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Abstract. The rheological features of several complex organic natural tissues such as bones,
muscles as well as of complex artificial polymers are well described by power-laws. Indeed, it
is well-established that the time-dependence of the stress and the strain in relaxation/creep test
may be well captured by power-laws with exponent β ∈ [0, 1]. In this context a generalization
of linear springs and linear dashpots has been introduced in scientific literature in terms of a
mechanical device dubbed spring-pot.

Recently the authors introduced a mechanical analogue to spring-pot built upon a proper
arrangements of springs and dashpots that results in Elasto-Viscous (EV) materials, as β ∈
[0, 1/2] and Visco-Elastic ones, as β ∈ [1/2, 1].

In this paper the authors will discuss the rheological description of the presence of mul-
tiple material phases that is highlighted by a linear combination of power-laws in the relax-
ation function G(t) with different exponents. Such rehological model is represented by a linear
combination of fractional derivatives with different order and the inverse relations have been
formulated in terms of the complex method Mellin transform.

Additionally an alternative representation of direct and inverse relations of multi-phase frac-
tional hereditary materials based on the exact mechanical description of spring-pot element will
be discussed in the course of the paper.



M. Di Paola, F. P. Pinnola, M. Zingales

1 INTRODUCTION

Mathematical models of rheological features of modern engineered materials has attracted
several researchers in the last decades. The model must account, at the macroscopic scale of
the mechanical test, for the molecular and /or atomistic bundle motion of the matter that is
formidable task. In presence of some geometric hierarchy of the material properties for various
observation scales, as that observed in many biological/biomimetic materials, the macroscopic
rheological relations depends on power-law functions of the time variables [1, 2].

As far as temporal dependence of the stress-strain rheological evolution is expressed by
power-laws the use of Boltzmann superposition principle yields mathematical dependence in
terms of fractional order operators.

Fractional-order calculus [3] is considered, usually, as generalization of the well-known dif-
ferential calculus to real-order values of differentiation/integrations (Riemann-Liouville, Ca-
puto [4], Grünwald-Letnikov, etc.). This consideration led several authors to introduce a me-
chanical device dubbed spring-pot after Scott-Blair et al. [5, 6] that possessed an intermediate
rheological behavior among linear springs and linear dashpots. The mathematical behavior of
spring-pot elements is ruled by fractional order operators and several studies have been reported
in recent literature about material behavior [7, 8, 9, 10] and system evolutions [11].

Despite the great advantages introduced by the use of fractional-order calculus, the lack of a
clear mechanical description of the spring-pot element confined the use of real-order operators
to very specific problems in the fields of science and engineering.

Recently the authors introduced fractional order operators as the result of a mechanical frac-
tance made upon linear springs and linear dashpots in a proper assembly [12]. The mechanical
scheme restitutes, exactly, fractional order operators and its mechanical capabilities have also
been challenged [13].

In this paper the authors aim to study the mechanical/physical behavior of complex mate-
rials with multiple physical phases. Such a behavior is described at a macroscopical scale, by
the presence of multiple power-laws in the stress-strain relation with different decays. This
problem is ruled, in the relaxation test, by a fractional differential equation obtained as a linear
combination of fractional derivatives with different exponents. The solution of such differential
equations is obtained here resorting to a complex Mellin transform of the displacement history.
In this context the solution may be expressed in terms of a series of complex fractional integrals
with real order ρ in the fundamental strip of holomorphism of the kernel function in the complex
plane.

Moreover the exact mechanical model of the parallel arrangements of linear spring-pots will
be also provided challenging its numerical capabilities.

2 THE FRACTIONAL MODEL OF HEREDITARINESS: SINGLE-PHASE AND MULTI-
PHASE

In this section we will introduce the fractional model of hereditariness by means of the
Boltzmann superposition principle. Let us denote G (t) the relaxation function of the fractional
hereditary material, the stress and strain evolution will be provided as:

σ (t) =

∫ t

0

G (t− t̄) dγ (t̄) =

∫ t

0

G (t− t̄) γ̇ (t̄)dt̄ (1)

γ (t) =

∫ t

0

J (t− t̄) dσ (t̄) =

∫ t

0

J (t− t̄) σ̇ (t̄)dt̄ (2)

2
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where J(t) is the creep function of the material that is related to relaxation G(t) by means of
the Laplace transform as:

Ĝ (s) Ĵ (s) =
1

s2
(3)

where we denoted s the Laplace parameter, Ĝ (s) and Ĵ (s) are the Laplace transform of the
relaxation and the creep function, respectively. In the following two cases of rheological models
will be introduced: i) the case of single physical phase of the material and ii) the rheological
model of a multi-phase material.

2.1 Single-phase fractional hereditary materials (FHM)

Material bundles of several biological/biomimetic materials are made upon self-similar as-
sembly of components and they show a macroscopic rheological relation expressed by power-
law as:

G (t) =
C(β)

Γ (1− β)
t−β (4)

with β ∈ [0, 1] in order to deal with a physically consistent viscoelastic behavior as shown in
previous paper [12]. Material parameters C(β) and β may be evaluated by a best fitting method
of experimental data and Γ (·) is the Euler-Gamma function. Since Laplace transform of G (t)
expressed in Eq. (4) reads Ĝ (s) = C(β)sβ−1, then, in virtue of Eq. (3), the corresponding
Laplace transform of the creep function reads Ĵ (s) =

(
C(β)sβ+1

)−1 whose inverse Laplace
transform yields the creep function J (t) as:

J (t) =
1

C(β)Γ (1 + β)
tβ (5)

As we introduce Eqs. (4) and (5) into Eqs. (1) and (2), respectively, we get:

σ (t) = C(β)
(
CDβ

0+γ
)

(t) (6)

γ (t) =
1

C(β)

(
Iβ0+σ

)
(t) (7)

where symbols
(
CDβ

0+γ
)

(t) and
(
Iβ0+σ

)
(t) are, respectively, Caputo fractional derivatives of

the strain and Riemann-Liouville fractional integrals of order β that reads:(
CDβ

0+γ
)

(t) =
1

Γ (1− β)

∫ t

0

γ̇ (t̄)

(t− t̄)β
dt̄ (8)

(
Iβ0+σ

)
(t) =

1

Γ (β)

t∫
0

σ (t̄)

(t− t̄)1−β dt̄ (9)

The observation of Eqs. (8) and (9), obtained by assuming for the relaxation function G (t)
a power-law decay, shows that the stress-strain relations involves fractional operators and thus
materials obeying to Eqs. (6) and (7) are usually referred to fractional hereditary materials. For
systems at rest as t = 0 we may directly obtain Eq. (7) from Eq. (6) by applying Caputo’s
fractional differentiation to both members of Eq. (7) since the following equality chain holds
true σ (t) =

(
CDβ

0+I
β
0+σ
)

(t). We may then conclude that, if the stress history is assigned, then
the corresponding strain is easily derived from Eq. (7).

3
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2.2 The multi-phase rheological model of FHM

Fractional description of hereditary properties of materials provides useful mathematical
characterization of stress-strain relationships but, for multi-phase materials, that is in presence
of more than one internal length scale and/or more than one dissipative mechanism, a more
general expression of the relaxation function G (t) must be used such as:

G (t) =
C(β1)

Γ (1− β1)
t−β1 +

C(β2)

Γ (1− β2)
t−β2 + . . .+

C(βn)

Γ (1− βn)
t−βn (10)

yielding, for Eq. (1) the stress as linear combination of Caputo’s type fractional derivatives that
reads:

σ (t) =
n∑
j=1

C(βj)
(
CD

βj

0+γ
)

(t) ; 0 ≤ βj ≤ 1 (11)

that represents the extension of Eq. (6) to the case of multi-phase fractional hereditary materials
and that may be considered a simple extension. The inverse relation, similar to that reported
in Eq. (7), is not trivial as those reported in Eq. (7) since there we obtained the expression for
the strain function γ (t) as a Riemann-Liouville fractional integral [14, 15]. This very serious
difficulty arises as we use Eq. (3) to obtain the creep function in terms of the relaxation function
in Eq. (10) yielding:

Ĵ (s) =
1∑n

j=1C(βj)sβj+1
. (12)

Inverse Laplace transform of Eq. (12) may be obtained in series form, for n = 2, involving
Mittag-Leffler function and then a simple σ − γ relationships may not be obtained at the best
of the authors’ knowledge. As an example, in order to understand the cumbersome operators
involved in the inverse problem, let us start with the simplest multi-phase problem represented
by a parallel arrangement of linear springs and fractional hereditary operator that is represented
for n = 2, β1 = 0, β2 = β, yielding:

σ (t) = Eγ (t) + C(β)
(
CDβ

0+γ
)

(t) 0 ≤ β ≤ 1 (13)

where E is an arbitrary elastic constant such as the Young modulus. The inverse Laplace trans-
form of the corresponding creep function that reads Ĵ (s) = 1/

(
E + C(β)s(β+1)

)
, reads:

J (t) =
1

E

[
1− Eβ2

(
− E

C(β2)
tβ2

)]
(14)

with Eβ (·) the one-parameter Mittag-Leffler function defined as:

Eβ

(
− E

C(β)
tβ
)

=
∞∑
k=0

(
−E/C(β)tβ

)k
Γ (βk + 1)

(15)

By inserting Eq. (15) in Eq. (14), the creep function reads:

J (t) =
1

E

[
1−

∞∑
k=0

(
−E/C(β)tβ

)k
Γ(βk + 1)

]
= − 1

E

∞∑
k=1

(
−E/C(β)tβ2

)k
Γ(βk + 1)

(16)

4
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and, as a consequence the strain function γ (t), according to Eq. (2), is related to the stress σ (t)
as follows:

γ (t) =
1

E

{
σ(t) +

∞∑
k=0

[(
E

C(β)

)2k+1 (
I

(2k+1)β

0+ σ
)

(t)−
(

E

C(β)

)2k (
I2kβ
0+ σ

)
(t)

]}
. (17)

Even though this expression is correct from a mathematical perspective, it is not fully satisfac-
torily from a mechanical point of view. As in fact, by comparing Eq. (10) and Eq. (17) it may
be observed that the order of fractional operators involves in Eq. (13) is 0 ≤ β ≤ 1, whereas
orders of integral operators in Eq. (17) including a fractional derivative (k = 0) and all-orders
fractional integrals for k > 0 that is in contrast with limitations in Eq. (13) as 0 ≤ β ≤ 1. A
wider discussion about limitations of fractional orders operators for 0 ≤ β ≤ 1 may be found
in [12], in which an exact mechanical model for viscoelastic materials have been proposed. The
relation among the strain functions γ (t) and the stress function σ (t) reported in Eq. (17) in
which all the orders of RL fractional integrations appear has been obtained with the aid of the
definition of Mittag-Leffler function in Eq. (15) that involves all powers of tk for k = 0, 1, 2, ....

An alternative formulation of the inverse problem may be obtained whit the aid of the com-
plex Mellin transform. In order to elucidate the method we can consider that the relaxation
function G (t) be provided in the form:

G (t) =
C(β1)

Γ (1− β1)
t−β1 +

C(β2)

Γ (1− β2)
t−β2 ; j = 1, 2, 0 ≤ βj ≤ 1 (18)

whose stress-strain relation is provided by Eq. (12) with n = 2. The main problem for this case
is to obtain an exact expression for the creep function J (t) with power-law β̄j and 0 ≤ β̄j ≤
1. Laplace transform of the creep function J (t) for the case under examination is known in
analytical form (see Eq. 12), particularized for n = 2.

Let f (s) be the complex function of its argument s ∈ C and, in this case, the Mellin trans-
form operator of a complex-valued function is provided as:

M{f (s) ; γ} =

∫
L
f (s) sγ−1dL (19)

where γ = ρ + iη, %, η ∈ R, i is the imaginary unity and L is a C0 curve starting at s = 0 and
goes to∞ inside the cone Sθ1,θ2 = {s : θ1 ≤ arg (s) ≤ θ2} with [θ1, θ2] an interval containing
zero and such that such that f (s) = 0 (s−c) as s → 0 and f (s) = 0

(
s−d
)

as s → ∞ and
complex variable s ∈ Sθ1θ2 as shown in fig.(1). If f (s) is analytic in the cone, then Eq. (19) is
defined as complex Mellin transform and the integral exists and do not depend on the contour
path L. In particular, we may select the curve L as the real axis and then the following relation
holds true:

M{f (s) ; γ} =

∫
L
f (s) sγ−1dL =

∫ ∞
0

f (x)xγ−1dx = Mf+ (γ − 1) . (20)

Inverse Mellin transform restitutes the function in the form:

f (s) =
1

2πi

∫ b+i∞

b−i∞
Mf+ (γ − 1) s−γdγ (21)

where parameter b belongs to the fundamental strip of Mellin transform c < b < d. It is
worth noticing that the value of integral in Eq. (21) does not depend on the particular choice

5
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b = Re (γ) selected, under the condition that b belongs to the fundamental strip of Mellin
transforms. With this results in mind we may now introduce the Mellin transform of Ĵ (s) given
in Eq. (12) (with n = 2) as:

M
{
Ĵ (s) ; γ

}
=

∫ ∞
0

Ĵ (s) sγ−1dρ =

∫ ∞
0

sγ−1

C(β1)sβ1+1 + C(β2)sβ2+1
dρ = MĴ+ (γ − 1) .

(22)
Mellin transform of function Ĵ(s)may be evaluated in closed-form for β1, β2 ∈ Q (rational

numbers). The fundamental strip is provided as β1 + 1, β2 + 1. Such an example, for β1 = 1/3
and β2 = 2/3, the fundamental strip is 4/3 < < (γ) = % < 5/3 and Mellin transform, in this
case reads:

µ

{
1

C(β1)sβ1+1 + C(β2)sβ2+1
; γ

}
= 3 (C(β1))

3γ−5 (C(β2))
4−3γ π

1

sin (3πγ)
. (23)

In virtue of Eq. (21), the inverse Mellin transform is then provided in the form:

Ĵ (s) =
1

2πi

∫ b+i∞

b−i∞
MĴ+ (γ − 1) s−γdγ;

4

3
< b <

5

3
(24)

By selecting < (γ) = ρ = b we may write eq.(24) in the form:

Ĵ (s) =
1

2π

∫ ∞
∞

MĴ+ (γ − 1) s−γdη;
4

3
< ρ <

5

3
(25)

Inverse Laplace transform of Eq. (25) yields:

J (t) = L−1
{
Ĵ (s) ; t

}
=

1

2π

∫ +∞

−∞
MĴ+ (γ − 1)

tγ−1

Γ (γ)
dη (26)

that becomes, in a discrete form:

J (t) ∼=
4η
2π

m∑
k=−m

MĴ+ (γk − 1)
tγk−1

Γ (γk)
; γk = ρ+ ik4η (27)

where4η represent the discretization step of the η−axis, m4η = η̄ is a cut-off value selected
in such a way that contribution of term n4η > m4η do not produce sensible variations of the
sums in eq.(27). Once J (t) is obtained as in eq.(27) the inverse relationships of the stress-strain
relation in eq.(27) yields:

γ (t) ∼=
4η
2π

m∑
k=−m

MĴ+ (γk − 1)
(
Iγk

0+σ
)

(t) ; γk = ρ+ ik4η (28)

where < (γk) belongs to the fundamental strip of Mellin transform. By comparing Eq. (17)
and Eq. (28) we observe that, since < (γk) = ρ and it remains constant as we perform the
addition of terms in Eq. (28) that contributes only along the imaginary axis with ηkthen the
order of fractional operators involved in Eq. (28) does not change. By contrast, all the orders of
fractional operators in Eq. (18) are involved in the definition of the inverse relation.

6
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3 MECHANICAL ANALOGUES OF FRACTIONAL HEREDITARY MATERIALS:
SINGLE AND MULTI-PHASE MATERIAL

In this section we aim to elucidate an alternative representation of fractional hereditary ma-
terials based an mechanical equivalence recently introduced by the authors [12, 13]. In the
next section the case of single-phase material behavior will be discussed whereas the case of a
multiphase material will be presented in sect. 3.2.

3.1 The mechanical analogues to single-phase FHM

The exact mechanical model of the hereditary materials, that have as stress-strain relation
the Eqs. (6) and (7), has been provided in [12] and an extensive description of above model has
been given in [13]. In particular two exact mechanical model of fractional hereditary materials
have been provided, one model to describe the Elasto-Viscous (EV) materials in which elastic
phase prevails and the order β : 0 ≤ β ≤ 1/2 and one model to describe the Visco-Elastic (VE)
materials in which viscous phase prevails and the order β : 1/2 ≤ β ≤ 1. Both models are
shown in Figure 1.

(t)
(t)

z
k (z)E

(t)
(t)

z

(t)
(t)

z
k (z)E

(t)
(t)

Viscous Shear Layer

z

c z)(E

(a) Elasto-Viscous model (0 ≤ β ≤ 1/2)

(t)

c (z)

k z)(

(t)

Elastic Shear Layer

z
V

V

(t)

c (z)

k z)(

(t)

Elastic Shear Layer

z
V

V

(b) Visco-Elastic model (1/2 ≤ β ≤ 1)

Figure 1: Continuous fractional models.

The Elasto-Viscous case (0 ≤ β ≤ 1/2) is a massless indefinite viscous shear layer with a
viscosity coefficient cE(z) resting on a bed of independent springs characterized by an elastic
coefficient kE(z). By contrast the Visco-Elastic case (1/2 ≤ β ≤ 1) is a massless indefinite
elastic shear layer characterized by a shear modulus kV (z) resting on a bed of independent
viscous dashpots characterized by the viscosity coefficient cV (z). The subscripts E and V in
k(z) and c(z) are introduced in order to distinguish the predominant behavior (E stands for
Elasto-Viscous, while V stands for Visco-Elastic). Moreover we define G0 and η0 the reference
values of the shear modulus and viscosity coefficient.

As soon as we assume:

kE(z) =
G0

Γ(1 + α)
z−α; cE(z) =

η0

Γ(1− α)
z−α (29)

with 0 ≤ α ≤ 1 and β = (1− α)/2, and

kV (z) =
G0

Γ(1− α)
z−α; cV (z) =

η0

Γ(1 + α)
z−α (30)
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with β = (1 + α)/2, the stress σ(t) at the upper lamina and γ(t) the corresponding normalized
displacement (that is the corresponding strain) reverts to a fractional law expressed in Eq. (7).

The governing equation for 0 ≤ β ≤ 1/2 of the mechanical model depicted in Figure 1(a) is

∂

∂z

[
cE(z)

∂γ̇(z, t)

∂z

]
= kE(z)γ(z, t) (31)

the constitutive law obtained for γ(0, t) = γ(t) is that obtained in Eq. (7) provided the coeffi-
cient C(β) = CE(β) in the stress-strain relation is given as

CE(β) =
G0Γ(β)22β−1

Γ(2− 2β)Γ(1− β)
; 0 ≤ β ≤ 1/2 (32)

with τE(α) = −η0Γ(α)/Γ(−α)G0 and β = (1− α)/2.
The equilibrium equation of the continuos model depicted in Figure 1(b) is written as:

∂

∂z

[
kV (z)

∂γ(z, t)

∂z

]
= cV (z)γ̇(z, t) (33)

the solution of such differential equation for z → 0 shows that the stress σ(t) at the top is related
to the normalized displacement γ(t) by means of a fractional derivate of order β = (1 + α)/2.
The coefficient C(β) = CV (β) in the stress-strain relation reads

CV (β) =
G0 Γ (1− β) 21−2β

Γ (2− 2β) Γ (β)
(τV (α))β; 1/2 ≤ β ≤ 1 (34)

with τV (α) = −η0Γ(−α)/Γ(α)G0 and β = (1 + α)/2.
These models can be discretized in the form shown in Figure 2. In this way, they are easy to

deal with to perform numerical simulations. In particular by introducing a discretization of the

∆z

∆z

(t)
(t)

z1

z2

c
E1

kE1

c
E2

kE2

c
E3

kE3

(a) Discretized counterpart of the continuous
model Figure 1(a): EV column.

kV1

cV1

∆z

(t)

1

z2

kV2

cV2

k
V3

cV3

V1 ∆z
cV1

∆z

(t)

z

z2

kV2

cV2

k
V3

cV3

(b) Discretized counterpart of the continuous
model Figure 1(b): VE column.

Figure 2: Discretized fractional models.

z-axis as zj = j4z into to the governing equation of the EV material in Eq. (31) yields a finite
difference equation of the form:

4
4z

[
cE(zj)

4γ̇(zj, t)

4z

]
= kE(zj)γ(zj, t) (35)
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so that, denoting kEj = kE(zj)4z and cEj = cE(zj)/4z the continuous model is discretized
into a dynamical model constituted by massless shear layers, with horizontal degrees of freedom
γ(zj, t) = γj(t), that are mutually interconnected by linear dashpots with viscosity coefficients
cEj and resting on a bed of independent linear springs kEj .

Whereas the discretized counterpart of VE mechanical model we have the following finite
difference equation obtained by Eq. (33):

4
4z

[
kV (zj)

4γ(zj, t)

4z

]
= cV (zj)γ̇(zj, t) (36)

that corresponds to a discretized mechanical representation of fractional derivatives. The me-
chanical model is represented by a set of massless shear layers with state variables γ(zj, t) =
γj(t) that are mutually interconnected by linear springs with stiffness kV j = kV (zj, t)/4z
resting on a bed of independent linear dashpots with viscosity coefficient cV j = cV (zj, t)4z.

3.2 The mechanical model of multi-phase FHM

In order to overcome the above mechanical paradox in which appear many fractional op-
erators that have no mechanical meaning, we can take advantage of the mechanical models
introduced in [12]. In particular the exact mechanical models for the differential equation in
Eq. (13) are two, that depends on the type of fractional phase (EV or VE). The discretized
forms of the two exact mechanical models are shown in Figure 3.

kV1

cV1

∆z

(t)

1

z2

kV2

cV2

k
V3

cV3

V1 ∆z
cV1

∆z

(t)

z

z2

kV2

cV2

k
V3

cV3

E

(a) Discretized fractional EV Kelvin-Voigt
model.

∆z

∆z

(t)
(t)

z1

z2

c
E1

kE1

c
E2

kE2

c
E3

kE3

E

(b) Discretized fractional VE Kelvin-Voigt
model.

Figure 3: Discretized fractional multi-phase models.

In order to find the stress-strain relation, by using the discretized mechanical models in
figure, it is enough conduct modal analysis as in [13, 16]. This method is not reported for brevity
sake’s but the results in terms of inverse relation corresponding to uniform applied load, namely
the creep function of multi-phase fractional hereditariness have been reported in Figure 4. In
particular, the approximate solutions, which are obtained with σ(t) = U(t), G0 = η0 = 2,
K̃ = 20G0, n = 750, ∆z = 0.05 and different values of β = 0.4, 0.5, 0.6, have been contrasted
with the exact solution reported in Eq. (14).
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ΓHtL

t

Exact Solution

Discretized model
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Figure 4: Creep test of EV and VE Kelvin-Voigt model: comparison between the exact and approximate
solution.

4 CONCLUSIONS

In this paper the authors introduced some alternative mathematical and mechanical represen-
tation of fractional multi-phase materials. These models are required to deal with rheological
material behavior, at macroscales, that involves multiple time-decay of the relaxation function
as in presence of different microscopic lenght scale as well as in case of different dissipation
mechanisms. The presence of a two-phase rheological model is detected as, in the relaxation
function, more than one exponent of time-decay of the stress is involved. The rheological model
is described, then, by the linear combination of two fractional derivatives with different decays
and, in the inverse relation, the strain field is expressed by a series expansion in terms of frac-
tional integrals with increasing order that are meaningless from a mechanical perspective. In
this paper the authors introduced the inverse relation of a fractional multi-phase material in
terms of the complex Mellin transform yielding a series expansion in the complex argument
with real part in the fundamental strip of holomorphism of the transformed function. An alter-
native mechanical description of the multi-phase mechanical model has been also provided in
terms of a recently proposed mechanical anaolgue of fractional hereditariness that reconducts
the power-law decay to the response of a mechanical fractance made upon linear springs and
linear dashpots with variable coefficients.
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