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Preface

This Preface describes the background and motivation of the thesis. The contents of

each Chapter are brie�y summarized. Finally, a list of publications during the Ph.D.

period is reported.

Background

As one of the oldest machine topologies, the concept of synchronous reluctance (REL)
machine can be traced back as early as 1900s. During the last century, remarkable
progress had been made in the development of REL machines. In the last 20 years, par-
ticularly, the REL machines have attracted more and more attention in both academic
and industrial �elds. Without permanent magnets and rotor bars, the rotor construc-
tion of the REL machine is more robust than either permanent magnet (PM) machines
or induction machines (IMs). In addition, it achieves the merits of low cost, low mainte-
nance, and high reliability. All these features reveal the REL machine to be an attractive
alternative to the widely used machine topologies. Therefore, the investigation of REL
machines is essential, and speci�c applications will be of great interest.

In particular, the design of the REL machine will be focused on electric vehicle (EV)
applications. It is remarkable that the popularity of EVs and hybrid electric vehicles
(HEVs) is expanding signi�cantly in the last decade. The electric motor, being one of the
key devices, determines the main performance of the electrical mobility. Among various
machine topologies, the interior permanent magnet (IPM) motor has been recognized
as the most promising candidate. It accounts for over 80 % of EV and HEV markets at
present, and even a higher percentage is expected in the near future. On the other hand,
some challenges are related to IPM motors, i.e., high production cost, vulnerability to
short-circuit fault, high back electromagnetic force (EMF) at high speed and high risk
of irreversible demagnetization. Most importantly, a worldwide concern about the price
volatility and availability of rare-earth magnets is growing. Therefore, many researchers
are focused on investigating alternative non-rare-earth traction drives, and the REL
machine is considered to be the substitute.

The second application is related to the self-excited synchronous reluctance gener-
ator (SERG) for isolated wind applications. In the last decades, wind energy is in-
creasingly utilized around the world, and the demand of wind power systems grows
rapidly. Among wind power generators, in particular, low power installations arouse
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special interests recently, especially for applications in urban and remote areas. As
is well known, PM generators and double-fed induction generators have been widely
used as wind turbine generators. On the other hand, they are either too expensive or
complicated, so that they are not suitable for small wind turbine generation systems.
The squirrel-cage induction generator with capacitor excitation, known as self-excited
induction generator (SEIG) seems very promising. It o�ers certain advantages, such as
low cost, robustness, reduced size, absence of DC source for excitation and low main-
tenance requirements. However, the variable frequency a�ected by load and excitation
capacitors makes the performance prediction quite di�cult. Fortunately, the SERG has
been demonstrated to provide an alternative solution. It has almost all the advantages
of the SEIG and, in addition, the frequency is directly proportional to the rotor speed.
In addition, it achieves very low rotor loss due to the absence of rotor bars. Therefore,
further investigations on SERG are required from scienti�c point of view.

Aim of the research

The aim of this study will �rstly discuss the design methodology of the REL machine.
Detailed geometry analysis of the rotor structure will be provided, which aims to sug-
gest an automatic drawing procedure. Such a procedure will be used to rapidly analyze
the impact of some rotor parameters on the machine performance, in order to provide a
guideline for the preliminary design of the REL machine. After that, as a practical ex-
ample, a REL motor according to the dimension of a commercial motor will be designed.
Certain design procedures will be followed, and optimization will also be carried out.
The performance comparison between the optimized REL motor and the commercial
product will be given. Merits and defects of the REL machine for EV application will
be highlighted.

The study on SERG will start with the recognition of the steady-state performance,
both analytically and experimentally. Then the conditions for the initial self-excitation
process of SERG will be investigated. The possibility to adopt self-excited PM-assisted
reluctance generator will also be dealt with, and the performance comparison with
SERG will be made. Referring to wind applications, the method to maintain the gener-
ated voltage constant at variable speeds will be proposed. Finally, the prediction of the
�optimal capacitor and resistor combination� that achieves the maximum utilization of
the mechanical power produced by the wind turbine will be presented.

Outline of the thesis

Hereafter, the contents of each Chapter are brie�y described:

Chapter 1 illustrates the development history, basic concepts, de�nitions and perfor-
mance characteristics of the REL machines. In particular, the reason to choose
TLA type REL machine with multiple �ux-barriers is explained. The basic con-
cept and equations of the PM-assisted reluctance (PMAREL) machine are also
introduced, and the commonly adopted current control strategies are presented.
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Chapter 2 provides a detailed parametric analysis of the rotor geometry for both
REL and PMAREL machines, suggesting an automatic modeling and simulating
procedure. Some useful equations are given, and the tuning steps are suggested in
order to achieve the high performance design. The e�ects of some rotor parameters
on the machine performance are also analyzed.

Chapter 3 proposes a design procedure to optimize the REL motor according to the
dimension of Lexus LS 600h motor. An analytical calculation of slot area is inno-
vatively derived to obtain the optimal split ratio, and di�erential evolution (DE)
algorithm is used for rotor optimization. The performance comparison between
the optimized REL motor and the interior permanent magnet (IPM) motor is
then carried out. The performance improvements with PMs into the optimized
REL rotor are also investigated.

Chapter 4 develops an analytical model for the steady-state operation of the SERG,
considering no-load and resistive load conditions. Some experiments are carried
out to verify the analytical results. Conditions to ensure a stable self-excitation
process in SERG are investigated. The assisting of the PMs on the performance
improvement of SERG is also discussed.

Chapter 5 proposes the method of active and reactive power (PQ) balances to predict
the operating point of SERG, which considers the cross-saturation e�ect. The
procedure to determine the values of capacitors for voltage regulation at vari-
able speeds is presented. The prediction of the �optimal capacitor and resistor
combination� that achieves the highest usage of wind power is also discussed.

List of publications

Several parts of this Ph.D. thesis have been presented by the author during his Ph.D.
period in international conferences and journals. Hereafter the publications are listed
in a chronological order:

� Yawei Wang, Giacomo Bacco, and Nicola Bianchi, �Geometry analysis and op-
timization of PM-assisted reluctance motors,� in 2016 XXII International Con-

ference on Electrical Machines (ICEM), Lausanne, Switzerland, Sept. 2016, pp.
1756-1762, DOI: 10.1109/ ICELMACH.2016.7732761.

� Yawei Wang and Nicola Bianchi, �Investigation of self-excitation in reluctance
generators,� in 2017 IEEE International Electric Machines Drives Conference

(IEMDC), Miami, FL, USA, May 2017, DOI: 10.1109/IEMDC.2017.8002303.

� Yawei Wang, Nicola Bianchi, Silverio Bolognani, and Luigi Alberti, �Synchronous
motors for traction applications,� in 2017 International Conference of Electri-

cal and Electronic Technologies for Automotive, Turin, Italy, Jun. 2017, DOI:
10.23919/EETA.2017.7993210.

� Yawei Wang, Giacomo Bacco, and Nicola Bianchi, �Geometry analysis and op-
timization of PM-assisted reluctance motors,� IEEE Transactions on Industry

Applications, vol. 53, no. 5, pp. 4338-4347, Sept. 2017, DOI: 10.1109/TIA.2017.
2702111.
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� Yawei Wang and Nicola Bianchi, �Investigation of self-excited synchronous re-
luctance generators,� IEEE Transactions on Industry Applications, vol. 54, no. 2,
pp. 1360-1369, Mar. 2018, DOI: 10.1109/TIA.2017.2781645.

� Yawei Wang and Nicola Bianchi, �Analysis of self-excited PM-assisted reluctance
generators,� IEEE Transactions on Energy Conversion, vol. 33, no. 2, pp. 877-
885, Mar. 2018, DOI: 10.1109/TEC.2017.2779044.

� Yawei Wang, Mattia Filippini, Giacomo Bacco, and Nicola Bianchi, �Parametric
design and optimization of magnetic gears with di�erential evolution method,�
in 2018 IEEE XXIII International Conference on Electrical Machines (ICEM),
Alexandroupoli, Greece, Sept. 2018, DOI: 10.1109/ICELMACH.2018.8507160.

� Yawei Wang, Mattia Filippini, Nicola Bianchi, and Piergiorgio Alotto, �A re-
view on magnetic gears: topologies, computational models, and design aspects,�
in 2018 IEEE XXIII International Conference on Electrical Machines (ICEM),
Alexandroupoli, Greece, Sept. 2018, DOI: 10.1109/ICELMACH.2018.8507204.

� Yawei Wang and Nicola Bianchi, �Modeling and investigation of self-excited
reluctance generators for wind applications,� in 2018 IEEE Energy Conversion
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� Yawei Wang and Nicola Bianchi, �Performance analysis of self-excited reluctance
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♦❤❡ns✈❛❧✉❡✱❤❛✐✱♦❤❡♥✉♠❜❡♦❢ ❛♦ ❧♦ ♣❡♣♦❧❡♣❛✐✳❖❤❡♠❡❤♦❞ ♦
❡❞✉❝❡❤❡♦ ✉❡✐♣♣❧❡✱✉❝❤❛ ❤✐❢✐♥❣❤❡♠❛❣♥❡✐❝♣♦❧❡❝❡♥❡♦❢❡❛❝❤♣♦❧❡❬✶✾❪✱♦
✉✐♥❣❛②♠♠❡✐❝❛❧✢✉①✲❜❛✐❡❞❡✐❣♥❬✷✵❪✱❛❡❛❧♦♣♦♣♦❡❞✳

❉✉✐♥❣❤❡❧❛ ❞❡❝❛❞❡✱ ♦♠❡❝♦♠♠❡❝✐❛❧♣♦❞✉❝✐♦♥♦❢❘❊▲♠❛❝❤✐♥❡❤❛✈❡❜❡❡♥
❡♠❡❣❡❞✳ ❖♥❡♦❢❤❡♠♦ ♥♦❛❜❧❡♦❢❤❡❡❝♦♠❡❢♦♠❆❇❇✱✐♥✐✐❛❧❧②✐♥✷✵✶✷✳ ❘❊▲
♠❛❝❤✐♥❡ ❛✐♥❣ ❛♥❣✐♥❣❢♦♠✺✳✺ ♦✸✶✺❦❲❛❡♥♦✇❛✈❛✐❧❛❜❧❡❢♦✐♥❞✉ ✐❛❧❛♣♣❧✐✲
❝❛✐♦♥❬✷✶❪✳❚❤❡❡❢♦❡✱❤❡✐♥✈❡ ✐❣❛✐♦♥♦❢❘❊▲♠❛❝❤✐♥❡✐❡❡♥✐❛❧✱❛♥❞♣❛✐❝✉❧❛
❛♣♣❧✐❝❛✐♦♥✇✐❧❧❜❡♦❢❣❡❛✐♥❡❡✳

✶✳✷✳❇❛✐❝❝♦♥❝❡♣ ❛♥❞❞❡✜♥✐✐♦♥♦❢❘❊▲ ♠❛❝❤✐♥❡

✶✳✷✳✶✳▼❛❝❤✐♥❡ ✉❝✉❡

❚❤❡ ❛♦♦❢❤❡❘❊▲♠❛❝❤✐♥❡✐ ❜❛✐❝❛❧❧②❤❡ ❛♠❡❛ ❤❛ ♦❢■▼♦ ▼♠❛❝❤✐♥❡ ✱
✇❤✐❝❤❝♦♥✐ ♦❢✐♦♥❧❛♠✐♥❛✐♦♥❛♥❞♣❤❛❡✇✐♥❞✐♥❣✳ ❚❤❡✇✐♥❞✐♥❣❛❡❣❡♥❡❛❧❧②
❤❡❡✲♣❤❛❡✱♣♦♣❡❧②❞✐ ✐❜✉❡❞✐♥♦❞❡ ♦♣♦❞✉❝❡❛✐♥✉♦✐❞❛❧♠❛❣♥❡♦♠♦✐✈❡❢♦❝❡
✭▼▼❋✮✐♥❤❡❛✐❣❛♣✳

❆ ❛❢♦❡♠❡♥✐♦♥❡❞✱❤❡ ❡❧✉❝❛♥❝❡♦♦❝❛♥❜❡❝❧❛✐✜❡❞✐♥♦❤❡❡②♣❡✱♥❛♠❡❧②
❙ ②♣❡✱❆▲❆ ②♣❡❛♥❞❚▲❆ ②♣❡✳ ❚❤❡ ✐♠♣❧❡ ♦♥❡✐ ❤❡❙ ②♣❡✱❛ ❤♦✇♥✐♥



✽ ❖✈❡ ✈✐❡✇♦❢❘❊▲ ▼❛❝❤✐♥❡

d

q

✭❛✮d

d

q

✲❛①✐✢✉①❧✐♥❡✳ ✭❜✮q✲❛①✐✢✉①❧✐♥❡✳

❋✐❣✉❡✶✳✸✿❋❧✉①❧✐♥❡✐♥d✲❛♥❞q✲❛①✐♣❛❤✳

❋✐❣✳✶✳✷✭❛✮✳❚❤✐ ❝♦♥ ✉❝✐♦♥❝❛♥❜❡❡❛✐❧②♠❛♥✉❢❛❝✉❡❞✱✇❤✐❧❡✐✐♥♦ ✉✐❛❜❧❡❢♦
❤✐❣❤ ♦ ✉❡❞❡♥✐②✳❉❡❛✐❧❡❞❡①♣❧❛♥❛✐♦♥✇✐❧❧❜❡❣✐✈❡♥✐♥❙❡❝✐♦♥✶✳✹✳✶✳■♥❛❞❞✐✐♦♥✱
❤❡❙ ②♣❡✐ ❡❧❛❡❞♦❤❡❝❤❛❧❧❡♥❣❡ ♦❢❤✐❣❤♦ ✉❡ ✐♣♣❧❡✱❤✐❣❤❛❝♦✉✐❝♥♦✐❡❛♥❞
✈✐❜❛✐♦♥✱❞✉❡♦❤❡❧♦❝❛❧❛✉❛✐♦♥❡✛❡❝✳

❆ ②♣✐❝❛❧❆▲❆♦♦❝♦♥ ✉❝✐♦♥✐❞❡❝✐❜❡❞✐♥❋✐❣✳✶✳✷✭❜✮✱✇❤❡❡❤❡✐❧✐❝♦♥ ❡❡❧
❤❡❡ ❛❡❜❡♥ ♦❜❡❧❛♠✐♥❛❡❞✐♥❤❡❛①✐❛❧❞✐❡❝✐♦♥✳❚❤❡✐♦♥❧❛♠✐♥❛✐♦♥❛❡❡♣❛❛❡❞
❜② ❤✐♥❧❛②❡ ♦❢✐♥✉❧❛✐♥❣♠❛❡✐❛❧✳❚❤❡♣♦❧❡❤♦❧❞❡ ❛❡❣❡♥❡❛❧❧②✉❡❞♦♠❛✐♥❛✐♥
❤❡❧❛♠✐♥❛✐♦♥✳❚❤✐ ②♣❡♦❢♦♦❝❡❛❡ ❡❛❧❧②❤✐❣❤❛♥✐♦♦♣②✳❯♥❢♦✉♥❛❡❧②✱❤✐
❝♦♥ ✉❝✐♦♥✐✈✉❧♥❡❛❜❧❡♦❡❧❡✈❛❡❤❡✐♦♥❧♦❡✐♥❤❡ ♦♦✱❧✐♠✐✐♥❣✐ ❡✣❝✐❡♥❝②
❛❞✈❛♥❛❣❡✳ ▼♦❡✐♠♣♦❛♥❧②✱❤❡✐❣♥✐✜❝❛♥♠❛♥✉❢❛❝✉❡❝♦♠♣❧❡①✐②❛♥❞❞✐✣❝✉❧②✐♥
♦♦ ❦❡✇✐♥❣❤❛✈❡❡✐♦✉❧②❤✐♥❞❡❡❞✐ ❝♦♠♠❡❝✐❛❧✐③❛✐♦♥♦♣♣♦✉♥✐✐❡❬✷✷❪✳

❚❤❡❚▲❆ ♦♦✭❤♦✇♥✐♥❋✐❣✳✶✳✷✭❝✮✮✐ ♣❡❢❡❛❜❧❡✱✐♥♣❛❝✐❝❡✱✐♥❝❡✐✐ ✉✐❛❜❧❡
❢♦✐♥❞✉ ✐❛❧♠❛♥✉❢❛❝✉✐♥❣✳■♥❤✐ ❝❛❡✱❤❡ ♦♦ ❧❛♠✐♥❛✐♦♥❝❛♥❜❡♣✉♥❝❤❡❞❛
❛✇❤♦❧❡✱✇❤✐❝❤✐ ❤❡ ❛♠❡❛ ❤❡♦❤❡ ❛❞✐✐♦♥❛❧♠❛❝❤✐♥❡✳■♥❛❞❞✐✐♦♥✱❤❡ ♦♦
❝❛♥❜❡❡❛✐❧②❦❡✇❡❞♦❡❞✉❝❡♦ ✉❡✐♣♣❧❡✳❚❤❡✢✉①✲❜❛✐❡ ❤❛♣❡ ❝❛♥❜❡♣❡❝✐❛❧❧②
❞❡✐❣♥❡❞✉✐❛❜❧❡❢♦❞✐✛❡❡♥❛♣♣❧✐❝❛✐♦♥✳❚❤❡❡❢♦❡✱♦♥❧②❚▲❆②♣❡♦❢❘❊▲♠❛❝❤✐♥❡
✐❝♦♥✐❞❡❡❞✐♥❤✐ ❤❡✐✳

✶✳✷✳✷✳❊ ✉✐✈❛❧❡♥ ❝✐❝✉✐ ♠♦❞❡❧

●❡♥❡❛❧❧② ♣❡❛❦✐♥❣✱ ✇♦❞✐ ✐♥❝ ❡❢❡❡♥❝❡❛①❡❡①✐ ✐♥♠♦ ♠♦♦✱❤❡❞✐❡❝❛①✐
✭d✲❛①✐✮❛♥❞❤❡ ✉❛❞❛✉❡❛①✐✭q✲❛①✐✮✳❚❤❡②❛❡♣❡♣❡♥❞✐❝✉❧❛ ✐♥❡♠ ♦❢❡❧❡❝✐❝
❞❡❣❡❡✳■♥❘❊▲♠❛❝❤✐♥❡✱♣❛✐❝✉❧❛❧②✱❤❡d✲❛①✐❝♦❡♣♦♥❞ ♦❤❡❤✐❣❤♣❡♠❡❛❜✐❧✐②
♣❛❤✱✇❤✐❧❡❤❡q✲❛①✐❝♦❡♣♦♥❞ ♦❤❡❧♦✇♣❡♠❡❛❜✐❧✐②♣❛❤✳❆❛♥❡①❛♠♣❧❡✱❤❡d✲
❛♥❞q✲❛①✐✢✉①❧✐♥❡✐♥❞✐✛❡❡♥♣❛❤♦❢❛❢♦✉✲♣♦❧❡❘❊▲♠❛❝❤✐♥❡❛❡❤♦✇♥✐♥❋✐❣✳✶✳✸✳
❚❤❡ ✇♦❛①❡ ❛❡❛❧♦✐❞❡♥✐✜❡❞✐♥❤✐✜❣✉❡✳

❆❝❝♦❞✐♥❣♦❤❡d✲q❡❢❡❡♥❝❡❢❛♠❡✱❡✉❛✐♦♥♦❢❤❡❘❊▲♠❛❝❤✐♥❡✐♥❤❡ ❛♥✐❡♥



✶✳✷❇❛✐❝❝♦♥❝❡♣ ❛♥❞❞❡✜♥✐✐♦♥♦❢❘❊▲ ♠❛❝❤✐♥❡ ✾

Rs

id

vd

Ld

ωλq

✭❛✮d

Rs

iq

vq

Lq

ω λd

✲❛①✐❝✐❝✉✐✳ ✭❜✮q✲❛①✐❝✐❝✉✐✳

❋✐❣✉❡✶✳✹✿❊✉✐✈❛❧❡♥❝✐❝✉✐ ♦❢❤❡❘❊▲♠❛❝❤✐♥❡✐♥d✲q❡❢❡❡♥❝❡❢❛♠❡✳

❛❡✱♥❡❣❧❡❝✐♥❣✐♦♥❧♦❡✱❛❡❣✐✈❡♥❛






vd=Rsid+
dλd
dt
−ωλq

vq=Rsiq+
dλq
dt
+ωλd

✭✶✳✶✮

λd=Ldid

λq=Lqiq
✭✶✳✷✮

✇❤❡❡vd✱vq✱λd✱λq❛♥❞id✱iq ❡♣❡❡♥ ❤❡d✲❛♥❞q✲❛①✐✈♦❧❛❣❡✱✢✉①❧✐♥❦❛❣❡❛♥❞
❝✉❡♥✱❡♣❡❝✐✈❡❧②✳Rs✐ ❤❡♣❤❛❡ ❛♦ ❡✐❛♥❝❡✱ω✐ ❤❡❡❧❡❝ ✐❝❛❧❛♥❣✉❧❛ ♣❡❡❞✳
Ld❛♥❞Lq ❡♣❡❡♥ ❤❡d✲❛♥❞q✲❛①✐❛♣♣❛❡♥✐♥❞✉❝❛♥❝❡✳■♥❘❊▲♠❛❝❤✐♥❡✱Ld❛♥❞
Lq✈❛②✇✐❤♣❤❛❡❝✉❡♥❞✉❡ ♦❞✐✛❡❡♥❧❡✈❡❧♦❢ ❛✉❛✐♦♥✳ ❊✉❛✐♦♥✭✶✳✶✮❛❡
❞❡✐✈❡❞❛ 





vd=Rsid+Ld
did
dt
−ωLqiq

vq=Rsiq+Lq
diq
dt
+ωLdid

✭✶✳✸✮

❚❤✐ ♠♦❞❡❧✐ ❡♣❡❡♥❡❞❜②❤❡❡✉✐✈❛❧❡♥❝✐❝✉✐ ❤♦✇♥✐♥❋✐❣✳✶✳✹✳❚❤❡ ❡❛❞②✲
❛❡✈❡✐♦♥♦❢❤❡❡✈♦❧❛❣❡❡✉❛✐♦♥❝❛♥❜❡❡❛✐❧②❡①❛❝❡❞❢♦♠✭✶✳✸✮❜②❡✐♥❣
✐♠❡❞❡✐✈❛✐✈❡❡♠ ♦③❡♦✳❚❤❡❡❢♦❡✱❡✉❛✐♦♥✐♥✭✶✳✸✮❜❡❝♦♠❡

Vd=RsId−ωLqIq

Vq=RsIq+ωLdId
✭✶✳✹✮

✇❤❡❡Vd✱Vq❛♥❞Id✱Iq ❡♣❡❡♥ ❤❡d✲❛♥❞q✲❛①✐✈♦❧❛❣❡❛♥❞❝✉❡♥ ✐♥ ❡❛❞②✲❛❡
❝♦♥❞✐✐♦♥✳

❚❤❡♣❤❛♦❞✐❛❣❛♠❡♣❡❡♥❛✐✈❡♦❢❤❡❘❊▲♠❛❝❤✐♥❡✱♥❡❣❧❡❝✐♥❣ ❛♦ ❡✐❛♥❝❡✱
✐✐♥❞✐❝❛❡❞✐♥❋✐❣✳✶✳✺✳ϕ❡♣❡❡♥ ❤❡❛♥❣❧❡❜❡✇❡❡♥ ❤❡❡♠✐♥❛❧✈♦❧❛❣❡❛♥❞❝✉❡♥✱
αei ❡❢❡ ♦❛♣❤❛❡❛♥❣❧❡❜❡✇❡❡♥ ❤❡❝✉ ❡♥❛♥❞❤❡d✲❛①✐✭i.e.✱❝✉❡♥♣❤❛❡❛♥❣❧❡✮✱
❛♥❞δ✐ ❤❡♣❤❛❡❛♥❣❧❡❜❡✇❡❡♥ ❤❡✢✉①❧✐♥❦❛❣❡❛♥❞❤❡d✲❛①✐✳❚❤❡d✲❛①✐❝✉❡♥Id
✐❛❧♦❝❛❧❧❡❞❤❡✏♠❛❣♥❡✐③✐♥❣✑❝✉❡♥✱✇❤✐❧❡❤❡q✲❛①✐❝✉❡♥Iq✐❝❛❧❧❡❞❤❡✏♦ ✉❡✑
❝✉❡♥✳ ❚❤❡✈♦❧❛❣❡✈❡❝♦ ❧❡❛❞ ❤❡❝✉ ❡♥✈❡❝♦ ♦❢❛ ✉✐❡❧❛❣❡❛♥❣❧❡ϕ✱✇❤✐❝❤
❝❛✉❡❛❧♦✇♣♦✇❡❢❛❝♦✐♥❤❡❘❊▲♠♦♦✱❛✇✐❧❧❜❡❞✐❝✉❡❞✐♥❤❡❢♦❧❧♦✇✐♥❣✳
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Id

LdId

Iq

i
e

v
e

I
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φ

LdIdj

IqLqj

- IqLq

δ

❋✐❣✉❡✶✳✺✿ ❤❛♦❞✐❛❣❛♠❡♣❡❡♥❛✐✈❡♦❢❤❡❘❊▲♠❛❝❤✐♥❡✳

✶✳✸✳❘❊▲ ♠❛❝❤✐♥❡♣❡❢♦♠❛♥❝❡❛♥❛❧② ✐

✶✳✸✳✶✳❚♦ ✉❡❜❡❤❛✈✐♦

❚❤❡d✲q❡♣❡❡♥❛✐♦♥❧❡❛❞ ♦❤❡❢♦❧❧♦✇✐♥❣❣❡♥❡❛❧❡①♣❡✐♦♥❢♦ ❤❡❛✈❡❛❣❡♦ ✉❡
❞❡✈❡❧♦♣❡❞✐♥❛❘❊▲♠❛❝❤✐♥❡✿

Tem=
3

2
p(Ld−Lq)idiq=

3

2
pLq(ξ−1)idiq ✭✶✳✺✮

✇❤❡❡p✐ ❤❡♥✉♠❜❡♦❢♣♦❧❡✲♣❛✐✳ξ✐❦♥♦✇♥❛ ❤❡✏❛❧✐❡♥❝②❛✐♦✑✱✇❤✐❝❤✐♦♥❡♦❢
❤❡♠♦ ✐♠♣♦❛♥♣❛❛♠❡❡ ✐♥❘❊▲♠❛❝❤✐♥❡✳■✐❞❡✜♥❡❞❛❢♦❧❧♦✇✿

ξ=
Ld
Lq

✭✶✳✻✮

❙✐♥❝❡Ld✐❤✐❣❤❡ ❤❛♥Lq✐♥❘❊▲♠❛❝❤✐♥❡✱❤❡❛❧✐❡♥❝②❛✐♦✐❛❧✇❛②❤✐❣❤❡ ❤❛♥
1✳ ❇❡✐❞❡✱id❛♥❞iq♠✉ ❤❛✈❡ ❤❡ ❛♠❡♣♦❧❛✐②♦❝♦♥✐❜✉❡❛♣♦✐✐✈❡♦ ✉❡✳■
✐❛❧♦♥♦✐❝❡❞❤❛ ♦♥❧②❤❡ ❡❧✉❝❛♥❝❡♦ ✉❡✐ ❛✈❛✐❧❛❜❧❡✐♥❘❊▲♠❛❝❤✐♥❡✱❝❛✉✐♥❣
♣♦ ✐❜❧❡❧♦✇❡ ♦ ✉❡❞❡♥✐②❤❛♥ ▼♠❛❝❤✐♥❡ ✳

❚❤❡❘❊▲♠♦♦✐❝♦♠♠♦♥❧②❝✉❡♥❝♦♥♦❧❧❡❞✱✇❤❡❡❤❡d✲❛♥❞q✲❛①✐❝✉❡♥
❛❡❝♦♠❜✐♥❡❞♦❣❡ ❤❡❞❡✐❛❜❧❡ ♦ ✉❡✳■♥♦❞❡ ♦❤❛✈❡❛❞✐❡❝✐♥✐❣❤✐♥♦ ❤❡
♦ ✉❡♣♦❞✉❝✐♦♥❝❤❛❛❝❡✐✐❝♦❢❤❡❘❊▲♠❛❝❤✐♥❡✱✐✐❤❡❧♣❢✉❧♦✉❡❤❡dq❝✉❡♥
♣❧❛✐♥✐♥✇❤✐❝❤id✐♣❧♦ ❡❞❛❧♦♥❣❤❡❤♦✐③♦♥❛❧❛①✐❛♥❞iq✐♣❧♦ ❡❞❛❧♦♥❣❤❡✈❡ ✐❝❛❧
❛①✐✳❆❛♥❡①❛♠♣❧❡❤♦✇♥✐♥❋✐❣✳✶✳✻✱❞✐✛❡❡♥❝✉❡♥❝✐❝❧❡❛❡❡❝♦❣♥✐③❡❞✳❋♦♠❤❡
♦ ✉❡❡✉❛✐♦♥✐♥✭✶✳✺✮✱✐✐❡❛②♦❝❛❧❝✉❧❛❡❤❡♦♣✐♠❛❧❝✉❡♥♣❤❛❡❛♥❣❧❡✭✇❤✐❝❤
✐45◦✮✱✐♥❛❜❡♥❝❡♦❢♠❛❣♥❡✐❝❛✉❛✐♦♥✱❛✇❤✐❝❤ ❤❡ ♦ ✉❡✕♣❡✕❆♠♣❡❡❜❡❝♦♠❡
❤❡♠❛①✐♠✉♠✳❚❤❡♠❛①✐♠✉♠♦ ✉❡✕♣❡✕❆♠♣❡❡✭▼❚❆✮ ❛❥❡❝♦②✐❛ ❛✐❣❤❧✐♥❡
❞❡❝✐❜❡❞❜②❤❡❞❛❤❡❞❧✐♥❡✐♥❋✐❣✳✶✳✻✳ ❲❤❡♥♠❛❣♥❡✐❝❛✉❛✐♦♥✐❝♦♥✐❞❡❡❞✱❤❡
❝♦♥❛♥✲♦ ✉❡❧♦❝✐❞✐✛❡❢♦♠❤❡②♠♠❡✐❝❤②♣❡❜♦❧✐❝❤❛♣❡❛♥❞❜❡❝♦♠❡❤❡❝✉✈❡
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❋✐❣✉❡✶✳✻✿❚♦ ✉❡♠❛♣✐♥❤❡id✲iq♣❧❛♥❡✱♦❣❡❤❡✇✐❤❤❡▼❚❆ ❛❥❡❝♦✐❡✇✐❤♦✉
❛♥❞✐♥❝❧✉❞✐♥❣❤❡❡✛❡❝♦❢♠❛❣♥❡✐❝❛✉❛✐♦♥✱✇❤✐❝❤❛❡❡♣❡❡♥❡❞✐♥❞❛❤❡❞ ❛✐❣❤
❧✐♥❡❛♥❞❜♦❧❞♦❧✐❞❧✐♥❡✱❡♣❡❝✐✈❡❧②✳

❤♦✇♥✐♥❋✐❣✳✶✳✻✳■♥❤✐❝❛❡✱αei ❡♥❞ ♦✐♥❝❡❛❡❛♥❞❤❡▼❚❆ ❛❥❡❝♦②❜❡❝♦♠❡
❤❡❜♦❧❞♦❧✐❞❧✐♥❡✐♥❤❡✜❣✉❡✳

✶✳✸✳✷✳ ♦✇❡ ❢❛❝♦

❚❤❡♣♦✇❡ ❢❛❝♦✭❋✮✐ ❞❡✜♥❡❞❛

cosϕ=
ωmTem
1
2mVI

✭✶✳✼✮

✇❤❡❡ωm✐ ❤❡♠❡❝❤❛♥✐❝❛❧❛♥❣✉❧❛ ♣❡❡❞✱m✐ ❤❡♥✉♠❜❡♦❢♣❤❛❡✱V❛♥❞I❛❡♣❡❛❦
♣❤❛❡✈♦❧❛❣❡❛♥❞❝✉❡♥✱❛ ❤♦✇♥✐♥❋✐❣✳✶✳✺✳■❢ ❤❡ ❛♦ ❡✐❛♥❝❡✐♥❡❣❧❡❝❡❞✱
❤✐❡✉❛✐♦♥❝❛♥❜❡❞❡✐✈❡❞✱❜②✉✐♥❣✭✶✳✹✮✕✭✶✳✻✮✱❛❬✹❪

cosϕ=(ξ−1)
sin2αei

2(ξ2cotαei+tanα
e
i)

✭✶✳✽✮

❙✉♣♣♦✐♥❣tanαei=t✱❤❡♥

cosϕ=(ξ−1)
t2

(t2+1)(t2+ξ2)
✭✶✳✾✮

❚❛❦✐♥❣ ❤❡❞❡✐✈❛✐✈❡✇✐❤❡♣❡❝ ♦t✱❤❡♠❛①✐♠✉♠ ❋✐ ♦❜❛✐♥❡❞

cosϕ(max)=
ξ−1

ξ+1
✭✶✳✶✵✮
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❋✐❣✉❡✶✳✼✿ ♦✇❡ ❢❛❝♦ ✈❡ ✉ ❤❡ ❛❧✐❡♥❝② ❛✐♦ξ✱✇✐❤♦✉ ❝♦♥✐❞❡✐♥❣ ♠❛❣♥❡✐❝
❛✉❛✐♦♥✳

✇✐❤t=
√
ξ✳■✐♥♦✐❝❡❞❤❛ ❤❡ ❋✐ ❛❢✉♥❝✐♦♥♦❢❛❧✐❡♥❝②❛✐♦ξ✳❚❤❡❧❛❣❡ ❤❡

❛❧✐❡♥❝②❛✐♦✱❤❡❤✐❣❤❡ ❤❡♠❛①✐♠✉♠ ❋✳

❆❧❡♥❛✐✈❡❧②✱✐❢❤❡▼❚❆ ❛❥❡❝♦②✐❢♦❧❧♦✇❡❞✱❤❡ ❋❜❡❝♦♠❡

cosϕ=(ξ−1)
1

2(ξ2+1)
✭✶✳✶✶✮

✇❤❡❡❤❡✐♦♥❛✉❛✐♦♥✐♥❡❣❧❡❝❡❞✱❛♥❞αei=45
◦✳

❋✐❣✳✶✳✼ ❤♦✇ ❤❡ ❋✈❡ ✉ ❤❡❛❧✐❡♥❝②❛✐♦❝✉✈❡♥❡❣❧❡❝✐♥❣♠❛❣♥❡✐❝❛✉❛✐♦♥✳
❚❤❡❧♦✇❡ ❝✉✈❡❡♣♦ ❤❡ ❋✇❤❡♥ ❤❡❝✉ ❡♥✈❡❝♦✐♦♣❡❛❡❞❛❧♦♥❣❤❡▼❚❆
❛❥❡❝♦②✱✇❤✐❧❡❤❡✉♣♣❡❝✉✈❡❡❢❡ ♦❤❡♦♣❡❛✐♥❣❝♦♥❞✐✐♦♥❛❧♦♥❣❤❡♠❛①✐♠✉♠
❋ ❛❥❡❝♦②✳❚❤❡♦♣❡❛✐♦♥❛❧♦♥❣❤❡▼❚❆ ❛❥❡❝♦②❡①❤✐❜✐ ❧♦✇❡ ❋✳■ ✐❛❧♦
❡✈✐❞❡♥ ❤❛ ❤❡ ❋♦❢ ❤❡❘❊▲♠❛❝❤✐♥❡✐ ✉✐❡❧♦✇✳ ▼♦❡♣❡❝✐✜❝❛❧❧②✱❤❡♠❛①✐♠✉♠
❛❝❤✐❡✈❛❜❧❡ ❋✐ ❧✐❣❤❧②❤✐❣❤❡ ❤❛♥0.8❡❢❡✐♥❣♦❛❛❧✐❡♥❝②❛✐♦♦❢10✳❚❤❡❧♦✇❋
❧❡❛❞ ♦❛❤✐❣❤✈♦❧✲❛♠♣❡❡❛✐♥❣♦❢❤❡✐♥✈❡ ❡✳

✶✳✹✳❈♦♠♣❛✐♦♥♦❢❞✐✛❡❡♥ ♦♦ ♦♣♦❧♦❣✐❡

❆ ❛❢♦❡♠❡♥✐♦♥❡❞✱❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡❘❊▲♠❛❝❤✐♥❡❤✐❣❤❧②❞❡♣❡♥❞♦♥❤❡d✲❛♥❞
q✲❛①✐✐♥❞✉❝❛♥❝❡✳❚❤❡♦ ✉❡❝❛♣❛❜✐❧✐②✐♣♦♣♦✐♦♥❛❧♦✭Ld−Lq✮✱✇❤✐❧❡❤❡ ❋✐
❞❡❡♠✐♥❡❞❜② ❤❡ ❛❧✐❡♥❝②❛✐♦ξ✳❚❤❡♠❛❝❤✐♥❡♣❡❢♦♠❛♥❝❡✇♦✉❧❞❜❡ ✉✐❡♣♦♦✐♥
❡♠ ♦❢♦ ✉❡❛♥❞ ❋✉♥❧❡ ❤❡ ♦♦✐♣♦♣❡❧②❞❡✐❣♥❡❞✳❋♦♠❤❡❞❡✈❡❧♦♣♠❡♥
❤✐ ♦②♦❢❘❊▲♠❛❝❤✐♥❡✱❝♦♥✐❞❡❛❜❧❡❛❡♥✐♦♥❤❛❜❡❡♥♣❛✐❞♦✐♠♣♦✈✐♥❣♦♦❞❡✲
✐❣♥✳■♥❤✐ ❡❝✐♦♥✱❤❡❡①✐ ❡❞♦♦ ✉❝✉❡❛❡❤❡♦❡✐❝❛❧❧②❛♥❛❧②③❡❞✱✐♥♦❞❡ ♦
❡①♣❧❛✐♥❤❡ ❡♥❞♦❢❘❊▲♦♦✳



✶✳✹❈♦♠♣❛✐♦♥♦❢❞✐✛❡❡♥ ♦♦ ♦♣♦❧♦❣✐❡ ✶✸

d

q

β

θr

d

q

βKs

Usd

❋✐❣✉❡✶✳✽✿❙❦❡❝❤♦❢❛✇♦✲♣♦❧❡❙ ②♣❡❘❊▲♦♦✳

d

-π/2 -β/2 β/2 π/2 θr

Usd

Bgd

✭❛✮❙❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❞✐ ✐❜✉✐♦♥✳ ✭❜✮❋❧✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥✳

❋✐❣✉❡✶✳✾✿❙❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❛♥❞✢✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥♦❢❙ ②♣❡❘❊▲
♠❛❝❤✐♥❡❞✉❡ ♦d✲❛①✐❝✉❡♥✳

✶✳✹✳✶✳❙❛❧✐❡♥✲♣♦❧❡♦♦

❚❤❡ ❦❡❝❤♦❢❛✇♦✲♣♦❧❡❙ ②♣❡❘❊▲♦♦✐ ❤♦✇♥✐♥❋✐❣✳✶✳✽✳❋♦ ✐♠♣❧✐❝✐②✱ ❤❡
✢✉①✐❛✉♠❡❞♦❜❡❡①✐❡❞♦♥❧②✐♥❝♦❡♣♦♥❞❡♥❝❡♦❢❛❝β✱✇❤✐❝❤✐ ❤❡♣♦❧❛❛❝✐♥
❋✐❣✳✶✳✽✳❚❤❡✐♦♥❧♦❡❛❡♥❡❣❧❡❝❡❞❛♥❞♦♥❧②❤❡❢✉♥❞❛♠❡♥❛❧❤❛♠♦♥✐❝♦❢▼▼❋✐
❝♦♥✐❞❡❡❞✳

■❢♦♥❧②❤❡♠❛❣♥❡✐❝✜❡❧❞❞✉❡♦❤❡ ❛♦d✲❛①✐❝✉❡♥✐❝♦♥✐❞❡❡❞✱❤❡❝♦ ❡✲
♣♦♥❞✐♥❣ ❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❞✐ ✐❜✉✐♦♥✐♣❧♦ ❡❞❛❋✐❣✳✶✳✾✭❛✮✱✇❤✐❝❤❝❛♥❜❡
❡①♣❡❡❞❜②❬✷✸❪

Usd(θr)=−
D

2p
K̂scos(pθr) ✭✶✳✶✷✮



✶✹ ❖✈❡ ✈✐❡✇♦❢❘❊▲ ▼❛❝❤✐♥❡

❢♦❛2p✲♣♦❧❡♠❛❝❤✐♥❡✱✇❤❡❡K̂s✐ ❤❡❛♠♣❧✐✉❞❡♦❢❧✐♥❡❛❝✉❡♥❞❡♥✐②✱❡①♣❡❡❞❛

K̂s=
3kwNŝI

πD
✭✶✳✶✸✮

✇❤❡❡kw✐ ❤❡✇✐♥❞✐♥❣❢❛❝♦♦❢❤❡❢✉♥❞❛♠❡♥❛❧❤❛♠♦♥✐❝✱Ns✐ ❤❡♥✉♠❜❡♦❢❡✐❡
❝♦♥❞✉❝♦ ♣❡♣❤❛❡✱Î✐♣❤❛❡❝✉❡♥♣❡❛❦✈❛❧✉❡✱D✐ ❛♦✐♥♥❡❞✐❛♠❡❡✱❛♥❞θr
✐♥❞✐❝❛❡ ❤❡♠❡❝❤❛♥✐❝❛❧❛♥❣❧❡✐♥❤❡♦♦ ❡❢❡❡♥❝❡❢❛♠❡✭❡❡❋✐❣✳✶✳✽✮✳

❚❤❡ ❛❞✐❛❧✢✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥✐♥❤❡❛✐❣❛♣✱♣♦❞✉❝❡❞❜②❤❡d✲❛①✐❝✉❡♥✱
❡✉❧

Bgd(θr)=
µ0
g
[Ur(θr)−Usd(θr)]=

µ0
g

D

2p
K̂scos(pθr) ✭✶✳✶✹✮

✇❤❡❡µ0✐ ❤❡♣❡♠❡❛❜✐❧✐②❝♦♥ ❛♥✱g✐ ❤❡♠❡❝❤❛♥✐❝❛❧❛✐ ❣❛♣❧❡♥❣❤✳ ❚❤❡ ♦♦
♠❛❣♥❡✐❝♣♦❡♥✐❛❧Ur(θr)❡✉❛❧ ♦③❡♦❢♦ ❤❡❙ ②♣❡✳❚❤❡✢✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥✐
❤✐❣❤❧✐❣❤❡❞❜②❤❡❜❧✉❡❛❡❛✐♥❋✐❣✳✶✳✾✭❜✮✳❚❤❡❢✉♥❞❛♠❡♥❛❧❝♦♠♣♦♥❡♥♦❢❤❡❋♦✉✐❡
❡✐❡❡①♣❛♥✐♦♥♦❢❤✐❞✐ ✐❜✉✐♦♥✐

B̂gd1=
4p

π

β
2

0
Bgd(θr)cos(pθr)dθr=

p

π

µ0
g

D

2p
K̂s β+

1

p
sin(pβ) ✭✶✳✶✺✮

❚❤❡❝♦ ❡♣♦♥❞✐♥❣✢✉①✐

Φd1=
DLstk
p
B̂gd1 ✭✶✳✶✻✮

✇❤❡❡Lstk✐❛❝✐✈❡ ❛❝❦❧❡♥❣❤✳❚❤❡✢✉①❧✐♥❦❛❣❡✐

Λd1=
kwNs
2
Φd1 ✭✶✳✶✼✮

❋✐♥❛❧❧②✱ ❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡✐❝♦♠♣✉❡❞❜②❞✐✈✐❞✐♥❣❤❡✢✉①❧✐♥❦❛❣❡❜② ❤❡ ❛♦
d✲❛①✐❝✉❡♥✱✇❤✐❝❤❜❡❝♦♠❡

Ld=
3p

π2
µ0

kwNs
2p

2DLstk
g

β+
1

p
sin(pβ) ✭✶✳✶✽✮

❲❤❡♥♦♥❧② q✲❛①✐❝✉❡♥✐❝♦♥✐❞❡❡❞✱❤❡❝♦ ❡♣♦♥❞✐♥❣ ❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧
❞✐ ✐❜✉✐♦♥✐♣❧♦ ❡❞✐♥❋✐❣✳✶✳✶✵✭❛✮✱✇❤✐❝❤❝❛♥❜❡❡①♣❡❡❞❛

Usq(θr)=−
D

2p
K̂ssin(pθr) ✭✶✳✶✾✮

❚❤❡ ❛❞✐❛❧✢✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥✐♥❤❡❛✐❣❛♣✱♣♦❞✉❝❡❞❜②❤❡q✲❛①✐❝✉❡♥✱
❡✉❧

Bgq(θr)=
µ0
g
[Ur(θr)−Usq(θr)]=

µ0
g

D

2p
K̂ssin(pθr) ✭✶✳✷✵✮

❚❤❡✢✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥✐❛❣❛✐♥❤✐❣❤❧✐❣❤❡❞❜②❤❡❜❧✉❡❛❡❛✐♥❋✐❣✳✶✳✶✵✭❜✮✳
❖❢❝♦✉ ❡✱❤❡❞✐ ✐❜✉✐♦♥✐❞✐✛❡❡♥❢♦♠❋✐❣✳✶✳✾✭❜✮✳❚❤❡❢✉♥❞❛♠❡♥❛❧❝♦♠♣♦♥❡♥✐
❞❡✐✈❡❞❛

B̂gq1=
4p

π

β
2

0
Bgq(θr)sin(pθr)dθr=

p

π

µ0
g

D

2p
K̂s β−

1

p
sin(pβ) ✭✶✳✷✶✮
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d

q

β

Ks

Usq
d

0 β/2 π       θr

Usq

Bgq

q

✭❛✮❙❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❞✐ ✐❜✉✐♦♥✳ ✭❜✮❋❧✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥✳

❋✐❣✉❡✶✳✶✵✿❙❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❛♥❞✢✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥♦❢❙ ②♣❡❘❊▲
♠❛❝❤✐♥❡❞✉❡ ♦q✲❛①✐❝✉❡♥✳

❙✐♠✐❧❛❧②✱❤❡q✲❛①✐✐♥❞✉❝❛♥❝❡❡✉❧

Lq=
3p

π2
µ0

kwNs
2p

2DLstk
g

β−
1

p
sin(pβ) ✭✶✳✷✷✮

❚❤❡❡❢♦❡✱ ❤❡❞✐✛❡❡♥❝❡❜❡✇❡❡♥ ❤❡d✲❛♥❞q✲❛①✐✐♥❞✉❝❛♥❝❡ ❛❡♦❜❛✐♥❡❞❜②
✉❜ ❛❝✐♥❣✭✶✳✷✷✮❢♦♠✭✶✳✶✽✮

(Ld−Lq)=
6

π2
µ0

kwNs
2p

2DLstk
g
sin(pβ) ✭✶✳✷✸✮

■✐❢♦✉♥❞❤❛ ❤❡✐♥❞✉❝❛♥❝❡❞✐✛❡❡♥❝❡✐ ♣♦♣♦✐♦♥❛❧♦sin(pβ)✳ ❘❡❢❡✐♥❣
♦✭✶✳✺✮✱ ❤❡♦✉♣✉ ♦ ✉❡ ❡❛❝❤❡ ❤❡♠❛①✐♠✉♠✇❤❡♥ ❤❡✐♥❞✉❝❛♥❝❡❞✐✛❡❡♥❝❡✐
♠❛①✐♠✐③❡❞✳❆ ❛❝♦♥❡✉❡♥❝❡✱❤❡❙ ②♣❡❘❊▲♠❛❝❤✐♥❡❛❝❤✐❡✈❡ ❤❡♠❛①✐♠✉♠♦ ✉❡
✇✐❤β=π/(2p)✱✇❤✐❝❤✐♠♣❧✐❡ ❤❛ ❤❡❛❧✐❡♥✲♣♦❧❡♦❝❝✉♣✐❡50%♦❢❤❡♣♦❧❡♣✐❝❤✳

❚❤❡ ❛❧✐❡♥❝②❛✐♦❝❛♥❜❡❞❡✐✈❡❞❜②❤❡❛✐♦♦❢✭✶✳✶✽✮❛♥❞✭✶✳✷✷✮

ξ=
Ld
Lq
=
β+1psin(pβ)

β−1psin(pβ)
✭✶✳✷✹✮

✇❤❡❡ξ≈4.5✇✐❤β=π/(2p)✳ ❋♦♠ ❤❡♣♦✐♥ ♦❢✈✐❡✇♦❢ ❛❧✐❡♥❝② ❛✐♦✱✐✇♦✉❧❞
❜❡❞❛♠❛✐❝❛❧❧❛❣❡✇✐❤✈❡② ♠❛❧❧✈❛❧✉❡♦❢β✱❛♣❧♦ ❡❞✐♥❋✐❣✳✶✳✶✶❢♦❛✇♦✲♣♦❧❡
❙ ②♣❡❘❊▲♠❛❝❤✐♥❡✳ ❍♦✇❡✈❡✱❤✐ ✐♥❝❡❞✐❜❧❡❛❧✐❡♥❝② ❛✐♦❡①✐ ♦♥❧②✉♥❞❡ ❤❡
♣❡✈✐♦✉❛✉♠♣✐♦♥✳■♥❛❞❞✐✐♦♥✱❧♦✇β✇✐❧❧❝❛✉❡❡❞✉❝✐♦♥✐♥♦ ✉❡❝❛♣❛❜✐❧✐②✱❛
❞❡♠♦♥ ❛❡❞❜②✭✶✳✷✸✮✳
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❋✐❣✉❡✶✳✶✶✿❱❛✐❛✐♦♥♦❢❛❧✐❡♥❝②❛✐♦ξ✇✐❤β❢♦❛✇♦✲♣♦❧❡❙ ②♣❡❘❊▲♠❛❝❤✐♥❡✳

✶✳✹✳✷✳▼✉❧ ✐♣❧❡✢✉①✲❜❛✐❡ ♦♦

❚❤❡❘❊▲♠❛❝❤✐♥❡✇✐❤♠✉❧✐♣❧❡✢✉①✲❜❛✐❡ ♦♦❤❛❜❡❡♥♣♦♣♦❡❞❡✈❡❛❧②❡❛ ❛❣♦✱
❜✉ ♦♥❧②✐♥❡❝❡♥②❡❛ ✐✐❜❡❝♦♠✐♥❣♠♦❡❛♥❞♠♦❡❛ ❛❝✐✈❡✳ ❋♦♠❤❡♥✉♠❜❡
♦❢❡❣♠❡♥ ♣♦✐♥ ♦❢✈✐❡✇✱ ❤❡❆▲❆ ♦♦ ✉❝✉❡❝❛♥❛❧♦❜❡❡❣❛❞❡❞❛ ♠✉❧✐♣❧❡
✢✉①✲❜❛ ✐❡ ♦♦✇❤❡♥ ❤❡❜❛ ✐❡♥✉♠❜❡ ✐❣❡❛❧②✐♥❝❡❛❡❞✳■♥❤❡❢♦❧❧♦✇✐♥❣✱ ❤❡
❛♥❛❧②✐✐❝❛✐❡❞♦✉♦♥❛❣❡♥❡❛❧✐③❡❞♠✉❧✐♣❧❡✢✉①✲❜❛✐❡ ♦♦✳

❙✐♠✐❧❛ ♦❤❡♣❡✈✐♦✉❛♥❛❧②✐✱♦♠❡❤②♣♦❤❡❡❛❡♠❛❞❡✿

✶✳❚❤❡ ❛♦✐ ❧♦✲❧❡ ❛♥❞♦♥❧②❤❡❢✉♥❞❛♠❡♥❛❧❤❛♠♦♥✐❝▼▼❋✐ ❝♦♥✐❞❡❡❞✳

✷✳■♦♥❧♦ ❛♥❞♠❛❣♥❡✐❝❛✉❛✐♦♥✐♥❡❣❧❡❝❡❞✳

✸✳▲❡❛❦❛❣❡✐♥❞✉❝❛♥❝❡❛❡❞✐❡❣❛❞❡❞✳

❘❡❢❡ ✐♥❣♦❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡✱❤❡ ❛♠❡❝❛❧❝✉❧❛✐♦♥♣♦❝❡❞✉❡❛ ❤❡❙ ②♣❡
♠❛❝❤✐♥❡❝❛♥❜❡❝❛ ✐❡❞♦✉✳❚❤❡♠❛✐♥❞✐✛❡❡♥❝❡✐ ❤❛ ❤❡✢✉①❡①✐ ❛❧♦♥❣❛❧♠♦ ❤❡
✇❤♦❧❡ ♦♦ ✉❢❛❝❡✱❛ ❤♦✇♥✐♥❋✐❣✳✶✳✶✷✳❚❤❡❝❛❧❝✉❧❛❡❞Ld❝❛♥❜❡❡♣❡❡♥❡❞❛

Ld=
3

π
µ0

kwNs
2p

2DLstk
g

✭✶✳✷✺✮

■✐ ❤❡❛♠❡❡①♣❡✐♦♥❛ ❤❡♠❛❣♥❡✐③✐♥❣✐♥❞✉❝❛♥❝❡✭Lm✮♦❢❤❡■▼✳●❡♥❡❛❧❧②
♣❡❛❦✐♥❣✱✐ ✐✈❡②❞✐✣❝✉❧ ♦✐♥❝❡❛❡ ❤✐ ✐♥❞✉❝❛♥❝❡✇✐❤✐♥ ❤❡ ♠❡❝❤❛♥✐❝❛❧❛♥❞
❤❡♠❛❧❧✐♠✐❛✐♦♥✳❚❤❡❡❢♦❡✱❤❡❞❡✐❣♥❣♦❛❧♦♦❜❛✐♥❤✐❣❤♠❛❝❤✐♥❡♣❡❢♦♠❛♥❝❡✐
♦❡❞✉❝❡Lq✱✐♥♦❤❡✇♦❞✱♦❜❧♦❝❦❤❡q✲❛①✐✢✉①❛♠✉❝❤❛ ♣♦ ✐❜❧❡✳

❖❜✈✐♦✉❧②✱❤❡✐❞❡❛❧ ✐✉❛✐♦♥✐ ❤❛❛♥♦♥✲♠❛❣♥❡✐❝♦♦✐❛✉♠❡❞✳❚❤❡❝❛❧❝✉✲
❧❛❡❞q✲❛①✐✐♥❞✉❝❛♥❝❡✐❬✺❪✿

Lqmin=
3

π
µ0
(kwNs)

2

2p
Lstk ✭✶✳✷✻✮



✶✳✹❈♦♠♣❛✐♦♥♦❢❞✐✛❡❡♥ ♦♦ ♦♣♦❧♦❣✐❡ ✶✼

d

q

Ks

Usd

d

-π/2 π/2 θr

Usd

Bgd

✭❛✮❙❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❞✐ ✐❜✉✐♦♥✳ ✭❜✮❋❧✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥✳

❋✐❣✉❡✶✳✶✷✿❙❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❛♥❞✢✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥♦❢♠✉❧✐♣❧❡✢✉①✲
❜❛ ✐❡❘❊▲♠❛❝❤✐♥❡❞✉❡ ♦d✲❛①✐❝✉❡♥✳

✇❤✐❝❤✐ ✐♥❞❡♣❡♥❞❡♥♦❢❤❡ ♦♦❞✐❛♠❡❡✳■✐❛❧♦♥♦✐❝❡❞❤❛ Lqmin✐✐♥✈❡❡❧②
♣♦♣♦✐♦♥❛❧♦♣♦❧❡✲♣❛✐♥✉♠❜❡✱✐♥❝♦♥❛✱Ld✐✐♥✈❡❡❧②♣♦♣♦✐♦♥❛❧♦p

2✳❚❤❡♥✱
❤❡✐❞❡❛❧❛❧✐❡♥❝②❛✐♦✐❞❡✜♥❡❞❛✿

ξideal=
D

2pg
✭✶✳✷✼✮

✇❤✐❝❤❝❧❡❛❧②❤♦✇ ❤❛ ❤❡✐❞❡❛❧❛❧✐❡♥❝②❛✐♦❞❡❝❡❛❡✇✐❤❤❡✐♥❝❡❛❡♦❢p✳✭✶✳✷✼✮
❣✐✈❡ ❤❡ ❤❡♦❡✐❝❛❧✉♣♣❡❧✐♠✐♦❢ ❤❡❛❝❤✐❡✈❛❜❧❡ ❛❧✐❡♥❝② ❛✐♦✇✐❤❛❣✐✈❡♥ ♦♦
❣❡♦♠❡②✳■ ❤♦✉❧❞❜❡♥♦❡❞❤❛ ❤❡❛❝✉❛❧❛❧✐❡♥❝②❛✐♦✐❛❧✇❛②❧♦✇❡ ❤❛♥ξideal✱
❞✉❡♦✐♦♥❛✉❛✐♦♥✱ ❛♦❧❡❛❦❛❣❡✐♥❞✉❝❛♥❝❡❛♥❞♦♦♥✳

❆♠♦❡♣❡❝✐❡♠❡❤♦❞♦❝❛❧❝✉❧❛❡Lq✐♣♦♣♦❡❞❜②❱❛❣❛✐❬✶✺✱✷✸❪✳❚❤❡♦❡✐❝❛❧❧②✱
Lq✐ ♣❧✐ ✐♥♦✇♦❝♦♠♣♦♥❡♥ Lqc❛♥❞Lqf✱❝♦❡♣♦♥❞✐♥❣ ♦✏❝✐❝✉❧❛✐♥❣✑✢✉①❛♥❞
✏✢♦✇✐♥❣❤♦✉❣❤✑✢✉①✭❤♦✇♥✐♥❋✐❣✳✶✳✶✸✭❛✮✮✱ ❡♣❡❝✐✈❡❧②✳❚❤❡❣❡♥❡✐❝k✲❤ ❡❣♠❡♥
✐❡✈✐❞❡♥❝❡❞✱❛❞❡✜♥❡❞❜②❤❡❡❧❡❝ ✐❝❛❧❛♥❣❧❡θk❛♥❞θk+1✳❯✐♥❣✭✶✳✶✾✮✱❤❡❛✈❡❛❣❡
✈❛❧✉❡Usk♦❢ ❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧♦✈❡ ❤❡❛♥❣✉❧❛✐♥❡✈❛❧∆θk✐❝❛❧❝✉❧❛❡❞❛

Usk=−
D

2p
K̂s
1

∆θk

θk+1

θk

sin(pθr)d(pθr)=
D

2p
K̂sfk ✭✶✳✷✽✮

✇❤❡❡

fk=
cos(θk+1)−cos(θk)

∆θk
✭✶✳✷✾✮

❲❤❡♥❛ q✲❛①✐▼▼❋✐ ❛♣♣❧✐❡❞✱ ❤❡k✲❤ ❡❣♠❡♥✇✐❧❧❤❛✈❡❛❝♦♥ ❛♥ ✈❛❧✉❡♦❢
♠❛❣♥❡✐❝♣♦❡♥✐❛❧Urk✳❚❤✐✈❛❧✉❡✐ ❧✐❣❤❧②❧♦✇❡ ❤❛♥Usk✱❛ ❤♦✇♥✐♥❋✐❣✳✶✳✶✸✭❜✮✳
❘❡❢❡ ✐♥❣♦Usk✱✐✐ ✉♣♣♦❡❞♦❜❡

Urk=
D

2p
K̂srk ✭✶✳✸✵✮



✶✽ ❖✈❡ ✈✐❡✇♦❢❘❊▲ ▼❛❝❤✐♥❡

q

Ks

Usq

circulating

flowing through

d
θk

θk
+1

Δθk d

0 π θr

Usq

Urk

q

Usk

θk θk+1

✭❛✮❙❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❞✐ ✐❜✉✐♦♥✳ ✭❜✮❙❛♦❛♥❞♦♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧✳

❋✐❣✉❡✶✳✶✸✿❙❛♦❛♥❞♦♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❞✐ ✐❜✉✐♦♥♦❢♠✉❧✐♣❧❡✢✉①✲❜❛✐❡
❘❊▲♠❛❝❤✐♥❡❞✉❡ ♦q✲❛①✐❝✉❡♥✳

✇❤❡❡rk✐❛❝♦♥❛♥ ✈❛❧✉❡✱✇❤✐❝❤❝❛♥❜❡❝♦♠♣✉❡❞❢♦♠ ❤❡♠❛❣♥❡✐❝❡✉✐✈❛❧❡♥
❝✐❝✉✐❬✷✸❪✳

❚❤❡ ❛❞✐❛❧✢✉①❞❡♥✐②✐♥❤❡❛✐❣❛♣✱♣♦❞✉❝❡❞❜②❤❡✏❝✐❝✉❧❛✐♥❣✑✢✉①✱❡✉❧

Bgqc(θr)=
µ0
g
[Usk−Usq(θr)]=

µ0
g

D

2p
K̂s[fk+sin(pθr)] ✭✶✳✸✶✮

❚❤❡♥

B̂gqc1=
4p

π

π
2p

0
Bgqc(θr)sin(pθr)dθr=

4p

π

µ0
g

D

2p
K̂s

π

4p
−
1

p
k

f2k∆θk ✭✶✳✸✷✮

Lqc=
3

π
µ0

kwNs
2p

2DLstk
g

1−
4

π
k

f2k∆θk ✭✶✳✸✸✮

❇②❞✐✈✐❞✐♥❣✭✶✳✷✺✮✱✐ ✐♦❜❛✐♥❡❞❤❛

Lqc
Ld
=1−

4

π
k

f2k∆θk ✭✶✳✸✹✮

❚❤❡ ❛✐♦Lqc/Ld❞♦❡♥♦ ❡❧❛❡❞♦♣♦❧❡✲♣❛✐✱❜✉✐❛♣✐❞❧②❞❡❝❡❛❡❛ ❤❡♥✉♠❜❡
♦❢✢✉①✲❜❛✐❡✐✐♥❝❡❛❡❞✳■♥♦❤❡✇♦❞✱❤❡♠✉❧✐♣❧❡✢✉①✲❜❛✐❡❞❡✐❣♥✱✐♥❡❛❞♦❢
♦♥❡♦ ✇♦❜❛ ✐❡ ♣❡♣♦❧❡✱✐♣❡❢❡❛❜❧❡♦❛❝❤✐❡✈❡❤✐❣❤❛❧✐❡♥❝②❛✐♦✳

❘❡❣❛❞✐♥❣ ♦❤❡✢♦✇✐♥❣ ❤♦✉❣❤❝♦♥✐❜✉✐♦♥✱❤❡ ❡✉❧❡❞❛❞✐❛❧✢✉①❞❡♥✐②✐♥
❤❡❛✐❣❛♣✐

Bgqf(θr)=
µ0
g
(Urk−Usk)=

µ0
g

D

2p
K̂s(rk−fk) ✭✶✳✸✺✮

❚❤❡♥Lqf✐❞❡✐✈❡❞❛

Lqf=
3

π
µ0

kwNs
2p

2DLstk
g

4

π
k

[fk(fk−rk)∆θk] ✭✶✳✸✻✮
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✭❛✮ ▼✉❧✐♣❧❡✢✉①✲❜❛✐❡ ♦♦✐♥❬✷✹❪✳ ✭❜✮❙ ②♣❡♦♦ ✉❝✉❡✳
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❋✐❣✉❡✶✳✶✹✿❈♦♠♣❛✐♦♥♦❢❞✐✛❡❡♥ ♦♦ ✉❝✉❡✳

❋✐❣✉❡✶✳✶✺✿❚♦ ✉❡✈❛✐❛✐♦♥✇✐❤β❢♦❛♥❙ ②♣❡❘❊▲♠❛❝❤✐♥❡✳

❋✐♥❛❧❧②✱ ❤❡❛✐♦♦❢Lqf ♦Ld✐

Lqf
Ld
=
4

π
k

[fk(fk−rk)∆θk]=
8

π

pg

D
k

fkϕk ✭✶✳✸✼✮

✇❤❡❡ϕk✐ ❤❡♣❡✲✉♥✐✢✉①✱✇❤✐❝❤✐♣♦♣♦✐♦♥❛❧♦(fk−rk)❬✷✸❪✳❚❤✐ ❛✐♦❞❡♣❡♥❞
♦♥❤❡✢✉①✲❜❛ ✐❡ ❤❛♣❡❛♥❞✱♠♦❡✐♠♣♦❛♥❧②✱❤❡♣♦❧❡✲♣❛✐ p✳❙✐♥❝❡Lqc/Ld❞♦❡
♥♦❞❡♣❡♥❞♦♥p✱✐✐❡❛②♦✜♥❞❤❛ ❤❡❧♦✇❡ ❤❡p♥✉♠❜❡✱❤❡❤✐❣❤❡ ❤❡❛❧✐❡♥❝②
❛✐♦✇✐❧❧❜❡✳❇✉✐♥❤❡♣❛❝✐❝❡❞❡✐❣♥✱❤❡❝❤♦✐❝❡♦❢♣♦❧❡✲♣❛✐ ♥✉♠❜❡ ✐❛ ❛❞❡✲♦✛
❛♠♦♥❣ ❛♦②♦❦❡❞❡✐❣♥✱❤❡❛❧✐❡♥❝②❛✐♦❛♥❞❤❡♠❡❝❤❛♥✐❝❛❧❡❧✐❛❜✐❧✐②✳

■♥♦❞❡ ♦❝♦♠♣❛❡❤❡✇♦ ♦♦ ♦♣♦❧♦❣✐❡✱❤❡♠✉❧✐♣❧❡✢✉①✲❜❛✐❡ ♦♦✐♥❬✷✹❪✐
❡♣❧❛❝❡❞❜②❛♥❙ ②♣❡♦♦✱❛ ❤♦✇♥✐♥❋✐❣✳✶✳✶✹✳❚❤❡❙ ②♣❡♠❛❝❤✐♥❡✐ ✐♠✉❧❛❡❞
❜②❋❊❆✱❝♦♥✐❞❡✐♥❣❞✐✛❡❡♥ ♦♦ ❤❛♣❡ ✇✐❤✈❛✐❛❜❧❡♣♦❧❛❛❝β✳❋✐❣✳✶✳✶✺❤♦✇
❤❡❛✈❡❛❣❡♦ ✉❡✈❛✐❛✐♦♥✇✐❤β✳❚❤❡❛✈❡❛❣❡♦ ✉❡ ❡❛❝❤❡ ❤❡♠❛①✐♠✉♠✇❤❡❡
β✐❛♦✉♥❞40◦✳❆❝✉❛❧❧②✱✐❢❛✉❛✐♦♥✐♥❡❣❧❡❝❡❞✱β✐45◦ ♦❛❝❤✐❡✈❡❤❡♠❛①✐♠✉♠
♦ ✉❡❢♦❛❢♦✉✲♣♦❧❡♠❛❝❤✐♥❡✳❇②✉✐♥❣❤❡❛♠❡❝✉❡♥❛♠♣❧✐✉❞❡✭❤❡❝✉ ❡♥❛♥❣❧❡



✷✵ ❖✈❡ ✈✐❡✇♦❢❘❊▲ ▼❛❝❤✐♥❡

d-axis

q-axis

Flux-barriers

PMsgap
Stator

❋✐❣✉❡✶✳✶✻✿❈♦✲❡❝✐♦♥♦❢▼❆❘❊▲♠♦♦✳

✐❞✐✛❡❡♥✮✱❤❡❛❝❤✐❡✈❛❜❧❡♠❛①✐♠✉♠ ♦ ✉❡♦❢ ❤❡❙ ②♣❡❘❊▲♠❛❝❤✐♥❡✐ ❛❜♦✉
8.1◆♠✱✇❤✐❧❡ ❤❡ ❡♣♦❡❞♦ ✉❡✐♥❬✷✹❪✐ 11.3◆♠✳ ❚❤✐ ❝♦♥✜♠ ❤❡❧♦✇ ♦ ✉❡
❞❡♥✐②♦❢❤❡❙ ②♣❡❘❊▲♠❛❝❤✐♥❡✳❇❡✐❞❡✱✐✐♥♦✐❝❡❞✐♥❤❡ ✐♠✉❧❛✐♦♥❤❛ ❤❡
♦ ✉❡✐♣♣❧❡♦❢❤❡❙ ♦♥❡✐❞❛♠❛✐❝❛❧❤✐❣❤❡ ❤❛♥❤❛♦❢❤❡♠✉❧✐♣❧❡✢✉①✲❜❛✐❡
♦♥❡✳

✶✳✺✳ ▼✲❛ ✐❡❞ ②♥❝❤♦♥♦✉ ❡❧✉❝❛♥❝❡ ♠❛❝❤✐♥❡

❆ ♠❡♥✐♦♥❡❞❜❡❢♦❡✱❤❡ ❋♦❢ ❤❡❘❊▲♠❛❝❤✐♥❡✐❢❛✐❧②❧♦✇✳❯✉❛❧❧②✱❤✐❞❛✇❜❛❝❦
❝❛♥❜❡❝♦♠♣❡♥❛❡❞❜②✐♥❡✐♥❣ ▼ ✐♥♦ ♦♦ ✢✉①✲❜❛ ✐❡✳ ❚❤✐❝♦♥✜❣✉❛✐♦♥✐
❝❛❧❧❡❞ ▼✲❛ ✐❡❞②♥❝❤♦♥♦✉ ❡❧✉❝❛♥❝❡✭▼❆❘❊▲✮♠❛❝❤✐♥❡✱❛ ❤♦✇♥✐♥❋✐❣✳✶✳✶✻✳
❚❤❡❤✐❣❤❛♥✐♦♦♣✐❝♦♦❛❧❧♦✇❝♦✲❡✛❡❝✐✈❡❢❡✐❡♠❛❣♥❡ ✐♥❡❛❞♦❢❛❡✲❡❛❤ ▼
♦❜❡✉❡❞✱♦❛ ♦❡❞✉❝❡❤❡♠❛❝❤✐♥❡❝♦ ✳ ❯♥❧✐❦❡❤❡ ❡❣✉❧❛✐♥❡✐♦ ▼✭■ ▼✮
♠❛❝❤✐♥❡✱ ❤❡ ♦ ✉❡♦❢ ❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡✐ ♠❛✐♥❧②❞♦♠✐♥❛❡❞❜②❤❡ ❡❧✉❝❛♥❝❡
♦ ✉❡❝♦♠♣♦♥❡♥❞✉❡♦❤❡❤✐❣❤♦♦ ❛❧✐❡♥❝②✳

❚❤❡ ▼ ❛❡✐♥♦❞✉❝❡❞♦✐♥❝❡❛❡❤❡ ❋♦❢ ❤❡❘❊▲♠❛❝❤✐♥❡✳❆❝❝♦❞✐♥❣♦❤❡
❡❢❡❡♥❝❡❢❛♠❡✱❤❡ ▼ ♣♦❞✉❝❡❛✢✉①❧✐♥❦❛❣❡❛❧♦♥❣❤❡♥❡❣❛✐✈❡q✲❛①✐ ♦❝♦♠♣❡♥❛❡
❤❡✢✉①❧✐♥❦❛❣❡LqIq✱❛❞❡♣✐❝❡❞✐♥❋✐❣✳✶✳✶✼✳❙✐♥❝❡❤❡✈♦❧❛❣❡✈❡❝♦✐♦❛❡❞♦✇❛❞
❤❡❝✉ ❡♥✈❡❝♦✱❤❡ ❋✐♥❝❡❛❡✳ ❚❤❡❡❢♦❡✱ ❤❡✢✉①❧✐♥❦❛❣❡ ♦❢ ❤❡ ▼❆❘❊▲
♠❛❝❤✐♥❡❛❡❝♦♠♣✉❡❞❛✿

λd=Ldid

λq=Lqiq−Λm
✭✶✳✸✽✮

✇❤❡❡Λm ✐ ❤❡✢✉①❧✐♥❦❛❣❡❞✉❡♦ ▼ ✳❚❤❡❛✈❡❛❣❡♦ ✉❡✐❝❛❧❝✉❧❛❡❞❛✿

Tem=
3

2
p[Λmid+(Ld−Lq)idiq] ✭✶✳✸✾✮

❉❡♣✐❡♦❢❤❡❛♠❡❡❧✉❝❛♥❝❡♦ ✉❡❛✭✶✳✺✮✱❛ ▼ ♦ ✉❡❝♦♠♣♦♥❡♥✐❛❞❞❡❞✐♥
❤❡ ▼❆❘❊▲♠♦♦✳❚❤❡♠❛❝❤✐♥❡♦ ✉❡❞❡♥✐②✐✐♠♣♦✈❡❞♦♥❧②✐❢❤❡✇♦ ♦ ✉❡
❝♦♠♣♦♥❡♥ ❤❛✈❡❤❡❛♠❡✐❣♥✱✇❤✐❝❤✐♦❜❛✐♥❡❞✇❤❡♥❤❡q✲❛①✐❝✉❡♥❝♦♠♣♦♥❡♥



✶✳✺ ▼✲❛ ✐❡❞ ②♥❝❤♦♥♦✉ ❡❧✉❝❛♥❝❡ ♠❛❝❤✐♥❡ ✷✶

d axis

q axis

Id

LdId

Iq

i
e

v
e

I

V

φ

LdIdj
- IqLq

mj

IqLqj

m-jδ

❋✐❣✉❡✶✳✶✼✿ ❤❛♦❞✐❛❣❛♠❡♣❡❡♥❛✐✈❡♦❢❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡✳

✐♣♦✐✐✈❡✳❚❤❡d✲❛♥❞q✲❛①✐❝✉❡♥ ❝❛♥❜❡❢❡❡❧②❝♦♥♦❧❧❡❞♦♦❜❛✐♥❤❡❞❡✐❛❜❧❡
♦ ✉❡✳ ❆❝✉❛❧❧②✱ ❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡ ♦♥❣❧②❞❡♣❡♥❞♦♥❤❡
❝✉❡♥✈❡❝♦❝♦♥♦❧ ❛❡❣②✳

✶✳✺✳✶✳▼❚ ❆❝♦♥ ♦❧

❲✐ ❤✐♥ ❤❡❝✉ ❡♥❧✐♠✐✭Imax✮✱❤❡❝✉ ❡♥✈❡❝♦✐❝♦♥♦❧❧❡❞♦❛❝❤✐❡✈❡▼❚❆✳■♥
❤❡♦②✱❤❡▼❚❆ ❛❥❡❝♦②✐♦❜❛✐♥❡❞❢♦♠❤❡❞❡✐✈❛✐✈❡♦❢♦ ✉❡❡✉❛✐♦♥✭✶✳✸✾✮
✇✐❤❡♣❡❝ ♦❤❡❝✉ ❡♥♣❤❛❡❛♥❣❧❡✳ ▼❛❦✐♥❣❤❡❞❡✐✈❛✐✈❡❡✉❛❧ ♦0✱❤❡♦♣✐♠❛❧
❝✉❡♥✈❡❝♦❛♥❣❧❡♦❢▼❚❆ ❛❥❡❝♦②❛✐✜❡ ❤❡❢♦❧❧♦✇✐♥❣❡❧❛✐♦♥❤✐♣✿

αei=sin
−1 Λ2m+8(Ld−Lq)

2I2−Λm
4(Ld−Lq)I

✭✶✳✹✵✮

❲❤❡♥ Λm ❡✉❛❧ ♦0✱❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡❜❡❝♦♠❡ ❛♣✉❡❘❊▲♠❛❝❤✐♥❡✱❛♥❞
αei❦❡❡♣❝♦♥❛♥✭45

◦✮✳❙❛♠❡❡✉❧✐♦❜❛✐♥❡❞✐♥❙❡❝✐♦♥✶✳✸✳✶✳

■♥❝❛❡♦❢✐♦♥ ❛✉❛✐♦♥✱❋❊❆✐♠✉❧❛✐♦♥❛❡❡✉✐❡❞✳ ❙✐♠✐❧❛❧②✱❤❡♦♣✐♠❛❧
❝✉❡♥✈❡❝♦ ❛♥❣❧❡✐ ❝❤♦❡♥✇❤❡♥ ❤❡ ♦ ✉❡❛❝❤✐❡✈❡ ❤❡ ♠❛①✐♠✉♠✉♥❞❡ ❣✐✈❡♥
❝✉❡♥❛♠♣❧✐✉❞❡✳ ❆ ❛♥❡①❛♠♣❧❡✱ ❤❡ ▼❚❆ ❛❥❡❝♦②✐ ❤♦✇♥❢♦♠♣♦✐♥O ♦
♣♦✐♥B✐♥❋✐❣✳✶✳✶✽✳



✷✷ ❖✈❡ ✈✐❡✇♦❢❘❊▲ ▼❛❝❤✐♥❡

Id

Iq

ω

Tem

O

F

BP

MTPA locus

FW locus

MTPV locus

Current limit 
circle 

Voltage limit 
ellipses

(0, Λm/Lq)

❋✐❣✉❡✶✳✶✽✿❈✐❝❧❡❞✐❛❣❛♠♦❢❛ ▼❆❘❊▲♠♦♦❞✐✈❡✳

✶✳✺✳✷✳❋❲❝♦♥ ♦❧

❋♦♠✭✶✳✸✽✮✱❤❡✢✉①❧✐♥❦❛❣❡♦❢❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡✉♥❞❡ ❡❛❞②✲❛❡❝♦♥❞✐✐♦♥✐
❣✐✈❡♥❜②

Λ= (LdId)2+(LqIq−Λm)2 ✭✶✳✹✶✮

❲❤❡♥ ❤❡ ❛♦ ❡✐❛♥❝❡✐✐❣♥♦❡❞✱❤❡♣❤❛❡✈♦❧❛❣❡✐❝❛❧❝✉❧❛❡❞❛

V=ωΛ=ω (LdId)2+(LqIq−Λm)2 ✭✶✳✹✷✮

■✐❞❡❝✐❜❡❞❜②❡❧❧✐♣❡✐♥❤❡id✲iq♣❧❛♥❡✱❛ ❤♦✇♥✐♥❋✐❣✳✶✳✶✽✳ ❲❤❡♥❤❡ ❛♦
✢✉①✐❦❡♣❝♦♥❛♥✱❤❡❧♦❝✉❞❡❝✐❜❡❞❜②❤❡❝✉ ❡♥✈❡❝♦✐♥❤❡id✲iq♣❧❛♥❡✐❛♥
❡❧❧✐♣❡✇✐❤❝❡♥❡✭✵✱Λm/Lq✮✳ ❲❤❡♥❤❡ ♣❡❡❞✐♥❝❡❛❡✭❜✉✐❧❡ ❤❛♥ ❤❡ ❛❡❞
✈❛❧✉❡✮✱ ❤❡✈♦❧❛❣❡✐♥❝❡❛❡♣♦♣♦✐♦♥❛❧❧②♦❣✉❛❛♥❡❡❤❡ ❛♠❡ ❛♦✢✉①✱ ✐❧❧❤❡
✈♦❧❛❣❡❧✐♠✐ ✭Vmax✮✐ ❡❛❝❤❡❞✳ ❙♦❤❡❝♦♥ ❛♥✲✢✉①❧♦❝✉✐❛❧♦ ❤❡❧✐♠✐✲✈♦❧❛❣❡
❧♦❝✉✳ ❲❤❡♥❤❡♦♣❡❛✐♥❣♣❡❡❞❡①❝❡❡❞ ✐ ❛❡❞✈❛❧✉❡✱ ❤❡ ❛♦ ✢✉①❤❛ ♦❜❡
❡❞✉❝❡❞♦❦❡❡♣❝♦♥❛♥ ❤❡✈♦❧❛❣❡❛✐ ❧✐♠✐✈❛❧✉❡✱❛♥❞❝♦♥❡✉❡♥❧②❤❡✇❡❛❦❡♥❡❞✲
✢✉①❧♦❝✉❛♥❞❤❡✈♦❧❛❣❡✲❧✐♠✐❧♦❝✉ ❤✐♥❦✳❚❤❡d✲❛①✐❝✉❡♥✱✇❤✐❝❤✐ ❤❡♠❛✐♥✢✉①
✐♥❤❡♠❛❝❤✐♥❡✱✐ ❞❡❝❡❛❡❞❜②✐♥❝❡❛✐♥❣❤❡❝✉ ❡♥♣❤❛❡❛♥❣❧❡αei✳❚❤✐ ❡❝❤♥✐✉❡
✐❝❛❧❧❡❞❤❡✏✢✉①✇❡❛❦❡♥✐♥❣✭❋❲✮✑✳❚❤❡❝✉ ❡♥❛♠♣❧✐✉❞❡❡♠❛✐♥ ❤❡❛♠❡✱♦❤❛
❤❡❝✉ ❡♥✈❡❝♦♠♦✈❡ ❛❧♦♥❣❤❡❝✉ ❡♥❧✐♠✐❝✐❝❧❡✱❛ ❤♦✇♥❢♦♠♣♦✐♥B ♦♣♦✐♥
P✐♥❋✐❣✳✶✳✶✽✳❚❤❡d✲❛♥❞q✲❛①✐❝✉❡♥ ❛❡❞❡✐✈❡❞❛ ❤❡❢♦❧❧♦✇✐♥❣❡✉❛✐♦♥✱✉♥❞❡
❤❡❧✐♠✐ ♦❢❜♦❤✈♦❧❛❣❡❛♥❞❝✉❡♥✭Vmax ❛♥❞Imax✮✿






Iq=

ΛmLq− (ΛmLq)
2− L2q−L

2
d Λ2m−

V2max
ω2
+I2maxL

2
d

L2q−L
2
d

Id= I2max−I
2
q

✭✶✳✹✸✮



✶✳✻❈♦♥❝❧✉✐♦♥ ✷✸

✶✳✺✳✸✳▼❚ ❱❝♦♥ ♦❧

❘❡❢❡ ✐♥❣♦❤❡♣❤❛♦❞✐❛❣❛♠♦❢❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡✐♥❋✐❣✳✶✳✶✼✱ ❤❡✢✉①❧✐♥❦❛❣❡
❝❛♥❜❡❡♣❡❡♥❡❞❛

Λd=Λcosδ=LdId

Λq=Λsinδ=LqIq−Λm
✭✶✳✹✹✮

❙✉❜ ✐✉✐♥❣♦❤❡♦ ✉❡❡✉❛✐♦♥✱✭✶✳✸✾✮❜❡❝♦♠❡

Tem=
3

2
p
ΛmΛcosδ

Ld
+
3

2
p(ξ−1)

Λcosδ(Λsinδ+Λm)

Ld
✭✶✳✹✺✮

❚❤❡♠❛①✐♠✉♠ ♦ ✉❡✕♣❡✕✢✉①❧✐♥❦❛❣❡❝♦♥♦❧✱✇❤✐❝❤✐ ❤❡❡✉✐✈❛❧❡♥ ♦❤❡♠❛①✲
✐♠✉♠♦ ✉❡✕♣❡✕❱♦❧❛❣❡✭▼❚❱✮❝♦♥ ♦❧✱❝❛♥❜❡❛❝❤✐❡✈❡❞❜②❡✐♥❣dTemdδ =0✱♦❜✲
❛✐♥✐♥❣

2(ξ−1)

ξ
Λsin2δ+Λmsinδ−

ξ−1

ξ
Λ=0 ✭✶✳✹✻✮

✐✐ ♦❧✈❡❞❛

sinδ=
−Λm+ Λ2m+2a

2

2a
✭✶✳✹✼✮

✇❤❡❡a=2(ξ−1)Λ/ξ✳❆❢❡ ❤❛✱❤❡d✲❛♥❞q✲❛①✐❝✉❡♥ ❝❛♥❜❡♦❜❛✐♥❡❞❢♦♠✭✶✳✹✹✮✳

❚❤❡▼❚ ❱ ❛❥❡❝♦②❤♦✇ ❤❡❛♥❣❡♥♣♦✐♥ ♦❢♦ ✉❡❧♦❝✐❛♥❞✈♦❧❛❣❡❡❧❧✐♣❡✳
❋♦❧❧♦✇✐♥❣ ❤❡❋❲ ❛❥❡❝♦②✱✇❤❡♥❤❡❝✉ ❡♥❧✐♠✐❝✐❝❧❡✱❤❡✈♦❧❛❣❡❧✐♠✐❡❧❧✐♣❡❛♥❞
❤❡▼❚❱ ❛❥❡❝♦②✐♥❡❡❝✱❛ ❤♦✇♥❜②♣♦✐♥P✐♥❋✐❣✳✶✳✶✽✱❤❡♦♣❡❛✐♦♥♦❢❤❡
♠❛❝❤✐♥❡♠♦✈❡ ♦▼❚❱❝♦♥ ♦❧✳■♥❤✐ ❡❣✐♦♥✱❤❡❝✉ ❡♥✈❡❝♦❛♥❣❧❡αei✐♥❝❡❛❡✱
✇❤✐❧❡ ❤❡❝✉ ❡♥❛♠♣❧✐✉❞❡❞❡❝❡❛❡✇✐❤❤❡✐♥❝❡❛✐♥❣♣❡❡❞✳❋✐♥❛❧❧②✱ ❤❡♠❛❝❤✐♥❡
❝❛♥❜❡♦♣❡❛❡❞❛✐♥✜♥✐❡♣❡❡❞❤❡♦❡✐❝❛❧❧②✳

❆❝✉❛❧❧②✱ ❤❡▼❚❱♦♣❡❛✐♦♥❤❛♣♣❡♥♦♥❧②✐❢Λm <LqImax ❬✷✶❪✳ ❲❤❡♥❤❡ ▼
✢✉①❧✐♥❦❛❣❡✐ ✉✐❡❤✐❣❤✱i.e.✱Λm >LqImax✱❤❡❝❡♥❡♦❢❤❡❡❧❧✐♣❡✐♦✉✐❞❡❤❡
❝✉❡♥❧✐♠✐✱❛♥❞♥♦❝♦✐♥❣♣♦✐♥❡①✐ ❜❡✇❡❡♥▼❚ ❱ ❛❥❡❝♦②❛♥❞❤❡❝✉ ❡♥
❧✐♠✐❝✐❝❧❡✳

✶✳✻✳❈♦♥❝❧✉✐♦♥

❚❤✐ ❈❤❛♣❡♠❛✐♥❧② ❡✈✐❡✇ ❤❡❞❡✈❡❧♦♣♠❡♥❤✐ ♦②✱❜❛✐❝❡✉❛✐♦♥❛♥❞♣❡❢♦♠❛♥❝❡
❝❤❛❛❝❡✐✐❝♦❢❘❊▲ ♠❛❝❤✐♥❡✳■✐♥♦✐❝❡❞❤❛ ❤❡❘❊▲ ♠❛❝❤✐♥❡♣❡❢♦♠❛♥❝❡
✐❤✐❣❤❧②❞❡♣❡♥❞❡❞♦♥ ❛❧✐❡♥❝② ❛✐♦✳ ▲♦♦❦✐♥❣❜❛❝❦❤❡❞❡✈❡❧♦♣♠❡♥ ❤✐ ♦②♦❢❘❊▲
♠❛❝❤✐♥❡✱❤❡✐♠♣♦✈❡♠❡♥♦❢ ❛❧✐❡♥❝②❛✐♦✐♦❢✈✐❛❧✐♠♣♦❛♥❝❡✳ ❈♦♠♣❛✐♥❣✇✐❤
❤❡❙ ❛♥❞❆▲❆♦♦ ②♣❡✱❤❡❚▲❆ ♦♦ ②♣❡✇✐❤♠✉❧✐♣❧❡✢✉①✲❜❛✐❡ ❛❝❤✐❡✈❡
❡❧❛✐✈❡❧②❤✐❣❤❛❧✐❡♥❝②❛✐♦✱❧♦✇♦♦❧♦ ❛♥❞❧♦✇♦ ✉❡✐♣♣❧❡✳❚❤❡❡❢♦❡✱✐✐❝❤♦❡♥
♦❜❡❞❡✐❣♥❡❞❛♥❞❛♥❛❧②③❡❞✐♥❤❡♥❡①❈❤❛♣❡✳

❚❤❡✐♥❡ ▼ ✐♥❤❡♦♦✢✉①✲❜❛ ✐❡❤❡❧♣♦✐♠♣♦✈❡❤❡♣♦✇❡❢❛❝♦❛♥❞♦ ✉❡
❞❡♥✐②♦❢❤❡❘❊▲♠❛❝❤✐♥❡✳❚❤❡♠❡❤♦❞♦❧♦❣✐❡♦❢❝✉❡♥✈❡❝♦❝♦♥♦❧✱✐♥❡♠ ♦❢
▼❚ ❆❝♦♥ ♦❧✱❋❲❝♦♥♦❧❛♥❞ ▼❚❱❝♦♥ ♦❧✱❛❡❛❧♦✐♥♦❞✉❝❡❞❢♦ ❤❡❢♦❧❧♦✇✐♥❣
✉❡✳





Chapter2
❉❡✐❣♥▼❡❤♦❞♦❧♦❣②♦❢❘❊▲▼❛❝❤✐♥❡

❚❤❡❘❊▲♠❛❝❤✐♥❡ ❤❛✈❡❜❡❡♥♠♦❡❛♥❞♠♦❡❛ ❛❝✐✈❡✐♥❡❝❡♥②❡❛ ✳❙✐♥❝❡❤❡ ❛♦
❝❛♥❜❡♠❛❞❡♦❢❝♦♥✈❡♥✐♦♥❛❧❧❛♠✐♥❛✐♦♥♦❢■▼♦ ▼♠❛❝❤✐♥❡✱❤❡♠♦ ❝❤❛❧❧❡♥❣❡❛❜❧❡
♣❛ ♦❢❘❊▲♠❛❝❤✐♥❡❞❡✐❣♥❧✐❡♦♥❤❡♦♦ ✉❝✉❡✳❚❤✐❈❤❛♣❡♣♦✈✐❞❡❛❞❡❛✐❧❡❞
♣❛❛♠❡✐❝❛♥❛❧②✐♦❢❤❡ ♦♦ ❣❡♦♠❡②❢♦ ❜♦❤❘❊▲❛♥❞ ▼❆❘❊▲♠❛❝❤✐♥❡✱✐♥
♦❞❡ ♦ ✉❣❣❡ ❛♥❛✉♦♠❛✐❝❞❡✐❣♥✳❚❤❡❤❛♣❡♦❢✢✉①✲❜❛ ✐❡ ✐ ❡❧❡❝❡❞♦❛❝❤✐❡✈❡
❜♦❤❤✐❣❤d✲❛①✐✐♥❞✉❝❛♥❝❡❛♥❞❧♦✇q✲❛①✐✐♥❞✉❝❛♥❝❡✱♦❛ ♦♦❜❛✐♥❤✐❣❤♦✉♣✉ ♦ ✉❡
❛♥❞❤✐❣❤♣♦✇❡❢❛❝♦✳ ▼❡❤♦❞ ♦♣♦♣❡❧②❞❡✐❣♥❤❡❣❡♦♠❡②♦❢❜❛ ✐❡❡♥❞❛♥❞ ▼
❛❡❛❞♦♣❡❞✳❙♦♠❡✉♥✐♥❣ ❡♣❛❡✉❣❣❡❡❞✐♥♦❞❡ ♦❛❝❤✐❡✈❡❤❡❤✐❣❤♣❡❢♦♠❛♥❝❡
❞❡✐❣♥✳ ❆❢❡ ❤❛✱✉❝❤❛♣♦❝❡❞✉❡✐ ✉❡❞♦ ❛♣✐❞❧②❛♥❛❧②③❡ ❤❡✐♠♣❛❝ ♦❢ ♦♠❡
♣❛❛♠❡❡ ♦♥❤❡♠❛❝❤✐♥❡♣❡❢♦♠❛♥❝❡ ♦❛ ♦❣✐✈❡❛❞❡✐❣♥❣✉✐❞❡❧✐♥❡✳ ❆❧❛✱❤❡
❞❡♠❛❣♥❡✐③❛✐♦♥❧✐♠✐♦❢❛ ▼❆❘❊▲♠❛❝❤✐♥❡✉♥❞❡ ♦✈❡❧♦❛❞♦♣❡❛✐♦♥✐❛♥❛❧②③❡❞✳

✷✳✶✳❙✉✐❛❜❧❡ ❤❛♣❡♦❢✢✉①✲❜❛ ✐❡

F❘❖▼ ❤❡ ♦ ✉❡❡①♣❡✐♦♥♦❢❤❡❘❊▲♠❛❝❤✐♥❡✐♥✭✶✳✺✮✱✐ ✐♦❜❡✈❡❞ ❤❛ ❤❡
♦✉♣✉ ♦ ✉❡✐♣♦♣♦✐♦♥❛❧♦❤❡❞✐✛❡❡♥❝❡❜❡✇❡❡♥ ❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡✭Ld✮

❛♥❞❤❡q✲❛①✐✐♥❞✉❝❛♥❝❡✭Lq✮✳❚❤❡❡❢♦❡✱✐✐❡①❡♠❡❧②✐♠♣♦❛♥ ♦❞❡✐❣♥❤❡♦♦
❣❡♦♠❡②♦❛ ♦✐♥❝❡❛❡✉❝❤❛❞✐✛❡❡♥❝❡✳■♥❤❡❢♦❧❧♦✇✐♥❣♣❛ ✱❤❡❞❡✐❣♥♦❜❥❡❝✐✈❡✐
♦♠❛①✐♠✐③❡❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡✱❛♥❞✐♠✉❧❛♥❡♦✉❧②✱♠✐♥✐♠✐③❡❤❡q✲❛①✐✐♥❞✉❝❛♥❝❡✳

■♥❤❡❚▲❆ ②♣❡❘❊▲♠❛❝❤✐♥❡✇✐❤♠✉❧✐♣❧❡✢✉①✲❜❛✐❡✱❤❡d✲❛①✐✢✉①♣❛ ❡
❤♦✉❣❤❤❡✇❤♦❧❡✐♦♥♣❛❤✇❤✐❧❡ ❤❡q✲❛①✐✢✉①✐❜❧♦❝❦❡❞❜②✢✉①✲❜❛ ✐❡✳❚♦❛❝❤✐❡✈❡
❤❡❞❡✐❣♥❣♦❛❧✱❤❡d✲❛①✐✢✉① ❤♦✉❧❞✢♦✇ ❤❡✐♦♥♣❛ ♠♦♦❤❧②✱✇❤✐❧❡ ❤❡q✲❛①✐
✢✉① ❤♦✉❧❞❜❡❜❧♦❝❦❡❞❛ ♠✉❝❤❛ ♣♦ ✐❜❧❡✳ ❚❤✐ ❡✉✐❡ ❤❡✢✉①✲❜❛ ✐❡ ❤❛♣❡ ♦
❜❡♣❛❛❧❧❡❧♦❤❡d✲❛①✐✢✉①❧✐♥❡✱❛♥❞♣❡♣❡♥❞✐❝✉❧❛ ♦❤❡q✲❛①✐✢✉①❧✐♥❡✳ ❲❤❡♥
❝♦✲❝♦✉♣❧✐♥❣❡✛❡❝✐✐❣♥♦❡❞✱❤❡d✲❛①✐✢✉①❧✐♥❡❛❡❝♦♠♣❧❡❡❧②♣❡♣❡♥❞✐❝✉❧❛ ♦❤❡
q✲❛①✐✢✉①❧✐♥❡✳❆❛❡✉❧✱❤❡❛✐♠✐ ♦❞❡✐❣♥❤❡✢✉①✲❜❛ ✐❡❧✐♥❡❛♣♣♦①✐♠❛❡❧②
❛❧♦♥❣d✲❛①✐✢✉①❧✐♥❡✳

❲✐ ❤♦✉ ❝♦♥✐❞❡✐♥❣✐♦♥❛✉❛✐♦♥✱❤❡❜❡❤❛✈✐♦ ♦❢❤❡d✲❛①✐✢✉①✐♥❛ ✇♦✲♣♦❧❡
♦♦❝❛♥❜❡❡❣❛❞❡❞❛❛♥✐♥✈✐❝✐❞✱✐♥❝♦♠♣❡✐❜❧❡✢✉✐❞✢♦✇❛♦✉♥❞❛❝✐❝✉❧❛❝②❧✐♥❞❡✳
❚❤✐ ✐❞❡❝✐❜❡❞❛♥❛❧②✐❝❛❧❧②❜②❛✐♠♣❧❡♠❛❤❡♠❛✐❝❛❧❡✉❛✐♦♥✱✇❤✐❝❤✐❝❛❧❧❡❞ ❡❛♠

✷✺



✷✻ ❉❡✐❣♥ ▼❡❤♦❞♦❧♦❣②♦❢❘❊▲ ▼❛❝❤✐♥❡

O Dri /2 Dre/2

1

  2

   3

q-axis

d-axis

B

wf
e4

tb3

θ
b,1

θ
b,2 θ
b,3

wf
e3

wf
e2

wf
e1

tb2

tb1

❋✐❣✉❡✷✳✶✿ ❛❛♠❡❡❞❡✜♥✐✐♦♥♦♥❤❡♦♦❛♥❞d✲❛①✐✢✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥✳

❢✉♥❝✐♦♥❬✷✺❪✿

ψ(ρ,ξ)= ρ−
ρ20
ρ
sinξ ✭✷✳✶✮

✇❤❡❡ρ0✐ ❤❡ ❛❞✐✉♦❢❤❡❝②❧✐♥❞❡✱ρ❛♥❞ξ❛❡❛❞✐❛❧❝♦♦❞✐♥❛❡❛♥❞❛♥❣✉❧❛❝♦✲
♦❞✐♥❛❡✐♥❤❡♣♦❧❛ ❝♦♦❞✐♥❛❡② ❡♠✱❡♣❡❝✐✈❡❧②✳❚❤❡ ❡❛♠❧✐♥❡✱✇❤♦❡♣❡❡♥
❤❡d✲❛①✐✢✉①❧✐♥❡✱❛❡♦❜❛✐♥❡❞❜②❤❡❝♦♥♦✉♦❢❞✐✛❡❡♥✈❛❧✉❡♦❢ψ✳❋♦❛❣✐✈❡♥
❡❛♠❧✐♥❡✱❤❡ ❡❛♠❢✉♥❝✐♦♥ψ(ρ,ξ)✐❝♦♥❛♥✳❇②✉✐♥❣❝♦♥❢♦♠❛❧♠❛♣♣✐♥❣ ❡❝❤✲

♥✐✉❡✱ ❤❡❢♦❧❧♦✇✐♥❣ ❡❛♠❢✉♥❝✐♦♥✐❞❡✐✈❡❞♦❞❡❝✐❜❡❤❡d✲❛①✐✢✉①❞✐ ✐❜✉✐♦♥
✐♥❛2p✲♣♦❧❡♦♦❬✷✻❪✿

Ψ(r,θ)=

sin(pθ)
2r

Dri

2p

−1

2r

Dri

p ✭✷✳✷✮

✇❤❡❡r✐ ❤❡❛❞✐✉✱θ✐ ❤❡♠❡❝❤❛♥✐❝❛❧❛♥❣❧❡❢♦♠❤❡d✲❛①✐✱Dri✐ ❤❡♦♦✐♥♥❡
❞✐❛♠❡❡✳Ψ✐❝❛❧❧❡❞♣♦❡♥✐❛❧❢❛❝♦✐♥❤❡❢♦❧❧♦✇✐♥❣❡①✳❙✐♥❝❡❞✐✛❡❡♥ ❡❛♠❧✐♥❡
❤❛✈❡❞✐✛❡❡♥✈❛❧✉❡♦❢Ψ✱♦♥❧②❤❡❡ ❡❛♠❧✐♥❡✇✐❤❤❡✐♣♦❡♥✐❛❧❢❛❝♦ ❦♥♦✇♥❛❡
✈✐✉❛❧✐③❡❞✳❚❤❡❡❢♦❡✱❤❡✢✉①✲❜❛ ✐❡❜♦✉♥❞❛✐❡❝❛♥❜❡♦❜❛✐♥❡❞✳

❆❝❝♦❞✐♥❣ ♦✭✷✳✷✮✱ ❤❡♣♦❡♥✐❛❧❢❛❝♦ ✐❝♦♠♣✉❡❞♦♥❝❡❤❡ ❛❞✐❛❧❛♥❞❛♥❣✉❧❛
❝♦♦❞✐♥❛❡✭r✱θ✮♦❢♦♥❡♣♦✐♥♦♥❤❡ ❡❛♠❧✐♥❡✐❞❡❡♠✐♥❡❞✳❖❜✈✐♦✉❧②✱❤❡❛♥❣✉❧❛
❝♦♦❞✐♥❛❡♦❢❤❡♣♦✐♥ ♦♥❤❡q✲❛①✐✱❛❤✐❣❤❧✐❣❤❡❞✐♥❋✐❣✳✷✳✶✱❛❡❡❛✐❧②♦❜❛✐♥❡❞✳
❚❤❡❡❢♦❡✱❤❡②❛❡❝❤♦❡♥❛ ❤❡✏♠❛✐♥♣♦✐♥ ✑♦❝❛❧❝✉❧❛❡❤❡♣♦❡♥✐❛❧❢❛❝♦✳❚❤❡
❡♠❛✐♥✐♥❣♣♦❜❧❡♠✐ ♦❞❡❡♠✐♥❡ ❤❡ ❛❞✐❛❧❝♦♦❞✐♥❛❡♦❢ ❤❡❡♣♦✐♥✱✇❤✐❝❤❛❡
❡❧❛❡❞♦ ❤❡✇✐❞❤♦❢✢✉①✲❜❛ ✐❡ ❛♥❞✐♦♥♣❛❤✳ ❚♦❤✐ ♣✉♣♦❡✱❤❡✐♥✉❧❛✐♦♥
❛✐♦kair✐✜ ❧②❞❡✜♥❡❞✭❛ ❤♦✇♥✐♥❋✐❣✳✷✳✶✮✿

kair=

Nb

i=1
tbi

(Dre−Dri)/2
=

Nb

i=1
tbi

Nb

i=1
tbi+

Nb+1

i=1
wfei

✭✷✳✸✮



✷✳✶❙✉✐❛❜❧❡ ❤❛♣❡♦❢✢✉①✲❜❛ ✐❡ ✷✼

✇❤❡❡tbi✐ ❤❡✇✐❞❤♦❢ ❤❡i✲❤✢✉①✲❜❛ ✐❡✱wfei✐ ❤❡✇✐❞❤♦❢ ❤❡i✲❤✐♦♥♣❛❤✱
Nb✐ ❤❡♥✉♠❜❡♦❢❜❛✐❡✱Dre✐ ❤❡♦♦♦✉❡❞✐❛♠❡❡✳❉❡❛✐❧❡❞❞❡✜♥✐✐♦♥♦❢❤❡
♣❛❛♠❡❡ ❛❡❤♦✇♥✐♥❋✐❣✳✷✳✶✳ ❚❤❡✐♥✉❧❛✐♦♥❛✐♦❛✉♠❡ ❛♥✐♠♣♦❛♥ ♦❧❡♦
❧✐♠✐ ❤❡❛✉❛✐♦♥♦❢❤❡✐♦♥♣❛❤✱❛✇✐❧❧❜❡❞❡❝✐❜❡❞✐♥❙❡❝✐♦♥✷✳✻✳❖♥❝❡kair✐
❞❡✜♥❡❞✱❤❡♦❛❧✇✐❞❤♦❢❤❡✢✉①✲❜❛ ✐❡ ❛♥❞✐♦♥♣❛❤❛❡❞❡❡♠✐♥❡❞✱ ❡♣❡❝✐✈❡❧②✳

❚❤❡♥❡① ❡♣✐ ♦❝❛❧❝✉❧❛❡❤❡✇✐❞❤♦❢❡❛❝❤✐♦♥♣❛❤❛♥❞✢✉①✲❜❛ ✐❡✐♥❞✐✈✐❞✉❛❧❧②✳
❚❤❡✇✐❞❤♦❢❡❛❝❤✐♦♥♣❛❤✐ ❝♦♠♣✉❡❞❛❝❝♦❞✐♥❣ ♦❤❡✢✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥♦❢
❤❡d✲❛①✐✢✉①✳ ❚❤✐ ❛❧❧♦✇ ♦ ❡❧❡❝ ❤❡✐♦♥♣❛❤✇✐❞❤ ♦❜❡♣♦♣♦✐♦♥❛❧♦❤❡
❛♠♦✉♥♦❢d✲❛①✐✢✉①✢♦✇✐♥❣❤♦✉❣❤❤❡♠✳❆ ✉♠✐♥❣❛✐♥✉♦✐❞❛❧✇❛✈❡❢♦♠♦❢ ❤❡✢✉①
❞❡♥✐②✐♥❤❡❛✐❣❛♣✱❛ ❤♦✇♥✐♥❋✐❣✳✷✳✶✱❤❡✢✉①♣❛ ✐♥❣❤♦✉❣❤❡❛❝❤✐♦♥❝❤❛♥♥❡❧
✐ ❡♣❡❡♥❡❞❛✿ 





B1=
θb,1

0
B̂dsin(pθ)dθ

B2=
θb,2

θb,1

B̂dsin(pθ)dθ

...

Bi=
θb,i

θb,i−1

B̂dsin(pθ)dθ

...

BNb+1=

π
2

θb,Nb

B̂dsin(pθ)dθ

✭✷✳✹✮

✇❤❡❡B̂d✐ ❤❡❛♠♣❧✐✉❞❡♦❢ ❤❡✢✉①❞❡♥✐②✱❛♥❞θb,i✐ ❤❡❜❛ ✐❡❡♥❞❛♥❣❧❡♦❢❤❡
i✲❤✢✉①✲❜❛ ✐❡✳❚❤❡❛✈❡❛❣❡✢✉①❞❡♥✐②✐♥❤❡i✲❤✐♦♥❝❤❛♥♥❡❧Bavg,i✐❣✐✈❡♥❜②✿

Bavg,i=
1

θb,i−θb,i−1

θb,i

θb,i−1

B̂dsin(pθ)dθ ✭✷✳✺✮

✇✐❤1 i Nb✱❛♥❞

Bavg,Nb+1=
2

π−2θb,Nb

π
2

θb,Nb

B̂dsin(pθ)dθ ✭✷✳✻✮

❚❤❡✇✐❞❤♦❢❡❛❝❤✐♦♥♣❛❤✐♣♦♣♦✐♦♥❛❧♦✐ ❝♦❡♣♦♥❞✐♥❣❛✈❡❛❣❡✢✉①❞❡♥✐②✱
❛♥❞❤❡❡❢♦❡

wfei=
(Dre−Dri)(1−kair)Bavg,i

2
Nb

i=1
Bavg,i+Bavg,Nb+1

✭✷✳✼✮

❚❤❡✇✐❞❤♦❢❡❛❝❤✢✉①✲❜❛ ✐❡❤♦✉❧❞❜❡❞❡✐❣♥❡❞♦♠✐♥✐♠✐③❡❤❡q✲❛①✐✢✉①❛♠✉❝❤
❛♣♦ ✐❜❧❡✱❜②♠❡❛♥♦❢❤❡♦❛❧✐♥✉❧❛✐♦♥✳❚❤❡ ❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❞✐ ✐❜✉✐♦♥
❞✉❡ ♦q✲❛①✐❝✉❡♥ ✐ ❤♦✇♥✐♥❋✐❣✳✷✳✷✭❛✮✳❙✐♠✐❧❛ ♦❤❡✢✉①❞❡♥✐②✱❤❡❛✈❡❛❣❡
✈❛❧✉❡♦❢ ❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧✐♥❢♦♥♦❢❡❛❝❤✢✉①✲❜❛✐❡✐✿

Uavg,i=
1

θb,i−θb,i−1

θb,i

θb,i−1

Ûqcos(pθ)dθ ✭✷✳✽✮



✷✽ ❉❡✐❣♥ ▼❡❤♦❞♦❧♦❣②♦❢❘❊▲ ▼❛❝❤✐♥❡

Uavg,1

ΔUq,1

Uavg,2 Uavg,3

ΔUq,2

ΔUq,3

Rb1

Rb2

Rb3

✭❛✮❙❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❞✐ ✐❜✉✐♦♥✳ ✭❜✮ ▼❛❣♥❡✐❝❝✐❝✉✐✳

❋✐❣✉❡✷✳✷✿❙❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❞✐ ✐❜✉✐♦♥❞✉❡♦q✲❛①✐❝✉❡♥ ❛♥❞❤❡❝♦ ❡✲
♣♦♥❞✐♥❣♠❛❣♥❡✐❝❝✐❝✉✐✳

✇✐❤1 i Nb✱❛♥❞Ûq✐ ❤❡❛♠♣❧✐✉❞❡♦❢ ♠❛❣♥❡✐❝♣♦❡♥✐❛❧✳ ❋♦♠✭✷✳✽✮ ❤❡
❞✐✛❡❡♥❝❡♦❢❛✈❡❛❣❡ ❛♦♠❛❣♥❡✐❝♣♦❡♥✐❛❧❜❡✇❡❡♥❝♦♥❡❝✉✐✈❡✢✉①✲❜❛✐❡ ❝❛♥❜❡
❡①♣❡❡❞❛

∆Uq,i=Uavg,i−Uavg,i+1 ✭✷✳✾✮

✇✐❤1 i Nb−1✱❛♥❞

∆Uq,Nb=Uavg,Nb ✭✷✳✶✵✮

❘❡❢❡ ✐♥❣♦❋✐❣✳✷✳✷✭❜✮✱∆Uq,i ❡♣❡❡♥ ❤❡♠❛❣♥❡✐❝✈♦❧❛❣❡❞♦♣❛❝♦ ❤❡i✲❤
✢✉①✲❜❛ ✐❡♦♥❝❡❤❡❛✐✲❣❛♣♠❛❣♥❡✐❝✈♦❧❛❣❡❞♦♣✐❞✐ ❡❣❛❞❡❞✳❋♦♠❤❡❞❡✐✈❛✐♦♥
❣✐✈❡♥✐♥❬✶✺❪✱❤❡❢♦❧❧♦✇✐♥❣❡❧❛✐♦♥❤✐♣✐❢♦✉♥❞❢♦ ❤❡✢✉①✲❜❛ ✐❡✇✐❞❤❤❛❛❝❤✐❡✈❡
❤❡❧♦✇❡ Lq✿

tbk
tbh
=
∆Uq,k
∆Uq,h

lb,k
lb,h
≈
∆Uq,k
∆Uq,h

θb,k
θb,h
, k=h ✭✷✳✶✶✮

✇❤❡❡lb,k✐ ❤❡❧❡♥❣❤♦❢❤❡k✲❤✢✉①✲❜❛ ✐❡✱✇✐❤❤❡❛♣♣♦①✐♠❛✐♦♥♦❢lb,k=θb,kDre✳
❚❤❡❡❢♦❡✱❤❡✇✐❞❤♦❢❡❛❝❤✢✉①✲❜❛ ✐❡✐






tb1=tb1

tb2=tb1
∆Uq,2
∆Uq,1

θb,2
θb,1

...

tbi=tb1
∆Uq,i
∆Uq,1

θb,i
θb,1

...

tbNb=tb1
∆Uq,Nb
∆Uq,1

θb,Nb
θb,1

✭✷✳✶✷✮



✷✳✶❙✉✐❛❜❧❡ ❤❛♣❡♦❢✢✉①✲❜❛ ✐❡ ✷✾

B

D

C

β

O

parabolic line

circular arc

RibRob

γ

D'

Rrib

tpm

w
p
m

ribpm
P

M

N

N'

M'

❋✐❣✉❡✷✳✸✿❙❤❛♣❡❝♦♠♣❛✐♦♥♦❢❞✐✛❡❡♥❜❛ ✐❡❡♥❞✭♣❛❛❜♦❧✐❝❤❛♣❡♦♥ ❤❡✉♣♣❡
❧❡❢❛♥❞❝✐❝✉❧❛ ❤❛♣❡♦♥❤❡❜♦ ♦♠✐❣❤❬✷✼❪✮❛♥❞❞❡✜♥✐✐♦♥♦❢▼❣❡♦♠❡ ②✳

❚❤❡ ✉♣❡♣♦✐✐♦♥♦❢❤❡❡❡✉❛✐♦♥ ❡✉❧ ♦❤❡ ♦❛❧✢✉①✲❜❛✐❡❧❡♥❣❤✳❚❤✉
❤❡✈❛❧✉❡♦❢tb1❝❛♥❜❡♦❜❛✐♥❡❞✱✇❤✐❝❤✐

tb1=
(Dre−Dri)kair

2
Nb

i=1

∆Uq,i
∆Uq,1

θb,i
θb,1

✭✷✳✶✸✮

❆❢❡ ❤❛✱❤❡✇✐❞❤♦❢❤❡i✲❤❡✢✉①✲❜❛ ✐❡✐❝❛❧❝✉❧❛❡❞❢♦♠✭✷✳✶✷✮❜②✉❜ ✐✉✲
✐♥❣✭✷✳✶✸✮✳

❆❢❡♦❜❛✐♥✐♥❣wfei❢♦♠✭✷✳✼✮❛♥❞tbi❢♦♠✭✷✳✶✷✮✱ ❤❡ ❛❞✐❛❧❝♦♦❞✐♥❛❡♦❢❤❡
✏♠❛✐♥♣♦✐♥✑♦♥❤❡q✲❛①✐❛❡♦❜❛✐♥❡❞❣❡♦♠❡✐❝❛❧❧②✳❚❤❡♥❤❡♣♦❡♥✐❛❧❢❛❝♦ ❛❡
❝❛❧❝✉❧❛❡❞❢♦♠✭✷✳✷✮✳■♥♦❞❡ ♦❞❛✇❤❡✇❤♦❧❡✢✉①✲❜❛ ✐❡❧✐♥❡✱❤❡❝♦♦❞✐♥❛❡♦❢
♦❤❡ ♣♦✐♥ ♦♥ ❤❡ ❡❛♠❧✐♥❡♥❡❡❞♦❜❡❞❡❡♠✐♥❡❞✳ ❚❤❡ ❛❞✐❛❧❝♦♦❞✐♥❛❡♦❢❛♥②
♣♦✐♥♦♥❛❝❡❛✐♥ ❡❛♠❧✐♥❡✐❡①♣❡❡❞❛

r(θ,Ψ)=
Dri
2

p Ψ+ Ψ2+4sin2(pθ)

2sin(pθ)
✭✷✳✶✹✮

■✐♥♦✐❝❡❞❤❛ ❤❡❛♥❣✉❧❛❝♦♦❞✐♥❛❡✐❡❡♥✐❛❧♦❞❡❡♠✐♥❡ ❤❡❛❞✐❛❧❝♦♦❞✐✲
♥❛❡✳❙❛✐♥❣❢♦♠❤❡✏♠❛✐♥♣♦✐♥ ✑♦♥❤❡q✲❛①✐✱❤❡❛♥❣✉❧❛❝♦♦❞✐♥❛❡❡❞✉❝❡✇✐❤
❤❡✐♥❝❡❛✐♥❣❛❞✐✉✳❚♦♦❜❛✐♥❤❡♠✐♥✐♠✉♠❛♥❣❧❡✱❤❡❧✐♠✐♣♦✐♥♦❢❡❛❝❤ ❡❛♠❧✐♥❡
✭❤❛✐✱✇❤❡♥❤❡ ❡❛♠❧✐♥❡❡♥❞❛♥❞❤❡❜❛ ✐❡❡♥❞ ❛ ✱✐✳❡✳✱♣♦✐♥D✐♥❋✐❣✳✷✳✸✮
♥❡❡❞ ♦❜❡❞❡❡♠✐♥❡❞✳❚❤✐ ♣♦✐♥✐♣♦❡❞♦❜❡❤❡✐♥❡❡❝✐♦♥❜❡✇❡❡♥ ❤❡ ❡❛♠✲
❧✐♥❡❛♥❞❤❡❧✐♠✐❝✐❝❧❡✱✇❤♦❡❛❞✐✉✐Rib❢♦✐♥♥❡❜❛ ✐❡❜♦✉♥❞❛②♦Rob❢♦♦✉❡
❜❛ ✐❡❜♦✉♥❞❛②✳



✸✵ ❉❡✐❣♥ ▼❡❤♦❞♦❧♦❣②♦❢❘❊▲ ▼❛❝❤✐♥❡

flux-barriers

flux lines

❋✐❣✉❡✷✳✹✿❈♦♠♣❛✐♦♥♦❢d✲❛①✐✢✉①❧✐♥❡❛♥❞ ❡❛♠❧✐♥❡❞✢✉①✲❜❛✐❡✳

Rib✐❝❛❧❝✉❧❛❡❞❛❝❝♦❞✐♥❣♦❤❡❢♦❧❧♦✇✐♥❣ ❡♣✳❋✐ ❧②✱❤❡♣♦✐♥♦♥❤❡ ❡❛♠❧✐♥❡
✇✐❤ ❤❡ ❛❞✐✉ ♦❢Rrib✐❞❡❡♠✐♥❡❞✭✇❤♦❡❛❞✐✉ ❡✉❛❧ ♦♦♦ ❛❞✐✉ ♠✐♥✉ ✐❜
❤✐❝❦♥❡ ✱❛ ❤♦✇♥❜②D ✐♥❋✐❣✳✷✳✸✮✳❚❤❡♥✱❤❡ ❡❛♠❧✐♥❡✇❤✐❝❤✢♦✇ ❤♦✉❣❤❤❡
❜❛ ✐❡❡♥❞♣♦✐♥B✐♦❜❛✐♥❡❞✱♦❣❡❤❡ ✇✐❤ ❤❡ ❧♦♣❡♦❢❤❡ ❡❛♠❧✐♥❡❛♣♦✐♥B✳
❚❤❡❛♥❣❧❡γ❜❡✇❡❡♥ ❤✐ ❧♦♣❡❛♥❞❤❡❧✐♥❡OB✐❝♦♠♣✉❡❞❣❡♦♠❡✐❝❛❧❧②✳❚❤❡❡❢♦❡✱
Rib✐❡①♣❡✐❡♥✐❛❧❧②❣✐✈❡♥❜②✿

Rib=Rrib−BDcosγ ✭✷✳✶✺✮

❇②✉✐♥❣Rib✱❤❡❛♥❣✉❧❛❝♦♦❞✐♥❛❡♦❢♣♦✐♥D♦♥❤❡ ❡❛♠❧✐♥❡✐♦❜❛✐♥❡❞✳❚❤❡♥
❤❡❝♦♦❞✐♥❛❡♦❢♦❤❡♣♦✐♥ ♦♥❤❡ ❡❛♠❧✐♥❡❛❡❞❡❡♠✐♥❡❞❢♦♠✭✷✳✶✹✮✳❋✐♥❛❧❧②✱
❤❡✢✉①✲❜❛ ✐❡❧✐♥❡❝❛♥❜❡❞❛✇♥✳ ❋✐❣✳✷✳✹ ❤♦✇ ❤❡✢✉①❧✐♥❡ ✭✐♥❤✐♥❝✉✈❡✮♦❢
❛♠❛❝❤✐♥❡❡①❝✐❡❞❜②d✲❛①✐❝✉❡♥♦♥❧②✱✇✐❤♦✉ ❛♥②✢✉①✲❜❛✐❡ ✐♥❤❡ ♦♦✳■♥
❝♦♠♣❛✐♦♥✱❤❡ ❡❛♠❧✐♥❡✢✉①✲❜❛✐❡ ❤❛♣❡✐ ❤✐❣❤❧✐❣❤❡❞❜②❤❡❜♦❧❞❝✉✈❡✳■✐
✈❡✐✜❡❞❤❛ ❤❡✢✉①✲❜❛ ✐❡ ❤❛♣❡❛♣♣♦❛❝❤❡ ❤❡d✲❛①✐✢✉①❧✐♥❡✱❛❡①♣❡❝❡❞✳

✷✳✷✳❙❡❧❡❝✐♦♥♦❢❤❡❜❛ ✐❡❡♥❞

❚❤❡✐♦♥✐❜❤❛✈❡❛ ♦♥❣✐♥✢✉❡♥❝❡♦♥❤❡♣❡❢♦♠❛♥❝❡♦❢❘❊▲♠❛❝❤✐♥❡✳❆❤❡❛♠❡
✐♠❡✱❤❡❤❛♣❡♦❢❜❛ ✐❡❡♥❞❤❛ ♦❜❡❝❛❡❢✉❧❧②❞❡✐❣♥❡❞✱♦❛✈♦✐❞ ❡ ❝♦♥❝❡♥❛✐♦♥
♦♥❤❡✐❜✳

❛❛❜♦❧✐❝❧✐♥❡❝❛♥❜❡✉❡❞♦❞❛✇❤❡✢✉①✲❜❛ ✐❡❡♥❞✭❤♦✇♥✐♥ ❤❡✉♣♣❡ ❧❡❢
❤❛❧❢♦❢❋✐❣✳✷✳✸✮✱❛♥❞✐ ❡✉❛✐♦♥✐❡❛✐❧②❛✉♠❡❞❛✿

y=ax2+bx+c ✭✷✳✶✻✮

❙✉❜ ✐✉✐♥❣❤❡❝♦♦❞✐♥❛❡♦❢♣♦✐♥ B❛♥❞D✐♥❋✐❣✳✷✳✸✱❛♥❞❤❡❧♦♣❡♦❢♣♦✐♥D✱
❝♦❡✣❝✐❡♥ a✱b❛♥❞c❛❡❝❛❧❝✉❧❛❡❞✳❚❤❡♥❤❡♣❛❛❜♦❧✐❝❧✐♥❡❝❛♥❜❡❞❛✇♥✳❍♦✇❡✈❡✱



✷✳✸❉❛✇✐♥❣♦❢ ❤❡ ▼ ✸✶

❚❛❜❧❡✷✳✶✿ ❡❢♦♠❛♥❝❡❈♦♠♣❛✐♦♥♦❢❤❡▼❛❝❤✐♥❡✇✐❤❚❤❡❡❉✐✛❡❡♥❇❛ ✐❡❊♥❞

Tavg✭◆♠✮ ❚♦✉❡✐♣♣❧❡

❛❛❜♦❧✐❝❧✐♥❡ ✸✷✼ ✷✼✳✻%

❈✐❝❧❡❛❝ ✸✸✵ ✷✸✳✷%

▼✐①❡❞ ✸✸✵ ✷✶✳✼%

❤✐❦✐♥❞♦❢❜❛✐❡❡♥❞❝♦♥❛✐♥♦♠❡❤❛♣♣♦✐♥ ✭❤♦✇♥✐♥❤❡✉♣♣❡❧❡❢❤❛❧❢♦❢❋✐❣✳
✷✳✸✮✱✇❤✐❝❤❛❡❤❛♠❢✉❧❡♣❡❝✐❛❧❧②❢♦♠❛❝❤✐♥❡ ♦♣❡❛❡❞❛❤✐❣❤♣❡❡❞✳

❚❤❡✐❞❡❛❧ ❤❛♣❡♦❢❜❛ ✐❡❡♥❞✇♦✉❧❞❜❡❝✐❝✉❧❛❛❝✱❢♦♠♠❡❝❤❛♥✐❝❛❧♣♦✐♥♦❢✈✐❡✇
✭❤♦✇♥✐♥❤❡❜♦ ♦♠✐❣❤❤❛❧❢♦❢❋✐❣✳✷✳✸✮❬✷✼❪✳ ❲✐❤❤❡❝♦♦❞✐♥❛❡♦❢♣♦✐♥B❛♥❞
D✱❤❡❛♥❣❧❡❜❡✇❡❡♥❧✐♥❡BD❛♥❞OB❝❛♥❜❡❝❛❧❝✉❧❛❡❞✱♦❣❡❤❡ ✇✐❤ ❤❡❝❡♥❛❧
❛♥❣❧❡β✭❤♦✇♥✐♥❋✐❣✳✷✳✸✮✳■♥❤✐ ✇❛②✱ ❤❡❝✐❝✉❧❛❛❝❜❡✇❡❡♥♣♦✐♥ B❛♥❞D❝❛♥
❜❡❞❛✇♥❡❛✐❧②✳ ❍♦✇❡✈❡✱♦♠❡❢❛❝♦ ♠❛②❧✐♠✐ ♦✉❡❤❡❝✐❝✉❧❛❛❝✱✉❝❤❛ ❤❡
❞✐ ❛♥❝❡♦❢BD ❛♥❞❤❡❝❡♥❛❧❛♥❣❧❡β✱❛♥❞✐✐♥♦ ❛❧✇❛②♣♦ ✐❜❧❡♦❞❛✇✉❝❤❛
❜❛ ✐❡✲❡♥❞✳■♥❤✐ ❝❛❡✱♣❛❛❜♦❧✐❝❧✐♥❡❛❡ ✐❧❧✉❡❞✇❤❡♥❤❡❝✐❝✉❧❛❛❝❛❡♥♦
✇❡❧❧ ✉✐❡❞✳

■♥♦❞❡ ♦❝♦♠♣❛❡❤❡❡❧❡❝ ♦♠❛❣♥❡✐❝♣❡❢♦♠❛♥❝❡♦❢❞✐✛❡❡♥❜❛ ✐❡❡♥❞✱❤❡❡
♦♦ ❛❡❞❡✐❣♥❡❞✇✐❤❤②♣❡❜♦❧❛✱❝✐❝❧❡❛♥❞♠✐①❡❞❛♣♣♦❛❝❤✱❡♣❡❝✐✈❡❧②✳❚❛❜❧❡✷✳✶
❤♦✇ ❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡❡♠❛❝❤✐♥❡✳■✐♦❜❡✈❡❞❤❛❛❧❧❤❡❝♦♥✐❞❡❡❞♦❧✉✐♦♥
♣♦❞✉❝❡❛❧♠♦ ❤❡❛♠❡♦✉♣✉ ♦ ✉❡✳❈♦♥✐❞❡✐♥❣❤❡❤❛♣♣♦✐♥ ✐♥♣❛❛❜♦❧✐❝❧✐♥❡✱
✐✐❜❡ ❡ ♦✉❡❝✐❝✉❧❛♦♠✐①❡❞❜❛ ✐❡❡♥❞✳

✷✳✸✳❉ ❛✇✐♥❣♦❢ ❤❡ ▼

■♥ ▼❆❘❊▲♠❛❝❤✐♥❡✱ ❤❡ ❤❛♣❡♦❢ ▼ ✐❝♦♠♠♦♥❧②❡❝❛♥❣✉❧❛ ❢♦ ✐♠♣❧❡♠❛♥✉✲
❢❛❝✉❡✳ ❲❤❡♥ ▼ ❛❡✐♥♦❞✉❝❡❞✱ ❤❡ ❛✐♥❣♣♦✐♥ ♦❞❛✇ ❤❡ ❡❛♠❧✐♥❡❛❡
♥♦❧♦♥❣❡ ♦♥❤❡q✲❛①✐✳ ❘❡❢❡✐♥❣♦❋✐❣✳✷✳✸✱❤❡ ❛✐♥❣♣♦✐♥ ❜❡❝♦♠❡M ❛♥❞N✱
✇❤✐❝❤❛❡❞❡❡♠✐♥❡❞❜② ▼✇✐❞❤wpm✱✐❜❤✐❝❦♥❡ ribpm❛♥❞❤❡ ❡❛♠❢✉♥❝✐♦♥✳
❚❤❡❝❡♥❡♣♦✐♥ P♦❢❤❡✢✉①✲❜❛ ✐❡✐❞❡❡♠✐♥❡❞❜②✉✐♥❣♣♦✐♥M✱♣♦✐♥N ❛♥❞
✐ ②♠♠❡✐❝❛❧♣♦✐♥N✳❙✉♣♣♦✐♥❣❤❡ ▼✐ ♣❧❛❝❡❞✇✐❤ ❤❡ ❛♠❡❝❡♥❡♣♦✐♥❛
❤❡✢✉①✲❜❛ ✐❡✱✐✐❡❛② ♦❞❛✇❤❡ ❤❛♣❡♦❢ ▼❜②✉ ✐♥❣wpm❛♥❞ ▼ ❤✐❝❦♥❡
tpm✳❇❡✐❞❡✱✇❤❡♥❤❡✇✐❞❤♦❢ ▼❡ ✉❛❧③❡♦✱❤❡ ▼❆❘❊▲ ♦♦✐❛✉♦♠❛✐❝❛❧❧②
❡❞✉❝❡❞♦❛♣✉❡❘❊▲♦♦✳



✸✷ ❉❡✐❣♥ ▼❡❤♦❞♦❧♦❣②♦❢❘❊▲ ▼❛❝❤✐♥❡

π/p
Dsh/2 Dre/2

π/p
Dsh/2 Dri/2 Dre/2

✭❛✮■♥♥❡ ♦♦❞✐❛♠❡❡✇✐❤♦✉ ❝♦♥♦❧✳ ✭❜✮■♥♥❡ ♦♦❞✐❛♠❡❡✇✐❤❧✐♠✐ ✭✷✳✶✼✮✳

❋✐❣✉❡✷✳✺✿ ❈♦♠♣❛✐♦♥♦❢ ♠❛❝❤✐♥❡ ♠♦❞❡❧ ✇✐❤♦✉ ❛♥❞✇✐❤✐♥♥❡ ♦♦ ❞✐❛♠❡❡
❝♦♥♦❧✳

✭❛✮ ❘♦♦ ♠♦❞❡❧ ✇✐❤♦✉
♠♦❞✐✜❝❛✐♦♥✳

✭❜✮❘♦♦♠♦❞❡❧✇✐❤❝❤❛♥❣✲
✐♥❣wfe♦♥❧②✳

✭❝✮❘♦♦♠♦❞❡❧✇✐❤❝❤❛♥❣✲
✐♥❣wfe❛♥❞Dri✳

❋✐❣✉❡✷✳✻✿❈♦♠♣❛✐♦♥♦❢♦♦ ❤❛♣❡✇✐❤♦✉❛♥❞✇✐❤♠♦❞✐✜❝❛✐♦♥✳

✷✳✹✳▼♦❞✐✜❝❛ ✐♦♥♣♦❝❡❞✉❡ ✭✉❣❣❡ ❡❞ ✐❝❦✮

❆ ❛✐❞❛❜♦✈❡✱ ❤❡ ❡❧❡❝✐♦♥♦❢❤❡❣❡♦♠❡ ②♦❢ ❤❡✢✉①✲❜❛ ✐❡❛♥❞✐ ❡♥❞❛❡❦❡②
♣♦✐♥ ✐♥❤❡❘❊▲♠❛❝❤✐♥❡❞❡✐❣♥✳■♥♦❞❡ ♦❞❛✇❛♦♦✇✐❤♣♦♣❡ ❤❛♣❡✱ ♦♠❡
❣❡♦♠❡✐❝ ✐❝❦❝❛♥❜❡❝❛✐❡❞♦✉✳

❆ ❤❡❜❡❣✐♥♥✐♥❣✱ ❤❡✐♥♥❡ ♦♦❞✐❛♠❡❡✭❢♦❞❛✇✐♥❣✮✐❛❞❥✉❡❞✱❡♣❡❝✐❛❧❧②✐♥
❝❛❡♦❢❤✐❣❤♥✉♠❜❡♦❢♣♦❧❡✳❋✐❣✳✷✳✺❤♦✇ ❤❡❝♦♠♣❛✐♦♥❜❡✇❡❡♥♠❛❝❤✐♥❡♠♦❞❡❧
✇✐❤♦✉❛♥❞✇✐❤✐♥♥❡ ♦♦❞✐❛♠❡❡❧✐♠✐✳❚♦❣❡❛♣♦♣❡ ♦♦❞❡✐❣♥✱❛❧✐♠✐✈❛❧✉❡
♦❢❤❡✐♥♥❡ ♦♦❞✐❛♠❡❡ ❤♦✉❧❞❜❡♣♦✈✐❞❡❞✳❊✉❛✐♦♥✭✷✳✶✼✮❣✐✈❡ ❤❡❝♦♥❞✐✐♦♥✉❡❞
❢♦ ❤❡✐♥♥❡ ♦♦❞✐❛♠❡❡✱✜①✐♥❣❤❡♦❛❧♦♦❧❡♥❣❤♦❜❡❧♦✇❡ ❤❛♥✶✳✷✐♠❡♦❢
❤❡❤❛❧❢♣♦❧❡♣✐❝❤✿

Dri>Dre−1.2
πDre
2p

✭✷✳✶✼✮

❚❤❡ ♦❛❧ ♦♦ ❧❡♥❣❤✐ (Dre−Dri)/2❛♥❞ ❤❡❤❛❧❢♣♦❧❡♣✐❝❤✐ (πDre)/(4p)✐♥
❋✐❣✳✷✳✺✭❛✮✳❯✐♥❣✭✷✳✶✼✮✱✐✐♣♦ ✐❜❧❡♦❛✈♦✐❞♦♦♠❛❧❧✐♥♥❡ ♦♦❞✐❛♠❡❡✱✇✐❤❛
❝♦♥❡✉❡♥✐♠♣♦♣❡❞❛✇✐♥❣✳

❚❤❡ ❡❝♦♥❞ ✐❝❦②❛❝✐♦♥❞❡❛❧✇✐❤❤❡✢✉①✲❜❛ ✐❡❡♥❞♣♦✐♥B✳●❡♥❡❛❧❧②♣❡❛❦✐♥❣✱
❤❡♣♦✐✐♦♥♦❢♣♦✐♥B ❤♦✉❧❞❜❡❧♦❝❛❡❞❜❡✇❡❡♥ ❤❡✉♣♣❡❛♥❞❧♦✇❡ ❡❛♠❧✐♥❡♦❢✐
❝♦❡♣♦♥❞✐♥❣✢✉①✲❜❛ ✐❡✱❛ ❤♦✇♥✐♥❋✐❣✳✷✳✸✳■♥ ♦♠❡✐✉❛✐♦♥✱♣♦✐♥B❝♦✉❧❞❜❡
♦✉✐❞❡♦❢❤❡❡✇♦❧✐♥❡✱❝❛✉✐♥❣❤❛♣♣♦✐♥ ✐♥❤❡♦♦❧❛♠✐♥❛✐♦♥✳❚❤✉✱❛❝✐♦♥



✷✳✹ ▼♦❞✐✜❝❛✐♦♥♣♦❝❡❞✉❡ ✭✉❣❣❡ ❡❞ ✐❝❦✮ ✸✸

H=1
Calculate: tb, wfe

Start

H<Nb+1 

and iter ≤itmax

Calculate:Rob,Rib

 Calculate:ΨB,ΨBI and ΨBO

    ΨBI< ΨB< ΨBO

H=H+1
flag=0

Calculate change 
step Dw, flag=1

Change wfe, 
flag==0

wfe[H]=wfe[H]+Dw
wfe[H+1]=wfe[H+1]-Dw

wfe[H]<limit
or wfe[H+1]<limit

Change Dri,
 Dw<0

Dri>limit

Decrease Dri
Calculate: tb, wfe

H=1
iter=iter+1
flag=0

Increase Dri
Calculate: tb, wfe

H=1
iter=iter+1
flag=0

falsefalse

true true

false

true

false

false

true
true

true

Dri<Dre

true

Break!

false

Break!

End

false

❋✐❣✉❡✷✳✼✿ ▼♦❞✐✜❝❛✐♦♥♣♦❝❡❞✉❡❢♦❝❤❛♥❣✐♥❣wfe❛♥❞Dri✳

❤♦✉❧❞❜❡ ❛❦❡♥♦❝❤❡❝❦❤❡♣♦✐✐♦♥♦❢♣♦✐♥B✳■✐❝❛❧❝✉❧❛❡❞❤❛ ❤❡♦✉❡ ❤❡
❡❛♠❧✐♥❡✱❤❡❧❛❣❡ ❤❡♣♦❡♥✐❛❧❢❛❝♦✳ ❚❤❡❡❢♦❡✱✐✐❛❣♦♦❞✇❛② ♦❝❤❡❝❦ ❤❡

♣♦✐✐♦♥♦❢❤❡♣♦✐♥ B❜②❝♦♠♣❛✐♥❣❤❡♣♦❡♥✐❛❧❢❛❝♦ ✇✐❤ ❤❡✉♣♣❡ ❛♥❞❧♦✇❡
❜❛ ✐❡❧✐♥❡✳

■❢♣♦✐♥B✐♦✉✐❞❡♦❢❤❡❡✇♦❜❛ ✐❡❧✐♥❡✭❛ ❤♦✇♥✐♥❋✐❣✳✷✳✻✭❛✮✱ ❤❡✜
❛♥❞❤❡❡❝♦♥❞✢✉①✲❜❛✐❡❡♥❞♣♦✐♥ ❛❡♦✉✐❞❡♦❢❤❡✐❝♦❡♣♦♥❞✐♥❣❜❛ ✐❡❧✐♥❡✮✱
✜ ❧②✱❤❡✇✐❞❤♦❢❡❛❝❤✐♦♥♣❛❤✭wfe✮❜❡✇❡❡♥✢✉①✲❜❛ ✐❡ ✐♠♦❞✐✜❡❞✐♥♦❞❡ ♦
♦❜❛✐♥❛♣♦♣❡❜❛ ✐❡ ❤❛♣❡✳❚❤❡ ❡♣♦❢❝❤❛♥❣❡Dw✐❝❛❧❝✉❧❛❡❞❜②❤❡❞✐ ❛♥❝❡♦❢
BD✱❛ ❤♦✇♥✐♥❋✐❣✳✷✳✸✳■❢wfe❛H✲❤✐♦♥♣❛❤✐ ✐♥❝❡❛❡❞❜②Dw✱❤❡♥wfe❛
✭H✰✶✮✲❤✐♦♥♣❛❤♥❡❡❞ ♦❜❡❡❞✉❝❡❞❜②Dw✭❛❞❡❝✐❜❡❞✐♥❋✐❣✳✷✳✼✮✳❚❤❡♦❜❛✐♥❡❞
♦♦♠♦❞❡❧✐ ♣❧♦ ❡❞✐♥❋✐❣✳✷✳✻✭❜✮✳

❯♥❢♦ ✉♥❛❡❧②✱❤✐❝❤❛♥❣❡❞♦❡♥♦❛❧✇❛②✇♦❦♣♦♣❡❧②✱❜❡❝❛✉❡❤❡✇✐❞❤♦❢❡❛❝❤
✐♦♥♣❛❤❝❛♥♥♦❜❡♦♦♠❛❧❧ ♦❛ ♦❛✈♦✐❞❛✉❛✐♦♥♦❢❤❡✐♦♥♣❛❤✳■❢wfe ❡❛❝❤❡



✸✹ ❉❡✐❣♥ ▼❡❤♦❞♦❧♦❣②♦❢❘❊▲ ▼❛❝❤✐♥❡

❚❛❜❧❡✷✳✷✿ ▼❛✐♥❉✐♠❡♥✐♦♥♦❢❤❡❉❡✐❣♥❡❞▼♦♦

❉❡✐❣♥♣❛❛♠❡❡ ❱❛❧✉❡ ❯♥✐

❙❛♦♦✉❡❞✐❛♠❡❡ 270 ♠♠

❙❛♦✐♥♥❡❞✐❛♠❡❡ 148.5 ♠♠

❚♦♦❤✇✐❞❤ 8.3 ♠♠

❇❛❝❦✐♦♥❤✐❝❦♥❡ 28.9 ♠♠

❆✐❣❛♣❤✐❝❦♥❡ 0.5 ♠♠

❆❝✐✈❡ ❛❝❦❧❡♥❣❤ 308 ♠♠

✐ ❧✐♠✐✈❛❧✉❡✱❤❡♥❤❡♦♦✐♥♥❡❞✐❛♠❡❡Dri✐❝❤❛♥❣❡❞✭❛ ❤♦✇♥✐♥❋✐❣✳✷✳✻✭❝✮✮✳
❚❤❡ ✐❣♥②♠❜♦❧♦❢Dw❞❡❡♠✐♥❡ ✇❤❡❤❡ ♦✐♥❝❡❛❡♦❞❡❝❡❛❡Dri✳❆❢❡❝❤❛♥❣✐♥❣
Dri✱❤❡✇✐❞❤♦❢❡❛❝❤✐♦♥❛♥❞❜❛✐❡♣❛ ♥❡❡❞♦❜❡❡❝❛❧❝✉❧❛❡❞✐❡❛✐✈❡❧②✳❆❢❡
❛✜①❡❞♥✉♠❜❡♦❢ ❡♣✱✐❢♣♦✐♥B✐ ✐❧❧♦✉✐❞❡❤❡✢✉①✲❜❛ ✐❡❧✐♥❡✱❤❡❛♥❣❧❡♦❢
❤❡✢✉①✲❜❛ ✐❡✐❢♦❝❡❞♦❜❡✇✐❤✐♥❤❡✢✉①✲❜❛ ✐❡❧✐♥❡✳❉❡❛✐❧❡❞♣♦❝❡❞✉❡♦❢❤✐
♠♦❞✐✜❝❛✐♦♥✐✐❧❧✉ ❛❡❞✐♥❋✐❣✳✷✳✼✳

❆❝❝♦❞✐♥❣ ♦❤❡ ♦♦❣❡♦♠❡②❛♥❛❧②✐❛❜♦✈❡✱❝♦❞❡❤❛✈❡❜❡❡♥✇✐❡♥♦❞❛✇
❤❡❘❊▲♠❛❝❤✐♥❡♠♦❞❡❧❛✉♦♠❛✐❝❛❧❧②✳❆❢❡ ❤❛✱❋❊❆✐♠✉❧❛✐♦♥❛❡❝❛✐❡❞♦✉ ♦
❝❛❧❝✉❧❛❡❤❡♠❛❝❤✐♥❡♣❡❢♦♠❛♥❝❡✳ ❘❡❢❡ ✐♥❣♦❤❡ ❛♦❧❛♠✐♥❛✐♦♥♦❢❛ ❛♥❞❛❞
✐♥❞✉❝✐♦♥♠❛❝❤✐♥❡✱❛❘❊▲♠❛❝❤✐♥❡✐❞❡✐❣♥❡❞✇✐❤Qs=36 ❧♦ ❛♥❞2p=4♣♦❧❡✳
❚❤❡♠❛✐♥❞✐♠❡♥✐♦♥❛❡❣✐✈❡♥✐♥❚❛❜❧❡✷✳✷✳❚❤❡♦❛❧❧❡♥❣❤♦❢❤❡ ❛♦❧❛♠✐♥❛✐♦♥
✐314♠♠✱❛♥❞ ❤❡ ❛❝❦✐♥❣❢❛❝♦✐✵✳✾✽✳❚❤❡ ❛♦ ❧♦✜❧❧❢❛❝♦✐✜①❡❞♦❜❡✵✳✹✳
❚❤❛♥❦ ♦❤❡❛✉♦♠❛✐❝♠♦❞❡❧❞❛✇✐♥❣♣♦❝❡❞✉❡✱♦♠❡❛♥❛❧②❡❛❡❝❛✐❡❞♦✉♦♥
❤❡❦❡②♣❛❛♠❡❡ ♦❢❤❡♦♦ ✉❝✉❡✳❚❤❡❡✉❧ ❛❡❡♣♦❡❞❤❡❡❛❢❡❛❛❞❡✐❣♥
❣✉✐❞❡❧✐♥❡✳

✷✳✺✳◆✉♠❜❡ ♦❢✢✉①✲❜❛ ✐❡

❙✐♥❝❡ ❤❡♥✉♠❜❡ ♦❢✢✉①✲❜❛✐❡ ❤❛ ❛✐❣♥✐✜❝❛♥❡✛❡❝♦♥❤❡♦✉♣✉ ♦ ✉❡♦❢ ❤❡
❘❊▲♠❛❝❤✐♥❡✱ ❤❡♥✉♠❜❡♦❢✢✉①✲❜❛✐❡ ✐✐♥✈❡✐❣❛❡❞✜ ✳❉✉✐♥❣❤✐♦♣✐♠✐③❛✐♦♥
♣♦❝❡✱❤❡✐♥✉❧❛✐♦♥❛✐♦✐❦❡♣❝♦♥❛♥✳❋♦ ✐♠♣❧✐❝✐②✱❤❡❜❛ ✐❡❡♥❞❛♥❣❧❡❢♦
❞✐✛❡❡♥❜❛ ✐❡♥✉♠❜❡ ❛❡❝❛❧❝✉❧❛❡❞✐♥❤❡❢♦❧❧♦✇✐♥❣ ❡♣✳❆❛♥❛❧②③❡❞✐♥❬✶✽❪✱♦
❡❞✉❝❡❤❡♦ ✉❡✐♣♣❧❡✐♥❤❡❘❊▲♠❛❝❤✐♥❡✱❤❡♥✉♠❜❡♦❢❡♣❛❛✐♦♥♣♦✐♥ ♣❡♣♦❧❡
♣❛✐✭nr✮✐❞❡❞✉❝❡❞❜②✿

nr=ns±4 ✭✷✳✶✽✮

✇❤❡❡ns=Qs/p✐ ❤❡♥✉♠❜❡ ♦❢ ❛♦ ❧♦ ♣❡ ♣♦❧❡♣❛✐✳ ❚❤❡❡♣❛❛✐♦♥♣♦✐♥
❛❡❡✉❛❧✲♣❛❝❡❞✐ ✐❜✉❡❞❛❧♦♥❣❤❡♦♦♣❡✐♣❤❡②✳■♥❤✐❝❛❡✱✇✐❤✸✻❧♦ ❛♥❞✹
♣♦❧❡✱ns=18✱❛♥❞❤✉✱nr✐❝❛❧❝✉❧❛❡❞♦❜❡✶✹♦✷✷✳❆❝❝♦❞✐♥❣♦❤❡❡❡♣❛❛✐♦♥
♣♦✐♥ ✱❜❛✐❡❡♥❞❛♥❣❧❡❝❛♥❜❡❡❛✐❧②♦❜❛✐♥❡❞✳❋♦nr=14✱❤❡❜❛ ✐❡❡♥❞❛♥❣❧❡
❛❡✷✺✳✼✶♦✱✺✶✳✹✸♦❛♥❞✼✼✳✶✹♦✱✇❤✐❧❡❢♦nr=22✱❤❡❜❛ ✐❡❡♥❞❛♥❣❧❡❛❡✶✻✳✸✻

♦✱
✸✷✳✼✸♦✱✹✾✳✵✾♦✱✻✺✳✹✺♦❛♥❞✽✶✳✽✷♦✳❋✐❣✳✷✳✽❡♣❡❡♥ ❡❢❡❡♥❝❡②♠❜♦❧❢♦ ❤❡❜❛ ✐❡
✇✐❤❞✐✛❡❡♥❜❛ ✐❡❡♥❞❛♥❣❧❡✳ ❲✐❤❆✱❇✱❈❢♦ ❤❡❜❛ ✐❡ ✐♥❤❡❝♦♥✜❣✉❛✐♦♥♦♥



✷✳✺◆✉♠❜❡ ♦❢✢✉①✲❜❛ ✐❡ ✸✺

nr = 14 nr = 22

A

B
C

D
E
FG
H

❋✐❣✉❡✷✳✽✿❘❡❢❡❡♥❝❡②♠❜♦❧❢♦ ❤❡❜❛ ✐❡ ✇✐❤❞✐✛❡❡♥❜❛ ✐❡❡♥❞❛♥❣❧❡✳

❚❛❜❧❡✷✳✸✿❈♦♠♣❛✐♦♥♦❢❘❊▲▼♦♦ ✇✐❤❚❤❡❡❇❛✐❡ ♣❡ ♦❧❡❢♦ ♦✐❜❧❡❇❛✐❡
❆♥❣❧❡❈♦♠❜✐♥❛✐♦♥

❙❡❧❡❝✐♦♥♦❢❜❛✐❡ Tavg✭◆♠✮ ❚♦✉❡✐♣♣❧❡

❉✱❋✱❍ 321 ✷✶%

❉✱●✱❍ 312 ✻✷%

❊✱❋✱● 320 ✼✸%

❊✱❋✱❍ 329 ✷✶%

❊✱●✱❍ 325 ✹✶%

❋✱●✱❍ 324 ✶✹%

❆✱❇✱❈ 330 ✷✷%

❤❡❧❡❢✭nr=14✮❛♥❞❉✱❊✱❋✱●✱❍❢♦ ❤❡❜❛ ✐❡ ✐♥❤❡❝♦♥✜❣✉❛✐♦♥♦♥❤❡✐❣❤
✭nr=22✮✳

❋♦❛❣✐✈❡♥♥✉♠❜❡♦❢✢✉①✲❜❛✐❡✱✐✐♣♦ ✐❜❧❡♦❡❧❡❝❞✐✛❡❡♥❜❛ ✐❡❡♥❞❛♥❣❧❡✳
❋♦❡①❛♠♣❧❡✱❡❢❡✐♥❣♦❤❡❡❜❛✐❡♣❡♣♦❧❡✱❤❡❡❛❡✶✵❝♦♠❜✐♥❛✐♦♥✳■✐❞✐✣❝✉❧
♦❞❛✇♦♠❡♦❢❤❡♠❛❝❝♦❞✐♥❣♦❤❡❧✐♠✐ ✐♠♣♦❡❞♦❤❡❣❡♦♠❡ ②✳❚❛❜❧❡✷✳✸❤♦✇
❤❡❝♦♠♣❛✐♦♥♦❢❘❊▲♠❛❝❤✐♥❡✇✐❤ ❤❡❡❜❛✐❡ ♣❡ ♣♦❧❡❢♦ ❢❡❛✐❜❧❡❜❛✐❡❡♥❞
❛♥❣❧❡❝♦♠❜✐♥❛✐♦♥✳ ❋♦ ❤❡ ❛♠❡♥✉♠❜❡ ♦❢❜❛✐❡✱❤❡ ♦ ✉❡ ✐♣♣❧❡✐❣♥✐✜❝❛♥❧②
❝❤❛♥❣❡❛❝❝♦❞✐♥❣ ♦❤❡❜❛ ✐❡❡♥❞❛♥❣❧❡✱✇❤✐❧❡❤❡❛✈❡❛❣❡♦ ✉❡ ❡♠❛✐♥❛❧♠♦
❤❡ ❛♠❡✳ ❚❤❡❧❛ ✇♦❝♦♠❜✐♥❛✐♦♥✐♥❚❛❜❧❡✷✳✸❡❡♠♦❜❡♣♦♣❡ ❝❤♦✐❝❡✇❤❡♥
❤❡❡❜❛✐❡ ♣❡ ♣♦❧❡❛❡✉❡❞✱❛❝❝♦❞✐♥❣ ♦ ♦♦ ♠♦❞❡❧ ❤♦✇♥✐♥❋✐❣✳✷✳✾✳■ ✐
✇♦ ❤♥♦✐❝✐♥❣❤❛✱❡✈❡♥✐❢❤❡❛♥❣❧❡ ❛❡❡❧❡❝❡❞❜②♠❡❛♥♦❢✭✷✳✶✽✮✱❤❡❡✉❧ ❛❡
❝♦♠♣❧❡❡❧②❞✐✛❡❡♥✐❢♦♠❡✢✉①✲❜❛✐❡ ❛❡❡♠♦✈❡❞✳

❈♦♥✐❞❡✐♥❣♠❛♥✉❢❛❝✉✐♥❣❛♥❞♠❡❝❤❛♥✐❝❛❧❧✐♠✐✱♦♥❧②❛♥✉♠❜❡♦❢✢✉①✲❜❛✐❡ ✉♣
♦❢♦✉✐❝♦♥✐❞❡❡❞✳ ♦♣❡❝❤♦✐❝❡♦❢❜❛✐❡❡♥❞❛♥❣❧❡❢♦♦♥❡✱✇♦❛♥❞❢♦✉ ❜❛ ✐❡
✐ ❡♣❡❡♥❡❞✐♥❚❛❜❧❡✷✳✹✳ ❈♦♠♣❛✐♥❣❚❛❜❧❡✷✳✸❛♥❞❚❛❜❧❡✷✳✹✱✐❝❛♥❜❡❡❡♥❤❛
✇✐❤❤❡✐♥❝❡❛❡♦❢❤❡♥✉♠❜❡♦❢❜❛✐❡✱❤❡❛✈❡❛❣❡♦ ✉❡②✐❡❧❞❛♥✐♥❝❡❛❡✱❜✉
❤✐✐♥❝❡♠❡♥❜❡❝♦♠❡❧♦✇❡❛♥❞❧♦✇❡✇✐❤❤❡♥✉♠❜❡♦❢✢✉①✲❜❛✐❡✳❚❤❡❡❢♦❡✱❛
♦❧✉✐♦♥✇✐❤❤❡❡♦❢♦✉❜❛ ✐❡❧❛②❡ ♣❡♣♦❧❡✐ ❡❝♦♠♠❡♥❞❡❞✐♥♣❛❝✐❝❛❧❞❡✐❣♥✱
✇❤✐❝❤✐ ❛❧♦✈❡✐✜❡❞✐♥❬✷✽✱✷✾❪✳



✸✻ ❉❡✐❣♥ ▼❡❤♦❞♦❧♦❣②♦❢❘❊▲ ▼❛❝❤✐♥❡

❋✐❣✉❡✷✳✾✿❘♦♦♠♦❞❡❧ ♦❢♣♦♣❡❜❛ ✐❡❡♥❞❛♥❣❧❡✇✐❤❤❡❡❜❛✐❡ ♣❡♣♦❧❡✭❆❇❈
♦♥❤❡❧❡❢❛♥❞❋●❍♦♥❤❡✐❣❤✮✳

❚❛❜❧❡✷✳✹✿ ♦♣❡❈❤♦✐❝❡ ♦❢❇❛✐❡❊♥❞❆♥❣❧❡ ❢♦❖♥❡✱❚✇♦❛♥❞❋♦✉ ❋❧✉①✲❇❛ ✐❡
♣❡ ♦❧❡

Nb ❙❡❧❡❝✐♦♥♦❢❜❛✐❡ Tavg✭◆♠✮ ❚♦✉❡✐♣♣❧❡

✶ ❇ ✷✻✺ ✶✻%

✶ ● ✷✼✸ ✷✽%

✷ ❇✱❈ ✸✶✽ ✶✹%

✷ ❋✱❍ ✸✶✹ ✷✹%

✹ ❉✱❋✱●✱❍ ✸✸✸ ✶✷%

✹ ❊✱❋✱●✱❍ ✸✸✻ ✹✵%

✷✳✻✳■♥✉❧❛✐♦♥❛✐♦

❚❤❡❛✐♠♦❢ ❤✐ ❡❝✐♦♥✐ ♦❛♥❛❧②③❡ ❤❡✐♠♣❛❝ ♦❢kair✱✇❤✐❝❤✐❞❡✜♥❡❞✐♥✭✷✳✸✮✳
●❡♥❡❛❧❧②♣❡❛❦✐♥❣✱✐♣❧❛②❛♥✐♠♣♦❛♥ ♦❧❡♦❧✐♠✐ ❤❡❛✉❛✐♦♥♦❢❤❡♦♦✐♦♥
♣❛❤❬✸✵❪✳❋✐❣✳✷✳✶✵❤♦✇ ❤❡♦♦❣❡♦♠❡②❝♦❡♣♦♥❞✐♥❣♦✇♦❞✐✛❡❡♥✈❛❧✉❡♦❢
kair✭0.35❛♥❞0.6✱❡♣❡❝✐✈❡❧②✮✳■✐ ❡❡♥❤❛ ❤❡❤✐❣❤❡ kair✱❤❡ ❤✐♥♥❡ ❤❡✐♦♥
♣❛❤❛❡✱❛♥❞❛❧♦❤❡❤✐❣❤❡ ❛✉❛✐♦♥✐♥❤❡♦♦✐✳

❯♥❞❡ ❤❡❛❡❞♦♣❡❛✐♥❣❝♦♥❞✐✐♦♥✱❋✐❣✳✷✳✶✶❤♦✇ ❤❡❜❡❤❛✈✐♦ ♦❢Ld✱Lq✱♦ ✉❡✱
♣♦✇❡❢❛❝♦✱❡✣❝✐❡♥❝②❛♥❞ ❛♦❝♦❡❧♦❡♦❢❤❡❘❊▲♠❛❝❤✐♥❡❛❛❢✉♥❝✐♦♥♦❢kair✳
❲✐ ❤ ❤❡✐♥❝❡❛❡♦❢kair ❤❡♠❛✐♥✈❛✐❛✐♦♥✐ ❤❡❞❡❝❡❛❡♦❢Ld✱✇❤✐❧❡♦♥❧②❛❧✐❣❤
❞❡❝❡❛❡♦❢Lq✐♦❜❡✈❡❞✳❙✐♥❝❡❤❡✈❛❧✉❡♦❢Lq✐ ❡❧❛✐✈❡❧②♠❛❧❧✱ ❤❡♦ ✉❡♠❛✐♥❧②
✈❛✐❡❛❝❝♦❞✐♥❣ ♦Ld✳ ❍❡♥❝❡✱❤❡❡✐♥♦ ❛♥❛❝✉❛❧❜❡♥❡✜ ✐♥✐♥❝❡❛✐♥❣❤❡✢✉①✲
❜❛ ✐❡✇✐❞❤✳ ❲❤❡♥kair✐♥❝❡❛❡✱❤❡ ♦♦✐♦♥♣❛❤ ❜❡❝♦♠❡ ❤✐♥♥❡✱♦❤❛ ❤❡
✢✉①❞❡♥✐②✐♥❤❡ ❛♦✐ ❡❞✉❝❡❞✱❛♥❞❤✉✱❤❡✐♦♥❧♦❡❛❡❡❞✉❝❡❞❛✇❡❧❧✳❖♥
❤❡❝♦♥❛②✱❜♦❤❡✣❝✐❡♥❝②❛♥❞♣♦✇❡ ❢❛❝♦ ❞♦♥♦ ♣❡❡♥❝♦♥✐❞❡❛❜❧❡✈❛✐❛✐♦♥
✇✐❤kair✳❙✐♠✐❧❛ ❡✉❧ ❛❡❛❧♦♦❜❛✐♥❡❞❛♥❞❝♦♥✜♠❡❞✐♥❬✸✵❪✳

❖♥ ❤❡♦❤❡❤❛♥❞✱kair✐❛❧♦✉❣❣❡ ❡❞♦❜❡❝❤♦❡♥❛❝❝♦❞✐♥❣♦❤❡ ❛♦ ❧♦
✇✐❞❤♦❧♦♣✐❝❤❛✐♦✱♦❛ ♦❣❡ ❤❡♠❛❝❤✐♥❡❡✉❛❧❧②❛✉❛❡❞✐♥❜♦❤ ❛♦❛♥❞
♦♦✳
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❋✐❣✉❡✷✳✶✵✿❘♦♦ ✇✐❤❞✐✛❡❡♥kair

0.35 0.4 0.45 0.5 0.55 0.6
0.6

0.7

0.8

0.9

1

The insulation ratio

Efficiency
Power factor

0.35 0.4 0.45 0.5 0.55 0.6
0

0.1

0.2

0.3

0.4

0.5

The insulation ratio

I
n
d
uc
t
a
nc
e 
N
m
H)

Ld

Lq

0.35 0.4 0.45 0.5 0.55 0.6
500

550

600

650

700

750

800

The insulation ratio

St
at
or
 c
or
e l
os
s
es
 
N
W)

0.35 0.4 0.45 0.5 0.55 0.6
260

280

300

320

340

The insulation ratio

T
or
q
u
e 
N
N
m)

✿✵✳✸✺✭❧❡❢✮❛♥❞✵✳✻✭✐❣❤✮✳

❋✐❣✉❡✷✳✶✶✿❇❡❤❛✈✐♦ ♦❢Ld✱Lq✱♦ ✉❡✱♣♦✇❡❢❛❝♦✱❡✣❝✐❡♥❝②❛♥❞ ❛♦❝♦❡❧♦❡
♦❢❘❊▲♠❛❝❤✐♥❡✈❡ ✉❞✐✛❡❡♥kair✳

✷✳✼✳ ▼✇✐❞ ❤

❆ ♠❡♥✐♦♥❡❞✐♥❤❡❙❡❝✐♦♥✶✳✺✱ ▼ ❝❛♥❜❡✐♥♦❞✉❝❡❞♦✐♠♣♦✈❡❤❡♣❡❢♦♠❛♥❝❡
♦❢❤❡❘❊▲♠❛❝❤✐♥❡✳ ❚❤❡ ▼✉ ❡❞❤❡❡✐❢❡✐❡♠❛❣♥❡✱✇❤✐❝❤❤❛❛❧♦✇❡✐❞✉❛❧
♠❛❣♥❡✐❝✢✉①❞❡♥✐②❜✉✇✐❤✐❣♥✐✜❝❛♥❧♦✇♣✐❝❡✭❤❡❡✐❞✉❛❧♠❛❣♥❡✐❝✢✉①❞❡♥✐②
✐✵✳✸✶✹❚✮✳❚❤❡ ▼ ❤✐❝❦♥❡ ✐♥❡❛❝❤❜❛✐❡✐❝♦♥✐❞❡❡❞♦❜❡❤❡ ❛♠❡❛ ❤❡❝♦✲
❡♣♦♥❞✐♥❣✢✉①✲❜❛ ✐❡✇✐❞❤✳❚❛❜❧❡✷✳✺ ❤♦✇ ❤❡❝♦♠♣❛✐♦♥♦❢ ▼❆❘❊▲♠❛❝❤✐♥❡
✇✐❤❞✐✛❡❡♥ ▼✇✐❞❤✳ ❚❤❡✇✐❞❤♦❢ ▼ ✐ ❡♣❡❡♥❡❞❛ ❤❡♣❡❝❡♥❛❣❡♦❢❤❡
❝♦❡♣♦♥❞✐♥❣❜❛ ✐❡❧❡♥❣❤✳ ❆ ❡①♣❡❝❡❞✱ ▼ ♥♦ ♦♥❧②❝♦♥✐❜✉❡♦ ❤❡❛✈❡❛❣❡
♦ ✉❡✱❜✉ ❛❧♦✐♥❝❡❛❡❤❡♣♦✇❡ ❢❛❝♦✳■♥❣❡♥❡❛❧✱❤❡❤✐❣❤❡ ❤❡ ▼✇✐❞❤✱ ❤❡
❤✐❣❤❡ ❤❡♦ ✉❡❛♥❞♣♦✇❡❢❛❝♦✳■✐✈❡✐✜❡❞✐♥❬✷✹❪❤❛❛❢❡✐♥❡✐♥❣▼ ✐♥♦❤❡



✸✽ ❉❡✐❣♥ ▼❡❤♦❞♦❧♦❣②♦❢❘❊▲ ▼❛❝❤✐♥❡

❚❛❜❧❡✷✳✺✿❈♦♠♣❛✐♦♥♦❢ ▼❆❘❊▲▼♦♦ ✇✐❤❉✐✛❡❡♥❲✐❞ ❤♦❢ ▼

▼ Λm Tcog Tavg ❚♦ ✉❡ γ ❋

❲✐❞ ❤ ✭mVs✮ ✭mNm✮ ✭Nm✮ ✐♣♣❧❡ ✭❞❡❣✮
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❋✐❣✉❡✷✳✶✷✿❈♦♠♣❛✐♦♥♦❢ ▼❆❘❊▲♠❛❝❤✐♥❡ ✇✐❤❞✐✛❡❡♥✇✐❞❤ ♦❢ ▼ ❢♦✢✉①
✇❡❛❦❡♥✐♥❣♦♣❡❛✐♦♥✳

❘❊▲♠❛❝❤✐♥❡✱ ❤❡❛✈❡❛❣❡♦ ✉❡✐♥❝❡❛❡❛♦✉♥❞7%✱❛♥❞❤❡♣♦✇❡❢❛❝♦✐♥❝❡❛❡
❢♦♠✵✳✽✸ ♦✵✳✽✽✇❤❡♥ ❤❡♦✉♣✉ ♦ ✉❡✐ 10◆♠✳ ❇❡✐❞❡✱❤❡❝✉ ❡♥❛♥❣❧❡✭γ✮
❝♦❡♣♦♥❞✐♥❣♦❤❡▼❚❆♦♣❡❛✐♥❣♣♦✐♥ ❧✐❣❤❧②❡❞✉❝❡✇✐❤❤❡✐♥❝❡❛❡♦❢ ▼ ✱
✇❤✐❝❤✐ ❛❧♦✈❡✐✜❡❞❜②❤❡❡①♣❡✐♠❡♥❛❧❡✉❧ ✐♥❬✷✹❪✳

❚❤❡❡✛❡❝ ♦❢ ❤❡ ▼✇✐❞ ❤♦♥✢✉①✇❡❛❦❡♥✐♥❣❝❛♣❛❜✐❧✐②✐ ❤♦✇♥✐♥❋✐❣✳✷✳✶✷✳
❚❤❡❝✉ ❡♥♣❤❛♦❛♥❣❧❡✐ ✈❛✐❡❞✇❤❡♥❤❡♠❛❝❤✐♥❡ ♣❡❡❞✐ ❤✐❣❤❡ ❤❛♥ ❤❡ ❛❡❞
♣❡❡❞✱♦❤❛ ❤❡❡♠✐♥❛❧✈♦❧❛❣❡❝♦✉❧❞❜❡❦❡♣❛ ❤❡❧✐♠✐✈❛❧✉❡✳❚♦ ✉❡✱♣♦✇❡❛♥❞
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2.9. Conclusion

This Chapter �rstly deals with the analysis of the rotor geometry of both REL and
PMAREL machines. An automatic procedure to properly draw the rotor structure is
described, according to past research on this kind of machine. Smooth barrier ends are
introduced and useful equations are given for use. Some tricks are also suggested in
order to overcome some geometric issues. All steps are described in detail so as to allow
an easy implementation by the interested readers.

After that, as an applicative example, such a drawing procedure is used to rapidly
analyze the impact of some rotor parameters on the machine performance. The results
obtained with the proposed rapid procedure form a practical design guideline for this
kind of motors. Among the others, it is pointed out that some results agree with those
found in literature, but others have to be carefully considered. Useful suggestions are
given all over the Chapter.
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❡✈♦❧✉✐♦♥✭❉❊✮❛❧❣♦✐❤♠✱❡❧✉❝❛♥❝❡♦♦ ✇✐❤❤❡❡❛♥❞❢♦✉✢✉①✲❜❛ ✐❡ ♣❡♣♦❧❡❛❡
♦♣✐♠✐③❡❞✳❆❢❡ ❤❛✱❤❡ ❛♦✐ ❡❞❡✐❣♥❡❞✱❛♥❞❤❡♦♣✐♠✐③❛✐♦♥♣♦❝❡❞✉❡✐❝❛✐❡❞
♦✉✐♥❡♠ ♦❢ ♣❧✐ ❛✐♦✱❧♦✲♣♦❧❡❝♦♠❜✐♥❛✐♦♥❛♥❞♦♦ ♦♣✐♠✐③❛✐♦♥✳ ❆♥❛♥❛❧②✐✲
❝❛❧❝❛❧❝✉❧❛✐♦♥♦❢❧♦❛❡❛✐✐♥♥♦✈❛✐✈❡❧②❞❡✐✈❡❞✳❋✐♥✐❡❡❧❡♠❡♥❛♥❛❧②✐ ✐♠✉❧❛✐♦♥
❛❡❤❡♥❝♦♠❜✐♥❡❞♦♦❜❛✐♥❤❡♦♣✐♠❛❧♣❧✐ ❛✐♦✳❙♦♠❡❞❡✐❣♥♣❛❛♠❡❡ ❛❡❦❡♣
❝♦♥❛♥✐♥♦❞❡ ♦♠❛❦❡❛❢❛✐❝♦♠♣❛✐♦♥✳❚❤❡♣❡❢♦♠❛♥❝❡❝♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡
♦♣✐♠✐③❡❞❘❊▲♠♦♦ ❛♥❞❛♥■▼♠♦♦ ✭✐♠✐❧❛ ♦▲❙✻✵✵❤♠♦♦✮✐ ❤❡♥❝❛ ✐❡❞
♦✉✳❋✐♥❛❧❧②✱♣❡❢♦♠❛♥❝❡✐♠♣♦✈❡♠❡♥ ✇✐❤ ▼ ✐♥❡✐♥♦❤❡♦♣✐♠✐③❡❞❘❊▲♦♦
❛❡✐♥✈❡✐❣❛❡❞✱❡①❤✐❜✐✐♥❣♦♠❡❛ ❛❝✐✈❡❢❡❛✉❡✇✐❤❤❡ ▼❆❘❊▲♠♦♦✳

✸✳✶✳■♥♦❞✉❝✐♦♥

W■❚❍❤❡❣♦✇✐♥❣♦❢❡♥❡❣②❝✐✐✱❛✐♣♦❧❧✉✐♦♥❛♥❞❣❧♦❜❛❧✇❛♠✐♥❣✱ ❤❡❡❧❡❝ ✐❝❛❧
❛❝✐♦♥② ❡♠✐❣❛✐♥✐♥❣♠♦❡❛♥❞♠♦❡✐♥❡❡ ✐♥❜♦❤❛❝❛❞❡♠✐❝❛♥❞✐♥❞✉✲

✐❛❧✜❡❧❞✳■✐ ❡♠❛❦❛❜❧❡ ❤❛ ❤❡♣♦♣✉❧❛✐②♦❢❡❧❡❝✐❝✈❡❤✐❝❧❡✭❊❱✮❛♥❞❤②❜✐❞
❡❧❡❝✐❝✈❡❤✐❝❧❡✭❍❊❱✮✐❡①♣❛♥❞✐♥❣✐❣♥✐✜❝❛♥❧②✐♥❤❡❧❛ ❞❡❝❛❞❡✳❚❤❡❡❧❡❝ ✐❝♠♦♦✱
❜❡✐♥❣♦♥❡♦❢❤❡❦❡②❞❡✈✐❝❡✱❞❡❡♠✐♥❡ ❤❡♠❛✐♥♣❡❢♦♠❛♥❝❡♦❢ ❤❡❡❧❡❝ ✐❝❛❧♠♦❜✐❧✲
✐②✳ ❈♦♠♣❛❡❞♦❝♦♥✈❡♥✐♦♥❛❧✐♥❞✉ ✐❛❧♠❛❝❤✐♥❡✱ ❛❝✐♦♥❡❧❡❝✐❝❛❧♠♦♦ ❡✉✐❡
❤❡♠❡✐ ♦❢❝♦ ❛✈✐♥❣✱❤✐❣❤❡✣❝✐❡♥❝②✱❤✐❣❤♦ ✉❡❞❡♥✐②✱❤✐❣❤♦✈❡❧♦❛❞❝❛♣❛❜✐❧✐②✱
✇✐❞❡❝♦♥ ❛♥♣♦✇❡ ♣❡❡❞❛♥❣❡✱❤✐❣❤❡❧✐❛❜✐❧✐②✱❧♦✇♥♦✐❡❛♥❞✈✐❜❛✐♦♥✱❡❝✳

❆♠♦♥❣✈❛✐♦✉♠❛❝❤✐♥❡ ♦♣♦❧♦❣✐❡✱❤❡■▼♠♦♦❤❛❜❡❡♥❡❝♦❣♥✐③❡❞❛ ❤❡♠♦
♣♦♠✐✐♥❣❝❛♥❞✐❞❛❡❬✸✸✕✸✺❪✳■ ❛❝❝♦✉♥ ❢♦♦✈❡ 80%♦❢❊❱❛♥❞❍❊❱ ♠❛❦❡ ❛
♣❡❡♥✱❛♥❞❡✈❡♥❛❤✐❣❤❡♣❡❝❡♥❛❣❡✐❡①♣❡❝❡❞✐♥❤❡♥❡❛❢✉✉❡✳❖♥❤❡♦❤❡❤❛♥❞✱
♦♠❡❝❤❛❧❧❡♥❣❡❛❡❡❧❛❡❞♦■▼♠♦♦✱i.e.✱❤✐❣❤♣♦❞✉❝✐♦♥❝♦✱✈✉❧♥❡❛❜✐❧✐②♦
❤♦ ✲❝✐❝✉✐❢❛✉❧✱❤✐❣❤❜❛❝❦❡❧❡❝♦♠❛❣♥❡✐❝❢♦❝❡✭❊▼❋✮❛❤✐❣❤♣❡❡❞❛♥❞❤✐❣❤✐❦

✹✸



✹✹ ❘❊▲ ▼♦ ♦ ❢♦ ❊❱❆♣♣❧✐❝❛✐♦♥

❚❛❜❧❡✸✳✶✿ ♦✇❡❉❡♥✐②❈♦♠♣❛✐♦♥♦❢❙❡✈❡❛❧❍②❜✐❞✴❊❧❡❝✐❝❱❡❤✐❝❧❡▼♦♦ ❬✹✶❪

❡❛❦♣♦✇❡ ♦✇❡❞❡♥✐② ❙♣❡❝✐✜❝♣♦✇❡

✭❦❲✮ ✭❦❲✴▲✮ ✭❦❲✴❦❣✮

✷✵✵✹ ✐✉ ✺✵ ✸✳✸ ✶✳✶

✷✵✵✻❍♦♥❞❛❆❝❝♦❞ ✶✷ ✶✳✺ ✵✳✺

✷✵✵✼❈❛♠② ✼✵ ✺✳✾ ✶✳✼

✷✵✵✽▲❡①✉▲❙✻✵✵❤ ✶✶✵ ✻✳✻ ✷✳✺

✷✵✶✵ ✐✉ ✻✵ ✹✳✽ ✶✳✻

✷✵✶✶❙♦♥❛❛ ✸✵ ✸✳✵ ✶✳✶

✷✵✶✷❙♦♥❛❛❍❙● ✽✳✺ ✷✳✼ ✵✳✼

✷✵✶✷▲❡❛❢ ✽✵ ✹✳✷ ✶✳✹

✷✵✷✵❉❖❊❛❣❡ ✺✺ ✺✳✼ ✶✳✻

♦❢✐❡✈❡✐❜❧❡ ▼❞❡♠❛❣♥❡ ✐③❛✐♦♥✳ ▼♦ ✐♠♣♦❛♥❧②✱❛✇♦❧❞✇✐❞❡❝♦♥❝❡♥❛❜♦✉
❤❡♣✐❝❡✈♦❧❛✐❧✐②❛♥❞❛✈❛✐❧❛❜✐❧✐②♦❢❛❡✲❡❛❤♠❛❣♥❡ ✐❣♦✇✐♥❣✳❚❤❡❡❢♦❡✱♠❛♥②
❡❡❛❝❤❡ ❛❡❢♦❝✉❡❞♦♥✐♥✈❡✐❣❛✐♥❣❛❧❡♥❛✐✈❡♥♦♥✲❛❡✲❡❛❤ ❛❝✐♦♥❞✐✈❡✳

■▼✜ ❧②❝♦♠❡✉♣❤❡❡❡❛❝❤❡✬♠✐♥❞✱♠❛✐♥❧②❞✉❡♦✐ ❧♦✇❝♦✱♦❜✉ ✉❝✲
✉❡❛♥❞✇❡❧❧✕❡❛❜❧✐❤❡❞♠❛♥✉❢❛❝✉✐♥❣❡❝❤♥✐✉❡ ❬✸✻✱✸✼❪✳ ❇❡✐❞❡✱❤❡✇✐❞❡✢✉①✲
✇❡❛❦❡♥✐♥❣ ❛♥❣❡♠❛❦❡✐✈❡②✉✐❛❜❧❡❢♦❊❱❛♣♣❧✐❝❛✐♦♥✳◆❡✈❡❤❡❧❡ ✱❤❡❧♦✇♣♦✇❡
❞❡♥✐②❛♥❞✐♥❢❡✐♦❡✣❝✐❡♥❝②❛❡♣♦❡♥✐❛❧❝❤❛❧❧❡♥❣❡♦❢■▼✳❚❤❡✇✐❝❤❡❞❡❧✉❝❛♥❝❡
♠❛❝❤✐♥❡✭❙❘▼✮✐ ❛❧♦❛❝❛♥❞✐❞❛❡✐♥❡♠ ♦❢✐♠♣❧❡❛♥❞♦❜✉ ♦♦ ✉❝✉❡✱♣♦✲
✐❜❧❡♦♣❡❛✐♦♥✇✐❤❤✐❣❤ ❡♠♣❡❛✉❡♦❤✐❣❤ ♦❛✐♦♥❛❧♣❡❡❞ ❬✸✽✱✸✾❪✳ ❚❤❡♠❛❥♦
❞✐❛❞✈❛♥❛❣❡♦❢❙❘▼✐❛❝♦✉✐❝♥♦✐❡❛♥❞✈✐❜❛✐♦♥✱✇❤✐❝❤❜❡❝♦♠❡✈❡②✐❣♥✐✜❝❛♥❛
❤✐❣❤♣❡❡❞❛♥❞❤❡❛✈②❧♦❛❞❬✹✵❪✳

❖♥ ❤❡♦❤❡❤❛♥❞✱❤❡❘❊▲♠♦♦❛ ❛❝ ♠♦❡❛♥❞♠♦❡❛❡♥✐♦♥✐♥❡❝❡♥②❡❛ ✱
❡✈❡♥❤♦✉❣❤✐❤❛♥♦❜❡❡♥✇✐❞❡❧②✉❡❞✐♥ ❛❝✐♦♥❞✐✈❡✜❡❧❞✳ ❲✐❤♦✉♠❛❣♥❡ ❛♥❞
♦♦❜❛ ✱❤❡♦♦❝♦♥ ✉❝✐♦♥✐♠♦❡♦❜✉ ❤❛♥❡✐❤❡ ▼♦ ■▼♠❛❝❤✐♥❡✳ ❲✐❤
❤❡❞❡✈❡❧♦♣♠❡♥♦❢♦✈❡✸✵②❡❛✱✐❛❝❤✐❡✈❡ ❤❡♠❡✐ ♦❢❧♦✇❝♦✱❤✐❣❤❡✣❝✐❡♥❝②✱❧♦✇
♠❛✐♥❡♥❛♥❝❡✱❛♥❞❤✐❣❤❡❧✐❛❜✐❧✐②✳■♥❛❞❞✐✐♦♥✱✐✐❛❧♦❝❤❛❛❝❡✐③❡❞❜②♥♦❜❛❝❦❊▼❋✱
❧❡❛❞✐♥❣♦❛✐♥❤❡❡♥❢❛✉❧ ♦❧❡❛♥❝❡❝❛♣❛❜✐❧✐②✳❆❧❧❤❡❡❢❡❛✉❡ ❡✈❡❛❧❤❡❘❊▲♠♦♦
♦❜❡❛♥❛ ❛❝✐✈❡❝❛♥❞✐❞❛❡❢♦❡❧❡❝✐❝❛❧♠♦❜✐❧✐✐❡✳

❆ ❛❝♦♥❡✉❡♥❝❡✱❤✐❈❤❛♣❡❛✐♠ ♦✐♥✈❡✐❣❛❡❤❡♣❡❢♦♠❛♥❝❡❝❤❛❛❝❡✐✐❝
♦❢❤❡❘❊▲♠♦♦❢♦❊❱❛♣♣❧✐❝❛✐♦♥✳ ❚❤❡❘❊▲♠♦♦✐❞❡✐❣♥❡❞❛❝❝♦❞✐♥❣ ♦♦♥❡
❝♦♠♠❡❝✐❛❧■▼♠♦♦✭▲❡①✉▲❙✻✵✵❤♠♦♦✮✳❙♦♠❡❞❡✐❣♥♣❛❛♠❡❡ ❛♥❞✐♥✈❡❡
❧✐♠✐❛✐♦♥❛❡❦❡♣❝♦♥❛♥✱✐♥♦❞❡ ♦♠❛❦❡❛❢❛✐♣❡❢♦♠❛♥❝❡❝♦♠♣❛✐♦♥✳❉❡❛✐❧❡❞
♣♦❝❡❞✉❡❛❡❣✐✈❡♥✐♥❤❡❢♦❧❧♦✇✐♥❣✳

✸✳✷✳❚❤❡▲❡①✉ ▲❙✻✵✵❤ ♠♦♦

❚❤❡✷✵✵✽▲❡①✉ ▲❙✻✵✵❤✐ ❤❡ ❤✐❞❤②❜✐❞❝❛✐♥❤❡❚♦②♦❛❧✉①✉②✈❡❤✐❝❧❡❞✐✈✐✐♦♥
✕▲❡①✉✳■ ♠♦♦♣❡❢♦♠❛♥❝❡✇❛ ❞❡❡♣❧②❡✈❛❧✉❛❡❞❛♥❞❡❡❞✐♥❬✹✷❪✳ ❈♦♠♣❛✐♥❣



✸✳✷❚❤❡▲❡①✉ ▲❙✻✵✵❤ ♠♦♦ ✹✺

✭❛✮ ✐❝✉❡♦❢❤❡ ❛♦✳ ✭❜✮❘♦♦❧❛♠✐♥❛✐♦♥✳

❋✐❣✉❡✸✳✶✿▲❡①✉▲❙✻✵✵❤♠♦♦❬✹✷❪✳

❚❛❜❧❡✸✳✷✿ ▼❛✐♥❉✐♠❡♥✐♦♥♦❢❤❡▲❡①✉▲❙✻✵✵❤▼♦♦

❉❡✐❣♥♣❛❛♠❡❡ ❙②♠❜♦❧ ❱❛❧✉❡ ❯♥✐

◆✉♠❜❡ ♦❢ ❛♦ ❧♦ Qs ✹✽ ✕

◆✉♠❜❡ ♦❢♣♦❧❡♣❛✐ p ✹ ✕

❙❛♦♦✉❡❞✐❛♠❡❡ De ✷✵✵ ♠♠

❙❛♦✐♥♥❡❞✐❛♠❡❡ D ✶✸✵✳✽✻ ♠♠

❙❤❛❢❞✐❛♠❡❡ Dsh ✺✸ ♠♠

❆❝✐✈❡ ❛❝❦❧❡♥❣❤ Lstk ✶✸✺✳✹ ♠♠

❆✐❣❛♣❤✐❝❦♥❡ g ✵✳✽✾ ♠♠

❚♦♦❤✇✐❞❤ wt ✻ ♠♠

❇❛❝❦✐♦♥❤❡✐❣❤ hbi ✶✸✳✸✷ ♠♠

❙❧♦♦♣❡♥✐♥❣ wso ✶✳✽✽ ♠♠

❘✐❜ ❤✐❝❦♥❡ ttib ✶✳✹✺ ♠♠

▼❛❣♥❡ ❲✐❞ ❤ wpm ✶✽✳✻✼ ♠♠

▼❛❣♥❡ ❤✐❝❦♥❡ hpm ✸✳✵✺ ♠♠

♦❤❡♦❤❡ ❝♦♠♠❡❝✐❛❧ ❛❝✐♦♥♠♦♦ ✭❛ ❤♦✇♥✐♥❚❛❜❧❡✸✳✶✮✱ ❤❡▲❡①✉ ▲❙✻✵✵❤
♠♦♦❡①❤✐❜✐ ✉✐❡❤✐❣❤♣♦✇❡❞❡♥✐②❛♥❞♣❡❝✐✜❝♣♦✇❡✳❚❤❡❡❢♦❡✱✐✐ ❡❧❡❝❡❞❛
❤❡❡❢❡❡♥❝❡❢♦ ❤❡❘❊▲♠♦♦❞❡✐❣♥✳

❚❤❡ ❛♦❛❡♠❜❧②♦❢❤❡▲❡①✉▲❙✻✵✵❤♠♦♦✐ ❤♦✇♥✐♥❋✐❣✳✸✳✶✭❛✮✱✇❤✐❧❡❤❡
♦♦❧❛♠✐♥❛✐♦♥✐ ❤♦✇♥✐♥❋✐❣✳✸✳✶✭❜✮✳❖♥❡♦❢❤❡♠♦ ♥♦❛❜❧❡❢❡❛✉❡♦❢❤✐♠♦♦
✐ ❤❡ ♦♦❣❡♦♠❡②✱✇✐❤❛♥❛❞❞✐✐♦♥❛❧♠❛❣♥❡ ♦❤❡♣❡✈✐♦✉✏❱✑❝♦♥✜❣✉❛✐♦♥♦❢
❤❡ ✐✉✳❚❤✐ ✐❛♥❣✉❧❛✲❤❛♣❡♦❢♠❛❣♥❡ ❝❡❛❡❛♠♦❡✉♥✐❢♦♠✢✉①❞✐ ✐❜✉✐♦♥✐♥
❤❡❛✐❣❛♣✳

❆ ♠❡❛✉❡❞✐♥❬✹✷❪✱❤❡♠❛✐♥❞✐♠❡♥✐♦♥♦❢❤❡▲❡①✉ ▲❙✻✵✵❤♠♦♦✐❧✐❡❞✐♥
❚❛❜❧❡✸✳✷✳ ❚❤❡❡❞✐♠❡♥✐♦♥❛❡❤❡ ❛✐♥❣♣♦✐♥ ♦❢❤❡❘❊▲♠♦♦❞❡✐❣♥✐♥❤❡
❢♦❧❧♦✇✐♥❣✳■✐♥♦✐❝❡❞❤❛ ❤❡▲❡①✉▲❙✻✵✵❤♠♦♦❛❝❤✐❡✈❡110❦❲✇✐❤✐♥❤❡ ❛♦
❡♠♣❡❛✉❡❧✐♠✐♦❢150♦❈❢♦ ❛ ❛♥✐❡♥ ✐♠❡♦❢18 ✭✇✐❤❝✉ ❡♥♦❢330❆peak❛♥❞
♣❡❡❞♦❢4500♣♠✮❬✹✷❪✳❆❛❝♦♥❡✉❡♥❝❡✱❤❡❝✉ ❡♥❧✐♠✐✐ ❡ ♦❜❡330❆peak✱❛♥❞
❤❡❝♦ ❡♣♦♥❞✐♥❣❝✉ ❡♥❞❡♥✐②✐ ✷✺❆✴♠♠2✳ ❚❤❡❝❛❧❝✉❧❛❡❞ ❛♦ ❧♦✜❧❧❢❛❝♦
kfill✐0.4247✳❚❤❡❉❈❜✉✈♦❧❛❣❡♦❢❤❡✐♥✈❡ ❡✐650❱✳❚❤❡❡①♣❡✐♠❡♥❛❧❡✣❝✐❡♥❝②



✹✻ ❘❊▲ ▼♦ ♦ ❢♦ ❊❱❆♣♣❧✐❝❛✐♦♥

❋✐❣✉❡✸✳✷✿❚❤❡❡①♣❡✐♠❡♥❛❧▲❙✻✵✵❤♠♦♦❡✣❝✐❡♥❝②♠❛♣❬✹✷❪✳

♠❛♣✐ ❤♦✇♥✐♥❋✐❣✳✸✳✷❬✹✷❪✳■ ✐♦❜❡✈❡❞ ❤❛ ❤❡♠❛①✐♠✉♠❛❝❤✐❡✈❛❜❧❡❡✣❝✐❡♥❝②
✐95%❛♥❞❛❧❛❣❡♣♦✐♦♥♦❢❤❡♦♣❡❛✐♦♥❡❣✐♦♥❛❝❤✐❡✈❡ ❤❡❡✣❝✐❡♥❝②❛❜♦✈❡90%✳
❙✐♥❝❡❤❡♠♦♦❡①❤✐❜✐❡❞❛❜♦✉110❦❲✇✐❤✐♥❤❡ ❛♦ ❡♠♣❡❛✉❡❧✐♠✐♦❢150♦❈
✐♥18✱❤❡❜❧✉❡❝✉✈❡✐ ❡❝♦❣♥✐③❡❞❛ ❤❡♣❡❛❦♦ ✉❡❜❡❤❛✈✐♦✳

✸✳✸✳❘❊▲ ♦♦ ♦♣✐♠✐③❛✐♦♥✇✐❤❉❊❛❧❣♦✐❤♠

■♥♦❞❡ ♦♠❛❦❡❛❢❛✐❝♦♠♣❛✐♦♥✇✐❤❤❡■▼♠♦♦✱❤❡❘❊▲♠♦♦✐❝♦♥ ❛✐♥❡❞
♦❛✐❢②♦♠❡❞✐♠❡♥✐♦♥❧✐♠✐ ♦❢❤❡▲❡①✉ ▲❙✻✵✵❤♠♦♦✳❋♦ ❤❡❞❡✐❣♥♦❢❘❊▲
♠❛❝❤✐♥❡✱❤❡♠♦ ❝❤❛❧❧❡♥❣✐♥❣❛♥❞❝❡❛✐✈❡❛♣❡❝❧✐❡♦♥❤❡♦♦❞❡✐❣♥✱❜②✐♥❝❡❛✲
✐♥❣❞❛♠❛✐❝❛❧❧②❤❡♦♦❛♥✐♦♦♣②♦✐♠♣♦✈❡❤❡♦ ✉❡❞❡♥✐②❛♥❞❡❧❡❝✐♥❣♣♦♣❡
❜❛ ✐❡❡♥❞❛♥❣❧❡❢♦ ♦ ✉❡✐♣♣❧❡✉♣♣❡✐♦♥✳❑❡②❡✛♦ ♦❛❝❤✐❡✈❡❤❡❡♦❜❥❡❝✐✈❡
✐♥❝❧✉❞❡♣❛❛♠❡✐❝♠❛❝❤✐♥❡♠♦❞❡❧✐♥❣❛♥❞♦♣✐♠✐③❛✐♦♥ ❛❡❣②✳■♥❈❤❛♣❡✷✱❛♥❛✉♦✲
♠❛✐❝❞❛✇✐♥❣❛♥❞✐♠✉❧❛✐♦♥♣♦❝❡❞✉❡❤❛❜❡❡♥❞❡✈❡❧♦♣❡❞✳❍❡❡❛❢❡✱✐✐❝♦♠❜✐♥❡❞
✇✐❤❞✐✛❡❡♥✐❛❧❡✈♦❧✉✐♦♥✭❉❊✮❛❧❣♦✐❤♠♦❛❝❤✐❡✈❡❤❡♦♣✐♠❛❧❘❊▲♦♦❞❡✐❣♥✳

✸✳✸✳✶✳❉❊❛❧❣♦ ✐❤♠

❆ ✐✇❡❧❧✲❦♥♦✇♥✱❉❊❛❧❣♦✐❤♠✐ ❛♣♦♣✉❧❛✐♦♥✲❜❛❡❞ ♦❝❤❛✐❝❡❛❝❤✐♥❣♠❡❤♦❞✱
✉✐❛❜❧❡❢♦❝♦♠❜✐♥❛♦✐❛❧♦♣✐♠✐③❛✐♦♥♣♦❜❧❡♠❬✹✸✕✹✺❪✳■✐✜ ❧②♣♦♣♦❡❞✐♥❤❡
♠✐❞✲✶✾✾✵✱❛♥❞❤❛❜❡❡♥❛♣♣❧✐❡❞❢♦ ♠❛❝❤✐♥❡♦♣✐♠✐③❛✐♦♥♣♦❜❧❡♠ ✐♥❡❝❡♥②❡❛
❬✹✻✕✹✽❪✳

❚❤❡❛❧❣♦✐❤♠✐♥❝❧✉❞❡ ❤❡♣♦❝❡❡♦❢✐♥✐✐❛❧✐③❛✐♦♥✱♠✉❛✐♦♥✱❝♦♦✈❡❛♥❞❡✲
❧❡❝✐♦♥✳❆ ❤❡❜❡❣✐♥♥✐♥❣✱❤❡✐♥✐✐❛❧♣❛❛♠❡❡✈❡❝♦ ♦❢❤❡✐♥❞✐✈✐❞✉❛❧❛❡❛♥❞♦♠❧②
❣❡♥❡❛❡❞✱✇❤✐❝❤❤♦✉❧❞❝♦✈❡ ❤❡❡♥✐❡♣❛❛♠❡❡ ♣❛❝❡❀❆❢❡❡✈❛❧✉❛✐♥❣❤❡✜♥❡ ♦❢
❡❛❝❤♠❡♠❜❡✱♣❛❛♠❡❡✈❡❝♦ ♦❢❛♥❡✇❣❡♥❡❛✐♦♥❛❡❝❡❛❡❞❤♦✉❣❤❤❡♦♣❡❛♦
♦❢♠✉❛✐♦♥❛♥❞❝♦♦✈❡❀❚❤❡♥✱❛♥❡①♣❧✐❝✐♦♥❡✲♦✲♦♥❡✉✈✐✈♦ ❡❧❡❝✐♦♥✐❝❛✐❡❞♦✉❀
❖♥❝❡ ❤❡♥❡✇♣♦♣✉❧❛✐♦♥✐❣❡♥❡❛❡❞✱❤❡♣♦❝❡ ♦❢♠✉❛✐♦♥✱❝♦♦✈❡❛♥❞❡❧❡❝✐♦♥



✸✳✸❘❊▲ ♦♦ ♦♣✐♠✐③❛✐♦♥✇✐❤❉❊❛❧❣♦✐❤♠ ✹✼

Set mutation and crossover ratios, 

population size,

number of generations,

 and machine parameter bounds.

Start

Is the maximum number of 

generation reached?

End

Pass the machine parameter values.

Store the results in archive.

Call 

Finite Element 

program.

Modelling (discard errors),

simulation (discard errors),

post-processing to obtain the objectives.

Find pareto front of the individuals.

Creat the individuals of new generation 

by performing mutation and crossover.

Initialization of the individuals randomly.

Yes

No

Limit the parameters within the bounds.

❋✐❣✉❡✸✳✸✿❖♣✐♠✐③❛✐♦♥♣♦❝❡❞✉❡✉✐♥❣❋❊❆❛♥❞❉❊❛❧❣♦✐❤♠✳

✐ ❡♣❡❛❡❞✐❧❧❤❡❝♦♥✈❡❣❡♥❝❡♦❢❤❡❛❧❣♦✐❤♠♦❛♣❡❝✐✜❡❞♥✉♠❜❡♦❢❣❡♥❡❛✐♦♥✐
❡❛❝❤❡❞✳❉❡❛✐❧❡❞❡①♣❧❛♥❛✐♦♥♦❢❤✐❛❧❣♦✐❤♠✐ ❡❢❡❡❞♦❬✹✸✱✹✹❪✳

❚❤❡♣♦❝❡ ♦❢♠✉❛✐♦♥❡①♣❛♥❞ ❤❡ ❡❛❝❤♣❛❝❡❜②✉✐♥❣❛❝❛❧❡❢❛❝♦F✭✐✳❡✳
♠✉❛✐♦♥❛✐♦✮♦❡❝♦♠❜✐♥❡❛♥❞♦♠✈❡❝♦❞✐✛❡❡♥✐❛❧✇✐❤❤❡❜❛❡✐♥❞✐✈✐❞✉❛❧✳❍✐❣❤
✈❛❧✉❡♦❢F❤❡❧♣ ♦❛✈♦✐❞❤❡❧♦❝❛❧♦♣✐♠✉♠✱✇❤✐❧❡✐ ❛❝✐✜❝❡ ❤❡♣❡❡❞♦❢❝♦♥✈❡❣❡♥❝❡✳
❚❤❡❡❢♦❡✱❤❡✈❛❧✉❡♦❢F✐ ❡❧❞♦♠❣❡❛❡ ❤❛♥1.0✳

❚❤❡♣♦❝❡ ♦❢❝♦♦✈❡✱✇❤✐❝❤✐♣❡❢♦♠❡❞✇✐❤❛♣♦❜❛❜✐❧✐②♦❢CR✭✐✳❡✳❝♦♦✈❡
❛✐♦✮✱♠✐①❡ ✉❝❝❡ ❢✉❧♦❧✉✐♦♥❢♦♠❤❡♣❡✈✐♦✉❣❡♥❡❛✐♦♥✇✐❤❝✉ ❡♥❞♦♥♦ ✳■♥
❤❡❡① ❡♠❡❝✐❝✉♠❛♥❝❡✱CR=1♠❡❛♥ ❛❢✉❧❧②❝♦♥✐❞❡❛✐♦♥♦❢❤❡❝✉ ❡♥❞♦♥♦ ✱
✇❤✐❝❤❝❡ ❛✐♥❧②✐♥❝❡❛❡ ❤❡♣♦♣✉❧❛✐♦♥❞✐✈❡✐②❜✉♠❛❦❡ ❤❡❞✐✛❡❡♥❝❡❜❡✇❡❡♥ ❤❡
❞♦♥♦✈❡❝♦❛♥❞❤❡♣❡✈✐♦✉✈❡❝♦❧❛❣❡✳

❚❤❡ ✉❧❡♦❢ ❤✉♠❜✈❛❧✉❡ ♦❢❤❡♠✉❛✐♦♥❛♥❞❝♦♦✈❡ ❛✐♦✐ ❡❝♦♠♠❡♥❞❡❞❛
F∈[0.5,1.0]❛♥❞CR∈[0.5,1.0]❬✹✹❪✳■♥❤✐♣♦❜❧❡♠✱❤❡②❛❡❡ ♦❜❡F=0.9❛♥❞
CR=0.7✱❡♣❡❝✐✈❡❧②✳
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✭❛✮❚❤❡❡❜❛✐❡ ♣❡ ♣♦❧❡✐♥ ❤❡ ♦♦✳ ✭❜✮❋♦✉❜❛ ✐❡ ♣❡ ♣♦❧❡✐♥ ❤❡ ♦♦✳

❋✐❣✉❡✸✳✹✿❖♣✐♠✐③❛✐♦♥❡✉❧ ✇✐❤❞✐✛❡❡♥♥✉♠❜❡ ♦❢♦♦✢✉①✲❜❛ ✐❡✳

✸✳✸✳✷✳❘♦♦ ♦♣✐♠✐③❛✐♦♥✇✐❤ ❤❡❡❛♥❞❢♦✉ ✢✉①✲❜❛ ✐❡ ♣❡ ♣♦❧❡

❚❤❡♣❡❧✐♠✐♥❛②❞❡✐❣♥♦❢❤❡❘❊▲♠♦♦✐❝❛✐❡❞♦✉❜②✜①✐♥❣ ❤❡ ❛♠❡ ❛♦❛
❤❡▲❡①✉ ♠♦♦✳ ❉❊❛❧❣♦✐❤♠✐ ✉✐❧✐③❡❞❢♦ ❤❡ ♦♦♦♣✐♠✐③❛✐♦♥✱✇❤✐❝❤♠❛❦❡✐
❡❛②♦♦❜❛✐♥❛❧♦✇✲♦ ✉❡✲✐♣♣❧❡❤✐❣❤✲♦ ✉❡❞❡✐❣♥✳❉❡❛✐❧❡❞♦♣✐♠✐③❛✐♦♥♣♦❝❡❞✉❡
✐✐❧❧✉ ❛❡❞✐♥❋✐❣✳✸✳✸✳

❋♦ ❤❡♦♣✐♠✐③❛✐♦♥♦❢❤❡❘❊▲♦♦✱❦❡②❞❡✐❣♥♣❛❛♠❡❡ ❛❡✢✉①✲❜❛✐❡♥✉♠✲
❜❡ ✱❜❛✐❡❡♥❞❛♥❣❧❡❛♥❞✐♥✉❧❛✐♦♥❛✐♦kair✱❛✐♥❞✐❝❛❡❞✐♥❈❤❛♣❡✷✳❚❤❡❞❡✐❣♥
♦❜❥❡❝✐✈❡❛❡❢♦❝✉❡❞♦♥❛✈❡❛❣❡♦ ✉❡❛♥❞♦ ✉❡✐♣♣❧❡✳❚❤❡♦ ✉❡✐♣♣❧❡✐❞❡✜♥❡❞
❛ ❤❡❛✐♦♦❢♣❡❛❦✲♦✲♣❡❛❦✈❛❧✉❡♦❤❡❛✈❡❛❣❡♦ ✉❡✳

❇❛❡❞♦♥❤❡❡✉❧ ✐♥❙❡❝✐♦♥✷✳✺✱❤❡❡❛♥❞❢♦✉✢✉①✲❜❛ ✐❡ ♣❡♣♦❧❡❛❡✐♥✈❡✐✲
❣❛❡❞✱❡♣❡❝✐✈❡❧②✳❆❢❛❛ ❤❡❡✲❜❛✐❡ ♦♦✐❝♦♥✐❞❡❡❞✱❤❡♦♣✐♠✐③❛✐♦♥❡✉❧✐
♣❧♦ ❡❞✐♥❋✐❣✳✸✳✹✭❛✮✳ ▼❡❛♥✇❤✐❧❡✱❤❡❝♦ ❡♣♦♥❞✐♥❣❡✉❧♦❢❢♦✉✲❜❛✐❡♦♦✐ ❤♦✇♥
✐♥❋✐❣✳✸✳✹✭❜✮✳❚❤❡❜❧❛❝❦❞✐❛♠♦♥❞♣♦✐♥ ❢♦♠ ❤❡ ❛❡♦❢♦♥✳❖♥❝❡❤❡ ❛❡♦❢♦♥
✐♦❜❛✐♥❡❞✱❤❡❞❡✐❣♥❡❝❛♥❡❧❡❝ ❤❡♣❡❢❡❡❞❝♦♠♣♦♠✐❡♦❧✉✐♦♥❛♠♦♥❣❤❡♦♥❡
♦♥❤❡❢♦♥✱✇✐❤❛❝❧❡❛✈✐❡✇♦❢❤♦✇❡❛❝❤♦❜❥❡❝✐✈❡✐♣❡♥❛❧✐③❡❞❜②❤❡✐♠♣♦✈❡♠❡♥
♦❢❤❡♦❤❡♦♥❡✳

❚❤❡ ❡✉❧ ❤♦✇❤❛ ❤❡♦ ✉❡✐♣♣❧❡♦❢❘❊▲♠❛❝❤✐♥❡❝❛♥❜❡✐❣♥✐✜❝❛♥❧②❡❞✉❝❡❞
❜②✉✐♥❣♦♣✐♠✐③❛✐♦♥❛❧❣♦✐❤♠✳❚❤❡♠❛①✐♠✉♠ ♦ ✉❡♦❢ ❤❡❢♦✉✲❜❛✐❡♠❛❝❤✐♥❡✐
✈❡②❝❧♦❡♦ ❤❡ ❤❡❡✲❜❛✐❡♠❛❝❤✐♥❡✱✇❤✐❝❤✐ ❛♦✉♥❞166◆♠✭❛❜♦✉ 70%♦❢ ❤❡
▲❡①✉ ▲❙✻✵✵❤♠♦♦✮✳■♥❤❡❢♦❧❧♦✇✐♥❣♣❛ ✱♦♥❧②❤❡❡✲❜❛✐❡ ♦♦✐❝♦♥✐❞❡❡❞✳■♥
♦❞❡ ♦❢✉❧❧②✐♥♣✐❡❤❡♣♦❡♥✐❛❧♦❢❤❡❘❊▲♠❛❝❤✐♥❡✱❤❡ ❛♦✐ ❡❞❡✐❣♥❡❞✐♥❤❡
♥❡①❙❡❝✐♦♥✳
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hbi

❋✐❣✉❡✸✳✺✿❙✐♠♣❧✐✜❡❞❞❛✇✐♥❣♦❢❤❡❘❊▲♠❛❝❤✐♥❡✳

✸✳✹✳❘❡❞❡✐❣♥♦❢❤❡❘❊▲ ♠❛❝❤✐♥❡

❚♦✐♠♣♦✈❡❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡❘❊▲♠❛❝❤✐♥❡✱❤❡ ❛♦✐ ❡❞❡✐❣♥❡❞✇✐❤❡♣❡❝
❤❛ ♦❢❤❡▲❙✻✵✵❤♠♦♦✳ ❚❤❡❞❡✐❣♥❤❛ ❡✈❡❛❧❞❡❣❡❡♦❢❢❡❡❞♦♠✱❜✉ ✐❧❧✇✐❤
♦♠❡❝♦♥ ❛✐♥✳■♥♣❛✐❝✉❧❛✱❤❡ ❛♦♦✉❡❞✐❛♠❡❡✱ ❛❝❦❧❡♥❣❤✱ ❧♦✜❧❧❢❛❝♦✱
✈♦❧❛❣❡❧✐♠✐✱❛♥❞❝✉❡♥❧✐♠✐❛❡❛❦❡♥❞✐❡❝❧②❢♦♠❤❡▲❙✻✵✵❤♠♦♦✳❍❡❡❛❢❡✱
❤❡❞❡✐❣♥♣♦❝❡❞✉❡✐❞✐❝✉❡❞✳

✸✳✹✳✶✳❙♣❧✐ ❛✐♦♦♣✐♠✐③❛✐♦♥

❚❤❡ ♣❧✐ ❛✐♦✭χ✮✐❞❡✜♥❡❞❛ ❤❡❛✐♦❜❡✇❡❡♥ ❛♦✐♥♥❡❛♥❞♦✉❡❞✐❛♠❡❡✱i.e.✱
χ❂D/De✳❚❤❡♦ ✉❡♦❢❛♥❡❧❡❝ ✐❝♠❛❝❤✐♥❡❝❛♥❜❡❡①♣❡❡❞❛

T=
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kwQsncŝIB̂gLstkDeχ ✭✸✳✶✮

✇❤❡❡kw✐ ❤❡✇✐♥❞✐♥❣❢❛❝♦✱Qs✐ ❤❡♥✉♠❜❡ ♦❢ ❛♦ ❧♦✱ncs✐ ❤❡♥✉♠❜❡ ♦❢
❡✐❡❝♦♥❞✉❝♦ ♣❡ ❧♦✱̂I✐ ❤❡♣❤❛❡❝✉❡♥♣❡❛❦✈❛❧✉❡✱B̂g✐ ❤❡❛♠♣❧✐✉❞❡♦❢❤❡
❢✉♥❞❛♠❡♥❛❧❤❛♠♦♥✐❝♦❢❛✐❣❛♣✢✉①❞❡♥✐②✱Lstk✐ ❤❡ ❛❝❦❧❡♥❣❤✱❛♥❞De✐ ❤❡
❛♦♦✉❡❞✐❛♠❡❡✳❋♦♠✭✸✳✶✮✱✐✐♦❜❡✈❡❞❤❛ ❤❡♦✉♣✉ ♦ ✉❡✐❛✛❡❝❡❞❜②
❤❡♣❧✐ ❛✐♦✳❚❤❡❢♦❝✉♦❢❤✐♦♣✐♠✐③❛✐♦♥❧✐❡♦♥✜♥❞✐♥❣❤❡♦♣✐♠❛❧♣❧✐ ❛✐♦❤❛
❛❝❤✐❡✈❡ ❤❡❤✐❣❤❡ ♦ ✉❡✳

■♥❤✐❛♥❛❧②✐✱❤❡♦♦♣❛❛♠❡❡ ✭❜❛✐❡♥✉♠❜❡✱❜❛✐❡❡♥❞❛♥❣❧❡❛♥❞kair✮
❛❡❦❡♣❝♦♥❛♥✳❚❤❡ ❛♦ ❧♦✐❝♦♥✐❞❡❡❞ ❛♣❡③♦✐❞❛❧❤❛♣❡✱❛ ❤♦✇♥✐♥❋✐❣✳✸✳✺✳
❚❤❡ ❧♦♦♣❡♥✐♥❣✐❞❡❡♠✐♥❡❞❜② ❤❡ ❛♦ ♦♦❤✇✐❞❤✱✇❤✐❧❡❤❡❧♦✇❡❞❣❡❤❡✐❣❤
✐♥❡❣❧❡❝❡❞✳

❚❤❡✢✉①❞❡♥✐②❛✐♦β✐❞❡✜♥❡❞❛ ❤❡❛✐♦♦❢❛✐❣❛♣✢✉①❞❡♥✐②B̂g❛♥❞ ❛♦
❡❡❤✢✉①❞❡♥✐②Bt✭β=B̂g/Bt✮✳❚❤❡♥✱❤❡ ❛♦ ❡❡❤✇✐❞❤wt✐❝♦♠♣✉❡❞❛
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❋✐❣✉❡✸✳✻✿❱❛✐❛✐♦♥♦❢❧♦❝♦✲❛❡❛❡❝✐♦♥✇✐❤♣❧✐ ❛✐♦❢♦❛✹✽✲❧♦✽✲♣♦❧❡❘❊▲
♠❛❝❤✐♥❡✭ncs✐❛✉♠❡❞♦❜❡✸✳✺✱✹✱❛♥❞✹✳✺✱❡♣❡❝✐✈❡❧②✮✳

✇❤❡❡Bbi✐ ❤❡✢✉①❞❡♥✐②♦❢ ❤❡ ❛♦ ❜❛❝❦✐♦♥✳ ❍❡❡✱❛♥♦❤❡ ♣❛❛♠❡❡α=
Bt/Bbi✐✐♥♦❞✉❝❡❞✳❈♦♥✐❞❡✐♥❣❤❡❦♥❡❡♣♦✐♥♦❢❤❡✐♦♥❧❛♠✐♥❛✐♦♥✱❤✐ ❛✐♦✐
❛✉♠❡❞♦❜❡❝♦♥❛♥❛♥❞❡✉❛❧♦1.16✳❋✐♥❛❧❧②✱❤❡❧♦❛❡❛Sslot✐ ❡♣❡❡♥❡❞❛

Sslot=
πD2e
4Qs
(faβ

2+fbβ+fc) ✭✸✳✹✮

✇❤❡❡fa✱fb❛♥❞fc❛❡

fa=
2α

p

α

2p
+1 χ2

fb=2 χ
2−

α

p
+1 χ

fc=1−χ
2

✭✸✳✺✮

❚❤❡❡❢♦❡✱Sslot✐❢♦✉♥❞♦❜❡❡❧❛❡❞♦α✱β✱χ✱Qs✱p❛♥❞De✳❚❤❡♥❡① ❡♣✐
♦❞❡❡♠✐♥❡ ❤❡✈❛✐❛✐♦♥♦❢❧♦❛❡❛Sslot✇✐❤ ♣❧✐ ❛✐♦χ✱✇❤✐❝❤✐❜❛❡❞♦♥❤❡
❛✉♠♣✐♦♥♦❢❝♦♥❛♥❝♦♣♣❡❧♦✳

❚❤❡❝♦♣♣❡ ❧♦ ❝❛♥❜❡❡♣❡❡♥❡❞❛✿

Pcu=
3

2
RÎ2=

3

2
ρcu

Lcond
Sslotkfill

(ncŝI)
2Qs
m
=const ✭✸✳✻✮

✇❤❡❡ρcu✐ ❤❡❝♦♣♣❡ ❡✐✐✈✐②✱Lcond✐ ❤❡❝♦♣♣❡ ❝♦♥❞✉❝♦❧❡♥❣❤❛♥❞m✐ ❤❡
♥✉♠❜❡ ♦❢♣❤❛❡✳Lcond✐❝♦♥✐❞❡❡❞♦✐♥❝❧✉❞❡ ❤❡ ❛❝❦❧❡♥❣❤❛♥❞ ❤❡❡♥❞✲✉♥
❧❡♥❣❤✱✇❤✐❝❤✐❛❧♦❡❧❛❡❞♦❤❡♣❧✐ ❛✐♦✿

Lcond=Lstk+2.5
Deχ

p
✭✸✳✼✮

❋♦♠✭✸✳✻✮✱❛❧❧ ❤❡♣❛❛♠❡❡ ❛❡❝♦♥❛♥ ❡①❝❡♣ncs✱χ❛♥❞Sslot✳ ❚❤❡❡❢♦❡✱
❤❡✈❛✐❛✐♦♥♦❢❧♦❛❡❛Sslot✇✐❤χ❝❛♥❜❡❞✐❡❝❧②♦❜❛✐♥❡❞♦♥❝❡ncs✐❣✐✈❡♥✳❚❤❡



✸✳✹❘❡❞❡✐❣♥♦❢❤❡❘❊▲ ♠❛❝❤✐♥❡ ✺✶

0.5 0.6 0.7 0.8

Split ratio 

45

90

135

180

T
or
q
u
e 
(
N
m)

0.5 0.6 0.7 0.8

Split ratio

15

18

21

24

27

C
ur
r
e
nt
 
d
e
ns
it
y 
(
A/
m
m
2
)

n
cs
=3.5

n
cs
=4.0

n
cs
=4.5

❋✐❣✉❡✸✳✼✿❱❛✐❛✐♦♥♦❢♦ ✉❡❛♥❞❝✉ ❡♥❞❡♥✐②✇✐❤♣❧✐ ❛✐♦❢♦❛✹✽✲❧♦✽✲♣♦❧❡
❘❊▲♠❛❝❤✐♥❡✭ncs✐❛✉♠❡❞♦❜❡✸✳✺✱✹✱❛♥❞✹✳✺✱❡♣❡❝✐✈❡❧②✮✳

❡❧❛✐♦♥❤✐♣♦❢Sslot✱ncs❛♥❞χ❢♦❛✹✽✲❧♦✽✲♣♦❧❡❘❊▲♠❛❝❤✐♥❡✐♣❧♦ ❡❞✐♥❋✐❣✳✸✳✻✳
❚❤❡ ❡✉❧ ❤♦✇❤❛ ❧♦❝♦✲❛❡❛✐♥❝❡❛❡✇✐❤❜♦❤♣❧✐ ❛✐♦χ❛♥❞ncs✳

❆❢❡❞❡❡♠✐♥✐♥❣Sslot✱✭✸✳✹✮❛♥❞✭✸✳✺✮❛❡❝♦♠❜✐♥❡❞♦❣❡❤❡ ♦❝❛❧❝✉❧❛❡β✱✇❤✐❝❤
❡✉❧ ✐♥

β=
−fb− f2b−4fafc

2fa

✭✸✳✽✮

✇❤❡❡

fc=fc−
4Qs
πD2e

Sslot ✭✸✳✾✮

❆❢❡ ❤❛✱wt❛♥❞hbi❛❡❝♦♠♣✉❡❞❢♦♠✭✸✳✷✮❛♥❞✭✸✳✸✮✱❡♣❡❝✐✈❡❧②✳❋✐♥❛❧❧②✱❤❡
❛♦❣❡♦♠❡②✐♦❜❛✐♥❡❞✱❛♥❞❤❡♦ ✉❡✐❝♦♠♣✉❡❞❤♦✉❣❤❋❊❆✐♠✉❧❛✐♦♥✳❇②
✉✐♥❣❤❡❛✉♦♠❛✐❝❞❛✇✐♥❣❛♥❞❛♥❛❧②③✐♥❣♣♦❝❡❞✉❡✱✐✐✈❡②❢❛ ♦✐♥✈❡✐❣❛❡❤❡
♦ ✉❡❜❡❤❛✈✐♦❢♦❞✐✛❡❡♥ ♣❧✐ ❛✐♦✳

❚❤❡✈❛✐❛✐♦♥♦❢♦ ✉❡✇✐❤♣❧✐ ❛✐♦✐ ❤♦✇♥✐♥❤❡✉♣♣❡♣❧♦♦❢❋✐❣✳✸✳✼✱✇❤✐❧❡
❤❡❝♦ ❡♣♦♥❞✐♥❣❝✉ ❡♥❞❡♥✐②✐♥ ❤❡✇✐♥❞✐♥❣ ✐♣❧♦ ❡❞❜❡❧♦✇✳ ❊✈✐❞❡♥❧②✱❤❡❡



✺✷ ❘❊▲ ▼♦ ♦ ❢♦ ❊❱❆♣♣❧✐❝❛✐♦♥

❚❛❜❧❡✸✳✸✿❚❤❡❙❡❧❡❝❡❞❙❧♦✲♣♦❧❡❈♦♠❜✐♥❛✐♦♥

Qs ♣ ✇✐♥❞✐♥❣❢❛❝♦ ncsopt χopt Tmax

✷✹ ✷ ✷ ✵✳✾✻✻ ✼✳✺ ✵✳✺✹ ✶✺✹✳✺

✸✻ ✷ ✸ ✵✳✾✻✵ ✺ ✵✳✺✹ ✶✻✶✳✾

✹✽ ✷ ✹ ✵✳✾✺✽ ✸✳✺ ✵✳✺✻ ✶✺✽✳✾

✸✻ ✸ ✷ ✵✳✾✻✻ ✺ ✵✳✻✶ ✶✼✶✳✺

✺✹ ✸ ✸ ✵✳✾✻✵ ✸✳✺ ✵✳✻✵ ✶✼✾✳✵

✼✷ ✸ ✹ ✵✳✾✺✽ ✷✳✺ ✵✳✻✷ ✶✼✻✳✸

✹✽ ✹ ✷ ✵✳✾✻✻ ✹ ✵✳✻✺ ✶✼✵✳✾

✼✷ ✹ ✸ ✵✳✾✻✵ ✷✳✺ ✵✳✻✻ ✶✼✼✳✺

✾✻ ✹ ✹ ✵✳✾✺✽ ✷ ✵✳✻✺ ✶✼✻✳✽

0.5 0.6 0.7 0.8

Split ratio 

30

60

90

120

150

180

T
or
q
u
e 
(
N
m)

36s-2p

54s-3p

72s-4p

❋✐❣✉❡✸✳✽✿❱❛✐❛✐♦♥♦❢♦ ✉❡✇✐❤♣❧✐ ❛✐♦❢♦ ❧♦✲♣♦❧❡❝♦♠❜✐♥❛✐♦♥✇✐❤q=3✳

❡①✐ ❛♥♦♣✐♠❛❧♣❧✐ ❛✐♦♦❛❝❤✐❡✈❡❤❡❤✐❣❤❡ ♦ ✉❡✱❛♥❞❤✐♦♣✐♠❛❧♣❧✐ ❛✐♦
❝❤❛♥❣❡✇✐❤ncs✳ ❖♥❤❡♦❤❡ ❤❛♥❞✱ ❤❡ ♣❧✐ ❛✐♦✐❝♦♥ ❛✐♥❡❞❜② ❤❡❝✉ ❡♥
❞❡♥✐②❧✐♠✐ ✭❤♦✇♥❜② ❤❡❞♦ ❡❞❧✐♥❡✐♥❤❡❧♦✇❡ ♣❧♦ ♦❢❋✐❣✳✸✳✼✮✱✇❤✐❝❤✐ ✜①❡❞
♦22.8❆✴♠♠2✭❡❞✉❝❡❞❢♦♠25❆✴♠♠2❞✉❡ ♦ ❤❡ ❛♣❡③♦✐❞❛❧ ❧♦ ❤❛♣❡✮✳ ❲✐❤
❤❡❞❡❝❡❛❡♦❢ncs✱❤❡❝✉ ❡♥❞❡♥✐② ❡♥❞ ♦♦✈❡❝♦♠❡❤✐ ❧✐♠✐✳ ❈♦♥❡✉❡♥❧②✱
❤❡❝❛❧❝✉❧❛✐♦♥♦❢❝✉❡♥❞❡♥✐②✐ ❡✉✐❡❞❞✉✐♥❣❤❡♦♣✐♠✐③❛✐♦♥♣♦❝❡✱❛♥❞❤❡
❝❛♥❞✐❞❛❡✇✐❤❝✉ ❡♥❞❡♥✐②❜❡②♦♥❞❤❡❧✐♠✐❛❡❞✐❝❛❞❡❞✳❚❤❡♠❛①✐♠✉♠♦ ✉❡
♦❜❛✐♥❡❞❢♦♠❋✐❣✳✸✳✼✐170.9◆♠✱✇✐❤ncs=4❛♥❞χ=0.65✳

✸✳✹✳✷✳❙❧♦✲♣♦❧❡❝♦♠❜✐♥❛✐♦♥

■♥❤✐❛♥❛❧②✐✱❞✐✛❡❡♥ ❧♦✲♣♦❧❡❝♦♠❜✐♥❛✐♦♥❛❡❛❦❡♥✐♥♦❝♦♥✐❞❡❛✐♦♥✱❛❧✐❡❞
✐♥❚❛❜❧❡✸✳✸✳❚❤❡②❛❡❡❧❡❝❡❞✇❤❡♥❤❡♥✉♠❜❡ ♦❢❧♦ ♣❡ ♣♦❧❡♣❡ ♣❤❛❡q✐✷✱✸
❛♥❞✹✱✐♥❛❞❞✐✐♦♥✱❤❡♣♦❧❡✲♣❛✐✐✷✱✸❛♥❞✹✱❡♣❡❝✐✈❡❧②✳



✸✳✹❘❡❞❡✐❣♥♦❢❤❡❘❊▲ ♠❛❝❤✐♥❡ ✺✸

0.5 0.6 0.7 0.8
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trapezoidal-slot

actual-slot

❋✐❣✉❡✸✳✾✿❚♦ ✉❡✈❡ ✉ ♣❧✐ ❛✐♦❝♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡✐❞❡❛❧✏ ❛♣❡③♦✐❞❛❧✲❤❛♣❡✑
❧♦❛♥❞❤❡✏❛❝✉❛❧✲❤❛♣❡✑ ❧♦✳

❋♦ ❡❛❝❤❧♦✲♣♦❧❡❝♦♠❜✐♥❛✐♦♥✱❤❡ ♣❧✐ ❛✐♦♦♣✐♠✐③❛✐♦♥✐❝❛✐❡❞♦✉✇✐❤❤❡
❛❢♦❡♠❡♥✐♦♥❡❞♣♦❝❡❞✉❡✳❆❢❡♣❧❡♥②♦❢❝❛❧❝✉❧❛✐♦♥✱❤❡♠❛①✐♠✉♠ ♦ ✉❡❢♦ ❡❛❝❤
❧♦✲♣♦❧❡❝♦♠❜✐♥❛✐♦♥✐ ❡♣♦❡❞✐♥❚❛❜❧❡✸✳✸✱❛♥❞❤❡♦♣✐♠❛❧ncs❛♥❞χ❛❡❛❧♦❤♦✇♥✳
■✐✐♥❡❡✐♥❣♦✜♥❞❤❛ ❤❡♦♣✐♠❛❧♣❧✐ ❛✐♦✐❛❧♠♦ ❝♦♥❛♥❝♦❡♣♦♥❞✐♥❣♦
❤❡❛♠❡♣♦❧❡✲♣❛✐✱✇❤✐❧❡❤❡♦♣✐♠❛❧ncs✐✐♥✈❡❡❧②♣♦♣♦✐♦♥❛❧♦❤❡❧♦♥✉♠❜❡✳
❚❤❡ ❡✉❧ ❛❧♦❤♦✇ ❤❛ ❤❡ ❧♦✲♣♦❧❡❝♦♠❜✐♥❛✐♦♥✇✐❤q=3❡①❤✐❜✐ ❤❡❤✐❣❤❡
♦ ✉❡❝❛♣❛❜✐❧✐②✳❚❤❡♦ ✉❡✈❛✐❛✐♦♥✈❡ ✉ ♣❧✐ ❛✐♦✇✐❤❤❡♦♣✐♠❛❧ncs♦❢❤❡❡
❝♦♠❜✐♥❛✐♦♥❛❡♣❧♦❡❞✐♥❋✐❣✳✸✳✽✳❚❤❡♦♣✐♠❛❧♣❧✐ ❛✐♦✐♥❝❡❛❡✇✐❤❤❡♥✉♠❜❡
♦❢♣♦❧❡✲♣❛✐✳❚❤❡♠❛①✐♠✉♠♦ ✉❡♦❢❤❡✺✹✲✸♣❝♦♠❜✐♥❛✐♦♥✱❤♦✉❣❤♥♦ ✐❣♥✐✜❝❛♥❧②
❞✐✛❡❡♥❢♦♠❤❡✼✷✲✹♣❝♦♠❜✐♥❛✐♦♥✱✐ ❤❡❤✐❣❤❡ ✳❇❡✐❞❡✱❧♦✇♥✉♠❜❡♦❢♣♦❧❡✲♣❛✐
❡❞✉❝❡ ❤❡♦♣❡❛✐♥❣❢❡✉❡♥❝②✱❧❡❛❞✐♥❣ ♦❧♦✇✐♦♥❧♦❡✐♥❤❡ ❛♦✳ ❖✈❡❛❧❧✱❤❡
✺✹✲✸♣❝♦♠❜✐♥❛✐♦♥✐❝❤♦❡♥❛ ❤❡♦♣✐♠❛❧❝♦♠♣❡✐♦✐♥❤✐❝❛❡✳

❙✐♥❝❡❤✐♦♣✐♠✐③❛✐♦♥♣♦❝❡ ✐❜❛❡❞♦♥❛ ❛♣❡③♦✐❞❛❧❧♦ ❤❛♣❡✱❤❡❧♦♦♣❡♥✐♥❣
❛♥❞✇❡❞❣❡❛❡❤❡♥❛❞❞❡❞ ♦ ❤❡ ❛♦ ❣❡♦♠❡②✭❤❡ ❛♠❡✈❛❧✉❡ ❛ ❤❡▲❙✻✵✵❤
♠♦♦✮✳❚❤❡❧♦❛❡❛✐♥♦❧♦♥❣❡ ❤❡ ❛♠❡✱❛♥❞β❤❛ ❛❧♦♦❜❡❝❤❛♥❣❡❞♦❛❝❤✐❡✈❡
❤❡❛♠❡❝♦♣♣❡❧♦✳❋✐❣✳✸✳✾❤♦✇ ❤❡♦ ✉❡✈❡ ✉ ♣❧✐ ❛✐♦❝♦♠♣❛✐♦♥❜❡✇❡❡♥
❤❡✐❞❡❛❧✏ ❛♣❡③♦✐❞❛❧✲❤❛♣❡✑ ❧♦❛♥❞❤❡✏❛❝✉❛❧✲❤❛♣❡✑ ❧♦✭✐♥❝❧✉❞✐♥❣✇❡❞❣❡❛♥❞❧♦
♦♣❡♥✐♥❣✮✳ ❆❡①♣❡❝❡❞✱❤❡ ❡♥❞♦❢♦ ✉❡✈❛✐❛✐♦♥✐❛❧♠♦ ❤❡ ❛♠❡✳❋✐♥❛❧❧②✱❤❡
♦♣✐♠❛❧♣❧✐ ❛✐♦✐ ❡❧❡❝❡❞♦❜❡0.6✳

✸✳✹✳✸✳❘♦♦ ♦♣✐♠✐③❛✐♦♥

❚❤❡ ♦♦♦♣✐♠✐③❛✐♦♥♣♦❝❡ ✐❤❡❛♠❡❛ ❤❛❞❡❝✐❜❡❞✐♥❙❡❝✐♦♥✸✳✸✳❆❞❞✐✐♦♥❛❧❧②✱
❡✣❝✐❡♥❝②✐❝♦♥✐❞❡❡❞❛ ❤❡❤✐❞♦❜❥❡❝✐✈❡✱✇❤✐❝❤✐♦❜❛✐♥❡❞❢♦♠❤❡❧♦ ❝❛❧❝✉❧❛✐♦♥✳
❚❤❡❝♦♣♣❡ ❧♦ ✐❛❧✇❛② ❤❡ ❛♠❡✱✐♥❝❡✐✐❦❡♣❝♦♥❛♥✳❋♦ ✐♠♣❧✐❝✐②✱ ❤❡✐♦♥
❧♦❡❛❡❝❛❧❝✉❧❛❡❞❛❢♦❧❧♦✇

Pfe=kmaggtpsptGt+kmaggbipspbiGbi ✭✸✳✶✵✮

✇❤❡❡kmaggt❛♥❞kmaggbi❛❡♠❛♥✉❢❛❝✉✐♥❣❧♦ ✐♥❝❡❛❡❢❛❝♦✐♥❡❡❤❛♥❞❜❛❝❦✐♦♥✱
❡♣❡❝✐✈❡❧②✳Gt❛♥❞Gbi❛❡✇❡✐❣❤♦❢❡❡❤❛♥❞❜❛❝❦✐♦♥✱❛♥❞❤❡ ♣❡❝✐✜❝❧♦ ❡✭✐♥



✺✹ ❘❊▲ ▼♦ ♦ ❢♦ ❊❱❆♣♣❧✐❝❛✐♦♥

❚❛❜❧❡✸✳✹✿❱❛❧✉❡ ♦❢❤❡❖♣✐♠❛❧❘❊▲❘♦♦ ❛❛♠❡❡

❛❛♠❡❡ kair θb1 θb2 θb3

❱❛❧✉❡ 0.44 15.0o 21.5o 27.2o
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optimal design

❋✐❣✉❡✸✳✶✵✿❖♣✐♠✐③❛✐♦♥❡✉❧ ✇✐❤✺✹✲✸♣❝♦♠❜✐♥❛✐♦♥✳

❡❡❤❛♥❞❜❛❝❦✐♦♥✱❡♣❡❝✐✈❡❧②✮❛❡❝♦♠♣✉❡❞❛
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2
✭✸✳✶✶✮

✇❤❡❡❤❡♣❡❝✐✜❝✐♦♥❧♦ ♦❢✐♦♥❧❛♠✐♥❛✐♦♥pspfe✐ ❤❡✈❛❧✉❡❛ ❡❢❡❡♥❝❡✢✉①❞❡♥✐②
Bref❛♥❞❡❢❡❡♥❝❡❢❡✉❡♥❝②fref✳khy❛♥❞kec❛❡✐♦♥❤②❡❡✐❧♦ ❝♦❡✣❝✐❡♥❛♥❞
❡❞❞②❝✉❡♥❧♦ ❝♦❡✣❝✐❡♥✳f✐ ❤❡♦♣❡❛✐♥❣❢❡✉❡♥❝②✱✇❤✐❝❤✐225❍③❛ ❤❡♣❡❡❞
♦❢4500♣♠✳Bt❛♥❞Bbi❛❡♠❛①✐♠✉♠✢✉①❞❡♥✐②♦❢❡❡❤❛♥❞❜❛❝❦✐♦♥✱✇❤✐❝❤❛❡
♦❜❛✐♥❡❞❢♦♠❤❡❋❊❆ ✐♠✉❧❛✐♦♥✳❚❤❡ ❛②❧♦ ✐❝♦♥✐❞❡❡❞❛10%♦❢❤❡ ♦❛❧
❧♦❡✭Pcu+Pfe✮✳

❋✐♥❛❧❧②✱❛ ❤❡❡✲❞✐♠❡♥✐♦♥❛❧✈✐❡✇♦❢❤❡ ❡✉❧ ✐♣❧♦ ❡❞✐♥❋✐❣✳✸✳✶✵✳ ❚❤❡❜❧❛❝❦
❞✐❛♠♦♥❞♣♦✐♥ ❢♦♠ ❤❡ ❛❡♦❢♦♥✳❙✐♥❝❡❤❡❛✈❡❛❣❡♦ ✉❡❛♥❞❡✣❝✐❡♥❝②✈❛✐❛✐♦♥
♦♥❤❡ ❛❡♦❢♦♥❛❡♥♦❛ ✐❣♥✐✜❝❛♥❛ ♦ ✉❡✐♣♣❧❡✱❤❡♦♣✐♠❛❧♣♦✐♥✐ ❡❧❡❝❡❞
♦❛❝❤✐❡✈❡❤❡♠✐♥✐♠✉♠ ♦ ✉❡ ✐♣♣❧❡✳ ❚❤❡♣♦❥❡❝✐♦♥♦❢❤✐ ♦♣✐♠❛❧♣♦✐♥♦♥❡❛❝❤
♣❧❛♥❡❛❡❞❛✇♥❜②❤❡❜❧❛❝❦♣♦✐♥ ✐♥❋✐❣✳✸✳✶✵✳ ❚❤❡♦♣✐♠❛❧❘❊▲♦♦♣❛❛♠❡❡
✈❛❧✉❡❛❡❤♦✇♥✐♥❚❛❜❧❡✸✳✹✳



✸✳✺ ❡❢♦♠❛♥❝❡❝♦♠♣❛ ✐♦♥❜❡✇❡❡♥❘❊▲❛♥❞■ ▼ ♠♦ ♦ ✺✺

❚❛❜❧❡✸✳✺✿❈♦♠♣❛✐♦♥♦❢▼❛✐♥❉❡✐❣♥❈❤❛❛❝❡✐✐❝

■▼♠♦♦ ❘❊▲♠♦♦ ❯♥✐

◆✉♠❜❡ ♦❢ ❛♦ ❧♦ ✹✽ ✺✹ ✕

◆✉♠❜❡ ♦❢♣♦❧❡♣❛✐ ✹ ✸ ✕

❙❛♦♦✉❡❞✐❛♠❡❡ ✷✵✵ ✷✵✵ ♠♠

❙❛♦✐♥♥❡❞✐❛♠❡❡ ✶✸✵✳✽✻ ✶✷✵ ♠♠

❆✐❣❛♣❤✐❝❦♥❡ ✵✳✽✾ ✵✳✽✾ ♠♠

❙❤❛❢❞✐❛♠❡❡ ✺✸ ✹✹ ♠♠

❆❝✐✈❡ ❛❝❦❧❡♥❣❤ ✶✸✺✳✹ ✶✸✺✳✹ ♠♠

❚♦♦❤✇✐❞❤ ✻ ✹✳✹✺ ♠♠

❇❛❝❦✐♦♥❤✐❝❦♥❡ ✶✸✳✸✷ ✶✹✳✽✶ ♠♠

❙❧♦♦♣❡♥✐♥❣ ✶✳✽✽ ✶✳✽✽ ♠♠

❆❝✐✈❡✈♦❧✉♠❡ ✹✳✷✺ ✹✳✷✺ ❞♠3

❙❛♦❝♦❡♠❛ ✶✹✳✾✵ ✶✺✳✻✾ ❦❣

❈♦♣♣❡ ♠❛ ✸✳✵✸ ✹✳✺✶ ❦❣

❘♦♦♠❛ ✾✳✻✼ ✺✳✾✸ ❦❣

▼❛❣♥❡ ♠❛ ✶✳✸✺ ✵ ❦❣

❚♦❛❧♠❛ ✷✽✳✾✺ ✷✻✳✶✸ ❦❣

▼❛❡✐❛❧❝♦ ✶✽✹ ✺✽

✸✳✺✳ ❡❢♦♠❛♥❝❡❝♦♠♣❛ ✐♦♥❜❡✇❡❡♥❘❊▲❛♥❞■ ▼ ♠♦ ♦

❋♦❧❧♦✇✐♥❣ ❤❡♣❡✈✐♦✉ ❡♣✱❤❡♦♣✐♠❛❧❘❊▲♠❛❝❤✐♥❡❤❛❜❡❡♥❞❡❡♠✐♥❡❞✳❚❤❡■ ▼
♠♦♦✱♦♥❤❡♦❤❡❤❛♥❞✱✐❜✉✐❧❛❝❝♦❞✐♥❣♦❤❡▲❡①✉▲❙✻✵✵❤♠♦♦❞✐♠❡♥✐♦♥❬✹✷❪✳
❚❤❡ ❡♠❛♥❡♥✢✉①❞❡♥✐②♦❢❤❡ ❛❡✲❡❛❤♠❛❣♥❡ ✐♦❜❛✐♥❡❞❢♦♠❤❡❜❛❝❦❊▼❋
❡ ❬✹✷❪✱✇❤✐❝❤✐1.068❚✳❍❡❡❛❢❡✱❛❞❡❛✐❧❡❞♣❡❢♦♠❛♥❝❡❝♦♠♣❛✐♦♥❜❡✇❡❡♥ ❤❡
❘❊▲❛♥❞■ ▼♠♦♦ ✐♣❡❡♥❡❞✳

✸✳✺✳✶✳❉❡ ✐❣♥❢❡❛✉❡

❚❛❜❧❡✸✳✺ ✉♠♠❛✐③❡ ❤❡♠❛✐♥❞❡✐❣♥❝❤❛❛❝❡✐✐❝♦❢❤❡✇♦♠♦♦✳❉❡♣✐❡♦❢❤❡
❛♠❡❡①❡♥❛❧❞✐♠❡♥✐♦♥✱❤❡♠❛❝❤✐♥❡❣❡♦♠❡ ✐❡❛❡♦❛❧❧②❞✐✛❡❡♥✱❛ ❦❡❝❤❡❞✐♥
❋✐❣✳✸✳✶✶✳■ ❤♦✉❧❞❜❡ ❛❡❞❤❛ ❤❡■▼ ♦♦✐❛❧✐❧❡❜✐❞✐✛❡❡♥❢♦♠▲❡①✉▲❙
✻✵✵❤♦♦✱♠❛✐♥❧②♦♥❤❡❤❛♣❡♦❢❛✐ ❧♦✐♥❤❡♦♦✳

❚❤❡❝♦♣♣❡ ❝♦♥✉♠❡❞✐♥ ❤❡❘❊▲♠♦♦ ✐❝♦♥✐❞❡❛❜❧②❤✐❣❤❡ ❤❛♥ ❤❛ ♦❢ ❤❡
■▼♠♦♦✱✇❤✐❝❤✐❛ ✐❜✉❡❞♦❤❡❤✐❣❤❡ ❧♦❛❡❛❛♥❞❧♦♥❣❡❡♥❞✇✐♥❞✐♥❣❞✉❡♦
❤❡❧♦✇❡♣♦❧❡✲♣❛✐♥✉♠❜❡✳❚❤❡♠❛ ♦❢■▼ ♦♦✐❤✐❣❤❡✱✇❤❡❡❛✐❝❛♥❜❡❢✉❤❡
❡❞✉❝❡❞❜②✐♥♦❞✉❝✐♥❣♦♠❡❤♦❧❡✳

❚❤❡✉♥✐ ♣✐❝❡❢♦✐♦♥❧❛♠✐♥❛✐♦♥✱❝♦♣♣❡✱❛♥❞◆❞❋❡❇♠❛❣♥❡❛❡❛✉♠❡❞♦❜❡
1✱8❛♥❞100 ✴❦❣✱ ❡♣❡❝✐✈❡❧②✳ ❈♦♠♣❛✐♥❣❤❡ ♦❛❧❝♦✱❤❡■▼♠❛❝❤✐♥❡✐ ♦✈❡



✺✻ ❘❊▲ ▼♦ ♦ ❢♦ ❊❱❆♣♣❧✐❝❛✐♦♥

✭❛✮❚❤❡■▼♠♦ ♦✳ ✭❜✮❚❤❡❘❊▲♠♦♦✳

❋✐❣✉❡✸✳✶✶✿❈♦✲❡❝✐♦♥♦❢❤❡■▼❛♥❞❘❊▲♠♦ ♦✳

❚❛❜❧❡✸✳✻✿ ❡❢♦♠❛♥❝❡❈♦♠♣❛✐♦♥❛❈❡ ❛✐♥❈♦♥❞✐✐♦♥

■▼♠♦♦ ❘❊▲♠♦♦ ❯♥✐

❈✉ ❡♥ ✸✸✵ ✸✸✵ ❆peak

❖♣❡❛✐♥❣♣❡❡❞ ✹✺✵✵ ✹✺✵✵ ♣♠

❈✉ ❡♥❞❡♥✐② ✷✺✳✵✺ ✷✵✳✺✺ ❆✴♠♠2

❚♦ ✉❡ ✷✹✶✳✺ ✶✼✻✳✵ ◆♠

❚♦ ✉❡✐♣♣❧❡ ✷✺% ✹✳✶% ✕

♦✇❡ ✶✶✸✳✽ ✽✷✳✾ ❦❲

❚♦ ✉❡❞❡♥✐② ✺✻✳✽ ✹✶✳✹ ◆♠✴▲

♦✇❡❞❡♥✐② ✷✻✳✽ ✶✾✳✺ ❦❲✴▲

❙♣❡❝✐✜❝♣♦✇❡ ✸✳✾ ✸✳✷ ❦❲✴❦❣

♦✇❡❢❛❝♦ ✵✳✼✽ ✵✳✺✼ ✕

❊✣❝✐❡♥❝② ✾✹✳✼% ✾✸✳✻% ✕

✸✐♠❡♦❢❤❡❘❊▲♦♥❡✱✇❤✐❝❤✐ ♠❛✐♥❧②❞✉❡ ♦❤❡❤✐❣❤♣✐❝❡♦❢❛❡✲❡❛❤♠❛❣♥❡ ✳
▼♦❡♣❡❝✐❡❧②✱❤❡❛❡✲❡❛❤♠❛❣♥❡ ❝♦♥✐❜✉❡♦✈❡70%♦❢❤❡♦❛❧❝♦✱✇❤✐❧❡❤❡②
❛❝❝♦✉♥❢♦♦♥❧②♠❛❧❧❢❛❝✐♦♥♦❢❤❡♦❛❧♠❛ ✭❧❡ ❤❛♥5%✮✳❆❛❝♦♥❡✉❡♥❝❡✱❤❡
❘❊▲♠♦♦❛❝❤✐❡✈❡❛✈❡②❧♦✇❝♦ ❡❧❡❝✐❝❞✐✈❡❡❝❤♥♦❧♦❣②✳

✸✳✺✳✷✳❚♦ ✉❡❛♥❞♣♦✇❡ ❝❛♣❛❜✐❧✐✐❡

●❡♥❡❛❧❧②♣❡❛❦✐♥❣✱ ❤❡♠❛①✐♠✉♠ ♦ ✉❡❛♥❞♣♦✇❡ ❝❛♣❛❜✐❧✐✐❡♦❢❛♠♦♦✐❧✐♠✐❡❞
❜②❜♦❤✐♥✈❡ ❡♠❛①✐♠✉♠❱♦❧✲❆♠♣ ❛✐♥❣❛♥❞♠❛❝❤✐♥❡❡♠♣❡❛✉❡✐❡✳❆❝❝♦❞✐♥❣
♦❬✹✷❪✱ ❤❡♣❤❛❡❝✉❡♥♣❡❛❦✈❛❧✉❡✐ ❡ ♦❜❡330❆✱❛♥❞ ❤❡♠❛①✐♠✉♠ ♣❡❡❞♦❢
❝♦♥❛♥ ♦ ✉❡♦♣❡❛✐♦♥✐4500♣♠✳❚❛❜❧❡✸✳✻ ❤♦✇ ❤❡♣❡❢♦♠❛♥❝❡❝♦♠♣❛✐♦♥
♦❢❤❡■▼❛♥❞❘❊▲♠♦ ♦ ❛ ❤✐❝♦♥❞✐✐♦♥✳❚❤❡♦ ✉❡❛♥❞♣♦✇❡❛❡❡❣❛❞❡❞❛
❤❡♠❛①✐♠✉♠ ♦ ✉❡❛♥❞♣♦✇❡ ♦❢ ❤❡♠♦♦✳ ❚❤❡❝♦❡♣♦♥❞✐♥❣ ♦ ✉❡✇❛✈❡❢♦♠
❝♦♠♣❛✐♦♥✐ ❤♦✇♥✐♥❋✐❣✳✸✳✶✷✳❚❤❡❘❊▲♠♦♦❡①❤✐❜✐ ✉✐❡❧♦✇♦ ✉❡❝♦♠♣❛❡❞



✸✳✺ ❡❢♦♠❛♥❝❡❝♦♠♣❛ ✐♦♥❜❡✇❡❡♥❘❊▲❛♥❞■ ▼ ♠♦ ♦ ✺✼
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❋✐❣✉❡✸✳✶✷✿❈♦♠♣❛✐♦♥♦❢♦ ✉❡✇❛✈❡❢♦♠❛ ♠❛①✐♠✉♠❝✉ ❡♥✳

❋✐❣✉❡✸✳✶✸✿❈♦♠♣❛✐♦♥♦❢❧♦ ❝♦♠♣♦♥❡♥ ❛ ❤❡ ♣❡❡❞♦❢4500♣♠❛♥❞♠❛①✐♠✉♠
❝✉❡♥✳

♦❤❡■▼♠♦♦✱✇❤✐❝❤❛❝❝♦✉♥ ❢♦♦♥❧②73%✳❈♦♥❡✉❡♥❧②✱❤❡♣♦✇❡❞❡♥✐②❛♥❞
♣❡❝✐✜❝♣♦✇❡ ♦❢ ❤❡❘❊▲♠♦♦ ❛❡❧♦✇❡✳ ❚❤❡♦ ✉❡ ✐♣♣❧❡♦❢❤❡■▼♠♦♦ ✐
✉✐❡❤✐❣❤✱✇❤✐❝❤✐❞✉❡♦❤❡✐♠♣♦♣❡ ❤❛♣❡♦❢❛✐ ❧♦ ✐♥❤❡♦♦✳❚❤❛♥❦ ♦❤❡
♦♣✐♠✐③❛✐♦♥♣♦❝❡✱❤❡♣❡❛❦✲♦✲♣❡❛❦♦ ✉❡✐♣♣❧❡♦❢❤❡❘❊▲♠♦♦✐❝♦♥✐❞❡❛❜❧❡
❧♦✇❡✈❡♥✇✐❤♦✉ ♦♦♦ ❛♦ ❦❡✇✐♥❣✳❖♥❡♦❢❤❡❦❡②♣♦❜❧❡♠✇✐❤❘❊▲♠❛❝❤✐♥❡
✐ ❤❡❧♦✇♣♦✇❡ ❢❛❝♦✳❆ ❡♣♦❡❞✐♥❚❛❜❧❡✸✳✻✱❤❡♣♦✇❡ ❢❛❝♦♦❢❤❡❘❊▲♠♦♦
✐♦♥❧②✵✳✺✼✱✇❤✐❧❡❤❡■▼❝♦✉♥❡♣❛ ✐✵✳✼✽✳❚❤❡❧♦✇♣♦✇❡❢❛❝♦✇✐❧❧✐♥❝❡❛❡❤❡
✐♥✈❡❡♣♦✇❡ ❛✐♥❣✳

■✐✇♦ ❤♥♦✐❝✐♥❣❤❛ ❤❡❘❊▲♠♦♦❛❝❤✐❡✈❡❝♦♠♣❛❛❜❧❡❡✣❝✐❡♥❝②❛ ❤❡■▼
♠♦♦✳❋♦❛❞❡❛✐❧❡❞✐♥♣❡❝✐♦♥✱❧♦❝♦♠♣♦♥❡♥✱✐♥❝❧✉❞✐♥❣❝♦♣♣❡❧♦✱ ❛♦❝♦❡❧♦✱
♦♦❝♦❡❧♦ ❛♥❞♠❛❣♥❡❧♦ ❛❡❝♦♠♣✉❡❞✳❚❤❡❝❛❧❝✉❧❛✐♦♥♠❡❤♦❞❬✹✾❪❝♦♥✐❞❡ ❛
♥✉♠❜❡♦❢❤❛♠♦♥✐❝ ✐♥❤❡♠♦♦✳■✐❛❝❤✐❡✈❡❞❜②❛❡✐❡♦❢✐♠✉❧❛✐♦♥✇✐❤❞✐✛❡❡♥
♦♦♣♦✐✐♦♥✳ ❲❤❡♥❤❡ ▼❧♦ ✐❝❛❧❝✉❧❛❡❞✱❤❡❡❛❝✐♦♥✜❡❧❞♦❢❤❡✐♥❞✉❝❡❞❡❞❞②



✺✽ ❘❊▲ ▼♦ ♦ ❢♦ ❊❱❆♣♣❧✐❝❛✐♦♥

✭❛✮❚❤❡■▼♠♦ ♦✳ ✭❜✮❚❤❡❘❊▲♠♦♦✳

❋✐❣✉❡✸✳✶✹✿❈♦♠♣❛✐♦♥♦❢❧♦ ❞❡♥✐②✭❲/♠3✮❞✐ ✐❜✉✐♦♥❛ ❤❡♣❡❡❞♦❢4500♣♠
❛♥❞♠❛①✐♠✉♠❝✉❡♥✳

❝✉❡♥ ✐♥❡❣❧❡❝❡❞❬✺✵❪✳

❆❜✐❡❢❝♦♠♣❛✐♦♥♦❢❧♦ ❝♦♠♣♦♥❡♥ ✐❞✐♣❧❛②❡❞✐♥❋✐❣✳✸✳✶✸✳ ❚❤❡❘❊▲♠♦♦
❤❛❧♦✇❡✐♦♥❧♦❡❜♦❤✐♥❤❡ ❛♦❛♥❞♦♦✱❛♥❞❛❧♦❤❛♥♦♠❛❣♥❡❧♦❡✳❆❛
❝♦♥❡✉❡♥❝❡✱ ❤❡ ♦❛❧♣♦❞✉❝❡❞❧♦❡✐♥❤❡❘❊▲♠♦♦✐❧❡✱❛♥❞❛❧♦✇❡♠❛❝❤✐♥❡
❡♠♣❡❛✉❡✐❡✐❡①♣❡❝❡❞✳❚❤❡❡❢♦❡✱❤❡♦✉♣✉ ♦ ✉❡♦❢❘❊▲♠♦♦❝❛♥❜❡❢✉❤❡
✐♠♣♦✈❡❞❜②✉✐♥❣❤✐❣❤❡❝✉❡♥✇✐❤✐♥ ❤❡ ❛♠❡❡♠♣❡❛✉❡✐❡✳❚❤❡❧♦ ❞❡♥✐②
❞✐ ✐❜✉✐♦♥♦❢❤❡❡✇♦♠♦♦ ✐♣❧♦ ❡❞✐♥❋✐❣✳✸✳✶✹✳▲♦✇♦♥♦❧♦ ✐ ❡♣❡❡♥❡❞
❜②❛❞❛❦❝♦❧♦✱✇❤✐❧❡❤✐❣❤❧♦ ✐❞✐♣❧❛②❡❞✐♥✇❤✐❡✳❖✈❡❛❧❧✱❤❡❘❊▲♠♦♦ ❤♦✇❛
❧♦✇❡❧♦ ❞❡♥✐②❞✐ ✐❜✉✐♦♥✳

✸✳✺✳✸✳❍✐❣❤ ♣❡❡❞✢✉①✲✇❡❛❦❡♥✐♥❣❝❛♣❛❜✐❧✐✐❡

❆ ❢❛❛ ❤❡❤✐❣❤♣❡❡❞❋❲❝❛♣❛❜✐❧✐②✐❝♦♥✐❞❡❡❞✱❤❡✈♦❧❛❣❡❛✐♥❣♦❢❤❡✐♥✈❡ ❡✐
✉✐❡✐♠♣♦❛♥✳❚❤❡❤✐❣❤❡ ❤❡✈♦❧❛❣❡❧✐♠✐✱❤❡❤✐❣❤❡ ❤❡♦♣❡❛✐♦♥♣❡❡❞✳❍♦✇❡✈❡✱
❤❡❉❈❜✉✈♦❧❛❣❡♦❢❤❡❊❱✐✉✉❛❧❧②❧✐♠✐❡❞✱❛♥❞♦♠❡❝♦♥♦❧♠❡❤♦❞♦❧♦❣✐❡❤❛✈❡
♦❜❡❛❞♦♣❡❞❛❤✐❣❤♣❡❡❞✳❚❤❡♦♣✐♠❛❧❝✉❡♥✈❡❝♦ ❛❥❡❝♦②✐❛❝❤✐❡✈❡❞❜②♠❡❛♥
♦❢❋❲❝♦♥♦❧❛♥❞▼❚❱❝♦♥ ♦❧✳❉❡❛✐❧❡❞❡①♣❧❛♥❛✐♦♥♦❢❤❡❡❝♦♥♦❧❛❧❣♦✐❤♠❛❡
❡❢❡❡❞♦❙❡❝✐♦♥✶✳✺✳❚❤❡♦❜❛✐♥❡❞❝✉❡♥✈❡❝♦ ❛❥❡❝♦②✐♣❧♦ ❡❞✐♥❋✐❣✳✸✳✶✺✳
❲✐ ❤✐♥❤❡♣❡❡❞❧✐♠✐♦❢10000♣♠✱❤❡■▼♠♦♦❢♦❧❧♦✇♦♥❧②❋❲♦♣❡❛✐♦♥✱✇❤✐❧❡
❤❡♦♣❡❛✐♦♥♦❢❤❡❘❊▲♠♦♦❝♦✈❡ ❜♦❤❋❲❛♥❞▼❚❱✳

❚❤❡❝♦♠♣❛✐♦♥♦❢ ♦ ✉❡❛♥❞♣♦✇❡ ❝❛♣❛❜✐❧✐✐❡❛ ❞✐✛❡❡♥ ♣❡❡❞ ♦❢ ❤❡ ✇♦
♠♦♦ ❛❡♣❧♦❡❞✐♥❋✐❣✳✸✳✶✻✳❋♦❤✐❣❤♣❡❡❞♦♣❡❛✐♦♥✭♦✈❡4500♣♠✮✱❤❡❝♦♥ ❛♥
♣♦✇❡ ♣❡❡❞ ❛♥❣❡✭❈❙❘✮♦❢ ❤❡■▼♠♦♦✐✇✐❞❡✱✇❤✐❧❡ ❤❡❘❊▲♠♦♦✐ ✉✐❡
❧✐♠✐❡❞✳❚❤❡❡✉❧ ❤♦✇❤❛ ❤❡♣♦✇❡♦❢❤❡❘❊▲♠♦♦❞♦♣❝♦♥✐❞❡❛❜❧②❛♥❞❤❡
♣♦✇❡❞✐✛❡❡♥❝❡❜❡✇❡❡♥ ❤❡✇♦♠♦♦ ✐♥❝❡❛❡✇✐❤❤❡♣❡❡❞✳ ▼♦❡♣❡❝✐✜❝❛❧❧②✱❤❡
■▼♠♦♦❞❡❧✐✈❡ ♠♦❡❤❛♥130❦❲❛10000♣♠✱✇❤❡❡❛ ❤❡❘❊▲♠♦♦♦✉♣✉
♦♥❧②45❦❲✳❚❤❡❡❢♦❡✱❤❡❘❊▲♠♦♦✐♥♦ ✉✐❛❜❧❡❢♦❛♣♣❧✐❝❛✐♦♥ ❤❛ ❡✉✐❡❛
✇✐❞❡❈ ❙❘✳
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✭❛✮❚♦ ✉❡✈❡ ✉ ♣❡❡❞✳ ✭❜✮ ♦✇❡✈❡ ✉ ♣❡❡❞✳

❋✐❣✉❡✸✳✶✻✿❈♦♠♣❛✐♦♥♦❢♦ ✉❡❛♥❞♣♦✇❡✈❛✐❛✐♦♥✈❡ ✉ ♣❡❡❞♦❢❤❡✇♦♠♦♦
✭❤❡■▼♠♦♦✿♦❧✐❞❧✐♥❡❀❤❡❘❊▲♠♦♦✿❞❛❤❡❞❧✐♥❡✮✳

✸✳✺✳✹✳❊✣❝✐❡♥❝②

❚❤❡❡✣❝✐❡♥❝②♠❛♣ ♦❢❤❡✇♦♠♦♦ ❛❡❝♦♠♣❛❡❞✐♥❋✐❣✳✸✳✶✼✳ ❚❤❡②❛❡♦❜❛✐♥❡❞
❜②❝♦♥✐❞❡✐♥❣❝♦♣♣❡❧♦✱✐♦♥❧♦ ❛♥❞❛❧♦ ❛②❧♦✳❚❤❡❡✛❡❝♦❢❡♠♣❡❛✉❡✐❡
♦♥❤❡ ❛♦ ❡✐❛♥❝❡✐♥❡❣❧❡❝❡❞✳❋♦♠❤❡♣❧♦ ✱♦♠❡✉❡❢✉❧❝♦♥❝❧✉✐♦♥❝❛♥❜❡
❞❛✇♥✳

❋✐ ❧②✱❤❡♠❛①✐♠✉♠❛❝❤✐❡✈❛❜❧❡❡✣❝✐❡♥❝②✐ ❝♦♠♣❛❛❜❧❡❜❡✇❡❡♥ ❤❡✇♦♠♦♦✱
✇❤✐❝❤✐ 95%✐♥❤❡■▼♠♦♦ ❛♥❞94%✐♥❤❡❘❊▲♠♦♦✳■♥❛❞❞✐✐♦♥✱❛❧❛❣❡
♣♦ ✐♦♥♦❢❤❡♦♣❡❛✐♥❣❡❣✐♦♥❛❝❤✐❡✈❡ ❤❡❡✣❝✐❡♥❝②❛❜♦✈❡90%✐♥❤❡❘❊▲♠♦♦✳
■✐❛❧♦✇♦❤♥♦✐❝✐♥❣❤❛ ❤❡❡✣❝✐❡♥❝②♦❢ ❤❡❘❊▲♠♦♦✐❤✐❣❤❡ ❤❛♥ ❤❡■▼
❝♦✉♥❡♣❛ ❛ ❤✐❣❤✲♣❡❡❞❧♦✇✲♦ ✉❡❝♦♥❞✐✐♦♥✱✇❤✐❝❤✐❤✐❣❤❧✐❣❤❡❞❜②❤❡❞❛❤❡❞
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✭❛✮❊✣❝✐❡♥❝②♠❛♣♦❢❤❡■▼♠♦ ♦✳ ✭❜✮❊✣❝✐❡♥❝②♠❛♣♦❢❤❡❘❊▲♠♦♦✳

❋✐❣✉❡✸✳✶✼✿❈♦♠♣❛✐♦♥♦❢❡✣❝✐❡♥❝②♠❛♣♦❢❤❡✇♦♠♦♦✳

❋✐❣✉❡✸✳✶✽✿ ❋❧✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥♦❢❤❡■▼♠♦♦ ❢❡❞❜②d✲❛①✐❝✉❡♥♦♥❧②
✭Id=−500❆✮✳

❡❧❧✐♣❡✐♥❋✐❣✳✸✳✶✼✳❚❤✐✐♠❛✐♥❧②❞✉❡ ♦❤❡❧♦✇❡✢✉①❞❡♥✐②♦❢❤❡❘❊▲♠♦♦❛
❤✐❝♦♥❞✐✐♦♥✳

✸✳✺✳✺✳ ▼❞❡♠❛❣♥❡ ✐③❛✐♦♥

●❡♥❡❛❧❧② ♣❡❛❦✐♥❣✱ ❤❡ ▼ ♦❢ ❤❡■▼♠❛❝❤✐♥❡❤❛ ❤❡ ✐❦ ♦❜❡❞❡♠❛❣♥❡✐③❡❞✱
✇❤✐❝❤ ❡✉✐❡❝❛❡❢✉❧❞❡✐❣♥✳ ❆ ❡♣♦❡❞✐♥❬✹✷❪✱❤❡♠❛❣♥❡ ✉❡❞✐♥❤❡▲❡①✉ ▲❙
✻✵✵❤✐❧✐❦❡❧②◆▼❳✲❙✹✶❊❍✳❚❤❡❦♥❡❡♣♦✐♥♦❢✐❡✈❡✐❜❧❡❞❡♠❛❣♥❡✐③❛✐♦♥✐❛♦✉♥❞
0.3❚❛ 150♦❈✳❋✐❣✳✸✳✶✽ ❤♦✇ ❤❡✢✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥♦❢❤❡■▼♠♦♦❢❡❞
❜②❛❞❡♠❛❣♥❡✐③✐♥❣❝✉❡♥♦❢500❆✳■ ✐♥♦✐❝❡❞❤❛♣❛ ✐❛❧❞❡♠❛❣♥❡✐③❛✐♦♥♦❝❝✉
❛ ❤✐ ❝♦♥❞✐✐♦♥✳❙✐♥❝❡❤✐ ❝✉❡♥✐ ❡❛❧❧②❤✐❣❤✱✐✐❞❡♠♦♥ ❛❡❞❤❛ ❤❡▲❡①✉



✸✳✻ ❡❢♦♠❛♥❝❡✐♠♣ ♦✈❡♠❡♥ ✇✐❤✐♥❡ ▼ ✻✶

✭❛✮❚❤❡❘❊▲♠♦♦✳ ✭❜✮❚❤❡ ▼❆❘❊▲♠♦ ♦✳

❋✐❣✉❡✸✳✶✾✿❈♦✲❡❝✐♦♥♦❢❤❡❘❊▲❛♥❞ ▼❆❘❊▲♠♦♦✳

❚❛❜❧❡✸✳✼✿❈♦♠♣❛✐♦♥♦❢▼❛✐♥❉❡✐❣♥❈❤❛❛❝❡✐✐❝

■▼♠♦♦ ❘❊▲♠♦♦ ▼❆❘❊▲♠♦♦ ❯♥✐

◆✉♠❜❡ ♦❢ ❛♦ ❧♦ ✹✽ ✺✹ ✺✹ ✕

◆✉♠❜❡ ♦❢♣♦❧❡♣❛✐ ✹ ✸ ✸ ✕

❙❛♦♦✉❡❞✐❛♠❡❡ ✷✵✵ ✷✵✵ ✷✵✵ ♠♠

❙❛♦✐♥♥❡❞✐❛♠❡❡ ✶✸✵✳✽✻ ✶✷✵ ✶✷✵ ♠♠

❆✐❣❛♣❤✐❝❦♥❡ ✵✳✽✾ ✵✳✽✾ ✵✳✽✾ ♠♠

❙❤❛❢❞✐❛♠❡❡ ✺✸ ✹✹ ✹✹ ♠♠

❆❝✐✈❡✈♦❧✉♠❡ ✹✳✷✺ ✹✳✷✺ ✹✳✷✺ ❞♠3

❙❛♦❝♦❡♠❛ ✶✹✳✾✵ ✶✺✳✻✾ ✶✺✳✻✾ ❦❣

❈♦♣♣❡ ♠❛ ✸✳✵✸ ✹✳✺✶ ✹✳✺✶ ❦❣

❘♦♦♠❛ ✾✳✻✼ ✺✳✾✸ ✻✳✷✵ ❦❣

▼❛❣♥❡ ♠❛ ✶✳✸✺ ✵ ✶✳✸✾ ❦❣

❚♦❛❧♠❛ ✷✽✳✾✺ ✷✻✳✶✸ ✷✼✳✼✾ ❦❣

▼❛❡✐❛❧❝♦ ✶✽✹ ✺✽ ✼✾

♠♦♦✐✇❡❧❧❞❡✐❣♥❡❞✳ ❆♥②✇❛②✱❤❡ ✐❦♦❢✐❡✈❡✐❜❧❡❞❡♠❛❣♥❡✐③❛✐♦♥❜✐♥❣ ♦♠❡
❝❤❛❧❧❡♥❣❡ ♦❤❡■▼♠❛❝❤✐♥❡✳

✸✳✻✳ ❡❢♦♠❛♥❝❡✐♠♣ ♦✈❡♠❡♥ ✇✐❤✐♥❡ ▼

❋♦♠❤❡❛❜♦✈❡❛♥❛❧②✐✱✐✐❝♦♥❝❧✉❞❡❞❤❛ ❤❡❡✣❝✐❡♥❝②✱♦ ✉❡❞❡♥✐②✱♣♦✇❡❢❛❝♦✱
❛♥❞❈❙❘♦❢❘❊▲♠♦♦ ❛❡♣♦♦❡ ❤❛♥✇❡❧❧✲❞❡✐❣♥❡❞■▼♠♦♦✳❘❡❢❡✐♥❣♦❤❡
❛♥❛❧②✐✐♥❙❡❝✐♦♥✷✳✼✱❤❡❛❞❞❡❞ ▼ ✐♥♦♦✢✉①✲❜❛ ✐❡♥♦♦♥❧②✐♥❝❡❛❡ ❤❡♦ ✉❡
❛♥❞♣♦✇❡❢❛❝♦✱❜✉❛❧♦✐♠♣♦✈❡ ❤❡✢✉①✇❡❛❦❡♥✐♥❣❝❛♣❛❜✐❧✐②♦❢❤❡❘❊▲♠❛❝❤✐♥❡✳
❚❤❡❡❢♦❡✱❢❡✐❡♠❛❣♥❡ ❛❡✉❡❞♦✐♠♣♦✈❡❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡❞❡✐❣♥❡❞❘❊▲
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■▼♠♦♦ ❘❊▲♠♦♦ ▼❆❘❊▲♠♦♦ ❯♥✐

❈✉ ❡♥ ✸✸✵ ✸✸✵ ✸✸✵ ❆peak

❖♣❡❛✐♥❣♣❡❡❞ ✹✺✵✵ ✹✺✵✵ ✹✺✵✵ ♣♠

❈✉ ❡♥❞❡♥✐② ✷✺✳✵ ✷✵✳✻ ✷✵✳✻ ❆✴♠♠2

❚♦ ✉❡ ✷✹✶✳✺ ✶✼✻✳✵ ✶✾✷✳✽ ◆♠

❚♦ ✉❡✐♣♣❧❡ ✷✺% ✹✳✶% ✼✳✼% ✕

♦✇❡ ✶✶✸✳✽ ✽✷✳✾ ✾✵✳✾ ❦❲

❚♦ ✉❡❞❡♥✐② ✺✻✳✽ ✹✶✳✹ ✹✺✳✹ ◆♠✴▲

♦✇❡❞❡♥✐② ✷✻✳✽ ✶✾✳✺ ✷✶✳✹ ❦❲✴▲

❙♣❡❝✐✜❝♣♦✇❡ ✸✳✾ ✸✳✷ ✸✳✸ ❦❲✴❦❣

♦✇❡❢❛❝♦ ✵✳✼✽ ✵✳✺✼ ✵✳✻✼ ✕

❊✣❝✐❡♥❝② ✾✹✳✼% ✾✸✳✻% ✾✹✳✸% ✕

♠❛❝❤✐♥❡✳

❚❤❡ ❡✐❞✉❛❧♠❛❣♥❡✐❝✢✉①❞❡♥✐②♦❢ ❤❡✉❡❞❢❡✐❡♠❛❣♥❡✐0.4❚✱❛♥❞ ❤❡
❡❧❛✐✈❡♣❡♠❡❛❜✐❧✐②✐1.05✳❚❤❡✉♥✐♣✐❝❡♦❢❤❡❢❡ ✐❡♠❛❣♥❡✐❛✉♠❡❞♦❜❡15
✴❦❣✳ ❋♦ ♠❛♥✉❢❛❝✉❡✐♠♣❧✐❝✐②✱ ❤❡ ▼ ❤✐❝❦♥❡ ✐♥❡❛❝❤✢✉①✲❜❛✐❡✐❞❡✐❣♥❡❞
♦❜❡❤❡ ❛♠❡✱✇❤✐❝❤✐ 5♠♠✳ ❚❤❡ ▼✇✐❞❤ ❛❡12✱24❛♥❞30♠♠✱❢♦♠♦✉❡
♦✐♥♥❡ ✢✉①✲❜❛ ✐❡✳ ❋✐♥❛❧❧②✱❤❡❝♦✲❡❝✐♦♥♦❢❤❡ ▼❆❘❊▲♠♦♦ ✐ ❤♦✇♥✐♥
❋✐❣✳✸✳✶✾✳❆ ❛❝♦♠♣❛✐♦♥✱❤❡❞❡✐❣♥❡❞❘❊▲♠♦♦✐❛❣❛✐♥❤♦✇♥✐♥❋✐❣✳✸✳✶✾✳❉✉❡
♦❤❡❡❝❛♥❣✉❧❛ ❤❛♣❡♦❢❤❡♠❛❣♥❡✱❤❡✐♦♥❝❤❛♥♥❡❧❛❡❞✐✛❡❡♥❜❡✇❡❡♥ ❤❡✇♦
♠♦♦✳

❙✐♠✐❧❛ ♦❚❛❜❧❡✸✳✺✱❤❡❞❡✐❣♥❝❤❛❛❝❡✐✐❝♦❢❤❡ ▼❆❘❊▲♠♦♦❛❡❝♦♠♣❛❡❞
✇✐❤❤❡■▼❛♥❞❘❊▲♠♦ ♦ ✐♥❚❛❜❧❡✸✳✼✳❙✐♥❝❡❤❡ ▼❆❘❊▲♠♦♦✐♦❜❛✐♥❡❞❢♦♠
❤❡❘❊▲♠♦♦✱❤❡ ❛♦❦❡❡♣❡①❛❝❧②❤❡❛♠❡✳❚❤❡♠❛✐♥❞✐✛❡❡♥❝❡✐ ❤❡✐♥♦❞✉❝❡❞
▼ ✐♥❤❡ ♦♦✳❚❤✐✐♥❝❡❛❡ ❤❡ ♦❛❧♦♦✇❡✐❣❤✱❛♥❞❛❧♦❤❡♠❛❡✐❛❧❝♦ ♦❢
❤❡♠❛❝❤✐♥❡✳❈♦♠♣❛✐♥❣♦❤❡■▼♠♦♦✱❤♦✇❡✈❡✱❤❡♦❛❧♣✐❝❡♦❢❤❡ ▼❆❘❊▲
♠♦♦❛❝❝♦✉♥ ❢♦❛♣♦♣♦✐♦♥♦❢♦♥❧②43%✱✇❤✐❝❤♠❡❛♥❛✐❣♥✐✜❝❛♥♣✐❝❡❛❞✈❛♥❛❣❡
♦❢❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡✳

❚❤❡♣❡❢♦♠❛♥❝❡❝♦♠♣❛✐♦♥❛ ❤❡♣❡❛❦❝✉ ❡♥❝♦♥❞✐✐♦♥✐ ❤♦✇♥✐♥❚❛❜❧❡✸✳✽✳
❖❜✈✐♦✉❧②✱❤❡ ♦ ✉❡♦❢ ❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡✐ ❤✐❣❤❡ ❤❛♥ ❤❡❘❊▲♦♥❡✱✇✐❤❛♥
✐♠♣♦✈❡♠❡♥♦❢❛♦✉♥❞10%✳❆❧❤♦✉❣❤❤✐ ♦ ✉❡✐ ✐❧❧❧♦✇❡ ❤❛♥❤❡✇❡❧❧✲❞❡✐❣♥❡❞
■▼♠♦♦❡♠♣❧♦②✐♥❣❛❡✲❡❛❤♠❛❣♥❡ ✱✐❝❛♥❜❡❢✉❤❡✐♠♣♦✈❡❞❜②❡♥❧❛❣✐♥❣❤❡
✢✉①✲❜❛ ✐❡❛♥❞✐♥❡✐♥❣♠♦❡❢❡✐❡♠❛❣♥❡✳❙✐♥❝❡❤✐✇✐❧❧❧❡❛❞ ♦❛♥❡✇♦♣✐♠✐③❡❞
▼❆❘❊▲♠♦♦✱✐✐ ❦✐♣♣❡❞✐♥❤✐❛♥❛❧②✐✳❚❤❡❛❞❞❡❞ ▼ ♠❛②❝❡❛❡♦♠❡♥❡✇
❤❛♠♦♥✐❝ ✐♥❡❛❝✐♥❣✇✐❤❤❡ ❛♦▼▼❋✱✇❤✐❝❤❝❛✉ ❡❛❤✐❣❤❡ ♦ ✉❡✐♣♣❧❡✐♥❤❡
▼❆❘❊▲♠♦♦✭❢♦♠4.1%♦7.7%✮✳❆♥②✇❛②✱❤❡♦ ✉❡✐♣♣❧❡❝❛♥❜❡❡✈❡♥❡❞✉❝❡❞
❜②♦♦ ❡♣❦❡✇✐♥❣♦ ❡❞❡✐❣♥❡❞♦♦✢✉①✲❜❛ ✐❡✳❘❡❣❛❞✐♥❣♦❤❡♣♦✇❡❢❛❝♦✱
✐✐✐♠♣♦✈❡❞❢♦♠0.57♦0.67✳■✐✐♥❡❡✐♥❣♦♥♦✐❝❡❤❛ ❤❡❡✣❝✐❡♥❝②♦❢ ❤❡
▼❆❘❊▲✐ ❛❧♦✐♠♣♦✈❡❞✱✇❤✐❝❤✐ ♦♥❧② ❧✐❣❤❧②❧♦✇❡ ❤❛♥ ❤❡■▼♠♦♦✳ ❚❤✐
✐♠♣❧✐❡❛❤✐❣❤❡✣❝✐❡♥❝②❛❧❡♥❛✐✈❡✇✐❤❤❡ ▼❆❘❊▲ ♦♣♦❧♦❣②✳
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❋✐❣✉❡✸✳✷✶✿❋❧✉①❞❡♥✐②❞✐ ✐❜✉✐♦♥♦❢❤❡ ▼❆❘❊▲♠♦♦❢❡❞❜②q✲❛①✐❝✉❡♥♦♥❧②
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❚❤❡❝♦♠♣❛✐♦♥♦❢❤❡❤✐❣❤♣❡❡❞✢✉①✲✇❡❛❦❡♥✐♥❣❝❛♣❛❜✐❧✐②✐ ❤♦✇♥✐♥❋✐❣✳✸✳✷✵✳❆
❡①♣❡❝❡❞✱❤❡❈❙❘♦❢❤❡❘❊▲♠♦♦✐❡①❡♥❞❡❞❜②✐♥❡✐♥❣▼ ✱❛❝❤✐❡✈✐♥❣❜❡❡
❤✐❣❤ ♣❡❡❞✢✉①✇❡❛❦❡♥✐♥❣❝❛♣❛❜✐❧✐②✳❖♥❤❡♦❤❡❤❛♥❞✱ ❤❡❈❙❘♦❢❤❡ ▼❆❘❊▲
♠♦♦✐ ✐❧❧♥♦❝♦♠♣❛❛❜❧❡✇✐❤❤❛♦❢❛✇❡❧❧✲❞❡✐❣♥❡❞■▼♠♦♦✳

❉✉❡ ♦❤❡❧♦✇❝♦❡❝✐✈✐②♦❢❤❡❢❡ ✐❡♠❛❣♥❡✱❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡♠❛②❡①♣❡✲
✐❡♥❝❡✐❡✈❡✐❜❧❡▼❞❡♠❛❣♥❡✐③❛✐♦♥♣♦❜❧❡♠❛❤❡❛✈②❧♦❛❞❝♦♥❞✐✐♦♥✳■♥❛♥②❝❛❡✱
❤❡✐❦♦❢ ▼❞❡♠❛❣♥❡✐③❛✐♦♥❤♦✉❧❞❜❡❝❛❡❢✉❧❧②❝♦♥✐❞❡❡❞✐♥❤❡❞❡✐❣♥✳❚❤❡✢✉①
❞❡♥✐②❞✐ ✐❜✉✐♦♥♦❢❤❡ ▼❆❘❊▲♠♦♦❢❡❞❜②❢✉❧❧②q✲❛①✐❝✉❡♥✭330❆peak✮✐
♣❧♦ ❡❞✐♥❋✐❣✳✸✳✷✶✳❙✐♥❝❡❤❡❦♥❡❡♣♦✐♥ ♦❢ ❤❡❢❡ ✐❡♠❛❣♥❡✐❝❝✉✈❡✐ 0.02❚❛
100♦❈✱♥♦✐ ❡✈❡✐❜❧❡▼❞❡♠❛❣♥❡✐③❛✐♦♥♦❝❝✉ ✐♥❤✐❞❡✐❣♥✳
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3.7. Conclusion

In this Chapter, a design procedure of the REL motor is proposed, based on the dimen-
sion and performance of Lexus LS 600h motor. An analytical calculation is innovatively
derived, and combined with FEA simulations to determine the optimal split ratio. The
performance of the optimal REL design is also compared with the IPM motor.

The results of these comparisons show that the REL motor achieves the characteris-
tics of signi�cant cost saving (30 % of IPM), excellent e�ciency (maximum 94 %), low
torque ripple (4.1 %) and considerable power density (73 % of IPM). Despite of the low
power factor, the REL motor has the potential to operate at higher temperature, due
to the absence of magnets in the rotor and low rotor losses. Although the CPSR is very
limited, it is capable of operating at high speed. It achieves reduced power instead of
constant power, but with high e�ciency.

To improve the performance of the REL design, ferrite magnets are inset into the
rotor �ux-barriers. With added PMs in the PMAREL motor, the torque density, e�-
ciency and power factor are improved. Most importantly, it achieves better high speed
�ux weakening capability. The ferrite magnets may have the risk of demagnetization,
but such a problem can be solved by improving the design of �ux-barriers and PM
thickness.

In conclusion, the PM motors will continue to dominate the traction market in the
near future, while the REL and PMAREL motors show some attractive features. The
REL motor can be possibly used for low-cost light-weight vehicle applications, and the
potential competitive performance as rare-earth PM machines makes the PMAREL
motors very promising.
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❋♦♠❤✐❈❤❛♣❡✱❛❡♥✐♦♥✇✐❧❧❜❡♣❛✐❞♦♥❡❧❢✲❡①❝✐❡❞②♥❝❤♦♥♦✉ ❡❧✉❝❛♥❝❡❣❡♥❡✲
❛♦ ✭❙❊❘●✮✳❋✐ ♦❢❛❧❧✱❛♥❛♥❛❧②✐❝❛❧♠♦❞❡❧✐♥❤❡d✲q❡❢❡❡♥❝❡❢❛♠❡✐❞❡✈❡❧♦♣❡❞
♦❡❝♦❣♥✐③❡❤❡ ❡❛❞②✲❛❡♦❢❙❊❘●✱❝♦♥✐❞❡✐♥❣♥♦✲❧♦❛❞❛♥❞❡✐✐✈❡❧♦❛❞❝♦♥❞✐✐♦♥✳
❊①♣❡✐♠❡♥ ❛❡❝❛✐❡❞♦✉ ♦✈❡✐❢②❤❡❛♥❛❧②✐❝❛❧❡✉❧✳ ❆❢❡ ❤❛✱♦♠❡❝♦♥❞✐✲
✐♦♥✇❤✐❝❤❡♥✉❡❛ ❛❜❧❡❡❧❢✲❡①❝✐❛✐♦♥✐♥❙❊❘●✱✐♥❝❧✉❞✐♥❣❡✉✐❡❞❝❛♣❛❝✐❛♥❝❡✱♦♦
❡✐❞✉❛❧♠❛❣♥❡✐♠✱ ♦♦❛❝❝❡❧❡❛✐♦♥❛♥❞♣❡✲❝❤❛❣✐♥❣❝❛♣❛❝✐♦ ✱❛❡❞✐❝✉❡❞✳■♥❛❞✲
❞✐✐♦♥✱❤❡❡✛❡❝♦❢ ▼❛ ✐✐♥❣♦♥❤❡❙❊❘●✱✐✳❡✳ ❡❧❢✲❡①❝✐❡❞ ▼✲❛ ✐❡❞❡❧✉❝❛♥❝❡
✭▼❆❘❊▲✮❣❡♥❡❛♦✱✐✐♥✈❡✐❣❛❡❞✳❚❤❡❝❤❛❛❝❡✐✐❝♦❢❤❡❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲
❣❡♥❡❛♦ ❛❡♣❡❡♥❡❞❛♥❛❧②✐❝❛❧❧②❛♥❞❡①♣❡✐♠❡♥❛❧❧②✳ ❚❤❡❡✛❡❝ ♦❢ ♦♠❡❞❡✐❣♥
♣❛❛♠❡❡ ✭✐♥❝❧✉❞✐♥❣ ❛♦ ❡✐❛♥❝❡✱d✲❛♥❞q✲❛①✐✐♥❞✉❝❛♥❝❡✮♦♥❤❡❣❡♥❡❛♦
♣❡❢♦♠❛♥❝❡❛❡❛❧♦ ✉❞✐❡❞✳❋✐♥❛❧❧②✱ ❤❡♣❡❢♦♠❛♥❝❡❝♦♠♣❛✐♦♥♦❢❤❡ ❡❧❢✲❡①❝✐❡❞
▼❆❘❊▲❣❡♥❡❛♦✇✐❤❙❊❘●✐❝❛✐❡❞♦✉✱❤✐❣❤❧✐❣❤✐♥❣❤❡✐♠♣♦✈❡♠❡♥ ♦❢❙❊❘●
❜②✐♥♦❞✉❝✐♥❣ ▼✳

✹✳✶✳■♥♦❞✉❝✐♦♥

I◆ ❡❝❡♥②❡❛ ✱❤❡❝♦♥❡❝✉✐✈❡✐♥❝❡❛❡♦❢❡♥❡❣②❞❡♠❛♥❞❛♥❞❣♦✇✐♥❣❝♦♥❝❡♥♦✈❡❛✐♣♦❧❧✉✐♦♥❤❛✈❡❛♦✉❡❞❣❡❛✐♥❡❡ ✐♥❡♥❡✇❛❜❧❡❡♥❡❣②♦✉❝❡✱✉❝❤❛✇✐♥❞✱
♦❧❛✱✐❞❛❧❛♥❞❤②❞♦❡❧❡❝✐❝✳ ❚❤✐❤❛ ❛❧♦❧❡❞ ♦❡①❡♥✐✈❡❡❡❛❝❤❡♦♥ ✉✐❛❜❧❡
❡♥❡❣②❝♦♥✈❡✐♦♥❞❡✈✐❝❡✐♥✉❝❤❣❡♥❡❛✐♦♥❝❤❡♠❡✳❋♦ ❡♠♦❡❛❡❛✱✐♥♣❛✐❝✉❧❛✱
❛♥✐♦❧❛❡❞ ❛♥❞✲❛❧♦♥❡❣❡♥❡❛✐♥❣❝❤❡♠❡✐ ❡✉✐❡❞✳❚❤❡❝♦♥✈❡♥✐♦♥❛❧✐♦❧❛❡❞♣♦✇❡
✉♣♣❧②✐ ❤❡②♥❝❤♦♥♦✉❣❡♥❡❛♦❡✉✐♣♣❡❞✇✐❤❛♥❡①❡♥❛❧❡①❝✐❛✐♦♥② ❡♠❬✺✶✱✺✷❪✱
✇❤✐❝❤✐ ♥♦❝♦♥✈❡♥✐❡♥❢♦ ❡♠♦❡❛❡❛❛♣♣❧✐❝❛✐♦♥✳

❚❤❡❢❡❛✐❜✐❧✐②♦❢✉✐♥❣■▼❛ ❛♥❞✲❛❧♦♥❡❣❡♥❡❛♦ ❜②♠❡❛♥ ♦❢ ❡❧❢✲❡①❝✐❛✐♦♥
✇❛ ✐♥✈❡✐❣❛❡❞❛♥❞❞❡♠♦♥ ❛❡❞✐♥❬✺✸✕✺✺❪✳❙❡❧❢✲❡①❝✐❛✐♦♥❝❛♥❜❡❛❝❤✐❡✈❡❞✇✐❤❤❡
❝❛♣❛❝✐♦✱✇❤✐❝❤❛❡❝♦♥♥❡❝❡❞❛❝♦ ❤❡ ❛♦ ❡♠✐♥❛❧ ❬✺✸❪✳ ❲❤❡♥❤❡♠❛❝❤✐♥❡
✐❞✐✈❡♥❜②❛♣✐♠❡♠♦♦ ♦ ♦❤❡ ❡♥❡❣② ♦✉❝❡✱❛❡❧❛✐✈❡❧②✐♥✐❣♥✐✜❝❛♥✈♦❧❛❣❡
✇✐❧❧❜❡✐♥❞✉❝❡❞❞✉❡ ♦❤❡♦♦ ❡✐❞✉❛❧♠❛❣♥❡✐♠✳❚❤❡♠❛❣♥❡✐③✐♥❣❝✉❡♥✐ ❤❡♥
✉♣♣❧✐❡❞❜② ❤❡❝❛♣❛❝✐♦ ❛♥❞✢♦✇ ✐♥❤❡ ❛♦ ✇✐♥❞✐♥❣✳ ❚❤✐❝✉❡♥❤❡❧♣ ♦
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❛❜❧❡❝♦♥❞✐✐♦♥✳ ❈♦♠♣❛✐♥❣♦ ❤❡❝♦♥✈❡♥✐♦♥❛❧②♥❝❤♦♥♦✉ ❣❡♥❡❛♦ ② ❡♠✱❤❡
❡❧❢✲❡①❝✐❡❞✐♥❞✉❝✐♦♥❣❡♥❡❛♦✭❙❊■●✮❡①❤✐❜✐ ❝❡❛✐♥❛❞✈❛♥❛❣❡✱✉❝❤❛ ♦❜✉♥❡ ✱
❧♦✇❝♦✱❡❞✉❝❡❞✐③❡✱❤✐❣❤❡❧✐❛❜✐❧✐②✱❛❜❡♥❝❡♦❢❉❈♦✉❝❡❢♦❡①❝✐❛✐♦♥✱❛♥❞❧♦✇
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❆❧❤♦✉❣❤❤❡❙❊■●❤❛❜❡❡♥✐♥❝❡❛✐♥❣❧②✐♥✈❡✐❣❛❡❞❢♦✐♦❧❛❡❞❛♣♣❧✐❝❛✐♦♥✱❤❡
❢❡✉❡♥❝②♦❢❡♠✐♥❛❧✈♦❧❛❣❡✐♥♦✜①❡❞✱✇❤✐❝❤♠❛❦❡ ❤❡♣❡❞✐❝✐♦♥♦❢✐ ♣❡❢♦♠❛♥❝❡
❝❤❛❛❝❡✐✐❝♠✉❝❤♠♦❡❞✐✣❝✉❧❬✺✺❪✳❚❤❡❡❧❢✲❡①❝✐❡❞❡❧✉❝❛♥❝❡❣❡♥❡❛♦✭❙❊❘●✮
❤❛❜❡❡♥❞❡♠♦♥ ❛❡❞♦❜❡❛♥❛❧❡♥❛✐✈❡♦❧✉✐♦♥❬✺✾✕✻✷❪✳■❛❝❤✐❡✈❡❛❧♠♦ ❛❧❧❤❡
❛❞✈❛♥❛❣❡♦❢❙❊■●❛♥❞✱✐♥❛❞❞✐✐♦♥✱✐♦✇♥ ❤❡♠❡✐ ♦❢✜①❡❞❢❡✉❡♥❝②❛❝♦♥❛♥
♦❛✐♦♥❛❧♣❡❡❞❛♥❞❧♦✇❡❧♦❡✐♥❤❡♦♦❬✻✷❪✳

❆❝❝♦❞✐♥❣ ♦ ❤❡ ✉❞✐❡ ✐♥❤❡❡①✐ ✐♥❣❧✐❡❛✉❡✱ ♦♠❡❛♥❛❧②✐❝❛❧ ♠♦❞❡❧✇❡❡
❜✉✐❧ ♦❛♥❛❧②③❡❤❡♣❡❢♦♠❛♥❝❡♦❢❙❊❘●✳❆♥❛♣♣♦①✐♠❛❡❛♥❛❧②✐✇❛ ♣❡❡♥❡❞❜②
❆❜❞❡❧✲❑❛❞❡ ❬✺✾❪✳❍❡❛❡♠♣❡❞♦❞❡✈❡❧♦♣❛♥❡✉✐✈❛❧❡♥❝✐❝✉✐❢♦ ❤❡❘❊▲❣❡♥❡❛♦
✐♥❤❡❛♠❡♠❛♥♥❡❛❙❊■●✱✇✐❤♦✉❝♦♥✐❞❡✐♥❣❤❡❡✛❡❝♦❢❛❧✐❡♥❝②❛✐♦✳❚❤❡❡❢♦❡✱
❝♦♥✐❞❡❛❜❧❡❡♦✇❛ ❡✉❧❡❞❛❧♦❛❞❝♦♥❞✐✐♦♥✳■♥❬✻✸❪✱❛✇♦✲❛①✐ ❤❡♦②✇❛✉❡❞
♦♠♦❞❡❧❛♥❞❛♥❛❧②③❡❛❤❡❡✲♣❤❛❡❙❊❘●✇❤✐❝❤✉♣♣❧✐❡❞❛♥✐♦❧❛❡❞R✲L❧♦❛❞✳❚❤✐
❤❡♦②✇❛❡♠♣❧♦②❡❞♦❛❝❝♦✉♥❢♦ ❤❡❛❧✐❡♥❝②❡✛❡❝❛♥❞❝♦❡❧♦❡✳ ▼♦❤❛♠❛❞✐❡♥❡
❛❧✳❬✻✵✱✻✷✱✻✹✱✻✺❪❞❡✈❡❧♦♣❡❞❛♠♦❞❡❧❜❛❡❞♦♥ ❛❦✬dq❛①❡ ❛♥❢♦♠❛✐♦♥❛♥❞❞❡♠♦♥✲
❛❡❞✐ ✈❛❧✐❞✐②❜♦❤ ❤❡♦❡✐❝❛❧❧②❛♥❞❡①♣❡✐♠❡♥❛❧❧②✳ ❚❤❡♣❡❞✐❝❡❞❡✉❧ ❤♦✇
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♦❝❝✉ ❛❧♦❛❞❝♦♥❞✐✐♦♥✳❆dq❛①❡❡✉✐✈❛❧❡♥✲❝✐❝✉✐♠♦❞❡❧❜❛❡❞♦♥❡✐❣❡♥❡❝❤♥✐✉❡
✇❛ ♣♦♣♦❡❞✐♥❬✻✻✱✻✼❪✱✇❤✐❝❤✇❛✉❡❞♦❞❡✐✈❡❤❡❞②♥❛♠✐❝❡✉❛✐♦♥♦❢❙❊❘●✳❆
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■♥❤❡❢♦❧❧♦✇✐♥❣ ❡❝✐♦♥✱❛✐♠♣❧✐✜❡❞❛♥❛❧②✐❝❛❧♠♦❞❡❧✐♥❤❡dq ❡❢❡❡♥❝❡❢❛♠❡✐
❞❡✈❡❧♦♣❡❞ ♦♣❡❞✐❝ ❤❡ ❡❛❞②✲❛❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡❙❊❘●✱❝♦♥✐❞❡✐♥❣♥♦✲❧♦❛❞
❛♥❞ ❡✐✐✈❡❧♦❛❞❝♦♥❞✐✐♦♥✱❡♣❡❝✐✈❡❧②✳ ❊①♣❡✐♠❡♥ ❜②✉✐♥❣❛❧❛❜♦❛♦②❘❊▲
♠❛❝❤✐♥❡❛❡❛❧♦❝❛✐❡❞♦✉ ♦✈❡✐❢②❤❡❛♥❛❧②✐❝❛❧❡✉❧ ✳
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❘❡❢❡ ✐♥❣♦ ❤❡♠♦♦✐♥❣♠♦❞❡♦❢❤❡❘❊▲♠❛❝❤✐♥❡✱ ❤❡✈♦❧❛❣❡❡✉❛✐♦♥❛❡❤❡
❛♠❡❛✭✶✳✶✮✳❚❤❡✢✉①❧✐♥❦❛❣❡❡✉❛✐♦♥✱♦♥❤❡♦❤❡❤❛♥❞✱❛❡✇✐❡♥❛

λd=Ldid+Λres

λq=Lqiq
✭✹✳✶✮

✇❤❡❡Λres ❡♣❡❡♥ ❤❡♦♦ ❡✐❞✉❛❧✢✉①❧✐♥❦❛❣❡✳

❯✉❛❧❧②✱❘❊▲ ♠❛❝❤✐♥❡ ❛❡✉❡❞❛ ♠♦♦✳ ❚❤❡②❝♦♥✈❡ ❡❧❡❝✐❝❛❝✐✈❡♣♦✇❡
✐♥♦♠❡❝❤❛♥✐❝❛❧♣♦✇❡✱❛♥❞❡✉✐❡❡❛❝✐✈❡♣♦✇❡❢♦ ❤❡✐♠❛❣♥❡✐③❛✐♦♥✳ ❲❤❡♥❤❡②
✇♦❦❛❣❡♥❡❛♦✱❤❡②❝♦♥✈❡ ♠❡❝❤❛♥✐❝❛❧♣♦✇❡ ✐♥♦❡❧❡❝✐❝❛❝✐✈❡♣♦✇❡✱❜✉❛❣❛✐♥
❡✉✐❡❡❛❝✐✈❡♣♦✇❡ ♦♠❛❣♥❡✐③❡❤❡✐ ♠❛❣♥❡✐❝♣❛❤✳ ▼♦♦✐♥❣♦♣❡❛✐♦♥❛❡
❝❛✐❡❞♦✉✇❤❡♥id❛♥❞iq❡①❤✐❜✐ ❤❡ ❛♠❡ ✐❣♥✱✇❤✐❧❡❣❡♥❡❛✐♥❣♦♣❡❛✐♦♥✇❤❡♥
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❤❡✜ ❛♥❞❤✐❞ ✉❛❞❛♥✱❝♦♥✈❡❡❧②✱❣❡♥❡❛✐♥❣♦♣❡❛✐♦♥❛❡✐♥❤❡ ❡❝♦♥❞❛♥❞
❢♦✉❤ ✉❛❞❛♥✳

❈♦♠❜✐♥✐♥❣✭✶✳✶✮✇✐❤✭✹✳✶✮✱❤❡✈♦❧❛❣❡❡✉❛✐♦♥♦❢❤❡❘❊▲❣❡♥❡❛♦❛❡






vd=Rsid+Ld
did
dt
−ω(Lqiq)

vq=Rsiq+Lq
diq
dt
+ω(Ldid+Λres)

✭✹✳✷✮

❆ ❡✐✐✈❡❧♦❛❞❝♦♥❞✐✐♦♥✱❜♦❤❡①❝✐❛✐♦♥❝❛♣❛❝✐♦ ❛♥❞❧♦❛❞❡✐♦ ❛❡❝♦♥✲
♥❡❝❡❞♦❤❡❣❡♥❡❛♦ ❡♠✐♥❛❧✳❆❢❡abc♦dq ❛♥❢♦♠❛✐♦♥✱❞②♥❛♠✐❝❡✉❛✐♦♥
♦❢❤❡❝❛♣❛❝✐♦ ❛♥❞❡✐♦ ❛❡❡♣❡❡♥❡❞❛✿






id=−C
dvd
dt
−
vd
RL
+ωCvq

iq=−C
dvq
dt
−
vq
RL
−ωCvd

✭✹✳✸✮

✹✳✷✳✷✳❊①♣❡✐♠❡♥❛❧✐♠♣❧❡♠❡♥❛✐♦♥

■♥♦❞❡ ♦✐♥✈❡✐❣❛❡❤❡❙❊❘●❢❡❛✉❡✱❛❡ ❜❡♥❝❤✐ ❡✉♣✐♥❤❡❧❛❜♦❛♦②✱❛
❤♦✇♥✐♥❋✐❣✳✹✳✶✳❚❤❡❝❤❡♠❡♦❢❤❡❡ ❜❡♥❝❤✐❞❡❝✐❜❡❞✐♥❋✐❣✳✹✳✷✳❚❤❡❣❡♥❡❛♦
✐❞✐✈❡♥❜②❛♣✐♠❡②♥❝❤♦♥♦✉ ▼♠♦♦✇❤✐❝❤✐ ❝♦♥♦❧❧❡❞❜②❛♥✐♥✈❡❡✳ ❚❤❡
♣❡❡❞♦❢ ❤❡ ▼♠♦♦❝❛♥❜❡♠♦♦❤❧②❛❞❥✉ ❡❞❛♥❞♠❡❛✉❡❞✳■♥♦❞❡ ♦♣♦✈✐❞❡
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♥❡✐③✐♥❣❝✉✈❡✭♦❧✐❞❧✐♥❡✿✐♠✉❧❛✐♦♥✱❞❛❤❡❞❧✐♥❡✿❡①♣❡✐♠❡♥✮✳

❤❡❘❊▲❣❡♥❡❛♦✇✐❤✉✣❝✐❡♥ ❡❛❝✐✈❡♣♦✇❡✱❛❜❛♥❦♦❢❤❡❡♣❤❛❡❝❛♣❛❝✐♦ ✭C✮
❛❡❝♦♥♥❡❝❡❞♦❤❡ ❡♠✐♥❛❧ ♦❢❤❡ ❛♦✇✐♥❞✐♥❣✱❛ ❤♦✇♥✐♥❋✐❣✳✹✳✷✳❘❡✐✐✈❡
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❋✐❣✉❡✹✳✹✿❚❤❡❡①♣❡✐♠❡♥❛❧ ❛✐♥❣♣♦❝❡ ♦❢❡❧❢✲❡①❝✐❛✐♦♥✐♥❤❡❘❊▲❣❡♥❡❛♦
✇✐❤C=70µ❋❛ 915♣♠✭❝❛♣❛❝✐♦ ❛❡❝♦♥♥❡❝❡❞❛t=1.0✮✳

❛♥❞q✲❛①✐❝✉❡♥ ✭♣❡❛❦♣❤❛❡✈❛❧✉❡✮✱❡♣❡❝✐✈❡❧②✳❚❤❡♦❧✐❞❧✐♥❡❛❡♦❜❛✐♥❡❞❢♦♠
✇♦✲❞✐♠❡♥✐♦♥❛❧✭✷❉✮❋❊❆✐♠✉❧❛✐♦♥✱✇❤✐❧❡❤❡❞❛❤❡❞❧✐♥❡❛❡❛❝❤✐❡✈❡❞❜②❡①♣❡✐✲
♠❡♥ ✳Ld❦❡❡♣❝♦♥❛♥❛❧♦✇❝✉❡♥✇❤✐❧❡✐ ❞❡❝❡❛❡❣❛❞✉❛❧❧②✇❤❡♥❤❡❝✉ ❡♥
✐❤✐❣❤❡ ❤❛♥1.2❆♠♣❡❡✭❜❡❝❛✉❡♦❢❤❡✐♦♥❛✉❛✐♦♥✮✳❉✉❡♦❤❡❡①✐ ❡♥❝❡♦❢❤❡
❜✐❞❣❡✐♥❤❡♦♦✱Lq✐♦❢❤✐❣❤✈❛❧✉❡❛✈❡②❧♦✇❝✉❡♥✭✇❤✐❝❤✐❝♦♠♣❧❡❡❧②❞✐✛❡✲
❡♥❢♦♠❤❡❝♦♥✈❡♥✐♦♥❛❧❛❧✐❡♥✲♣♦❧❡❘❊▲♠❛❝❤✐♥❡✮✱❛♥❞❤❡♥✱✐ ❡❞✉❝❡ ✐❣♥✐✜❝❛♥❧②
❛❢❡ ❤❡❛✉❛✐♦♥♦❢❤❡❜✐❞❣❡✳■❦❡❡♣❛❧♠♦ ❝♦♥❛♥✇❤❡♥ ❤❡♣❤❛❡❝✉❡♥✐
❤✐❣❤❡ ❤❛♥2.0❆✳

❇②✉✐♥❣❤✐ ❡ ❜❡♥❝❤✱❡①♣❡✐♠❡♥ ❛ ♥♦✲❧♦❛❞❛♥❞ ❡✐✐✈❡❧♦❛❞❝♦♥❞✐✐♦♥♦❢
❤❡❙❊❘●❤❛✈❡❜❡❡♥❝❛ ✐❡❞♦✉✳❋✐❣✳✹✳✹❤♦✇ ❤❡❡①♣❡✐♠❡♥❛❧ ❛✐♥❣♣♦❝❡ ♦❢
❡❧❢✲❡①❝✐❛✐♦♥✐♥❤❡❘❊▲❣❡♥❡❛♦✇✐❤C=70µ❋❛ ❤❡ ♣❡❡❞♦❢915♣♠✳❇❡❢♦❡
t=1.0✱❤❡❜❛♥❦♦❢❝❛♣❛❝✐♦ ❛❡❞✐❝♦♥♥❡❝❡❞✳■✐♥♦❛❜❧❡❤❛❛❡❛❧❧②♥❡❣❧✐❣✐❜❧❡
✈♦❧❛❣❡✐✐♥❞✉❝❡❞✱❞✉❡♦❤❡❧♦✇ ❡✐❞✉❛❧♠❛❣♥❡✐♠✐♥ ❤❡ ♦♦✳ ❆t=1.0✱❤❡
❝❛♣❛❝✐♦ ❛❡✉❞❞❡♥❧②❝♦♥♥❡❝❡❞♦❤❡ ❛♦ ❡♠✐♥❛❧✳❚❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✐❡
❛♣✐❞❧②✱✉♥✐❧❝❡❛✐♥❛✉❛✐♦♥❝♦♥❞✐✐♦♥♦❢❤❡❣❡♥❡❛♦✐ ❡❛❝❤❡❞✳ ❚❤❡♣♦❝❡ ♦❢
❡❧❢✲❡①❝✐❛✐♦♥✐❛❝❤✐❡✈❡❞✐♥❛✈❡②❤♦ ✐♠❡✳

✹✳✷✳✸✳❙❡❛❞②✲ ❛❡♣❡❢♦♠❛♥❝❡❛♥❛❧② ✐

❯♥❞❡ ❡❛❞②✲❛❡❝♦♥❞✐✐♦♥✱❤❡ ✐♠❡❞❡✐✈❛✐✈❡❡♠ ✐♥✭✹✳✷✮❛♥❞✭✹✳✸✮❛❡❡ ♦
③❡♦✳❙✐♥❝❡❤❡❡✐❞✉❛❧♠❛❣♥❡✐♠✐♥ ❤❡♦♦✐❡❛❧❧②❧♦✇✱✐✐♥❡❣❧❡❝❡❞✐♥❤❡ ❡❛❞②✲
❛❡❛♥❛❧②✐✳❋♦ ✐♠♣❧✐❝✐②✱♦♥❧②❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡✐❛✉♠❡❞ ♦❜❡❛✛❡❝❡❞❜②
♠❛❣♥❡✐❝❛✉❛✐♦♥✐♥❤✐ ❛♥❛❧②✐✱✇❤✐❧❡❤❡q✲❛①✐✐♥❞✉❝❛♥❝❡✐ ❝♦♥✐❞❡❡❞♦❜❡
❝♦♥❛♥✳❚❤❡❛✉❛❡❞✈❛❧✉❡♦❢Lq✐❣✐✈❡♥✐♥❚❛❜❧❡✹✳✶✳
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Analysis

Experiment

❋✐❣✉❡✹✳✺✿❚❤❡♥♦✲❧♦❛❞❣❡♥❡❛❡❞✈♦❧❛❣❡❛❣❛✐♥ ♣❡❡❞❢♦❞✐✛❡❡♥❝❛♣❛❝✐♦ ✭70µ❋✱
140µ❋❛♥❞210µ❋✱ ❡♣❡❝✐✈❡❧②✮✳

❆✳ ◆♦✲▲♦❛❞❈♦♥❞✐✐♦♥

❆ ♥♦✲❧♦❛❞❝♦♥❞✐✐♦♥✱❤❡ ❡♠✐♥❛❧ ♦❢❤❡❘❊▲❣❡♥❡❛♦❛❡❝♦♥♥❡❝❡❞♦❛❜❛♥❦♦❢
❝❛♣❛❝✐♦✳❚❤❡ ❡❛❞②✲❛❡✈♦❧❛❣❡❡✉❛✐♦♥❛❡❡✉❧❡❞❛✿

Vd=RsId−XqIq=−XcIq

Vq=RsIq+XdId=XcId
✭✹✳✹✮

✇❤❡❡Xd✱Xq❛♥❞Xc❛❡❤❡d✲✱q✲❛①✐✐♥❞✉❝✐✈❡❡❛❝❛♥❝❡❛♥❞❝❛♣❛❝✐✐✈❡❡❛❝❛♥❝❡✱
✇✐❤Xd=ωLd✱Xq=ωLq✱❛♥❞Xc=1/(ωC)✳

❲❤❡♥ ❡❧❢✲❡①❝✐❛✐♦♥♦❢❤❡❙❊❘●♦❝❝✉ ✇✐❤❣✐✈❡♥❝❛♣❛❝✐♦✱❤❡♠❛✐♥❝♦♥❝❡♥
✐ ❤❡❝♦♠♣✉❛✐♦♥♦❢❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✳■ ❛ ❢♦♠❤❡❝❛❧❝✉❧❛✐♦♥♦❢❤❡d✲❛①✐
❡❛❝❛♥❝❡✱✇❤✐❝❤❝❛♥❜❡❞✐❡❝❧②❞❡✐✈❡❞❢♦♠✭✹✳✹✮✿

Xd=
R2s

Xc−Xq
+Xc ✭✹✳✺✮

❯♥❞❡ ❤❡❛ ✉♠♣✐♦♥♦❢❝♦♥❛♥q✲❛①✐✐♥❞✉❝❛♥❝❡✱Xd✐♦❜❛✐♥❡❞❢♦❣✐✈❡♥❝❛♣❛❝✐✲
✐✈❡❡❛❝❛♥❝❡Xc✳❚❤❡♥❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡✐❝❛❧❝✉❧❛❡❞❜②Ld=Xd/ω✳❆❝❝♦❞✐♥❣♦
❤❡d✲❛①✐♠❛❣♥❡✐③✐♥❣❝✉✈❡✭❤♦✇♥✐♥❋✐❣✳✹✳✸✭❜✮✮✱❤❡d✲❛①✐❝✉❡♥❝❛♥❜❡♦❜❛✐♥❡❞
❜②✐♥❡♣♦❧❛✐♦♥✳❆❢❡ ❤❛✱❤❡d✲❛♥❞q✲❛①✐✈♦❧❛❣❡❛❡❝❛❧❝✉❧❛❡❞❛❣❛✐♥❢♦♠✭✹✳✹✮✱
❛♥❞❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✐ ❝♦♠♣✉❡❞✳■ ❤♦✉❧❞❜❡♥♦✐❝❡❞❤❛ ❤✐ ❝❛❧❝✉❧❛✐♦♥✐
❝❛✐❡❞♦✉❛❣✐✈❡♥♦♣❡❛✐♥❣♣❡❡❞✳❆❝✉❛❧❧②✱❞✐✛❡❡♥ ♣❡❡❞❞✐✈❡❤❡❣❡♥❡❛♦✐♥♦
❞✐✛❡❡♥ ❛✉❛✐♦♥❝♦♥❞✐✐♦♥✱❛♥❞❤✉ ❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡❛❡❞✐✛❡❡♥✳

❋✐❣✳✹✳✺ ❤♦✇ ❤❡❝♦♠♣❛✐♦♥♦❢❤❡✈♦❧❛❣❡✈❡ ✉ ♣❡❡❞❝✉✈❡❜❡✇❡❡♥ ❤❡❛♥❛✲
❧②✐❝❛❧❛♥❞❡①♣❡✐♠❡♥❛❧❡✉❧ ✳❉✐✛❡❡♥❝❛♣❛❝✐❛♥❝❡❛❡❝♦♥✐❞❡❡❞✱✇❤✐❝❤❛❡70µ❋✱
140µ❋❛♥❞210µ❋✱ ❡♣❡❝✐✈❡❧②✳Vph ❡❢❡ ♦❤❡♣❡❛❦✈❛❧✉❡♦❢♣❤❛❡✈♦❧❛❣❡✳ ❚❤❡
♦❧✐❞❧✐♥❡ ❡♣❡❡♥ ❤❡❛♥❛❧②✐❝❛❧❡✉❧ ✱✇❤✐❧❡❤❡ ❛♣♦✐♥ ✐♥❞✐❝❛❡❤❡❡①♣❡✐♠❡♥✲
❛❧ ❡✉❧ ✳ ❆❧❤♦✉❣❤ ❤❡❛♥❛❧②✐❝❛❧✈❛❧✉❡❛❡❧✐❣❤❧②❤✐❣❤❡ ❤❛♥ ❤❡❡①♣❡✐♠❡♥❛❧
♦♥❡✱❤❡❞✐✛❡❡♥❝❡❛❡❛❝❝❡♣❛❜❧❡✳
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✭❛✮❱♦❧❛❣❡✇❛✈❡❢♦♠✳ ✭❜✮❈✉❡♥✇❛✈❡❢♦♠✳

❋✐❣✉❡✹✳✻✿❚❤❡❡①♣❡✐♠❡♥❛❧♥♦✲❧♦❛❞❣❡♥❡❛❡❞✈♦❧❛❣❡❛♥❞❝✉❡♥❛❝♦♥❛♥ ♣❡❡❞
1000♣♠✇✐❤❞✐✛❡❡♥❝❛♣❛❝✐♦✳

■✐❛❧♦♦❜❡✈❡❞❢♦♠❋✐❣✳✹✳✺❤❛✇✐❤❤❡✐♥❝❡❛❡♦❢❤❡♣❡❡❞✉♥❞❡❝♦♥❛♥
❝❛♣❛❝✐♦✱❤❡♦✉♣✉ ✈♦❧❛❣❡✐♥❝❡❛❡❛❝❝♦❞✐♥❣❧②✳ ❇❡✐❞❡✱❧❛❣❡❡①❝✐❛✐♦♥❝❛♣❛❝✐✲
❛♥❝❡❛❧♦❧❡❛❞ ♦❤✐❣❤❡♦✉♣✉✈♦❧❛❣❡❛ ❤❡❛♠❡♣❡❡❞✳ ▼♦❡♣❡❝✐✜❝❛❧❧②✱❋✐❣✳✹✳✻
❤♦✇ ❤❡❡①♣❡✐♠❡♥❛❧♥♦✲❧♦❛❞✈♦❧❛❣❡❛♥❞❝✉❡♥❛ 1000 ♣♠✇✐❤C=70✱105✱
140✱175❛♥❞210µ❋✱ ❡♣❡❝✐✈❡❧②✳❙✐♥✉♦✐❞❛❧✇❛✈❡❢♦♠ ❛❡✈❡✐✜❡❞❢♦❜♦❤✈♦❧❛❣❡
❛♥❞❝✉❡♥✳■✐✇♦ ❤♥♦✐❝✐♥❣❤❛ ❤❡✐❛♠♣❧✐✉❞❡✐♥❝❡❛❡✇✐❤❤❡❝❛♣❛❝✐❛♥❝❡✳
❋♦♠❤❡❡❧❡❝ ♦♠❛❣♥❡✐❝❡♦♥❛♥❝❡♣♦✐♥♦❢✈✐❡✇✱❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡❡❞✉❝❡✇✐❤
❤❡✐♥❝❡❛❡♦❢❝❛♣❛❝✐❛♥❝❡❛❣✐✈❡♥♣❡❡❞✱✐♥♦❞❡ ♦❛❝❤✐❡✈❡❛ ❛❜❧❡❡♦♥❛♥❝❡❝♦♥✲
❞✐✐♦♥✳❘❡❢❡✐♥❣♦❋✐❣✳✹✳✸✭❜✮✱❧♦✇❡Ld♠❡❛♥ ❛❤✐❣❤❡❛♠♣❧✐✉❞❡♦❢d✲❛①✐✢✉①✱❛♥❞
❤✉✱❛❤✐❣❤❡q✲❛①✐✈♦❧❛❣❡✳ ❙✐♥❝❡Vq✐❞♦♠✐♥❛♥ ✐♥❤❡♦✉♣✉ ✈♦❧❛❣❡✱❛❤✐❣❤❡
❡♠✐♥❛❧✈♦❧❛❣❡✐♦❜❛✐♥❡❞✇✐❤❤❡❤✐❣❤❡❝❛♣❛❝✐❛♥❝❡✳

❚❤✐ ♣♦✈✐❞❡❛♠❡❤♦❞♦♠❛✐♥❛✐♥❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡❢♦✈❛✐❡❞♣❡❡❞✐♥✇✐♥❞
♣♦✇❡❛♣♣❧✐❝❛✐♦♥✳ ❲❤❡♥❤❡❞✐✈❡♥♣❡❡❞✐ ❡❞✉❝❡❞✱❛❝♦❡♣♦♥❞✐♥❣❡❞✉❝✐♦♥✐♥❤❡
❣❡♥❡❛❡❞✈♦❧❛❣❡♦❝❝✉✳ ❍♦✇❡✈❡✱✐✐♣♦ ✐❜❧❡♦❡❝♦✈❡ ❤❡✈♦❧❛❣❡❜②✐♥❝❡❛✐♥❣
❝❛♣❛❝✐❛♥❝❡✳ ❚❤❡❡❢♦❡✱❛ ❡♣✇✐❡✲✇✐❝❤❡❞✈❛✐❛❜❧❡❝❛♣❛❝✐♦✇✐❧❧❜❡✉❡❢✉❧❢♦ ❤❡
✈♦❧❛❣❡❡❣✉❧❛✐♦♥✳ ❉❡❛✐❧❡❞❞✐❝✉✐♦♥♦♥❞❡❡♠✐♥✐♥❣ ❤❡❝❛♣❛❝✐❛♥❝❡✇✐❤✈❛✐❛❜❧❡
♣❡❡❞✇✐❧❧❜❡❣✐✈❡♥✐♥❙❡❝✐♦♥✺✳✸✳

❇✳❘❡ ✐✐✈❡▲♦❛❞❈♦♥❞✐✐♦♥

❋♦ ❡✐✐✈❡❧♦❛❞❝♦♥❞✐✐♦♥✱❤❡❝❛♣❛❝✐♦C❛♥❞❤❡❧♦❛❞RL❛❡♣❛❛❧❧❡❧❝♦♥♥❡❝❡❞♦
❤❡ ❛♦ ❡♠✐♥❛❧✱❛ ❤♦✇♥✐♥❋✐❣✳✹✳✼✳❚❤❡❡❢♦❡✱❤❡✐♠♣❡❞❛♥❝❡♦❢C❛♥❞RL❛❡
❡♣❡❡♥❡❞❛✿
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❋✐❣✉❡✹✳✽✿❚❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡❛❣❛✐♥ ♣❡❡❞✇✐❤C=140µ❋✱RL=250Ω❛♥❞
50Ω✱❡♣❡❝✐✈❡❧②✳

❤❡♥Ż=AXc−jARL✳❈♦♠❜✐♥✐♥❣✭✹✳✷✮✇✐❤✭✹✳✸✮✱❤❡ ❡❛❞②✲❛❡✈♦❧❛❣❡❡✉❛✐♦♥
❛❡❞❡❞✉❝❡❞♦❜❡✿

Vd=RsId−XqIq=−A(XcId+RLIq)

Vq=RsIq+XdId=A(RLId−XcIq)
✭✹✳✽✮

❙✐♠✐❧❛ ♦❤❡♥♦✲❧♦❛❞❝♦♥❞✐✐♦♥❛♥❛❧②✐✱❤❡d✲❛①✐✐♥❞✉❝✐✈❡❡❛❝❛♥❝❡✐❡①♣❡❡❞❛✿

Xd=
(AXc+Rs)

2

ARL−Xq
+ARL ✭✹✳✾✮

❚❤❡❡❢♦❡✱❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡❛❞✐✛❡❡♥ ♣❡❡❞❝❛♥❜❡❝❛❧❝✉❧❛❡❞❛❝❝♦❞✐♥❣♦
❤❡❝✐❝✉✐♣❛❛♠❡❡✱❛♥❞❤❡♥♦❜❛✐♥❡❞❤❡d✲❛①✐❝✉❡♥ ❤♦✉❣❤✐♥❡♣♦❧❛✐♦♥♦❢
❤❡♠❛❣♥❡✐③✐♥❣❝✉✈❡✐♥❋✐❣✳✹✳✸✭❜✮✳❆❢❡ ❤❛✱❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡❝❛♥❜❡❝♦♠♣✉❡❞
❛❣❛✐♥❜②✉✐♥❣✭✹✳✽✮✳

❚❤❡❝♦♠♣❛✐♦♥♦❢❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✈❡✉ ♣❡❡❞❜❡✇❡❡♥❛♥❛❧②✐❝❛❧❛♥❞❡①✲
♣❡✐♠❡♥❛❧❡✉❧ ❛❡❤♦✇♥✐♥❜♦❤❋✐❣✳✹✳✽❛♥❞❋✐❣✳✹✳✾✱❝♦♥✐❞❡✐♥❣C=140µ❋❛♥❞
C=210µ❋✱ ❡♣❡❝✐✈❡❧②✳ ❉✐✛❡❡♥❧♦❛❞❝♦♥❞✐✐♦♥✱✐♥❝❧✉❞✐♥❣RL=250Ω❛♥❞50Ω✱
❛❡✐♥✈❡✐❣❛❡❞✳ ❆❝✉❛❧❧②✱✇❤❡♥ ❤❡❙❊❘●✐ ❝♦♥♥❡❝❡❞✇✐❤❧♦❛❞✱✐ ✐ ❡❛❧❧②❞✐✣✲
❝✉❧ ♦❜❡❡❧❢✲❡①❝✐❡❞✳❉✉❡♦❤❡❞✐✈✐✐♦♥♦❢❤❡ ❛♦❝✉❡♥✱❤❡❝❛♣❛❝✐♦❝✉❡♥
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❋✐❣✉❡✹✳✶✵✿ ❈♦♠♣❛✐♦♥♦❢❡①♣❡✐♠❡♥❛❧♦✉♣✉ ✈♦❧❛❣❡✇✐❤❞✐✛❡❡♥❧♦❛❞❛ ❤❡
♣❡❡❞♦❢1000♣♠✭C=140µ❋✮✳

✐❞❡❝❡❛❡❞✱❛♥❞❤❡♥ ❤❡✐♥❞✉❝❡❞✈♦❧❛❣❡✐ ❡❞✉❝❡❞✱❡✐❤❡✳ ❚❤❡❡❢♦❡✱❤❡❣❡♥❡❛✲
♦✐✉✉❛❧❧②♦♣❡❛❡❞❛♥♦✲❧♦❛❞❝♦♥❞✐✐♦♥❢♦✐♥✐✐❛❧ ❛✲✉♣✳❖♥❝❡❡❧❢✲❡①❝✐❛✐♦♥✐
❛❝❤✐❡✈❡❞✱❤❡❧♦❛❞❛❡❝♦♥♥❡❝❡❞♦❤❡❣❡♥❡❛♦ ❡♠✐♥❛❧✳

■✐✐♥❞✐❝❛❡❞❢♦♠❤❡✜❣✉❡ ❤❛ ❤❡❛♥❛❧②✐❝❛❧❡✉❧ ❛❡✐♥❣♦♦❞❛❝❝♦❞❛♥❝❡
✇✐❤❤❡❡①♣❡✐♠❡♥❛❧❡✉❧ ❛❧✐❣❤✲❧♦❛❞❝♦♥❞✐✐♦♥✭❤❛✐250Ω✮✱✇❤✐❧❡✐❣♥✐✜❝❛♥
❞✐❝❡♣❛♥❝②✐♥♦✐❝❡❞❛❤❡❛✈②✲❧♦❛❞❝♦♥❞✐✐♦♥✭❤❛✐50Ω✮✳❚❤✐✐♠❛✐♥❧②❞✉❡ ♦❤❡
❡✛❡❝♦❢❝♦✲❛✉❛✐♦♥❜❡✇❡❡♥d✲❛♥❞q✲❛①✐✐♥❞✉❝❛♥❝❡✱✇❤✐❝❤✇✐❧❧❜❡❞❡❛❧✇✐❤✐♥
❈❤❛♣❡✺✳

❇❡✐❞❡✱❛ ❤❡❛♠❡♣❡❡❞✱❤❡♦✉♣✉✈♦❧❛❣❡♦❢❤❡❘❊▲❣❡♥❡❛♦❝♦♥♥❡❝❡❞✇✐❤
❤❡❛♠❡❝❛♣❛❝✐♦✈❛✐❡✇✐❤❧♦❛❞✱❛❤✐❣❤❧✐❣❤❡❞✐♥❋✐❣✳✹✳✶✵✳❆♣♣❛❡♥ ❡❞✉❝✐♦♥✐



✼✹ ■♥✈❡ ✐❣❛✐♦♥♦❢❙❡❧❢✲❊①❝✐❡❞❘❡❧✉❝❛♥❝❡●❡♥❡❛♦

♥♦✐❝❡❞✇❤❡♥❤❡❡✐❛♥❝❡✐❝❤❛♥❣❡❞❢♦♠150Ω♦50Ω✳❚❤✐✈♦❧❛❣❡❞♦♣❝❛♥❜❡
❛ ✐❜✉❡❞♦❤❡❢♦❧❧♦✇✐♥❣ ❡❛♦♥✳❆♥♦✲❧♦❛❞❝♦♥❞✐✐♦♥✱❤❡❝✉ ❡♥♣❤❛♦✐❛❧♠♦
❛❧♦♥❣❤❡d✲❛①✐✳ ❲✐❤ ❤❡✐♥❝❡❛❡♦❢❧♦❛❞✱❤❡❝✉ ❡♥♣❤❛♦♠♦✈❡ ♦✇❛❞ ❤❡q✲
❛①✐✳❚❤❡❡❢♦❡✱❤❡❛♠♣❧✐✉❞❡|Id|✐ ❡❞✉❝❡❞✱✇❤✐❧❡|Iq|✐✐♥❝❡❛❡❞✳❘❡❢❡✐♥❣♦❤❡
❧❡❢♣❛ ♦❢✭✹✳✽✮✱ ❤❡❛♠♣❧✐✉❞❡|Vd|✐✐♥❝❡❛❡❞✱✇❤✐❧❡|Vq|✐ ❡❞✉❝❡❞✳❙✐♥❝❡Vq✐
❞♦♠✐♥❛♥✐♥❤❡♦✉♣✉✈♦❧❛❣❡✱❤❡✈♦❧❛❣❡❞❡❝❡❛❡✇✐❤❤❡✐♥❝❡❛❡♦❢❧♦❛❞✳

■♥❝♦♥❝❧✉✐♦♥✱❤❡❛♠♣❧✐✉❞❡♦❢❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡♦❢❙❊❘●❝❤❛♥❣❡✇✐❤♦♦
♣❡❡❞✱❝❛♣❛❝✐❛♥❝❡❛♥❞❛❧♦❧♦❛❞✳■ ❣♦❡ ✉♣ ✐❣♥✐✜❝❛♥❧②✇✐❤✐♥❝❡❛✐♥❣♣❡❡❞♦
❝❛♣❛❝✐❛♥❝❡✱✇❤❡❡❛❞♦♣ ✇✐❤❧♦❛❞✳ ❚❤✐ ✐♠♣❧✐✜❡❞❛♥❛❧②✐❝❛❧♠♦❞❡❧✐✉❡❢✉❧♦
❡❝♦❣♥✐③❡❤❡ ❡❛❞②✲❛❡♣❡❢♦♠❛♥❝❡♦❢❙❊❘●✱❛♥❞❣♦♦❞❛❣❡❡♠❡♥✐♦❜❛✐♥❡❞✇✐❤
❡①♣❡✐♠❡♥❛❧❡✉❧ ✳

✹✳✸✳❈♦♥❞✐✐♦♥❢♦ ❡❧❢✲❡①❝✐❛✐♦♥✐♥❙❊❘●

❯♥❞♦✉❜❡❞❧②✱ ❡❧❢✲❡①❝✐❛✐♦♥✐❡❡♥✐❛❧❢♦❘❊▲❣❡♥❡❛♦ ♦❜✉✐❧❞✉♣ ❤❡✈♦❧❛❣❡✳
❲✐ ❤♦✉ ❡❧❢✲❡①❝✐❛✐♦♥✱❤❡✐♥❞✉❝❡❞✈♦❧❛❣❡♦❢❤❡❘❊▲❣❡♥❡❛♦✐ ❡❛❧❧②✐♥✐❣♥✐✜❝❛♥
❡✈❡♥♦♣❡❛❡❞❛❡①❛✲❤✐❣❤♣❡❡❞✳ ❍❡❡❛❢❡✱❤❡❝♦♥❞✐✐♦♥❢♦✐♥✐✐❛❧❡❧❢✲❡①❝✐❛✐♦♥
♦❢❙❊❘●✇✐❧❧❜❡❞✐❝✉❡❞✳

✹✳✸✳✶✳▼✐♥✐♠✉♠ ❡✉✐❡❞❝❛♣❛❝✐❛♥❝❡

●❡♥❡❛❧❧②♣❡❛❦✐♥❣✱ ❤❡♣♦❝❡ ♦❢✐♥✐✐❛❧❡❧❢✲❡①❝✐❛✐♦♥✐♥❙❊❘●✐❛❝❤✐❡✈❡❞❜②❡❧❡❝✲
♦♠❛❣♥❡✐❝❡♦♥❛♥❝❡❜❡✇❡❡♥❝❛♣❛❝✐♦❛♥❞✐♥❞✉❝♦✳❚❤❡❡❢♦❡✱❤❡❡✉✐❡❞❝❛♣❛❝✐✲
❛♥❝❡✐♦♥❡♦❢❤❡♠♦ ✐♠♣♦❛♥❢❛❝♦ ❢♦ ❡❧❢✲❡①❝✐❛✐♦♥✳❋♦♠✭✹✳✹✮✱❤❡❝❛♣❛❝✐✐✈❡
❡❛❝❛♥❝❡✐❡①♣❡❡❞❛❢♦❧❧♦✇✿

Xc=
(Xd+Xq)± (Xd+Xq)2−4(XdXq+R2s)

2
✭✹✳✶✵✮

✇❤✐❝❤✐♥❞✐❝❛❡ ❤❛ ❤❡❡❛❡✇♦ ❡♦♥❛♥♣♦✐♥ ✐♥❙❊❘●✳❙✐♥❝❡Xd✱Xq❛♥❞Rs❛❡
♣❛❛♠❡❡ ♦❢❤❡❣❡♥❡❛♦✇❤✐❝❤❝❛♥❜❡❦♥♦✇♥❢♦♠✐♠✉❧❛✐♦♥♦❡①♣❡✐♠❡♥✱✐✐
❝♦♥✈❡♥✐❡♥ ♦♦❜❛✐♥❤❡♠✐♥✐♠✉♠❝❛♣❛❝✐❛♥❝❡❡✉✐❡♠❡♥ ❛❞✐✛❡❡♥ ♣❡❡❞✳

❆ ❛♣❛✐❝✉❧❛❝❛❡✱✐❢Rs✐♥❡❣❧❡❝❡❞✱✭✹✳✶✵✮✐❞❡❞✉❝❡❞❛✿

Xc=Xd or Xc=Xq ✭✹✳✶✶✮

❙✐♠♣❧② ♣❡❛❦✐♥❣✱ ✇♦ ❡♦♥❛♥❝❡❝♦♥❞✐✐♦♥❛❡❢♦✉♥❞✿ ❤❡✜ ❜❡✇❡❡♥ ❤❡d✲❛①✐
✐♥❞✉❝❛♥❝❡❛♥❞❤❡❝❛♣❛❝✐❛♥❝❡✱✇❤✐❧❡❤❡ ❡❝♦♥❞❜❡✇❡❡♥ ❤❡q✲❛①✐✐♥❞✉❝❛♥❝❡❛♥❞
❤❡❝❛♣❛❝✐❛♥❝❡✳❚❤❡❡❢♦❡✱❤❡❡✉✐❡❞♠✐♥✐♠✉♠❝❛♣❛❝✐❛♥❝❡❛❞✐✛❡❡♥ ♣❡❡❞❝❛♥
❜❡❡❛✐❧②♦❜❛✐♥❡❞❛✿

Cmin=
1

ω2Ld
or Cmin=

1

ω2Lq
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❉✉❡ ♦❤❡❡①✐ ❡♥❝❡♦❢✢✉①✲❜❛✐❡ ✐♥❤❡ ♦♦✱Ld✐❛❧✇❛② ❤✐❣❤❡ ❤❛♥Lq✐♥
❤❡❘❊▲♠❛❝❤✐♥❡✳❈♦♥❡✉❡♥❧②✱❤❡❡✉✐❡❞♠✐♥✐♠✉♠❝❛♣❛❝✐❛♥❝❡✐❝❛❧❝✉❧❛❡❞❢♦♠
d✲❛①✐✐♥❞✉❝❛♥❝❡♦♥❧②✳
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❋✐❣✉❡✹✳✶✶✿ ▼✐♥✐♠✉♠✈❛❧✉❡♦❢ ❤❡❝❛♣❛❝✐♦ ❢♦ ❡❧❢✲❡①❝✐❛✐♦♥✈❡✉ ♣❡❡❞✱❜♦❤
❛♥❛❧②✐❝❛❧❛♥❞❡①♣❡✐♠❡♥❛❧❡✉❧ ✳

❋♦ ❛♥❛♥❛❧②✐❝❛❧❡✐♠❛✐♦♥♦❢❤❡❡♦♥❛♥❝❡❝♦♥❞✐✐♦♥✱Ld❝❛♥❜❡❝♦♠♣✉❡❞❢♦♠
❤❡❛♥❛❧②✐❝❛❧❡①♣❡✐♦♥✱✇❤✐❝❤✐ ❤♦✇♥✐♥✭✶✳✷✺✮✳■♥❤✐❝❛❡✱❤❡❡✉✐❡❞♠✐♥✐♠✉♠
❝❛♣❛❝✐❛♥❝❡❛❡❡✐♠❛❡❞❢♦♠✭✹✳✶✷✮❛♥❞✭✶✳✷✺✮✱❡✈❡♥❤♦✉❣❤❤❡✐♥❞✉❝❛♥❝❡♦❢❤❡
❣❡♥❡❛♦❛❡♥♦♠❡❛✉❡❞♦ ✐♠✉❧❛❡❞✳

❋✐❣✳✹✳✶✶ ❤♦✇ ❤❡❝♦♠♣❛✐♦♥♦❢ ❤❡ ♠✐♥✐♠✉♠❝❛♣❛❝✐❛♥❝❡♦❜❛✐♥❡❞❢♦♠ ❤❡
❛♥❛❧②✐❝❛❧♠♦❞❡❧❛♥❞❡①♣❡✐♠❡♥✳❚❤❡❛♥❛❧②✐❝❛❧♠♦❞❡❧✐✉❡❞❜♦❤❝♦♥✐❞❡✐♥❣❛♥❞
♥❡❣❧❡❝✐♥❣ ❛♦ ❡✐❛♥❝❡✱❡♣❛❛❡❧②✳ ❙✐♥❝❡❤❡❙❊❘●❤❛ ♦❜❡♦♣❡❛❡❞✐♥❤❡
❛✉❛❡❞❡❣✐♦♥♦❣✉❛❛♥❡❡❡❧❢✲❡①❝✐❛✐♦♥✱❤❡✉♥❛✉❛❡❞d✲❛①✐✐♥❞✉❝❛♥❝❡❝❛♥♥♦
❜❡❡❧❡❝❡❞✳❍❡❡✱Ld✐❝❤♦❡♥0.41❍✳❚❤❡q✲❛①✐✐♥❞✉❝❛♥❝❡✐❛✉♠❡❞♦❜❡❝♦♥❛♥✱
❛♥❞❡✉❛❧ ♦❤❡ ❛✉❛❡❞✈❛❧✉❡✭Lqs=0.04❍✮✳❚❤❡❡✐♥♦ ✐❣♥✐✜❝❛♥❞✐✛❡❡♥❝❡♦❢
Cmin❝♦♥✐❞❡✐♥❣♦♥❡❣❧❡❝✐♥❣❤❡ ❛♦ ❡✐❛♥❝❡✳❚❤❡❛♥❛❧②✐❝❛❧❡✉❧ ❛❡✈❡✐✜❡❞
❜②❤❡❡①♣❡✐♠❡♥❛❧❡✉❧ ✳❋✐❣✳✹✳✶✶❛❧♦❤♦✇ ❤❡❝❛❧❝✉❧❛❡❞♠✐♥✐♠✉♠❝❛♣❛❝✐❛♥❝❡
❤♦✉❣❤❤❡❡ ✐♠❛✐♦♥♦❢Ld✳❆❧❤♦✉❣❤❤✐♠❡❤♦❞♦❜❛✐♥✈✐✐❜❧❡❧♦✇❡✈❛❧✉❡♦❢Cmin✱
✐✐♣♦ ✐❜❧❡♦❛❝❤✐❡✈❡❛❢❛ ❡✐♠❛✐♦♥♦❢❤❡✉✐❛❜❧❡❝❛♣❛❝✐❛♥❝❡❢♦ ❡♦♥❛♥❝❡✳

✹✳✸✳✷✳▼✐♥✐♠✉♠ ♦♦ ❡✐❞✉❛❧ ♠❛❣♥❡✐♠

❖♥❝❡ ❤❡❝❛♣❛❝✐♦✐♣♦♣❡❧②❡❧❡❝❡❞✱❤❡❝✐❝✉✐ ❡❛❝❤❡ ❡♦♥❛♥❝❡❛❛❝❡❛✐♥♣❡❡❞✳
❍♦✇❡✈❡✱♦♥❧②❡♦♥❛♥❝❡❝❛♥♥♦❣✉❛❛♥❡❡❤❛ ❤❡✈♦❧❛❣❡♦❢❤❡❘❊▲❣❡♥❡❛♦✐♥✲
❝❡❛❡✉♣♦❤❡♣♦♣❡✈❛❧✉❡✳❋♦♠❤❡❡①♣❡✐♠❡♥❛❧❡ ✱✐✐♦❜❡✈❡❞❤❛✐❢❤❡
❡✐❞✉❛❧♠❛❣♥❡✐♠✐♥ ❤❡♦♦✐♦♥❝♦❡✐♥♦❤✐❣❤❡♥♦✉❣❤✱❤❡❘❊▲❣❡♥❡❛♦❢❛✐❧ ♦
❡❛❝❤❤✐❣❤♦✉♣✉✈♦❧❛❣❡✳❚❤❡❡❢♦❡✱❤❡❡✐❞✉❛❧✢✉①❧✐♥❦❛❣❡✭Λres✮✐♥❤❡♦♦✐♦♥
❝♦❡✐❛♥♦❤❡❦❡②❢❛❝♦ ♦❛✉❡❡❧❢✲❡①❝✐❛✐♦♥✐♥❙❊❘●✳

❚❤❡❛✐❣❛♣✢✉①❧✐♥❦❛❣❡❞✉❡♦❡✐❞✉❛❧♠❛❣♥❡✐♠❝❛♥❜❡❝❛❧❝✉❧❛❡❞❛✿

Λres=E/ω ✭✹✳✶✸✮

✇❤❡❡E✐ ❤❡❜❛❝❦❊▼❋❛ ❡❧❡❝✐❝♣❡❡❞✳ ❚❤❡ ❡✐❞✉❛❧ ♠❛❣♥❡✐♠❝❛♥ ❤❡♥❜❡
❡♣❡❡♥❡❞❜②❤❡❜❛❝❦❊▼❋❛❣✐✈❡♥♣❡❡❞✳
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✭❛✮❇❛❝❦❊▼❋✇❛✈❡❢♦♠ ✇✐❤❉❈❝✉ ❡♥✳ ✭❜✮❇❛❝❦❊▼❋❛♠♣❧✐✉❞❡✇✐❤❉❈❝✉ ❡♥✳

❋✐❣✉❡✹✳✶✸✿ ❱❛✐❛✐♦♥♦❢❇❛❝❦❊▼❋✇❛✈❡❢♦♠ ❛♥❞❛♠♣❧✐✉❞❡♦❢ ❤❡❘❊▲♠❛❝❤✐♥❡
✇✐❤❞✐✛❡❡♥♠❛❣♥❡✐③✐♥❣❉❈❝✉❡♥ ❛1000♣♠✳

❙♦♠❡❡①♣❡✐♠❡♥❛❧❡ ❛❡❝❛✐❡❞♦✉ ♦♦❜❛✐♥❞✐✛❡❡♥♠❛❣♥❡✐③❛✐♦♥♦❢❤❡
♦♦♣❛❤✳■✐❛❝❤✐❡✈❡❞❜②❛♣♣❧②✐♥❣❞✐✛❡❡♥❛♠♣❧✐✉❞❡♦❢❉❈❝✉❡♥✱❛✐ ❤♦✇♥
✐♥❋✐❣✳✹✳✶✷✳❋♦❡❛❝❤✐♠❡✱❤❡♦♦✐✜ ❧②❞❡♠❛❣♥❡✐③❡❞❝♦♠♣❧❡❡❧②✱❛♥❞❤❡♥❤❡
❉❈❝✉ ❡♥✐✐♠♣♦❡❞♦❤❡ ❛♦ ❡♠✐♥❛❧✳❚❤❡❞❡♠❛❣♥❡✐③✐♥❣♣♦❝❡ ❢♦❧❧♦✇ ❤❡
♣♦♣❡②♦❢❤❡♠❛❣♥❡✐❝❤②❡❡✐❧♦♦♣✱i.e.✱✇✐❤♣♦✐✐✈❡❛♥❞♥❡❣❛✐✈❡❝✉❡♥✢♦✇✐♥❣
❤♦✉❣❤❤❡ ❛♦✇✐♥❞✐♥❣❛❧❡♥❛❡❧②✳❚❤❡❝✉❡♥✈❛❧✉❡✐ ❡❞✉❝❡❞ ❡♣❜② ❡♣✉♥✐❧
✐✐❝❧♦❡❞♦③❡♦✳

❚❤❡❜❛❝❦❊▼❋✇❛✈❡❢♦♠ ♠❡❛✉❡❞❛1000♣♠❝♦ ❡♣♦♥❞✐♥❣ ♦❞✐✛❡❡♥♠❛❣✲
♥❡✐③✐♥❣❉❈❝✉❡♥ ❛❡ ❤♦✇♥✐♥❋✐❣✳✹✳✶✸✭❛✮✳ ❚❤❡✐ ❛♠♣❧✐✉❞❡ ❛❡ ❡♣♦❡❞✐♥
❋✐❣✳✹✳✶✸✭❜✮❛ ❛❢✉♥❝✐♦♥♦❢❤❡❉❈❝✉ ❡♥✐♠♣♦❡❞❞✉✐♥❣❤❡ ♠❛❣♥❡✐③✐♥❣♣♦✲
❝❡✳ ❊✈❡♥❤♦✉❣❤ ❤❡❜❛❝❦❊▼❋✐ ✉✐❡❧♦✇✱✐✐♥❝❡❛❡✇✐❤ ❤❡❉❈❝✉ ❡♥✳ ❆
❛❝♦♥❡✉❡♥❝❡✱❞✐✛❡❡♥❧❡✈❡❧♦❢❡✐❞✉❛❧♦♦♠❛❣♥❡✐♠❛❡❛❝❤✐❡✈❡❞❜②✉✐♥❣❞✐❢✲
❢❡❡♥♠❛❣♥❡✐③✐♥❣❉❈❝✉❡♥✳ ❲❤❡♥❤❡❉❈❝✉ ❡♥✐❤✐❣❤❡ ❤❛♥1.2❆✱❛❧♠♦
♥♦✈❛✐❛✐♦♥❛❡❢♦✉♥❞❜❡✇❡❡♥❜❛❝❦❊▼❋✱✇❤✐❝❤✐♠♣❧✐❡ ❤❛ ❤❡♠❛①✐♠✉♠❡✐❞✉❛❧
♠❛❣♥❡✐♠❤❛ ❜❡❡♥❡❛❝❤❡❞✳

❆❢❡ ❤❛✱❤❡❝❛♣❛❜✐❧✐②♦❢❙❊❘●✇✐❤❞✐✛❡❡♥ ♦♦ ❡✐❞✉❛❧♠❛❣♥❡✐♠ ❝❛♥❜❡
✐♥✈❡✐❣❛❡❞✳❆❜❛♥❦♦❢140µ❋❝❛♣❛❝✐♦ ❛❡❝♦♥♥❡❝❡❞♦❤❡❡♠✐♥❛❧ ♦❢❤❡❙❊❘●✳
❉✐✛❡❡♥❉❈❝✉ ❡♥ ❛❡✉❡❞♦♣♦❞✉❝❡❞✐✛❡❡♥ ❡✐❞✉❛❧♠❛❣♥❡✐♠✳ ❚❤❡♦♦
♣❡❡❞✐ ❧♦✇❧②❝❤❛♥❣❡❞❞✉✐♥❣❤❡❡①♣❡✐♠❡♥✳❚❤❡❡❡❞♣❤❛❡❝✉❡♥✈❡ ✉ ♣❡❡❞
❛❡❤♦✇♥❜② ❤❡❝✐❝❧❡✐♥❋✐❣✳✹✳✶✹✳❋♦❧♦✇❡✐❞✉❛❧♠❛❣♥❡✐♠✱ ❤❡♣❤❛❡❝✉❡♥
❤❛ ❤❡♠❛①✐♠✉♠✈❛❧✉❡❛ ❤❡❡♦♥❛♥❝❡♣♦✐♥❀✇❤✐❧❡❢♦❤✐❣❤❡✐❞✉❛❧♠❛❣♥❡✐♠✱ ❤❡
♣❤❛❡❝✉❡♥❣♦❡ ✉♣ ❛♣✐❞❧②✉♥✐❧❤❡♣♦❝❡ ♦❢ ❡❧❢✲❡①❝✐❛✐♦♥✐✜♥✐❤❡❞❛♥❞ ❤❡
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✭❝✮❚❤❡♠❛❣♥❡✐③✐♥❣❉❈❝✉❡♥✐0.25
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❆✳ ✭❞✮❚❤❡♠❛❣♥❡✐③✐♥❣❉❈❝✉❡♥✐0.3❆✳

❋✐❣✉❡✹✳✶✹✿❱❛✐❛✐♦♥♦❢♣❤❛❡❝✉❡♥✈❡ ✉ ♣❡❡❞❛❢❡❞✐✛❡❡♥❉❈♠❛❣♥❡✐③❛✐♦♥
✭C=140µ❋✮✳

❣❡♥❡❛♦ ❡❛❝❤❡❤✐❣❤✈♦❧❛❣❡✳❇❛❡❞♦♥❤❡❡❡✉❧ ✱❛✐♠♣❧✐✜❡❞❛♥❛❧②✐❝❛❧♠♦❞❡❧
✐♣♦♣♦❡❞♦❝♦♠♣✉❡❤❡♣❤❛❡❝✉❡♥✿

Iph=
ωΛres

|Rs+j(Xc−XL)|
✭✹✳✶✹✮

❲✐ ❤ ❤✐ ♠♦❞❡❧✱ ❤❡❜❡❤❛✈✐♦ ♦❢♣❤❛❡❝✉❡♥✈❡ ✉ ♣❡❡❞❝❛♥❜❡❞❡❝✐❜❡❞✱❛
❤♦✇♥❜②❤❡♦❧✐❞❧✐♥❡✐♥❋✐❣✳✹✳✶✹✳❆❢❛❛ ❤❡♠♦❞❡❧✐❝♦♥❝❡♥❡❞✱✐✐♣♦ ✐❜❧❡♦
♦❜❡✈❡❤❛ ❤❡❡✐❛❛✐❢❛❝♦②❛❣❡❡♠❡♥❜❡✇❡❡♥ ❤❡♣❡❞✐❝❡❞❛♥❞❡①♣❡✐♠❡♥❛❧
❡✉❧ ✳ ❖♥❧②❢♦♣❤❛❡❝✉❡♥❤✐❣❤❡ ❤❛♥40♠❆ ❤❡❡✐❛❞✐❝❡♣❛♥❝②✱✐♥❝❡❤❡
♠❡❛✉❡❞❝✉❡♥ ❡✉❧ ♦❜❡❤✐❣❤❡ ❤❛♥❤❡♣❡❞✐❝❡❞♦♥❡✳❚❤❡❡❛♦♥✐ ❤❛ ❤❡
❙❊❘● ❛ ♦❛✉❛❡✳❚❤✐♠♦❞❡❧ ❤♦✇❛♦✉❣❤❛♣♣♦①✐♠❛✐♦♥♦❢❤❡♣❤❛❡❝✉❡♥
❜❡❢♦❡❡❧❢✲❡①❝✐❛✐♦♥✳

■ ❤♦✉❧❞❜❡♥♦✐❝❡❞❤❛ ✇✐❤0.3❆♠❛❣♥❡✐③✐♥❣❉❈❝✉❡♥✱❤❡❘❊▲❣❡♥❡❛♦
❝♦♥♥❡❝❡❞✇✐❤C=140µ❋❝❛♥❜❡❡❧❢✲❡①❝✐❡❞✱❛ ❤♦✇♥✐♥❋✐❣✳✹✳✶✹✭❞✮✳❋♦C=70µ❋✱
✇✐❤❧♦✇❡ ❡✐❞✉❛❧♠❛❣♥❡✐♠✭❝♦ ❡♣♦♥❞✐♥❣♦❤❡♠❛❣♥❡✐③✐♥❣❉❈❝✉❡♥❡✉❛❧ ♦
0.2❆✮ ❤❡❣❡♥❡❛♦ ❛ ♦❡❛❝❤❤✐❣❤✈♦❧❛❣❡✳ ❲❤✐❧❡❢♦C=210µ❋✱ ❤❡♠✐♥✐♠✉♠
❉❈❝✉ ❡♥✐✐♥❝❡❛❡❞♦0.5❆✱❛ ❤♦✇♥✐♥❚❛❜❧❡✹✳✷✳❇❛❡❞♦♥✭✹✳✶✹✮✱❛♥✐♥❞✐❝❛✐✈❡
✈❛❧✉❡♦❢❤❡♣❤❛❡❝✉❡♥✐❞❡✜♥❡❞❛✿
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❚❤✐ ✈❛❧✉❡❝❛♥❜❡✉❡❞♦❞❡❡♠✐♥❡✇❤❡❤❡ ❤❡❘❊▲❣❡♥❡❛♦✇✐❤❝❡ ❛✐♥❡✐❞✉❛❧
♠❛❣♥❡✐♠❝❛♥❜❡ ❡❧❢✲❡①❝✐❡❞♦♥♦✳●❡♥❡❛❧❧②♣❡❛❦✐♥❣✱❤❡❡✐❛♠✐♥✐♠✉♠✈❛❧✉❡♦❢
❝✉❡♥✱✇❤✐❝❤✐❝❛❧❧❡❞Imin✱♦♣♦❞✉❝❡❤❡♠✐♥✐♠✉♠❛✐❣❛♣✢✉①❧✐♥❦❛❣❡❡✉✐❡❞❢♦
❡❧❢✲❡①❝✐❛✐♦♥❬✺✻❪✳■♥❤✐❝❛❡✱Imin ❡❢❡ ♦❤❡❝✉ ❡♥✇❤❡♥Lq❝❤❛♥❣❡ ❛♣✐❞❧②✱❛
✐❤✐❣❤❧✐❣❤❡❞❜②♣♦✐♥✏❆✑✐♥❋✐❣✳✹✳✶✺✳ ❲❤❡♥Iin✐❤✐❣❤❡ ❤❛♥Imin✱✐♠❡❛♥ ❤❡
❘❊▲❣❡♥❡❛♦❝❛♥❜❡❡❧❢✲❡①❝✐❡❞✳❆❝❝♦❞✐♥❣ ♦❊✉❛✐♦♥✭✹✳✶✺✮✱❤✐❣❤❡❝❛♣❛❝✐❛♥❝❡
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❚❛❜❧❡✹✳✷✿ ❱❛✐❛✐♦♥♦❢ ▼❛①✐♠✉♠ ❤❛❡❈✉❡♥❆❝❝♦❞✐♥❣ ♦❉✐✛❡❡♥▼❛❣♥❡✐③✐♥❣
❉❈❈✉ ❡♥✭C=210µ❋✮

▼❛❣♥❡✐③✐♥❣❉❈❈✉❡♥✭❆✮ Iph✭♠❆✮ ❙❛❡♠❡♥
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✇✐❧❧❝❛✉❡❧♦✇❡Iin✇✐❤ ❤❡ ❛♠❡❡✐❞✉❛❧♠❛❣♥❡✐♠✱✇❤✐❝❤♠❡❛♥ ❤❡❝❛♣❛❜✐❧✐②♦❢
❡❧❢✲❡①❝✐❛✐♦♥♦❢❘❊▲❣❡♥❡❛♦✐❞❡❝❡❛❡❞✳❚❤✐❛❝❝♦✉♥ ❢♦ ❤❡❡❛♦♥❤❛❤✐❣❤❡
♠❛❣♥❡✐③✐♥❣❉❈❝✉❡♥✐ ❡✉✐❡❞❢♦❣❡♥❡❛♦✇✐❤C=210µ❋ ♦❜❡❡❧❢✲❡①❝✐❡❞✳

✹✳✸✳✸✳❘♦♦ ❛❝❝❡❧❡❛✐♦♥

❉✉✐♥❣❤❡❡①♣❡✐♠❡♥✱✐✐❛❧♦♥♦✐❝❡❞❤❛ ❤❡❡❧❢✲❡①❝✐❛✐♦♥❝❛♥❜❡❛✛❡❝❡❞❜②❤❡
♦♦❛❝❝❡❧❡❛✐♦♥✳❙❡✈❡❛❧❡①♣❡✐♠❡♥ ❛❡❝❛✐❡❞♦✉♦♥❝♦♥❞✐✐♦♥❤❛ ❤❡ ♦♦✐
✇✐❤❤❡♠❛①✐♠✉♠❡✐❞✉❛❧♠❛❣♥❡✐♠✳❘❛♣✐❞❛♥❞ ❧♦✇♦♦❛❝❝❡❧❡❛✐♦♥❛❡❛❝❤✐❡✈❡❞
❜②❝♦♥♦❧❧✐♥❣❤❡♠❛ ❡ ▼♠♦♦✳❚❤❡❡①♣❡✐♠❡♥❛❧❡✉❧ ✇✐❤✇♦❞✐✛❡❡♥ ♦♦
❛❝❝❡❧❡❛✐♦♥❛❡❤♦✇♥✐♥❋✐❣✳✹✳✶✻✳ ❚❤❡✉♣♣❡ ✜❣✉❡ ❤♦✇ ❤❡✈❛✐❛✐♦♥♦❢♣❡❡❞✱
✇❤✐❧❡ ❤❡❜♦ ♦♠✜❣✉❡ ❡❢❡ ♦❤❡✈❛✐❛✐♦♥♦❢❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✳ ❲✐❤❛ ♦♦
❛❝❝❡❧❡❛✐♦♥♦❢41.9❛❞✴2✭♦200♣♠✴✮✱❤✐❣❡♥❡❛♦✐❛❜❧❡♦❜❡❢✉❧❧②❡❧❢✲❡①❝✐❡❞✳
❖♥ ❤❡♦❤❡ ❤❛♥❞✱✐❢ ❤❡ ♦♦ ❛❝❝❡❧❡❛✐♦♥✐ ♦♦❤✐❣❤✭❞♦✉❜❧❡❞✐♥ ❤✐ ❝❛❡✮✱ ❤❡
❘❊▲❣❡♥❡❛♦ ❢❛✐❧ ♦❛❝❤✐❡✈❡ ❡❧❢✲❡①❝✐❛✐♦♥✳■✐❛❞✈✐❛❜❧❡ ♦♣♦✈✐❞❡❛ ✉✣❝✐❡♥
♦♦ ❡✐❞✉❛❧♠❛❣♥❡✐♠❛♥❞❛❧♦✇ ♦♦❛❝❝❡❧❡❛✐♦♥✐♥♦❞❡ ♦❛❝❤✐❡✈❡❛ ❛❜❧❡❡❧❢✲
❡①❝✐❛✐♦♥♣♦❝❡ ✐♥❤❡❘❊▲❣❡♥❡❛♦✳
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✳ ✭❜✮❚❤❡♦♦❛❝❝❡❧❡❛✐♦♥✐83.8❛❞✴2✳

❋✐❣✉❡✹✳✶✻✿❱❛✐❛✐♦♥♦❢❡❧❢✲❡①❝✐❛✐♦♥♣♦❝❡ ✇✐❤❞✐✛❡❡♥ ♦♦❛❝❝❡❧❡❛✐♦♥✭❡①✲
♣❡✐♠❡♥❛❧❡✉❧ ✮✳

❚❛❜❧❡✹✳✸✿▲✐♥❡✲▲✐♥❡❱♦❧❛❣❡✇✐❤❉✐✛❡❡♥❈❤❛❣❡❞❱♦❧❛❣❡✐♥❈❛♣❛❝✐♦ ✭C=70µ❋
❛ ❤❡❙♣❡❡❞♦❢951♣♠✮

✇✐❤♦✉❈ ✇✐❤❈ ✇✐❤❝❤❛❣❡❞❈ ❝❤❛❣❡❞✈♦❧❛❣❡

✵✳✷✹❱ ✵✳✸✽❱ ✸✵✵❱ ✭✰✷✺❱✱✵❱✱✲✷✺❱✮

✵✳✷✹❱ ✵✳✸✽❱ ✸✵✵❱ ✭✰✷✵❱✱✵❱✱✲✷✵❱✮

✵✳✷✹❱ ✵✳✸✹❱ ✸✵✵❱ ✭✰✶✺❱✱✵❱✱✲✶✺❱✮

✵✳✸✷❱ ✵✳✻✹❱ ✸❱ ✭✰✶✵❱✱✵❱✱✲✶✵❱✮

✵✳✷✹❱ ✵✳✸✽❱ ✵✳✸✽❱ ✭✰✷✵❱✱✰✷✵❱✱✰✷✵❱✮

✹✳✸✳✹✳ ❡✲❝❤❛❣✐♥❣❝❛♣❛❝✐♦

❆♥❛❧❡♥❛✐✈❡♠❡❤♦❞❡①✐ ♦ ✐❣❣❡ ❤❡ ❡❧❢✲❡①❝✐❛✐♦♥✇❤❡♥❤❡❡✐♥♦ ❡✐❞✉❛❧
♠❛❣♥❡✐♠✐♥ ❤❡ ♦♦✱i.e.✱♣❡✲❝❤❛❣✐♥❣❝❛♣❛❝✐♦✳ ❖❜✈✐♦✉❧②✱❛❉❈✈♦❧❛❣❡♦✉❝❡
♦❜❛ ❡②✐ ❡✉✐❡❞♦♣❡✲❝❤❛❣❡❤❡❝❛♣❛❝✐♦✳❆ ❤❡❜❡❣✐♥♥✐♥❣✱❡❛❝❤❝❛♣❛❝✐♦✐
❝❤❛❣❡❞❜②❤❡❉❈✈♦❧❛❣❡♦✉❝❡♦❜❛ ❡②✳❚❤❡♥✱✇❤❡♥❤❡❣❡♥❡❛♦✐❞✐✈❡♥❛❛
❣✐✈❡♥♣❡❡❞✱❤❡❝❤❛❣❡❞❝❛♣❛❝✐♦ ❛❡✉❞❞❡♥❧②❝♦♥♥❡❝❡❞♦❤❡❣❡♥❡❛♦ ❡♠✐♥❛❧✳
❚❤❡✈♦❧❛❣❡❞✐✛❡❡♥❝❡❛♠♦♥❣❡❛❝❤♣❤❛❡❝❡❛❡❛ ❛♥✐❡♥❝✉❡♥✐♥❤❡❝✐❝✉✐✳❚❤✐
❝✉❡♥✐♥❞✉❝❡❛♥✐♥✐✐❛❧✢✉①✐♥❤❡❣❡♥❡❛♦✱✇❤✐❝❤✐ ✐♠✐❧❛ ♦❤❡ ♦♦ ❡✐❞✉❛❧
♠❛❣♥❡✐♠✳ ❖♥❝❡ ❤❡✐♥❞✉❝❡❞✢✉①✐ ❤✐❣❤❡♥♦✉❣❤✱ ❤❡ ❡❧❢✲❡①❝✐❛✐♦♥♣♦❝❡ ✇✐❧❧❜❡
❛❝❤✐❡✈❡❞✐♥❤❡❛♠❡♠❛♥♥❡✳

❚❤❡❡①♣❡✐♠❡♥ ❛❡❝❛✐❡❞♦✉✇✐❤C=70µ❋❛♥❞ ❡✉❧ ❛❡❤♦✇♥✐♥❚❛❜❧❡✹✳✸✳
❲❤❡♥ ❤❡❝❤❛❣❡❞✈♦❧❛❣❡❛❡❞✐✛❡❡♥✱❤❡❣❡♥❡❛♦❝❛♥❜❡❡❧❢✲❡①❝✐❡❞♦♥❧②✐❢❤❡
✈♦❧❛❣❡❛❡❤✐❣❤❡♥♦✉❣❤✳❆❡①♣❡❝❡❞✱✐❢❤❡❝❤❛❣❡❞✈♦❧❛❣❡♦❢❤❡❤❡❡❝❛♣❛❝✐♦
❛❡❤❡ ❛♠❡✱♥♦ ❡❧❢✲❡①❝✐❛✐♦♥✇✐❧❧♦❝❝✉✐♥❤❡❣❡♥❡❛♦✳ ❚❤✐♠❡❤♦❞✐ ✈❡✐✜❡❞
♦♣♦✈✐❞❡❛✇❛② ♦♠❛❦❡ ❤❡❘❊▲❣❡♥❡❛♦ ❡❧❢✲❡①❝✐❡❡✈❡♥✇✐❤♥♦ ♦♦ ❡✐❞✉❛❧
♠❛❣♥❡✐♠✳
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✭❛✮❈♦ ✲❡❝✐♦♥♦❢❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡✳ ✭❜✮d✲❛♥❞q✲❛①✐♠❛❣♥❡✐③✐♥❣❝✉✈❡✳

❋✐❣✉❡✹✳✶✼✿❈♦✲❡❝✐♦♥♦❢❤❡❡①♣❡✐♠❡♥❛❧ ▼❆❘❊▲♠❛❝❤✐♥❡❛♥❞✐ d✲❛♥❞q✲❛①✐
♠❛❣♥❡✐③✐♥❣❝✉✈❡✭♦❧✐❞❧✐♥❡✿ ✐♠✉❧❛❡❞❡✉❧ ✱❞❛❤❡❞❧✐♥❡✿❡①♣❡✐♠❡♥❛❧ ❡✉❧ ✱
❞❛❤✲❞♦ ❡❞❧✐♥❡✿❡①♣❡✐♠❡♥❛❧❡✉❧ ✱❛❧♠♦ ✉♣❡✐♠♣♦❡❞✮✳

✹✳✹✳❆♥❛❧②✐♦❢ ❡❧❢✲❡①❝✐❡❞ ▼✲❛ ✐❡❞ ❡❧✉❝❛♥❝❡❣❡♥❡❛♦

❆ ♠❡♥✐♦♥❡❞❛❜♦✈❡✱❙❊❘●❤❛ ❤❡❞✐✣❝✉❧②♦❡♥✉❡❛ ❛❜❧❡✐♥✐✐❛❧❡❧❢✲❡①❝✐❛✐♦♥
♣♦❝❡ ✉♥❧❡ ♦♠❡❝♦♥❞✐✐♦♥❛❡❛✐✜❡❞✳ ❚❤✐ ❞❛✇❜❛❝❦❝❛♥❜❡♦✈❡❝♦♠❡❜②✐♥✲
♦❞✉❝✐♥❣ ▼ ✐♥❤❡ ♦♦ ✢✉①✲❜❛ ✐❡ ♦❢ ❤❡❘❊▲♠❛❝❤✐♥❡✱✇❤✐❝❤✐ ❤❡ ❛♠❡❛
▼❆❘❊▲♠❛❝❤✐♥❡✳■♥ ❤✐ ❡❝✐♦♥✱❤❡♣❡❢♦♠❛♥❝❡♦❢ ❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲❣❡♥❡❛✲
♦✐✐♥✈❡✐❣❛❡❞❛♥❛❧②✐❝❛❧❧②❛♥❞❡①♣❡✐♠❡♥❛❧❧②✳

❚❤❡ ❡ ❜❡♥❝❤✐ ❤❡♦♥❡❤♦✇♥✐♥❋✐❣✳✹✳✶✳❚❤❡❡①♣❡✐♠❡♥❛❧ ▼❆❘❊▲♠❛❝❤✐♥❡
❤❛ ❤❡ ❛♠❡❣❡♦♠❡②❛ ❤❡❘❊▲♦♥❡✱✇❤✐❧❡ ❤❡❝❡♥❛❧❜❛✐❡♣❛ ❛❡✐♥❡✇✐❤
❢❡✐❡♠❛❣♥❡ ❛ ❤♦✇♥✐♥❋✐❣✳✹✳✶✼✭❛✮✳❚❤❡ ❡♠❛♥❡♥✢✉①❞❡♥✐②♦❢ ▼✐ 0.34❚✱
❛♥❞❤❡ ❡❧❛✐✈❡❡❝♦✐❧♣❡♠❡❛❜✐❧✐②✐ 1.05✳❋✐❣✳✹✳✶✼✭❜✮❤♦✇ ❤❡d✲❛♥❞q✲❛①✐✢✉①
❧✐♥❦❛❣❡❛♥❞❛♣♣❛❡♥✐♥❞✉❝❛♥❝❡✈❡ ✉ ❤❡d✲❛♥❞q✲❛①✐❝✉❡♥ ✭♣❡❛❦♣❤❛❡✈❛❧✉❡✮✱
❡♣❡❝✐✈❡❧②✳❚❤❡♦❧✐❞❧✐♥❡❛❡♦❜❛✐♥❡❞❢♦♠✷❉❋❊❆✐♠✉❧❛✐♦♥✱✇❤✐❧❡❤❡❞❛❤❡❞
❧✐♥❡❛❡❛❝❤✐❡✈❡❞❜②❡①♣❡✐♠❡♥✳ ❚❤❡❞❛❤✲❞♦ ❡❞❧✐♥❡ ❡♣♦ ❤❡❝♦✲❛✉❛✐♦♥
❡✛❡❝❜❡✇❡❡♥ ❤❡d✲❛♥❞q✲❛①✐✱✇❤✐❝❤✐❢♦✉♥❞♦❜❡♥❡❣❧✐❣✐❜❧❡✐♥❤✐ ♠❛❝❤✐♥❡✳ ❆
❡①♣❡❝❡❞✱λq✐♥❡❣❛✐✈❡✇❤❡♥iq=0❆✱ ✐♥❝❡❤❡ ▼✢✉①❧✐♥❦❛❣❡✐ ❛❧♦♥❣❤❡♥❡❣❛✐✈❡
q✲❛①✐✳Ld❦❡❡♣ ❤❡❛♠❡ ❡♥❞❛ ❤❡❘❊▲♠❛❝❤✐♥❡✱✇❤✐❧❡Lq✐❛❧✇❛②✇✐❤❧♦✇✈❛❧✉❡
✐♥❝❡❤❡✐♦♥❜✐❞❣❡❛❡❛✉❛❡❞❜②❤❡ ▼ ✐♥✢✉①✲❜❛✐❡✳

❚❤❡❜❛❝❦❊▼❋✈❡ ✉ ♣❡❡❞❝✉✈❡♦❢❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡✐ ♣❧♦ ❡❞✐♥❋✐❣✳✹✳✶✽✳
❚❤❡ ♦❧✐❞❧✐♥❡✐♦❜❛✐♥❡❞❢♦♠✐♠✉❧❛✐♦♥✱✇❤✐❧❡❤❡❝♦✐♥❣♣♦✐♥ ❛❡❡①♣❡✐♠❡♥❛❧
❡✉❧ ✳❚❤❡❝❛❧❝✉❧❛❡❞ ▼ ✢✉①❧✐♥❦❛❣❡Λm ✐0.1123❱✳

❋✐❣✳✹✳✶✾ ❤♦✇ ❤❡❡①♣❡✐♠❡♥❛❧ ❛✐♥❣♣♦❝❡ ♦❢❤❡❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲❣❡♥✲
❡❛♦✇✐❤C=140µ❋❛ ❤❡♣❡❡❞♦❢1000♣♠✳vph ❡♣❡❡♥ ❤❡❣❡♥❡❛❡❞♣❤❛❡
✈♦❧❛❣❡✳ ❆ ❤❡❜❡❣✐♥♥✐♥❣✱ ❤❡ ▼❆❘❊▲❣❡♥❡❛♦✐❞✐✈❡♥♦1000♣♠✱❛♥❞ ❤❡♥
❛t=1 ✱❤❡❝❛♣❛❝✐♦ ❛❡✉❞❞❡♥❧②❝♦♥♥❡❝❡❞♦❤❡ ❛♦ ❡♠✐♥❛❧✳❚❤❡♦✉♣✉
✈♦❧❛❣❡♦❡♦❛❤✐❣❤✈❛❧✉❡❛♣✐❞❧②✱❛♥❞❤❡♣♦❝❡ ♦❢❡❧❢✲❡①❝✐❛✐♦♥✐❛❝❤✐❡✈❡❞✳



✹✳✹❆♥❛❧②✐♦❢ ❡❧❢✲❡①❝✐❡❞ ▼✲❛ ✐❡❞ ❡❧✉❝❛♥❝❡❣❡♥❡❛♦ ✽✶

0 100 200 300 400 500 600 700 800 900 1000

n (rpm)

0

5

10

15

20

25

B
ac
k 
E
M
F 
(
V
p
e
ak
)

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Time (s)

-250

-200

-150

-100

-50

0

50

100

150

200

250

v
p
h
 (
V)

❋✐❣✉❡✹✳✶✽✿❇❛❝❦❊▼❋✈❡✉ ♣❡❡❞♦❢❤❡ ▼❆❘❊▲♠❛❝❤✐♥❡✳

❋✐❣✉❡✹✳✶✾✿❚❤❡❡①♣❡✐♠❡♥❛❧ ❛✐♥❣♣♦❝❡ ♦❢❤❡❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲❣❡♥❡❛♦
✇✐❤C=140µ❋❛ ❤❡♣❡❡❞♦❢1000♣♠✳

✹✳✹✳✶✳❙❡❛❞②✲ ❛❡♣❡❢♦♠❛♥❝❡♣ ❡❞✐❝✐♦♥

❆✳ ◆♦✲▲♦❛❞❈♦♥❞✐✐♦♥

❚❤❡♥♦✲❧♦❛❞✈♦❧❛❣❡❡✉❛✐♦♥♦❢❤❡ ❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲❣❡♥❡❛♦❛ ❡❛❞②✲❛❡
❛❡✿

RsId−XqIq+ωΛm=−XcIq

RsIq+XdId=XcId
✭✹✳✶✻✮

✇❤✐❝❤✐ ✈❡②✐♠✐❧❛✇✐❤✭✹✳✹✮✳

❆ ♥♦✲❧♦❛❞❝♦♥❞✐✐♦♥✱❤❡♦♣❡❛✐♦♥♦❢❤❡ ▼❆❘❊▲❣❡♥❡❛♦❝❛♥❜❡❞✐✈✐❞❡❞✐♥♦
✇♦ ❛❣❡✳ ❚❤❡②❛❡❞✐✐♥❣✉✐❤❡❞❜② ❤❡♠✐♥✐♠✉♠ ❡♦♥❛♥❝❡ ♣❡❡❞✭n0✮✱✇❤✐❝❤✐
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Assume Xd=Xc, 
calculate Ld. 

Start

Vq-Vqc<0.5

true

false

Obtain Idby 
interpolation.

Calculate Lq and Iq from Eqn. 
(4.16) by interpolation.

Calculate Vqand Vqc.

Calculate the output 
voltage from Eqn. (4.16).

End

Reduce      | Id|. 

Obtain Ldby 
interpolation.

❋✐❣✉❡✹✳✷✵✿ ♦❝❡❞✉❡♦❝❛❧❝✉❧❛❡❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡♦❢❤❡❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲
❣❡♥❡❛♦✳

❞❡✜♥❡❞❛✿

n0=
30

πp
√
Ld0C
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❲❤❡♥ ❤❡❣❡♥❡❛♦ ✐❞✐✈❡♥❛❛ ♣❡❡❞❧♦✇❡ ❤❛♥n0✱✐✳❡✳✱❤❡✜ ❛❣❡✱♥♦
❡♦♥❛♥❝❡❡①✐ ✳❚❤❡♣❤❛❡❝✉❡♥✐ ♦❧♦✇❤❛ ❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡❝❛♥❜❡❛✉♠❡❞
♦❜❡❝♦♥❛♥✱❛❝❝♦❞✐♥❣♦❋✐❣✳✹✳✶✼✭❜✮✳❊✉❛✐♦♥✭✹✳✶✻✮✐ ♦❧✈❡❞❛✿

(Xq−Xc−
R2s

Xc−Xd
)Iq=ωΛm ✭✹✳✶✽✮

◆♦✇✱♦♥❧②Iq❛♥❞Xq❛❡✉♥❦♥♦✇♥✱✇❤✐❝❤❝❛♥❜❡♦❜❛✐♥❡❞❢♦♠❤❡✐♥❡♣♦❧❛✐♦♥♦❢
❤❡q✲❛①✐♠❛❣♥❡✐③✐♥❣❝✉✈❡✐♥❋✐❣✳✹✳✶✼✭❜✮✳❆❢❡ ❤❛✱❝✉❡♥Id❛♥❞♦✉♣✉✈♦❧❛❣❡
❛❡❝❛❧❝✉❧❛❡❞❢♦♠✭✹✳✶✻✮✳

❆ ❤❡❡❝♦♥❞ ❛❣❡✱❤❡♦♣❡❛✐♥❣♣❡❡❞✐❤✐❣❤❡ ❤❛♥n0✱❡♦♥❛♥❝❡❤❛♣♣❡♥❛♥❞
❤✐❣❤♦✉♣✉✈♦❧❛❣❡❝❛♥❜❡❛❝❤✐❡✈❡❞✳❚❤❡♣♦❝❡❞✉❡♦❝❛❧❝✉❧❛❡❤❡♦✉♣✉✈♦❧❛❣❡♦❢
❤❡ ▼❆❘❊▲❣❡♥❡❛♦✐ ❤♦✇♥✐♥❋✐❣✳✹✳✷✵✳■♥❤✐❝❛❧❝✉❧❛✐♦♥✱❤❡q✲❛①✐✐♥❞✉❝❛♥❝❡
✐♥♦ ❝♦♥❛♥❛♥②♠♦❡✱❜✉ ❡❢❡ ♦ ❤❡❝✉✈❡✐♥❋✐❣✳✹✳✶✼✭❜✮✳ ❆ ❤❡❜❡❣✐♥♥✐♥❣✱
Xd✐❛✉♠❡❞ ♦❜❡❡✉❛❧ ♦Xc✱❤❡♥Ld✐❝❛❧❝✉❧❛❡❞✳Id✐♦❜❛✐♥❡❞❜②✉✐♥❣❤❡
✐♥❡♣♦❧❛✐♦♥♦❢❤❡d✲❛①✐♠❛❣♥❡✐③✐♥❣❝✉✈❡✳ ❲✐❤ ❤❡✜ ❡✉❛✐♦♥♦❢✭✹✳✶✻✮✱❛♥
❡✉❛✐♦♥✐♦❜❛✐♥❡❞✇✐❤Iq❛♥❞Xq✉♥❦♥♦✇♥✳❚❤❡♥✱ ❤❡②❛❡♦❜❛✐♥❡❞❜②✉✐♥❣❤❡
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❋✐❣✉❡✹✳✷✶✿❚❤❡♥♦✲❧♦❛❞❣❡♥❡❛❡❞✈♦❧❛❣❡✈❡✉ ♣❡❡❞❢♦❞✐✛❡❡♥❝❛♣❛❝✐♦ ✭70µ❋✱
140µ❋❛♥❞210µ❋✱ ❡♣❡❝✐✈❡❧②✮✳

✐♥❡♣♦❧❛✐♦♥♦❢❤❡q✲❛①✐♠❛❣♥❡✐③✐♥❣❝✉✈❡✳❆❢❡ ❤❛✱Vq❛♥❞Vqc❛❡❝♦♠♣✉❡❞♦
❜❡✿

Vq=RsIq+XdId

Vqc=XcId
✭✹✳✶✾✮

❚❤❡❞✐✛❡❡♥❝❡❜❡✇❡❡♥Vq❛♥❞Vqc✐✉❡❞♦❛❝❤✐❡✈❡❛♠♦❡❛❝❝✉❛❡♣❡❞✐❝✐♦♥♦❢
Id❛♥❞Iq✳❋♦ ▼❆❘❊▲♠❛❝❤✐♥❡ ✱❣❡♥❡❛✐♥❣♦♣❡❛✐♦♥❛❡✐♥❤❡❡❝♦♥❞ ✉❛❞❛♥✱
✇❤✐❝❤♠❡❛♥ ❤❛ Id✐♥❡❣❛✐✈❡✳■❢❤❡❞✐✛❡❡♥❝❡❜❡✇❡❡♥Vq❛♥❞Vqc✐❤✐❣❤❡ ❤❛♥
0.5❱✭❤❡ ❤❡❤♦❧❞✈❛❧✉❡✮✱ ❤❡❛♠♣❧✐✉❞❡|Id|✐ ❡❞✉❝❡❞✳ ❚❤❡♥✱Ld✱Lq❛♥❞Iq❛❡
❡❝❛❧❝✉❧❛❡❞✳❆❢❡ ❡✈❡❛❧❧♦♦♣✱❤❡♦✉♣✉✈♦❧❛❣❡❝❛♥❜❡♦❜❛✐♥❡❞✉♥✐❧❤❡❞✐✛❡❡♥❝❡
❜❡✇❡❡♥Vq❛♥❞Vqc✐❧♦✇❡ ❤❛♥❤✐ ❤❡❤♦❧❞✈❛❧✉❡✳

❋✐❣✳✹✳✷✶ ❤♦✇ ❤❡♥♦✲❧♦❛❞❣❡♥❡❛❡❞✈♦❧❛❣❡✈❡✉ ♣❡❡❞❢♦❞✐✛❡❡♥❝❛♣❛❝✐♦✳
❚❤❡ ♦❧✐❞❧✐♥❡ ❡♣❡❡♥ ❤❡❛♥❛❧②✐❝❛❧❡✉❧ ✱✇❤✐❧❡❤❡❝✐❝❧❡✐♥❞✐❝❛❡❤❡❡①♣❡✐♠❡♥✲
❛❧❡✉❧ ✳❚❤❡❞♦❡❞❧✐♥❡ ❡❢❡ ♦❤❡♠✐♥✐♠✉♠❡♦♥❛♥❝❡♣❡❡❞❢♦❡❛❝❤❝❛♣❛❝✐♦✳
■✐✈❡✐✜❡❞❤❛❛♥❛❧②✐❝❛❧✈❛❧✉❡❤❛✈❡♥♦✐❣♥✐✜❝❛♥❞✐✛❡❡♥❝❡✇✐❤❤❡❡①♣❡✐♠❡♥❛❧
❡✉❧ ❛ ❤❡❡❝♦♥❞ ❛❣❡✳❋♦ ❤❡✜ ❛❣❡✱❤❡❛♥❛❧②✐❝❛❧❡✉❧ ❛❡✐♥❛❝❝♦❞❛♥❝❡
✇✐❤❤❡❡①♣❡✐♠❡♥❛❧❡✉❧ ❛❧♦✇♣❡❡❞✳ ❲❤❡♥❤❡♦♣❡❛✐♥❣♣❡❡❞❛♣♣♦❛❝❤❡ ❤❡
♠✐♥✐♠✉♠ ❡♦♥❛♥❝❡♣❡❡❞✱❤❡❞✐✛❡❡♥❝❡❜❡✇❡❡♥ ❤❡✇♦ ❡✉❧ ✐❛♣♣❛❡♥✱❤✐♠❛②
❜❡❞✉❡♦❤❡✈❛✐❛✐♦♥♦❢❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡❛ ❤✐❝♦♥❞✐✐♦♥✳
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❋✐❣✉❡✹✳✷✷✿ ❚❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✈❡✉ ♣❡❡❞❛ ❡✐✐✈❡❧♦❛❞❝♦♥❞✐✐♦♥✭RL =
250Ω✱❝❛♣❛❝✐❛♥❝❡❛❡70µ❋✱140µ❋❛♥❞210µ❋✱ ❡♣❡❝✐✈❡❧②✮✳

❇✳❘❡ ✐✐✈❡▲♦❛❞❈♦♥❞✐✐♦♥

❙✐♠✐❧❛ ♦✭✹✳✽✮✱❤❡✈♦❧❛❣❡❡✉❛✐♦♥♦❢❤❡❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲❣❡♥❡❛♦❛ ❡✐✐✈❡
❧♦❛❞❝♦♥❞✐✐♦♥❛❡✿

RsId−XqIq+ωΛm=−A(XcId+RLIq)

RsIq+XdId=A(RLId−XcIq)
✭✹✳✷✵✮

▲✐❦❡ ❤❡♥♦✲❧♦❛❞❝♦♥❞✐✐♦♥✱✇♦ ❛❣❡❛❡❛❧♦✐❞❡♥✐✜❡❞♦❡❝♦❣♥✐③❡❤❡♦♣❡❛✐♦♥
♦❢❤❡ ▼❆❘❊▲❣❡♥❡❛♦❛❧♦❛❞❝♦♥❞✐✐♦♥✳ ❲❤❡♥❤❡♦♣❡❛✐♥❣♣❡❡❞✐❧♦✇❡ ❤❛♥
❤❡♠✐♥✐♠✉♠❡♦♥❛♥❝❡♣❡❡❞✱♥♦❡♦♥❛♥❝❡❡①✐ ✳❚❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡✐❛✉♠❡❞
♦❜❡❝♦♥❛♥✳❊✉❛✐♦♥✭✹✳✷✵✮✐♠♦❞✐✜❡❞❛ ❢♦❧❧♦✇✿






Id=
Rs+AXc
ARL−Xd

Iq=kIq

(Xq−AXck−ARL−Rsk)Iq=ωΛm

✭✹✳✷✶✮

❚❤❡♥✱Iq❛♥❞Lq❝❛♥❜❡❝❛❧❝✉❧❛❡❞❜②✐♥❡♣♦❧❛✐♦♥✱❛♥❞❤❡♦✉♣✉ ✈♦❧❛❣❡✐♦❜✲
❛✐♥❡❞✳

❲❤❡♥ ❤❡♦♣❡❛✐♥❣♣❡❡❞✐❤✐❣❤❡ ❤❛♥n0✱❡♦♥❛♥❝❡❤❛♣♣❡♥❛♥❞❤❡❛♠❡♣♦✲
❝❡❞✉❡❝❛♥❜❡✉❡❞❛ ❤❡♥♦✲❧♦❛❞❝♦♥❞✐✐♦♥♦❝❛❧❝✉❧❛❡❤❡♦✉♣✉✈♦❧❛❣❡✭❛ ❤♦✇♥
✐♥❋✐❣✳✹✳✷✵✮✳❆ ❡✐✐✈❡❝♦♥❞✐✐♦♥✱Vqc❜❡❝♦♠❡✿

Vqc=ARLId−AXcIq ✭✹✳✷✷✮

❆❢❡ ❡✈❡❛❧ ❡♣✱❤❡✈♦❧❛❣❡❝❛♥❜❡♦❜❛✐♥❡❞✳❋✐❣✳✹✳✷✷❤♦✇ ❤❡❝♦♠♣❛✐♦♥♦❢
❤❡♦✉♣✉ ✈♦❧❛❣❡❜❡✇❡❡♥❡①♣❡✐♠❡♥❛❧❛♥❞❛♥❛❧②✐❝❛❧❡✉❧ ✳❙✐♥❝❡♥♦✐❣♥✐✜❝❛♥
❞✐✛❡❡♥❝❡❡①✐✱❤❡❛♥❛❧②✐❝❛❧♠♦❞❡❧❝❛♥❜❡✉❡❞♦♣❡❞✐❝ ❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡
❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲❣❡♥❡❛♦✳
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❋✐❣✉❡✹✳✷✸✿ ❈♦♠♣❛✐♦♥♦❢❡①♣❡✐♠❡♥❛❧♦✉♣✉ ✈♦❧❛❣❡✇✐❤❞✐✛❡❡♥❧♦❛❞❛ ❤❡
♣❡❡❞♦❢1000♣♠✭C=140µF✮✳

✹✳✹✳✷✳❈❤❛❛❝❡✐✐❝♦❢ ❤❡ ❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲❣❡♥❡ ❛♦

❇②✉✐♥❣❤❡ ❡ ❜❡♥❝❤✱❛ ❡✐❡♦❢❡①♣❡✐♠❡♥ ❛❡❝❛✐❡❞♦✉♦♥ ❤❡ ❡❧❢✲❡①❝✐❡❞
▼❆❘❊▲❣❡♥❡❛♦✳❆❜❛♥❦♦❢❤❡❡♣❤❛❡❧✐❞✐♥❣❡✐♦ ✐✉❡❞♦❝❤❛♥❣❡❤❡❧♦❛❞
❞✉✐♥❣❤❡❡①♣❡✐♠❡♥✱❛ ❤♦✇♥✐♥❋✐❣✳✹✳✶✭❜✮✳ ❚❤❡❝❤❛❛❝❡✐✐❝♦❢❤❡ ▼❆❘❊▲
❣❡♥❡❛♦❛❡✐♥✈❡✐❣❛❡❞❛❢♦❧❧♦✇✳

❆✳Vph❱❡ ✉ n✱C❛♥❞RL

❆ ♠❡♥✐♦♥❡❞❜❡❢♦❡✱❋✐❣✳✹✳✷✶❛♥❞❋✐❣✳✹✳✷✷❤♦✇ ❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✈❡✉ ♣❡❡❞
❛♥♦✲❧♦❛❞❛♥❞❡✐✐✈❡❧♦❛❞✭RL=250Ω✮❝♦♥❞✐✐♦♥✱❡♣❡❝✐✈❡❧②✳■✐♦❜❡✈❡❞❤❛
❤❡♦✉♣✉✈♦❧❛❣❡✐♥❝❡❛❡✇✐❤♣❡❡❞❛♥❞❝❛♣❛❝✐❛♥❝❡✱✇❤✐❝❤✐ ❤❡❛♠❡❛❙❊❘●✳
❘❡❢❡ ✐♥❣♦❤❡❧♦❛❞✱❋✐❣✳✹✳✷✸ ❤♦✇ ❤❡♦✉♣✉ ✈♦❧❛❣❡♦❢❤❡ ▼❆❘❊▲❣❡♥❡❛♦
✇✐❤C=140µ❋✱n=1000 ♣♠✉♥❞❡ ❞✐✛❡❡♥❧♦❛❞✳❚❤❡✈♦❧❛❣❡✇❛✈❡❢♦♠✐ ✈❡②
✐♥✉♦✐❞❛❧✱❛♥❞❤❡✈♦❧❛❣❡❛♠♣❧✐✉❞❡❞❡❝❡❛❡✇✐❤❤❡❧♦❛❞❡✐❛♥❝❡✱i.e.✱✇❤❡♥❤❡
❧♦❛❞✐♥❝❡❛❡✳

❇✳Vph❱❡ ✉ Pout

❋✐❣✳✹✳✷✹❞❡❝✐❜❡❤❡❧♦❛❞❝❤❛❛❝❡✐✐❝♦❢❤❡ ▼❆❘❊▲❣❡♥❡❛♦✱✐✳❡✳✱❤❡✈❛✐❛✐♦♥
♦❢❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✇✐❤♦✉♣✉♣♦✇❡✭Pout✮❛ ❤❡♣❡❡❞♦❢1000♣♠✳❚❤❡✈♦❧❛❣❡
✈❛✐❛✐♦♥✐ ❤♦✇♥❛❝❝♦❞✐♥❣♦❤❡❡✈❛❧✉❡♦❢❝❛♣❛❝✐❛♥❝❡✱70µ❋✱140µ❋❛♥❞210µ❋✱
❡♣❡❝✐✈❡❧②✳

❆ ❡①♣❡❝❡❞✱❤❡❡♠✐♥❛❧✈♦❧❛❣❡❡❞✉❝❡❝♦♥✐♥✉♦✉❧②✇✐❤❧♦❛❞✱✇❤✐❧❡❤❡♦✉♣✉
♣♦✇❡❡①♣❡✐❡♥❝❡❛♥✐♥❝❡❛❡✜ ✱❛♥❞❤❡♥❞❡❝❡❛❡✳❚❤❡❡❢♦❡✱❛♠❛①✐♠✉♠♦✉♣✉
♣♦✇❡ ❡①✐ ❢♦❛❣✐✈❡♥❝❛♣❛❝✐♦✳ ❆❝❝♦❞✐♥❣ ♦✭✹✳✻✮✱✇✐❤ ❤❡✐♥❝❡❛❡♦❢❧♦❛❞✱i.e.✱
✇❤❡♥ ❤❡❧♦❛❞❡✐❛♥❝❡❞❡❝❡❛❡✱❤❡✐♠❛❣✐♥❛②♣❛ ♦❢❤❡✐♠♣❡❞❛♥❝❡Ż✐ ❡❞✉❝❡❞✳
❚❤❡♥ ❤❡❡✉✐❡❞d✲❛①✐✐♥❞✉❝❛♥❝❡❢♦ ❡♦♥❛♥❝❡✐♥❝❡❛❡✱✇❤✐❝❤♠❡❛♥❧♦✇❡d✲❛①✐
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❋✐❣✉❡✹✳✷✹✿❱❛✐❛✐♦♥♦❢❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✇✐❤♦✉♣✉♣♦✇❡❢♦❞✐✛❡❡♥❝❛♣❛❝✲
✐♦ ❛❣✐✈❡♥♣❡❡❞✭1000♣♠✱❡①♣❡✐♠❡♥❛❧❡✉❧ ✮✳

✢✉①❛♥❞q✲❛①✐✈♦❧❛❣❡✳❆❝❛♥❜❡❡❡♥✐♥❋✐❣✳✹✳✶✼✭❜✮✱❤❡d✲❛①✐✢✉①❛♠♣❧✐✉❞❡❡❞✉❝❡
❧♦✇❧②✇✐❤✐♥❝❡❛✐♥❣Ld✇❤❡♥ ❤❡❝✉ ❡♥❛♠♣❧✐✉❞❡✐❤✐❣❤✳❚❤✐ ✇✐❧❧❝❛✉❡❛♠❛❧❧
❡❞✉❝✐♦♥♦❢❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✱❜✉❛♥✐♥❝❡❛❡♦❢♦✉♣✉♣♦✇❡✭♠❛✐♥❧②❞✉❡♦❤❡
✐♥❝❡❛❡♦❢❧♦❛❞✮✳ ❲❤❡♥❤❡❝✉ ❡♥❛♠♣❧✐✉❞❡✐ ♠❛❧❧✭❧❡ ❤❛♥2❆❢♦ ❡①❛♠♣❧❡✮✱
❤❡d✲❛①✐✢✉①❡❞✉❝❡ ❛♣✐❞❧②✇✐❤✐♥❝❡❛✐♥❣Ld✱❧❡❛❞✐♥❣♦❛✐❣♥✐✜❝❛♥ ❡❞✉❝✐♦♥♦❢
❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✳❚❤✉✱❤❡♦✉♣✉♣♦✇❡ ❡❞✉❝❡✳❚❤❡❡❢♦❡✱❤❡❤❛♣❡♦❢d✲❛①✐
✢✉①❧✐♠✐ ❤❡♣❡❛❦♣♦✇❡ ❤❛ ❤❡❘❊▲❣❡♥❡❛♦❝❛♥❛❝❤✐❡✈❡✇✐❤❛❣✐✈❡♥❝❛♣❛❝✐♦✳
▼❡❛♥✇❤✐❧❡✱✐♥❝❡❛✐♥❣❤❡❝❛♣❛❝✐❛♥❝❡♥♦♦♥❧②✐♠♣♦✈❡ ❤❡♦✉♣✉ ✈♦❧❛❣❡✱❜✉❛❧♦
❛❝❤✐❡✈❡❛❤✐❣❤❡❛❝✐✈❡♣♦✇❡✳

❈✳PF❱❡ ✉ Pout

❱❛✐❛✐♦♥♦❢ ❋✇✐❤♦✉♣✉♣♦✇❡❢♦❞✐✛❡❡♥❝❛♣❛❝✐♦ ✭70µ❋✱140µ❋❛♥❞210µ❋✱
❡♣❡❝✐✈❡❧②✮❛ ❤❡ ♣❡❡❞♦❢1000♣♠❛❡❤♦✇♥✐♥❋✐❣✳✹✳✷✺✳■ ✐♦❜❡✈❡❞❤❛ ❢♦
❧♦✇❝❛♣❛❝✐❛♥❝❡✱❤❡ ▼❆❘❊▲❣❡♥❡❛♦✐❝❛♣❛❜❧❡♦❢❛❝❤✐❡✈✐♥❣❤✐❣❤♣♦✇❡❢❛❝♦✱❜✉
❤❡♦✉♣✉♣♦✇❡✐✈❡②❧✐♠✐❡❞✳❈♦♥✈❡❡❧②✱❢♦❤✐❣❤❝❛♣❛❝✐❛♥❝❡✱e.g.✱C=210µ❋✱
❤❡ ▼❆❘❊▲❣❡♥❡❛♦❡①❤✐❜✐ 1301❲♦✉ ♣✉♣♦✇❡❜✉✇✐❤PF=0.67✳

❉✳PF❱❡ ✉ n

❆ ❝♦♥❛♥ ❡✐✐✈❡❧♦❛❞❝♦♥❞✐✐♦♥✭RL=25Ω✮✱❤❡✈❛✐❛✐♦♥♦❢♦✉♣✉ ♣♦✇❡ ❛♥❞
♣♦✇❡❢❛❝♦✇✐❤♣❡❡❞❢♦❝♦♥❛♥❝❛♣❛❝✐♦ ❛❡❤♦✇♥✐♥❋✐❣✳✹✳✷✻✳ ❲✐❤❤❡✐♥❝❡❛❡
♦❢♣❡❡❞✱❤❡♦✉♣✉♣♦✇❡✐♥❝❡❛❡✇❤✐❧❡ ❤❡♣♦✇❡❢❛❝♦❞❡❝❡❛❡✳❚❤❡❡❢♦❡✱✐✐
❞✐✣❝✉❧ ♦❛❝❤✐❡✈❡❜♦❤❤✐❣❤❛❝✐✈❡♣♦✇❡❛♥❞❤✐❣❤♣♦✇❡❢❛❝♦✳

❚♦❝♦♥❝❧✉❞❡✱ ❤❡ ❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲❣❡♥❡❛♦ ✐❝❛♣❛❜❧❡♦❢❛❝❤✐❡✈✐♥❣❛❧♠♦
✐♥✉♦✐❞❛❧✈♦❧❛❣❡❛♥❞❡❧❛✐✈❡❤✐❣❤❛❝✐✈❡♣♦✇❡✱✇❤✐❝❤✐ ✉✐❛❜❧❡❢♦✐♦❧❛❡❞♣♦✇❡
✉♣♣❧②❛♣♣❧✐❝❛✐♦♥✳❆❣✐✈❡♥♣❡❡❞✱ ❤❡ ❡♠✐♥❛❧✈♦❧❛❣❡❞❡❝❡❛❡❝♦♥✐♥✉♦✉❧②✇✐❤
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❋✐❣✉❡✹✳✷✻✿❱❛✐❛✐♦♥♦❢♦✉♣✉♣♦✇❡✭♦❧✐❞❧✐♥❡✮❛♥❞♣♦✇❡❢❛❝♦✭❞❛❤❡❞❧✐♥❡✮✇✐❤
♣❡❡❞❢♦C=210µ❋✭❡①♣❡✐♠❡♥❛❧❡✉❧ ✮✳
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✹✳✹✳✸✳❊✛❡❝ ♦❢❞❡✐❣♥♣❛❛♠❡❡ ♦♥ ❤❡ ▼❆❘❊▲❣❡♥❡ ❛♦ ♣❡❢♦♠❛♥❝❡

■♥❤✐ ♣❛ ✱❤❡❛♥❛❧②✐❝❛❧♠♦❞❡❧✐✉❡❞♦✐♥✈❡✐❣❛❡❤❡❡✛❡❝ ♦❢✈❛✐♦✉❞❡✐❣♥
♣❛❛♠❡❡ ♦♥ ❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡ ❡❧❢✲❡①❝✐❡❞ ▼❆❘❊▲❣❡♥❡❛♦✳ ❚❤❡❡✉❧
♠❛②♣♦✈✐❞❡❣✉✐❞❡❧✐♥❡❢♦ ❤❡❛♣♣♦♣✐❛❡❞❡✐❣♥♦❢❤❡ ▼❆❘❊▲❣❡♥❡❛♦✳

❆✳❊✛❡❝ ♦❢Rs

❋✐❣✳✹✳✷✼❤♦✇ ❤❡♦✉♣✉✈♦❧❛❣❡❛❝❝♦❞✐♥❣♦❞✐✛❡❡♥ ❛♦ ❡✐❛♥❝❡✱✇❤✐❝❤❡✉❛❧
♦krRs✳ ❚❤❡❡✉❧ ❛❡♣♦✈✐❞❡❞❢♦kr=0.5✱1.0✭❤❡❛❝✉❛❧ ❛♦ ❡✐❛♥❝❡✮❛♥❞
1.5✱❡♣❡❝✐✈❡❧②✳■❝❛♥❜❡♥♦✐❝❡❞❤❛ ❤❡❤✐❣❤❡ ❤❡ ❛♦ ❡✐❛♥❝❡✱❤❡❧♦✇❡ ❤❡
❣❡♥❡❛❡❞✈♦❧❛❣❡✱❛♥❞❤✉✱❤❡♦✉♣✉ ♣♦✇❡✳ ❚❤❡❡❢♦❡✱✐✐❞❡✐❛❜❧❡♦♠✐♥✐♠✐③❡
❤❡✈❛❧✉❡♦❢ ❛♦ ❡✐❛♥❝❡✱❡✈❡♥❤♦✉❣❤❤❡❡✛❡❝♦❢Rs✐ ✉✐❡❧✐♠✐❡❞✳

❇✳❊✛❡❝ ♦❢Ld

❚❤❡❡✛❡❝ ♦❢❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡♦♥❤❡ ▼❆❘❊▲❣❡♥❡❛♦♣❡❢♦♠❛♥❝❡✐ ❡♣♦❡❞
✐♥❋✐❣✳✹✳✷✽✳❚❤❡❜❡❤❛✈✐♦♦❢❤❡d✲❛①✐✐♥❞✉❝❛♥❝❡✐ ❤❡❛♠❡❛✐♥❋✐❣✳✹✳✶✼✭❜✮✱❜✉
♠✉❧✐♣❧✐❡❞❜②❛❢❛❝♦ kLd✱✇❤✐❝❤✐0.8✱1.0❛♥❞1.2✱❡♣❡❝✐✈❡❧②✳■✐✇♦ ❤♥♦✐❝✲
✐♥❣❤❛ Ld❤❛ ❛✐❣♥✐✜❝❛♥✐♥✢✉❡♥❝❡♦♥❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡✳ ❆❣✐✈❡♥♣❡❡❞✱ ❤❡
❣❡♥❡❛❡❞✈♦❧❛❣❡❣♦❡ ❤✐❣❤❡ ✇✐❤✐♥❝❡❛✐♥❣Ld✱❛❝❤✐❡✈✐♥❣❛❤✐❣❤❡♦✉♣✉ ♣♦✇❡✳
❋✉ ❤❡♠♦❡✱❤❡♠✐♥✐♠✉♠❡♦♥❛♥❝❡♣❡❡❞❞❡❝❡❛❡✇✐❤Ld✱✇❤✐❝❤❝❛♥❛❧♦❜❡❡❝✲
♦❣♥✐③❡❞❢♦♠❊✉❛✐♦♥✭✹✳✶✼✮✳❚❤✐♠❡❛♥ ❤❛ ❤❡ ▼❆❘❊▲❣❡♥❡❛✐♥❣② ❡♠❝❛♥❜❡
❡❧❢✲❡①❝✐❡❞❛❧♦✇❡ ♣❡❡❞✇✐❤❤❡❛♠❡❝❛♣❛❝✐♦✳❆❛❝♦♥❡✉❡♥❝❡✱✐♥❞❡✐❣♥✐♥❣❤❡
▼❆❘❊▲❣❡♥❡❛♦✱❤✐❣❤d✲❛①✐✐♥❞✉❝❛♥❝❡✐ ❡✉✐❡❞♦❡❛❧✐③❡❛✉♣❡❝❤❛❛❝❡✐✐❝✳
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❋✐❣✉❡✹✳✷✾✿❊✛❡❝♦❢q✲❛①✐✐♥❞✉❝❛♥❝❡♦♥❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡❢♦C=140µ❋❛♥❞
RL=250Ω✭❛♥❛❧②✐❝❛❧❡✉❧ ✮✳

❈✳❊✛❡❝ ♦❢Lq

❋✐❣✳✹✳✷✾ ❤♦✇ ❤❡❡✛❡❝♦❢❤❡q✲❛①✐✐♥❞✉❝❛♥❝❡♦♥❤❡♣❡❢♦♠❛♥❝❡♦❢ ❤❡ ▼❆❘❊▲
❣❡♥❡❛♦✳❆❢❛❝♦kLq✐❛❧♦✉❡❞❛❜❡❢♦❡✳❆❧❤♦✉❣❤kLq❝❤❛♥❣❡❢♦♠0.5♦1.5✱
♥♦✈❛✐❛✐♦♥✐♦❜❡✈❡❞♦♥❤❡♦✉♣✉✈♦❧❛❣❡✳❆❛❡✉❧✱♥♦♣❡❝✐❛❧❝♦♥✐❞❡❛✐♦♥✐
❡✉✐❡❞♦♥❤❡q✲❛①✐✐♥❞✉❝❛♥❝❡✇❤❡♥❞❡✐❣♥❤❡ ▼❆❘❊▲❣❡♥❡❛♦✳

■♥✉♠♠❛②✱✐✐ ❤♦✇♥❤❛Rs❛♥❞Lq❝♦♥✐❜✉❡❧✐❣❤❧②♦❤❡❣❡♥❡❛♦♣❡❢♦✲
♠❛♥❝❡✱✇❤✐❧❡Ld❛✛❡❝ ✐ ✐❣♥✐✜❝❛♥❧②✳❚❤❡♠❛✐♥✐❞❡❛❢♦❛ ▼❆❘❊▲❣❡♥❡❛♦❞❡✐❣♥
✐ ♦✐♥❝❡❛❡Ld❛♠✉❝❤❛ ♣♦ ✐❜❧❡✱✐♥❡❛❞♦❢✐♥❝❡❛✐♥❣(Ld−Lq)❢♦❛ ▼❆❘❊▲
♠♦♦❞❡✐❣♥✳
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♣❡❡❞✭C=140µ❋✮✳
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❆ ♠❡♥✐♦♥❡❞❜❡❢♦❡✱❤❡♦♥❧②❞✐✛❡❡♥❝❡❜❡✇❡❡♥ ❤❡❘❊▲❛♥❞ ▼❆❘❊▲❣❡♥❡❛♦ ✐
❤❡❡①✐ ❡♥❝❡♦❢ ▼ ✐♥❤❡♦♦✢✉①✲❜❛ ✐❡✳■♥❤✐ ❡❝✐♦♥✱♣❡❢♦♠❛♥❝❡❝♦♠♣❛✐♦♥
❜❡✇❡❡♥ ❤❡❡❧❢✲❡①❝✐❡❞❘❊▲❛♥❞ ▼❆❘❊▲❣❡♥❡❛♦ ❛❡♣❡❡♥❡❞✱♦❤✐❣❤❧✐❣❤ ❤❡
✐♠♣♦✈❡♠❡♥ ♦❢❤❡❙❊❘●② ❡♠❜②✐♥♦❞✉❝✐♥❣ ▼ ✳

✹✳✺✳✶✳◆♦✲❧♦❛❞❝♦♥❞✐ ✐♦♥

❚❤❡❝♦♠♣❛✐♦♥♦❢❤❡♥♦✲❧♦❛❞❣❡♥❡❛❡❞✈♦❧❛❣❡♦❢❤❡❘❊▲❛♥❞ ▼❆❘❊▲❣❡♥❡❛♦
✐ ❤♦✇♥✐♥❋✐❣✳✹✳✸✵✳ ❚❤❡❞❛❤❡❞❧✐♥❡ ❡♣❡❡♥ ❤❡❜❛❝❦❊▼❋♦❢ ❤❡ ▼❆❘❊▲
❣❡♥❡❛♦✱❛♥❞❤❡❞♦ ❡❞❧✐♥❡❡❢❡ ♦❤❡♠✐♥✐♠✉♠ ❡♦♥❛♥❝❡♣❡❡❞✳ ❆ ♠❡♥✐♦♥❡❞
❛❜♦✈❡✱❤❡♦♣❡❛✐♦♥♦❢❤❡ ▼❆❘❊▲❣❡♥❡❛♦✐❞✐✈✐❞❡❞✐♥♦✇♦ ❛❣❡❜②n0✳❚❤❡
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92 Investigation of Self-Excited Reluctance Generators

Finally, the performance comparisons between the self-excited REL and PMAREL
generators are carried out. It is highlighted that the self-excited PMAREL generator not
only exhibits the improvement in terminal voltage, output power and power factor, but
also achieves a stable self-excitation process. All the results are helpful for applications
where REL or PMAREL machines are used as stand-alone generators.
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♦5.55Ω✱❤❡❛❝✐✈❡♣♦✇❡❜❛❧❛♥❝❡❝✉✈❡❝❤❛♥❣❡❢♦♠❤❡❜♦❧❞♦❧✐❞❧✐♥❡♦❤❡❜♦❧❞
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♣❡❞✐❝ ❤❡❙❊❘●♣❡❢♦♠❛♥❝❡❜②✉✐♥❣◗❜❛❧❛♥❝❡✳❋✐❣✳✺✳✽❤♦✇ ❤❡❡✉❧ ♦❢❤❡
❣❡♥❡❛❡❞✈♦❧❛❣❡✇✐❤❤❡❝❛♣❛❝✐❛♥❝❡♦❢C=70µ❋✱140µ❋✱❛♥❞210µ❋✱ ❡♣❡❝✐✈❡❧②✳
❚❤❡ ❡✉❧ ♦❜❛✐♥❡❞❢♦♠ ❤❡ ◗❜❛❧❛♥❝❡ ❛❡ ❤♦✇♥❜② ❤❡ ♦❧✐❞❧✐♥❡✱✇❤✐❧❡❤❡
❡✉❧ ❢♦♠❤❡✐♥❡♣♦❧❛✐♦♥♦❢Ld✐♥❈❤❛♣❡✹❛❡❡♣❡❡♥❡❞❜②❞♦❡❞❧✐♥❡✳❚❤❡
❡①♣❡✐♠❡♥❛❧ ❡✉❧ ❛❡❛❣❛✐♥ ❡♣❡❡♥❡❞❜② ❤❡ ❛✳■✐❡✈✐❞❡♥❝❡❞ ❤❛ ❜♦❤
♠❡❤♦❞ ♣❡❞✐❝✈❡②❝❧♦❡❡✉❧ ♦ ❤❡❡①♣❡✐♠❡♥✱❛♥❞❤❡❡✛❡❝ ♦❢❝♦♥✐❞❡✐♥❣
❝♦✲❛✉❛✐♦♥✐♥♦ ✐❣♥✐✜❝❛♥❛♥♦✲❧♦❛❞❝♦♥❞✐✐♦♥✳

❆ ❤❡♥❡① ❡♣✱✐✐❤❡❧♣❢✉❧ ♦✐♥✈❡✐❣❛❡❤❡✈❛✐❛✐♦♥♦❢❝✉❡♥✈❡❝♦ ✇✐❤
♣❡❡❞♦❢ ❤❡❣❡♥❡❛♦✱❛✐❧❧✉ ❛❡❞✐♥❋✐❣✳✺✳✾✳■✐♥♦✐❝❡❞❤❛ ❤❡❝✉ ❡♥✈❡❝♦
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❋✐❣✉❡✺✳✶✵✿❚❤❡❡❛❝✐✈❡♣♦✇❡❜❛❧❛♥❝❡❜❡✇❡❡♥❘❊▲❣❡♥❡❛♦❛♥❞❝❛♣❛❝✐♦ ❛1000
♣♠✭❝✐❝❧❡ ❡♣❡❡♥ ❤❡❡①♣❡✐♠❡♥❛❧❡✉❧ ✮✳

✐❛❧♠♦ ❛❧✐❣♥❡❞✇✐❤d✲❛①✐✇❤❡♥ ❤❡ ♣❡❡❞✐ ❧♦✇✳ ❲✐❤ ❤❡✐♥❝❡❛❡♦❢♣❡❡❞✱ ❤❡
❝✉❡♥✈❡❝♦♠♦✈❡ ♦✇❛❞❤❡q✲❛①✐✳

❙✐♥❝❡ ❤❡ ❛♦ ❡✐❛♥❝❡❛❡ ✉✐❡❧♦✇✱❤❡❛❝✐✈❡♣♦✇❡✐♥❡❣❧✐❣✐❜❧❡❝♦♠♣❛❡❞
♦ ❤❡ ❡❛❝✐✈❡♣♦✇❡❛ ♥♦✲❧♦❛❞❝♦♥❞✐✐♦♥✳ ❋✉❤❡♠♦❡✱✐❢❤❡ ❛♦ ❡✐❛♥❝❡✐
♥❡❣❧❡❝❡❞✱♥♦❛❝✐✈❡♣♦✇❡✐❣❡♥❡❛❡❞❜②❤❡❣❡♥❡❛♦✱♦❤❛ ❤❡❝✉ ❡♥ ✈❡❝♦✐
❢♦❝❡❞❛❧♦♥❣❤❡d✲❛①✐✳

❋✐❣✳✺✳✶✵ ❤♦✇ ❤❡ ❡❛❝✐✈❡♣♦✇❡✈❛✐❛✐♦♥✈❡✉ ❝✉❡♥♦❢❤❡❘❊▲❣❡♥❡❛✐♥❣
② ❡♠❛1000♣♠✳❚❤❡♦❧✐❞❧✐♥❡❡♣❡❡♥ ❤❡❡❛❝✐✈❡♣♦✇❡♦❢❤❡❣❡♥❡❛♦✱✇❤✐❧❡
❤❡❞❛❤❡❞❧✐♥❡ ❡❢❡ ♦❤❡♣♦✈✐❞❡❞❡❛❝✐✈❡♣♦✇❡❜②❤❡❝❛♣❛❝✐♦✳❉✐✛❡❡♥✈❛❧✉❡♦❢
❝❛♣❛❝✐♦❛❡❝♦♥✐❞❡❡❞✳❚❤❡❝♦✐♥❣♣♦✐♥ ✐♥❞✐❝❛❡❤❡❡❛❝✐✈❡❜❛❧❛♥❝❡✱❤❛✐✱❤❡
♦♣❡❛✐♥❣♣♦✐♥✳❚❤❡❡①♣❡✐♠❡♥❛❧❡✉❧ ❛❡❡①♣❡❡❞❜②❝✐❝❧❡✳■✐♦❜❡✈❡❞❤❛
❤❡❛♥❛❧②✐❝❛❧❡✉❧ ♠❛❝❤♣♦♣❡❧②✇✐❤ ❤❡❡①♣❡✐♠❡♥❛❧❡✉❧ ✇❤❡♥ ❤❡❝✉ ❡♥
✐❧♦✇✳ ❲✐❤ ❤❡✐♥❝❡❛❡♦❢❝✉❡♥✱❛❧✐❣❤❞✐❝❡♣❛♥❝②✐❡✳■✐❛❧♦♥♦✐❝❡❞❤❛
✇✐❤ ❤❡✐♥❝❡❛❡♦❢❝❛♣❛❝✐❛♥❝❡ ❛ ❛♠❡ ♣❡❡❞✱ ❤❡ ❡❛❝✐✈❡♣♦✇❡ ❡✉✐❡❞❢♦ ❤❡
♦♣❡❛✐♦♥♦❢❤❡❣❡♥❡❛♦✐♥❝❡❛❡✳

✺✳✷✳✷✳❘❡ ✐✐✈❡❧♦❛❞❝♦♥❞✐✐♦♥

❆ ♠❡♥✐♦♥❡❞❜❡❢♦❡✱✐✐❝♦♥✈❡♥✐❡♥ ♦❞❡❡♠✐♥❡ ❤❡♦♣❡❛✐♥❣♣♦✐♥❜②✉✐♥❣ ◗
❜❛❧❛♥❝❡ ❛❧♦❛❞❝♦♥❞✐✐♦♥✳❈♦♠♣❛✐♦♥♦❢❤❡✈♦❧❛❣❡✈❡✉ ♣❡❡❞❝✉✈❡✇✐❤C=
140µ❋❢♦ ❞✐✛❡❡♥❧♦❛❞✭250Ω❛♥❞50Ω✮❛❡❤♦✇♥✐♥❋✐❣✳✺✳✶✶✳■✐♦❜❡✈❡❞❤❛
❤❡ ❡✉❧ ♦❜❛✐♥❡❞❢♦♠❞✐✛❡❡♥♠❡❤♦❞ ❛❡❛❧♠♦ ✉♣❡♣♦❡❞✉♥❞❡ ❧✐❣❤✲❧♦❛❞
❝♦♥❞✐✐♦♥✱✇❤✐❧❡❤❡②❛❡❛✇❛②❢♦♠❡❛❝❤♦❤❡❛❤❡❛✈②✲❧♦❛❞❝♦♥❞✐✐♦♥✳❚❤❡❡✉❧
♦❜❛✐♥❡❞❢♦♠❤❡ ◗❜❛❧❛♥❝❡ ❛❡♠♦❡♣❡❝✐❡✱❡♣❡❝✐❛❧❧②❛ ❤❡❛✈②✲❧♦❛❞❝♦♥❞✐✐♦♥✳
❚❤✐ ❝♦♥❝❧✉✐♦♥✐❛❧♦✈❡✐✜❡❞✐♥❋✐❣✳✺✳✶✷✱✇✐❤C=210µ❋✱RL=250Ω❛♥❞50Ω✱
❡♣❡❝✐✈❡❧②✳❚❤❡❞✐❝❡♣❛♥❝②✉♥❞❡RL=50Ω❝♦♥❞✐✐♦♥❜❡✇❡❡♥ ❤❡♥❡✇❛♥❛❧②✐❝❛❧
❡✉❧ ❛♥❞❡①♣❡✐♠❡♥ ♠❛✐♥❧②❛ ✐❜✉❡ ♦❤❡❝♦♥ ❛♥ ❛♦ ❡✐❛♥❝❡✉❡❞✐♥❤❡
❛❝✐✈❡♣♦✇❡❜❛❧❛♥❝❡✭✇✐❤♦✉❝♦♥✐❞❡✐♥❣❡♠♣❡❛✉❡❡✛❡❝✮✳
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❋✐❣✉❡✺✳✶✷✿❚❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡❛❣❛✐♥ ♣❡❡❞✇✐❤C=210µ❋✱RL=250Ω❛♥❞
50Ω✱❡♣❡❝✐✈❡❧②✳

■✐❛❧♦♥♦✐❝❡❞❢♦♠❋✐❣✳✺✳✶✶❤❛ ❤❡♦✉♣✉✈♦❧❛❣❡♦❢❤❡❘❊▲❣❡♥❡❛♦ ❛
❢♦♠ ❤❡ ♣❡❡❞❛♦✉♥❞850 ♣♠✳■❢ ❤❡ ♣❡❡❞✐ ❧♦✇❡ ❤❛♥850 ♣♠✱ ❤❡❣❡♥❡❛❡❞
✈♦❧❛❣❡❝♦❧❧❛♣❡✳ ❚❤✐♣❤❡♥♦♠❡♥♦♥❝❛♥❛❧♦❜❡❞❡❝✐❜❡❞❜②❤❡❛❝✐✈❡❛♥❞❡❛❝✐✈❡
♣♦✇❡ ❜❛❧❛♥❝❡❝✉✈❡✳❋✐❣✳✺✳✶✸❤♦✇ ❤❡❡❝✉✈❡ ✇✐❤C=140µ❋✱RL=50Ω❛
❤❡ ♣❡❡❞♦❢750♣♠❛♥❞850♣♠✱ ❡♣❡❝✐✈❡❧②✳ ❚❤❡❞❛❤❡❞❧✐♥❡ ❡♣❡❡♥ ❤❡ ◗
❜❛❧❛♥❝❡❝✉✈❡✇❤❡♥♦♣❡❛❡❞❛750♣♠✱✇❤✐❧❡ ❤❡ ♦❧✐❞❧✐♥❡❛❡❛850♣♠✳❙✐♥❝❡
♥♦❝♦✐♥❣♣♦✐♥❡①✐ ❜❡✇❡❡♥ ❤❡❞❛❤❡❞❝✉✈❡✱❤❡❣❡♥❡❛♦❝❛♥♥♦✇♦❦✐♥❤✐
❝♦♥❞✐✐♦♥✳❙✐♠✐❧❛♣❤❡♥♦♠❡♥♦♥✐♦❜❡✈❡❞✇❤❡♥❤❡❧♦❛❞✐✐♥❝❡❛❡❞✭RL=25Ω✮✱❛
❤♦✇♥✐♥❋✐❣✳✺✳✶✹✳■ ✐ ❤♦✇♥ ❤❛ ✐♥❝❡❛✐♥❣❤❡❧♦❛❞✇✐❤ ❡✐❛♥❝❡❜❡❧♦✇❝❡❛✐♥
❝✐✐❝❛❧✈❛❧✉❡✱❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡❝♦❧❧❛♣❡✳❚❤❡❡ ◗❜❛❧❛♥❝❡❝✉✈❡♣♦✈✐❞❡❛ ✉✐❡
❡❛②✇❛②♦✈❡✐❢②✇❤❡❤❡ ❤❡❣❡♥❡❛✐♥❣② ❡♠✇♦❦❛❝❡❛✐♥❝♦♥❞✐✐♦♥✳
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❋✐❣✉❡✺✳✶✹✿❆❝✐✈❡❛♥❞❡❛❝✐✈❡♣♦✇❡❜❛❧❛♥❝❡❝✉✈❡✇✐❤C=140µ❋✱RL=25Ω❛
❤❡♣❡❡❞♦❢1000♣♠✳

❋✐❣✳✺✳✶✺ ❤♦✇ ❤❡❝✉ ❡♥✈❡❝♦ ✇✐❤C=140µ❋❛ ❤❡ ♣❡❡❞♦❢1000 ♣♠
✉♥❞❡ ♥♦✲❧♦❛❞✱RL=250Ω✱150Ω❛♥❞50Ω❝♦♥❞✐✐♦♥✱❡♣❡❝✐✈❡❧②✳ ❚❤❡❡❝✉❡♥
✈❡❝♦ ❛❡♦❜❛✐♥❡❞❢♦♠❛❝✐✈❡❛♥❞❡❛❝✐✈❡♣♦✇❡❜❛❧❛♥❝❡✱❛♥❞❤❡❞✐✛❡❡♥❝❡❛♠♦♥❣
❤❡♣♦✇❡ ❜❛❧❛♥❝❡❝✉✈❡✉♥❞❡ ❞✐✛❡❡♥❧♦❛❞❝♦♥❞✐✐♦♥❛❡✐❣♥✐✜❝❛♥✳■✐♥♦✐❝✐♥❣
❤❛ ❤❡✈❛✐❛✐♦♥♦❢❤❡ ❡✐❛♥❝❡❤❛ ❡✛❡❝♥♦ ♦♥❧②♦♥ ❤❡❛❝✐✈❡♣♦✇❡❜✉ ❛❧♦
♦♥❤❡ ❡❛❝✐✈❡♣♦✇❡✳■✐❛❧♦♦❜❡✈❡❞ ❤❛ ✇✐❤ ❤❡✐♥❝❡❛❡♦❢❧♦❛❞✱❤❡❝✉ ❡♥
✈❡❝♦♠♦✈❡ ♦✇❛❞ ❤❡q✲❛①✐✳❚❤✐✐ ❡❛♦♥❛❜❧❡✐♥❝❡✱❣❡♥❡❛❧❧②♣❡❛❦✐♥❣✱❤❡q✲❛①✐
❝✉❡♥✐ ❤❡✏♦ ✉❡❝✉ ❡♥❝♦♠♣♦♥❡♥✑✳■♥❛❞❞✐✐♦♥✱✐❛❝❝♦✉♥ ❢♦ ❤❡❡❛♦♥❤❛
❝♦✲❛✉❛✐♦♥❡✛❡❝ ❤♦✉❧❞❜❡❝♦♥✐❞❡❡❞✉♥❞❡❤❡❛✈②❧♦❛❞❝♦♥❞✐✐♦♥✳

❚❛❜❧❡✺✳✶ ❤♦✇ ❤❡❧♦❛❞❝❤❛❛❝❡✐✐❝♦❢❙❊❘●✇✐❤C=140µ❋✳❚❤❡❧❡❢ ✇♦
❝♦❧✉♠♥ ❡❢❡ ♦ ❤❡♦♣❡❛✐♥❣❝♦♥❞✐✐♦♥♦❢ ❡✐❛♥❝❡❛♥❞ ♣❡❡❞✱ ❤❡♠✐❞❞❧❡ ❤❡❡
❝♦❧✉♠♥❛❡❤❡❡①♣❡✐♠❡♥❛❧❡✉❧ ✱✐♥❝❧✉❞✐♥❣♣❡❛❦✈❛❧✉❡♦❢❧✐♥❡♦❧✐♥❡✈♦❧❛❣❡✭̂Vline✮✱
♣❡❛❦♣❤❛❡❝✉❡♥✭̂Iph✮❛♥❞❤❡❤❛❢ ♦ ✉❡ ❛♥♠✐ ❡❞❢♦♠❤❡♠❛ ❡♠♦♦✭T1✮✳
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❚❤❡❧❛ ❤❡❡❝♦❧✉♠♥ ❤♦✇ ❤❡♦✉♣✉ ♣♦✇❡ ✭Pload✮✱♣♦✇❡❢❛❝♦❛♥❞❡✣❝✐❡♥❝②♦❢
❤❡❣❡♥❡❛✐♥❣② ❡♠✭η✮✳■✐ ❡❡♥❤❛ ❧♦✇❡RL✱✇❤✐❝❤♠❡❛♥❤❡❛✈✐❡ ❧♦❛❞✱❧❡❛❞
♦❧♦✇❡♦✉♣✉✈♦❧❛❣❡✇❤❡♥♦♣❡❛❡❞❛❣✐✈❡♥♣❡❡❞✳❍♦✇❡✈❡✱❤❡♦✉♣✉♣♦✇❡❛♥❞
♣♦✇❡❢❛❝♦✐♥❝❡❛❡✳❋♦❝♦♥❛♥❝❛♣❛❝✐❛♥❝❡❛♥❞❡✐❛♥❝❡✱♣♦✇❡❢❛❝♦❞❡❝❡❛❡
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❋✐❣✉❡✺✳✶✻✿❆❝✐✈❡♣♦✇❡✭❦❲✮♠❛♣✇✐❤C=140µ❋❛♥❞RL=250Ω❛ ❤❡ ♣❡❡❞
♦❢806♣♠✳❙♦❧✐❞❧✐♥❡ ❡♣❡❡♥ ❤❡❣❡♥❡❛❡❞♣♦✇❡✭−Pem−PJ✮✱✇❤✐❧❡❞❛❤❡❞❧✐♥❡
❡❢❡ ♦Pload✳

✺✳✸✳❱♦❧❛❣❡ ❡❣✉❧❛✐♦♥✇✐❤✈❛✐❛❜❧❡❝❛♣❛❝✐❛♥❝❡ ❛ ❞✐✛❡❡♥ ♣❡❡❞

❆ ♠❡♥✐♦♥❡❞✐♥❬✼✺❪✱❤❡✈❛✐❛❜❧❡❝❛♣❛❝✐❛♥❝❡❜❛♥❦✐✈❡②✉❡❢✉❧♦❦❡❡♣❤❡❣❡♥❡✲
❛❡❞✈♦❧❛❣❡❝♦♥❛♥✐♥❙❊❘●② ❡♠✳❚❤❡✈❛❧✉❡♦❢❝❛♣❛❝✐♦❛❞✐✛❡❡♥ ♣❡❡❞ ♦
♠❛✐♥❛✐♥❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡❝❛♥❜❡❞❡❡♠✐♥❡❞❜②✉✐♥❣❤❡ ◗❜❛❧❛♥❝❡✳

❖♥❝❡ ❤❡♦✉♣✉✈♦❧❛❣❡✐❣✐✈❡♥✱❤❡♦✉♣✉♣♦✇❡Pload✐❡❛✐❧②❝❛❧❝✉❧❛❡❞✉♥❞❡
❝❡❛✐♥❧♦❛❞❝♦♥❞✐✐♦♥✳❊✉❛✐♦♥✭✺✳✶✮✐❝❤❛♥❣❡❞❛✿

Pload=−Pem−PJ ✭✺✳✾✮

❚❤❡♥ ❤❡♥❡✇❛❝✐✈❡♣♦✇❡♠❛♣✐ ♣❧♦ ❡❞✐♥❋✐❣✳✺✳✶✻✱✇❤❡❡ ♦❧✐❞❧✐♥❡ ❡♣❡❡♥
❤❡❣❡♥❡❛❡❞♣♦✇❡✭−Pem−PJ✮✱✇❤✐❧❡❞❛❤❡❞❧✐♥❡ ❡❢❡ ♦Pload✳ ❙✐♥❝❡Pload✐
❞❡❡♠✐♥❡❞✱♦♥❧②♦♥❡❞❛❤❡❞❧✐♥❡✐ ❞❛✇♥✐♥ ❤❡♥❡✇❛❝✐✈❡♣♦✇❡♠❛♣✳ ❚❤❡♥ ❤❡
♦♣❡❛✐♥❣♣♦✐♥✐❞✐❡❝❧②♦❜❛✐♥❡❞❜②❤❡❝♦✐♥❣♦❢❤❡❞❛❤❡❞❧✐♥❡❛♥❞♦❧✐❞❝♦♥♦✉
✇✐❤❤❡❛♠❡✈❛❧✉❡✳❆❢❡ ❤❛✱❤❡✈❛❧✉❡♦❢❝❛♣❛❝✐♦❝❛♥❜❡❝❛❧❝✉❧❛❡❞❜②❤❡❡❛❝✐✈❡
♣♦✇❡❜❛❧❛♥❝❡✱✇❤✐❝❤✐✭✺✳✺✮✳

❚❤❛♥❦ ♦❤❡ ◗❜❛❧❛♥❝❡ ♠❡❤♦❞✱♦♠❡❢✉❤❡❝♦♥✐❞❡❛✐♦♥❝❛♥❜❡❝❛✐❡❞♦✉✳
❋✐❣✳✺✳✶✼✭❛✮❤♦✇❤♦✇❤❡❝❛♣❛❝✐❛♥❝❡✈❛✐❡✐♥♦❞❡ ♦♠❛✐♥❛✐♥❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡
✇✐❤✐♥❤❡❧✐♠✐♦❢V̂ph=202❱✳❚❤❡❧♦❛❞✐ RL=100Ω✱❛♥❞❤❡♥❝❡❤❡♦✉♣✉♣♦✇❡
✐❦❡♣Pload=613❲✳❚❤❡✈❛ ✐❛✐♦♥♦❢♣❤❛❡❝✉❡♥❛♥❞❡❧❡❝♦♠❛❣♥❡✐❝♣♦✇❡❛❡
♣❧♦ ❡❞✐♥❋✐❣✳✺✳✶✼✭❜✮❛♥❞❋✐❣✳✺✳✶✼✭❝✮✱❡♣❡❝✐✈❡❧②✳❚❤❡❛♠❡ ❡♥❞✐♥♦✐❝❡❞❢♦C✱
Iph❛♥❞Pem✇✐❤❤❡✈❛✐❛✐♦♥♦❢♣❡❡❞✳❚❤❡❞❡❝❡❛❡♦❢♣❤❛❡❝✉❡♥✇✐❤✐♥❝❡❛✐♥❣
♣❡❡❞✐♥❞✐❝❛❡ ❡❞✉❝❡❞❏♦✉❧❡❧♦❡✳ ❚❤❡❡❢♦❡✱❤❡❡✣❝✐❡♥❝②♦❢ ❤❡ ② ❡♠✐♥❝❡❛❡
✇✐❤♣❡❡❞✱❛ ❤♦✇♥✐♥❋✐❣✳✺✳✶✼✭❞✮✳
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❋✐❣✉❡✺✳✶✼✿ ❱❛✐❛✐♦♥♦❢❝❛♣❛❝✐❛♥❝❡✱♣❤❛❡❝✉❡♥✱❡❧❡❝♦♠❛❣♥❡✐❝♣♦✇❡❛♥❞❡✣✲
❝✐❡♥❝②✇✐❤♣❡❡❞✉♥❞❡❝♦♥❛♥❣❡♥❡❛❡❞✈♦❧❛❣❡✳

❧♦❛❞❝❛♥❜❡✇✐❡♥❛✿
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ẋ=Ax(t)+B ✭✺✳✶✶✮

✇❤❡❡
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
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xt+1=xt+TcAxt+TcB=(✶+TcA)xt+TcB ✭✺✳✶✷✮
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❤♦✉❧❞❜❡♠❡♥✐♦♥❡❞❤❛Ld❛♥❞Lq❛❡❛❝❤❝✉❡♥❛❡✐♥❡♣♦❧❛❡❞❢♦♠❤❡✐♠✉❧❛❡❞
d✲❛♥❞q✲❛①✐♠❛❣♥❡✐③✐♥❣❝✉✈❡✱❛ ❤♦✇♥✐♥❋✐❣✳✺✳✹✳

❚❤❡❡✛❡❝✐✈❡♥❡ ♦❢ ❤❡✈❛✐❛❜❧❡❝❛♣❛❝✐❛♥❝❡✐♥♠❛✐♥❛✐♥✐♥❣❝♦♥❛♥ ❤❡♦✉♣✉
✈♦❧❛❣❡❛ ❞✐✛❡❡♥ ♣❡❡❞ ✐✈❡✐✜❡❞❜②❤✐ ❛♥✐❡♥ ✐♠✉❧❛✐♦♥✳ ❚❤❡❡✉❧ ❛❡
❤♦✇♥✐♥❋✐❣✳✺✳✶✽✳ ❚❤❡❙❊❘●✐ ❝♦♥♥❡❝❡❞✇✐❤C=168µ❋♦♣❡❛❡❞❛ ❤❡ ♣❡❡❞
♦❢580♣♠❢♦ ❡❧❢✲❡①❝✐❛✐♦♥✳❆t=1 ✱❤❡❧♦❛❞✐❝♦♥♥❡❝❡❞❛♥❞♣❡❡❞✐✐♥❝❡❛❡❞
♦950♣♠✳❆❢❡ ❤❛✱❤❡♦♣❡❛✐♥❣♣❡❡❞✐ ❝❤❛♥❣❡❞ ❡♣❜② ❡♣✭1100♣♠❛1.5
✱1000♣♠❛2.0✱1200♣♠❛2.5 ❛♥❞950♣♠❛3.5✮✱❛❞✐♣❧❛②❡❞✐♥❤❡✜
✜❣✉❡♦❢❋✐❣✳✺✳✶✽✳❚❤❡✈♦❧❛❣❡✈❛✐❛✐♦♥✇✐❤❝♦♥ ❛♥❝❛♣❛❝✐♦✐ ❤♦✇♥✐♥❤❡❡❝♦♥❞
✜❣✉❡✳ ❖♥❤❡❝♦♥❛②✱ ❤❡✈♦❧❛❣❡✈❛✐❛✐♦♥✇✐❤✈❛✐❛❜❧❡❝❛♣❛❝✐♦ ✭❛❢❡t=1 ✮
✐♣❧♦ ❡❞✐♥❤❡❤✐❞✜❣✉❡✳❆❝♦♥❛♥❣❡♥❡❛❡❞✈♦❧❛❣❡✐❞❡♠♦♥ ❛❡❞✐♥♣✐❡♦❢
❤❡✈❛②✐♥❣♣❡❡❞✳
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❚❛❦✐♥❣❛❞✈❛♥❛❣❡♦❢❤❡ ◗❜❛❧❛♥❝❡✱❛♥❛❧②✐♦❢❤❡❝❛♣❛❝✐❛♥❝❡❛♥❞❧♦❛❞❡✐❛♥❝❡
❛❡❝❛✐❡❞♦✉✇❤❡♥❙❊❘●✐ ❥♦✐♥✇✐❤✇✐♥❞ ✉❜✐♥❡✳ ❚❤❡ ❝❤❡♠❡♦❢✇✐♥❞② ❡♠
✇✐❤❙❊❘●✐ ❤♦✇♥✐♥❋✐❣✳✺✳✶✾✳ ❚❤❡♦❜❥❡❝✐✈❡♦❢❤✐ ❛♥❛❧②✐✐ ♦✜♥❞❤❡✏♦♣✐✲
♠❛❧❝❛♣❛❝✐♦❛♥❞❡✐♦❝♦♠❜✐♥❛✐♦♥✑❤❛❛❝❤✐❡✈✐♥❣❤❡♠❛①✐♠✉♠✉✐❧✐③❛✐♦♥♦❢❤❡
♠❡❝❤❛♥✐❝❛❧♣♦✇❡ ♣♦❞✉❝❡❞❜②✇✐♥❞✉❜✐♥❡✳

✺✳✹✳✶✳❲✐♥❞ ✉❜✐♥❡❝❤❛❛❝❡✐✐❝

❚❤❡♣♦✇❡ ♣♦❞✉❝✐♥❣❝❛♣❛❜✐❧✐②✭Pm✮♦❢❛♣❛❝✐❝❛❧✇✐♥❞✉❜✐♥❡❤❛ ❜❡❡♥♣❡✈✐♦✉❧②
❞❡✈❡❧♦♣❡❞❬✼✻❪✱✇❤✐❝❤✐

Pm=
1

2
CpρSv

3
wind ✭✺✳✶✸✮

✇❤❡❡Cp✐❛✏❝♦❡✣❝✐❡♥♦❢♣♦✇❡✑❞❡♣❡♥❞✐♥❣♦♥❤❡②♣❡♦❢✇✐♥❞✉❜✐♥❡✱ρ✐ ❤❡❛✐
❞❡♥✐②✐♥kg/m3✱S✐ ❤❡❝♦✕❡❝✐♦♥❛❡❛♦❢❤❡✉❜✐♥❡✐♥m2✱❛♥❞vwind✐ ❤❡✇✐♥❞
♣❡❡❞✐♥m/s✳

❆ ❢❛❛❤♦✐③♦♥❛❧✲❛①✐ ✉❜✐♥❡✐❝♦♥❝❡♥❡❞✱❤❡❝♦❡✣❝✐❡♥Cp✐❝❛❧❝✉❧❛❡❞❜❛❡❞
♦♥❤❡✐♣♣❡❡❞❛✐♦λ❛♥❞❤❡♣✐❝❤❛♥❣❧❡β❬✼✼❪✿

Cp(λ,β)=c1(c2λ
−1
i −c3β−c4)e

−c5λ
−1
i +c6λ ✭✺✳✶✹✮

✇❤❡❡

λ−1i =(λ+0.08β)
−1+0.035(β3+1)−1 ✭✺✳✶✺✮

❤❡✐♣♣❡❡❞❛✐♦✐❣✐✈❡♥❜②

λ=Rt
ωm
vwind

✭✺✳✶✻✮

✇❤❡❡Rt✐ ❤❡✉❜✐♥❡❛❞✐✉✱ωm ✐ ❤❡✉❜✐♥❡❛♥❣✉❧❛ ♣❡❡❞✳

❘❡❢❡ ✐♥❣♦✭✺✳✶✸✮✱❤❡♣❡❛❦♣♦✇❡♦❢❤❡✉❜✐♥❡❛❛❣✐✈❡♥✇✐♥❞♣❡❡❞♦❝❝✉ ✇❤❡❡
Cp✐♠❛①✐♠✉♠✳❆❝❝♦❞✐♥❣♦❇❡③✬▲❛✇✱ ❤❡♠❛①✐♠✉♠✇✐♥❞♣♦✇❡❝♦❡✣❝✐❡♥ ❡✉❧
✐♥0.593✳❚❤❡❡❧❛✐♦♥❤✐♣❜❡✇❡❡♥ ❤❡♦✉♣✉♣♦✇❡❛♥❞✉❜✐♥❡♣❡❡❞❢♦✈❛✐♦✉✇✐♥❞
♣❡❡❞✐❞❡❝✐❜❡❞✐♥❋✐❣✳✺✳✷✵✳❆ ❤❡✈❛✐❛✐♦♥♦❢✉❜✐♥❡♣❡❡❞❛❛❣✐✈❡♥✇✐♥❞♣❡❡❞✱
❤❡❡❡①✐ ❛♥♦♣✐♠❛❧✉❜✐♥❡♣❡❡❞❤❛♣♦❞✉❝❡ ❤❡♠❛①✐♠✉♠♦✉♣✉♣♦✇❡✳❚❤✐
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❋✐❣✉❡✺✳✷✶✿❉❡❡♠✐♥❛✐♦♥♦❢♠❡❝❤❛♥✐❝❛❧♣♦✇❡❝❤❛❛❝❡✐✐❝✐♥✇✐♥❞② ❡♠✭❝✉✲✐♥
❛♥❞❝✉✲♦✛✇✐♥❞♣❡❡❞♦❢❤❡✉❜✐♥❡❛❡4♠✴ ❛♥❞13♠✴✱❡♣❡❝✐✈❡❧②✮✳

♦♣✐♠❛❧✉❜✐♥❡♣❡❡❞❝❤❛♥❣❡✇✐❤✇✐♥❞♣❡❡❞✳❚❤❡❡♦♣✐♠❛❧✉❜✐♥❡♣❡❡❞♣♦✐♥ ❛
❡❛❝❤✇✐♥❞♣❡❡❞❢♦♠ ❤❡♠❛①✐♠✉♠♣♦✇❡ ♣♦✐♥ ❛❝❦✐♥❣✭▼ ❚✮❝✉✈❡✱❤✐❣❤❧✐❣❤❡❞
❜②❤❡❞❛❤❡❞❧✐♥❡✐♥❋✐❣✳✺✳✷✵✳

❚❤❡❘❊▲❣❡♥❡❛♦✉❡❞❤❡❡✐ ❤❡ ❛♠❡❛ ❤❡♦♥❡✐♥❈❤❛♣❡✹✱✇✐❤ ❤❡♠❛✐♥
♣❛❛♠❡❡ ❤♦✇♥✐♥❚❛❜❧❡✹✳✶✳❚♦♠❛①✐♠✐③❡❤❡♣♦✇❡✉✐❧✐③❛✐♦♥✱✐✐❞❡✐❛❜❧❡❢♦ ❤❡
❣❡♥❡❛♦ ♦❢♦❧❧♦✇▼ ❚ ❛❥❡❝♦②✳ ▼❡❛♥✇❤✐❧❡✱❤❡ ❛♥❢❡❡❞♣♦✇❡❛❡❛❝❤♣❡❡❞
❤♦✉❧❞❜❡❧✐♠✐❡❞❜②❤❡❣❡♥❡❛♦♣♦✇❡❝❛♣❛❜✐❧✐②✱✇❤✐❝❤✐❞✉❡♦❤❡♠❛❧❧✐♠✐❛✐♦♥
♦❢❤❡❣❡♥❡❛♦✳❚❤❡❡❢♦❡✱❤❡♣♦✇❡❝❤❛❛❝❡✐✐❝♦❢❤❡✇❤♦❧❡② ❡♠✐❞❡❡♠✐♥❡❞
❜②❤❡❧♦✇❡♣♦✇❡❧✐♠✐❛✐♦♥❛❡❛❝❤♣❡❡❞✱❛ ❤♦✇♥✐♥❋✐❣✳✺✳✷✶✳❚❤❡♣♦✇❡❢♦❧❧♦✇
▼ ❚❛ ❧♦✇♣❡❡❞✱✇❤✐❧❡❛❤✐❣❤♣❡❡❞✐✐❧✐♠✐❡❞❜②❣❡♥❡❛♦♠❛①✐♠✉♠♣♦✇❡✳
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❋✐❣✉❡✺✳✷✷✿ ❡❢♦♠❛♥❝❡♠❛♣♦❢ ❤❡❘❊▲❣❡♥❡❛♦✳

✺✳✹✳✷✳▼❡ ❤♦❞ ♦❞❡❡♠✐♥❡ ❤❡✏♦♣✐♠❛❧C❛♥❞RL❝♦♠❜✐♥❛✐♦♥✑

❋♦♠❤❡♠❡❝❤❛♥✐❝❛❧♣♦✇❡❝❤❛❛❝❡✐✐❝❝✉✈❡✐♥❋✐❣✳✺✳✷✶✱❝♦♥ ❛♥♣♦✇❡❛♥❞♦ ✉❡
❛❡❞❡❡♠✐♥❡❞❛ ❣✐✈❡♥ ♦♦ ♣❡❡❞✳ ❈♦♥✐❞❡✐♥❣❤❡❛❝✐✈❡♣♦✇❡❜❛❧❛♥❝❡✐♥✭✺✳✾✮✱
❤❡❛❝❤✐❡✈❛❜❧❡♠❛①✐♠✉♠♦✉♣✉♣♦✇❡✐ ❤❡✈❛❧✉❡✇❤❡♥❏♦✉❧❡❧♦ ✐♠✐♥✐♠✉♠✳❚❤✐
♠❡❛♥ ❤❡♠✐♥✐♠✉♠♣❤❛❡❝✉❡♥❛❣✐✈❡♥♦ ✉❡✱i.e.✱❤❡♠❛①✐♠✉♠♦ ✉❡♣❡❝✉❡♥
✭▼❚❆✮✳❚❤❡♦♣❡❛✐♥❣♣♦✐♥♦❢❤❡❙❊❘● ② ❡♠❢♦❧❧♦✇▼❚ ❆ ❛❥❡❝♦②✱♣❧♦❡❞
❜②❤❡❡❞♦❧✐❞❧✐♥❡✐♥❋✐❣✳✺✳✷✷✱♦❛❝❤✐❡✈❡❤❡♠❛①✐♠✉♠♦✉♣✉♣♦✇❡✳❈♦♥❡✉❡♥❧②✱
❤❡♦♣❡❛✐♥❣♣♦✐♥❛❣✐✈❡♥ ♣❡❡❞✐ ❡①❛❝❧②❤❡❝♦✐♥❣♣♦✐♥♦❢ ▼❚❆❝✉✈❡❛♥❞
❝♦♥❛♥ ♦ ✉❡❧♦❝✉✳❆❢❡ ❤❛✱❤❡♦♣✐♠❛❧❧♦❛❞❡✐❛♥❝❡❛♥❞❝❛♣❛❝✐❛♥❝❡❝❛♥❜❡
❝❛❧❝✉❧❛❡❞❢♦♠ ◗❜❛❧❛♥❝❡✱❡♣❡❝✐✈❡❧②✳

❚❤❡✈❛✐❛✐♦♥♦❢✏♦♣✐♠❛❧❝❛♣❛❝✐♦❛♥❞❡✐♦❝♦♠❜✐♥❛✐♦♥✑❛❞✐✛❡❡♥ ♣❡❡❞✐
❤♦✇♥✐♥❋✐❣✳✺✳✷✸✭❛✮✱✇❤✐❧❡ ❤❡❝♦ ❡♣♦♥❞✐♥❣❡✣❝✐❡♥❝②❛♥❞♣♦✇❡ ❢❛❝♦❛❡✜❣✉❡❞
✐♥❋✐❣✳✺✳✷✸✭❜✮✳ ❚❤❡❡✉❧ ❤♦✇ ❤❛ ❤❡♦♣✐♠❛❧❝❛♣❛❝✐♦✈❛✐❡ ✐❣♥✐✜❝❛♥❧②✇✐❤
❤❡ ♣❡❡❞✳ ❖♥ ❤❡❝♦♥❛②✱ ❤❡♦♣✐♠❛❧❡✐❛♥❝❡✈❛✐❡ ❧✐❣❤❧②✳■❢❤❡ ❡✐♦❛♥❞
❝❛♣❛❝✐♦❛❡♣♦♣❡❧②❡❧❡❝❡❞✱❤❡❙❊❘●② ❡♠✐❝❛♣❛❜❧❡♦❢ ❛♥♠✐ ✐♥❣❤❡♣♦✇❡
✇✐❤❛♥❡✣❝✐❡♥❝②♦✈❡80%✱❛✈❡✐✜❡❞✐♥❋✐❣✳✺✳✷✸✭❜✮✳

❋♦ ✐♥❛♥❝❡✱♦♥❡✏♦♣✐♠❛❧❝❛♣❛❝✐♦❛♥❞❡✐♦❝♦♠❜✐♥❛✐♦♥✑✭109µF❛♥❞46Ω✮
❛ ❤❡ ♣❡❡❞♦❢1000 ♣♠✐ ❡❧❡❝❡❞❢♦ ✐♠✉❧❛✐♦♥✳ ❚❤❡❣❡♥❡❛❡❞✈♦❧❛❣❡❜❡❤❛✈✐♦
✐♣❧♦ ❡❞✐♥❋✐❣✳✺✳✷✹✳ ❚❤❡ ② ❡♠✐ ❡❧❢✲❡①❝✐❡❞❛740 ♣♠✇✐❤♦♥❧②❝❛♣❛❝✐♦
❝♦♥♥❡❝❡❞✳❆t=1 ✱❤❡♦♣❡❛✐♥❣♣❡❡❞✐ ✐♥❝❡❛❡❞✉♣♦1000♣♠✱❛♥❞❤❡♥❤❡
❧♦❛❞RL=46Ω✐❝♦♥♥❡❝❡❞❛t=2 ✳ ❚❤❡♣❤❛❡✈♦❧❛❣❡✐168.5❱peak✱✇✐❤❛♥
♦✉♣✉ ♣♦✇❡ ♦❢926❲✳❙✐♥❝❡ ❤❡❛❝✉✐❡❞♠❡❝❤❛♥✐❝❛❧♣♦✇❡✐1105❲❛ ❤❡ ♣❡❡❞
♦❢1000♣♠✱❤❡② ❡♠❛❝❤✐❡✈❡❛❝♦♥✈❡✐♦♥❡✣❝✐❡♥❝②♦❢83.8%✳
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✈❡ ✉ ♣❡❡❞✳ ✭❜✮❊✣❝✐❡♥❝②❛♥❞♣♦✇❡❢❛❝♦✈❡ ✉ ♣❡❡❞✳

❋✐❣✉❡✺✳✷✸✿ ❱❛✐❛✐♦♥♦❢♦♣✐♠❛❧❡✐❛♥❝❡❛♥❞❝❛♣❛❝✐❛♥❝❡✱❡✣❝✐❡♥❝②❛♥❞♣♦✇❡
❢❛❝♦❛❞✐✛❡❡♥ ♦♦ ♣❡❡❞✳

✺✳✹✳✸✳❊①♣❡✐♠❡♥❛❧✈❡✐✜❝❛✐♦♥

❇②✉✐♥❣❤❡❡ ❜❡♥❝❤❤♦✇♥✐♥❋✐❣✳✹✳✶✱♦♠❡❡①♣❡✐♠❡♥❛❡❝❛✐❡❞♦✉ ♦✈❡✐❢②❤❡
❝❛❧❝✉❧❛❡❞✏♦♣✐♠❛❧❝❛♣❛❝✐♦❛♥❞❡✐♦❝♦♠❜✐♥❛✐♦♥✑✳❙✐♥❝❡❤❡❛✈❛✐❧❛❜❧❡❡✐❛♥❝❡
❛♥❞❝❛♣❛❝✐❛♥❝❡✐♥❤❡❧❛❜♦❛♦②❛❡50Ω❛♥❞35µ❋✱ ❡♣❡❝✐✈❡❧②✱❤❡❡①♣❡✐♠❡♥
❛❡❞❡✐❣♥❡❞✇✐❤❞✐✛❡❡♥❝♦♠❜✐♥❛✐♦♥♦❢❤❡❡❡✐♦ ❛♥❞❝❛♣❛❝✐♦✳

❚❛❜❧❡✺✳✷ ❤♦✇ ❤❡❡①♣❡✐♠❡♥❛❧❡✉❧ ♦❢❙❊❘●❛ ❤❡ ♣❡❡❞❛♦✉♥❞1000♣♠✳
❚❤❡❧❡❢ ❤❡❡❝♦❧✉♠♥ ❡❢❡ ♦❤❡♦♣❡❛✐♥❣❝♦♥❞✐✐♦♥✭♦❛✐♥❣♣❡❡❞n✱❝♦♥♥❡❝❡❞
C❛♥❞RL✮✳ ❚❤❡♠✐❞❞❧❡✇♦❝♦❧✉♠♥ ❛❡❤❡♠❡❛✉❡❞❡✉❧ ✱✐♥❝❧✉❞✐♥❣♣❡❛❦♣❤❛❡
✈♦❧❛❣❡✭̂Vph✮❛♥❞♣❡❛❦♣❤❛❡❝✉❡♥✭̂Iph✮✳❚❤❡❧❛ ❤❡❡❝♦❧✉♠♥ ❤♦✇❤❡❝❛❧❝✉❧❛❡❞
♦✉♣✉♣♦✇❡✭Pload✮✱❝♦♣♣❡❏♦✉❧❡❧♦❡✭PJ✱♥❡❣❧❡❝✐♥❣❡♠♣❡❛✉❡✐❡✮❛♥❞❡♥❡❣②
❝♦♥✈❡✐♦♥❡✣❝✐❡♥❝②✭η✮✳

❉✉✐♥❣❤❡❡①♣❡✐♠❡♥✱❤❡♠✐♥✐♠✉♠ ♣❡❡❞ ♦❣❡♥❡❛❡❤✐❣❤✈♦❧❛❣❡✇✐❤C=
105µ❋❛♥❞RL=50Ω✐1043♣♠✱❜❡❧♦✇✇❤✐❝❤ ❤❡✈♦❧❛❣❡❝♦❧❧❛♣❡✳ ❚❤❡♦♣✜✈❡
♦✇ ✐♥❚❛❜❧❡✺✳✷❡❢❡ ♦ ❤❡❝♦♥❞✐✐♦♥✇✐❤ ❤❡ ❛♠❡❝❛♣❛❝✐♦ ❜✉ ❞✐✛❡❡♥❧♦❛❞
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Figure 5.24: Simulated output voltage behavior of SERG with C = 109 µF .

Table 5.2: Experimental Load Characteristics of SERG at the Speed around 1000 rpm.

n C RL V̂ph Îph Pload PJ η

(rpm) (µF) (Ω) (V) (A) (W) (W) %

1000 105 250 208 4.6 259 144 64.3

1005 105 200 208 4.6 324 144 69.2

1004 105 150 202 4.6 408 144 73.9

1002 105 100 191 4.6 545 144 79.1

1043 105 50 144 4.2 625 120 83.9

1002 140 50 179 6.2 961 262 78.6

1006 175 50 196 8.0 1156 437 72.6

1000 210 50 202 9.0 1225 553 68.9

when RL = 25 Ω is connected even at 1200 rpm. The last three rows consider the
condition with the same load resistor but di�erent capacitors. Although the generated
voltage and output power increase with the capacitance, the conversion e�ciency is
decreasing. Overall, the �optimal capacitor and resistor combination� to achieve the
highest energy conversion e�ciency are 105 µF and 50 Ω, which are quite close to the
predictions in the last subsection (109 µF and 46 Ω, respectively).
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5.5. Conclusion

This Chapter proposes the method of PQ balances to describe the SERG performance,
considering the cross-saturation e�ect. Comparing to the method in the last Chapter,
the predicted results are more precise especially under heavy-load conditions. Besides,
it is possible to verify whether the generating system works at certain conditions by
using the PQ balance curves. This is quite useful for heavy-load conditions of the REL
generator.

With the help of PQ balances, the values of capacitor to maintain constant gen-
erated voltage at di�erent speeds are determined. The capacitance decreases with the
increasing speed, while the system e�ciency improves. In addition, the prediction of
�optimal capacitor and resistor combination� to achieve the highest energy conversion
e�ciency is addressed by the mechanical power characteristic and PQ balances. It
is demonstrated that the SERG system is capable of transmitting the power with an
e�ciency around 80 %.

With all these characteristics presented above, the SERG exhibits an e�ective and
low-cost solution for wind applications, especially in remote and low power systems.



Conclusions

In this work, the design and analysis of high performance REL machines have been de-
veloped and discussed. Furthermore, two particular applications have been investigated:
REL motors for EV applications and SERG for isolated wind applications. Hereafter,
the main conclusions of the work are reported.

To start with, the transversely-laminated anisotropy rotor type with multiple �ux-
barriers is chosen to be designed and analyzed, which is found to achieve relatively
high saliency ratio, low rotor loss and low torque ripple. More speci�cally, a detailed
parametric analysis of the rotor geometry has been carried out, suggesting an automatic
drawing and simulation procedure. The Joukowski airfoil potential formulation and
conformal mapping technique are used to describe the streamlined �ux-barrier. The
width of each iron part is computed according to the �ux density distribution of the
d-axis �ux, while the width of each �ux-barrier is designed according to the magnetic
voltage drop across the corresponding �ux-barrier. The circular arc is used to replace
the parabolic line for the barrier end, so as to avoid the stress concentration points.
Some tricks are also suggested in order to overcome some geometric issues.

By using the automatic design procedure, it is very fast to investigate the impact of
some rotor parameters on the machine performance. The barrier end angle is noticed
to have a signi�cant e�ect on torque ripple, while the average torque is related to the
number of �ux-barriers. It is recommended to have three or four barrier layers per pole
in practical design. From the point of view of torque, there is not an actual bene�t
in increasing the �ux-barrier width. The insulation ratio is suggested to be chosen
according to the stator slot width to slot pitch ratio. The inset PM contributes to the
average torque, power factor and �ux-weakening capability of the REL machine, while
the risk of PM demagnetization should be carefully considered in design. The PMs in
the most external barrier are noticed to be the most stressed. These results provide a
practical guideline for the REL machine design.

The design of REL motors for EV applications is based on the dimension of the
commercial Lexus LS 600h motor. The preliminary design is carried out keeping the
same stator, while the rotor is replaced by a REL one. The rotor is optimized by
using DE algorithm, with the objectives of high average torque and low torque ripple.
The three-barrier motor is found to have similar performance with the four-barrier
motor. After that, the stator is redesigned, and the optimization procedure is carried
out in terms of split ratio, slot-pole combination and rotor optimization. An analytical
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calculation of slot area is innovatively derived, in order to optimize the split ratio and
slot-pole combination under the assumption of constant copper loss. The 54-slot 3-pole-
pair combination is selected, and the optimal split ratio is 0.6.

The comparison between the REL and IPM motors shows that the REL motor
achieves the characteristics of signi�cant cost saving (30 % of IPM), excellent e�ciency
(maximum 94 %), low torque ripple (4.1 %) and considerable power density (73 % of
IPM). Despite of the low power factor, the REL motor has the potential to operate
at very high temperature, due to the absence of PMs and negligible rotor losses. In
addition, it is capable of operating at high speed, with reduced power but high e�ciency.
Overall, the REL machine can be used for electric mobilities, especially for low-cost
light-weight vehicle applications. The ferrite magnets can be inset into the rotor �ux-
barriers to improve the REL motor performance, making it a potential competitor with
the IPM machine for EV applications.

Regarding to SERG, the performance predictions under steady-state conditions are
�rstly investigated. It is mainly based on two methods, which are interpolation of Ld
(only a function of Id) and PQ balances. In the latter method, the cross-saturation
e�ect is considered. At no-load condition, both methods achieve almost the same re-
sults. Under resistive load condition, on the contrary, the predicted voltage are slightly
di�erent within the two methods. The results obtained from PQ balances are closer to
the experimental results, and the signi�cance of considering cross-saturation e�ect is
obvious at heavy-load conditions. It is also veri�ed that the generated voltage goes up
signi�cantly with increasing speed or capacitor, while decreases with increasing load.

The conditions related to successful self-excitation in SERG, such as required ca-
pacitance, rotor residual magnetism, rotor acceleration and pre-charging capacitors, are
investigated. An appropriate capacitance is essential not only for self-excitation, but
also for providing reactive power to the REL generator. It is also advisable to have
a su�cient rotor residual magnetism and a low rotor acceleration in order to achieve
a stable initial self-excitation process in the REL generator. Besides, the pre-charging
capacitors provide a way to make the REL generator self-excite even with no rotor resid-
ual magnetism. Alternatively, the unstable self-excitation process of REL generator can
be overcome by introducing PMs in the rotor �ux-barriers, which is named self-excited
PMAREL generator. Performance characteristics of the self-excited PMAREL genera-
tor are also investigated. The analysis of some design parameters provides guidelines for
a proper design of the PMAREL generator. The main idea is to increase Ld as much as
possible, instead of increasing (Ld−Lq) for a PMAREL motor design. In addition, the
self-excited PMAREL generator exhibits the improvement in terminal voltage, output
power and power factor comparing to SERG.

The PQ balances also help to verify feasible operating conditions, determine capac-
itances for voltage regulation at di�erent speeds, and calculate �optimal capacitor and
resistor combination�. Although capacitors are necessary for self-excitation, the SERG
system is quite cheap and requires no power electronics. It is also capable of providing
quite high power with an e�ciency over 80 %. All the results are helpful for applica-
tions where SERG is used as stand-alone generators, especially in remote and low power
systems.

In conclusion, the following most important contributions can be stated from this
doctoral study:
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� provide in details the drawing steps required for high performance REL design,
suggesting an automatic modeling and simulating procedure,

� analyze the impact of some rotor parameters on the machine performance, pro-
viding a practical guideline for the REL or PMAREL machine design,

� develop an analytical calculation for the split ratio optimization,

� carry out a performance comparison between the optimized REL motor and the
commercial product, highlighting the merits and defects of the REL motor for EV
applications,

� propose two methods to predict the operating points of SERG, and verify with
experiments under various operating conditions,

� investigate di�erent conditions for initial self-excitation in SERG, including re-
quired capacitance, rotor residual magnetism, rotor acceleration and pre-charging
capacitors,

� study the e�ect of some design parameters, providing guidelines for a proper design
of PMAREL generator,

� investigate the PM assisting on the performance improvement of SERG,

� verify feasible operating conditions, determine capacitance for voltage regulation,
and calculate the �optimal capacitor and resistor combination� of the SERG sys-
tem.

Future prospects

Hereafter there are some suggestions for the future research:

� For the REL or PMAREL motor, the mechanical analysis of rotor structure is
required, and the prototype validation is also considered in the near future.

� The future work of SERG may focus on the system installation, combined with a
wind turbine. Another interesting work is to compare the performance of SERG
with SEIG under the same power rating.
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List of Acronyms

2D two-dimensional

ALA axially-laminated anisotropy

CPSR constant power speed range

DE di�erential evolution

EMF electromagnetic force

EV electric vehicle

FEA �nite element analysis

FW �ux weakening

HEV hybrid electric vehicle

IM induction machine

IPM interior permanent magnet

MMF magneto motive force

MPPT maximum power point tracking

MTPA maximum torque�per�Ampere

MTPV maximum torque�per�Voltage

PF power factor

PM permanent magnet

PMAREL PM-assisted reluctance

PQ active and reactive power

REL synchronous reluctance

SEIG self-excited induction generator

SERG self-excited synchronous reluctance generators

SP salient-pole

SRM switched reluctance machine

TLA transversely-laminated anisotropy
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