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Exceptional points, at which two or more eigenfunctions of a Hamiltonian coalesce, occur in non-
Hermitian systems and lead to surprising physical effects. In particular, the behaviour of a system
under parameter variation can differ significantly from the familiar Hermitian case in the presence
of exceptional points. Here we analytically derive the probability of a non-adiabatic transition in
a two-level system driven through two consecutive exceptional points at finite speed. The system
is Hermitian far away from the exceptional points. In the adiabatic limit an equal redistribution
between the states coalescing in the exceptional point is observed, which can be interpreted as a loss
of information when passing through the exceptional point. For finite parameter variation this gets
modified. We demonstrate how the transition through the exceptional points can be experimentally
addressed in a PT-symmetric lattice using Bloch oscillations.

INTRODUCTION

The intriguing properties of open quantum systems de-
scribed by non-Hermitian and PT-symmetric Hamiltoni-
ans have opened up a new area of research [1, 2]. The
difference between Hermitian and non-Hermitian quan-
tum physics is most pronounced in the presence of ex-
ceptional points, at which two or more eigenstates of
a system coalesce. They lead to a number of counter-
intuitive features and have attracted a large amount of
research interest, both theoretically and experimentally
[3–12]. A number of these studies have investigated the
behaviour of the wave function when parameters are var-
ied cyclically around such a point [13–16]. In Hermi-
tian quantum physics the adiabatic theorem ensures that
a system prepared in an eigenstate remains in an in-
stantaneous eigenstate, when parameters are varied suf-
ficiently slowly. The situation is more involved in non-
Hermitian systems. Here the exponential relative decay
between different eigenstates competes with the exponen-
tially small non-adiabatic corrections, which can lead to
apparently non-adiabatic behaviour even in the adiabatic
limit of infinitely slow parameter variation [17–20]. This
causes asymmetric behaviour when encircling exceptional
points.

Here we go one step further and consider the behaviour
of a system driven directly through an exceptional point.
In particular, we study a two-level system driven through
two consecutive exceptional points, at finite speed and in
the adiabatic limit. The system is close to being Hermi-
tian at the beginning and the end of the parameter sweep,
making it meaningful to study the ratio of transmit-
ted population between the instantaneous eigenstates far
away from the exceptional points. We derive an analytic
expression for the transmission probability. For adiabatic
parameter variations this predicts a loss of information,
leading to an equal redistribution of the population be-
tween the states coalescing in the exceptional point. In
the fast driving limit quantum quench behaviour is recov-

ered. We demonstrate how this could be observed using
Bloch oscillations in a PT-symmetric lattice in a realis-
tic experimental setup. Interestingly, the Hamiltonian of
this system itself does not have any exceptional points. A
similar effect of partial transitions between Bloch bands
at exceptional points has recently been observed numeri-
cally in a more complicated lattice structure and experi-
mentally using optical fibre loops [21, 22]. The quantita-
tive description provided here explains these effects and
opens up new avenues for the control of optical beams.

NON-ADIABATIC TRANSITIONS IN A
TWO-MODE SYSTEM

Consider the PT-symmetric Hamiltonian

Ĥ =

(
−v iγ
iγ v

)
, (1)

where γ and v are real parameters and we set γ > 0
without loss of generality. This Hamiltonian describes
two states with an energy difference of 2v and an asym-
metric coupling iγ. Its direct implementation in a two-
waveguide setup is nontrivial, due to the nonreciprocal
coupling between the two modes. Nonreciprocal coupling
between two resonators has been discussed for example
in [23]. In this work we shall consider a perhaps slightly
less obvious implementation of the Hamiltonian (1), as
the Bloch Hamiltonian of a PT-symmetric tight-binding
lattice. This setup allows for a direct visual observation
of the population transfer between the two modes when
the system is driven through the exceptional points.

The eigenvalues of the Hamiltonian (1)

λ± = ±
√
v2 − γ2 (2)

in dependence on v for a fixed value of γ are depicted in
the left panel of Fig. 1. The right panel shows the overlap
between the two (right) eigenstates in dependence on v.
For values of |v| > γ the eigenvalues are real and for very
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FIG. 1. Eigenvalues and overlap of the eigenstates of the
model Hamiltonian (1). The left panel shows the real (solid
black line) and imaginary (dashed red line) parts of the eigen-
values, the right panel shows the overlap of the eigenstates,
both in dependence on the coupling strength v for a fixed
value of γ = 1.

large values of |v| the eigenstates are almost orthogonal
(and tend towards the standard basis vectors), leading
the system to behave in an essentially Hermitian way.
For intermediate values of v the non-Hermiticity is more
apparent in the non-vanishing overlap of the eigenstates.
The system has two exceptional points located at v = ±γ,
at which both eigenvalues coalesce and the Hamiltonian
has only a single eigenstate. For |v| < |γ| the eigenval-
ues are complex conjugate and there is one exponentially
growing and one exponentially decaying mode.

Suppose that the system is initially in one of the eigen-
states, for very large negative v � −γ, and v is increased
adiabatically. One expects the state to closely follow the
instantaneous eigenstate it originated from up until the
exceptional point. At this point the initial instantaneous
eigenstate coalesces with the other and it cannot be in-
ferred in which of the two states the system originated.
Thus, the population of the two instantaneous eigenstates
is expected to be equal immediately after the exceptional
point. However, this argument does not take into ac-
count that once the parameters have passed through the
first exceptional point, one of the states decays exponen-
tially while the other grows exponentially. If v is var-
ied adiabatically, the system has enough time to “switch”
to the configuration where the entire remaining popu-
lation is in the exponentially growing state. When the
system later passes through the second exceptional point
the population is again equally distributed between the
two eigenstates. Now both the states are stable and for
large positive values of v the population is expected to be
equally distributed between the two instantaneous eigen-
states. That is, information about the initial state is lost
when the system is driven adiabatically through the ex-
ceptional points. After driving the system though the
pair of exceptional points the state of the system is given
by ψ̃ = (ψ̃1, ψ̃2) in the basis of eigenstates. In the adia-
batic limit we have |ψ̃1|2 = 1

2 = |ψ̃2|2. Thus, while the
initial state has two degrees of freedom (for example the

FIG. 2. Dynamics generated by the Hamiltonian (1). v is
varied linearly in time as v = αt from vi = −5 to vf = 5
with α = 0.5 and γ = 1. The initial state is one of the
instantaneous eigenstates (top) and a randomly selected state
(bottom). The left panel shows the population in the two
instantaneous eigenstates, the right panel shows the overall
norm of the wave function.

relative phase between the two components and an ampli-
tude), the final state is parameterised by a single variable,
which is a relative phase between the two components.
As there is clearly no one-to-one mapping from a one-
dimensional space to a two-dimensional space, one can-
not time-reverse ψ̃ to obtain the initial state. Of course,
this observation is rather academic in nature, as any ex-
periment will not be truly adiabatic. Thus, one might
in principle be able to obtain the initial state by time
reversing the dynamics. However, our numerical simu-
lations show that the backwards time evolution can be
very sensitive to small perturbations, which could make
it practically very difficult to time-reverse the final state
to obtain the initial state.

This behaviour is indeed observed in numerical simu-
lations and occurs independently of the initial state. In
Fig. 2 the relative population of the instantaneous eigen-
states (calculated as the normalised projection onto the
left eigenstate) and the overall norm of the wave func-
tion are plotted as a function of time. Here v = αt is
slowly varied from a large negative initial value to a large
positive final value for an initial eigenstate (top) and a
randomly selected initial state (bottom). The norm, de-
picted on the right, grows approximately exponentially in
the region between the two exceptional points and con-
tinues to oscillate after the second exceptional point due
to the lack of orthogonality of the eigenstates. The oscil-
lations die off at large values of v where the eigenstates
become approximately orthogonal.
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In practice, however, parameters are not always var-
ied slowly, and we are thus interested in the be-
haviour of the system when v is varied non-adiabatically.
This can be understood analytically by closely follow-
ing Zener’s derivation of the famous Landau-Zener-
Majorana-Stückelberg formula [24]. We assume the pa-
rameter v to vary linearly in time, that is, v = αt,
α ∈ R+, where t runs from minus to plus infinity. At
t → ±∞ the eigenstates are given by the two uncou-
pled levels, i.e. the standard basis. We assume that the
system is initially in the eigenstate

|ψ1 (t→ −∞) |2 = 0, |ψ2 (t→ −∞) |2 = 1. (3)

We want to deduce the transmission probability into the
same diabatic state at t→ +∞, given by

Ptr =
|ψ2 (t→ +∞) |2

|ψ1 (t→ +∞) |2 + |ψ2 (t→ +∞) |2
. (4)

For this purpose we start from the Schrödinger equa-
tion for ψ = (ψ1, ψ2)

iψ̇1 = −αtψ1 + iγψ2, (5)

iψ̇2 = iγψ1 + αtψ2, (6)

and transform (5) into the second order differential equa-
tion

ψ̈1 +
(
−γ2 − iα+ (αt)

2
)
ψ1 = 0. (7)

Applying the transformation z(t) = e−iπ/4
√

2αt converts
this equation into the Weber equation

d2ψ1

dz2
+

(
ν +

1

2
− 1

4
z2
)
ψ1 = 0, (8)

with ν = −iβ and β = γ2/2α. A solution satisfying the
initial conditions (3) is given by

ψ1(t) = AD−ν−1 (−iz(t)) , (9)

where A is a normalisation factor and Dν is a Weber
(or parabolic cylinder) function [25]. The normalisation
factor is determined from the asymptotic value

ψ1 (t→ −∞) = Ae−iπ(ν+1)/4e−iR
2/4R−ν−1, (10)

with R =
√

2αt. Inserting this into the equation of mo-
tion (5) provides an asymptotic expression for ψ2

ψ2 (t→ −∞) = −i
√

2α

γ
Ae−iπ(ν+1)/4e−iR

2/4R−ν , (11)

which, together with the initial conditions, yields |A|2 =
βeπβ/2. Making use of the asymptotic value

ψ1 (t→ +∞) = A

√
2π

Γ (ν + 1)
eiπν/4eiR

2/4Rν , (12)

and well-known properties of the gamma function, leads
to the amplitude

|ψ1 (t→ +∞) |2 = e2πβ − 1. (13)

For unitary time evolution |ψ2 (t→ +∞) |2 can be ob-
tained from |ψ1 (t→ +∞) |2 due to the conservation of
probability. However, for the non-Hermitian dynamics
considered here the total probability is no longer con-
served. The amplitude |ψ2 (t→ +∞) |2 must be calcu-
lated by other means, starting with equation (6) and fol-
lowing a similar procedure to the one just used. Per-
forming the transformation z(t) = eiπ/4

√
2αt converts

the equation of motion for the component ψ2

ψ̈2 +
(
−γ2 + iα+ (αt)

2
)
ψ2 = 0 (14)

into the Weber equation

d2ψ2

dz2
+

(
−ν +

1

2
− 1

4
z2
)
ψ2 = 0, (15)

where ν = −iβ with β = γ2/2α. Due to the initial con-
dition |ψ2 (t→ −∞) |2 = 1 the solution should be non-
vanishing as t→ −∞. Furthermore, the solution should
have asymptotic behaviour consistent with equation (11).
Thus, the solution is of the form ψ2(t) = BD−ν (−z(t)).
Making use of the asymptotic expansion

ψ2 (t→ −∞) = Be−iπν/4e−iR
2/4R−ν (16)

and the initial conditions (3) yields the normalisation fac-
tor |B|2 = eπβ/2. This, together with the asymptotic
result for the Weber function

|D−ν (−z(t→ +∞))|2 = e3πβ/2, (17)

leads to the amplitude

|ψ2 (t→ +∞) |2 = e2πβ . (18)

Inserting (13) and (18) into the definition of the trans-
mission probability (4) finally yields

Ptr =

(
2− e−

πγ2

α

)−1
. (19)

As expected, this approaches 1
2 in the adiabatic limit.

On the other hand, in the limit of fast driving, the usual
quantum quench behaviour is observed, i.e. |ψ1|2 = 0
and |ψ2|2 = 1 for all times. For intermediate values of
α the transmission probability monotonically increases
with α, interpolating between the two limits. Figure 3
depicts the transmission probability as a function of α
for various values of γ.
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FIG. 3. Transmission probability (19) as a function of the
driving parameter. The left panel shows the variation with γ,
the right panel focuses on small driving parameter values for
γ = 0.1.

THE TWO-MODE MODEL AS THE BLOCH
HAMILTONIAN OF A PT-SYMMETRIC TIGHT

BINDING LATTICE

We now demonstrate that the model (1) accurately
describes the band transitions in a PT-symmetric lattice
with an applied static force. This allows for a direct ob-
servation of the transition through a series of exceptional
points in dependence on the adiabatic parameter, which
can be tuned via the static force. Let us consider a PT-
symmetric tight-binding Hamiltonian of the form

Ĥ =
∑
j

−
(
|j + 1〉〈j|+|j〉〈j + 1|

)
+ iΓ(−1)j |j〉〈j|, (20)

with a gain and loss rate Γ ∈ R+. This model can be
realised, for example, as a chain of waveguides with ab-
sorption in every other waveguide and optical gain of an
equal strength in the waveguides in between. Some of the
properties of this model have previously been discussed in
[26, 27]. A passively PT-symmetric version of this model
has been implemented experimentally in [28].

It is convenient to study the system in the quasimo-
mentum representation, that is, in the basis of the Bloch
states

|k〉 =
∑
j

|j〉〈j|k〉 =
1√
2π

∑
j

eikj |j〉, (21)

where the quasimomentum k is confined to the re-
gion −π ≤ k ≤ π. The Bloch states are orthogonal
and normalised to the 2π-periodic delta comb 〈k|k′〉 =
δ2π (k′ − k). In a similar spirit to [29] we introduce the
two-component function Ψ = (Ψ1,Ψ2), with Ψ1(k) =
ψ(k) and Ψ2(k) = ψ(k + π). The time evolution may
then be written as the two-level Schrödinger equation

iΨ̇ = (−2 cos kσz + iΓσx) Ψ = h(k)Ψ, (22)

where σi are Pauli matrices and the Bloch Hamiltonian
is defined as

h(k) =

(
−2 cos k iΓ
iΓ 2 cos k

)
. (23)

FIG. 4. Top row: Real (left) and imaginary (right) parts
of the dispersion relation (24) for Γ = 0.2. The red dashed
line depicts the same quantities for the Taylor expansion of
the Bloch Hamiltonian (23) around k = π/2. Bottom row:
Modulus squared of the components of the eigenstates φ±
associated with E±(k).

FIG. 5. Modulus squared of the components of the eigen-
states φ± associated with E±(k) for Γ = 0.8.

The k-dependent eigenvalues of h(k) define the dispersion
relation of the two band system

E±(k) = ±
√

4 cos2 k − Γ2. (24)

The band structure is complex for arbitrarily small values
of Γ. For values of Γ < 2 there are exceptional points
at 2| cos k| = Γ and when 2| cos k| < Γ the energy is
imaginary. For Γ > 2 the bands are purely imaginary
and there are no exceptional points. Here we focus on Γ
values well below this critical point. An example of the
band structure for Γ = 0.2 is depicted in the top row of
Fig. 4. The bottom row of the same figure shows the
modulus squared of the components of the eigenstates.
The eigenstates are close to the standard basis vectors at
k = 0 and k = π. However, when Γ is increased this is
no longer the case, as illustrated in Fig. 5 for Γ = 0.8.

We now show that the two-component function Ψ(k)
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of a broad Gaussian beam in position space is an ap-
proximate eigenstate of the Bloch Hamiltonian, when the
Bloch states are close to the standard basis vectors. Con-
sider a Gaussian in real space representation given by

ψ(j) = N e−(j−q0)
2/2σ2+ik0(j−q0), (25)

where j is the lattice index, q0 is the centre of the Gaus-
sian, k0 is the initial momentum, σ is the width param-
eter and N is a normalisation constant, chosen so that∑
j |ψ(j)|2 = 1. The quasimomentum representation of

this state is found to be

ψ(k) =

√
σ

π1/4

θ3
(
z, eiπτ

)√
θ3
(
−q0π, eiπτ/2

) e−
σ2

2 (k−k0)
2−iq0k, (26)

where z = iσ2π(k− k0)− q0π, τ = 2iσ2π and the Jacobi
theta function θ3(z, eiπτ ) is defined as [25]

θ3
(
z, eiπτ

)
= 1 + 2

∞∑
n=1

eiπτn
2

cos (2nz) . (27)

Thus, ψ(k) is the product of a Gaussian distribution in
quasimomentum space and a term involving Jacobi theta
functions. Using the properties of the theta function it
is straightforward to check that ψ(k + 2mπ) = ψ(k) for
any integer m.

In order to obtain the two-component function Ψ(k)
we need to calculate ψ(k + π). From (26) it follows that

ψ(k + π) =

√
σ

π1/4

θ2
(
z, eiπτ

)√
θ3
(
−q0π, eiπτ/2

) e−
σ2

2 (k−k0)
2−iq0k,

(28)
where the theta function θ2(z, eiπτ ) is defined as

θ2(z, eiπτ ) = 2eiπτ/4
∞∑
n=0

eiπτn(n+1) cos ((2n+ 1)z) (29)

and we made use of the relationship

θ2(z, eiπτ ) = eiz+iπτ/4θ3

(
z +

1

2
πτ, eiπτ

)
. (30)

Thus, Ψ(k) may be written as

Ψ(k) =

√
σ

π1/4

e−
σ2

2 (k−k0)
2−iq0k√

θ3
(
−q0π, eiπτ/2

) (θ3 (z, eiπτ)θ2
(
z, eiπτ

)) . (31)

In the broad Gaussian limit σ → ∞, τ tends to infin-
ity along the imaginary axis and the two-components
become (θ3(z, eiπτ ), θ2(z, eiπτ )) → (1, 0). The two-
component function Ψ(k) then becomes a standard ba-
sis vector multiplied by a Gaussian wave packet that is
highly localised around k0. So, for example, a broad
Gaussian beam in position space with momentum k0 = 0
(k0 = π) yields a Ψ(k) that is approximately one of the

eigenstates of the Bloch Hamiltonian at k = 0 (k = π)
depicted in Fig. 4.

If a static force is applied to the lattice a term
F
∑
j j|j〉〈j| is added to the Hamiltonian (20). An ini-

tial state Ψ(k) that is approximately an eigenstate of the
Bloch Hamiltonian will then perform a non-Hermitian
version of the famous Bloch oscillations. This is accom-
panied by transitions between the bands, which appear
as a splitting of the beam in real space. Some examples of
the resulting dynamics can be seen in Fig. 6. Similar be-
haviour has been observed experimentally in a system of
optical fibre loops [22]. The populations of the two bands,
i.e. the relative amplitudes of the two beams, are approx-
imated by the Landau-Zener-type Hamiltonian (1). This
can be understood in the following way.

The static force introduces a term Fq into the two-
component Hamiltonian (22)

h(k, q) = −2 cos kσz + iΓσx + Fq, (32)

where q = id/dk is canonically conjugate to k with
[q, k] = i. The expectation value of k evaluated in the
two-component state Ψ(k, t) is

〈k〉t =

∫
dkΨ†(k, 0)U†kUΨ(k, 0)∫
dkΨ†(k, 0)U†UΨ(k, 0)

, (33)

where we have defined the (non-unitary) time-evolution
operator U = e−ih(k,q)t and the integrals are over the
interval [−π/2, π/2]. The Zassenhaus formula enables the
factorisation U = eA(k)e−iFqt, with some matrix operator
A that is independent of q, such that

〈k〉t =

∫
dk kΨ†(k + Ft, 0)eA

†(k)eA(k)Ψ(k + Ft, 0)∫
dkΨ†(k + Ft, 0)eA†(k)eA(k)Ψ(k + Ft, 0)

.

(34)
For a Gaussian in position space the two-component func-
tion Ψ(k, 0) is given by equation (31), and in the broad
beam limit the expectation value (34) reduces to

〈k〉t = 〈k〉0 − Ft. (35)

This is the acceleration theorem that is well known for
Hermitian systems. In the non-Hermitian case this is
only an approximation and relies on the initial quasi-
momentum uncertainty being negligible. It follows from
the properties of the delta function that 〈k〉0 = 0 when
k0 = 0 or k0 = π.

In summary, if a static force is applied to the PT-
symmetric chain (20), and Ψ(k, 0) is approximately a
Bloch state, then the dynamics can be described by the
effectively time-dependent Bloch Hamiltonian (23), with
the operator k replaced by its time-dependent expecta-
tion value 〈k〉t = 〈k〉0−Ft. We can further Taylor expand
the effective two-level system (23) around the band edge
k = π/2. The eigenvalues of the Taylor expanded Hamil-
tonian are depicted in the top panel of Fig. 4, in com-
parison to the exact eigenvalues for Γ = 0.2. We observe
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a good agreement of the eigenvalues close to the excep-
tional points. The resulting Hamiltonian is of the form
(1), with α→ 2/F and γ → Γ/F , and the instantaneous
eigenstates represent the two quasimomentum bands of
the system. It follows from (19) that the transmission
probability is

Ptr =
(

2− e−
πΓ2

2F

)−1
. (36)

Thus, if Ψ(k, 0) is initialised in an approximate eigen-
state of the Bloch Hamiltonian at k = 0 or k = π, then
after half a Bloch period t = T/2 (with T = 2π/F ) the
populations of the two bands are approximated by (36).

This result agrees well with numerical calculations, as
demonstrated in Fig. 6 for an initial broad Gaussian
beam. The time evolution of the renormalised density
|ψj |2/|ψ|2 on each site j is plotted for Γ = 0.2 and three
values of F . We observe that the Bloch oscillations sweep
through the band structure depicted in Fig. 4. The data
points in the bottom right panel were obtained by evolv-
ing the same initial state up to half the Bloch period for
various values of F . Each point corresponds to the popu-
lation in the upper branch of the beam in position space
at t = T/2 for a particular F value. The agreement be-
tween the numerically observed transmission probability
and the approximative formula (36) is excellent. This
behaviour is observed for a wide range of parameters, as
long as the two beams splitting at the exceptional point
can be meaningfully distinguished. We expect the ex-
perimental observation of this transition due to sweeping
through exceptional points to be entirely within reach.

SUMMARY

We have investigated a two-level system driven through
two consecutive exceptional points adiabatically and at
finite speed. In the adiabatic limit this leads to behaviour
having no analogue in the Hermitian case. The popula-
tion is equally distributed between the states coalescing
in the exceptional point, corresponding to a loss of in-
formation of the initial state. In the limit of fast driv-
ing the familiar quantum quench behaviour is recovered.
We have derived an analytic expression for the popula-
tion transfer for arbitrary speed of parameter variation,
interpolating between these two extremes. We have fur-
ther demonstrated how this can be experimentally in-
vestigated in a PT-symmetric lattice using Bloch oscilla-
tions, such as an optical waveguide setup, providing new
opportunities for engineering beam dynamics.
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