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A General Damage Accumulation
Model for Multiaxial,
Proportional High Cycle Fatigue
Loadings With Sines, Crossland
and Dang Van Criteria
In this paper, a key differential equation is proposed to formulate fatigue damage evolution
in metallic alloys under multiaxial, multiblock, proportional loadings in high cycle fatigue
(HCF) and very high cycle fatigue (VHCF) regimes. This differential equation possesses
two main components: one is a stress function to accommodate the adopted fatigue criterion
and the other one is a characteristic damage function that serves to capture the HCF
response of alloys. Two distinct characteristic damage functions with three different multi-
axial fatigue criteria, namely Sines, Crossland, and Dang Van criteria, are examined to
develop six (out of many possible) variants of the presented damage accumulation model.
As a validation measure, Chaboche’s HCF damage model is retrieved as a specific case
of the developed formalism. For model parameters identification, an ad hoc two-level iden-
tification scheme is designed and numerically verified. It is demonstrated that endurance
limit, which is determined from fully reversed HCF tests (i.e., R=−1), can be identified
from fatigue tests with positive stress ratio (R> 0), thus making our development quite sui-
table for specimens prone to buckling under compression. Another salient feature of the
devised identification scheme is its capability in extracting model parameters from noisy
data. [DOI: 10.1115/1.4044455]

Keywords: HCF/VHCF in metallic alloys, cumulative fatigue damage, multiaxial
multiblock proportional loading, multiaxial fatigue criteria, parameters identification

1 Introduction
High cycle fatigue (HCF) and very high cycle fatigue (VHCF)

loading conditions are ubiquitous in mechanical systems ranging
from household appliances to transportation vehicles. Because
failure due to HCF and VHCF usually takes place without any
prior warning that may lead to another catastrophic failure on a
larger scale, there has been a growing interest in understanding
and modeling this phenomenon.
Since Wöhler’s monumental work on studying the fatigue life of

railway axles [1], quite a few researchers have tried to investigate
this failure mode in further details. Basquin [2] was the first who
represented the tabulated data gathered by Wöhler in logarithmic
scale to obtain the so-called S–N curve. He also proposed a power-
law equation to approximate the S–N curve. An S–N curve serves to
find the number of cycles to failure corresponding to a given stress
amplitude in a fully reversed tension-compression (zero mean
stress) loading. In most practical cases, however, the mechanical
element undergoes time varying, multiaxial stresses during their
service life. Such issues add to the complexity of fatigue life assess-
ment and a sole S–N curve is not sufficient. Strictly speaking, for
fatigue loadings where the stress amplitude is nonuniform and/or
the mean stress is nonzero, one needs an appropriate fatigue
damage accumulation rule as well as a suitable fatigue criterion
for life estimation purposes.

The first and simplest cumulative fatigue damage theory, which is
more or less widely used in the industry, is Palmgren–Miner’s rule
proposed independently by Palmgren [3] and Miner [4]. This sim-
plistic model implies a linear summation of life fractions for a multi-
block loading case. As its major drawbacks, this linear damage rule
fails to incorporate the load sequence effects, load level depen-
dence, and nonlinearity of damage evolution. Later on, Marco
and Starkey [5] modified Palmgren–Miner’s rule by adding a load-
dependent exponent to the fraction expression. However, they did
not specify the proper functional form for the exponent of their
model. Besides, the critical damage value is a function of the load
sequence unless the equivalent number of cycles method proposed
in Ref. [6] is employed. Moreover, their damage model does not
take into account the damage due to loadings below the endurance
limit. Despite the improvements on Palmgren–Miner’s rule, Marco
and Starkey’s rule did not gain the popularity of its predecessor.
Numerous other improvements and modifications to Palmgren–

Miner’s rule have subsequently been published. A fairly compre-
hensive literature review of the proposed cumulative fatigue
damage models was undertaken by Fatemi and Yang [7]. Most of
such models, however, fail to respond to the damage due to multi-
axial, nonuniform, low-amplitude fatigue loadings. The fatigue
damage accumulation models (DAMs) that are investigated in
this study belong to continuum damage mechanics (CDM)
models. The basic idea of CDM models lies in following the evolu-
tion of a dimensionless, continuous scalar that represents the
damage. As one of their advantages, CDM models enable incorpo-
ration of damage due to other mechanisms such as creep. The inter-
ested reader can consult Refs. [8–12], among others, for an
exhaustive discussion.
The success of continuum damage theories elaborated by

Rabotnov [13,14] and Kachanov [15] for explaining the damage
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in materials subjected to creep [16,17] was the motivating factor in
extending the idea to fatigue damage. One of the first and most
famous fatigue accumulation models developed in the context of
CDM is Chaboche’s fatigue DAM [18,19], which was first pre-
sented for simple uniaxial loadings [18] followed by more general
versions of the model presented later on Refs. [20,21]. In light of
the success of Chaboche’s DAM, we develop in the current inves-
tigation a more general framework in the context of CDM from
which Chaboche’s DAM is retrieved as a specific case. The new
development is predicated on a damage rate equation proposed by
Lemaitre [10] for brittle damage. A damage is called brittle when
cracks are initiated at the mesoscale without a large amount of
plastic strain. Because no large-scale plasticity is involved in
HCF and VHCF regimes, one can safely assume that HCF and
VHCF failure can be described by means of the brittle damage
mechanism, as exploited in Refs. [22–24], to mention but a few.
To demonstrate the versatility of the presented formalism, six differ-
ent variants of our proposed DAM are developed and numerically
implemented using two characteristic damage functions and three
popular multiaxial fatigue criteria.
Fatigue criteria are purported to modify the endurance limit (also

known as the fatigue strength) as a function of the deviation from
zero mean stress. By definition, the endurance limit is the threshold
of the stress amplitude in a fully reversed, uniaxial, fatigue test
below which the fatigue failure does not take place. Early empirical
fatigue criteria for uniaxial loading were proposed by Gerber [25],
Goodman [26], Haigh [27], and Soderberg [28]. For multiaxial
loading, however, more sophisticated criteria are required.
In-depth discussions and critical comparisons of a large number
of available criteria can be found, among other studies, in Refs.
[29–33]. The multiaxial fatigue criteria that are adopted in this
study are Sines [34], Crossland [35], and Dang Van criteria
[36,37]. Carpinteri and co-authors argue that for practical engineer-
ing applications under multiaxial proportional loading, Sines and
Crossland criteria have been successful [38]. These two criteria
belong to the class of stress-invariant multiaxial fatigue criteria.
The third multiaxial criterion that is employed in this work is the
Dang Van criterion, which belongs to the critical plane approaches.
This criterion was indeed devised to address the insufficiencies of
other criteria under nonproportional loading. This notwithstanding,
it is specialized in proportional loading applications for the pur-
poses of the current study.
The underlying assumptions of the present analysis are summa-

rized here. In addition to the proportionality of loading and nonex-
istence of any visible crack, it is assumed that there are no plastic
deformations involved in the fatigue loading. It is additionally
assumed that the damage is isotropic and can be represented by
means of a single scalar variable D. For the applications of this
study, the end of the fatigue life is equivalent to the crack initiation
stage. The growth of the cracks that are created due to HCF or
VHCF loadings, as the last stage of the fatigue failure, is not the
subject of this study and microdefects closure effects are ignored.
Moreover, DAM variants that are developed in this study are pri-
marily isothermal and no temperature variable appears in their
mathematical representation. Finally, the impact of cycling fre-
quency is neglected in the (V)HCF response of materials describ-
able by the models studied here.
To give a concrete example of the potential applications of the

methodology of this work, consider fatigue test specimens cut
from thin aluminum sheets. Mechanically, such specimens have a
negligible resistance to buckling, which precludes fatigue tests
with negative stress ratio. Consequently, the fatigue endurance
limit of these specimens cannot be measured from fully reversed
HCF tests. Using the identification procedure elaborated in Sec. 3,
this material property together with parameters of the adopted
DAM variant can be identified from HCF tests with positive stress
ratio performed on these specimens. The identification results can
then be plugged into the adopted DAM variant to estimate the
fatigue life of 3D structural members made of the initial aluminum
sheets and subjected to multiaxial proportional cyclic loadings.

To briefly enumerate the highlights of the present investigation, a
key differential equation is developed in the context of continuum
damage mechanics to follow the evolution of isotropic damage in
metallic alloys. Our proposed (V)HCF-DAM (damage accumula-
tion model for HCF and VHCF regimes) is a nonlinear model pri-
marily developed for multiaxial, proportional, cyclic loadings,
capable of taking into account the effect of damage history,
nonzero hydrostatic stress, and low-amplitude cycles. To illustrate
the performance of our methodology, six different variants of our
DAM are developed using three popular multiaxial fatigue criteria
of Sines, Crossland, and Dang Van. Chaboche’s cumulative
fatigue damage equation for 3D loading is recovered as a specific
DAM variant of this work, thus corroborating the underlying
assumptions and the key differential equation. Additionally, we
propose an efficient identification procedure that is capable of iden-
tifying the model parameters and also the endurance limit of alloys,
quite satisfactorily from noisy fatigue data. In addition to being
noisy, all fatigue data are characterized by R> 0, which is appropri-
ate for specimens susceptible to buckling under compression. These
features underline the robustness and the efficacy of the proposed
identification scheme.
The rest of this contribution is organized as follows: we begin

with the kinetic damage evolution law of Lemaitre and make use
of the above-mentioned assumptions to obtain the key differential
equation of this work, Eq. (10), expressed in terms of cycles differ-
ential and loading characteristics for multiaxial proportional load-
ings. This key equation possesses two principal degrees of
freedom that make it general enough to not only recover the well-
known Chaboche’s DAM but also to develop one’s own customized
analytical forms. One of the degrees of freedom is directly related to
the adopted fatigue criterion. Prior to the application of each fatigue
criterion, the key differential equation has to be adapted accord-
ingly. In order to make this equation compatible with Sines and
Crossland criteria, it needs to be expressed in terms of octahedral
shear stress amplitude. The necessary mathematical details allowing
for this adaptation are provided in Appendix A. Application of
Dang Van criterion in conjunction with the key equation requires
a different adaptation, which is elaborated in Appendix B. The
other degree of freedom of the principal equation concerns some
characteristic damage function that is more or less subjective and
highly depends on the user’s level of expertise. Two distinct char-
acteristic damage functions from the literature are examined,
which in combination with three above-mentioned fatigue criteria,
lead to six analytical, closed-form DAM variants of the present
investigation. These variants are six examples of countless analyti-
cal DAMs that are obtainable from countless combinations of
fatigue criteria and characteristic damage functions. Section 3
gives the details of the best practice to identify the model parameters
of DAM variants developed in this study using their reduced form
of uniaxial loading. Therein, it is explained how to identify the
fatigue endurance limit of metallic alloys from tension–tension
fatigue tests (i.e., R > 0). This is the case of test specimens suscep-
tible to buckling under compression. The efficiency and robustness
of the delineated identification procedure to noisy data are also
assessed. Section 4 is dedicated to the discussion and generalization
of the proposed approach. Concluding remarks and the significant
findings of the investigation are given in Sec. 5.

2 Development of the High Cycle Fatigue Damage
Accumulation Model for Multiaxial, Multiblock,
Proportional Loadings
The CDM driven model of HCF damage accumulation that is

developed hereunder is founded on a damage rate equation
derived by Lemaitre for brittle damage [39–41]. Brittle damage is
characterized by the creation of defects without measurable macro-
scopic plastic strain. Lemaitre [41] asserts that high cycle fatigue of
metals is one of the cases in which plastic strain may be reasonably
neglected. As such, one can safely assume that HCF and VHCF



failures can be described by the brittle damage mechanism. This
general idea has widely been exploited in Refs. [22–24] among
others, to model HCF response of the alloys investigated.
However, the majority of these models are limited to the simple
case of uniaxial fatigue loading with simple uniaxial fatigue criteria,
such as Goodman’s criterion, in contrast with the more general and
more versatile (V)HCF-DAM of this study, as demonstrated in the
following.
The (V)HCF-DAM that is proposed here is developed from the

following rate equation derived in Ref. [10] and exploited by
Refs. [22–24], among many others.

Ḋ = BY
θ
2−1Ẏ (1)

In the above evolution equation, θ is a material parameter and

Y =
σeq2

2E0(1 − D)2
f (σH/σeq) (2)

σH= σkk/3 is the hydrostatic stress and σeq is expressed as follows in
terms of deviatoric stress.

σeq =
3
2
SijSij

( )0.5

, Sij = σij − σHδij (3)

Function f, on the other hand, has the following representation

f (σH/σeq) =
2
3
(1 + υ) + 3(1 − 2υ)(σH/σeq)

2 (4)

As explained in Ref. [42], for isothermal high cycle fatigue, B=
B(D, σ) is a function of the stress state and damage variable. The
way the mathematical form of B is determined is elaborated
further below. Under proportional loading conditions, it can be
demonstrated that [22,42]

Ḋ =
�Bσθ−1eq σ̇eq

(1 − D)θ
where �B = 21−

θ
2Bf

θ
2 (σH/σeq)E

−θ
2

0 (5)

Moreover, under proportional loading, fθ/2(σH/σeq)= constant
[22,42]. Naturally, Ḋ > 0 when σ̇eq > 0 and Ḋ = 0 if σ̇eq ≤ 0,
simply because negative damage rate is not physical.
The above damage evolution equation is expressed in time dif-

ferential form, which makes it less suitable for practical applica-
tions. The time differential equation (5) is therefore integrated
over one cycle in order to eliminate the time differential in favor
of the differential of cycles. Since the differential of von Mises
equivalent stress appears on the right-hand side, the variation of
this variable over one cycle is required. Assuming that the
loading is proportional and given that von Mises equivalent
stress is always positive, four distinct states may arise for the
diagram of σeq with respect to γ(t), the time coefficient of the pro-
portional stress tensor, as demonstrated in Fig. 1. Here, γm=min (γ)
and γM=max (γ). By definition, the time-varying, proportional
stress tensor σ(t, X) at the point X can be decomposed as follows
where γ is the time-varying proportionality coefficient and stress
tensor Σ is independent of time.

σ(t, X) = γ(t)Σ(X) (6)

Considering the above illustration, the time differential Eq. (5) is
integrated over Ω, the domain of one complete cycle of loading.
Without loss of generality, we assume that the extremes of Ω,
respectively, coincide the start and end of the ascending and
descending paths of a period in γ(t).

dD
dN

=
∫
Ω
Ḋdt =

∫
Ω

�Bσθ−1eq σ̇eq

(1 − D)θ
dt =

∫
Ω

�Bσθ−1eq

(1 − D)θ
dσeq (7)

With regard to cases (a) and (b) of Fig. 1, there is one ascending
path within Ω where σ̇eq > 0. For these two cases, the change in
the damage variable per cycle is readily obtained by calculating

the integral (7) over the respective ascending path.

dD
dN

=
∫σeq

M

σeqm

�Bσθ−1eq

(1 − D)θ
dσeq =

2�B

θ(1 − D)θ
(σθeq

M
− σθeqm ) (8)

For cases (c) and (d) of Fig. 1, there are two ascending paths
within Ω where σ̇eq > 0. For these two cases, the change in the
damage variable per cycle is obtained by breaking the integral
over two intervals within which the integrand is nonzero.

dD
dN

=
∫σeqm
0

�Bσθ−1eq

(1 − D)θ
dσeq +

∫σeq
M

0

�Bσθ−1eq

(1 − D)θ
dσeq

=
2�B

θ(1 − D)θ
(σθeq

M
+ σθeqm )

(9)

To calculate the two previous integrals, it is assumed that the
damage variable does not change over the domain of one cycle
[22,42]. The last two differential equations can be unified into a
single equation as below

dD
dN

=
2�B

θ(1 − D)θ
[σθeqM − sign(Rp)σ

θ
eqm

] (10)

where the proportionality ratio Rp = γm/γM = σijm/σijM . With this
definition for Rp, its variation is confined to −∞<Rp < 1, in
analogy with the stress ratio R= σm/σM, used for uniaxial cyclic
loadings. In light of the development of Appendix A, Eq. (10) is
recast as a function of AII, the octahedral shear stress amplitude
for proportional loading (see e.g., Eq. (9) in Ref. [21]).

dD
dN

=
2θ+1�BAII

θ

θ(1 − D)θ
1 − sign(Rp)[|Rp|sign(Rp+1)]

θ

[1 − sign(Rp)|Rp|sign(Rp+1)]θ
(11)

where AII =
1
2

���������������������������������������������������
3
2
[(S1M − S1m)

2 + (S2M − S2m)
2 + (S3M − S3m)

2]

√
.

AII is frequently utilized in works on multiaxial fatigue loadings;
hence, the new representation of the key differential equation of

Fig. 1 Schematic representation of four distinct possible cases
that may occur for γ(t) and its impact on σeq: (a) γm>0; (b) γM<0;
(c) γmγM<0 and |γM| > |γm|; and (d ) γmγM<0 and |γM| < |γm|



damage evolution. The above differential equation serves as
the basis for the subsequent DAM relations with Sines or
Crossland criteria. In reference to Eq. (5) and knowing that B=
B(D, σ), �B is a function of D and σ, at a constant temperature.
To proceed with the damage model development, a substantial
assumption is made here that �B can be multiplicatively decomposed
as follows

�B(D, σ) = H(D)M(σ) (12)

where H and M are, respectively, scalar functions of the damage
variable and the stress tensor. Substitution of the above decomposi-
tion into the differential equation (11) leads to

(1 − D)θdD
H(D)

= 2θ+1AII
θ M(σ)

θ

1 − sign(Rp)[|Rp|sign(Rp+1)]
θ

[1 − sign(Rp)|Rp|sign(Rp+1)]θ
dN (13)

The central idea of the remaining procedure lies in choosing a
proper mathematical form for H(D), referred to as characteristic
damage function, in the first place. The functional form of M(σ)
will subsequently be determined from the adopted multiaxial
fatigue criterion. Once this criterion is known, M(σ) is calculated
by studying two specific limit cases of identical fatigue lives and
equating them, as elaborated in the following. Listed below are
two different functions of H(D) that are examined in this work, as
they are usually adopted in the relevant literature [43] and
[19,44], respectively.

(i). H(D) = (1 − D)θDα (ii). H(D) = [1 − (1 − D)1+θ]α

For each case of H(D), three multiaxial fatigue criteria, namely
Sines, Crossland, and Dang Van, summarized below, are studied
to find their associated M(σ), thereby determining the damage evo-
lution laws for a generic cyclic loading block.

Sines: AII − A*
Sns ≤ 0, A*

Sns = σ10 (1 − 3b�σH)

Crossland: AII − A*
CL ≤ 0, A*

CL = σ10
1 − 3bσHM

1 − bσ10

Dang-Van: τa − A*
DV ≤ 0, A*

DV = σ10
1 − 3bσHM

2(1 − bσ10 )

Application of Dang Van criterion requires a different differential
equation than Eq. (13). Appendix B is devoted to the derivation
of Eq. (B13), which is the analogue of Eq. (13) and is specifi-
cally developed for using Dang Van criterion with the damage
accumulation model of this work. Therefore, different forms of
H(D) and different multiaxial fatigue criteria give rise to different
variants of DAM. As such, each variant is characterized by the
functional form chosen for H and the adopted fatigue criterion.
For example, Crossland-H(i) denotes the variant of damage model
(13) in which H of case (i) is employed for the integral operation,
and Crossland fatigue criterion is used for determining M(σ), thus
completing the explicit expression of the DAM variant.

2.1 Case (i): H(D) = (1 − D)θDα. This first choice for H(D)
helps to cancel the term (1 − D)θ on the left-hand side of the differ-
ential equation (13) and leaves the remaining expression explicitly
integrable. With this particular choice, the resulting differential
equation looks like the evolution law Ḋ = φDζ, which has been
exploited by Patil et al. [43], where φ and ζ are two unknown func-
tions of the loading state. They argue that the above form leads to
good results for the problems they had studied. For the exponent
α, Dattoma et al. [45] proposed a slight modification to the form
suggested by Chaboche [19] and Lesne and Chaboche [44]. Their
modified form of α function, given in Eq. (14), is adopted in the
present study. Knowing that α is a function of the adopted fatigue
criterion, for different fatigue criteria examined in this study, the

corresponding α functions are given below.

αSns = 1 − a
〈AII − A*

Sns〉
σu − σeqM

( )ζ

, αCL = 1 − a
〈AII − A*

CL〉
σu − σeqM

( )ζ

,

αDV = 1 − a
〈τa − A*

DV〉
σu − σeqM

( )ζ

(14)

In above α functions, ζ and a are the model parameters. In fact, α
function of Chaboche’s damage model lacks exponent ζ of the
expression between parentheses. With this proposed form for
H(D), the solution to the governing differential equation (13) is
readily obtained by examining two numerical possibilities for α
exponent, namely 0 < α< 1 and α= 1, because of Macaulay brackets
operator. The former is related to the HCF region and the latter to
VHCF region. In what follows, we first employ Sines and Crossland
criteria to obtain the corresponding damage evolution laws, as their
solutions are closely linked. Then, the damage evolution expression
with H(i) and Dang Van criterion is presented.

2.1.1 Sines-H(i) Variant—High Cycle Fatigue Part (0 < α<1).
Since the HCF regime of loading is concerned, 0 < α< 1. Substi-
tuting H(i) into Eq. (13) gives

∫Di

Di−1

dD
Dα

=
∫Ni

0

M(σi)
θ

2θ+1[1 − sign(Rp)[|Rp|sign(Rp+1)]
θ
]i

AIIi
−θ[1− sign(Rp)|Rp|sign(Rp+1)]

θ

i

dN

⇒ D1−αi
i −D1−αi

i−1
1− αi

=
M(σi)
θ

2θ+1[1 − sign(Rp)[|Rp|sign(Rp+1)]
θ
]i

AIIi
−θ[1− sign(Rp)|Rp|sign(Rp+1)]

θ

i

Ni (15)

The above integration operation and similar ones below are
carried out over the generic loading block i of Ni cycles. Di−1 and
Di, respectively, denote the damage variable at the beginning and
at the end of the cycle. To determine the functional form of M,
a multiaxial fatigue criterion has to be chosen first. Since the
damage evolution (15) is expressed in AII, Sines and Crossland cri-
teria are quite suitable. Assuming the applicability of Sines crite-
rion, two specific cyclic loadings are parameterized such that their
fatigue lives, denoted by NF1 and NF2 , are identical according to
Sines fatigue criterion. Then, the mathematical expressions of
these two fatigue lives are equated to obtain the functional form
of MSns(σ). Further below, explanations are provided as to why
these two particular choices are made.
Load configuration 1 according to Sines fatigue criterion:

A*
Sns = σ10 , AII = lim

ε�0+
(A*

Sns + ε),

⇒ 1 − αSns = a
〈AII − A*

Sns〉
σu − σeqM

( )ζ

= lim
ε�0+

a
ε

σu − σeqM

( )ζ

(16a)

Load configuration 2 according to Sines fatigue criterion:

A*
Sns = σ10 (1 − 3b�σH), AII = lim

ε�0+
(A*

Sns + ε),

⇒ 1 − αSns = a
〈AII − A*

Sns〉
σu − σeqM

( )ζ

= lim
ε�0+

a
ε

σu − σeqM

( )ζ

(16b)

The first choice of load configuration is the uniaxial, symmetric
fatigue loading, with the amplitude AII = σa = lim

ε�0+
(σl0 + ε)

and mean stress �σH = 0, for which the number of cycles to
failure is calculated by proper substitution into the second



relationship (15).

NF1 = lim
ε�0

1−D
a ε

σu−σl0
−ε

( )ζ

0

⎛
⎜⎜⎝

⎞
⎟⎟⎠ ε

σu − σl0 − ε

( )−ζ θ

4M0σθl0a
=
−θ lnD0

4M0σθl0

(17)

In the above expression, M0 corresponds to the value of M func-
tion at zero mean hydrostatic stress, and D0 denotes the initial
damage available in the specimen before fatigue loading. The sig-
nificance of this model parameter is discussed further below. The
second choice of load configuration corresponds to a single-block,
multiaxial, harmonic one where �σH ≠ 0 takes any general value and
AII = lim

ε�0+
σl0 (1 − 3b�σH) + ε. Note that the octahedral shear stress

amplitude is tuned with respect to the chosen fatigue criterion.
The number of cycles to failure of such a load configuration is
calculated by proper substitution into the damage evolution expres-
sion (15).

NF2= lim
ε�0+

θ[1−sign(Rp)|Rp|sign(Rp+1)]
θ
1−D

a ε
σu−σeq

( )ζ

0

⎛
⎜⎝

⎞
⎟⎠ ε

σu−σeq

( )−ζ

2θ+1aMSns(σ)(σl0 (1−3b�σH)+ε)θ[1−sign(Rp)[|Rp|sign(Rp+1)]
θ
]

=
−θlnD0[1−sign(Rp)|Rp|sign(Rp+1)]

θ

2θ+1MSns(σ)(σl0 (1−3b�σH))θ[1−sign(Rp)[|Rp|sign(Rp+1)]
θ
]

(18)

The two fatigue lives calculated in Eqs. (17) and (18) belong to
the loci of the points of identical fatigue lives, according to Sines
criterion. For this reason, they are equated to calculate the sought-
for functional form of MSns(σ).

MSns(σ) =
M0[1 − sign(Rp)|Rp|sign(Rp+1)]

θ

2θ−1(1 − 3b�σH)
θ[1 − sign(Rp)[|Rp|sign(Rp+1)]

θ
]

(19)

To comply with Chaboche’s suggestion to increase the flexibility
of the model, an independent model parameter b2 is considered for
MSns [46]. Substituting thus calculated MSns into Eq. (15) yields

D1−αi
i − D1−αi

i−1 = (1 − αi)
4M0AIIi

θ

θ(1 − 3b2�σHi )
θ Ni

where αi = 1 − a
AIIi − σl0 (1 − 3b1�σHi )

σu − σeqMi

( )ζ

(20)

This is the HCF part of Sines−H(i) variant where 0 < α< 1
because AIIi − σl0 (1 − 3b1�σHi ) > 0 or equivalently AIIi − A*

Sns(i) > 0.

D
a

AIIi
−A*

Snsi
σu−σeqMi

( )ζ

i − D
a

AIIi
−A*

Snsi
σu−σeqMi

( )ζ

i−1 = a
AIIi − A*

Snsi

σu − σeqMi

( )ζ
4M0AIIi

θ

θ(1 − 3b2�σHi )
θ Ni

if AIIi − A*
Sns(i) > 0 (21)

Before dealing with the VHCF part of this variant, let us take a
closer look at relation (21). As discussed by Chaboche, the param-
eter a of α function cannot be independently identified merely by
using fatigue tests [19]. It is also the case for the parameter a that
appears in Eq. (21) of Sines-H(i) variant and also in all other variants
of the proposed DAM in this work. Although non-identifiable with
HCF tests, parameter a poses no problem in employing different
DAM variants, as demonstrated below.
Let us introduce the new variable λi = Da

i , which maps 0 <Di < 1
into 0 < Da

i = λi < 1, and the new model parameter η= 4M0a. As
such, the HCF part of Sines-H(i) variant is recast as follows,

thereby eliminating parameter a from expression (21).

λ

AIIi
−A*

Snsi
σu−σeqMi

( )ζ

i − λ

AIIi
−A*

Snsi
σu−σeqMi

( )ζ

i−1 =
AIIi − A*

Snsi

σu − σeqMi

( )ζ
ηAIIi

θ

θ(1 − 3b2�σHi )
θ Ni

if AIIi − A*
Sns(i) > 0

(22)

This new form of representation reduces the number of model
parameters by one. This same idea is applied to other variants of
the model in order to make parameter a disappear and reduce the
number of model parameters without losing its generality. It is
worthwhile to recall that as explained by Lemaitre and Chaboche,
“D= 0 corresponds to the nondamaged or virgin state, D= 1 corre-
sponds to the breaking of the volume element into two parts…, 0 <
D< 1 characterizes the damaged state.” (see Ref. [47]). This con-
vention has been adopted by many researchers working in this
domain, such as Refs. [20–24], among others.

2.1.2 Sines-H(i) Variant—VHCF Part (α= 1). When the
expression between Macaulay brackets is no more positive, i.e.,
AIIi − σl0 (1 − 3b1�σHi ) ≤ 0, then α= 1 and the VHCF regime is con-
cerned. For this part of the variant, one needs to let α= 1 in Eq. (15)
before calculating the integral. Since function M depends exclu-
sively on the adopted criterion, one only needs to substitute MSns

from Eq. (19) into the right-hand side of Eq. (15). Therefore, the
VHCF part of Sines-H(i) variant reads∫Di

Di−1

dD
D

=
∫Ni

0

2M(σ)
θ

(2AIIi )
θ[1 − sign(Rp)[|Rp|sign(Rp+1)]

θ
]i

[1 − sign(Rp)|Rp|sign(Rp+1)]
θ

i

dN

⇒ ln (Di) − ln (Di−1) =
4M0AIIi

θ

θ(1 − 3b2�σHi )
θ Ni (23)

To be consistent with the variables and parameters of the HCF
part in Eq. (22), the second relationship of Eq. (23) is multiplied
through by a which is then passed into the logarithmic expressions.
Therefore, the complementary part of the variant under consider-
ation reads

ln (λi) − ln (λi−1) =
ηAIIi

θ

θ(1 − 3b2�σHi )
θ Ni (24)

For all practical purposes, the expressions of both parts of
the variant are collected in a system of equations describing
Sines-H(i) variant of the DAM of the present work.

λ

AIIi
−A*

Snsi
σu−σeqMi

( )ζ

i − λ

AIIi
−A*

Snsi
σu−σeqMi

( )ζ

i−1

=
AIIi − A*

Snsi

σu − σeqMi

( )ζ
ηAIIi

θNi

θ(1 − 3b2�σHi )
θ if AIIi − A*

Sns(i) > 0

ln (λi) − ln (λi−1) =
ηAIIi

θNi

θ(1 − 3b2�σHi )
θ if AIIi − A*

Sns(i) ≤ 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(25)

Note that when λ= 1, it means that D= 1 and the mechanical
component is regarded as fully damaged. An identical derivation
procedure is followed for Crossland-H(i) variant in Sec. 2.1.3.

2.1.3 Crossland-H(i) Variant—High Cycle Fatigue Part
(0 < α <1). Given that Crossland fatigue criterion is expressed in
terms of AII, similar to Sines criterion, Eq. (15) is the suitable
form of our DAM for calculating the explicit expression of HCF
part of Crossland-H(i) variant. Similar to Sines-H(i) variant, two
load configurations have to be defined with respect to Crossland
fatigue criterion to calculate the corresponding NF1 and NF2 in the
first place and then find the associatedMCL(σ). The pair of load con-
figurations proper to Crossland fatigue criterion are parameterized
in the same way they have been set for Sines criterion.



Load configuration 1 and 2 according to Crossland fatigue crite-
rion are as follows:

A*
CL = σ10 , AII = lim

ε�0+
(A*

CL + ε),

⇒ 1 − αCL = a
〈AII − A*

CL〉
σu − σeqM

( )ζ

= lim
ε�0+

a
ε

σu − σl0 − ε

( )ζ

(26a)

A*
CL = σ10

1 − 3bσHM

1 − bσ10
, AII = lim

ε�0+
(A*

CL + ε),

⇒ 1 − αCL = a
〈AII − A*

CL〉
σu − σeqM

( )ζ

= lim
ε�0+

a
ε

σu − σeqM

( )ζ

(26b)

Following a similar procedure to Sines-H(i) variant, one obtains

MCL(σ) =
M0[1 − sign(Rp)|Rp|sign(Rp+1)]

θ

2θ−1[1 − sign(Rp)[|Rp|sign(Rp+1)]
θ
]

1 − 3b2σHM

1 − b2σ10

( )−θ

(27)

leading to

D1−αi
i − D1−αi

i−1 = (1 − αi)
4M0NiAIIi

θ

θ

1 − 3b2σHMi

1 − b2σ10

( )−θ

where αi = 1 − a
AIIi − A*

CLi

σu − σeqMi

( )ζ

(28)

or equivalently

D
a

AIIi
−A*

CLi
σu−σeqMi

( )ζ

i − D
a

AIIi
−A*

CLi
σu−σeqMi

( )ζ

i−1 =
AIIi − A*

CLi

σu − σeqMi

( )ζ
1 − 3b2σHMi

1 − b2σ10

( )−θ

×
4aM0AIIi

θNi

θ
if AIIi − A*

CLi
> 0

(29)

since AIIi − A*
CLi

≥ 0. In a similar manner to Sines-H(i) variant, and
using the previously introduced variable λ and parameter η, one
obtains the following more compact form, thus making parameter
a disappear.

λ

AIIi
−A*

CLi
σu−σeqMi

( )ζ

i − λ

AIIi
−A*

CLi
σu−σeqMi

( )ζ

i−1

=
AIIi − A*

CLi

σu − σeqMi

( )ζ
1 − 3b2σHMi

1 − b2σ10

( )−θηAIIi
θNi

θ
if AIIi − A*

CLi
> 0

(30)

Similar to the previous variant, λ and η allow for reducing by one
of the model parameters.

2.1.4 Crossland-H(i) Variant—VHCF Part (α= 1). Similar to
VHCF part of Sines-H(i), relation (23) is utilized with MCL to
obtain the VHCF part of Crossland-H(i) variant in which parameter
reduction idea is applied using λ and η.

ln (Di)− ln (Di−1)=
4M0NiAIIi

θ

θ

1− 3b2σHMi

1− b2σ10

( )−θ

≡ ln (λi)− ln (λi−1)=
ηAIIi

θNi

θ

1− 3b2σHMi

1− b2σ10

( )−θ

(31)

In short, Crossland-H(i) variant of the damage accumulation
model is composed of relations (30) and (31) describing the HCF
and VHCF regimes, respectively.

λ

AIIi
−A*

CLi
σu−σeqMi

( )ζ

i − λ

AIIi
−A*

CLi
σu−σeqMi

( )ζ

i−1

=
AIIi − A*

CLi

σu − σeqMi

( )ζ
1 − 3b2σHMi

1 − b2σ10

( )−θ ηAIIi
θNi

θ
if AIIi − A*

CLi
> 0

ln (λi) − ln (λi−1) =
1 − 3b2σHMi

1 − b2σ10

( )−θ ηAIIi
θNi

θ
if AIIi − A*

CLi
≤ 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(32)

Application of Dang Van criterion is both different from and
similar to the application of Sines and Crossland criteria. It is differ-
ent because Dang Van criterion is not expressed in AII, hence
making the differential equation (13) non-applicable, and it is
similar because the appropriate differential equation (B13) looks
very much like that of Eq. (13). Moreover, the pair of load config-
urations are defined in a similar manner to find the equivalentM(σ).
Appendix B is dedicated to derive the differential equation (B13),
which is the analog of Eq. (13).

2.1.5 Dang Van-H(i) Variant—High Cycle Fatigue Part (0 <
α <1). Integrating the differential equation (B13) with H(D) =
(1 − D)θDα for loading block i with Ni cycles gives∫Di

Di−1

dD
Dα

=
∫Ni

0

M(σ)
θ

τa
θϕ(σ)dN ⇒ D1−αi

i −D1−αi
i−1

(1− αi)
=
M(σi)ϕ(σi)

θ
τa

θNi

(33)

where the appropriate α function for Dang Van criterion introduced
in relation (14) is used. Although the product of the scalar functions
M(σi)ϕ(σi) in Eq. (33) can be replaced with a single unknown func-
tion, they are kept as they are. The two corresponding load config-
urations that help to determine M(σi)ϕ(σi) are tuned as follows.
Load configuration 1 and 2 according to Dang Van fatigue crite-

rion:

A*
DV =

σ10
2

, τa = lim
ε�0+

σ10
2

+ ε
( )

,

⇒ 1 − αDV = a
〈τa − A*

DV〉
σu − σeqM

( )ζ

= lim
ε�0+

a
ε

σu − σeqM

( )ζ

(34a)

A*
DV = σ10

1 − 3bσHM

2(1 − bσ10 )
, τa = lim

ε�0+
(A*

DV + ε),

⇒ 1 − αDV = a
〈τa − A*

DV〉
σu − σeqM

( )ζ

= lim
ε�0+

a
ε

σu − σeqM

( )ζ

(34b)

The first load configuration is plugged into Eq. (33) to calculate
the corresponding number of cycles to failure NF1.

NF1 = lim
ε�0+

1 − D
aDV ε

σu−σeq
M

( )ζ

0

aDV
ε

σu − σeqM

( )ζ M0

θ

σl0 + ε

2

( )θ
ϕ0

=
− lnD0

M0

θ

σl0
2

( )θ
ϕ0

(35)

Similarly, the number of cycles to failure corresponding to the
second load configuration is calculated.

NF2 = lim
ε�0+

θ
1−D

aDV ε
σu−σeqM

( )ζ

0

aDVM(σ)ϕ(σ)
ε

σu−σeqM

( )−ζ σ10 (1−3bσHM)
2(1−bσ10 )

+ε

( )−θ

= θ
− lnD0

M(σ)ϕ(σ)
σ10 (1−3bσHM)
2(1−bσ10 )

( )−θ

(36)



Equating the two fatigue lives gives

MDV(σ)ϕDV(σ) =M0ϕ0
(1 − 3b2σHM)
1 − b2σ10

( )−θ

(37)

Substituting the above result back into Eq. (33) and opting for b2
coefficient different from b1, we obtain the following relationship
for Dang Van-H(i) variant that suits HCF regime.

D1−αi
i − D1−αi

i−1 =
M0ϕ0τ

θ
ai

θ

1 − 3b2σHMi

1 − b2σ10

( )−θ

(1 − αi)Ni

1 − αi = a
τai − A*

DVi

σu − σeqMi

( )ζ

(38)

When 0 <αDV < 1, it means τai − σ10 (1 − 3bσHM)/(2(1 − bσ10 )) >
0 or equivalently τai − A*

DVi
> 0. Therefore,

D
a

τai
−A*

DVi
σu−σeqMi

( )ζ

i − D
a

τai
−A*

DVi
σu−σeqMi

( )ζ

i−1

=
aM0ϕ0τ

θ
ai

θ

τai − A*
DVi

σu − σeqMi

( )ζ
1 − 3b2σHMi

1 − b2σ10

( )−θ

Ni

if τai − A*
DVi

> 0 (39)

To eliminate parameter a, Eq. (39) is rewritten in terms of λ and η
similar to its Sines and Crossland counterparts.

λ

τai
−A*

DVi
σu−σeqMi

( )ζ

i − λ

τai
−A*

DVi
σu−σeqMi

( )ζ

i−1

=
τai −A*

DVi

σu − σeqMi

( )ζ
1− 3b2σHMi

1− b2σ10

( )−θητθaiNi

θ
if τai −A*

DVi
> 0 (40)

2.1.6 Dang Van-H(i) Variant—VHCF Part (α= 1). The com-
plementary part of the current variant for the VHCF regime is
obtained by setting α= 1.

∫Di

Di−1

dD
D

=
∫Ni

0

M(σ)
θ

τθaiϕ(σ)dN ⇒ ln (Di) − ln (Di−1)

=
M(σi)ϕ(σi)

θ
τθaiNi

(41)

Substituting forM(σi)ϕ(σi) from Eqs. (37) into (41) and multiply-
ing through by a gives the following explicit expression:

a ln (Di) − a ln (Di−1) =
aM0ϕ0

θ
τai

θNi
1 − 3b2σHMi

1 − b2σ10

( )−θ

≡ ln
λi
λi−1

( )

=
η

θ
τai

θNi

1 − 3b2σHMi

1 − b2σ10

( )−θ

(42)

For ease of reference, both parts of the Dang Van-H(i) variant are
presented as follows:

λ

τai
−A*

DVi
σu−σeqMi

( )ζ

i − λ

τai
−A*

DVi
σu−σeqMi

( )ζ

i−1

=
τai − A*

DVi

σu − σeqMi

( )ζ
1 − 3b2σHMi

1 − b2σ10

( )−θ ητai
θNi

θ
if τai − A*

DVi
> 0

ln
λi
λi−1

( )
=
η

θ
τai

θNi
1 − 3b2σHMi

1 − b2σ10

( )−θ

if τai − A*
DVi

≤ 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(43)

In this way, three different variants of the proposed DAM, corre-
sponding to three different multiaxial fatigue criteria, are analyti-
cally derived. For each variant, two expressions corresponding to
two fatigue life regimes of HCF and VHCF are provided. Mathe-
matical expressions of the above variants are direct functions of
the adopted H(D). In the following section, a different form of
dependence for H(D) is studied and the expressions of the new var-
iants are subsequently determined.

2.2 Case (ii): H(D) = [1 − (1 − D)1+θ]α. With this particular
choice for H(D), one retrieves Chaboche’s fatigue DAM [19,44]
as will be demonstrated later on. This correspondence serves as a
validation for our proposed DAM as it is general enough such
that Chaboche’s DAM for HCF and VHCF regimes is one of its
innumerable variants. This is indeed the strength of the fundamental
differential equations (13) and (B13) that we developed in this work
as they provide the users with more degrees of freedom to examine
different forms of dependence for H(D) together with different
fatigue criteria and then choose the one that is best suited for
their application. Similar to the treatment provided under case (i),
the same fatigue criteria are deployed with H(D) of case (ii) to
derive the analogs of the previous variants.

2.2.1 Sines-H(ii) Variant, High Cycle Fatigue Part (0 < α<1).
Integration of the governing differential equation (13) using the
new H(D) over the loading block i with Ni cycles to failure when
0 < αi < 1, yields∫Di

Di−1

(1 − D)θdD

[1 − (1 − D)θ+1]
α

=
∫Ni

0

M(σi)
θ

2θ+1AIIi
θ[1 − sign(Rp)[|Rp|sign(Rp+1)]

θ
]i

[1 − sign(Rp)|Rp|sign(Rp+1)]
θ
i

dN

⇒ [1 − (1 − Di)θ+1]
1−αi − [1 − (1 − Di−1)θ+1]

1−αi

2θ+1(1 − αi)(θ + 1)

=
M(σi)
θ

AIIi
θ[1 − sign(Rp)[|Rp|sign(Rp+1)]

θ
]i

[1 − sign(Rp)|Rp|sign(Rp+1)]
θ
i

Ni (44)

As discussed earlier under case (i), determination of the func-
tional form of M(σi) requires a fatigue criterion. It is assumed
that Sines criterion applies and the two load configurations (16)
are substituted into the damage equation (44) to calculate the
corresponding number of cycles to failure, NF1 and NF2. Accord-
ingly,

NF1 = lim
ε�0+

θ

4M0σθl0

1 − [1 − (1 − D0)θ+1]
a ε

σu−σl0
−ε

( )ζ

a
ε

σu − σl0 − ε

( )ζ

(θ + 1)

= −
θ

4(θ + 1)M0σθl0
ln [1 − (1 − D0)

θ+1] (45)

NF2= lim
ε�0+

θ

M(σ)2θ+1(σl0 (1−3b�σH)+ε)θ
[1−sign(Rp)|Rp|sign(Rp+1)]

θ

[1−sign(Rp)[|Rp|sign(Rp+1)]
θ
]

×
1− [1− (1−D0)θ+1]

a ε
σu−σeqM

( )ζ

a
ε

σu−σeqM

( )ζ

(θ+1)

=−
θ ln[1− (1−D0)θ+1]

(θ+1)M(σ)2θ+1(σl0 (1−3b�σH))
θ

[1−sign(Rp)|Rp|sign(Rp+1)]
θ

[1−sign(Rp)[|Rp|sign(Rp+1)]
θ
]

(46)



Equating both fatigue lives gives MSns(σ).

MSns(σ) =
M0

2θ−1(1 − 3b�σH)
θ

[1 − sign(Rp)|Rp|sign(Rp+1)]
θ

[1 − sign(Rp)[|Rp|sign(Rp+1)]
θ
]

(47)

A quick check with MSns(σ) of Eq. (19), which is obtained with
H(D) of case (i), shows that both expressions are essentially identi-
cal. This identity seems limited to these two cases examined here.
Substitution of MSns into Eq. (44) gives the explicit expression of
the Sines-H(ii) variant of our DAM for HCF regime.

[1 − (1 − Di)θ+1]
1−αi − [1 − (1 − Di−1)θ+1]

1−αi

1 − αi

=
4(θ + 1)M0

θ

AIIi
θ

(1 − 3b2�σHi )
θ Ni

where 1 − αi = a
AIIi − σl0 (1 − 3b1�σHi )

σu − σeqMi

( )ζ

(48)

To eliminate parameter a, the equivalence between the following
inequalities is exploited.

0 < D < 1 ≡ 0 < (1 − D)1+θ < 1 ≡ 0 < [1 − (1 − D)1+θ]a < 1 (49)

Therefore, a new model parameter μ= 4M0(1+ θ)a, correspond-
ing to η, together with a new variable δ= [1− (1−D)1+θ]a, corre-
sponding to λ, are introduced here to rewrite relation (48) into the
following shorter form.

δ

AIIi
−A*

Snsi
σu−σeqMi

( )ζ

i − δ

AIIi
−A*

Snsi
σu−σeqMi

( )ζ

i−1 =
AIIi − A*

Snsi

σu − σeqMi

( )ζ
μAIIi

θNi

θ(1 − 3b2�σHi )
θ

if AIIi − A*
Sns(i) > 0

(50)

A quick check with the HCF part of Sines-H(i) variant shows that
both expressions (22) and (50) are essentially identical, implying
that for a given multiaxial fatigue criterion, both cases (i) and (ii)
for H(D) lead to the same damage accumulation rule. This conclu-
sion is also true for the VHCF part of this variant, as is shown
below.

2.2.2 Sines-H(ii) Variant, VHCF Part (α= 1). Following a
similar procedure, one obtains

∫Di

Di−1

(1 − D)θdD

1 − (1 − D)θ+1

=
∫Ni

0

2M(σ)
θ

(2AIIi )
θ[1 − sign(Rp)[|Rp|sign(Rp+1)]

θ
]i

[1 − sign(Rp)|Rp|sign(Rp+1)]
θ
i

dN

⇒ ln [1 − (1 − Di)
θ+1] − ln [1 − (1 − Di−1)

θ+1]

=
4(1 + θ)M0AIIi

θ

θ(1 − 3b2�σHi )
θ Ni (51)

Multiplying through by a and making use of the newly defined
parameter μ and variable δ, the VHCF part of Sines-H(ii) variant
takes the following new form of representation.

ln δi − ln δi−1 =
μAIIi

θNi

θ(1 − 3b2�σHi )
θ (52)

It can be seen that both expressions (24) and (52) are in fact iden-
tical. This correspondence as well as other similar ones implies that
only when HCF and/or VHCF loadings are involved, both choices
of H(D) give rise to the same mathematical expressions of the

damage accumulation rule for a given fatigue criterion. This is
however not the case if other damage mechanisms, such as creep
loading, are also active because in that case parameter a remains
as an independently identifiable parameter that cannot be eliminated
as is done in this work.

2.2.3 Crossland-H(ii) Variant, High Cycle Fatigue (α<1) and
VHCF (α= 1) Parts. Assuming the applicability of Crossland crite-
rion, one has to consider the load configurations (26) in combina-
tion with the relationship (44) to obtain MCL.

MCL(σ) =
M0[1 − sign(Rp)|Rp|sign(Rp+1)]

θ

2θ−1
1 − 3b2σHM

1 − b2σ10

( )θ

[1 − sign(Rp)[|Rp|sign(Rp+1)]
θ
]

(53)

As is the case for MSns, MCL too looks independent of the math-
ematical form ofH(D). Therefore, Crossland-H(ii) variant of the pro-
posed DAM for HCF regime reads

δ

AIIi
−A*

CLi
σu−σeqMi

( )ζ

i − δ

AIIi
−A*

CLi
σu−σeqMi

( )ζ

i−1

=
μAIIi

θ

θ

1 − 3b2σHMi

1 − b2σ10

( )−θ AIIi − A*
CLi

σu − σeqMi

( )ζ

Ni if AIIi − A*
CLi

> 0

(54)

in which use is made of newly defined parameter μ and variable δ.
Likewise, the VHCF part of Crossland-H(ii) variant is obtained as:

ln (δi) − ln (δi−1) =
μAIIi

θNi

θ

1 − 3b2σHMi

1 − b2σ10

( )−θ

if AIIi − A*
CLi

≤ 0

(55)

It can be seen that Eqs. (54) and (55) are identical to their
corresponding ones in Eqs. (30) and (31), which are obtained
with H(i).

2.2.4 Dang Van-H(ii) Variant, High Cycle Fatigue (α<1) and
VHCF (α= 1) Parts. By following a similar procedure, the mathe-
matical expressions of both parts of Dang Van-H(ii) variant are
determined. Factoring out the intermediate mathematical steps
leading to these two expressions, one finally obtains

δ

τai
−A*

DVi
σu−σeqMi

( )ζ

i − δ

τai
−A*

DVi
σu−σeqMi

( )ζ

i−1

=
μτθaiNi

θ

τai − A*
DVi

σu − σeqMi

( )ζ
1 − 3b2σHMi

1 − b2σ10

( )−θ

if τai − A*
DVi

> 0

ln
δi
δi−1

( )
=
μ

θ
τθaiNi

1 − 3b2σHMi

1 − b2σ10

( )−θ

if τai − A*
DVi

≤ 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(56)

Again, the corresponding expressions of both Dang Van variants
are technically identical.

3 Parameter Identification of the Damage
Accumulation Model Variants Using the Uniaxial Form
To explain the efficient identification scheme devised here for the

model parameters of this study, let us take as example, Sines-H(i)

variant of the multiaxial DAM presented in Eq. (25). The HCF
part of this variant is first reduced to uniaxial loading conditions,
merely because the simplest fatigue tests to perform in the labora-
tory are single-block, uniaxial HCF tests with different values for
mean stress �σ and stress amplitude σa. In each fatigue test, �σH =
�σ/3 and AII= σa are imposed as test variables (inputs) and the cor-
responding number of cycles to failure NF are counted (output). In
this way, an experimental fatigue test database is prepared from



which the parameters of the variant in question developed for mul-
tiaxial proportional loadings should be identified. Solving the HCF
part of Sines-H(i) variant for NF under a generic single-block, uniax-
ial loading reads

NF = θ
σa − σl0 (1 − b1�σ)

σu − �σ − σa

( )−ζ1 − λ
σa−σl0

(1−b1�σ)

σu−�σ−σa

( )ζ
0

ησθa (1 − b2�σ)
−θ

(57)

where σa − σl0 (1 − b1�σ) > 0. For a generic single-block, uniaxial
HCF test, i= 1 and λi−1 = λ0 = Da

0, is a measure of the initial
damage in the specimen before running the fatigue test, and λ1 =
Da

1 = 1 indicates the damage at the break where the corresponding
number of cycles to failure NF is recorded. Should we take the
conventional value of 10+7 cycles at �σ = 0, σa = lim

ε�0+
σl0 + ε for

defining the fatigue endurance limit,σl0 , then λ0 is correlated with
other model parameters as follows:

lim
ε�0+

NF = lim
ε�0+

θ
ε

σu − �σ − σa

( )−ζ1 − λ
ε

σu−�σ−σa

( )ζ
0

η(σl0 + ε)θ

= −
θ ln (λ0)

ησθl0
⇒ λ0 = exp −

ησθl0 × 107

θ

( )
(58)

This is the advantage of using parameter λ0 that establishes a
relationship between the conventional (or maybe subjective) NF

corresponding to the definition of σl0 through the right-hand side
expression of Eq. (58). Furthermore, λ0 allows for the generalization
of the proposed DAM variants to other alloys than ferrous and tita-
nium alloys. This property of the as-presented DAM variants
together with the ad hoc identification scheme permits identifying
σl0 using fatigue tests run at R> 0, which is the admissible range
for specimens prone to buckling under R< 0. This feature is
further discussed below.
From among different identification schemes that we tested,

the most successful one is set forth in the following lines. This iden-
tification scheme is explained for the case of fatigue tests with R> 0
which is safer than HCF tests with R< 0. This is the strength of the
identification scenario adopted here as it does not require fatigue
tests with R=−1 to determine σl0 , and this material property is
treated like other model parameters to be identified.
Let us consider a sufficiently rich database of HCF tests of a

material whose cumulative fatigue damage evolution is satisfacto-
rily described by Sines-H(i) variant. Using the two-level parameter
identification procedure that is deployed here, σl0 , b1, η, θ, and ζ
are identified in the first level. For this stage, σu and σy, the materi-
al’s ultimate tensile strength and yield stress, respectively, are the
only material properties that are required. Although being a material
property, σl0 is treated as a model parameter to identify, merely to
examine the efficacy of the proposed identification scheme. With
regard to λ0, as explained earlier, it is not an independent parameter
and its interrelation with other parameters is given in Eq. (58). In the
second level of identification procedure, b2 will be the only param-
eter to identify. To eliminate b2 from the first level of identification,
let us consider two fatigue tests i, j with identical �σ. Their cycles to
failure ratio (CFRmodel) as predicted by relation (57) yields

CFRmodel =
NFi

NFj
=
σθaj

σaj − σl0 (1 − b1�σj)

σu − �σj − σaj

( )ζ

σθai
σai − σl0 (1 − b1�σi)

σu − �σi − σai

( )ζ

1 − λ

σai −σl0 (1−b1�σi )
σu−�σi−σai

( )ζ

0

1 − λ

σaj−σl0 (1−b1�σj )
σu−�σj−σaj

( )ζ

0

(59)

thus eliminating b2 from the first level of identification, keeping in
mind that η, which does not explicitly appear in CFRmodel, is a func-
tion of σl0 , θ, and λ0, according to Eq. (58). Assuming P batches of
fatigue tests with the test batch k consisting of Qk fatigue tests with
identical �σk , then the following nonnegative scalar cost function

defined in terms CFRmodel and their corresponding CFRtest helps
to carry out the first level of identification.

OF1 =
∑P
k=1

∑Qk−1

i=1

∑Qk

j=i+1

max
CFRmodel

CFRtest
− 1

∣∣∣∣
∣∣∣∣, CFRtest

CFRmodel
− 1

∣∣∣∣
∣∣∣∣

{ }
(60)

The above objective function proved to be the most successful
and most robust one after having tested various relevant objective
functions. In this way, OF1 is defined in terms of the first set
of unknown model parameters. Obviously, for all fatigue test
batches Qk≥ 2 and also the number of all independent HCF tests
in the fatigue database ought to be greater than five, the number
of model parameters appearing in the first level. With these con-
ditions being satisfied, the objective is searching for the global
minimum of OF1, which is taken as the best set of σl0 , b1, η, θ,
and ζ for the alloy from which the fatigue database is prepared.
For the second level of identification, namely identifying b2, the

following nonnegative scalar objective function is defined on all
fatigue tests.

OF2 =
∑n
i=1

max
NFimodel

NFimodel
− 1|

∣∣∣∣
∣∣∣∣, NFi test

NFimodel
− 1

∣∣∣∣
∣∣∣∣

{ }
(61)

Theoretically, if the model parameters σl0 , b1, η, θ, and ζ are suc-
cessfully identified in the first level and plugged into all NFi model
expressions in Eq. (61), b2 will be readily identified from the min-
imization of OF2. Nonetheless, we noticed that the best practice is
to re-identify η along with b2 in the second level, simply to achieve a
better robustness to noisy fatigue data. In this manner, the impact of
noise is minimized on the identified η and b2.
To verify the performance of the proposed identification proce-

dure, the model parameters and material properties of SM490
steel, given in Table 1, are taken from Refs. [23] and [48]. To
those values, we added ζ, the extra parameter of our DAM variants.
So, the idea is to build an artificial HCF database using these param-
eters in conjunction with Eq. (57) and then employ the above-
described two-level identification scheme to identify the associated
model parameters. To this end, one needs to choose the appropri-
ate pairs of (�σi, σai ) such that the necessary inequality of Eq. (57)
is satisfied and the corresponding number of cycles to failure lies
105 < NFi < 107. Table 2 lists 30 such HCF tests, equivalent to
five times the number of model parameters to identify. Note
that all fatigue tests fulfill σm> 0 and σM< σut thereby R > 0 to
make sure that all tests lie in the safe region for specimens sus-
ceptible to buckling under compression (R< 0). The HCF tests of
Table 2 are sorted into six test batches based on their mean stress
value.
The artificially generated data of Table 2 are used to define OF1

and OF2 within a MATLAB script. Running both levels of identifica-
tion using Genetic Algorithm toolbox in MATLAB returns the original
values of σl0 , b1, b2, η, θ, and ζ given in Table 1 with negligibly
small error. This excellent agreement is a necessary step of valida-
tion for the implemented identification procedure. Although such an
agreement would have been achieved with lesser data points, to
investigate the robustness of the identification procedure to noisy
inputs, we opted for 30 data points, which will be subsequently per-
turbed with noise. To superpose the original database of Table 2
with noise, we use the following simple and physically plausible
form of additive white noise

N ′
Fi = NFi +N (0, Var) (62)

where N (0, Var) denotes a random number from the normal distri-
bution with 0 mean and variance Var, which is naturally taken as a
function of NFi . For the purpose of this investigation, we take two
different values Var = {NFi , 100NFi} for the variance and repeat
superposition with noise, 2000 times followed by the two-level
identification scheme outlined earlier. Hence, two clusters of
2000 noisy datasets are built where for each noisy dataset, all
NFi in Table 2 are replaced with their corresponding noisy N ′

Fi



while keeping the same Var for each cluster, followed by 2000 inde-
pendent two-level identifications in order to examine the impact of
noise on the identified model parameters. It is important to bear in
mind that, as explained further below after relationship (65), neces-
sary constraints in the form of upper and lower bounds are imposed
on each parameter within the identification program to ensure the
admissibility of the identified parameters. We also made sure that
the model parameters returned at the end of optimization runs are
not close to their respective bounds.
Table 3 collects the mean and variance of the identified model

parameters following 2000 identification runs for each cluster.
Comparing the results of both clusters, one can see that by increas-
ing the variance of the superposed noise, the variance of the iden-
tified parameters increases as well. Moreover, the mean values of
the identified parameters from noisy data are further deviated
from the corresponding reference values in Table 1 as the variance
of the superposed noise grows. This observation is intuitively sen-
sible because the more significant the impact of error sources on the
fatigue data, the less accurately the model parameters would be
identified. A similar performance and conclusion will most likely
be obtained with other DAM variants. From among practical solu-
tions that can help to improve the accuracy of the identified param-
eters, one may further enrich the fatigue database by running further
fatigue tests and/or try to lower the impact of error sources by, for
example, avoiding the stress concentrations when cutting the spec-
imens, avoiding the misalignments when placing the specimens in
the machine, minimizing the fluctuations in the test conditions
such as temperature, and so on.
Histograms of Fig. 2 are constructed from the set of logarithm of

model parameters identified using the second cluster of noisy
fatigue data with Var = 100NFi . The normal distribution fits along
with the mean values are superposed on each histogram. It can be
seen that the histograms of log σl0 , log b1, log ζ, log η, and log θ
are more or less symmetric with the mean values located very
close to the corresponding reference values of Table 1. On the
contrary, the histogram of log b2, not only is unsymmetrical, it
looks nothing like a normal distribution. Proximity of the mean

values of the symmetric histograms to the reference values sig-
nifies that further enrichment of the database (that is, more fatigue
data) leads to more satisfactory results for the corresponding
model parameters, whereas there is no guarantee that the enrich-
ment of the fatigue data will improve the accuracy of the identi-
fied b2. The immediate conclusion to be drawn is that b2 is
identified with the highest level of uncertainty compared with
other parameters.

4 Discussion and Generalization
The significance of the principal differential equation (10), which

constitutes the core of this contribution, is that it covers all four pos-
sible cases of γ(t) that may arise in multiaxial proportional cyclic
loadings. This equation, however, has to be recast in the appropriate
form compatible with the fatigue criterion to be utilized. To exem-
plify this point, Appendices A and B are devoted to the proper adap-
tation of the key differential equation to Sines and Crossland criteria
and Dang Van criterion, respectively. Adaptation of this equation to
Dang Van criterion, as elaborated in Appendix B, is not as straight-
forward as it is for Sines and Crossland criteria. The adaptation to
Dang Van criterion is inspired by the form we obtained for Sines
and Crossland criteria. This generalization idea can be most likely
extended to other forms of adaptation required for other multiaxial
fatigue criteria.
For the sake of validating the proposed approach, we take as an

example, the HCF part of Sines-H(ii) variant and solve it for the
number of cycles to failure of a single-block loading.

NF = θ
1 − δ

AII−A
*
Sns

σu−σeqM

( )ζ

0

μ

AII

1 − 3b2�σH

( )−θ σu − σeqM
AII − A*

Sns

( )ζ

(63)

In the above relationship, setting δ0= 0 and ζ= 1, it matches
Chaboche’s HCF-DAM extended to 3D loading in Ref. [21]
(Note that the coefficient “3” appearing behind b2 in the above

Table 1 Material properties and fatiguemodel parameters of SM490 steel taken fromRefs. [23,48]

σ0.2 (MPa) σut (MPa) σl0 (MPa) η θ b1 (MPa)−1 b2 (MPa)−1 ζ

424 691 275 4.035 × 10−9 1.581 2.4 × 10−3 1.1 × 10−4 1.6

Table 2 Artificial fatigue database consisting of 30 HCF data points calculated from the pairs of (�σ, σM) of each point and parameters
of Table 1 plugged into Eq. (57). The data points are arranged into six batches based on their �σ

Test batch 1,
�σ = 240 MPa

Test batch 2,
�σ = 270 MPa

Test batch 3,
�σ = 300 MPa

Test batch 4,
�σ = 330 MPa

Test batch 5,
�σ = 360 MPa

Test batch 6,
�σ = 390 MPa

σM (MPa) NF σM (MPa) NF σM (MPa) NF σM (MPa) NF σM (MPa) NF σM (MPa) NF

460 269,088 470 290,803 480 318,254 490 353,925 500 401,915 530 229,311
440 503,967 460 398,466 460 626,020 470 719,202 480 850,831 500 692,019
420 1,043,615 440 798,559 450 911,083 450 1,640,615 470 1,292,505 490 1,048,605
410 1,593,093 430 1,183,452 440 1,372,626 440 2,651,686 450 3,414,584 470 2,709,748
400 2,583,329 410 3,023,216 410 6,757,574 420 8,801,561 440 6,151,388 460 4,750,408

Table 3 Mean and variance of model parameters identified from the noisy data of Table 2 perturbed with white noise. Two
perturbation cases are analyzed and each is repeated 2000 times.

N ′
Fi σ′l0 (MPa) η′ θ′ b′1 (MPa)−1 b′2 (MPa)−1 ζ′

Mean NFi 275.024 4.038 × 10−9 1.5824 2.40 × 10−3 1.11 × 10−4 1.60
Variance NFi 0.606 2.83 × 10−19 5.05 × 10−4 4.076 × 10−12 2.11 × 10−9 1.42 × 10−4

Mean NFi 275.23 7.904 × 10−9 1.568 2.40 × 10−3 1.96 × 10−4 1.599
Variance 100NFi 61.57 1.233 × 10−16 0.0505 3.1 × 10−10 5.11 × 10−8 0.0147



equation, is missing in the corresponding Eq. (25) in Ref. [21].).
Except for parameters δ0 and ζ, there is also a slight difference
between the parameters of the above relationship and those of Eq.
(25) in Ref. [21]. This is because we made use of μ= 4M0(1+ θ)a
as a new model parameter. It can be readily shown that the follow-
ing relationship establishes the direct correspondence between both
models. It also establishes the correspondence between Eq. (5) of
Ref. [21] and Eq. (57) of this work.

μ|Sines−H(ii)
= η|Sines−H(i)

= β(β + 1)aM−β
0 |Chaboche (64)

Chaboche’s fatigue damage model is thus retrieved as a
specific case of our proposed (V)HCF-DAM to validate the deriva-
tion methodology of this contribution and to demonstrate its
versatility.
Close examination of both variants of Sines-H(i) and −H(ii)

reveals that they are basically identical. This is also the case of
pair variants of Crossland and pair variants of Dang Van. This iden-
tity, however, is confined to these two forms of H(D) and (V)HCF
damage mechanisms. In case of choosing another form of H(D) or
the coupling of a different damage mechanism such as creep, this
identity is no more valid.
Comparison of mathematical expressions of the above variants

suggests that M(σ) is independent of the form of H(D) and this is
true for other forms of H(D) as well. We, therefore, conjecture
that M(σ) is exclusively a function of the adopted multiaxial
fatigue criterion and onceM(σ) is determined for a given fatigue cri-
terion with any H(D), it can be stored and used directly with other
forms of H(D) and the same fatigue criterion.
On the question of model parameters identification, one needs to

simplify the DAM variant of interest to uniaxial loading conditions
in order to make it compatible with uniaxial fatigue tests, which are
easily executable in the laboratory. Care should be taken that after
reduction of 3D formulation to 1D, all model parameters appearing
in 3D equations are preserved in the corresponding 1D equations as

well. It can be seen that this is the case of Eqs. (25) and (57). This
key feature applies to other DAM variants of this investigation,
as well.
Regarding the model parameters, we opted for keeping λ0, as a

measure of initial damage in the specimens. In addition to that,
the major advantage of introducing λ0 is illustrated through relation
(58). According to this relationship, the number of cycles to failure
chosen by the user for defining σl0 , together with two other model
parameters are interrelated. Moreover, the nonzero λ0 controls the
numerical value of NF as σa � σl0 (1 − b1�σ) + ε. Note that in case
one sets λ0= 0, then NF grows unboundedly which is not physical,
whereas with a proper nonzero λ0, when σa � σl0 (1 − b1�σ) + ε,
NF → 107 (or the subjective cycles to failure chosen by the user
for setting σl0 ).
For model parameters identification, we opted for building two

appropriate nonnegative scalar functions whose global minimum
correspond to the set of model parameters to identify. To define
OF1, we managed to eliminate b2, which is subsequently identified
in the second level using OF2. We also noticed that if we re-identify
η along with b2 in the second level of identification, the error of both
η and b2 will be much lower; hence, a more robust identification
scheme to noise. For both levels of identification, we used the
GA toolbox of MATLAB as the global minimum search tool. The
major characteristic feature of this optimization tool is that it is
not gradient based and does not need the objective functions to
be differentiable. Care has been taken to make sure that adjusting
parameters of the GA tool had no impact whatsoever on the identi-
fied parameters. To make sure that the identified parameters are
physically admissible, GA is set to fulfill the following upper and
lower bounds for each parameter while searching for the global
minimums.

0.1σy < σl0 < 0.9σy 0.1/σy < b1 < 2/σy 10−6/σut < b2 < 2/σut
0.1 < θ < 10 0.1 < ζ < 10 10−30 < η < 10−3

(65)

Fig. 2 Histograms of the logarithm of model parameters from noisy fatigue data with Var=100NF after 2000 times of superposi-
tion with noise followed by parameters identification.



It is worth noting that although σy does not appear explicitly in
the mathematical expression of different variants, it serves to
define the constraints of σl0 and b1. This is the reason why σy is
given along with σut in Table 1 as material properties of SM490.
In general, there is no rigorous method to determine the bounds
of model parameters and this task strongly depends on the user’s
level of expertise. The bounds we suggest here are authors’ recom-
mendation based on several analyses of different alloys we tested
and should not be taken as universally accepted ones. As a
general rule, in case an identified parameter (almost) coincides
either of its bounds, this specific bound ought to be modified prop-
erly before rerunning the identification in the presence of modified
constraints.
The ad hoc identification procedure we expounded and imple-

mented has efficiently identified the target model parameters from
noisy fatigue data. The key feature of this procedure is that it can
satisfactorily identify σl0 from HCF tests with positive stress ratio.
These are sole admissible HCF tests to perform on specimens
with virtually zero resistance to buckling under compression.
Although the entire identification scenario has been presented
based on R> 0 tests, it does not lose its generality and is equally
applicable to HCF test data with any −∞<R< 1. One only needs
to respect the guidelines given in Table 2 concerning the prepara-
tion of HCF test batches. Finally, it is understood that as a
general rule, the richer the fatigue database, the more reliable the
identified model parameters.

5 Summary and Concluding Remarks
To estimate the high cycle fatigue life of isotropic structures

under multiaxial proportional loading, a formalism is laid out
to derive the (V)HCF-DAM variants for metallic alloys subjected
to multiaxial, multiblock, proportional, cyclic loadings. The back-
bone of this formalism is a differential equation with two degrees
of freedom enabling the user to select or to fine-tune the DAM
variant that satisfactorily captures the (V)HCF response of the
alloy under study. To illustrate the performance of this formalism,
six different variants are developed using three popular multiaxial
fatigue criteria. Application of each fatigue criterion requires a
kind of adaptation of the key differential equation, as has been
the case for the fatigue criteria examined in this work. Chaboche’s
cumulative fatigue damage equation for 3D loading is recovered as
a specific DAM variant of this article, thus corroborating the under-
lying assumptions and the key differential equation. Further con-
cluding remarks are summarized as follows:

– For any multiaxial DAM, it is crucial that the model parame-
ters appearing in the mathematical expression of multiaxial
loading are preserved in the reduced form of uniaxial
loading conditions. This is because the simplest fatigue tests
to perform are uniaxial tests from which the model parameters
will be identified. All DAM variants we have developed in this
work fulfill this requirement.

– The model parameter corresponding to the initial damage in the
specimens serves not only to generalize the formalism to metal-
lic alloys other than ferrous and titanium alloys but also to
control the cycles to failure of loading conditions close to loci
of the points described by the adopted fatigue criterion.

– From among many scenarios tested for model parameters iden-
tification, the most efficient one consists of splitting the iden-
tification into two parts using two distinct nonnegative scalar
objective functions. One of the parameters that are less suc-
cessfully identified in the first level is re-identified in the
second level, resulting in a far improved accuracy for this
same parameter and another one that is identified in the
second level.

– The proposed identification procedure not only is capable
of identifying the model parameters efficiently but also identi-
fies the material property σl0 quite satisfactorily from tensile-

tensile fatigue data (viz. R> 0) that have additionally been
superposed with white noise. These features underline the
robustness and the efficacy of the proposed identification
scheme.

Nomenclature
a = parameter of α function behind Macaulay

brackets
b = parameter of fatigue criteria
D = damage variable
Y = damage strain energy-releasing rate
S = deviatoric part of Cauchy stress tensor σ

AII = octahedral shear stress amplitude
D0 = initial damage of the specimen
E0 = Young’s modulus of the undamaged

material
J1/2 = 1st/2nd invariant of Cauchy stress tensor
M0 = coefficient of function M(σ)
NFi = number of cycles to failure in loading

block i
N ′

Fi = noisy NFi that is superposed with noise
CFR = cycles to failure ratio
H(D) = characteristic damage function
M(σ) = stress function appearing in DAMs
OF = nonnegative scalar objective function

whose global minimum corresponds the
best set of model parameters

R= σm/σM = stress ratio
Rp= γm/γM = proportionality ratio

Var = variance

Greek Letters

α = stress function used as an exponent in
DAMs

γ(t) = time coefficient of the proportional stress
tensor

δij = Kronecker delta
δ = [1− (1−D)1+θ]a = change of damage variable

ζ = parameter of fatigue DAMs
η = 4M0a = change of DAM parameter

λ = Da = change of damage variable
λ0 = a measure of the initial damage
θ = parameter of fatigue DAMs

μ = 4M0(1+ θ)a = change of DAM parameter
Σ(X) = time-independent stress tensor at point X

σu = ultimate tensile strength
�σ = mean stress

σeq = von Mises equivalent stress
σ(t, X) = time-varying stress tensor at point X and

time t
σy = yield stress
σl0 = fatigue endurance limit

σH = σkk/3 = hydrostatic stress
τa = shear stress amplitude
υ = Poisson’s ratio

ϕ(σ) = auxiliary stress function of Dang Van
criterion

N (0, Var) = random number from the normal
distribution with 0 mean and variance Var

Subscripts or Superscripts

CL = related to Crossland criterion
DV = related to Dang Van criterion
M/m = maximum/minimum of the associated

quantity
Sns = related to Sines criterion



Acronyms and Abbreviations Widely Used in Text

CDM = continuum damage mechanics
DAM = damage accumulation model

(V)HCF = (very) high cycle fatigue

Appendix A: Adaptation of the Proposed DAM to Sines
and Crossland Criteria
This appendix attempts to establish a relationship between the octa-
hedral shear stress amplitude AII and maximum/minimum equiva-
lent stresses (σeq

M/m
) under proportional loading to adapt the key

differential equation (10) to Sines and Crossland criteria. By defini-
tion, the time-varying proportional stress tensor σ at point X can
be multiplicatively decomposed as σ(X, t)= γ(t)Σ(X). Let us con-
sider two distinct time instants t1, t2 with the respective stress
tensors 1σ, 2σ.

1σ = σ(X, t1) =

γ1Σ11 γ1Σ12 γ1Σ13

γ1Σ12 γ1Σ22 γ1Σ23

γ1Σ13 γ1Σ23 γ1Σ33

⎡
⎢⎣

⎤
⎥⎦ = γ1

Σ11 Σ12 Σ13

Σ12 Σ22 Σ23

Σ13 Σ23 Σ33

⎡
⎢⎣

⎤
⎥⎦

2σ = σ(X, t2) =

γ2Σ11 γ2Σ12 γ2Σ13

γ2Σ12 γ2Σ22 γ2Σ23

γ2Σ13 γ2Σ23 γ2Σ33

⎡
⎢⎣

⎤
⎥⎦ = γ2

Σ11 Σ12 Σ13

Σ12 Σ22 Σ23

Σ13 Σ23 Σ33

⎡
⎢⎣

⎤
⎥⎦

(A1)

Under cyclic loading, γ(t) has a sinusoidal characteristic and can
be described using its minimum and maximum values, γm and γM,
respectively. If the extrema of γ(t) are denoted by γ1 and γ2,
then γm =min{γ1, γ2} and γM=max{γ1, γ2}. According to the dia-
grams of Fig. 1, the maximum and minimum values of von Mises
equivalent stresses are obtained as follows:

σeq
M
=max {J2(σ)} =max {J2(γmΣ), J2(γMΣ)}

=max {|γm|J2(Σ), |γM|J2(Σ)} =max {|γm|, |γM|}J2(Σ)
(A2)

similarly,

σeqm =min {|γm|, |γM|}J2(Σ)

J2(Σ) = [(Σ1 − Σ2)
2 + (Σ1 − Σ3)

2 + (Σ3 − Σ2)
2]

1/2
/
��
2

√ (A3)

Here, Σ1, Σ2, and Σ3 are principal stresses of Σ. Evidently,

σeqm /σeqM =min {|γm|, |γM|}/max {|γm|, |γM|} (A4)

A more convenient variable to use in the current formulations is
the proportionality ratio, Rp= γm/γM. In reference with four cases
illustrated in Fig. 1, it can be seen that

for case (a): σeqm /σeqM = Rp for case (b): σeqm /σeqM = R−1
p

for case (c): σeqm /σeqM = −Rp for case (d): σeqm /σeqM = −R−1
p

(A5)

The above relations can be unified into a more general form of
expression as follows:

σeqm /σeqM = |Rp|sign(Rp+1) (A6)

Using the definition of the octahedral shear stress amplitude for
proportional loading, we obtain

AII =
1
2
max

t
γ(t) −min

t0
γ(t0)

∣∣∣∣
∣∣∣∣J2(Σ)

=
1
2
(max (|γ|) − sign(γm/γM)min (|γ|))J2(Σ)

=
1
2
(σeq

M
− sign(Rp)σeqm ) (A7)

Substitution from Eq. (A6) into (A7) leads to the following rela-
tionships;

σeq
M
=

2AII

1 − sign(Rp)|Rp|sign(Rp+1)

σeqm=
2AII|Rp|sign(Rp+1)

1 − sign(Rp)|Rp|sign(Rp+1)

(A8)

The expression inside brackets on the right-hand side of Eq. (10)
can therefore be expressed as follows in terms of AII.

σθeqM − sign(Rp)σ
θ
eqm

=
2θAII

θ[1 − sign(Rp)(|Rp|sign(Rp+1))
θ
]

[1 − sign(Rp)|Rp|sign(Rp+1)]
θ (A9)

In this way, the key differential Eq. (10) is recast into a compat-
ible form with Sines and Crossland criteria as they are expressed as
a function of AII. In Appendix B, an attempt is made to express σeq

M

and σeqm in terms of the effective shear amplitude in order to make
Eq. (10) compatible with Dang Van criterion.

Appendix B: Adaptation of the Proposed Damage
Accumulation Model to Dang Van Criterion
In analogy with Appendix A, here we try to find a relationship

between σeqM , σeqm and the shear stress amplitude, τa, under multi-
axial, proportional, cyclic loading. The general form of Dang Van
criterion is expressed as follows [36,37]:

Max
�n

Max
t

‖�τ(t) − ��τ‖ + 3bσl0
2(1 − bσl0 )

σH(t)

[ ]
≤ σl0

2(1 − bσl0 )
(B1)

where �n represents the normal to the plane that undergoes the
maximum shear amplitude, �τ(t) is the shear vector that corresponds
to σ · �n − (σ · �n · �n)�n, and ��τ represents the mean shear stress vector
on this plane during the cyclic loading. The symbol ‖‖ denotes the
magnitude of the enclosed vector, and the hydrostatic stress σH is
related as follows to the first invariant of Cauchy stress tensor
under proportional loading.

σH =
1
3
J1(σ) =

1
3
γ(t)J1(Σ) =

1
3
γ(t)(Σ1 + Σ2 + Σ3) (B2)

The plane ofmaximum shear stress remains unchanged under pro-
portional loading, so once the plane of maximum shear stress is
found, it does not change with time. Dang Van criterion (B1) can
therefore be written in the following simpler form for a generic
point X with the proportional stress state σ(X, t)= γ(t)Σ(X).

Max
t

‖�τ(t) − ��τ‖ + 3bσl0
2(1 − bσl0 )

σH(t)

[ ]
≤ σl0

2(1 − bσl0 )
(B3)

The difference ‖�τ(t) − ��τ‖ can be expanded as below under propor-
tional loading conditions.



‖�τ(t) − ��τ‖ = τ(t) −
τM + τm

2

∣∣∣ ∣∣∣
= γ(t)

max {Σ1, Σ2, Σ3} −min {Σ1, Σ2, Σ3}
2

∣∣∣∣ −
γM + γm

2
max {Σ1, Σ2, Σ3} −min {Σ1, Σ2, Σ3}

2

∣∣∣∣
= γ(t) −

γM + γm
2

∣∣∣ ∣∣∣max {Σ1, Σ2, Σ3} −min {Σ1, Σ2, Σ3}
2

(B4)

Accordingly,

Max
t

‖�τ(t) − ��τ‖ + 3bσl0
2(1 − bσl0 )

σH(t)

[ ]

=Max
t

γ(t) −
γM + γm

2

∣∣∣ ∣∣∣max {Σ1, Σ2, Σ3} −min {Σ1, Σ2, Σ3}
2

[
+

bσl0
2(1 − bσl0 )

γ(t)(Σ1 + Σ2 + Σ3)

]

=
max {Σ1, Σ2, Σ3} −min {Σ1, Σ2, Σ3}

2
Max

t
γ(t) −

γM + γm
2

∣∣∣ ∣∣∣[ ]
+

bσl0
2(1 − bσl0 )

(Σ1 + Σ2 + Σ3)Max
t

γ(t)

(B5)

Evidently, the time-dependent, sinusoidal functions |γ(t)− (γM+ γm)/2| and γ(t) reach their maxima simultaneously since the frequency of
their maxima is the same. This means that the maximum of the sum of both terms inside the square brackets of the second line in Eq. (B5)
corresponds to the sum of the maximum of each term, hence the last relationship of Eq. (B5). Moreover,

Max
t

γ(t) −
γM + γm

2

∣∣∣ ∣∣∣[ ]
=
γM − γm

2
, Max

t
γ(t) = γM (B6)

Substituting Eq. (B6) into Eq. (B5) results in the following simpler form of representation of Dang Van fatigue criterion specialized to
proportional loading.

max {Σ1, Σ2, Σ3} −min {Σ1, Σ2, Σ3}
2

γM − γm
2

+
bσl0

2(1 − bσl0 )
(Σ1 + Σ2 + Σ3)γM ≤ σl0

2(1 − bσl0 )
(B7)

The above representation of Dang Van criterion can be rendered more practical by introducing the extrema of oscillating principal
stresses.

max {σ1M , σ2M , σ3M} −min {σ1M , σ2M , σ3M}
2

∣∣∣∣ −
max {σ1m , σ2m , σ3m} −min {σ1m , σ2m , σ3m}

2

∣∣∣∣
+

bσl0
1 − bσl0

(σ1M + σ2M + σ3M) ≤
σl0

1 − bσl0
(B8)

To express the shear stress amplitude in terms of maximum/minimum shear stresses,

τa =Max
t

‖�τ(t)− ��τ‖= γM − γm
2

max{Σ1, Σ2, Σ3}−min{Σ1, Σ2, Σ3}
2

=
max{|γm|, |γM|}− sign(Rp)min {|γm|, |γM|}

2
×
max{Σ1, Σ2, Σ3}−min{Σ1, Σ2, Σ3}

2

=
1
2
(τeq

M
− sign(Rp)τeqm ) (B9)

Hence, the safe region described by Dang Van criterion specialized
to proportional loading is simplified to the following form:

τa −
σ10 (1 − 3bσHM)
2(1 − bσ10 )

< 0 (B10)

Although we managed to find a relationship between τa, τeqM , and
τeqm , the load variables appearing in the key damage evolution dif-
ferential equation (10) are the maximum and minimum Von Mises
equivalent stresses σeq

M
and σeqm . Seemingly, an explicit relation-

ship between τa, σeq
M
, and σeqm is impossible. For this reason, use

is made of the following idea, inspired by relationship (A9).
Closer examination of relation (A9) and the ensuing damage evo-

lution equations suggests that the expression next to AII
θ in Eq. (A9)

does not appear in the final damage evolution equations. This
implies that if the complicated coefficient multiplied by AII

θ is
replaced with a general function of the stress tensor, say ψ(σ),
and Eq. (A9) is rewritten as

σθeqM − sign(Rp)σ
θ
eqm

= AII
θψ(σ) (B11)

then by following a similar procedure and without having to know
the exact form of ψ(σ), the same damage evolution equations are
obtained. By analogy, we postulate that a relationship similar to
Eq. (B11) exists between τa, σeq

M
and σeqm using some unknown

auxiliary function ϕ(σ) such that

σθeqM − sign(Rp)σ
θ
eqm

= τθaϕ(σ) (B12)



Assuming the validity of such a relationship, the governing dif-
ferential Eq. (13) can be expressed as follows in τa.

(1 − D)θdD
H(D)

=
M(σ)
θ

τa
θϕ(σ)dN (B13)

In this way, the governing differential equation of our proposed
damage evolution model is adapted for employing Dang Van
criterion.
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