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Abstract

This paper explores a simple property of the Hodrick-Prescott filter: when the HP
filter is applied to a series, the cyclical component is equal to the HP filtered trend
of the fourth difference of the series, except for the first and last two observations,
for which different formulas are needed. We use this result to derive small sample
results and asymptotic results for a fixed smoothing parameter. We first apply this
property to analyze the consequences of a deterministic break. We find that the effect
of a deterministic break on the cyclical component is asymptotically negligible for the
points that are away from the break point, while for the points in the neighborhood of
the break point, the effect is not negligible even asymptotically. Second, we apply this
property to show that the cyclical component of the Hodrick-Prescott filter when ap-
plied to series that are integrated up to order 2 is weakly dependent, while the situation
for series that are integrated up to order 3 or 4 is more subtle. Third, we characterize
the behavior of the Hodrick-Prescott filter when applied to deterministic polynomial
trends and show that in the middle of the sample, the cyclical component reduces the
order of the polynomial by 4, while the end point behavior is different. Finally, we give
a characterization of the Hodrick-Prescott filter when applied to an exponential deter-
ministic trend, and this characterization shows that the filter is effectively incapable
of dealing with a trend that increases this fast. Our results are compared to those of
Phillips and Jin| (2015)).
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1 Introduction

The Hodrick-Prescott (HP) filter is a long-standing standard technique in macroeconomics
for separating the long run trend in a data series from short-run fluctuations. Introduced
initially by [Whittaker (1923) and popularized in economics by Hodrick and Prescott| (1997)),
the HP filter is universally used in macroeconomics. The cited paper by Hodrick and Prescott
has thousands of citations; yet, the impact of this work may go beyond that, since the HP
filter has become an obliteration by incorporation. While the HP filter has a long and
venerable history, it has recently being analyzed more formally in Phillips and Jin (2002]),
Phillips (2010), |[Phillips and Jin| (2015), de Jong and Sakarya, (2016]), Cornea-Madeiral (2017),
and |Hamilton| (2018). These papers analyze the properties of the HP filter rigorously and
reconsider its usefulness in the context of macroeconomics. Note that |Phillips and Jin! (2002)
and Phillips and Jin| (2015)) do not only study the HP filter, but the more general Whittaker
filter.
The HP filter calculates the trend of a series y;, t = 1,...,T by minimizing
T T-1
Z(?Jt —Tt)2+)‘Z(Tt+1 — 21 4+ 711)%, (1)

t=1 t=2

over 7 = (1q,...,7r). The parameter A here is a smoothing parameter that for quarterly
data is typically chosen to equal 1600. The minimizer, which we will label 77, is referred to
in the literature as the “trend component,” while ¢, = y; — 774 is referred to as the “cyclical
component.” By writing the minimization problem as a vector differentiation problem, it
follows that there exists a unique minimizer. The trend component 77, and the cyclical
component ¢y are both weighted averages of y;, and in |de Jong and Sakarya (2016), an
exact formula for the weights is found. This paper also explores the statistical properties of
the cyclical component when the HP filter is applied to a unit root process, and considers
adjusting the smoothing parameter for the data frequency. Cornea-Madeira (2017)) also
provides an exact formula for the weights by using the Sherman-Morrison formula.

In this paper, we derive a property of the HP filter which allows us to derive more general
results that are not present in the literature. A feature of our results is that we will assume A
to be fixed with 7T'. If we interpret A as a bandwidth type parameter, the assumption that A
grows with 7" is natural. This case is studied in detail in |Phillips and Jin| (2002)) and [Phillips
and Jin| (2015) [ In our setting A is assumed to be fixed, even while deriving our asymptotic
results. One justification for this approach is that regardless of the sample size, in the macro
literature values for A are fixed; typically A = 1600 for quarterly data or A = 6.25 for annual
data.

We first use this elegant result to explore the effect of an intercept break on the cyclical
component. We show that the effect of a structural break on the cyclical component dies out
as one moves a finite number of observations away from the break point, also asymptotically.
If we specialize the general setting of |Phillips and Jin (2015) to the case of an intercept
break, their results consider the case where the size of the break grows at rate 72 and A
grows with T', while we assume that the break size and \ are fixed with T'.

Our main result is also applied to processes that are integrated up to order 4. Again
assuming a fixed value for A\, we show that the cyclical component of series that are integrated
up to order 2 exhibits weak dependence properties, while for series that are integrated of
order 3 or 4 the law of large numbers does not hold for a large class of unbounded functions

!Note that Phillips and Jin! (2002)) and [Phillips and Jin| (2015) also contain fixed A and T results for the
more general case of the Whittaker filter.



of the cyclical component. This result contrasts with |Phillips and Jin| (2002) and Phillips
and Jin (2015)) for the case A = O(T?), where it is shown that for this case, the HP filter
“fails to eliminate” the unit root. Our result shows that for fixed A, |King and Rebelo
(1993)’s widely known conjecture “... the HP filter will render stationary series that are
integrated (up to fourth order) ...” is incorrect in the sense that the law of large numbers
does not hold for a large class of functions of the cyclical component when the original series
is integrated of order 3 or 4E] The reasoning used by King and Rebelo is based on assuming
that the first order condition of the minimization problem in Equation that is valid for
t =3,4,...,T — 2 holds for every t € Z. We call this approach the “heuristic approach”
throughout the paper. Our representation provides a rigorous analysis of the HP filter that
does not ignore begin and end point issues. In addition, we give a closed form formula for the
cyclical component of a polynomial trend for fixed A. [Phillips and Jin| (2015]) again consider
the large A\ case. We also consider the case of an exponential deterministic trend by using
our new representation.

In Section |2 of the paper, we provide an explanation of the “heuristic approach.” In
Section [3| of the paper, we establish our main result. Section {4 explores the consequences
of a structural break. In Section [5] we discuss weak dependence properties of the cyclical
component when the HP filter is applied to I(2), I(3), or I(4) series. In Section [6 we charac-
terize the behavior of the HP filter when applied to a polynomial trend and an exponential
deterministic trend. Section 7| summarizes the findings of the paper.
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2 Explanation of the heuristic approach

Letting B and B denote the forward and the backward operators, respectively, the first order
conditions of the problem in Equation (1) can be written as

\V)

~— ~— ~—— ~——

(1 +X) = 2XB + AB?) 771 = y1,

(—2AB + (14 5X) —4AB + AB?) 7y = 4,
(=2AB + (1 + 5X) — 4AB + AB?) fr7-1 = yr—1,
((14+A) = 2AB + AB?) 717 = yr,

while for t =3,4,...,T — 2,

A~ N TN/

(AB® — 4B + (1 + 6) — A\B + AB?) 71 = 1. ©)

By defining |1 — B|?> = (1 — B)(1 — B), the first order condition in Equation () can be
written as

v = (A\|1 — B[* + 1) 77, (7)

Analyses of the HP filter based on the first order condition of Equation are for example
King and Rebelo (1993)), Cogley and Nason| (1995)), McElroy (2008)). Such an analysis cannot
be more than a conjecture, since the first order conditions of Equations — are ignored.
King and Rebelo| (1993)’s conjecture (i.e., the HP filter will render stationary series that are
integrated up to fourth order) is based on a simple manipulation of the first order condition
of Equation (7)) and the identity y; = 774 + ¢ry, which give

e = (N1 — B[* + )71 — Bl*y,.

ZPhillips and Jin| (2002) were the first to note that King and Rebelo| (1993))’s conjecture is incorrect for
the case A = O(T?).



Thus, one might conjecture that ¢z, should possess stationarity properties if y; is integrated
up to order 4, because |1 — Bl*y, = (1 — B)*(1 — B)?B?B?y, = A%y,,5. Conjecturing along
these lines, we might also suspect that the HP filter is capable of removing a quadratic trend,
since |1 — B|'y; = |1 — B|** = 0. However, we will show that both conjectures are incorrect
in general, since the first order condition of Equation fails to hold for ¢t = 1,2 and
t =T —1,T. After all, it is easy to see (for example, by calculating the cyclical component
of a quadratic time trend in a software package) that the cyclical component of the HP filter
when applied to a quadratic trend is not equal to zero. Similarly, we will show that the
heuristic reasoning needs to be refined when considering the cyclical component of processes
that are integrated of order 3 or 4.

The results of the aforementioned papers should be interpreted as the results derived
from an approximate problem that will likely be valid for values of ¢t away from the begin
and end points of the sample and for large values of T'. However, such findings cannot render
exact results for the HP filter. This paper will seek to derive an exact result for the HP filter
that allows us to address those issues formally.

3 Main result

The following theorem presents a property of the HP filter.

Theorem 1. Let jry = A%y, Gra = AN*ys — 20%s, Jrr—1 = Ny —20%yp, grr = Nyr,
and fort =3,4,....,T — 2, gy = A*y,1o. Then fort=1,2,...,T

ere(yi, y2, - -, yr) = AN re(Ur1, Uras - - - Urr)- (8)

This simple but elegant result provides insights into the structure of the cyclical term.
This result shows that when the HP filter is applied to a series, the cyclical component of
the series equals the trend of the fourth difference of the series, where the first and last two
observations need a different formula. This property can shed light on the behavior of the
cyclical component that is obtained from various data generating processes. As pointed out
by a perceptive referee, this property can also be established using matrix algebra. Given
the relative simplicity of the minimization problem involved, it is perhaps not surprising
that matrix based treatments of the HP filter (such as e.g. in |Phillips and Jin (2015), in
particular Remark 3) come close to establishing the result of Theorem [1]

The idea behind our result is the following. Using the first order condition in Equation ({7
and the identity vy; = 774 + ¢7v, it follows that

eri(yis - - yr) = M1 = Bl*%r(y1, - yr)
— M1 - BY(1 - BB’ B 1u(y,....yr)
- A<]- - B)4B27A—Tt(y1) s 7yT)'

Ignoring the fact that y_1, yo, yr+1 and yr,o are undefined, we can now conjecture that the
last expression is approximately equal to

A(1 - B)47A—Tt<y37 s 7yT+2)7

which can be conjectured to approximately equal to

A7A_Tt(A4y3a s 7A4yT+2)-



Therefore, the conjecture presents itself that the cyclical component in a series y; is approx-
imately equal to the trend in the fourth difference. Theorem (1| corrects and formalizes the
conjecture above by taking into account the first order conditions of Equations — as
well.

Note that the last two observations §7r_1 and grr are important especially if the original
series is strongly trended; for example if y; is integrated of order 3 or 4. In that case, those
two observations may be relatively large, because in the formulas for these objects the second
difference instead of the fourth difference shows up. In Section [5, we will elaborate on this
observation to show that King and Rebelo| (1993))’s conjecture is incorrect in some dimensions.

De Jong and Sakarya (2016) gives an analysis of the weak dependence properties of the
cyclical component of a unit root process. It is unclear how to extend this analysis to series
that are integrated of order 2 or more. Also, the analysis of de Jong and Sakaryal (2016) does
not give a route for a characterization of structural breaks or deterministic trends (such as
polynomial or exponential trends). However, the result that is given in Theorem (1| allows us
to give formal results for processes that are integrated up to order 4 and for deterministic
trends in a simple and elegant way by providing a full characterization for the cyclical
component of any series.

4 The effect of a structural break

We analyze the effects of structural breaks to the cyclical component. Specifically, we focus
on an intercept break that is assumed to occur at an unknown date in the middle of the
sample. The next result formalizes the effect of an intercept break.

Theorem 2. Let

o fort=1,2,...,[rT]
= pA g fort=1[T]+1,[rT]+2,...,T,

where 4 < [rT] <T —5, r € (0,1) and [] is the floor function. Then fort=1,2,...,T

éTt(yla e JJT) = _)‘:U’Angt,[rT]-l-Q + éTt(ula U, . . . 7UT)7

where wrys 1S defined in Equation of Appendiz 1, and for k € Z

71520 |6T,[TT]+k(y17 s 7yT) - éT,[rT]-l—k(ula U2y - - - 7UT)| = )“MASf/\(k + 1)| a.s.,

where fy(+) is defined in Equation (29) of Appendiz 1.

The first result shows that the presence of the structural break alters the cyclical com-
ponent ¢ry by —)\uA?’th,[TT]H. From results and @ of Appendix 1, we know that
|fa(k)| < C|k|7? for |k| > 1; therefore, the cyclical component ér 71, for values of k that
are away from zero is not affected much asymptotically by the structural break. However,
for small values of k, the second result shows that the cyclical component is altered by
AA3 fy(k + 1) asymptotically. Tt is possible to calculate AA3 fy(k + 1) by using the formula
for fA(k+ 1) in result (6) of Appendix 1. In Figure [l the effect of an intercept break on
the cyclical component is illustrated by plotting AuA3 fy(k + 1) for A = 1600 and pu = 1. Tt
shows that the structural break mainly impacts ¢;’s that are less than 10 time points away
from the structural break point. Note that the problem of analyzing multiple breaks can be
split into the analyses of single breaks by the additivity of the HP filter cyclical component.

5



Phillips and Jin| (2015) consider a much more general form of trend and analyze the effect
of a structural break. They assume A\ = uT* where p € (0, 00) and consider the behavior of
the trend at a distance k = O(T') away from the break. Our result assumes both A and k
constant.
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Figure 1: The effect of a deterministic trend break of size 1 when A = 1600

5 The HP filter when applied to integrated processes

We consider the weak dependence properties of the cyclical component which is obtained from
processes y; that are integrated up to order 4; that is, A%y, = u,, for ¢ = 1,2, 3, or 4, where
we assume that u; has some stationarity or weak dependence properties. King and Rebelo
(1993)) have conjectured, based on considering the first order condition in Equation only,
that the cyclical component has weak dependence properties for processes that are integrated
up to order 4. In this section, we show that this can be made precise for bounded functions
of the cyclical component when the process is integrated up to order 4. On the other hand,
for unbounded functions of the cyclical component, we show that the law of large numbers
does not necessarily hold. Therefore, the picture is more subtle than suggested by |[King and
Rebelo| (1993)).

The cyclical component ¢ép; is a triangular array, and therefore it cannot be a strictly
stationary sequence. On the other hand, it is possible to derive a near epoch dependence type
result. The near-epoch dependence idea goes back to [Ibragimov| (1962) and is formalized
by Billingsley| (1968]), McLeish! (1975)), Bierens| (1983), |Gallant and White, (1988]), /Andrews
(1988), and |Potscher and Pruchaj (1991) with different approaches. The idea behind the
near epoch dependence concept is that the process can be approximated arbitrarily well



by a function of a finite number of strong mixing variables. Such a function is called the
approximator.

To formulate our result, for m > 1 define the approximator ¢, for t =1,2,...,7T as
T-2
&, =AY wngr (|t — s| < m). (9)
s=3

Note that §ps = Aty,yo for s = 3,...,T — 2. Since Ay, o = AV, o for ¢ = 1,2,3,4 is
a function of us_o4g, ..., Usya, the approximator ¢, depends only on u;—o_pmq, - - - s Urt24m-
Also, note that the approximator cannot be defined as A 3.0, wry g1 (|t — s| < m) because
then the approximator would include integrated terms (i.e., grr—1 and grr) if v, is an 1(3)
or 1(4) process.

The next result shows that the cyclical component has an approximability property when
the HP filter is applied to a process that is integrated of order 4 or less. Everywhere in this
paper, || - ||, denotes (E| - [P)V/P.

Theorem 3. Let p > 1. Assume that A%y, = uy, for ¢ =1,2,3, or 4, where sup,s, || us ||,<
o0o. Then for any v € (0,1/2), there exists constant Cy > 0 such that for any m > 1,
)

A -~ -~ ~ -~ A
sup sup || Crt — AW Y1 — AMWTYTe — )\th,T—lyT,T—1 — AMWreryrT — Cry ||p§ Cim
T>1 te[yT,(1—~)T]

and

sup sup | ere — Mwrngr — Awrelre — Arr—19rr—1 — Awrr§rr ||,< 0o.
T>1 te[yT,(1—)T]

The term

wrayr1 + WreYr2 + Wrer—1Yrr—1 + WrrYrr (10)

will be small under standard conditions if ¥, is integrated up to order 4. This is because
I(2) processes are O,(T%/?) under standard conditions (such as when a functional central
limit theorem holds for the u;), while from results and of Appendix 1, it follows
that |wry| < CT3 for j = 1,2,7 — 1,T and t € [yT,(1 — 4)T]. Therefore, ¢ry can be
approximated well using ¢7,, which is a function of the wuy for values of s close to ¢, and
therefore has weak dependence properties. This reasoning can be used to establish the
following weak law of large numbers for bounded and continuous functions of the cyclical
component:

Theorem 4. Assume that vy, satisfies Ay, = vy for ¢ = 1,2,3, or 4, and assume that u; is
strong mizing. In addition, assume that E(|jir| + |Jor| + [r—1.0| + [Gr.r|) = O(T3?). Let
g(+) be a function that is bounded and Lipschitz continuous on R. Then

T
T IZ ¢re) — Eg(éry)) 250.

t=1

The result above can be viewed as a formalization of King and Rebelo’s conjecture. Note
that in the above result, the term of Equation plays no role asymptotically as long as
g(+) is a bounded function. In the case that g(-) is an unbounded function, the fact that g7
is asymptotically large if y; is integrated of order 3 or 4 can break the law of large numbers
for functions of the cyclical component. The following theorem formalizes this.



Theorem 5. Assume that y, satisfies Ay, = u; for ¢ =3 or 4, and supys, Elug| < oo. Let
g(x) > Cl|z|P where x € R, p >0, and C > 0. Also, assume that Up(r) := T~1/? ETZTI] Uy =
U(r) onr € [0,1], where U(-) denotes a multiple of Brownian motion. Then,

T
T g(er) > CNTY Y wrrsgrsl”. (11)

t=1 s=1

If y; is an 1(3) process, then

T_p/2’ ZwTTsﬂTs|p L | ((2(0) = fa(2)) + &9x(1) (91 (1) — 9a(2))) U(L)[P. (12)

s=1

If yi is an I(4) process, then

T2 3" wrrggr? 5 [ ((0) = 71(2)) + Erga(D)(:(1) — 2(2))) / Ur)drP,  (13)

s=1
where gx(+) and &, are defined in results (@ and (@ of Appendiz 1, respectively.

It is easy to verify that f1(0)— f1(2)+&xgx(1)(ga(1) —ga(2)) takes the value of 0.254, 0.022,
and 0.002 for A = 6.25, 1600, and 129,600, respectively.ﬁ The above result gives conditions
under which 7! Zthl g(éry) is explosive. In the first result, we show that 71 Zthl g(Cry)
is bounded below by a process that is O,(T®/27Y) if y; is an I(3) process. This implies that
for p > 2, the law of large numbers does not hold for g(ér;). Similarly, 7= 371 g(épy) is
bounded below by a process that is O, (T®?/271)) if y, is an [(4) process, which again implies
that the law of large numbers does not hold for g(¢ér;) for p > 2/3. Therefore, Theorem
provides a partial converse to King and Rebelo’s conjecture, as it illustrates that the law of
large numbers can fail for unbounded functions of the cyclical component when the HP filter
is applied to I(3) or I(4) processes.

Phillips and Jin| (2015))’s Theorem 4 considers the I(1) case. For the case A = uT*, they
conclude in Remark 9 that the scaled partial sum process of the cyclical component satisfies
a functional central limit theorem. For the case of smaller A, |Phillips and Jin| (2015) conclude
that the HP filter “... eliminates the stochastic trend giving a zero ‘cyclical’ process.”

6 The HP filter when applied to deterministic trends

6.1 Deterministic polynomial trends

Theorem [1}also allows us to establish the behavior of the HP filter when applied to determin-
istic polynomial trends. From Theorem [1} a result for the case of a linear trend y, = a + bt
immediately follows. After all, for that case, A%y, = 0, implying that g7 = Ofort =1,...,T,
which by Theorem (1| implies that ¢r; = 0. For higher order polynomials, the result is more
complex. In Theorem [6land below, we adopt the convention that the summations over empty
index sets are zero.

3The Matlab program used to calculate these values can be found at https://neslihansakarya.weebly.
com/uploads/5/9/5/5/59554687 /matlab_files_for_theorem_5.zip
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Theorem 6. Suppose that y, = tP fort=1,2,...,T and p € N. Then,

o /\CTtp pr = 2, 3

ere(1,20 ... TP) = . ~
Tt( ) {/\ Zizé akaTt(l, 2k, . ,Tk) -+ /\OTtp - /\HTtp pr Z 4

where

ow= (1) -2, (14

[\

Crip = Y cutre (1,28 —=2,0,...,0,(T = 3)F —2(T — 2),(T — 2)¥),
0

bS]

B
Il

=

o (x) (2771 —8) if p—k is even
o ifp—k is odd,

p—4
Hryp =Y apdre (1,25,0,...,0,(T = 1)F, T%) .
k=0

Note that for p = 2, éry = ACrp = 2A714(1,—1,0,...,0,—1,1) = 2\ (wry — wre —
wre -1 + wrer). This result and results and of Appendix 1 together imply that ¢z
takes a value close to zero if ¢ is sufficiently away from the begin and end points. In the
case of a cubic trend, Theorem [6] gives ¢ry = ANCryz = 6A774(2, —1,0,...,0, =T, (T — 1)) =
6A2wry — wrie — Twryr—1 + (T — 1)wrer), which suggests that the cyclical component
approaches zero slower than the cyclical component of a quadratic trend in the middle of
a large sample. The heuristic approach that we explained in Section 2] incorrectly suggests
that the cyclical component of a polynomial trend of order 3 or less equals zero. Another
implication of the above result is that for p = 4, ¢ry = 24\ + ACryy — NHpys. Note that
CTt4 = 50th1 + 10’LUTt2 + (—12(T — 2)2 + 7O)th7T_1 -+ (12(T — 2)2 + 24T — 34)thT and
Hry = 24(wrn + wre + wrer—1 + wrer). In the middle of a large sample, Cry and Hyyy
are O(T~') and O(T~3), respectively, by results and of Appendix 1 and therefore,
¢y 18 roughly equal to 24\ in that case. However, since by Lemma 2, for fixed £ > 0,
limg oo T72Crr 1.4 exists and does not equal 0, Crr_ x4 is O(T?) near the end of the
sample. The reduction of the polynomial order by 4 therefore only happens in the middle of
the sample. The case p > 4 follows a similar pattern.

Next, we provide an explicit formula for the cyclical component of a quadratic trend. In
Theorem (7| and below, zZ denotes the complex conjugate of z.

Theorem 7. Suppose that y, =t fort =1,2,...,T, and 0 < X\ < co. Then

éTt :(CIT + ClT)|Zl|t cos(t&) + i(C’lT - C_'lT)|Zl|t sin(t@)
+ (Cip + Orp) |21 cos((T — t + 1)6)
+ i(ClT — élT)|21|T_t+1 SlIl((T —1 + 1)8), (16)

where 12 = —1,
ar = (1+ M) (21 +20) = 2022 + 2171 + A2 + 21 72),
br = =2M(z1 + 21 ) + (14507 + 21 ) —4A= + 21 %) + A= + 21 0),

9



Cir = 2X (br + ar) / (arbr — arbr)
\/1+16/\—1+Z_< V2 1 )

21:1—

22\ Jitior—1 2V
~1/2
- (21/2 <\/1 T16M — 1) ) .

Note that Cy7 + Cy7 and i(Cir — C_’lT) that appear in Theorem (7| are both real-valued.
The above result implies that when ¢ is small and T is large, the cyclical component of a
quadratic trend is approximately equal to (Ci7+ Cir)|21 |t cos(t0) +i(Crp — Cir) |21 | sin(t6),
and when t is close to the end of the sample, the last two terms in Equation take over.
When ¢ is in the middle of a large sample, ¢r; takes relatively smaller values since all terms
in Equation ((16) are small. This is because |z1| < 1 for 0 < A < oo. Also, it is easy to
see that éry(1,22,...,T%) = ¢rr_1(1,2%,...,T%) for t = 1,2,...,T. This property of the
cyclical component appears only in the quadratic trend case.

Note that it is also possible to derive an expression for the cyclical component of a cubic
trend along the lines of Theorem [7}

ere =(Cip + Cip) |21 cos(t) + i(Cip + Cip)| 21| sin(t0)
+ (Cyr + Coap) 21| cos((T — t +1)0)
+i(Cyp + Cop)|za [T sin((T — t + 1)8),

where C}, and C3;. are the complex-valued terms that depend only on z; and 7', and C7 #
C3r # Chp. For the sake of brevity, we do not provide the explicit formulas for C}, and C3;.

Phillips and Jin| (2015)’s Theorem 4 and the subsequent discussion provide an asymptotic
analysis of a general higher order polynomial case, and they conclude that “... the asymptotic
forms of the filters project the higher order polynomials onto lower order polynomials ... and
apply the smoother to the residual process.” However, the results of this section considered
fixed T results.

6.2 Deterministic exponential trends

The following result characterizes an exponential deterministic trend by using the result of
Theorem [l

Theorem 8. Let y, = exp(t) fort =1,2,...,T. Then
¢re = CATr(Crexp(l), Coexp(2),exp(3), ..., exp(T — 2),Cyexp(T — 1), Cyexp(T))

where C' = exp(2)(1—exp(—1))*, C; = (1—exp(—1))72, Cy = C1(1—2exp(—1)), C3 = 1-CY,
and Cy = Cy exp(—2).

Since the above result implies that the cyclical component equals the trend in an exponen-
tially increasing sequence, Theorem |8 suggests that the HP filter is not capable of removing
an exponential deterministic trend from a series. As was noted by the Editor, given the fact
that differencing an exponential trend gives a multiple of an exponential trend, and given the
role of the fourth difference in the HP filter, it is not surprising that the cyclical component
retains an exponential trend (the exact nature of which is given in Theorem [§)). Results such
as Phillips and Jin (2015)’s Theorem 1 and Remark 3 can also be shown to imply the result
of Theorem Rl

The next result shows that the cyclical component of an exponentially deterministic trend
is as explosive as the exponential trend itself when t is close to the end of the sample.
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Theorem 9. Let y; = exp(t) fort =1,2,...,T. Then for k >0

lim crr—k(exp(1), ..., exp(T))
T=00 exp(T — k)

=C\exp(k) Z (ak=g)+ HE+7+1) + &gk 4+ 1)gr(j + 1)) exp(—y)

J

+ Chexp(k —1)(Cs — 1) (fa(k = 1) + fa(k +2) + Exga(k + 1)ga(2))
+ Chexp(k)(Cy — 1) (FA(k) + frlk + 1) + Egalk + D)ga(1)) .

This result shows that the HP filter is not capable of removing the trend in deterministic
exponential trends, in the sense that ¢z is as explosive as y; = exp(t) when ¢ is close to the
end of the sample. For A = 1600 and k = 0, 1,...,5, the limit in Theorem [J takes the values
0.703,0.277,—0.739, —3.130, —8.679 and —21.363, respectivelyE]

In the setting of an exponential time trend, a trivial remedy is to take the logarithm of
Y, which will become a linear trend after the logarithmic transformation. It was argued in
the beginning of Section [6] that the HP filter is capable of removing a linear trend; therefore,
the cyclical component of the transformed y;, would be zero.

7 Conclusion

This paper derives a simple but elegant property of the HP filter, which highlights the
behavior of the cyclical component when the HP filter is applied to various processes. We
use this result to derive small sample results and fixed lambda asymptotic results.

Our main result is used to analyze the effect of an intercept break. We find that an
intercept break affects the cyclical component, and this effect is not negligible even when
the sample size is large. Next, our main result is applied to integrated processes of order
up to 4. We conclude that the cyclical component of series that are integrated of order
1 or 2 possesses weak dependence properties and that the law of large numbers holds for
transformations of the cyclical component. On the other hand, the situation is more subtle
when the HP filter is applied to processes that are integrated of order 3 or 4. We find
that in this case, the law of large numbers fails to hold for unbounded transformations of
the cyclical component. Our main result allows us to derive a closed form formula for the
cyclical component of deterministic polynomial trends. It is shown that the HP filter reduces
the order of the polynomial by 4 in the middle of the sample. We show that the HP filter is
not capable of removing the trend in deterministic exponential trends.

Results such as those of Phillips and Jin| (2002)), Phillips and Jin| (2015) and this paper
should help economists gain a full understanding of the issues involved in the analysis of HP
filtered macroeconomic data. In particular, these results can inform applied macroeconomists
about the effect of applying the HP filter in the presence of structural breaks, unit roots,
and/or deterministic polynomial or exponential trends.
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Appendix 1

In this section, we introduce the notation and the results from de Jong and Sakarya (2016))
that are used throughout this paper.

1. FormeZ, A€ [0,00),and T > 1,
fralm) =1/(27) + (=1)™(2T) (1 + 161) 7}

+ 771 Zcos(w(j —1)m/T)(1 4 16Asin(x(j — 1)/(2T))H) .
2. Form>1,A€[0,00),and T > 1,

gra(m) =T Z V2cos(m(j = 1)(m = 1/2)/T)qri;(1+ 16Asin(r(j — 1)/(27))*) ",

where gr1; = sin(m(j — 1)/(2T))? cos(w(j — 1)/(2T)) for j =1,2,...,T.

3. The sequences o1y, N7y, Era and ¢ry are defined as
T

S =T @y, (1+ 16Asin(n(j — 1)/(2T)") 7,

i=1

T
nrea =T qrijqre;(1+ 16Xsin(w(j — 1)/(27))*) 7",

j=1
where gro; = sin(m(j — 1)/(2T))? cos(w(j — 1)(T —1/2)/T) for j =1,2,...,T, and
Erx =32M(1 — 64MI73 ) (1 — 64X7n + 322X (67, — n7y)) "
+ 322 X%(1 — 64Xd7x + 32°X (67, — 17n)) o7,
dra =32°N2(1 — 64X\7y + 322X (63, — 1)) '1ima
4. When the HP filter is applied to a time series 1, it calculates a trend that is the

weighted average of the original series such that 7, = Zstl wrsys fort =1,2,...,T
where

wres =fra(t — 8) + foa(T)I(t+s—1=T)
+fat+s—DIt+s—1<T)+ fra2l —t—s+1)I(t+s—1>T)
+ Eragra(t)gra(s) + dragra(T —t + 1) gra(s)

+ Oragra(t)gra(T — s + 1) + Eragra(T — t + L) gpa (T — s + 1) (17)
8
=fralt =)+ Y wh,,. (18)
=2

5. |fra(0)] < 1; for m € {1,2,...,T}, |fra(m)] < Cm™2 and |gry(m)| < Cm™3 for some
constant C' > 0 independent 7" by Theorem 1 of |de Jong and Sakarya; (2016]); from the
above definitions and inequalities, it follows that

sup |wres| < 00, (19)
T>1,t,5€{1,2,....T}
T2
su w < 00 20
Tzl?;| T7Ts| ) (20)
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and for v € (0,1/2)

sup sup sup |T° ZwT T s | < 0. (21)
T>11<s<T rely,(1—7)] =2

6. For all A > 0 and m € Z,
1
Tlim fra(m) = fa(m) :/ cos(mrm) (1 + 16Asin(7r/2)*) " dr. (22)
—00 0
7. Forall A\ > 0 and m > 1,
lim gr(m) = gx(m)
T—o00
1
:\/5/ cos(mr(m — 1/2)) sin(wr/2)? cos(mr/2) (1 4 16X sin(7r/2)*) " tdr.
0

8. For all A > 0, limy_.o, o7 =0,

32
1 — 32Xy

where 1 — 32\ # 0, and

Th_I}go Era =86 =

T—o0

1
lim 07\ = 0y = / sin(m“/2)4 cos(m“/2)2(1 + 16X\ sin(ﬂr/2)4)’1dr.
0

9. Since Ty = ZST:1 wrsys for t = 1,2, ..., T, for sequences x; and y;, we have
Tre(x1 + Y1, T2+ Y2, - e+ yr) = Tre(w1, Ty o ) + Tre(Yn, Yo, - -5 yT), (23)
and also since ¢py = y; — 7y We write
eri(Tr +y1, 22 + Yo, - s x +yr) = Ere(T1, 20, .. 7)) + Eri(Y1, Y2, - - yT), (24)
fort=1,2,...,T.
10. Fort=1,2,...,T

(Y1, Y2, - s Yr—1, Y1) = Tr0—141 (Y, Y115 - - -, Y2, Y1)- (25)

Appendix 2: Mathematical proofs

Throughout this Appendix, we define summations with empty index sets to equal 0.

Proof of Theorem[]. First, we rewrite the minimization problem of Equation as a mini-
mization problem over ¢; = y; — 7;. We then obtain

T— T-1
Z Z Cip1 — 20 + Ct—1)2 — 2\ Z(yt+1 — 2y + Y1) (Crp1 — 2¢¢ + ¢1-1)

t=1 t=2 t=2

T—
Z (Y41 — 2y + Yo 1) .
t=2

14



The last term of the expression above is irrelevant to the minimization problem. Applying
summation by parts twice gives (Rudin|, 1976, Theorem 3.41 on p. 70)

T—

—_

Z(yt—H =2y + Y1) (Ce1 — 20 + ¢11)
t=2
T-1
= AzytHAthH
t=2
T-1
= (A%, — Ayr)Acy + APypAcy — APysAcy
t=3
T2

Aty iac + Nyser + (AZ?M - QAQ?J:%) Co + <A2yT—1 - 2A2?/T) cr-1 + A%yrer,

~
w

and therefore, it suffices to minimize

T T-1 T-2
Z C? -+ )\Z(CtJrl — QCt + Ct,1)2 —2A Z A4yt+26t
t=1 t=2 t=3

—2>\A2y361 —2A (A2y4 - 2A2y3) Cy — 2\ (AzyT_l - 2A2yT) Cr—1 — 2>\A2yTCT

T T-1 T2

=D GHAY (1 —20+6-1)" =20 Y Girice—2Mr1c1— 2N raca — 2\ r—1c7—1 — 2\rTer,
t=1 t=2 t=3

over (ci,...,cr) where gy is defined in Theorem The first order conditions for ¢; for

t=1,2,T —1,T are

((1+X) = 2AB + AB?) épq = AA%y; = Ajipy, (26)

(—2AB + (1 4+ 5)) — 4AB + AB?) érg = A (A%yq — 2A%;3) = Ajirs, (27)

(=2M\B + (1 +5)) — 4AB + AB?) érr1 = A (A%yr_1 — 20%y7r) = Njrr—1, (28)

((1 —+ )\) — 2)\B + )\B2) éTT = /\AQyT = )\ﬂTTa (29>
respectively. Also, the first order condition for ¢; for t =3,...,T — 2 is

(/\B2 —4AB + (1 +6)\) —4AB + )\BQ) ére = M o = Ay (30)

The analogy between the first order conditions of Equations — and the first condi-
tions of Equations —@ now reveals that ¢ (y1,y2, - - -, yr) = T1¢(AG7T1, Ao, - - ., ANrT) =
Nre(Ur1, Ur2, - - -5 JrT)- O

Lemma 1. Forr € (0,1) and k,l € Z,

’111—1;20 WT [rT)+k,[r T+ = f,\(/f - l)-
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Proof of Lemma (1 Using Equation (L7)), we write

111_1& W, [T}k [T+
= lim (fra(k = 1) + fra(DIEET]) + k+1-1=T))
+:Aii%ofTA(2[rT] +Ek+1-DICT)|+Ek+1-1<T)
+T1£I§ofTA(2(T —[rT) —k—=14+DI)T)+k+1-1>T)
+ Th_rﬁo Erxgra([rT] + k) gra([rT) + 1) + ¢ragra(T — [T — k4 1) gpa([rT] + 1))
+ m oragra([rT] + k) gra(T — [rT] =1+ 1)
+ Hm Erngra(T' = [rT] =k + D)gra(T — [rT) = 1 + 1)
=k —=1),
by results - in Appendix 1. O
Proof of Theorem[3 Because y, = pl(t > [rT] 4 1) + u; and Equation (24))
ere(Y1, Yo, - - yr) = erp(ur, ug, - o up)+ep(ud (1 > [PT]41), wl (2 > [rT]+1), ..., uI (T > [rT]+1)).
By Theorem 1, and because 4 < [rT] < T — 5 was assumed,
Cr(puI(1>[rT) 4+ 1), 02> [rT)+1),...,uI(T > [rT] + 1))
=\t (0,0, A*T(5 > [rT) 4+ 1),..., A I(T > [rT] + 1),0,0).

Noting that A [(t+2 > [rT]+1) = A3[(t+2 = [rT]+1), it follows that the last expression
equals
Mz (0,0, A% T(5 = [rT]) +1),..., A (T = [rT] +1),0,0)
T2
=\u Z A%I(s+2 = [rT] + 1wy

_AMZ (s+2=[T]|+1)=3I(s+1=[rT]+ 1)) wrs

n )\MZ BI(s=[rT]+1) = I(s =1 =[rT] + 1)) wrus

- - )\MA3th,[rT]+27
where the first equality is obtained by the weighted average representation of the trend
provided in result @ of Appendix 1. This establishes the first result of theorem.

Next, we need to show the second result of the theorem. Using the first result of the
theorem, we find that

lim |éT 7T +k(y1 Y2, - ayT) - éT,[rT]—&-kz(ula Uz, .- - ,UT)|
_zlgn ‘)\MA W, [rT)+k, [rT]+2|

ZAW Th_I){.lo ’wT,[rT]+k,[rT}+2 - 3wT,[rT]+k,[rT}+1 + 3wT,[rT]+k,[rT} - wT,[rT}+k,[rT]fl|

=Apl|fa(k = 2) = 3fa(k = 1) + 3fa(k) — falk + 1)
=MNpA’fr(k+1)| as.,

where the third equality follows from Lemma 1] O
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Proof of Theorem[3: By Theorem [ and the definition of ¢}, in Equation @D,

sup || éTt(yb Y2y, yT) — AW Y1 — AWrlrs — )\wTLT—lgT,T—l — \WrerYrT — é?t ||p
telyT,(1-)T]

= sup H /\%Tt@h Y2, - ,@T)—)\wTﬂ@ﬂ—)\th237T2—/\th,T—1@T,T—1—AthTﬂTT—é?t ||p
te['yTv(l_’Y)T]

— T-2
=\ sup | Zthngs - ZthngsIﬂt — s <m) |,
te(yT,(1-T] = _

T-2

<A w3 ] [ I 1t =l > m)IT = m).
te(YI,(1-v)T] =3

For m > 1, noting that supsc,cr 5 || ¥rs ||p< Csupys || us || if APy, = u, for p=1,2,3, or
4,

T-2

sup > fwres || Grs llp L1t = 8| > m)I[(T > m)
teT,(1-NT] =3

T-2

<C  sup Y |t —s)I(Jt - s >m)sup | us Iy
te(yT,(1-7T] =3

T-2 8

+C  sup Z | Zwﬂs\[ it —s| > m) sup | us ||, I(T" > m)

teh -1 =3 =

T-2

< CZ oGl sup s +CY sup !Zwmlsup Il s [l

o3 tehT.(1-9T] 55

< Cisup || . [ >

] m

8
FOT2sup [l uy Jpsup sup sup (T3S why |[I(T > m)
s>1 T>11<s<T te[yT,(1—v)T)] =2

=O0(m™),
by the results of Equations —. This shows the first assertion of the theorem. To show

the second assertion,

sup sup || Crt — AWrn ¥ — AWl — )\th,T—l?/T,T—1 — AMWreryrr || P
T>1 te[yT,(1—7)T)

<Asup sup Wrsl
T>1t€[7T (1—y)T ” Z resdr o

_ T-2
§32>\Z\fm(j sup H Us ||p+16AZ u Zwm\sup | us [l,= O(1),
i=0 J=2

_3 telT,(1-

by a reasoning similar to that of the proof of the first assertion. O]
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Proof of Theorem[{: We write that

T
T IZ ere) — Eg(ery))

—7! 3 (9(er) — Eg(er)) + T > (g(ére) — Eg(én)).

te{l,...THtg[vT,(1-)T] te[yT,(1=)T]

The first term is bounded in absolute value by 47y sup,cg |g(z)| where v can be chosen
arbitrarily small. Therefore, it is sufficient to show that the second term is o0,(1). Let
ary = Mwra¥ri + Wredr: + wryr-19rr—1 + wrrrr) and note that

71 Z (9(¢re) — Eg(cre))

telyT,(1=v)T1]

=T~ > (9(er) — g(ére — ary)) (31)
te(yT,(1-)T)

+T7 > (g(ér — am) — Bg(ér — ary)) (32)
te(yT,(1-)T]

+T7" > (Eg(ér — ary) — Eg(ér)). (33)
telyT,(1-)T]

by the triangle inequality. For the expression in Equation , the weak law of large numbers
follows analogously to the proof of Theorem 6 of |de Jong and Sakarya (2016). Therefore,
we only need to show that the expression in Equation is 0,(1) and the expression in
Equation (33]) converges to 0. Both results follow if

T Y Elg(en) = g(ér —ar)| — 0. (34)

telyT,(1=)T]

In order to establish this, note that since g(-) is Lipschitz continuous, we have

T > Elgler) — glére —ar)| LT YT Elagl, (35)

telyT,(1—7)T] telyT,(1—)T]

and by the definition of ar; and Equation , we have

Elar| < AN wran|E|gri| + |wrel Elgr| + [wrer—1| E|Jrr-1| + |wrer | E|yrr|)

8 8
A fralt = DI+ 1D whnDElgm | + M fralt = 2 + 1) whio) Eljra|
h—2 h—2
8 8
AN fralt = T+ D)+ > whyr  DElgrr—1| + A fralt = T)| + [ whyrl) Eliire]
k=2 2

<A sup | foalt = §)|E(97r1| + |Fr2| + |[Urr-1] + |[Ur7])
se{12,T—1,T}

8

A sup D wh|E([Gr | + Grel + |Grr—l + Grrl)
s€{12T LTy 5

18



8
<SOT sup  [fra(t— )|+ T sup | why, (36)

se{1,2,7-1,T} se{127-1T} 4
where the last line follows from the assumption E(|jz1| + |Jra| + |Jr.r—1| + |[Grr]) = O(T3/?).

Therefore, we use the upper bound for Flaz;| in Equation to bound the expression in
Equation , as follows:

Z Elg(er) — g(Cre — ar)|

te[yT,(1—)T]
SGLTPT Y sup | fralt —s)|

te (L)) SE (L2 T LT

8

+CyLT3T! Z sup | Z whe|.

te T (L] SEL2T-LT} 455

Note that
Tlgrolo T3/27! Z sup | fra(t — )|
te T (Lyy7] *E (12T 1T
< Cs lim T32T7 (1 -29)T+1) sup sup  T°|[rT] — s|®
T— o0 rely,(1—v)] s€{1,2,7-1,T}

=0,

where the last inequality follows from | fpx(m)| < C|m|™® for m € {1,2,...,T} as given in
result of Appendix 1. Similarly, we write that

8
lim 73/27! Z sup | Z wh, |

T—oo tely T (L)) SE2T 1T} 5
8
< Th_r)n T3/271 Z sup sup | Z W ) ]
o0 telyT (1—y)7] "€ (=N s€{12T-1T} 30
8
= lim 77327 Y((1-29)T+1) sup sup |17 Z W) 5]
T—00 rely,(1—7)] s€{1,2,7—1,T} =
= 0’

since SUPysq SUP1<s<7 SUDyely,(1-9)] T3 2522 w% ] ,| < 00. as given in result |} of Appendix
1. Therefore, we have now shown the result of Equation (34]), and the proof is complete. [

Lemma 2. For k,j >0,

lim WrT—k.i+1 — 0
T—o00 ’ A ’

711_{20 wrr—gr—; = Ak —7)+ HE+7+1)+Eank+1)gn(7 +1).
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Proof of Lemma[d Using Equation (L7)), we write
Tlggo WL, T~k j+1
= i (fra(T =k = j = 1)+ fra(DI(T — b+ =T))
"‘Th_I};JfTA(T—k‘i‘j)I(T—k‘i‘j <T)+ T +k=)IT-k+j>T))
+ Th_{{)lo (Eragra(T — k)gra(d + 1) + dragra(k + 1)gra(j + 1))
+ Tl‘glgo (oragrA(T = k)gra(T — J) + Erngra(k + 1)gra(T — 7)) = 0,

by results - of Appendix 1. Similarly, we write that

lim Wr T—kT—j

T—00
— i (ralh— )+ SralT)I@T — k= — 1= T)

+ lim fra(2T —k—j—1)I@T —k—j—1<T)

+Tlim fT)\(k+j+1)I(2T—k—j—1 >T)

— 00

+ Tll_ffolo Eragra(T = k)gra(T — 3) + dragra(k + L) gra (T — j))

+ Hm (DragrA(T — k)gra(j + 1) + Eragra(k + 1)gra(j + 1))
=fak =)+ fak+5+1) + ok +ga(j + 1),

since limy_,o fra(m) = fa(m) and limy_,o gra(m) = ga(m) for all A > 0 and m € Z,
limr_,o &ra = &y, and limp_.o, ¢y = 0 as given in results @— of Appendix 1. O

Proof of Theorem[3 First, we write that

T

T g(ér) > CTY e’

t=1 t=1
T

T T
=CT™' Y N wrradirs” > CNTY " wrrafira
s=1

t=1 s=1

where the first inequality follows from the fact that g(x) > C|z|P, and the first equality is
due to Theorem This gives the result in Equation (11). Next, we will show that the
results in Equations and hold. If y; is an I(3) or an I(4) process, we have

T—2 T—2
E| Z WrrsPrs| < Z lwrrs|  sup  Elgrs|.
s=1 s=1 lss<T-2

Furthermore, sup,<,cr o E|yrs| < Cysup,s; Elug| < oo by the definition of §p, given in
Theorem , which together with the result of Equation implies that

T-2
| > wrrsiirs| = Op(1). (37)
s=1
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If y; is an 1(3) process, then

T
’ Z wTTsTil/QgTs ’p

s=1
T—2

=] Z wrrs T~ 2 §irs + wTT,TflTil/ng,Tfl + wTTTT71/2Z;TT‘p
s=1

=lwrr 1T *Grr-1 + wrrrT gy + Oy (T72) [P

T
=|(wrrr — wrrr—1)T~? Z u, + Op(T~2)PP,
k=1

where the second equality is implied by the expression in Equation (37)), and the third
equality follows from Theorem and the assumption that A3y, = w,, since grr_; = A?yr_;—
20%r = — S0 uy, — up and Jrp = A%yr = S04, ug.. Since Up(1) N U(1), we obtain

T

((wrrr — wrrp—1)T '/ Z ur + 0p(1)[
k=1

L ((£2(0) = £r(2)) + E09a(1) (92 (1) — ga(2) U (L)

by Lemma and by the continuous mapping theorem. This shows the result in Equation .
If y; is an 1(4) process, then

T
| Z wrrs T 2GrP = |wrrr AT~ Grr1 + were T Phrr + O, (T72) P

s=1
T

k
= |(wrrr — wrrp—1)T Z Z w + O (TP,

k=1 I=1

where the first equality is implied by the expression in Equation . The second equality
follows from Theorem [I] and the assumption that A%y, = u; which implies that grr_; =

A2yT71 — 2A2yT = _ZZ:l Zle u;y — Zszl Uup and ?jTT = A2yT = ZZ:l Ele uj. Since
Ur(r) = U(r) on r € [0, 1], we obtain

Tk
((wrrr — wrrp—1)T 7 Z Z w + 0p(1)[7

L1 0) = H(2)) + Enaa(D)(aa(1) — 92(2))) / U(r)dr]?

by Lemma [2[ and by the continuous mapping theorem. This completes the proof. O
Lemma 3. A%(t+2)P = Zi;g coith fort =1,2,...,T, where c,, is defined in Equation .

Proof of Lemmal[3 The binomial theorem gives the following equality

(t+m) = i (Z) thmpk.
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Therefore,

At +2)P = (t+2)P —2(t + 1)P + P

p p
_ P\ kop—k _ Pk |
—Z(k>t2 2Z(k>t +t
k=0 k=0
p—1 p—2
= ot (P =27+ 1) = et
k=0 k=0

where ¢, = (£)(2°7% — 2). The last equality follows from the fact that ¢,,_; = 0. O
Lemma 4. A*(t+2)P = Zi;ﬁ apt fort =1,2,..., T, where ayy is defined in Equation .

Proof of Lemmal[{ By the binomial theorem, we have

AYt+2)P =t +2)P —4(t+ 1) + 6t — 4(t — 1)P + (t — 2)P

Z( )thP b 42( )tk+6tp
— 4i (Z) (=1 F + ; (Z) th(—2)r*k

="t + (1 — AP 4 67 — At 4 t7)

where

o= (5) 7t = a1yt o).
This implies that

U — (2) (QJLHCJrl — 8) if p—k is even
"o if p — k is odd.

Note that a,, = 0 for k = p —1 and k = p — 3, since p — k is odd in both cases. It is also
easy to see that a,,_o = 0. Thus, we conclude that

At +2)P Zapkt’“

Proof of Theorem[f Let y, =¥ for t = 1,2,...,T. Theorem [I] implies that

éTt (]-’ 2]77 s 7Tp) = A72’135(@']17 gTQ: s 7@TT)7
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where by Lemma

p—2
Jr =3 -2 41 = Zcpk7
k=0
p—2
Jro= (4 —2x 3 +2) =28 =27 4 1) = Y (2" - 2),
k=0

Jrro1=((T = 1P —2(T = 2)? + (T — 3)P) — 2(T* — 2(T — 1)* + (T — 2))

—2

(T = 3)F = 2T - 2)"),

k=0
p—2
Jrr =TP = 2T = 1P + (T = 2)" = > _ (T — 2)%,
k=0

and by Lemma[4] for t = 3,4,...,T7 — 2,

p—4

gre = ANt +2)P = apt”.

k=0

Also, by Equation it follows that

(40)

(41)

(42)

éTf<1a2pa"'77vq ::Af7¥(0707gT37"'7@77T—27070)-+’Af?f(ﬂTlagTQaOa"'707g7YT—17gTT)-

By replacing g7, with the expression in Equation fort =3,4,...,T — 2, we obtain

77¢(0,0, 973, - . ., Yr,7—2,0,0)

p—4 p—4
=770(0,0, Y " am3",. .Y ap(T — 2),0,0)
k=0 k=0
p—4
=Y auwtr(0,0,3% ... (T —2)",0,0),
k=0

where the last equality follows from Equation (23|). Similarly, by replacing §r1, 912, 97.7-1

and yrr with the expressions in Equations |D and Equation (23|) we obtain

Tre(Ur1, Ur2, 0, ..., 0, 901, Yrr)

p—2
= (1,28 = 2,0...,0,(T = 3)F = 2(T — 2)*, (T - 2)").
k=0

Thus, we have

ere(1,29, .. TP)
p—4
=) afre(0,0,3%, . (T = 2)%,0,0)
k=0
p—2

+AD (1,28 =2,0...,0,(T = 3)F — 2(T — 2)*, (T - 2)").

k=0
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By using the identity in Equation , we write that 774(0,0,3%, ..., (T — 2)¥,0,0) =
Fro(1,25, . TF) — #p0(1,2%,0,...,0, (T — 1)%, T*), which gives

éTt(la 2}0’ cee 7Tp)

p—4
—)\ZakaTt(l,Z s ,Tk)
k=0
p—2
+AD (1,25 =2,0...,0,(T = 3)F = 2(T = 2)%, (T - 2)%)
k=0
p—4
=AY aptr(1,2%,0,...,0,(T = 1)F, 7).
k=0
Therefore, the result is shown. O

Lemma 5. \2* — 4X\23 + (1 4+ 6))22 — 4z + X = 0 has four roots 21, zy, 23 and zy where

V1I+16) —1 L V2 1
t - ’
2v/2\ VIF16N—1 2V

2’1:1—

cmdz2:zl_1, Z3 = Z1, z4:21_1.

Proof of Lemma[j Note that A\z* —4Xz3 4+ (14 6))2% —4 2+ X = A(z — 1)* + 2%, Therefore,
we write that

Mz — DA+ 22 = (\/X(z - 1)*+ ’iz) (\/X(z —1)*— z’z) :
Two tedious calculation show that
<\/X(z — 1)+ iz) = Vz—21)(z — z)
and

<\/X(z —1)* - zz) = V2 — 2)(z — 1)

where z1, 29, z3 and z4 are as defined in the lemma. O

Proof of Theorem[7. Fort = 3,4,...,T—2, the first order condition for ér; given in Equation
(30) is

AéT,t-{-Q - 4A6T,t+1 + (]. + 6)\>éTt - 4)\6T7t—1 + AéT,t—Q = O

The above equation is a fourth order difference equation, which has four roots z1, 22, 23 and
z4 given in Lemma[f] Since zero is a particular solution to the difference equation, and using
the fact that 2z, = 27!, 23 = 71, and 2z, = z; ', it follows that

A t —t =t ——t
Cry = ClTZl + CgTzl —+ C’3Tzl -+ C4T21 .

Note that the HP filter always produces trends and cyclical components that are real
valued as long as y; is real for t = 1,2,...,T. Thus, ¢r; = ¢y, which implies that

ClTZi + CQTZl_t + C3T5§ + C4T51_t = C’lei + CQTZ;t + C_'gTZi + O4T2;t,
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and therefore Cyr = Cyp and Cyp = Cor.
Furthermore, Theorem [1|implies that éTt(l 22 ..., T% = \py(1,-1,0,...,0,—1,1) and
err_ip1(1,2%,...,T%) = AMrr_1(1,—1,0,...,0,—1,1). Equation implies that

%Tt(lu _17 07 s 707 _17 1) = 7A-T,TftJr1<17 _17 07 s 707 _17 1)
Therefore, it follows that éry(1,22,...,T?) = érr_441(1,22, ..., T?), which means that

ClTZi—FOQTZl_t—FC’szi+C’2T21_t = 01T2?+121_t+02T21 (T+ Zl +01T_T+ Zl +O Z_(T+1) t

Therefore, Cor = C1T21T+1, which allows us to conclude
éTt(L 22, oo ,T2> == CIT(Zi + Zf_t—i_l) + C’lT(Ei + Ef_t+1). (43)

Next, we use the first order conditions for ¢ = 1 and 2, given in Equations and ,
to solve for C'j7. Defining

ar = (L4+A) (21 + 21 ) = 2M(zf + 20 ) + A2 + 2 ?)
br = =2X(z1+ 21 ) + (L4+5A)(2f 4+ 21 1) —4A(z] + 21 2) + A(zf + 21 %),

Equations and are eguivalent to QlTaT + Chpar = 21 and Cipby + Cirby = =2,
which implies that Cy7 = 2X\(by + ar)/(arbr — arbr). By using the polar coordinate form,
we write that z; = |21|(cos(€) + isin(f)) where

0 = tan! (21/2(\/1 T 16x — 1)—1/2> .
Then, when we replace z; with its polar coordinate form in Equation , we obtain
ere =(Chir + Cip)| 21| cos(t0) + i(Cir — Cir)| 21| sin(t0)
+(Cyr + Cip)|z1|T  cos((T — t 4+ 1)0) + i(Crp — Cip)|za|" T sin((T — ¢ + 1)6).
m

Lemma 6. AZ2exp(t + 2) = CCiexp(t) and A'exp(t + 2) = Cexp(t) where
C = exp(2) (1 —exp(—1))* and Cy = (1 — exp(—1)) .

Proof of Lemma[f. The result is easy to verify and we omit its proof for the sake of brevity.

L]
Proof of Theorem[§ Let y, = exp(t) for t = 1,2,...,T. By Theorem [I} we write
cre (exp(1),exp(2), . ..,exp(T)) = At (Yr1, Y12 - - - Urr) 5

where by Lemma [6] g1 = CCiexp(1), §r2 = CC1(1 — 2exp(—1)) exp(2), rr-1 = C(1 —
Ch)exp(T —1),yrr = CCyexp(—2) exp(T'), and g7y = C'exp(t) for t =3,4...,T — 2. Using
these expressions and using the definitions of Cy, C'5 and Cy in the theorem, we find

Tre(Ur1, Ur2, - - - Y1)
=774(CCyexp(l), CCyexp(2),Cexp(3),...,Cexp(T — 2),CCsexp(T — 1), CCyexp(T))
=C7r4(Cyexp(l), Cyexp(2),exp(3),...,exp(T — 2),Csexp(T — 1), Cyexp(T)).

Therefore, we have

¢re(exp(l), ..., exp(T))
=CAr(Crexp(l), Coexp(2),exp(3),...,exp(T — 2),Csexp(T — 1), Cyexp(T)).
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Proof of Theorem[9 Evaluating the result of Theorem [§at ¢t = T — k gives that

¢rr—k(exp(l), ..., exp(T))
=CArr_;(Crexp(l), Coexp(2),exp(3),...,exp(T —2),Csexp(T — 1), Cyexp(T))
=CArrr_r(exp(l),exp(2),...,exp(T))

+ CArr—i((Cy — 1) exp(1), (Cy — 1) exp(2),0,...,0,(Cs — 1) exp(T — 1), (Cy — 1) exp(T))
=CArrr_r(exp(l),exp(2),...,exp(T))

+ CA((C1 — Dwrp—giexp(l) + (Cy — Vwrr—g 2 exp(2))

+ CA((Cs — Dwypr—gr-1exp(T — 1) + (Cy — Dwrr—rrexp(T)),

where the second equality follows from Equation and the third equality is obtained by

the weighted average formula of the trend given in result @ of Appendix 1. Therefore it
now follows that

lim err—k(exp(1), . .., exp(T))

T=500 exp(T — k)
. Trr—i(exp(l),exp(2),...,exp(T))
=CA 1 ’ 44
¢ T exp(T — k) (44)
I O\ lim ((Cl — 1)wT,T7k,1 eXp(l) + (CQ — 1)wT,T,k,2 eXp(2)) <45)
T—00 exp(T — k)
i C)\ hm ((Cg — 1)wT,T—k,T—1 eXp(T — 1) + (C4 — 1)wT,T—k,T exp(T)) ' (46)
T—00 exp(T — k)
The limit in Equation satisfies
. Zzzl Wr T—k,s eXp(s) o d
SR A 2 wrrkeep(s k=)
T—1 00
= 111_1;150 ZO W, T—k,T—j exp(k — j) = zlg[;o ZO Wr,T—k,T—j exp(k: — j)[(] S T — 1)
Jj= Jj=

= Z%EEO(WT,T—IC,T—]' exp(k —j)I(j <T —1)),
j=0

where the last equality follows by the dominated convergence theorem and Equation .
Therefore, Lemma [2| implies that the limit in Equation is equal to

CAY L (Falk =) + falk 7+ 1)+ &agalk + 1)ga(j + 1)) exp(k — )

=C\exp(k) Z (ol =) + falk + 5+ 1) + Ega(k +1)ga(j + 1)) exp(—j).

It is easy to see that the expression in Equation (45| vanishes since limy_,o wrp—k,; = 0 for
= 1,2 by Lemma Lastly, we consider the expression in Equation (46). Dividing the
numerator and the denominator of the expression by exp(7’), we obtain

CAexp(k) Jm ((C3 = Dwrr—gr-1exp(=1) + (Cs — Dwrr-p7)

=Chexp(k — 1)(Cs — 1) (fa(k — 1) + fa(k +2) + Exga(k + 1)gr(2))
+ Chexp(k)(Cy — 1) (fr(k) + fFrlk 4 1) + Exga(k + 1)ga(1))
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by Lemma [2} So we conclude that

lim érr—i(exp(1), ..., exp(T))

TS0 exp(T — k)
=C\exp(k) Z (falk —=3) + falk + 5+ 1) + Egalk + 1)ga(s + 1)) exp(—)

+ CXexp(k —1)(Cs — 1) (fa(k — 1) + fa(k +2) + Ega(k +1)ga(2))
+ CXexp(k)(Cy — 1) (fa(k) + falk + 1) + Egalk +1)ga(1)) .
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