, and & = 1+idx‘
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(i) For any ¢ > 0 we have:

nl/2—r\ &
p (Ijg%fm — pjl > can ”") <O | Sppn exp (— s, )
1/2-k\ &
—i—O(pnexp <_n ) >
(A
with c3 < ¢1/2, we have:
A nl/2—r\ @
P(M*CM%> >1-0 siexp(— 5 )
vZsy,
1/2-r\
—O(snexp (_n ) )
UZ‘U€

with c3 < ¢1/2, we have:

K

(i1) For ~y, = csn™

K

(i1i) For ~, = czn~

A . nl/2=r\ ¢
P <|M%] < O(n “)\max(z))> > 1= 0| supnexp <_ vis, )
1/2-r\ &
-0 (pn €xXp (_n ) )
Ve

From Theorem 7, we infer the covariate dimension (p,) can be as large as

o(min|[exp (%F) i /5n, exp(Cn/>~%)@1). As in Theorem 6, the range of p,, depends
on the dependence in both the covariate and the error processes, the strength of the
signal (k), the moment condition, and the sparsity level (s,). For the case of iid
covariates and errors, we would replace v, and v, with 1,/ = max;<p, || Xi]|/2 and
||€i||4 respectively. In contrast to Theorem 6, temporal dependence affects our range
of p, only by a constant factor.

If we assume s, = O(1), and both the covariate and error processes are sub-

Gaussian we obtain p, = o(exp(n” 3" )), while for sub-exponential distributions we
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obtain p, = o(exp(n 5")). In contrast, Fan and Lv Fan and Lv (2008), assuming

1728y " However, their

independent observations, allow for a larger range p,, = o(exp(n
work relied critically on the Gaussian assumption. Fan and Song Fan and Song
(2010), relax the Gaussian assumption by allowing for sub-exponential covariates and
errors, and our rates are similar to theirs up to a constant factor. Additionally, in our

work we relax the sub-exponential assumption, provided the tails of the covariates

and errors are exponentially light.

3.4 Generalized Least Squares Screening (GLSS)

Consider the marginal model:
Y, = Xupr + €tk (314)

where pi is the linear projection of y; onto Xy,. In SIS, we rank the magnitudes of
the OLS estimates of this projection. In a time series setting, if we are considering
the marginal model (3.14) it is likely the case that the marginal errors (e;;) will be
serially correlated. This holds even if we assume that the errors () in the full model
(3.1) are serially uncorrelated. A procedure which accounts for this serial correlation,

such as Generalized Least Squares (GLS), will provide a more efficient estimate of py.

We first motivate our method by considering a simple univariate model. Assume
Y; = 6X; + ¢ and the errors follow an AR(1) process, ¢, = pe_1 + 60, where 6,,
and X; are iid standard Gaussian. We set = .5, n = 200, and estimate the model
using both OLS and GLS for values of p ranging from .5 to .95. The mean absolute

errors for both procedures is plotted in figure 3.1. We observe that the performance
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Figure 3.1: GLS vs OLS error comparison for values of p between .5 and .95 incre-
menting by .05. Absolute error averaged over 200 replications.

of OLS steadily deteriorates for increasing values of p, while the performance of GLS
stays constant. This suggests that a screening procedure based on GLS estimates
will be most useful in situations where we have weak signals and high levels of serial
correlation.

The infeasible GLS estimate for py is:
B = (XS X)Xy (3.15)

Where X, is the k™ column of X, and ¥y = (7i_jx)1<ij<n is the auto-covariance
matrix of €¥ = (e 4,t = 1,...,n). Given that X; needs to be estimated to form our
GLS estimates, we use the banded autocovariance matrix estimator introduced in Wu

and Pourahmadi (2009), which is defined as:

Ykl = ('%—j,kﬂ\ifﬂgln)lg’jgn (3.16)



164

Where 1,, is our band length, 4, = L S2 e, 1,1, 4, with &5, =y, — Xipp, and py

is the OLS estimate of p;. Our GLS estimator is now:
B = (XS0, X0 ™ Xy (3.17)

When E(€*|X},) = 0, by the Gauss-Markov theorem it is clear that 5} is efficient
relative to the OLS estimator. Amemiya (1973) showed that under non-stochastic
regressors and appropriate conditions on the error process, a two stage sieve type GLS
estimator has the same limiting distribution as the infeasible GLS estimator 3. In
the appendix, we provide the appropriate conditions under which our GLS estimator,
B,ﬁ” , and the infeasible GLS estimate, B,ﬁ” , have the same asymptotic distribution.

For positive definite >, the banded estimate for ¥, is not guaranteed to be posi-
tive definite, however it is asymptotically positive definite (see Lemma 9). For small
samples, we can preserve positive definiteness by using the tapered estimate: Sk xRy,

where R;, is a positive definite kernel matrix, and * denotes coordinate-wise multi-

plication. For example, we can choose R, = (max(l — |il_nj L0))1<ij<n. We need the

following conditions for the sure screening property to hold:

Condition E: Assume the marginal error process, €, is a stationary AR(Ly) pro-

cess, € = ZZL:"I ai€_i + €. Where Ly < K < 00, Vk < p,.

Condition F: For k € M,, k < 1/2:

B = By — Yo i) (KXo — 1% aXoin) [(E(Xop — 205 aiXo—in)?) > con™.

Condition G: Assume E(Xy), E(e;), E(XIY'e) =0
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Condition H: Assume €., € are of the form (3.2), and the covariate process is of
the form (3.6). Additionally we assume the following decay rates A,, ,(€) = O(m™%),

Dy () = O(M™Y), Xy = Doy, MaX<p, Og(€:x) = O(m™), for some a,, a. > 0,

a = min(ay, a.), and ¢ = min(q,r) > 4.

Condition I: Assume ¢4, ¢ are of the form (3.2), and the covariate process is
of the form (3.6). Additionally assume v, = sup >, ¢~ * ®oq(x) < 00
Ve = SUP,>y ¢ %Ng,(€) < 00,0 = SUP,>4 G ¥Xo0,q < o0 for some a,, & > 0, and

© = max(Q., ;).

In Condition E, we can let the band length K diverge to infinity at a slow rate,
e.g O(log(n)), for simplicity we set K to be a constant. Assuming a finite order AR
model for the marginal error process is reasonable in most practical situations, since
any stationary process with a continuous spectral density function can be approxi-
mated arbitrarily closely by a finite order linear AR process (see corollary 4.4.2 in
Brockwell and Davis (1991)). For further details on linear AR approximations to
stationary processes, see Amemiya (1973) and Biihlmann (1995). We remark that
compared to previous works Amemiya (1973); Koreisha and Fang (2001), knowledge
about the structure of the marginal errors is not necessary in estimating )/, since
we use a non-parametric estimate of >;. Therefore Condition E is assumed strictly
for technical reasons.

For Condition F, from (3.14), we have 8} = py, iff E(e x — ZZL:kl ai€r—ig) (Xeg —
ZZL:’“l ;i X;—ix) = 0. When BM = p;, recall that:

Ly Ly Ly
B = E(y, — Z QiYi—i)(Xew — Z ;i Xy i)/ (E(Xpp — Z i Xi ix)?) (3.18)
i—1 i=1

i=1
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If we assume the cross covariance, vx, y (h), is proportional to E(X;,Y;), i.e. vx,v(h)
E(XyY:), for h € {—Lg,...,—1,1,..., Ly}, then M o pp whenever |3M| > 0.
And for |py] > 0, it is likely the case that B o< p; if we assume vx, y(h) o
E(XyY:), for h € {—Ly,...,—1,1,...,L.}. When BM # pi, we believe the ad-
vantage in using GLSS is due to the GLS estimator being robust to serial correlation
in the marginal error process (see the appendix for details).

For Condition H, since €, = Y, — Xy pi, we have €, = ri(. .., 0,1, 0;), where ry(+)
is a measurable function and 6, = (1, e;). If we assume e;, and m); are independent

for ¢ # t, then @, are iid. We then have:

Sg(erk) =I1 D Xubi + & — Xuwpr — (D XpiBi+ € — Xjupw)llo

i€M. i€M.
< Z |Bil0g (X1:) + 0 (1) + | pk|0g (Xir)

Therefore, X,y = O(m™), if we assume ..\, |Bi] = O(1), Ay q(€) = O(m™*),
and @, ,(x) = O(m ).
For GLSS; define M., = {1 <i<p,:|BM > %}, a = min(ag, a,),

T= 0T = (;’Tq;, =min(q/2,7). Let t = 1ifa > 1/2—1/7', otherwise : = 7'/2—7'«.

Let ¢ =1, if @« > 1/2 — 2/¢, otherwise ( = ¢'/4 — a¢'/2 and let w = 1, if a, >

1/2 = 2/r, otherwise w = r/4 — /2. Additionally, let K, = max;<,, sup,,>q(m +

1)y 00(Xyy), Keg = maxy<y, sUp,,so(m + 1)* 37 0y (€x). Given Condition

i=m T

H, it follows that K, ,, f(e,q/ < 00. For the case of exponentially light tails, we define
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2
1+4a,

and a = . Lastly, for ease of presentation let:

_ 2 -2
Y = 16,120 % = Trdp:

(3.19)

nT =Tk + nq’/Q—q’m/Q nr/2

[nLV’KT’ K7, nSllPRY,  pelPKRr ]
a, = ln n raxrfieq €,q z,r
12\ @ nl/2—r\ ¢ nl/2—r\ ?
bn = ln [exp <_lnvg) + exp <— lnvxgb ) + exp <—W) (320)

We first present the following lemma, which provides deviation bounds on ||y, —

Yk||2. This lemma, which is of independent interest, will allow us to obtain deviation

bounds on our GLSS estimates.
Lemma 9. Assume the band length, l,, = clog(n) for sufficiently large ¢ > 0.

(1) Assume Condition H holds. For k € [0,1/2) we have the following:

P(|[£h1, = Zill2 > en™) < O(ay)

(11) Assume Condition I holds. For r € [0,1/2) we have the following:

P(||Sk1, — Skl > en™) < O(by,)

The following theorem gives the sure screening properties of GLSS:
Theorem 8. Assume the band length, 1, = clog(n) for sufficiently large ¢ > 0.

(1) Assume Conditions E,F,G,H hold, for any ca > 0 we have:

P (ryxﬁ,ﬁ” — M| > @n‘"‘) < O(ppay)
JI=Pn
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(1) Assume Conditions E,F,G,H hold, then for ~, = csn™" with c5 < cg/2:

P (./\/l* C ./\;l%> >1—0(span)
(11i) Assume Conditions E,F,G,I hold, for any co > 0 we have:
P (x| 3 = 52 > can ™ ) < Ot
(iv) Assume Conditions E,F,G,I hold, then for ~, = csn™" with c5 < cg/2:

P (M. M,,) > 1= O(s,by)

In Lemma 9, the rate of decay also depends on the band length (I,). The band
length primarily depends on the decay rate of the autocovariances of the process €.
Since we are assuming an exponential decay rate, we can set [, = O(log(n)). If
Yir = O(i7P) for B > 1, then we require [,;”*1 = o(n™"). We omit the exponential
terms in the bounds for part part (i) of Lemma 9, and parts (i), and (ii) of Theorem
8 to conserve space and provide a cleaner result. For GLSS, the range for p, also
depends on the band length ([,), in addition to the moment conditions and the
strength of dependence in the covariate and error processes. For example, if we
assume r = ¢, and o > 1/2 — 2/r then p, = o(n”/Q_’"“/2_1/lZ/2+l). Compared to SIS,

2 We conjecture that this is due to our

we have a lower range of p,, by a factor of
proof strategy, which relies on using a deviation bound on ||$y;, — Xk ||2, and uses the
functional dependence measure, rather than autocorrelation, to quantify dependence.

In practice, we believe using GLSS, which corrects for serial correlation, and uses

an estimator with lower asymptotic variance will achieve better performance. We
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illustrate this in more detail in our simulations section, and in the appendix (section
3.9.2).

Similar to SIS, we can control the size of the model selected by GLSS. For the
case when M = p, Vk, the bound on the selected model size is the same as in SIS.
However, we need to place an additional assumption when M #£ p.: If the cross
covariance, vx, y(h) x E(XuY;), for h € {—Ly,...,—1,1,..., Ly}, we can bound

the selected model size by the model size selected by SIS. More formally we have:

Corollary 9. Assume the cross covariance, vx, y(h) < E(X.Y;), for

hE{—Lk,...,—l,l,...,Lk}

(1) Assume Conditions E,F,G,H hold, then for ~, = csn™" with c5 < cg/2:

P (1M, £ 0 Anea())) = 1= O(pya)

(11) Assume Conditions E,F,G,I hold, then for ~, = csn™" with c5 < cg/2:

P (1M, ] € O Aaa(2) ) = 1= O(piby)

3.5 Second Stage Selection with Adaptive Lasso

The adaptive Lasso, as introduced by Zou (2006a), is the solution to the following:

Pn

argming ||y — XB||* + M\ ij|ﬁj|, where w; = |37, (3.21)

j=1

and fr,; is our initial estimate. For sign consistency; when p,, >> n, the initial esti-

mates can be the marginal regression coefficients provided the design matrix satisfies
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the partial orthogonality condition as stated in Huang et al. (2008), or we can use
the Lasso as our initial estimator provided the restricted eigenvalue condition holds
(see Medeiros and Mendes (2016)). Both of these conditions can be stringent when
pn >> n. This makes the adaptive Lasso a very attractive option as a second stage
variable selection method, after using screening to significantly reduce the dimension

of the feature space. We have the following estimator:

dn
B, = argming, |y~ X, By, |7+ S wilflow = B, (322)

J=1

Where X M., denotes the n x d,, submatrix of X that is obtained by extracting its
columns corresponding to the indices in M%. We additionally define X, —accord-
ingly. Our initial estimator ﬁl = (Bm, cee B[’dn) is obtained using the Lasso. Let
)y My, = Xf/l% X, /n, and let Xy be its population counterpart. Our two stage
estimator, B A, is then formed by inserting zeroes corresponding to the covariates
which were excluded in the screening step, and inserting the adaptive Lasso esti-

mates, 3 A, for covariates which were selected by the screening step. We need the

following conditions for the combined two stage estimator to achieve sign consistency:

Condition J: The matrix ., satisfies the restricted eigenvalue condition,
2

RE(s,,3)(see Bickel et al. (2009b) for details):

v, v
. . T
= min min —=—2>c>0 3.23
%o SC{1,...d, },|S|<sn v#£0,jvge|<3lvg] vV T ’ (3.23)
where v = (vy,...,ve ) and vg = (v;,7 € S),vge = (v4,1 € 5°).

Condition K: Let A\, and A7, be the regularization parameters of the adaptive
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lasso and the initial lasso estimator respectively. For some ¢ € (0, 1), we assume:

Y
cnl’?(@):}/2 > A > \,n¥/? (3.24)
Sn
Condition L: Let [, = min<, |fi], and wpa.x = max;<g, w; > 0. Assume
AlLnSn
ﬁmin > %ax and ﬁmzn > 262)’0—2-

Condition J allows us to use the Lasso as our initial estimator. Notice that we placed
the RE(s,,3) assumption on the matrix X, 2 rather than the matrix 3 A, given
the indices in M% are random as a result of our screening procedure. Recall that
for SIS, Mo = {1<i<p:|p|>7./2}, and M| = d;, = O(d,), and for GLSS
we have a similar definition. Therefore, we are placing the RE(s,,,3) assumption on
the population covariance matrix of a fixed set of d, predictors. Conditions K and L
are standard assumptions, and are similar to the ones used in Medeiros and Mendes
(2016). Condition K primarily places restrictions on the rate of increase of \,, and
Arn. Condition L places a lower bound on the magnitude of the non-zero parameters
which decays with the sample size.

The next theorem deals with the two stage SIS-Adaptive Lasso estimator. A very
similar result applies to the two stage GLSS-Adaptive Lasso estimator, if we replace
Conditions A B,C (resp. D) with Conditions E,F,G,H (resp. I), to avoid repetition
we omit the result. For the following theorem, the terms ¢,w, K, ,, and K., have
been defined in the paragraph preceding Theorem 6, and &', & have been defined in

Theorem 7.

Theorem 10. (i) Assume Conditions A,B,C,J,K,L hold, then for ~, = csn™" with
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c3 < ¢1/2 we have:

) TLWK;JH nl—?m
Plsgn(Bya,,) = sgn(B)) 2 1= O\ supn | (o= = exp(= )
KT KT n1—2n
x,Tr €,q9
-0 (pn [W - eXp(_m)D

|
@)
N
ISH
S
| — |

n“ K, n
fsny? ~ PRt

nKG K Nl
oz TR )

|
@)
VR
ISH
=
| — |

(ii) Assume Conditions A,B,C,J,K,L hold, then for ~v, = csn™" with ¢35 < ¢1/2 we

have:

vis,
nl/2—x & / nl/2\ @
—O(py, - —O(d? -
(p eXP( o ) ) = O( nexp< vgsn) )
A, nt/21/2\
—O(d], exp (_n—)
Uz Ue

To achieve sign consistency for the case of finite polynomial moments we require:

r/2—TK/2 T—TK
)]

Condition M: Assume \,n%/?>7'/2 — oo and p, = o(min(

d = o(min((n/s,)/4=«/2, XTn™¥/27t))
For the case of exponential moments, we require:
Condition N: Assume \,n*/?>71/2 — oo,

o = ofmin(exp (C7)" /s, exp(Cnt/2))),

a/2 o
and d! = o(min(exp (%) , eXp ()\nnw/zflh) )
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From Conditions M, N, and Theorem 8, we see an additional benefit of using
the two stage selection procedure as opposed to using the adaptive Lasso as a stand
alone procedure. For example, if we assume d,, < n?* A, (X) = O(n), and that both
the error and covariate processes are sub-Gaussian, we obtain p, = o(exp(n' 3" )) for
the two stage estimator. By setting d, = p,, we obtain the result when using the
adaptive Lasso as a stand alone procedure, with the Lasso as its initial estimator.
Under the scenario detailed above, the dimension of the feature space, which depends
on A, and 9, for the stand alone adaptive Lasso can be at most p, = o(exp(né)).
Therefore for k < 1/4, we obtain a larger range for p, and a faster rate of decay using
the two stage estimator. For k > 1/4 it is not clear whether the two stage estimator
has a larger range for p,, compared to using the adaptive Lasso alone.

The sign consistency of the stand alone adaptive Lasso estimator in the time
series setting was established in Medeiros and Mendes (2016). Their result was ob-
tained under strong mixing assumptions on the covariate and error processes, with
the additional assumption that the error process is a martingale difference sequence.
Additionally, in the ultrahigh dimensional setting they require a geometric decay rate
on the strong mixing coefficients. In contrast, we obtain results for both the two
stage and stand alone adaptive lasso estimator, and our results are obtained using
the functional dependence measure framework. Besides assuming moment conditions,
we are not placing any additional assumptions on the temporal decay of the covariate
and error processes other than Ag,(€),P,(x) < oco. Furthermore, we weaken the
martingale difference assumption they place on the error process, thereby allowing
for serial correlation in the error process. Finally, by using Nagaev type inequalities
introduced in Wu and Wu (2016), our results are easier to interpret and also allow us

obtain a higher range for p,.
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3.6 Simulations

In this section, we evaluate the performance of SIS, GLSS, and the two stage
selection procedure using the adaptive Lasso. For GLSS instead of using the banded

estimate for ¥, we use a tapered estimate: ¥ x R, where Xy = (§i—jx)1<ij<n and

Ry, = (max(1 — ‘i;ﬂ,O))lgmgn is the triangular kernel. We fix [, = 15, and we ob-
served the results were fairly robust to the choice of [,,. In our simulated examples, we
fix n = 200, s,, = 6 and d,, = n — 1, while we vary p,, from 1000 to 5000. We repeat
each experiment 200 times. For screening procedures, we report the proportion of
times the true model is contained in our selected model. For the two stage procedure

using the adaptive Lasso, we report the proportion of times there was a A\, on the

solution path which selected the true model.

Case 1: Uncorrelated Features

Consider the model (3.1), for the covariate process we have:
Ty = Alwt_l + U (325)

Where A; = diag(7y), and we vary v from .4 to .6. We set i, ~ N(0,%,), or m; ~
t5(0,V) in which case the covariance matrix is X, = (5/3) = V. For this scenario we
will be dealing with uncorrelated predictors, we set X, = I, . For the error process,
we have an AR(1) process: €; = ae;_1 +e;. We let a vary from .6 to .9, and let e; ~ 5
or ¢; ~ N(0,1). We set B = (B1,32), where 3; = (.5,.5,.5,.5,.5,.5) and B, = 0.
Even though the features are uncorrelated, this is still a challenging setting, given the

low signal to noise ratio along with heavy tails and serial dependence being present.
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Table 3.1: Case 1

SIS GLSS
(v,a) |(4,6)] (5.8 (6.9 | (4,.6) | (5,.8) ](6,9)

Gaussian

pn = 1000 | .95 63 15 99 99 98
pn = 5000 | .62 11 01 95 95 97

ls

pn = 1000 [ .58 26 .06 .83 84 .83
pn = 5000 | .21 01 0 55 49 50

The results are displayed in table 3.1. The entries below “Gaussian" correspond to
the setting where both e; and n; are drawn from a Gaussian distribution. Accordingly
the entries under “t5" correspond to the case where e; and 7; are drawn from a ¢
distribution. We see from the results that the performance of SIS, and GLSS are
comparable when p, = 1000, with moderate levels of temporal dependence, along
with Gaussian covariates and errors. Interestingly, in this same setting, switching to
heavy tails seems to have a much larger effect on the performance of SIS vs GLSS.
In all cases, the performance of GLSS appears to be robust to the effects of serial
correlation in the covariate and the error processes. Whereas, for SIS the performance
severely deteriorates as we increase the level of serial correlation. For example, for our
highest levels of serial correlation, SIS nearly always fails to contain the true model.

Case 2: Correlated Features

We now compare the performance of SIS and GLSS for the case of correlated

predictors. We have two scenarios:

Scenario A: The covariate process is generated from (3.25), with A; = diag(.4).
n; ~ N(0,%,), or ; ~ t5(0,V), with ¥, = {.3l=1}, ;. for both cases. Therefore
Y=Y 7,4%%,. Weset 8 = (1,—1,1,-1,1,—1) and B, = 0. We have an AR(1)
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Table 3.2: Case 2: Scenario A

SIS GLSS

o 4] 6] 8] 4]6]38
Gaussian
P, = 1000 | .83 | .73 | .55 | .95 | .90 | .90
P, = 5000 | .38 | .30 | .07 | .63 | .63 | .57

ls
pn = 1000 | .44 | .42 | .21 | .56 | .56 | .53
P, =5000| .01 .04 O |.16 | .14 | .16

process for the errors: €¢; = ae;_1 + e;, we vary « from .4 to .8, and set e; ~ t5 or

€; ~ N(O,l)

Scenario B: The covariate process is generated from (3.25), with A, = {.4i=7l+1}, .
And m, ~ N(0,%,), or ny ~ t5(0,V), with ¥, = I, for both cases. Therefore
Y=Y (AT) AL We set By = (1,-1,1,—1,1,—1) and B3, = 0. We have an AR(1)
process for the errors: €¢; = ae;_1 + ¢;, and we vary « from .4 to .8. The errors are

generated in the same manner as in scenario A above.

The results are displayed in tables 3.2, and 3.3 respectively. In scenario A, we
have a Toeplitz covariance matrix for the predictors, and moderate levels of serial
dependence in the predictors. The trends are similar to the ones we observed in case
1. The performance of SIS is sensitive to the effects of increasing the serial corre-
lation in the errors, with the effect of serial dependence being more pronounced as
we encounter heavy tail distributions. In contrast, increasing the level of serial de-
pendence has a negligible impact on the performance of GLSS. For scenario B, we
observe similar trends as in scenario A.

Case 3: Two Stage Selection
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Table 3.3: Case 2: Scenario B

SIS GLSS

a 4] 6] 8] 4] 6| 8
Gaussian
P, = 1000 | .90 | .82 | .68 | .99 | 1.00 | 1.00
p, =5000 | .71 | .64 | .26 | .95 | .97 | .98

ts
p, = 1000 | .76 | .63 | .40 | .92 | .90 | .92
p, =5000 | .37 | .26 | .06 | .76 | .74 | .75

We test the performance of the two stage GLSS-AdaLasso procedure. We also
compare its performance with using the adaptive Lasso on its own. We use the Lasso
as our initial estimator and select A;, using the modified BIC introduced in Wang
et al. (2009). Fan and Tang (2013) extended the theory of the modified BIC to the
case where p > n, p = o(n®), a > 1, and independent observations. We conjecture

that the same properties hold in a time series setting. We have two scenarios:

Scenario A: The covariate process is generated from (3.25), with A; = diag(.4).
And ne ~ N(O, EW)’ or 1 ~~ t5(0, V), with (En)i,j = {.8|i_j‘}i’j§pn. We set ,61 =
(.5,.5,.5,.5,.5,.5) and B2 = 0. We have an AR(1) process for the errors: ¢ =

a€;_1 + e;, we vary « from .4 to .6, and set e; ~ t5 or e; ~ N(0, 1)

Scenario B: The covariate process is generated from (3.25), with A; = {41}, .
And n; ~ N(0,%,), or m; ~ t5(0,V), with (%,); ; = .8 for i # j and 1 otherwise. We
set By = (.75,.75,.75,.75,.75,.75) and By = 0. The errors are generated the same as
in scenario A above.

In both scenarios we have a high degree of correlation between the predictors,
low signal to noise ratio, along with mild to moderate levels of serial correlation in

the covariate and error processes. The results are displayed in tables 3.4 and 3.5 for
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Table 3.4: Case 3: Scenario A

GLSS-AdaLasso AdaLasso

a 4] 5] 6 | 4]5]6
Gaussian
p,=1000 | .79 | .65 | .49 | .60 | .49 | .35
P, =5000 | .84 | .65 | .46 | .66 | .43 | .29

ls
pn, = 1000 | .45 | .37 .23 321 .22 1 .14
p, =5000 | .36 | .32 | .18 | .24 | .18 | .10

Table 3.5: Case 3: Scenario B

GLSS-AdaLasso AdaLasso

a 4] 5] 6 | 4]5]6
Gaussian
p, = 1000 | .86 | .72 | .59 | .57 | .49 | .34
P, =5000 | .69 | .59 | .43 | .60 | .44 | .25

ls
P, = 1000 | .48 | .41 .22 301 .19 ] .10
p, =5000 | .35 | .25 | .19 | .25 .16 | .11

scenarios A and B respectively. We observe that the two stage estimator outperforms
the standalone adaptive Lasso for both scenarios, with the difference being more
pronounced in scenario B. For both scenarios, going from mild to moderate levels of
serial correlation in the errors appears to significantly deteriorate the performance of
the adaptive Lasso. This affects our results for the two stage estimator primarily at
the second stage of selection. This sensitivity to serial correlation appears to increase

as we encounter heavy tailed distributions.

3.7 Real Data Example: Forecasting Inflation Rate

In this section we focus on forecasting the 12 month ahead inflation rate. We use
two major monthly price indexes as measures of inflation: the consumer price index

(CPI), and the producer price index less finished goods (PPI). Specifically we are
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forecasting;:

CPI 1 PPIHH) (3.26)

ytl-|2-12 =100 x lOg (CT%) , Or ytl—‘,Q-12 =100 x lOg (T]_t

Therefore the above quantities are approximately the percentage change in CPI or
PPI over 12 months. Our data was obtained from the supplement to Jurado et al.
(2015), and it consists of 132 monthly macroeconomic variables from January 1960 to
December 2011, for a total of 624 observations. Apart from log(C PI) and log(PPI)
which we are treating as I(1), the remaining 130 macroeconomic time series have
been transformed to achieve stationarity according to Jurado et al. (2015). Treating
log(CPI), and log(PPI) as I(1), has been found to provide an adequate description
of the data according to Stock and Watson (2002c¢),Stock and Watson (1999),Medeiros
and Mendes (2016).

We consider forecasts from 8 different models. Similar to Medeiros and Mendes
(2016); Stock and Watson (2002¢) our benchmark model is an AR(4) model: ¢,3,, =
Qo + Z?:o &iyi—i , where y, = 1200 x log(C'P1;/CPI;_1) when forecasting CPI, and
yr = 1200xlog(PPI;/PPI;_1) when forecasting PPI. For comparison, we also consider

an AR(4) model augmented with 4 factors. Specifically we have:

3
Jitio = Bo + Z Qyi—i + Y (3.27)
i=0
Where F, are four factors which are estimated by taking the first four principal com-
ponents of the 131 predictors along with three of their lags. We also consider forecasts
estimated by the Lasso and the adaptive Lasso. And lastly we include forecasts es-
timated by the following two stage procedures: GLSS-Lasso, GLSS-adaptive Lasso,

SIS-Lasso, and SIS-Adaptive Lasso. Our forecasting equation for the penalized re-
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gression and two stage forecasts is:

Yirre = Bo + ®B + €71 (3.28)

Where x; consists of 3, and three of its lags along with the other 131 predictors and
three of their lags, additionally we also include the first four estimated factors E,.
Therefore x; consists of 532 covariates in total. For each of the two stage methods,
we set d,, = [n/log(n)] = 73 for the first stage screening procedure. For the second
stage selection, and the standalone lasso/adaptive lasso models, we select the tuning
parameters and initial estimators using the approach described in section 3.6.

We utilize a rolling window scheme, where the first simulated out of sample fore-
cast was for January 2000 (2000:1). To construct this forecast, we use the observations
between 1960:6 to 1999:1 (the first five observations are used in forming lagged co-
variates and differencing) to estimate the factors, and the coefficients. Therefore for
the models described above, t=1960:6 to 1998:1. We then use the regressor values
at t=1999:1 to form our forecast for 2000:1. Then the next window uses observa-
tions from 1960:7 to 1999:2 to forecast 2000:2. Using this scheme, in total we have
144 out of sample forecasts, and for each window we use n = 451 observations for
each regression model. The set-up described above allows us to simulate real-time
forecasting.

Table 3.6 shows the mean squared error (MSE), and the mean absolute error
(MAE) of the resulting forecasts relative to the MSE and MAE of the baseline AR(4)
forecasts. We observe that the two stage GLSS methods clearly outperform the
benchmark AR(4) model, and appear to have the best forecasting performance overall
for both CPI and PPI, with the difference being more substantial when comparing by

MSE. Furthermore GLSS-lasso and GLSS-adaptive Lasso do noticeably better than
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CPI-MSE | CPI-MAE | PPI-MSE | PPI-MAE
AR(4) 1.00 1.00 1.00 1.00
Lasso 94 .99 .69 .89
Adaptive Lasso 1.08 1.05 .80 .99
SIS-Lasso .96 97 76 .95
SIS-Adaptive Lasso 1.03 1.00 .82 1.00
GLSS-Lasso .84 98 .65 .87
GLSS-Adaptive Lasso 94 1.00 .70 .92
AR(4) + 4 Factors 1.18 .99 1.08 1.09

their SIS based counterparts with the differences being greater when forecasting PPI.

We also note that the widely used factor augmented autoregressions do worse than

the benchmark model AR(4) model.

3.8 Discussion

In this paper we have analyzed the sure screening properties of SIS in the presence
of dependence and heavy tails in the covariate and error processes. In addition,
we have proposed a generalized least squares screening (GLSS) procedure, which
utilizes the serial correlation present in the data when estimating our marginal effects.
Lastly, we analyzed the theoretical properties of the two stage screening and adaptive
Lasso estimator using the Lasso as our initial estimator. These results will allow
practitioners to apply these techniques to many real world applications where the
assumption of light tails and independent observations fails.

There are plenty of avenues for further research, for example extending the theory
of model-free screening methods such as distance correlation, or robust measures
of dependence such as rank correlation to the setting where we have heavy tails

and dependent observations. Other possibilities include extending the theory in this

work, or to develop new methodology for long range dependent processes, or certain
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classes of non-stationary processes. Long range dependence, is a property which is
prominent in a number of fields such as physics, telecommunications, econometrics,
and finance (see Samorodnitsky (2006) and references therein). If we assume the
error process (¢;) is long range dependent, then by the proof of Theorem 1 in Wu and
Pourahmadi (2009) we have Ag,(€) = oo. A similar result holds for the covariate
process, therefore we may need to use a new dependence framework when dealing with
long range dependent processes. Lastly, developing new methodology which aims to
utilize the unique qualities of time series data such as serial dependence, and the

presence of lagged covariates, would be a particularly fruitful area of future research.

3.9 Appendix

3.9.1 Proofs of Results

Proof of Theorem 7.

We first prove part (i), we start by obtaining a bound on:

P(Ip; — pl > ean™) (3.29)

Let Ty = 370, X/, T = 32, XyY/n. Then |p; —pj| = |T2/Ty — E(T2) /E(T3)| =
(T = E(Ty) ' )(Ty — E(Ty)) + (Ty — E(Ty))/E(TY) + (I ' — E(Ty) ") E(TY)]
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Therefore:

P(|pj = pj| > con™) < P((T7 ' = BE(T0) "' )(Ta — E(T2))| > can™"/3)  (3.30)
+ P(|(Ty — E(Ty))/E(T)) > can™"/3|) (3.31)

+ P(|(T7! — E(Ty) ) E(Ty)| > can™"/3) (3.32)
For the RHS of (3.30), we obtain:
(3.30) < P((Ty — E(Ty))| > Cn~™"/) + P((TT' — E(Ty) ™)) > Cn™"/?)  (3.33)

Therefore it suffices to focus on terms (3.31), (3.32). For (3.31), recall that
Recall that 7o = Y1 | Xyj(xeB + ) /n= >0 Xe; O, XunfBe + €)/n. Now we
let:
n Pn n
S1=Y XY~ Xufi)/nand Sy = Xye/n (3.34)
k=1 t=1

t=1

By Condition B, E(X;e;) = 0, therefore
P(|Ty — E(T3)| > Cn™") < P(|S1 — E(S1)| > Cn™"/2) + P(|S2| > Cn™") (3.35)

Recall that > )" 1ig,(50 = Sp, thus:

P(isi- s> 2" ) < Y (, S8 g v 2)

S
ke M, t=1 n

(3.36)
From section 2 in Wu and Wu (2016): ||.X;;||, < Ao, (X;) < @p,(x). Using this we



184

compute the cumulative functional dependence measure of Xy, Xy; as:

D XX = X5 X0 leya < Xl X o = Xl + 11Xkl Xy = X5511)
t=m

t=m

< 20y, (@), (@) = O(m ) (3.37)

Therefore we obtain: sup,, (m-+1)* 377 || Xy; Xy — X5 X5 |[,/2 < 2K7,.. Combining

this with (3.36), and Theorem 2 in Wu and Wu (2016), yields:

an_n nwK;‘,r n1—2fi
P (]Sl — E(S1)| > 5 ) <C's, <—(n/sn)r/2—m/2 + exp (_—S%Kﬁr)> (3.38)

Similarly for X;;e;, by using Holder’s inequality we obtain:

[e's) 0o
D o Xe = Xgeille < D (1Kl llee = €llq + Heellol 1 Xe = X5511)
t=m

t=m

< Aoy (€) Py () + A g(€)Por(2) = O(m™)  (3.39)

Therefore sup,,(m+1)* > || Xye — X5er|lr < 2K, K 4. Using Theorem 2 in Wu

and Wu (2016), we obtain:

C2n7'kC nLK;rKeTq n172ﬁ
< _Treq - 4
P (|Sg] > =5 > <0 ( e Texp < enes (3.40)

For (3.32), assuming E(X7) = O(1) Vj < p,, and max;<,, E(Xy;Y;) < L < oo we

obtain:

(3.32) < P(IT} — B(TY)| > T.Cn~") < P(|T} — BE(T1)| > MCn™") + P(Ty < M)
(3.41)
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We set M < min;<,, E(X}) — ¢, for e > 0. We then have:
P(Ty < M) < P(|Ty — E(T)| > E(Ty) — M) (3.42)

We can then bound the above two equations similar to (3.38). By combining

(3.33)(3.35),(3.38),(3.40),(3.41), along with union bound we obtain:

. . TLwK;T n1—2/£
P 5%%§|PJ—PJ'| > can <O | supn W—I—Mp _Si—Kﬁ,r

n'K7 K7 o
+ O <pn |:n+’q + exp(—n1 2 /Ki,rKiq):|)

T—TK

To prove part (ii), we follow the steps in the proof of Theorem 2 in Li et al.

(2012a). Let A, = {maxzens. [pr — pr| < 2%—}. On the set A,, by Condition A, we

2

have:

|0kl = 1okl = 1o = pil = ean™/2, Wk € M, (3.43)

Hence by our choice of v,,, we obtain P (/\/l* C /\;l%> > P(A,). By applying part

(i), the result follows.

For part (iii) we follow the steps in the proof of Theorem 3 in Li et al. (2012a).
Using Var(Y;), Var(Xy;) = O(1) for j < p,, along with Condition B, we obtain

b Pt = O(Amax(X)). Then on the set B, = {maxy<p, |pr — px| < can™"}, the
number of {k : |px| > 2¢,n~"} cannot exceed the number of {k : |px| > c4n™"} which

is bounded by O(n* Anax(X)). Therefore, by setting ¢, = c3/2 we obtain:
P (|M%| < om?mmax@))) > P(B,) (3.44)

The result then follows from part (i).
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Proof of Theorem 7.

We follow the steps from the proof of Theorem 6. Let T' = (T,...,T,) where
T, = X;; X, and let R = (Ry,...,R,) where R, = X,j¢;. We need to bound the
sums: » . (T; — E(T;))/n and Y, R;/n.

By Theorem 1 in Wu (2005), ©,(T) < Ay ,(T), and from Section 2 in Wu and Wu
(2016): || Xijllq < Ao q(X;) < @g4(x). Additionally, by Holders inequality we have

Dog(T) < D (1 Xesllaql | Xer = Xiillog + 11 Xenl2gl | Xes — Xijll2q) < 205 5,(x) (3.45)
t=0

Using these, along with Condition D we obtain:

sup q_zdz@q(T) < sup q_QdIAOg(T) < sup 2q_25‘1(13(2)72q(w) < 00 (3.46)
q=>4 q>4 q>4

Combining the above and using Theorem 3 in Wu and Wu (2016), we obtain:

n 1-k 1/2—k\ &
Con n
P < ;T - B(T})| > = ) < Cexp <— 2 ) (3.47)
Similarly, using the same procedure we obtain:
n -k 1/2-k\ &
Com n

P R;| > <(C — 3.48
(1] <o (-257) @49

Now using the above bounds and following the steps in the proof of Theorem 6 we

obtain the results.
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Proof of Lemma 9.

By the proof of Theorem 2 in Wu and Pourahmadi (2009), we have:

ln 00
1 k0, = Sille 2> Wik — vkl +2 ) il (3.49)

i=1 i=lp+1

Recall that pj is the OLS estimate of the marginal projection, by (3.14) we have

N A > XjkejR/n . .
€ = €k — Xex(Pr — pr) = €rp — X (B2 rewm ). Which gives us:
J

j=1

R 1
Yik = " Z let,k€t+|z‘|,k - Et,kXt+|i|,k<ZXjk€j,k/n> (3-50)
t=1 j=1
n n 2
— €t+\i\,kth ( Z Xjkem/n) + thXt—i-\i\,k < Z Xjkej,k/n) ] (351)
j=1 j=1

By Condition E and I,, = clog(n), for sufficiently large ¢, we have: 3%, . |vix| =

o(n™"), so we focus on the term S |3, — vix| in (3.49). We then have:

ln

P(||Sk1, — Sell2 > en™) < P (i — virl > en™/1,) (3.52)

=1
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And

_ n—lil n—lil
. cn™ " 1 1
P(|%ix — ikl > ) < P(’E Z €t kEt+]i bk — E(ﬁ Z €t kE+]i k) (3.53)

[
n t=1 t=1

n—|i|

+ ‘E(E Z €t k€t il k) — Vijk

t=1

> cn”/4ln> (3.54)

1 Z‘:lXjkejk/n
+P |- erXipin | == ’ > en~ " /Al (3.55)
n ; 251 X/

n—|i| n
1 > i1 Xjk€in/n
+P| |- Ett il kX th =
n ; ! 2 i1 X/

1 HZ‘:XkX ", > i1 Xjk€jin/n
— thXt4il, n
L 2 i1 X/

> cn” " /A, (3.56)

+P

) ‘ >cn " /4l, | (3.57)

For (3.54), the bias |E(Z:‘;1‘l| W% — Yix| < Dik - Using the techniques in the

n

proof of Theorem 6 we can then bound (3.53). For (3.55) we have:

|50 Xanesn/n) (S
(3.55) < P = ’ >cn "/Ml, | + P | |- €tk Xetlil k| > M
Zj:l ka/” n tzz; '
(3.58)
And P <‘% ::1“' €t,kXt+\i\,k‘ > M)
n—|i 1 n—|i 1 n—|i
<P ‘E D enXingin — E( > cenXojie)| > M~ 'E(g > etrXuviin)
t=1 t=1 t=1
(3.59)

And we set M > maxjg<,, max;<;, 2| E (€ Xy )| + €, for some € > 0. Similarly we

have P(%ﬁlf{—;g:/;/m > cen~*/Ml,)
J= J

(]

n
E Xjrein/n
7j=1

j=1
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Where we set M; < minj<,, E(X7) — €, for € > 0. The same method we used for
(3.53) can be applied to (3.56), (3.57). Using the techniques in the proof of Theorem
6, and (3.52), we obtain the result. For (ii), we follow the same procedure as in (i),

and apply the methods seen in the proof of Theorem 7.

Proof of Theorem §.

For (i), as before we start with a bound on: P(|3M — M| > ¢yn~"). Using

Condition E, we can write:
Bt = (B(Xy ¥y Xy /n) T B(Xp Sy /n) + O(1/n)
After combining this with (3.14), it suffices to obtain a bound for:

P(|(X;'S5 ) Xe/n) ' XTS5 € /n — (B(X]E" X)) B(X]E )| > en ™)

(3.61)
Similar to the proof of Theorem 6 we let T} = XkTil;llnXk/n,
Ty = XIS € /n, Ts = B(XFY, ' X,), and Ty = E(X]'S;"€"). Then:
B = B | = Ty Ty — Tu/Ts| = (T = Ty ) (T2 — To)
+ (Ty — Ty) /T3 + (T71 — T3 Ty (3.62)

Following the steps in the proof of Theorem 6, it suffices to focus on the terms:

P(|Ty — T3] > en™") and P(|Ty — Ty| > en™") (3.63)
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We then have:

P(ITy — Ty| > Cn™) < P(IX (S, — S¢Y)€b /n] > Cn7"/2) (3.64)

+ P(| X3 e n — E(XPS )| > Onr/2)

We first deal with the term XY, '€*/n. We can rewrite this term as X} € /n, where
Xk = Vi X}, €8 = Vi€f/n, V, is a lower triangle matrix and the square root of E,;l.

Ignoring the first L; observations, we can express:

n Ly Ly
X[én = Z (Q,k — Z (Xi,kﬁti,k) (Xt,k — Z ai,kXti,k) (3.65)
i—1

t=L,+1 i=1

, where (aq, ..., ar, ) are the autoregressive coefficients of the process €, .

We compute the cumulative functional dependence measure of X, € as:

o0 (o)
> Xkl — Xixéralle <O U XukllellEnk — &4l + eellg 1 Xus — X4l
l=m l=m

(3.66)

We have: || X; — Xiplle < [1Xon — Xiallr + 005 ol || Xng—i — Xi,sllr- And by our

assumptions ||€,x — & ||y = 0, for I > 0. From which we obtain:
oo
> ikt = Xisinller < €2 = O(m ) (367)
l=m

Using Theorem 2 in Wu and Wu (2016):

/! /
T TR
n

ntK"
P(IXI2 e /n — B(XES )| > Cn") <O ( x) (3.68)
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For the term \X,?(i,;lln — 3. 1€k /n|, using Cauchy-Schwarz inequality:

X G, = S et nl (165, = S et b _ [, = Sl

3.69
XLl = Al = n (3.69)

Using (3.69) we obtain:
POXT(SL — 57t /n] > On®) < Pl ol ]IS ) — S la/n > On ")
(3.70)

Where the right hand side of (3.70) is

P(|S5, = S5t e > Cn~" VM) +P<(Zxk/n)(z ?’k/n) >M> (3.71)

=1

Let M = M, My, where M; > maxy<p, E(ka) + ¢, and My = maxy<,, E(efk) +e¢, for

some € > 0. The second term of (3.71) is

<P (ZXk/n > M1> + P (Zn: € p/n > Mz) (3.72)

i=1

We can bound the above using the same techniques as in the previous proofs.
By Condition E, the spectral density of the process €, Vk < p,, is bounded away
from zero and infinity. Therefore, 0 < C7 < Apin(Zk) < Apnaz(Zr) < Cy < 00,Vk < p,

Wu and Pourahmadi (2009). We then use:

~ 1 .
Amin (S 1250, — Sl < BEEL, — 0 HER
1. 1
= 1223058 — Ll (3.73)

_1. _1
Let a1 > ay > ... > a, be the ordered eigenvalues of ¥, *¥;; ¥, °, therefore
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1. 1
12237 32 — L]]2 = max; ‘a% — 1| = max;

wn

4=1] We then have

a

_1 . _1 N
max |a; — 1] = [[3), #2505, " = Lnf]2 < Amax(Z )|k, — Zill2 (3.74)

a; '], using this and (3.73),(3.74) we obtain:

Let a; = argmin,,

PS5, = Stz > Cn ") < P[4, — Zille > Cayn ™)

< P(|[Sk, — Sll2 > CMsn ™) + P(|aj| < Mz) (3.75)
Where M3 € (0,1 —¢€) for € > 0. We then have
P(laj| < M3) < P(la; — 1] > 1 = My) < P(|[Sky, = Zillz > 1 — My)

Combining the above with (3.75) and Lemma 9, we obtain:

vt ot T Cq//2~q/ wit/2 por
n'ly, K7 KT, ntla " K!, n“lL/ K],

n’T‘/—T’H nq’/?—q’n/2 n?"/2

P(||, = Sl > On7") < 1,0 (
(3.76)
By (3.64),(3.68),(3.70),(3.72),(3.76) we obtain a bound for P(|Ty — E(T3)| >

Cn~"). For the term P(|Ty — E(T1)| > Cn™"), we proceed in a similar fashion:

P(IT — B(T)| > Cn~) < P(XE (5} — 50X n] > Cn%/2)

+ P(| XS X  In — E(XES P XR)| > On/2)

We can then obtain a bound on the above terms by following a similar procedure as
before. Combining these gives us the result for (i). For (ii), using the result from
(i) we follow a similar procedure to the proof of Theorem 6. For (iii) and (iv) we

follow the same procedure as (i) and (ii), and apply the methods seen in the proof of
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Theorem 7; we omit the details.

Proof of Corollary 9.

Recall that:

Ly, Ly Ly,
ﬁ% = E(yt - Z Oéiytfi)(Xt,k - Z aithi,k)/(E(Xt,k - Z Oéithi,k)z)
i=1 i=1 i=1

Therefore by our assumption, we have that 3} oc py whenever M > 0. Using this we
obtain Y 7" (BM)% = O(D-%", p2) = O(Amax(X)). We obtain the result, by following

the procedure in the proof of Theorem 6 and using the results from Theorem 8.

Proof of Theorem 10.

For simplicity we only prove part (i), the proof for part (ii) follows similarly. We

will work on the following set D,, = A, N B, NC,, where

A, = {mazp<p, |pp — pi| < esn™"/2}

Po
16s,,

}

B, = {mazij<a,|[Xmo, — inTn]i,ﬂ <

Cn = {mazy<aq | ZXik€i| < \,n*/?}

=1

On the set A, if we apply screening as a first stage procedure, by our choice of

Yn, We obtain:

M. C M, CM,, (3.77)

Next we need to use Lemma 7 and 8 in Medeiros and Mendes (2016), specifically we
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need to show our reduced model satisfies conditions DGP 3,DESIGN, and WEIGHTS
in Medeiros and Mendes (2016). On the set B,,, by Lemma 1 in Medeiros and Mendes
(2016), we have ¢z, = ¢x, T ¢o. Therefore, we have:

/2 n

CEDIHIRY
(bgMW = min min —" > (3.78)

SC{1,....dn },|S|<sn v#0,|vge|<3lvs| VIV

Using this along with Lemma 1 in Medeiros and Mendes (2016) and Condition
J, we have that DESIGN 3a is satisfied with ¢, = ¢0/16, where inf,r,_; v7 30 >
2¢min > 0, and Xq; is the covariance matrix of the relevant predictors. On the set
D,,, by Conditions K and L in our work, and Lemma 2 and proposition 1 in Medeiros
and Mendes (2016), assumption WEIGHTS is satisfied. On the set A,, N B,,, DGP 3
and DESIGN 3b are satisfied, while DESIGN 2 is satisfied by Condition L.

Now by proposition 2, Lemmas 7 and 8 in Medeiros and Mendes (2016) we obtain:
P(sgn(Byy,,) = sgn(B)) > P(A, N B, NC,) > 1 — P(A}) — P(B}) — P(Cy) (3.79)

P(AY) is given in Theorem 6 part i. For P(BY) using the method in the proof for

Theorem 6, we obtain:

P8t < d?0 ke, +exp (—n/K},) (3.80)
n —_ n nr/2 p T,r .
And for P(CP):
C n' Ky K7 _
P(C) <d,0 (—A;W o Hexp (AT /Kierq)) (3.81)

To prove part ii) we follow the same steps from part i). We obtain P(AC),
P(BL), P(Ct) by following the method in the proof of Theorem 7, and using The-
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orem 3 in Wu and Wu (2016). O

3.9.2 Asymptotic Distribution of GLS estimator

Lemma 10. Assume conditions E,F,G,H hold, then \/n(M — M) and \/n(BM — M)

have the same asymptotic distribution.

Proof of Lemma 10. It is clear that sufficient conditions for the feasible GLS estima-
tor 3, and 3M to have the same asymptotic distribution are Davidson and MacK-

innon (2004):

XL (S = Sher /v/n—0

X! (S, =S Xe/n— 0

By the proof of theorem &8, both these conditions are satisfied, therefore BA,]CV[ , and B,f/,”

have the same asymptotic distribution. O

We use the above lemma, and rely on the asymptotic distribution of B,Jg‘/[ to provide
an explanation for the superior performance of GLSS, and its robustness to increas-
ing levels of serial correlation in ¢, ;. We deal with three cases, and we assume an
AR(1) process for the errors for simplicity and ease of presentation. The results can

be generalized to AR(p) processes, by using the moving average representation of € :
Case 1:
We start with the setting used in figure 3.1, assume x4, is iid and €, = qve—1 1 + e,

with x; 1, and €, being independent V¢. Using Gordin’s central limit theorem Hayashi

(2000), we calculate the asymptotic distribution of /n(3}M — M) — N(0, J), where
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J=—5% - o= var(e;), and o, = var(xy;) . Using the same methods we cal-

U%k(le-I-CMQ)’ e
culate the asymptotic distribution of the marginal OLS estimator as /n(px — pr) —
N(0,V), where V = agkg—z—a?) Therefore the variance of the OLS estimator increases
without bound as « increases towards 1. Whereas the variance of the GLS estimator

actually decreases as « increases.
Case 2:

We expand this to the case when z; ) is temporally dependent, for simplicity we let
Ty = QX1 p+n.. Westill assume x5, and €; are independent Vj, ¢, and €, , = avep—q -+
e;. This is the setting for the first model in the simulations section. Using Gordin’s
central limit theorem, and elementary calculations: \/n(8M — 8M) — N(0, J), where

J = % And for the marginal OLS estimator \/n(px —pr) — N(0, V), where

V= (1+¢°)o2

(1-a?)o2"

We clearly see that for fixed ¢, the GLS estimate is robust to increasing
«, whereas the variance of the OLS estimator increases without bound as « increases
towards 1. This sensitivity to a provides an explanation for the results seen in case 1
of the simulations, which show the performance of SIS severely deteriorates for high

levels of serial correlation in €

Case 3:

In both the previous cases, it is easy to see the GLS estimator is asymptotically
efficient to the OLS estimator. For the case where Xy = (z¢y,t = 1,...,n) and
€ = (ex,t = 1,...,n) are dependent on each other, it is more complicated. In
this setting, it is likely the case that py # BM. Assume ¢, = e 1 + €, and let

Tig — QL1 = T, and Wy =Y 00 (i), where (i) = cov(Zy ger, Tr—iper—;). We
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start by examining the asymptotic distribution of \/ﬁ(ﬁ,ﬁw — M) — N(0,J), where
J = Wi/(var(Z;x))?. By the proof of theorem 1 in Wu and Pourahmadi (2009),

Wy < (3012, 02(Te ker))?, which gives us:

7 < (EZoblEna)’ _ <2H€tH4Ao,4(Xk))2

var(Zx)? var(Tyy)

Where the last inequality follows from: do(% re) = [|eol|a]|Te e — T 1 l|2 + || Zok|[a]le: —
erx||4. Since e, is iid ||e; — epx|[4 = 0,Vt > 0. If we assume, 2 = @xi_1% + 1, by

writing Ty, = + (¢ — @) x4—1 1, We have:

J< <2||6t||4||77t||4|¢—04| N 2||€t||4||77t||4>2

(1 —|p))var(z:x) var(Tyy)

From these results we see that the asymptotic variance of the GLS estimator is
bounded when « increases towards 1, and is largely robust to increasing levels of
serial correlation in € . This result seems to provide an explanation for GLSS being
robust to increasing levels of serial correlation in our simulations.

For the OLS estimator we obtain, (pr—px) = N(0,V), where V = Wy /(var(z,))?

and Wy =30 cov(zyker, x1—i€—;). As before, we can bound:

v < o amren)” (I|€t,kII4Ao,4(Xk) + 2 Xkdllalledls ))2

var(xyk))? var(zyy) (1 — |o])var(ze

We see the above bound is very sensitive to increasing serial correlation in €.
Although this is an upper bound to the asymptotic variance, it seems to explain the
deterioration in performance of SIS when increasing the serial correlation of ¢ in

our simulations.
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