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Abstract

The averaged alternating modified reflections (AAMR) method is a projection algorithm
for finding the closest point in the intersection of convex sets to any arbitrary point in
a Hilbert space. This method can be seen as an adequate modification of the Douglas—
Rachford method that yields a solution to the best approximation problem. In this paper
we consider the particular case of two subspaces in a Euclidean space. We obtain the rate
of linear convergence of the AAMR method in terms of the Friedrichs angle between the
subspaces and the parameters defining the scheme, by studying the linear convergence rates
of the powers of matrices. We further optimize the value of these parameters in order to get
the minimal convergence rate, which turns out to be better than the one of other projection
methods. Finally, we provide some numerical experiments that demonstrate the theoretical
results.
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1 Introduction

The averaged alternating modified reflections (AAMR) algorithm, introduced in [2], is a projec-

tion method for solving best approximation problems in the convex setting. A best approxi-

mation problem consists in finding the closest point to any given point in the intersection of a

collection of sets. In this work we study problems involving two subspaces U and V in R".
Given a point z € R”, the corresponding best approximation problem is defined as

Find w € U NV such that ||lw — z|| = i%]lrf]VHx—zH. (1)
xre

For any initial point x¢p € R™, the AAMR algorithm is iteratively defined by
Tpt1 = (1 —a)rg + a(2BPy—, — I)(2BPy—, — I)(zx), k=0,1,2.... (2)
When a, 8 €]0, 1], the generated sequence {z}}7°, converges to a point z* such that
Py(x* + 2) = Pynv(2),

which solves problem (1). Furthermore, the shadow sequence { Py (xy, + 2)}p- is convergent to
the solution Pyny(z) even if o = 1, see [2, Theorem 4.1]. In fact, when the sets involved are
subspaces, we prove that the sequence {1} is also convergent for aw = 1, see Corollary 3.1.
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Several projection methods have been developed for solving convex feasibility problems in
Hilbert spaces, see e.g. [3, 6, 8, 11, 14]. In the case where the sets are subspaces, some of these
methods converge to the closest point in the the intersection to the starting point, providing thus
a solution of the best approximation problem (1). Among these schemes, probably the two most
well-known are the method of alternating projections (AP), which was originally introduced by
John von Neumann [24], and the Douglas—Rachford method (DR) [12, 20], which is also referred
as averaged alternating reflections. The rate of linear convergence of these methods is known
to be the cosine of the Friedrichs angle between the subspaces for DR [4], and the squared
cosine of this angle for AP [10]. Several relaxations and generalizations of these methods have
been proposed, such as the relaxed and the partial relaxed alternating projections (RAP, PRAP)
[1, 7, 23], the generalized alternating projections (GAP) [15, 17], the relaxed averaged alternating
reflections (RAAR) [21], and the generalized Douglas—Rachford (GDR) [13], among others. We
note that AAMR can also be seen as a modified version of DR, since both methods coincide
when a = § and 8 =1in (2).

Thanks to the linearity of the projector operator onto subspaces, projection methods reduce
to matrix iterations. Taking advantage of this fact, optimal convergence rates have been ob-
tained in [5] for RAP, PRAP and GDR. By following an analogous matrix analysis, the rate of
convergence with optimal parameters for GAP has been recently given in [16].

In the current setting, the rate of convergence of the AAMR algorithm was numerically
analyzed in various computational experiments in [2, Section 7]. The goal of this work is
to provide the theoretical results that substantiate the behavior of the algorithm that was
numerically observed. By following the same approach as in [5], we analyze the linear rate of
convergence of the AAMR method by studying the convergence rates of powers of matrices. The
rate obtained depends on both the Friedrichs angle and the parameters defining the algorithm.
In addition, we also obtain the optimal selection of the parameters according to the Friedrichs
angle, so that the rate of convergence is minimized. This rate coincides with the one for GAP,
which is the best among the rates of all the projection methods mentioned above. This is not
just by chance: the shadow sequences of GAP and AAMR coincide for linear subspaces under
some conditions (see Theorem 4.1 and Figure 4).

The remaining of the paper is structured as follows. We present some definitions and pre-
liminary results in Section 2. In Section 3 we collect our main results regarding the rate of
convergence of the AAMR method. We compare the rate with optimal parameters of AAMR
with the rate of various projection methods in Section 4. In Section 5 we perform two com-
putational experiments that validate the theoretical results obtained. We finish with some
conclusions and future work in Section 6.

2 Preliminaries

In this work, our setting is the Euclidean space R™ with inner product (-, -) and induced norm ||-||.
For a given set C C R™ we denote by C+ = {z € H : (¢,x) = 0,Yc € C} the orthogonal
complement of C'. Given z € R"”, a point p € C'is said to be a best approzimation to x from C' if

Ip— 2l = d(z,C) = inf lle — z].
ceC

The operator Po(x) := argmin {||z — c||, ¢ € C} is called the projector onto C. When C'is closed
and convex, Pg is single-valued. In the case when C' is a subspace, Po(x) is sometimes called
the orthogonal projection of x to C, due to the fact that  — Po(z) € C*.

Throughout this paper, we assume without lost of generality that U and V' are two subspaces
of R" such that 1 < p :=dimU < dimV = ¢<n-—1,withU #UNV and UNV # {0}
(otherwise, problem (1) would be trivial). We now recall the concept of principal angles and
Friedrichs angle between a pair of subspaces, and a result relating both concepts.



Definition 2.1. The principal angles between U and V' are the angles0 < 601 <0y <--- < 0, < g
whose cosines are recursively defined by
cos O, :=(ug, vg)
=max {(u,v) :u € Uv eV, |ul| = v =1, (u,uj) = (v,v;) =0 for j=1,...,k—1},
with ug = vy := 0.

Definition 2.2. The Friedrichs angle between U and V' is the angle in O €10, 5] whose cosine is

er(U,V) i=sup { (u,v) s w € UN(UNVIE 0 e VAUAVYL ul 1, v] <1},

Fact 2.1. Let 01,65, ...,0, be the principal angles between U and V, and let s := dim(U NV).
Then we have 0, =0 fork=1,...,s and 0541 =0 > 0.

Proof. See [5, Proposition 3.3]. O
Remark 2.1. By our standing assumption that U # U NV, we have s = dim(U NV) < p.

The projector operator onto subspaces is known to be a linear mapping. The following result
provides a matrix representation of the projectors onto U and V', according to their principal
angles. We denote by I, 0, and O, %y, the n X n identity matrix, the n X n zero matrix, and
the m X n zero matrix, respectively. For simplicity, we shall omit the subindices when the size
can be deduced.

Fact 2.2. If p+ q < n, we may find an orthogonal matriz D € R™™ such that

I, 0 0 0 c? CS 0 0
0 0, 0 0 cs S o 0
Py=D b D* and Py =D D*,  (3)
0 0 0pp O 0 0 I, O
0 0 0 0Oppyg 0 0 0 Oppyg

where C' and S are two p X p diagonal matrices defined by
C := diag(cosby,...,cos6,) and S :=diag(sinfy,...,sinb,),
with 01,...,0, being the principal angles between U and V.

Proof. See [5, Proposition 3.4]. O

2.1 The averaged alternating modified reflections operator for two subspaces

The AAMR operator was originally introduced for two arbitrary closed and convex sets [2,
Definition 3.2]. In this section, we present the scheme in the case of two subspaces, as well as
some properties of the operator and its set of fixed points within this context.

Definition 2.3. Given o €]0,1] and § €]0,1], the averaged alternating modified reflections
(AAMR) operator is the mapping Ty y.ap : R™ — R™ given by

TU,V,a,B = (1 — Oé)I + OZ(QﬁPV - I)(QﬁPU — I).
Where there is no ambiguity, we shall abbreviate the notation of the operator Ty v.a g by Ta -
Fact 2.3. Let a €]0,1] and B €]0,1[. Then, the AAMR operator T, g is nonerpansive.

Proof. See [2, Proposition 3.3]. O



Proposition 2.1. Let a €]0,1] and B €]0,1[. Then
FixTyvas=UNV*
Proof. Observe that
z € FixTyyap € Pv(26Py(x) —x) = Py(x). (4)
Moreover, by [2, Proposition 3.4],
Py(x) = Punv(0), for all z € FixTyv,a.8-

Therefore, if x € FixTyy a8, then 0 = Pyay(0) = Py(z). Using this equality, together with
(4), we deduce that Py(z) = Py(z) = 0, which implies z € U+ N V+.

To prove the converse implication, pick any € U~ N VL. Then we trivially have that
Py (2BPy(x) —x) = Py(x), and thus z € FixTy v - O

The AAMR scheme is iteratively defined by (2). Using the linearity of the projector operator
onto subspaces, we deduce that the iteration takes the form
Trt1 = (1 — @)z + a(268Py—, — I)(28Py—. — I)(xk)
=1 —a)zp +a@BPy—. —I) (28 (Pu(zk + 2) — 2) — ak)
=(1—a)xp+a(28Py_, (268 (Py(xg +2) — z) —x) — 28 (Py(zk + 2) — 2) + xx)
= zy, + 208 (Py (28 (Pu(xk + 2) — 2) — 2 + 2) — Pu(wk + 2))
= xp + 208 (28Py Py(zk + 2) + (1 = 28) Py (2) — Py (zk) — Pu(ak + 2)) . (5)
Fact 2.4. Let o €]0,1], B €]0,1[ and z € R"™. Then, one has FixTy_,v_, a0 # 0 and
FixTy_.v_—zap5= " + Uu+tn VL, Va* € Fix Ty—2v—za,8-
Furthermore, for any x € R",
TU—z,V—z,a,ﬁ(x) = TU,V,a,B($ — 33*) + 2%, Va* € Fix TU—z,V—z,oz,,B'

Proof. Since U and V are subspaces in a finite dimensional space, by [2, Fact 2.11 and Corol-
lary 3.1] we get that Fix Ty, yv—.a,8 # 0. The remaining assertions are obtained by applying
Proposition 2.1 and [2, Proposition 3.6] to U — ¢,V —q and —¢ € (U — ¢) N (V — q), noting that
[2, Proposition 3.6] also holds for a = 1. O

2.2 Optimal convergence rate of powers of matrices

We denote by C™*™ (R™ ™), the space of n x n complex (real) matrices, equipped with the
induced matrix norm ||A|| := max {||Az|| : € C",||z|| < 1}. The kernel of a matrix A € C"*"
is denoted by ker A := {x € C"*": Ax = 0} and the set of fized points of A is denoted by
Fix A :=ker(A — I). We say A is nonexpansive if |Az — Ay|| < ||z — y]| for all z,y € C"*™.

Definition 2.4. A matrix A € C™*"™ is said to be convergent to A € C™*™ if and only if

JA* - A% =0,

lim

k+—o00
We say A is linearly convergent to A with rate p € [0, 1] if there exist a positive integer kg
and some M > 0 such that

|AF — A\ < Mu*,  for all k > k.

In this case, | is called a linear convergence rate of A. When the infimum of all the convergence
rates is also a convergence rate, we say this minimum is the optimal linear convergence rate.



For any matrix A € C"*", we denote by o(A) the spectrum of A (the set of all eigenvalues).
An eigenvalue A € o(A) is said to be semisimple if its algebraic multiplicity coincides with its
geometric multiplicity (cf. [22, p. 510]), or, equivalently, if ker(A—AI) = ker ((A — AI)?) (see [5,
Fact 2.3]). The spectral radius of A is defined by

p(A) = max{|A] : A € o(A)},

and the second-largest modulus of the eigenvalues of A after 1 is denoted by
Y(A) = max {[A[: A € {0} Uo(A) \ {1}}.

An eigenvalue A € 0(A) with |A| = y(A) is called a subdominant eigenvalue.

Fact 2.5. Let A € C"*". Then A is convergent if and only if one of the following holds:

(1) p(A) <1;

(ii) p(A) =1 and X\ =1 is semisimple and is the only eigenvalue on the unit circle.
When this happens, A is linearly convergent with any rate u € |y(A), 1], and v(A) is the optimal
linear convergence rate of A if and only if all the subdominant eigenvalues are semisimple.
Furthermore, if A convergent and nonezpansive, then limy_,oc A* = Ppix 4.

Proof. See [22, pp. 617618, 630] and [5, Theorem 2.12, Theorem 2.15 and Corollary 2.7(ii)]. O

3 Convergence rate analysis

We begin this section with the following theorem that establishes the rate of convergence of the
AAMR algorithm in terms of «, S and the Friedrichs angle between the subspaces. We denote
the positive part of x € R by 27 := max{0, z}.

Theorem 3.1. Let o €]0,1] and 8 €)0,1[. Then, the AAMR operator
Ta”g = (1 — a)In + a(2BPV — In)(25PU — In)

is linearly convergent to Pyiqy 1 with any rate pn € 1v(To ), 1[, where

1 —4ap(1—-p), if 0 <cp < c(a,B);
Y(Top) = \/4(1 — a)aB + (1 —2ap)?, if c(a, B) < cp < Cp; (6)

1+ 208 (5c§w—1+cm/52c§v—25+1), if 85 < cp < 1

with cp := cosOp and O being the Friedrichs angle between U and V,

5 — 1)+ (1-108(1-8)*~(1-20)2)" . _
cp = ACE It and c(a, f) = \/ A(1-a)ap? ifa<l (7)
b 0, if a =1.

Furthermore, (T, g) is the optimal linear convergence rate if and only if B # m orfp = 3.

Proof. To prove the result, we consider two main cases.
Case 1: p+q < n. By Fact 2.2, we can find an orthogonal matrix D € R™*™ such that (3) holds.
After some calculations, we obtain

M, g 0 0
T.;=D| 0 (1-2a8),, O D, (8)
0 0 L pq



where

Mo 2a3(28 — 1)C% + (1 — 2aB)1, —2aBCS
T 208(28 — 1)CS 208C2 + (1 - 20p)L, |
Let s:=dim(UNV)andlet 1 =¢; =+ =c¢g > Cs41 = CF > Coq2 > -+ > ¢p > 0 be the cosine
of the principal angles 0 = 01 = -+ = 05 < 0541 = 0p < 0512 < -+ < 0, < § between U and

V (see Fact 2.1). By the block determinant formula (see, e.g., [18, (0.8.5.13)]), we deduce after
some algebraic manipulation that the spectrum of T,, g is given by

P

U{1+2aﬁ<,Bc%—1:|:c;ﬂ/520%—2ﬁ+1>}U{l}, if ¢ =p;
o(Tap) =q "5

U{14—2046<ﬁci—1:|:cm/6202—25+1>}U{l}U{l—Qaﬁ}, if g > p.

k=1

Then Ap, := 14+ 2af3 <Bcz — 14 (=1) ¢k /ﬁ%i - 28+ 1) are eigenvalues of T, g, with r = 1,2
and k =1,...,p. Observe that \g, € Rif ¢ > 871,/(28 — 1) =: €3, while A} € C otherwise.
To study the modulus of the eigenvalues Ay, consider the function f, g, : [0,1] — R given by
(14208(82 —1))* — 402822 (822 — 28 + 1), if ¢ < &p;
)= 2
fapr(€) (1 + 208 (58 14 (—1) e /PP — 25 + 1)) . ife> s
Hence, one has [\ |2 = fa.(ck).

Let us analyze some properties of the function f, g,. When ¢z > 0, observe that f, g, is
continuous at ¢g, since

lim fop,-(c) = lim fops,(c)=(1—2a(l - B)?.

c—Cy c—Cg
Define the auxiliary function gg,(c) :== B¢ — 1+ (—1)"¢y/B%c¢2 — 28 + 1 for ¢ > ¢5. Then,

Foan(c) = 4(1 — @)aB?? + (1 —2aB)?, if ¢ < Cp;
o (1+ 20895, (c))°. if e > 2.
The derivative of f, g, is given for ¢ # ¢3 by

8(1 — a)apB?e, if ¢ < ¢p;

fopr(c) = (\/B20272,B+1+(71)Tﬁc)2
4(Xﬁ (1 + QOéﬁgﬁﬂ«(C)) <_1) \/ﬁ262*2ﬁ+1 ’

if ¢ > ¢p.
Further, we claim that 14 2a8gs2(c) > 1+ 2a8gs,1(c) > 0 for all ¢ > ¢3. Indeed, since
(26°¢* =28+ 1) = 487A(8° = 28+ 1) + (26 — 1)* > (280)*(8°¢* — 28+ 1),
we deduce, after taking square roots and reordering, that
~1228 (82— 1— /B2 — 35+ 1) = 2Bg5.1(c) < 28g55(c),

from where the assertion easily follows.
All the above properties of the function f, g, can be summarized as follows:

e Forall 0 <c<d<¢g,
FO = (1= 208)? £ fapr(©) € fagr(d) < (1= 20(1 = ).
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e Forallcg <c<d<1,

Fipi=(1—4aB(1 = B))* < fap1(d) < fap1(c)
<

< (1—2a(1 = B))? < fapa(c) < fapa(d) <1.

In view of Fact 2.5, we have to show that the eigenvalue A = 1 is semisimple and the only
eigenvalue in the unit circle. According to the monotonicity properties of f, g,, we have that
| Akr| <1forallk=1,...,pand r =1,2. Further,

Aerl=1oke{l,2,...,s} and r =2,

in which case Ay 2 = 1. Thus, we have shown that p (7, 3) =1 and A = 1 is the only eigenvalue
in the unit circle.

Let us see now that A = 1 is semisimple. First observe that, for any A € C, given the block
diagonal structure of T, g, one has

Ker (T, — AI) = ker ((To,s = A)*) = ker (Mg = AI) = ker ((Ma, = AI)?)
Then, we can compute

Maﬁ—I:Qaﬂ( (28 —1)C% -1, —CS)l

(28-1)CS  —5?

Observe that the matrices C' and S can be decomposed as

C:(IS 9) and S:(Os 9), 9)
0 C 0 S

where both C and S are diagonal matrices and S has strictly positive entries. Hence,

—2(1 = B)I, 0 0 0
12— s
M5 —1=2af 8 (26 )g T 8 SS ,
0 (26-1)CS 0 —52

and one has that ker (M, 3 — I) = ker ((Maﬂ — I)2> if and only if ker (Mo) = ker (M§), where

( 28-1)C*—1,., —CS )
1\40 = ~~ ~, .
(28 - 1)CS 52

Since det (My) = det (§2) # 0 (again, by the block determinant formula), we conclude that

A = 1 is a semisimple eigenvalue. Then, since 7, g is nonexpansive by Fact 2.3, we have
by Fact 2.5 that T, is linearly convergent to Prix7, , With any rate p €]y(Tyg),1[, and
FixT,p = U+ NV by Proposition 2.1.

Furthermore, we can also deduce from the monotonicity properties of f, g, that the sub-
dominant eigenvalues of Ty, g are determined by

Y(To,5) = max {|Ast1.2], [A1,1]}

:max{‘l—i-Qaﬁ <ﬁc%— 1+ch/52¢§,—25+1>

,1—4a/3<1—/3>}.



To prove (6), let us compute the value of y(T5, 5). If cp > €3, then |A1 1| < |Asy1,2]. Otherwise,

[Ast1,2] < [A1a

& fap2(cr) < fapi(l) © 41— a)ap’ch < F) 53— FQ 4.

Consequently, if we define

F;vB_Fg,B if Fl FO )
c(o, B) = —wapz> Tlapg > Lap
0, otherwise;

which is equivalent to the expression in (7), we obtain (6). Three possible scenarios for fy g,
and the constants c(«, 3) and ¢g depending on the values of a and 3 are shown in Figure 1.

—
— fapalc) /‘/‘
0.8] == fasa(©) e
.~
P
/‘/
0.6 —
."/
F03 e T
S
P st b e TP
F‘uﬁ Yy = ,/‘r\&l(l)
0.2

0.81
0.61
! 1 Y= faz,
0.41 R — !
——///i F(V-A’f i !
O, A }\\ 0.21 3 3
Fg_g Yy = f(\.‘i.l( ) 3 N § |
c(a,f) 02 0.4 0.6 CHE A S 0.2 04 c(a,8) ¢ 08 1
b) 0=c(e,B) < <1 () 0<e(o,B)<Cp <1

Figure 1: The three possible scenarios for the function f, g-(c)

To conclude the proof, let us see that the subdominant eigenvalues are semisimple if and
only if ,626% —2B8+1#0or cp =0. The candidate eigenvalues to be subdominant are A ; and
As+1,2, possibly simultaneously.

Consider first the case where A\;; = 1 —4af(1 — 3) is subdominant, and compute

_ —(26-1s*  -CS



Using the decomposition of C' and S given in (9), we get

0 0 0 0
—(28-1)52 —CS
Moy Mal =205 0 —(28-1)8 0 CS |
’ ’ 0 0 2(1 — B)I, 0
0 (28-1)CS 0 C?— (28 -1)I,_,

and one has that ker (M, g — A\i,11) = ker ((Ma”g - )\171[)2) if and only if ker (M;) = ker (M%),
where _ e
—(28 —1)5? -CS
M1 = ~~ ~ .
(28-1)CS €2~ (28— 1), ,
Since we are assuming that A; ; is subdominant, it necessarily holds that % < B < 1. Hence,
det (M) = det ((Qﬁ - 1)252) £0,

and one trivially has that ker (M;) = ker (Mlz), which proves that Aq; is semisimple.
Consider now the case where ;112 = 1+2af (ﬂcfp -1+ CF\/52C% — 20+ 1) is a subdom-

inant eigenvalue. Denote by Ap := ,/5202 — 28+ 1 and compute

28 —1)C? — Ap)I -CS
Ma76 o )\3+172.[ — 2a/6 ( /B ) CF(/BCF + F) P ) .
(26 —-1)CS C? — cp(Ber + Ap)I,
Let k € {1,...,p — s} be such that cp = cs41 = Cs42 = -+ = €51k > Cs1k+1. Then
I 0 0 0s 0 0
C= 0 CFIk 0 and S = 0 SFIk 0 s
0o 0 C 0 0 S

where both C' and S are diagonal matrices and C has entries strictly smaller than cp. Hence,
one has

0 meo 0 0 mas 0
0 0 mg3 O 0 mss
Mp = M, 5 — Aay1o] = 20 ,
F a8 — Ast1,2 B 0 0 0 mi 0 0
0 mso 0 0 ms 0
0 0 mes 0 0 me
where my := (28 — 1 — cp(Ber + AR))Is, mo := —cp(Ar + (1 — B)er) Iy, ms = (25 — 1)62 —
cr(Ber + Ap)lp—k—s, ma := (1 = cp(Ber + Ap))s, ms := —cp(Ap — (1 — B)ep) Iy, me =
C? — cp(Ber + Ap)y_j—s, mas := —cpsply, mag == —CS, msz := (28 — 1)cpsply, and mez ==

(25 B 1)55 ThUS, lf we denote by M{275} = <m2 m25> and by M{376} = <m3 m36>, we
Msy M me3 Mg

get that

ker (Mp) = ker (M%) <= ker (M{275}) = ker (M{2275}) and ker (M{376}) = ker (M{QS,G}) .



On the one hand, by the block determinant formula we have that
det (My36y) = det(mamg — mezmse)
= det ((25 —1)C* + & (Ber + Ap) Iy — 2Bep(Ber + Ap)C2 + (28 — 1)62§2)
— det ((25 — 1 2Bep(Ber + Ap))C2 + 2 (Bep + AF)21p_k_s)
= det ((—(526% — 28 +1) — %} — 2BcpAp)C? + ch(Bep + AF)QIp—k:—s>
— det (— (Bep + Ap)? (52 - C%Ip,s,k)) .

2

Ber + Ap # 0, then det (M{376}) # 0. Thus, in either case, we get ker (M{376}) = ker (M{23 6}).

Observe that Sep + Ap = 0 if and only if 8 = 3 and ¢p = 0, in which case Mz 6y = 09pg—s. If

On the other hand, we can rewrite

Miosr = —cp (Ap + (1 = B)er) Ik sply
o ~(@8- Vsl (Ap—(1— ey )
and one has
M2 — 02 ((AF + (1 - B)CF)Q - (2/6 - 1)3%‘) I, 2AF8FIk
oy = —2Ap(28 = 1)sply, (Ap — (1= B)er)* — (28 — 1)s%.) I '

Observing that

(Ap — (1= B)er)? = (26 — 1)st = 248 (Ap — (1 = B)er)

(Ap+ (1= p)er)? — (28 — 1)s3 = 2Ar (A + (1 = B)er)
we deduce that M{2275} = —2AFCFM{275}. If cp, = 0, then My 5y = Ogg. Therefore, ker (M{2’5}) =
ker (M{2275}> if and only if Ar # 0 or cp = 0.

Summarizing the discussion above, we have shown that

ker (Mp) = ker (M7) <= Ap #0or cp = 0.

Finally, observe that Ap = 0 if and only if cp = ¢3, in which case Ag41,1 is a subdominant
eigenvalue, and this proves the last assertion in the statement.

Case 2: p+ q > n. We can take some k& > 1 such that n’ := n+ k > p + ¢, and consider
U :=Ux {01} CRY, V' :=V x {01} CR”, and T}, 5 := Ty yr.a,p = (1 — )] + (2BPyr —

Py 0 Py 0
0(2B8Py — I). Since Py = | Y and Py = [ 7 it holds that
0 O 0 O

T. 0
T,=| ° .
a,B < 0 Ik )

Therefore, 0(Tn5) U {1} = o(T,, 5) and ¥(Ta,5) = (T}, 5). Note that the principal angles
between U’ and V' are the same that the ones between U and V. Hence, the result follows from
applying Case 1 to Tc/y,,B' O

Remark 3.1. For simplicity, we have assumed that dimU = p < g = dim V. If this is not the
case and q < p, observe that one has to exchange the matrix decomposition of Py and Py given
in (3). In this case, one can check that the matriz T, g obtained corresponds to the transpose of
the one given in (8). Hence, the spectrum of T, g remains the same and thus all the results in
Theorem 3.1 also hold.
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Remark 3.2. The expression in (6) corroborates what it was numerically observed in [2]: there
are values of a and B for which the rate of convergence of AAMR does not depend on the value
of the Friedrichs angle for all angles larger than arccos c(a, 3).

We now look for the values of the parameters o and 8 and V, in order to that minimize the
rate of convergence of the AAMR method obtained in Theorem 3.1.

Theorem 3.2. The infimum of the linear convergence rates of the AAMR operator T, g attains

its smallest value at o = 1 and §* = m, where Op is the Friedrichs angle between U and
V', i.e., it holds

1 —sinfp
_— L) < .
[ sin by Y (T p) <v(Tap) forall (a,B)€]0,1]x]0,1]

Furthermore, v (T1,g+) is an optimal linear convergence rate if and only if Op = 5.

Proof. Let us look for the values of parameters o and § that minimize the rate (75, 5) given
by (6). Define the sets D :=10,1]x |0, 1[,

1
Dy ::{(a,ﬁ)GD:ﬂ< 1+5F}7

Do ::{(a,ﬁ) eD:

1
<< ——ora>
g

B>
l+sp — " 7 1+5% (4(1—6)2—3%)5 1+ 5%

._ . 1 - B+ s%) 1
D3'_{(a’ﬁ)€D’a<5(4(1—ﬁ)2—s%)’5> 1+8%},

1—B(1+ s%) 1 }

and the functions

(o, B) :=14+2ap (BC% —1+cpy/B%c5 — 268+ 1> , for (o, B) € Dy,

Do, B) := \/4(1 —a)aB2cd + (1 —2ap)?, for (a,B) € D,
I3(a, p) :=1—4ap(1 - ), for (a,p) € D,

having D = D1 UD>U D3. Hence, we can define the convergence rate in terms of the parameters
«a and B through the function

Oé,ﬁ), if (Oé,ﬁ)eDl,
F(a,,B) = "}/(Taﬁ) = Fg(a,ﬁ), if (a,ﬂ) € Do,
a,B), if (a,B) € Ds,

see Figure 2.

The function I' is piecewise defined, continuous and differentiable on the interior of each of
the three regions Dy, Dy and Ds, but is not differentiable on the boundaries. Let us analyze the
three problems of minimizing the function I' over the closure of each of the three pieces. The
gradient of the functions I'1, I'y and I's are given by

283 (50% —1+4cp\/B%c% - 28+ 1)

Vrl(O{ ﬁ) - ey
; 2 2.2 _ Ber+y/BPep—2p+1 ’
20 (/BCF 1+cpy/Bocp — 26+ 1) ( VB2 cE—26+1 >

1 268 (Bt — 1+ 2a8(1 — %)) )
VF 5 = ’
e \/4(1 —a)af?ct + (1 - 2ap)? <2a (28¢5 —1+2aB(1 — c}))

4B (1= 5)
—4a(1-28))"

VIis(a, ) = <

11



M D, Dy W Dy ——ﬁ:1+1SF ----ﬂ:ﬁ — aB (41— B2 —sF) =1-B(1+5%)
F
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0.8

0.6

0.6
3 3
0.4 0.4

0.2 0.2

0.0 0.0 ,
0.0 02 04 06 08 10 0.0 02 04 06 08 10 00 02 04 06 08 10
B g B
(a) Friedrichs angle: & radians (b) Friedrichs angle: 7 radians (c) Friedrichs angle: I radians

Figure 2: Piecewise domain of the function I'(«, 5) for three different values of the Friedrichs angle

To minimize I over Dy, we assert that

oIy oIy
%(a7ﬂ)< ’65

Indeed, on the one hand, since ¢% < 1, then

c% (520% — 208+ 1) = 620‘}; — Qﬁc% + C% < ﬁQC% — Zﬁc% +1= (1 — ﬂc%)Q
Thus, taking square roots and reordering, we get that ﬁc% — 14 cpy /ﬂ%% —2841<0. On
the other hand, one has fBcp + \/626% —268+1 > 0, with equality if and only if cp = 0 and

B = % In this case, the point has the form (a, %) ¢ D; for a €]0,1]. We have therefore shown
that (10) holds, and thus the unique minimum of T' over Dj is attained at (1, m)

(o, ) <0, forall (o, B) € Dy. (10)

Let us consider now the problem of minimizing I' over Dy. To address this problem, we
consider two cases. Suppose first that ¢y = 0 and observe that

o, B) = /(1 —2aB)2 >0, for all (a,B) € Do,

having I'y(«, 5) = 0 if and only if 2a5 = 1. Since ( , 2) is the only point in D, satisfying this
equation, we deduce that it is the unique minimum.
Suppose now that cp > 0. In this case, we claim that 'y attains its minimimum over the

region Dy U D3 = [0, 1] X [14—13 , ] at the point (1, T7s5 ) € D2, and so does I" over D5. Indeed,
observe that I's is smooth on the interior of the set Do U D3. Moreover, VI'9 only vanishes at
(0,0). Therefore, the minimum has to be attained at some point in the boundary. Note that,

for all 4 € [ﬁ 1}, the following holds:

(i) I2(0,8) = 1.
(ii) T'y(1,8) = 28 — 1, which attains its minimum at § = ﬁ
(iii) The function a +— T'a(c, 5) is the square root of a positive non-degenerated convex

parabola,

a s To(a, B) = \/45232 02 — 4B(1 — Bc2)a + 1

which attains its minimum at o*(8) := 12 ﬁ’B £, Since a* (1 +18F> = 124; SE > 1, we have

1 1
o1, —— T f 11 0,1].
2(’1+3F)< 2(a’1+sF>’ or all « € [0, 1]
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On the other hand, a*(1) =

o

1 1—sp 1
(1, - <ep=Ty(=,1),
2( 1+8F) I+sp - 2<2 )

we have shown by (i)—(iii) that I's attains its minimum over Do U D3 at (1, ﬁ) € Dy, as

, which implies

N[

| =

,1) <Ty(a,1), forall a€0,1].

Then, noting that

claimed.
Finally, observe that if («, §) € D3, it holds that % < B < 1. Then

ory
Oo

ory
op

Thus, there exists some point (o, 85) € Ds with 385 (4(1 — 85)* — s%) = 1 — 85(1 + s%) such
that

(o, B) <0, (o, 8) >0, forall (o, ) € Ds.

Fg(ag, ﬁg) < Fg(a,ﬁ), for all (Oé,,B) S D3.

Note that (a3, 85) lies on the boundary curve between Dy and Ds. Since I' is continuous on D,
it holds that I'y(a3, 55) = I's(a3, 55) and hence,

1
r (1, T SF) <TI'(a3,83) < T(a,B), for all (o, 8) € Ds.

Hence, all the reasoning above proves that

1
argminI'(a, §) = (1, > )
(@B)eD 1+sF

with T (1 L ) = 152 Finally, by the last assertion in Theorem 3.1, ~ <T1 1 > is an

' 14-sp 1+sp Vltsp

optimal linear convergence rate if and only if cp = 0, as claimed. O

Corollary 3.1. Let a €]0,1] and § €]0,1[. Given z € R", choose any z¢ € R™ and consider
the sequence generated, for k =0,1,2,..., by

Thp1 = Tu—2v—zap(tr) = (1 — @)xy + a(26Py—, — I)(2BPy—. — I)(zy).

Let v(Ty,g) be given by (6). Then, for every p €]y(Tag), 1], the sequence (xk);~ is R-linearly
convergent to Prixty,__ ., _. . 5(0) and the shadow sequence (Py(z + x))ysq is R-linearly con-
vergent to Pyny(2), both with rate p, in the sense that there exists a positive integer ko such
that

1Py (2 + z) — Poav (2l < ||on — Prixty—oy—ows(@o)|| < u¥, for allk >ko.  (11)
Proof. According to Fact 2.4 we have that Fix Ty, v_, 8 # () and
Th1 = Tv—2v—zap@r) = Tuvas(ce — %) + 27,
for 2% := Ppix1y ... 5(70). Hence, one has
lzr, = a*|| = | Tovap(@r-1 — 2| = - = | T ya,5(z0 — 27|
Again by Fact 2.4, one has

FixTy_ay—sap =2+ U NV

13



and by the translation formula for projections (c.f. [11, 2.7(ii)]),

*

T = PrixTy . y—0p(®0) = Preyytave (T0) = Pyiay(zo — 27) + 27,

which implies P11 (zo — 2*) = 0, and therefore,

o = ol = || Ty stzo = 2| = | (Thvas = Pocws ) (@0 —2%)||.

Let v € ]v(Tyh), 1]. Since v > v(Ty g), by Theorem 3.1, there exists a positive integer ki and
some M > 0 such that

< MV*, forall k > k.

k
HTU,V,a,B — Pyiqye
Let kg > k1 be a positive integer such that

[k
(7) > M||zo — 2*|, for all k > ko.
12

Then, we deduce that

o — 2| < MvF|lag — a7 < ¥,

k
o — Il < ||T vas = Poecws

for all k > ko, which proves the second inequality in (11).
By [2, Proposition 3.4] and the translation formula for projections (c.f. [11, 2.7(ii)]), we can
deduce that

Py (24 PrixTy_..y..05(0)) = Punv(2).

Thus, the first inequality in (11) is a consequence of this, and the linearity and nonexpansiveness
of Py. Indeed

| Py (2 + 2r) — Puav(2)l| = |Pu(z + 2x) — Pu(z + PrixTy_. v —. .05 ()|l
= |Pu(zr — PrixTy_..v—..05(20)l

S ”l’k - PFiXTU—z,V—z,a,B (.%'())H,

which completes the proof. ]

4 Comparison with other projection methods

In this section, we compare the rate of AAMR with optimal parameters obtained in Section 3
with the rates of various projection methods analyzed in [5, 16]. We summarize the key features
of these schemes in Table 1, where we recall the operator defining the iteration of each method,
as well as the optimal parameters and rates of convergence when these schemes are applied to
linear subspaces. Note that all these rates only depend on the Friedrichs angle 8 between the
subspaces.

On the one hand, we observe that the rates for AAMR and GAP coincide. Moreover, their
optimal parameters are closely related, in the sense that

* * * * *
Qaamp = agap and  of gap = a5 gap = 284amR-

We explain this behavior in Section 4.1, where under some conditions, we show that the shadow
sequences of GAP and AAMR coincide for linear subspaces (Theorem 4.1). On the other hand,
we note that the rate for AAMR/GAP is considerably smaller than the one of other methods,
see Figure 3. We numerically demonstrate this with a computational experiment in Section 5.

14



AAMR = (1 — a)I + a(28Py — I)(28Py — I)

Method Optimal parameter(s) Rate

Alternating Projections 2
- cos® Op

AP = Py Py

Relaxed Alternating Projections o = 9 | sin® 0
RAP = (1 —a)l + aPy Py 1+sin” 0p 1tsin? O
Generalized Alternating Projections ar=1 | —sindp

1+4sin 6
GAP = (1—a)l+a(aPy + (1 —a)l) (aaPy+ (1 —a2)l) | of = ab = i e

Douglas—Rachford . g

arf =3 cosfp

DR = (1—a)I +a(2Py — I)(2Py — I) ?

Averaged Alternating Modified Reflections o =1, g = ] | —sin 0y
- ~ 14sinfp 1+sin0p

Table 1: Rates of convergence with optimal parameters of AP, RAP, GAP, DR and AAMR when they

are applied to two subspaces

1.0 —
H'..
\\'.... —— AP
ST RAP

0.8 1 \\ '... sxss DR
g \ = AAMR = GAP
: SO
= 0.6 1 \ .,
: S ‘e
g AN R

*

% 0.4 \ 0’
2 \ *e
< \ *
~ N S

0.2 1 ~ %

' S ’¢.

\\ Q‘
\\ AN
0.0 T T T
0 m E 3T 7
8 4 s 2

Friedrichs angle (in radians)

Figure 3: Comparison of the rates of linear convergence with optimal parameters of AP, RAP, DR,

AAMR and GAP

4.1 Relationship between AAMR and GAP for subspaces

Falt and Giselsson have recently obtained in [16] the rate of convergence with optimal parameters
for the generalized alternating projections (GAP) method for two subspaces. This iterative

scheme is defined by

zkr1 = (1 —a)zr + a(a Py + (1 — o)1) (e Py + (1 — ao)I) (21),

where o €]0,1] and aq, a2 €]0,2].

(12)

The next result shows that, for subspaces, the shadow sequences of GAP and AAMR coincide
when a; = @y = 2 and the starting point of AAMR is chosen as xg = 0; see Figure 4 for a simple
example in R?. This is not the case for general convex sets, as shown in Figure 5: GAP gives
a point in the intersection of the sets, while AAMR solves the best approximation problem (1).

Figures 4 and 5 were created with Cinderella [9].
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Figure 4: Graphical representation of Theorem 4.1 for two lines in R%. The sequence {zj + 2}, is
generated by AAMR with 2o = 0, while the sequence {z;}7° is generated by GAP. We also represent
wg = (28 — 1)(zx — 2)

Figure 5: The sequence {zj + 2}, with z9 = 0, generated by AAMR converges to Panp(z) and thus
solves the best approximation problem, while the sequence {z;}32,, with zo = 2, generated by GAP only
converges to some point in AN B

Theorem 4.1. Given z € R", set xg = 0 and consider the AAMR sequence {x1}7°, gener-
ated by (2) with parameters o €]0,1] and B €]0,1[. Let {z}32, be the sequence generated by
GAP (12) with parameters o and a1 = ag = 2 and starting point zo = z. Then, one has

PU(mk + Z) = PU(Zk) and Pv(xk) = (Qﬂ — 1)Pv(zk — Z), (13)
forallk=0,1,2,....

Proof. To simplify the notation, let n := 25. We shall prove (13) by induction. Since both
equalities clearly hold for k = 0, we can assume that they are valid for some k£ > 0. By (5), the
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sequence generated by the AAMR scheme satisfies

Py(zx41) = Pu(zr) + an(nPy Py Py(zg + 2)
+ (1 —=n)PyPy(z) — PyPy(xx) — Py(zg + 2))
= (om2PUPVPU —anPy Py + (1 — om)PU) (k)
+a (n*PyPyPy +n(1 —n)PyPy —nPy) (2), (14)
and,
Py (zgy1) = Py(zp) +an((n — 1) Py Py(zg + 2) + Py ((1 —n)z — xp))
= an(n — )Py Py(xr, + 2) + Py (an(l —n)z + (1 — an)xy) . (15)

Thanks to the linearity of the projectors onto subspaces and using a; = ag = 7, the GAP
iteration (12) takes the form

zkr1= (1 —an(2—n)) zx + « (UQPVPUzk +n(1 —n)Pyzp +n(l— n)PUzk) :

and thus this scheme verifies

Py(zi41) = (an*PyPy Py + an(l —n)PyPy + (1 — an)Py) (z), (16)
and
PV(Zk—i-l) = (1 — Oé?])Pv(Zk) + OéT]PVpU(Zk). (17)
Then, by (15), the induction hypothesis (13) and (17), we obtain

Py (zp41) = an(n — 1) Py Py(2x) + (1 — an) Py (z) + Py (an(l —n)z)
=an(n —1)PvPy(z) + (1 —an)(n—1)Py (2 — 2) + Pv(an(l —n)z)
= (n—1) (anPv Py(z) + (1 —an)Py(zx)) + (1 —n) Py (2)
=(n—1)Py(zr1 — 2),

which proves the second equation in (13) for £+ 1. Finally, by (16), (13) and (14), we have that

+ +

Py(zp41) = an* Py Py Py(xy + 2) + anPy Py (—x, + (1 —1)2) + (1 — an) Py(zp + 2)
(omQPUPVPU —anPyPy + (1 — om)PU) (xk)

+a (n*PyPyPy +n(1 —n)PyPy —nPy) (2) + Py(z)

= Py(wg41 + 2),

which proves the first equation in (13) for k£ + 1 and completes the proof. O

5 Computational experiments

In this section we demonstrate the theoretical results obtained in the previous sections with two
different numerical experiments. In both experiments we consider randomly generated subspaces
U and V in R with U NV # {0}. We have implemented all the algorithms in Python 2.7 and
the figures were drawn with Matplotlib [19].

The purpose of our first computational experiment is to exhibit the piecewise expression
of the convergence rate (7, 3) given in Theorem 3.1. To this aim, we generated 500 pairs
of random subspaces. For each pair of subspaces, we chose 10 random starting points with
|lzo|| = 1. Then, for each of these instances, we ran the AAMR method with @ = 0.8 and
g € {0.5,0.6,0.7,0.8,0.9}. The algorithm was stopped when the shadow sequence satisfies

HPU(‘Tn -+ 330) — PUmv(xo)H < €:= 1078, (18)
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where (z,,)12% is the sequence iteratively defined by (2) with z = z¢. According to Corollary 3.1,
for any p € ]y(T4 ), 1[, the left-hand side of (18) is bounded by p™ for n big enough. Therefore,
an estimate of the maximum number of iterations is given by

log e

log '7(Toc7,3>' (19)

The results are shown in Figure 6, where the points represent the number of iterations required by
AAMR to satisfy (18), and the lines correspond to the estimated upper bounds given by (19).
We clearly observe that the algorithm behaves in accordance with the theoretical rates. We
emphasize the fact that (19) is expected to be a good upper bound on the number of iterations
only when this number is sufficiently large. We can indeed find a few instances in the plot,
especially those which require a small number of iterations, exceeding its estimated upper bound.

10*
— 3=(.5
— 3=0.6
£6=0.7
$=0.8
é 103 4
=
g
S
B
Q
g
ZS 10% 5
101 T T T 1

0.2 04 0.6 0.8 1.0 1.2
Friedrichs angle (in radians)

Figure 6: Number of iterations required to converge for the AAMR algorithm with o = 0.8 and five
different values of the parameter 3, with respect to the Friedrichs angle. The lines correspond to the
approximate upper bounds given by (19) and the theoretical rates (6)

In our second experiment we compare the performance of AP, RAP, DR and AAMR, when
their parameters are selected to be optimal (see Table 1). For 100 pairs of subspaces, we
generated 50 random starting points with ||zo|| = 1. For a fair comparison, we monitored the
shadow sequence for all the algorithms. We also used the stopping criterion (18), with ¢ = 1078.
The results of this experiment are summarized in Figure 7, where we show in three different
graphics the median, the difference between the maximum and the median, and the coefficient of
variation of the number of iterations needed to converge for each pair of subspaces. As expected,
since the rate of convergence of AAMR is the smallest amongst all the compared methods (see
Table 1 and Fig. 3), this algorithm is clearly the fastest, particularly for small angles. Moreover,
we can observe that AAMR is one of the most robust methods (together with RAP), which
makes the median to be a good representative of the rate of convergence.
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6 Conclusions

We have computed the rate of linear convergence of the averaged alternating modified reflections
(AAMR) method, which was originally introduced in [2], for the case of two subspaces in a
Euclidean space. We have additionally found the optimal selection of the parameters defining
the scheme that minimizes this rate, in terms of the Friedrichs angle. The rate with optimal
parameters coincides with the one of the generalized alternating projections (GAP) method,
which is the best among all known rates of projection methods. This coincidence motivated us
to study the relationship between AAMR and GAP when they are applied to subspaces. We
have discovered that, under some conditions, their associated shadow sequences overlap, which
explains the coincidence of the rates. This is not the case for general convex sets.

The developed theoretical results validate the conclusions drawn in the numerical analysis
of the convergence rate developed in [2, Section 7]. The sharpness of these theoretical results
were additionally demonstrated in this work with two computational experiments.

The analysis in this work was done for the case of linear subspaces in a finite-dimensional
space. It would be interesting to investigate in future research whether the results can be
extended to infinite-dimensional spaces; or even more, to study the rate of convergence of the
method when it is applied to two arbitrary convex sets.
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