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Abstract

Viscoelastic layers under floating floors are often used to reduce impact sound. A
standardized dynamic stiffness test is routinely used to estimate the performance
of a layer as an impact sound isolator. During the test, a material sample is placed
between a load plate and a motionless rigid foundation. In this work, equations
that provide a useful analytical description of the standardized test are derived.
The new analytical approach is linked with the analysis of multilayer elastomeric
bearings. The new approach leads to simpler analytical solutions as compared
with those of previous studies, which makes them easy to translate into com-
puter codes. The obtained expressions are almost independent of the shape of the
boundary and are only dependent on static values such as the area and moments
of inertia of the contour. Taking advantage of the new closed-form solutions, it
is shown that, under certain restrictions, the analytical approach may be used to
experimentally estimate the elastic parameters of a flexible material using a har-

monic (frequency-dependent) analysis. It is reported that results obtained using
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the proposed approach are in good agreement with those obtained using a com-

mercial finite element software.

Keywords: dynamic stiffness, elastic layer, elastic parameters, elastomeric

bearings

1. Introduction

Although the main objective of this paper is to propose a novel method to de-
termine the elastic parameters of a material based on the results of a standardized
dynamic stiffness test, the proposed analytical approach is framed within the anal-
ysis of multilayer rubber bearings, which are widely used in civil, mechanical,
and automotive engineering applications.

In 1954, Freyssinet [1] proposed the idea of reinforcing rubber blocks with thin
steel plates. These rubber bearings combine the vertical stiffness of a rubber pad
and the horizontal flexibility of rubber reinforced by thin steel plates perpendicular
to the vertical load. Elastomeric bearings are commonly employed to isolate the
vibration of machinery, buildings, and bridges. Evaluation of the horizontal, verti-
cal, and bending stiffnesses is very important to predict the dynamic response and
to design efficient applications of multilayer elastomeric bearings. Research on
the proper design of these vibration-isolation systems for buildings, bridges, nu-
clear facilities, and other kind of structures has also been reported more recently.
They have included theoretical, numerical and experimental studies [2, 3, 4].

To evaluate these stiffnesses, a number of theoretical analyses have been re-
ported in the technical literature, although they used different approaches and as-
sumptions [5]. Among them are the works of Gent and Lindley [6] and Gent

and Meinecke [7], in which they assumed use of an incompressible material, and



the studies by Chalhoub and Kelly [8, 9, 10], in which the material was treated
as compressible. Although these approaches have presented rigorous solutions
to the vibration problem, they have limitations [11]. In all of these works, two
types of assumptions were made: kinematic assumptions about deformation and
assumptions about the state of stress, which led to the approximate fulfillment
of the internal equilibrium equations and rigorous fulfillment of the equilibrium
equations at the boundary. These kinds of solutions depend on the shape of the
boundary and present some mathematical complexity. Using a different approach,
simplified formulae have also been presented to facilitate the design of elastomeric
bearings [12].

It has been common to assume that rubber layers are bonded to rigid or flexible
supports, that is, no slip at the contact surface on the top and bottom of the layer.
The influence of an unbonded condition at interfaces has recently been studied by
Konstantinidis and Moghadam [13] by including partial slip at the contact surface,
which requires describing the interface using a friction model. They used a simple
Coulomb friction model in a strip and circular unbonded layer and observed that
even for pads with a high friction coefficient, a part of the pad close to the edge
experiences slip. However, the effect of slip is not that critical for unbonded rubber
layers with typical bulk-modulus-to-shear-modulus ratio values and large values
of a shape factor and friction coefficient [13]. Research on multilayer bearings
continues, including theoretical and applied studies [14, 15, 16].

In the present work, a new analytical approach strictly based on the fulfillment
of the equations of internal equilibrium will be presented. This approach leads to
much simpler analytical expressions that are almost independent of the shape of

the boundary, and they depend only on static values such as the area and moments



of inertia of the contour shape.

It should be noted that some previous studies have also considered the rigor-
ous fulfillment of the equations of internal equilibrium, both in statics [17] and
in dynamics [4, 18, 19, 20], as well as in their application in the industry [21].
Although these approaches report solutions that also satisfy the equilibrium equa-
tions at the boundary, they have been applied only to circular and annular cross-
section shapes, as opposed to the greater generality of the solutions presented in
this work. In addition, the analytical solutions obtained here are mathematically

very simple compared with those of previous studies.

1.1. Dynamic stiffness of an elastic layer

Viscoelastic layers under floating floors are often used to provide sound and
vibration reduction [22]. These layers can be treated as simple linear springs
that undergo small displacements and can be described by their dynamic stiftness
per unit area. A test setup to determine the dynamic stiffness of an elastic ma-
terial used under a floating floor has been specified in standard ISO 9052-1 (see
Fig. 1) [23]. In summary, the test uses a sample of material placed between a
steel load plate and a motionless rigid foundation. The mass of a plate of the
same dimensions as the sample is 8 kg, which corresponds to a static load of 2
kPa. The plate is excited by an input dynamic force F applied to the center of
the load plate. The input force is commonly applied by an instrumented force
hammer. The force is measured by a force transducer and the vertical vibration
of the load plate is measured by an accelerometer positioned close to the exci-
tation point. The force and acceleration signals are Fourier-transformed to the
frequency domain by a dual-channel FFT analyzer. The accelerance frequency

response function (acceleration/force) is then obtained.
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Figure 1: Measurement setup for the determination of the dynamic stiffness of an elastic layer

according to the standard ISO 9052-1.

The dynamic stiffness per unit area is defined as the ratio between the applied
dynamic force per unit area and the dynamic displacement produced by this force,
given by the equation

. FJA

vy &

where A is the surface of the sample, F' is the dynamic force acting perpendicular
to the sample, and Ad is the resultant dynamic change of thickness of the elastic
material.

The ISO standard considers the elastic layer loaded by the plate as analogous
to an idealized linear single-degree-of-freedom mass-spring system, and the mea-
surement of the mass-spring resonance frequency is used to calculate the dynamic
stiffness according to the standardized test. This resonance frequency, at which

the response amplitude is a relative maximum, is

1 s
fr= oAl 2)
2r \\m;

where the s; and m; are the dynamic stiffness per unit area of the sample mate-



rial and the mass per unit area of the load plate used during testing, respectively.

Therefore, the apparent dynamic stiffness per unit area is calculated as
s, = 4m*m, f2. (3)

The resonance frequency is determined at a number of different input force lev-
els [24].

During a measurement of dynamic stiffness, if the force and the acceleration
are measured at different points on the surface of the plate, a number of close
resonance frequencies appear in the frequency response function. An example of
the experimental results obtained at five different excitation and response locations
in a dynamic stiffness test is shown in Fig. 2. Thus, this fact may be used for
obtaining other elastic parameters of the material being tested. The aim of this
work is to present a method to estimate the elastic parameters of an elastic layer
from experimental results of accelerance. These accelerances are measured using
an experimental setup based on standardized dynamic stiffness testing. The elastic
layer is viewed as either a non-porous material or a porous material with very high
lateral airflow resistivity, ensuring that the effect of the air contained within the

material is negligible.

2. Analytical modal analysis

Consider an elastic layer of uniform square cross section A and thickness e,
placed between a rigid homogeneous square plate of same cross section A and a
rigid motionless foundation. As shown in Fig. 3, a rectangular Cartesian coordi-
nate system is defined relative to an origin located at G*, where G* is the mass

center of the plate, O is the center point of the lower face of the plate (upper face
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Figure 2: Experimental results of accelerance measured at five different excitation and response

locations.

of the elastic layer), and TXYZ is the coordinate system defined relative to an ori-
gin T located at the center of the lower face of the elastic layer. Thus u(x,y, z,1),
v(x,y,z,1), and w(x,y, z, 1) are the displacements of the points of the elastic layer
as a function of the coordinates x,y,z and time 7. Note that 27 = m/p,A is the
thickness of the plate, where m and p,, are the mass and density of the plate, re-
spectively.

The elastic properties of the elastic layer material are described by its Pois-
son’s ratio (v), Young’s modulus (E), bulk modulus («), shear modulus (G), Lame’s
first parameter (1), and P-wave modulus (M).

In this work, the following assumptions are made:

1. No slip is allowed at the bonding surface between the plate and the elastic

layer or between the elastic layer and the rigid foundation.

2. The plate stiffness is much greater than that of the elastic layer, so the plate
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Figure 3: Geometry of the problem: a) top view; b) side view.

can be considered a rigid body.

3. The thickness of the elastic layer is much lesser than its lateral dimension.

4. The displacement gradients in the elastic layer remain sufficiently small
throughout the subsequent deformations, so it is permissible to apply the
classical linear theory of elasticity.

5. For harmonic analyses, the damping of the plate can be neglected and the
damping of the elastic layer can be determined from the imaginary part of

their elastic parameters.

A modal analysis is used to find the rigid body modes that can be excited in the
plate. Since the plate is assumed to be a rigid body, we can use the fundamental

equations for the motion of rigid bodies in three dimensions [25]

F, = miig-, (4a)



F, = mig-, (4b)

F. = mivg., (4c)
M- = L0, (4d)
Mg = L0, (4e)
Mg = Lg-0.. (4f)

where the principal centroidal moments of inertia of the plate are

1 1
Lo = 8mA, Lo = Lg = Em(A + ). (5)

To determine the linear and angular displacements of the mass center, we use

the following linear approximation [25]

u u
- =
v ~{ vy + 60 x OG™. (6)
w w
G* (0]

Since the plate is a rigid body, the rotations around points O and G* are identi-
cal. Therefore, it is necessary to determine the displacements and rotations around
O at the elastic layer. We notice that for the layer 0v/dy = 0w/0z = O at the inter-
faces x = 0 (foundation) and x = e (plate), and since VA > e, dv/ dy = ¢ = 0 and

Ow/0z = €, = 0 over most of the elastic layer. Consequently, we can consider that

u(x,y,z,1) = u(x,y,z,1),
v(x,y,z,1) = v(x,z,1), (7
w(x,y,2,t) = w(x,y,t).

To satisfy the boundary conditions at x = 0

u(0,y,z,t) =v(0,z,t) =w(,y, 1) =0. (8)
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We use the method of separation of variables by writing

Now, the Lamé-Navier equations in Cartesian coordinates are [26]

0%u
Par
%y
Por
*w

ar

u(x,y,z,1) = €' £,(0g.(y, 2),
V(x,z,1) = € f,(x)g.(2),

w(x,y,2) = ' £,(X)g, ().

0
=1 —
(+G)8x

0
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0
=(1+G)—
A+ )62

Bu B ow
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Substitution of Egs. (9) into (10) yields

2 2
+G(6u 0%y

2 2
+G(6u v

2 2
+G(6u 0%y

u(x,y,z,1) = e sin(k,x)(Cyy + Caz + C3 + Csy2),

v(x,z,1) = el {(Cﬁz + Cy) sin(k,x) +

w(x,y, 1) = e’ {(C7y + Cs) sin(k,x) + %(cos(ksx) - Cos(kpx))} ,

C8Z+C1 (
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022
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(10)

-

cos(kyx) — COS(kpx))} > (11)

where @ = 4/M/p is the P-wave velocity, 8 = /G/p is the S-wave velocity, k, =

w/a is the P-wavenumber, k; = w/f is the S-wavenumber, and C; are arbitrary

constants.

To determine the motion of the plate, we must take into account the continuity

equations for the interface between the elastic layer and the plate, given by

ue,y, z,t)

v(e,z,t)

w(e,y,t)

=u(e,y,z,1)

elastic layer

=v(e, z,1)

elastic layer

= w(e,y,1)

elastic layer

10
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Therefore, at x = e

Ou _ Ou _ v _Ov _

9Y lelastic layer ay plate " O2felastic layer 0z plate’ (13)
Ou _ Ou ow _ Ow

92 |elastic layer 0z plate 9y lelastic layer Oy plate

Since the plate is assumed to be elastic deformable, but whose stiffness tends

to infinity, the components 6,, 6, (see Fig. 4a) and 6, (see Fig. 4b) for small

rotations are

o i) ela
plate 2\8y 0z plate(at x = e) 2108y 92/ |ejastic layer(at x = e)’
plate 0x|plate  9Zlplate  9%lelastic layer (at x = e)

JooLe L |
plate 0x plate dy plate 0y lelastic layer (at x = e)

(14)

Note that since the plate’ stiffness tends to infinity, the plate shear strain is

much greater than that of the elastic layer, so the tensorial shear strain components

%yxz and %yxy of the infinitesimal strain tensor can be neglected in the equations
for 6, and 6, given by Eq. (14).

The components of the motion of the mass center G* and those of the plate

rotation are calculated through the substitution of u, v, and w from Eq. (11) into
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Figure 4: Rotations: a) of the upper face of the layer about Oy; b) of the upper face of the layer

about Oz.

Egs. (6) and (14). Thus, it follows that
ug-(t) = ug = €“'Cs sin(kye),

h
V() = vo + =0,

2
iwt : Cl ! i
= e {Cy sin(k,e) + k—(cos(kse) — cos(kpe)) — Eclh sin(kye) ¢,
P
WG*(t) =Wy — -0
27 - | (15)
= glot {Cs sin(k,e) + k—z(COS(kse) ~ cos(kye)) = 5 Coh Sin(kpe)}’
P

1
0.(t) = e‘w'5<c7 — Ce) sin(kge),
0,(f) = e“(Cgy + C,) sin(k,e),

0,(t) = —e'“'(Cygz + Cy) sin(k,e).
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Since the plate is a rigid body, 6,(¢) and 6.(r) do not make sense if Cg # O.
In addition, since the layer is bonded to the plate at x = e, this surface should
move as a rigid plane, i.e., the motion of any point P of coordinates (e, y, z) at that

surface, must verify that

u u
- —
Vv = Vv + 0 X OP, (16)
w w
P o

where O is a point with coordinates (e, 0, 0), E’) =yj+ zlAc, and

Pk

e d — n n ~

O xXOP=|06, 6, 0, |= (26y — y0.)T — 20, ] + yb.k. (17)
0 vy z

To satisfy Eq. (16) we need C; = —Cg. Therefore, Egs. (11) and (15) are now

u(x,y,z,t) = e sin(k,x)(Cyy + Caz + C3),

V(x, 2, 1) = e {(C6z + Cy) sin(k,x) + % (cos(ksx) - cos(k,,x))} , (18)
P

w(x,y, 1) = e’ {(—C6y + Cs) sin(k,x) + %(cos(ksx) — cos(kpx))} ,

p

13



and
ug-(t) = up = €“'Cs sin(k,e),

h
vg:(t) = vo + EQZ

. C 1
el {c4 sin(kye) + k—l(cos(kse) ~ cos(kye)) = 5 Cih sin(k,,e)},

p

h
wg(t) = wy — 59}, (19)
iwt . C2 1 .
= e Cssin(kse) + k—(cos(kxe) —cos(kye)) — ECZh sin(kpe) ¢,
P

0.(1) = —e''Cg sin(k;e),
6,(1) = €“'C; sin(k,e),
0,(t) = —e"“'C, sin(k,e).
Thus, we need to determine just six unknowns C;. In order to do this, we express

Eq. (4) in terms of the six unknowns C;, using that

(Fx’ Fya Fz) S f (_O-Xa ~Txy» _sz) dA’
L e P (20)
(MxG*, MyG*a MZG*) = f (ZTxy AR _Esz — 20y, ETxy + yo-x) dA’

X=e

where o, 7., and 7,; are the layer’s components of stress at the interface between
the layer and the plate (x = e¢). Considering the stress-strain relations [26], the
relationship between strains and plate’s motion [26], and using u, v and w given
by Eq. (18), the unknowns are obtained after integrating the six equations in Eq.
(20).

The components of the force and momentum are determined from Eq. (4).
From Eq. (4a), F, = miig-, we obtain the vibration mode corresponding to pure
translation along the x-axis. The natural frequency w is then determined by solv-

ing the transcendental equation tan(k,e) = tan(ew/a) = A VMp/mw. When we

14



perform a standardized experimental determination of the dynamic stiffness of an

elastic layer, e and p are usually very small quantities such that k,e = ew/a < 1.

So,
/ AVM,
tan(kpe) = k,e = ew ]% = p-

maw

Solving for w in the expression above gives w? = MA/em and the resonance

frequency in Hz is
AM

em’

1
f=5 1)
Now, by comparing Egs. (2) and (21) we find that the apparent dynamic stiff-
ness s; = M/e. Therefore, M can be determined from a measured value of s;. This
approach is valid when the undamped natural frequency of the system is close to
that obtained experimentally.
To determine the other modes of vibration, we substitute Eq. (19) into F, =

mig and Mg = L. (see Eq. (4)). Manipulation of the equations yields the

frequency equation

2
‘1"—2 [6Ahm NGM cos’(k,e) + 2Pmsin(k,e) + AQeos(k,e)| =0, (22)

where

~A’wM :
P - —“’2 £ cos(kye) + 3Ah VGM sin(kye) + (—“’ 2’” A+ 1) - 6AGh) sin(k,e),
and

Q = VGM(A%0 — 6hm) cos(k,e) — wm \JGp(A + 4h?) sin(k,e),
which gives the natural frequencies. A solution of w? = 0 gives two natural fre-
quencies of the vibration modes for a rigid body corresponding to pure translation
along the y-axis and rotation about the z-axis. Substitution of Eq. (19) into Eqs.
(4c) and (4e) leads to other vibration modes, which have the same natural frequen-

cies since the equations are the same because of the symmetry.
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2.1. Numerical Example

A numerical experiment was performed to test the theory presented above. A
solid plate (m = 8 kg, h = 0.0255 m, and A = 0.04 m?) on top of an elastic
layer (p = 20 kg/m?, e = 0.003 m, M = 143951 N/m?, and v = 0.45) has been
considered. For comparison, the problem was solved using a commercial finite
element program (ANSYS®©, Academic Research Mechanical, ver. 19.2). The
model consisted of 12800 three-dimensional SOLID186 elements (20 nodes per
element) and 58097 nodes with a uniform mesh. The theoretical and numerical
results are shown in Figs. 5 to 10.

The six modes of vibration corresponding to the six degrees of freedom of
the rigid body plate are determined. In addition, two double natural frequencies
are obtained due to symmetry. We see that the theoretical results are in good
agreement with those from ANSYS. The differences between the theoretical and

numerical natural frequencies were less than 3.4% in all cases.

3. Proposed methodology

In this section, a method for estimating the elastic parameters of the mate-
rial’s layer is proposed. The method is based on the theoretical analysis presented
above, but now we include the effects of a harmonic force applied to the plate.

Suppose now that a harmonic force of amplitude Fy, F(f) = Fe'“' is applied
perpendicular to the top surface of the plate at a point, P, of arbitrary coordi-
nates (e + h, yr, zr). Then, we calculate the normal acceleration along the x-axis
at a point, Q, which is also located on the top surface of the plate at arbitrary
coordinates (e + h,yg,zp). Thus, we are considering the real conditions during

the standardized experimental determination of the dynamic stiffness of an elastic

16



NCDAL SOLUTTQN
a) STEE=1 b
SUB -6
FRRQ-76.5314

[i:4 ()
RSY5-0
MK =.4404
SMK =.353545

o

078563 .157127 23569 314254
.039282 .117845 .196409 274972, .353536

o

078566 .157131 235697 .314262
.039283 .117848 .196414 .27498 .353545

Figure 5: u component of the plate: a) theoretical, Eq. (4a) (77.95 Hz); b) numerical (76.53 Hz).

DAL SCLUTICN
a) STEP=1 b)
SUB =1
FREQ=23.4017
Ux (ave)
=0
DMK =, 356209
SMY =.022814
SMX =.022814
| mmmm Eaaaaa——— | [y —— —— |
-.022814 -.012675 —.002535 007605 017744 -.022814  __ —.012675 —.002535 007605 017745 )
~.017744 007605 002535 012675 020814 -.017745 007605 002535 012675 020814

Figure 6: u component of the plate: a) theoretical, Egs. (4b), (4¢c), (4e), and (4f) (23.50 Hz double);
b) numerical (23.40 Hz double).

NODAL SOLUTICN
a) | = b)
REQ=23.4017
(ave)
DMX =.356209
SMY =.022814
SMX =.022814
| EEEEEES—— L E——— ] | EEEEEE—— T —— ]
-.022814 -.012675 —-.002535 007605 _ .017744 -.022814 . —-.012675 —.002535 .007605 .017745
—.017744 —.007605 .002535 .012675 .022814 —.017745 —.007605 .002535 .012675 .022814

Figure 7: u component of the plate: a) theoretical, Egs. (4b), (4c), (4e), and (4f) (23.50 Hz double);

b) numerical (23.40 Hz double). 17



) NCDAL SOLUTION

STEP=1 b )
SUB =3
" law)

Sy =.43299
S =.432094

e, Seeeea—
~.432991 240551 -.04811 14433 336771 ~.43299 —.240549 —.048108 .144233 326774
= -.14433 .04811 .240551 .432991 ~.336769 -.144328 .048113 .240553 .432994

336771

Figure 8: v component of the plate: a) theoretical, Eq. (4d) (23.50 Hz); b) numerical (23.48 Hz).

NCDAL SCLUTICH

a) | = b)

SUB =
FREC-74.8137
UK (BvG)

RSYS=0

DMX =,799977
SMY = 795258
SMX =.795258

—.088362 -265086 618534 -.795258 —.088362 .265086 618534
—~.265086 088362 .44181 795258 - —~.265086 .088362 .44181 .795258

Figure 9: u component of the plate: a) theoretical, Egs. (4b), (4c), (4e), and (4f) (77.34 Hz double);
b) numerical (74.81 Hz double).

NODAL SOLUTTQN
a STEP=1 b
SUB =5
FREQ=74.8137
Ux (AvG)
RSYS—0
OMX —.799978
SM —.795258
SMX =.795258
e — S — | _ s
~.795258 —.44181 . 088362 265086 618534 ~.795258 —.44181 —.088362 265086 .618534
—.618534 ~.265086 .088362 .44181 795258 ~.618534 —.265086 .088362 .a4181 795258

Figure 10: u component of the plate: a) theoretical, Eqs. (4b), (4c), (4e), and (4f) (77.34 Hz

double); b) numerical (74.81 Hz double). 13



material of thickness e.
We must solve the new dynamic equilibrium equations by determining the
displacement of the mass center and the rotations of the plate given by Egs. (4),

where we must consider the effects of the applied force, i.e. the resultant force
{Foe', 0,0}, (23)

and resultant moment produced by the force about point G*

~

i 5k
b iwt iwt
G'P X {Foe ?07 O} = h/2 Yr ZF | T F()e {Oa ZF _yF}~ (24)
Foei‘“’ 0 0

The expressions for the components of the displacement of the mass center
G* and those of the rotation of the plate are given by Egs. (19), but w is now the
frequency of the excitation force.

Taking the second derivative of Eq. (6) with respect to time, replacing G* and

O with Q and G* respectively, we obtain the acceleration of point Q as

i 17}
- —
P =< P + 6 xG*O. (25)
w w
o G*

Since we just need the acceleration along the x-axis, we have that
i/iQ = iig- + éyZQ - éZyQ' (26)

Calculating the constants C; that satisfy Eqgs. (4), we obtain after some algebra

that
_ (1)2 FO elwt

e= Aw \Mp cot(k,e) — mw?

+ Foe'(zr29 + Yryo) for (27)
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where
sin(k,e)

fo=12w {ma) sin(kse) — A \/G_p cos(kxe)} , (28)

with
R = 6Ahm NGM cos*(kse) + AQ cos(k,e) + 2mP sin(k,e).

Dividing Eq. (27) by Fye'’, and using the following notation for the acceler-

ance transfer functions

A “o (29)
co = —,
0 Foela)l
A o — (30)
cG = — = ,
“ T Fe T Aw VMp cot(k,e) — mw?
yields
Acp = Acg + (2rzg + Yryo) fo- (31)
Note that the functions in Eq. (31) depend on a set of variables, i.e.,
ﬂCQ = ﬂCQ((U, M’p7 e’Aa m, h’ GayFa ZF’va ZQ)7
Acg = Acg-(w, M, p,e,A,m), (32)

fo = folw, M, p,e,A,m, h,G).

The Taylor series expansion of function fy(w) in Eq. (32) about w = 0 is given

by

12¢ , N 12A¢*m + (108 — 36 M/G)e*hm + 48e*h*m + 4A%e’p
w

Jo = M yOYE o'+ 0W°).
(33)
Therefore, we notice that if w is very small,
12ew?
Jo = (34)
AZM

and f, does not depend explicitly on the parameter G.
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As in the proposed methodology, we will use fy in Eq. (32) to find G as a
function of frequency w, which means that the method cannot be used for small
frequencies. One way to reduce this limitation is to increase the sensitivity of fy
when varying G by increasing the factor (e/A)?hm (see Eq. (33)). However, the
accuracy of the solution decreases as we increase e¢/A, and the plate could become
too heavy to handle if we increase m. Therefore, the simplest way to overcome
this problem would be to increase / using a material that is lighter and much more

rigid than the elastic material.

4. Determination of the elastic parameters of the layer

Let us consider that the values of p, e, A, m, and h are known. We need to
find the elastic parameters M(w) and G(w) at each frequency w = 2rxf. When
performing a standardized dynamic stiffness test, we can obtain two accelerance
transfer functions: (a) Acyp,, which is the acceleration measured at point Q;(e +
h,yo,,z0,) in response to a force applied at point P(e + h, yr,, zr,), and (b) Acy,,
which is the acceleration measured at point Q»(e + h,yg,,2g,) 1n response to a
force applied at point P,(e + h,yr,,2r,). Therefore, by using Eq. (31) we can

write

Acp, = Acg- + (2r,20, + yF1YQ1)}; 35)

ﬂCQZ = ﬂCG* + (ZFZZQz + szsz)fH'
The hat symbol indicates that the values are determined experimentally. Equa-

tion (35) is a linear system of two equations and two unknowns: Acg- and ﬁ The

solution for Eq. (35) is

ﬁ; _ Aco,yr Y0, = Aco,Yr,Y0, + Aco,2r 20, — Aco,2r,20,
G* —_— b
YEYo1 = YRY0, T 2F20) — 2F20, (36)

ry ﬂch - ﬂcQz
0 = .
YRYo, — YRY0, T 2F 20, — 220,
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In Eq. (36), we note that the only condition is that coordinates of points Py,

P,, Oy, and O, must be chosen such that they verify that

YFRYor — YRYo, T 2F20, — 220, # 0. (37)

Using the calculated value f/lc; from Eq. (36) and noticing that w, p, e, A,

and m are known, we can determine M by solving the nonlinear equation

—w?

Acg: = .
“ 7 Aw VMp cot(k,e) — mw?

(38)

Recalling that k,e = w+/p/Me < 1, we use that cot(k,e) ~ 1/k,e. Thus, Eq.

(38) can be written as

—w?

Ac = — . 39
Acg AM/e — mw? (39)

Therefore, solving Eq. (39) for M, we find the approximate value
_ ewz(mﬁc; - 1). 40)

AFAc:

We can use Eq. (40) as the initial seed value for an iterative algorithm to find
the exact value of M that satisfies the nonlinear Eq. (38).

Now, we substitute the calculated value of }; from Eq. (36) and the calculated

value of M from Eq. (38) into Eq. (28). Recalling that [26]

M1 -2v)
G= 2(1 —v) “1
and
_ _ 20 -
ks = wAp/G =w M= 2)’ (42)

we can substitute Egs. (41) and (42) into Eq. (28). Consequently, the value of
v that satisfies the nonlinear Eq. (28) is found using an iterative algorithm. The

initial seed value of v for the iterative process can be approximately 0.3.
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The remaining elastic parameters are finally calculated from M and v using

Eq. (41) and the equations [26]

1= M (43)
1—-v
M +v)
T30y 9
and
E= M1 +v)(1 - 2v)‘ (45)

1-v
4.1. Numerical Examples

Numerical experiments were performed to test the methodology described
above. A solid plate made of light concrete (m = 8 kg, A = 0.04 m?, h = 0.333
m) on top of a viscoelastic layer was considered. The viscoelasticity of the layer
was implemented through the Prony series representation of the P-wave modulus
function [27, 28] i

M(t) = M., + M, Z ae!, (46)

i=1

M. = M, [1 - a,-), 47)

i=1

where

and n is the total number of Prony series terms. The following values have been
considered in the numerical experiments: n = 2, My = 143951 N/m?, a; = 0.5,
a; = 0.25, 71 = 0.0005 s, and 7, = 0.001 s.

The geometry of the elastic layer is customarily represented by the shape fac-
tor S, which is defined as the ratio of the plane area A to the perimeter area not
bonded to the rigid plates [12]. Therefore, in our case S = VA/4e. The values of

p, v, e, and S for each numerical experiment are given in Table 1.
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Table 1: Values of the density p, Poisson’s ratio v, thickness e, and shape factor S of the viscoelas-

tic layer used for each numerical experiment.

Experiment Density (kg/m?) Poisson’s ratio Thickness (mm) Shape factor

1 100 0.45 3.0 16.67
2 200 0.44 3.0 16.67
3 200 0.45 3.0 16.67
4 200 0.46 3.0 16.67
5 200 0.47 3.0 16.67
6 400 0.45 3.0 16.67
7 600 0.45 3.0 16.67
8 200 0.45 25 20.00
9 200 0.45 3.5 14.29
10 200 0.45 4.0 12.50

The analysis was performed using ANSYS(@©. A harmonic force of amplitude
1 N was applied at points P;(0.336,0,0.1) and P,(0.336,0,0.1), and the corre-
sponding acceleration responses were determined at points Q;(0.336,0,0) and
0,(0.336,0,0.08), respectively. The values of M and v were determined as a
function of w = 2 f using the equations derived in section 4 for frequencies be-
tween 0 and 500 Hz. For numerical implementation, the values of M were found
by solving the nonlinear equations using Newton’s method, and the values of v
were determined from the secant method. The rest of the elastic moduli of the
layer (bulk modulus, Young’s modulus, shear modulus, and Lame’s first param-
eter) were obtained using the estimated values for M and v. The errors in the

estimated values were calculated as € = 100 x |V, — V,|/V,, where V, is the es-
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timated value and V, is the actual value. The errors in estimating M and v were
plotted as a function of frequency in Figs. 11, 12, and 13.

It can be seen from Fig. 11 that larger values of density of the layer increase
the error in estimating the real part of M at higher frequencies because of the effect
of higher modes. However, the error is less than 4% for frequencies below 200
Hz.

From Figs. 11-13 we observe that the absolute percentage error in estimat-
ing the Poisson’s ratio using the procedure proposed here is between 0.5% and
1.4% for frequencies above 8 Hz. As expected, errors are much larger at lower
frequencies as discussed after Eq. (34).

In addition, in Fig. 13 it can be observed that better results are obtained for
thinner layers, that is, when the shape factor is increased. Since we are considering
a standardized dynamic stiffness test, in which the area is fixed at 0.04 m?, the only
option for reducing the error would be to reduce the thickness of the layer as much
as possible.

It is also noticed that the error in estimating the P-wave modulus, M, increases
when Poisson’s ratio is near 0.5 (see Fig. 12). This is because the term 1 — 2v
becomes very small as indicated in Eq. (41). The same occurs for E (see Eq.
(45)). In the case of v = 0.49, the errors are approximately 11.2% for M and E
between 100 Hz and 500 Hz. Howeyver, the errors for the loss factor tan ¢ (the ratio
between the imaginary and the real parts of the complex moduli) were consistently

smaller than 2% as shown in Fig. 14.
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Figure 11: Absolute percentage error in estimating the P-wave modulus M and the Poisson’s ratio

v for a viscoelastic layer (v = 0.45, ¢ = 3 mm) with different densities: a) real part of M; b)

imaginary part of M; c) Poisson’s ratio.
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Figure 12: Absolute percentage error in estimating the P-wave modulus M and the Poisson’s ratio
v for a viscoelastic layer (o = 200 kg/m?, e = 3 mm) with different values of v: a) real part of M;

b) imaginary part of M; c) Poisson’s ratio.
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b) imaginary part of M; c) Poisson’s ratio.
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5. Conclusions

It should be noted that until now, the analytical solutions for the type of prob-
lem posed in this article were based mostly on approaches that required rigorous
fulfillment of the equilibrium equations at the boundary. These kinds of solutions
depend on the shape of the boundary and present some mathematical complexity.
In the present work, a new analytical approach based strictly on the fulfillment
of the equations of internal equilibrium has been presented. This approach leads

to much simpler analytical expressions that are almost independent of the shape
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of the boundary, which makes them easy to implement into computer codes. The
expressions depend only on static values such as the area and moments of inertia
of the contour.

The new approach presented in this paper provides a useful analytical descrip-
tion of the standardized test commonly used to determine the dynamic stiffness
of a material. It has also been shown that the developed analytical solutions may
be used to experimentally estimate the elastic parameters of a flexible material,
using a harmonic (frequency-dependent) analysis. The only condition is that the
plate’s chosen material must be much more rigid than the flexible material being
tested. It is concluded that the method gives better results when the shape factor

is increased, that is, by reducing the thickness of the layer as much as possible.
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