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Fock space associated to Coxeter groups of type B

Marek Bozejko* Wiktor Ejsmont’and Takahiro Hasebe?

Abstract

In this article we construct a generalized Gaussian process coming from Coxeter
groups of type B. It is given by creation and annihilation operators on an («, ¢)-Fock
space, which satisfy the commutation relation

bovig ()03, g () = @b g (¥)bag () = (2, 9)] + (@, y)g*",

where x,y are elements of a complex Hilbert space with a self-adjoint involution
x +— T and N is the number operator with respect to the grading on the («a, ¢)-Fock
space. We give an estimate of the norms of creation operators. We show that the
distribution of the operators b, 4(x)+b7, ,(7) with respect to the vacuum expectation
becomes a generalized Gaussian distribution, in the sense that all mixed moments
can be calculated from the second moments with the help of a combinatorial formula
related with set partitions. Our generalized Gaussian distribution is associated to
the orthogonal polynomials called the g-Meixner-Pollaczek polynomials, yielding the
g-Hermite polynomials when a = 0 and free Meixner polynomials when ¢ = 0.

1 Introduction

We present a new construction of a generalized Gaussian process related to Coxeter groups
of type B. Our construction generalizes Bozejko and Speicher’s ¢-Gaussian process [BS91]
on the g-deformed Fock space FI(H) = (CQ) & @,~, H®™ where 2 denotes the vacuum
vector and H the complexification of some real separable Hilbert space Hg on which the
creation and its adjoint i.e. annihilation operators satisfy the g-commutation relation:

ag(w)ag(y) — qag(y)ag(z) = (z,y),  w,ye H

where ¢ € (—1,1). The inner product on FI(H), called the g-deformed inner product, is
the sesquilinear extension of

<Zl'f1 R R Tm, Y1 K- R yn>q == 6’m,n Z q|0| H(xjv ya(j)>7 (11)
oeS(n) Jj=1
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where S(n) is the set of all the permutations of {1,...,n} and |o| := card{(i,j) : i <
J,o(i) > o(j)} is the number of inversions of o € S,,.

The study of ¢-Gaussian distributions has been an active field of research during
the last decade. A noncommutative analog of a Brownian motion (or Gaussian process,
more generally) is the family of operators, (a; () + aq(7))zen. When equipped with the
vacuum expectation state (€2, - ), the g-Gaussian algebra yields a rich non-commutative
probability space. For ¢ = 1 (corresponding to the Bose statistics) the operator aj(x) +
aj(x) is the standard Gaussian random variable i.e. its spectral measure relative to the
vacuum state satisfies

(@ (x) + a1 (2))", Q) = %Q_ﬂ / e

when ||z|| = 1. Moreover {aj(z) + a1(z)}ren are commutative in the classical sense. The
case ¢ = —1 corresponds to the Fermi statistics. It should be stressed that, for ¢ # +1,
the g-modification of the (anti) symmetrization operator is a strictly positive operator.
Therefore, unlike the classical Bose and Fermi cases, there are no commutation relations
between the creation operators. For ¢ = 0, the ¢g-Fock space recovers the full Fock space
of Voiculescu’s free probability [V85, V86]. For ¢ = 0 the ¢g-Gaussian random variables
are distributed according to the semi-circle law

{(ab(z) + ap(x))"Q, Q) = S /2 "4 — 2 dt

2m ),

when |[|z]| = 1.

The study of the noncommutative Brownian motion {a; (z)+a,(z) }zen was initiated in
[BS91, BKS97, BS96]. For further generalizations of a noncommutative Brownian motion,
see [BLW12, BY06, BG02, GM02a, GM02b, KW10]. In particular, this setting gives rise
to g-deformed versions of the stochastic integrals [A01, BKS97, DMO03, S01], with recent
extensions to fourth moment convergence theorem [ASN13]. It is worthwhile to mention
the work of Bryc [BO1], where the Laha-Lukacs property for g-Gaussian processes was
shown. Bryc proved that classical processes corresponding to operators which satisfy
the g-commutation relations have linear regressions and quadratic conditional variances.
After [BS91], a series of papers [B97, B12, BS94, BE13, KR00, S93| appeared, which
studied generalizations of the g-commutation relations.

Blitvi¢ [B12] introduced a second-parameter refinement of the g-Fock space, formulated
as a (¢, t)-Fock space F,;(H). It is constructed via a direct generalization of Bozejko and
Speicher’s framework [BS91], yielding the ¢-Fock space when ¢t = 1. The corresponding
creation and annihilation operators now satisfy the commutation relation

g, (T)ag(y)" — qa;,t<y)aq,t($) = (x,y)tN,

where N is the number operator with respect to the grading on F,,(H). These are the
defining relations of the Chakrabarti-Jagannathan deformed quantum oscillator algebra,
see [B12] and references therein for more details. The moments of the deformed Gaussian
process {aq¢() + a}, () }2en are encoded by the joint statistics of crossings and nestings
in pair partitions. In particular, it is shown that the distribution of a single Gaussian
operator orthogonalizes the (g, t)-Hermite polynomials.

Another generalization of the CCR and CAR was proposed in 2013 by Bryc and
Ejsmont [BE13]. They define a pair of non-commutative processes on a perturbed Fock



space with three parameters. Both processes have the same univariate distributions,
and satisfy a weak form of the polynomial martingale property. The processes give two
non-equivalent Fock-space realizations of the same classical Markov process: the two-
parameter bi-Poisson processes introduced in [BMW1], and constructed in [BMW2].

The goal of this paper is to introduce an (o, ¢)-Gaussian process on an (a, q)-Fock
space. Our strategy is to replace the Coxeter group of type A i.e. the permutation group
appearing in the sum (1.1) by the Coxeter group of type B. The Coxeter group of type
B can be written as Z% x S(n) and hence contains the permutation group as a subgroup.
The parameter « corresponds to the Z, part and the parameter ¢ corresponds to S(n)
part. Thus our («a, ¢)-Fock space gives the ¢-Fock space when a = 0, and turns out to give
the t-free probability space [BW01, W07] when ¢ = 0 and v = 1% (where ¢ € (0,00)). It
would be worth mentioning that free probabilistic considerations of type B first appeared
in a paper by Biane, Goodman and Nica in [BGN03]. Recently, connections between type
B and infinitesimal free probability were put into evidence in [BS12, H11, FN10, F12].

The commutation relation satisfied by the creation and annihilation operators on the
(o, q)-Fock space reads

bag ()b}, (1) — abl o (Y)bag(x) = (2, y)] + (T, y)¢*", (1.2)

where N is the number operator. The orthogonal polynomials arising in the present
framework are called g-Meixner-Pollaczek polynomials satisfying the recurrence relation

PO(t) = PP () + (L + ag" PP, n=0.12...  (13)

where P47 (¢) = 0, Po(a’q) (t) = 1. When o = 0 then we get g-Hermite orthogonal polyno-
mials and when ¢ = 0 then we get the orthogonal polynomials associated to a symmetric
free Meixner distribution. The moments of the Gaussian process are given by

(2, (b (1) + 050 (21)) -+ (b (T2n) + g 4(%20)) D) g
— Z g™ H ((zi, ;) + ag?@er @M (4, 7)) (1.4)

w€P2(2n) {i,jrer

where P9(2n) is the set of pair partitions, Cr(m) denotes the number of the crossings of
and Cover({i,j}) is the number of blocks of m which covers {i, j}. This formula recovers
the ¢ case in [BS91] when o = 0 and also the Boolean case when ¢ = 0, — oo with a
suitable scaling of operators. We also give an alternative expression of (1.4) in terms of
pair partitions of type B.

The plan of the paper is following: first we present definitions and remarks on the
(e, q)-Fock space and creation, annihilation operators. Next, natural properties of creation
and annihilation operators, including norm estimates and the commutation relation, are
presented in the Section 2.2. The generalized Gaussian process of type B, G, 4(x) =
bag(w) + 0} ,(z),z € H, is studied in the Section 3. The main theorem is placed in
the Section 3. We show the recurrence relation (1.3), give a direct Wick formula for

b () - - - b (21)Q and then give the mixed moment formula (1.4).



2 Fock space and creation, annihilation operators of
type B

2.1 Definitions

Let X(n) be the set of bijections o of the 2n points {£1,--- ,+n} such that o(—k) =
—o(k),k = 1,...,n. Equipped with the composition operation as a product, ¥(n) be-
comes a group and is called a Cozeter group of type B or a hyperoctahedral group. The
Coxeter group (n) is generated by 7o = (1, —1),m = (i,i+1),i=1,...,n — 1. These

generators satisfy the generalized braid relations 72 = e,0 < i < n — 17 (momy)?t =
(mimis1)®* = e,1 <i<n-—1and (mm;)* = e if |Z—j| > 2,0 <i,7 <n—1. Note that
{mi |i=1,...,n — 1} generates the symmetric group S(n).

We express o € ¥(n) in an irreducible form
O = Ty =Ty, ngl,,zkgn—l,
i.e., in a form with minimal length, and in this case let

l1(0) = The number of my appearing in o, (2.1)

l3(¢) = The number of 7m;,1 <i <n — 1, appearing in o.

These definitions do not depend on the way we express ¢ in an irreducible form, and
hence [;(0) and ly(0) are well defined. (see [Hum90))

Let Hg be a separable real Hilbert space and let H be its complexification with inner
product (-, -) linear on the right component and anti-linear on the left. When considering
elements in Hg, it holds true that (x,y) = (y,z). In order to define an action of m,
we assume that there exists a self-adjoint involution x — z for x € H. For example
we may take the identity as an involution, or if H is spanned by an orthonormal basis
(€i)icfe1,..+n} (OF (€5)icz\{0}), then we may define the involution

Gi=e,  ie{+l,... +n}
Given a self-adjoint involution on H we define an action of X(n) on H®" by

(1@ Q) =21 Qi1 QU1 QT QLipa @+ Ry, N> 2 (2.3)
To(T1® - @Ty) =TI QT2 @+ @ T, n>1. (24)

Let Fgn(H) be the (algebraic) full Fock space over H
Fan(H @ HEn (2.5)

with convention that H®? = C() is a one-dimensional normed space along a unit vector
2. Note that elements of Fg,(H) are finite linear combinations of the elements from
H®* n € NU{0} and we do not take the completion. We equip Fg,(H) with the inner
product

n

<Q31 XX Tm, Y1 (SRR yn>0,0 = 5m,n H<xlayl>

i=1



We will deform the inner product on Fg,(H). For a, g € [—1,1] we define the type B
symmetrization operator on H®",

”) = Z aht n>1, (2.6)

ceX(n)
PO — Iyzo. (2.7)

a7q

Note that with convention 0° = 1, we have Po(jé) = Iyen and note also that PO(Z) is the

g-symmetrization operator [BS91]. Moreover let

P,,= é P
n=0

be the type B symmetrization operator acting on the algebralc full Fock space. From
Bozejko and Speicher [BS94, Theorem 2.1], the operator e o ) and hence P, ¢ 1s positive.
If |of,|g] < 1 then Pc(fq) is a strictly positive operator meaning that it is positive and
Ker(P(gTﬁ;) {0}.

We deform the inner product by using the type B symmetrization operator:

(T1® @ Ty, Y1 @ B Ydayg = (11 @ @ Ty, PPy @ -+ @ Yoo, (2.8)

which is a semi-inner product from the positivity of P, , for o, ¢ € [—1,1]. We restrict
the parameters to the case «, ¢ € (—1,1) so that the deformed semi-inner product is an
inner product.

For x € H the free right creation and free annihilation operators r*(z), r(x) on Fa,(H)
are defined by

()1 @ Qxy) =11 Q- X, T, n>1 (2.9)
r*(z)Q) =z, (2.10)
ra) (1 @ @ xy) == (T, Tp) 11 @ -+ @ Tp_1, n> 2, (2.11)
r(z)r = (x,21) Q, (2.12)
r(z)Q = 0. (2.13)

It then holds that r*(z)* = r(z) and r* : H — B(Fs.(H)) is linear, but r : H — B(Fg,(H))

is anti-linear.

Remark 2.1. In the literature the left creation and annihilation operators are commonly
used, but we consider the right operators. The right creation and annihilation operators
have the advantage that the embedding ¥(n — 1) C X(n) looks more natural (see Section
2.2) and the commutation relation

n—1 _ n—1
r(z)(P{ Y @ 1) = P Yr(z) (2.14)

holds true on H®" for any x € H. If we consider the right action of Coxeter groups
then the left creation and annihilation operators are more natural. Note that recently
the combination of right and left creation and annihilation operators is of interest in a
different context of free probability [Va, Vb].



Definition 2.2. For «,q € (—1,1), the algebraic full Fock space Fg,(H) equipped with
the inner product (-,-),, is called the Fock space of type B or the («, q)-Fock space. Let
by, (7)== 1*(x) and by 4(x) be its adjoint with respect to the inner product (:,-)a,4. The
operators b}, (z) and by 4(x) are called creation and annihilation operators of type B or
(o, q)-creation and annihilation operators, respectively.

It is easy to see that b, , : H — B(Fga(H)) is linear and by, : H — B(Fpu(H)) is anti-
linear. Since P, is the g-symmetrization, our («, ¢)-Fock space is the ¢-Fock space when
a = 0. Thus our type B setting actually generalizes the type A setting.

2.2 Properties of creation and annihilation operators

There is a natural embedding ¥(n — 1) = (7, ..., Th_2) C X(n) = (7o, ..., Tp_1). Corre-
sponding to the quotient X (n — 1)\X(n), we decompose the operator P

Proposition 2.3. We have the decomposition

PM = (PV @ I)RY) on H®,  n>1, (2.15)

a’q a?q

where

n—1
Rgf()] =1+ Z Tt Tk + 0@ M1 Tpeg - - - T (1 + Z ¢y 7Tk.> . (2.16)
k=1

Proof. 1t is known that there exist unique right coset representatives for ¥(n — 1)\X(n)
with minimal lengths [Hum90, Section 1.10, Proposition]. Stumbo [S00] showed that
these coset representatives are given by {w(k) | 0 < k < 2n — 1}, where w(k) is the
substring composed by the first k elements of w,, 1 - - - mmomy - - - m,_1. Hence any element
o € X(n) has the representation o = o’w(k) for some unique 0 < k < 2n — 1 and
o' € ¥(n — 1) and moreover, this representation preserves the irreducibility (see [Hum90,

Section 1.10, Proposition]) and hence ;(0) = l;(¢”) + l;(w(k)) for i = 1,2 . Since R{Y) has

the representation
2n—1

Rt = 3 o)

we have the identity (2.15). ]

The operator RESQ plays a central role in this paper. Firstly we can compute the annihi-
lation operator in terms of RSJ}?,.

Proposition 2.4. Forn > 1, we have

bovq(x) = r(z)RY) on H®". (2.17)

a,q

Proof. Let f € H®"Y g c H®". Then
(f300,4(2)9)aq = <bZ,q($)f Dag = (@) f, Paq = (r(2) f, 0(472 20,0

2.18
— (@ (P @ DRSgla0 = (@S © DR a.
Recall that r(z)(P{y " [)h = P Vr(2)h for h € H® and so we get
(@) (P @ DRE )00 = (£ P V(@) REg)o 2.16)
= (fﬂ“(I)Rng)a,q- n



Theorem 2.5. Let N be the number operator, i.e. N(f) =nf for f € H®",n € NU{0}.

Then
ba,q(x) = Tq(QJ) + a€q<j>qN717 x € H,
where
_ - n—=k .
Tq(x)(:cl(g)...@xn)_Zq <x,$k>$1®"'®$k®"'®$n, (2'20)
k=1
L)@ @ @) =) N r,m)n @ R © - @ . (2.21)
k=1

Note that ro(x) = r(x) is the free right annihilation operator, y(z) is the free left annihi-
lation operator and {y(x) = 11 4(x)g" .

Proof. From Propositions 2.3,2.4 we have

Dag() (21 ® -+ @ 2y) = 1(x) RN (01 ® - - ® 2,) = R+ L, (2.22)

q

where

n—1
R =r(x) (1 + Z ¢ -7Tn_k> (1@ ®xy), (2.23)
k=1

n—1

L= aq" (o) 1Tp_g - T170 (1 + Z ARE -7Tk> (21 ® - @ xy). (2.24)
k=1

After some computations, we get R = r,(z)(z1 ® - -+ ® x,,) and

L=a) ¢ @,Tm 1@ Qi@ @1,

m=1

which is equal to ag" 4,(Z) from the self-adjointness of the map ~. ]
Proposition 2.6. For x,y € H we have the commutation relation

ba,g(l‘)bz,q<y) o qbz,q<y)ba7Q($) = <1‘, y>I + Oé<3;‘, ?j) q2N' (225)
Remark 2.7. This commutation relation is quite similar to

age()ag,(y) — qag (y)ag(z) = (,y)t"

which appeared in [B12].
Proof. From Theorem 2.5, it holds that

bog (D)5 () (@1 @ @ x,) =D ¢ M) @ REH R @1, DY
k=1

k=1

o y) 11 @ @an +alTy) " @ @ Ty,

4V} (Y)bag(2) (21 ® -+ @ 2y) = Zq”“’k(x,xw TR Qi@ QT QY
k=1

+aq"qu*1<gﬁ-,ggk>x1®...®ik®...®xn®y,
k=1
and the conclusion follows. ]



We will study the norm of the creation operators of type B. Let [n], be the ¢g-number
n), =14+q+-+q¢" ", n>1

and let [n],! be the ¢-factorial

Let (s;q)n be the g-Pochhammer symbol
(5:0)n = [[(1 = s¢""),  seRJgl<1ln>1
k=1

Lemma 2.8. For x € H, we get

127154 = lg!(—ada, 2) /2l allel*”, n> 1, (2.26)
IR oo < (L+lallg* )nl,,  n> L (2.27)
Proof. (1) Let ¢, := |||, for n > 0 with convention ¥° = Q. Then ¢y = 1 and

Cp = <[L’®n, P(gril)l'®n>00

= (2", (P @ I)RY) 2o
n—1

= (@ (P V@) <1 + )@ T 7Tn—k> )00
k=1

n—1
+ ag"H(2®", (szq—n ® I)Tp_1Tp—2 - - 170 <1 + Z ¢'m - wk) %00
k=1

= [n]g(z®", (P{) @ Da®")o + aq" n](z®", (PSY @ (@ @ 7))o
=] (|=* + alz,2) " Newr, n>1,

and so the conclusion follows by induction.
(2) Since ||m;lo,o = 1 for all 7, the conclusion follows easily by definition of R, m

Theorem 2.9. Suppose that x € H,xz # 0.

(1) If -1 < ¢ <0 and o{x,z) > 0, then

1% 4 (@) g = V]2 + afz, 7). (2.28)

(2) If =1 < ¢ <0 and a{z,z) <0, then

]

vVI—¢q

<105, () g < [l (2.29)

(3) If|la| < q <1, then

: Iz
165 (@)l =

Q



(4) Otherwise,

1+ |af
1—gq

]l

=i

Remark 2.10. When o = —1 then (2.28) reminds us a Lie ball [U87, Example 3.10].

<165 (@) llag <

][

Proof. (1) From Proposition 2.6, for f € H®™ and n > 0, we get

167 (2) f 1124 = (Pag ()07 (@) f, Fag
= 4(ba g (¥)bag(@)f, Flag + (2] + ofz, ) )| fllag (2.30)
< (2] + ale,z) ") fll2,
If a(x,z) > 0, then b}  (2)f[12, < ([[=]|* +a(z, z))| f||Z,,- The equality is achieved when

f =1, and hence (2.28) holds.
(2) Upper bound. If a(z,z) < 0, then from (2.30) one may obtain the inequality

1664 ()f 1154 < N21P1F112.q
(2),(3),(4) Lower bound. It follows from (2.26) that
* n—1)112 |2
167, 4 (2)a® "2 g = 12712,

. . (2.31)
= [n]!([|z]* + alz, z) ¢" ) |2® V)12,

By letting n — oo, the lower bound follows.
(4) Upper bound. The proof follows the line of [BS91, Lemma 4]. We have

(PR = POEL)”
— (P © DRERE) (P @ 1)
< IREB (PG @ (PG @ 1)
IR o(P ) & 1),

By taking the square root of operators using Lemma 2.8 one gets

Pl < IR loo(Pl Y & 1)
< (1+|ozIICJ|” Dinly(PI Y @ 1) (2.32)
1Jrlozl

<
= 1_q

VeI

on H®" regarding the inner product (-, )oo. Therefore we have for f € H®" that

(B0 (@) £, 67 4 () ag = (f @ 2, PLD(f @ 2))o0
Lo (PO © 2o
= 11+_|q|<f Pégf>0,o<$7$>
1+ |«

4 I/l

<

SIS

(2.33)

aallzl?,

and hence the inequality ||}, ,(2)[la,q < /(1 + |])/(1 — g)||z]| holds.

9



(3) Upper bound. We try to refine the estimate (2.32) by carefully looking at (1 +
la]lg|" 1) [n], as a function of n > 1. Let

fal@) = (1= (A +bg"") =1+ ¢" " h,(q), (2.34)

where b = |a| and h,,(q) = b—q—bg™. Then h,(b) = —b""' <0, k! (¢) = —1—nbg" ' <0,
and hence for ¢ € [b,1) one obtains h,(¢) < 0 and hence (1 + |a|¢" 1) [n], = f.(q)/(1 —
q) < 1/(1 —q). Following the argument (2.33), we have the upper bound ||0}, ,(%)|a,q <
(1/4/T = q)||z||- The lower bound was already obtained and so (3) follows. u

3 Gaussian operator of type B

3.1 Probability density function and orthogonal polynomials
Definition 3.1. The operator

Goq(x) = b g(x) + b;q(l’), re H (3.1)

on Fg,(H) is called the Gaussian operator of type B or («,q)-Gaussian operator. The
family {Go,4(z) | © € H} is called the Gaussian process of type B or (a, ¢)-Gaussian
process.

For a probability measure p with finite moments of all orders, let us orthogonalize
the sequence (1,¢,¢2,¢3,...) in the Hilbert space L*(R, ), following the Gram-Schmidt
method. This procedure yields orthogonal polynomials (FPy(t), Py (t), Pa(t),...) with deg P, (t) =
n. Multiplying by constants, we take P, (t) to be monic, i.e., the coefficient of ¢" is 1. Tt
is known that they satisfy a recurrence relation

tpn(t) = Pn+1(t) + ﬂnpn(w + Vn—lpn—l(t)a n = 0, 1, 27 e

with the convention that P_;(t) = 0. The coefficients /3, and -, are called Jacobi param-
eters and they satisfy 3, € R and ~,, > 0. It is known that

o= [ Pea@Fp(@),  nzo (32)

Moreover, the measure p has a finite support of cardinality N if and only if yy_; = 0 and
Yo >0forn=0,..., N —2.

The continued fraction representation of the Cauchy transform can be expressed in
terms of the Jacobi Parameters:

pldt) 1
/Rz_t_z—ﬁo— 7o

z=p

Y1
-
Z— By — -

This representation is useful to calculate the Cauchy transform when Jacobi parameters
are given. More details are found in [HOO7].

For —1 < a,q < 1 let (P{*?(£))22, be the orthogonal polynomials with the recursion
relation

tPD(t) = PY(t) + [n],(1+ ag" HPYD(@1),  n=01,2,... (3.3)

n

10



where P9 (t) = 0, P*?(t) = 1. These polynomials are called q-Meizner-Pollaczek poly-
nomials. The orthogonalizing probability measure MP, , is known in [KLS10, (14.9.4)],
supported on (—2/4/1 — ¢,2/+/1 — ¢q) and absolutely continuous with respect to the Lebesgue
measure with density

MPag 4y _ (6950 9t 1i0)g(t ~1 )9 (t, VT 0)g(t, — Va5 0) (3.4)
dt 2m\/4/(1—q) — 12 g(t,18;q)g(t, —iB; q)
where
ot 50) =TI~ 401 = ) 2+ 0%, (35)
(51@)o0 = lim (s;q)n = i[o(l —sq"),  seR, (3.6)
(s 01

Remark 3.2. For o < O the recursion (3 3) coincides with [KLS10, (14.9.4)] by con-

sidering the dilation P“?(t) — AP (At) with A = /T —¢/2. Hence P“?(t) are
orthogonal polynomials associated to MP,, for @ < 0 (note that (14.9.2) contains an
error; the integral should be performed over the interval [—7/2 — ¢, /2 — ¢], not over
[—m, 7). The case « > 0 (or 5% < 0) is not covered in [KLS10, (14.9.2)], but we can
resort to the analytic continuation. Let (m,(MP,,))>2, be the moments of MP, , and

let hy(s) == (2/y/T— q)" P2 (25//T— q). We know that

1
mp(MP, ) = / s" hy(s) ds, >0, qge(~1,1), n=0,1,2,... (3.8)

1

The moments m,(MP,,) are polynomials of the Jacobi parameters 1 — 5%¢"~! (see
Accardi-Bozejko’s formula [AB98, Corollary 5.1]) and so the moments extend to entire
analytic functions of 5%, ¢g. On the other hand, ¢(t,i8; q)g(t, —if3; q) is analytic in (5%, q)
and does not have a zero in an open neighborhood U C C? of [—1,1] x (—1,1), and then
the function dMP,, ,/dt and hence (by dominated convergence) the integral [ _11 s" hy(s)ds
has analytic continuation to the same region U. By analytic continuation, formula (3.8)
holds for (8%,q) € U, and hence the measure MP, , is a probability measure giving the
moments (m,(MP, )5, for the case a > 0 too.

Theorem 3.3. Suppose a,q € (—1,1) and x € H, ||z|| = 1. Let fin 4. be the probability
distribution of Goq(x) with respect to the vacuum state. Then pig qq is equal to MP gy 2 4-

Proof. Let v,_1 = [n]y(1+a(z,T) ¢"~'). From Lemma 2.8 we get |22 , = [n] (=2, T); ¢)n =
YY1+ Yn—1 and hence from (3.2) it follows that

12" g = 1PV 2, 0 e NU{O}. (3.9)

Therefore the map ®: (span{z®" | n > 0},| - |laq) — L*(R,MPgy5,,) defined by
O (2®m) = P9 (1) is an isometry. Note that

Glog(2)2®" = by, (1) 27" + by g () 2"
— x@(n+1) + T( )R(n) n
= @t 4 [n]qm (n=1) 4 aq"” 1[n]q<x T) ®(n-1)

= g®0+D) [n],(1+ alx, z)q"~ 1)x®( D
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where Proposition 2.4 was used on the second line. Hence inductively we can com-
pute G, ,(z)"2 and show that ®(G,,(z)"2) = t". Since ¢ is an isometry we get
(Q,Gag(2)" D aq = Mn(MPyaz4) for even integers n. For odd integers n we can show
that (Q, Gag(2)"Q)ag = 0 = my(MPqpz)4). Since MPq, 7 4 is compactly supported,
probability measures giving the moment sequence m,(MPq(; 7 ,4) are unique and hence
MPoiz2).q = Hog.e- u

The probability density functions of MP,, , are shown in Fig. 1-6.
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Figure 5: a = 0.7 Figure 6: o = —0.4

By weak continuity we may allow the parameters («,q) of MP, , to take any values
in [-1,1] x [-1,1].

+2
Example 3.4. (1) The measure MP,, ; is the normal law (2(1+4 a)7)~Y/2e™ 2050 1 (¢) dt.
The orthogonal polynomials P,(LO’I)(t) are Hermite polynomials.
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(2) The measure MPy is the standard Wigner’s semicircle law (1/2m)v/4 — t21(_9 (%) dt.
The orthogonal polynomials pioo (t) are Chebyshev polynomials of the second kind.

(3) The measure MPy, is the ¢-Gaussian law and the orthogonal polynomials pLoo (1)
are called g-Hermite polynomials.

(4) The measure MP,,_; is the Bernoulli law (1/2)(0, /175 + 0_ /i7a)-
(5) The measure MP,, ¢ is a symmetric free Meixner law [A03, BB06, SYO01].

(6) The measure MP_;; is the delta measure dp and so is trivial, but we can find a

nontrivial scaling. If we take a = —¢*? for v € (0,00) then (3.3) becomes
1
QI () = QY (1) + Jlnlln + 27 = 1,Q.77 (), (3.10)
where ()
P
QSL%Q)(t) — %7 A=2y1—q. (3.11)

In the limit ¢ 1 1 the polynomial Q"? () tends to a polynomial which we denote by
Qfﬁ) (t) and we get the recursion

1
QY (1) = Q(8) + gnln+27 = DRIL(1), (3.12)
which gives Meixner-Pollaczek polynomials corresponding to the symmetric Meixner
distribution 4
————|T(y +it)]* 1g(t) dt. 3.13

See [KLS10] for further information on Meixner-Pollaczek polynomials.

Free infinite divisibility of probability measures has been studied by several authors.
Of particular interests were probability measures arising from generalized Brownian mo-
tions. The moments of typical generalized Brownian motions have some combinatorial
interpretations in terms of set partitions [BBLS11, BWO01]. Our probability measure
MP, , has a combinatorial interpretation too (see Theorem 3.9) and it extends several
known measures. The ¢-Gaussian distribution MPy, is freely infinitely divisible if and
only if ¢ € [0,1]; see Anshelevich et al. [ABBL10]. Note that the case a = 0,¢ = 1
corresponds to the classical Gaussian distribution and its free infinite divisibility was first
proved by Belinschi et al. [BBLS11]. The free Meixner distribution MP, ¢ is freely in-
finitely divisible if and only if a € [—1,0]; see Saitoh and Yoshida [SYO01]. The measure
MP_ 2+, with suitable scaling converges to the classical Meixner distribution (3.13) as
g 1 1 and the limit distribution is freely infinitely divisible for v < 1/2 (the case v > 1/2
is still open); see [BH13]. Moreover, numerical calculations of free cumulants (thanks to
Franz Lehner) support the following conjecture.

Conjecture 3.5. The probability measure MP,, , is freely infinitely divisible if &« € [—1, 0]
and ¢ € [0, 1].
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3.2 Pair partitions of type B and moments of Gaussian operator

Let [n] be the set {1,...,n}. A pair (or a pair block) V' of a set partition is a block with
cardinality 2 and a singleton of a set partition is a block with cardinality 1.

When n is even, a set partition of [n] is called a pair partition if every block is a pair.
The set of pair partitions of [n] is denoted by Py(n).

A pair (7, f) is called a set partition of [n] of type B if 7 is a set partition of [n] and
f 7 — {£1} is a coloring of the blocks of 7. We denote by P¥(n) the set of all set
partitions of [n] of type B. We denote by P{’5(n) the set of set partitions of [n] of type B
such that

(1) each block is a singleton or a pair;
(2) each singleton is necessarily colored by 1.

When n is even, we call (7, f) € PB(n) a pair partition of [n] of type B if 7 is a pair
partition. The set of pair partitions of [n] of type B is denoted by PZ(n).

Remark 3.6. Our definition of set partitions of type B is different from [R97].

Given € = (g(1),...,e(n)) € {1,%}", let P12.(n) be the set of partitions 7 € Py 5(n)
such that when 7 is written as

m={{a1,01},...,{ag, b6}, {c1},. .., {cm}}s k,m e NU{0},a; < b;,i € [k],

then e(a;) = * and €(b;)) = 1 for all 1 < i < k and e(¢;) = * for all 1 < i < m. We
also let Po.(n) 1= Pigc(n) N Pa(n). Let PP, (n) be the subset of PPy(n) defined by
(7, f) € PPyc(n) & m € Prgc(n). Let PE.(n) :=PF(n) N PP, (n).

We introduce some partition statistics. Let Pair(m) be the set of pair blocks of a set
partition 7 and Sing(7) be the set of singletons of a set partition m. Let NB(7, f) be the
set of negative blocks (i.e. blocks colored by —1) of a set partition (m, f) of type B. For a
set partition 7 let Cr(7) be the number of crossings of , i.e.

Cr(m) = #{{V, W} C 7 | There exist ¢,j € V,k,l € W such that i < k < j < [}.

For two blocks V, W of a set partition, we say that W covers V if there are i, j € W such
that ¢ < k < j for any k € V. For (m, f) € PP5(n), let CS(7) be the number of pairs of a
singleton and a covering block:

CS(m) = #{(V,W) € m x | V is a singleton, W covers V'}.
Let CNB(m, f) be the number of pairs of a negative block and a covering block:
CNB(m, f) =#{(V,W) enxn | #V =2, f(V) = =1, W covers V'}.
Let SLNB(m, f) be the number of pairs of a negative block and a singleton to the left:

SLNB(r, f) = #{(V,W) € 7 x 7 | #W =2, f(W) = —1,
V is a singleton {i},7 < j for all j € W},

For a block V' of a set partition 7, let Cover(V') be the number of blocks of 7 which cover
V and let SL(V') be the number of singletons which are placed to the left of V. More

14



precisely Cover(V'), SL(V') should be denoted as Cover(V;7), SL(V;7), but we use the
simpler notations.

A set partition 7 is noncrossing if Cr(mw) = 0. The set of noncrossing partitions of
[n] is denoted by NC(n) and the set of noncrossing pair partitions is denoted by NCy(n)
when n is even. A block of a noncrossing partition is inner if it is covered by another
block. A block of a noncrossing partition is outer if it is not inner. For 7 € NC(n), let
In(7) be the number of inner blocks of m and let Out(7) be the number of outer blocks.
Note that In(7) + Out(w) equals the number of blocks of 7.

Theorem 3.7. For any x1,...,x, € Hg and any ¢ = (¢(1),...,e(n)) € {1, *}", we have
1) ) - )0
_ Z O(NB(ﬂ’f) qu(fr)JrCS(ﬂ’)+2CNB(7r,f)+ZSLNB(7T,f)

(va)eyﬁ2;s (n) (314)
X H (mi, ;) H (@i, T5) ® X,
{i,j}€Pai r( {3,7 }€Pair(7) 1€Sing(7)
fiah=1 fiah)=—

where ®ieV x; denotes the tensor product x, & --- & x, when V 1is written as V =
{fvi,.o v} CNy v < oo < v IfV = 0, then we understand that Qe ; = 2.
Moreover, we may write the formula in terms of set partitions:

08 (@) -+ by (1)

_ Z T m+CS(m) H (24, 75) + g overttbnFaBLULD (7, 779) ® Li-

TEP1 2:e(n) {i,j}€Pair(m) i€Sing(r)

(3.15)

Remark 3.8. If #{i € [j] | e(i) = 1} > #{i € [j] | e(i) = *} for some j € [n], then we
have bi (z,,) - - - b3 (21)Q = 0. This case is also covered by (3.14) if we understand the
sum over the empty set is 0 since PP, (n) = 0 in this case.

Proof. The proof is given by induction. When n = 1, b, 4(71)Q = 0 and b}, (1) = 1,
and hence the formula is true. Suppose that the formula is true for n = k. Then for any
e € {1, %} we get

bg(zﬂ)(xkﬂ) o bs(l)(xl)Q

a’q

_ Z aNB(ﬂ',f)qu(ﬂ')+CS(7r)+2CNB(7r,f)+2$LNB(7r,f)

(rP)EPE, o ()

< I ey [ @@l es) | Q w

{i,7}€Pair(m) {i,j}€Pair(m) 1€Sing(m)
f{igh)=1 f{iih=-1
The operator baq (azk+1) equals 7*(zyy1) if e(k+ 1) = % and T‘q(il')k+1) + aly (T ) gV L if
e(k+1) =1 from Theorem 2.5. We will show that the action of bkt )(xkﬂ) corresponds

to the inductive pictorial description of set partitions of type B.
We fix (7, f) € ?125| (k) and suppose that 7 has singletons k1 < --- < k, < i <

my < ---<m, (we understand that p = 0 (r = 0, respectively) when there is no singleton
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to the left (right, respectively) of i), pair blocks Uy, ..., Us with color 1 to the right of 1,
pair blocks Vi, ..., V; with color —1 to the right of ¢ and pair blocks Wy, ..., W, which
cover 7. There may be pair blocks to the left of 7, but they do not matter. Note that
when there is no singleton, the arguments below can be modified easily.

Case 1. If e(k+1) = %, then the operator r*(xx.1) acts on the tensor product, putting
z+1 on the right. This operation pictorially corresponds to adding the singleton {k + 1}
(with color 1) to (w, f) € T52§5|[k] (k), to yield the new type B partition (7, f) € PPy (k+1).

This map (m, f) — (7, f) does not change the numbers NB, Cr, CNB, SLNB or CS, which
is compatible with the fact that the action of r*(xx.1) does not change the coefficient.
Note that if e(k 4+ 1) = *, then any (o, g) € iPﬁ%l[kH](k + 1) has the singleton {k + 1}.
Hence the formula (3.14) holds when n =k + 1 and e(k 4+ 1) = *.

Case 2. If e(k + 1) = 1, then we have two cases.

Case 2a. If ry(xpy1) acts on the tensor product, then new p + r 4 1 terms appear
by using (2.20). In the i*® term the inner product (.1, ;) appears with coefficient ¢".
Pictorially this corresponds to getting a set partition (7, f) € Tﬁ%l[kﬂ] (k4 1) by adding

k+1 to (m, f) and creating the pair {4,k + 1} with color 1. This pair crosses the blocks

Wy, ..., W, and so increases the crossing number by u but decreases the number of inner
singletons by u because originally ¢ was the inner singleton of Wy, ... W,. Now the new
inner singletons {m, }, ..., {m,} and new inner negative blocks Vi, ..., V; appear. Because

i is not a singleton in (7, f), the number of singletons left to negative blocks decreases by t.
Altogether we have: Cr(7) = Cr(r)+u, CS(7) = CS(n) —u+r, CNB(#, f) = CNB(r) +t,
SLNB(#, f) = SLNB(x, f) — t and NB(#, f) = NB(x, f). So the exponent of ¢ increases
by r. This factor ¢" is exactly the factor appearing in (2.20) when r,(zx11) acts on z;.
Case 2b. If ol (Try1)¢" ! acts on the tensor product, then new p+r+1 terms appear
by using (2.21). In the i*" term the inner product (Tpi1,z;) appears with coefficient
agPt P +D=1 (note here that p +7 + 1 = #Sing(n)). Pictorially this means that the new
pair {i,k + 1} is created with color —1. Similarly to Case 2a, we count the change of
numbers and get Cr(7) = Cr(r) + u, CS(7) = CS(n) — u + 7, CNB(#, f) = CNB(n) + t,
SLNB(#, f) = SLNB(m, f) —t+p and NB(#, f) = NB(r, f)+ 1. Altogether, when moving
from (7, f) to (7, f), the exponent of a increases by 1 and the exponent of ¢ increases
by 2p + r, which coincides with the coefficient appearing in the action of ol (ZTpy1)g™ *,
creating the inner product (T 7, ;).
1) appears exactly once in one of Case 9a and Case 2b. Therefore in Case 2, the picfofial
inductive step and the actual action of b, 4(x+1) both create the same terms with the
same coefficients, and hence the formula (3.14) is true when n = k+ 1 and e(k + 1) = 1.
Case 1 and Case 2 show by induction that the formula (3.14) holds for all n € N.

We show the formula (3.15). For 7 = {V4,..., Vi, S1,...,Sn} € P12(n) where V; =
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{a;,b;} are pairs and S; are singletons, we have
k

(<xa“ xbi> + an(Cover(W)+SL(W))<$ai’x—bi>)
=1

)

k
Z H<ma-7xb->6ni’l (aq2(Cover(Vi)+SL(Vi))<:L,a.’ xb->)6ni,_1

(n1,..np)€{1,—1}F i=1

; == k over(V; ; - —
- Z a#{le[k] = 1}q2 2i=1(G (Vi) +SL(V3))n;, -1 H <xai ’ xbi> H <xai7 xbi>
(n1,...,ng)€{1,—1}* i€[k],n;=1 i€[k],n;=—1
_ Z OéNB(ﬂ',f)q2CNB(7r,f)+2SLNB(7r,f) H <xi7 xj> H <xi, SC_]>,
f {i,j}Eﬂ',f({i,j}):l {i’j}eﬂvf({i7j}):_1

where f is defined by f(V;) = n; and f(S;) = 1 and hence f runs over the set of
all colorings of m. Note here that NB(w, f) = #{i € [k] | n;, = —1}, CNB(x, f) =
S Cover(V;)d,, 1 and SLNB(7, f) = 328 SL(V})d,, 1.

i=1 [ ]
Corollary 3.9. Suppose that xy,...,x, € Hg and € € {1,%}".
(1)
(2,05 () -+ 033 (1) Qg
— Z aNB(ﬁ,f)qu(ﬂ)+QCNB(W,f) H <xz’7 x]> H <xi, 33_;)
(m,)EPE _(n) {ijten {ijyem
f{igh=1 f{iih=-1
_ Z qu(W) H <<xi7$j> + anCover({i,j}) <$7,,Q§'_]>) )
mEP2.(n) {i,jrer
(2)
(€, Gag(n) - Gag(@1)Dag = (2, Gag(®1) - Gag(22)R)ayg
— Z aNB(ﬂ7f)qu(7r)+QCNB(7r,f) H <$i> $j> H <$i, ZE_]>
(w,f)G?QB(n) {i,j}Eﬂ' {’i,j}Eﬂ
f{igh=1 f{igh=-1
- Z qu(w) H (<x27 xj> + aq2cover({i7j})<xi7x_j>) :
TP (n) {i,j}em
Note that the sum over the empty set is understood to be 0.
Proof. (1) is clear and (2) follows from (1) by taking the sum over all €. |

Corollary 3.10. Assume that x; € Hg and x; = x; fori=1,...,2m.

(1) For a =0, we recover the q-deformed formula for moments [BS91, Proposition 2J:

<QaG0,q(Il)"'GO,q(x2m)Q>0,q = Z qu(7r) H <$i7$j>-

TE€P2(2m) {i,j}erm
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(2) For q =0, lett = 1/(1 + «) (in this case PC(ZB) = 1+ amy is positive definite for
a € (—1,00) and so we may consider t € (0,00)) and let Gy(x) = VtGoo(z). We
recover the t-deformed formula for moments [BWO01, Theorem 7.3]:

<Q, ét(xl) .. ét($2m)9>(17t)/t,0 = Z tIn(ﬂ) H <{l§'i, l’j>.

TENC2(2m) {i,j}em

Remark 3.11. (i) If we take the limit @ — oo or equivalently ¢ | 0, then the above
formula reads

m

hm(Q, ét(%) ce ét(IQm)Q>(1—t)/t,0 = Z H <$i7$j> = H<$2i—1, $2z’>7

tl0 .
w€da(2m) {i,j}em i=1

where Jo(2m) is the set of pair interval partitions of [2m]. So scaled Gaussian
operators of type B can realize Boolean Gaussian operators when ¢ = 0, @« — 00.

(ii) It seems that the t-deformation of the classical Gaussian operator proposed in
[BWO1, Sections 8,9] is not contained in our family G, ,(z).

Proof. (1) is clear.
(2) When ¢ = 0, the non zero contributions in Corollary 3.9(2) come only when 7 is

noncrossing and inner blocks are colored by 1. Given V € 7 € NCy(2m), 1 + a0?Cover(V)
equals 1+ « if V' is outer and 1 otherwise. Hence
(Q,Gap(r1) - Gao(T2m) )00 = Z (1+a)O® H (i, 25)
TENC2(2m) {i,j}em
= Z tiOUt(ﬂ—) H <LUZ', I‘j>.

TENC2(2m) {i,j}em
The conclusion follows by multiplying this formula by ™ and by using the relation m —
Out(7) = In(7). n

3.3 Traciality of the vacuum state

Let vN(G,4(Hr)) be the von Neumann algebra generated by {G,,(x) | = € Hg} acting
on the completion of Fs,(H) with respect to the inner product (-, )44

Proposition 3.12. Let a,q € (—1,1). Suppose that dim(Hg) > 2. Then the vacuum
state is a trace on VN(G, 4(HR)) if and only if o = 0.

Proof. By using Corollary 3.9, we obtain

(Q, Gay (ml)Ga,q (x2>Ga,q(x3)Ga,q ($4)Q>a,q
- <£U1, x2><x3a :L‘4> + Oé<$1,l'_2> <.T37 LU4> + O{<:L‘17 $2><$3,x_4> + a2<$1,$_2> <x3,l'_4>
+ (w1, w3) (w2, 24) + aq(ry, Ts) (T2, 24) + aq(xy, 13) (T2, Ta) + (w1, T3) (22, Tg)

+ (21, 2a) (T2, 13) + (w1, Ta) (T2, 13) + g (21, 24) (T2, T3) + &°¢° (21, Ta) (T2, T3)
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and by permuting xq, x2, 3, 4,
(Q, Gog(12) G g(13) G g (24) Gar g (21)2) g

= (22, x3) (w1, T4) + (w2, T3) (w1, T4) + (22, 23) (21, T1) + % (T2, T3) (T1, T)
+ Q<x27 Q34><I1, I’g) + CYQ<x275L’_4> <$17 x3> + OCQ<I2; $4> <x17x_3> + ()52Q<$2713_4> <x1,$_3>
+ <.f171, l’2><x3,$4> + CY<IE1,.T_2><.T3,:E4> + OK(]2<3§'1,CE2><:U3,.T_4> + a2q2<$1,$_2><1'3,$_4>.

Since dim(Hg) > 2, there are two orthogonal unit eigenvectors e, s of the involution ~,
and we take x; = x3 = e; and x9 = x4 = es. Note that for some s,t € {+1} we have
€1 = seq, é3 = tez. Hence

(2, Gog(11)Gag(12)Gag(73) Ga g (74) Q) ag
— (2, G g(12) G g(73) Gag(14) Garg (1) D) 0y (3.16)
= 4ta(1 — ¢*)(1 + sa).

Therefore the vacuum state is not a trace when o # 0. When a = 0, the von Neumann
algebra becomes the g-deformed von Neumann algebra and the traciality is known in
[BS94, Theorem 4.4]. u

Open Problems and Remarks

e It would be interesting to ask if the von Neumann algebra vN(G,, ,(Hg)) is factorial.
In the a = 0 case the factoriality was proved by Bozejko, Kiimmerer and Speicher
[BKS97] and by Sniady in special cases and then by Ricard [R05] in full generality.
Moreover Nou showed that vN(Gg,(Hg)) is not injective if dim(Hg) > 2 [N04]. If
a = ¢ = 0 then Voiculescu [V85] showed that vN(Goo(Hg)) is isomorphic to the free
group factor L(Fgim(my))- Recently Guionnet and Shlyakhtenko [GS14] showed that
for each integer n > 2 there exists ¢(n) > 0 such that vN(Gy ,(Hg)) is isomorphic to
the free group factor L(Faim(my)) for |¢| < ¢(dim(Hg)). Their method was extended
by Nelson [N15] to the non tracial case and he showed that Hiai’s g-deformed Araki-
Woods algebras [H03| are isomorphic to Shlyakhtenko’s free Araki-Woods algebras
[S97] for small |g|. On the other hand, if ¢ = 0 and the conjugate operator x +— Z is
identity, then vN(G, o( Hg)) is the t-deformed Fock space [BWO01] (with ¢t = (1+a)™,
see Corollary 3.10). Wysoczanski proved that the von Neumann algebra is type I
when dim(Hg) = oo [W06] and Ricard proved that it is isomorphic to the free group
factor L(Faim(my)) when |a| < (dim(Hg))™"/? and isomorphic to L(Fgim(#r)) © B(¢?)
when (dim(Hg))™"? < |a| < 1 [RO6).

e It would be worth asking whether the von Neumann algebra vN(G, ,(Hg)) has the
completely bounded approximation property.

e Determine all the parameters (o, ¢) for which the type B symmetrization operator
Pc(fq) is positive. The positivity is known for «,q¢ € [—1,1] and also for ¢ = 0,
a € [—1,00) as explained in Corollary 3.10. Then determine all the parameters for
which Ker(Pc(f)) = {0} for all n > 1.
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